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Abstract

Recently, Olver and Pohjanpelto have successfully extended the theory of
equivariant moving frames to infinite-dimensional Lie pseudo-groups. Based
on its finite-dimensional counterpart, this new theory promises to be a source
of interesting new results and applications. In this thesis, we look at two
applications of this new theory.

By combining the powerful theories of Lie groupoids and variational bi-
complexes, Olver and Pohjanpelto have developed a practical algorithm for
determining the Maurer—Cartan structure equations of Lie pseudo-groups.
The structure equations obtained with this new theory are compared with
those derived by Cartan. It is shown that for transitive Lie pseudo-groups
the two structure theories are isomorphic while for intransitive Lie pseudo-
groups the two sets of structure equations do not agree. To make the two
structure theory isomorphic we argue that Cartan’s structure equations need
to be slightly modified. The effect of this modification on Cartan’s definition
of essential invariants is analyzed.

In 1965, Singer and Sternberg gave an infinitesimal interpretation of Car-
tan’s structure equations for transitive Lie pseudo-groups. This interpre-
tation is extended to intransitive Lie pseudo-groups and the result is used
to state a symmetry-based linearization theorem for systems of nonlinear
partial differential equations which does not require the integration of the
infinitesimal determining equations of the symmetry group.

The theory of equivariant moving frames is a powerful tool for determin-
ing a generating set of the differential invariant algebra of Lie pseudo-groups.
After reviewing this theory, the method is illustrated with three applications.
In the first two applications, generating sets of differential invariant algebra
for the symmetry groups of the Infeld-Rowlands equation and the Davey—
Stewartson equations are determined. Then we show that for two and three
dimensional Riemannian manifolds the sectional curvatures generate the dif-

ferential invariant algebra of the pseudo-group of locally invertible changes



of variables.
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Chapter 1
Introduction

When Sophus Lie began his work on continuous groups of transformations,
no significant distinction was drawn between finite-dimensional and infinite-
dimensional theory. But, since then the two subjects have evolved very dif-
ferently. The definition of a Lie group as a manifold with smooth group
structure in the early twentieth century was a major breakthrough in the
finite-dimensional theory. The lack of a universally accepted abstract object
playing the role of an infinite-dimensional Lie group has made the study of
Lie pseudo-groups much more difficult. Presently, infinite-dimensional Lie
pseudo-groups only manifest themselves through their action on a space.
Such pseudo-groups appear in many branches of mathematics and physics:
in fluid mechanics, [3,81], Hamiltonian mechanics and symplectic and Pois-
son geometry, |81], conformal geometry of surfaces and conformal field the-
ory, [32,37], geometry of real hypersurfaces, |28|, as gauge symmetries, [7],
or symmetry groups of partial differential equations, [8}9,31}36,[81},92|, and
in geometric numerical integration [74].

Elie Cartan made remarkable contributions to the field of infinite-dimen-
sional Lie pseudo-groups, |18420,21,22,23]. Unfortunately, the complexity of
his theory makes it very difficult to continue in his steps. A quote by André

Weil, [112], summarizes well the situation:



Sur la théorie si importante sans doute, mais pour nous si
obscure, des «groupes de Lie infinisy, nous ne savons rien que ce
qui ce trouve dans les mémoires de Cartan, premiére exploration
a travers une jungles presque impénétrable; mais celle-ci menace
de refermer sur les sentier déja tracés, si l’'on ne procéde bientot

a un indispensable travail de défrichement.

We had to wait until the 1960s to see new substantial results by Kuran-
ishi, [63,/64], Guillemin, Singer, Sternberg and Quillen, [41,/42,101,/102], on
the subject. A lot of effort has been made to establish a proper rigorous
foundation for transitive pseudo-groups, [52,61}63,/64,(95,101], yet a lot of
work remains to be done. This is without mentioning that for intransitive
Lie pseudo-groups even less is known. Intransitive Lie pseudo-groups are
difficult to understand partially due to the possible appearance of essential
invariants in their Maurer—Cartan structure equations.

Time has shown that the theory of equivariant moving frames for Lie
groups, developed by Olver and Fels, [38,39], can be applied to many in-
teresting problems. For example, the theory has been used to produce new
algorithms for solving the symmetry and equivalence problems of polynomials
that form the foundation of classical invariant theory, |6L[58,81]. It found nu-
merous applications in computer science. It has been applied to the problems
of object recognition and symmetry detection, [11,16]|, and the applications to
joint invariants and differential invariants, [12,39,79], led to the implemen-
tation of fully invariant finite difference numerical schemes, [53,54,/55]83].
The universal recurrence formulas lead to a complete characterization of the
differential invariant algebra of group actions with results on minimal gener-
ating sets of invariants, [44,45,46.85,87|. It has successfully been used to solve
the general problem from calculus of variation of directly constructing the in-
variant Euler-Lagrange equations from their invariant Lagrangians, [56], and
to derive generalized Casimir invariants of Lie algebras, |13]/14]. Nowadays,

many new applications are under investigation, [86].



In 2005, Olver and Pohjanpelto successfully extended the theory of equiv-
ariant moving frames to infinite-dimensional Lie pseudo-groups, [88}90,91].
Based on the numerous applications of the theory in the context of Lie groups,
this new extension will for sure bring its wealth of new results. The first ex-
tensive application of this new theory was conducted in [26,27] where the
structure equations and differential invariant algebra of the symmetry group
for the Kadomtsev—Petviashvili equation are computed in full detail. An
immediate avenue of future research consists of determining to which ex-
tend results known for Lie group actions extent to infinite-dimensional Lie
pseudo-groups. Also many new applications can be foreseen. For example,
the theory should play an important role in the development of Vessiot’s
group foliation theory, [73,[78,|109]. This theory provides a powerful ap-
proach of determining explicit non-invariant solutions to partial differential
equations. The application of the moving frame method to the theory of
coverings of differential equations, |76,77], to the symmetry classification of
differential equations developed by Lisle and Reid [69] and to invariant vari-
ational problems admitting infinite-dimensional symmetry groups are just a
few of many interesting sources of new research. In the long run the hoped
is that this new theory of equivariant moving frames will shed a new light on
the difficult theory of infinite-dimensional Lie pseudo-groups.

In this thesis we investigate two applications of the theory of equivari-
ant moving frames to infinite-dimensional Lie pseudo-groups. By combining
the two powerful theories of Lie algebroids, |71,/75], and variational bicom-
plexes, |1], Olver and Pohjanpelto developed a natural and completely al-
gorithmic method of deriving the Maurer—Cartan structure equations of Lie
pseudo-groups. After reviewing the notions of extended jet bundles, Lie
groupoids and Lie pseudo-groups in Chapter [2] we proceed to explain Olver
and Pohjanpelto’s derivation of the Maurer—-Cartan structure equations for
Lie pseudo-groups in Section 3.1} In a natural way, an infinitesimal interpre-

tation of the structure equations, in terms of the jets of infinitesimal gener-



ators is given. This interpretation extends to intransitive Lie pseudo-groups
the infinitesimal interpretation of Cartan’s structure equations for transitive
Lie pseudo-groups given by Singer and Sternberg, [101]. It also shows in
which sense Cartan’s structure theory of Lie pseudo-groups is equivalent to
Lie’s structure theory based on the infinitesimal generators of Lie pseudo-
group actions, [81,182.92].

With two sets of structure equations, namely those coming from the
equivariant moving frame theory and those originating from Cartan’s moving
frame theory, a natural thing to do is to verify their compatibility. After re-
viewing Cartan’s derivation of the structure equations in Section [3.3] we show
in Section that the two structure theories do not agree for intransitive
Lie pseudo-groups. By working out some examples, considered by Cartan
himself, [20,22,23|, we come to the conclusion that the source of discrepancy
in the two structure theories originates from Cartan’s structure equations.
As we explain, the two sets of structure equations are isomorphic modulo
the restriction of Cartan’s structure equations to the target fibers of the
pseudo-group action. With the modified Cartan structure equations in hand
we investigate Cartan’s notion of essential invariants. Our conclusion that
it is not possible to define the concept of essential invariants in terms of the
systatic system of the Maurer-Cartan structure equations. To resolve this
problem, an alternative definition is proposed. We believe that our defini-
tion still captures what Cartan had in mind when he defined his notion of
essential invariants.

