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general problem: determinant of a
partial differential operator

Many applications in quantum field theory:

o effective action, partition function, free energy
® unquenching in lattice gauge theory

e tunneling rates, false vacuum decay, nucleation rate
* Faddeev-Popov determinants & gauge fixing



Effective action

Quantum field theory functional integral

7 = / DAexp [ / d4xtrF2] det [iI) — m]

Effective action : S[A| = logdet [¢I) — m]

Exact results : covariantly constant F),,




Instanton background
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> compute scalar determinant instead of spinor determinant




Instanton background - asymptotics

. . . function of (mp) only
Renormalized effective ac’rl‘cy/
1

Ioa(A;m) =TE (mp) + < In(pup)

e Small m limit : exact massless Green’s functions known
e Large m limit : from heat kernel expansion
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Instanton background
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Question : how to connect large and small mass limits ?




Gel’'fand-Yaglom (1961)
computing ODE determinants efficiently

det Ml ¢1 (L)

Theorem : —

det MQ N sz (L)

Solve related A=0 initial value problem :

M ¢; =0 $i(0) =0 ; ¢;(0)=1

Comments :
* no detailed information needed about
phase shift or bound state spectrum
e determinant determined by boundary values
e general b.c.’s similar




Instanton background in QCD

scalar (Klein-Gordon) determinant in an instanton background :

‘Det(—D? +m?)]
- Det(—0?% + m?)

I'°(A;m) = In

radial symmetry reduces problem to a sum over ODEs

let [H; + m?
S Z (20+1)(20+2) {In det | _’ m’|
1=0,1,... det I:H?]go +mg}
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| dependence of log det
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“*bad” news ?
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quadratically divergent sum !!!

BUT :

bare expression, without regularization or renormalization



reqularization & renormalization

Reqgularization : Pauli-Villars regulator mass A

_ N2 2 _ A2 2
Fi(A;m)zln[Det( D? + m~) Det(—0 +A)]

Det(—0? + m?) Det(—D? 4+ A?)

Renormalization : Minimal subtraction renormalization condition

1 1 A%\ [
S : 1 S(A- _ 4
'Y (A;m) = Algn {FA(A, m) 12 (dn)? In <M2) / d*x tr(FWFW)]

— lim [Pi(fhm) - éln <é>]
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Angular momentum cutoff
reqularization & renormalization

GD, Hur, Lee & Min, PRL & PRD 2005; hep-th/0410190; hep-th/0502087

split sum infto 2 par’rs with L large but finite

I'3(A;m) Z F(,) (A;m) + Z I”;o{,(l)(A; m)
1=0, 3 ,. I=L+%

1

/ evaluate analytically (large L)

evaluate numerically (large L)




large L behavior from WKB

analytic WKB (large |) computation : 2nd order radial WKB

1 m?
[;lrw (A;m) ~6111A+2L2—|—4L <6+ > >111L

127 1 m? m? 1
+ ———11124—7—771 1112—!—7111771] +O<Z>
NOTE :
¢ |n A term exactly as required for renormalization
® quadratic, linear and log divergences, and finite part
e exactly cancel divergences from numerical sum in

large L limit
e mass dependence in " subtraction” terms




Anqular momentum cutoff technique

Finite and renormalized effective action :

Deor = litn: ¥«
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evaluated numerically (large L) ‘

evaluated analytically (large L)




comparison with asymptotic results
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False vacuum decay
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27 det (-V24+U"(®_))

Analytical results in thin-wall limit

Away from thin-wall limit: radial fluctuation problem



Bounce solution

Fluctuation potential



Fluctuation operator modes

=0 : one negative mode
=1 : 4 zero modes
>1 : positive modes

——————————————————————————————————



contributions to log det

GD & H. Min, hep-th/0511156
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Finite, renormalized log det

T 3 o
2In | =D | Py — =P + — P

il — 5 2 [ drrV(r s [ drr3V(V +2
—(l+1) {ln(Tu)(oo))— fo(l+1) ") | 8Js (l+1)g 2

e — = —

L ™., g 1 r
(r)—i—ﬁfo drr°V(V 4 2) (5—7E—ln§)




comparison with analytic thin-wall result
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Konoplich & Rubin 1986



With gravity:
new bounces




Large | log determinant

GD & Q. Wang, hep-th/0605176
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Goal : enlarge class of computable determinants

1 dimension : Gel fand-Yaglom 1961
| detM 1\ 1 Y(L)
L det Mfree — i wfree(L)
Higher dimension : radial

In ( djt%\ffeJ - ideg(l) In ( o if})z))

l

Divergent ! Forman 1992

Angular momentum cutoff technique :

i Gex) = gdeg@ i ()~ T - TS

GD & H. Min, 2005 Finite & renormalized




Conclusions

* Method ideal for radially separable problems

e Coupled equations: fermions & nonabelian

e instanton determinant : interpolates smoothly between chiral and
heavy quark limits (PRL 94, 2005)

e False vacuum decay : flat space (GD & H. Min, PRD 72, 2005)
curved space (GD & Q.Wang, hepth/0605176)

e Accessible problems :

Monopole, sphaleron, skyrmion, vortex, BPS, domain wall backgrounds



