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Abstract

The interplay between curvature, geometry and topology of a manifold has long been
a main theme in Riemannian geometry. In this thesis, we attempt to reveal the geometry
of Ricci soliton from the curvature point of view. Ricci soliton is of great significance
since it is a self similar solution to the Ricci flow and appears in the singularity analysis
of the flow. It is also a natural generalization of the Einstein manifold.

Firstly, we study the curvature decay of noncompact steady gradient Ricci soliton.
One conjectural behavior of steady soliton is that if the curvature ever decays, then the
decay rate is either linear or exponential. We shall focus on the steady soliton whose
decay rate is faster than the former case. Under some conditions on the potential func-
tion, we refine an estimate by Munteanu-Sung-Wang and establish a sharp exponential
curvature decay for steady gradient soliton with curvature decay rate faster than linear
rate. In dimension four, we show that the curvature tensor is bounded from above by
the scalar curvature if the scalar curvature goes to zero at infinity, improving a result
by Cao-Cui.

Secondly, we continue our investigation on steady soliton with fast curvature decay
in complex geometric setting. We classify Kéahler steady gradient Ricci soliton with
nonnegative Ricci curvature and integrable scalar curvature. It is shown that such a
soliton is isometric to a quotient of a product of the cigar soliton and some Kahler Ricci
flat manifold. As an application, we classify Kéhler steady gradient Ricci soliton with
nonnegative Ricci curvature and scalar curvature decay rate faster than linear rate.

Thirdly, we study the scalar curvature of noncompact expanding Ricci soliton. We
derive a sharp lower bound for the scalar curvature of noncompact expanding gradient
Ricci soliton provided that the scalar curvature is non-negative and the potential func-
tion is proper. We then give a sufficient condition for the scalar curvature of expanding
gradient soliton being nonnegative. In parallel to our study on steady soliton with fast
curvature decay, we prove that a three dimensional noncompact expanding gradient

Ricci soliton with scalar curvature decaying faster than quadratic rate must be flat.
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Chapter 1
Introduction

Ricci flow was introduced by Hamilton [56] to study three manifolds with positive Ricci
curvature. Let M" be an n dimensional smooth manifold. Ricci flow deforms the metric

in the direction of its Ricci curvature:

I ) (1.1)

g(0) = g,

where g(t) is a family of Riemannian metrics on M and Ric(g(¢)) is the Ricci curvature
of the metric g(t), t > 0. The flow is a second order nonlinear parabolic system.
Like the heat flow which tends to smooth out the initial datum, Ricci flow perturbs the
initial metric g to a nicer and more informative metric g(t) while keeping the topology
and smooth structure of the manifold M unchanged. In other words, it helps to extract
different topological information by constructing special and restrictive metric on the

manifold.

Definition 1. Let (M", g) be a Riemannian manifold and X be a smooth vector field
on M, the triple (M, g, X) is said to be a Ricci soliton if there is a constant A such that

the following equation is satisfied
, 1
Ric + iLXg = \g, (1.2)

where Ric and Lx denote the Ricci curvature and Lie derivative with respect to X
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respectively. A Ricci soliton is called shrinking (steady, expanding) if A > 0 (=0, < 0).
The soliton is said to be complete if (M, g) is complete as a Riemannian manifold. It is

said to be gradient if X can be chosen such that X = Vf for some smooth function f
on M. In this case, (1.2) can be written as

Ric + V2f = Ag. (1.3)

To motivate the definition of Ricci soliton, we consider some special solutions to the
Ricci flow. A smooth family of Riemannian metrics g(¢) on M is said to be a self similar
solution to the Ricci flow (1.1)) if it satisfies (|1.1)) and can be written as

g(t) = a(t)e(t)"g, (1.4)

for some t independent metric g, some positive function o(t) and a one parameter
family of diffeomorphisms ¢(t) of M. It is natural to ask which metric g supports a
self similar solution to the Ricci flow, i.e. there exist function o(t) and diffeomorphisms
©(t) making g(t) defined by a solution to the flow (1.1). We shall see that such a
metric g satisfies a Ricci soliton equation. Indeed, given any self similar solution to the

Ricci flow ¢(t), we take the derivative of g(¢) with respect to ¢ and get

(9%5:5) = — 2Ric(g(t))
= — 2Ric(o(t)p(t)*g)
= — 2Ric(p(t)*g) o)

=(t)*(—2Ric(g))
=o' (t)(t)*g + o ()e(t)* (Lx1)9),

where X (t) := %]S:t (go(s) o gp(t)_1> is a t dependent vector field and Lx ) is the Lie
derivative. We also used the scaling invariance Ric(cg) = Ric(g) and diffeomorphism
invariance Ric(¢*g) = ¢*Ric(g) of the Ricci tensor in the above equations. It implies

that
p(t)"{2Ric(g) + o(t) Lxwyg + o' (t)g} = 0.



Since ¢(t) are diffeomorphisms, we may simply write

a'(t
2

. 1
Ric(9) + 5 Lox 9 = —

Hence fix each ¢, we have the metric g in (|1.4]) must satisfy a Ricci soliton equation. It
motivates the definition of Ricci soliton.
Conversely given a Ricci soliton, we consider o(t) := 1 —2At and ¢(t) be the solution

of the following non-autonomous ODE

dp(t) _ X(p(t))

it~ o(t) (1.6)

provided that the solution exists (it holds if the soliton is gradient, see [99] and Theorem
[6). Then g(t) = (1 — 2At)p(t)*g is a self similar solution to the Ricci flow (L.1J).

We shall abbreviate shrinking, steady and expanding solitons as shrinker, steadier
and expander respectively. Hereinafter, Rm and S denote the curvature tensor and
the scalar curvature of the Riemannian manifold (M, g) respectively. Fix a point pg in
M, for any z in M, r, r(z) and d(x,pp) will be used interchangeably and refer to the
distance between z and py. Bg(p) is the geodesic ball centered at p with radius R. For

any smooth function w and tensor T', we define the weighted Laplacian of T' w.r.t. w by
AT := AT — Vv, T,

where A is the Laplace-Beltrami operator. We also adopt the Einstein summation
convention in this thesis, i.e. any repeated indices are interpreted as summation over
that indices.

The Ricci flow has been one of the most important flows in geometric analysis. Due
to its nonlinear nature, the flow may develop different types of singularities. A gradient
Ricci soliton, as a self similar solution to the Ricci flow, often arises as a rescaled limit
of the flow near its singularities (see [18],[50], [I] and ref. therein). The study of Ricci
soliton is therefore crucial for understanding the singularity formation of the Ricci flow
[59]. Indeed, it played a significant role in the resolution of Poincaré conjecture by

Perelman [87], [88] and [89]. Please consult the excellent survey paper [I8] by Cao for



more details in this direction.

Ricci soliton can also be viewed as a generalization of the Einstein metric Ric = Ag.
Let (M, g) be a Riemannian manifold and f be any smooth function on M. The triple
(M, g, et dvg) is called a smooth metric measure space, where dv, is the volume element
induced by the metric g. Bakry and Emery first introduced the Bakry Emery Ricci
curvature Ricy := Ric + V2f in [3]. The Bakry Emery curvature is closely related to
the diffusion processes, logarithmic Sobolev inequalities and isoperimetric inequalities
(see [73], [23] and [96]). It is one of the most fundamental geometric quantities in the
theory of smooth metric measure spaces. Like the Ricci curvature, the Bakry Emery

curvature satisfies a Bochner formula
1
§Af\vu|2 = |V2u|? + (Vu, VA pu) + Rics(Vu, Vu), (1.7)

for any smooth function u. Therefore the Bakry Emery Ricci curvature also plays an
important role in the analysis of harmonic functions, spectral geometry and connect-
edness at infinity of the smooth metric measure spaces (see [77], [78] and [79]). Since

Lyrg = 2V?f, the gradient Ricci solitons equation (.3 can be rewritten as
Ric; = Ag, (1.8)

which is a natural extension of the Einstein metric.

1.1 Examples of Ricci solitons

In this section, we try to list a number of Ricci solitons in the literature, we follow closely
the survey paper by Cao [18], the monographs [38] and [36]. Since the construction of
Ricci soliton is an active research area in differential geometry, I apologize that the list

here is far from being exhaustive and some recent examples are not included.

1.1.1 Shrinking Ricci solitons

Example 1. Gaussian shrinking soliton: the flat metric on R™ together with the poten-
tial function f given by %\x|2, where A > 0 give a shrinking soliton structure on the

FEuclidean space. By choosing A to be 0 or negative, we also have steady and expanding



solitons structure respectively.

Ezample 2. Einstein manifolds: quotients of spheres S"/T", product of two spheres of
same dimension S" x S and the complex projective spaces CP" are examples of Einstein
manifolds with positive Ricci curvature. By choosing f to be constant function, they

are endorsed with shrinking soliton structure.

Ezample 3. Cylinders: R"* x S¥, k > 2. Let (z,y) € R"* x S¥, the potential function
is given by f(z,y) := %5!|z|? and A = k — 1, note that these examples have positive

constant scalar curvature.

Ezxample 4. Non trivial compact shrinkers: non-Einstein compact gradient Kéhler Ricci
shrinker on CP?#(—CP?) with positive Ricci curvature was constructed independently
by Koiso [65] and Cao [I5]. Later Wang-Zhu [95] constructed non-Einstein compact
gradient Kéhler Ricci shrinker on CP?#2(—CP?).

Ezample 5. F.1.K. shrinker: An U(n) invariant complete shrinking Kéhler gradient Ricci
soliton on twisted complex line bundle over CP"~! n > 2 was constructed by Feldman,
Ilmanen and Knopf [52]. The Ricci curvature of the manifold is negative in some
directions. Following the approach by Cao [15], they first constructed an incomplete
U(n) invariant shrinking soliton metric on C"\{0} and hence on C"\{0}/Z,0 < k < n,
then a complete soliton metric was obtained by gluing a CP"~ ! to C"\{0}/Z;, at the

origin.

1.1.2 Steady Ricci solitons

Example 6. Einstein manifolds: n dimensional torus T™ and the Eguchi-Hanson metric
on the cotangent bundle of S? (see [14] and [51]). By choosing f as constant, these

manifolds become steady gradient Ricci solitons.

Ezample 7. Hamilton’s cigar soliton ¥: Hamilton [58] constructed a two dimensional
complete gradient steady soliton on RZ?. It is rotationally symmetric with positive
sectional curvature. In the standard coordinate of R?, its metric can be written as

follows (see [1§])
4(dx? + dy?)
=22
+xt+y
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The potential function f is given by f(z,y) = —log(1 + 22 + y?). The scalar curvature

S decays like e as r — o0.

Ezample 8. Bryant soliton: Bryant [12] constructed an n dimensional complete gradient
steady soliton on R™, where n > 3. It is rotationally symmetric with positive sectional

curvature. The scalar curvature S decays like r~1 as r — oo.

Ezample 9. Cao steady soliton on C": Cao [15] constructed a complete U(n) invariant
steady gradient Kéhler Ricci soliton with positive sectional curvature on C", n > 2. It

has positive sectional curvature and its scalar curvature S decays like r~! as 7 — oco.

Ezample 10. Ivey soliton: Ivey [62] generalized Bryant’s method to construct Ricci
steadier using doubly warped products. Given any Einstein manifold (E,gg) with
positive Ricci curvature, there is a complete gradient steadier on R” x E,n > 2 and the

metric can be written as
g =dr? +wi(r)gsn—1 +wi(r)ge

for some functions w;(r), ¢ = 1, 2. Unlike Bryant soliton, this soliton may have nontrivial

topology and its sectional curvature may change sign.

Ezample 11. Buzano-Dancer-Wang soliton: Buzano, Dancer and Wang [13] modified
the construction in [4I] and gave non-Kéhler steady gradient Ricci soliton with non
negative Ricci curvature on R? x E; x --- X Ej, where E; are Einstein manifolds with

positive Ricci curvature.

1.1.3 Expanding Ricci solitons

Ezample 12. Einstein manifolds: quotients of the hyperbolic spaces H" /T

Ezample 13. Cylinders: R** x HF. Let (x,y) € R"* x HF, the potential function is
given by f(z,y) := #L@P and A = —(k—1), note that these examples have negative

constant scalar curvature.

Ezample 14. Bryant expanding soliton [12]: Same ODE method as in Example |8 was
adopted to construct complete rotationally symmetric expanding gradient soliton with

positive sectional curvature on R", n > 3. Moreover the sectional curvature decays like
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r~2 near infinity. Similar argument also gave negatively curved rotationally symmetric

gradient expander on R™, where n > 3.

Ezample 15. Cao expanding soliton on C": Using some ODE argument, Cao [16] gave
a one parameter family of complete U(n) invariant expanding Kahler gradient Ricci
solitons on C", where n > 1. The sectional curvatures of these solitons have signs,
either positive or negative, depending on the parameter. When n = 1, the curvature

2

decays exponentially in 72 near infinity. For n > 2, the scalar curvature decays like 72

near infinity.

Ezample 16. Nil: Baird and Danielo [2] constructed a 3 dimensional non-gradient ex-
pander with constant scalar curvature —% on the 3 dimensional Heisenberg group (set
of all 3 x 3 upper triangular matrices with all diagonal entries are 1). It is diffeomorphic

to R? and in the standard coordinate, the metric g is given by
g = ge+22dy @ dy + zdy ® dz + zdz @ dy,

where g, is the Euclidean metric on R?. The soliton vector field X is given by

0 0 0
X = o — g — 2
Oz oy “92
They give the soliton structure with A = —%. Its Ricci curvature has both positive and

negative eigenvalues.

Ezample 17. F.IK. expander: A similar method as in Example [5| was used by Feldman,
Ilmanen and Knopf [52] to construct an U(n) invariant complete noncompact expanding

Kihler Ricci soliton on twisted complex line bundle over CP" !, n > 2.

1.2 Basic properties and some known classification results

We are going to cover some equations satisfied by Ricci solitons, some known classifi-
cation results of solitons and estimates on the potential functions. It was proven by

Hamilton [59] that [V f|? + S — 2\f is always a constant for gradient Ricci soliton.

Lemma 1. [59] Let (M, g, f) be a complete gradient Ricci soliton. Then there exists a



constant C such that
IVf?+S =2)\f +C,

where X is the constant in (|1.3]).

The following identities are well known and relate different geometric quantities to

the potential function of the soliton. Their proofs can be found in [36], [90] and [49].

Af+S5=n), (1.9)
VS = 2Ric(Vf) and (1.10)
AS = 2\S — 2|Ric|?. (1.11)
In an orthonormal frame, we have
Ryji — Ryij = Rijru /i, (1.12)
A¢R;; = 2A\R;; — 2R Ry and (1.13)

AfRijin = 2ARijr + 2(RipjqRiplq — RipjqRipkq + RipkgRipig — RipigRjprq)s  (1.14)

where Af =A— va.

We shall list some classification results of gradient Ricci solitons in low dimensions.

Theorem 1. [59] Any 2 dimensional complete shrinking gradient Ricci soliton is iso-

metric to R? or a quotient of the sphere S?.

Theorem 2. [36] A 2 dimensional complete steady gradient Ricci soliton is isometric

to the cigar soliton ¥ or a quotient of R2.

Please see [0] and ref. therein for more classification results in dimension 2. The
classification of 3 dimensional gradient shrinker is completed and due to the efforts of

numerous mathematicians. Please see [83] for more details.

Theorem 3. ([61], [59], [88], [20], [86G], [29], [85]) Let (M, g, f) be a 3 dimensional
complete shrinking gradient Ricci soliton. Then M is isometric to R3 or a quotient of

S? or a quotient of R x S2.
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Nonetheless, the classifications of 3 dimensional steady and expanding solitons in

full generality are still unclear. One significant result for gradient steadier was done

by Brendle [8] (see also [45]), he confirmed a conjecture by Perelman [87] and classified
non-collapsed 3 dimensional gradient steadier.

A Riemannian manifold (M™,g) is said to be non-collapsed if for some x > 0, for

any r > 0 and € M satisfying |[Rm(y)| < r~2 for any y € B,(z), then

V(B (x))

> K
rh -

)

where V (B, (x)) is the volume of the geodesic ball B, (x).

Theorem 4. [§]/ A 3 dimensional complete non-collapsed and non-flat steady gradient

Ricci soliton is isometric to the Bryant soliton.

It was proved by Hamilton [59] and Ivey [61] that any compact non-shrinking Ricci
solitons must be Einstein. In view of Example [d] we see that compact shrinking Ricci

solitons may not be Einstein in general.

Theorem 5. ([59/, [61)]) Let (M™,g,X) be a compact steady or expanding Ricci soliton
(not necessarily gradient) with dimensionn > 2. Then M is Einstein and X is a Killing

vector field (i.e. Lxg=0).

There are also various classification results for solitons under different conditions
like conformal flatness, curvature sign and decay conditions, please see [9], [18], [19],
[34], [35], [42], [45], [47], [76], [82] and ref. therein for more results in higher dimensions.

Theorem 6. [99] Let (M", g, f) be a complete gradient Ricci soliton with dimension
n > 2. Then the flow of the vector field V f exists for all time t € R.

Consequently, taking X = V f, we have the solution ¢; in exists on (—oo, %)
( resp. R, (%, oo)) ifA>0 ( resp. =0,< 0). Hence a complete gradient Ricci soliton
always generates a self similar solution to the Ricci flow.

Chen [29] showed that any complete ancient solution to the Ricci flow must have non-
negative scalar curvature. As a result, gradient shrinker and steadier have non-negative
scalar curvature. Zhang [99] provided an elliptic proof for the result. Moreover, he [99]

gave a lower bound for the scalar curvature in the expanding case (which is not sharp).
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Later, Pigola-Rimoldi-Setti [91] and Zhang [98] independently sharpened the bound for

the scalar curvature of expander.

Theorem 7. ([29/, [99], [91], [98]) Let (M™,g, f) be a complete gradient Ricci soliton

with dimension n > 2. Then the following are true:
1. If it is shrinking or steady, then S > 0.
2. If it is expanding, then S > nA.
Moreover, in each of the above cases, the inequality is strict on M unless M is Finstein.

The following theorems are concerned with the growth of the potential function for

noncompact gradient Ricci soliton.

Theorem 8. [22] Let (M™, g, f) be a complete noncompact shrinking gradient Ricci
soliton with dimension n > 2 and \ = % Then there exist positive constants cg and rg,

both depending only on n, such that for all x with d(xz,p1) > 1o

1 (@0 - ) < 5@) < (a0 + ) (1.15)

where p1 is a minimum point of f on M, which always exists.

Theorem 9. ([19], [25]) Let (M", g, f) be a complete noncompact steady gradient Ricci
soliton with dimension n > 2 and the scaling convention (2.6). Suppose that the scalar
curvature S attains its maximum at a point p € M. If in addition either one of the

following conditions holds:
1. Ric>0 on M;
2. Ric>0 on M and limsup,_,., S < maxys S,

then there exist positive constants o € (0,1) and C such that
—r(x) —C < f(z) < —ar(xz) + C on M. (1.16)

Theorem 10. [38] Let (M", g, f) be a complete noncompact expanding gradient Ricci
soliton with dimension n > 2 and A = —%. If for some 6 > 0, Ric > (§ — %)g outside
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some compact subset of M, then there exists a positive constant C' such that

_ %02(3;) —Cr(z)—C < f(z) < —grQ(x) + Cr(z)+ C on M. (1.17)

Remark 1. Upon scaling the soliton metric g by a constant if necessary, the A in (|1.3))

can be chosen to be either %, 0 or —%.
Perelman [87] proved a Laplacian comparison theorem for gradient Ricci soliton (see

also [99]).