In the literature, one can find different, and equivalent, statements of
the symmetry-based linearization theorem for nonlinear systems of partial
differential equations, [10,|4950,[82]. Given a system of nonlinear partial dif-
ferential equations, these theorems give necessary and sufficient conditions
for the existence of a local smooth invertible change of variables mapping
the nonlinear system of equations to a linear system of partial differential

equations. To apply those theorems, the knowledge of the symmetry gener-



ators for the system of nonlinear partial differential equations is needed as
the Lie algebra structure equations must be known. This means that the in-
finitesimal determining system for the symmetry group must be integrated.
In Section [] we state an equivalent symmetry-based linearization theorem in
terms of the Maurer—Cartan structure equations. The advantage of this new
version of the theorem is that the infinitesimal determining equations for the
symmetry group do not need to be integrated.

The second application of the equivariant moving frame theory is a con-
tinuation of the work initiated in [25,27], where the differential invariant
algebra of the symmetry group action for the Kadomtsev-Petviashvili equa-
tion is completely characterized. Another illustration of the theory can be
found in [106] where the algebra of differential invariants for the group of
equivalence transformations of partial differential equations defined by vector
fields is analyzed. For many Lie pseudo-groups, the number of functionally
independent differential invariants is infinite-dimensional. Under suitable
hypothesis, Lie [66, Theorem 42, p. 760| showed for finite-dimensional Lie
groups, then extended by Tresse to infinite-dimensional pseudo-groups, [105],
that the differential invariant algebra is finitely generated. This means that
there exists a finite set of differential invariants and a well determined num-
ber of invariant derivatives such that every differential invariant can be lo-
cally expressed as a function of the generating invariants and their invariant
derivatives. After reviewing the equivariant moving frame construction and
stating the universal recurrence formula in Chapter [5, we apply the theory
to the characterization of the differential invariant algebra for the Infeld—
Rowlands equation and the Davey—Stewartson equations. Those two equa-
tions have been chosen based on the fact that they both admit an infinite-
dimensional symmetry group with the distinction that the symmetry algebra
of the Davey—Stewartson equations possesses the structure of a Kac—-Moody
Lie algebra while this is not the case for the Infeld-Rowlands equation. The

long term project is to understand how the structure of the symmetry group



affects the structure of the differential invariant algebra. Finally, we also
analyze the differential invariant algebra of the pseudo-group of all locally
invertible changes of variables for two and three dimensional Riemannian
manifolds. The result of our computations is that for non-degenerate Rie-
mannian manifolds the algebra of differential invariants is generated by the
sectional curvatures. This result can be interpreted as an extension of the
recent observations by Olver and Hubert, [46,[87|, that for generic surfaces
in three-dimensional Euclidean space the algebras of differential invariants
for the Euclidean, equi-affine, conformal and projective groups are generated
by only one invariant. As one will notice, the computation of the moving
frames and recurrence formulas are computationally demanding. Some com-
putations were thus implemented into MATHEMATICA routines.

Blanked Hypotheses and Notational Conventions

Throughout the thesis all the constructions and considerations are made in
the analytic category. Thus Lie pseudo-groups, manifolds, submanifolds,
differential functions, differential forms, vector fields, differential equations,
etc., are assumed to be analytic. Some results can be extended to the smooth
category by appealing to some more elaborate theorems but this will not be
pursued in this work.

Frequently, the pull-back notation of differential forms will be omitted to
avoid notational clutter. The context of the discussion should, we hope, make
the identification of functions and forms with their pull-back not a source of
confusion.

Furthermore, we use a global language, although most constructions are

purely local. For example, the notation
¢o: M — M,

will be used to denote a local diffeomorphism ¢ defined on an open subset U



of a manifold M.



Chapter 2

Preliminaries

2.1 Jet Bundles

The abstract theories of differential equations, differential invariants and
equivariant moving frames find their roots in the theory of extended jet
bundles. In this section, we review the definitions and constructions related

to jet bundles and fix some notation. Our presentation follows [80,111].

2.1.1 Extended Jet Bundles

Let M be an analytic manifold and zy € M. Let C¥(M,R)|,, denote the
algebra of germs of analytic real valued functions on M at the point zy. Let
I, C C¥(M,R)|,, be the ideal of germs of functions which vanish at zy, and
let I? denote its n-th power, which consists of all finite linear combinations

of n-fold products of elements of 1.

Definition 2.1. The n-th order cotangent jet bundle of M at z, is

T"T*M|,, = L, /I
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The n-th order tangent jet bundle to M at z, is the dual space
J"TM|,, = (T"T"M|,,)"
Note that
T"T*M|,, & OpT*M|,,,  JT"TM|,, = ORTM|,,

where ® denotes the symmetric tensor product. The notion of n-th order
tangent jet bundle can be tied with the usual notion of higher order derivative

in Euclidean space by specifying a system of local coordinates around z,. Let

z=(z',...,2™) be a local coordinate system around zy. Given the m-tuple
A= (al,...,a™) of non-negative integers, we let
A 1 m A a#A
(z—20)" = (2" —20)" - (2" =), 0

2 = (0z1)a -~ (9zm)a™

where #A = a' 4+ --- + a™ is the order of the m-tuple A. Also let
Al =alla® - a™

With this notation, the collection

{LKZ_ZO) J:1 S#Aén} (2.1.1)

of germs of functions is seen to form a basis of J"T*M]|,,. Here z denotes
the germ of the coordinate function z, zg the germ of the constant function
f(z) = 2o, and [ | the equivalence class in J"T*M|,,. Thus J"T*M|,, is
finite-dimensional with

(m + ] — 1)

dim(J"T*M]|,,) =

M=

Jj=1
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and J"T'M|,, is canonically isomorphic to J"T*M|,, with basis
{00 1< #A<n}.

Definition 2.2. Two submanifolds S and S of M are said to have n-th order
contact at z € SN S it TS|, = J"TS|..

Definition 2.3. The space of germs of p-dimensional submanifolds of M
passing through z, C*(M,p)|,, is the set of all smooth p-dimensional sub-
manifolds of M passing through z modulo the equivalence relation that S
and S define the same germ at z if and only if there is a neighborhood U of
zwith SNU=SNU.

Definition 2.4. The space of extended n-jets of p-dimensional submanifolds
of M at a point z € M, J"(M,p)|,, is given by the space of germs of p-
dimensional submanifolds of M passing through z modulo the equivalence

relation of n-th order contact.

Definition 2.5. The extended n-jet bundle of p-dimensional submanifolds of
M is
JY(M,p) = | | J"(M,p)|..
zeM

A p-dimensional submanifold S of M is locally described as the graph
(zh, .. 2P fH et 2, fi(t ), p+q=m,

of ¢ functions f*: R? — R, a = 1,...,¢q. This induces a splitting of the local
coordinates z = (x,u) = (z',..., 27, u',... ,u?) on M into p independent
and ¢ dependent variables

M=XxU.

Under this splitting the local coordinates of J™"(M,p) are

gnS)e = 2 = (z,u™) = (.2t ug ),
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where u(™ denotes all the derivatives of the dependent variables u with re-
spect to the independent variables x up to order n. When k£ > n, we let
7k . J¥(M,p) — J"(M,p) denote the standard projection 7F(z*)) = 2,
The infinite extended jet bundle J*(M,p) is defined to be the inverse limit,

[98], of the inverse system
s (M, p) — JH(M, p).

One of the advantages of working with J*(M,p) instead of J"(M,p), for
some finite n, is that J*°(M,p) carries a contact structure characterized by

a certain distinguished subbundle of its cotangent bundle.

Definition 2.6. Let Q*(J*°(M,p)) denote the exterior algebra of differ-
ential forms on J*(M,p). The contact ideal C(J*(M,p)) is the ideal in
Q*(J°(M,p)) of forms such that for all local sections S of the bundle 7 :
M=2XxU-—X

(7°°5)"0 = 0.

