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Abstract

The growing adoption of autonomous mobile robots underscores the need for reliable

and resilient motion planning and control across diverse applications, ranging from ware-

house automation to aerial surveying. Meeting complex, often time-sensitive objectives

demands advanced motion planning techniques. In this regard, temporal logics, such as

Signal Temporal Logic (STL), serve as rigorous and compact frameworks for encoding

mission specifications, encompassing logical, spatial, and temporal constraints. How-

ever, designing control algorithms that fully satisfy these specifications—particularly

in scenarios requiring multi-agent collaboration, resilience to unforeseen events, and

real-time decision-making—presents significant challenges.

This dissertation tackles these challenges through three primary objectives. First,

it investigates scalable frameworks for multi-agent systems to fulfill collective temporal

logic specifications, including preemptable tasks agents can complete asynchronously.

It combines sampling-based trajectory generation (e.g., RRT*) with mixed-integer pro-

gramming (MIP), to address missions involving heterogeneous agents. Second, it ex-

plores resilient motion planning strategies, introducing a quantitative metric to minimize

specification violations when constraints are breached. This metric captures cumulative

task relaxation, allowing structural adjustments in STL specifications, such as modify-

ing task time intervals or removing tasks when necessary. Lastly, the dissertation ad-

dresses real-time STL-based planning for missions requiring fast decision-making, such

as completing tasks defined on noncooperative targets, by constructing control barrier

functions (CBFs) based on the robots’ actuation limits and an optimized sequence of

STL tasks. The proposed frameworks and algorithms are validated through theoretical

analyses, simulations, and experiments, demonstrating their scalability and effectiveness

in complex robotic applications.

Through these contributions, this work advances temporal logic-based control, en-

hancing STL’s applicability to resilient and real-time motion planning. It provides es-

sential insights and tools for mobile robots capable of autonomous operation in evolving

environments with intricate mission requirements.
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Chapter 1

Introduction

The availability of inexpensive mobile robots with advanced sensing, communication,

and computation capabilities has significantly expanded the application areas of au-

tonomous robotic systems. Consequently, it is now possible to deploy such systems to

dull, dirty, and dangerous duties instead of human beings in areas such as warehouse

servicing, automated manufacturing, and transportation, to name a few. Moreover,

aerial robotics, including unmanned aerial vehicles (UAVs) or drones, is also a rapidly

growing field with many applications, from search and rescue to mapping and delivery.

For an autonomous robot to operate independently, designers must ensure some

guarantees on the motion planning and control of the vehicle. First, it must oper-

ate safely both for itself and for the environment. Moreover, it must meet predefined

performance criteria regarding its assigned mission. While safety and performance re-

quirements may conflict with each other, a common approach is to ensure safety with

a compromise on performance when necessary. These considerations can be formulated

as an optimization problem, i.e., maximizing the performance, subject to safety con-

straints. For example, a drone may need to deliver a package, consuming as little fuel as

possible. However, it must also avoid collisions; hence, it may be required to stay away

from tall buildings. Therefore, avoiding cluttered areas might be a better trajectory

with the cost of additional fuel consumption.

While algebraic functions can be effectively used to express tasks such as reach-

and-avoid missions, it becomes harder to satisfy mission specifications as they get more

1
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complicated with explicit space and time constraints. For instance, a drone may be

assigned to periodically visit regions of interest in a specific order (persistence and

precedence), taking high-resolution images if an intruder is detected (response) while not

running out of energy and avoiding no-fly zones (safety). Moreover, the drone may be

asked to pick up the package from any one of multiple warehouse locations redundantly

and deliver it before a specified deadline. It may also be assigned secondary tasks such as

frequently communicating its observations (e.g., monitoring traffic on its route). Some

secondary tasks might be crucial. For example, the drone may have to keep visiting one

of the charging stations every two hours to ensure continuity of operation.

Such intricate robotic tasks, encompassing logical, spatial, and temporal require-

ments with complex and time-dependent properties and behaviors, can be expressed by

temporal logic (TL) specifications [1]. Temporal logic is a helpful mathematical frame-

work for robotic systems that allows for the precise specification of the desired robot

trajectories and the fulfillment of complex high-level specifications. This capability is of-

ten essential in motion planning and control of robotic systems deployed in a wide range

of applications such as surveillance/reconnaissance, warehousing, autonomous driving,

and precision agriculture. For example, Linear Temporal Logic (LTL) [2] has been ex-

tensively used in planning and control of autonomous robots (e.g., [3–11]). Moreover,

several other temporal-logic-based studies investigate the generation of motion plans

ensuring satisfaction of various temporal logic specifications (e.g., [12–22]).

Temporal logics such as Metric Temporal Logic (MTL) [23], Metric Interval Tem-

poral Logic (MTL) [24], and Signal Temporal Logic (STL) [25], [26] are expressive

specification languages that can define signal properties with explicit space and time

parameters. In particular, STL can define properties of dense-time real-valued signals.

Different than the existing temporal logics, STL also allows for predicates in the form

of inequalities and is endowed with a robustness metric that can quantify how well a

signal satisfies a specification [26]. The STL robustness metric not only gives a yes/no

answer but also provides a real value that quantifies the degree of satisfaction. For

example, a large positive robustness value implies a robust satisfaction of the specifica-

tion whereas a large negative value means an utter failure. Such a metric also enables

formulating an optimization problem that solves for a trajectory satisfying the temporal

logic specifications (e.g., [4, 14,17,27]).
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Control synthesis under the STL constraints has been broadly studied, and var-

ious methods have been proposed such as mixed-integer encoding of specifications

(e.g., [14, 16, 28, 29]), nonlinear program solutions using smooth approximations of

STL robustness metrics (e.g., [27,30–33]), or hierarchically employing both approaches

(e.g., [34]). Alternatively, more time-efficient methods such as control barrier functions

are also proposed to achieve such specifications [22, 35]. Although called “STL control

synthesis,” the aforementioned methods tackle the motion planning and control prob-

lems simultaneously, aiming to find state trajectories that satisfy an STL specification

and the control inputs that realize these trajectories.

This dissertation addresses the satisfaction of mission requirements, expressed as

Signal Temporal Logic specifications, by developing motion planning and control meth-

ods for autonomous mobile robots, while ensuring safety and performance guarantees.

In particular, this work extends the expressiveness and capabilities of STL by addressing

its application to motion planning and control in complex scenarios, ranging from coop-

erative multi-agent settings and real-time applicability of STL specifications to resilient

operation in dynamic environments with changing conditions.

1.1 Motivation

Among the many challenges faced by robotics applications, three major topics that this

dissertation research is related to and have received significant attention in recent years

are multi-agent coordination, resilient motion planning, and real-time decision-making.

First, in the scope of this dissertation, multi-agent coordination refers to the coordina-

tion and control of multiple robots collaborating to achieve a common goal. Second,

resilient motion planning refers to the ability of the system to continue functioning in

the face of unexpected or adverse conditions, such as equipment failures or unforeseen

environmental changes. Finally, real-time decision-making is the ability of the system

to respond quickly and accurately to changes in its environment, requiring computa-

tionally efficient online motion planning and control methods. These three topics are

essential to ensuring robotic systems’ safety, reliability, and high performance in various

real-world scenarios.
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Multi-agent systems are useful in many ways, such as task allocation yielding shorter

mission completion times, coordinated task execution, and resilience to agent loss. Sev-

eral multi-agent applications utilize temporal logic to incorporate safety and collabora-

tion constraints. However, the existing research is somehow limited when it comes to

heterogeneous robots with different dynamic properties and capabilities. For example,

one ground robot, which can measure temperature, may be needed in a particular area,

while at least three drones equipped with cameras might be required to complete a map-

ping task on time. An approach addressing this issue could allow for the deployment of

certain numbers of heterogeneous agents from different teams with specific capabilities

via temporal logic specifications. Moreover, such a solution would enable robots to give

preemptable services that different agents can do at separate times. In other words,

after one agent starts it, another agent can continue the task without an additional

cost. For instance, one may require a specific number of temperature readings from

a region. This can be met cumulatively by the agents equipped with a thermometer.

However, while drones can do that faster, ground robots consume less energy. An opti-

mal solution, both in time and energy, may include using a combination of drones and

ground robots. Finding such a solution is an NP-hard problem as there are arbitrarily

many ways of achieving such tasks with numerous combinations of particular agents,

especially when there are too many robots. Therefore, the solution should scale well

with the increasing number of agents. We address these concerns in this dissertation

Robotic systems, whether multi- or single-agent, are often deployed in challenging

environments, such as industrial settings, disaster response, or space exploration. In

such real-world applications, autonomous robots operate under various disturbances

(e.g., internal, external, human-triggered), and there might be cases where the desired

mission specification becomes unsatisfiable. In such cases, resilient motion planning

and control are required to search for trajectories, resulting in minimal violations of the

original specification. In general, resilience in robotic systems refers to the ability of the

system to continue functioning in the face of unexpected or adverse conditions.

A resilient system can detect and recover from failures or disturbances and continue

to perform its intended tasks, thus providing continuity of operation and minimizing

the impact of failures. One common way of achieving resilience in motion planning with

temporal logic specifications is by relaxing the spatial requirements of the specification,
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such as dropping a package half a meter away from the desired location. On the other

hand, relaxing deadlines by strictly enforcing task locations has not been investigated

much. However, applications such as robot arms picking up objects precisely from

fixed locations would benefit from it. A reactive method can be proposed for satisfying

temporal logic specifications by robot trajectories with minimal relaxation of deadlines

or other time constraints in the face of inevitable failures due to actuator limits or

dynamic obstacles. User preferences can also be considered when prioritizing tasks over

others when deciding what to compromise in the face of such events.

Besides the high number of robots and dynamic environments, many other aspects

also make the generation of satisfactory robot trajectories harder, e.g., more obstacles

to avoid and targets to visit or longer mission durations. The harder the problem gets,

the longer it takes to obtain the solution. This may dictate the generation of trajectories

beforehand in an offline fashion without being able to react to unforeseen events during

the actual mission. However, robotic systems are inherently real-time systems. As they

interact with the physical world, they must react to their environment, preferably fast.

In many cases, robotic systems are used in environments where a delay in response

could have serious consequences, such as in industrial automation and search-and-rescue

operations. In such scenarios, real-time and reactive performance is crucial for the safety

and effectiveness of the system. Real-time decision-making is particularly important for

autonomous systems because it ensures quick and accurate responses to environmental

changes without compromising the mission’s overall success.

For generating satisfactory robot trajectories in real time, existing work is somehow

restricted to limited families of mission specifications, such as not allowing for repetitive

tasks or the inability to satisfy tasks with overlapping time intervals. One approach to

enhance the spectrum of specifications achieved in real time could be the generation of

a feasible sequence of reach-and-avoid tasks and executing that sequence in real time

with potential modifications or corrections. This involves the sequential solution of

simple optimization problems over time after the feasible scheduling of tasks, which can

result in achieving a broader family of temporal logic specifications in real time and in

a computationally efficient manner. With this capability, it would be possible to define

tasks over dynamic and noncooperative targets whose future trajectories are not known

to the controlled robot.
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1.2 Primary Research Questions

Temporal Logic, particularly Signal Temporal Logic (STL), provides a versatile frame-

work for expressing a wide array of specifications over real-valued signals. This includes

the ability to define thresholds on signal values within specific time intervals. How-

ever, there might be cases when cumulative or transitional values over a signal hold

more significance than the satisfaction of instantaneous thresholds. For instance, con-

sider the specification “robot A needs to visit region X within a minute.” This can be

readily captured by an existing temporal logic specification, which mandates the robot

to enter the region at any given instant within the allowed time frame. Now suppose

it is desired to satisfy “the region X has to be visited a total of 10 times within an

hour.” This specification introduces a “preemptable task” that can be interrupted and

resumed later—a nontrivial notion to express and synthesize effectively. Furthermore,

in a multi-agent setting, different agents can contribute to the same preemptable task.

Although algebraic functions can somehow define such cumulative tasks, they become

much more complicated when they are combined with temporal logic constraints that

reflect additional temporal, logical, and spatial requirements. That said, the existing

temporal logic syntax might not suffice to express such tasks either. Therefore, a vi-

able control synthesis approach for managing these redundant mission tasks and the

ability to define them in combination with temporal logic specifications is not trivial.

Consequently, the first research question driving this dissertation emerges:

Research Question 1. How can we express preemptable tasks by temporal logic spec-

ifications with explicit deadlines? How can we design a scalable planning and control

framework for a heterogeneous multi-agent system that can ensure the satisfaction of

temporal logic specifications, including such preemptable tasks?

When designing robot trajectories governed by temporal logic specifications, achiev-

ing complete satisfaction in all aspects, including logical, temporal, and spatial require-

ments, may not always be feasible due to various factors, such as disturbances, dynamic

environments (e.g., moving targets or obstacles), or impractical specifications. In such

cases, an alternative objective could be to attain the specification with minimal viola-

tions. Deciding what to compromise reactively in the face of inevitable violations is a

critical consideration. It is essential to explicitly state which aspects of the resulting
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specification are realized, as opposed to the original one. While relaxing spatial require-

ments is a common approach in the face of failure, the nature of the mission may lead

users to prefer relaxing deadlines, allowing temporal deviations from the specification.

Moreover, for a more favorable cumulative outcome, specific tasks within the mission

can be entirely compromised, on top of relaxing certain temporal requirements. These

alternatives lead us to formulate the second research question guiding this study:

Research Question 2. How can we quantify the difference between the original and

relaxed specifications? How can we design a resilient control synthesis method that

minimally relaxes the temporal requirements of the original STL specification in the

face of infeasibilities?

Optimization-based control synthesis methods are powerful in the sense of providing

near-optimal solutions for trajectory planning. However, temporal logic specifications

can be intricate, encompassing temporal, spatial, and logical conditions. This complex-

ity engenders a large number of variables and parameters, particularly for extended

missions and complicated specifications. Consequently, real-time applicability becomes

compromised. Despite the complexity of the specifications, the resulting trajectories

that fulfill them can be depicted as several simple reach-and-avoid segments. This in-

sight has prompted significant research into iteratively applying basic reach-and-avoid

planning techniques to meet complex temporal logic specifications. While this approach

has shown promise, it falls short in comprehending the full spectrum of logical and

temporal connections that temporal logics can encapsulate, especially with dynamic

noncooperative targets. As a result, the last primary research question takes shape:

Research Question 3. How can we design real-time control synthesis methods that

ensure the satisfaction of time-varying STL specifications?

Answering these research questions will advance the theoretical understanding and

practical application of temporal logic in control synthesis and planning for autonomous

mobile robots.
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1.3 Dissertation Overview and Contributions

After the introduction, the dissertation continues with background information on Signal

Temporal Logic and some additional preliminaries (Chapter 2). The following four

chapters include the primary contributions of this dissertation (Chapters 3,4,5, and 6),

answering the research questions in Sec. 1.2. Each of these chapters also includes a

comprehensive literature review. Figure 1.1 shows the organization of the dissertation.

The research effort highlighted in this dissertation has yielded peer-reviewed publi-

cations or submitted for publication by the time of completion. In what follows, a brief

description of each chapter and its contributions are discussed.

Chapter 1

Introduction

Chapter 2

Background

Chapter 3

Enhancing the STL

Expressiveness

Chapter 4

Scalable Heterogeneous

Multi-Agent Systems

Chapter 5

Resilient

Motion Planning

Chapter 6

Real-Time

STL Control

Chapter 7

Conclusion &

Future Directions

Research

Question 1

Research

Question 2

Research

Question 3

Figure 1.1: Organization of the dissertation.
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Chapter 2: Background on Signal Temporal Logic (STL) is provided along with quan-

tification metrics it is endowed with and some other properties. Moreover, some pre-

liminaries on Graph Theory and Time-Varying Control Barrier Functions (TV-CBFs)

are also discussed, as they are significantly used in Chapters 4, 5, and 6.

Chapter 3: This chapter extends the expressiveness of STL by introducing predicates

that can define rich properties related to the integral and derivative of a signal. The

new predicates involve the signal values at different time steps to define cumulative and

relative specifications within desired intervals. The proposed predicates allow the local

and global signal/trajectory characteristics to be controlled extensively without losing

the existing STL capabilities. We also use these predicates for multi-agent settings in

Chapter 4 to address Research Question 1.

Neither the conventional STL nor other temporal logics can specify queries about

a cumulative success over the signal values. This is due to the lack of operators or

predicates with references to explicit time bounds encompassing cumulative progress.

We propose an enriched syntax to request a specific amount of progress in preemptable

and cumulative properties via temporal logic specifications, in addition to utilizing the

conventional STL. We also present a case study on the control of an autonomous robot

in two-dimensional continuous space showing how the new predicates can be used in

the design of the mission specifications more richly and expressively compared to the

conventional STL.

The chapter also offers mixed-integer encoding of the standard STL semantics and

that of new predicates. This mixed-integer encoding is also (partially) used for the STL

control synthesis in the form of a mixed-integer linear program (MILP) in Chapters 4

and 5 to find trajectories satisfying STL specifications.

The covered material is based on the following publication:

• A.T. Büyükkoçak, D. Aksaray, and Y. Yazıcıoğlu, “Control Synthesis using STL

Specifications with Integral and Derivative Predicates,” American Control Con-

ference (ACC) 2021, New Orleans, LA, 26-28 May 2021.
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Chapter 4: We address the problem of coordinating the trajectories of heterogeneous

multi-agent systems under spatio-temporal specifications. We use the new predicates

defined in Chapter 3 to express the number and type of agents that should be present

at specific locations within the desired time windows. Moreover, integral predicates are

used to specify cumulative progress that can be achieved asynchronously by multiple

agents, addressing Research Question 1.

To generate optimal trajectories, a mixed-integer linear program (MILP), the ob-

jective of which is to minimize the agent movement, is formulated. We also introduce

energy constraints and a hierarchical solution to the energy-aware coordination problem.

The agents are steered under stochastic energy consumption models, ensuring recharge

availability. Such stochastic energy dynamics cause deviations from the nominal plan

and delay the completion of tasks. Accordingly, a preliminary metric is defined to evalu-

ate the expected delay (temporal relaxation), which will be investigated rigorously later

in Chapter 5.

The approach we propose in this chapter allows for the definition of common ob-

jectives at the team level via integral predicates and the deployment of heterogeneous

agents with specific capabilities and unique dynamics via STL specifications, by com-

bining sampling-based trajectory generation (e.g., RRT∗) with MILP-based optimal

planning. We show how the proposed framework can be used in the planning of the

multi-agent trajectories more richly and expressively compared to the conventional STL

via two case studies with multiple agents that are heterogeneous in both dynamics and

capabilities (e.g., sensors and payload).

The covered material is based on the following publications:

• A.T. Büyükkoçak, D. Aksaray, and Y. Yazıcıoğlu, “Planning of Heterogeneous

Multi-Agent Systems under Signal Temporal Logic Specifications with Integral

Predicates,” IEEE Robotics and Automation Letters (RA-L), vol 6, no 2, 1375-1382,

2021.

• A.T. Büyükkoçak, D. Aksaray, and Y. Yazıcıoğlu, “Energy-aware Planning of

Heterogeneous Multi-Agent Systems for Serving Cooperative Tasks with Temporal

Logic Specifications,” International Conference on Intelligent Robots and Systems

(IROS) 2023, Detroit, MI, 1-5 October 2023.
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Chapter 5: In this chapter, Research Question 2 is addressed. We introduce a met-

ric that can quantify the temporal relaxation of STL specifications and facilitate re-

silient control synthesis in the face of infeasibilities. The proposed metric quantifies

a cumulative notion of relaxation among the tasks, and minimizing it yields structural

changes in the original STL specification by i) modifying time intervals and ii) removing

tasks entirely if needed. We also propose a reactive planning algorithm that generates

robot trajectories resilient to temporal violations. By monitoring the robot’s behav-

ior in real time, the system makes on-the-fly decisions when confronted with unforeseen

events—such as potential collisions or environmental changes necessitating task removal

or partial satisfaction—by initiating local corrections using control barrier functions or

replanning trajectories to minimize temporal violations.

This strategy is designed to prevent arbitrarily long delays in mission completion and

facilitate the satisfaction of the mission with minimal temporal relaxation. To ensure

this while maintaining spatial robustness, we introduce an efficient hierarchical two-fold

MILP-based optimization scheme that simultaneously minimizes temporal relaxation

and maximizes spatial robustness. Further computational efficiency is enabled by a

reduced number of optimization parameters, focusing on local and future variables, and

using fewer mixed-integer constraints.

Unlike existing literature, which focus on offline solutions and/or guaranteed satis-

faction without room for violation, our approach provides online, reactive planning that

continuously monitors and adjusts the robot’s trajectory as needed to minimize viola-

tions as per user preferences. We present theoretical results supporting our framework,

demonstrate its effectiveness through simulations with a mobile robot, and compare it

with existing metrics.

The covered material is based on the following publications:

• A.T. Büyükkoçak and D. Aksaray, “Temporal Relaxation of Signal Temporal Logic

Specifications for Resilient Control Synthesis,” IEEE Conference on Decision and

Control (CDC) 2022, Cancun, Mexico, 6-9 December 2022.

• A.T. Büyükkoçak and D. Aksaray, “Resilient Online Planning for Mobile Robots

with Minimal Relaxation of Signal Temporal Logic Specifications,” under review.
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Chapter 6: This chapter addresses the problem of planning trajectories of robotic

systems in real time which is highlighted in Research Question 3, satisfying STL spec-

ifications that contain dynamic targets (i.e., time-varying specifications). The main

challenge is making decisions in a way that the STL specification over the dynamic

non-cooperative targets is satisfied while the robot does not know how targets are mov-

ing. We propose control barrier functions (CBFs) that take into account the actuation

limits of the robots and a feasible sequence of STL tasks. We show the feasible se-

quence generation process that even includes the decomposition of periodic tasks and

alternative/redundant scenarios.

Over the obtained sequence, we construct sequential CBFs to account for the worst-

case bounds for target motions and achieve logical, temporal, and spatial requirements

associated with these targets. We guarantee the satisfaction of STL specifications de-

fined over the compact target sets if there is a feasible sequence over the convex under-

approximations of these sets. Under these assumptions, the target motion—whether

random, predefined, or adversarial—has no major effect on the success. Moreover, such

changes in the mission setting, along with the high number of targets, do not undermine

the real-time applicability.

We show theoretical results on the correctness of the proposed method. In particular,

the results highlight the i) relationship between the STL deadlines and feasibility of task

sequence, ii) effect of periodic task decomposition on sequence properties, iii) relation-

ship between (sub)sequence feasibility and CBF constraints, and iv) overall satisfaction

of STL specifications with the proposed framework. We also illustrate the benefits of

our method and analyze its performance via simulations and drone experiments.

The covered material is based on the following publications:

• A.T. Büyükkoçak, D. Aksaray, and Y. Yazıcıoğlu, “Control Barrier Functions with

Actuation Constraints under Signal Temporal Logic Specifications,” European

Control Conference (ECC) 2022, London, UK, 12-15 July 2022.

• A.T. Büyükkoçak, D. Aksaray, and Y. Yazıcıoğlu, “Sequential Control Barrier

Functions for Mobile Robots with Dynamic Temporal Logic Specifications,” Robotics

and Autonomous Systems, 176 (2024): 104681.

Chapter 7: The last chapter gives the conclusion of this dissertation and makes rec-

ommendations for future research, discussing some preliminary results.



Chapter 2

Background

This chapter provides preliminary concepts on Signal Temporal Logic (STL) in Sec. 2.2,

the basics of graph theory in Sec. 2.3, and the definition of control barrier functions,

particularly the time-varying ones in Sec. 2.4. The chapter starts with the notation

used throughout the dissertation.

2.1 Notation

In the following chapters, R and Z represent the sets of real and integer numbers, re-

spectively. More specifically, R≥0 (Z≥0) is the set of nonnegative real (integer) numbers,

and R+ (Z+) is the set of positive real (integer) numbers. While Rn is the set of all

n-dimensional vectors, Rm×n (Zm×n) denotes the set of all real (integer) valued m× n
matrices. The expression of 1m×1 is an m element column-vector of ones. For any

X ∈ Rm×n, ‖X‖1 denotes the element-wise absolute summation:

‖X‖1 :=
m∑
i=1

n∑
j=1

|Xi,j |,

where |Xi,j | is the absolute value of Xi,j . Operator | · | is also used to designate the

cardinality of a set. Moreover, the Euclidean norm is interchangeably represented by

the operators of ‖ · ‖ and ‖ · ‖2. A function’s right and left time derivatives are denoted

as d(·)/dt+ and d(·)/dt−, respectively.

13
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For any Y, Y ′ ∈ Rn, Y ≤ Y ′ (or Y < Y ′) denotes the element-wise inequalities, i.e.,

Yi ≤ Y ′i (or Yi < Y ′i ) for all i = 1, 2, . . . , n.

Let va,b be a vector defined via indices a ∈ A and b ∈ B with A,B ⊂ Z+ being

finite index sets, the set of all such vectors is designated as
⋃
a

⋃
b va,b = {va,b | a ∈

A, b ∈ B}. For x ∈ R, the operator (·)+ : R → R≥0 projects the expression as

(x)+ =

{
x, if x ≥ 0,

0, otherwise.

Floor and ceiling functions are designated by b·c and d·e, respectively. Minkowski

sum of two sets A,B ⊂ Z is denoted by ⊕ where A⊕B = {a+ b | a ∈ A, b ∈ B}. With

a slight abuse of notation, we also allow a⊕B = {a+ b | b ∈ B}.

2.2 Signal Temporal Logic

Signal Temporal Logic (STL) [25] can compactly express rich time series over various

signals. The signal can be comprised of spatial data or another mission-related quantity.

For example, STL can compactly and rigorously express mission requirements such as:

“A drone should be visiting region A within the first 30 seconds for at least 5 consecutive

seconds” and “another drone should be flying at most 5 meters away from the first one

while keeping visiting region B every 15 seconds.” STL is highly suitable to represent

single- or multi-agent mission specifications, including but not limited to coordination

constraints among the agents and other individual tasks with explicit deadlines. Syntax

of STL that is used to generate temporal logic specifications is given as follows:

φ ::= µ | ¬φ | φ1 ∧ φ2 | φ1U[t1,t2]φ2, (2.1)

where t1, t2 ∈ Z≥0 are discrete time bounds with t1 ≤ t2 < ∞; U[t1,t2], ¬, ∧ are until,

negation, and conjunction operators, respectively; φ is an STL specification, and µ is

a predicate in the inequality form such as µ := p(s) ∼ δ with a constant δ ∈ R, a

signal s : Z≥0 → Rn mapping each time instant t to a signal value, and a function

p : Rn → R where ∼∈ {≤,≥}. More operators are generated from the others as follows:

F[t1,t2]φ := ⊥U[t1,t2]φ is finally (i.e., eventually), G[t1,t2]φ := ¬F[t1,t2]¬φ is globally (i.e.,

always) operator, and φ1 ∨ φ2 := ¬(¬φ1 ∧ ¬φ2) is disjunction operator. An implication

operator can also be defined as φ1 ⇒ φ2 := ¬φ1 ∨ φ2.
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For the signal s representing the run of the system, we denote st as the value of s

at time t and (s, t) as the part of the signal that is a sequence of st′ for t′ ∈ [t,∞).

Satisfaction by the signal (s, t) is then determined as follows:

(s, t) |= µ⇐⇒ p(st) ∼ δ,

(s, t) |= ¬µ⇐⇒ ¬
(
(s, t) |= µ

)
,

(s, t) |= φ1 ∧ φ2 ⇐⇒ (s, t) |= φ1 and (s, t) |= φ2,

(s, t) |= φ1 ∨ φ2 ⇐⇒ (s, t) |= φ1 or (s, t) |= φ2,

(s, t) |= φ1U[t1,t2]φ2 ⇐⇒ ∃t′ ∈ [t+ t1, t+ t2], (s, t′) |= φ2 and ∀t′′ ∈ [t, t′], (s, t′′) |= φ1,

(s, t) |= G[t1,t2]φ⇐⇒ ∀ t′ ∈ [t+ t1, t+ t2], (s, t′) |= φ,

(s, t) |= F[t1,t2]φ⇐⇒ ∃ t′ ∈ [t+ t1, t+ t2], (s, t′) |= φ.

In English, while (s, t) |= F[t1,t2]φ implies that φ must hold at least in one time

instant between [t+ t1, t+ t2], (s, t) |= G[t1,t2]φ requires the satisfaction of φ at all time

instants within the same interval. On the other hand, (s, t) |= φ1U[t1,t2]φ2 means that

φ1 needs to hold until φ2 is becomes true which occurs eventually within [t+ t1, t+ t2].

Note that, in this dissertation, in case of a negation operator inside the predicates,

the associated predicate is converted to its negated version, e.g., ¬(p(s) ≥ δ) = p(s) < δ.

Any STL specification can be represented in negation-free form (Positive Normal Form

(PNF) [36]).

Definition 2.2.1 (STL Horizon). The horizon of an STL specification φ, i.e., hrz(φ),

can be defined as the minimum time required to decide whether the specification is sat-

isfied or not [37]. Formally, hrz(φ) is inductively computed as below:

µ = p(s) ∼ δ =⇒ hrz(µ) := 0,

φ = ¬ϕ =⇒ hrz(φ) := hrz(ϕ),

φ =
m∧
i=1

ϕi or
m∨
i=1

ϕi =⇒ hrz(φ) := max
i∈{1,...,m}

hrz(ϕi),

φ = ϕ1U[t1,t2]ϕ2 =⇒ hrz(φ) := max
(
hrz(ϕ1) + t2, hrz(ϕ2) + t2

)
,

φ = G[t1,t2]ϕ or φ = F[t1,t2]ϕ =⇒ hrz(φ) := hrz(ϕ) + t2.

(2.2)



16

For instance, the specification G[0,7]F[0,3]x ≥ 0 has a horizon of 7 + 3 = 10, as

the last interval for the periodic satisfaction of x ≥ 0 becomes [7, 10]. Furthermore,

F[0,13]x ≥ 0 ∧ G[0,7]x ≥ 10 has a horizon of max(13, 7) = 13, as the STL task with the

longer horizon determines the horizon of the entire specification. In this dissertation,

the horizon of the mission is assumed to be equal to the horizon of the STL specification

as H = hrz(Φ). However, the actual mission horizon can be extended due to actual

requirements during the mission, such as the relaxation of STL specification deadlines.

Apart from other temporal logics most of which denote the satisfaction of a specifi-

cation as either True or False, STL is endowed with a metric called “space robustness”

that quantifies how well (or how bad) an STL specification is satisfied (or violated) by

measuring the distance to violation (or satisfaction).

Definition 2.2.2 (STL Space Robustness). Space robustness, ρ(s, φ, t) ∈ R, is a real-

valued function that is used to quantify the satisfaction of an STL specification φ with

respect to a signal (s, t). The space robustness metric can be formally and recursively

defined as follows [26]:

ρ(s, p(s) ≥ δ, t) := p(st)− δ,

ρ(s,¬(p(s) ≥ δ), t) := −ρ(s, p(s) ≥ δ, t),

ρ(s, φ1 ∧ φ2, t) := min
(
ρ(s, φ1, t), ρ(s, φ2, t)

)
,

ρ(s, φ1 ∨ φ2, t) := max
(
ρ(s, φ1, t), ρ(s, φ2, t)

)
,

ρ(s, φ1U[t1,t2]φ2, t) := max
t
′∈[t+t1,t+t2]

(
min

(
ρ(s, φ2, t

′), min
t′′∈[t,t′]

(ρ(s, φ1, t
′′)
))
,

ρ(s, F[t1,t2]φ, t) := max
t
′∈[t+t1,t+t2]

ρ(s, φ, t′),

ρ(s,G[t1,t2]φ, t) := min
t
′∈[t+t1,t+t2]

ρ(s, φ, t′).

(2.3)

While positive space robustness indicates the satisfaction of the specification φ (i.e.,

ρ(s, φ, t) > 0 ⇒ (s, t) |= φ), negative one represents violation (i.e., ρ(x, φ, t) < 0 ⇒
(s, t) 6|= φ). Although zero space robustness is generally considered inconclusive, we

consider this case to be satisfactory throughout this dissertation, i.e., ρ(s, φ, t) ≥ 0 ⇒
(s, t) |= φ. Note that the space robustness of an STL specification is calculated via

recursive min and max functions as shown in (2.3), which are piecewise linear, nons-

mooth, and nonconvex. Due to several potential local minimums and nonsmoothness,
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these functions can be difficult to handle in an optimization process [38], [14].

Example 2.2.1. Consider a signal s. Assume that we have some constraints on this

signal such that it needs to be always between 0.8 ≤ s ≤ 1.2 along a mission with the

horizon of 10 s. This specification is represented as an STL specification, ϕ1, in Fig. 2.1.

Note that this STL specification is violated since the signal is out of the desired region

for t ∈ (2, 5). Moreover, the space robustness is ρ(s, ϕ1, 0) = mint∈[0,10]

[
min

(
(1.2 −

st), (st − 0.8
)]
≈ −0.4 < 0 which is determined by the furthest distance to the boundary

(happening at t = 3). Now let another specification, ϕ2, be “eventually the signal

must satisfy s ≥ 1.2 for any two consecutive time units along a mission horizon of

10 s.” This requirement can be expressed with a combination of finally and globally

operators with the given predicate. As shown in Fig 2.1, the signal satisfies s ≥ 1.2 for

t ∈ [2, 5], which implies the satisfaction of the specification with a space robustness of

ρ(s, ϕ2, 0) = maxt∈[0,8]

(
mint′∈[t+0,t+2](st′ − 1.2)

)
≈ 0.13 ≥ 0.

Figure 2.1: Evolution of signal s (in blue) in time along with the linear constraints in red that constitute

the predicates of the STL specifications. While ϕ1 constrains s to stay between the bounds all the time

(violated), ϕ2 requires s ≥ 1.2 for at least two consecutive time units, which is achieved successfully.

A combination of multiple hyperplanes, e.g., the intersection of lines and the re-

spective linear inequalities (predicates), can be used in STL specifications to define a

requirement of being inside regions of interest. Let a region be bounded by the lines

of x = 1, x = 2, y = 3, and y = 4 forming a square. Then we can use conjunction to

define the region as

Region :=
(
x ≥ 1 ∧ x ≤ 2 ∧ y ≥ 3 ∧ y ≤ 4

)
. (2.4)
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Suppose that an agent has a specification of φ1 := G[0,τ ]

(
Region

)
; this would require

the agent to stay inside the region, i.e., satisfy the inequalities in (2.4), for all the time

instants between t = 0 and t = τ . Now going further, let another specification be defined

as φ2 := F[0,T ]φ1, i.e., φ2 = F[0,T ]G[0,τ ]

(
Region

)
. This requires the agent to visit region

A for τ consecutive seconds starting at any time between t = 0 and t = T . The horizon

of such a specification would be hrz(φ2) = T + τ which is mainly the time required

to decide whether the specification is satisfied or violated [37]. In many applications

of cyber-physical systems, more than one region of interest is tried to be serviced.