Theorem 11. [87] Let (M™, g, f) be an n dimensional complete gradient Ricci soliton
with n > 2. Then on M \ Bi(po)

2
Apr < =Ar+n—1+|Vf|(po) + 5 max Ricy, (1.18)
3 Bi(po)
where Ricy () 1= supyer, p,|vj=1 Max{ Ric(v,v),0} and r is the distance function from

the based point pg.

Wei-Wylie [96] proved a more general Laplacian comparison theorem under Ricy

lower bound and some conditions on f.

1.3 Curvature estimates for steady Ricci solitons

In Chapter [2, we study the curvature of steady Ricci soliton. Recently, there has been
lots of researches concerning the curvature estimate of gradient Ricci soliton, for exam-
ple, [39], [84], [80], [211, [42], [83], [76], [49], [69], [31], [68] and [37]. Chow-Freedman-
Shin-Zhang [37] showed that any four dimensional complete gradient steady Ricci soliton
arising as a blow up limit of finite time singularity of Ricci flow on closed manifold must
have bounded curvature. For any four dimensional complete gradient shrinking Ricci
soliton arising from similar way, they proved that the Riemann curvature Rm of such
shrinking Ricci soliton has at most quadratic growth. In [76], Munteanu-Sung-Wang
studied the solvability of weighted Poisson equation for certain class of smooth metric

measure space. As an application, they proved the following:

Theorem 12. [76] Let (M™, g, f) be an n dimensional complete non Ricci flat gradient
steady Ricci soliton with n > 2. Suppose the potential function f is bounded above by a



12

constant and le r|Rm| =0, then there exists a positive constant C' such that
|Rm|(z) < C(1 4 r(z))3 e @) (1.19)

where r = r(x) is the distance of x from a fized point py € M.

It is not known whether the decay rate on the right hand side of is sharp
or not. In Chapter 2 we shall sharpen the upper bound under a weaker curvature
decay condition. Instead of applying the Green’s function estimate in [76], we adopt the
method based on the maximum principle introduced by Deruelle [49] in order to study

the curvature properties of expanding gradient Ricci solitons. Here is the main result
of Chapter

Theorem 13. Let (M", g, f) be an n dimensional complete non Ricci flat gradient
steady Ricci soliton with n > 2. Suppose the potential function f is bounded above by a
constant and the curvature tensor Rm satisfies limsup r|Rm/| < = Then there exists a

L r—00
positive constant C such that

|Rm|(z) < Ce ™™ on M, (1.20)

where r = r(x) is the distance of x from a fized point py € M.

Remark 2. The decay rate is sharp on ¥ xT" 2, where 3 and T2 denote the Hamilton’s
cigar soliton and n — 2 dimensional flat torus respectively (see Example [7|in Section 2).
Remark 3. The constant % in Theorem [13|is technical. For the n dimensional Bryant
2((72 :12)) > 1 (see [§] and [9]). Tt is unclear at this point

5
whether the constant % is optimal.

soliton, lim, , 7|Rm| =

Remark 4. In view of Lemma |3} the conclusion is still true under a seemingly
weaker condition on f, namely, lim, o7~ 'f < 1, for the sake of simplicity, we state
the theorem in the above way. Ric > 0 and S — 0 at infinity are sufficient for f to be
bounded above by a constant (see [23]).

Remark 5. The quantity r|Rm| is not scaling invariant, we are using the scaling con-
vention such that (2.6) holds.
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In view of Theorem [12] and [I3] one possible conjecture concerning the curvature de-
cay of gradient steady Ricci soliton is that, the decay rate is either linear or exponential.
It would be very useful for the classification of steady soliton if one can establish this
dichotomy. There are a number of classification results under certain curvature decay
conditions. For exponential curvature decay, Deng-Zhu [45] generalized a result of [76]
and showed that any non-flat complete gradient steady Ricci soliton with non-negative
sectional curvature is a quotient of R"~2 x ¥ if S is small near infinity, where ¥ and
S denote the cigar soliton and scalar curvature respectively (see also [46] and [24]). For
linear curvature decay, Brendle [8] solved a conjecture of Perelman [87] and proved that
any three dimensional non-flat and non-collapsed gradient steady Ricci soliton is the
Bryant soliton. Deng-Zhu [43], [45] improved the result of Brendle [§] and proved that
any non-flat three dimensional gradient steady soliton with linear curvature decay is
the Bryant soliton. See [9] and [44] for more classification results of higher dimensional
steady Ricci soliton with curvature decay conditions.

It is also worth mentioning that very lately Brendle [10] confirmed a conjecture
by Perelman [87] and showed that any three dimensional complete non-compact, non-
collapsed ancient solution to the Ricci flow with bounded positive sectional curvature
is eternal and isometric to the Bryant soliton (see also [70], [4] and [I1]).

Munteanu-Wang [80] proved that a complete four dimensional gradient shrinking
Ricci soliton must have bounded Riemann curvature Rm if its scalar curvature S is
bounded (see [2I] for the estimate of steady soliton by Cao-Cui). Furthermore, |Rm/| is

controlled by S pointwise, more precisely, there exists a constant ¢ > 0 such that
|[Rm| < ¢S on M. (1.21)

In dimension three, is a direct consequence of the Hamilton-Ivey estimate which
implies that three dimensional complete gradient shrinking and steady Ricci solitons
have non-negative sectional curvature ([61], [59] and [29]). However in dimension four,
the sectional curvature of shrinking and steady Ricci solitons may change sign (see [18]).

Recently, Conlon-Deruelle-Sun [40] classified all non-flat gradient Kéhler shrinking
Ricci soliton of complex dimension two with lim,_,, S = 0 and showed that it is isomet-

ric to the Feldman-Ilmanen-Knopf shrinking Ricci soliton [52] (see [40] for more results
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on gradient Kéahler shrinking and expanding Ricci solitons).
One special feature observed by Munteanu-Wang [80] is that in four dimensional

gradient Ricci soliton, the Riemann curvature Rm can be bounded by Ric and VRic:

|VRic]| )

Rm| < Al |Ri
[Rm] < Ao |Ricl + o

(1.22)

for some universal positive constant Ag. Please see Lemma [2| for the precise statement
and proof of .

We will show that estimate is also true for four dimensional non-trivial gra-
dient steady Ricci soliton with scalar curvature S — 0 as r — oo. Under the additional
assumption that S has at most polynomial decay, Cao-Cui [21] proved that for any a

€ (0, %), there is a positive constant C' such that
|[Rm| < CS“.

We raise the exponent a to 1:

Theorem 14. Let (M*, g, f) be a four dimensional complete non Ricci flat gradient

steady Ricci soliton with lim S = 0. There exists a positive constant ¢ such that
r—00

|Rm| < ¢S on M. (1.23)

As an application, we show that the Riemann curvature Rm of a four dimensional
complete nontrivial gradient steady Ricci soliton decays exponentially if the potential

f is bounded from above and lim,_,~.rS is sufficiently small.

Theorem 15. Let (M*, g, f) be a four dimensional complete non Ricci flat gradient

steady Ricci soliton with h_{n S = 0. Suppose the potential function f is bounded from
T o
1

above by a constant and lim rS < where Ag is the constant in (1.24). Then there

r—00 5A(2) ’
is a constant C > 0 such that

|Rm|(z) < Ce "™ on M.
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1.4 Kahler steady Ricci solitons with nonnegative Ricci

curvature and integrable scalar curvature

Other than the pointwise curvature decay, it is natural to study solitons with curvature
decay in the integral sense. In Chapter |3, we prove a classification result for steady
soliton under a integrability condition of the curvature. In [46], Deruelle proved that any
complete non-flat gradient steady Ricci soliton with non-negative sectional curvature
and scalar curvature S € L'(M,g) is isometric to a quotient of ¥ x R™~2, where %
denotes the Hamilton’s cigar soliton. Later Catino-Mastrolia-Monticelli [24] weakened
the integrability condition of S to

lim inf 1/ S =0, (1.24)

Br(po)

r—oo T

for some pg € M (see also [76] by Munteanu-Sung-Wang for a different proof). Since
S >0, It is clear that the above condition is true independent on the base point pg, i.e.
(1.24]) holds for some pg in M if and only if it holds for all py in M.

Theorem 16. [}6], [24], [T6] Let (M, g, f) be a real m dimensional non-flat complete
gradient steady Ricci soliton with non-negative sectional curvature. Suppose in addition
that the scalar curvature S satisfies , then the universal cover of (M, g) is isometric

to ¥ x R™72, where ¥ denotes the Hamilton’s cigar soliton.

Remark 6. 1t is not difficult to see from the proof of Theorem that Any non-flat
gradient steady Kaihler Ricci soliton with non-negative bisectional curvature and S
satisfying is a quotient of ¥ x C"*~ L.

It was shown by Hamilton [59], Ivey [61] and Chen [29] that any real 3 dimensional
complete gradient shrinking or steady Ricci soliton must have non-negative sectional
curvature. However, this significant feature doesn’t hold true for higher dimensions,
Feldman, Ilmanen and Knopf [52] constructed some shrinkers with Ricci curvature be-
ing negative in some directions (see also [15] by Cao who constructed a steadier on the
anticanonical line bundle on CP"™ which doesn’t have non-negative bisectional curva-
ture). It is natural to ask whether we can classify steady Ricci soliton under weaker

curvature condition. Deng and Zhu [42] showed that any complete Ricci non-negative
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gradient steady Kéhler Ricci soliton with average of scalar curvature over large ball de-
caying faster than linear rate must be Ricci flat. It would be interesting to know more
about the Kéahler steadier with non-negative Ricci curvature. In [46], Deruelle proved

the following local splitting theorem:

Theorem 17. [[6] Let (M, g, f) be a real m dimensional complete gradient steady Ricci
soliton with Ric > 0 and S > 0. Suppose the following conditions are satisfied:

1. S is integrable, i.e. S € L'(M,g);
2. |[Rm| — 0 as r — oo;
3. [Vf|%S > 2Ric(V 1,V f),

then M \ A is locally isometric to ¥ x R™™2, where A := {Vf = 0} and X is the

Hamilton’s cigar soliton.

Remark 7. Condition 3 in the above theorem is automatic if (M,g, f) is a gradient

Kahler Ricci soliton with Ric > 0.

We shall generalize Theorem [16| and Theorem [17] under the Kahler condition.

Theorem 18. Let (M, g, f) be a complex n dimensional complete non Ricci flat gradient
steady Kdhler Ricci soliton with Ric > 0 and n > 2. Suppose the scalar curvature S

satisfies , i.e.
lim inf1 S =0,

r—oo T Jp
-

then it is isometric to a quotient of ¥ x C* 1=k x Nk where ¥ and N denote the
Hamilton’s cigar soliton and some simply connected compact Kdahler Ricci flat manifold

of complex dimension k respectively.

The result is no longer true if one allows liminf, % f B, S > 0. Indeed, let 39 be
the positively curved U(2) invariant soliton on C? constructed by Cao [15] and T"~2 be
any flat Tori of complex dimension n — 2. liminf, % f B, S > 0 for £9 x T"2 but its
universal cover is not isometric to ¥ x C*~17% x N*

One difficulty we encounter is that in real dimension m > 4, the strong maximum

principle for the Ricci tensor of Hamilton [57], Cao [I7] and the splitting theorem of
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soliton by Guan, Lu and Xu [55] are not available in the absence of non-negative sectional
or bisectional curvature condition. Moreover, the classical Cheeger Gromoll splitting
theorem ([28] and [67]) cannot be applied directly as the soliton under consideration has
no line. Thanks to the observation by Deruelle in [46], in order to split the manifold,
one suffices to show that Vf is an eigenvector of the Ricci tensor. Motivated by the
arguments in [24] and [76], we will prove this by an integration by part argument.

In view of Theorem one may ask when C*~17% x N* is flat, i.e. k= 0. Under
the assumptions of the previous theorem, we give a necessary and sufficient condition
for the flatness of C*~17% x N,

Corollary 1. Let (M™, g, f) be a complex n dimensional complete non Ricci flat gradient

steady Kdahler Ricci soliton with Ric > 0 and n > 2. Suppose that

1
liminf/ S =0.
r—oo T -
For n=2, it is isometric to a quotient of X x C. Forn > 3, M is isometric to a quotient

of ¥ x C*1 if and only if |[Rm| — 0 as r — oco.

The integrability condition (1.24)) is closely related to the volume growth of the
manifold. Indeed, it was shown in [46] (see also [24]) that for a complete gradient

steady Ricci soliton with Ric > 0 and scaling convention ([2.6)), the scalar curvature S

1 m
BT S S T 12

for all ¥ > 0 and p € M™. With the above inequality, Catino, Mastrolia and Monticelli

must satisfy

[24] showed that any non-flat complete gradient steady Ricci soliton with non-negative
sectional curvature and subquadratic volume growth is a quotient of ¥ x R™~2. Moti-

vated by their result, we prove an analog in the Kéhler case with Ric > 0 using Theorem

I8

Corollary 2. Let (M™, g, f) be a complex n dimensional complete non Ricci flat gradient
steady Kahler Ricci soliton with Ric > 0. Suppose the volume of geodesic ball is of
subquadratic growth, i.e. V(B,) = o(r?), then the universal covering space of M is
isometric to ¥ x C*~ 17k x N* where N is a simply connected compact Kdhler Ricci

flat manifold of complex dimension k.
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Recently, there have been lots of researches about the classification of Ricci solitons
according to the decay rate of the scalar curvature. For example, Brendle [§] showed
that any real 3 dimensional complete non-flat and non-collapsed gradient steady Ricci
soliton is the Bryant soliton (see also [9]). Deng and Zhu [43],[45] later generalized
Brendle’s result and classified real 3 dimensional complete gradient Ricci steadier under
S < Or~!. Munteanu, Sung and Wang [76] proved that any real m dimensional non-
flat gradient steadier with non-negative sectional curvature and decay rate of the scalar
curvature faster than linear rate is isometric to a quotient of ¥ x R™~2. Lately, Deng

and Zhu [45] generalized the result in [76]:

Theorem 19. [/5/ Let (M,g, f) be a real m dimensional complete non-flat gradient
steady Ricci soliton with non-negative sectional curvature and the scaling convention
@). There exists a constant € = e(m) > 0 depending only on m such that if S
satisfies

rS<e
near infinity, then the universal covering space of M is isometric to ¥ x R™ ™2,

Using a result by Catino, Mastrolia and Monticelli [24] and Corollary [2| we can have
a sharp dimension free bound for the ¢ in Theorem

Theorem 20. Let (M,g, f) be a real m dimensional complete non-flat gradient steady
Ricci soliton with non-negative sectional curvature and the scaling convention (@ In
addition, we assume that

limsuprS < 1.

r—00

Then M is isometric to a quotient of ¥ x R™™2 and limsuprS = 0.
r—00

Theorem 21. Let (M, g, f) be a complex n dimensional complete non-Ricci flat gradient
steady Kahler Ricci soliton with non-negative Ricci curvature and the scaling convention

(@). In addition, we assume that

limsuprS < 1.

r—00

Then M is isometric to a quotient of ¥ x C*~17F x N*¥ gnd limsuprS = 0, where N is
T—00
a simply connected compact Kdhler Ricci flat manifold.
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If one allows limsup,_,., 7S < 1, then both Theorems [20] and [21] will not be true.
The counter example for the real case is the 3 dimensional Bryant soliton and for the
Kiihler case is the positively curved U(2) invariant example constructed by Cao on C2
[15], both satisfy lim,_,», 7S = 1 but they are not the quotient of ¥ x R or ¥ x C.
Higher dimensional counter examples can be obtained by taking product with flat torus

of suitable dimensions.

1.5 Curvature estimates and gap theorems for expanding

Ricci solitons

In Chapter 4] we study the geometry of expanding solitons with nonnegative scalar
curvature. Chen [29] showed that any complete ancient solutions to the Ricci flow
have non-negative scalar curvature. Consequently, any complete shrinking and steady
gradient Ricci solitons have non-negative scalar curvature (see also [99] for a different
proof). By the strong minimum principle, the scalar curvature of gradient shrinker
and steadier must be positive unless the manifolds are Ricci flat (and hence is flat in
the former case). Chow-Lu-Yang [39] applied an estimate of the potential function for
gradient shrinker by Cao-Zhou [22] and obtained a sharp positive lower bound for the

scalar curvature of noncompact and nonflat shrinker.

Theorem 22. [39] Let (M™, g, f) be an n dimensional complete noncompact and nonflat

shrinking gradient Ricci soliton. Then there exists a positive constant ¢ such that

S > (1.26)

c
r2
outside a compact set of M.

Remark 8. As pointed out in [39], the estimate (1.26)) is sharp on the shrinker con-
structed by Feldman-Ilmanen-Knopf [52].

For the case of steady soliton, Chow-Lu-Yang [39] also provided a sharp lower esti-
mate for the scalar curvature under some conditions on the potential function (see also
[76]).

Theorem 23. [39] Let (M™, g, f) be an n dimensional complete noncompact and non
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Ricci flat steady gradient Ricci soliton with the scaling convention |V f|> +S = 1. Sup-
pose f <0 and lim, o f(z) = —00. Then

S > ;ef on M. (1.27)
V5 +2

Remark 9. Using some localization and cut off function arguments, Munteanu-Sung-

Wang [76] showed S > Ce/ without assuming lim, o, f = —oco. However the constant

C' depends not only on the dimension n, but also the metric g. The decay rate in

is sharp on cigar soliton (see [39], [568] and [36]).

Unlike shrinker and steadier, expander may have negative scalar curvature. Pigola-
Rimoldi-Setti [91] and S. J. Zhang [98] independently improved an estimate in [99] and
showed the scalar curvature S of an n dimensional complete expanding gradient Ricci
soliton satisfies

n

52 -3, (1.28)

with equality holds somewhere if and only if the expander is Einstein with scalar cur-
vature —g (see [91] and [98]).

Roughly speaking, the inequalities (1.26)) and (1.27) in the above theorems provide

some quantitative estimates to measure the gap between the solitons and the flat or
Ricci-flat spaces. It is natural to ask whether such a gap exists or not if the scalar
curvature of the expander is nonnegative. We provide an affirmative answer to the
above question if the potential function f is proper. No upper boundedness of the

scalar curvature is assumed.

Theorem 24. Let (M", g, f) be an n dimensional complete non-compact gradient ex-
panding Ricci soliton with n > 2. Assume that lim,_,~ f = —o0 and (M, g) is non-flat
and has non-negative scalar curvature S. Then there exists a positive constant C such
that

S>Cvi"2e™ on M, (1.29)

where v := 5 — f.

Remark 10. The estimate ([1.29)) is sharp when n = 2 on 2 dimensional positively

curved gradient expander and when n = 2m, m > 2 on the Kéahler gradient expander
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constructed by Feldman-Ilmanen-Knopf (see [52] and [94]). By (1.28) and (4.2), f < 3,

hence f is proper (preimages of compact subsets are compact) if and only if lim, _,~, f =

—o0. One sufficient condition for the properness of f is that for some € > 0,
. 1
Ric > (e — 5) g

outside a compact subset of M (see Theorem .

Remark 11. Under the additional assumption that lim,_,, 7?|Ric| = 0, Deruelle [49] also
gave a lower bound (possibly zero) of v3~1e¥S which depends on liminf, v2levs.

—1 v

The limit lim,_ o V2 25 is also related to the notion of the scalar curvature at

infinity in [48].

For expander with nonpositive Ricci curvature and proper potential function, we

prove an upper bound for the scalar curvature.

Theorem 25. Let (M", g, f) be an n dimensional complete non-compact gradient ex-
panding Ricci soliton with n > 2. Suppose that lim, o f = —oc0 and (M, g) is non-flat

and has non-positive Ricci curvature. Then there is a positive constant C' such that
S<—Cvl2e7, (1.30)

where v := 5 — f.