Since 0 € C(J*>°(M,p)) implies df € C(J*(M,p)), C(J>*(M,p)) is a dif-
ferential ideal, |[15]. A local basis for C(J>°(M, p)) is provided by the contact
one-forms )

05 =duf — > uf,da’,  a=1,...,q
i=1

where J = (51,...,j?) is a p-tuple of nonnegative integers

u = ?#Jua _ and J,i:(jl,...,ji_l,ji—i-1,ji+1,---7jp)-
(Qx1)7" - (Qap)I”

One-forms in C(J>°(M,p)) C Q*(J*(M,p)) are called vertical. The contact
ideal provides a means to determine if a section o of the n-th order jet bundle

" o J"(M,p) — X is the n-th prolongation of a local section of the initial
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bundle 7° : M — X. It will be the case if and only if
a*(@)=0 VOeC(J'(M,p)).

Definition 2.7. A vector field v is called a total vector field if it annihilates
all contact one-forms. In the local coordinates z = (z,u), a basis of total

vector fields is given by the total differential operators

D, = axﬂ+zzuha = j=1,...,p.

a=1 #J>0

0
Dy, —
{m’3U?}

form a frame on J*°(M, p) with dual coframe

The vector fields

{da", 605}

so that the differential function F': J>°(M,p) — R has exterior differential

dF = Z D, F)da? + Z Z —9“ (2.1.2)
7=1

a=1 #J>O

Note that the second sum in (2.1.2)) is finite since by definition of Q°(J>°(M, p))
any differential function factors through Q°(J"(M, p)), for some n, [1].

2.1.2 Jets of Maps

To describe pseudo-groups adequately we need to work in the category of jet
bundles of maps.

An analytic map ¢ : X — U between analytic manifolds X and U of
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dimension p and ¢ respectively, is completely determined by its graph
graph(¢) : X — X x U,z — (z,9(x)),
which is a submanifold of the product bundle
pr; : X xU — X, (x,u) — x (2.1.3)

transversal to each of the fibers (pr;)~!(z), z € X.

Let Qx be a local volume form on X. In the local coordinate system
r=(x',..
form Qx = doe' Ada?A- - -AdxP. Then a p-dimensional submanifold S € X xU

is transversal to the fibers of the bundle (2.1.3)) if and only if

., xP), the volume form can be chosen to be the canonical volume

Qxls = pri(Qx)|s # 0. (2.1.4)

Every p-dimensional regular submanifold S C X x U satisfying the transver-
sality condition Qx|s # 0 uniquely determines a section s : X — X x U of

the bundle (2.1.3)), which in turn, uniquely defines the mapping
map(s): X — U, x> pry(s(z)),

where

pry: X x U — U, (x,u) — u,

is the projection of X x U onto U. The mappings “graph” and “map” satisfy
graph o map = id, map o graph = id.

Hence the space of maps ¢ : X — U and the space of p-dimensional subman-
ifolds of the product bundle (2.1.3]) satisfying the transversality condition

(2.1.4) are diffeomorphic.



2.2 Lie Groupoids and Lie Algebroids 14

Definition 2.8. Let X and U be a p and ¢ dimensional manifolds respec-
tively. The n-th order jet bundle J"(X,U) of maps from X to U is defined
as the subbundle of J"(X x U,p) containing all equivalence classes of p-
dimensional submanifold S C X x U satisfying the transversality condition
@.14).

In a local coordinate system (z,u) of X x U, the standard coordinate

system of the n-th jet of a function ¢ : X — U is

In the following, we will mostly be interested in jets of local diffeomorphisms
¢ M — M. A local difftomorphism will be denoted by Z = ¢(z) and its
n-th order jet by

Jndls = (2,2™).

2.2 Lie Groupoids and Lie Algebroids

In this section, we review the definitions of Lie groupoids and Lie algebroids.

We refer the reader to [71,75] for a more detailed exposition.

2.2.1 Lie Groupoids

Definition 2.9. A groupoid G is a small'|category with invertible morphisms.

The set of objects, also called the base, is denoted by Gy, while the set
of morphisms is denoted by G;. Every morphism ¢ of GG; has two objects

assigned to it, its source o(g) and its target 7(g). The notation

g-xr—y

LA small category is a category in which both the objects and the morphisms are sets
and not proper classes.
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is used to indicate that x = o(g) and y = 7(g). The composition of mor-
phisms induces a partial multiplication that is defined whenever source and

target match:
m: Gy °xg, Gy — G, m(g, h) — gh,
with
G1 %G, Gr ={(9.h) € G1 x Gy :0(g) =7(h)}.

Via the mapping i : Gg — Gy : x — 1,, the base G is embedded in G; as

the identity morphisms.

Definition 2.10. A groupoid G is called a Lie groupoid if Gy and G, are

1

analytic manifolds, o, 7, m, ¢ and the inversion map g — ¢~ are analytic

and g, T are surjective submersions.

Example 2.11. A Lie group G can be viewed as a Lie groupoid over a one

point space with GG as the manifold of morphisms.

Example 2.12. Let G be a Lie group acting on a manifold M. The source

and target maps

oc:GxM— M, (g9,2) — z,
T7:Gx M — M, (9,2) — g -z,

make the product manifold G x M into a Lie groupoid, called the action
groupotid over the base space M. The multiplication on G x M is defined by

(gaa ) (ga Z) = (Eg,Z),
where 2 =0(g,2) =7(9,2) =g - 2.

Example 2.13. Consider the n-th jet bundle J"(M, M) with source and
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projection maps

o™ JY (M, M) — M, Jn®|s — 2,
™ WM, M) — M, Jndlz = (2).

Restricted to the open subset II" C J"(M, M) of invertible jets, the chain
rule induces a partial multiplication on II", which is respected by the nat-
ural projections 7*" : J"" (M, M) — J"(M,M). TI" is called the full jet
groupotd of order n and a jet groupoid G" is a subbundle of 11", closed with

respect to all groupoid operations.

Definition 2.14. An orbit of the groupoid G over the base Gy is an equiva-
lence class for the relation = ~¢ y if and only if there is a morphism g € G

with (g) = z and 7(g) = y.

Definition 2.15. The isotropy group of x € G consists of all morphisms
g € Gy witha(g) =2 =1(9g).

2.2.2 Lie Algebroids

Lie algebroids arise naturally as the infinitesimal versions of Lie groupoids,
in complete analogy to the way that Lie algebras arise as the infinitesimal
versions of Lie groups. As for Lie groups, we consider the action of G on
the tangent bundle of (G;. However this needs to be done with care since
the action is not defined everywhere. For each g € Gy with a(g) = = and

7(g) =y, the right multiplication
R, 07 (z) — o (y), hish-g! (2.2.1)

is a diffeomorphism of source fibers. Therefore the right multiplication of G

on (G induces a right multiplication on the vector bundle

T°G, = Ker(do) C TG,
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as follows: for v|, € T7(G;) and g € G, with o(h) = 7(g) we have
dRy(v|n) € Ty,-1G1.

Definition 2.16. A vector field v € X(G,) is said to be right-invariant if
it is tangent to the source fibers everywhere on (G; and satisfies the right

invariance condition

dRy(V[n) = Vng—
for all g and h with a(h) = 7(g).
The set of right-invariant vector fields on G is denoted by X%(G).
Proposition 2.17. Let G be a Lie groupoid, then
1. X%(G)) is a Lie subalgebra of X(G)),

2. any right-invariant vector field v € X%(G,) is projectable to a vector
field on Gy by the differential of the target map dr : X(G1) — X(Gy),

3. the restriction dr : X#(Gy) — X(Gy) induces a Lie algebra homomor-
phism,

4. each right-invariant vector field v € X#(G,) is uniquely determined by

a section of the bundle

o= | | 7.6

z€Go
Point 4 of Proposition gives an isomorphism of vector spaces
XR(Gy) = T(g), (2.2.2)

where I'(g) denotes the space of sections of the vector bundle g. Thus there

is a well defined Lie algebra structure on I'(g). The differential of the target
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map dr restricts to an anchor homomorphism § = dr|; : g — TGy of
vector bundles over Gy (taking into account the isomorphism (2.2.2))). The
next proposition shows that the Lie bracket and the anchor are related by a

Leibniz-type identity.

Proposition 2.18. For all X, Y € T'(g) and f € C*°(G))
(X, fY] = fIX. Y]+ B(X)(f)Y.

Definition 2.19. The Lie algebroid of a Lie groupoid G is a vector bundle
I'(g) = Lie(G), together with an anchor map (3 : Lie(G) — T'G, and a Lie
bracket [-, -] on Lie(G).