Assuming we have three regions of interest, namely A, B, and C with the respective

servicing requirements, one compact STL specification to represent all spatio-temporal

goals can be defined by the conjunction operators as

φ := F[0,T ]G[0,τ1]

(
Region A

)
∧ F[0,T ]G[0,τ2]

(
Region B

)
∧ F[0,T ]G[0,τ3]

(
Region C

)
.

Definition 2.2.3 (STL Time Robustness). Right (+) and left (-) time robustness of an

STL specification quantifies how much the signal s can be shifted either right or left in

time so that the specification is still satisfied. The time robustness of s with respect to

a predicate µ can be computed as [26]:

θ+(s, µ, t) := X (µ, t) ·max
{
d ≥ 0 s.t. ∀t′ ∈ [t, t+ d],X (µ, t′) = X (µ, t)

}
,

θ−(s, µ, t) := X (µ, t) ·max
{
d ≥ 0 s.t. ∀t′ ∈ [t− d, t],X (µ, t′) = X (µ, t)

}
,

where the characteristic function X (µ, t) is

X (µ, t) :=

{
−1, p(st) < 0,

+1, p(st) ≥ 0.

After computing the right/left time robustness of a predicate, the rules in (2.3) can

be used to quantify the overall time robustness of a signal with respect to an STL

specification. There also exists a combined notion called space-time robustness, where

the inequalities in the characteristic equation are defined based on a desired space

robustness threshold [26].

In the remainder of this dissertation, the time of the signals starting from t = 0 is

omitted when it is clear from the context, i.e., (s, 0) may be denoted by s. While s is

used to denote general signals, x is also used when the signal is comprised of the state

of a dynamical system.
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2.3 Graph Theory

A weighted graph is a tuple G = (V, E ,W) where V is a set of nodes, and E ⊂ V × V is

a set of edges between the nodes with weight W : E → R+. A node vi ∈ V is said to be

adjacent to another node vj ∈ V if (vi, vj) ∈ E . The adjacency matrix between vi and

vj is defined as follows:

Ai,j :=

{
1 if (vi, vj) ∈ E ,
0 otherwise.

A node vi is said to be a neighbor of another node vj if they are adjacent, i.e.,

Ai,j = 1. With a slight abuse of notation, nodes that can be reached from vi at most

h-hops (i.e., transitions) can be denoted by N h(vi) ⊆ V.

Let a sequence of nodes be represented by S = {v1, v2, . . .}, then the length of S is

denoted by |S|, i.e., the total number of nodes visited on the path of |S|. The weighted

graph distance between the nodes, vi and vj is equal to the cumulative weight of edges

traversed along the shortest (minimum cumulative weight) path from vi to vj .

2.4 Time-Varying (Zeroing) Control Barrier Functions

A function h : X ⊆ Rn → Rn is locally Lipschitz continuous at X if every point on X has

a neighborhood N and there exists a constant L > 0 such that ‖h(x)−h(y)‖ ≤ L‖x−y‖
for all x,y ∈ N . Moreover, zero superlevel set of h(·) is defined as {x ∈ X |h(x) ≥ 0}.

Let the state and input of a dynamical system be denoted by x ∈ X and u ∈ U ,

respectively, where X ⊆ Rn and U ⊆ Rm are the state space and the admissible set of

control, respectively. Moreover, a control affine system is given as,

ẋ = f(x) + g(x)u, (2.5)

with locally Lipschitz f : Rn → Rn and g : Rn → Rn×m.

Definition 2.4.1 (Forward Invariance). A set C ∈ Rn is forward invariant with respect

to (2.5) if for every x0 ∈ C, xt ∈ C, ∀t ≥ 0.

Control barrier functions (CBFs) are used in [39] to render the desired set of states

forward invariant. That is, let hCBF : X ⊆ Rn → R be a differentiable function. If the
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system starts in the zero superlevel set C = {x ∈ X | hCBF (x) ≥ 0}, i.e., x0 ∈ C, then

the CBF constraints force the system to stay always inside the set C.
The author of [40] uses time-varying CBFs to ensure forward invariance in sets

changing with time, i.e., Ct. In this case, a differentiable function h(x, t) : X × I → Rn

is defined as a time-varying control barrier function in the time domain I ⊆ R≥0. The

time-varying set Ct = {x ∈ X | h(x, t) ≥ 0} is rendered forward invariant by the input

u ∈ U , if x0 ∈ C0 and there exists a locally Lipschitz continuous extended class K
function α : R≥0 → R≥0 such that

sup
u∈U

∂h(x, t)

∂x

T

(f(x) + g(x)u) +
∂h(x, t)

∂t
+ α(h(x, t)) ≥ 0, (2.6)

then xt ∈ Ct, ∀t ≥ 0, where extended class K functions, α : R≥0 → R≥0, are strictly

increasing, i.e., α(x) > α(y) if x > y, with α(0) = 0. In the remainder of this disserta-

tion, we use C to denote Ct for the sake of simplicity. With a slight abuse of notation, Ci
will denote the feasible set associated with the ith task in the mission specification. We

encode desired specifications by using Signal Temporal Logic (STL), and time-varying

CBFs will be utilized to enforce the satisfaction of the STL tasks.



Chapter 3

Enhancing the Expressiveness of

Signal Temporal Logic

In several applications, the integrals and derivatives of signals carry valuable informa-

tion (e.g., cumulative success over a time window, the rate of change) regarding the

behavior of the underlying system. In this chapter, the expressiveness of Signal Tem-

poral Logic (STL) is extended by introducing predicates that can define rich properties

related to the integral and derivative of a signal. For control synthesis, the new predi-

cates are encoded into mixed-integer linear inequalities and are used in the formulation

of a mixed-integer linear program (MILP) to find a trajectory that satisfies an STL

specification. The benefits of using the new predicates are illustrated and discussed in

a case study, which shows the influence of the new predicates on the trajectories of an

autonomous robot.

This chapter is organized as follows: In Sec. 3.1, a brief literature survey is presented

regarding the use of different signal properties inside STL specifications, and the gap

in the literature is motivated. Next, new predicates are introduced in Sec. 3.2, and

the optimization problem that solves for the trajectories satisfying the specifications

with the proposed syntax is formulated. Then, mixed-integer linear program (MILP)

encodings of the new predicates are presented in Sec. 3.3. Simulation results of a case

study with an autonomous robot are presented in Sec. 3.4 along with a brief discussion

in Sec. 3.5.

21
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3.1 Introduction and Literature Review

Standard STL capabilities are enhanced by several studies in the literature (e.g., [41–

45]). For example, since conventional robustness metric in (2.3) focuses on critical time

instants, authors of [41] and [42] define new measures to differentiate the satisfaction

of predicates achieved at multiple time instants from the instantaneous satisfaction of

them. These methods can be said to depend on the counting of the time instants

at which a predicate is satisfied. With a similar motivation, a temporal operator is

defined in [43] that explicitly specifies how long a predicate must be satisfied. However,

existing approaches do not accommodate predicates expressing cumulative success or

local transitional behavior over a time interval. To this end, this chapter introduces

integral and derivative predicates for STL to specify more detailed queries about the

signals. While the derivative predicate enables the definition of properties for the rate

of change of the signal, the integral predicate allows the definition of properties such as

average or cumulative progress at desired time intervals.

There is similar research in the literature that can be closely relevant to the under-

lying motivation in this chapter. For instance, the work in [46] defines predicates to

compare signal values at different time instants to find the local extrema of the signal.

Also, the authors of [47–49] propose the notions of cumulative and average robustness

metrics calculated via the signal values at different time steps. With these methods,

while the system can satisfy a conventional predicate as long and robustly as possible

by maximizing the new metrics, it does not result in the satisfaction of cumulative prop-

erties, such as getting a specific amount of reward/value within a given time window.

To this end, this chapter proposes to define new integral and derivative predicates that

can take into account the signal values at different time steps to define cumulative and

relative specifications within desired time windows. By the proposed predicates, the

local and global signal characteristics can be controlled extensively without losing the

existing STL capabilities.

Conventional robustness metric defined in (2.3) has limitations due to its main fo-

cus on the critical time instances and neglecting the remaining parts of the signal. For

instance, suppose that eventually the value of x needs to be at least 1 within [0, 100],

i.e., φ = F[0,100] x ≥ 1. Consider two trajectories x and x′ shown in Fig. 3.1. Since the
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degree of satisfaction is evaluated over any critical instant at which the predicate xt ≥ 1

is satisfied for t ∈ [0, 100], although the signal x satisfies the predicate for a longer

time, the robustness metrics of both signals would be equal, i.e., ρ(x, φ, 0) = ρ(x′, φ, 0).

Therefore, the conventional robustness metric cannot differentiate between such cases

and cannot provide comprehensive information about the signals x and x′. To address

this issue, [41–43] define new measures that can capture the duration of predicate sat-

isfaction. While existing metrics can track how long a predicate xt ≥ δ is satisfied

within an interval [0, H], they are not able to address a notion of cumulative success

such as
∫ t

0 xτdτ ≥ δ within an interval [0, H]. While the duration of satisfaction of a

Figure 3.1: Signal functions x and x′ in blue and cyan, respectively, in logarithmic scale, and portions

of the curves generated by integrating x over three different relative time intervals. The values in the

red, orange, and magenta curves are generated from the previous, closest, and next 10 s of the blue x

curve, respectively.

conventional predicate may be important for certain applications; it may also be desired

to meet some cumulative success criteria. For instance, in [44], some cumulative prop-

erties are defined over a swarm. Authors in [47–49] propose discrete-time cumulative

and average robustness metrics calculated by the summation of the robustness metrics

of the same predicate at different time steps. This enables a predicate to be satisfied

as long and robust as possible. In [46], a freezing operator is used to store the signal

values at different time instants in memory and to compare them inside the predicates,

which enables the finding of local extrema and examining the oscillatory behavior. In
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other words, the satisfaction of a predicate now depends on more than one signal value

at different time instants. Similarly, in the case of progressive events, one may desire to

evaluate the contributions of the past, future, or both signal values to determine satis-

faction at the current time. Therefore, the success may depend on the accumulation of

signal values from different time instants. The need for the definition of such success

criteria inside the same predicate is still there, and this can be met by using the integral

of a signal over a given bounded time interval in a new operator/predicate to assess

satisfaction.

Example 3.1.1. Consider a continuous signal function that represents the speed, ‖v‖.
Let the trajectory of ‖v‖ be the same with the signal x in Fig. 3.1. Assume that at

t = 20, the system is desired to travel more than 11 m within the last 10 s. In other

words, integration of ‖v‖ over [10, 20] must be at least 11. One may check the satisfaction

of this specification at t = 20 by inspecting the red curve in Fig. 3.1 obtained by the

integration of ‖v‖ (i.e., x) over the window of the previous 10 s at each time instant.

The interval of interest over which the integrated signal may not depend only on the

past values. One may also specify thresholds on the integrals defined partially or fully

over the future signal values. In Fig. 3.1, sample intervals defined in the past, future,

or both are partially shown with red, magenta, and orange, respectively. For each time

instant, the window of 10 s is shifted throughout the time axis to generate the integral

curves. While at t = 50, the total distance traveled between [45, 55] (depending on both

past and future values) is more than 11 m, at t = 80, this time, the distance traveled

during [80, 90] (depending on only future values) is less than the given threshold.

In the next section, novel STL predicates are introduced whose satisfaction can

depend on the part of the past, present, or future of the signal. The new predicates are

not the same as using the standard predicates with temporal operators. For example,

consider some specifications defined between t = 80 and t = 90 over x represented in

Fig. 3.1. Trajectory of (x, 80) does not satisfy the predicate of x ≥ 5 because x80 <

5. Moreover, the trajectory (x, 0) does not satisfy an STL specification F[80,90]x ≥ 5

because there is no t ∈ [80, 90] such that xt ≥ 5. Now, consider another predicate

including an integral over time whose satisfaction does not depend only on the current

time step but is determined by the signal values within the bounds of the integral. The
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same signal (x, 0) satisfies such a predicate
∫ 90

80 xτdτ ≥ 5 as shown in Fig. 3.1 with

magenta. Furthermore, temporal operators can also be used with such a predicate to

create more complex specifications by shifting the integral interval.

One may try to represent such specifications by simply considering the integral or

derivative of the original signal and using it with conventional predicates. For example,

again consider the magenta signal in Fig. 3.1. Let the specification be “the integrations

of x within the time windows of [t+a, t+b] need always to be at most 11 for t ∈ [70, 90],

i.e., G[70,90]

∫ b
a xτdτ ≤ 11. This specification could be expressed by first defining a new

signal depicting the integral of x, i.e., K(t) :=
∫ t

0 xτdτ . Then, the requirement can be

expressed G[70,90]K(t + b) −K(t + a) ≤ 11. While such predicates with multiple time

instants (i.e., K(t+ b)−K(t+ a)) are not commonly used, they can be accommodated

by the syntax and semantics of STL [50]. Alternatively, in the next section an integral

predicate is introduced that can explicitly define certain progress over the given time in-

terval, together with a derivative predicate to evaluate local characteristics of the signal.

These predicates take time bounds as input and shift these bounds in accordance with

the outer temporal operators. Accordingly, they do not require creating the integral and

derivative of x as additional signals, which necessitates less memory and computations

over the time interval of interest only.

3.2 Integral and Derivative Predicates

First, the integral predicate is introduced to express a specific amount of progress in

preemptable and cumulative properties via STL specifications.

Definition 3.2.1 (Integral Predicate). An integral predicate over a bounded time in-

terval [a, b] ⊂ R with b > a is defined as:

µi[a,b] :=

∫ b

a
p(xτ )dτ ≥ δ (3.1)

where δ ∈ R is a constant, x : R≥0 → Rn is the signal, and p : Rn → R is an integrable

function.

Notice that the integral predicate requires the input of the time bounds as the

temporal operators like finally and globally. With the new integral predicate, one may
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explicitly define these integral bounds and specify some progress threshold over a certain

time interval.

Example 3.1.1 (Cont’d). The specifications mentioned in Example 3.1.1 and shown in

Fig. 3.1 can now be represented with the integral predicates as follows. Both µi[−10,0](t) =∫ t
t−10 ‖v‖ dτ ≥ 11 defined on the past values (in red) and µi[−5,5](t) =

∫ t+5
t−5 ‖v‖ dτ ≥ 11

depending on both past and future values (in orange) are satisfied for t = 20 and t = 50,

respectively. However, for t = 80 the integral predicate µi[0,10](t) =
∫ t+10
t ‖v‖ dτ ≥ 11

that uses a future time interval (in magenta) is violated.

In addition to cumulative properties, volatility over the signal is also possible. To

explicitly limit such behavior, the derivative predicate is introduced.

Definition 3.2.2 (Derivative Predicate). A derivative predicate is defined to specify

the queries on the rate of change of the signal function p(x) with the time by the first

derivative of it as follows:

µd+ :=
dp(x)

dt+
≥ δ

∣∣∣∣ µd− :=
dp(x)

dt−
≥ δ,

where µd+ and µd− denote the right and left derivative.

By using the newly defined predicates together with the standard STL predicates,

we can define diverse specifications related to the local and global characteristics of the

signals according to the following STL syntax:

φ ::= µ | µi[a,b] | µ
d
+,− | ¬φ | φ1 ∧ φ2 | F[a,b]φ,

where the satisfactions of µi[a,b] and µd+,− are determined for any signal x : R≥0 → Rn as

follows:

(x, t) |= µi[a,b] ⇐⇒
∫ t+b

t+a
p(xτ )dτ ≥ δ,

(x, t) |= µd+ ⇐⇒
dp(xt)

dt+
≥ δ,

(x, t) |= µd− ⇐⇒
dp(xt)

dt−
≥ δ,

(x, t) |= ¬µi[a,b] ⇐⇒ ¬
(
(x, t) |= µi[a,b]

)
,

(x, t) |= ¬µd+,− ⇐⇒ ¬
(
(x, t) |= µd+,−

)
.
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Note that the signal x is undefined for t < 0; therefore, t + a ≥ 0 is assumed

throughout the chapter. By preserving the quantitative semantics for the common

operators defined in (2.3), we can quantify the satisfaction of the new predicates similarly

as:

ρ(x, µi[a,b], t) :=

∫ t+b

t+a
p(xτ )dτ − δ,

ρ(x, µd+ , t) :=
dp(xt)

dt+
− δ,

ρ(x, µd− , t) :=
dp(xt)

dt−
− δ,

ρ(x,¬µi[a,b], t) := −ρ(xt, µ
i
[a,b], t),

ρ(x,¬µd+,− , t) := −ρ(xt, µ
d
+,− , t).

(3.2)

Similar to conventional robustness metric in (2.3), a nonegative robustness metric

indicates the satisfaction of the predicates, e.g., ρ(x, µi[a,b], t) ≥ 0 =⇒ (x, t) |= µi[a,b],

while negative one represents a violation
(
ρ(x, µi[a,b], t) < 0 =⇒ (x, t) 6|= µi[a,b]

)
.

Remark 3.2.1. In STL control synthesis, the satisfaction of temporal operators such

as finally and globally at t are generally decided by the assessment of the future time

steps t′ ≥ t. An integral predicate µi[a,b] for [a, b] ⊂ R, or the derivative one, µd+,−, can

depend both on the past and future signal values by enabling negative time bounds.

An integral predicate can have negative time bounds with respect to the bounds of

the outer temporal operators (e.g., finally and globally). It can also be used alone by

using nonnegative time bounds or defining it with the negative time bounds at future

time steps. The horizon definition of STL [37] can be extended for the integral predicate

and nested use of it with the temporal operators as follows:

µi[a,b] =

∫ b

a
p(xτ )dτ ≥ δ =⇒ hrz(µi[a,b]) := max

(
|a|, b, b− a

)
,

φ = G[t1,t2]µ
i
[a,b] or φ = F[t1,t2]µ

i
[a,b] =⇒ hrz(φ) := max(t2, t2 + b),

where t1, t2 ∈ R≥0 and a, b ∈ R are time bounds with t2 ≥ t1, b > a, and a constraint of

t1 + a ≥ 0 for the sake of nonnegative global time.

Remark 3.2.2. For discrete-time signals, we define the integral and derivative predi-

cates at the discrete time, with a slight abuse of notation denoting discrete step numbers
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by t ∈ Z≥0, as follows:

µi[a,b] =
t+b−1∑
τ=t+a

p(xτ ) ∆t ≥ δ ,

µd+ = p(xt+1)−p(xt) ≥ δ∆t

µd−= p(xt)−p(xt−1) ≥ δ∆t,

where ∆t is the time step.

3.2.1 Comparison with the Existing Metrics

The conventional robustness metric of STL evaluates a signal with respect to the critical

time instants and neglects the remaining parts of the signal. To overcome this issue,

the authors of [41] and [42] defined new metrics to capture the duration of predicate

satisfaction compared to the best/worst value of the satisfaction. Similarly, the authors

in [43] proposed a temporal operator to specify how long a predicate must be satisfied

within a bounded time interval. Yet, the definition of success in such studies depends on

the multiple instantaneous satisfactions of the predicates and does not include a notion

of cumulative success.

Modified robustness metrics [47–49, 51] may also be used to quantify average and

cumulative properties. These metrics may be used as predicates to specify thresh-

olds over cumulative properties. However, they are defined by modifying the quanti-

tative semantics of existing temporal operators such as “globally” and “finally”. In

this work, instead of modifying the semantics of existing temporal operators and los-

ing standard capabilities, integral predicate — a new operator with its own qualitative

and quantitative semantics— is used to quantify such properties, which can easily be

combined with the standard STL syntax and semantics. For instance, consider a signal

x = {1, 1, 1, 1, 1, 2, ε}, where ε is a small arbitrary number since µi[a,b] does not consider

the last signal value in discrete-time signals. Suppose that the sum of any two consec-

utive signal values needs to eventually be at least 3. The proposed integral predicate

can be used to define this as ϕ = F[0,4]µ
i
[0,2] ≥ 3 where µi[0,2] =

∫ 2
0 x dt, for which the

robustness of x with respect to ϕ is ρ(x, ϕ) = 0. Thus, x barely satisfies the specifica-

tion ϕ. Now, consider the cumulative robustness metric, ρ+(·) in [47] that is the closest

measure to the idea proposed in this chapter. One can express the task in ϕ by using
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the cumulative robustness metric as ϕ′ = F[0,4]

(
ρ+(x, F[0,1]x ≥ 0) ≥ 3

)
for the same

signal, which has ρ+(x, ϕ′) = −4 implying a violation while x actually satisfies ϕ.

Furthermore, the difference is more dramatic when compared with [48,49,51], which

also modify the quantitative semantics of STL, e.g., using “geometric mean.” This yields

a failure to decide the satisfaction of cumulative properties even with the thresholds ap-

plied to the robustness metrics. Moreover, depending on the sign of the signal values,

modifications are required such as combining different metrics or using different tempo-

ral operators to represent the same cumulative properties for different signals.

Overall, no specific syntax in STL can capture the cumulative properties, and the

proposed integral predicate is introduced to facilitate the definition of cumulative signal

properties via STL.

3.2.2 Optimal STL Control Synthesis Problem

Consider a discrete-time system x+ = f(x,u) evolving over a continuous state space

with state and input vectors of x ∈ Rn and u ∈ Rm, respectively. Accordingly, the

signal takes the shape of a finite state trajectory, x =
[
x0 x1 · · · xH

]
∈ Rn×(H+1) where

H is the length of the mission horizon.

State trajectory x is desired to achieve an STL specification, Φ. Note that the

mission horizon has to be longer than the specification horizon, i.e., H ≥ hrz(Φ), to

determine the satisfaction or violation of Φ.

Problem 3.2.1 (STL Control Synthesis). Given a system with discrete-time dynamics,

x+ = f(x,u), find the optimal control policy over the horizon u∗ =
[
u∗0 u∗1 · · · u∗H−1

]
∈

Rm×H to achieve a global specification Φ:

u∗ = arg min

H−1∑
t=0

J
(
xt,ut

)
s.t. x+ = f(x,u),

x0 = x0, ρ(x,Φ, 0) ≥ 0,

(3.3)

where J
(
xt,ut

)
is a running cost as a function of state vector and control inputs,

J : Rn × Rm → R; x0 is the initial state vector, and ρ(x,Φ, 0) ≥ 0 enforces the

satisfaction of the temporal logic constraints by requiring the robustness metric to be

nonnegative.
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3.3 Mixed-Integer Encoding of the STL Control Synthesis

Problem

One major challenge in control synthesis problems with STL is representing the satis-

faction of the desired STL specification in the optimization problem. For example, the

satisfaction of Φ which is captured in (3.3) by ρ
(
x,Φ, 0

)
≥ 0 (implying (x, 0) |= Φ) where

the space robustness function ρ(·) is nonlinear and nonsmooth
(
due to the recursive use

of min and max functions depending on the specification as defined in (2.3)
)
. In the lit-

erature, one frequently used approach to handle such discontinuities in the optimization

problem is encoding them with a set of mixed-integer constraints [14]. Moreover, if the

objective function J (·) is assumed piece-wise linear (or quadratic), and predicates and

dynamics are also linear, then the optimization problem becomes a mixed-integer lin-

ear (or quadratic) program that can be solved by off-the-shelf tools [52]. Alternatively,

the space robustness function can be approximated by smooth functions (e.g., [27,31]),

and gradient descent techniques can be used to solve the optimization problem where

nonlinear dynamics and predicates can be defined (i.e., nonlinear programming (NLP)

problem) different than the mixed-integer programming (MIP) approach [53]. It is

worth mentioning that such gradient descent-based techniques do not guarantee finding

the global optimal trajectory. Therefore, the satisfaction of Φ is encoded as a set of

constraints with binary variables in the form of zΦ
t ∈ {0, 1} [4], [14]. For each predicate

in the form of inequality, a couple of Big M constraints can be written depending on a

binary variable as

µ = p(xt) ≥ δ ⇐⇒

{
p(xt)− δ ≥M(zµt − 1),

p(xt)− δ ≤Mzµt − ε,
(3.4)

where M, ε ∈ R+ are tuning parameters, being sufficiently large and small numbers,

respectively. Similarly, the satisfaction of an integral predicate can also be encoded as

φ = µi[a,b] ⇐⇒



t+b−1∑
τ=t+a

p(xτ ) ∆t− δ ≥M(zφt − 1),

t+b−1∑
τ=t+a

p(xτ ) ∆t− δ ≤Mzφt − ε.

(3.5)
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The derivative predicate is encoded in a similar fashion as follows:

µd+ =
dp(x)

dt+
≥ δ ⇐⇒

p(xt+1)− p(xt)− δ∆t ≥M(z
µd+
t − 1),

p(xt+1)− p(xt)− δ∆t ≤Mz
µd+
t − ε,

µd− =
dp(x)

dt−
≥ δ ⇐⇒

p(xt)− p(xt−1)− δ∆t ≥M(z
µd−
t − 1),

p(xt)− p(xt−1)− δ∆t ≤Mz
µd−
t − ε.

(3.6)

Starting with the predicates, the remaining binary constraints corresponding to an

STL specification can be built into each other. The connections of the Boolean operators

with other temporal operators and predicates can be constructed with the following rules

and encoded as integer constraints considering two sample specifications φ and ϕ [14].

Negation: φ = ¬ϕ
zφt = 1− zϕt .

Conjunction: φ =
∧m
i=1 ϕi

zφt ≤ z
ϕi
t , i = 1, . . . ,m,

zφt ≥ 1−m+
m∑
i=1

zϕit .

Disjunction: φ =
∨m
i=1 ϕi

zφt ≥ z
ϕi
t , i = 1, . . . ,m,

zφt ≤
m∑
i=1

zϕit .

Globally: φ = G[t1,t2]ϕ

zφt =

t+t2∧
τ=t+t1

zϕτ .

Finally: φ = F[t1,t2]ϕ

zφt =

t+t2∨
τ=t+t1

zϕτ .

As a result, the satisfaction of the general specification Φ, which is previously implied

by ρ(x,Φ, 0) ≥ 0, is now rendered to zΦ
t = 1. As specifications over the state trajectory
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are handled via temporal logic specifications, in the optimization, only the control input

ut is penalized. Therefore, the running cost is defined as the coordinate-wise absolute

summation of the control input, i.e., J
(
ut
)

= ‖ut‖1.

Nonlinear systems can be linearized around known equilibrium points. Furthermore,

the mission constraints can be encoded as linear inequalities with binary variables as in

(3.4), (3.5), (3.6). Accordingly, under linear dynamics and predicates, the constrained

optimization problem in (3.3) can be posed as a mixed-integer linear program (MILP).

Problem 3.3.1 (MILP for STL Control Synthesis).

u∗ = arg min

H−1∑
t=0

‖ut‖1

s.t. xt+1 = Axt +But,

x0 = x0, z
Φ
0 = 1,

(3.7)

where A ∈ Rn×n and B ∈ Rn×m are the system and input matrices of appropriate sizes,

respectively.

Note that solving Problem 3.3.1 enforces the satisfaction of the STL specification

(due to the existence of the constraint zΦ
0 = 1). It can be solved via several off-

the-shelf tools such as MATLAB’s built-in integer programming solver, intlinprog, and

Gurobi [54]. This problem can also be formulated for maximal satisfaction of the STL

specification by relaxing each predicate with a slack variable to be minimized with the

negation-free STL specifications [41], [42].

3.4 Case Study: STL Control Synthesis for Ground Robots

To illustrate the functionality of the new predicates, a complementary example is defined

below.

Example 3.4.1. Consider an autonomous robot with discrete-time double integrator

dynamics

xt+1 =


1 ∆t 0 0

0 1 0 0

0 0 1 ∆t

0 0 0 1

xt +


0.5∆t2 0

∆t 0

0 0.5∆t2

0 ∆t

ut,
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with the state vector x = [x, vx, y, vy]
T where vx, vy ∈ R are the velocities in x, y ∈ R

directions, respectively, and the input vector u = [ux, uy]
T where ux,uy ∈ R are the

specific forces in given respective directions. The goal of the mission is to monitor the

natural habitat in predefined areas by observing as much as possible without disturbing

the members of it. Mission specifications are given as follows: i) Continuously service

regions A and B for at least 3 s and 6 s, respectively, and while in B, travel inside it

for at least 2 m in both directions. ii) Whenever in A or B, do not disturb the members

of the natural habitat by limiting the acceleration to 0.25 m/s2 in each direction. iii)

Overall the robot cannot exceed an acceleration of 0.5 m/s2 in any direction. iv) Since

the habitants of region C are adversarial, whenever you are in C keep the horizontal

velocity at least 1 m/s to leave the C immediately (its shortest edge lies in the horizontal

direction). With a total mission time of 20 s, we can express these specifications as

follows:

Φ = F[0,17]

(
G[0,3]RA

)
∧ F[0,14]

(
G[0,6]RB ∧ µ

i,1
[0,6] ∧ µ

i,2
[0,6]

)
∧G[1,20]

(
(RA ∨RB)⇒ (µd,1− ∧ µ

d,2
− )
)

∧G[0,19]

(
µd,3+ ∧ µ

d,4
+

)
∧G[0,20]

(
RC ⇒ |vx| ≥ 1

)
,

(3.8)

where the integral predicates are defined to constrain the total traveled distance as µi,1[0,6] =∫ 6
0 |vx|dτ ≥ 2 and µi,2[0,6] =

∫ 6
0 |vy|dτ ≥ 2; the derivative predicates limit the acceleration

either temporarily or throughout the mission as µd,1− = |v̇x| ≤ 0.25, µd,2− = |v̇y| ≤ 0.25,

µd,3+ = |v̇x| ≤ 0.5, and µd,4+ = |v̇y| ≤ 0.5. The reason for specifying left derivatives for

the predicates inside A and B is to avoid an aggressive entrance into them. The regions

in two-dimensional xy−plane can be represented with linear predicates as follows:

RA = x ≥ 1.5 ∧ x ≤ 2 ∧ y ≥ 4.75 ∧ y ≤ 5.25,

RB = x ≥ 4 ∧ x ≤ 5 ∧ y ≥ 1 ∧ y ≤ 3,

RC = x ≥ 2 ∧ x ≤ 4 ∧ y ≥ 1 ∧ y ≤ 5.

To bound the total traveled distance, integral predicates (Def. (3.2.1)) are defined to

keep the distance in each particular direction at least 2 m by integrating the speeds in

that direction. Moreover, the maximum acceleration in any direction is also constrained

using derivative predicates defined in Def. 3.2.2. Although one can limit the control
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inputs for this aim in this particular example, where the inputs are the acceleration,

it is not generally the case for other systems. It is also worth mentioning that the

expressions with the absolute value operators in (3.8) can be represented by multiple

linear inequalities.

(a) (b)

(c)

Figure 3.2: Comparisons of the blue trajectory that achieves the original specification with the ones

achieving the same specification except a) the integral and derivative predicates (cyan), b) the derivative

predicates (magenta) c) the integral predicates (red). All trajectories start from (0.5, 0.5) m.
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3.4.1 Simulation Results

A control synthesis tool that generates trajectories satisfying the given temporal logic

specifications, including the new predicates, is developed. Specifications are not neces-

sarily in negation-free form unlike [41], [42], and [47], in which the robustness metric is

used directly in the algorithms. The specification is encoded as binary constraints as

described in Sec. 3.3.

First, the system trajectory is computed according to the original specification (3.8).

Then, for comparison, the system trajectories are computed to satisfy specifications 1)

without the integral and derivative predicates defined in the green areas, 2) without

the integral predicates, µi,1[0,6] and µi,2[0,6], and 3) without the derivative predicates, µd,1−

and µd,2− . The generated trajectories are illustrated in Fig. 3.2. It is evident from the

figures that with the integral predicates, the robot does not only service B but is also

required to travel inside the region more to monitor the natural habitat comprehensively.

Moreover, the derivative predicates constrain the acceleration of the robot successfully

both inside and outside of the regions. For instance, compared to no integral and

derivative predicates case, given in cyan in Fig. 3.2a, when the region-based derivative

constraint is applied, red in Fig. 3.2c, the robot cannot accelerate enough to enter

region C and go around instead. This can also be observed in Fig. 3.3a where the

only trajectory that enters the C is the cyan one by increasing its horizontal velocity

to 1 m/s inside it. A similar effect of the derivative predicate can be seen in Fig. 3.4

in which the trajectories without it (cyan and magenta) violate the acceleration limit

(0.25 m/s2) in each direction inside the regions A and B. On the other hand, all four

trajectories obey the general acceleration limit of 0.5 m/s2. Finally, when there is no

derivative predicate applied, the trajectory in magenta also avoids C since it has to

slow down inside B to travel the minimum required distance. This makes the magenta

trajectory a more aggressive one compared to the blue trajectory with both integral and

derivative predicates inside B. The comparison of these four scenarios in terms of the

control effort and computation time is also presented in Table 3.1.
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(a)

(b)

Figure 3.3: For four different cases, change of velocities with time in a) x and b) y directions. The only

trajectory that enters region C is the cyan one by increasing its speed to 1 m/s in x direction, which is

a requirement for all cases.

Table 3.1: Results of the simulation scenarios in Fig. 3.2.

Int. and Deriv.

Predicates (blue)

Only Integral

Predicates (magenta)

Only Derivative

Predicates (red)

None of Them

(cyan)

Total Cost

J ∗ [−]
6.5363 4.8253 4.0749 3.9930

Solution

Time [s]
4.53 15.43 1.13 2.29
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(a)

(b)

Figure 3.4: Change of accelerations with time in a) x and b) y directions, calculated via the right-

derivative of the velocities. For all four cases, the general limit of 0.5 m/s2 is obeyed. Moreover, blue

and red trajectories satisfy a stricter limit of 0.25 m/s2 defined by the left-derivative of the velocities

inside the areas A and B.

3.5 Discussion

The proposed integral and derivative predicates for Signal Temporal Logic can be used to

define specifications regarding the cumulative effects and the rate of change in a signal.

As the new predicates can be encoded in terms of mixed-integer linear constraints,

optimal trajectories satisfying the complex temporal logic specifications expressed by

them can then be obtained by solving a mixed-integer linear program. The case study

on the control of an autonomous robot in two-dimensional continuous space shows how

the new predicates can be used in the design of the mission specifications more richly

and expressively compared to the conventional STL. The next chapter investigates how

multi-agent settings can benefit from these new capabilities.



Chapter 4

Scalable Operation of

Heterogeneous Multi-Agent

Systems under STL Specifications

This chapter addresses the problem of coordinating the trajectories of heterogeneous

multi-agent systems under spatio-temporal specifications. In particular, global Signal

Temporal Logic (STL) constraints are defined to express the number and type of agents

that should be present at specific locations within the desired time windows. Moreover,

integral predicates are used to specify cumulative progress that can be achieved asyn-

chronously by multiple agents. In order to generate optimal trajectories, a mixed-integer

linear program is formulated, whose objective is minimizing the agent movement subject

to the heterogeneous abstracted dynamics of the agents and a global STL specification,

including integral predicates.