Remark 12. The upper estimate is sharp on two dimensional negatively curved gradient

expanders with curvature decaying to zero at infinity.

In view of Theorem it is interesting to see when the scalar curvature of an
expander is nonnegative. The lower bound of the scalar curvature is also important
since it is related to the connectedness at infinity of the expander (see [78] and [32]).
It is known that there doesn’t exist any compact expander with nonnegative scalar
curvature. Indeed, any compact expander must be Einstein with scalar curvature —3
(see [36]). Motivated by various studies of solitons with integrable curvature (see [91],

[46], [24], [76] and [26]), we prove an analog in the noncompact case.

Theorem 26. Let (M",g, f) be a complete noncompact gradient expanding Ricci soliton

with dimension n > 3. We denote the negative part of the scalar curvature S by S_,
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i.e. S_ = (—=9)y :=max{-S5,0}. If S_ is integrable, that is,

/ S_dvg < oo, (1.31)
M

then either S > 0 everywhere or M is isometric to an FEinstein manifold with scalar
curvature —5 and finite volume, where dvy is the volume element with respect to the

metric g.

Remark 13. The curvature of negatively curved Cao’s Kéahler expander in complex
dimension one decays exponentially in 72 (see [16] and [42]). Hence Theorem [26/doesn’t

hold in real dimension two.

One immediate consequence of the above theorem is that any complete noncompact
gradient expander with nonnegative scalar curvature outside compact subset must have
nonnegative scalar curvature everywhere. Using the asymptotic curvature estimates in

[49], we also have:

Corollary 3. Let (M™, g, f) be a complete noncompact gradient expanding Ricci soliton

with dimension n > 3. Suppose in addition that

lim r?|Ric| = 0,
T—00

where r is the distance function from a fixed point. Then M has nonnegative scalar

curvature.

Using Theorem we give another sufficient condition for nonnegativity of the

scalar curvature.

Theorem 27. Let (M", g, f) be a complete noncompact gradient expanding Ricci soliton
with dimension n > 3 and bounded scalar curvature S. Suppose the following conditions

are satisfied:
1. limx_ﬂ)o f == —OO,'
2. liminf, oo 728 > 0.

Then the scalar curvature S > 0 on M.
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Remark 14. Tt can be seen from the proof of Theorem [27] that S > 0 holds under a
weaker assumption on S, namely limsup, ,,,v~'S < 1 instead of S being bounded,
where v = 5 — f. Under the conditions of Corollary (3 or Theorem it follows from
Theorem [24] that the scalar curvature S satisfies provided that M is not flat. In
view of the negatively curved Bryant’s expander and Cao’s Kéhler expander, we know
that the quadratic factor 2 in Corollary [3| and Theorem [27]is sharp (see [16], [12], [36]
and [42]). We also see from the F.I.LK. expander [52] that analogous result is not true if

one replaces the scalar curvature S by the Ricci curvature Ric.

We then study the curvature estimates for expanders of low dimensions, namely
dimensions 3 and 4. Motivated by the estimates of the curvature tensor of shrinker and
steadier in [80], [21], [81] and [83], we prove some analogs for 3 dimensional gradient

expander.

Theorem 28. Let (M3,g,f) be a 3 dimensional complete non-compact gradient ex-
panding Ricci soliton. Then the curvature tensor Rm is bounded if the scalar curvature

S is bounded. Moreover, the following hold:

1. If S is nonnegative and bounded, then
|Rm| < ¢V'S on M,

for some positive constant c;
2. If S — 0 as x — oo, then lim,_,o |Rm| = 0.

As an application, we show that f is proper if the scalar curvature S decays at

infinity in dimension three.

Corollary 4. Let (M3, g, f) be a 3 dimensional complete non-compact gradient expand-

ing Ricci soliton. Suppose that lim S =0. Then lim f = —oco, furthermore
T—r00 T—r00
Af(x)
Jm ) T —1. (1.32)

Remark 15. In view of Theorem [36{and Proposition |8, we see that ((1.32)) is also true in

higher dimensions if in addition |Rm| is bounded on M.
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Munteanu-Wang [80] showed that any 4 dimensional complete gradient shrinker
must have bounded curvature if the scalar curvature is bounded (see also [21] for the
estimates in steady soliton). We prove that it is also true for gradient expanding soliton

if in addition the potential function f — —oo as r — oo.

Theorem 29. Let (M4,g, f) be a 4 dimensional complete non-compact gradient ex-
panding Ricci soliton with bounded scalar curvature. Suppose that lim, o f = —o0.

Then the curvature tensor Rm s bounded.

It was proved by Deng-Zhu [42] and Deruelle [49] that any gradient expander with
non-negative Ricci curvature must have bounded scalar curvature. Together with Re-

mark we have the following corollary.

Corollary 5. Let (M*, g, f) be a 4 dimensional complete noncompact gradient expand-

ing Ricci soliton with Ric > 0. Then it has bounded curvature tensor.

Using Shi’s estimate [38], Theorem (36| and Lemma [2] we establish the equivalence

of the properness of f and the curvature decay at infinity.

Corollary 6. Let (M*, g, f) be a 4 dimensional complete noncompact gradient expand-
ing Ricci soliton with limy_ oo S(z) = 0. Then lim, o f(x) = —o0 if and only if

limg_yo0 |Rm|(x) = 0.

As an application of the previous curvature estimates, we study the gap theorem of
expanding soliton. Gap phenomenon of manifold has long been an interesting problem
in geometry. A special case of the problem is concerned with the flatness of noncom-
pact manifold, more precisely, for a non-compact manifold with curvature decaying
sufficiently fast at infinity, is it necessarily flat? The tangent cone at infinity of gradient
expander with lim,_,, 72|Rm| = 0 was proven to be flat by Chen [30] and Chen-Deruelle
[32]. The expander itself is also flat if in addition Ric > 0 (see [5] and [32]). Deng and
Zhu [42] proved that a Kahler gradient expander with complex dimension n > 2, Ric > 0
and lim,_,o, 725 = 0 is isometric to C" (see [75], [54] and [5] for more results on the gap
theorems of general Riemannian manifolds). In either cases, Ricci curvature is assumed
to be non-negative. Using the positive mass theorem, asymptotic curvature estimates
in [49], Theorems and , we are able to prove a gap theorem for 3 dimensional

gradient expander by only imposing condition on the scalar curvature.
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Theorem 30. Let (M3,g,f) be a 3 dimensional complete non-compact gradient ex-
panding Ricci soliton. Suppose the scalar curvature S satisfies

lim r%(x)S(x) = 0.

Tr—00
Then M is isometric to R3.

Remark 16. Analogous result is not true in higher even dimensions. The non-flat Kéhler
gradient expander constructed by Feldman-Ilmanen-Knopf [52] has nonnegative scalar

curvature which decays exponentially in 7.

Remark 17. Positive mass theorem was also used by Ma [74] to prove the flatness of 3
dimensional Ricci pinched gradient expander. Using the asymptotic curvature estimates
[49] and volume comparison theorem, Deruelle showed that any 4 dimensional Ricci
pinched gradient expander is flat (see [74] and [49] for more results in higher dimensions

under additional assumptions). Again Ric > 0 was assumed in both cases.

Recently the positive mass theorem for asymptotically flat manifold with dimension
n > 9 has been proven by Lohkamp [71], [72], and later also by Schoen-Yau [93].
Hence similar argument for Theorem [30| gives the following gap theorem in higher odd

dimensions without sign condition on the Ricci curvature.

Theorem 31. Let (M?>™* g, f) be a complete noncompact gradient expanding Ricci
soliton with odd dimension 2m + 1 and m > 2. If limg_ oo 72|Rm| = 0, then M is

isometric to R2m+1,

Remark 18. The theorem is not true in even dimensions. The non-flat Feldman-Ilmanen-
Knopf Kihler expander [52] has flat asymptotic cone and satisfies lim, o 7?|Rm| = 0.

Nonetheless, if in addition either one of the following conditions holds:
1. M is smoothly asymptotic to the cone (C(S"~1(1)),dt? + t2gSn—l(1)) in sense of
[49);

2. liminfp oo VOlg(gf(po)) > wggl, where w,, 1 is the volume of S"~1(1) in R" with

respect to the Euclidean metric;

3. M is simply connected at infinity;
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4. Ric > (5— %)g on M for some § > 0,

then M™ is isometric to R"™, where n = 2m and m > 2. As mentioned in Remark
the quadratic factor r? in Theorems [30] and [31]is optimal.



Chapter 2

Curvature estimates for steady

Ricci solitons

The results in this chapter are based on [25].

2.1 Preliminaries

Let (M™,g) be a connected smooth n dimensional Riemannian manifold and f be a
smooth function on M. (M", g, f) is said to be a gradient steady Ricci soliton with

potential function f if
Ric + V2f = 0. (2.1)

(M, g) is assumed to be complete as a Riemannian manifold throughout this thesis.
Ricci soliton is related to the self similar solution to the Ricci flow (solution which
evolves by time dependent scaling and reparametrization of a fixed metric, see [30]).
We consider the flow of the vector field V f and denote it by ¢¢, ¢q is the identity map.
By a result of Zhang [99], ¢; exists for all time ¢t € R. Let g(t) := ¢}g, then g(t) is a
solution to the Ricci flow with initial datum ¢(0) = g.

For any smooth function w, the weighted Laplacian with respect to w is defined to

be the operator A, := A —Vy,. The following equations are known for gradient steady

27
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Ricci soliton (see [36] or [90] for derivation of these formulas):

S+ Af=0, (2.2)

VS = 2Ric(Vf), (2.3)
A;S = —2[Ric|? and (2.4)
AfRij = _2Riklijl' (2.5)

It was proved by Hamilton [59] that S + [V f|? = C for some constant C. When the
metric is not Ricci flat, S and hence C are positive on M (see the discussion after

(2.10])). We can normalize C by scaling the metric and get:
S+ |Vf*=1and (2.6)

Asf=—1. (2.7)

We define a function v in the following way:

vi=—f. (2.8)

From (2.6 and , we have
Asv =1 and (2.9)
S+ |Vu|* = 1. (2.10)

Chen [29] showed that any complete ancient solution to the Ricci flow must have non-
negative scalar curvature. As a result, the scalar curvature S of a complete gradient
steady Ricci soliton is non-negative (see also [99]). Moreover by strong minimum princi-
ple, S = 0 somewhere if and only if the steady soliton is Ricci flat. It is also known that
any compact steady Ricci soliton must be Ricci flat (see [36]). Hence any complete non
Ricci flat gradient steady Ricci soliton must be non-compact and have positive scalar
curvature.

The following lemma is due to Munteanu-Wang [80] and stated in a slightly different

form in [80] and [2I]. For the sake of completeness, we sketch the proof here.
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Lemma 2. [80] Let (M*, g, f) be a four dimensional gradient Ricci soliton. There exists
a universal positive constant Ay such that if Vf #0 at ¢ € M, then at q

]VRic|>'

Rm| < Aol |Ri
[Rinl < Ao(|Riel + o

(2.11)
Proof. This proof was presented by Munteanu during one of his talks on [80]. Whenever
Vf # 0, we consider an orthonormal frame {e;};_; with e, = %. For any gradient
Ricci soliton, by Ricci identity and (|1.8])

Ry — Rpig = Ry ;-
Hence for any 1 <1,7,k <4,
¢|VRic|
IVl

Since the dimension is four, we have by direct computation,

|Rijial <

1
Ri991 = 5(311 + Roy — R33 — Raa) + R3u4a3.

From the above identity, we see that Lemma [2| holds. O

2.2 Estimates on the potential function f

We first provide some equivalent criteria for the properness of the potential function f
which will be used in later sections. Please see [23], [19] and Theorem [9] for more results

on the linear growth of f.

Lemma 3. Let (M™,g, f) be an n dimensional complete non Ricci flat steady gradient

Ricci soliton with scalar curvature S — 0 as r — oo. Then the following are equivalent:

() Tmr'f<1;
r—00

(#4) lim f=—o0 ;
r—00

(ii7) ¥V « € (0,1), there exists constant D > 0 such that

r+D>—f>ar—D on M,
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in particular lim r~f = —1.
r—00

Remark 19. By 1) we always have —1 < lim r~1f < 1.

r—00
Proof. (iii) = (it) and (i1) = (i) are obvious.
(i) = (#ii) : The upper bound of —f follows from (2.6). We now consider the lower

bound. Since the scalar curvature S decays at infinity, for any a € (0,1) there exists a

compact subset K of M such that
IVf|>aon M\ K.

We consider the flow of the vector field % and denote it by ¢, g is the identity
map. Let ¢ € M \ K and for small non-negative t,

ds < —. (2.12)

SHES

¢ 1
d(¥(q),q) S/0 IV £1(¥s(q)

By short time existence of ordinary differential equation, ;(q) exists as long as it is in
M\ K. Therefore we can define T" as follows

T :=sup{a,¥:(q) € M \ K for all t € [0,a]}. (2.13)

Since K is compact, T is positive. We claim that T is finite. We first assume the claim

and prove the lemma. Under T < oo, we know that ¢ (q) exists and lies in K, and by

(3-3)

—f(q)

T — f(¥r(q))
> a(d(q,po) — d(¥r(q), o)) — f(¥r(q))
> ad(q,po) — as?{pd(po, ) = Sup | f]-

The above inequality also holds for ¢ € K. Thus we showed (éi3) is true. It remains to

justify the claim, i.e. T < co. We argue by contradiction, suppose T' = oo. By (3.3)
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and (2.6]), for all ¢ € [0, c0),

t 1
i) < [ o

‘'1- VS
t—l—/ —=ds
o V]l

t S

= ”/0 NMiESZ
t

t+ 2 [ swi@)as

IN

We have for all ¢ > 0 .
A0 < t+ - [ Sti@yas (214)

We shall write d(g,po) as r(q), r(v(q)) as r, where pg is a fixed reference point. By
triangular inequality and (2.6)),

I
~

f(e(q) — f(a)

< d(¥(9),q) (2.15)
< T + To.
Hence by
re—ro < d(¥(q),q)
1 t
< o)~ f+ 3 [ Sa)ds
1 rt+710
< f(wt(q))—f(q)+a/0 S(1s(q))ds.

We also used (2.15)) in the last inequality. Dividing the inequality by r;, we deduce that

W) ro—fla) 1 /TWO S(1s(q))ds. (2.16)
0

Tt Tt ATt

Since f(¢:(q)) — f(q) = t, we see that r, — oo as t — oo. Using L Hospital’s Rule and
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lim S =0,

=00

1 Tt+70 1 T+7To
thJ?ort/o S(s(q))ds = mh—>nolo:L'/0 S(ts(q))ds
= lim S(tsr(0))
= 0.

Now taking limsup ¢ — oo in ([2.16), we have 1 < tlim 1 f(1i(q)) which contradicts
—00
with (¢). We conclude that 7' < oo and finish the proof. O

We next show that f+1r is bounded from above and below provided that f is proper

and scalar curvature S decays sufficiently fast.

Lemma 4. Let (M",g, f) be an n dimensional non Ricci flat complete steady gradient

Ricci soliton. Suppose that lim f = —oco and for some positive constant C
r—00

S < Cel on M.
Then there exists positive constant cg such that
r—c < —f<r+c on M.

Proof. The upper bound of —f again follows from ([2.6)). For the lower bound, there is
a small to such that on {f <o},

1
Cel < 3 and (2.17)
VIR = 1-8
> 1—Cef
1
> —.
-2

Let z € {f < to} and t := f(z). We again denote the flow of the vector field % by

s, g is the identity map. By short time existence of ordinary differential equation,
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s(2) exists as long as it is in {f < t9}. The following are true:

f(Ws(2)) = f(2) = s and

Aty 1(2),2) < /0 " e (2)ldr

to—t 1
= ——drt
/0 IV

to—t 1
= / dr
0 Vv1—-8

to—t
< / L4
0 A /1 _ CeT+t
fomt 1 — V1 - CeT+td
= to—1t+
0 /0 V1—Certt !
= f(Wy-t(2)) = f(2)

to—t Ce™tt
+/0 A+ Vi Cori—ceorri
to—t
f(@g-1(2)) = f(2) + V2Ce Hdr

0

< flbg—t(2)) — f(2) + V2Ce®.

IN

From the above inequality and f(t,—+(2)) = to, we have

—f(z) 2 r(2) = r(u-t(2)) = [(r—t(2)) — V2Ce"
> r(z) —supr(-) —sup|f| — vV2Ce,
K K
where K := {f > to} is a compact set. Result follows. O

2.3 Proof of theorem [13

Motivated by the study of certain weighted elliptic equation and the choice of barrier
functions by Deruelle [49] and Munteanu-Sung-Wang [76], we estimate the decay rate

of subsolution u of Aju > —Au?, where A > 0 is a constant.

Lemma 5. Let (M™, g, f) be an n dimensional non Ricci flat complete steady gradient



34
Ricci soliton. Suppose that lim f = —oo and w is a non-negative subsolution of the
r—r00

following differential inequality
Apu > —Au?, (2.18)

where A is a non-negative constant. If in addition lim ru =: B < oo and AB < 1, then
r—00

there exists positive constant C' such that
u < Cl?+1)e™ on M, (2.19)

where v = —f.

Proof. Since v = —f — 00, v > 0 near infinity. Pick any a € (AB, 1), we will show that
v®u and v3®e~? are subharmonic and superharmonic functions respectively with respect
to the operator Aty 9q1nv, then we will apply the maximum principle to v®u — bu3e?
for some well chosen constant b. For v*u , we compute directly using and

Ap(v®u) = v*Aju+2(Vo®, V(@ uv™ %)) + uAp®
v*Apu + 20(V Inv, V(v*u)) — 202 Vo[20*?u + ul o
—Av®u? + 2a(V Inwv, V(v*u)) — 202 Vo2v* 2u

v

+av® u 4 ala — 1)| Voo 2

av® tu — Av®u? — a(a + 1)v* 2| Vu|?u

+2a(Vinv, V(v u)).

Hence we get the following inequality

|[Vol?

Afioamo(v®u) > vaflu[a — Auwv — a(a+1) 5

]

= v* lula — AB + A(B — uwv) — a(a +1)

]

By (2.6) and (2.10), |V f] = |Vv| < 1, we see that v < r 4 D for some constant D and
thus

[Vol?
v

lim vu < lim ru = B.
r—00 r—00
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Using lim, o, v = 00, we have

1 (a—AB)

u

v
e
[

Af+2a Inv (vau)

> 0

outside some compact subset of M. For the function v3*¢~, by ({2.10)

Aje™ = —e "Apv+e V|Vol?
= e Y(|Vu]—1) (2.20)
= —Se "

Direct computation also yields

Ap®® = 300 A v+ 3a(3a — 1)0* 2| Vu)?
= 300! 4+ 3a(3a — 1)v3* 72| Vo).

Using and Tli}rgov = 00,
Ar(e™) = v Ape " + e VA + 2(VoI*, Ve )
= —Sv3% ™ 4 3a(3a — 1)vP* 2|V
+3av?* e — 6av* eV Vo ?
= —Sv3% 7 4 3a(3a — 1) 27|V
—3av3*7le™ 4 6avP*leS
= —3av’3* e 4+ 3a(3a — 1)v** 27| Vu|?

+5v3% 7 (~1 + 6av™)

2
= Perlev [ — 3o+ 3a(3a—1) [Vl }
v
+Sv3%e (1 + 6av!)
v e (=3a + o(1)) 4+ Sv3*e ™ (—1 + o(1))

3 e (=3a + o(1)).

IN
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—2a(VInv, V(13%™) = —6a203* 2 "|Vo|> 4+ 2003 e |Vu|?
= —6a%0%* 2 Y| Vu|? + 200 e
—2av%* eV S

< 203 e,
We see that near infinity
3o, —v 3a—1_-—v
Afioamo(v™®e™) < w e ’(—a+o0(1))
< 0.

