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Abstract

The standard setting for rate-induced tipping involves fixing a particular parame-

terized family of smooth forcing functions and identifying a critical value of the rate

parameter. In contrast, we consider a broad collection of all possible forcing functions,

continuous but not necessarily smooth, and seek a general property possessed by those

which effect tipping behavior. We focus on rigidly shifting asymptotically autonomous

scalar systems ẋ = f(x + λ(t)) and identify a nonsmooth choice of forcing function

λ(t) which is an optimal tipping strategy in the sense that it utilizes the least possible

maximum speed. Under a co-moving change of coordinates, the problem of finding this

optimal λ(t) becomes dual to the problem of finding an additive control function that

achieves basin escape with minimum fuel. We show the optimizer is a bang-bang control.

The outcome is a lower bound on the speed |λ̇(t)| that must be attained at least once

in order to induce tipping. Its value depends on the total arclength
∞∫
−∞
|λ̇(t)| dt of forcing,

and may be interpreted as a safe threshold rate associated to each given arclength, such

that if the speed of forcing remains everywhere slower than this, tipping cannot occur.

The bound is tight in the sense that there exists a forcing function which induces tipping,

possesses the required arclength, and never exceeds the threshold speed. Further, the

threshold speed is a strictly decreasing function of arclength, thus capturing the abstract

trade off between how fast and how far of a minimal disturbance characterizes tipping.

While our results assume a scalar setting, the prospect of generalizing to n-dimensions

is discussed and formulated as a conjecture.

The control-theoretic construction used in deriving the above inspires a new theory

of resilience, which is a slight modification of the intensity kof attraction framework

of McGehee and Meyer. This is a family of resilience values parameterized by a num-

ber representing the allowable L1 norm of perturbations; in the limit as the integral-

constraining parameter grows unbounded, these values approach the intensity of attrac-

tion. This integral-constrained intensity of attraction has the advantage of increased

descriptiveness under scenarios where limited total resources are available for perturb-

ing the system. We suggest it to be the natural choice for quantifying the resilience of

a rigidly shifting system to externally-forced tipping.
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Chapter 1

Introduction

The broad motivation for this dissertation is to explore two distinct but closely inter-

twined concepts in dynamical systems: tipping points and resilience. Specifically, we are

concerned with rate-induced tipping of rigidly shifting systems and a control-theoretic

framework for quantifying resilience known as intensity of attraction [1].

A tipping point or critical transition occurs in a dynamical system when a perturba-

tion to the system state or to environmental conditions causes an abrupt overall shift in

qualitative behavior. Tipping points have been studied in contexts as diverse as Earth’s

climate [2, 3], emerging infectious diseases [4], aquatic and land ecosystems [5, 6], the

onset of medical health states [7, 8], financial markets [9], and more. Since tipping points

often represent a shift into an undesirable or catastrophic regime, and since such tran-

sitions may not be easily or at all reversible, it has long been of interest to understand

the dynamical mechanisms by which they are triggered. There are numerous formally

defined behaviors that align with the intuitive notion of a tipping point, including tra-

ditional local and global bifurcations of autonomous dynamical systems, noise-induced

tipping of stochastically driven systems, spatial pattern-formation mechanisms of insta-

bility, transitions between chaotic regimes, nonautonomous bifurcations of pullback or

forward attractors, and rate-induced tipping.

Rate-induced tipping, or R-tipping is a relatively recently described phenomenon,

first appearing in the mathematical literature in the previous decade [10]; very roughly

1



2

speaking, while classical bifurcation-induced tipping is determined by how much envi-

ronmental conditions change, rate-induced tipping is determined by how quickly envi-

ronmental conditions change. Notably, the same total amount of change may or may

not trigger tipping, depending on whether that change occurs slowly or rapidly. The

framework of rate-induced tipping has gained attention partly for its clear relevance to

modern day human and natural systems, such as climate and ecological systems that

face the threat of rapid changes under the influence of anthropogenic forces [11, 12].

Chapter 3 begins with introductory examples of rate-induced tipping and gradually

builds up to the central results of the dissertation. Along the way we construct most of

the necessary theory for stating and proving the results; the exception is some prelim-

inary background that is built in advance in Chapter 2 (the paragraph below here will

describe what material is relegated to Chapter 2). Our core result can be summarized

as the assertion that there exists a certain arclength-rate trade off for tipping in rigidly

shifting externally driven systems; that is a trade off between how far and how fast of an

external disturbance may be withstood safely without crossing a critical boundary. A

unique aspect of our methods is the idea that under a co-moving change of coordinates,

the problem of finding an external force that achieves tipping with minimal rate becomes

dual to the problem of finding a control function that achieves tipping with minimal fuel;

to our knowledge this is the first time that optimal control theory techniques have been

utilized in order to derive a result about rate-induced tipping.

Prior to developing the results of Chapter 3, some preliminary background on the

mathematics of quantifying resilience in dynamical systems is presented in Chapter 2.

Loosely, resilience refers to the capacity for a dynamical system to retain its overall

qualitative structure in the face of disturbances. Its precise definition depends highly on

context (resilience of what, to what? [13]), and an abundance of approaches to formally

quantifying resilience have been proposed. In Chapter 2 we focus on a set of three

different measures of resilience that have been used by different authors. The first is

asymptotic resilience, which is included because it is the most traditional mathematical

definition of resilience and thus sets the context for the others. The other two are known

as reactivity [14] and intensity of attraction [15, 1]. In brief, asymptotic resilience is good

for measuring long-term recovery rates from small, isolated perturbations. In contrast,

reactivity measures the capacity for a system to amplify rather than dampen the effect
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of a small perturbation in the short term, even if that system fully recovers from the

perturbation in the long term.

Unlike asymptotic resilience and reactivity, which are both local measures of re-

silience, intensity of attraction is a control-theoretic approach to quantifying resilience

whose primary advantage is that it considers large, continuous perturbations that might

drive the state across the entire basin of attraction. This framework is clearly evocative

of the kind of large continuous external forcing observed in rate-induced tipping. Indeed,

the intensity of attraction of the attracting rest point of interest in the rigidly shifting

system easily gives a lower bound on the rate of external forcing required to induce

tipping; another way to state the purpose of our main results is to improve this loose

lower bound to one that is tight. The method of obtaining this improvement inspires a

refinement of intensity of attraction, which we call integral-constrained intensity of at-

traction, and the material on it is given in Chapter 4. This is a family of resilience values

parameterized by a number representing the allowable L1 norm of perturbations; in the

limit as the integral-constraining parameter grows unbounded, the integral-constrained

intensity of attraction approaches the intensity of attraction.



Chapter 2

Resilience Quantification

Background

In this chapter, we present the definitions of asymptotic resilience, reactivity, and in-

tensity of attraction. Firstly, asymptotic resilience, which is the most traditional math-

ematical definition of resilience, is a local measure of long-term resilience. In contrast,

the remaining two metrics measure resilience in ways that consider transient dynamics.

Reactivity measures a type of local, short-term resilience. Intensity of attraction mea-

sures resilience in a nonlocal way by taking into account the larger basin of attraction.

For a review of other definitions of resilience from the point of view of mathematical

ecology, one can refer to [16].

We begin by establishing some relevant dynamical systems preliminaries.

2.1 Dynamical Preliminaries

Let U ⊂ Rn be an open set, and assume that f : U → Rn is a locally Lipschitz continuous

function. Consider the ordinary differential equation (ODE)

ẋ = f(x) (2.1)

The Lipschitz condition guarantees well-defined solutions, but only for sufficiently

short intervals of time; hence we call the solutions local. We will use flow notation

4
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to collect all solution trajectories into one convenient object, called the local flow

ϕ : D ⊂ R×U → U , which is defined such that ϕ(t, x0) = x(t) is a solution to the initial

value problem

ẋ(t) = f(x(t)), x(0) = x0.

Depending on context, f may be globally Lipschitz continuous, in which case tra-

jectories are defined for as long as they remain within the domain U . If no trajectories

grow unbounded in U , then ϕ is a global flow, meaning it is defined for all time.

We will take the following notational conveniences. For a flow ϕ, we denote the

time-t map as ϕt : U → U , x0 7→ ϕ(t, x0). We naturally extend this notation to allow

set-valued inputs S ⊂ U :

ϕt(S) = {x ∈ U | ϕt(x0) = x for some x0 ∈ S}.

In other words, the map ϕt outputs the location of any input point after it flows for

t units of time. If the input is a set, then the output is also a set, consisting of all the

locations reached at time t.

Two central objects of study in this paper are attractors and their associated basins

of attraction. Attractors characterize the system’s behavior as t → ∞, by pulling tra-

jectories toward them – at least, those trajectories which begin within their basin of

attraction. Tipping behavior often comes down to either an abrupt shift in the nature of

an attractor or an abrupt switch from one attractor to an alternative attractor. When

we talk about resilience in this work, we are referring to the resilience of an attractor.

In order to define attractors and basins, we must first formalize some aspects of

long-term behavior.

Definition 1. Consider a subset S ⊂ U . S is invariant under the flow ϕ if it contains

all its own images in time: ϕt(S) ⊂ S for all t ∈ R.

Intuitively, an invariant set is one which is sealed off – nothing ever enters or exits

it (although it can be approached asymptotically). The next definition collects the

locations where an arbitrary set ends up, or at least approaches, in the long tun.
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Definition 2. The omega limit set of S ⊂ U is

ω(S) =
⋂
T>0

⋃
t>T

ϕt(S).

Now we have the vocabulary to formally define attractors and basins.

Definition 3. An attractor A ⊂ U is a non-empty, compact, invariant set which is the

omega limit set ω(N) of some neighborhood N of itself. Its basin of attraction, also

called its domain of attraction, is

D(A) = {x ∈ U | ω(x) ⊂ A,ω(x) 6= ∅}.

Thus, attractors are the fixed structures in a system which are approached by nearby

points in the long run. Each attractor has a certain dominion of rule – those trajectories

beginning within its basin are the ones attracted toward it. While attractors may have

interesting structures – periodic or chaotic, for instance – we will begin with the simplest

type of attractor: an attracting rest point. Also referred to as asymptotically stable

rest points or hyperbolic stable rest points, these points capture the intuitive idea of a

"steady state."

The next definition says that a rest point is any unmoving point, while the subsequent

proposition, which is standard theory, gives conditions under which a rest point is an

attracting one.

Definition 4. x∗ is a rest point or equilibrium of the ODE (2.1) if f(x∗) = 0.

Proposition 1. If all eigenvalues of linearization at the rest point x∗ have negative real

part, that is,

Re(λ) < 0 for all λ ∈ spec(Df(x∗)),

where Df is the Jacobian of f , then x∗ is an attractor.

Finally, we give standard terminology to classes of rest points which do not fall into

the above category.

Definition 5. If all eigenvalues of linearization at the rest point x∗ have non-zero real

part, then x∗ is called hyperbolic. Otherwise, at least one eigenvalue has zero real part,

and we call x∗ non-hyperbolic.
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Definition 6. If x∗ is hyperbolic, and at least one eigenvalue of linearization at the rest

point x∗ has positive real part, then x∗ is called unstable.

Hyperbolic rest points can be thought of as “nice" rest points, ones near which the

dynamics are predictable in some sense. Unstable rest points match the intuitive notion

of unstable states – around them, nearly all trajectories are repelled away. At a non-

hyperbolic point the behavior is not determined by its linear part.

This concludes our set up of the preliminary framework, and we continue next to

quantifications of resilience.

2.2 Asymptotic Resilience

Throughout this subsection, we will assume that x∗ is a hyperbolic attracting rest point

of a continuously differentiable ODE. Probably the most commonly used and traditional

mathematical definition of resilience, originating in theoretical ecology [17, 18, 19, 20],

represents long-term return rates to x∗, and is measured by the real part of the dominant

eigenvalue at linearization.

Definition 7. Let A = Df(x∗) denote the Jacobian, and recall that all eigenvalues of

A have negative real part. Let λ1(A) be an eigenvalue with maximum (closest to 0) real

part. The asymptotic resilience of the system at the attracting rest point is equal to

the negative of that real part,

−Re(λ1(A)).

We will refer to λ1 as the dominant eigenvalue or the slow eigenvalue of A.

For the linearized system x′ = Ax, asymptotic resilience estimates the rate at which

trajectories approach the equilibrium. The following theorem is standard theory for

linear ODEs.