In the second part of the chapter, energy constraints are also introduced to the

coordination problem for agents assigned with cooperative tasks. Heterogeneous agents

with stochastic energy dynamics are considered. The environment abstraction now

involves the possible paths of different types of agents and ensures the availability of

recharging within a certain distance. Then, another mixed-integer program over this

abstraction is formulated to find the high-level paths of the agents. Next, the agents

are steered in the environment according to the nominal plan under stochastic energy

38
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consumption models and a recharging policy. Such stochastic energy dynamics cause

deviations from the nominal plan and delay the completion of tasks. Accordingly, a

preliminary metric is defined to evaluate the expected delay (temporal relaxation) in

achieving the STL specification under the proposed solution.

This chapter is organized as follows: In Sec. 4.1, a brief literature survey is presented

on the STL specifications for multi-agent settings. Next, service propositions are intro-

duced in Sec. 4.2. Here we also discuss the environment model, multi-agent dynamics,

and formulation of the heterogeneous multi-agent coordination problem under a global

temporal logic constraint, along with a case study with simulations and a drone experi-

ment. Then, Sec. 4.3 tackles the same problem subject to energy constraints and delays

in task completion.

4.1 Introduction and Literature Review

In many applications, multi-robot systems with heterogeneous dynamics and capabilities

must achieve tasks with complex specifications. For example, consider the following

specification for a multi-robot surveillance mission: “At least one robot with a high-

resolution camera needs to monitor region A every 5 minutes, and any two ground

robots need to be at region B simultaneously within a time window [t1, t2], and region

C should be visited by a ground or aerial robot 10 times in total during the mission.

On the other hand, existing work on multi-agent planning subject to STL constraints

typically assumes initially given individual agent specifications or decomposes a team

specification into individual ones, each of which is assigned to an agent (e.g., [7, 15]).

However, as the number of agents increases, the complexity of planning significantly

increases as well. In this regard, the work proposed in this chapter aims to satisfy

team objectives as opposed to individual/local specifications. To achieve this, integral

predicates are used in the STL specifications by allowing the definition of properties

such as average or cumulative progress at desired time intervals. For example, some

applications may require the agents to service a region multiple times within a given

time window without requiring instantaneous and synchronous satisfaction. Multiple

agents of different types can contribute to the progress over time in such preemptable

tasks, which can be interrupted and continued later on. These specifications cannot
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be defined via conventional STL predicates whose satisfactions depend only on a single

time step. Unlike the recent studies of [47–49,51], which propose modified quantitative

semantics for STL, the new predicate definition preserves standard STL features and

enables specifying cumulative properties.

There is a body of existing work focusing on the team specifications expressed via

STL, e.g., [10,29,55–59]. Some of these work consider common specifications, assume a

discrete abstraction of the environment, and solve an optimization problem that returns

the optimal flow of agents from one discrete state to another. Such a formulation has

the advantage of being independent of the number of agents. For example, the authors

of [56, 57] control the flow of a specific number of agents in the presence of Linear

Temporal Logic (LTL) specifications, which cannot define explicit time constraints.

The authors of [55] allow for such deadlines; however, they consider identical agents.

In [10, 59], the flow of agents that are heterogeneous only in terms of their capabilities

is controlled, and this approach is extended with probabilistic transitions to account for

uncertainties in robot motion in [58].

To summarize the main differences with the work highlighted in this chapter, none

of those works can specify cumulative progress as captured by the integral predicates.

Furthermore, most consider only identical agents and do not account for heterogeneity.

Even though some consider heterogeneity in terms of agent capabilities, they do not

account for heterogeneous dynamics, which is a significant challenge when planning the

trajectories of different agent types. An approach is proposed in this chapter that allows

for the definition of common objectives at the team level via integral predicates and the

deployment of certain numbers of heterogeneous agents with specific capabilities and

unique dynamics via STL specifications. An abstract model of the agent dynamics

defining different velocities for different agent types is used to reflect heterogeneity

among agents.

Moreover, the approach is also extended by considering a more realistic setting. In

particular, a stochastic energy-consumption model is considered for each agent to ensure

recharging availability while satisfying the given tasks. This is achieved by creating a dis-

crete abstraction that guarantees the availability of recharging within a certain distance.

Further, the plans are implemented under team-specific stochastic energy consumption

throughout the mission. The proposed agent-level policies ensure the reachability of
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charging stations in the environment whenever needed [60]. Although charging require-

ments may yield missing the deadlines of STL specifications, the expected amount of

those delays are formally analyzed and an expected amount of delay, or temporal relax-

ation, is provided. Such a metric quantifies the needed relaxation of STL specifications

with the introduced cumulative properties by formally accounting for the delays caused

by agents deviating from their routes to get charged.

In [61], STL-satisfying trajectories are tried to be kept short, whose length can

also serve as a proxy for energy consumption. However, none of these existing works

address stochastic energy consumption and charging requirements in such multi-agent

coordination problems. Furthermore, energy consumption is treated as the primary

reason for stochasticity in this chapter. However, the approach is not restricted to this.

For example, in another scenario, agents with limited storage capacities can collect

an uncertain amount of samples and may need to empty their storage into stations

frequently. Therefore, the framework presented in this chapter can be used for other

risk- or resource-aware planning and execution strategies as well.

4.2 Multi-Agent Coordination Problem under STL Spec-

ifications with Integral Predicates

This chapter aims to generate coordinated trajectories for robots with heterogeneous

capabilities and dynamics to achieve cooperative tasks with complex spatio-temporal

specifications. For example, the agents can be asked to perform several missions in

more than one region within different time windows. Also, some parts of the mission

may require collaboration among agents of different types (such as drones with high-

resolution cameras and ground robots with heat sensors).

Another type of mission that requires coordination is the achievement of preemptable

tasks, i.e., tasks that require an accumulation of certain services over time. For example,

an agent may start collecting data in a region and then leave before sampling the whole

region to serve a different task. In that case, some other agent may later go to the same

region and finish the data collection task by sampling the remaining parts.
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4.2.1 Formulation of the Coordination Problem

Suppose that a heterogeneous multi-agent system with nteam ∈ Z+ different types of

agents is initially distributed over an environment. Each team is comprised of nagentw ∈
Z+ identical agents with the single integrator dynamics of xw,i(t+1) = xw,i(t)+vw,i(t)∆t

for i∈ [1, nagentw ] and w∈ [1, nteam]. Regions of interest over which the tasks are defined

are denoted by P . Let Φ be a global STL specification with the horizon of hrz(Φ),

including swarm service requirements represented via integral predicates. Note that

using conventional STL, Φ cannot define tasks that include cumulative properties such

as reward collection or any other preemptable task without the newly defined predicates.

An optimal control synthesis problem can be formulated to optimize an objective

function (e.g., minimizing the total agent movement) subject to the swarm dynamics

and the satisfaction of Φ.

Problem 4.2.1 (STL Satisfaction with Team-Level Tasks). Let a multi-agent system

be comprised of nteam agent teams, each having nagentw identical agents, moving in an

environment including a set of regions of interest P . Given a global STL specification

Φ, find optimal agent velocities v∗ =
[⋃

w

⋃
i vw,i(0) . . .

⋃
w

⋃
i vw,i(H − 1)

]
for i ∈

[1, nagentw ] and w∈ [1, nteam] subject to the STL constraints and agent dynamics:

v∗ = arg min
H−1∑
t=0

J
(⋃

w

⋃
i

vw,i(t)
)

s.t.
([
∪w∪ixw,i(0) . . . ∪w∪ixw,i(H)

]
, 0
)
|= Φ,

xw,i(t+ 1) = xw,i(t) + vw,i(t)∆t,

∀t ∈ [0, H − 1], ∀i∈ [1, nagentw ], ∀w∈ [1, nteam],

where
⋃
w

⋃
i xw,i is the aggregated agent paths, H ≥ hrz(Φ) is the overall mission

horizon, J
(
·
)

is the running cost as a function of aggregated agent inputs, and
(
[∪w∪i

xw,i(0) . . . ∪w∪ixw,i(H)], 0
)
|= Φ enforces satisfaction of the STL specification.

Objectives in a multi-agent mission can include requirements defined over space and

time, i.e., spatio-temporal specifications. These can be expressed via temporal logic

using the regions/nodes of interest combined with the desired capability and number

of agents that are needed to satisfy the mission specifications. The Problem 4.2.1
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will be solved approximately after defining the team-specific environment and swarm

dynamics. Next, the agent-type-specific environment definition is given based on the

respective regions of interest.

4.2.2 Environment Model

When planning the paths for agents, a set of regions of interest, including the base and

the service areas, need to be visited by the agents of the respective team. Accordingly,

several pairwise paths between these regions for each agent team are constructed via

sampling-based algorithms. The partitioned environments are modeled for each team

w as a graph with certain transition characteristics Gw = (Vw, Ew, dw) where

• Vw is the set of nodes containing the regions of interest and the intermediate

nodes,

• Ew ⊆ Vw × Vw denotes the set of transitions that can be traversed between two

nodes at a time step,

• dw : Ew → R+ is the cost representing the Euclidean distance between two nodes.

Such a model allows for the definition of heterogeneous dynamics for single integrator

agents by setting different transition costs for agents moving with different speeds, e.g.,

dw/∆t ≤ vw,max. For example, if team 1 agents are twice as fast as team 2 agents, G1

and G2 are built with 2d1 = d2.

A sampling-based algorithm (e.g., RRT* [62]) is used to generate such team-specific

environment models with structural modifications to account for team dynamics, e.g.,

the maximum speed agents from different teams can attain. The modifications involve

the definition of unique transition costs in accordance with the maximum speed agents

from different teams can attain.

4.2.3 Swarm Flow Dynamics

Consider nteam agent teams each of which is comprised of nagentw identical agents where

w ∈ W for W = {1, . . . , nteam}. Discrete-time vectors can be constructed to track the

global behavior of the swarm as Nw(t) = [n(w, 1, t) n(w, 2, t) . . . n(w, |Vw|, t)]T ∈ Z|Vw|≥0 ,

where n(w, v, t) : W × Vw × Z≥0 → Z≥0 refers to the number of team w agents at node
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v ∈ Vw at time t. Since each agent is considered a point mass with single integrator

dynamics, it can move to one of its adjacent nodes within a time step. Moreover, it is

assumed that the nodes are large enough to accommodate all the agents required to be

in that node simultaneously without collision, and collision avoidance is kept out of the

scope of this chapter.

Swarm flow dynamics can be constructed to formulate the evolution of Nw(t) for

each team w ∈ W . The number of team w agents moving from ith to jth nodes at t

is denoted as uwi,j (t) ∈ Z≥0. For any agent team w, the flow over the team-specific

environment graph Gw can be represented as:

uw(t) :=


uw1,1(t) · · · uw1,|Vw|

(t)
...

. . .
...

uw|Vw|,1(t) · · · uw|Vw|,|Vw|(t)

 .
Using uw(t), the number of team w agents leaving and entering specific nodes can

be found as column-vectors

uoutw (t) := uw(t) 1|Vw|×1 and uinw (t) := uTw(t) 1|Vw|×1,

respectively, with uoutw (t),uinw (t) ∈ Z|Vw|×1
≥0 . The following expression can be obtained

next to determine the evolution of Nw(t):

Nw(t+ 1) = Nw(t) + uinw (t)− uoutw (t). (4.1)

Furthermore, the system should also satisfy the flow conservation and feasibility

constraints below,

Nw(t) ≥ uoutw (t), (4.2a)

Awi,j = 0 =⇒ uwi,j = 0, (4.2b)

where Awi,j indicates adjacency between ith and jth nodes of Gw. While (4.2a) ensures

that the number of agents leaving a node cannot be larger than the number of agents

present at that node, (4.2b) prevents the flow of agents to the nodes which are infeasible

to reach within a single time step.
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4.2.4 Service Propositions

Although conventional STL can express rich time series, it is limited by the predicates

whose satisfactions are determined considering the signal value at a single instant. In

other words, these predicates are memoryless, and not all the signal values at multiple

different time instants affect the satisfaction of a conventional predicate.

In the case of progressive events, on the other hand, evaluating the contributions

of the past, future, or both signal values can help determine satisfaction at the current

time. Generally, the success may depend on accumulating signal values at different

time instants. In this regard, the integral predicate introduced in Chapter 3 can ex-

press a specific amount of progress in preemptable and cumulative properties via STL

specifications.

Another notion that can be efficiently expressed via integral predicates over a given

bounded time interval is preemptable tasks, which can be interrupted and continued

later. A slightly modified version of the integral predicate in (3.1) is defined to account

for multi-agent service tasks in discrete time.

Definition 4.2.1 (Integral Predicate for Service Tasks). For a signal s : Z≥0 → Rn,

an integral predicate over a bounded time interval [a, b] ⊂ R with b ≥ a is defined as

µi[a,b] =
∑b

τ=a prog(s(τ)) ≥ δ where δ ∈ R≥0 is a constant and prog : Rn → R is a

function to evaluate the progress within [a, b]. The satisfaction of µi[a,b] is determined at

t as:

(s, t) � µi[a,b] ⇐⇒
t+b∑

τ=t+a

prog(s(τ)) ≥ δ,

(s, t) � ¬µi[a,b] ⇐⇒ ¬
(
(s, t) � µi[a,b]

)
.

Integral predicates require the input of the time bounds as the temporal operators

like finally and globally. The bounds of the integral can be explicitly defined, and a

certain threshold on the progress over a certain time interval can be specified with the

proposed integral predicate.

Remark 4.2.1. An integral predicate µi[a,b] for [a, b] ⊂ R can depend both on the past

and future signal values by enabling negative time bounds. That said, as signals are



46

undefined for t < 0; it is always assumed that t+ a ≥ 0 where a ∈ Z is the start of the

time interval associated with any integral predicate.

Although the integral predicates can accommodate negative bounds, these are de-

fined with respect to the time bounds of the outer temporal operators such as finally

and globally. Additionally, the integral predicates can still be used alone by specifying

nonnegative time bounds or defining them with the negative time bounds at future time

steps. For a better understanding of the nested use of the integral predicate with the

temporal operators, the reader can refer to (2.2), including the horizon definition for

the STL specifications with integral predicate time bounds.

Definition 4.2.2 (Service Proposition). A service proposition, S = {p, c, δ}, can be

interpreted as: “within a given time interval, service c must be given in region p for at

least δ many times.” Consider multiple agent teams with w ∈W = {1, . . . , nteam}. The

parameters used in the service proposition can be defined as:

• p ∈ P , the region to be serviced with P being the set of all regions of interest, i.e.,

P =
⋃
w Pw,

• c ∈ C, the type of service to be given with C being the set of all service types,

• δ ∈ R≥0, the total number of required service instances.

Note that the service proposition S does not necessarily require synchronous and

instantaneous satisfaction. Moreover, when combined with integral predicates as µi[a,b]S,

the service propositions require a cumulative amount of the service within [a, b]. Then

µi[a,b]S is deemed satisfied as:

(s, t) � µi[a,b]S ⇐⇒
t+b∑

τ=t+a

prog(s(τ)) ≥ 1,

where, with a slight abuse of notation, prog(s(τ)) : W × P × Z≥0 → R≥0 denotes a

progress function which maps each signal value at τ to a progress rate that needs to

sum to at least 1 for satisfaction. The selection of prog(s) depends on the requirements

of the mission. For a heterogeneous multi-agent mission in which multiple agent teams

can give the same service with different efficiency, it is defined as:

prog(s(t)) :=

∑nteam

w=1 cap(w, c) · n(w, p, t)

δ
, (4.3)
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where n(w, p, t) : W ×P ×Z≥0 → Z≥0 is the number of agents from team w in region of

interest p at t; cap(w, c) : W×C → R≥0 maps how team w executes the task c. Although

there may be several other metrics it can quantify, values of cap(w, c) ∈ {0, 1, 2} are

used in this work to indicate how fast the agents of team w can implement task c with

its being zero implying the teams incapable of capability c.

The capability metric definition is similar to [59]; however, the formulation in (4.3),

1) assign how fast different agent types can perform a task, i.e., introduced weighted

capabilities, 2) request the presence of certain agent types in addition to asking for

random agent types with a specified capability. While cap(w, c) = 0 implies that the

task c cannot be completed by type w agents, cap(w, c) = 1 and cap(w, c) = 2 denote

the ability to service in regular and more efficient (twice faster) ways, respectively. Once

again, the capability values are user-defined and subject to change as per task and agent

type. For instance, let a specification be given as µi[0,10]

{
A, Take P icture, 20

}
implying

that region A must be imaged by agents equipped with a camera at least 20 times

between [0, 10]. Note that this cannot be satisfied by a single agent due to tight time

constraints unless it can take two pictures at a time step. However, two agents would

be able to satisfy it each by taking a picture per each time step in A for 10 time steps;

or 20 agents could satisfy the specification by servicing A only for one time step. Such

flexible specifications can be represented by the conventional STL syntax only in an

impractical manner with the disjunction of all possible combinations as below:

µi[0,10]prog(s(t)) ≥ 1 ∼=F[0,10]prog(s(t)) ≥ 1

∨
(
F[0,9]prog(s(t)) ≥ 0.9 ∧ F[9,10]prog(s(t)) ≥ 0.1

)
∨
(
F[0,9]prog(s(t)) ≥ 0.8 ∧ F[9,10]prog(s(t)) ≥ 0.2

)
...

∨
(
F[0,8]prog(s(t)) ≥ 0.9 ∧ F[8,10]prog(s(t)) ≥ 0.1

)
∨
(
F[0,8]prog(s(t)) ≥ 0.8 ∧ F[8,10]prog(s(t)) ≥ 0.2

)
...

Similarly, specification µi[0,20]

{
A,Spray, 40

}
implies “region A must be sprayed by

agents with at least 40 liters of pesticide between t ∈ [0, 20].” Note that this task can be

satisfied by an agent if it can spray two liters at a time step for 20 steps. Alternatively,
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two agents would be able to satisfy it each by spraying one liter at each of 20 steps; or

40 similar agents could satisfy the task by servicing A simultaneously for one step.

Remark 4.2.2. The use of integral predicate µi[a,b] provides the flexibility of asyn-

chronous achievement of the tasks. For the cases that require synchronicity, one can

simply use µi[a,a] which would imply the synchronous satisfaction of the task in the spec-

ified time t = a. In other words, if the synchronous presence of a certain number of

agents with specific types or instantaneous achievement of a given task is needed in

the time step a, one can use µi[a,a] together with other timed operators instead of the

conventional STL predicates.

By combining agent types with previously given examples of tasks such as C =

{Drone, Ground V ehicle, Take picture, Measure temperature, Collect sample},
and designating capww = 1 for all w ∈ W , type-specific missions can be defined as well.

For instance, assume that 5 drones are desired to be in region B together at the current

time step, then the specification could be written as µi[0,0]{B,Drone, 5}. Moreover, let

region A need to be imaged 10 times at once (synchronously) in any time step within

[15, 25] then the specification would be φ = F[15,25]µ
i
[0,0]{A, Take P icture, 10}.

With the newly defined tools, such as swarm flow dynamics and service propositions,

Prob. 4.2.1 can be modified as follows.

Problem 4.2.2 (Cooperative STL Tasks over a Swarm). Let a multi-agent system

comprising nteam agent teams evolve over the environment graphs Gw = (Vw, Ew, dw)

according to the dynamics of (4.1), (4.2a), (4.2b) for w ∈ {1, . . . , nteam}. Given a global

STL specification Φ, find an optimal flow of agents u∗w =
[
u∗w(0) u∗w(1) · · · u∗w(H−1)

]
∈

Z|Vw|×|Vw|H≥0 , ∀w subject to the dynamics and STL constraints:

u∗ = arg min

H−1∑
t=0

J
(
u1(t), . . . ,unteam(t)

)
s.t. (4.1), (4.2a), (4.2b),

Nw(0) = Nw0 , ∀w ∈ {1, . . . , nteam},

ρ(N,Φ, 0) ≥ 0,

(4.4)

where N = [N1 . . . Nnteam ] and u = [u1 . . . unteam ] are the aggregated agent dis-

tribution and flow policy, respectively, H ≥ hrz(Φ) is the overall mission horizon,
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J
(
u1(t), . . . ,unteam(t)

)
is the running cost as a function of agent flow, Nw0 is the initial

agent distribution over the environment Gw = (Vw, Ew, dw), and ρ(N,Φ, 0) ≥ 0 enforces

the satisfaction of STL specification by requiring the robustness value to be nonnegative.

The Problem 4.2.2 is subject to cumulative success requirements defined as STL

constraints via the integral predicates. Although positive space robustness (cf. (2.3)

and (3.2)) enforces the satisfaction, it is computed via recursive definitions of compu-

tationally expensive min and max functions. Therefore, using it as a constraint in the

optimization or feasibility problems makes the problem non-trivial again. An alterna-

tive way to represent the constraint of satisfying a specification, Φ, is encoding it as a

set of mixed-integer constraints, as discussed next.

4.2.5 MILP Encoding of the Coordination Problem

After defining the agent-team-specific environment and swarm dynamics, the next task

is searching for team plans over the built environment. These plans have to satisfy

spatio-temporal mission specifications with cumulative success requirements defined via

service propositions and integral predicates. The satisfaction of the STL specification Φ

can be encoded as a set of constraints with binary variables, zΦ
t ∈ {0, 1} [4,14]. Similar

to encoding of STL constraints via mixed-integer formulations in Sec. 3.3, satisfaction

of integral predicates in Def. 4.2.1 is also encoded as:

φ = µi[a,b]S ⇐⇒



t+b∑
τ=t+a

prog(s(τ))− δ ≥M(zφt − 1),

t+b∑
τ=t+a

prog(s(τ))− δ ≤Mzφt − ε.

The binary constraints corresponding to an STL formula can be built into each other,

starting from the predicates. The remaining connections of the Boolean operators with

the temporal operators can be constructed with the rules provided in Sec. 3.3 [4, 14].

As a result, the overall satisfaction of the STL specification Φ reduces to zΦ
0 = 1.

In this work, minimization of the agent movement over the environment is considered

while satisfying the desired STL specification for the sake of minimal energy consump-

tion. To this end, a running cost is defined on the agent flow as J
(
u1(t), . . . ,unteam(t)

)
=∑nteam

w=1

∥∥uw(t)
∥∥

1
. With the assumption of linear predicates, the optimization problem
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previously presented in (4.4) including the robustness constraint can now take the form

of a mixed-integer linear program (MILP) as follows.

u∗ = arg min
H−1∑
t=0

nteam∑
w=1

∥∥uw(t)
∥∥

1

s.t. (4.1), (4.2a), (4.2b),

Nw(0) = Nw0 , ∀w ∈ {1, . . . , nteam},

zΦ
0 = 1.

(4.5)

The problem in (4.5) can also be solved via off-the-shelf tools such as Gurobi [54].

4.2.6 Case Study: A Cooperative Multi-Agent System

We consider three agent types with properties represented in Table 4.1, which are re-

ferred to by their shapes. The pairwise paths between regions of interest for each type

are found via RRT* sampling-based algorithm (see Fig. 4.1 for sample paths) avoiding

agent-type-specific obstacles on a 3.45×2.88 m environment represented in Fig. 4.2 [62].

Specifications for the multi-agent system can be summarized as follows: i) One

diamond agent and one circle agent continuously and synchronously present at each

bridge for any 8 seconds within [10, 38]. ii) A total of 50 temperature readings should

be made on the service area in the middle within [40, 60]. iii) Top corner area should be

imaged 15 times between t = 40 and t = 60. iv) Bottom corner area should be imaged

Figure 4.1: Pairwise obstacle-free RRT* paths between regions of interest.
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Table 4.1: Properties of the three agent types.

Agent Type (Number) Capability (per time step) Regions of interest Speed

Diamond (2) Take picture (×1) 5 0.25 m/s

Triangle (2)
Take picture (×1)

Measure temperature (×1)
4 0.25 m/s

Circle (2) Measure temperature (×2) 4 0.125 m/s

15 times within [40, 60]. v) Whenever the diamond agents take pictures on both corners

at the same time, all the diamond agents need to return to base within the next 10

seconds. Recall that nagentw is the number of type w agents. All of these specifications

can be combined formally as,

Φ =F[10,30]G[0,8]

(
µi[0,0]{Bridgetop, Circle, 1}

∧ µi[0,0]{Bridgetop, Diamond, 1}

∧ {µi[0,0]Bridgebot., Circle, 1}

∧ µi[0,0]{Bridgebot., Diamond, 1}
)

∧ µi[40,60]{Targetmiddle,Measure temperature, 50}

∧ µi[40,60]{Targettop corner, Take picture, 15}

∧ µi[40,60]{Targetbot. corner, Take picture, 15}

∧G[0,60]

((
µi[0,0]{Targettop corner, Diamond, 1}

∧ µi[0,0]{Targetbot. corner, Diamond, 1}
)

=⇒ F[0,10]µ
i
[0,0]{Base,Diamond, n

agent
diamond}

)
.

(4.6)

Simulations are implemented for 70 seconds with ∆t = 2, and assuming the presence

of two agents of each type, i.e., nagentw = 2, ∀w. The distribution of agents moving

over the environment is represented in Fig. 4.2 for selected time instants. Cumulative

specifications defined by integral predicates are accomplished by the contribution of

agents with different types. For instance, the imaging service in the bottom corner area

is started by a diamond agent, then completed by the triangle agents, one of which also

joined to the circle agents in the middle for temperature reading service. Moreover, the

implication we specify caused the diamond agents not to service the different corner
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Figure 4.2: Team trajectories of diamond, triangle, and circle type agents at selected time instants (dark

gray: obstacle for all agents, light gray: obstacles for circle agents only). While the values attached

to markers indicate the number of agents from the respective type present at that node, larger circles

represent all regions of interest.

regions at the same time.

To illustrate the scalability of our approach, the same mission (4.6) is executed by

teams of different sizes, and the results are given in Table 4.2. We observe that the

increasing number of agents has no significant adverse effect on the size of the problem

and the complexity for the same STL specification and number of agent types. The

number of constraints in the optimization problem is 2537 for the original specification

and 1876 for the case without implication. These values remain the same with the

changing number of agents. In the case of larger environments and more complex
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specifications with long time horizons, the size of the problem would increase as expected

though [14]. It is also clear from the Table 4.2 that the implication in (4.6) has a high

impact on the solution time. This is mostly due to the negation operator we used to

define the implication.

Although the results imply an inconvenience for real-time application, we consider

high-level, offline planning, and the specification of rich tasks with cumulative properties

is our main goal. Furthermore, with a limited number of integral predicates and without

any implication or negation, we can define similar missions that are much easier to solve.

Table 4.2: Computation times for the different number of agents with three agent types designated as

nagentdiamond + nagenttriangle + nagentcircle.

Agent Number 2 + 2 + 2 2 + 5 + 10 10 + 10 + 10

Problem Construction Time [s] 0.93 0.94 1.01

Solver Time [s] 147.70 117.72 154.39

Problem Construction Time [s]

(w/o implication)
0.83 0.84 0.80

Solver Time [s] (w/o implication) 64.95 52.59 64.76

An experiment is also conducted for the same scenario satisfying (4.6) for a similar

environment via Crazyflie 2.0 platforms presented with a snapshot in Fig. 4.3.

Figure 4.3: Snapshot from the experiment with six drones (two in each team).
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Figure 4.4: An illustration of heterogeneous agent paths with common objectives. Both the drone and

car have paths such that when the battery is critical, they can reach a charging station within a given

time by always staying within the radius of a station. Team-specific dynamics and stepwise energy

consumption models determine the size of this radius. Energy consumption and charging duration

models are stochastic, and whenever needed, agents get charged through the closest station, e.g., the

purple route.

4.3 Energy-Aware Planning of Heterogeneous Multi-Agent

Systems for Serving Cooperative Tasks

In this section, we extend the coordinated motion planning approach by considering a

more realistic setting with a stochastic energy-consumption model for each agent and

ensure recharge availability while satisfying the given tasks. The generated motion plans

are energy-aware, requiring agents to be always in some vicinity of charging stations.

Consideration of stochastic energy consumption in planning may yield missing the dead-

lines of STL specification. These expected amount of delays are then formally analyzed

and quantified.
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4.3.1 Coordination Problem with Energy Constraints

In addition to the Coordination Problem 4.2.1, here we also consider a certain charge

capacity for each agent in team w that (stochastically) decreases with the agent motion.

Definition 4.3.1 (State of Charge). An agent i from team w at the time instant t has

a charge capacity e(t) ∈ [0, 100], ∀t which evolves as ew,i(t + 1) =
(
ew,i(t) −∆ew,i(t)

)
+

where ∆e ∈ R≥0 is the energy consumption rate.

Similar to the energy consumption models in [63,64], we consider team-specific uni-

formly distributed consumption at each step as ∆ew,i ∼ U(∆ew,∆ew) where ∆ew,∆ew ∈
R+ are the lower and upper limits of consumption for the respective team. We assume

no energy consumption when agents are not moving. Given a set of stationary charging

station positions (xCSk , yCSk ) with k denoting the station id, the agents should visit the

charging stations to get recharged to avoid running out of energy. Overall, we formulate

an optimal control problem with an objective function (e.g., minimizing the total agent

movement) subject to the swarm (motion and energy) dynamics and STL specification

Φ.

Problem 4.3.1 (STL Satisfaction with Team-Level Tasks and Energy Constraints). Let

a multi-agent system be comprised of nteam agent teams, each having nagentw identical

agents, moving in an environment including a set of regions of interest P and a set of

charging stations CS. Given a global STL specification Φ, find optimal agent velocities

v∗ =
[⋃

w

⋃
i vw,i(0) . . .

⋃
w

⋃
i vw,i(H − 1)

]
for i∈ [1, nagentw ] and w∈ [1, nteam] subject

to the STL specification, agent dynamics, and energy constraints:

v∗ = arg min

H−1∑
t=0

J
(⋃

w

⋃
i

vw,i(t)
)

s.t.
([
∪w∪ixw,i(0) . . . ∪w∪ixw,i(H)

]
, 0
)
|= Φ,

xw,i(t+ 1) = xw,i(t) + vw,i(t)∆t,

ew,i(t) > 0, ew,i(t+ 1)=
(
ew,i(t)−∆ew,i(t)

)
+
,

∀t ∈ [0, H − 1], ∀i∈ [1, nagentw ], ∀w∈ [1, nteam],

where
⋃
w

⋃
i xw,i is the aggregated agent paths, H ≥ hrz(Φ) is the overall mission
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Figure 4.5: Proposed planning and execution scheme for energy-aware heterogeneous agents under STL

specifications with integral predicates. Input and output to/from the system have dashed outlines.

horizon, J
(
·
)

is the running cost as a function of aggregated agent inputs,

∆ew,i(t) :=

{
∼ U(∆ew,∆ew), xw,i(t+ 1) 6= xw,i(t),

0, otherwise.

is energy consumption, and
(
[∪w∪i xw,i(0) . . . ∪w∪ixw,i(H)], 0

)
|= Φ and ew,i(t) > 0

enforce satisfaction of the STL specification without any agent being out of charge under

energy consumption model in Def. 4.3.1.

Note that this problem could be modified by including chance constraints and defined

over the satisfaction probability. However, we require the completion of the mission

without agents getting out of charge, and for this aim, we will relax the temporal

requirements of Φ when necessary.

We propose a hierarchical and approximate solution to Problem 4.3.1 (see Fig. 4.5).

First, a nominal plan is computed offline to ensure the satisfaction of the desired STL

specifications at the team level. While we use a similar approach in Sec. 4.2 for efficiently

generating paths, we also take into account here a set of charging stations and generate

paths that are always within a certain distance of a charging station. This enables

each agent to be sufficiently close to a charging station at any time during the mission.

Once the team-level plans are generated, these plans are distributed to each agent.

Agents follow their individual paths as well as a recharging policy, which might create

some deviations from the original plan. Such deviations might delay task achievements.

Hence, we also evaluate the expected delay and quantify a temporal relaxation of the

specification Φ.
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4.3.2 Team-Level Energy-Aware Planning

We aim to generate coordinated paths for limited-energy agents, which are hetero-

geneous in capability and dynamics, to satisfy cooperative tasks. Depending on agent

capabilities, missions may require agents from different teams to collaborate and achieve

preemptable tasks. Moreover, the paths need to be designed by considering the recharg-

ing needs.

The limited energy capacity of the agents with uncertain energy consumption models

is another aspect to consider while designing energy-aware multi-agent trajectories.

When the paths between service regions are long enough, the agent may need to get

charged via charging stations en route.

We consider a set of regions of interest including the base and the service areas that

need to be visited by the agents of the respective team. Moreover, there are additional

regions associated with charging stations spread out over the environment, as illustrated

in Fig. 4.4. Accordingly, we construct pairwise paths between these regions for each

agent team via sampling-based algorithms under the constraint of always being within

a certain distance from a charging station.

We model the partitioned environment for each team w as a graph with certain

transition characteristics Gw = (Vw, Ew, dw,∆ew) where

• Vw := VRoIw ∪ VCSw where VRoIw is the node set of nodes containing the regions of

interest and the intermediate nodes, and VCSw represent the charging station nodes

and intermediate nodes to reach them from VRoIw ,

• Ew := ERoIw ∪ ECSw with ERoIw ⊆ VRoIw × VRoIw and ECSw ⊆ VCSw × VCSw denoting the

set of transitions that can be traversed between two nodes at a time step,

• dw : Ew → R+ is the cost representing the Euclidean distance between two nodes,

• ∆ew : Ew → U(∆ew,∆ew) is the stochastically modeled state of charge decrease

(energy consumption) rate, where ∆ew,∆ew ∈ R+ are the limits of consumption.

Note that VRoIw ∩ VCSw 6= ∅ since a path from/to a charging station contains node(s) in

VRoIw .

We can define heterogeneous dynamics for single integrator agents by setting dif-

ferent transition costs for agents moving with different speeds, similar to the previous
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section. To illustrate, the step size of the drone is larger than that of the car in Fig. 4.4

as drones can travel longer distances within a time step.

We use again a sampling-based algorithm, RRT* [62], accounting for team dynamics

and also recharging considerations. We first implement nominal planning that is con-

strained to keep charging available all the time without considering the actual recharging

maneuvers as the energy consumption is stochastic. To this end, the nominal environ-

ment GRoIw = (VRoIw , ARoIw , dw) is generated such that at every instant, agents are within

charging radius of a station.

Definition 4.3.2 (Charging Radius). Given a set of stationary charging station posi-

tions (xCSk , yCSk ), the h-hop charging radius of the charging station k for the agent team

w is defined by rCSk,w = dwh.

We constrain the value of h ∈ Z+ to satisfy (2h + 1)∆ew ≤ 100, ∀w, where ∆ew

is the worst-case stepwise energy consumption for team w. This constraint ensures an

agent’s progress (at least for one transition) on its nominal path after getting recharged,

hence 2h + 1 transitions are considered instead of 2h. To enforce the charging radius

constraint on the generation of the nominal environment GRoIw , we apply the following

modification on RRT* [62]: “For each v ∈ VRoIw , there must be a charging station k such

that
√

(vx − xCSk )2 + (vy − yCSk )2 ≤ rCSk,w where [vx, vy] ∈ R2 is the position of the node

v.”