3 v

Hence v°*e™" is superharmonic with respect to Ayioq1n,. To proceed, we choose a

large Ry such that on M \ Bgr,(po), v > 1,
Afioamy(vu) > 0 and (2.21)

A]”—&-204lnv(v?’ae_v) < 0. (222)

Pick a large b > 0 such that on dBg,(po)
vu — e < 0. (2.23)

Let Q := v®u — bv3®e™". Since a < 1 and lim vu < B, we have lim @ = 0. Moreover
r—00 r—00
by (2.21) and (2.22), on M \ Br,(po)

Af+20¢ lan > 0.

By the maximum principle, we know that @ <0 on M \ Bg,(po). Result follows. [

With the preliminary estimate in Lemma [5| we are able to remove the quadratic
factor v? in (2.19) and thus improve the decay estimate of .

Proposition 1. Let (M", g, f) be an n dimensional non Ricci flat complete steady

gradient Ricci soliton. Suppose that lim f = —oco and u is a non-negative subsolution
r—00
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of the following differential inequality

Apu > —Au?, (2.24)

where A is a non-negative constant. If in addition le ru=: B <ooand AB < 1, then
T oo
u satisfies
u<Ce ™ on M,

for some positive constant C, where v := —f.

Remark 20. By considering v + ¢ for some large o, one can show by similar arguments
that both Lemma [5| and Proposition [1| are still true if the condition lim, .., f = —o0 is

replaced by the boundedness of f from above by a constant.

Remark 21. The condition AB < 1 may look artificial but is critical indeed. In three
dimensional Bryant steady soliton, S? > 2|Ric|? since the sectional curvature is non-

negative (see [76]). Hence the scalar curvature S > 0 satisfies
ApS > —S2

However, lim S = lim —r'f = 1 (see [§]). AB =1 and S doesn’t decay exponen-
r—00 r—00
tially.
For non-trivial gradient steady soliton with Ric > 0 and lim,_ ., S = 0, we know
that S? > |Ric|? and lim, o f = —0c0 (see [23]). We have an immediate consequence

of Proposition [I] and Lemma

Corollary 7. Let (M™, g, f) be an n dimensional complete non Ricci flat gradient steady
Ricci soliton with Ric > 0. Suppose that @TS < %, then there exists a constant C' > 0
such that

S < Ce ™ on M.

Proof of Proposition[]. Firstly, we prove that ue=*"" is subharmonic with respect to

the operator Ay_o,-1 near infinity.

Ape™” = v_Qe_”_lAfv + \Vv]2< eV 4 v_4e_”_1)

= v 2V e ]Vv]2< — 273 v_4>.
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Ap(ue™ ) = efv_lAfu + 2(Vu, Ve*”_l> + uAfe*”_l
= e_vilAfu + 202 <V(e_”71uev71), V)
+uAfe_”71
= e_flAfu + 2v_2<V(6_”71u), V)

20 due" |Vol? + uAfe_“_l

> —AeV wt—ue |Vol|? (21}_3 + v_4>
toue V4 21}72(V(e*”71u), V).
Hence
Af,%_l(ue_”il) > v 2ue ™ |1 — Avu — \Vvlz(Qv_l + v_2)} . (2.25)

By Lemma v?u — 0 asr — oo. Therefore it is not difficult to see that Ag gy (ue*“_l) >

0 outside a compact subset of M.

Secondly, we want to show that e~ve 47! ig superharmonic with respect to the op-
erator Ay_y,-1 near infinity. Using (2.20) in Lemma

Ape™ = =Se™".

Ape™ = 411_26_4”71Afv + 8\Vv|2e_4”71( —v 3 4 2v_4)
= qu 2 4 8|VU‘2€_4U71 (- v 4 21}_4).



By lim, o, v = 00, outside a compact subset of M,

Af(e*ve*‘l“ﬂ) = 674“71Afe*” + e*“Afe*Mﬁ1 +2(Ve ¥, Ve
= 6_4”71Afe_” + e_”Afe_4”71 — 86_”6_4”7111_2]V1)]2
= 6_4”71Afe_” + [e_”Afe_%il — 8e Ve Ty 2
+8e Ve Ty 28
= 6741}_1Af€7v T8 Ve T yT2G gl M 2
18|Vl ve (—v 342077
= —Se Vet 48 ey 2G — de Ve Ty 2
—1—8|Vv|2€_”e_4f1 (- v+ 211_4)
= 6_7’6_4”7121_2[—4+8|Vv|2(—v_1 —1-21;_2)}
+Se Vet (=1+8v7?)
< 671)6741)_12)72(—4 +0(1)).

—(V(=207Y), V(e e ) = 202V, V(e Ve )
= 26_1’6_4”_11}_2|V1}|2
—86_”6_4”_11/_4\Vv]2

Cw A1
2e Ve 2,

IN

—1

Aj_ gy (e7ve )

IN
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We showed that e Ve 4" is superharmonic with respect to Ay_g, -1 near infinity.



40
To finish the proof, we choose a large Ry such that on M \ Bg,(po), v > 1,

Af_gvfl(ue*“ﬂ) >0 and (2.26)

Af_mrl(e_”e_%il) < 0. (2.27)
Let b > 0 be a large number such that on 0Bg,(po)

—1

ue ™ —be e < 0. (2.28)

Let Q :=ue """ —be ve~4"". Obviously, we have lim Q = 0. Moreover by (2.26|) and
T

Sy00
" on M \ BRo(pO)

AfoU—lQ > 0

By the maximum principle, @ < 0 on M \ Br,(po) which implies that
u < be Ve 3 < be".

Choosing a larger b if necessary, the above inequality holds globally on M. O

We are about to prove the main theorem. For the convenience of reader, we repeat

the main theorem here:

Theorem. Let (M,g, f) be an n dimensional non Ricci flat complete steady gradient
Ricci soliton with n > 2. Suppose the potential function f is bounded from above by a

. — 1
constant and lim r|Rm| < 5 Then there ezists a positive constant C such that
r—00
|Rm|(z) < Ce @ on M. (2.29)

Proof. The potential function f is bounded above by a constant and |[Rm| — 0 as

r — 00, hence by Lemma lim f = —oo (one may also apply the inequality S > Cef
r—00

in [76]). From the evolution equation of Rm of a solution to the Ricci flow ( [3§] c.f.

P.119 Lemma 2.51 ), we have in any orthonormal frame,

A f Rabcd =2 (Rapbq chdq - Rapbq decq + Rapcq Rbpdq - Rapdq Rbpcq) .
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By first Bianchi identity,
chdq - decq = Rcdpq and

Rapbq = Raqbp + Rabpq'

Therefore we have

RapbqRepdg — RapbgRapeq = RapbgFedpg
= Raqprcdpq + Rabqucdpq

= _Rapbchdpq + Rabqucdpq-
We conclude that

2Rapbchpdq - 2Rapbqupcq = 2Rapbchdpq

Rappq Redpg-
The equation for A;Rm becomes
A f Rabcd = Rabqucdpq + 2(Rapchbpdq - Rapdqupcq)'

The above formula can also be derived using the evolution equation in [7]. Using Kato’s
inequality and 2|Rm|A¢|Rm| + 2|V|Rm||* = 2|VRm|? + 2(Rm, Ay Rm), we see that

A¢|Rm| > —5|Rm|? (2.30)

holds in the weak sense and on the set of points where |Rm| is non-zero. The soliton
is not Ricci flat and S > 0, we may take u = |Rm| > 0. By Proposition [l| and

lim r|Rm| < 571,
r—00

|[Rm| < Ce™"

which implies that S < Cef. We apply Lemma [4] and conclude that |Rm| < Ce "%
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on M.

2.4 Proofs of theorem [14] and [15l

We recall the following estimate for the Ricci curvature of four dimensional gradient

steady Ricci soliton by Cao-Cui [21]:

Theorem 32. [21|] Let (M*, g, f) be a four dimensional complete non Ricci flat gradient
steady Ricci soliton with lim S = 0. Then Rm is bounded and V a € (0, %), there exists
r—00

a positive constant C' such that
|Ric| < CS* on M. (2.31)

We first prove a slightly better estimate for the Ricci curvature.

Lemma 6. Let (M*, g, f) be a four dimensional complete non Ricci flat gradient steady

Ricci soliton with 1im S = 0. There exists a positive constant Ay such that
r—r00

|Ric| < A1S on M. (2.32)

Ri
Remark 22. The constant A; depends on Ag in (2.11) and sup m for some large
BRO (pO)

ball BRO (po).

Proof. We claim that for some large Ry > 0, on M \ Bg,(po)
Af(|Ric| + [Ric[?) > —(64¢ + 20A3)|Ric|?, (2.33)

where Ag is the universal constant in (2.11)). We first assume the claim and prove the

lemma. There exists a large constant C' > 0 such that the following inequalities are true
[Ric| + |Ric|* — CS < 0 on dBg, (o), (2.34)

C > 340+ 1043 + 1. (2.35)
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Using (Z35). @39 and (1)

A¢(|Ric| + |Ric]* — CS) A (|Ric| + |Ric|?) + 20| Ric|?
(2C — 6Ag — 20A2)|Ric/|?
2|Ric|?

0.

ANV,

Vv

By Theorem [32, we have lim (|Ric| + |Ric|*> — C'S) = 0. Using the maximum principle
r—>00
with boundary condition (2.34), we see that on M \ Bg,(po), |[Ric| + |Ric|?> — CS < 0.

Choosing a bigger constant C' if necessary,

IN

IRic| IRic| + |Ric|?

< CS

holds globally on M. To finish the argument, we need to show the inequality (2.33) is
true. By (2) and (211)

Af[Ric]> = 2|VRic|> + 2(Ric, A/Ric)
= 2|VRic|® — 4R;; Rixij Ry
> 2|VRic|? — 4|Rm||Ric|?
> 9|VRicf2 — 44p[Ric|® — 440 |Ric]2 V10

IVfl
Using Kato’s inequality, we have

|VRic|
IV

A¢|Ric| > —24p|Ric|? — 240|Ric| (2.36)
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We can further simplify the inequality for |Ric|?,

AglRic > [VRicl - 440[Ric|* + (|VRic]? — 440[Ric|? ‘lvVP?T‘)
= |VRic|> — 44|Ric|® — 4“"@?‘?‘4
S S
= |VRic|* — 44p|Ricf’ - ‘LT@;;‘*"
. 2A0|Ric|?\ 2
+(IVRic| - |0v|fy|)
Hence by
Ay(|Ric| + [Ric|?) > —2Ao|Ric[* — 2A4o|Ric| ‘|VVRJZIC‘
+|VRic|? — 44¢|Ricf® — éhT@?’i;\A‘
= (VRicf? - 240|Ric ’7%? Aﬁgfiﬁ'z)

AQ a2
_(@ﬁ — 24¢|Ric|? — 4Aq|Ric?
447 Ricl!
IVf]?
., Ap|Ric|\2  A3|Ric|?
= VRic| — —
(7Rl ~577) ~ vz
4A3|Ric|*
—2A¢|Ric|? — 44g|Ric|® — —2L "
0‘ IC‘ 0| 1C| ’Vf|2
AQ s ]2
> —05‘:";' — 2Ao|Ric|? — 44o|Ric/?
447 Ricl!
IVf]?

By Theorem 1) and rll,nolo S = 0, there exists a large positive Ry such that on
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M\ Br, (po)
|Ric| <1 and

1
Vil > -=.
V=g
Using the above two inequalities, we have

AZ|Ric|?
VP
4 A3|Ric|*

IVfI?
> —4A32|Ric|? — 24 |Ric|? — 4Ag|Ric|?

A¢(|Ric| + [Ric[?) > — 2A4¢|Ric|? — 44¢|Ric|?

—16A2|Ric/?
= —(64¢ + 2043)|Ric|.

We are done with the proof of the lemma. O

We can apply the Ricci curvature estimate to bound the curvature tensor Rm. To

prepare for the proof, we start with the following computational lemma.

Lemma 7. Let (M*, g, f) be a four dimensional complete non Ricci flat gradient steady

Ricci soliton with lim S = 0. There exists a large constant Ry > 1 such that for all
T—00

A=0, on M \ BRo(pO)

Af_oms(S7?|Ricl*) >

2
-1 -2/ ;|2 2
> 5o (S |Rm| + AS \ch|) e, (2.38)

where ¢ is a positive constant depending only on Ag and Ay in and respec-
tively.

Proof.
Ap(ST?Ric’) = ST2Ay|Ric* +2(VS~% V|Ric|?) + |Ric|?A;S2.
By (2.4)

AfS™2 = —283A;8 +6S71VS|?
= 4573|Ric|* + 6572|VIn S|%
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(VS2,V|Ric]?) = —253(VS, V(5 %Ric|S?))
= —2(VInS, V(S2|Ric|?)) — 4|V 1n S|2S2|Ric|?.

By Kato’s inequality,

(VS~2 V[Ric) = —259-3(VS,2|Ric|V|Ric|)
> —4S872|V1In S||Ric||VRic|
1
—gsz\VRicF — 8|V 1n S|?S%|Ric|?.

v

Af(ST2Ric*) > ST2Ay|Ric]* —2(VIn S, V(S ?|Ric|?))
—12|V1In S|2S~2|Ric|* — %S*Z\vmcﬁ + |Ric?A;S2
= S72A|Ric> — 2(VIn S, V(S~?[Ric|?))
—12|V1In S|2S72|Ric|? — %S_2|VRic|2
+4573[Ric|* + 6|V In S|2S~?|Ric|?
ST2Af|Ric|* — 2(V1In S, V(S™?|Ric|?))

v

1
—6|V 1n S|2S2|Ric|? — 55—2|VR1<:|2.

By Lemma [f] and [2.3), |[VS| = 2|Ric(Vf)| < 2|Ric||Vf] < 2415, where A; is the
constant in (2.32)). We now consider a large Ry > 0 such that on M \ Bg,(po), |Ric| <1
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and |V f| > 3. Hence by (2.37) in Lemma@ on M\ Bgr,(po),

Af21ns(‘13§§‘2) = |VQP§;2—4A0|EEZ|3
> |V21?§2 (440 + 1642 1 6|V In SP?) '12,‘23'2
> N;ECQ — (440 + 1643 + 2442) ’PE;:P
> |V2P;f;2 (440 + 1642 + 2442) A2,
|[VRic|?

Using (2.11)), |[Rm|? < 2A43(|Ric|? + o) < 2A2%(|Ric|? + 4|VRic|?). We apply the
inequality 271 (a + b)? — b? < a? to conclude that for all A > 0,

1 1
—21R: 2 -2 2 —2|R:0|2
Ay oms(S7[Ricl?) > 16A35 |Rm|* — §S |Ric]|
—(4Ap + 16 A3 + 24A%) A?
1 ~1 T - T
> o (57! 1Bm| + AS72[Ricl?) " = =S~?IRic
N 2 2\ 42
0
1 2 )2
> 7Y Rm| + AS72Ricl?) — = Al
= 32A3< [Bm| + A5 [Ric] 16421
1
—§A§ — (440 + 16 A3 + 24A3) A2
1 2
> 247 (S’_”Rm| + )\S_Z\Ric\Q) —eX? — ¢,
where ¢ only depends on Ag and A;. This ends the proof of the lemma. O

Let us recall the statement of Theorem [14k

Theorem. Let (M*,g, f) be a four dimensional complete non Ricci flat gradient steady

Ricci soliton with lim S = 0. There exists a positive constant ¢ such that
T—>00

|Rm| < ¢S on M. (2.39)
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Remark 23. The constant ¢ in (2.39)) again depends on Ag in (2.11)), A; in (2.32) and

sup S~!|Rm)| for some large ball Bg,(po).
BRO (pO)

Remark 24. No assumption on the potential function f is made in the above theorem.
In particular, f is not known to be proper in this setting. To construct a cut off function
for the maximum principle argument, we use the distance function r together with an

appropriate Laplacian comparison theorem in [96] (see also Theorem .

Proof. The argument is essentially due to Munteanu-Wang [80] and Cao-Cui [21]. We

know that by (2.30)
A¢|Rm| > —5|Rm|%.

Ap(STHRm|) = ST'AjRm|+2(VS™H, V(SSTYRm]))
+|Rm|ApS™1
= ST'AyRm|—2(VIn S, V(S Rm|))
—2|V1n S|2S~Y Rm| + |[Rm|A S~}

> —5S7YRm|* —2(VInS, V(S| Rm)|))
+|Rm|(257?|Ric|> + 257}V In S|?)
—2|VIn S2S~ Rm)|
> —587HRm|* - 2(VInS, V(ST Rm)|)).
Hence
Af o s(STHRm|) > —5S Rm|*. (2.40)

We apply Lemma (7| and take A = 19242, on M \ Bg,(po)

|Rm| |Ric|? A | Rm)| |Ric|?\ 2
Af‘”“( 5 T s ) = (32,43_55)( 5 A s )
—cA® — e\
B | Rm| |Ric|?\ 2
= (6-59) (g + )
—eX3 —eA
| Rm| |Ric|?\ 2
> ( A ) e (2.41)
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where ¢ only depends on Ap and A;. Let W := (SillRm\+)\S*2|Ric]2> and G := ¢*W,
where ¢ is a non-negative cut off function. By ([2.41)), on the set where ¢ is positive,

AfomsG = A omsW +4¢(Vo, V(P W ™)) + WA o), 56
= *As omsW +4(VIng, VG) — 8|V |*W
WA 91 56
= *AsomsW +4(Ving, VG)
+(20A ¢ + 46(V 1In S, V) — 6| Vo> )W
¢*W? — c¢® + 4(VIn g, VG)
+(20A ¢ — 4%V In S|? — 7|V | )W.

v

By Lemma 6| and (2.3), |VS| = [2Ric(V f)| < 24,5, we deduce that

P*Af_olmsG > G* —copt +46(Ve, VG) (2.42)
+(20A5¢ — 160> AT — 7|Vo[*)G.

Let R > Ry > 1 and ¢ : [0,00) — R be a smooth real valued function satisfying the
following: 0 <1 <1, <0,

and
1" ()] + ¢/ ()| < ¢ for all ¢t > 0.

We take ¢(x) := w(rg)), then

¢l

Vol ="+ < . (2.43)

=yl

/
R
Using the Laplacian comparison theorem for smooth metric measure space with Ricy > 0
and |V f| <1 (Theorem 1.1a in [96], see also Theorem [11]), we have

Af?"§§+1.
T
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/ 1
2
Ao = HAm+ 5|V
c,3 c
> S 24 -5
= R(R+ ) R2
C1
> L
= "R
26Arp — 1662 A2 — 7|Vg|> > —%—1@4% (2.44)
> -

where ¢ is a constant depending on A;. Suppose G attains its maximum at ¢q. If ¢ €

BRO (pO)) then

G<G(q <W(q) < sup W,
Brg (po)

right hand side is obviously independent of R. If ¢ € M \ Bg,(po), then by 1) and
(2.44]), we have

o
v

*(9)Ay—21n5G(q)
> G2(q) —c—cG(q).

From this we see that there exists a positive constant C' depending only on Ay and A
such that
G<G(q) <C.