Example 2.20. If GG is a Lie group, viewed as a Lie groupoid over a one
point space, the vector bundle Lie(G) is the Lie algebra of right-invariant
vector fields on (&, isomorphic to the tangent space of G at the unit element

of the group.

Throughout the thesis, we shall make use of the isomorphism (2.2.2)) and
identify elements of a Lie algebroid Lie(G) with the invariant vector fields
XR(Gy).

2.3 Lie Pseudo-Groups

2.3.1 Pseudo-Groups

Two nonequivalent definitions of local diffeomorphism exist in the literature.

In this thesis we use the following definition.

Definition 2.21. Let M be an analytic m-dimensional manifold and U an
open subset of M. An analytic map ¢ : U — M is said to be a local (analytic)
diffeomorphism if ¢~ : ¢(U) — M exists and is analytic.
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Definition 2.22. Let M be an (analytic) m-dimensional manifold and G be
a collection of local (analytic) diffeomorphisms of M. The collection G is a

pseudo-group if

1. G is closed under restriction: if U C M is an open set and ¢ : U — M
is in G, then so is ¢|y for all open V C U,

2. we can piece together elements of G: if U C M is an open set with
U=UU;,and ¢ : U — M is a local diffeomorphism with ¢|y, € G,
then ¢ € G,

3. G is closed under composition: if ¢ : U — M and ¢ : V — M are two
members of G and ¢(U) C V then ¢ o ¢ € G,

4. G contains the identity diffeomorphism of M,

5. G is closed under inverse: if ¢ : U — M isin G, then ¢~ : ¢(U) — M

is also in G.

Every pseudo-group G carries the structure of a groupoid, [33}35]/71},75].
The groupoid multiplication follows from the composition of local diffeomor-
phisms. Following Cartan, |23] we use lower case letters, z, z, u, ... for the
source coordinates a(¢) of local diffecomorphisms ¢ € G and the correspond-

ing upper case letter Z, X, U, ... for the target coordinates 7(¢).

Definition 2.23. A pseudo-group is said to be regular if its orbits form a reg-
ular foliation, i.e., its leaves intersect small open sets in pathwise connected

subsets.

Example 2.24. The largest pseudo-group of R" is the set of all local diffeo-
morphisms D(R"):

() = (2,27 = (oM 2, (L 2).
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Note that if a map Z = ¢(z) is in D(R) then its Jacobian matrix

A

VZ=5) = e

is invertible for all z in its domain of definition, but the converse is not true.

The map
¢ : R* — R*\ {0}, o(z) = €,

with z = x + iy is a counter-example.

Example 2.25. The collection of local transformations of R?

where f : R — R is a local diffeomorphism forms a pseudo-group.

Let D = D(M) be the pseudo-group of all local diffeomorphisms Z = ¢(z)
of M. For each n > 0, let D™ = DM (M) c J™ (M, M) denote the bundle

of their n-th order jets. The local system of coordinates on D™ is given by

). = (2, 2M), (2.3.1)

where Z(™ parametrizes the fibers of the bundle 7§ : D™ — M. The
natural projections are written 7 : D™ — D®) n >k and we let D) be
the inverse limit. The jet bundle D™ can be identified with the bundle of n-
th order Taylor polynomials of local diffeomorphisms while D(*°) is identified
with the bundle of infinite Taylor series. For every n > 0, the jet bundles
D™ admit the structure of a groupoid. The source map o™ (j,¢|.) = z and
target map 7 (j,¢|.) = Z induce the double fibration
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We use the notation D™)|, to denote the jet fiber (6™)~!(z). The groupoid
multiplication follows from the composition of n-th order jets. Local diffeo-

morphisms ¢ € D act on D™ by either left or right multiplication:

Ldf(jn(b‘z) = jn(w © Qﬁ)’z; R¢<Jn¢’z) = ]n(Qb o ¢71)|¢(z)~ (2-3-2>

Throughout the thesis, if the action is not specified, the right multiplication

must be understood.

Definition 2.26. A pseudo-group G acting on a manifold M is said to be
transitive if for all z € M there exists an open neighborhood U of z such
that for all w € U there exists ¢ € G such that w = ¢(z). A pseudo-group is

sald to be intransitive if it is not transitive.

2.3.2 Lie Pseudo-Groups

Definition 2.27. A sub-pseudo-group G C D is called a Lie pseudo-group if
there exists n* > 1 such that the following assumptions are satisfied for all

finite n > n*:
1. g™ c D™ forms a smooth, embedded subbundle,
2. it Gt — G is a fibration,
3. if ju¢ € G then ¢ € G,
4. G = pr»=")G(™") is obtained by prolongation.
The minimal value of n* is called the order of the Lie pseudo-group.

The conditions (1-4) codify the formal integrability and local solvability
requirements placed on the determining equations for the pseudo-group. We
refer the reader to Appendix A for a brief discussion on formally integrable
systems. For completeness we recall the definition of locally solvable systems

of differential equations.
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Definition 2.28. A system of k-th order differential equations A(x, u®) = 0

is locally solvable at a point
(IU,U(()k)) € Sa = {(z,u®) : A(z,u®) = 0}

if there exists a smooth solution u = f(z) of the system, defined for = in
a neighborhood of xy, which has the prescribed initial conditions u((]k) =
pr®) f(xq). The system is locally solvable if it is locally solvable at every
point of Sao. A system of differential equations is nondegenerate if at every

point (o, u(()k)) € Sa it is both locally solvable and of maximal rank.

In local coordinates, the order n determining equations defining the Lie
pseudo-group subbundle G take the form of a system of nonlinear partial

differential equations
F™(z,7M) =0, (2.3.3)

whose local solutions Z = ¢(z) are, for any n > n*, the pseudo-group trans-
formations. The prolonged system pr*)G(™ is obtained by repeatedly apply-

ing the total differential operators

) Z’” S 2 )
Dza:82a+ ZA@@? (121,...77’71,
b=1 #A>0

to ([2.3.3):
0= Fth) (5, z4k)y = pAR™) (5 7R, 0<#A<k.

Not every nonlinear system of differential equations of the form ([2.3.3]) gives
rise to a Lie pseudo-group. In view of definition [2.27] the system of nonlinear
differential equations must be a system of nonlinear Lie equations, [62].
This means that the independent and dependent variables are the coordinates
of a manifold M, the identity map is a solution to the system, the composition

of two solutions, whenever defined, is also a solution, and the inverse of a
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solution is still a solution.

Remark 2.29. Formal integrability of the determining system can
be difficult to verify in applications. Instead one will frequently require the
determining equations to be in involution. By Cartan—Kuranishi’s Theorem
every system of differential equations can be completed to involution. For a
brief overview of the theory of involutive systems of differential equations we

refer the reader to Appendix A and the references therein.

Example 2.30. The collection of analytic maps X = f(z) preserving the

volume element da! A --- A dz™ is a Lie pseudo-group with defining equation
X;l .. X;n
: . : = 1.
Xnoo X7,
Example 2.31. Every finite-dimensional Lie group G is a Lie pseudo-group.

The pseudo-group action can be taken to be the right multiplication
R,:G — G, h— hg™?, g€ aqG, (2.3.4)

for example. Let {u',...,u"} be an invariant coframe under the action
(2.34). A diffeomorphism ¢ : G — G is a right translation if and only
if

o (p') = ', i=1,...,m (2.3.5)

The first order system of equations ({2.3.5) completely determines the ele-

ments of the Lie group GG and are the corresponding determining equations.

Remark 2.32. Not every pseudo-group is a Lie pseudo-group. Example|2.25

is an instance of a pseudo-group which is not a Lie pseudo-group.

The geometric symbol (cf. Appendix A) of the defining system (2.3.3)) im-
mediately determines if the Lie pseudo-group is finite-dimensional or infinite-

dimensional.
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Proposition 2.33. A Lie pseudo-group is finite-dimensional if the geo-
metric symbol of its determining system is of dimension zero and infinite-

dimensional otherwise.