Intuitively, we want all agents to be able to reach a charging station in at most

h-hop when necessary. The following assumption is required to ensure that the agent

path is always within the charging radius of a charging station.

Assumption 4.3.1 (Charging Station Locations). Consider an ordered sequence of

charging stations CSij = {CS1, CS2, . . .} with (xk, yk) ∈ R2 denoting all points within

the charging radius of the station k, i.e.,
√

(xk − xCSk )2 + (yk − yCSk )2 ≤ rCSk,w. For any

two regions of interest of any team w denoted by the nodes vi and vj, there exist such a

sequence of stations CSij with min(
√

(xk−1−xk)2+(yk−1−yk)2)≤dw for k∈ [2, |CSij |],
(xCS1 , yCS1 ) = (vix , viy), and (xCS|CSij |, y

CS
|CSij |) = (vjx , vjy).

In other words, Assumption 1 requires that the environment should have a sufficient

number of charging stations covering all the nodes. In that case, an agent cannot be in
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a node from which a charging station is not reachable in at most h-hop (i.e., the agent

can move from one circle to another at a step as illustrated in Fig. 4.4.

For a given set of charging station locations, we find the shortest pairwise paths in

between the regions of interest via the RRT* method modified by charging considera-

tions. Intuitively, the higher dw or h, the longer the charging radius rCSw as depicted in

Fig. 4.4; therefore, fewer stations are needed. That said, we do not choose the locations

of charging stations, but we are provided with them under Assumption 4.3.1.

We can formulate the optimization problem with mixed-integer constraints to min-

imize agent movement while satisfying the desired STL specification, similar to (4.5).

Moreover, since an unknown number of charging maneuvers will be required for each

agent during the mission, it is favorable to keep delays in STL time intervals minimal by

satisfying the tasks as soon as possible. To this end, we define the running cost via the

sum-norm of the agent flow as J
(
u1(t), . . . ,unteam(t)

)
=
∑nteam

w=1 t
∥∥uw(t)

∥∥
1

and penalize

later transitions more to get the agents to move as early as possible.

As the service propositions and progress function are linear, the optimization prob-

lem takes the form of a mixed-integer linear program (MILP) as follows:

u∗ = arg min
H−1∑
t=0

nteam∑
w=1

t
∥∥uw(t)

∥∥
1

s.t. (4.1), (4.2a), (4.2b),

Nw(0) = Nw0 , ∀w ∈ {1, . . . , nteam},

zΦ
0 = 1.

(4.7)

The solution of (4.7) gives the nominal plan for the multi-agent system satisfying an

STL specification with preemptable service requirements. However, due to the stochas-

tic energy consumption model, we do not know how many agents will need charging

and when or how often these charging instances will occur. Next, we will investigate

the probabilistic models to estimate these values and implement the given plan with a

recharging policy for each agent.
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4.3.3 Agent-Level Implementation under Charging Constraints

After obtaining the team-level plans with swarm flow throughout the environment G,

now we have to i) assign individual agents to perform flow requirements and ii) imple-

ment the transitions subject to energy consumption and charging considerations, i.e.,

get them charged whenever needed.

Agent Assignment

Given the agent flow uw(t) with uwi,j (t) denoting the number of agents required to move

from node vi to node vj , let us denote the set of team w agents inside the node vi by

Σw,vi and the position vector of these agents by βw,vi = [xw,1 · · · xw,|Σw,vi |]
T ∈ R2|Σw,vi |,

we assign the agents via:

β∗ = arg min
β∗⊆βw,vi

uwi,j (t)∑
k=1

(vjx − β∗x(k))2 + (vjy − β∗y(k))2.

The indices of β∗ determine which agents inside the set Σw,vi need to move to the node

vj .

Online Energy-Aware Decision-making

We consider a given nominal plan as the solution of (4.7), which includes the flow of

agents through environment Gw for w ∈ [1, nteam]. By construction, the environment

enables each agent to reach a charging station in at most h-hop (see Sec. 4.3.2). Given

energy consumption distribution ∆ew,i ∼ U(∆ew,∆ew) we define the battery threshold

e∗ as follows.

Definition 4.3.3 (Battery Threshold). Given a user-defined probability of γ such that

at any instant t, an agent can reach the next intended node and then a charging station

in h + 1-hop with a probability of γ ∈ [0, 1]. Then the battery threshold e∗ is defined

obeying to Pr
(∑h+1

τ=1 ∆ew(τ) ≤ e∗
)

= γ.

In other words, at each time t, agents have to check if moving to the next node would

violate the reachability to a charging station in h-hop. Therefore an h+ 1-hop motion

is assessed and used in the calculation of the battery threshold e∗. When the battery
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level drops below the threshold, a ‘charge-and-continue’ route is calculated online with

RRT* between the closest charging station and the current node. This planning is

implemented over a much smaller environment similar to [65] (purple charging route in

Fig. 4.4).

Note that γ = 1 implies that even if
∑h+1

τ=1 ∆ew(τ) = (h + 1)∆ew, i.e., the worst

energy consumption possible in h+1-hop occurs, the agent will still be able to reach the

charging station. This also guarantees the recharging from the current time t whenever

needed by Def. 4.3.2 and the fact that e(t − 1) ≥ e∗. That said, we keep γ ∈ [0, 1]

user-defined and allow a risk-aware planning process.

Remark 4.3.1. Summation of n uniformly distributed random values Ui ∼ U(0, 1)

yields Irwin–Hall distribution that can be approximated via
∑n

i=1 Uk ∼ N
(
µ = n

2 , σ
2 =

n
12

)
.

Let an agent be fully charged, i.e., e0 = 100, then the probability of the agent’s state

of charge dropping below the threshold and becoming critical after moving for n steps

is

Pr(e(n) < e∗) = 1− Pr
( n∑
i=1

∆e(i) ≤ 100− e∗
)
,

via the cumulative distribution function,

F∑n
i=1 ∆e(i)

(
100− e∗

)
= Pr

( n∑
i=1

∆e(i) ≤ 100− e∗
)

=
1√
πn/6

∫ A

−∞
e

(
− (t−n2 )2

n/6

)
dt,

where A = 100−e∗−n∆e

∆e−∆e
. Moreover, we can find the battery threshold based on h to

assess the reachability of charging stations after moving to the next node in the plan

and the user-defined probability γ by the quantile function as:

e∗w = (h+ 1)∆ew + (∆ew −∆ew)F−1∑h+1
i=1 ∆ew(i)

(γ), ∀w ∈W.

Definition 4.3.4 (Charging Duration). Whenever an agent reaches a charging station

node, it is recharged back to e = 100 in tc steps with a probability of prtc. Let the

alternative charging durations be distributed as CD = {tc,1, tc,2, . . .} with the probabilities

{prtc,1 , prtc,2 , . . .}, then the expected duration in each station is E[tc] =
∑|CD|

i=1 tc,iprtc,i.
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Temporal Relaxation of STL under the Proposed Solution

Due to stochastic energy consumption, agents can deviate from their nominal paths to

get recharged. Regarding the policy discussed in Sec. 4.3.3, which includes returning to

the node in VRoIw from which the agent leaves to get recharged, we define and quantify

the expected temporal relaxation/violation in this section.

Given a path between two regions of interest, namely vi, vj ∈ VRoIw , i.e., pathij =

{vi, . . . , vj}, we denote the number of intermediate nodes as nintij = |pathij | − 2. De-

pending on the h-hop charging station reachability, the possible number of charging

instances on pathij can be represented as nchargeij ∈ {1, . . . , nintij −h}. Then, we can find

the probability of the number of charging instances while traveling between vi and vj

as:

Pr(nchargeij = l) =

(
nintij −h

l
)∑

m=1

Pr
( ∧
r∈Llm

e(r) < e∗
∣∣ ∧
r∈[1,nintij −h]\Llm

e(r) ≥ e∗
)
,

where Ll is the set of combinations of l nodes, i.e., Ll = {L ⊆ {1, . . . , nintij −h} | |L| = l},
and Llm is the mth element of Ll. Moreover, the expected delay τij while traveling from

node vi to node vj would then be found as:

E[τij ] =

nintij −h∑
l=1

Pr
(
nchargeij = l)× l × (2h+ E(tc)

)
.

Definition 4.3.5 (Temporal Relaxation of STL Specification). Suppose an STL speci-

fication,

Φ := φ1 ∧ . . . ∧ φntask , (4.8)

where each task φi is associated with a region of interest pi ∈ P . Moreover, let the

nominal path of agent i be comprised of multiple ordered regions of interest as pathi =

{p1, p2, . . .}. We will construct the expected temporal relaxation τ(Φ) starting from the

individual agent paths as follows:

• Calculate the delays in reaching each region of interest in pathi that is supposed

to be serviced by each agent i in each team w:

τw,i(pj) = τw,i(p1) +

j∑
l=2

E[τpathi(l−1),pathi(l)],

for j ∈ [1, |pathi|], i ∈ [1, nagentw ], w ∈ [1, nteam].
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• Determine the node-specific relaxations for the whole system and overall temporal

relaxation of Φ:

τtemp(Φ) := max
j∈[1,ntask]

max
w∈[1,nteam]

max
i∈[1,nagentw ]

τw,i(pj). (4.9)

The relaxation value above is not final, since the delay in the nominal agent paths

does not necessarily imply the violation of the task deadlines. This is because the

nominal plan can include teams satisfying tasks way before the given deadline. Hence,

we find how early teams complete giving services in the nominal plan and reflect this

time budget in calculating the temporal relaxation.

Let {td,1, . . . , td,ntask} be the task deadlines in (4.8). Moreover, we denote the com-

pletion step of the service specified in φj by t∗j . Therefore, task-specific time budgets

can be reflected in the formulation of temporal relaxation in (4.9) as:

τ(Φ):= max
j∈[1,ntask]

((
max

w∈[1,nteam]
max

i∈[1,nagentw ]
τw,i(vj)

)
−
(
td,j − t∗j

))
.

When periodic tasks are concerned, there may be multiple satisfaction instances,

i.e., completion times, for the same single task in (4.8). We treat all such instances like

separate tasks, as the deadline and completion times are still known a priori via the

nominal plan. Furthermore, τ(Φ) constitutes an “expected upper bound” on temporal

relaxation as all charging maneuvers are assumed to have exactly h-hops as the worst-

case scenario, whereas they can be less in reality.

4.3.4 Case Study: A Cooperative Energy-Aware Multi-Agent System

We consider a multi-agent system with three agent teams whose properties are shown

in Table 4.3. We refer to heterogeneous agents by their shape and color. The pairwise

team-specific paths between respective regions of interest for each agent team are found

via RRT* sampling-based algorithm [62] with modifications to avoid team-specific ob-

stacles and ensure availability of charging stations in at most h-hop on a 3 × 1.4 m

environment represented in Fig. 4.6.

Mission specifications for the multi-agent system are summarized as follows: i) Bot-

tom green circular region has to be imaged 30 times in total within [10, 30] by the agents

equipped with a camera, ii) 45 liters of pesticide need to be sprayed on the blue circular
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Table 4.3: Properties of the three agent teams with energy constraints.

Agent Team (#Agents) Capability (per time step) Regions #Obstacles Speed
Energy Cons.,

∆ew ∼ U(∆ew,∆ew)

Triangle/Magenta (2)
Measure temperature (×2)

Spray pesticide (×2)
4 3 0.10 m/s ∼ U [6, 10]

Diamond/Orange (2)
Take photo (×1)

Measure temperature (×1)
4 2 0.15 m/s ∼ U [10, 14]

Circle/Green (2)
Take photo (×1)

Spray pesticide(×1)
4 2 0.15 m/s ∼ U [10, 14]

region in the middle between t = 20 and t = 40, iii) 30 temperature readings should

be made in the yellow region on top within [10, 30]. These specifications are expressed

using the integral predicates as:

Φ := µi[10,30]{Targetbottom/green, Take photo, 30}

∧ µi[20,40]{Targetmiddle/blue, Spray pesticide, 45}

∧ µi[10,30]{Targettop/yellow,Measure temperature, 30}.

(4.10)

Simulations are implemented for an unknown length of mission horizon that is shaped

according to stochastic charging requirements throughout the mission with ∆t=1. The

distribution of agents moving over the environment is represented in Fig. 4.6. The spec-

ification in (4.10) is accomplished with some delays due to limited energy capacity. We

illustrate that agents from different teams contribute to the satisfaction of preemptable

tasks in Fig. 4.6. For instance, a diamond agent joins a circle agent to service the green

area at t = 26. The same agent moves to the yellow region at t = 39 to collectively

service with the other diamond and triangle agents. Throughout the mission, the agents

are also subject to charging maneuvers and calculate their paths online (shown in black)

to the closest station whenever needed.

For the scenario in Fig. 4.6, the charging station availability parameter h is 3 with the

charging duration and availability probabilities of Pr(tc = {1, 2, 3}) = {0.8, 0.15, 0.05}
and γ = 0.9. We also investigate the impact of this user-defined probability threshold γ

on the temporal relaxation of STL specification. Results are presented in Fig. 4.7. We

set different γ levels and inspect both actual temporal relaxation and its expected value
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Figure 4.6: Team plans of the triangle (magenta), diamond (orange), and circle (green) agents at selected

time instants (red rectangular regions: obstacles for all agents, blue rectangular region: obstacle for the

triangle agents only). The values attached to markers (if any) indicate the number of agents from the

same team at that node. Gray circles are the bases of teams. Target regions are colored according to

(4.10). The orange circles illustrate charging stations. Some of the snapshots depict newly generated

black paths between charging stations and individual agents when their states of charge get critical.

obtained as discussed in Sec. 4.3.3. As γ decreases, holding less charge becomes more

tolerable due to decreased battery level threshold e∗. Consequently, agents take risk and

go for charging less frequently, which results in smaller temporal relaxation. Moreover,

the expected and actual (n = 10) temporal relaxations are close to each other, verifying

the formal analysis made prior to the actual mission implementation in Sec. 4.3.3.
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Since the plan is generated using a flow control problem, increasing the number of

agents has no significant adverse effect on the solution times. In addition to 2+2+2

setting in Table 4.3 which takes ∼ 230 s to generate the nominal plan, we tried 5+6+7

(∼ 8 s) and 10+10+10 (∼ 12 s) number of agents as well for the same specification in

(4.10). These results imply that increasing the number of agents can even facilitate the

solution of the problem since including more agents provides a larger solution space for

the specifications with cumulative properties. On the other hand, when the nominal

plan is executed subject to probabilistic charging requirements, we obtain the mean

computation times of 0.11 s, 0.15 s, and 0.18 s, respectively, for these three multi-agent

settings (n = 100), suggesting a linear increase.

Figure 4.7: Results of how threshold γ on the probability of available charging affects the actual and

expected temporal relaxation values due to changed critical battery level threshold. The actual (realized)

mission implementation values are obtained by generating n = 10 samples.

A scenario similar to the one in Fig. 4.6 satisfying (4.10) is also conducted with a

more realistic dynamical system using the Robotarium platform [66] depicted in Fig. 4.8.

4.4 Discussion

This chapter shows how integral predicates for STL specifications can be used in multi-

agent systems to encode the cumulative progress in tasks. In the case of heterogeneous
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Figure 4.8: Snapshot from the Robotarium simulation with six ground robots.

agents, such a predicate can be used to define the progress within a specific time interval

that can be asynchronously achieved by multiple agents during different time steps. We

also show that the integral predicates can be encoded as mixed-integer linear constraints.

Optimal trajectories are then obtained by solving a MILP problem. We show how the

proposed predicate can be used in the planning of the multi-agent trajectories more

richly and expressively compared to the conventional STL.

Moreover, an energy-aware planning approach is introduced using the proposed

planning framework for heterogeneous agents. This involves a hierarchical solution to

energy-aware planning and implementation at team and agent levels subject to stochas-

tic energy consumption and charging. We formally quantify the expected amount of

worst-case delays and relate them to the temporal relaxation of the STL specification.

However, this quantification is done as a post-processing. The next chapter addresses

the formulation of a formal metric to quantify temporal relaxation in STL specifications

that are either initially infeasible or become infeasible later on during the mission. This

new metric can be used in optimization routines for planning and control.



Chapter 5

Resilient Motion Planning under

STL Specifications

This chapter addresses the problem of resilient motion planning for robots operat-

ing under STL specifications in dynamic environments. In such settings, unforeseen

events—such as the emergence of dynamic obstacles—can render the original STL spec-

ification infeasible. To address this, we propose a reactive framework that enables local

corrections or global replanning of the robot’s trajectory in response to these unexpected

occurrences. We introduce a metric that can quantify the temporal relaxation of Signal

Temporal Logic (STL) specifications and facilitate resilient control synthesis in the face

of infeasibilities. When the original STL specification becomes unsatisfiable, our frame-

work involves minimally relaxing it by extending/shrinking time windows or removing

some tasks as per user preferences. This strategy is designed to prevent arbitrarily long

delays in mission completion and facilitate the satisfaction of the mission with mini-

mal temporal relaxation. We present theoretical results supporting our framework and

demonstrate its effectiveness through high-fidelity simulations, along with benchmark

analysis.

The chapter is organized as follows: Section 5.1 introduces the relevant literature on

STL control synthesis with temporal aspects and reactive planning under temporal logic

specifications. A family of STL specifications that can be tackled with the proposed

approach is identified in Sec. 5.2. Next, we introduce a metric that can formally quantify

68
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the temporal relaxation of STL specifications in Sec. 5.3. A comparison between the

proposed metric and the standard STL metrics is presented in Sec. 5.5. Section 5.4

involves an STL control synthesis framework minimizing the proposed metric. An online

monitoring and reactive planning algorithm that continuously evaluates the robot’s

trajectory and dynamically adjusts it as well as the STL specification to minimize

temporal relaxations is addressed in Sec. 5.6.

5.1 Introduction and Literature Review

As discussed in Chapter 2, there are two main STL robustness metrics, i.e., space and

time robustness which capture the effect of shifting the signal in space and time on

the satisfaction, respectively [26]. While most of the studies in the literature propose

solution methods to optimize space robustness or a variant of it [14,16,27,41,42,47–49],

there are also some works emphasizing the benefits of optimizing time robustness [67–

70]. Moreover, allowing for negative robustness and maximizing it may imply minimal

violation of an STL specification. Control synthesis with space-related metrics can allow

for spatial relaxations (e.g., if Region A cannot be reached within 10 minutes, get as

close as possible within that time frame). However, the time-related metrics may not

provide a notion of temporal relaxation, especially when the failure becomes inevitable

due to unexpected environmental changes.

In real-world applications, autonomous systems operate under various disturbances

(e.g., internal, external, human-triggered), such as the sudden appearance of obstacles

or human intervention, which can cause deviations from nominal plans. In more severe

cases, the original mission may become unsatisfiable (e.g., a robot tasked with reaching

region A in 10 minutes may be delayed due to the updated plan to navigate around

unexpected obstacles). Moreover, when multiple tasks are involved, a delayed arrival

at one region can cause cascading delays in subsequent tasks. In such cases, a resilient

control synthesis requires to search for trajectories resulting in minimal violations of

the original specification. One common way of achieving this is by relaxing the spatial

requirements of the specification (e.g., [30]), such as satisfying x ≥ 4.7 instead of x ≥ 5.

On the other hand, relaxing the time bounds by strictly enforcing the thresholds over

signal values is not investigated much in the STL literature, although applications such
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as manipulating objects in fixed regions would benefit from it. Such a notion of temporal

relaxation has been introduced for Time Window Temporal Logic (TWTL) in [71], where

an automata-theoretic approach is proposed to shrink or extend the corresponding time

intervals of the tasks when needed.

Time robustness [26] in STL control synthesis is considered in [67], where the goal

is to maximize the time robustness along with the space robustness for a limited family

of STL specifications; however, the infeasibility of STL specifications is not discussed.

Moreover, in [68] and [70], mixed-integer encoding of the right-time robustness and a

left-right combined time robustness metric are introduced, respectively. These metrics,

however, may not facilitate a reactive response needed to operate in dynamic environ-

ments due to focusing primarily on critical trajectory segments that might be in the past

and dominate the overall performance. Similarly, time robustness under time shifts in

the stochastic signals is assessed along with a risk measure of STL failure in [69]. While

maximizing time robustness may lead to satisfaction of the STL specification even when

the signal is shifted along the time (e.g., delay in the signal), it may not necessarily result

in minimal temporal relaxation of the STL specifications in the presence of violations.

This is because the quantity of time robustness metric is dominated by the critical vio-

lations (i.e., use of min/max functions), which makes it hard to differentiate individual

task relaxations. Furthermore, maximizing time robustness, especially in the violation

cases [67, 68], requires a significant computational effort, which is also illustrated later

on in the following sections.

STL specifications can be infeasible by nature. In such scenarios, the specifica-

tions can be repaired [72] or partially satisfied [73]. In [74, 75] partial satisfaction is

achieved through a two-fold optimization framework. In [72] repair of infeasible STL

specifications is addressed, where an iterative algorithm is proposed to repair infeasi-

ble STL specifications by relaxing thresholds over signal values, penalizing relaxations,

and determining possible interval modifications based on the relaxed thresholds. How-

ever, this work is not equivalent to minimizing temporal relaxation and its iterative

nature demands more computational effort. Moreover, a notion of temporal relaxation

is investigated in [21], where an algorithm is proposed to plan trajectories that satisfy

iteratively changing STL specifications (i.e., shifting STL). In particular, the original

STL specification is considered but its time intervals are from the current time instant
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to the end of the time interval. However, this work is limited to safety and persis-

tence behaviors. In general, these studies provide offline solutions and cannot adapt

to unexpected changes/disturbances in a dynamic environment. Therefore, recovery

from infeasibility due to environmental changes, disturbances, or actuator limits and

the impact of such failures on the realized specifications remain a challenge.

For robots to fulfill temporal logic specifications in dynamic environments, it is essen-

tial that they can react to unexpected events by adjusting their trajectories in real time.

These events might include potential collisions [76–78], deviations caused by external

disturbances [67], or newly defined specifications [79]. Replanning the entire trajectory

after each such event can be computationally expensive, particularly in cluttered envi-

ronments where frequent replanning leads to increased computational overhead [78]. To

address this, local trajectory corrections are proposed as a more efficient alternative for

minor deviations, allowing the robot to continue its mission without needing a complete

replanning.

Several studies explore reactive motion planning under temporal logic constraints.

For example, deviation from STL-satisfying trajectories is addressed in [67] via local

Model Predictive Control (MPC) corrections, which drives the robot to return to its

nominal trajectory after disturbances. Efficient local corrections in dynamic environ-

ments are tackled in [76] and [77], where the robot adapts to obstacles detected in real

time.

Although local corrections offer some benefits, they may sometimes be inadequate or

impractical, necessitating full replanning in certain cases. Approaches like [80] improve

the efficiency of replanning by reconstructing the state graph only partially to accommo-

date changes in the environment. Similarly, [77] employs mixed-integer programming

to handle failures by only considering the affected/violated constraints, reducing the

overall computational burden. Our work similarly proposes efficient reactive planning,

but we can tackle infeasible tasks by minimally violating specifications.

Overall, the lack of online synthesis methods that can react to unexpected changes in

the environment and even allow for minimal violations of the original STL specification

(by strategically modifying the time windows or removing tasks) motivates us to address

the challenges of resilient motion planning under minimally relaxed STL specifications.
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5.2 A Family of STL Specifications for Temporal Relax-

ation

We consider the following STL fragment to express the desired system behaviors:

Φ ::= φ | Φ1 ∧ Φ2 | Φ1 ∨ Φ2 | F[a,b]Φ | G[a,b]Φ,

φ ::= F[a,b]ϕ | G[a,b]ϕ,

ϕ ::= µ | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2,

(5.1)

where Φ, φ, ϕ are STL specifications. Although the syntax in (5.1) is expressive enough

to specify various rich tasks, it does not allow for conjunction/disjunction of the tem-

poral operators with bare predicates as in Φ = F[a,b](µ1 ∧G[c,d]µ2).

Example 5.2.1. Consider two signals x′ and x′′ starting from t = 0 and illustrated in

Fig. 5.1. Suppose that the specification is Φ1 = G[15,60]x ≥ h1 meaning that the signal

has to satisfy x(t) ≥ h1 for all t ∈ [15, 60]. While both signals violate Φ1, x′ (blue)

stays in the desired region longer than x′′ (red). However, the (right) time robustness

notion cannot differentiate this due to using min function in its computation as in (2.3).

Specifically, θ+(x′,Φ1, 0) = θ+(x′′,Φ1, 0) = mint∈[15,60] θ
+(x,x(t) ≥ h1, t), hence both

signals have the same time robustness that is negative due to violation, and its length is

illustrated by the purple bar in Fig. 5.1.

Now, suppose the specification is updated as Φ2 = Φ1 ∧ F[75,120]x ≤ h2 meaning

that the signal needs to satisfy x(t) ≤ h2 for some time t ∈ [75, 120] in addition to

satisfying Φ1. Despite the blue signal’s satisfaction of the second task, the violation of Φ1

dominates the computation of time robustness of Φ2. Furthermore, the signal x′′ slightly

violates the second task, but the initial violation still dominates. As a result, the violation

in the purple area indifferently determines the time robustness score of both signals and

specifications with θ+(x′,Φ1, 0) = θ+(x′′,Φ1, 0) = θ+(x′,Φ2, 0) = θ+(x′′,Φ2, 0). Similar

examples are straightforward to illustrate for the left time robustness as well.

Note that the standard space robustness in (2.3) may be insufficient to differentiate

signal behaviors as well. For instance, ρ(x′,Φ1, 0) = ρ(x′′,Φ1, 0) = −ρ∗. However, this

issue is addressed by several studies via modified space robustness metrics and extended

STL syntax (e.g., [16,41,42,47–49]). Nonetheless, such metrics do not assess satisfaction
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Figure 5.1: Two signals that violate the given STL specifications by different amounts. Green regions

are the targets the system must reside in to achieve the specifications. The areas of violation are denoted

by the color of the respective signal, while the purple region depicts violation by both signals.

beyond the original time intervals, which motivate us to introduce a temporal relaxation

metric for STL specifications.

One may also consider using average time robustness values over the intervals instead

of min/max functions similar to existing space robustness modifications. However, this

may not result in desired relaxed notions. For instance, let Φ3 = G[75,120]x ≥ h2. As

depicted in Fig. 5.1, x′ leaves the x ≥ h2 region before the deadline of t = 120. This

yields the time robustness values between the violation instant and t = 120 to become

very small (negative) since there is no satisfaction instant remaining until the end of the

mission. Hence, arbitrarily large mission horizons yield violated time robustness values

to be arbitrarily small. In this regard, averaging them with satisfactory positive small

values does not provide a good understanding of the signal behavior.

The spatial relaxation of STL specifications is generally possible by allowing the

system to minimally violate its spatial requirements (i.e., maximizing the space robust-

ness while letting it be negative). For example, if the specification is entering a desired

region, the spatial relaxation will be approaching the region as close as possible given

the time interval. However, spatial relaxation may not be feasible for some missions,

e.g., manipulating an object in a fixed region. Therefore, extending or shrinking the

time intervals to allow for late or early satisfaction can be practical in some scenarios.

However, the temporal relaxation of STL is not broadly investigated, and the standard

time robustness cannot differentiate partial satisfactions as illustrated in Example 5.2.1.



74

5.3 Temporal Relaxation Metric

Suppose that a task φ in the STL specification Φ (as per the syntax in (5.1)) is defined

over a time interval of I = [a, b]. For every such task, we have the temporally relaxed

versions φτ = F[a−τF ,b+τF ]ϕ and φτ = G[a+τG,b−τG]ϕ where τF , τF , τG, τG ∈ Z≥0 are

temporal relaxation parameters. That is, the system may eventually satisfy ϕ within a

longer time interval and always satisfy it within a shorter interval, both of which imply

the relaxation of the original requirement. Moreover, when multiple temporal operators

are nested, temporal relaxation is enabled for the innermost ones. For example, if the

original specification is Φ = F[c,d]G[a,b]ϕ, then the relaxed version of it is considered as

Φτ = F[c,d]G[a+τG,b−τG]ϕ.

Our approach will result in the satisfaction of the predicates and/or their combina-

tions only within the original globally interval IG (potentially within an interval shorter

than the original) and remove the task otherwise. On the other hand, the interval of

the finally operator IF is extended, and when not bounded, this extension may yield

excessive relaxations, e.g., satisfying µ at t = 100 where the specification is φ = F[5,10]µ.

For this reason, our formulation allows the user to specify acceptable bounds to relax

the original interval I = [a, b]. Accordingly, the new interval bounding the maximal re-

laxation is defined as IF = (a−dγF ·|IF |e, b+ dγF ·|IF |e) where γF > 0 is a user-defined

tolerance parameter.

A similar tolerance 0 < γG ≤ 1 can be defined for the globally as well where the

relaxation is allowed over IG = [a, b] \
([
a, a+

⌊
γG · |IG|2

⌋)
∪
(
b−
⌊
γG · |IG|2

⌋
, b
])

. Note

that, IF and IG are not the relaxed intervals, but they exclusively bound the allowable

relaxation according to user preferences.

Next, we define the temporal relaxation metrics that we want to keep minimum. The

temporal relaxation metric simply comprises the amount of violation with respect to the

maximum allowable relaxation. We define two normalized metrics below to measure the

temporal relaxation among the tasks with finally and globally operators, respectively.

Definition 5.3.1 (Temporal Relaxation Metric). Given an STL specification with the

syntax in (5.1), the temporal relaxation metrics for the finally and globally operators are

defined as:
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Finally

τ(x, F[a,b]ϕ, t) :=


max(τF , τF )

γF ·|IF |
, if ∃t′ ∈ t⊕ [a− τF , b+ τF ]

s.t. γF ·|IF | ≥ τF , τF ≥ 0 and (x, t′) |= ϕ,

1, otherwise.

(5.2)

Globally

τ(x, G[a,b]ϕ, t) :=



τG + τG
γG ·|IG|

, if ∀t′ ∈ t⊕ [a+ τG, b− τG]

s.t. γG ·
|IG|

2
≥ τG, τG ≥ 0 and (x, t′) |= ϕ,

1, otherwise.

(5.3)

Proposition 5.3.1 (One-sided Relaxation of Finally Tasks). Suppose that τF , τF ∈
Z≥0. Let φ = F[a,b] ϕ be a finally task endowed with the temporal relaxation metric

τ(x, F[a,b]ϕ, t) defined according to (5.2). When τ(x, F[a,b]ϕ, t) is minimized, the resulting

relaxed interval [a− τF , b+ τF ] can have at least one of τF and τF equal to zero.

Proof. Without loss of generality, let t = 0 and the required single satisfaction happen at

b+τF . Suppose that the minimally relaxed interval can only be obtained as [a−τF , b+τF ]

with τF 6= 0 and τF 6= 0. Now, consider another interval [a, b + τF ] with τF = 0.

Since (x, t) |= F[a,b+τF ]ϕ =⇒ (x, t) |= F[a−τF ,b+τF ]ϕ via the STL semantics in (2.3),

[a − τF , b + τF ] with τF 6= 0 and τF 6= 0 cannot be the minimally relaxed interval.

Hence, at least one of τF and τF can be zero when the interval is minimally relaxed.

For instance, consider Φ = F[5,10]ϕ, and the closest satisfaction is (x, 15) |= ϕ.

The relaxed specification would be Φτ = F[5,15]ϕ. Alternatively, if (x, 3) |= ϕ is the

closest satisfaction instant, then the relaxed specification would be Φτ = F[3,10]ϕ. When

τF = τF = 0, then the original specification is satisfied, i.e., (x, t) |= F[a,b]ϕ, without

any temporal relaxation, i.e., τ(x, F[a,b]ϕ, t) = 0.

Note that the temporal relaxation metrics in (5.2) and (5.3) are normalized and take

values within [0, 1]. That is, when no relaxation is needed and the original specification is

achieved, the relaxation metric is 0 for each operator, and when the allowable relaxation

amount is exceeded or the task is completely failed, the metric becomes 1 and the task

is removed. Hence, the aim will be minimizing the temporal relaxation during the

satisfaction of an STL specification Φ in the face of infeasibilities.



76

Building on top of τ(x, F[a,b]ϕ, t) and τ(x, G[a,b]ϕ, t) in (5.2) and (5.3), we recursively

define a general temporal relaxation metric τ(x,Φ, t) for the STL specification Φ as

follows:

τ(x,Φ1 ∧ Φ2, t) :=
τ(x,Φ1, t) + τ(x,Φ2, t)

2
, (5.4a)

τ(x,Φ1 ∨ Φ2, t) := min
(
τ(x,Φ1, t), τ(x,Φ2, t)

)
, (5.4b)

τ(x, G[a,b]Φ, t) := max
t′∈t⊕[a,b]

τ(x,Φ, t′), (5.4c)

τ(x, F[a,b]Φ, t) := min
t′∈t⊕[a,b]

τ(x,Φ, t′). (5.4d)

By definition, the temporal relaxation is allowed for the innermost temporal STL

operators via (5.2) and (5.3) when multiple of them are nested. In other words, when

Φ = F[a,b]ϕ or Φ = G[a,b]ϕ, i.e., Φ = φ as per (5.1), we use temporal relaxation metrics

in (5.2) and (5.3), respectively. However, when there are multiple nested temporal

operators, e.g., Φ = G[a,b]F[c,d]ϕ, we use the definitions in (5.4c) and (5.4d) for the outer

ones together with (5.2) and (5.3) inside them.

Corollary 5.3.1. For a given STL specification Φ with the syntax in (5.1), the overall

relaxation metric defined according to (5.4) is bounded such that 0 ≤ τ(x,Φ, t) ≤ 1, ∀t.

Proof. This follows directly from the semantics of temporal relaxation metric in (5.4)

together with (5.2) and (5.3).

It is worth noting that unlike the standard STL quantifying metrics (e.g., [25]), we

use min for the disjunction or finally (in (5.4b) and (5.4d)), and max for the globally (in

(5.4c)). This is because the lower temporal relaxation metric implies closer satisfaction

to the original specification. Moreover, the averaging in (5.4a) enables us to measure

collective performance that is not dominated by critical values.

Proposition 5.3.2 (Soundness of the Temporal Relaxation Metric). For a given STL

specification Φ with the syntax in (5.1), the temporal relaxation metric defined according

to (5.4) is sound in the sense that τ(x,Φ, t)=0=⇒(x, t) |=Φ1.

1The reverse τ(x,Φ, t) = 0⇐= (x, t) |= Φ may not always be true as the satisfaction over the original

time intervals implies satisfaction over arbitrarily relaxed time intervals as well with nonzero relaxation

parameters according to (5.2) and (5.3).
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Proof. By recursive definition in (5.4) together with (5.2) and (5.3), no temporal relax-

ation, i.e., τ(x,Φ, t)=0, implies that all tasks in Φ expressed according to the syntax in

(5.1) have either τ(x, F[a,b]ϕ, t
′) = 0 or τ(x, G[a,b]ϕ, t

′) = 0 with t′ ≥ t. Meaning, for all

relaxation parameters in Φ, we have τF =τF =τG=τG = 0 as per (5.2) and (5.3) which,

by definition, yields satisfaction within the original interval [a, b] for all tasks. Hence, it

follows by construction that the overall specification is satisfied on time, (x, t) |=Φ.