Result then follows by letting R — oo. O

The constant ¢ in Theorem may depend on the local geometry of (M, g) and
provide no information on the size of 7| Rm| near infinity if one simply assumes lim, 7S
is small. To prove Theorem [I5] by Theorem [13] and [T4], we look for a universal positive
constant in front of the scalar curvature S and then estimate the size of lim,_, 7| Rm)|.
To have a better control on mr_,ooﬂRm\, we need to refine our previous estimate on

the Ricci curvature:

Proposition 2. Let (M*,g, f) be a four dimensional complete non Ricci flat gradient
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steady Ricci soliton with lim S = 0. Suppose that lim f = —oo and lim rS < oo, then
r—00 r—r00 r—00

there exists a positive constant C such that

3

|Ric| < ApS + Cv™ 2 (2.45)
outside some compact subset of M, where v := —f. In particular,
lim r|Ric| < Ap lim rS. (2.46)
r—00 r—00

T
Cy such that outside a compact set,

Proof. Since l'i)m rS < oo, we have by Lemma and Theorem |14/ there exists a constant
oo

|Ric| < ¢|Rm| < CS < %. (2.47)

By viewing steady soliton as a solution to the Ricci flow and Shi’s derivative estimate
[38],
C
|VRic| < ¢|[VRm| < =+ (2.48)
V2
Let Ry be a large positive number such that on M \ Bgr,(po), |V f| > %, v>1, 1)
and (2.48) hold, moreover, v satisfies

We then choose a big positive constant C' such that C' > 44¢CyC1 + 1 and

IRic| — AgS — Cv™2 < 0 on dBg, (po).



By (2.4) in Section 2, (2.36)) in Lemma@, (2.47) and ([2.48]), we have

Af([Ric| — AgS — Cv~12)

>

v

Y

AV,

vV

|VRic|

—240|Ric|]? = 24 |Ric + 2A40|Ric|?
Ricf? — 240 Ric| 1l -+ 240 Ric
5 1
+7320v_§Afv — —ZC]VUFU_%
_|VRic|] 3C _s 15C _:
—2A ol _
o|Ric] i + 5 ¥ i
1
—4A000011)_% + 7320’0_% — 7?10’0_%
5 (3C 15C
v~ 1A0GC - )

v3 (c — 4AOC()01>

v

Njot

0.

Since 1i_>m (|Ric| — ApS — C’v*%) = 0, by the maximum principle,

|Ric| — ApS — Cv=2 < 0on M\ Bg,(po)-

For the reader’s convenience, we recall the statement of Theorem

Theorem. Let (M*,g, f) be a four dimensional complete non Ricci flat gradient steady
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Ricci soliton with lim S = 0. Suppose the potential function f is bounded from above

r—00

N 1
by a constant and lim rS < —=. Then there is a constant C > 0 such that

r—00 5A(2)

|[Rm| < Ce™" on M.

Proof. Since S — 0 as r — oo and f is bounded from above, we know by Lemma [3] that
f — —oo as r — oco. By Proposition [2 Shi’s estimate (2.48)) and Lemma

|Rm| < AZS + CAgu™2 + 20, Agv™ 3.



It implies that

lim r|[Rm| < A3limrS

T—00 T—00

ot =

Hence by Theorem | Rm| decays exponentially.
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Chapter 3

Kahler steady Ricci solitons with
nonnegative Ricci curvature and

integrable scalar curvature

The materials in this chapter are based on [26].

3.1 Preliminaries

Let (M, J) be a complex manifold and g be a Riemannian metric on M. (M,g,J) is
Kahler if g(JX,JY) = g(X,Y) for any tangent vectors X and Y, and VJ = 0, where
V is the Levi Civita connection of g. A Kéahler manifold (M, g, J) is a gradient steady
Kahler Ricci soliton if M satisfies for some smooth function f on M (see [36]).
Let 3 € R and h be any function on M, h = o(r?) means that lim,_,o, 7~?h = 0.

One of the simplest examples of steady Kahler Ricci soliton is the cigar soliton
(2,95, f) (see Example @ With the standard complex structure on C, (3, gs, f) is a
complete gradient steady Kéhler Ricci soliton. It is also the unique (up to scaling and
isometry) real 2 dimensional non-flat complete gradient steady Ricci soliton (see [36],
[6] and ref. therein).

A normalized geodesic v : R — M is called a line if for all real numbers a and b

with @ < b, 7 |4, is distance minimizing. We need the following splitting theorems by

54
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Cheeger and Gromoll [28] (see also [67]).

Theorem 33. [28] Let (M, g) be a complete Riemannian manifold with nonnegative
Ricci curvature. If M contains a line, then M splits isometrically as R x My for some

complete Riemannian manifold My with nonnegative Ricci curvature.

Theorem 34. [28] Let (M,g) be a compact Riemannian manifold with nonnegative
Ricci curvature. Then the universal covering space M of M splits isometrically as

R* x My for some compact Riemannian manifold My and integer k > 0.

It was shown by Chen [29] that any complete ancient solution to the Ricci flow must
have nonnegative scalar curvature. Using strong maximum principle, we see that any
complete gradient steady Ricci soliton must have positive scalar curvature S > 0 unless
it is Ricci flat (see also [99]). It is also known that any compact steady Ricci soliton
is Ricci flat [36] and hence any non Ricci flat complete gradient steady Ricci soliton is
non-compact. We shall adopt the scaling convention throughout this thesis.

It was shown in [19] and [23] (see also [46] and Theorem [9) that for a complete
gradient steady Ricci soliton with Ric > 0 and S attaining maximum ( or Ric > 0 with

limsup,_,. S < maxys S), then there exist a € (0,1) and D > 0 such that
r+D>—f>ar—D on M.

We first prove a similar bound for f under different conditions which suffice for the
arguments in later sections. Similar estimate was also obtained independently by Deng
and Zhu [45] without non Ricci flat condition, instead Ric > 0 on M and —f being

equivalent to r are assumed.

Proposition 3. Let (M, g, f) be a real m dimensional complete non-Ricci flat gradient
steady Ricci soliton with Ric > 0 outside some compact subset of M. Further suppose

that S — 0 as r — oo. Then for all o € (0,1), there exists D > 0 such that
r+D>—f>ar—D on M, (3.1)

where r is the distance function from a fized reference point pg € M. In particular,
lim — = 1.
r—oo T
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Proof. The upper bound of —f follows from (2.6)) and |V f| < 1. For the lower bound,
let 6 be a small positive constant to be chosen. Since |[Vf|>+ S =1 and S — 0 at
infinity, there is a compact subset K of M such that pp € K and on M \ K, Ric > 0

and

1
V> 1735 (3.2)

Let ¥ be the flow of % with 1y be the identity map. Let ¢ € M \ K and for small
t >0, by (3.2),

de(q),q) < / L < (140 (3.3)

o IVFI(4s(q))
By short time existence of O.D.E., 14(q) exists as long as it is in M \ K. Therefore we

can define T as follows
T :=sup{a:i(q) € M\ K for all t € [0,a]}. (3.4)

Obviously, T'= T'(¢q) > 0 by compactness of K. For 0 <t < T

t t
flonl) = 1(a) = [ (VEtands = [ s (35)
We first show that 7" < co. Suppose not, then 7' = oo and by (3.5)), there is a sequence

of t, — oo such that 1, (¢) — oo as k — oco. But by ([2.3))

S(n(0) - S(a) = / *(VS, (@) ds
[ s Y,
= [ s g

b 2Ric(V f, V f)
= e rd
/0 N
> 0.

Hence S(¢r, (q)) > S(q) > 0 and limg_,o S(¢4, (q)) # 0, contradicting to our assumption
that S = o(1). We proved that T' < oo and ¢7(¢q) € K. By (3.3), d(¢7(q),q) < (1+6)T.

r(¢) = d(po, q) < d(¥r(q),q) +d(¥r(q),po) < (1 +6)T + diamK,
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where diam K is the diameter of the subset K. We have

—flg) = T— f(r(q)
> T —suplf]
K
1 diam K

> —— r(q) — — .

z 157915 Szplf\
|| follows by choosing > 0 small enough such that I—Jlré >a. —rlf s lasr — oo
is now a consequence of (3.1)). O

3.2 Proof of theorem [1§

To start with, we recall a result on the kernel of the Ricci tensor of steady soliton
satisfying (1.24). It was proved in [76] in the real case with non-negative sectional
curvature. However, the argument also works well in the K&hler case with non-negative

Ricci curvature. For the sake of completeness, we include the proof of the result here.

Proposition 4. [76] Let (M, g, f) be a complex n dimensional complete non Ricci flat
gradient steady Kahler Ricci soliton with Ric > 0. Suppose that

|

lim inf — S =0.

r—oo 1 B,

Then S% = 2|Ric|? and the null space E of the Ricci tensor is a subbundle of the tangent
bundle T M with real rank 2n — 2.

Proof. The argument is essentially due to [76]. Let \;,7 = 1,2,...,2n be the eigenvalues
of the Ricci tensor. By J invariance of Ric, we may assume \; = A\p14,2 = 1,2,...,n
and 0 < A\ < Ay < ... < )\,. Hence



o8

S—2\ = S—2\y

= (ZNAJ)—N

J#i

= (ZHAJ) — Ani

J#
2n

= > x>0
J#inti

From this, we know that
2n 2n
2Ric)> =) 207 <) N5 =52,
j=1 j=1

with equality holds at a point p iff A, = A9, = % at p iff the dimension of the null space
of Ric at p is 2n — 2. We are going to show 2|Ric|?> = 5% on M. Let ¢ be a non-negative
cut off function which = 1 on Bgr(po), = 0 outside Bagr(po) and |Ve| < 5. We know
that by the contracted second Bianchi identity 2div(Ric) = V.S,

0 < /902(52—2\310\2>
M
_ /gp?(—SAfHRijfij)
M
_ /@2(<VS,Vf>2Rij,jfi)
M

+/ 205(Vp, V f) — / 4pRij fip;
M M
< = S,
R Bar(po)
By condition (1.24)), one can pick a sequence of Ry — oo such that R.H.S. goes to zero
as k — oo, we show that S? = 2|Ric|? everywhere. It is not difficult to see from the
previous argument that Ric only has two distinct eigenvalues, one is 0 with multiplicity

2n — 2, another one is % with multiplicity 2, result follows.
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O

Since we do not impose any condition on the sign of bisectional curvature, the non-
triviality of the kernel of the Ricci tensor doesn’t suffice for the splitting. Motivated
by the local splitting result in [46] (see Theorem [L7)), we show that Vf is always an
eigenvector of Ric which eventually leads to the splitting of M.

Proposition 5. Let (M,g,f) be a complex n dimensional complete gradient steady

Kahler Ricci soliton with Ric > 0. Suppose that

lim inf1 S=0,

r—oo T Jp
-

then |Vf|2S = 2Ric(Vf,Vf) on M. In particular if M is not Ricci flat, then it is
isometric to a quotient of % X N, where ¥ and N denote the cigar soliton and some

simply conmnected complete Kdhler Ricci flat manifold respectively.

Proof. We are done if g is Ricci flat, so we can assume Ric is not identically zero. Since
Ric > 0 and the curvature tensor is .J invariant, we have |V f|?S > 2Ric(Vf, Vf). Let
Q:=+/f2+1>1 Then VQ = Q ' fVf. Let ¢ € C°(M) be any smooth compactly

supported function on M.

0 < /M¢2Q1(|Vf\28—2Ric<Vf,Vf>>
- / SQ 1S — / 20°Q 1 Ris fif;
M M

Using integration by part, we have

1 = - /M2¢¢iQ—1ffiS+ /M¢2Q—3ffiffis
- / Q1 f fiuS — / $Qf 1,5,
M M
- / 266:Q " F 15 + / Q1S
M M
21-1rc2 2 -1ssc.
+ /M¢Q 15 /M¢Q 115
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where we use the fact that (2.2) Af + S = 0. Similarly, using (2.3) VS = 2Ric(Vf)
and the contracted second Bianchi identity 2divRic = VS, we see that

an = /M4¢¢iQ—1fijU— /M2¢2Q—3ffifijij
4 /M 26°Q " fRyyuf; + /M 26°Q" fRyy
- /M 266:Q 1 15; — /M 26°Q 3 f2 . ; R
4 /M SQVf S, /M 26°Q " f|Ric]?
— /M 266,01 15; — /M 26°Q 3 f2 . Ry
2-lss o 211 ¢ a2
+/M¢Q 118, /MqﬁQ 152,

we also use the identity S? = 2|Ric|? (see [76] and Proposition . Hence, we have

/M $*Q (V28 — 2Ric(V £, V1))
- / 266:Q 115 + / 266,071 15,
M M
+ /M G2Q 32,15 — 2f:f; Riy)
. / 266:Q 15 + / 266:Q1 15,
M M
4 /M $*Q (V128 — 2Ric(V, T f).

Since Q7' — Q3 f? = Q3, we know that

/M $*Q (V28 — 2Ric(V,V f))
- - / 266:Q0 1,5 + / 266:Q71 5.
M M

Now we take 0 < ¢ < 1 be a cut off function = 1 on Bpg, vanishes outside Byr and
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Vol < £
-1 2¢ 14
| [ 200:Q  ffiS] < EQ | fIS
M Bar\Br
2
< = s,
R Bar\Br
Since Ric > 0, |VS| < 2|Ric| < ¢S.
-1 2¢ 14
| [ 200,Q " fSi| < EQ | fIIVS]
M Bar\BRr
Cc1
—= S.
R Bar\Br

All in all, there is a positive constant ¢y independent of R such that

0 < / Q (V28 - 2Ric(V/, V f))
MNBgr
C2
2 S.
R Byr\Br

Using the condition liminf, . % fBr S = 0, we may pick a sequence of Ry — oo such
that R.H.S. goes to zero as k — oo, we conclude that |V f|>S = 2Ric(Vf,Vf) on M.
We now proceed to prove the splitting of M. By Ric > 0 and J invariance of Ric, we

have for any tangent vector v with |v|, = 1,
2Ric(v, v) = Ric(v, v) + Ric(Jv, Jv) < S.

Hence whenever Vf # 0, 2Ric(%, %) = S, we deduce that Vf is an eigenvector
with eigenvalue equal to g and thus V f is always perpendicular to the nullspace of Ric.
Let E be the nullspace of Ric, it is a smooth subbundle of the tangent bundle of real
rank 2n — 2 ([76] and Proposition . Suppose at p, Vf # 0, the tangent space at p
decomposes orthogonally as T,M = E, &, span{V f,JV f}. Let X be a smooth section

of I defined locally near p and Y be any smooth vector field defined near p, then JX
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is also a smooth section of E. At p

<VYX,Vf> - Y<X7vf>_<X7vaf>
— Ric(X,Y)
= 0.

Similarly, VyJX L Vf, thus Vy X(p) is in E,. If Vf = 0 at p, by real analyticity of ¢
(see [66] and ref. therein), {Vf = 0} = {S = 1} has no interior point in M (indeed if
p is an interior point, then by 0 = AS(p) — (V£,VS)(p) = —2|Ric|?(p), which is
absurd). We may find a sequence py — p with V f(py) # 0,

Ric(Vy X)(p) = lim Ric(VyX)(pi) = 0.

From this, we conclude that E is invariant under parallel translation. By de Rham
splitting theorem (see [64]) and the classification of real 2 dimensional complete gradient
steady Ricci solitons (see [30], [6] and ref. therein), the universal cover of M splits like
Y X N for some Kahler Ricci flat N. O

Proof of Theorem [18 By Proposition [5 the universal covering space of M splits iso-
metrically as 3 x N for some simply connected complete Kéhler Ricci flat N. By de
Rham decomposition theorem (see [64]), N is isometric to C*~1=% x N; with N being
a product of irreducible Kahler Ricci flat manifolds. It remains to show N; is compact.
By Proposition |§| (will be proved in the coming section), R?*=272k »x Ny = Rl x Q,
for some simply connected compact Ricci flat manifold Q. Since both N; and Q have

no line, we conclude that 2n —2 —2k = [ and N; is diffeomorphic to the compact ). [

3.3 Geometry of X x N/ ~

In this section, we study the geometry of the quotient manifold M = ¥ x N/ ~ with
scalar curvature S satisfying ([1.24), where ¥ and N denote the cigar soliton and some
real m — 2 dimensional simply connected complete (not necessarily Kéhler) Ricci flat

manifold respectively. The main goal of this section is to prove the following:
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Proposition 6. Let M™ = X x N/ ~, for some simply connected complete Ricci flat
manifold N. Suppose that on M

lim inf1 S =0,

r—oo T Jp
-

then there exist positive constants C and « € (0,1) such that

<S<Ce™™ on M.

Q=

Cte”

Moreover, N is isometric to R™ ™27k x Q¥ where Q is some simply connected compact
Ricci flat manifold.

Remark 25. It can be seen from the above proposition that M must have bounded
curvature and S is integrable. Using an estimate in [46], the level sets of f (func-
tion constructed in Lemma [§]) have uniformly bounded diameter, hence « in the above
proposition can indeed be chosen to be 1. Alternatively, a = 1 also follows from the

curvature estimates in [25] and [76].

To prepare for the proof of Proposition |§|, we recall some basic properties of ¥ (see
[36]). Let 7 and f be the distance function of ¥ from its origin and the potential function

respectively. In the geodesic polar coordinate, the metric is given by

gs ::df2+-4tanh?(%)d9?

We also have f = f (7) = —2log cosh% and the scalar curvature
S ! I'>o (3.6)
—_ == = 6 . .
> coshQ(g)

Let p: XX N — M and 7 : ¥ x N — ¥ be the Riemannian covering and the projection
into the first factor respectively. 7o and f o 7 are functions defined on ¥ x N. By
abuse of notation, we shall not distinguish 7 o 7 from 7, f om from f , namely for all

(a,b) € Ex N, 7om(a,b) and for(a,b) will be written as 7(a, b) and f(a,b) respectively.

Lemma 8. Let M be the manifold as in Proposition[6. There is a smooth function f

on M such that fop = f With this f, (M, g, f) is a complete gradient steady Ricci
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soliton.

Proof. Let (a,b) and (c,d) € ¥ x N such that p(a,b) = p(c,d). Since N is Ricci flat,
Ss(a) = Sexn(a,b) = Ssxn(c,d) = Ss(c).

By (3.6), we conclude that 7(a,b) = 7(a) = 7#(c) = 7(c,d) and f(a,b) = f(c,d). f
respects the quotient map p and thus induces a map f : M — R such that fop = f .
(M, g, f) is a gradient steady Ricci soliton then follows from the facts that p is a local

isometry and f is a potential function for the steady soliton X x V. ]

Lemma 9. Let f be the function as in Lemma @ The level sets ¥y := {f = t} are
connected compact embedded hypersurfaces in M for all t < 0.

Proof. Note that 0 = maxy; f = maxyxy f. M has Ric > 0 and thus both f and f are

concave functions with
{f=0}={Vf=0}and {f =0} ={Vf=0}.

For t < 0, ¥ := {f =t} are embedded hypersurfaces and complete w.r.t. the induced
metric from (M, g). Since p~ () = {f = t} is diffeomorphic to S' x N, 3; is connected
for all ¢ < 0. Let ¢ be the flow of % with ¢y be the identity map. Using the level
set flow ¢y, we see that ¥y = {f = ¢} are diffeomorphic to each other for all ¢ < 0.
Moreover, 14(3X_9) = X;_9, for t € [0,1]. Therefore, it suffices to show that X_o is
compact. Assume by contradiction that ¥_y is not compact. On {f < —1} C ¥ x N,

by (2:6) and (3-6) ~
Vi?P=1-e/>1-¢L.

Using p.V.f = V, there exists § > 0 such that on {f<-1}

IVfl =0 (3.7)



65
Let v € TY 5, then

0
aﬁg(vav) = Y/ (L_vs_g)(v,v)

[V £I2
2V f (110, a0 |V | 72
—2Ric(sv, Yrav) |V f] 2
< 0.