Theorem 1. For an n×n matrix A, if Re(λ) < L < 0 for all eigenvalues λ of A, then

there is some constant C > 0 such that for all x ∈ Rn and t ≥ 0,

|etAx| ≤ CeLt|x|.
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And in the long term C can be taken to equal 1. That is, there is some T ≥ 0 such that

|etAx| ≤ eLt|x| for all t ≥ T.

Note the operator etA in the left hand side is exactly the flow ϕt for the linear system

x′ = Ax. So in the long term trajectories must decay to the origin at an exponential

rate governed by the asymptotic resilience.

For nonlinear systems, similar results for decay rate are justified by the Stable Mani-

fold Theorem, standard theory which says that, at sufficiently nice rest points, the linear

approximation is a good approximation. A special case of the Stable Manifold Theorem

is stated here, while a full version can be found in any standard text.

Theorem 2. (Stable Manifold Theorem, for attracting rest points) Consider a non-linear

system

x′ = A(x) + h(x),

where A, h : Rn → Rn with A linear and Dh(0) = 0. Let ϕt be the local flow. Assume

there is an attracting rest point at the origin. Let λ1 be the dominant eigenvalue of A.

Then there exists a neighborhood N 3 0 which is a local stable manifold of the origin.

That is, for all x ∈ N , lim
t→∞

ϕt(x) = 0.

Furthermore, for any Re(λ1) < L < 0, there exists C > 0 such that for all x ∈ N ,

t ≥ 0,

|ϕt(x)| ≤ CeLt|x|,

and for some T ≥ 0, C can be taken to equal 1

|ϕt(x)| ≤ eLt|x| for t ≥ T.

The Stable Manifold Theorem implies that any trajectory beginning sufficiently close

to equilibrium decays toward equilibrium at an exponential rate, where that rate is

determined in the long term by asymptotic resilience. Any point which is very close to,

but not quite at, the equilibrium represents a state slightly perturbed away from steady

state. Hence, the rate of decay can be thought of as the recovery rate from a small

perturbation.

One major drawback of asymptotic resilience is the assumption that the system is
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well approximated by its asymptotic or long-term behavior; another is that it relates only

to small disturbances which do not drive the system state very far from equilibrium. In

particular, there is a neglect of transient dynamics, such as short term behavior and

behavior far away from the attractor.

2.3 Reactivity

Note that trajectories need not decay monotonically in distance to the attracting rest

point, not even for linear systems. In the short term, a perturbation can initially be

amplified in magnitude before eventually decaying to the stable equilibrium – a phe-

nomenon termed reactivity by Neubert and Caswell in [14] (Figure 2.1). A real world

example of positive reactivity occurs in infectious disease systems, where a new intro-

duction of a pathogen leads to a short term epidemic, even if the disease eventually dies

out naturally.

(a) A1 =
-1 1
0 -3

(b) A2 =
-1 5
0 -3

Figure 2.1: Phase portraits of two linear systems ẋ = Ax. (a) All trajectories decay
monotonically in magnitude. (b) There are trajectories beginning arbitrarily close to
the origin which initially increase in magnitude. Notice that both matrices have the
same eigenvalues λ = −1,−3; hence asymptotic resilience cannot discern whether an
attracting equilibrium is reactive.
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Definition 8. Suppose that x∗ is an attracting rest point of the ODE (2.1). Let A =

Df(x∗) be the Jacobian, and let H = A+AT

2 be its symmetric part. Since H is a real

symmetric matrix, it has real eigenvalues. Let λ1(H) be the maximum eigenvalue.

The reactivity of the system at the stable rest point is λ1(H).

If this number is positive, the attractor is called reactive.

Reactivity measures the maximum possible relative rate of initial amplification. The

following proposition captures this assertion.

Proposition 2 (Neubert and Caswell). For the linear system ẋ = Ax, λ1(H) =

max
x∈Rn\{0}

1

||x||
d

dt
||x||.

Proof.

1

||x||
d

dt
||x|| = 1

||x||
d

dt

(
xTx

)1/2
=

1

2||x||2
(xT ẋ+ ẋTx)

=
1

2||x||2
(xTAx+ xTATx)

=
xTHx

||x||2

This expression is a scale invariant function of x, so to maximize it, we only need to

consider unit vectors:

max
x

xTHx

||x||2
= max
||x||=1

xTHx.

H is real symmetric, hence diagonalizable with an orthogonal change of basis. Let

{λ1, λ2, . . . λn} = spec(H), in order from largest to smallest.

xTHx = xT (BDBT )x

= (xTB)D(BTx)

= yTDy, where y = BTx is also unit.

= λ1y
2
1 + λ2y

2
2 + . . .+ λny

2
n.
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The maximum of this expression over all ||y|| = 1 is clearly λ1, when y = (y1, . . . , yn) =

(1, 0, . . . , 0).

Remark 1. Since H is a symmetric matrix, it defines a quadratic form Q(x) = xTHx.

The maximum value of a quadratic form restricted to the unit sphere is the largest

eigenvalue of its matrix representation H. Thus, to say that the attracting rest point

has negative reactivity is equivalent to saying that Q(x) is negative definite.

Remark 2. Non-negative reactivity can only occur in two or greater dimensions, since

for scalar systems A = H.

2.4 Intensity of Attraction

Asymptotic resilience and reactivity notably rely on linearizing at a point attractor. In

contrast, intensity of attraction [1], originally introduced by McGehee for discrete maps

[21], and extended to the continuous case by Meyer [15], measures resilience not only for

rest points but also for any other type of attractor. Even more importantly, it captures

metric information across the entire basin of attraction rather than simplifying to a topo-

logically equivalent approximation within a local neighborhood. While the local point

of view may suffice for measuring resilience to a small, isolated perturbation, the larger

basin of attraction becomes important when the system state is driven far away from

equilibrium. Such a transient state can result from large, continual disturbances, as are

common in many ecological and other real world settings, such as environmental forces

or human-driven pressure on an ecosystem. We now review the necessary background

in order to define intensity of attraction.

2.4.1 Bounded Control, Reachable Sets, and Intensity

First of all, the idea of perturbation will now be represented by a control function

combined additively with an underlying vector field. We assume that the control function

u : R→ Rn
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is taken from the space L∞(R,Rn) of measurable and essentially bounded functions. In

particular, the measurability of u implies that it is allowed some points of discontinuity,

but is continuous almost everywhere (except possibly on a set of Lebesgue measure 0),

while essential boundedness means bounded almost everywhere. Here the norm is

||u||∞ = inf{C ≥ 0 : ||u(x)|| ≤ C for almost every x ∈ R}.

Next, we formalize how the perturbation is added to the underlying system.

Definition 9. A bounded control system is a non-autonomous ODE

ẋ = f(x) + u(t) (2.2)

where f : U ⊂ Rn → Rn is locally Lipschitz, u ∈ L∞(R,Rn).

Here, the underlying system is thought of as an ODE ẋ = f(x); but it is altered by

adding a perturbation u(t) to the vector field f(x) on the right hand side. The effect

of u(t) is to adjust, at every point in time, the path of solutions somewhat away from

what would have been their original trajectory.

It remains to be justified whether this construction produces a well-defined system.

Because the right hand side f(x) + u(t) may be a discontinuous function, solutions x(t)

of the ODE must be considered in an extended sense. The right hand side of the ODE

(3.1) satisfies the Carathéodory conditions [22]:

• For every fixed t, f(x) + u(t) is clearly continuous in x.

• For every fixed y, f(x) + u(t) is clearly measurable in t.

• u(t) is essentially bounded on R and f(x) is continuous hence bounded on every

compact set K ⊂ Rn, so |f(x) + u(t)| ≤ sup
K
|f |+ ess sup

R
|u|, which is a constant

function and thus Lebesgue-integrable on K × R.

This is enough to guarantee local existence of an absolutely continuous solution x(t)
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to any initial value problem x(t0) = x0 in the extended sense that

x(t) = x(t0) +

t∫
t0

f(x(s)) + u(s) ds

and ẋ(t) = f(x) + u(t) almost everywhere.

Furthermore, f is locally Lipschitz continuous, so fixing any t gives a locally Lipschitz

continuous f(y) + u(t), where the local Lipschitz constant is clearly not affected by the

choice of t, hence is uniform in t. This additional condition guarantees uniqueness of

the local solution.

So we have well-defined solutions, and can therefore extend the standard local flow

notation to the bounded control setting. Fixing an underlying vector field f , we will

denote as follows the flow obtained by applying a choice of perturbation u.

Definition 10. ϕu(t, x0) : D ⊂ R× U → U is the local flow defined by

ϕu(t, x0) = x(t)

where x(t) solves in the extended sense the ODE (2.2), with initial condition x(0) = x0.

Intensity of attraction considers not just one single control function, but entire fam-

ilies of control functions – specifically, those where every function is bounded by some

maximum magnitude r. The next definition gives a notation for these families.

Definition 11. Denote by Br ⊂ L∞[R,Rn] the set of control functions bounded above

by r:

Br = {u : ||u||∞ < r}

This leads, next, into the notion of all possible states reachable in forward time,

under the family of all possible control functions bounded by r, and beginning from

some arbitrary initial set of states.

Definition 12. Consider S ⊂ U . The reachable set of S under r-bounded control is

the set

Rr(S) =
⋃
u∈Br

⋃
x0∈S

⋃
t≥0

ϕu(t, x0)
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Finally, we are ready to define intensity of attraction, which captures the folllowing

idea: what is the smallest magnitude of control necessary in order to escape from the

basin of attraction?

Definition 13. If A is an attractor of ẋ = f(x) and D(A) denotes its basin of attraction,

then the intensity of attraction of A is

µ(A) = sup{r ≥ 0 | Rr(A) ⊂ D(A)}.

2.4.2 Intensity in Scalar Systems

For scalar systems, the intensity of attraction is simple to describe. There are up to two

possible sides through which to escape the basin of attraction. Over each escapable side,

consider the largest magnitude of the vector field. The intensity of attraction equals the

minimum of these.

Proposition 3. Consider the one-dimensional system ẋ = f(x) with an attracting rest

point at x = a with basin of attraction D = (α, β), where −∞ ≤ α < a < β ≤ ∞. Define

µ− =

sup{f(x) | x ∈ [α, a]} if α 6= −∞

∞ otherwise

µ+ =

− inf{f(x) | x ∈ [a, β]} if β 6=∞

∞ otherwise

The intensity of attraction of the attractor A = {a} is µ(A) = min{µ−, µ+}.

Proof. We omit this proof because it follows very similarly to Proposition 4.2 in [1],

which describes all the reachable sets in a scalar system.

Remark 3. Another way to interpret intensity of attraction relates to the idea of basin

steepness. What is the steepest part of the basin that must be overcome in order to

escape the influence of the attractor? For scalar systems, this intuition is precise: the

vector field f : R → R is always integrable, producing a potential function, and the
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maximum steepness of that potential on the basin determines intensity of attraction

[15].

Unfortunately, for two and higher dimensional systems, no potential function neces-

sarily exists, complicating the landscape analogy. Still, the idea of basin steepness serves

as a rough heuristic interpretation of the intensity of attraction.

2.4.3 A Lake Eutrophication Model

Example 1. A scalar example of intensity of attraction. A simple model of lake eutroph-

ication [23] has two alternative stable states, corresponding to a low-nutrient oligotrophic

lake versus a nutrient-overloaded eutrophic lake.

ṗ = `− sp+ r(
pq

mq − pq
)

Here the state variable p represents the total amount of phosphorus in the lake. Its

evolution is affected by the phosophrus inflow `, loss rate s, and recycling rate r, while

m is a parameter that modulates the recycling term, which has a sigmoidal shape.

Figure 2.2: Intensity of attraction in a 1D lake eutrophication model, as illustrated on
(a) the vector field and (b) its potential landscape.
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Figure 2.2a shows the vector field f(p). The left attractor is an oligotrophic state

with low phosphorus content. The attractor on the right is a eutrophic state with high

phosphorus content. The intensities of attraction are indicated by the heights of the two

vertical lines occuring at two local extrema of f . Figure 2.2b shows a potential landscape

h(p) such that f(p) = − d
dph(p). The intensities of attraction are now equal to the two

extreme slopes of h.

Under a plausible parameter regime, the eutrophic attractor has a higher intensity of

attraction. Although the model is simplistic, this fact could be interpreted as a reflection

of the reality that tipping an originally oligotrophic lake to eutrophy (for example, via

increased nutrient run-off from agricultural and industrial activities) is typically much

easier than attempting to restore an already eutrophic lake to oligotrophy (for example,

via an intensive program to remove or inactivate nutrients).