Proposition 5.6.1 along with Corollary 5.3.1 can be interpreted as follows: In the

best case, the given STL specification is satisfied within the original time intervals with

τ(x,Φ, t)=0. Therefore, an extra performance such as achieving tasks for a longer time

than required is not demanded, unlike the optimization of other quantifying metrics of

STL. However, when it is not feasible to achieve Φ, the minimization of τ(x,Φ, t) leads

to the satisfaction of spatial requirements specified in Φ with a minimal temporal relax-

ation. Furthermore, this minimal relaxation may potentially yield structural changes on

the Φ such as compromising highly demanding tasks which may jeopardize the success

of the others.

Example 5.2.1 (Cont’d). Consider again the two signals x′ (blue) and x′′ (red) in

Fig. 5.1. Recall that both signals have the same time robustness value even for different

STL specifications Φ1 = G[15,60]x ≥ h1 and Φ2 = Φ1 ∧ F[75,120]x ≤ h2. In this regard,

the time robustness metric may not capture the signal behaviors completely. We now

examine the performance of the new temporal relaxation metric for the same scenario.

Let I1 = [15, 60] and I2 = [75, 120] with |I1| = |I2| = 46. Assume that the tolerance

parameters are defined as γF = 1 and γG = 1, and note the temporal relaxation pa-

rameters τG = τG = 9 and τF = 4 from Fig. 5.1. As both signals violate Φ1, the

violation amounts can be calculated using the proposed temporal relaxation metric as

τ(x′,Φ1, 0) = 9/46 and τ(x′′,Φ1, 0) = (9 + 9)/46 = 18/46 implying the temporal relax-

ation made for x′ is lower than that for x′′. Similarly, when quantifying the violations

for Φ2, the ones for Φ1 should neither dominate the computation nor be completely use-

less, but contribute to the calculation of the cumulative relaxation. Since x′ completely

satisfies the finally task, the only violation comes from Φ1 but averaged due to total

number of two tasks as τ(x′,Φ2, 0) = 9
2·46 . On the other hand, x′′ violates both tasks

leading to τ(x′′,Φ2, 0) =
(

18
46 + 4

46

)
/2 = 11

46 . These temporal relaxations for two signals

yield the following relaxed specifications: Φτ ′
2 = G[15,60−τG]x ≥ h1∧F[75,120]x ≤ h2 for x′
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requiring less relaxation than that of Φτ ′′
2 = G[15+τG,60−τG]x ≥ h1 ∧ F[75,120+τF ]x ≤ h2,

the relaxed specification for x′′.

Definition 5.3.2 (Time Interval Similarity2). The similarity between two time intervals

I1 and I2 is measured via

S(I1, I2) :=
|I1 ∩ I2|

max
(
|I1|, |I2|

) .
Proposition 5.3.3 (Minimally Modified Intervals). Let φ be an STL task with a single

temporal operator over an original interval of I = [a, b] as in (5.1), e.g., φ = F[a,b] ϕ or

φ = G[a,b] ϕ. Suppose that two feasible minimal relaxations of φ, τ ′(x, φ, t), τ ′′(x, φ, t) ∈
[0, 1], are obtained over the relaxed intervals of I ′ and I ′′, respectively. If τ ′(x, φ, t) ≤
τ ′′(x, φ, t) under the same user tolerances γF and γG, then S(I ′, I) ≥ S(I ′′, I).

Proof. Finally Case: As shown in Prop. 5.3.1, minimal temporal relaxation of finally

operator enables one of the relaxation parameters τF or τF to be equal to zero. Without

loss of generality, suppose that the relaxations take place at the right-hand side (future)

of the original intervals, i.e., τ ′F = τ ′′F = 0. Then the condition in the premise implies

τ ′
F
≤ τ ′′

F
according to (5.2). It follows from the relaxed intervals I ′ = [a, b + τ ′

F
] and

I ′′=[a, b+ τ ′′
F

] that S(I ′, I)≥S(I ′′, I) as per Def. 5.3.2.

Globally Case: Suppose that the relaxed intervals are I ′ = [a + τ ′G, b − τ ′
G

] and

I ′′ = [a + τ ′′G, b − τ ′′G]. Then the condition in the premise implies τ ′G + τ ′
G
≤ τ ′′G + τ ′′

G

according to (5.3); thereby, S(I ′, I) ≥ S(I ′′, I) as per Def. 5.3.2.

Hence, keeping the temporal relaxation minimum is desired to achieve a relaxed

specification as close as possible to the original one.

Problem 5.3.1 (Minimization of Temporal Relaxation). Given an initial state x0, an

STL specification Φ, some user-defined relaxation tolerances γF and γG, the minimal

temporal relaxation problem for a dynamical system can be formulated as an optimization

problem as follows:

u∗ = arg min τ(x,Φ, 0)

s.t. x(t+ 1) = f(x(t),u(t)),

x(t) ∈ X , u(t) ∈ U , ∀t,

(5.5)

2Note that this similarity measure is a form of Jaccard similarity index when one interval is contained

in the other.
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where f : Rn×Rm → Rn denotes the dynamics of the system; X and U are the admissible

state and control sets, respectively.

If Φ can be satisfied by a trajectory starting from the given initial state x0, then

solving Problem 5.3.1 generates a feasible trajectory. Otherwise, solving it results in a

trajectory that minimally relaxes the time bounds of Φ under the allowable relaxations

provided by the user. Such a trajectory is different than the one that can be found

by maximizing space robustness (which does not modify the original time bounds) and

time robustness.

5.4 Temporally Relaxed STL Control Synthesis

Mixed-integer encoding of STL constraints is a common approach in control synthesis

under an STL specification [14]. If the dynamics f : Rn × Rm → Rn is linear (e.g.,

x(t+1) = Ax(t)+B u(t) where A ∈ Rn×n and B ∈ Rn×m are the system matrices), the

mixed-integer encoding of the STL specification Φ and the temporal relaxation metric

τ(x,Φ, 0) renders the optimization problem in (5.5) a mixed-integer linear program

(MILP) as long as the predicate function p(x(t)) is linear as well.

The authors of [68] use the framework in [14] to maximize right time robustness by

counting the consecutive satisfactions and violations via MILP encoding. While we use

a similar idea of counting constraints, there are substantial differences as the counting

takes place within particular time intervals and the counters are used to encode the

temporal relaxation metric according to (5.2), (5.3), and (5.4).

Next, we will present the MILP encoding of variables that count the consecutive

time instances of satisfaction (i.e., zϕt = 1) and violation (i.e., zϕt = 0), respectively.

Such an encoding is proposed in [68] only forward in time to calculate the right time

robustness. To see signal behaviors such as cumulative temporal relaxation (as intro-

duced in (5.4a)), we formulate a similar satisfaction/violation counting mechanism both

forward and backward in time. Then we follow the recursive definition of the general

temporal relaxation metric proposed in (5.2), (5.3), and (5.4) to build MILP constraints

representing them.

We will use the variables of r1
t (ϕ), l1t (ϕ) ∈ Z≥0 and r0

t (ϕ), l0t (ϕ) ∈ Z≤0 which denote

the number of instants with consecutive satisfaction (1) and violation (0) of ϕ starting
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from t toward the future (r) and past (l), respectively. The numbers of consecutive past

satisfaction and violation instants of ϕ starting from t (for t′ ≤ t) are defined forward

in time, respectively, as follows:

l1t (ϕ) = zϕt · (l1t−1(ϕ) + 1),

l0t (ϕ) = (1− zϕt ) · (l0t−1(ϕ)− 1).
(5.6)

Similarly, the numbers of consecutive satisfaction and violation instants of ϕ at

future starting from t (for t′ ≥ t) are defined backward in time, respectively, as below

r1
t (ϕ) = zϕt · (r1

t+1(ϕ) + 1),

r0
t (ϕ) = (1− zϕt ) · (r0

t+1(ϕ)− 1).
(5.7)

By construction, r1
t (ϕ) and l1t (ϕ) count the maximum numbers of consecutive in-

stants with zϕt′ = 1 for t′ ≥ t and t′ ≤ t, respectively. On the other hand, r0
t (ϕ) and

l0t (ϕ) count the maximum numbers of consecutive instants with zϕt′ = 0 and multiply

these values by -1.

For the given time intervals IF = IG = [a, b], boundary conditions for the calculations

in (5.6) and (5.7) are determined based on the type of temporal operator. For finally,

the calculations in (5.8) start forward and backward in time with l0t+a−dγF ·|IF |e(ϕ) = 0

and r0
t+b+dγF ·|IF |e(ϕ) = 0, respectively, where dγF · |IF |e is the exclusive bound for the

allowable relaxation. On the other hand, the boundary conditions for the calculations

for globally in (5.9) is started forward and backward in time with l1t+a−1 = 0 and

r1
t+b+1 = 0, respectively.

We continue with the MILP encoding of temporal relaxation metrics for finally and

globally operators constructed in (5.2) and (5.3), respectively.

Finally

τ(x, F[a,b]ϕ, t) = (z
F[a,b]ϕ
t − 1) ·

max
(
l0t+a(ϕ), r0

t+b(ϕ)
)

dγF · |IF |e
, (5.8)

where the variable z
F[a,b]ϕ
t denotes the Boolean satisfaction of the original task, i.e.,

z
F[a,b]ϕ
t = 1⇐⇒ (x, t) |= F[a,b]ϕ, and its MILP encoding is as follows:

z
F[a,b]ϕ
t =

t+b∨
t′=t+a

zϕt′ .
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Hence, if the finally task is already satisfied there is no need to consider relaxation

beyond the original interval or demanding more satisfactory time instants. This way,

we keep the original requirement of satisfying ϕ at any single instant within [a, b] if

possible, or at an instant as close as possible to the original interval otherwise.

Globally

τ(x, G[a,b]ϕ, t) = 1− zG[a+β,b−β]ϕ
t ·

(
1−
|IG| − l1t+ba+b

2 c
(ϕ)− r1

t+da+b
2 e

(ϕ)

γG ·|IG|

)
, (5.9)

where β =
⌊
γG · |IG|2

⌋
and the fraction is the ratio of failed time instants to the allowed

relaxation. The variable z
G[a+β,b−β]ϕ
t denotes the Boolean satisfaction of the task under

maximum allowable relaxation, and its MILP encoding is as follows:

z
G[a+β,b−β]ϕ
t =

t+b−β∧
t′=t+a+β

zϕt′ .

Therefore, the globally task can be satisfied under an allowable relaxation, and

otherwise removed. Note that when γG = 1, the Boolean satisfaction variable becomes

redundant as even a single satisfied time instant is an acceptable relaxation for the

γG = 1 case. The encoding in (5.9) enforces the satisfaction at the middle and possible

relaxations at both ends as required by the definition in (5.3). As
⌊
a+b

2

⌋
and

⌈
a+b

2

⌉
denote the same time step when a+b is even, for such cases, we consider the satisfaction

at only one of these two instants in the numerator of (5.9) to prevent double counting.

After encoding the temporal relaxation metrics of τ(x, F[a,b]ϕ, t) and τ(x, G[a,b]ϕ, t),

the MILP formulation of τ(x,Φ, t) for the overall STL specification Φ can be done

according to the recursive definitions in (5.4) and using the recipe in [14] for quantitative

encoding of min/max functions.

Unlike the time robustness, the temporal relaxation metric is not defined throughout

the whole mission horizon. In this regard, much fewer variables are used in MILP

encoding compared to time robustness yielding substantially faster solutions in addition

to obtaining different signal behaviors. Moreover, counting the violations only for the

finally and the satisfactions only for the globally operator within predetermined bounds

(IF and IG) keeps the number of optimization variables low and contribute to the

computational efficiency.
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Algorithm 1: STL Control Synthesis under Minimal Temporal Relaxation

using MILP encoding

input : Initial state x0, linear dynamics f(x,u), STL specification Φ, and user

tolerance inputs γF and γG.

1 Define constraints of the dynamics along the mission horizon H;

2 Formulate MILP constraints on zϕt for each task ϕ over t ∈ [0, H] (i.e., predicates and

their conjunction/disjunction);

3 Formulate STL constraints to define τ(x,Φ, 0) built recursively upon the core temporal

relaxation metrics τ(x, F[a,b]ϕ, t) in (5.2) and τ(x, G[a,b]ϕ, t) in (5.3) according to

(5.4);

4 Solve (5.5) in MILP format to extract state and input sequences;

output : Relaxed STL specification Φτ with the amount of temporal relaxation on

each task, state trajectory x, and input policy u∗ that achieve Φτ .

Theorem 5.4.1 (Completeness). For an STL specification Φ defined using the syntax

in (5.1) with linear predicates, if any task Φj in Φ =
∧k
i=1 Φi is feasible alone, then Alg.

1 returns τ(x,Φ, t) < 1 implying the spatial requirement of at least one task is satisfied.

Proof. MILP encoding of the temporal relaxation in lines 2-3 of Alg. 1 implies by

construction (via Eqs. (5.8) and (5.9)) that the minimizer of the optimization problem

solved in line 4 chooses the lowest cumulative temporal relaxation metric among the

alternatives. Suppose that Φj is a feasible task in Φ. Now we will consider two cases

based on the satisfaction status of the Φj :

Case 1 (Φj is completed on time): Since no relaxation is needed for Φj , even

if all other tasks are completely violated (i.e., τ(x,Φi, 0) = 1, ∀i 6= j), the resultant

cumulative temporal relaxation is bounded as τ(x,Φ, 0) ≤ τ(x,Φj ,0)+k−1
k . It follows from

τ(x,Φj , 0) = 0 that τ(x,Φ, 0) ≤ k−1
k < 1. Let us denote τ(x,Φ, 0) in this case as τcase1

for future reference.

Case 2 (Φj is temporally relaxed or entirely removed): Suppose that the feasible

task Φj is relaxed, and the algorithm still returns τ(x,Φ, 0) =
τ(x,Φj ,0)+

∑
i 6=j τ(x,Φi,0)

k = 1

meaning no spatial requirement is achieved within the relaxed time intervals. However,

for the Alg. 1 to return a temporal relaxation for Φj , instead of τcase1 , we need to have
τ(x,Φj ,0)+

∑
i 6=j τ(x,Φi,0)

k ≤ τcase1 ≤ k−1
k which is a contradiction and yields τ(x,Φ, 0) < 1

since 0 ≤ τ(x,Φ, 0) ≤ 1 as presented in Corollary 5.3.1.
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5.5 Temporal Relaxation vs. Time Robustness

Given an initial state x0, if Φ cannot be satisfied by a trajectory starting from x0, the

trajectories found by minimizing temporal relaxation and maximizing time robustness

are not the same. In the literature, either right or left time robustness is maximized, and

addressing both past and future relaxations at the same time is missing. Even if a unified

approach can be proposed to account for this, there exists a major difference regarding

the computation of time robustness, which uses min/max functions at each level. This

leads to the major violation cases dominating the value of the overall time robustness

and cannot differentiate the satisfaction/violation of the other tasks (as illustrated in

Example 5.2.1). Furthermore, the time robustness becomes inconclusive when it is

equal to zero. This may potentially yield problems in differentiating between a near

miss and a tight satisfaction. For instance, let a specification be given as φ = F[5,10]µ

with two scenarios: either (x, 10) |= µ (tight satisfaction) or (x, 11) |= µ (near miss).

As the (right) time robustness is calculated by θ+(x, φ, 0) = maxt∈[5,10] θ
+(x, µ, t) =

θ+(x, µ, 10)=0 for both cases, we have the same time robustness score for them. Hence,

satisfying φ within the specified time interval but at the very last step or violating it

by one time step becomes indifferent. Hence, determining the need to relax each task

is not possible by using the notion of time robustness.

Moreover, maximizing time robustness in the presence of a violation leads to check-

ing the overall mission horizon to ensure the satisfaction of the corresponding task (or

predicate) at least once so that a finite negative time robustness can be obtained. How-

ever, this can cause the mandatory satisfaction instant to be arbitrarily far from the

original interval which may not be desirable for some missions. On the other hand, the

proposed formulation can accommodate user input for limiting maximum relaxations

and minimizes temporal relaxation under the allowable relaxation tolerances. If a task

requires relaxation more than the allowable relaxation, then that task is removed from

the specification. Note that a similar task removal by maximizing time robustness might

be possible. However, that becomes a more computationally intensive process as it re-

quires iteratively computing trajectories and their corresponding time robustness values

and deciding to remove a task if the resulting time robustness is smaller than a user-

defined threshold. On the other hand, the proposed approach of minimizing temporal
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relaxation does not require iterative trajectory computation and solves the problem in

a single shot while still incorporating the user preferences.

5.5.1 Benchmark Analysis

We develop a control synthesis tool that generates trajectories satisfying the given STL

specification under minimal temporal relaxation by solving the problem in (5.5). We use

γF =γG=1 to bound the relaxations over finally and globally tasks, respectively. When

the task intervals are close to t = 0 or t = H, we shift the signals as they are defined

on Z≥0 or extend the mission horizon H accordingly so that the allowable relaxation

bounds IF and IG are captured within [0, H].

To illustrate the benefits of the new temporal relaxation metric, here we address con-

trol synthesis for an autonomous robot with discrete-time double-integrator dynamics

as

x(t+ 1) =


1 ∆t 0 0

0 1 0 0

0 0 1 ∆t

0 0 0 1

x(t) +


0.5∆t2 0

∆t 0

0 0.5∆t2

0 ∆t

u(t),

with the state vector x = [x, vx, y, vy]
T where vx, vy ∈ R are the velocities in x, y ∈ R

directions, respectively; and the input vector u = [ux, uy]
T where ux,uy ∈ R are the

accelerations along the given directions with the limit of |ux|,|uy| ≤ 2.2. The mission

scenario requires the robot to visit RA and RB some time within [32, 42] and [77, 87],

respectively, and always stay inside RC within [47, 67]. These requirements are expressed

by the STL specification:

Φcase = F[32,42]RA ∧ F[77,87]RB ∧G[47,67]RC , (5.10)

where visiting regions can be captured by the conjunction of linear predicates as follows:

RA = x ≥ 4 ∧ x ≤ 8 ∧ y ≥ 6 ∧ y ≤ 10,

RB = x ≥ 16 ∧ x ≤ 20 ∧ y ≥ 6 ∧ y ≤ 10,

RC = x ≥ 10 ∧ x ≤ 14 ∧ y ≥ −6 ∧ y ≤ −2.

The STL control synthesis problem under Φcase is solved by i) minimizing the pro-

posed temporal relaxation metric τ(·) using Alg. 1 and encoding in Sec. 5.4, ii) maxi-

mizing right
(
θ+(·)

)
and left

(
θ−(·)

)
time robustness metrics via the approach in [68] for



85

comparison. Results are given in Table 5.1, and realized trajectories with the marked

satisfactory instances and the original intervals are presented in Fig. 5.2. The use of

the proposed metric results in smaller temporal relaxation compared to time robustness

maximizing trajectories. Furthermore, the fewer number of constraints and variables in

our encoding yields more efficient computation time as well. As a result, the captured

signal behaviors via all three approaches in Table 5.1 lead to the following realized STL

specifications with marked relaxations in the time intervals:

Φτ
case = F[28∗,42]RA ∧ F[77,89∗]RB ∧G[53∗,67]RC ,

Φθ+

case = F[32,42]RA ∧ F[77,95∗]RB ∧G[59∗,65∗]RC ,

Φθ−
case = F[21∗,42]RA ∧ F[77,87]RB ∧G[50∗,62∗]RC .

As depicted above, using standard time robustness can assess relaxations toward either

right or left. Therefore, one of the finally tasks had to be satisfied when maximizing

each time robustness metric. Moreover, relaxation on one end of the globally interval

enables a smaller relaxation on the other end without additional cost, hence causing un-

necessary relaxation. The proposed metric, on the other hand, cumulatively assesses the

relaxations on both ends and among other tasks, hence satisfying an STL specification

with time intervals as close as possible to the original ones.

Table 5.1: Simulation results and optimization parameters for temporal relaxation
(
τ(x,Φcase, 0)

)
min-

imization and standard time robustness
(
θ+(x,Φcase, 0) and θ−(x,Φcase, 0)

)
maximization.

Optimized
# Constraints

# Variables Computation Time [s] Temporal

Relax. ∈ [0, 1]Metric Continuous Integer YALMIP [81] Solver

τ(x,Φcase, 0) 5505 310 1821 1.66 39.2 0.277

θ+(x,Φcase, 0) 8199 970 1861 1.98 1118.6 0.465

θ−(x,Φcase, 0) 8175 964 1861 2.32 632.9 0.461

Relaxation via Structural Changes: Different from standard STL robustness met-

rics, the proposed temporal relaxation metric may result in task removal to avoid sig-

nificant cascaded delays in task achievement. For instance, consider the specification:

Φcase′=G[15,25]x ≥ 5∧F[35,45]x ≤ −5∧F[75,85]x ≥ 5. As the time robustness can be arbi-

trarily small (and negative), even an utter delay is better than not achieving the task.

Hence, maximizing it returns the trajectory in Fig. 5.3 which fails all tasks. In fact, re-

moving one task may lead to the satisfaction of others on time. However, the trajectory
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Figure 5.2: Trajectories of the robot under the proposed minimal temporal relaxation control approach

(on the left) together with right and left time robustness maximizing approaches (on the middle and

right, respectively). The mission requirements are defined in (5.10). The initial position is marked by

×. The original globally and finally intervals are denoted by discrete black squares where satisfaction

instants within or closest to them are represented via green fillings.

still tries to bound the violation which yields cascaded delays in the remaining tasks.

On the other hand, minimizing the temporal relaxation metric requires the removal of

globally task and enables the completion of others within the original intervals. Hence,

Alg. 1 returns relaxed specification of Φτ
case′ = F[35,45]x ≤ −5 ∧ F[75,85]x ≥ 5 without

any relaxation on the time intervals. Moreover, the total solution time for minimizing

temporal relaxation is 2.3 s with τ(x,Φcase′ , 0) = 0.33, i.e., one-third of the specification

is compromised, where the time robustness maximization takes much longer, 59.8 s.

      

Figure 5.3: Time history of state x. Green regions are desired to be visited via Φcase′ = G[15,25]x ≥
5 ∧ F[35,45]x ≤ −5 ∧ F[75,85]x ≥ 5.
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5.6 Resilience via Reactive Motion Planning

The existing time robustness of STL [26] may not facilitate a reactive response due to

focusing primarily on critical trajectory segments that might be in the past and still

dominate the metric. Moreover, its lack of ability to compromise/remove tasks may

yield cascaded delays that exceed user-defined violation limits. Therefore, the proposed

temporal relaxation metric is promising in the face of unforeseen events that require

a reaction from the robot. Particularly, we can use the proposed metric with online

synthesis methods that can react to unexpected changes in the environment and even

allow for minimal violations of the original STL specification (by strategically modifying

the time windows or removing tasks) for the sake of resilience in motion planning.

5.6.1 Planning Problem in Dynamic Environments

In this section, we consider a robot whose dynamics is modeled by a family of affine

holonomic systems as ẋ = u with an admissible input set U := {u ∈ Rn | ‖u‖ ≤ umax}
where umax ∈ R≥0 is the maximum input. We also consider a dynamic environment

with modes unknown to the robot.

Definition 5.6.1 (Modes of Dynamic Environment). Transitions between different en-

vironment modes with unknown probabilities are represented via a stochastic weighted

transition system as a tuple Genv = (V, E , ω) where:

• V is a finite set of environment modes comprising different obstacle locations O;

• E ⊆ V × V is the set of transitions/environmental changes;

• ω : E → prenv is the transition weight where prenv ∈ [0, 1] is the probability of

switching to a new environment.

Let envi ∈ V be the ith mode of the environment. We denote the set of obstacles

in envi as Oi. A transition from mode envi to envj is possible if (envi, envj) ∈ E . We

use row-stochastic transition probabilities such that
∑

j∈V pr
i,j
env = 1, ∀i ∈ V, which

are unknown to the robot. An example transition system of environment modes is

depicted in Fig. 5.4. Such dynamic obstacles or no-go zones can be the case for various

scenarios ranging from warehouses with flexible human workstations to agricultural

robots avoiding livestock.
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Figure 5.4: Two sample environment modes with fixed goal regions (gray) and dynamic obstacle settings

(red).

Consider an H-horizon length STL specification Φ := Φgoal ∧ Φsafety such that

Φsafety =
∧
j∈OG[0,H]¬φobs,j where ¬φobs,j implies the avoidance from the obstacle j ∈ O

with j ⊂ Rn. Since the obstacles change in the environment during the mission, each

environment mode will result in a different safety specification as envi ⇐⇒ Φsafety,i

(Fig. 5.4).

In this work, we consider the detection of potential collisions due to environmen-

tal changes and the arising need for correction, as the major event that may imply a

significant spatial and temporal deviation from the nominal trajectory3.

Definition 5.6.2 (Triggering Event). A triggering event is a major event leading to

a reaction from the robot. It is a couple (k, tk) with an index k ∈ {1, 2, . . . kmax} and

occurs at tk ∈ Z≥0 such that tk < tk+1. A triggering event implies (x, 0) 6|= Φsafety for a

nominal trajectory x and (x′, 0) |= Φsafety for a new trajectory x′ updated at tk.

The current environment after such an event can be tracked via a function σ :

[1, kmax] → [1, |V|] that maps each event to an environment mode envσ(k) ∈ V for

tk ≤ t ≤ tk+1.

Note that the mapping via σ(·) is onto but not injective, as the same environ-

ment can be reactivated later. Considering a finite set of environment modes V, we

can obtain the set of all possible specifications {Φk := Φgoal ∧ Φsafety,σ(k) | ∀k} where

Φsafety,σ(k) :=
∧
j∈Oσ(k)

G[tk,H]¬φobs,j as different environments are concerned after each

triggering event.

3The proposed reactive framework can also be used in the face of other events arising from any

unmodeled external or internal disturbances.
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Assumption 5.6.1 (Feasibility of Safety Tasks). Let x(t) be the robot position and a

triggering event occur at tk. Then x(tk) ∩ {j ⊂ Rn | j ∈ Oσ(k)} = ∅, implying that an

obstacle cannot suddenly appear at the current robot location.

Assumption 5.6.1 implies that an obstacle cannot suddenly appear at the current

robot location.

Proposition 5.6.1 (Invariance of Temporal Relaxation). Consider a trajectory x,

and an STL specification Φ with changing safety features according to the events de-

fined in Def. 5.6.2. If x has no collision, e.g., (x, 0) |=
∧
j G[tk,tk+1]¬φobs,j , ∀k, then

τ(x,Φk, 0) = τ(x,Φgoal, 0), ∀k.

Proof. It directly follows from the definition of triggering events in Def. 5.6.2 and

recursive temporal relaxation definition in (5.4) as τ(x,Φsafety,σ(k), 0) = 0, ∀k.

The minimal temporal relaxation of an STL specification can be denoted as τ(x,Φ, 0) =

τ(x,Φgoal, 0), given that no collision takes place in the course of x. Due to the time-

varying environment and STL specifications, mission satisfaction requires a reactive

control strategy. The planning problem to be solved reactively after an event is formu-

lated as below:

Problem 5.6.1 (Reactive Temporal Relaxation in Dynamic Environments). Consider

a robot moving in an uncertain dynamic environment that potentially changes at each

time step as per Def. 5.6.1. By considering the given user tolerances γF and γG in

Def. 5.3.1, find trajectories that minimally relax the dynamic STL specifications Φk =

Φgoal∧Φsafety,σ(k) changing with the events defined in Def. 5.6.2. That is, for each event

at tk solve the following:

u∗ = arg min τ(x,Φgoal, 0)

s.t. ẋ = u, x(t) = xt, ∀t ∈ [0, tk],

x ∈ X , u ∈ U , (x, 0) |= Φsafety,σ(k),

(5.11)

where X and U are the admissible state and control sets, respectively, xtk is the known

current state when kth event takes place, and (x, 0) |= Φsafety,σ(k) implies avoidance from

all obstacles that are active within the interval [tk, tk+1).



90

Let Φτ be the temporally relaxed specification after solving Problem 1. That is,

the time intervals of Φgoal might be modified in Φτ . According to Def. 5.3.1, if Φ can

be completely satisfied, then solving Problem 5.6.1 in response to events generates a

satisfactory trajectory, i.e., Φτ = Φ and τ(x,Φgoal, 0) = 0. Otherwise, its solutions result

in minimal violation of the time bounds of Φ under the allowable relaxations provided

by the user, i.e., τ(x,Φgoal, 0) > 0. However, neither satisfactory nor minimally relaxed

trajectories are guaranteed prior to execution due to unforeseen environmental changes.

Therefore, a runtime monitoring and reaction strategy has to be developed.

5.6.2 Reactive Motion Planning with Temporal Relaxation

A replanning strategy under a triggering event can vary from replanning globally to ap-

plying local corrections. Figure 5.5 shows a diagram that includes different replanning

strategies and when to trigger them. Here, we introduce a hierarchical two-fold opti-

mization for temporal relaxation and space robustness. The robot initially follows the

nominal trajectory. In the face of environmental changes, we monitor the trajectory and

assess the potential failures. Whenever there exists a risk, we either locally correct the

trajectory via CBFs or globally replan the trajectory via mixed-integer linear programs

(MILP). A highlight of our approach is shown in Fig. 5.6 and detailed in Alg. 2.

Figure 5.5: Potential recovery strategies in the face of a major event defined in Def. 5.6.2. While black

dashed arrows represent all possible options, this section presents approaches shown in purple and yellow

arrows.
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Figure 5.6: Proposed planning and execution scheme.

Algorithm 2: Initial Trajectory Generation Followed by Runtime Monitoring

and Reactions
input : STL Specification Φ, input bound umax, user tolerances γF , γG

1 Obtain (xplan,uplan) via global MILP planner, minimizing temporal relaxation

τ(xplan,Φgoal, 0),;

2 Maximize the space robustness for Φτ achieved by xplan while minimizing control

effort,;

3 while Any task remains undecided, D 6= T do

4 Advance the robot for one time step;

5 Get any environment update, envcurrent;

6 Monitor τ(xpred,Φgoal, 0),;

7 Check collisions throughout xpred over envcurrent;

8 if xpred has a qualifying collision in envcurrent then

9 if Feasible CBF then

10 Correct trajectory via CBFs,

11 else

12 Replan via two-fold MILP planner,

13 end

14 end

15 end

return : Realized Specification, Φτ

Co-optimization of Temporal Relaxation and Space Robustness

We solve the planning problem in two steps. First, a trajectory with minimal temporal

relaxation is found subject to Boolean satisfaction of predicates. Then, we solve a space
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robustness maximization problem to obtain trajectories preserving the same temporal

relaxation but resilient to disturbances. Both solutions are based on mixed-integer linear

programs (MILP). This two-step approach trades off optimality with computational

performance.

The first step, i.e., obtaining a temporally relaxed trajectory is already addressed in

Sec. 5.4. This solution returns potentially relaxed intervals of the STL tasks in Φgoal.

However, it does not take into account the space robustness, i.e., requires only Boolean

satisfaction of predicates. On the other hand, this approach is prone to “barely satis-

fying” trajectories, e.g., touching the target once and immediately leaving. Therefore,

even a small, momentary disturbance can yield the violation of the entire task. For

this reason, we maximize the space robustness within the potentially relaxed intervals

obtained in Sec. 5.4. Similarly, minimization of the control input is also handled at

this level to avoid potentially additional temporal relaxation for the sake of less con-

trol effort. In [74], a similar hierarchical framework is proposed, however, robustness

values of all satisfactory predicates are treated equally which may not fully capture the

task-specific success.

Consider the relaxed specification Φτ obtained by solving (5.11) with potentially

relaxed time intervals or removed tasks. We next solve the following problem:

max ρ(x,Φτ , 0)− γ J (u)

s.t. ẋ = u, x ∈ X , u ∈ U ,

ρ(x,Φτ , 0) ≥ 0,

(5.12)

where J (·) is a cost function, γ ∈ R+ is a weight parameter. The MILP encoding of

(5.12) can be done similarly to [14].

Proposition 5.6.2 (Conservation of Temporal Relaxation). Given a temporally relaxed

STL specification Φτ , solving (5.12) does not yield a higher temporal relaxation.

Proof. It follows from temporal relaxation (5.4) and space robustness (2.3) definitions.

Consider a trajectory x′ yielding τ(x′,Φ, 0) = τ∗ > 0 and a relaxed Φτ . Since the

constraint in (5.12) implies ρ(x,Φτ , 0) ≥ 0 ⇒ τ(x,Φτ , 0) = 0 for any x, we have

τ(x,Φ, 0) = τ(x′,Φ, 0) = τ∗ by definition.
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Runtime Monitoring

Let xplan = (x0, . . . ,xH) and uplan = (u0, . . . ,uH−1) be the solution of the two-fold

optimization in (5.12). We denote the realized trajectory up to time t′ as xreal =

(x0, . . . ,xt′). For the rest of the mission, we predict the future as

xpred(t) = xreal(t), for t ∈ [0, t′], (5.13)

xpred(t+ 1) = xpred(t) + ∆tuplan(t), for t ∈ [t′, H].

In other words, xpred provides a combination of observed (past) and predicted (fu-

ture) states. Accordingly, we use this prediction in the evaluation of overall temporal

relaxation τ(xpred,Φ, 0). The primary event in this section that can trigger the cor-

rection/replanning scheme is a potential collision with obstacles, i.e., ∃t′ > t such that

xpred(t′) ∩ {j ⊂ R | j ∈ Oσ(k)} 6= ∅ where tk ≤ t ≤ tk+1. We then reactively try to

reestablish a safe and acceptable performance in the next section.

Definition 5.6.3 (Decided Tasks). Given a specification in the form of Φgoal :=
∧
i Φgoal,i,

if the temporal relaxation of any Φgoal,i can be decided by the realized states xreal un-

til t′, then Φgoal,i is a decided task. Moreover, the set of decided tasks are defined as

D = {Φgoal,i | τ(xreal,Φgoal,i, 0) ∈ R}.

Let a function map the predicted trajectory to satisfied target labels with the order of

satisfaction such that xpred → S, e.g., S = {Φ3,Φ1,Φ3,Φ2} with a periodic task Φ3, and

IΦi ⊂ R be the time interval during when the predicates associated with Φi is satisfied.

Moreover, let a collision be predicted to happen at tobs such that xpred(tobs) ∩ {j ⊂
R | j ∈ Oσ(k)} 6= ∅. The two tasks in Φgoal between which the collision occurs can be

obtained by using s = arg mins∈[1,|S|] |tobs −max(IS(s))| + |min(IS(s+1)) − tobs|. Then,

we do not trigger a collision event until S(s) ∈ D and S(s+1) 6∈ D. That is, we consider

a collision only when the danger is imminent (see yellow and purple paths in Fig. 5.5).