Since the Ricci curvature of M is bounded, there is a constant C' > 0 such that for ¢
€ [0,1]
Cgo < gt < go (3.8)

where g; := 1} g on ¥_o. Let Bl (g) be the intrinsic ball of (¥, g) with radius R centered
at ¢. It is not difficult to see that for ¢ < 0

Bi(q) € 1N Br(g), for q € %y, (3.9)

where Br(q) is the geodesic ball in the ambient manifold (M, g). Fix any ¢qp in X_5. Let
ro = 1r(qo) := d(qo,po), po € M is a fixed reference point. Hence by (3.7) for ¢ € [0, 1]
t 1

d(¥1(q0): q0) 5/0 mds < g (3.10)

Next we show that for large R > 0,

Br_1(¥1(q0)) € Briry(po)- (3.11)

For all z € L.H.S.

d(z, po) d(z,%t(qo)) + d(¥4(qo0), q0) + d(qo, po)

<
1 ¢
R—-4+2
< 5+5+7’0
<

R+ 7o,

we proved the inclusion (3.11]). To proceed, we also need the following inclusion: for ¢
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€ [0,1]
¢t(31§3%(%)) - 3;_2% (t1(q0)), (3.12)

where Bl (q) is defined before 1’ Let z € B;zl(qo) and « C ¥_5 be an intrinsic
5

minimizing geodesic w.r.t (X_g,¢g) joining z and go. The length of 1, o a is given by

l(beoa) = / e ()]

IN
—
o

<

where we use (3.8) in the last inequality and (3.12)) follows. From (3.6]), we see that
there is a positive constant Cp such that on {—2 < f},

S > Cy. (3.13)

We are going to derive a contradiction using the weak integrability condition ([1.24)
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of S. By (B13), coarea formula, (3.11), (3:9), (B12),

o
BRr+tro (o)

>

v

v

v

/ S
BRrrg(po){-2<f<-1}

Co /
BRrg(po){—2<f<-1}

1
1
o / / ot
0 JBRirg(po)NXi—2 V£l

1
CO / / dO’tdt
0 JBp 1 ($r(q0)NTe—2
1
CO / / dUtdt
0 BE;QL (¥¢(q0))
5
1
Co / /
0 %(B};il
1
CO/ / ¢z<d0'tdt
0 B;i% (90)

1
0001 / / da'odt
0 B;i%(%)

CoC1A(BL? 1 (90));

1
B

dO’tdt
(90))

where we also use 1} in the last inequality, doy and A(B];2 1 (q0)) denote the volume
~5

element of ¥; 5 and the volume of the intrinsic geodesic ball B;ﬁ (qo) in (X_2,9)

1
S

respectively. One can check readily that the induced metric on { f = —2} is given by

4(1 — e~ 2)db? + gy,

where gy is the metric on N. {f = —2} is obviously Ricci flat. p~*(X_5) = {f = —2}

and thus X _o is covered by { f = —2}. Hence X _5 is also Ricci flat (in particular

Ric > 0). If ¥_5 is noncompact, then by Yau’s lower volume estimate on noncompact

manifolds with Ric > 0 (see [97] and [67]), there exists positive constant Co independent

on all large R such that

B2 (@) = Ca(R = 5).

1
0
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From this we see that for all large R

A(BL2 1 (0))
1 / S COClR—(S
BRyrg(Po)

>
R+mrg - R+ rg
R-1
> OO, 0
et oY1 2R+7“0’

contradicting to the weak integrability condition (1.24]) of S. We proved that ¥_5 and

hence X; are compact as long as ¢ < 0. O

Lemma 10. Let f be the function as in Lemma . {f > —A} is compact subset of M
for all A >0

Proof. Suppose it is not true for some A, then by the completeness of M, {f > —A} is
unbounded and there exists a sequence x — oo with f(xg) > —A. Pick a sequence yy,
with f(yx) — —oo, let v, be a normalized minimizing geodesic joining x to yg, then
Y NE_4—1 # ¢. By Lemma(9 ¥_4_; is compact and it implies that after passing to a
subsequence, vy, converges to a line 7. By Cheeger Gromoll splitting theorem (see [28],
[67] and Theorem , M splits isometrically as M7 x R for some complete manifold
M. Let (a, 8) € My x R, then Syr, xr(a, 8) = Sar, (@) > 0. Moreover, one have for all
R>0

vz vz
Then
I P
Br(a,B) B (a)xB%; (8)
V2 V2
> V2R / S,
B]\/Il (a)
z
> \/iR/ SMU
B (a)
2
again contradicting to the integrability condition (1.24]) of S. O

Lemma 11. S decays exponentially.
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Proof. We first show that S — 0 at infinity. Let x € M — oo as k — oo, (ag,br) €
¥ x N such that p(ag,br) = zr. Then 7 := 7(ag, by) — oo, where 7(ay, by) is under-
stood as 7 o w(ag, br) = 7(ax) as in the discussion right before Lemma |8 Otherwise,
it is bounded for some subsequence k;, then f(xkj):f(akj,bk].) = —2log cosh(%) is
bounded, by Lemma xk; has convergent subsequence, which is impossible. Hence
T := 7(ak, by) — oco. Then by , S(zg) = 1/cosh2(%’“) — 0 as k — oo. We deduce
that lim,_,~, S = 0. By Proposition |3| (see also [23]), there exist a € (0,1) and D > 0
such that,
r(z)+D > —f(z) > ar(x)— D on M (3.14)

and
#(a)+ D > —f(a) > af(a) — D on %, (3.15)

By the above two inequalities, we have for x € M and (a,b) € ¥ x N with p(a,b) = x,

r(x) 4+ 2D

ar(x) —2D < 7(a) < 5

and hence for some positive constants C'; and Co

1

S = < 4@
coshQ(T(;))
< Clefar(x%
similarly for the lower bound,
S(z) > e @
> Cze_%.

O

To finish the proof of Proposition @, it remains to show N is isometric to R! x @Q,

for some compact simply connected Ricci flat manifold Q.

Proof of Proposition |6 Fix any t < 0, the induced metric on { f =t} C ¥ x N is equal
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to
4(1 — e db* + gn.

We see that { f =t} is isometric to S' x N and universally covered by R x N. By de
Rham decomposition theorem (see [63]), N is isometric to R? x N, where ¢ > 0 and
N =N xNyx---xNisa product of irreducible simply connected Ricci flat manifolds
N; with dimgN; > 2 Vi. N has no line otherwise N; splits for some ¢, contradicting to
its irreducibility.

Since p is a Riemannian covering map, ¥; is covered by { f = t} and is compact
Ricci flat. We have by Cheeger Gromoll splitting theorem (see [28], [67] and Theorem

and the uniqueness of universal Riemannian covering space that
R XN 2jom RV N 20 RF % Q, (3.16)

for some simply connected compact Ricci flat (). Both N and @ do not have a line, we
must have ¢+ 1 = k and N is diffeomorphic to the compact (). We are done with the
proof of the proposition. O

3.4 Proof of Theorems and 21]

In this section, we will show Theorems [20] and They essentially follow from the

volume estimate on large geodesic balls:

Proposition 7. Let (M, g, f) be a real m dimensional non Ricci flat complete gradient

steady Ricci soliton with Ric > 0. Suppose there is a finite positive constant | such that

limsuprS < I. (3.17)

r—00

Then for all pg € M and € > 0, there exists positive constant C' such that for all large
R,
V(BR(pO)) < CRlJrlJrE.

In particular if | < 1, then M has subquadratic volume growth.

Proof. By Proposition [3] (see also [23] and Theorem [9)), there are o € (0,1) and D > 0
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such that
r+D>—f>ar—D. (3.18)

Hence f attains maximum, adding a constant if necessary, we may assume maxys f = 0.

Since f is concave, we have
{Vf=0}={f=0}

By (3.18), {—f = t} are compact embedded hypersurfaces and diffeomorphic to each
other for all £ > 0. Let § be a small positive number to be chosen later. By S — 0 and

(2.6)), for all large r,
V2> (1+6)7 (3.19)

Let n := —% be the normal of {—f = t}, the second fundamental form of {—f = ¢}
w.r.t. n is given by %—ifﬁ. We consider the flow of —% and denote it by ¢s with
¢o = id, then

os({=f=1t}) ={-f=t+s}

Let A(t) be the area of the level set {—f = t}. By the first variation formula, (3.19),
(3.18) and (3.17) (see [46]), for all large ¢,

/ S — Ric(n,n)
A — b Ut A4
) /{f:t} IVfI?

/ S
(—r=t IVfI?

(145) /{f:t} s

(1 +t5)2lA(t)’

IN

IN

we used Ric > 0 in the first inequality. The above differential inequality implies that
there is a t; such that for ¢t > t;
Alt
A(t) < )y, (3.20)

t51+5)21

Integrate the above inequality w.r.t ¢, together with (3.19)) and (3.18]), we see that for
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all large R,
V(Bg(po)) < ORI+ L,

Result then follows by choosing § > 0 small enough such that (14 )%l <[ +¢. O

Proof of Theorems[2(] and[21. By Proposition [, M has subquadratic volume growth.
Theorem [20| then follows from [24]. Theorem [21| is now a consequence of Corollary
By , we know that S satisfies . By Proposition |§|, S decays exponentially
and thus limsup rS = 0. O

T—00



Chapter 4

Curvature estimates and gap
theorems for expanding Ricci

solitons

The proofs in this chapter are based on [27].

4.1 Preliminaries

Let (M",g, f) be an n dimensional gradient expanding Ricci soliton, i.e.
. 2 1
Ric+ V*f = —59-

It generates a self similar solution to the Ricci flow. Indeed, let ¢ be the flow of the
vector field % with 1y being the identity map. We define ¢(t) := (1 +¢)1; g, then g(¢)
is a solution to the Ricci flow for ¢ € (—1,00) with ¢g(0) = g. The following equations

for gradient expanders are known (see [36], [90] and [49])

S+ Af= —g, (4.1)
S+IVIP?=~1, (4.2)
Asf=f-3 (4.3)

73
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AS = —S — 2|Ric|?, (4.4)
A¢Rij = —Rij — 2R R (4.5)
and
A/Rm = —Rm + Rm * Rm, (4.6)
where S is the scalar curvature and Ay := A — Vyy. We define a function v in the
following way:
n
== —f. 4.
vi=g —f (4.7)
From (4.2)) and (4.3), we have
Ayv =wv and (4.8)
S + |Vul? :v—g. (4.9)

By 1} and 1 , we have |Vv|? < v and |[VvVv + 0] < % for any ¢ > 0. Integrating

the inequality along minimizing geodesics and letting § — 0, we get
1
V1= Vol < Vo < or + olpo), (4.10)

where pg is a fixed point in M. Suppose that S is now non-negative. Then we have
by (4.2) that f < 0. Using strong minimum principle [53] and (4.4)), we conclude that
S >0 unless S =0 on M (i.e. flat, see [91]). Moreover v satisfies

v > (4.11)

n
5"
In general the scalar curvature may be negative, the lower bound of v (4.11)) is no longer

available. However, it is known that v is positive under some mild conditions (see [49]).

Lemma 12. Let (M™, g, f) be a complete noncompact expanding gradient Ricci soliton.
If Ric # —§ somewhere on M, then v >0 on M.

Proof. From (1.28) and (4.9)), we see that v > |Vv|? > 0. If v vanishes somewhere, then
by the strong minimum principle [53] and (4.8), v = 0. Hence Ric = —§ on M, which
is absurd. O

If lim, o f = —00, then Ric # —4§ somewhere and hence v > 0. The following



75

lemmas are immediate consequences of the computations by Deruelle [49]. We include

the calculations for the sake of completeness.

Lemma 13. Let (M", g, f) be an n dimensional complete gradient expanding Ricci

soliton and p € M. If v(p) > 0, then at p

Afyommy(vS) = —20|Ric]* — 2|V Inv|?vS. (4.12)

Proof. Using (4.4]) and (4.8),

Af(vS) = vArS+ SAfv+2(Vo,VS)
= v(—S —2[Ric*) + Sv + 2(Vv, V(vSv™))
= —2v|Ric]> 4+ 2(VInw, V(vS)) — 2|V Inv|?vS.

This completes the proof of the lemma. O
Lemma 14. Under the same assumption in Lemma[I3, then at p
Afiomo(eviv? 3e™) = e\}5v2nev{2\1/17 — (S + g)vlg + ;;Qf —9)
~(5+ Z)Ulg(g ~2) - S+(5-2(5 +1)5
~(5+ 55 D5 +1)5 — (25 +m)(5 —1)4.13)
1.7 1 1 7 1
+g[4 m] - E( g)[4 m]}

Consequently if M is noncompact and v — oo as r — 00, then near infinity

L o n _, A oon (1 1
Afiome(eViv? 3e7?) = eviv? 3e {(§+0(1))%—|—S(—1+0(1))}. (4.14)
Proof.
Ap?E = (2= D EA+ (5 - 2)(5 — Do E[Vof?

= (2- g)&—% + (g . 2)(% — 1)p> 5 |VInv|2
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By (4.9),
Aje™ = —e "Apv+e V|Vol?
= (Vo] —v)
= —(S+g)e
2(V(v?72),Ve ™) = 2(2— - )o'2|Vu]*(—e)
= 2(% — 2?5 eTV — (25 4+ n) (= — 2wl TEe ™
Af(v%%e Yy = e ”Aﬂﬂ*% +U27%Afefv +2(V(v?72),Ve™)
= (2= Dyrievy (g - 2)(% — 1% 5|V Inof?
—(S+ 5 Ee 2 — 2 B

On the other hand, by (4.9)

—2(VIno, V(v* 2e™")) = 2(*—2)v1‘%e_v<v77Vv>

= iV [2 — (28 +n)v !

+2(g - 2)|V1nv|2]
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Using (4.15)), we have

1 5 n _ 1 _n _ _n _
Af+21nv(e\/5v2 ze” V) = eﬁAlem,(vQ 2e “)—|—02 2 "Apiomo(eV?)

—(S+ TG -2 =S+ (5 -2+ 1|V Ino|?
—(QS—I—n)(g — Dot 4w %[2 + iv_é]
—v_g(S + g)[% + fv_%]}

1 n 1
= eﬁv2_5e_”{2\7 — (S + g)v_% + v_%(g -2)
5
2

~S+ G —2) - S+ (5 -2+ 1!

~(S+ )05 ~ (G + v = 28 +n)(5 — v
3.7 1 5 n, 7 1

wo b gt -l 1 D+ o)

We showed (4.13). We can then separate the terms with S from those without S in
R.H.S of (4.13) to get (4.14). O

4.2 Proof of Theorem [24]

With all the computations in the previous section, we are going to prove Theorem

Theorem. Let (M", g, f) be an n dimensional complete non-compact gradient expand-
ing Ricci soliton with n > 2. Suppose that lim,_,o f = —00 and (M, g) is not flat and

has non-negative scalar curvature S. Then there exists a positive constant C' such that

where v := 5 — f.

Proof. Since the scalar curvature S > 0 and v > 4, we have by (4.12)

Afiomy(vS) < 0. (4.16)
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Moreover by limy_,o v(z) = 0o and (4.14)), we see that outside a compact subset of M,

AJc+2lnv(e\1ﬁ7)27§eiv) = e\}EUQ26v{(2+0(1>)\/ﬂ+5(_1+0(1))}.

From the above equation,

1

Bl 1
AerQInv(e‘/EUZ

WG

Since v = § — f — 00 as 7 — 00, by taking a larger compact set if necessary, we may

n L n
T2 eviv?T2e™Y(

) —259). (4.17)

o
v

assume that
1

1
3> eviy
near infinity. Let Ry be a large positive number such that (4.16]), (4.17)) and (4.18]) hold

on M\ Bg,(po). Hence by S > 0 and (4.11]), there exists a constant b € (0,1) such that

[N

“3eV (4.18)

1 n
vS > beViv®"2e7Y on dBR,(po)- (4.19)

n

1
Let Q :=vS — bevev®~2e7?. It is not difficult to see that

liminf @ > 0.

=00

Fix any y in M \ Bg,(po) and any € > 0, there exists a large positive T > Ry such that
y € Br(po) and
Q > —e on 8BT(p0). (4.20)

Let © := Br(po) \ Br,(po) and z € Q such that Q attains its minimum over Q at z, i.e.

Q(z) = min Q.

Q

If z € 092, then by (4.19) and (4.20)), we have

Qly) = Qz) = —=.
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If z € 2, we have by (4.16)) and (4.17) that at z

0 < Afiomo@
= Apiame(0S) —bAs 2 mu(eVT v Be )
< _bAf-l-anv(e%lﬂ_%e_v)
< 2be%v2*%e*"(5— ! )

8v/v

Together with (4.18]), we know that at z

)

AV
oo

n
2—56—11

Vv
o
a

v

1 n
evVip?T2eY

S

>

)

ie. 0 < Q(z) < Q(y). Hence in any cases, Q(y) > —e. Result then follows by letting

€ — 0 and choosing a smaller b to make (2 > 0 on the entire M. O

4.3 Proof of Theorem [25

To prepare for the maximum principle argument, we first show that the scalar curvature

is negative in a gradient expander with nonpositive Ricci curvature.

Lemma 15. Let (M™, g, f) be a complete noncompact and nonflat expanding gradient
Ricci soliton with Ric < 0. Then S <0 on M.

Proof. Using Ric < 0, we have |Ric|?> < S? and by ({4.4)

AS —S — 2|Ric|?

> —(1+28)8.

We argue by contradiction. If S(z) = 0 for some z in M, then S attains its interior
maximum at z. By the strong maximum principle [53], S = 0 and hence by (4.4)
Ric = 0. From (1.8), —2V2f = g. g is flat by a result in [91], which is absurd. O

With Lemma we can finish the proof of Theorem
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Theorem. Let (M", g, f) be an n dimensional complete non-compact gradient expand-
ing Ricci soliton with n > 2. Suppose that lim,_,o, f = —00 and (M, g) is not flat and

has non-positive Ricci curvature. Then there is a positive constant C' such that

S < —Covlmze,

where v := 5 — f.

Proof. Using the discussion after the proof of Lemma [I2] we have v > 0 on M. By

@9,

[Vol?

VInov*v =
v

Ly
.,

- 1-

Using Ric < 0 and (4.12)), we see that |Ric|?> < S? and

Apiolmy(vS) > —205% — 2|V Inv|?vS

9 2

— o _og 4 M2 (4.21)

v

2
= S<—2+n+ 5 —2’05’).
From lim, o, v = oo and (4.14]), we see that
1 n 1 n 1 1
Af_,_mnv(e\%q)?*?efv) = 6\15112*56*”{(5 + 0(1))% + S( -1+ 0(1))}

> 0 (4.22)

near infinity. We now consider a large Ry such that on M \ Bgr,(po), v > 1 and (4.22))

are true, moreover the following hold:

-1+ 1
- 4.23
1-45 — 2 (423)
and
1 L n
52 eViviTze (4.24)
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For such Ry, there exists a positive constant « € (0, 1) such that

1 n
vS + aeviv? 2e7Y < 0 on OBg,(po). (4.25)

n

1
We define Q :=vS + aeviv? 2e V. Tt is easy to see that

limsup @ < 0.

r—00

For any y in M \ Bpg,(po) and any € > 0, there is a positive T' > Ry such that y €
BT(po) and
Q <eon aBT(po). (426)

Let Q := Br(po) \ Br,(po) and z € Q be a point where Q attains its maximum over €.
If z € 99, then by the boundary conditions (4.25)) and (4.26),

Qly) <Q(z) <e.

If z € Q, we have by (4.21)) and (4.22]) that at z

o
v

A]‘—&-21nv62

L — —
Afione(vS) + @A p oy (eVPv® 2e7")

> Apiome(vS)
28
> 5(—2+ "2 - s).
v
Together with S < 0, (4.23)) and (4.24)), at z
~14+2
vS < - LU
U2
1
< _Z
- 2
1 n
< evep?T2e?

—_— n
< —aeviviTze .