2.4.4 Comparison to Meyer-McGehee Construction

Remark 4. We have given a slightly different definition of intensity of attraction com-

pared to the original McGehee and Meyer construction, which is

µ(A) = sup{r ≥ 0 | Rr(A) ⊂ K ⊂ D(A) for some compact K}.

The difference lies in whether one wishes to consider a trajectory going to infinity

without leaving the basin as a successful escape or not. For our purposes, it is more

useful to say no. We require trajectories to escape through a finite boundary point of

the basin. The next example illustrates the difference between the two definitions.

Example 2. An example illustrating the difference between the two approaches to

defining the intensity of attraction. In Figure 2.3, the vector field has an attractor at

f(−1) = 0, whose basin of attraction is the interval (−∞, 1). On the left side (−∞,−1)

of the basin f(x) < 1 and lim
x→−∞

f(x) = 1. On the right side (−1, 1) of the basin,

max |f(x)| = 2.

According to the original McGehee and Meyer definition, the intensity of attraction

of the attractor A = {−1} is µ(A) = 1, since the control u(t) ≡ −1 applied to the initial

condition x(0) = −1 steers the solution x(t) → −∞ as t → ∞, thereby escaping every

compact subset of the basin.
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-2

1

f(x)

−1 1

x

Figure 2.3: An example where the two definitions for intensity of attraction differ.

According to the definition used in the present work, the intensity of attraction of

the attractor A = {−1} is µ(A) = 2, since true escape from the basin can only occur

through the finite boundary point on the right side.

For a nontrivial example of intensity of attraction in two dimensions, refer to the

McGehee and Meyer source [1]. Analytically computing the intensity of attraction in

dimensions higher than one is generally very difficult. The numerical approximation of

reachable sets also presents challenges and remains an active research area in control the-

ory. Nevertheless, the abstract utility of intensity of attraction for our present purposes

is significant.



Chapter 3

An Application of Optimal Control

Theory to Rate-Induced Tipping

This chapter aims to establish for rigidly shifting forced systems ẋ = f(x + λ(t)) the

existence of a minimum critical rate associated to any given amplitude of external forcing,

such that if an arbitrary forcing function of the specified amplitude is to successfully

induce tipping it exhibit a speed at or above the critical rate at least once. Equivalently,

this critical rate may be interpreted as a safe threshold rate, such that if the speed of

forcing remains everywhere slower than this tipping does not occur. Additionally, the

threshold rate is a strictly decreasing function of the forcing amplitude, thereby yielding

a generalized amplitude-rate trade off, that is a trade off between how far and how fast

of an external force the system can safely withstand.

The key to our approach is to transform the rigidly shifting rate-induced tipping

system into an additive control system using a co-moving change of coordinates. Then,

the problem of finding a translational external force that achieves tipping with minimal

rate is transformed into a dual problem of finding an additive control function that

achieves tipping with minimal fuel.

We separate the presentation into a scalar special case where the forcing function is

assumed to be monotone and the basin of attraction one-sided, followed by the general

scalar case with these assumptions removed. Lastly, we present a sketch toward obtaining

a possible n-dimensional generalization.

18



19

3.1 Introductory Examples

3.1.1 Smooth Prototype

Example 3. A prototypical example of rate-induced tipping, given in [24], involves a

base vector field ẋ = x2 − 1 which is nonautonomously shifted to the left by a smooth

ramp function λ(rt). A fixed constant λ∞ > 2 defines the total amplitude of the shift,

while a variable rate parameter r > 0 modulates its steepness, with smaller r corre-

sponding to a slower shift and larger r to a faster shift.

ẋ = (x+ λ)2 − 1

λ(rt) =
λ∞
2

(
1 + tanh

(
λ∞rt

2

))

1-11-λ
∞

-1-λ
∞

x

ẋ

t

λ

λ∞

0

Figure 3.1: A prototypical example of rate-induced tipping.

As the vector field translates rigidly leftwards, the attracting equilibrium at x = −1

is displaced. Rate-induced tipping concerns itself with whether a trajectory beginning

at the original steady state can adapt to this displacement or if it becomes destabilized.
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Here it is known that for each parameter regime (λ∞, r) there exists a unique solution

x̂(t) to the ODE such that lim
t→−∞

x̂(t) = −1. Further, fixing λ∞, there exists a critical

value r = rc(λ∞) such that
lim
t→∞

x̂(t) = −1− λ∞ for r < rc

lim
t→∞

x̂(t) = 1− λ∞ for r = rc

x̂(t)→∞ (in finite time) for r > rc

,

and an exact expression for this critical value [25] is known to be

rc =
4

λ∞(λ∞ − 2)
.

Intuitively, a sufficiently slow shift allows the trajectory to seamlessly "track" the

moving attractor. But a too-fast shift destabilizes it onto the other side of the moving

repeller. There is a critical rate in between where the trajectory ends up balanced

precisely on the basin boundary.

3.1.2 Piecewise Linear Prototype

Most literature on rate-induced tipping customarily assumes smoothness of the ramping

function; however, the next instance of a nonsmooth, piecewise linear ramp will be of

core importance to this chapter.

Example 4. Replace the smooth ramping function in Example 3 with the following

piecewise linear ramping function, where the slope of the increasing portion is m > 0,

and as before λ∞ > 2.

ẋ = (x+ λ)2 − 1

λ(mt) =


0 if t < 0

mt if 0 ≤ t ≤ λ∞/m

0 if t > λ∞/m
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1-11-λ
∞

-1-λ
∞

x

ẋ

λ∞
m

t

λ

λ∞

0

Figure 3.2: A piecewise linear ramping function.

The formal setting for this and related non-smooth ODEs will be reviewed later;

however, it can be shown that tipping behavior analogous to the previous example

occurs. For each parameter regime (λ∞,m) the ODE possesses a unique solution x̂(t)

such that lim
t→−∞

x̂(t) = −1.∗ Fixing λ∞, there exists a critical value m = mc(λ∞) with
lim
t→∞

x̂(t) = −1− λ∞ for m < mc

lim
t→∞

x̂(t) = 1− λ∞† for m = mc

x̂(t)→∞ (in finite time) for m > mc

.

For this example, it can be shown thatmc is given by the unique solution to the equation

2mc√
mc − 1

arctan

(
1√

mc − 1

)
= λ∞.

We remark that mc is a strictly decreasing function of λ∞; that is, a larger amplitude
∗In this case, x̂(t) = −1 for all t ∈ (−∞, 0]
†In this case x̂(t) = 1− λ∞ for all t ∈ [λ∞/m,∞).
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shift allows for a more gentle critical rate of shift while a smaller amplitude shift requires

a steeper critical rate of shift. A similar amplitude-rate trade off between rc and λ∞

may be observed in Example 3, for instance by focusing on the maximum slope of the

critical ramp function, which occurs at t = 0.

Each of the two previous examples involves fixing a particular family of ramp func-

tions, parameterized by a variable r or m that controls the overall steepness of the ramp,

and then identifying a critical ramp from within the predetermined family. This is the

standard point of view that prevails in the rate-induced tipping literature.

In contrast, we are motivated by a different approach: to instead consider the entire

collection of all possible functions that interpolate from 0 to λ∞ (subject to appropriate

conditions) and to seek a general property about the steepness of those which effect

tipping behavior.

Our core insight is that the critical piecewise linear ramp function of Example 4 is

actually an optimal tipping strategy in an important sense. In particular, it utilizes the

least possible maximum slope; in other words, we will show that any arbitrary scalar

ramp function λ(t) (monotone non-decreasing, for now) that induces tipping when ap-

plied to the same base vector field must attain a slope greater than or equal to mc(λ∞)

at least once. The result is a necessary but not sufficient criterion for tipping, or equiv-

alently a safe threshold for non-tipping.

3.2 Change to Co-Moving Coordinates

For ẋ = f(x+ λ(t)), we consider a change of coordinates to co-moving coordinates,

y = x+ λ(t)

=⇒ ẏ = f(y) + λ̇(t)

This transformation has the effect of converting the ramp function that originally

translated the base vector field ẋ = f(x) leftwards into a pulse function that now trans-

lates the same base vector field up and then back down.
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x

(a)

y

(b)

Figure 3.3: A change to co-moving coordinates converts the leftward translating ramp
function to an up-and-down translating pulse function.

3.2.1 Smooth Prototype

Example 5. For λ(rt) as in Example 3 the pulse function is

λ̇(r, t) =

(
λ∞
2

)2

r sech2

(
λ∞rt

2

)
where, fixing λ∞, a smaller value of the parameter r corresponds to a shorter and wider

peak, while a larger value of the parameter r corresponds to a taller and narrower peak.

t

λ̇

Figure 3.4: The pulse function that results from the smooth prototype ramp.

Regardless of the choice of r, note that the total area under the pulse is unaffected,

since it is always equal to λ∞.
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3.2.2 Piecewise Linear Prototype

Example 6. For λ(m, t) as in Example 4 we obtain a discontinuous step pulse

λ̇(mt) = The


0 if t < 0

m if 0 ≤ t ≤ λ∞/m

0 if t > λ∞/m

.

λ∞
m

m

t

λ̇

Figure 3.5: The pulse function that results from the piecewise linear ramp.

The formal setting for this non-smooth change of coordinates between a non-smooth

vector field and a discontinuous vector field will be discussed soon, in section 3.3. But

here we can see that smaller m corresponds to a shorter and wider step while larger

m results in a taller and narrower step, again while always preserving the area λ∞

underneath. Here, the critical step has a height of mc = mc(λ∞) as defined in Example

4.

In the co-moving frame of reference, our desired assertion becomes the statement

that any arbitrary tipping pulse whose total area equals λ∞ must at some point reach

or surpass the height mc(λ∞) of the critical step from Example 6.

We adopt the point of view that an "arbitrary pulse" is a measurable and essentially

bounded (and non-negative, for now) control function u(t) added to the base vector field

to obtain the nonautonomous ODE

ẏ = f(y) + u(t)
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Then, fixing the restriction
∞∫
−∞

u(t) dt = λ∞, we would wish to demonstrate that the

essential supremum of any control u that induces tipping is at least the height of the

critical step pulse from Example 6. Actually, in order to cast this problem into an

optimization problem with a more amenable cost function and constraint, we will instead

prove a near-contrapositive before subsequently recovering the full result.

Remark 5. A control function which simply toggles between a minimum and maximum

value, such as the critical step function we have described, is commonly known as a

bang-bang control. Bang-bang control arises as an optimal control in several contexts

[26].

3.3 Formal Setting

Although we at first restrict ourselves to the scalar case f : R→ R, we will subsequently
wish to discuss the possibility of generalizing into n-dimensions. Hence, it is convenient

to present a portion of this section with the generality of n-dimensional dynamics.

We set our attention on control systems of the form

ẏ = f(y) + u(t). (3.1)

Assume that f : Rn → Rn is C2 (hence locally Lipschitz). Assume u(t) : R→ Rn is

Lebesgue measurable and essentially bounded. As discussed earlier in Section 2.4, the

right hand side of the ODE (3.1) satisfies the Carathéodory conditions for existence and

uniqueness of solutions on Rn × R in the extended sense that:

y(t) = y(t0) +

t∫
t0

f(y(s)) + u(s) ds

and ẏ(t) = f(y) + u(t) almost everywhere.

3.3.1 Tipping Induced by Additive Control

Now add the assumption that the ODE ẏ = f(y) has a hyperbolic attracting rest point

at y = a.
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Proposition 4. Assuming f , u, a as above with the additional condition that lim
t→−∞

u(t) =

0, there exists a unique solution ŷ(t) to the ODE ẏ = f(y)+u(t) such that lim
t→−∞

ŷ(t) = a.

Proof. This claim is closely related to a fundamental result in R-tipping where the

external force is assumed to be smooth and is not necessarily applied rigidly (see Theorem

2.2 in [24]). In our context, an essentially identical argument still carries through, and

the co-moving coordinate change makes it slightly less burdensome.

First, assume without loss of generality that a = 0; otherwise, translate the base

vector field by replacing y with y − a. Define

ω(ε) = sup{|Df(y)−Df(0)| : |y| < ε}

δ(T ) = ess sup
t<−T

|u(t)|

Because f ∈ C2 we have ω(ε)→ 0 as ε→ 0. Because lim
t→−∞

u(t) = 0 we have δ(T )→ 0 as

T →∞. Hyperbolic stability of the equilibrium at 0 means that there existK > 0, α > 0

such that

|eAt| ≤ Ke−αt for t ≤ 0

where A = Df(0). Now define h(y, t) = f(y) + u(t)−Ay and rewrite the ODE as

ẏ = Ay + h(y, t).