2.4 Infinitesimal Generators

Let J"T'M, 0 < n < oo, denote the n-th order jet bundle of the tangent bun-
dle TM and Lie(D®)) the Lie algebroid of the diffeomorphism jet groupoid
D). We define the n-th order lifting map

AW JMTM — Lie(D™),  juv — VO = X0 (v,

where A(™(j,,v) denotes the infinitesimal generator of the prolonged left ac-
tion on D™ of the local diffeomorphism exp(tj,v) € D™. That is, at each
Jn®|. € D™ such that j,v is defined at ¢(z) = 7 (5, 4|.)

)/ d . d )
A (3,962 jnsl. = 7 tzoLe"p(”"") (Jn9].) = 7 tzojn(exp(tV) °9)l..

The lifting map has an inverse
A Lie(D™) — J"TM, VO 4 G, (dr™ (V) |40,

where 7" : D™ — M is the usual target projection.

Proposition 2.34. The lifting map A™ : J*TM — Lie(D™) is an isomor-

phism of vector bundles.

Proposition 2.35. In local coordinates, the lift of a vector field jet

= 0
JooV = Joo Ca(z) a)
(; 0z
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in J*TM is

Z > DIz aza' (2.4.1)

a=1 #A>0

Proof. At the identity jet 1°°

d
(c0) — A
V| (o) 1= dt’t:oj (exp(tv)z g 5 DI¢ 82‘1'

a=1 #A4>0

The right invariance of V(*) implies that

V(OO)|joo¢|z Z Z ]D)Aga 82(1’

a=1 #A>0

where Z = 1) (j . 4|.). O

By expanding the right-hand-side of (2.4.1)), the lifted vector field can
be written as the linear combination of the Lie algebroid vector field basis

elements
VA € Lie(D) (2.4.2)

so that

]ooV Z Z ¢a(Z

a=1 #A>0

Example 2.36. Let M = R, the lift of a vector field jo.(£(z)0;) is

0
0X s

0 0
V) —€(X) = + Xab (X) 5

+ (XgéXXX (X) + 3Xme£XX (X) + Xmmng (X>>

+ (X2Exx(X) 4+ Xuuéx (X))

0 |
6X.’L’ZL‘£E ’
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and a basis of the Lie algebroid is

Viegp V=gt Xegg Xt
0 0 0
2 — 2 JE— .. 3 — 3 .« ..

Definition 2.37. Let G be a Lie pseudo-group acting on M. The algebra
of infinitesimal generators of G is the Lie algebra g C X'(M) of local vector
fields v on M such that the local diffeomorphisms exp(tv) generated by v € g
belong to the Lie pseudo-group G.

A vector field v € X(M) belongs to the Lie algebra g of infinitesimal
generators of G if and only if V(™ = X" (j,v) € X(D™) is tangent to G
at the identity jet, i.e.,

(VILED (2, Z)]) g = 0, (2.4.3)

where F™(z, Z™) = 0 is the determining system of G™. The system of
equations (2.4.3)) is called the n-th order infinitesimal determining system
of G. In local coordinates it takes the form of a linear system of partial

differential equations in the unknown vector field coefficients ¢1,..., (™
L™ (z,¢M) = 0. (2.4.4)

If G is the symmetry pseudo-group of a system of differential equations, then
the system of equations is the usual infinitesimal symmetry determin-
ing system, [8,9,181,82,92].

As previously mentioned, Definition [2.27 implies the local solvability and
formal integrability of the defining equations . At the infinitesimal
level, Definition [2.27]also provides the formal integrability of the infinitesimal
determining equations but it is still an open problem to establish if
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the definition also implies local solvability, [89]. To deal with this issue, we

assume our Lie pseudo-groups to be tame.

Definition 2.38. A Lie pseudo-group G C D(M) is tame if for all z € M
and all n > n*, each V € T(G™|.)|,e is the lift of some v € g, that is,
/\(n)(jnV)H(zn) =V.

Proposition 2.39. A Lie pseudo-group G is tame at order n if and only if

the n-th order infinitesimal determining equations for G are locally solvable.

Let

- 0 <= 0 < 0
=Y ¢ =\ ¢ . o, 1) —— 945
G MECPEED MITIF R BINCRIF CRNCRE)
be a local infinitesimal generator of the diffemorphism pseudo-group D(M)
acting on J°(M,p). The infinitesimal generator of the prolonged action of
D(M) on J"(M,p) is called the n-th prolongation of (2.4.5). In local coor-

dinates

= 0~ w 0
v gi(mw)%ﬁz Y. dalau )aug e X(J"(M,p)),

a=1 k=#J=0

where the coefficients ¢ are given by the well-known recursive formula, |81}
82|,

p
2 (u™, (™) = Dol — Y Dy - us. (2.4.6)

i=1
The prolonged vector field coefficients are well-determined linear functions
in the vector field jets, i.e., the partial derivatives (% of the vector field

coefficients, with coefficients depending polynomially on the jet coordinates

u§. Thus there is a well-defined map

pl t J'TM|, — T (M,p)l.w, P (av].) = vL.. (2.4.7)
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For a Lie pseudo-group G, the prolonged infinitesimal generators of the
pseudo-group action are obtained by restricting (2.4.7) to the fiber J"g|,

g™ = p™(J"gl.).

2.5 Freeness

In this section we introduce the notion of freeness for Lie pseudo-group ac-
tions. This concept will be particularly important in Chapter |5 where the
theory of equivariant moving frames is exposed. As we will see, to construct a
complete equivariant moving frame we must require the pseudo-group action

to be free.

Definition 2.40. The n-th order isotropy jet subgroup of the point z € M is
G = {g(n) e ¢ 7 (g = g (g = z} c g™y,

For each n < oo, the n-th isotropy subgroup of a point z € M is a
finite-dimensional Lie group. In the limit, G has the structure of a pro-Lie
group, [43}/102].

Definition 2.41. The n-th order isotropy jet subgroup of 2™ € J*(M,p) is
the closed Lie subgroup

G = [g™ € g . g . L) — ;) < g,

Definition 2.42. A pseudo-group G acts freely at 2™ € J*(M, p) if QS&?) =
{]12")} and locally freely if gi?j) is a discrete subgroup of ™. A pseudo-group
G is said to act (locally) freely at order n if it acts (locally) freely on an open
subset V" C J"(M,p), called the set of regular n-jets.

Let

OS(Q) — {g(n) L2 g e g, = Wg(z(n))} c J(M,p)
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denote the prolonged pseudo-group orbit passing through the submanifold jet
2 ¢ J"(M,p). A theorem of Sussmann, [104] and the tameness condition

implies that the pseudo-group orbits are immersed submanifolds.

Proposition 2.43. A pseudo-group G acts locally freely on the subset
{z(") e J"(M,p) : dim (’)32) =r, = dim g<">}

consisting of the jets whose orbit dimension equals the fiber dimension of the

n-th order jet groupoid G™ — M.

Theorem 2.44. Let G be a regular pseudo-group acting on an m-dimensional
manifold M. If G acts locally freely at 2™ € J"(M,p) for some n > 0, then
it acts locally freely at any 2¥) € J¥(M, p) with 7¥(2®)) = 2™ for k > n.

Proposition 2.45. A pseudo-group acts locally freely in a neighborhood
of 2™ if and only if the prolongation map p™ : J"gl. — g™|,m is a

monomorphism.

In applications, Proposition is used to verify freeness. In local coor-
dinates, the prolongation map p™ corresponds to the usual n-th order Lie
matriz, [39,84,85]. The rank of the n-th order Lie matrix corresponds to
the dimension of the orbit passing though 2. Let (¢',...,¢"™) be local
coordinates of J"g|,, then the n-th order Lie matrix L™| ) at 2™ is the
q(pzn) X 1, matrix in which the coefficients of the i-th column are the coeffi-

cients of the vector field p™(e;), where e; is the vector of dimension r, with

a one in the i-th entry and zero elsewhere.