Hence Q(z) < 0 and result follows by letting ¢ — 0. O
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4.4 Proof of Theorem [26

Before moving to the proof of Theorem we recall the statement of the theorem:

Theorem. Let (M", g, f) be a complete noncompact gradient expanding Ricci soliton
with dimension n > 3. We denote the negative part of the scalar curvature S by S_,
i.e. S_:=(—=95)y :=max{—S5,0}. If S_ is integrable, that is,

/ S_dvg < 00, (4.27)
M

then either S > 0 everywhere or M is isometric to an FEinstein manifold with scalar

curvature —3 and finite volume.

Proof. W.IL..O.G., we may assume S < 0 somewhere and show that M is Einstein. We
are going to prove that M has constant scalar curvature —%5. By (4.4) and Cauchy

Schwarz inequality,

ApS = —S—2|Ric|?
< _s-Zg2
n

Let ¢ € (0, %), e € (0,1) and ¢ be any nonnegative compactly supported function, we
multiply the above inequality by (—S5)(S? + 6)57%¢2 > 0 and integrate the inequality

over M,
O+ D) = [ (942 base — [ (-8).(8*+0 LTS TS
M M
< [ ()-8 - 2SSt 4o e
M n
= [ 95 ZsH(s 4o e
{S<0} n

2
(5<0} 2

By [53], the weak derivative of (—S)4 is given by

V(=S)+ = xqs<pV(-9)
= _X{S<0}VS7
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where X(goy is the characteristic function of the set {S < 0} which is 1 on {S < 0}

and vanishes elsewhere. Using integration by part, we see that

(1)

— /(—S)+(52+s)5—éA5¢2
M
- / Xis<op(~ VS, VS)(S? + )5 — / Xis<op(—8)6A(V(S? + )1, VS)
M M

- /M Nis<0} (—5)26(V b, VS)(S? + £)° 3

Y

/ IVS[2(S2 + )0~z g% + (20 — 1)/ IVS[2(S2 + £)02 522
{S<0} {S<0}

- / 26|V ||V S|IS|(5% + 2)° 3
{S<0}

Y

26 IVS|2(S2 +¢) 292 — 5/ IVS|2(S2 + )2 ¢
{S<0} {S<0}
1

5 {S<0}
1
_ 5/ |VS|2(52+5)5—$¢2/ S2(S% 4+ £) |V,
{S<0} 0 J{s<o}

S2(S? + )03 |Vg|?

By (4.1) and integration by part again, we have

(I1)

. / (—8)4(S2 +£)* 3 (Vf, VS)g?
M

1 1
B 25+1/M<Vf’v(<—5)2++€)”2>¢2
S— g 2 . .
— iy [ ARESR i - 2 [ 6va (-8R + o
= ! - Stig2_ 2 2 5+1
= 51 PSR+t 2 [ owe (-9 +o

All in all, we have

< 5/ IVS2(S2 + £)7 29
{S<0}
2
LI 5282 4o dvep + / 6V, V1) (~9)2 + )P

g 2 2 2 5—1 2 1 / E _ 9 5+l )
+/{S<0}”S (S+2)(S Te)Te 20 + 1 M(S+2)(( S)i +e)Ten
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Using (=5)+ = —x{s<0}S, ¢ is compactly supported and Dominated Convergence

theorem, we may let ¢ — 0 and get

1 1 2 1
0 S / 52 5+§ v¢2+ / QZ)V(ZS,Vf S2 §+§
et 2 [ e e

2 n 1 1 n 1
+/ Z(S 4 =)(s? 5+§¢2 - / S 4+ —)(S? 5+§¢2
PRECERES ST g5+ 35

1 1 9 1
= _ 52 d0+5 \V4 2 v 7V 5’2 641
5/{s<0}( vl +2c5+1/{s<0}¢>< ¢, V)(57)
1 Ty (g2Y0+3 42
W] st

Sincen23and5<%,Wehave%—ﬁ<0andby 1)

1 2 Ny re2y6+1 12
< N _

IN

1 1 9 1
_ 52 d+35 \V4 2 v 7V 52 5+§' 198
5/{S<0}( )Vl +25+1/{S<0}¢)< ¢, V£)(57) (4.28)

Let R > 1 and ¢ : [0,00) — R be a smooth real valued function satisfying the
following: 0 <1 < 1,9’ <0,

and
10/ (t)| < ¢ for all t > 0.

We take the cut off function ¢(x) := w(r—;)), then

6= 1 on Bg(po)
0 on M\ Bar(po)
and |
P c
Vol = R < R XB2r\Br: (4.29)

where xp, .\ B, is the characteristic function of the set Bagr(po) \ Br(po) which is 1 on



86
Bsr(po) \ Br(po) and vanishes elsewhere. We have

1/ oot L 2 02n25/
- S 2|Vol* < ——— S
6 {S<o}( )Vl 4% R? {S<0}\BR| |
62n25
T SR? /M\BR(_S)+'
Since [Vf| < C(r +1) (see (4.10)),
2 / 264l 2cn? /
Vo, V)(S7) T2 < s S
26 +1 Jis<0) < /5% (26 +1)4° {S<0}\BR‘ |

20020

.
(20 +1)4° /M\BR
By (4.27)), we let R — oo and conclude by (4.28) that
/ (S + 1) (52)7+% — 0.
{s<0} 2
Hence we may apply (1.28) again to get

w+gx§w%50mqs<m.

From this we see that S = —% wherever {S < 0}. Since we assume that {S < 0} is
nonempty, we know by connectedness that S = —5. M is Einstein since
0 = A4S
= —S —2|Ric|?
25 S
= —22(5+2) = 2[Ric — 2g~
n 2 n
Finiteness of volume is a now consequence of (4.27)). O

4.5 Proof of the Theorems 28] and

In this section, we study the geometry of three dimensional gradient expander. For the

convenience of reader, we recall the statement of Theorem .
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Theorem. Let (M,g, f) be a 3 dimensional complete non-compact gradient expanding
Ricci soliton with bounded non-negative scalar curvature. Then the curvature tensor

Rm is bounded, moreover
|Rm| < ¢V/'S on M,

for some constant ¢ > 0.

Proof. Throughout this proof, we use ¢ to denote an absolute constant, its value may
be different from line by line. W.L.O.G, we may assume M is not flat, or else we have
nothing to prove. By the strong minimum principle and (4.4])), S is positive on M. Since

the Weyl tensor is zero in dimension three, it suffices to bound the Ricci tensor. By

%)

Af|Ric]* = 2|VRic|? + 2(Ric, A sRic)
= 2|VRic|® - 2|Ric|? — 4R;; R Ri (4.30)
> 2|VRic|? — 2|Ric|? — ¢|Ric|?,

for some absolute constant c. Using (|4.4]),

ApS™H = —ST2AS +287HVIn S
= —S7%(=S —2|Ric/*) +25 1 VIn S| (4.31)
= S 4257 Ric|* +25"HVIn S

Hence by Kato’s inequality, (4.30]) and (4.31]),

Af(STHRicl?)

STYAf|Ric)? + 2(VS™, V|Ric?) + [Ric]*ApS™!

257! |VRic|* — 287! |Ric|? — ¢S~ |Ric|?
—4871 |V In S||Ric||VRic| + S~ !Ric/|? (4.32)
+2572|Ric|* + 2571V In S| Ric/?.

v
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By completing square, we see that

2
257!|VRicl* — 451V In S|[Ric|| VRie| = 257! (|VRic| - |V In S| |Ric|)
—2571|VIn S|%|Ric|?
—2571 |V In S2|Ric|%

v

Af(STYRic*) > 2S7?Ric* — ¢STHRic|* — ST Ric|.

Let u := S~!|Ric|?, the above differential inequality can be rewritten as

Apu > 2u2—cS%u%—u
> u? —c(1+9u (4.33)
> u? — Col,

where c¢g is a positive constant depending on the global upper bound of the scalar
curvature. Let R > 1 and ¢ : [0,00) — R be a smooth real valued function satisfying
the following: 0 < <1, ¢’ <0,

and
[0 ()| + |¢'(t)| < ¢ for all t > 0.

We consider a function ¢(z) := w(r(}?

), then

1 on Bgr(po)
0 on M\ Bar(po)

-
I

and )
vol =< & (4.3
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Using the Laplacian comparison theorem (see Theorem 3.1 in [96] and Theorem [11]),
there exists a positive constant 5 (independent on R and x € M \ B;(po)) such that on

M\ Bi(po)

Agr(z) < %T(ﬂf) + . (4.35)
Hence
_ ¥ CANE
Af¢ = RAf?“—I- R2|V7"|
c c
> —E(RJF B) — P (4.36)
L1+
> R

Let G be ¢?u, we have by (4.33), (4.34) and (4.36)

P*N;G = ¢ Afu+4¢°(Vo, V($*ug?)) + (20459 + 2|Ve|H)G
> G%— oG +49(Vp,VG) + (20A ¢ — 6|Vo|H)G (4.37)
c(1+pB)
R

v

G* — (co+c+ )G +4¢(V ¢, VG).

Suppose G attains its maximum at g. If ¢ € B1(pg), then

G < G(q) < sup u,
Bi1(po)

R.H.S. is independent on R > 1. If ¢ € M \ Bi(po), then by the maximum principle, we

have by (4.37)),

0>G*(q) = (cotc+ 6(1;5))0(61)-

In either cases, we get the following bound for G:

1
G < sup u+co+c+c( +B),
B (po) r
1(po
result then follows by letting R — oo. O

For general gradient expander, the scalar curvature may be negative. Nonetheless,

Rm is still bounded if the scalar curvature is bounded.
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Theorem 35. Let (M3, g, f) be a 3 dimensional complete noncompact gradient expand-

ing Ricci soliton. Then there exist positive constant C1 and Cy such that on M
|Rm| < C1.5 + Co. (4.38)

In particular the curvature tensor is bounded If in addition the scalar curvature S is
bounded.

Proof. Since in dimension 3, the curvature tensor is controlled by the Ricci tensor, we
shall estimate the Ricci tensor. Using the computation (4.30) in the proof of Theorem
and Kato’s inequality, we have

A¢|Ric| > —|Ric| — ¢[Ric|?
for some absolute constant ¢ > 0 wherever |Ric| > 0. Hence by (4.4) and ([1.28)
As([Ric| — AS) > (24 — ¢)|Ric|* — |Ric| + AS

IRic|? — |Ric| + AS (4.39)

A
Ric|2 — [Ric| — 37

\%

v

for all large positive constant A. Let u := |Ric| — AS and G := ¢?u. For any R > 1, we

consider the cutoff function ¢(x) = w(L};C)) as in , and . Using

and (4.39), we compute directly as in (4.37)) on the set where G is positive to get

P*N;G = ¢*'Apu+46(V,VG) + (20416 — 6|V9|*)G
c(1+ )

> $*Apu—(c+ T)G +4¢(V,VG)
> ot apu— (et D mie - 2200+ T 4 agivs, vy
> ¢*Ric]” — (1+c+ 6(1; %)) g2 Ric| - %(1 e+t 0(1; P))

+4¢(Vo, VG),

where 3 is the positive constant in (4.35)). Suppose G attains its maximum at g. If



91

q € Bi(po), then

G < G(q) < sup (|Ric| + A[S]),
Bi(po)

R.H.S. is independent on R > 1. If ¢ € M \ By(pg), we may assume G(q) > 0. Hence
|Ric|(¢) > 0 and wu is smooth near ¢g. By the maximum principle, (1.28)) and (4.40)), we

have

G < G(9
= ¢*(g)|Ricl(q) — ¢*(9)AS(q)
. 3A
< ¢*()[Ricl(q) + =
c(1+48) \/3A c(1+p)y , 34
< 1+c—|—7R + 2<1+c+7R >+2.
Results follows by letting R — oo. O

To prove Theorem , we need to control the change in distance along the flow of
Vf. Recall that it is a result of Zhang [99] that the flow of V f exists for all time ¢ € R.

Lemma 16. Let (M", g, f) be an n dimensional complete gradient expanding Ricci
soliton and ¢ be the flow of V f with ¢g being the identity map. Then for any x € M
and s >0,

r(¢s(2)) < €2 (r(x) +2¢/v(po)), (4.41)
where v = § — f and po is the base point of the distance function r.

Proof. 1t follows from (4.10|) that
1
Vf < 5Tt v(po)- (4.42)

For simplicity, we denote r(¢s(x)) by rs, /v(po) by ¢1. By triangle inequality and
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(T.42),

IN

ro + /O |de(@)ldr

T's

ro+ /0 "V F(n(2))dr (4.43)

51
< 7”0+/ —r + c1drT.
0 2

Let w(s) :==ro+ f(f %TT + c1d7 4 2c¢1, the above inequality can be rewritten as

w' <

| 8

Integrating the inequality w.r.t. s, we have by (4.43)

IN

Ts w(s)

(NI

IN

e2(rp + 2¢1)

r(z) + 2+/v(po)).

(NI

(
:e(
t

Theorem is now a consequence of Theorem [35(and the following theorem. The
proof is motivated by the arguments in [45] and [81].

Theorem 36. Let (M", g, f) be an n dimensional complete noncompact gradient ex-

panding Ricci soliton with bounded curvature. If lim, o S(x) = 0, then
xll_}ngo | Ric|(z) = 0.

Proof. We argue by contradiction. Suppose the claim is not true. Then there exist a

sequence y € M — oo as k — oo and g¢ € (0, 1) such that for all k
Py, = |Ric(9)|(yx) > €o. (4.44)

Since |Rm| is assumed to be bounded on M, we see that the derivatives of Rm of any

orders are also bounded by the Shi’s derivative estimate (see [38]). For any nonnegative
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integer [, we may let L; := sup,,; |V'Rm(g)| < co. Let g(t) be the Ricci flow generated
by the soliton, i.e. g(t) = (1 + t)yfg for all t > —1, where 1), is the flow of the non-

autonomous vector field L with 1 being the identity map. We are going to rescale g(t)

jE=;
near yi. We consider the flow g(t) := Pkg(Pk) (P + t)¢*t g. Then all t € [-58, 55]

and z € M

1
Rm(ge(t))lgun(2) = p-[Rm((1+ ;k)ib*;lg)\mé)mg(@

k

— Rl ()

10
< —Lo.
980

Similarly for all the derivatives of the curvature Rm,

Ve Bm(gk()lg. 0 (2) = (Pe+ 1)V}, Rm(e %g)’gk(t)(z)
= (P +t)|vwlng(w%g)|gk(t)(z)

P
1 .
= ——— Vi, Rm(y*g)ly

q(2)

(Po+0)2 % e
1

- 7le :

(PH)HQ\ m(g >|g<w?k<z>>

10\ =7
(—) T L
980
For all £ € N, let ¢, : R — Ty, M (with metric g,(0)) be any linear isometry such

that ¢x(0) = 0 and Fy := expg’;(o) o 1}, where eXpyk( ) denotes the exponential map

w.r.t. gx(0) at yx. By Rauch comparison theorem, Fj is a local diffeomorphism on

{x e R" : |z| < %255}. By Hamilton compactness theorem (see [60], [36] and the
proof of Lemma 4.4 in [45]), there exist positive § (depending only on &g, Ly and n) and

subsequence k; such that as j — oo

(Bs(0), FY, g1, (1)) = (Bs(0), hool(1)) (4.45)

in Cfy, sense on B;s(0) x (=53, %), where B5(0) := {x € R" : |z| < ¢} and heo(?) is a

solution to the Ricci flow. Moreover, by the local smooth convergence of the metric, we
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have

Ricloe(0)) o o)(0) = i [Ric(gs, (0))]g ) ()
. L.
= Jim - [Rie(9)l o)
= lim 1
J]—00

= 1

Hence hoo(0) is not Ricci flat. We claim that heo(t) is scalar flat for all ¢ € (—$3,0]. We
first assume the claim and prove the theorem. By the evolution equation of the scalar

curvature along the Ricci flow (see [38])

) 0
2[Ric (oo (1)) () = 77 Shoo(t) = Dhec(tyShoc(t) = 0;

which is impossible. It remains to justify our claim, i.e. hoo(t) is scalar flat. For all

(2,t) € Bs(0) x (—735,0], the scalar curvature with respect to the metric h () satisfies
Shoony(2) = Jlggo SF;jgkj ) (2)
. 1
= lim =Sy, o(Fk;(2)) (4.46)

J

. 1
B TR A

By the assumption lim, ,~, S(z) = 0, we are done if lim;_, ¢%(ka (z)) = oo. Since
k.

J
T := d(yk, po) — 00 as k — oo, there is a Ny € N such that for all j > Ny,

10 )
>3 [ +2/0(p0)| + = (4.47)
We are going to show that for all j > Ny, z € Bs(0) and t € (—55,0]

d(wﬁ(ij(Z)%po) > Tk (4.48)

J

Assume by contradiction that it is not true. Then d(1) o (Fy,(2)),po0) < \/Tk; for some
k..

J
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Jj = No, z € Bs5(0) and t € (—5§,0]. We consider the flow ¢s of Vf with ¢g being the
identity map, it is related to 1, in the following way

wt = ¢ln(1+t) for all t > —1.

By Lemmaand ¢71n(1+ﬁ) Owﬁ (F,;(2)) = Fi; (2),
j j

1
A(Fiy(2),p0) € ——— [d(¥_ (Fiy (). 7o) + 2/0(p0)|
1+5)° £
J
10
< g [ /P + 2\/v(po)], (4.49)
we used pik > 1o 2 — 45 in the last inequality. By the definition of F}, := expgﬁ(o) oL,

dg, . (0)(Fr; (2), Uk;) = ) Py dg (Fiy (2), 9k;) < 0.

Furthermore by triangle inequality and (4.49)),

N
g P,

< \/?[ﬁ +2v/o(p0) |,

which is absurd by (4.44) and (4.47). We proved that (4.48) holds. Sj_ ) = 0 now
follows from (4.44]), (4.46) and (4.48).

Tk dg(Fr;(2), po)

O]

Proof of Theorem @): By Theorem M has bounded curvature. We then ap-
ply Theorem [36] to conclude that Ric — 0 as x — oco. Since the Weyl tensor is zero in

dimension 3, we have limgs |[Rm| = 0. O

Corollary [4] is a consequence of the following proposition and Theorem . The

proposition is known and we give a proof for the sake of completeness.
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Proposition 8. Let (M", g, f) be an n dimensional complete noncompact gradient ex-
panding Ricci soliton. If liminf, .., Ric > 0, then
4v(x)

xli{{olo 7’2($) B 17

where v =5 — f.

Proof. Tt can be seen from (4.10)) that lim, . :2((32) < %. Since liminf, .., Ric > 0, for

any small positive number €, 3 Ry > 1 such that on M \ Bg,(po)

Vi = -V*f
) 1
= Rlc+§g
1

(5 —€)g-

v

For any = in M \ Bg,(p,), consider a normalized minimizing geodesic 7 joining pg to z.

We integrate the above inequality along the geodesic to get

(V0,4 (2(6) ~ (Y0, 3) (1(Ro)) = (5~ )t~ o),

where t > Ry. By integrating the inequality w.r.t. ¢, we see that

1 ¢ .
o) o)) > (5 2)r(@) = Ro)? + (Yo, 4)(v(Ro))(r(z) — Ro)
1 ¢
> (3 - D))~ Ro)? — _sup_|Vol(r(x) — Ro).
BRO(po)
Hence it is clear that lim_, TZ((Q;)) > i—%. We let € — 0 and conclude that lim,_, ;Lg =

1.

O

Lemma 17. Let (M3, g, f) be a 3 dimensional complete non-compact gradient expanding

Ricci soliton. If li_>m r2(z)S(x) = 0, then li_)m r2(z)|Rm|(z) = 0.