Notice Dyh = Df(y)−A = Df(y)−Df(0), so for all t < −T we have

|dyh(y, t)| ≤ ω(|y|)

and |h(0, t)| = |u(t)| ≤ δ(T ) almost everywhere.

Now choose any ∆ > 0, T0 > 0 such that

Kα−1ω(∆) ≤ 1

2
and Kα−1δ(T0) ≤

∆

2
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and consider the space of continuous functions

S = {y(t) ∈ C0((∞,−T0]) : |y(t)| ≤ ∆ for t < −T0}.

We define an operator on S

Φ(y) =

t∫
−∞

eA(t−s)h(y(s), s) ds

and verify first that it is well defined, second that it is a contraction mapping.

For the former,

|Φ(y)(t)| ≤
t∫

−∞

Ke−α(t−s)[δ(T0) + |y(s)|ω(|y(s)|)] ds

≤
t∫

−∞

≤ Kα−1δ(T0) +Kα−1∆ω(∆)

≤ ∆

and for the latter, since h(y, t) is Lipschitz continuous in y with Lipschitz constant

ω(∆),

||Φ(y1)− Φ(y2)|| = sup
t≤−T0

∣∣∣∣∣∣
t∫

−∞

eA(t−s) (h(y1(s), s)− h(y2(s), s)) ds

∣∣∣∣∣∣
≤ sup

t≤−T0

t∫
−∞

Ke−α(t−s) |h(y1(s), s)− h(y2(s), s)| ds

≤ Kα−1 sup
t≤−T0

|h(y1(t), t)− h(y2(t), t)|

≤ Kα−1ω(∆)||y1 − y2||

≤ 1

2
||y1 − y2||
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So Φ has a unique fixed point ŷ. By the nonlinear variation of parameters formula

y(t) = y0e
A(t−t0) +

t∫
t0

eA(t−s)h(y(s), s) ds, and by taking the limit as t0 → −∞, it follows

that the fixed point ŷ(t) is also the unique solution of the ODE that satisfies |y(t)| ≤ ∆

for all t ≤ −T0. Since ∆ can be chosen arbitrarily small, lim
t→−∞

ŷ(t) = 0.

Next, we define tipping based on the forward time behavior of the solution ŷ(t)

from the previous proposition. Specifically, we would like tipping to depend on the

relationship between the future trajectory and the boundary of the basin of attraction.

Letting D ⊂ Rn denote the basin of attraction of the attracting rest point at y = a,

assume that its boundary ∂D is nonempty. Since an arbitrary basin of attraction in

higher than one dimension may have a quite complicated boundary, for instance featuring

a fractal structure, we should require some regularity constraints on ∂D. We delay this

thought until Section 3.5, and restrict attention now to the scalar case n = 1. Here, the

basin is simply an interval, and if the boundary is nonempty then it consists either of

one or two isolated points. We will assume only the generically true property that the

boundary points are hyperbolic.

Additionally, we let u decay to 0 in forward time, and desire sufficiently fast decay

such that solutions to the nonautonomous ODE limit nicely in forward time to solutions

of the base autonomous ODE. For simplicity we assume that u is eventually C1 smooth

with exponential decay; the reason is that with these conditions we may call upon

a compactification technique developed in [27] to obtain the forward limiting behavior.

Though it should be possible to relax the smoothness assumption, we leave this prospect

as an open direction for future work.

Proposition 5. Assume n = 1 and let ŷ(t) be the solution with lim
t→−∞

ŷ(t) = a, whose

existence and uniqueness were shown in Proposition 4. Assume that ∂D consists of either

one or two hyperbolic unstable rest points. Assume that there exists a time T such that

u restricted to (T,∞) is C1 smooth. Also assume that lim
t→∞

u(t) = 0 with exponential

decay, meaning there exists a number ρ such that lim
t→∞

u̇(t)
e−ρt exists. Then ŷ must exhibit

exactly one of three long-term behaviors in forward time:

• lim
t→∞

ŷ(t) = a

• lim
t→∞

ŷ(t) ∈ ∂D
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• ŷ(t) escapes the closure D of the basin. That is, there exists a T within the maximal

interval of existence of the solution ŷ(t) such that for all t > T where ŷ(t) is defined,

ŷ(t) 6∈ D.

Proof. We leave this proof as a brief sketch, and direct the reader toward the sources

[27, 28] for full details on the compactification procedure. In the future limiting au-

tonomous system ẏ = f(y), the listed behaviors comprise the only 3 possible behaviors

for any solution. The C1-smooth exponential decay of u to zero allows the use of a

compactification trick in forward time by "gluing on" the forward limiting autonomous

system. This results in a smooth (n + 1)-dimensional autonomous ODE where the hy-

perbolic basin boundary gains one stable time dimension but remains hyperbolic. (The

exponential decay eliminates any pathological behaviors that might arise from compact-

ifying.) This provides a correspondence between forward behaviors in the glued-on cross

section and forward behaviors of the original nonautonomous solutions.

Definition 14. Assume n = 1 and let ŷ(t) be the unique solution with lim
t→−∞

ŷ(t) = a.

Out of the three possible forward behaviors from Proposition 5, if it is not the case that

lim
t→∞

ŷ(t) = a, then we say u(t) induces tipping in Equation (3.1). If lim
t→∞

ŷ(t) ∈ ∂D
we say that u(t) is critical.

3.3.2 Tipping Induced by Translational External Force

Next, consider again the original rigidly shifting ODE

ẋ = f(x+ λ(t)). (3.2)

where we assume λ(t) : R→ Rn is globally Lipschitz continuous and satisfies the asymp-

totic conditions

• lim
t→−∞

λ(t) = 0.

• lim
t→∞

λ(t) = λ∞ for a finite constant λ∞.
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Lipschitz continuity of λ implies absolute continuity of λ, which guarantees its

almost-everywhere differentiability. The resulting measurable derivative u = λ̇ is es-

sentially bounded (actually, bounded) by the global Lipschitz constant of λ.

The transformation

y = x+ λ(t) (3.3)

is absolutely continuous with absolutely continuous inverse, establishing a one-to-one,

absolutely continuous correspondence between solutions of Equation (3.2) and solutions

of

ẏ = f(y) + λ̇(t). (3.4)

Hence we obtain existence and uniqueness of local solutions to Equation (3.2) in the

same extended sense as before.

From the asymptotic conditions on λ it follows that lim
t→±∞

u(t) = 0. Add also now the

assumption that there exists a T such that λ restricted to (T,∞) is C2 smooth and the

derivative u = λ̇ decays exponentially as t→∞, so that the conditions for Propositions

4 and 5 are satisfied. Then it is straightforward to check the following proposition:

Proposition 6. The solution ŷ from Proposition 4 of Equation (3.1) corresponds to a

unique solution x̂ of (3.2) such that lim
t→−∞

x̂(t) = a, and the 3 cases from Proposition 5

correspond respectively to 3 long term behaviors for x̂ in forward time:

• lim
t→∞

x̂(t) = a− λ∞

• lim
t→∞

x̂(t) ∈ ∂D − λ∞

• x̂(t) escapes D − λ∞.

where S − λ∞ denotes the set {s− λ∞ | s ∈ S ⊂ Rn}

Definition 15. We say λ induces tipping in Equation (3.2) if and only if u = λ̇

induces tipping in Equation (3.1). And similarly we say λ is critical if and only if u is

critical.

Remark 6. For an r-parameterized family of smooth scalar ramp functions λ, rate-

induced tipping is typically defined via end-point tracking/non-tracking of a quasi-static

equilibrium [24], or as a nonautonomous bifurcation of a pullback attractor that loses its
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forward attraction [29]. In our present application, we require no more than the simply

stated definition above. It is equivalent to the quasi-static equilibrium and pullback

attractor definitions found in the literature for the parameterized smooth case.

3.4 The Scalar Case

3.4.1 Monotone Ramp, One-Sided Basin Version

Let us initially restrict our attention to the case where D is half infinite. Without loss

of generality, assume

D = (−∞, β) and β <∞.

Additionally, let us initially assume that λ(t) is monotone non-decreasing, hence

u(t) = λ̇(t) ≥ 0 wherever it is defined.

Both these restrictions, that D be half infinite and that λ be monotone, are primarily

for the sake of ease in the initial exposition. Afterward we explain how remove both

these assumptions, which requires slight adjustment to the statement of the result.

a β

−µ

f(y)

y

Figure 3.6: An arbitrary scalar vector field f(y) ∈ C2 with an attracting rest point at
y = a whose basin of attraction is the half open interval (−∞, β). The minimum value
of f(y) on [a, β] is denoted −µ. In the vocabulary of Section 2.4, µ equals the intensity
of attraction of the attractor at y = a.

Let −µ be the minimum value of f on [a, β]. For any constant M > µ consider the
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initial value problem

ẏ = f(y) +M

y(0) = a

Since the right hand side of the ODE is positive for all y ∈ [a, β], the solution y(t)

of the initial value problem is strictly increasing there. Clearly a unique time TM > 0

exists such that y(TM ) = β. Define the following bang-bang control function

BM (t) =


0 if t < 0

M if 0 ≤ t ≤ TM

0 if TM < t

. (3.5)

By construction BM (t) is critical in the sense of Definition 14. That is, it steers the

initial condition y = a to an end state exactly balanced on the boundary y = β of the

basin of attraction.

We now introduce the optimization problem for which we will claim that BM (t) is

an optimal solution.

Problem 1. Fix a constant M > µ. Call a pair (y(t), u(t)) an admissible pair if y is

absolutely continuous on R, u is measurable on R, and they solve the ODE ẏ = f(y)+u(t)

subject to the constraints:

• lim
t→−∞

y(t) = a,

• lim
t→∞

y(t) = β,

• u(t) ∈ [0,M ] for almost every t.

In this case, we also say u is an admissible control and y is the corresponding admis-

sible trajectory. For an admissible pair (y, u), if it achieves a global minimum value

of the integral ∫ ∞
−∞

u(t)dt

among all admissible pairs, then (y, u) is called an optimal pair. In this case, we also

say u is an optimal control and y is the corresponding optimal trajectory.



33

Lemma 1. The bang-bang function BM defined in (3.5) is an optimal control for Problem

1, and every optimal control is equal to BM almost everywhere and up to time translation.

Proof. Note if an optimal control exists, the corresponding optimal state trajectory y(t)

must be strictly increasing during all times t such that y(t) ∈ (a, β). Otherwise, there

would exist t1 < t2 with y(t1) = y(t2), y(t) ∈ (a, β) for all t ∈ [t1, t2], and ẏ(t) ≥ 0 on

a subset of positive measure of [t1, t2]. Because f(y(t)) < 0 for all t ∈ [t1, t2] we must

have u(t) > 0 on that same subset of positive measure of [t1, t2]. By definition u(t) ≥ 0

everywhere. So by entirely excising the interval [t1, t2) we produce a strictly lower cost

admissible control.

Restricting to t such that y(t) ∈ (a, β), we have that y(t) is invertible and ẏ(t) > 0

for almost all t. We can now directly compute a lower bound on the integral

∞∫
−∞

u(t) dt

=

∞∫
−∞

ẏ(t)− f(y(t)) dt

=

∞∫
−∞

ẏ(t) dt−
∞∫
−∞

f(y(t)) dt

=(β − a)−
∞∫
−∞

f(y(t)) dt

=(β − a)−
β∫
a

f(y)

ẏ
dy

=(β − a)−
β∫
a

f(y)

f(y) + u(t(y))
dy

≥(β − a)−
β∫
a

f(y)

f(y) +M
dy
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The latter inequality follows from the facts that ẏ = f(y) + u > 0 and f(y) < 0, thus

0 < f(y) + u ≤ f(y) +M

=⇒ 1

f(y) + u
≥ 1

f(y) +M

=⇒ −f(y)

f(y) + u
≥ −f(y)

f(y) +M

This lower bound on the value of the cost integral is achieved exactly by the bang-

bang control BM , hence we conclude BM is an optimal control. Any other optimal

control must be equal to M at almost all times when y ∈ (a, β), or its cost integral

would not achieve the lower bound. Clearly the optimal strategy outside of this is to set

u = 0 almost everywhere. Thus any optimal control is equal to BM almost everywhere

and up to time-translation.