Trajectory Correction via Control Barrier Functions

Whenever a detected event causes a potential collision, we first try to correct the tra-

jectory locally without further temporal relaxation. If this is not feasible, we do global

replanning.
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For local correction, we use time-varying CBFs under actuator constraints, ensuring

the robot’s convergence to the desired target region within a finite time while temporar-

ily moving away from the target if necessary. The target region (next in S) is obtained

from ϕi associated with Φgoal,i as per (5.1).

Definition 5.6.4 (Remaining Time to Next Target). Whenever a correction is triggered

at tk, we find when the next task region was supposed to be visited by xpred for the first

time, ttarget > tk. Then the target location is assigned a remaining time r : Z≥0 → Z≥0

such that r(t) = ttarget − t and r(ttarget) = 0.

We formulate the requirement of reaching the target within the deadline by the

following time-varying CBF:

h(x, t) := r − ‖x− xtarget‖
umax

≥ 0.

Note that the remaining time r strictly decreases, and we want ‖x−xtarget‖ → 0 as

r → 0. In this regard, we can define a time-varying set Ctarget = {x ∈ Rn | h(x, t) ≥ 0}
which shrinks as getting closer to the deadline, and the robot must always stay inside

Ctarget. Moreover, we can incorporate collision avoidance into the CBF constraints. As

collision avoidance is not time-sensitive, we can use a regular zeroing CBF as s(x) :=

‖x− xobs‖ ≥ 0 requiring the robot to always reside inside Csafe = {x ∈ Rn | s(x) ≥ 0}.
As the CBF constraints in (2.6) are linear in control for a constant state, if we con-

sider a quadratic running cost, then the problem to be solved reduces to a quadratic

program (QP) with explicit input and STL-related CBF constraints to be solved se-

quentially over the discrete time:

min
u∈U

1

2
uTu

s.t.
∂h

∂x

T

u +
∂h

∂t
+ αh(h) ≥ 0, (5.14a)

∂s

∂x

T

u + αs(s) ≥ 0, (5.14b)

where we have ∂h/∂t = −∂h/∂r since ∂r/∂t = −1.

The feasibility of the CBF correction maneuvers in terms of timely arrival to the

target can be verified by simulating those maneuvers. However, due to short time

and large or additional obstacles, we may end up having h(x, t) < 0 for some t ≥ tk.
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Although negative zeroing barrier functions have convergence properties [39], since the

convergence time is not explicitly guaranteed in such cases, we call the MILP replanning

routine as explained next.

Replanning via MILP

When CBF correction fails or is not preferred, we do a global replanning again for a new

trajectory for the rest of the mission that minimizes temporal relaxation and maximizes

space robustness in temporally relaxed trajectories.

Remark 5.6.1. Let the already decided tasks at tk be given as D (Def. 5.6.3) and the

set of all STL tasks as T . We can replace the τ(x,Φgoal, 0) with
∑
i∈T \D τ(x,Φgoal,i,0)

|T \D| in

(5.11) as per the definition in (5.4) and Proposition 5.6.1.

In other words, we use xpred in (5.13) with the known and unknown trajectory

segments without considering the optimization over the already decided tasks for the

sake of a reduced computational burden. The time spent for getting new MILP solutions

can be represented by an upper bound treplan [34]. In this regard, the trajectory can be

modified from (5.13) as xpred(t+ 1) = xpred(t), for t ∈ [tk, tk + treplan− 1] to account for

this additional expense.

Case Studies

We present numerical simulations to validate our approach in Robotarium [82], showing

its efficacy in reacting to unforeseen events by modifying robot trajectories. We compare

our results with a more conservative approach without reactive planning.

We consider various environments with several potential rectangular obstacles. When-

ever CBF correction is active, the obstacles are outer-approximated via ellipsoids. We

use γF =γG=1 to bound the relaxations.

To illustrate the benefits of the new temporal relaxation metric, we first considered

the following complex scenario: In addition to the obstacle avoidance requirement ex-

pressed as Φsafety, the robot needs to 1) visit region A at least once within [20, 30]; 2) visit

and stay at B and D within [76, 86] and [100, 105], respectively; and 3) visit and stay

at C flexibly for any 20 consecutive steps within [20, 120]. The following specification
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expresses these requirements:

Φgoal = F[20,30] A ∧G[76,86] B ∧ F[20,100]G[0,20] C ∧G[100,105] D,

where visiting regions can be captured by the conjunction of linear predicates, e.g.,

A = x ≥ 4 ∧ x ≤ 8 ∧ y ≥ 6 ∧ y ≤ 10.

Predicted and actual trajectories of the robot modified after detecting collisions are

presented in Fig. 5.7. In this case, we define three different environment modes with ob-

stacles of various sizes. The nominal plan at t=0 has some temporal relaxation in three

of the tasks due to actuation limits and obstacles, leading to the relaxed specification

of

Φτ ′
goal = F[20,30]A ∧G[76,81∗]B ∧ F[20,100]G[0,6∗]C ∧G[101∗,105]D.

At t = 11, a new obstacle on the way is detected. However, the robot takes no action

until the collision becomes immediate, which happens at t = 22 after fulfilling the

requirements in A. Due to the size and location of the obstacle, local correction fails,

and global replanning yields a new nominal path and the new relaxed specification of

Φτ
goal = F[20,30] A ∧G[76,86] B ∧ F[20,100]G[9∗,20] C,

removing the task in D completely for the sake of success in the remaining tasks. Dif-

ferent from standard STL metrics, the temporal relaxation metric has the advantage

of task removal to avoid significant cascaded delays. This, in fact, improves the satis-

faction in B (original interval in Φ) and C (closer to the original interval) compared to

the previous plan with Φτ ′ , at the cost of removing the task in D. At t = 31, another

obstacle is added, which immediately triggers a reaction and is locally avoided (e.g.,

t = 58) without compromising the timely execution of the current plan via local CBF

corrections. At t = 71, timely rendezvous with the nominal plan is completed, and

the robot continues to its plan to satisfy Φτ . The complete trajectory with marked

satisfactory instances and original intervals are presented at t = 120.

Comparison of Recovery Strategies: A similar reactive planning problem is solved

by using i) the proposed global planning and local correction framework (yellow path in

Fig. 5.5), ii) the proposed reactive framework using global MILP planner only (purple

path in Fig. 5.5), and iii) a strategy that sticks to the offline plan and only avoids
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t = 0 t = 11 t = 22 t = 31

t = 58 t = 71 t = 89 t = 120

Figure 5.7: Robot progression at various times. The blue dashed path represents the current nominal

plan. If the path becomes infeasible, it turns red. The path traversed by the robot is shown partially

in black and green, denoting the segments generated by MILP or CBF, respectively. The red regions

represent obstacles, with an offset accounting for the robot geometry. The last figure also depicts the

(partially) satisfied time intervals of the given STL specification.

Table 5.2: Mean values with 95% confidence intervals of the total of 300 randomized trials. Although

temporal relaxation is the primary metric for performance evaluation, how many tasks are compromised

on purpose (or inevitably failed for the last strategy) or relaxed is also presented.

Recovery

Strate-

gies

Temporal

Relax.

τ(x,Φ, 0) ∈
[0, 1]

# Relaxed

Tasks

# Failed /

Removed

Tasks

#

Triggering

Events

# MILP

Replan-

nings

# CBF

Correc-

tions

MILP

Soln.

Time [s]

CBF Soln.

Time [s]

Global

Plan &

Local

Correc-

tion

0.37±0.04 0.38±0.11 1.22±0.15 1.50±0.15 0.84±0.17 0.66±0.11 1.04±0.16 0.025±0.004

Global

Plan &

Global

Replan

0.24±0.02 0.29±0.09 0.94±0.10 2.14±0.27 2.14±0.27 N/A 1.98±0.60 N/A

Global

Plan

w/o

Reaction

0.46±0.03 0.18±0.08 1.74±0.11 1.52±0.12 N/A N/A 0.69±0.06 N/A

obstacles without caring about missing deadlines. In addition to the collision avoidance

requirement, we use the following specification:

Φgoal′ = F[32,42] A ∧G[77,87] B ∧G[47,67] D.
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Figure 5.8: Eight potential obstacles that emerge under the specification Φgoal′ .

To see the importance of the reactions clearly, this case involves eight large obstacles

with more frequent changes in the environment modes. In particular, the obstacles in

Fig. 5.8 are used to build eight environment modes with pri,ienv = 0.65 and pri,jenv = 0.05

if i 6= j, i.e., we expect an environmental change at each time step with 35% chance.

Results are given in Table 5.2. While the global plan and replan strategy perform the

best, given the relatively high computational cost of solving MILP on the fly, local

CBF corrections seem as a viable option. That said, both strategies with reactive

planning outperform the conservative “stick-to-the-plan” approach. While the proposed

framework removes tasks on purpose, failing tasks in the other case is not optional. That

is, the robot still tries to satisfy them but fails. This results in cascaded delays/failure

in the remaining tasks.

Although MILP replan is needed after most events in this case due to large obsta-

cles and frequent environmental changes, CBF corrections also play a significant role.

Moreover, the local CBF corrections are evidently more efficient in terms of computation

time and less likely to undermine the time constraints in the event of reactive planning.

5.7 Discussion

We demonstrate that the proposed formulation for temporal relaxation is computation-

ally efficient and leads to the satisfaction of modified STL specifications by minimally
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modifying the time intervals under the allowable relaxation limits. Moreover, we intro-

duce a reactive motion planning framework for robots operating under STL specifica-

tions in dynamic environments. Our approach resiliently addresses unforeseen events,

such as time-varying obstacles, by implementing runtime monitoring and reaction that

dynamically replans or corrects trajectories to minimize temporal violations. Our re-

sults show the significance of having sophisticated reactive planning in the face of failure.

We also ensure a balance between temporal relaxation and spatial robustness by hier-

archical optimization, enhancing both computational efficiency and robust satisfaction,

making it a promising solution for resilient robots in complex environments.



Chapter 6

Real-Time Resilient Control

Synthesis under STL

Specifications

In this chapter, we propose control barrier functions (CBFs) for a family of dynami-

cal systems to satisfy a broad fragment of Signal Temporal Logic (STL) specifications.

The specifications may include tasks with nested temporal operators or time-conflicting

requirements (e.g., achieving periodic tasks or tasks defined within the same time in-

terval). The proposed CBFs take into account the actuation limits of the dynamical

system as well as a feasible sequence of STL tasks. They define time-varying feasible

sets of states the system must always stay inside.

We investigate this problem under time-varying tasks. The tasks can be defined

in locations changing with time (i.e., dynamic targets), and their future motions are

not known a priori. This unpredictability requires an online control approach which

motivates us to use control barrier functions (CBFs). We show the feasible sequence

generation process that even includes the decomposition of periodic tasks and alternative

scenarios due to disjunction operators. The sequence is used to define CBFs, ensuring

STL satisfaction.

We show some theoretical results on the correctness of the proposed methods. We

illustrate the benefits of our method with CBFs, analyze its performance via simulations

100
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and experiments with drones, and compare it with existing methods.

The chapter is organized as follows: Section 6.1 introduces the relevant literature

on CBFs and their use in STL control synthesis. A family of STL specifications that

can be tackled with the proposed approach is identified in Sec. 6.2. Next, we state an

optimal control problem subject to an STL specification with dynamic targets in Sec.

6.3. Section 6.4 presents our solution with the definition of CBFs over a sequence of

STL tasks, how this sequence is generated, and the implementation of the sequential

CBFs for STL control synthesis. Then, we discuss the results of the simulations and

experiments showing our method’s efficacy and real-time applicability in Sec. 6.5. We

compare the proposed method with existing tools for stationary targets in Sec. 6.6.

6.1 Introduction and Literature Review

Existing STL control synthesis methods are typically used to solve large-scale opti-

mization problems in an offline fashion for satisfactory robot trajectories. Then, these

trajectories are tracked in real time. However, robots often operate in dynamic and/or

partially known environments, and they may need to react to unforeseen events during

their mission by updating their trajectories. In such cases, existing optimization-based

methods may not provide new plans necessarily fast. This gap motivates the researchers

to develop more efficient STL synthesis methods with real-time applicability.

In the last decade, there has been significant attention to using control barrier func-

tions (CBFs), which can provide tractable feedback control laws for dynamical systems

to ensure staying in “safe sets” of states by avoiding excessive reachability analysis,

e.g., [39,83]. Moreover, maximal control input policies might be used in CBFs to define

such sets. Control-dependent CBFs for the sets changing with inputs are considered

in [84, 85]. Similarly, the forward invariance (ensuring stay in the safe set forward

in time) is established for time-varying sets via CBFs in [40]. Finite-time convergent

CBFs [86] are also utilized to reach target sets before a preset deadline. Therefore,

besides the safety-critical systems, CBFs can also be used to achieve rich spatial and

temporal tasks in a computationally efficient manner.

Recently, there has been a great interest in investigating the use of CBFs to satisfy

temporal logic specifications, which typically involve multiple tasks. For example, an
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LTL fragment is considered in [87], and a CBF is defined for each task while the order

of the task satisfaction is assigned randomly. In [88], tailored time windows are assigned

for each task in order to avoid conflicts. While LTL specifications do not include explicit

time constraints, specifications with deadlines can be expressed by STL. For instance,

the authors of [35] use time-varying CBFs to ensure the satisfaction of a family of STL

specifications. In particular, all the unsatisfied tasks are kept active throughout the

mission, and the method ensures continuous progress to the satisfaction of all tasks.

Instead of activating all CBFs, [89] monitors the tasks in the receding horizon and

activates the CBFs accordingly. However, if any two tasks have conflicting requirements

(e.g., visiting two distinct regions within overlapping time windows expressed as “go to

region A and/or B within the same time window”), these methods become inapplicable

as continuous progress towards the satisfaction of such tasks may not be guaranteed. In

order to avoid such conflicts, STL tasks at different regions are defined over distinct time

windows in [90]. Alternatively, an event-triggered STL framework is proposed in [91]

via automata-based planning to activate CBFs, and the user is notified when a conflict

occurs. Furthermore, the CBF constraints can be relaxed (e.g., [87,89]), which may yield

missing the deadline for one or more relaxed tasks in conflict, and hence the violation

of the original specification. In [92], disjunction operators in STL specifications in the

context of CBFs are investigated by involving nonsmooth functions, which can also not

accommodate time-conflicting requirements and periodic tasks.

To schedule STL tasks with explicit deadlines, one needs to consider the task dead-

lines and the reachability of task sets by the robot. Task scheduling in the presence of

deadlines is broadly investigated for real-time systems via optimal scheduling algorithms

such as Earliest-Deadline-First [93] and Least-Laxity-First [94]. A detailed survey on

the scheduling of temporally constrained tasks can be found in [95]. Moreover, a Ve-

hicle Routing Problem (VRP) can also be formulated with a mixed-integer program to

schedule STL tasks (e.g., [34]).

To the best of our knowledge, none of the existing planning approaches can handle

STL specifications changing with time, especially when these changes are unknown a

priori. For example, multi-agent settings are considered in some aforementioned works;

however, all agents are cooperative and contribute to the satisfaction of coupled specifi-

cations [35], or the target dynamics depend on the ‘chaser’ agent and can be controlled
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indirectly [96]. On the other hand, when some of the agents/targets are noncooperative

and move independently, these works cannot guarantee continuous satisfaction of the

CBF constraints [97]. Hence, the satisfaction of STL specifications defined over targets

that move independently and do not communicate their trajectories remains a challenge.

Multi-agent planning with noncooperative targets is typically studied as pursuit-

evasion games. This setting generally includes the assumption of targets with the worst-

case motion or adopts probabilistic search [98]. Temporal logic can also be used to

express such games [99]. Although finite-time capture can be ensured, this generally

requires a certain number of pursuer and evader agents [100, 101]. Moreover, pursuit-

evasion games consider the reachability-type specifications, which enforce the agent only

to reach a target. This is only a special—and relatively simple—case of temporal logic

specifications. In this chapter, we aim to utilize the richness of STL specifications and

expand the literature on scalable planning with dynamic targets.

6.2 A Family of STL Specifications for Real-Time Control

We specify desired robot behaviors with the following expressive STL syntax:

Φ ::= Φ1 ∧ Φ2 | Φ1 ∨ Φ2 | F[a,b]φ | G[a,b]φ | ϕ1U[a,b]ϕ2,

φ ::= ϕ | ¬φ | F[c,d]ϕ | G[c,d]ϕ,

ϕ ::= µ | ¬ϕ | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2,

(6.1)

where Φ, φ, ϕ are STL specifications. Note that the fragment in (6.1) is slightly different

than the conventional syntax in (2.1). While it allows for nested temporal operators,

temporal operators cannot be in conjunction/disjunction with bare predicates. That

is, expressions such as F[a,b](µ1 ∧ G[c,d]µ2) are not allowed. Still, the fragment is more

expressive than that of many STL CBF literature (e.g., [35], [89]).

The mission horizon H is assumed to be equal to the STL horizon as H = hrz(Φ).

Remark 6.2.1. We consider an overall STL specification Φ that expresses a set of tasks

Φi in conjunction as follows:

Φ := Φ1 ∧ Φ2 ∧ . . . ∧ Φk. (6.2)

Each task Φi consists of temporal operator(s) and a spatial inner task/specification ϕi

that may include Boolean connectives in accordance with the syntax in (6.1), e.g., Φi =
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F[a,b]ϕi and Φj = G[c,d]

(
ϕj,1 ∧ϕj,2

)
where ϕj = ϕj,1 ∧ϕj,2 is the inner task/specification

of Φj.

Definition 6.2.1 (Disjunctive Normal Form (DNF) [1]). An inner task ϕ is said to be

in DNF if it has the form of
∨
i

∧
j µi,j as the disjunction of conjunctions of predicates.

Without loss of generality, we consider STL tasks Φi with inner tasks ϕi in DNF,

e.g., Φ = Φ1 ∧ Φ2 with Φ1 = G[a,b]F[c,d]ϕ1 and Φ2 = F[0,H]

(
ϕ2,1 ∨ (ϕ2,2 ∧ ϕ2,3)

)
.

Remark 6.2.2. Any STL specification can be rewritten in negation-free form [36].

Furthermore, we can rewrite any inner task ϕi in DNF [1].

For example, consider the STL task Φi = ¬G[0,H]

(
x ≤ 0∨ (y ≤ 0∧z ≤ 0)

)
, requiring

the specification of “either x has to be nonpositive or both y and z have to be nonpositive

at the same time at all instants within [0, H]” not to hold. We denote its inner part

as ϕi = x ≤ 0 ∨ (y ≤ 0 ∧ z ≤ 0), i.e., Φi = ¬G[0,H]ϕi. This task can be rewritten

negation-free and in DNF as Φi = F[0,H]

(
(x ≥ 0 ∧ y ≥ 0) ∨ (x ≥ 0 ∧ z ≥ 0)

)
.

6.3 Problem Formulation: STL Control Synthesis with

Time-Varying Specifications

We use a family of dynamical systems such that f(x) = 0n and g(x) = In where 0n

and In denote n × 1 vector of zeros and identity matrix of n × n, respectively. That

is, assume holonomic robots with equal controllable and total degrees of freedom, i.e.,

n = m. This renders the system

ẋ = u. (6.3)

We also consider the admissible input set as U := {u ∈ Rn | ‖u‖ ≤ umax}, where

umax ∈ R≥0 is the maximum input.The dynamical model in (6.3) is frequently used

in the literature for the motion planning of multi-agent systems, and the resulting

plans are followed via velocity-based tracking controllers under more complex dynamics

(e.g., [91, 102]).

Throughout this chapter, we assume targets with compact geometric shapes. Any

compact target shape can be under-approximated via an inner-fit circle (or sphere in

3D). For simplicity, 2D cases are considered hereafter. However, extension to 3D is
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straightforward. We denote each target by the couple
(
xtargeti ,radtargeti

)
representing

the center and radius of the inner-fit circle, respectively, e.g., Φi = F[0,H]‖x−xtargeti ‖ <
radtargeti . We consider the following optimization problem:

Problem 6.3.1 (STL Control Synthesis). Given a dynamical system (6.3), find an

optimal control law, u∗, such that the resulting system trajectory x satisfies the given

STL specification Φ with the minimum control effort, as long as such satisfaction is

feasible with the initial state x0 and the control bounds u ∈ U .

We now assume that each target i is assumed to move according to ẋtargeti =utargeti

and to obey ‖utargeti ‖≤utargeti,max .

Assumption 6.3.1 (Limited Target Information). While current target positions and

velocities, i.e., xtargeti (t) and ẋtargeti (t), ∀i, are available to the robot, the future trajec-

tories of dynamic targets are unknown.

In other words, we assume that the robot has only the knowledge of instantaneous

target positions and velocities. This assumption is not restrictive as the real-time po-

sition and velocity estimations of the tracked targets are available via methods such as

LiDAR-based sensing [103].

We then formulate another optimal control problem subject to an STL specification

as in (6.2) with the syntax in (6.1) defined over dynamic targets. We consider a cost

for the system (6.3) as J (u) =
∫ H

0 uTu dt yielding to the following problem:

Problem 6.3.2 (STL Control Synthesis with Dynamic Targets). Consider an environ-

ment with no obstacles and some dynamic target areas. Let Φ be an STL specification

that is defined over the target areas defined by dynamic compact sets with bounded ve-

locities under Assumption 6.3.1. Given a dynamical system as in (6.3) and its initial

state x0, find an optimal control law, u∗, such that the resulting system trajectory (x, 0)

satisfies Φ with the minimum cost J (u), i.e.,

u∗ := arg min
u∈U

J (u)

s.t. ẋ = u, x(0) = x0, (x, 0) |= Φ,

ẋtargeti =utargeti , ‖utargeti ‖≤utargeti,max , ∀i.
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Note that J (u) is quadratic, and CBF constraints in (2.6) are linear in control for

a constant state. Therefore, if we could represent the satisfaction of STL specification

Φ in the form of (6.2) as CBF constraints, then the Problem 6.3.2 can approximately

be represented as multiple quadratic programs (QP) to be solved sequentially over the

discrete time.

6.4 Solution Approach: STL Control Synthesis via Con-

trol Barrier Functions

We focus on the Problem 6.3.2 as it captures Problem 6.3.1 as well. However, solutions

to Problem 6.3.1 will also be considered later on for comparison with existing work.

We propose an approximate solution to Problem 6.3.2, which includes the definition

of the worst-case distances to/between target areas moving under Assumption 6.3.1.

With this information, a feasible sequence of STL tasks is generated, and a sequential

CBF is defined over this sequence to satisfy them. Let us start with the worst-case

distance definition between the robot and a dynamic target:

Definition 6.4.1 (Signed Distance [104]). Let x ∈ X be a point in metric space X and

P ⊆ X be a compact set in which the inner specification ϕ defined in (6.1) is satisfied,

i.e., P := {x ∈ X | x |= ϕ}. Then, we define the

• Distance from x to P as dist(x,P) := inf
x∗∈P

‖x− x∗‖,

• Depth of x in P as depth(x,P) := dist(x,X \ P),

• Signed Distance from x to P to be

Dist(x,P) :=

{
−depth(x,P), if x ∈ P,

dist(x,P), otherwise.

In other words, the distance is negative inside P, zero on the boundary, and positive

outside. As P may not be stationary, the worst-case future distance after r ∈ R≥0 time

units is also defined considering that P can move with a maximum velocity of uP,max

for at most

Distwc(x,P, r) := Dist(x,P) + uP,max · r, (6.4)

in the opposite direction of where the robot is positioned.
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It is worth noting that the distance definitions in Def. 6.4.1 do not consider obstacles

between the current and target states, as we consider an environment with no obstacles.

Definition 6.4.2 (Remaining Time). An STL task Φi in conjunction with others accord-

ing to (6.2), is assigned with a remaining time ri : R≥0 → R≥0 such that ri(t) := ri(0)−t.
The robot has to achieve the spatial requirements ϕi associated with Φi at or before t′

where ri(t
′) = 0.

When there is only one task to achieve, i.e., Φ = Φi, the aim is to reach the target

area associated with Φi, say Pi, before the deadline. As Pi can move with a maximum

velocity of, say uPi,max, the robot is required to stay close to Pi such that it can be

reached within the remaining time ri even if it evades with the maximum velocity

during that time. We formulate this requirement by a barrier function1

hi(x, t) := ri −
Distwc(x,Pi, ri)

umax
≥ 0. (6.5)

Note that ri strictly decreases with time. Moreover, as ri → 0, we want Distwc(x,Pi,
ri) → 0, and hence Dist(x,Pi) → 0. In this regard, we can define a time-varying set

(shrinking as it gets closer to the deadline), the system must always stay inside by

Ci :={x ∈ Rn | hi(x, t) ≥ 0}.
In the presence of k > 1 tasks in conjunction as in (6.2), the system should lie in

the intersection of the superlevel sets of barrier functions as x ∈ C where C := {x ∈
Rn | hi(x, t) ≥ 0,∀i ∈ {1, . . . , k}}, i.e., C =

⋂
i Ci as emphasized in relevant literature

(e.g., [89, 91]). However, since each feasible set Ci shrinks individually with time, tasks

with conflicting requirements within the overlapping time windows may cause an empty

intersection of the feasible sets, and hence infeasibility.

For example, consider the system designated by cross mark in Fig. 6.1 under the

STL specification Φ = F[0,H]‖x − xred‖ < rad ∧ F[0,H]‖x − xblue‖ < rad, requiring the

visit of both red and blue stationary circles within H time units. Two barrier functions

associated with each region can be constructed such that ensuring hred(x, t) ≥ 0 and

hblue(x, t) ≥ 0, ∀t ≥ 0 implies t→ H =⇒ ‖x−xred‖ < rad and ‖x−xblue‖ < rad. This

1The distance function in Def. 6.4.1 may not be differentiable at some point inside the target set

P. However, the task removal procedure discussed in the next sections will prevent the system from

reaching such a point similar to the switch mechanism in [35].
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Figure 6.1: An example of conflicting STL tasks with temporally overlapping requirements, Φ =

F[0,H]‖x − xred‖ < rad ∧ F[0,H]‖x − xblue‖ < rad. The system represented by the cross mark has

to stay inside the feasible time-varying sets associated with each target shown by red and blue.

implication is enforced by the feasible time-varying sets depicted for two different time

instants, t2 > t1, via dashed circular arcs in Fig. 6.1, which shrink in time toward the

respective targets. However, it is common practice to steer the system only when the

border of this shrinking set pushes the system, i.e., waiting until the system absolutely

has to move. This may yield the following scenario: At t = t1, it is possible to visit

either the red region first and then the blue one or vice versa. On the other hand, at

t = t1, none of the borders push the system toward a target. Consequently, at t = t2,

when separately concerned, both targets are still reachable. However, the satisfaction

of both tasks on time now becomes infeasible as each target is now excluded from the

feasible set associated with the other target, i.e., the red (blue) target is now out of the

blue (red) arc. On top of this, if the targets are moving, the mission might get infeasible

faster. For instance, if the targets move in opposite directions, then the mission would

become infeasible even before t2.

A common way to avoid infeasibilities is the relaxation of CBF constraints which

may cause the violation of specifications, particularly the relaxed ones. On the other

hand, we tackle the infeasibility problem in the presence of conflicting tasks by enforcing
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Figure 6.2: Outline of the proposed framework.

stricter feasible sets. In particular, we propose a sequential CBF formulation to ensure

that any Φi is achieved by taking into account the shrinkage of feasible sets associated

with the remaining tasks Φj , ∀j ∈ {1, . . . , k}\{i}. Therefore, even if there is more time to

achieve it, the system may go for Φi immediately in accordance with the remaining task

deadlines. In this CBF formulation, we utilize a sequence of STL tasks that is feasible

to achieve in a particular order (although it can be disobeyed during execution). A term

in the sequence is removed once the associated task is satisfied. The general framework

of how to generate a feasible sequence and online control of the system is highlighted in

Fig. 6.2. Next, we elaborate more on the construction of a feasible sequence of dynamic

STL tasks.

6.4.1 Scheduling STL Tasks

In this section, we will obtain task sequences where the desired STL specification can

be achieved by following that particular order of the tasks. The feasibility of such

a sequence depends on the maximum velocities of both the controlled robot and the

targets, and the task deadlines defined over these dynamic targets. Let us start with

the pairwise worst-case distance definitions between two targets:
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Definition 6.4.3 (Ordered Set Distance2). We define the ordered distance between two

compact reachable sets Pi, Pj as

Dist(Pi,Pj) := sup
x∈Pi

dist(x,Pj).

Similar to (6.4), the worst-case pairwise distance considering target motions in ri and

rj time units is obtained below, assuming both targets move in opposite directions.

Distwc(Pi,Pj , ri, rj) := Dist(Pi,Pj) + uPii,max · ri + u
Pj
j,max · rj . (6.6)

Intuitively, the worst-case scenario is considered in the definition of the set distance

such that the system starts at the farthermost point in Pi as if it moves for ri time

units, and travels to the farthermost point in Pj after its motion of rj time units. This

can be interpreted as reaching Pi as if it travels with its maximum velocity along the

direction opposite to Pj , which itself moves with its maximum velocity.

For notational simplicity, by using the Defs. 6.4.1 and 6.4.3 together with the input

bound umax and with a slight abuse of notation, we define two variables, namely

di :=
Distwc(x,Pi, ri)

umax
and di,j :=

Distwc(Pi,Pj , ri, rj)
umax

, (6.7)

as the required time for the system to reach the ith dynamic target under the max-

imum input and as the worst-case minimum travel time between ith and jth targets,

respectively.

Definition 6.4.4 (Task Sequence and Its Subsequences). Given an STL specification

with k tasks as in (6.2), the task sequence S is an order of the task indices {1, . . . , k}.
For example, consider Φ := Φ1 ∧ Φ2 ∧ Φ3 ∧ Φ4, then S = (3, 1, 2, 4) is a task sequence

for Φ. Each term in the sequence S(i) has a corresponding compact and dynamic target

set PS(i) in which the inner part ϕS(i) of the task ΦS(i) is satisfied. A subsequence S′

is obtained by removing one or more terms of S after the associated target set(s) are

visited where 1≤|S′|≤ |S|, and |S′|= |S| implies S′=S. For example, (1, 2, 4), (3, 1, 2),

and (3, 2) are some subsequences of S.

Note that the mapping between the tasks {1, . . . , k} and their indices in a sequence

S is onto but not injective as the same periodic task may appear more than once in the

sequence, i.e., |S| ≥ k.

2This metric is a form of Hausdorff distance with a particular order.
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Definition 6.4.5 (Feasibility of an STL Task and a Sequence). The ith STL task ΦS(i)

among a task sequence S with a deadline rS(i) is said to be feasible with respect to the

dynamics in (6.3) if rS(i) ≥ dS(1) +
∑i

l=2 dS(l−1),S(l) for i ≥ 2 and rS(1) ≥ dS(1) for the

first task in the sequence. Moreover, if a sequence is comprised of only feasible tasks,

then it is a feasible sequence.

Let us have a feasible sequence of tasks S according to Def. 6.4.5. We next show

that the accomplishment of STL tasks in the given order in S (i.e., satisfying the first

task in the order next) preserves the feasibility of the remaining tasks. Moreover, we

also show that even if the order in S is violated during the execution (e.g., satisfying a

later task in the sequence first and removing it), the resulting subsequence will still be

feasible.

Lemma 6.4.1 (Conservation of Sequence Feasibility). Consider an STL specification

Φ := Φ1 ∧ . . . ∧ Φk and a sequence of its tasks S as in Def. 6.4.4 together with the

duration definitions in (6.7). If rS(i) ≥ dS(1) +
∑i

l=2 dS(l−1),S(l), ∀i ∈ S, then rS′(j) ≥
dS′(1) +

∑j
l=2 dS′(l−1),S′(l), ∀j ∈ S′, for any subsequence S′.

Proof. To prove the continuous feasibility of the sequence S, we investigate different

cases with regard to the locations of the achieved and removed task(s) among the

sequence:

Case 1: (Only the first term in the sequence, dS(1), is removed, i.e., S′ = S \ {S(1)}.)
The term dS(1) is removed when the set of states associated with it, PS(1), is visited. We

want to show that after the removal of S(1), rS(i)≥dS(2)+
∑i

l=3 dS(l−1),S(l), ∀i ∈ S\{S(1)}
holds. It is given in the premise that rS(i) ≥ dS(1) +

∑i
l=2 dS(l−1),S(l),∀i ∈ S, then we

have rS(i) ≥
∑i

l=2 dS(l−1),S(l) = dS(1),S(2) +
∑i

l=3 dS(l−1),S(l),∀i ∈ S. Moreover, by the

Defs. 6.4.1 and 6.4.3, we know dS(1),S(2) ≥ dS(2) = Distwc(x,PS(2), rS(2))/umax,∀x ∈
PS(1). Hence, the condition in the premise implies rS(i) ≥ dS(2) +

∑i
l=3 dS(l−1),S(l),∀i ∈

S \ {S(1)} = S′.

Case 2: (Later tasks in the sequence are removed.) Let S′−1 be any subsequence of

S \ {S(1)} and S′′−1 be any subsequence of S′−1. Then it follows from the triangle

inequality that
∑|S′−1|

l=2 dS′−1(l−1),S′−1(l) ≥
∑|S′′−1|

l=2 dS′′−1(l−1),S′′−1(l), which implies dS(1) +∑|S′−1|
l=2 dS′−1(l−1),S′−1(l) ≥ dS(1) +

∑|S′′−1|
l=2 dS′′−1(l−1),S′′−1(l). Since S′−1 and S′′−1 are arbitrary,

the conditional statement in the premise holds.
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Case 3: (The first and later task(s) are removed together.) It follows from Cases 1

and 2 that any subsequence obtained by removing S(1) and one or more later tasks in

S together preserves the inequality in the premise.

We first create all possible orders of tasks Sall and obtain the feasible sequences

Sfeasible offline by filtering according to i) the possible scheduling conflicts (e.g., time

interval inconsistencies) of STL tasks and ii) the feasibility of the candidate sequences

according to the ability to travel the worst-case distances before deadlines. When STL

tasks are in disjunction (i.e., defined over redundant targets), we obtain sequences for

each alternative scenario. Moreover, when periodic tasks are present, the sequence

generation procedure also involves the decomposition of a periodic task to multiple

fixed-interval ones.

Removing Time Interval Inconsistencies

Let two tasks be given as Φi and Φj with the time intervals bounded by Ii = [ai, bi] and

Ij = [aj , bj ], respectively. Then we apply the following filter when creating the set of

all candidate but not necessarily feasible sequences Sall:

bj < ai =⇒ Si,j 6∈ Sall, (6.8)

where Si,j := {S | S(x) = i, S(y) = j, x < y}. This rule is used to cluster the tasks

with distinct time intervals so that the complexity of candidate sequence generation can

be reduced. For instance, let a specification be given as Φ = Φ1∧Φ2 with Φ1 = F[20,40]ϕ1

and Φ2 = F[0,10]ϕ2. It is obvious that the sequence (2, 1) is the only possible one given

the intervals of the first and second tasks.