Example 2.46. Consider the Lie pseudo-group

[ @)y +g'(v)
fil@)

where f € D(R) and g € C*°(R). This Lie pseudo-group was introduced

X:f([E), Y:f/($)y—|—g($), U=u+

(2.5.1)
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in [88]. The determining system of this Lie pseudo-group is
X, =X, =0, Y, =0, Y, = (U —u)X,, U, =1. (2.5.2)

Linearizing ([2.5.2) at the identity jet we obtain the infinitesimal determining

equations for the infinitesimal generator v = &(z,y,u)0, + n(x,y,u)0, +

o(,y,u)0y:

From (2.5.3)) it follows that r; = dim J'g = 6, while dim J'(R3,2) = 5.
Thus the action cannot be free at order 1. At order two, ry = dim J%g =
dim J?(R?,2) = 8. The second order Lie matrix

10 0 0 00 0

0 1 0 0 00 0

0 0 0 0 00 0
e F R T S
y

0 0 2Ugy Uy —Uy 1 0 —2uy,

0 0 Uy 0 —uy 0 1 —2uy,

00 0 0 0 0 0 —2uy,

is seen to be of full rank on the sets VI = J*(R? 2) N {u,, > 0} and V2 =
J*(R?,2)N{u,, < 0}. Thus we conclude that the pseudo-group action ([2.5.1)
is locally free on the sets V{ and V", with n > 2.
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Chapter 3

Structure Theory of Lie
Pseudo-Groups

The obstruction preventing an immediate generalization of the finite-dimen-
sional structure theory to infinite-dimensional Lie pseudo-groups is the lack
of an abstract object to represent the pseudo-group itself. In our current state
of knowledge, Lie pseudo-groups are inextricably bound to the manifold on
which they act. The appropriate Maurer—Cartan forms thus must be suitably
invariant differential forms living on the manifold or, better, some bundle
connected with it. For intransitive Lie pseudo-groups a further difficulty is

the possible dependence of the structure coefficients on essential invariantsﬂ

3.1 Maurer—Cartan Structure Equations

The identification of D) C J*(M, M) as a jet bundle over a Cartesian
product bundle manifold induces a splitting of the cotangent bundle T*D(>)

into horizontal and vertical (group) components. This induces a splitting of

Most results of Sections have been published in [107].
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the differential on D), which we denote by
d=dy +dg.

The group differential dg corresponds to taking the differential of the pseudo-
group parameters and plays a role equivalent to the group differential dg in
the finite-dimensional theory, [57].

In terms of the local coordinates g(>) = (z, Z(>)), the horizontal subbun-

dle of T*D(*) is spanned by the one-forms
dz = dp2°, a=1,...,m,

while the vertical subbundle is spanned by the contact forms

G=dZ4 = Z4,d2',  a=1...m,  #A>0. (3.1.1)
b=1

In the following we call the one-forms (3.1.1) group forms to distinguish
them from the contact forms on the submanifold jet bundle J©) (M, p). For
a differential function F : D(>) — R, its horizontal and vertical differentials

are given by

dyF =) (D.F)dz",  deF =Y ) ;Zi T4
a—1 a=1#A>0 A

Definition 3.1. A differential form z on D is right-invariant if and only
if it satisfies (Ry)*p = p for every local diffeomorphism ¢ € D where the
pull-back is defined.

Since the splitting of differential forms on D> into horizontal and group
components is invariant under the action of D on D> if 1 is a right-invariant
differential form then so are dj;p and dgp. Since the target coordinate

functions Z* : D — R are right-invariant, their horizontal and group
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differentials are invariant one-forms:

m m
0" =dyZ" =Y Zyd,  pt=deZ* =Y"=dz" - Z}d
b=1 b=1
a=1,...,m. The one-forms o', ..., o™ form an invariant horizontal coframe
on D) A complete invariant coframe on D) is obtained as follows. Let
Dgi,...,Dzn be total differential operators, dual to the horizontal forms

o', ..., 0™, defined by the equality

dyF = (DzF)o",
a=1

for any differential function F : D> — R. More explicitly,

m 8Zb -1
Dza = Z’UJZDZZ:, where (w(z,ZW)) = (87;“)
b=1

denotes the inverse of the m x m Jacobian matrix VZ = (02°/92%). The

"™ implies that the Lie derivatives of a

invariance of the one-forms o!,..., o
right-invariant differential form with respect to D1, ..., Dzm are also right-
invariant. Hence, taking successive Lie derivatives of the invariant one-forms

1® gives the higher-order invariant contact formf]
Pl = psa =D, where  Dj = (Dg)* - (Dgm)™,  (3.1.2)

a=1,....,m, #A > 0.

Definition 3.2. The right-invariant one-forms x(* = (... pu9%...) are re-
ferred to as the Maurer—Cartan forms for the diffeomorphism pseudo-group
D(M).

2The order in which we take Lie derivatives does not matter since the differential
operators Dy1,...,Dzm commute.
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The invariant differential forms ;> play the same role as the standard
Maurer—Cartan forms in the finite-dimensional Lie group theory, |57]. The
differential forms o , x> form a right-invariant coframe on D).

By induction, one can verify that the Maurer—Cartan forms form
a dual basis to the Lie algebroid basis of the diffeomorphism pseudo-
group:

(Vs ) = 05 - 0

where d4 and §° are Kronecker deltas.

To write the structure equations of the diffeomorphism pseudo-group in a
compact form we use the Taylor series notation introduced in [88|. Let Z[A]
denote the vector valued Taylor series, depending on h = (h',..., h™), of a

diffeomorphism Z = ¢(z 4+ h) at the source point z € M, with components
a 1 aypA
Z[[hH:ZEZAh’ a=1,...,m.
#A>0

Similarly, we use the notation p[H] to denote the right-invariant contact

form-valued power series with components

a 1 a
p[H] = > EMAHA, a=1,...,m. (3.1.3)
#A>0

Theorem 3.3. The invariant coframe o, ;> satisfies the structure equations

dp[H] = Vap[H] A (p[H] - dZ]0]),

(3.1.4)
do = Vgp[0] Ao,

o VanlH] = 1511

denotes the m x m Jacobian matrix power series obtained by differentiating
w[H] with respect to H.
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Recall from Section that the Lie algebroid Lie(D(*)) of the dif-
feomorphism pseudo-group is the set of right-invariant vertical vector fields
on TD). Since the Maurer-Cartan forms are dual to the Lie al-
gebroid basis , the infinitesimal structure equations of the diffeomor-
phism pseudo-group D> are obtained by restricting the structure equations
to the vertical subbundle of T7*D(*). On each target fiber (1(>))~1(Z),

the target coordinate functions Z',..., Z™ are constants and
dZ[0] = 0. (3.1.5)
Thus the structure equations of the Maurer—Cartan forms reduce to
du[H] = Vapu[H] A p[H]
on a target fiber. On the other hand, the equality implies
0 = dZ[0] = p[0] + o,

which means that

ulo] = —o, (3.1.6)

when restricted to a target fiber. It follows that the structure equations for

m

the one-forms ot, ..., 0™ reduce to those of the zero order Maurer-Cartan

forms

du[0] = Vap[0] A 1[0].

Theorem 3.4. The Maurer—Cartan structure equations for the diffeomor-

phism pseudo-group D) are
du[H] = Vpu[H] A p[H]. (3.1.7)

Remark 3.5. Another motivation behind the need to restrict the Maurer—

Cartan forms to a target fiber can be readily understood in the context of
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finite-dimensional Lie group actions. In this situation, 7(° : G(®) — M
will typically be a principal G bundle, and, consequently, the independent
Maurer—Cartan forms on G(° and their structure equations, when restricted
to a target fiber (7(>))~1(Z) = G coincide with the usual Maurer-Cartan
forms and their usual structure equations. However, it is worth pointing out
that the basis of g* prescribed by the independent restricted invariant contact
forms z% may vary from fiber to fiber as the target point Z ranges over
M. Consequently, the structure coefficients in the pseudo-group structure
equations (3.1.7)) may very well be Z—dependent. It is a fact that, when G is
of finite type and so represents the action of a finite-dimensional Lie group
G on M, the resulting variable structure coefficients represent the same Lie
algebra g and so are all similar, modulo a Z-dependent change of basis, to

the usual constant structure coefficients associated with a fixed basis of g*.