Lemma 2. The integral of the bang-bang control function (3.5), which is

∞∫
−∞

BM (t)dt = M · TM ,

is a strictly decreasing continuous function of M . Additionally, its limiting behavior

satisfies

• lim
M→∞

M · TM = β − a,

• lim
M→µ+

M · TM =∞.

Proof. Take two different values µ < M1 < M2 and compare the respectively associated

bang-bang functions BM1 and BM2 . SetM = M2 in the optimization problem (Problem

1), so that by Lemma 1 BM2 is an optimal control and BM1 is a strictly suboptimal

control. This yields the strict decreasing order
∞∫
−∞

BM1(t)dt >
∞∫
−∞

BM2(t)dt.

Continuity of M · TM follows if the switching time TM when y arrives at the ter-

minal state β is continuous in M . This follows from a well known property of globally

continuous dependence on parameters for solutions to initial value problems with a glob-

ally Lipschitz vector field. Here, ẏ = f(y) + M is locally Lipschitz on R thus globally

Lipschitz on the compact set of interest y ∈ [a, β].
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For the first limit, recall TM is defined so that β − a =
TM∫
0

f(y(s)) + M ds. Since

−µ ≤ f(y(s)) ≤ 0 we have

TM (M − µ) ≤ β − a ≤MTM

=⇒ − µTM ≤ (β − a)−MTM ≤ 0

and taking the limit as M →∞ gives TM → 0 and (β − a)−MTM → 0.

For the second limit, it suffices to show that lim
M→µ+

TM =∞. Let

yµ = min{y ∈ [a, β] : f(y) = −µ}

be the first point at which f(y) achieves its minimum value in [a, β]. Then yµ is a

rest point of the ODE ẏ = f(y) + µ such that the solution to the initial value problem

y(0) = a approaches yµ as t → ∞. By globally continuous dependence of solutions on

parameters, we may choose M ≈ µ such that the solution of ẏ = f(y) + M, y(0) = a

takes an arbitrarily large time to reach yµ.

The final ingredient is the next lemma, which is modeled on the piecewise linear

ramping example (Example 4) from the beginning of this chapter, except that it replaces

the example base vector field with our arbitrary one ẋ = f(x). Exactly the same tipping

behavior still occurs, though of course the value of the critical slope mc depends on the

choice of f .

Lemma 3. Fixing an f as before with attracting rest point at a and basin boundary β,

and a constant λ∞ > β − a, consider the following parameterized family of piecewise

linear ramp functions with parameter m > 0:

λ(mt) =


0 if t < 0

mt if 0 ≤ t ≤ λ∞/m

0 if t > λ∞/m

.

There exists a unique solution x̂(t) of the ODE ẋ = f(x+λ(mt)) such that lim
t→−∞

x̂(t) =
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a, and there exists a unique critical parameter value m = mc such that
lim
t→∞

x̂(t) = a− λ∞ for m < mc

lim
t→∞

x̂(t) = β − λ∞ for m = mc

x̂(t) escapes D − λ∞ for m > mc

.

Furthermore, when considered as a function of λ∞, mc is continuous and strictly

decreasing and limλ∞→β−amc =∞, limλ∞→∞mc = µ where −µ is the minimum value

of f on [a, β].

Proof. Proposition 6 established the existence of the unique solution x̂(t) and fact that

the three forward behaviors mentioned are the only possible forward behaviors for x̂(t).

Under the co-moving change of coordinates, the ramp λ(mt) is transformed into a control

function u(mt) = λ̇(mt) which is a bang-bang style step function where the step has

height m and width λ∞/m. First of all, if m ≤ µ then u certainly cannot induce

tipping, thus the first option out of the three forward behaviors occurs when m ≤ µ.

Now assuming m > µ, compare u(mt) to the critical bang-bang function Bm(t) (3.5),

whose step also has height m but has a possibly different width Tm. By definition of

Tm, we see that u(mt) induces tipping if and only if Tm ≤ λ∞/m, with equality giving

criticality. Rewriting slightly, u(mt) induces tipping if and only if mTm ≤ λ∞.

By Lemma 2, mTm is a continuous decreasing function of m with range (β − a,∞);

thus it intersects the constant λ∞ > β − a exactly once, which gives m = mc with

the desired behaviors on either side of mc, as well as the strict decreasing property, the

continuity, and the limiting behaviors.
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µ mc

β − a
λ∞

m · Tm

m

Figure 3.7: The continuous curvemTm is strictly decreasing inm and approaches∞, β−a
in the limits as m → µ,∞, respectively. The curve crosses the constant λ∞ > β − a
exactly once, giving the desired critical slope mc. As λ∞ → β − a we have mc →∞; as
λ∞ →∞ we have mc → µ.

Theorem 3 (Scalar, Monotone Ramp, One-Sided Basin Version). Assume that f :

R → R is C2 and the ODE ẋ = f(x) has an attracting rest point at x = a whose

basin of attraction D is the half-infinite interval D = (−∞, β) where β > a is a finite

number, and x = β is a hyperbolic unstable rest point of ẋ = f(x). Fix a finite constant

λ∞ > β − a, and assume λ : R → R is globally Lipschitz continuous and monotone

non-decreasing with lim
t→−∞

λ(t) = 0, lim
t→∞

λ(t) = λ∞. Assume there exists a T such that

λ is C2 when restricted to (T,∞), and there exists a number ρ such that lim
t→∞

λ̈(t)
e−ρt exists.

Let −µ < 0 equal the minimum value of f on [a, β]. Then there exists a number mc > µ

such that if λ(t) induces tipping in the ODE ẋ = f(x + λ(t)) then λ̇(t) ≥ mc at least

once. Moreover, there exists a choice of λ(t) satisfying the given conditions which does

induce tipping with maxt λ̇(t) = mc. Finally, mc is continuous and strictly decreasing

when viewed as a function of λ∞ and satisfies limλ∞→β−amc =∞, limλ∞→∞mc = µ.

Proof. Choose mc as defined in Lemma 3. The critical piecewise linear ramp function

that it corresponds to in Lemma 3 induces tipping with maximum slope mc. To show

that λ̇(t) ≥ mc at least once, a slightly different argument is used depending on whether

λ̇(t) attains its supremum or not.

Case 1. λ̇(t) attains its supremum.
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Suppose for contradiction that λ(t) induces tipping but maxt λ̇(t) = N < mc. Let

u = λ̇ and assume u is critical – otherwise, truncate it (and set equal to 0) on the

right end while decreasing its integral; thus,
∞∫
−∞

u(t) dt ≤ λ∞.

Note u is now an admissible control for the optimization problem (Problem 1) when

the control constraint is u ∈ [0, N ]. So by optimality of the bang-bang function

BN in Lemma 1, its integral satisfies

∞∫
−∞

BN (t) dt ≤
∞∫
−∞

u(t) dt

≤ λ∞

But also

∞∫
−∞

BN (t) dt >

∞∫
−∞

Bmc(t) dt by Lemma 2

= λ∞ by definition

so we have reached a contradiction.

Case 2. λ̇(t) does not attain its supremum.

Suppose for contradiction that λ(t) induces tipping but supt λ̇(t) ≤ mc. Let u = λ̇

and assume u is critical – otherwise, truncate it (and set equal to 0) on the right

end while decreasing its integral; thus,
∞∫
−∞

u(t) dt ≤ λ∞.

Note u is now an admissible, but strictly suboptimal, control for the optimization

problem (Problem 1) when the control constraint is u ∈ [0,mc]. So by optimality

of the bang-bang function Bmc from Lemma 1, its integral satisfies

∞∫
−∞

Bmc(t) dt <

∞∫
−∞

u(t) dt

≤ λ∞
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But also

∞∫
−∞

Bmc(t) dt = λ∞ by definition

so we have reached a contradiction.

3.4.2 General Scalar Version

At this point, we discuss how to expand from the above special case to a general scalar

version where assumptions of the monotonicity of the ramp and the one-sidedness of the

basin are removed. In summary,

• Allowing a two-sided boundary for the basin of attraction. An optimal escape

trajectory would traverse through only one side of the basin; it would not cross

back over the attractor.

• Removing monotonicity. This requires a notable revision to our interpretation of

the amplitude of the perturbation. By amplitude we no longer mean the forward

limiting constant λ∞ but instead

L =

∞∫
−∞

|λ̇(t)| dt,

the total arclength of the perturbation, which is at least as large as λ∞, with

equality if λ is monotone.

Remark 7. Since a non-monotone λ may no longer bear a resemblance to a ramp, we

refer to it as an external forcing function rather than a ramp function.

Theorem 4 (General Scalar Version). Assume that f : R → R is C2 and the ODE

ẋ = f(x) has an attracting rest point at x = a whose basin of attraction D has a boundary

consisting of either one or two hyperbolic unstable rest points. Write D = (α, β), where

−∞ ≤ α < a < β ≤ ∞ and at least one of α, β is finite. Let R be the radius of the
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basin, that is R = min{a− α, β − a}. Let µ > 0 equal the intensity of attraction of the

attractor. Fix a constant L > R, and assume the external forcing function λ : R→ R is

globally Lipschitz continuous with lim
t→−∞

λ(t) = 0, lim
t→∞

λ(t) finite, and
∞∫
−∞
|λ̇(t)| dt = L.

Assume there exists a T such that λ is C2 when restricted to (T,∞), and there exists a

number ρ such that lim
t→∞

λ̈(t)
e−ρt exists. Then there exists a number mc > µ such that if λ(t)

induces tipping in the ODE ẋ = f(x + λ(t)) then |λ̇(t)| ≥ mc at least once. Moreover,

there exists a choice of λ(t) satisfying the given conditions which does induce tipping

with maxt λ̇(t) = mc. Finally, mc is continuous and strictly decreasing when viewed as

a function of L and satisfies limL→Rmc =∞, limL→∞mc = µ.

Remark 8. In this case a threshold speed can be defined similarly to before, but possibly

one on each side of the basin, and mc will be their minimum. Note that a minimum of

two continuous functions is also continuous.

Proof. Instead of proving this directly here, we leave it as a corollary of the exposition

in the next section. There, we present a conjectural generalization to n-dimensions

(Conjecture 6), but prove the truth of the conjecture in 1 dimension.

3.5 Toward N-Dimensions

In this section, we present a sketch toward obtaining a generalization in n-dimensions.

We highlight the primary areas of difficulty that remain to be overcome, and leave them

as avenues for future research. We present a conjecture for an n-dimensional result, but

prove the truth of the conjecture in 1 dimension. The latter is equivalent to Theorem 4,

whose proof we delayed, from the previous section.

3.5.1 Basin Regularity

Basins of attraction in n dimensions generally may have a complicated boundary struc-

ture, hence we expect to require some regularity conditions. The first task we leave for

future work is that of identifying the appropriate conditions. A likely useful resource is

[28], which contains a detailed discussion of the compactification procedure and its ef-

fect on objects called regular thresholds. These regular thresholds are codimension one,

embedded, orientable manifolds which are normally hyperbolic and repelling, and are
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closely related to but not necessarily equal to the boundary of the basin of attraction if

n > 1. What we desire is a sufficiently reasonable basin such that three possible forward

behaviors analogous to Proposition 5 follow through. One difference to accommodate

is that the basin boundary in one dimension consists purely of rest points so we could

speak of a forward time limit toward it; here, we speak instead of an omega limit set.

Definition 16. The basin of attraction D is called regular if for every control u that

is eventually smooth and decays exponentially to zero in the sense of Proposition 5 the

unique solution ŷ(t) with lim
t→−∞

ŷ(t) = a as defined in Proposition 4 exhibits one of these

three behaviors in forward time:

• lim
t→∞

ŷ(t) = a.

• ω({ŷ(t)}) ⊂ K ⊂ ∂D, where K is an attractor of the flow of ẋ = f(x) restricted

to ∂D.

• ŷ(t) escapes the closure D of the basin.

3.5.2 Control Optimizability

Next we introduce an updated control optimization problem, where magnitude bars are

inserted in the cost functional.

Problem 2. Let µ be the intensity of attraction (see Definition 13) of the attractor

y = a. Fix a constant M > µ. Call (y(t), u(t)) an admissible pair if y is absolutely

continuous on R, u is measurable on R and they solve the ODE ẏ = f(y) + u(t) subject

to the constraints:

• lim
t→−∞

y(t) = a,

• ω({ŷ(t)}) ⊂ K ⊂ ∂D, where K is an attractor of the flow of ẋ = f(x) restricted

to ∂D.