Handling Disjunctions During Sequence Generation

Let us denote the single STL task in (6.2) that comprises kd other tasks in disjunction by

Φd where d ∈ {1, . . . , k}. Suppose that each STL task Φj in (6.2) with j ∈ {1, . . . , k}\{d}
is defined over qj number of alternative targets. Then we consider all

∏
i∈{1,...,k} qi

possible STL tasks when determining candidate sequences Sall where qd =
∑kd

l=1 qdl

with qdl representing the number of redundant target areas for each STL task l in

disjunction with other STL tasks.
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For example, consider Φ = Φ1 ∧Φ2 ∧Φ3 with Φ1 = F[a,b](µ1 ∧µ2), Φ2 =G[c,d]µ3, and

Φ3 = Φ3,1 ∨ Φ3,2 where Φ3,1 = F[e,f ](µ4 ∨ µ5) and Φ3,2 = G[g,h]µ6. We have d = 3 and∏
i qi = 2 × 1 × (2 + 1) = 6 alternative sets of STL tasks to start with where q1 = 2,

q2 = 1, and q3 = q3,1 + q3,2 = 2 + 1 = 3.

Reflecting the Hold Requirements in Sequence Calculations

The STL fragment given in (6.1) accommodates STL tasks that require to be contin-

uously satisfied for a specific length of time once started, e.g., Φhold 1 = G[a,b]ϕ and

Φhold 2 = F[a,b]G[c,d]ϕ. For this reason, when checking the feasibility of a sequence, it is

required to consider the amount of time the robot has to spend while achieving such a

task in addition to the time required to reach the associated target area. Furthermore,

as the targets are dynamic, the robot may need to move attached to them during the

holding. Since this additional motion can be in the opposite direction of where the

robot needs to be heading next (if any task remains), we have to reflect this possible

additional time to get into the course in the worst-case travel duration calculations (i.e.,

(6.7)) from targets associated with such tasks.

Let Φj be any task in the sequence and Φhold be a task requiring a hold. If we denote

the specified duration of the hold by Ihold, e.g., Ihold 1 = b− a and Ihold 2 = d− c, then

we update the worst-case pairwise travel duration from the target associated with Φhold

to the one that of Φj as:

Distwc(Phold,Pj , rhold, rj) :=Dist(Phold,Pj)

+ uPholdhold,max · rhold + u
Pj
j,max · rj

+ uPholdhold,max · Ihold + umax · Ihold,

(6.9)

where the first three terms stand for the conventional worst-case distance between the

current and the next target areas as in (6.6); the last two terms account for the worst-

case distance traveled attached to the target while holding, and the time needs to be

spent while holding, respectively.
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Decomposition of Periodic Tasks

Any periodic STL task, e.g., Φperiodic = G[a,b]F[c,d]ϕ, can be decomposed as:

Φperiodic = G[a,b]F[c,d]ϕ =

kτ−1∧
i=0

F[ti,ti+τ ] ϕ

s.t. t0 ∈ [a+ c, a+ d]

ti ∈ [ti−1,max(ti−1 + τ, b+ d)], ∀i ∈ [1, kτ ],

(6.10)

where ti denotes each time instant at which ϕ is satisfied with tkτ ∈ [b+c, b+d]; τ = d−c
is the time period of the task Φperiodic. The number of decomposed finally tasks, kτ in

(6.10) can be finitely many depending on the realized trajectory and the sequence of

the tasks achieved.

Figure 6.3: Derivation of new sequences from a candidate, S0, for the specification Φ = Φ1 ∧ Φ2 ∧ Φ3

by decomposing the periodic task Φ3 recursively.

When inserting the decomposed finally tasks among a candidate sequence S, the

representation in (6.10) may be redundant as multiple same finally tasks could appear

between two other tasks in the sequence. To prevent the additional complexity this

brings, satisfaction times ti in the above decomposition can be bounded by considering

the previous and next tasks for each possible insertion of the periodic task in a given

candidate sequence. In other words, instead of a blind decomposition, we consider the

travel times to/from the periodic task areas within a given sequence while inserting

successive periodic tasks. In this regard, a task will appear only once between two

other tasks in the resulting sequence, which are feasible to travel to/from based on

the worst-case relative distances and their deadlines. We obtain such representation by
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decomposing the periodic tasks as:

Φ = G[a,b]F[c,d]ϕ =
∧
i

F[ei,li] ϕ, (6.11)

where ei, li ∈ [a + c, b + d],∀i are the earliest and latest possible satisfaction instants

depending on the tasks in the sequence (if any) before and next to the periodic task,

respectively. In order to calculate the earliest and latest possible satisfaction instants,

we do the following: We denote the order of a task in the sequence by s. In accordance

with (6.11), let us use i ≥ 0 to number the appearances of the same periodic task S(si)

in the sequence with s0 = s. For instance, let S = (3, 1, 3, 2) with Φ3 being a periodic

task, then we define S(10)=S(1)=3 and S(11)=S(3)=3 as depicted in the left branch

rooting from S0 in Fig. 6.3. We determine the bounds on the satisfaction instants as

follows:

ei := tprev +

si−1∑
j=si−1

dS(j),S(j+1), for i > 0,

li := min
z∈{si+1,...,|S|−1}

rS(z) −
z−1∑
j=si

dS(j),S(j+1), for i ≥ 0,

(6.12)

where tprev ∈ {ei−1, li−1} is the last time the periodic task is achieved with e0 :=

max
(
a+ c, dS(1) +

∑s0−1
j=1 dS(j),S(j+1)

)
.

Note that different si alternatives exist depending on where s0 is placed and how

many other tasks are completed between two consecutive visits to the periodic tar-

get. Hence, we have to examine all such possibilities. However, we need the following

assumption to keep the possibilities finite.

Assumption 6.4.1 (Distinct Periodic Targets). Any two target areas Pi and Pj asso-

ciated with any two periodic tasks Φi and Φj have empty intersection, i.e., Pi ∩Pj = ∅.

This assumption prevents the algorithm from generating infinitely many possible

sequences as some time has to pass while traveling between two target areas with no

intersection, and we have finite time bounds.

Task Deadlines among a Sequence

We consider the satisfaction of STL tasks over dynamic targets in a particular order,

i.e., in a sequence. However, assuming that the targets will be reached exactly at their



116

associated deadlines after moving with their maximum velocities until then may be

unrealistic and utterly conservative. This is because the future tasks in the sequence

can have earlier deadlines since we consider all possible task orders in the candidate

sequences. In other words, a given sequence may enforce the achievement of a task way

before its deadline; therefore, in the worst-case distance calculations in (6.7), considering

only the associated deadline may be conservative and render a set of specifications

infeasible that would otherwise be feasible. For instance, suppose Φ = Φ1 ∧ Φ2 with

r1 = 20 and r2 = 10, if the candidate sequence is S = {1, 2}, then it should not be

possible for the target associated with Φ1 to move 20 time units before its achievement,

since Φ2 should be satisfied within 10 time units after Φ1 is accomplished. To account

for such cases, we incorporate the remaining times of future tasks in the sequence besides

the original deadlines.

Definition 6.4.6 (Sequential Remaining Time Bounds). For a feasible STL task se-

quence S, the actual remaining time to achieve an STL task ΦS(i) in the sequence is

bounded by the deadlines of the remaining tasks in the sequence as follows:

rS(i) := min
j∈[i,...,|S|]

rS(j). (6.13)

We next show that using the remaining time bounds based on (6.13) instead of

actual task deadlines does not affect the feasibility of the sequence.

Proposition 6.4.1 (Feasibility of Sequential Remaining Time Bounds). Let a sequence

of k STL tasks defined according to Def. 6.4.4 be denoted as S. If S is feasible per

Def. 6.4.5, then replacing the remaining times rS(i) (Def. 6.4.2), with the sequential

remaining time bounds rS(i) in Def. 6.4.6 for each task i ∈ {1, . . . , k} preserves the

sequence feasibility.

Proof. Per Def. 6.4.5, the feasibility of ith task in the sequence implies rS(i) ≥ dS(1) +∑i
l=2 dS(l−1),S(l). For another task in the jth order such that i ≤ j ≤ |S|, we also

have rS(j) ≥ dS(1) +
∑i

l=2 dS(l−1),S(l) +
∑j

l=i+1 dS(l−1),S(l) as S is a feasible sequence.

Therefore, we obtain rS(j) ≥ dS(1) +
∑i

l=2 dS(l−1),S(l). As j is arbitrary, replacing rS(i)

with any of the rS(j) for j ∈ [i, . . . , |S|], particularly with the result of (6.13) leads

rS(i) ≥ dS(1) +
∑i

l=2 dS(l−1),S(l). Thus the proposition follows since i is arbitrary.
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For example, consider a specification Φ = F[0,30]ϕ1 ∧ F[0,40]ϕ2 with the committed

sequence of (2, 1). In this case, as the second task ϕ2 needs to be satisfied first, it

becomes redundant to assume that the target associated with it may move for 40 time

units, even for the worst case. This is because, the satisfaction of ϕ2 should occur before

the deadline of the ϕ1, r1 = 30, as well as before its own deadline, r2 = 40. Therefore,

if the sequence of (2, 1) is committed to, it is safe to continue calculations according to

Φ = F[0,30]ϕ1 ∧ F[0,30]ϕ2 via (6.13). Actually, the satisfaction of ϕ2 should take place

much earlier so that there is enough time to satisfy ϕ1 before t = 30. This requirement

will be enforced by sequential CBFs proposed in Sec. 6.4.3.

6.4.2 Offline Task Sequence Generation

We start with a candidate sequence S0 ∈ Sall where any periodic task is placed according

to its initial satisfaction requirement, i.e., only s0 elements are placed for each periodic

task. For instance, G[a,b]F[c,d]ϕ is initially inserted in S0 as F[a+c,a+d]ϕ. We implement

a periodic task decomposition procedure for each candidate sequence in Algs. 3 and 4.

This procedure evaluates possible spots to insert periodic tasks with the earliest (or

latest) possible times of satisfaction within the interval associated with that spot, ei (or

li).

For a given STL specification Φ, Alg. 3 examines each candidate sequence by check-

ing the feasibility of reaching the dynamic targets in that particular order before the

associated deadlines. The initial deadline for each task is determined in line 1. The

STL tasks with distinct time intervals are clustered according to (6.8), and possible

permutations of candidate task sequences considering all possible disjunction scenarios

(see Sec. 6.4.1) are found in line 2.

Feasibility check is performed recursively throughout each candidate sequence in

lines 4-22. The check is conducted based on the sequence-specific deadlines (see Sec. 6.4.1)

and laxity values defined for each task within the sequence.

Definition 6.4.7 (Laxity Value of an STL Task). The difference between the remaining

time to achieve an STL task placed in the sequence S and the worst-case duration to

reach the dynamic target associated with the task from x(0) is the laxity value of that
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Algorithm 3: Feasible Sequence Generator and Selector with Periodic Tasks

input : STL specification Φ = Φ1 ∧ . . . ∧ Φk;

Velocity bounds, initial positions, and target radii

1 Determine deadlines ri according to Φ for i∈{1,. . .,k};
2 Cluster the STL tasks with distinct intervals using (6.8) and find the set of all

possible sequences Sall by incorporating all disjunction scenarios as in

Sec. 6.4.1;

3 Sfeasible = ∅, γfeasible = ∅;
4 for Each candidate sequence S0 ∈ Sall do

5 S = S0, s = 0;

6 Determine realistic deadlines ri (Def. 6.4.6) and worst-case travel times over

S via (6.7);

7 while |S| > s do

8 s = s+ 1;

9 if γS(s) < 0 then break, switch sequences;

10 if S(s) is a periodic task with s < |S| then

11 Determine e and l according to (6.12);

12 if e ≤ l and e+ τS(s)≤hrz(Φ) then

13 S = BranchOut(S, e, l);

14 Sfeasible = Sfeasible ∪ S;

15 Break, switch sequences;

16 else if e > l then

17 Break, switch sequences;

18 end

19 end

20 end

21 Sfeasible = Sfeasible ∪ {S};
22 end

23 Pick the best S∗ ∈ Sfeasible according to γS∗ ;

return : Feasible sequence S∗
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task with respect to the system (6.3), i.e.,

γS(s) := rS(s) − dS(1) −
s−1∑
i=1

dS(i),S(i+1). (6.14)

In other words, laxity value measures how early each task s in the sequence S can

be satisfied before its deadline. For a sequence to be feasible according to Def. 6.4.5,

every task in the sequence must have a nonnegative laxity value.

Algorithm 4: BranchOut: Decomposing a Periodic Task among the Candi-

date Sequence

input : Candidate Sequence S, Earliest and Latest satisfaction times e, l for

the periodic task S(s)

1 #Branch = 1, j = s, Sfeasible = ∅, γfeasible = ∅;
2 for tprev={e,l} do

3 while
∑j

i=s dS(i),S(i+1) + dS(j+1),S(s) ≤ τS(s) do

4 S#Branch=InsertBetween(S(j + 1),S(j + 2));

5 rS#Branch(j+2) = tprev+τS(s)

6 #Branch = #Branch+ 1, j = j + 1;

7 Increase dS(j+1),S(s) and dS(s),S(j+2) by dδ (6.15);

8 end

9 for all S′ ∈ S#Branch do

10 s′ = s;

11 while |S′| > s′ do

12 s′ = s′ + 1;

13 γS′(s′) =rS′(s′) − tprev −
∑s′−1

i=s dS′(i),S′(i+1);

14 Repeat the lines 9-19 of Alg. 3 for S′(s′);

15 end

16 Sfeasible = Sfeasible ∪ {S′};
17 end

18 end

return : Sfeasible
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Whenever the next task is periodic during the feasibility check, the decomposition

process takes place starting line 10 to schedule possible future visits to the triggering

periodic task. First, the earliest and latest time instants to leave the periodic task area

considering the adjacent tasks in the sequence are found in line 11 according to (6.12).

As several potential sequences can be derived from S0, Alg. 4 is called in line 13, which

branches out these sequences from S0. The feasibility checking process continues within

the new possible branches. The Alg. 4 will continue to call itself with an expanding tree

logic via depth-first search whenever the feasibility check reaches new periodic tasks.

When the expansion is concluded, the recursively found set of feasible sequences S will

be returned to Alg. 3 in line 13. The newly generated feasible sequences are added to

the set of all feasible sequences Sfeasible in line 14. The operator ∪ is used to denote

such a union of sets of sequences with a slight abuse of notation. On the other hand, if

there is no periodic task in Φ, Alg. 4 will never be triggered, and a choice will be made

in line 23 among the feasible candidate sequences from line 21, based on laxity values.

When triggered by a periodic task, Alg. 4 creates an implicit tree rooting from

a previous sequence (initially S0) with possible decomposition spots for that task via

depth-first search. According to the period of the triggering task, it derives new se-

quences at which the next satisfaction of the same periodic task is inserted at different

possible locations in lines 3-8, see the first two branches in Fig. 6.3 for example.

Consider a periodic task S(j) in the jth order of the sequence. When examining

possible spots for a successive decomposition of S(j), one must consider the additional

worst-case distance to/from S(j) from/to the dynamic targets associated with the tasks

that the decomposition is made between. For instance, if the decomposition is made

within the first couple of next tasks, i.e., S(j+1) and S(j+2), an additional worst-case

travel time from/to these tasks, which are immediately before and after the decompo-

sition spot, has to be considered. This addition is due to the motion of the target area

associated with S(j) during the length of the period. After the successive insertion of

S(j) between S(j+ 1) and S(j+ 2), the next decomposition of S(j) will be the (j+ 2)th

task in the updated sequence, and the original S(j + 2) will shift to (j + 3)th spot. The

additional worst-case travel duration to/from the new decomposition of the periodic
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task S(s) from/to the new adjacent tasks in the sequence is given by

dδ :=
utargetS(s),max · τS(s)

umax
, (6.15)

which accounts for the additional distance traveled by the periodic target, i.e., utargetS(s),max ·
τS(s), and how long it would take to compensate for it. Between lines 9-17, the feasibility

of the possible insertion scenarios is checked similarly to Alg. 3, considering the worst-

case distances updated via (6.15) in line 7 and based on the earliest and latest possible

times to satisfy the triggering periodic task. During this check, whenever the next task

is periodic, the branching out mechanism is triggered again, and new sequences are

generated by the decomposition of the new triggering periodic task recursively.

After completing the decomposition process, a sequence is picked among the feasible

alternatives in line 23 of the Alg. 3. Next, we define the following criteria to choose the

sequence with the greatest least laxity among its tasks:

S∗ := arg max
S∈Sfeasible

min
i∈S

γS(i). (6.16)

This selection can also be made based on some other user-defined criteria with different

performance metric definitions. For instance, it is also possible to choose the sequence

that cumulatively has the highest laxity among the tasks in the sequence instead of

the criteria in (6.16). We next show that decomposing the periodic task by inserting it

into different spots along the sequence does not affect the outcome of the critical (least)

laxity associated with that sequence.

Proposition 6.4.2 (Invariance of Critical Laxity). Suppose a feasible sequence S of at

least two STL tasks as defined in Defs. 6.4.4 and 6.4.5. For any periodic task Φi ∈ S,

∃Φj ∈ S such that γj ≤ γi∗ where γj and γi∗ are the laxity values of Φj and any

successive insertion of Φi along S, respectively, defined according to (6.14).

Proof. Without loss of generality, assume that the system will satisfy one task, Φint,

between two consecutive satisfactions of Φi as shown in Fig. 6.4. Let the period of

Φi = G[a,b]F[c,d] be denoted as τ = d− c, then we have τ ≥ di,int + dint,i as S is feasible

(Def. 6.4.5). Suppose another task Φlater positioned in the sequence to be achieved

later than the two different satisfactions of Φi. If we denote the laxity values of two
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consecutive satisfactions of Φi by γi0 and γi1 , i.e., γi∗ = γi1 , there are two possible cases:

Case 1: (γi0 ≥ γlater) As γi0 = ri − dS(1) −
∑si0−1

j=1 dS(j),S(j+1) and γlater =

rlater − dS(1) −
∑slater−1

j=1 dS(j),S(j+1), this case implies ri ≥ rlater − di,int − dint,i −∑slater−1
j=si1

dS(j),S(j+1), and it follows ri ≥ rlater − τ −
∑slater−1

j=si1
dS(j),S(j+1). Now assume

that γi1 < γlater holds. This assumption requires ri+τ < rlater−
∑slater−1

j=si1
dS(j),S(j+1) to

be true which conflicts with what is shown in the previous step. Hence, any subsequent

satisfaction cannot have the least laxity among S in this case.

Case 2: (γi0 < γlater) In this case, proving γi0 ≤ γi1 is sufficient. Assume that the

reverse, i.e., γi0 > γi1 , is true. By following a similar procedure in the first case, we

obtain ri > ri + τ − di,int − dint,i which is a conflict.

Figure 6.4: Tasks in a sequence with the associated laxity values, including a periodic task Φi. While

solid arrows represent the immediate connection, dashed arrows denote the possibility of having other

task(s) in between.

Proposition 6.4.2 will be useful in deciding which portion of the sequence is more

time-critical without knowing the exact laxity values of the successive periodic task

decompositions. While this time-critical portion governs the system, subsequent satis-

faction requirements and deadlines for periodic tasks can be determined in real time,

based on the previous satisfaction instants and knowing that they will not be time-

critical.

6.4.3 Control Barrier Functions with Sequential Tasks

We construct sequential CBF candidates over a feasible sequence S of k tasks in (6.2)

obtained via the Alg. 3 as:

bi(x, t) := rS(i) −
Distwc

(
x,PS(1), rS(1)

)
umax

−
∑i

l=2Distwc
(
PS(l−1),PS(l), rS(l−1), rS(l)

)
umax

, ∀i ∈ S,

(6.17)



123

where rS(i) is the remaining time to achieve ith task in the sequence S, and rS(i) :=

minj∈[i,...,|S|] rS(j) is the actual time bound to reach the ith target according to the

deadlines of the next tasks in the sequence as defined in Def. 6.4.6. Nonnegativeness

of bi(x, t) for all i simply implies that the system should achieve the first task in the

order, ΦS(1), such that the first i tasks in the sequence can still be achieved on time.

Therefore, we want our system to always be in B =
⋂
i Bi for collective achievement,

where Bi := {x ∈ Rn | bi(x, t) ≥ 0}.
After determining the sequence of tasks S and the candidate CBFs, we apply the

sequential CBF constraint based on the most time-critical candidate in (6.17) found via,

b(x, t) := min
i∈S

bi(x, t). (6.18)

Remark 6.4.1. Nonnegativeness of the most time-critical sequential CBF b(x, t) ≥ 0

implies bi(x, t) ≥ 0, ∀i ∈ S. Moreover, as discussed in Proposition 6.4.2, successive

decompositions of a periodic task cannot have the most time-critical CBF via (6.18).

Note that removing terms from a sequence of STL tasks yields feasible subsequences

as shown in Lemma 6.4.1. We now present the following corollary to show that the

sequential CBF stays nonnegative after the satisfaction of STL task(s) and the removal

of the term(s) associated with them.

Corollary 6.4.1. Consider an STL specification Φ := Φ1 ∧ . . . ∧ Φk and a sequence of

its tasks S as in Def. 6.4.4 together with the duration definitions in (6.7). If a sequential

control barrier function defined over S via (6.17) and (6.18) is nonnegative, then a new

control barrier function similarly defined over any subsequence of S is also nonnegative.

Proof. Note that the sequential control barrier function is constructed in (6.17) and

(6.18) by the duration definitions in (6.7) and the sequential remaining time bounds in

(6.13). Thus the corollary follows from Lemma 6.4.1, indicating the feasibility of the

resulting sequence after a task removal, and Proposition 6.4.1 showing the viability of

using sequential time bounds instead of the actual remaining times.

Since we consider a quadratic running cost (as in Sec 6.3) and the CBF constraints

in (2.6) are linear in control for a constant state, Problem 6.3.2 reduces to a quadratic



124

program (QP) with explicit input and STL-related CBF constraints to be solved se-

quentially over the discrete time:

min
u∈U

1

2
uTu (6.19)

s.t.
∂b

∂x

T

u +
∂b

∂xtarget

T

utarget +
∂b

∂t
+ α(b) ≥ 0,

where xtarget ∈ Rnk and utarget ∈ Rmk are the stacked vector of current target positions

and velocities, respectively. Let r(t) := [r1, . . . , rk]
T be the stack vector of task

remaining times and 1n ∈ Rn be the vector of ones, then we have ∂b/∂t = −∂b/∂rT1k

since ∂ri/∂t = −1, ∀i.

6.4.4 STL Control Synthesis under CBFs with Sequential Tasks

After a feasible sequence of STL tasks S is determined, a sequential CBF is constructed

over it via (6.17) and (6.18). The QP problem equipped with CBF constraints (6.19)

is solved at each time step over time in Alg. 5. When a task is achieved or at least a

target area associated with it is reached, the task is removed from the sequence, and the

sequential CBF constraints are updated accordingly. In this regard, when there are no

tasks left in the sequence, we deduce that the STL specification Φ in (6.2) is satisfied.

However, the removal of a task associated with the visited set does not necessarily mean

the task is completely forgotten, as some STL tasks may require holding the target area

for a while. Depending on the temporal operator of the newly achieved STL task, an

additional CBF constraint that aims to hold the robot inside the target area may be

initiated. Details of the sequential CBF implementation can be summarized based on

the temporal operator(s) of each STL task Φi as follows:

• Finally (Φi = F[a,b]ϕi): The STL task is inserted in S with a remaining time of

ri = b. We enforce its achievement with the sequential CBF until the inner task

ϕi is satisfied within the given time window [a, b]. When it does, line 10 in Alg. 5

is not triggered and the task is just removed from the sequence in line 18.

• Globally (Φi = G[a,b]ϕi) or Finally-Globally (Φi = F[a,b]G[c,d]ϕi): Once the

task satisfaction begins, the associated term inside the sequence is removed. Since

these tasks require a hold for a predefined period of time (e.g., b− a for G[a,b]ϕi),
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we enforce this hold with an individual CBF as in (6.5) until the last time step

ϕi needs to hold by keeping the remaining time fixed to ri = 0. For this aim, we

Algorithm 5: Main STL Sequential CBF Algorithm

input : STL specification Φ = φ1 ∧ . . . ∧ φk and feasible sequence S; Vel. bounds

umax, u
target
i,max ; Initial positions x(0),xi(0)target; Target radii radtargeti

Class K functions αi(·) for i ∈ {1, . . . , k}
1 t = 0, chold = 0;

2 while S 6= ∅ do

3 Get target pos. xtargeti (t) and vel. utargeti (t) ∀i∈S;

4 Calculate pairwise worst-case distances within S;

5 Formulate the CBF constraints via (6.17) and (6.18) by adding the

hold-requirement if chold > 0 via (6.5);

6 Solve (6.19) to find the input to the system;

7 Apply the input u to the system; get new state x+;

8 Increase t, decrease chold by one step;

9 if Any S(s) ∈ S is hit then

10 if ΦS(s) is not finally then

11 if ΦS(s) is a periodic task then

12 Hold until forced to leave the current target;

13 else if ΦS(s) is globally or finally-globally then

14 Define chold = Ihold via STL task ΦS(s);

15 Enforce holding until chold = 0;

16 end

17 end

18 S = S \ {S(s)};
19 if S(1) has alternative targets then

20 Get alternative target positions and velocities;

21 Obtain potential worst-case distances;

22 Compare alternative CBF values;

23 Update S if any alternative yields higher CBF;

24 end

25 end

26 end

return : State trajectory (x, 0) and control policy (u, 0)
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introduce the chold parameter in Alg. 5 to count the required holding time within

lines 14-15. Moreover, this additional holding requirement is already incorporated

in the worst-case pairwise travel duration calculations from targets associated with

such tasks in (6.9). In other words, we account for the time the robot must spend

to hold while achieving such dynamic tasks in the sequence calculation.

• Globally-Finally (Φi = G[a,b]F[c,d]ϕi): We treat a periodic task like multiple

decomposed finally tasks as explained in Sec. 6.4.1. When the task is satisfied

within the given time interval, the robot is asked to stay inside the target as

long as it can via an individual CBF as in (6.5) (line 12 in Alg. 5). When the

remaining task deadlines in the sequence start to become urgent, the sequential

CBF automatically makes the robot end the holding by forcing it out of the target

area. As soon as this happens, the successive decomposition is assigned with the

period of Φi as the remaining time.

• Until (Φi = ϕi,1U[a,b]ϕi,2): We use equivalent tasks, Φi = G[0,t′]ϕi,1 ∧ F[a,b]ϕi,2

where ϕi,2 is satisfied at t′ ∈ [a, b].

Details of the implementation can be found in Table 6.1. Moreover, when the sequence

S is modified according to the given instructions, we check if the new S(1) has an

alternative, i.e., involves disjunction. If it does, we calculate all possible sequential CBF

values replacing the S(1) with its alternatives but keeping the rest of the sequence fixed.

This also includes the update of the worst-case distances for each alternative scenario.

In case an alternative target results in a higher CBF value over the sequence, we modify

the sequence by replacing S(1) with a superior alternative (lines 19-24, Alg. 5).

Theorem 6.4.1 (Soundness). Given an STL specification Φ:=Φ1 ∧Φ2 ∧ . . . ∧Φk with

the syntax in (6.1) and a sequence S of k STL tasks with dynamic target areas as defined

in Def. 6.4.4 such that

rS(j) ≥ dS(1) +

j∑
l=2

dS(l−1),S(l), ∀j ∈ S,

where ri is the remaining time to reach the target associated with Φi; di and di,j are

defined in (6.7), the control law obtained by sequentially solving (6.19) via Alg. 5 yields

a trajectory for the system (6.3) that satisfies Φ.
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Table 6.1: How to implement the CBF constraints in accordance with the temporal operator of respective

STL task and the associated time interval(s).

Temporal Op-

erators of Φi

Initial Remain-

ing Time, ri

Handling of STL Tasks

in the Sequence
Holding Mechanism

F[a,b]ϕi ri = b
Once achieved within

[a, b], remove.

No additional holding is

required.

G[a,b]ϕi ri = a Remove at t = a.
Once started, fix ri = 0,

hold until t = b.

F[a,b]G[c,d]ϕi ri = b+ c
Remove if started within

t′ ∈ [a+ c, b+ c].

Once started at t′, fix

ri = 0, hold until t =

t′ + d− c.

G[a,b]F[c,d]ϕi ri = a+ d

Whenever achieved

within [a + c, b + d],

remove the current

decomposition. Once

left the target, reset

ri = d − c for the next

decomposition (if any).

Each time a periodic

task is achieved, fix ri =

0, hold until forced to

leave by the sequential

CBF.

Proof. Consider a time-varying CBF that is nonnegative at t′, e.g., b(x(t′), t′) ≥ 0 in

(6.18). In light of Theorem 1 in [35], the control law u satisfying the constraints in

(6.19) (i.e., u being inside the set Su in [35]) implies b(x(t), t) ≥ 0, ∀t ≥ t′. Let us now

show that it is feasible to keep b(x(t), t) nonnegative. Let the target set associated with

the task Φi be P and x∗ ∈ ∂P, then the initially nonnegative sequential CBF implies

r(t′) · umax ≥ ‖x∗ − x(t′)‖+ uP,max · r(t′) (it is > if there are successive tasks) where t′

is the first time the target set is switched to P. Note that the system (6.3) is capable

of moving according to ‖x(t) − x(t′)‖ = umax

(
r(t′) − r(t)

)
, ∀t ≥ t′. Then we obtain

‖x(t)− x(t′)‖+ r(t) · umax ≥ ‖x∗ − x(t′)‖+ uP,max · r(t′), i.e., the system can reach x∗

under umax within t ∈ [t′, t′+ r(t′)] even if the target evades with the velocity of uP,max,

and it is feasible to sustain the nonnegativeness of the sequential CBF. The sequential

CBF b(x, t) is selected to be the most time-critical one among the candidates via (6.18).

Therefore, if it is nonnegative, then all the candidates in (6.17) will be nonnegative as

well, as discussed in the Remark 6.4.1, meaning each target in the sequence can be
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reached before its deadline. Now let us consider the possible temporal operators:

Case 1: (Only F[a,b]ϕ among the tasks). By Lemma (6.4.1), the new sequence S′ =

S \ {S(j)} obtained after a task ΦS(j) is satisfied and removed is also feasible, and per

Corollary 6.4.1 the sequential CBF remains nonnegative. Moreover, since ri decreases

for all i and b(x, t) stays nonnegative (as well as the other bi(x, t)’s as discussed in

Remark 6.4.1), each task Φi is achieved and removed from S in at most ri time units.

This process continues until no task is left in the sequence S.

Case 2: (G[a,b]ϕ or F[a,b]G[c,d]ϕ among the tasks). The remaining time for the globally

operator is defined to be the initial time of its interval, e.g., rG = a for G[a,b]ϕ. Once the

satisfaction starts, an individual CBF in (6.5) is initiated with the remaining time fixed

as rG = 0 until the end of globally time interval. This ensures the system stays inside

the target set of the task. Moreover, the absence of globally task in the sequential CBF

while it is still active does not undermine the satisfaction since the time required to

hold ϕ is already considered in the sequence construction even when the target moves.

Case 3: (G[a,b]F[c,d]ϕ among the tasks). The task is initially treated as F[a+c,a+d] ϕ and

by resetting the remaining time by the period of τ = d−c for the subsequent satisfactions

(i.e., F[0,τ ]ϕ) once ϕ is satisfied and associated target area is left as explained in Table

6.1. The guarantees given in Case 1 continue until the satisfaction of ϕ that needs

to be achieved repetitively. At each satisfaction, a holding mechanism is applied via

the individual CBF in (6.5) as if no time left to get to the target. This delays the

leave from the target assigned to the periodic task, and hence the deadline for the

subsequent satisfaction of it. As the latest time the system can leave the target after a

periodic satisfaction is accounted for during the sequence generation and the sequential

CBF remains active which makes the system leave the periodic task satisfaction, the

completion of the sequence is not undermined.

6.4.5 Complexity Analysis

We analyze the computational complexity of the proposed framework in Fig 6.2. The

bulk of the computation lies in generating candidate sequences and decomposition of

periodic tasks which are both performed offline before the execution.



129

For the online part (Alg. 5), the computational complexity is influenced by the hori-

zon of the STL specification, and major factors are generating the CBF constraints rely-

ing on the total number of tasks in conjunction
(
as in (6.2)

)
, solution of the QP problem

in (6.19), and the selection procedure which is triggered when a spatial requirement of

the next task is redundant due to disjunction. In this regard, the worst-case complexity

for the online iterative algorithm can be obtained as O
(
hrz(Φ)×(k+n)+

∑
i∈{1,...,k} qi

)
where hrz(Φ) is the STL horizon, k is the number of STL tasks in conjunction, n is

the number of states of the system, and qi is the number of alternative target areas

associated with the task Φi (for details on the handling of disjunction, see Sec. 6.4.1).

The right-hand side of the summation is dropped when there is no disjunction.

The offline part includes the sequence generation with periodic task decomposition

and the determination of the best sequence with the greatest least-laxity. If there is no

disjunction or periodic task, the number of operations in sequence construction (Alg. 3)

scales as O
(
k2k!

)
. When we have disjunction(s), it becomes O

(
k2k!×

∏
i∈{1,...,k} qi

)
. In

the presence of periodic tasks, the candidate sequences in Alg. 3 have to branch out by

calling Alg. 4 and increasing the complexity to O
(
k2k!×

∏
i∈{1,...,k} qi

)
+O(BranchOut).

Note that the complexity of Alg. 4
(
i.e., O(BranchOut)

)
depends heavily on the num-

ber of periodic tasks and how many decompositions of periodic tasks can be inserted

throughout the mission horizon. In particular, the depth-first search is implemented via

feasibility checks yielding an arbitrary depth depending on how the targets are initially

placed and the feasibility of candidate sequences. The worst-case depth length would

be the total number of time instances a periodic task can be decomposed into, i.e.,

hrz(Φ)/∆t. At each such instant, a periodic task triggers the Alg. 4 recursively, and in

the worst case when all tasks are periodic, k− 1 periodic tasks remain besides the task

that triggers Alg. 4 in the first place. Hence, the worst-case breadth size could be k−1.

As a result, Alg. 4 grows at worst as O
(
(k − 1)hrz(Φ)/∆t

)
.

6.4.6 Extension of the Approach

The system (6.3) with a scalar input bound umax guarantees that if the proposed CBF

(6.17),(6.18) is initially nonnegative, then the system can reach the target set on time.

Note that the bound umax does not change with time. That is, ensuring h(x, t) ≥ 0

within t ∈ [0, r], forces the system to stay in the proximity of the target set such that in
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the worst case the set can be reached in at most r − t time units (and is reached when

t = r) with the maximal input policies. On the other hand, for more complex systems

than (6.3), e.g., (2.5), we could have nonnegative CBFs over time, if we had an overall

bound on the derivative of each state, e.g., velocity, and a system property making this

bound nondecreasing with time (at least under maximal inputs). Then the proposed

CBF could preserve its nonnegativeness. For example, monotone and/or cooperative

control systems [105,106], can satisfy this under mild assumptions.