Example 3.6. The structure equations of the diffeomorphism pseudo-group

D(R) are
& HE o0 HE-1 0 HE
(Eot) - () (B)

The individual components are

- n
d:un - Z (k)) Mkt N\ Pn—k

k=0

(n+1)/2] (3.1.8)

n—2k+1/n+1
—_— fingi—k A pe, 1> 0,
n+1 k
k=0
thereby recovering the structure equations found by Cartan, [23, eq. (48)].
Since

po = —0 = —X,dz,

on a target fiber, the vector fields dual to the Maurer—Cartan forms uy, k > 0,
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are
—~ 1 /0 o 0 1 0
0— - [y X — 4+ X — 4+...)l=——D —
=% (6$ T Regx, T, T ) X, T ax
o 9 0
l—X,— 4+ X Xy ———— + ...
a 0 0
2 ——— CEEEEY 3 DY
(3.1.9)

It is straight forward to verify that commutation relations for the vector fields
are dual to the structure equations . Since the restriction to
a target fiber does not affect the Maurer—Cartan forms pq, o, ..., and the
dual vector fields V!, V2, .., given in (3.1.9), the only commutation relations
that need to be verified are those involving V0. From the Maurer—Cartan

structure equations ([3.1.8)) we need to verify the equalities
VLV = Vo, [V VO =yt >

By direct calculation we obtain

1 0
1 170 —
[V, VO] g Xk ]D+8X
1 0 1 0 0 1 0 0
_ZDx_a_X_Z@”_%)JF@_XJrZ(D“_%)_a_X
_

For the remaining commutation relations we use the fact that

1 0
{V Y Xl, ﬁf} V ) |:V Y aX:| 07 n — Y

which follows from the structure equations of the invariant coframe u(>), o,
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c.f. |88, eq. 4.14]|. Then for n > 1 we obtain

—~ 1
[Vt Vo] = — {V"“, Z]D)x] =-V"
Remark 3.7. In equation it is not too surprising that the restriction
of the zero order Maurer—Cartan forms to a target fiber are horizontal forms
as this reflects the fact that under the right action a pseudo-group
element 1 maps the source of a pseudo-group jet j,o|. to (z). Instead
of using the right action we could also develop the structure theory of Lie
pseudo-groups using the left action . Since the source of a pseudo-
group jet is invariant under the left action, the Maurer—Cartan structure
equations will involve invariant differential forms which are linear combi-
nations of the pseudo-group jet differential forms dZ%. As an example we
consider the pseudo-group D(R). A left invariant coframe is given by the

differential forms

dX — X,d
b = da, An—D;<—X x) n >0,

whose structure equations are

n

n
d@b = O, d)\n = ¢ A >‘n+1 — kZ:O (k) )\k—i-l VAN /\n—k’7 n 2 0. (3110)
On a source fiber (6(®))~!(z) we have dz = ¢ = 0 and the restricted left-

invariant Maurer—Cartan forms \,, are linear combinations of the dXj. On a
source fiber the structure equations (3.1.10]) reduce to

d)\n = — Z (Z) )‘k-i-l A )\n—k; n 2 0. (3111)
k=0

Note that the structure equations (3.1.11)) are isomorphic to the structure
equations (3.1.8)) for the right-invariant Maurer—Cartan forms.
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Let G C D(M) be a Lie pseudo-group, then the restriction of the Maurer—
Cartan forms to G are no longer linearly independent. Remarkably,
the linear dependencies can be determined without knowing the explicit ex-
pressions for the Maurer—Cartan forms. In [25,88] it is shown that the linear
dependencies follow from the infinitesimal determining equations (2.4.4).

Let Z( denote the dual bundle to the vector field jet bundle J*T'M, and
Z() the direct limit.

Definition 3.8. The lift of a section ¢ of Z(*) is the right-invariant differen-

tial form A(¢) on D) which vanishes on all total vector fields and satisfties

A Ao V) g0 = (Ci oo V)2
whenever Z = 7()(g(>)) and ¢(>) € D(*),
In local coordinates we have the important equality
= MG (3.1.12)

More generally, any linear function of the vector field jets L(z, (™) can be

viewed as a section of Z(" whose lift
A[L(z,¢")] = L(Z, ™)

is obtained by replacing the source variables z* by their target counterparts

Z* and the vector field jet coordinates (4 by the Maurer-Cartan forms p%.

Theorem 3.9. The linear system
L™(Z, ™) =0, (3.1.13)

obtained by lifting the infinitesimal determining equations ([2.4.4) serves to
define the complete set of linear dependencies among the right-invariant

Maurer-Cartan forms (™.
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The equations (3.1.13)) are called the n-th order lifted infinitesimal deter-

mining equations.

Theorem 3.10. The Maurer-Cartan structure equations of a Lie pseudo-
group are obtained by restricting the Maurer—Cartan structure equations
of the diffeomorphism pseudo-group to the kernel of the (formally
integrable) lifted infinitesimal determining system ({3.1.13)).

We will use the notation

(du[H] = Vap[H] A p[H]) Lo (240000 (3.1.14)

to denote the Maurer—Cartan structure equations of a Lie pseudo-group G.
It will also be convenient to write u[H]|g to denote the restriction of u[H]
to the kernel of the lifted infinitesimal determining equations . We
will use the notation “dim x™[H]|s” to denote the number of linearly inde-

pendent Maurer—Cartan forms of order less or equal to n. Then
dim p™[H]|g = dim G =r,.

Example 3.11. In this example we compute the Maurer—Cartan structure

equations of the symmetry group of the heat equation
Uy — Upy = 0. (3.1.15)

Let v =&(z,t,u)0, + 7(x,t,u)0; + ¢(x,t,u)d, be an infinitesimal symmetry
generator. Using Lie’s standard method, [8,81}92|, we derive the infinitesimal

determining equations

T, = 0, Tu = 0, & =0, T — 2&, =0,

(3.1.16)
2¢xu + ft = 07 Qbuu = O; Qbmx — gbt = 0.

The lift of the infinitesimal determining equations (3.1.16|) gives the linear
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relations
py =0,  py=0, pup=0,  pp—2u% =0,
2uy + pr =0, poy =0, Wyx — pp =0,

among the low order Maurer—Cartan forms. Solving this system by Gaussian

elimination we find that

xz

By :u%;“v :uta :utTa /Lg“Ta M?]v :qukv k> 0, (3'1'17>

is a basis of Maurer—Cartan forms. In this basis, the Maurer—Cartan valued

Taylor series (3.1.3)) is given by

Ty ¢ L t H}
WH] W+ pp iy + =
puelH] | = W i e i Hy A+ e ,

u u x Hy H: u HjHj
pt[H] (s — ,UTHT - MtTT% - MtTT?)Hu + Zi,jzo Hxi+2; ]t'!i!

Substituting this last expression into the Maurer-Cartan structure equations
(3.1.7) we obtain (componentwise)

A = pip At
dpy = ppr A
dppp = popp A i,

X X 1 X
du = pip A’ + g A (3.1.18)

x 1 T t 1 t x
dMTziuTAMT_’_éMTT/\Ma

u 1 t t 1 T T
dpy = ZN N prp + 5# N s
dpiyive; = pxivajre N ,Ut + piraien AP AN i

+ <] + 5) Hxites N pp =+ (] + 5) Hxit2i—1 N fp
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ij J o dG-1  ii—1)
+(2 4 > T3

with 7,7 > 0.

Alternatively, the infinitesimal determining equations (3.1.16)) can be in-
tegrated. It is well-known, [81,82], that the symmetry algebra of the heat
equation (3.1.15)) is spanned by the six infinitesimal generators

V—2 V—2 v—ug V—x£+2t2
o o0 7 Tow T Tar T Ta (3 )
V5 = 2152 - xug Vg = 4tx£ + 41522 — (2% + 2t)u—— a
S T ot ou’
and the infinite-dimensional subalgebra
0 :
Vo = afz, t)—, with Q= Oy (3.1.20)

ou

The commutation relations between these vector fields is given by the fol-

lowing table, the entry in row ¢ and column j representing [v;, v;]:

Vi V2 V3 V4 Vs Ve Va
\'21 0 0 0 Vi —V3 2vy Va,
Vo 0 0 0 2vy 2vy 4vy —2vs v,
V3 0 0 0 0 0 0 —Vg
Vg | —Vq —2Vvy 0 0 Vs 2vg Vo
V5 V3 —2V1 0 —V5 0 0 Vo
Ve | —2vy; 2vy—4vy, 0 —2vyg 0 0 Vo
Vo | —Va, Vo, Vo —Vo —Vur — Vo 0

where
o = xoy, + 2oy, o = 2ta, + za,

o = dtxoy + 4oy + (2% + 2t)a.
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Both the Maurer—Cartan structure equations (3.1.18)) and the commuta-
tor relations of the infinitesimal generators (3.1.19)) and ([3.1.20)) encode the

infinitesimal structure of the symmetry group of the heat equation. In the

following section we explain how the two approaches are related together.