• |u(t)| ≤M for almost every t.
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In this case we also say u is an admissible control and y is the corresponding admis-

sible trajectory. For an admissible pair (y, u) if it achieves a global minimum value of

the integral ∫ ∞
−∞
|u(t)|dt

among all admissible pairs, then (y, u) is called an optimal pair. In this case we also

say u is an optimal control and y is the corresponding optimal trajectory.

Definition 17. We say Problem 2 is optimizable if there exists an optimal control.

We leave for future work the identification of the most general conditions under

which Problem 2 is optimizable. To this end, it should be possible to apply a Filippov-

style theorem for the existence of optimal control. There is an extension of the Filippov

Existence Theorem (first proven in the case of a finite time domain here [30]) to the

infinite time domain, due to Cesari and Baum [31]. In the following lemma, we show

how to use the Cesari and Baum result under strong assumptions.

Lemma 4. If the basin D is bounded and every trajectory on ∂D limits to a hyperbolic

rest point, then Problem 2 is optimizable. If n = 1 (with D not necessarily bounded)

then Problem 2 is optimizable.

Proof. In order to satisfy the conditions of the infinite time domain Filippov Existence

Theorem (as stated in Appendix A), we desire a simplification in the statement of

Problem 2. Specifically, we wish to speak of the future limit of an admissible trajectory,

rather than its omega limit set. By assuming that every trajectory on ∂D limits to a

hyperbolic rest point, we may replace the second constraint in the optimization problem

with lim
t→∞

y(t) ∈ ∂D, instead of the original constraint ω({ŷ(t)}) ⊂ K ⊂ ∂D.

We also desire a compact space S ⊂ Rn and the assumption that y(t) ∈ S for all

t. The simplest case occurs when the basin of attraction D is bounded. If an optimal

control exists, the corresponding state trajectory y(t) must remain in the closure D of

the basin of attraction, otherwise, it can be improved by truncation upon first arrival at

the boundary; so restrict the trajectory space to the compact set S = D. However, if

the basin D is unbounded, then we need a way to further restrict to a compact subset

of D. When n = 1 it is clear that we can restrict to the compact interval between the
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attracting rest point a and the single boundary point of D, since an optimal trajectory

would not make an excursion into the opposite of the basin.

Now we may verify that the compactness, closure, and convexity conditions in Fil-

ippov’s Existence Theorem are satisfied. In particular, we check:

• The trajectory space S is compact.

• The control space U = {u ∈ Rn : |u| ≤M} is compact.

• The integrand |u| in the cost functional is bounded below (by 0).

• The space {a} × ω(∂D) of limiting states for the trajectory is compact.

• For every y ∈ S, the set Q(y) = {(w, z) | w ≥ |u|, z = f(y) + u, u ∈ U} is closed

and convex, and Q(y) is upper semi-continuous when considered as a set-valued

function of y.

For the latter, it can be straightforwardly verified that for any (w1, z1), (w2, z2) ∈
Q(y) the line segment (1 − t)(w1, z1) + t(w2, z2) is in Q(y) for t ∈ [0, 1]. Upper semi-

continuity follows from the continuity of f(y). Additionally, we note that there exists

at least one admissible control, because we chose M to be larger than the intensity of

attraction. This suffices to conclude there exists an optimal control.

While the version of Cesari and Baum’s Filippov Existence Theorem used here and

stated in the Appendix requires that an admissible trajectory limits to a point, the

original source [31] actually depends on a more general closure property of admissible

controls. It is possible that the closure property stated there directly accommodates

an omega limit set instead of limit condition in the optimization problem, so that the

assumption of hyperbolic rest points being the only attractors of the flow restricted to

the boundary can be removed, but this possibility is left for future inspection.

The other remaining difficulty lies in the case of an unbounded basin, where we must

argue for each choice of M that the trajectory space may be restricted to a compact

subset of D. It should be possible to achieve this restriction via the idea that an optimal

control would not take an extremely long route out of the basin; it would always escape
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through a fairly nearby portion of the basin boundary. A challenge to consider here

is that solutions within the basin do not necessarily decay monotonically toward the

attractor in n dimensions, so some additional requirement of a global decay bound may

be in order.

3.5.3 Optimal Control Behaviors via Pontryagin’s Maximum Principle

Next, recall that in the scalar case the simple topology of the basin allowed us to easily

construct all optimal controls explicitly. In n dimensions we are not afforded such a

luxury; however, assuming that optimal controls exist, it is not necessary to explicitly

construct them in order to gain a usable descriptive understanding of what they must

look like. The next lemma states that optimal controls are not necessarily bang-bang in

magnitude, but their possible behaviors are limited. In particular, the only times during

which an optimal control u is allowed a magnitude not equal to M or 0 is when u points

perpendicular to the underlying vector field f .

Lemma 5. Any optimal control is only allowed the following three possible behaviors at

different times (with exceptions only on a set of measure 0).

1. |u(t)| = M and u(t) · f(y(t)) < 0, that is, the control has maximum allowable

magnitude and points roughly opposite to the vector field.

2. u(t) = 0.

3. u(t) 6= 0 and u(t) · f(y(t)) = 0, that is, the control points orthogonal to the under-

lying vector field. Here u might, in general, have any magnitude in (0,M ].

Here it is convenient to state an additional property that must be satisfied whenever u(t)

falls into category 3. In this circumstance, we have

uT (Df(y))u = 0,

where Df(y) is the Jacobian matrix of f .

Remark 9. The above is a necessary, not sufficient, description of optimal control.
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Proof. Pontryagin’s Maximum Principle (Appendix B) is a tool used for identifying all

possible candidates for optimal control, though its standard setting involves a finite

time interval. Taking an optimal trajectory y(t) and any two finite times t1 < t2, fix

the points c = y(t1), d = y(t2). We temporarily modify our optimization problem to the

following: Minimize the cost functional

T∫
0

C(y, u, t) dt =

T∫
0

|u(t)| dt (3.6)

subject to the constraints

|u(t)| ∈ [0,M ]

y(0) = c

y(T ) = d

ẏ = f(y(t)) + u(t)

(3.7)

where the terminal time T > 0 is finite but not fixed. For this finite-time subproblem,

we call a choice of (y, u, T ) with y absolutely continuous on [0, T ] and u measurable

on [0, T ] admissible or optimal in an analogous way to before. Here we remark that a

finite-time version of Filippov’s Existence Theorem with weaker conditions guarantees

existence of an optimal control for the subproblem (Appendix A).

Now to apply Pontryagin’s Maximum Principle, introduce the constant variable p0
and a so-called costate variable p(t) and formulate the expression known as the control

Hamiltonian,

H(y(t), u(t), p(t), t, p0) = −p0C(y, u, t) + pT ẏ

= −p0|u|+ pT (f(y) + u)

= −p0|u|+ pT f(y) + pTu

(3.8)

Pontryagin’s Maximum Principle states that if (y(t), u(t), T ) is optimal, then there

also exist a p0 and a continuous p(t) : [0, T ] → Rn such that, for almost all t, the
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Hamiltonian satisfies the conservation property

H(y, u, p, t) = 0

and the maximum property

u maximizes H when all other inputs are held constant.

Additionally, either p0 = 0 or p0 = 1, and (p0, p(t)) 6= 0 for all t ∈ [0, T ]. Finally, the

Euler-Lagrange equation or adjoint equation

−ṗT = pTDf(y)

is satisfied almost everywhere. Since the magnitude and direction of u may be chosen

independently, maximizing H means choosing u parallel to p, that is u = k(t)p for a

time-varying scalar k(t) ≥ 0. Then we may write

H(y(t), u(t), p(t), t) = −p0|u|+ pT f(y) + |p||u|

= |u|(|p| − p0) + pT f(y)
(3.9)

Beginning with the case p0 = 0, we have p 6= 0 and H = |u||p|+ pT f(y) = 0, which

is linear in |u| and maximimize by setting |u| = M . Then pT f(y) = −M |p| < 0 =⇒
uT f(y) < 0 almost everywhere. This falls into category 1 of the 3 behaviors.

Next, in the case p0 = 1, we have

H = |u|(|p| − 1) + pT f(y) = 0.

Since H is linear in the magnitude |u|, it is maximized by

|u| =

M if |p| > 1

0 if |p| < 1
.

If p > 1 then pT f(y) = −M(|p| − 1) < 0 =⇒ uT f(y) < 0 almost everywhere.

This falls into category 1 of the three behaviors. The case |p| < 1 gives category 2.
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It remains to investigate what happens if |p| = 1 on an interval. In this case we have

0 = H = pT f(y) =⇒ 0 = uT f(y) which gives category 3.

For the additional property of category 3, note p has constant magnitude so its

velocity ṗ satisfies ṗT p = 0. Taking the Euler-Lagrange equation −ṗT = pT (Df(y))

and performing the inner product with p yields −ṗT p = 0 = pT (Df(y))p =⇒ 0 =

uT (Df(y))u.

So far we have proven for the finite-time subproblem that only the 3 behaviors

outlined in the lemma statement are possible for an optimal control. Now changing

scope back to the infinite time problem, an optimal control in this context must be

optimal on every finite time subproblem. Otherwise, it may be improved by switching

a finite subtrajectory with a lower cost replacement. Hence it is also only allowed the

same set of three possible behaviors.

3.5.4 Regularity of Optimal Control

A key component of the argument used in the scalar case was the fact that every optimal

control exhibits the maximum allowable control magnitude M . This yielded the strict

decreasing order of optimal cost with respect toM : what was an optimal control becomes

strictly suboptimal whenever M increases.

From the previous lemma we know that optimal controls have magnitude M when-

ever u·f < 0. Intuitively, one would expect that to escape from the basin of an attractor,

one must push roughly opposite to the underlying vector field for some time. However,

in n dimensions it is possible to ascend Lyapunov level sets without using u · f < 0.

We propose this as a regularity property of the optimization problem in the next

definition, and leave open the question of how to prove it along with what additional

conditions, if any, are required. Perhaps one may consider reachable sets from the

attractor under controls bounded by fixed L1 norm I =
∫∞
−∞ |u(t)|dt for every 0 ≤ I

(see Definition 22) and try to characterize optimal ascent up the nested boundaries of

reachable sets, but reachable sets in n dimensions are generally difficult to describe.

We offer in the subsequent lemma one special case which we show is definitely suf-

ficient to guarantee this regularity: when the attractor has negative reactivity, such as

when the vector field is a gradient.
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Definition 18. If Problem 2 is optimizable, and every optimal control exhibits the

maximum magnitude |u(t)| = M on a set of positive measure, then we say Problem 2 is

regular.

Lemma 6. Assume the attractor has negative reactivity, meaning that the symmetric

part A + AT of the linearization A = Df(y)(a) is negative definite (see Section 2.3).

Note this assumption automatically holds when f is a gradient vector field, including

when n = 1. Then out of the three possible behaviors stated in Lemma 5, every optimal

control must exhibit behavior 1 on a set of positive measure. Thus Problem 2 is regular.

Proof. The intuition is that we cannot even leave the attractor if we do not work against

the vector field. Since its symmetric part A + AT is negative definite, the linearization

A is also negative definite in the sense that

uTAu < 0 for every u 6= 0, u ∈ Rn.

Since Df(y) is continuous, there is a neighborhood N of the attractor such that

uTDf(y)u < 0 for every u 6= 0, u ∈ Rn, y ∈ N.

Thus by the additional property stated at the end of Lemma 5, behavior 3 is ruled out for

almost all t such that y(t) ∈ N . If u = 0 for almost all such t, then the trajectory clearly

does not leave the attractor. So u must use behavior 1 on a set of positive measure.

Lemma 7. Assuming Problem 2 is optimizable and regular, let uM denote an optimal

control. The integral
∞∫
−∞
|uM (t)|dt is a strictly decreasing function of M .

Proof. Take any two choicesM1 < M2, and let uM1 , uM2 be respectively associated opti-

mal controls. Now setM = M2 so that uM2 is an optimal control. By Definition 18 every

optimal control has magnitudeM2 on a set of positive measure. Thus uM1 is strictly sub-

optimal because its maximum magnitude is M1. So
∞∫
−∞
|uM1(t)|dt >

∞∫
−∞
|uM2(t)|dt.
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3.5.5 Upper Semicontinuity of Optimal Cost

Next, in two or more dimensions we do not expect the optimal value of the cost integral to

be continuous in M , because increasing the value of M can cause the optimal trajectory

to jump suddenly to a new path. Rather, we conjecture that it is upper semicontinuous.

For n = 1 we prove that it is continuous. We also conjecture limits analogous to those

in Lemma 2 and prove them for n = 1.