Proof. By Theorem [2§|[2)), |[Rm| = o(1). Using local Shi’s estimate (see Lemma 2.6 in
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[49]), there exists a positive constant C such that for all p € M and R > 1

SUPBL(\B g (p) | V]2

IVRm|(p) < C sup |Rm| |1+ sup |Rm|+ 2 . (4.50)
Bn(p) Bn(p) R

Hence |[VRm| = o(1). By Corollary 4] ([4.2) and (4.10),
C7lr <|Vf| <Cr (4.51)

near infinity for some constant C' > 0. Let v := %. In dimension three, the Weyl
tensor vanishes and (see also [49])

S
—(9ij — 9iwgjv) — Ruvgij + Rjugiv + Rivgju. (4.52)

Rij = Ruijy + 5

To proceed, we need the following identity for gradient Ricci solitons which follows from
Ricci identity and ((1.8)):

Rijr — Rikj = Rrjafi (4.53)
By (4.51)), we see that
Ryji — Ry
Rijry = —Fo 4.54
" i (4:54)
= o(r ).

By -, It is now clear that [Rm| < ¢|Ric| = o(r~1). By (4.50)) and (4. 54[) again, we
have [VRm| = o(r~') and Rijr, = o(r™2). |Rm| = o( 2) then follows from O

Before we move on, let us recall some basic definitions:

Definition 2. ([92], [93]) An n dimensional complete Riemannian manifold M is
asymptotically flat if there exist Ry > 0, compact set K C M and diffeomophism
M\ K — R"\ {|z|] < Rp} such that in this coordinate

[2|P|gij — 0i5] + |2[*P]0gi;| + || 1P|0%gi5] < C as x — o0,

for some p > 22 and C > 0, where 0 denotes the partial derivative. We also require
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the scalar curvature S = O(|z|™?) for some ¢ > n.

Let X be any smooth n — 1 dimensional closed manifold with Riemannian metric
gx, C(X) is defined to be the cone over X, ie. {(t,w) :t > 0,w € X}. go and
V¢ denote the metric dt? + t2gx on C(X) and its Riemannian connection respectively.

B(o,R) C C(X) is the set given by {(t,w) : R > ¢t > 0,w € X}. With the above

preparations, we are going to prove Theorem [30}

Theorem. Let (M,g, f) be a 3 dimensional complete non-compact gradient expanding
Ricci soliton. Suppose that
lim r%(x)S(x) = 0.

T—00

Then M is isometric to R3.

Proof. By Theorem 1.3 in [49] and Lemma [17] the curvature tensor Rm satisfies
IV*Rm|, = O(vH%e*”) as r — oo, for any nonnegative integer k. (4.55)

Furthermore, M is smoothly asymptotic to a three dimensional cone at exponential
rate [49], i.e. there exist R > 0, compact set K in M, smooth closed surface X and
diffeomorphism ¢ : M \ K — C(X) \ B(o, R) such that for any nonnegative integer k

+2

IVE[(67) g — 90] lge (t,w) = O(* 3™ 7) as t — oo; (4.56)
n _ _ 2
E_Uo(b l(taw):fo¢ l(taw):_z+603 (457)

where ¢q is some constant. Hence the scalar curvature S is integrable and nonnegative
by Theorem Moreover, (C(X),gc) is Ricci flat [49] which implies that X has
constant Gauss curvature equal to 1. By or the proof of Theorem 3.2 in [49], X is
diffeomorphic to the level sets {—f = s} for all large s (see also [32]). Since S > 0, using
the results of Chen-Deruelle [32] and Munteanu-Wang [78], we see that M is connected
at infinity. Hence X is connected.

Case 1 M is orientable.

The level sets of f at infinity are orientable closed surfaces in M. Hence X is also
orientable and isometric to S?(1). As a result, C(X) is isometric to R3\ {0}. By
and , (M, g) is asymptotically flat and Og;; decay exponentially in ¢t = |z| with
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x € R3, in the standard coordinate of R3\ {0}, where O denotes the partial derivative.
The A.D.M. mass m vanishes since
3
1 9gij  0gi;

m = —— lim
327 t—oo || =t =1 6:1:2 a.rj

)%ddt —0, (4.58)

where doy is the volume element of the Euclidean sphere {|z| = ¢t} w.r.t. the Euclidean
metric. By the rigidity case of the positive mass theorem, M is isometric to R3 (see
[92], [71], [72], [93] and ref.therein).

Case 2 M is non-orientable.

We prove that it is impossible. Suppose on the contrary that M is non-orientable. Then
we consider m : N — M, the orientable double cover of M. With n*¢g and 7*f, N is
endowed with the structure of a complete expanding Ricci soliton. Moreover, Sy > 0
and limy_,oo 7% (y)Sn(y) = 0. By Case 1, N and thus M are flat. V?]f = —%g on M
and M is diffeomorphic to R3, contradicting to the non-orientability of M. O

4.6 Proof of Theorem

We start with an estimate on the potential function f under some growth conditions on

fand S.

Lemma 18. Let (M™, g, f) be an n dimensional complete noncompact gradient expand-

ing Ricci soliton. If f is proper, i.e. lim,_ o f = —00, and
) S
a = limsup — < 1, (4.59)
z—o0 U

where v =5 — f, then for any § € (0,1 — «) there exists a positive constant C' such that

or? r?
T—CT—CS—f§Z+CT+COHM- (4.60)

Remark 26. It can be seen from ([1.28]) and (4.9) that when f is proper, « is a real

number in [0, 1].

Proof. The upper bound of (4.60) follows from (4.10]) without any conditions on f and
S. For the lower bound, fix any 6 € (0,1 — ). We consider the flow G; of the vector
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field Y5 with G be the identity map, where v = 5 — f. The flow makes sense since

[Vol?

from () and (E59),

Vof?

AV
(o9 =4
<
—
|
|
=4
|
\

V
-

(4.61)

near infinity. Let p be a large constant such that the above inequality holds on {v > p}

and {v = p} is nonempty. It is not difficult to see that for all ¢ € {v > p}, there are
t >0 and z € {v = p} such that G¢(z) = ¢ and

v(g) —v(2)

Moreover, we have

We used (4.61)) in the second last inequality. By triangular inequality,

r(q)

IN

<

d(G1(2), 2)

|, e
o [Vul(G-(2))

t Vv
= /O<Vv,|vv|2>(GT(z))dT

= .

dr

t 1
/o Vu(Gr(2)) -5 - S

t 1
/0 \/5(T+p)d7—

2
%\/ v(q).

d(q7 Z) + sup d(7p0)

{v=p}

jg\/ v(q) + Ko,

dr
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where Ko = supy,—,; d(-,po). Hence near infinity,

6r2(q) ~ 0Kor(q) n SK?

y : : (4.62)

v(q) >

Using the above lemmas, We prove a lower bound for the scalar curvature.

Proposition 9. Let (M",g,f) be a complete noncompact expanding gradient Ricci

soliton with proper potential function f and dimension n > 2. If

liminf vS > 0, (4.63)

Tr—r00
then there exists a positive constant C such that
0<S+Cvli=2e™ on M, (4.64)

where v =5 — f.

Proof. Let u be —S. By (4.63),

lim sup vu < 0. (4.65)
T—r 00
From (4.4), we see that
Aju > —u. (4.66)

(4.64]) then follows from (4.65)), (4.66|) and the proof of Lemma 2.9 in [49]. We include

the details for the convenience of readers. The calculations were essentially done by
Deruelle [49]. By the properness of f, lim, ,o, v = oo and v > 1 outside some compact
subset of M. We claim that for any constant a > 4, there exist positive constants Ry

and b such that
Afiomo—san-1(e vuv) >0 on {u >0} \ Br,(po) and (4.67)

_b 9. n _
Afiotnyp—2a-1(€ w22 Y)Y <0on {u>0}\ Bg,(po). (4.68)
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We first assume the above inequalities and prove ([4.64]). There exists a positive constant
(8 such that

e vuy — ﬂe*%v%%e*” < 0 on 0BR,(po). (4.69)

Let Q := e vuv — ﬁe_%v2_%6_”. From lim, ,,, v = oo and , it is evident that
limsup, ., @ < 0. For any y € M \ Bg,(po) and € > 0, there exists T > Rp such that
y € Br(po) and

Q@ < € on OBr(po). (4.70)

We consider the open set €2 := Br(po) \ Br,(po)- Suppose Q attains its maximum over

QatzEQIsz(?chenbyand.Q ) <e. If z € Q, we show
that Q(z) < 0. Suppose on the contrary that Q(z) > 0. Then we know that u(z) > 0

and by (L.67) and (08) at 2,

o
v

Afiomy—2a01Q
_a b 9_n
Af—|—21nv—2¢w*1 (e qu) BAf+2lnv 2av~ 1(6 vut2e v)

v

_b o n _
_ﬁAf—l-anv—Qav*l(e UU 2e v)

0,

vV

which is impossible Hence, Q(z) < 0. In either cases, Q( ) < Q(z) < e. We then

obtain (4.64) by letting ¢ — 0. It remains to prove and - For ), by
and -, we have

Af(uwv) = vAju+uAsv+ 2(Vu, Vo)
> —uv +uv + 2(Vinv, V(vu)) — 2|V Inv*uv;

Ao (uv) > —2|VInv|?uv. (4.71)
For any a > 0, we compute directly using (4.8) as in Lemma 2.9 of [49] to get

_a G _a 4a  a?
Af+21r1ve vo= ;6 v+ ( - ’U3 7)‘VU‘2€ v, (472)
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A straightforward calculation using (4.71)) and (4.72]) yields

Afiamo(e vuv) = e v Apiomy(w) + wwApypmee” s +2(Ve v, V(uw))

4a  a® _a
i ¥)|VU\26 v U

v

—2|VInov|e v uv + e tuw + (-
v

+2(Ve v, V(uv))
. a o\ _a 4a  a® 9 _a
= (;—2|V1nv| Je vuv + (—ﬁ+v—4)|Vz}\ e vuv
-1 _a 2a? 9 _a
—2a(Vv~ ", V(e vuv)) — F]Vu] e vuv

. a o\ _a 4a  a? 9 _a
= (572|V1nv| Je vuv — (E+ﬁ)|V1}| e vuv
—2a(Vo™!, V(e v uw)).
Hence we have
4a 2

_a a _a a _a
Afiomy—2a0-1(€ vuv) > (; —2|VInv|?)e vuv — (1173 + vj)\VvPe VU,
On the set where u is nonnegative and for a > 4, we may simplify the above inequality
by [Vv|? <w

vV
Q)
|
e
<
S
|

_a
Af—|-2 Inv—2av—1 (6 Y uv)

AV
\
[@)

|
<
<
[

> 0

near infinity. We proved the inequality (4.67). For (4.68)), by |Vv|? < v, (4.9), (1.28)
and previous computation (4.15)),

Afiomo(®? Be?) = 02_%6_1)[*S+(g72)(g+1)|V1nv|2

(25 + n)(g - 1)u—1]

IN

9_n _y n n _1]
R L [
v<2e [ S |2 |(2 v
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n Vinv[?2 ,_ » N
20(Vo L, V(v* 2e™")) = a(n— 4)ﬂv27567” + 2a|VInv*v* 27

v

n — 4 2

< B [‘”“ 4, 2a),
[ v
Hence
n n C’
Af—i-? Inv—2av—1 (02_56_0) < v 2eY [ -S+ 70} )

where Cy = Cp(a,n) is a positive constant depending on a and n. Using (4.63)), we have

vS > —1 near infinity. We can rewrite the above inequality as
Af—i—21r111—2av—1(7)27%671}) < 011}17%671)7 (473)
where C1 = C}(a,n) is a positive constant depending on a and n. For any b > 0,
b

2a<Vv_1,Ve_%> = —2ab|V Inv|?v2e v, (4.74)

By (4.72) and |Vv|? < v,

b _bTb 4b b? _
Afiolmp—sap-1€ v = € v Lt (— i F)]VMZ — 2ab|V Inv|*v 2
b[b b2
< e [2+ ZIvel?] 4.75
< 2+ Divel (4.75)
< o1 b b2}
< e+ sl
It follows from (|4.9)) that
2<V(’U2_%€_U),V6_%> = 2bv_26_%|Vv\2(2—g)vl_%e_”
+2bv_26_%]Vv]2(—e_”)v2_%
= 2bv 2 v |Vol2(2 - g)ul—%e—v (4.76)
—beefgefvzﬂ n b(ZSQ—I-n) b v 22
v v
< 2w b2S5+n+in—4]) b 22

v v?2
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Using (4.73), (4.75) and (4.76)), on the set where u is nonnegative (i.e. S <0),

b n b n
-2 2—5 -V —= 2—5 —v
At iomo—2av-1(€ 007 2e7") = € v Ap o120 (07 2€7Y)

9N _y _b
2e Af—|-21nfu—2av*1€ v

F2V(02 5e?), Ve v)

+v

n
275671)

IN

Cr v 92— _y b b? _0
—e vvT 2e —f—{f—i——g]e vy
v v

2b b _ b(2S +n+|n—4|)
——e ve 5

% v
Ci—-b C
Azl 7,

v v2

’U,UQ—% + 2—3

b
e ve v

b
< 675'027%67”{

where Cy = Cs(b,n) is positive and depends on b and n. We choose b = C; + 2, then

_b g n _ _b 9. mn _ 2 Cy
Af—&-21nv—2av*1(e vyt 2€ v) < e vvT ze U|:_;+F
1 b n
< —Zewv?Tze™?
v
< 0

near infinity. We showed (4.68) and completed the proof of the proposition. O

With the above preparation, we give a proof for Theorem

Proof of Theorem [27: From (4.10]), we see that (4.63]) holds. By Proposition |§|, the

negative part of the scalar curvature S_ satisfies
0<S_ <Cv' %2e?on M,

for some constant C' > 0. Using Lemma we have v ~ r2. Hence there exists § > 0
such that
S_ < Ce . (4.77)

By (4.10) and Theorem 1.1 in [79], there exists a positive constant C' such that for all
R>0
Voly(Br(py)) < CeV™ 11,
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where Vol,(Br(po)) is the volume of the geodesic ball Br(pg). It implies that

/S_<oo.
M

The nonnegativity of the scalar curvature is a consequence of liminf, .. r2S > 0 and

Theorem 261 O

4.7 Proof of theorem 29

It was observed by Munteanu-Wang [80] that in four dimensional gradient Ricci soliton,

the Riemann curvature Rm can be bounded by Ric and VRic:

Lemma 19. [80] Let (M*, g, f) be a four dimensional gradient Ricci soliton. There
exists a universal positive constant Ag such that if Vf #0 at ¢ € M, then at g

]VR@'C\)
IVE
Please see [80], [25] and Lemma [2| for a proof of Lemma To prove that the

curvature tensor is bounded, we first give estimate on the Ricci tensor.

|Rm| < Ay (|Ric! + (4.78)

Theorem 37. Let (M*,g, f) be a 4 dimensional complete noncompact expanding gradi-
ent Ricci soliton. Suppose that it has bounded scalar curvature and f — —o0 as x — oo.

Then the Ricct tensor Ric is bounded.

Proof. Let L := supy, |S| < co. If L =0, then by (4.4) M is Ricci flat and we are done
with the proof. We may assume L > 0 and introduce the function F'(S) := (S+3L)"% >
0, where a > 0. We see that

T (4.79)

and
VF = —a(S+3L)""'VS. (4.80)

By (4.4)

>
~

B!

I

—a(S+3L)" " tArS +a(a+1)(S+3L) " 4VS|?
= a(S+3L)""1(S +2Ric]?) +ala+ 1)(S+3L)*2|VS|%.  (4.81)
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Whenever Vf # 0, we compute directly using (4.5 and get

Af|Ric|> = 2|VRic|* + 2(Ric, AsRic)

> 2|VRic|? — 2|Ric|?> — 4|Ric|*|Rm|
|VRic]|

> 2|VRic|? — 2|Ric|? — 44¢|Ric|® — 44¢|Ric|? /] (4.82)
4A2 :o4
> |VRic|? - 2[Ric|? — 44,|Ric|® — |0v|?|1§|.

It is not difficult to see from Cauchy Schwarz inequality, (4.81)), (4.82)) and (4.79) that

Af(F[Ricl*) = FAyRic]* + 2(VF, V|Ric|?) + [Ric[*’A;F
FA|Ric|? — 4|F'||VS||Ric||VRic| + |Ric[*A; F

A\

-2 o (F)? 2|2
FAy|Ricl]” — F|VRic| _4T|VS| |Ric]|
'HRiC‘QAfF

A\

A\

FAy|Ric|? — F|VRic|* — 4(?2 |V S)?|Ric|?

+a(S +3L) " 1(S + 2|Ric|*)|Ric|?

+a(a+ 1)(S + 3L)"*2|VS|?|Ric|?

= FA;[Ric]® — F|VRic|> — 4a*(S + 3L) 2|V S|*[Ric|?
+a(S + 3L)7*71(S + 2|Ric|?)|Ric|?

+a(a+ 1)(S + 3L)"*2|VS|?|Ric|?
4A3F|Ric|*
IVfI?

v

—(2+ %)F|Ric]2 — 44 F|Ric|? —
+2a(S + 3L)" ' F?|Ric|*
+a(1 — 3a)(S + 3L)"*%|VS|*|Ric|*.

We may take a = % and consider the function w := F|Ric|?, then the above inequalities

can be rewritten as

2 4A2
Armw > (ZF? — 0
fw—(s FIVfP2

1
>w2 - 4A0F*%wg — gw.

By 4.2), [VfI? = —f -S> —f — L — oo. Using (4.79), we have outside a compact
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set,
4 1
1 43 A%L3s 1
Apw > ( — — ’ 023) 4A0F_§wg——3w
2s53L5 |V 6
s 13
> Sw? — 4A0F*%w% — Ew.

6L3

It is easy to see that the differential inequality of w resembles the one of w in (4.33).
Hence a similar cut off function argument as in the proof of Theorem and the
Laplacian comparison theorem (4.35)) (see [96] and Theorem yields the boundedness
of w. O

Theorem [29)is now a consequence of the following theorem. The proof of the theorem
is essentially due to Munteanu-Wang [80] and Cao-Cui [2I]. We shall only give a sketch
of the proof.

Theorem 38. Let (M*, g, f) be a 4 dimensional complete noncompact expanding gradi-
ent Ricci soliton. Suppose that it has bounded Ricci curvature and f — —oo as x — o0.

Then the curvature tensor Rm is bounded

Proof. Throughout this proof, we use ¢y to denote some constants depending on the
global upper bound of |Ric| and Ay in Lemma its value may be different from line
by line. Since |[Vf|? = —f — S — 00 as & — oo, we have by Lemma [19]

1
|VRic|? > 2A2\Rm|2 |Ric|?

> |R1rn|2

2A2

outside a compact subset of M. Moreover by (4.82)

Af|Ric/* > |VRic|? — ¢
1

> —|Rm|? — ¢

2A3
> 4 .
> 4A2(|Rm| + \|Ric|?)? — 2A2 ]Rlc\ (4.83)
> LR+ ARicR)? - X
= 1m 1C co — Cp,

4A2 242
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where A is any non-negative constant. We apply (4.6) and get

AfRm[*> = 2|VRm/|? + 2(Rm, A;Rm)
> 2|VRm|*> — 2|Rm|? — ¢/[Rm|?,

where c¢ is an absolute constant. By Kato’s inequality,
Af|Rm| > —|Rm| — ¢/Rm/?

on the set where |Rm| > 0. Using (4.83)), we see that for all A > 0,

Vel ¢) (JRm| + A[Ric|*)” — [Rm| — ——5co — co.
0

Ay (R + MRicf?) > ( o
0

Let W := |Rm| + A|Ric|?, we may rewrite the above inequality as

A\ ) pt
W > (o W2 W — 2o — oA
AWz (1 ) 2420
3
> |/]/2_|/]/_7 —
- ZA%CO coA

for all sufficiently large A. Similar argument as in the proofs of Theorems and
gives the boundedness of W. O
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