6.4.7 Conservativeness of the Approach

The sequence of subtasks (Def. 6.4.4) is constructed via the ordered set distances (Def.

6.4.3) which assume that a target set of states traveled with a maximum speed and is

reached through its farthest point with respect to the next target set. This may result

in not having a feasible sequence S whereas the STL specification is actually attainable.

The user may circumvent this by relaxing the proposed CBF constraint in (6.19), and

penalizing the relaxation variable in the objective function, similar to [87,89,107]. After

noting these, it is worth reiterating that here we assume STL specifications that have a

feasible sequence S, and CBF functions that are initially nonnegative (under umax) so

that we could pursue forward invariance over their zero superlevel sets.

6.5 Case Studies: Dynamic Targets

We develop a control synthesis tool that constructs a feasible sequence of STL tasks

(Algs. 3 and 4) prior to deployment and generates online trajectories (Alg. 5) satisfying

the given STL specification (6.2). We validate the efficacy of the proposed approach via

simulations and experiments. The code is created in Python by utilizing CasADi [108]

for symbolic encoding of the problem (6.19) and we obtain the sequential solutions using

qpoases solver. While the proposed method is agnostic to the actual robotic system to

be deployed, we tested our algorithms for the real-time planning of Crazyflies 2.0 drones.

The proposed method is verified experimentally in real time for various scenarios. The

targets are considered as circles assigned to individual planar drones with given radii.

The experiments are conducted in a 4.6m× 3.5m× 3m indoor environment as shown in

Fig. 6.5, using a VICON motion capture system with 8 cameras. We fly the ego drone
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(in red) at a higher altitude than the targets to avoid collisions. In the experiments,

we use the Crazyswarm [109] package to perform the low-level controls, communication,

and interface of the VICON system with the Crazyflies.

Figure 6.5: Physical environment for case 1 (scenarios 1 and 2). The Crazyflies are at their initial

positions. While the red drone in the middle is controlled (ego), the remaining drones represent the

targets with different colors according to the temporal operators of the STL tasks assigned to them.

We consider five scenarios under different STL specifications: i) the main scenario

with a complex STL specification Φcase 1 defined over dynamic tasks moving on prede-

fined trajectories with maximum velocity, ii) the same scenario with randomly moving

targets, iii) another specification Φcase 2 comprised of only periodic tasks, iv) a spec-

ification Φcase 3 defined over adversarial targets which are repelled by the controlled

robot, and v) the same adversarial scenario with much faster targets. In addition to

these scenarios, in another case, we considered the increasing number of targets, each

assigned with the same reach and hold type of STL specification, to demonstrate the

scalability of our approach. Details of the scenario settings are shown in Table 6.2.

Note that in none of the scenarios shown here, the robot is aware of the future
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Table 6.2: Mission parameters for different scenarios with the STL specifications in (6.20), (6.21), (6.22),

and (6.24).

Case
STL

Spec.

Vel. bounds [m/s],(
umax, u

target
max

) Target Trajectory Profiles

Scenario 1 Φcase 1
(
0.7, 0.06

)
Predefined w/maximal velocities

Scenario 2 Φcase 1
(
0.7, 0.06

)
Random velocities

Scenario 3 Φcase 2
(
0.7, 0.05

)
Predefined w/maximal velocities

Scenario 4 Φcase 3
(
0.6, 0.08

)
Adversarial obeying to (6.23)

Scenario 5 Φcase 3
(
0.6, 0.2

)
Adversarial obeying to (6.23)

Scalability

Analysis
Φcase 4

(
0.7, 0.1

) Predefined w/maximal

velocities (spiral)

trajectories of the targets. In other words, the targets either follow predefined trajec-

tories (scenarios 1 and 3) or calculate their own (scenarios 2, 4, and 5), and all these

cases are unknown to the robot. The only available information regarding the targets

is their instantaneous position and velocity, of which real-time estimations are possible

via methods such as LiDAR-based sensing [103].

6.5.1 Scenarios 1 and 2: Main Scenario with Different Target Trajec-

tories

In these scenarios, we consider six different targets assigned with various temporal

operators. Moreover, two of these targets (4 and 6) are interchangeable via a disjunction

operator. The STL specification that expresses spatial and temporal requirements over

the dynamic targets is given as follows:

Φcase 1 :=F[0,15]Target1,1 ∧ F[0,15]Target1,2

∧G[33,35]Target1,3

∧ F[0,27]G[0,3]

(
Target1,4 ∨ Target1,6

)
∧G[0,20]F[0,10]Target1,5,

(6.20)

where Targeti,j is the expression implying the visiting of jth circular target in the

specification Φcase i at t as an STL predicate in the form of
(
x(t) − xi,j(t)

)2
+
(
y(t) −

yi,j(t)
)2 ≤ rad2

i,j with the robot position vector x = [x, y]T . The specification in (6.20)
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requires the robot to visit the first two targets within the first 15 seconds. Moreover, the

third target has to be continuously visited within the interval of [33, 35]. The controlled

robot also needs to reach either the fourth or sixth target within the first 30 seconds

and stay inside for at least three seconds. While conducting all these tasks, it has to

keep visiting the fifth target with a period of 10 seconds.

Note that all the tasks except the one defined on the Target 3 have conflicting

requirements with overlapping time windows
(
e.g., eventually visit Targets 1 and 2

within the same interval [0, 15]
)
. We show some scenarios in Sec. 6.6, which showcase

the potential failure of the existing STL control synthesis approaches using CBFs for

such tasks.

In the first scenario, the targets are assigned with some trajectories in the form of

circular arcs requiring them to move outwards from the environment with maximum

velocities. In the second scenario, the targets are assigned random velocities picked

uniformly, obeying the velocity bounds. The trajectories of the ego drone and targets

can be seen in Fig. 6.6 as snapshots from the experiment accompanied by simulation

visuals.

Table 6.3: Scheduled sequence of STL tasks for each respective specification (output of the Alg. 3) and

the actual sequence realized by the controlled robot (output of the Alg. 5).

Φcase 1 Φcase 2 Φcase 3

Initial task sequence {1, 5, 2, 5, 4, 3} {1, 2, 3, 1, 2} {1, 2}

Realized task sequence {1, 5, 2, 5, 6, 3} {1, 2, 3, 1, 2} {1, 2}

The Targets 4 and 6 are interchangeable as expressed in (6.20). Although the initial

task sequence generated by Alg. 5 includes Target 4 (see Table 6.3), when the target

previous to 4 is reached, the robot decides to go for Target 6 next, as it is closer at

the moment. This is because the sequence comprising the Target 6 constitutes a higher

CBF value.

The second scenario also conducts the same experiment with random target velocity

vectors. Out of fifty randomized trials, the execution times of the simulations are

presented in Table 6.4. Only one of these random cases is conducted as an experiment

with drones for verification. The sequence generation process is independent of target
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t = 0 t = 2

t = 8 t = 16

t = 21 t = 25

t = 32 t = 35

Figure 6.6: Time history of the ego and target drones yielding the satisfaction of the specification Φcase 1

in (6.20). While the green drones belong to the finally tasks, the blue and magenta targets correspond

to globally and globally-finally (periodic) tasks, respectively. Two target areas in disjunction inside

the globally-finally task are associated with the yellow drones. The abstract motion of the ego drone

between the task areas is represented by dashed arrows.
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trajectories which are not available as a priori. Moreover, the execution times mostly

depend on the number of targets and the mission horizon due to the online nature of

the approach. In this regard, the simulation results for scenarios 1 and 2 are presented

jointly under Φcase 1 in Table 6.4, for the same specification.

Table 6.4: Simulation execution times required for generating STL-satisfying trajectories subject to the

specifications in (6.20), (6.21), and (6.22).

Algs. 3 & 4 — Offline Algorithm 5 — Online

STL

Specification

Sequence

Generation

Time [ms]

Average QP

Solution

Time [ms]

Average

Online

Runtime [ms]

Total

Online

Runtime [ms]

Φcase 1 (n=50) 40.6 0.3± 0.006 1.0± 0.016 36.2± 0.501

Φcase 2 11.6 0.3 1.0 30.8

Φcase 3 1.9 0.3 1.3 19.7

6.5.2 Scenario 3: All Periodic Tasks

In this scenario, three targets are placed in the environment, each of which has to be

repetitively reached with a period of 15 seconds. The STL specification expressing this

requirement can be formulated as follows:

Φcase 2 :=G[0,15]F[0,15]Target2,1 ∧G[0,15]F[0,15]Target2,2

∧G[0,15]F[0,15]Target2,3.
(6.21)

The targets move according to some predefined circular arc trajectories. The ego

drone keeps visiting each region such that the gap between two consecutive visits is not

greater than 15 seconds. The trajectories of the ego drone and the targets are depicted

in Fig. 6.7 with simulation results in Table 6.4. As shown in Table 6.3, the robot realizes

the initially proposed sequence with the decomposed periodic tasks.

6.5.3 Scenarios 4 and 5: Pursuit-Evasion under Different Target Ve-

locities

In this scenario, we consider two different targets repelled by the ego drone. The robot

has to reach and stay with the targets for 2 seconds within the first 15 seconds. The
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Figure 6.7: Satisfactory robot trajectory for the specification Φcase 2 in (6.21) with three periodic tasks

defined over the targets moving on circular arcs with their maximum velocities. The target trajectories

are illustrated with dashed lines. Duration of the mission is hrz(Φcase 2) = 30 seconds.

specification defined over these dynamic targets is as follows:

Φcase 3 :=F[0,13]G[0,2]Target3,1 ∧ F[0,13]G[0,2]Target3,2. (6.22)

For the adversarial targets, we consider “indirect herding under STL specifications”

setting and utilized a target motion in the form of [96]:

utargeti :=


[0 − utargeti,max ]T , ‖xtargeti − x‖ ≥ 2,

(xtargeti − x) · utargeti,max

‖xtargeti − x‖
·
(
1− e−‖x

target
i −x‖), ‖xtargeti − x‖ < 2,

(6.23)

which requires the targets to follow a predefined trajectory in unchased mode first, and

when the controlled robot is close enough, it starts to repel the targets.

While we need relatively slow targets to start with a nonnegative CBF (Fig. 6.8a),

we also tried faster targets that yield negative CBFs. In practice, the controlled robot

satisfied the STL specification in (6.22) even for faster targets as depicted in Fig. 6.8b.

As the execution times depend heavily on the number of targets and the mission

horizon due to the online nature of our approach, execution times for the simulations

of scenarios 4 and 5 are presented jointly under Φcase 3 in Table 6.4.
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(a) (b)

Figure 6.8: Satisfactory robot trajectories for specification Φcase 3 in (6.22) with adversarial targets in

(a) scenario 4 with the targets slow enough to start with a nonnegative CBF function and (b) scenario

5 with the targets having higher velocity bounds. Mission horizon is hrz(Φcase 3) = 15 seconds.

6.5.4 Scalability Analysis

As shown in Table 6.4, the number of STL tasks placed in the sequence, including

all repetitions, is the dominating factor in the sequence generation process. On the

other hand, due to the nature of our approach, which enforces multiple tasks within a

single CBF, the online part of the algorithm is not drastically affected by the increasing

number of tasks.

To confirm these findings systematically, we perform a scalability analysis in which

we examine multiple scenarios with varying numbers of targets, each assigned with a

similar STL specification. We consider k ∈ [1, 20] targets that need to be reached and

held onto for 2 seconds within the first 7k seconds. The mission horizon is kept variable

depending on the number of targets since a mission with more targets takes longer to

complete. The overall specification can be constructed as:

Φcase 4 :=
k∧
i=1

F[0,7k−2]G[0,2]Target4,i. (6.24)

Depending on the total number k, each target is placed at equal distances on a circle

centered at the origin with the radius of 1 m. Each target is assigned spiral trajectories

on which they move away with their maximum velocities. Some sample trajectories
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k = 1 k = 2

k = 3 k = 4

k = 5 k = 6

Figure 6.9: Robot trajectories satisfying the specification of Φcase 4′ :=
∧k
i=1 F[0,28]G[0,2]Target4,i for

the varying number of dynamic targets. Targets follow circular trajectories that expand outwards for

the duration of hrz(Φcase 4′) = 30 seconds.
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Figure 6.10: How execution time scales with the length of the STL specification depending on the total

number of dynamic targets (a) with the proposed sequence generation framework and (b) with a feasible

sequence of STL tasks known as a priori. Beware of the logarithmic scale in the vertical axis.

with up to six targets with a fixed mission horizon are illustrated in Fig. 6.9.

As expected, the only major impact of the increasing number of targets was in the

sequence generation time. Due to the proposed offline sequence generation framework

that exhaustively evaluates all potential sequence candidates, specifications with 10 or

fewer tasks in conjunction appear to be practical. The results for up to 10 targets are

presented in Fig. 6.10a. Since this sequence generation process is handled offline prior

to the deployment, the only restricting factor for the real-time implementation would be

the execution times of each iteration. With the online nature of our approach involving

solutions to simple optimization problems (e.g. quadratic programs), iteration times

seem favorable and not affected much by the increasing number of targets. In this

regard, if a feasible sequence is known a priori, the number of targets has only a minor

impact on the online execution times and the online part of the method scales very well

with the increasing number of targets as depicted in Fig. 6.10b.

6.6 Application to Stationary Targets

We now investigate the application of our approach to dynamical systems under STL

specifications with fixed target regions. This enables us to compare our results with the

existing work on STL control synthesis which consider stationary targets.
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The theoretical results presented in this chapter carry forward to this setting as

well. In particular, we build barrier functions using Dist(x,P) from Def. 6.4.1 instead

of Distwc(x,P) defined in (6.4). This is a trivial transformation of the existing worst-

case distance definitions by setting uPii,max = 0, ∀i.

6.6.1 Benchmark Analysis

The inclusion of actuation limits in the formulation of CBFs and considering the se-

quential satisfaction of STL subtasks have multiple advantages. We will show these

benefits compared to the existing methods. Note that for each specification Φ in this

subsection, we use Φ′ in our method, which is obtained by bounding the predicates in Φ

for the sake of compact target sets as our method requires. For example, in (6.25), we

apply x ≥ 10 ∧ x ≤ 11 instead of x ≥ 10, and x ≤ 5 ∧ x ≥ 4 instead of x ≤ 5. This nei-

ther undermines nor facilitates the accomplishment of the subtask (since 5 ≤ x0 ≤ 10).

The original specifications are used for the other methods in the benchmark analysis as

required.

First of all, [35] mandates the achievement of fixed waypoints between the initial

state and the target by using time-varying CBFs. Such an approach demands con-

tinuous progress toward the target and results in infeasibility when multiple targets

are active in different directions. In [89], such conflicting subtasks are tried to be han-

dled via relaxations with finite-time convergent CBFs (causing delays in the satisfaction

and potentially violation of the original specification). For example, consider an STL

specification and its bounded equivalent under the initial condition x0 = 8,

Φ = Φ1 ∧ Φ2 = F[0,5]x ≥ 10 ∧ F[1,6]x ≤ 5,

Φ′= F[0,5](x ≥ 10 ∧ x ≤ 11) ∧ F[1,6](x ≤ 5 ∧ x ≥ 4).
(6.25)

In [89], the CBF associated with Φ2 = F[1,6]x ≥ 5 is relaxed since its time window

is later than Φ1 = F[0,5]x ≥ 10. However, this relaxation yields the violation of Φ2 as

Fig. 6.11 depicts. The proposed CBF, on the other hand, achieves both specifications

on time by checking if it is feasible to go to first x ≤ 5, then x ≥ 10, and vice versa

within the allowed time.

The incapability to define and achieve conflicting specifications as in the above case

results in failure for the periodic subtasks as well. Consider the STL specification and
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Our

Figure 6.11: Comparison of the two CBF approaches for the STL specifications Φ and Φ′ in (6.25).

its bounded equivalent with x0 = 7 given below,

Φ = G[0,20]F[0,10]x ≥ 10 ∧ F[0,15]x ≤ 5 ∧ F[20,30]x ≤ 3,

Φ′= G[0,20]F[0,10](x ≥ 10 ∧ x ≤ 11) ∧ F[0,15](x ≤ 5 ∧ x ≥ 4)

∧ F[20,30](x ≤ 3 ∧ x ≥ 2).

(6.26)

Our

Figure 6.12: Comparison of the two CBF approaches for the STL specifications Φ and Φ′ in (6.26).

In general, recursive task definitions are missing in the STL CBF literature. Still,

by giving the order of satisfaction for the predicates as a priori in an ad-hoc way, the

approach in [89] may generate a trajectory that visits desired regions repetitively. But

it fails to do so on time again even when the relaxation is applied (and the order of

relaxations is predetermined). Figure 6.12 depicts this case while the proposed CBF

approach generates a trajectory that repetitively visits x = 10 while achieving other
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subtasks on time. Another advantage of the proposed CBF approach is better handling

of the disjunction operator. To illustrate, consider the STL specification below with its

equivalent under x0 = 5,

Φ = Φ1 ∧ Φ2 = F[10,15]x ≥ 9 ∧
(
F[0,5]x ≤ 3 ∨ F[0,5]x ≥ 7.5

)
,

Φ′= F[10,15](x ≥ 9 ∧ x ≤ 10) ∧
(
F[0,5](x ≤ 3 ∧ x ≥ 2)

∨ F[0,5](x ≥ 7.5 ∧ x ≤ 8.5)
)
.

(6.27)

As Fig. 6.13 represents, for [35]3 and [89], applying the disjunction yields to achieve

the closer alternative. However, this may cause an unnecessary delay in accomplishing

other subtasks (e.g., Φ1 in (6.27)) and an additional input cost.

Our

Figure 6.13: Comparison of the three CBF approaches for the STL specifications Φ and Φ′ in (6.27).

6.6.2 Case Study

We also consider a more complex scenario to illustrate the capabilities of the proposed

approach, which cannot be defined using other STL CBF approaches (e.g. [35,89]), with

x = [x y]T , u = [ux uy]
T , and ‖u‖ ≤ 1. The STL specification the system is required

3The work in [35] normally does not consider disjunction operator and preserves soundness. Hence, we

added a sound disjunction operator (by using a smooth approximation of max to enrich the comparison.
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to achieve is

Φ = Φ1 ∧ Φ2 ∧ Φ3 ∧ Φ4 ∧ Φ5

= G[0,15]F[0,10] Region1 ∧ F[0,15] Region2 ∧ F[0,15] Region3

∧ F[0,40]G[0,10] Region4 ∧G[38,45]

(
Region5 ∨Region6

)
,

(6.28)

where Regioni = {x, y ∈ R | (x− x′(i))2 + (y − y′(i))2 ≤ rad(i)2}, and we use rad =

[1.5, 0.5, 1, 1, 0.75, 0.75], x′ = [7, 2, 12, 7, 11, 3], and y′ = [6, 5, 5, 2, 2, 2] for i = 1, . . . , 6.

Note that the tasks defined on the regions 1 − 4 have conflicts, and the last two tasks

may have overlapping requirements as well (depending on when region 4 is visited).

Figure 6.14: Trajectory of the system satisfying the STL specification in (6.28).

A new sequence is calculated only once at t = 11. Moreover, while region 6 is listed

in the new sequence as the last one to be visited, the system visits region 5 instead

as Fig. 6.14 depicts. This is because of the redundancy provided by the disjunction

operator. The proposed (secondary) and task-specific (primary) CBF values that are

required to be nonnegative throughout the mission are shown in Fig. 6.15. Note that

while the task-specific CBFs are switched as the tasks are accomplished, the proposed

CBF only loses term as the regions are visited.

Finally, we compare our results for the STL specification in (6.28) with the common
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Figure 6.15: The change in the values of individual (primary) (6.5) and sequential (proposed) (6.18)

control barrier functions which are required to be always nonnegative.

STL control synthesis methods that include the solution of a mixed-integer quadratic

program4 (MIQP) as in [14] and a nonlinear program (NLP) formulated with the smooth

STL robustness metrics [27]. Table 6.5 shows that our approach provides a time-efficient

solution for a reasonable cost of additional input. Furthermore, compared to the MIQP

and NLP approaches which are defined through a horizon, the sequential implementation

of the QP in (6.19) facilitates the real-time applicability with the stepwise solutions in

order of milliseconds.

Table 6.5: Comparison of the results with popular control synthesis approaches for the STL specification

in (6.28).

Solution Method Proposed CBFs
Smooth Rob.

Metrics (NLP)
MIQP Encoding

Total Cost
∑
t J ∗ [−] 20.29 14.65 17.03

Solution Time [s]
0.48

(Avg. 0.013 ms)
2.29 9.24

6.7 Discussion

This chapter addresses the problem of planning trajectories for robotic systems that aim

to satisfy Signal Temporal Logic specifications that contain dynamic targets (i.e., time-

varying predicates). The main challenge of the problem is making decisions in a way

4Linearity requirement in the constraints of the MIQP problem is met by specifying the subtask

regions as inner-fitted squares to the circular subtask areas in the original specification (6.28).
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that the STL specification over the dynamic noncooperative targets is satisfied while the

robot does not have knowledge of how targets are moving. We tackle this challenge by

proposing a methodology that creates a feasible sequence of STL tasks and time-varying

control barrier functions associated with this sequence. The STL tasks we deal with can

include temporally overlapping, redundant, and periodic requirements. We construct

Sequential CBFs to account for the worst-case bounds for target motions and achieve

logical, temporal, and spatial requirements associated with these targets. The proposed

CBF formulations include the actuation limits and the satisfiability of multiple tasks

in the mission. We guarantee the satisfaction of STL specifications defined over the

compact target sets if there is a feasible sequence over the convex under-approximations

of these sets. The sequence feasibility implies nonnegative barrier functions requiring

targets with bounded velocities. Under these assumptions, the target motion, e.g.,

random, predefined, or adversarial, has no major effect on the success. Moreover, such

changes in the mission setting, along with the high number of targets, do not undermine

the real-time applicability as all of the tasks are incorporated into a single CBF, and the

bulk of the computation lies in the generating sequence, which is performed offline before

the execution. That said, even if it is executed offline, the proposed task scheduling

framework currently performs efficiently for less than 10 tasks in conjunction. The

future direction of this work can include extending the proposed framework with more

efficient scheduling, possibly by using an STL tree (e.g., [110]), to richer specifications

and a broader family of dynamical systems.



Chapter 7

Conclusion and Future Directions

7.1 Conclusion

To conclude the dissertation, we refer to the research questions presented in Sec. 1.2 once

again. Regarding Research Question 1, the proposed integral and derivative predicates

for Signal Temporal Logic in Chapter 3 prove useful in defining specifications regarding

the cumulative effects and the rate of change in a signal, thereby preemptable tasks.

Multi-agent settings with heterogeneous dynamics and abilities can significantly benefit

from these new capabilities as investigated in Chapter 4. In particular, we can now

define flexible and redundant mission tasks with temporal logic specifications. This is

done optimally by formulating mixed-integer programs that are almost agnostic to the

increasing number of agents, proving scalable. However, one needs to remember that

such programs are shown to be NP-hard, and various parameters such as mission length

can significantly increase the computation time.

Although we can compute the delays in the mission via post-processing as shown in

Chapter 4, we formally define a metric to quantify temporal relaxation in Chapter 5 to

address Research Question 2. This metric is used directly as an optimization variable

in motion planning. We also propose a reactive planning algorithm that generates

robot trajectories resilient to temporal violations caused by unforeseen events, which

may render the original specifications infeasible. The system makes on-the-fly decisions

when confronted with unforeseen events—such as potential collisions or environmental

changes necessitating task removal or partial satisfaction—by initiating local corrections
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or replanning trajectories to minimize temporal violations. The optimization process

involves a trade-off between parts of the mission as per the user preferences.

The methods discussed so far mainly involve mixed-integer programs (e.g., MILP),

which are computationally expensive given the intricacy of STL specifications. Chap-

ter 6 investigates real-time applicability in STL specifications, addressing the Research

Question 3. An online method is particularly needed to make decisions such that the

STL specification over dynamic, noncooperative targets is satisfied, even when the robot

is unaware of target movements. To address this, we construct Sequential CBFs to ac-

count for the worst-case bounds in target motion, achieving logical, temporal, and spa-

tial requirements. The target motion—whether random, predefined, or adversarial—has

minimal effect on mission success. Additionally, such changes in the mission setting and

an increasing number of targets do not undermine real-time applicability. However, the

proposed task scheduling framework currently performs efficiently with fewer than 10

concurrent tasks. Moreover, although the fragment of STL used in this real-time set-

ting is more expressive than in the existing literature, it remains slightly more limited

than the conventional syntax, as opposed to what is stated in Research Question 3. In

practice, however, the benefits of the approach and the achieved level of expressiveness

outweigh these limitations.

7.2 Future Work

We now discuss some future directions on the motion planning and control subject to

temporal logic specifications. We also discuss our preliminary work on these subjects.

Interaction between High-Level Planners and Low-Level Controllers

The focus of this dissertation has primarily been on high-level motion planning for au-

tonomous systems, with an emphasis on generating feasible and optimal trajectories

without delving into the specifics of low-level control design. Although called “STL

control synthesis,” the methods presented in this dissertation tackle the motion plan-

ning and control problems simultaneously, finding the state trajectory that satisfies the

STL specification and the control inputs that realize this trajectory. However, an im-

portant direction for future work is to explore how considering the dynamics of low-level

controllers (e.g., LQR, MPC) could impact and potentially improve planning outcomes.
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Γ(·)

Φ r x

u

Figure 7.1: A block diagram of the planner and tracker. The parametric block Γ(·) incorporates both

the low-level controller and the system dynamics [116].

The traditional separation between high-level planning and low-level control (e.g.,

[111–114]) often leads to challenges, particularly when the mission specifications are

highly aggressive or the system is pushed close to its physical limits. In these scenarios,

the planner may generate trajectories that are theoretically optimal but practically

infeasible for the low-level controller to track accurately. Even if the high-level planner

is aware of the poor tracker performance, in the traditional hierarchical approach, it

has no means to adjust itself to, e.g., give the low-level tracker ‘more room’. Such

lack of adaptation in response to unmet specifications or even faults in the traditional

architecture due to the unidirectional flow of information from the planner to the tracker

has been recognized as a major open problem in the field [115].

In related work, the authors of [111] propose a planner and tracker co-design method

of which success hinges on the ability to generate satisfactory plans via the Fly-by-Logic

tool [15]— a high-level planner— under some additional constraints of the tracking error

bounds. Our recent study [116] also presents a promising approach where the high-level

planner and the low-level controller are designed in an iterative, unified process, by

explicitly considering the closed-loop performance of the low-level controller. This is

done by incorporating a parametric closed-loop model—the parametric block Γ(·) in

Fig. 7.1—during the planning phase. In this framework, the high-level planner and the

low-level controller communicate iteratively, adjusting the reference trajectories based

on the controller’s performance. This approach shows promise in bridging the gap be-

tween planning and control, allowing for more robust trajectory generation that accounts

for real-world limitations such as actuator constraints and tracking errors.
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In general, incorporating tracking control dynamics into high-level motion planning

represents a significant opportunity for future research. Techniques bridging the gap

between those have the potential to enhance the robustness and feasibility of generated

trajectories, especially in challenging scenarios. Future work could explore sampling rate

inconsistencies between planners and controllers and account for more realistic system

dynamics for low-level control compared to planning.

Perception- and Estimation-Aware Motion Planning

Another important area for future exploration is the consideration of perception

and state estimation performance during the high-level planning process. Traditional

high-level planning approaches generally assume perfect state information, which rarely

reflects real-world scenarios. In reality, the accuracy of state estimates is affected by

various factors, including sensor quality, environmental conditions, and the nature of

the trajectory itself. For example, aggressive maneuvers may improve the observability

of certain system states, while more benign trajectories might lead to poorer estimation

quality.

In motion planning literature with temporal logic constraints, process and mea-

surement uncertainties are considered to improve the robustness of the trajectories

(e.g., [117]). However, the effect of the generated trajectories on the estimation qual-

ity is not investigated in detail. In our recent study [118], we introduced a high-level

planning strategy that explicitly accounts for the conditional observability of the state

estimation (sensor fusion) algorithms as well as the mission specification encoded as

a temporal logic formula. As state estimates are determined by blending sensor mea-

surements with knowledge of the system’s dynamics and improved by a realization of

the intended trajectory [119], the proposed approach aims to generate trajectories in a

way that they contribute to measurement quality and guarantee the satisfaction of the

desired temporal logic specification.

Overall, incorporating state estimation performance into high-level motion planning

represents an important opportunity for future research. Explicit consideration of the

dynamics of state estimation in an estimation-aware planning framework can potentially

enhance the applicability of the planned trajectories. That said, [118] uses a practical

noise model that is dependent on the changes in the states, as depicted in Fig. 7.2. This is

consistent with the sensing models in the real world [120,121], [122, Chapter 7]. However,
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Figure 7.2: A block diagram illustrating the layers of the approach in [118] that is different from existing

methods by including a module that incorporates trajectory-dependent estimation performance in the

closed-loop.

the use of more realistic models that can be directly incorporated into optimization

routines of high-level planning can be investigated further. Moreover, although agile

maneuvers contribute to the state-estimation performance, they might be harder to

track in practice with an additional cost of control effort. Therefore, investigating the

trade-off between the control effort and estimation quality which may require the design

of a new metric that comprises both sensing performance and efficiency can be another

future direction.
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multi-agent systems under signal temporal logic specifications with integral predi-

cates,” IEEE Robotics and Automation Letters, vol. 6, no. 2, pp. 1375–1382, 2021.

[30] N. Mehdipour, C. I. Vasile, and C. Belta, “Specifying user preferences using

weighted signal temporal logic,” IEEE Control Systems Letters, vol. 5, no. 6,

pp. 2006–2011, 2020.

[31] D. Aksaray, A. Jones, Z. Kong, M. Schwager, and C. Belta, “Q-learning for robust

satisfaction of signal temporal logic specifications,” in Conference on Decision and

Control (CDC), pp. 6565–6570, IEEE, 2016.

[32] G. Silano, T. Baca, R. Penicka, D. Liuzza, and M. Saska, “Power line inspection

tasks with multi-aerial robot systems via signal temporal logic specifications,”

IEEE Robotics and Automation Letters, vol. 6, no. 2, pp. 4169–4176, 2021.

[33] S. Uzun, P. Elango, P.-L. Garoche, and B. Acikmese, “Optimization with tem-

poral and logical specifications via generalized mean-based smooth robustness

measures,” arXiv preprint arXiv:2405.10996, 2024.

[34] A. Caballero and G. Silano, “A stl motion planner for bird diverter installation

tasks with multi-robot aerial systems,” IEEE Access, 2023.

[35] L. Lindemann and D. V. Dimarogonas, “Control barrier functions for signal tem-

poral logic tasks,” IEEE control systems letters, vol. 3, no. 1, pp. 96–101, 2018.

[36] J. Ouaknine and J. Worrell, “Some recent results in mtl,” in International Con-

ference on Formal Modeling and Analysis of Timed Systems, pp. 1–13, 2008.



155

[37] A. Dokhanchi, B. Hoxha, and G. Fainekos, “On-line monitoring for temporal logic

robustness,” in International Conference on Runtime Verification, pp. 231–246,

Springer, 2014.

[38] S. Sadraddini and C. Belta, “Robust temporal logic model predictive control,” in

2015 53rd Annual Allerton Conference on Communication, Control, and Comput-

ing (Allerton), pp. 772–779, IEEE, 2015.

[39] A. D. Ames, X. Xu, J. W. Grizzle, and P. Tabuada, “Control barrier function based

quadratic programs for safety critical systems,” IEEE Transactions on Automatic

Control, vol. 62, no. 8, pp. 3861–3876, 2016.

[40] X. Xu, “Constrained control of input–output linearizable systems using control

sharing barrier func.,” Automatica, vol. 87, pp. 195–201, 2018.

[41] T. Akazaki and I. Hasuo, “Time robustness in MTL and expressivity in hybrid

system falsification,” in International Conference on Computer Aided Verification,

pp. 356–374, 2015.

[42] A. Rodionova, E. Bartocci, D. Nickovic, and R. Grosu, “Temporal logic as filter-

ing,” in Proceedings of the International Conference on Hybrid Systems: Compu-

tation and Control, pp. 11–20, 2016.

[43] S. Silvetti, L. Nenzi, E. Bartocci, and L. Bortolussi, “Signal convolution logic,”

in International Symposium on Automated Tech. for Verification and Analysis,

pp. 267–283, Springer, 2018.

[44] Z. Xu and A. A. Julius, “Census signal temporal logic inference for multiagent

group behavior analysis,” IEEE Transactions on Automation Science and Engi-

neering, vol. 15, no. 1, pp. 264–277, 2016.

[45] D. Sadigh and A. Kapoor, “Safe control under uncertainty with probabilistic signal

temporal logic,” in Robotics: Science and Systems, 2016.
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Appendix A

Abbreviations and Symbols

A.1 List of Abbreviations

Table A.1: Abbreviations and Acronyms.

Abbreviations and Acronyms Meaning

TL Temporal Logic

LTL Linear Temporal Logic

STL Signal Temporal Logic

MTL Metric Temporal Logic

MITL Metric Interval Temporal Logic

TWTL Time Window Temporal Logic

PNF Positive Normal Form

DNF Disjunctive Normal Form

RRT Rapidly Exploring Random Tree

VRP Vehicle Routing Problem

QP Quadratic Program

MIP Mixed-Integer Program

MILP Mixed-Integer Linear Program

MIQP Mixed-Integer Quadratic Program

NLP Nonlinear Program

Continued on next page
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Abbreviations and Acronyms Meaning

CBF Control Barrier Function

TV-CBF Time-Varying Control Barrier Function

MPC Model Predictive Control

LQR Linear Quadratic Regulator

UAV Unmanned Aerial Vehicle

A.2 List of Symbols

> True

⊥ False

N Set of natural numbers

R Set of real numbers

R≥0 Set of non-negative real numbers

R+ Set of positive real numbers

Rn Set of n-dimensional real-valued vectors

Rm×n Set of real-valued m× n matrices

Z Set of integer numbers

Z≥0 Set of non-negative integer numbers

Z+ Set of positive integer numbers

Zn Set of n-dimensional integer-valued vectors

Zm×n Set of integer-valued m× n matrices

1 Vector of appropriate size consisting of ones

‖ · ‖1 l1 (sum) norm of a vector

‖ · ‖2 l2 (Euclidean) norm of a vector

| · | Absolute value or set cardinality

(·)+ Projection operator for R→ R≥0

X ⊕ Y Minkowski sum of two sets X and Y
A Adjacency matrix of a graph

N (v) Set of nodes neighboring v

Continued on next page
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α Extended class K function with R≥0 → R≥0

U(a, b) Uniform distribution over [a, b]

N(µ, σ2) Normal (Gaussian) distibution with mean µ and variance σ2
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