Conjecture 5. Denote by µ the intensity of attraction of the attractor a. Denote by R =

inf{|d−a| : d ∈ ∂D} the radius of the basin of attraction. Assuming Problem 2 is optimiz-

able and regular, let uM denote an optimal control. The integral J(M) =
∞∫
−∞
|uM (t)|dt

is upper semicontinuous in M and satisfies lim
M→∞

J(M) = R and lim
M→µ+

J(M) =∞.

µ

R

J(M)

M

Figure 3.8: J(M) =
∞∫
−∞
|uM (t)| dt is strictly decreasing. It is conjectured to be upper

semicontinuous and to approach ∞, R as M → µ,∞, respectively.

We briefly sketch a rough proof idea for Conjecture 5, but leave open the completion

of details. J(M) is the infimum of the optimal costs on every possible fixed simple path

from the attractor to the boundary. Show that the optimal cost on each fixed path is

continuous; then, taking the pointwise infimum of an arbitrary collection of continuous

functions results in an upper semicontinuous function. Next, show that the optimal cost

on a fixed path limits to the length of the path as M → ∞. Then lim
M→∞

J(M) equals
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the infimum of the lengths of the paths, which is radius R of the basin. For the other

limit, show that the optimal cost on each fixed path limits to infinity as M → γ+ for

some constant γ(P ) ≥ µ that depends on the choice of path P , and then show that

µ = infP {γ(P )}.

Lemma 8. If n = 1 then Conjecture 5 holds, but with the stronger claim that J(M) is

continuous in M .

Proof. For n = 1 there are up to two possible escape paths and J(M) is the pointwise

minimum of two continuous functions, which is continuous. The argument for continuity

and the limits over each of the up to two paths follows the same way as in Lemma 2. In

particular, as M →∞ the optimal cost on each relevant path limits to the length of the

path, so lim
M→∞

J(M) = R, the minimum path length. On the other hand, the optimal

cost on each relevant path limits to infinity as M approaches the maximum magnitude

µP of |f | on that path, so lim
M→minµP

J(M) =∞. By Proposition 3, which describes the

intensity of attraction for scalar systems, minµP = µ.

Remark 10. When n = 1, an optimal control is bang-bang, hence compactly supported.

Therefore its integral is a piecewise linear function that belongs in the category of forc-

ing functions λ(t) with asymptotic constancy, eventual smoothness, and exponential

approach to forward asymptotic constancy.

For n > 1 we know so far only that our optimal control is measurable, bounded,

and L1. A question to pursue here is whether the limits lim
t→±∞

u(t) even exist, or what

conditions would ensure they exist. We know for instance that when the attracting rest

point is negatively reactive, an optimal control has compact support on the left. If the

basin boundary is normally hyperbolic and repelling, does that imply compact support

on the right?

3.5.6 Statement of Conjecture

Finally, we state our conjectural result that depends on the truth of Conjecture 5. Like

Conjecture 5, it is sufficient to hold in the case of n = 1.

Conjecture 6 (N-Dimensional). Assume that f : U ⊂ Rn → Rn is C2 and the ODE

ẋ = f(x) has an attracting rest point at y = a whose basin of attraction D has nonempty
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boundary ∂D and is regular (Definition 16). Assume that Problem 2 is optimizable

(Definition 17) and regular (Definition 18). Assume the external forcing function λ :

R→ Rn is globally Lipschitz continuous with lim
t→−∞

λ(t) = 0 and lim
t→∞

λ(t) finite. Assume

there exists a T such that λ is C2 when restricted to (T,∞), and there exists a number

ρ such that lim
t→∞

λ̈(t)
e−ρt exists. Let R = inf{|d − a| : d ∈ ∂D} be the radius of the basin

of attraction. Fix a constant L > R and assume
∞∫
−∞
|λ̇(t)| dt = L. Then there exists

a threshold number mc such that if λ(t) induces tipping in the ODE ẋ = f(x + λ(t))

then λ̇(t)| ≥ mc at least once. mc is upper semicontinuous (continuous if n = 1) and

strictly decreasing when viewed as a function of L and satisfies lim
M→∞

J(M) = R and

lim
M→µ

J(M) = ∞. If n = 1 there exists a choice of λ(t) satisfying the given conditions

which does induce tipping with maxt λ̇(t) = mc.

Proof. We prove this under the assumption that Conjecture 5 is true.

µ mc

R

L

J(m)

m

Figure 3.9: mc is the maximum value of m such that J(m) =
∞∫
−∞
|um(t)| dt ≥ L.

Unlike in the scalar case, we do not give a constructive definition ofmc. Instead, let S

be the set of numbersm such that an optimal control um(t) for the optimization problem

(Problem 2) when the control constraint is u ∈ [0,m] satisfies
∞∫
−∞
|um(t)| dt ≥ L. By

Conjecture 5 the set S is nonempty and bounded above. It has a maximum, due to the

upper semicontinuity of the cost integral. Let mc = max{m : m ∈ S}.
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To show that λ̇(t) ≥ mc at least once, a slightly different argument is used depending

on whether λ̇(t) attains its supremum or not.

Case 1. λ̇(t) attains its supremum.

Suppose for contradiction that λ(t) induces tipping but maxt λ̇(t) = N < mc. Let

u = λ̇ and assume u is critical – otherwise, truncate it (and set equal to 0) on the

right end while decreasing its integral; thus,
∞∫
−∞
|u(t)| dt ≤ L.

Note u is now an admissible control for the optimization problem (Problem 2)

when the control constraint is u ∈ [0, N ]. Also take an optimal control uN for this

problem. Comparing their L1 norms,

∞∫
−∞

|uN (t)| dt ≤
∞∫
−∞

|u(t)| dt

≤ L

But also

∞∫
−∞

|uN (t)| dt >
∞∫
−∞

|umc(t)| dt by Lemma 7

≥ L by definition

so we have reached a contradiction.

Case 2. λ̇(t) does not attain its supremum.

Suppose for contradiction that λ(t) induces tipping but supt λ̇(t) ≤ mc. Let u = λ̇

and assume u is critical – otherwise, truncate it (and set equal to 0) on the right

end while decreasing its integral; thus,
∞∫
−∞
|u(t)| dt ≤ L.

Note u is now an admissible, but strictly suboptimal, control for the optimization

problem (Problem 2) when the control constraint is u ∈ [0,mc]. Comparing L1
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norms,

∞∫
−∞

|umc(t)| dt <
∞∫
−∞

|u(t)| dt

≤ L

But also

∞∫
−∞

|umc(t)| dt = L by definition

so we have reached a contradiction.



Chapter 4

Integral-Constrained Intensity of

Attraction

The optimal control application to rate-induced tipping in the previous chapter inspires a

new method of quantifying resilience, which we present in this brief chapter; it is a mod-

ification of intensity of attraction (Section 2.4), and we term it integral-constrained

intensity of attraction. Unlike the original form of intensity of attraction, in which

the total integral of the perturbation has no bound, this modification measures the re-

silience of the dynamical system under perturbations which are bounded in L1 norm by

a specific threshold number.

4.1 Definition via Bounded Integral-Constrained Control

As before, we consider the control system

ẋ = f(x) + u(t) (4.1)

where f : Rn → Rn is locally Lipschitz. Now assume u : R→ Rn with u ∈ L∞ ∩ L1, fix

a number L > 0 and assume that u satisfies

∞∫
−∞

|u(t)| dt ≤ L

54
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We refer to such controls u as L-integral-constrained. All the following definitions

are exactly the same as those for intensity of attraction, with the only difference being

this new constraint on the integral of the magnitude of u.

Definition 19. Denote by ϕu(t, x0) : D ⊂ R× U → U the local flow defined by

ϕu(t, x0) = x(t)

where x(t) solves in the extended sense the ODE (4.1), with initial condition x(0) = x0.

Families of r-magnitude and L-integral bounded control are defined as before:

Definition 20. Denote by BL
r ⊂ L∞[I,Rn] the set of M -integral-constrained control

functions whose essential supremum is bounded above by r:

BL
r = {u : ||u||∞ < r}

Next, we define reachable sets.

Definition 21. Consider S ⊂ U . The I-integral-constrained reachable set of S under

r-bounded control is the set

RLr (S) =
⋃
u∈BLr

⋃
x0∈S

⋃
t≥0

ϕu(t, x0)

And lastly we define L-integral constrained intensity of attraction.

Definition 22. If A is an attractor of ẋ = f(x) and D(A) the basin of attraction, then

its L-integral-constrained intensity of attraction is

µL(A) = sup{r ≥ 0 | RLr (A) ⊂ D(A)}

Remark 11. L-integral constrained intensity of attraction is a decreasing function of L

and approaches the intensity of attraction as L→∞.
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4.2 Relation to Externally Forced Tipping

Now we relate integral-constrained intensity of attraction to the core claims from the

previous chapter.

Corollary 7 (Scalar). Take the same assumptions as in Theorem 4. Let µL equal the

L-integral constrained intensity of attraction of the attractor. If λ(t) induces tipping in

the ODE ẋ = f(x+ λ(t)) then |λ̇(t)| ≥ µL at least once.

Conjecture 8 (N Dimensions). Take the same assumptions as in Conjecture 6. Let µL

equal the L-integral constrained intensity of attraction of the attractor. If λ(t) induces

tipping in the ODE ẋ = f(x+ λ(t)) then |λ̇(t)| ≥ µL at least once.

Thus we posit integral-constrained intensity of attraction as the natural choice for

quantifying resilience of a dynamical system to rigidly shifting externally-forced tip-

ping, when the arclength of allowable external forcing functions is bounded by a fixed

maximum.

4.3 An Ocean Circulation Box Model

We conclude this chapter by connecting integral-constrained intensity of attraction to a

simple conceptual model for ocean circulation that originates from Cessi in [32].

The dynamics of global ocean circulation are driven by currents of mass exchange

due to differences in water temperature and salinity (thermohaline circulation) between

low-latitude and high-latitude regions. A classic Stommel two-box model [33] codifies

these dynamics in a minimal way and gives rise to two alternate stable equilibria, which

represent a strong and weak regime of ocean circulation. Indeed, recent research suggests

that the Atlantic Meridional Ocean Circulation (AMOC) is weakening in response to

anthropogenically driven climate change [34, 35] and warns of a possible future collapse

of the AMOC [36].

4.3.1 Stommel Equations

We review the Stommel model (Figure 4.1), following the presentation in Cessi [32]. The

model divides the ocean into a low-latitude warm water box and a high-latitude cold
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T1 ≈ θ
2

S1

Low-latitude

T2 ≈ − θ
2

S2

High-latitude

1
2Q(∆ρ)

1
2Q(∆ρ)

1
2F (t) −1

2F (t)

Figure 4.1: The Stommel two-box model of thermohaline circulation.

water box. Ti is the temperature of water, and similarly Si is the salinity of water, in

box i, for i = 1, 2. The density ρi of water is a function of Ti, Si, and to a first order

approximation may be written ρi = ρ0 +αS(Si−S0)−αT (Ti−T0), where (ρ0, T0, S0) is

the point about which the linearization is taken. Then the density difference ∆ρ = ρ1−ρ2
between the two boxes is

∆ρ = αS(S1 − S2)− αT (T1 − T2)

= αS∆S − αT∆T

We assume that the exchange of mass between the two boxes depends on the density

difference and is given by some positive definite functionQ(∆ρ). Additionally, we assume

that the temperatures relax linearly, at a fixed rate 1/tr, to prescribed values determined

by a positive constant θ, while the salinities are forced by an external freshwater flux

F (t), and H is the height of each box. The evolution of temperature and salinity are

governed by the equations

Ṫ1 = − 1

tr

(
T1 −

θ

2

)
− 1

2
Q(∆ρ)(T1 − T2)

Ṫ2 = − 1

tr

(
T2 +

θ

2

)
− 1

2
Q(∆ρ)(T2 − T1)
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Ṡ1 =
F (t)

2H
S0 −

1

2
Q(∆ρ)(S1 − S2)

Ṡ2 = −F (t)

2H
S0 −

1

2
Q(∆ρ)(S2 − S1)

Subtracting pairs of equations gives the Stommel evolution equations for the salinity

and temperature differences,

d

dt
∆T = − 1

tr
(∆T − θ)−Q(∆ρ)∆T

d

dt
∆S =

F (t)

H
S0 −Q(∆ρ)∆S

4.3.2 Cessi Equation

Cessi proceeds from the Stommel equations by taking Q(∆ρ) =
1

td
+

1

V
q(∆ρ)2 where

V is the volume of each box, 1/td is a diffusion rate, and q is related to the transport

of Poiseuille flow, then non-dimensionalizing by setting x =
∆T

θ
, y =

αS∆S

αT θ
, t = tdt,

thereby obtaining the system

ẋ = −α(x− 1)− x(1 + β(x− y)2)

ẏ = p(t)− y(1 + β(x− y)2)

where α =
td
tr
, β =

qtdα
2
T θ

2

V
, and p(t) =

αSS0td
αT θH

F (t). Arguing that temperature

relaxation occurs on a much faster timescale than any of the other processes, Cessi makes

the simplifying assumption that the temperatures are fixed at the constants ±θ/2. This
yields the one-dimensional equation

ẏ = −y(1 + β(1− y)2) + p(t).

Writing p(t) = p+ p̃(t) and f(y) = −y(1 + β(1− y)2) + p puts this into the form

ẏ = f(y) + p̃(t). (4.2)

Here p(t) should be thought of as a nondimensionalized freshwater flux, and it is decom-

posed into a baseline constant value p plus a time-variable anomalous perturbation p̃(t).
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Cessi estimates p̄ ≈ 1.1 and β ≈ 6.2 as reasonable values for the North Atlantic.

The system (4.2) with no anomalous perturbation, p̃(t) ≡ 0, possesses two attracting

states (Figure 4.2). The left attractor a corresponds to a large density difference and

thus strong mass transport, meaning a pattern of strong ocean circulation. The right

attractor c corresponds to a small density difference or pattern of weak ocean circulation.

a b c

−0.20

f(y) = −y(1 + β(1− y)2) + p

y

Figure 4.2: Cessi’s ocean model ẏ = f(y) with no flux perturbation, that is p̃(t) ≡ 0.
Parameter values used are β = 6.2, p = 1.1. Locations of equilibria are a ≈ 0.24,
b ≈ 0.69, c ≈ 1.07. The intensity of attraction of the left attractor {a} is µ ≈ 0.20. The
basin radius is b− a ≈ 0.45.

4.3.3 Resilience to Freshwater Flux Perturbation

There exists a major debate over what mechanism of climate change is driving the

currently observed weakening of the AMOC, but one explanation that has been offered

is that of significantly increased freshwater flux, such as from the melting of Arctic sea

ice [37].∗ In the Cessi model, let us consider the function p̃(t) to represent the anomalous

increase in freshwater flux arising from Arctic sea ice melt. We ask about the resilience

of the strong circulation AMOC steady state y = a to choices of p̃(t).
∗A competing explanation that we do not consider here is that of increased heat flux directly into the

ocean surface, from overall increase in greenhouse gas concentration and global mean surface tempera-
ture. Additionally, we are neglecting ways other than polar ice melt in which hydrological responses to
climate change may increase or affect freshwater flux.
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Figure 4.3: (a) The switching time TM of a critical bang-bang perturbation p̃M (t) as a

function of the magnitude M > µ ≈ 0.2 of control. (b) The L1 norm
∞∫
−∞

p̃M (t) dt =

MTM of a critical bang-bang perturbation as a function of the magnitude M of control.
MTM approaches the basin radius R = b − a ≈ 0.45. (c) The integral-constrained

intensity of attraction µL({a}) as a function of the constraint parameter L ≥
∞∫
−∞

p̃(t) dt.

The function plotted in (c) is the inverse of that in (b).

The L-integral constrained intensity of attraction of the attractor {a} may be com-

puted by finding all critical bang-bang perturbations

p̃M (t) =


0 if t < 0

M if 0 ≤ t ≤ TM

0 if TM < t

(4.3)
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where the switching time TM is such that the initial condition y(0) = a is steered exactly

to y(TM ) = b.

We may solve for the value of the switching time TM by integrating the ODE ẏ =

f(y) + M (Figure 4.3a). Next, multiplying by M gives the L1 norm M · TM of control

(Figure 4.3b). Subsequently reflecting the curve gives the integral-constrained intensity

µL(L) (Figure 4.3c).

4.3.4 Takeaway

To interpret the meaning of the integral-constrained intensity of attraction in this ex-

ample, consider a situation where the total anomalous addition
∞∫
−∞

p̃(t) dt of freshwater

is limited by a maximum L. For instance, L may equal the total (nondimensionalized)

volume of meltwater trapped in the Arctic sea ice. Or, L may equal the volume of

meltwater that would be released given a fixed number of hypothetical degrees of global

warming.

Then µL prescribes a safe flux p̃(t): if the sea ice melts at all times slowly enough

that the anomalous freshwater flux remains below µL, the model ocean will not tip into

the alternate basin. The larger the total addition, the smaller the safe flux. If

ice melt exceeds the safety rate at some point, the model ocean could possibly, but may

not necessarily, tip to the alternate regime of circulation. But if ice melt at all times

exceeds the safety rate until the prescribed total melt is depleted, the model ocean will

certainly tip to the alternate regime.

It should be emphasized that the model here is highly simplistic. Its significance

lies not in any realistic predictive accuracy, but rather in simple illustrative power. The

moral takeaway is akin to that of rate-induced tipping: it is not only the cumulative

total amount of a disturbance over time that matters but also the intensity

with which that disturbance plays out at each point in time.
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Conclusion

Motivated by the interplay between rate-induced tipping of rigidly shifting systems and

the intensity of attraction framework for measuring resilience, we proved the existence

of a critical lower bound on the speed |λ̇(t)| that must be reached at least once by

any arbitrary forcing function λ(t) inducing tipping in the nonautonomous scalar ODE

ẋ = f(x+λ(t)). This threshold speed exhibits an inverse relationship with the arclength

of forcing, illustrating the inherent trade-off between the total cumulative extent of a

optimal forcing function and its maximal rate. Our approach is distinguished by a co-

moving change of coordinates that transforms the optimal translational forcing function

into a dual optimal additive control function. Inspired by the latter coordinate setting,

we then modified the intensity of attraction framework to obtain a parameterized family

of resilience values we called integral-constrained intensity of attraction. This integral-

constrained construction codifies the idea that it is both the cumulative total norm (L1)

of control over time and the maximal control magnitude (L∞) across pointwise times

that matter in measuring the capacity for control to induce escape from the basin of

attraction.

The types of externally-forced tipping considered here hold significance for contempo-

rary physical, ecological, and social systems on all scales experiencing complex transient

changes such as from modern anthropogenic practices. It is crucial to comprehend the

resilience of systems in the face of disturbances that are simultaneously large and swift

(as in R-tipping), or simultaneously large and intense (as in integral-constrained inten-

sity). This work provides theoretical insight into a duality between the R-tipping and
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integral-constrained control settings, and highlights, in both cases, the interplay between

two distinct axes of resilience. Although a dynamical system might individually endure

considerable environmental disturbances in either total cumulative extent or in pointwise

severity, there exists a trade-off where simultaneous exposure to excessive perturbation

of both types surpasses the capacity of the system to retain its original regime.
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Appendix A

Filippov’s Existence Theorems

A.1 For Unbounded Time Domains

We reproduce here a somewhat simplified statement of Filippov’s Existence Theorem

for Unbounded Time Domains. For the original version in full generality, due to Baum

and Cesari, and an explanation of why the simplification given here follows, see [31].

Theorem 9 (Filippov’s Existence Theorem for Unbounded Time Domains). Consider

the minimization of the cost functional

J(t, x, u) =

∞∫
−∞

C(t, x, u) dt,

subject to the constraints ẋ = f(t, x, u), (t, x, u) ∈M , lim
t→−∞

x(t) ∈ B1, lim
t→∞

x(t) ∈ B2.

Here, assume A ⊆ R × Rn is closed, such that for any compact interval G ⊂ R the

set (G×Rn)∩A is compact. Assume for every (t, x) ∈ A there is a closed set U(t, x) ⊆
Rm such that when viewed as a set-valued function on R × Rn, U(t, x) is upper semi-

continuous. Let M = {(t, x, u) : (t, x) ∈ A, u ∈ U(t, x)} and assume C(t, x, u), f(t, x, u)

are continuous functions on M . Assume that for every (t, x) ∈ A the set Q(t, x) =

{(w, z) : w ≥ C(t, x, u), z = f(t, x, u), u ∈ U(t, x)} is convex and closed and Q(t, x) is

an upper-semicontinuous set-valued function. Also assume there exist Lebesgue-integrable

functions Φ(t) ≥ 0, ψ(t) ≥ 0 on R such that |f(t, x, u)| ≤ Φ(t) and C(t, x, u) ≥ ψ(t) for

all (t, x, u) ∈M . Finally assume the set B = B1 ×B2 ⊂ Rn × Rn is compact.
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Any x(t) : R → Rn absolutely continuous with u(t) : R → Rm measurable satisfying

the constraints is called an admissible pair. Then as long as there exists at least one

admissible pair, the cost functional achieves a minimum value among admissible pairs.

A.2 For Finite Time Domains

We follow Cesari [38] (section 5.1) in stating the finite time domain version of Filippov’s

Existence Theorem. This theorem is originally attributed to Filippov [30].

Theorem 10 (Filippov’s Existence Theorem for Finite Time Domains). Consider the

minimization of the cost functional

J(t, x, u) =

t2∫
t1

C(t, x, u) dt,

subject to the constraints ẋ = f(t, x, u), (t, x, u) ∈ M , (t1, x(t1), t2, x(t2)) ∈ B ⊂ R ×
Rn × R× Rn.

Here, assume A ⊆ R × Rn is compact and U ⊂ Rm is compact. Let M = A × U
and assume C(t, x, u), f(t, x, u) are continuous functions on M . Assume that for every

(t, x) ∈ A the set Q(t, x) = {(w, z) : w ≥ C(t, x, u), z = f(t, x, u), u ∈ U} is convex.

Finally assume the set B is closed.

Any x(t) : [t1, t2] → Rn absolutely continuous with u(t) : [t1, t2] → Rm measurable

satisfying the constraints is called an admissible pair. Then as long as there exists at

least one admissible pair, the cost functional achieves a minimum value among admissible

pairs.



Appendix B

Pontryagin’s Maximum Principle

Following [39] (or see also the original source [40]) we state Pontryagin’s Maximum

Principle with free terminal time and fixed endpoints for minimizing the cost functional

J(T, x(t), u(t)) =

T∫
0

C(t, x(t), u(t)) dt+ g(T, x(0), x(T ))

A triple (T, x(t), u(t)) with T ∈ R. measurable u : [0, T ]→ Rm and absolutely continu-

ous x : [0, T ] → Rn satisfying ẋ(t) = f(t, x(t), u(t)) almost everywhere, u(t) ∈ U ⊂ Rm

almost everywhere, x(0) = c ∈ Rn, x(T ) = d ∈ Rn is called admissible. An admissi-

ble triple that achieves the minimum of J(x(t), u(t)) over all admissible triples is called

optimal. Define the Hamiltonian function

H(t, x, p, u, p0) = −p0C(t, x, u) + pT f(t, x, u)

Theorem 11. Let (T̄ , x̄(t), ū(t)) be optimal. Assume the following hypotheses are sat-

isfied:

• With f̃(t, x, u) = (C(t, x, u), f(t, x, u)), f̃ is continuously differentiable in x for

every (t, u) and there exist ε > 0, k(t) ∈ L1 such that

|f̃(t, x, u)− f̃(t, x′, u)| ≤ k(t)|x− x′|

for all x, x′ ∈ Rn such that |x − x̄(t)| ≤ ε and |x′ − x̄(t)| ≤ ε, and u ∈ U almost
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everywhere, t ∈ [0, T̄ ].

• U is a Borel set.

Then there exist a number p0 = 0 or p0 = 1 and an absolutely continuous function

p(t) : [0, T̄ ]→ Rn with (p0, p(t)) 6= 0 satisfying the conditions

• H(t, x̄(t), p(t), ū(t)) = max
u∈U

H(t, x̄(t), p(t), u(t)) almost everywhere (Maximization

of the Hamiltonian)

• H(t, x̄(t), p(t), ū(t)) = c for some constant c ∈ R almost everywhere (Constancy of

the Hamiltonian)

• c = p0
∂

∂T
g(T̄ , x̄(0), x̄(T )) (Transversality Condition)

• −ṗT = −p0
∂

∂x
CT (t, x̄(t), ū(t)) + pT (t)

∂

∂x
f(t, x̄(t), ū(t)) (Adjoint Equation)
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