3.2 Duality

To every r-dimensional Lie group G, we can define a set of r linearly inde-
pendent invariant vector fields vy,...,v, on GG generating a Lie algebra g

with commutator relations
.
Viov,] =Y Chvi,  ij=1,...r (3.2.1)
k=1

where the structure constants C’fj are skew-symmetric in their subscripts and

satisfy the Jacobi identities

> (Chem + chem + Chem) =0, 1<ijlm<r. (3.2.2)
k=1

The structure constants serve to uniquely characterize G up to a discrete

subgroup. Dually, r linearly independent invariant one-forms ', ..., " can

be defined on G satisfying the Maurer—Cartan structure equations

dpt = — Z C’fj,ui A, (3.2.3)

1<i<j<r

where the constants ij are the same as in (3.2.1). The Jacobi identities
are equivalent to the identities d?u* =0, k=1,...,r.

Cartan was skeptical that for infinite-dimensional Lie pseudo-groups a
similar correspondence could be made between his structure equations and
the infinitesimal theory advocated by S. Lie, |20, p. 1335]. But in the
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1960s, Kuranishi, [63,64], and Singer and Sternberg, [101], were able to give
an infinitesimal interpretation of Cartan’s structure equations for transitive
Lie pseudo-groups of order one. This correspondence between the Maurer—
Cartan structure equations and the infinitesimal generator commutators is
in fact completely general. It holds for Lie pseudo-groups of arbitrary order,
transitive or intransitive.

The infinite jet j,v|,, of an infinitesimal generator at zp € M can
be identified with its Taylor expansion

(2 — 20)"

& 2 0
VvV = Z Z C‘Z(Z(])T!Oﬁj 2o € M, (324)

a=1 #A>0

where the coefficients (%(zy) correspond to the jet coordinates of j.V|.,.

From ([2.1.1)) and (3.2.4)), it follows that
J®T M|,y = T®T*M|., @ TM|.,.

The monomial vector fields

(z —20)* 0
vflzozvf:Taza, a=1,....,m,  #A>0, (3.2.5)

provide a basis for the vector space J*TM|,,. Any local analytic vector field

defined in a sufficiently small neighborhood of zy can be written in terms of

v § C ( )5) a z CA(ZO) a ‘Z()'

There is a well-defined Lie algebra structure on J*TM|,, obtained by
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interpreting (3.2.5)) as vector fields on T'M:

[VA VB] (z — ZO)A+(B\0«)i - (2 — 20) A+ 9
a’ Vb A'(B\a)' azb (A\b)'B' 924
_AH BN g (AND B s (50

AB\a) ¢ T A\LB e
A+ (B\a) +(B\a (A\b)+ B b)+B
(e (R e

1<a,b<m, #A,#B > 0, where
B\a=(b".. . b"1bp*— 1,0 . b™),

and
A+ B=(a"+b"...,a™+b").

We use the convention that

(AJ“(f\a)) —0 if b—1<0.

Theorem 3.12. The Lie algebra structure equations (3.2.6)) are dual to the
Maurer—Cartan structure equations (i3.1.7)).

Proof. The components of the Maurer—Cartan structure equations ({3.1.7)) for

the diffeomorphism pseudo-group are
dug, = Z Zm: ¢ pl o A . (3.2.7)
C A Ab B
C=A+B b=1

For fixed a, b and A, B, the two-form u% Au% appears twice on the right-hand
side of (3.2.7). First in the structure equation

b _ (A+(B\a) , b
ditay(B\a) = _WIUA ANpg =+,
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then in

((A\b) + B)!

dpiaey+8 = Wﬂ% A g+

]

Remark 3.13. An alternative proof of Theorem [3.12|consists of showing that
the lifting map A : J°TM — Lie(D*)(M)) is a Lie algebroid isomorphism.

Remark 3.14. Since the higher order Maurer—Cartan forms u% are defined
by (3.1.2), their structure equations (3.2.7) can also be derived by Lie dif-

ferentiating the structure equations for the zero-th order invariant contact

forms p®. By direct computation
du® = g A (b —d2°),

where pf = p%,. From the Leibniz rule, [34], we obtain
i, =0 (D) = DF (0 — D (z e m)
b=1
= 5 3 () oy - amz).

C=A+B b=1

Restricting the last equation to a target fiber we recover the Maurer—Cartan

structure equations ({3.2.7)).

For a Lie pseudo-group G C D(M), the infinitesimal interpretation of the

Maurer—Cartan structure equations still holds.

Theorem 3.15. The Maurer—Cartan structure equations (3.1.14)) of a Lie
pseudo-group G at the target fiber (7(>)~!(z) are dual to the Lie algebra

structure equations of its infinite jet of infinitesimal generators J>°g at z.

Proof. At the target fiber (7(>))~!(2) the Maurer-Cartan forms satisfy the
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lifted infinitesimal determining equations
L (2, 1>y =0 (3.2.8)

while the vector field jet coordinates satisfy the equivalent infinitesimal de-
termining equations
L) (2,¢>)) =0, (3.2.9)

at z. The theorem follows from the observation that the Lie algebra structure
equations for J>g at z are obtained by restricting the Lie algebra structure
equations to the kernel of the infinitesimal determining equations
, while the Maurer—Cartan structure equations of the Lie pseudo-
group G at the target fiber (7(°))~'(2) are, in turn, obtained by restrict-
ing the Maurer—Cartan structure equations to the kernel of the lifted
infinitesimal determining equations . O

Example 3.16. Consider the intransitive Lie pseudo-group
X =z, Y =ay+0, Z=a"z+ f(x), (3.2.10)

where a € R, b € R and f € C¥(R). The determining system for this Lie

pseudo-group is

The corresponding infinitesimal determining equations, for an infinitesimal

generator v = &(z,y, 2)0, + n(x,y, )3, + ¢(a, y, 2)., are

5:0’ 77:0:07 nyy:Oa

(3.2.11)
N> = 07 (by = 07 (bz = IT)y.
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The lift of (3.2.11) gives the linear relations

qu =0, Hx = 0, ,uyYY =0,

(3.2.12)
py =0,  p5=0,  puz=Xuy.

By Lie differentiating u3 = Xp3 with respect to Dy we obtain u%, = ui..
Hence it follows that

whoo oy, pxes k20,

is a basis of Maurer—Cartan forms. Their structure equations are

dyy- = 0,
dp’ = 1y, A Y, (3.2.13)
d,uﬁgk = X,u?{, N M%k + k/ﬁ%’/ A M;k—l, k Z 0.

Setting w” to be the vector dual to Wir, k= 0, v to be dual to p¥ and vl
to be dual to p3,, the Maurer—Cartan structure equations (3.2.13)) yield the
commutator relations
[Vla V] = -V, [Vawk] = 07
(3.2.14)
v wh = —zow” — (kK + 1)wh,
at each fixed zg € R.

Taking Lie’s approach, the space of infinitesimal generators for the pseudo-
group action (|3.2.10)) is spanned by the vector fields

V—3 vi= £+ng % —f(x)2
oy’ N y@y 0z’ f@ = 0z

In the analytic category, a basis of vector fields, in the neighborhood of the
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point (xo, Yo, 20), is given by

v = (g — o) +yo>a% T (@ — 20) + 20) (= — 20) + 20) o,

0z
0 . (r—x0)F 0
- = > 0.
By W k=0

In terms of (3.2.15]) we can write

(3.2.15)

[e.9]

k=0

By direct computation we verify that the commutation relations for the vec-

tor fields ((3.2.15)) are given by (3.2.14)).

3.3 Cartan Structure Equations

In this section we provide a brief overview of Cartan’s method for construct-
ing the structure equations of a Lie pseudo-group. For more detailed ac-
counts, we refer the reader to Cartan’s original works, [20}23|, and to the
expository texts [40,/51}|103].

In an adapted set of local coordinates z = (x,y) on M, it can be assumed

that the pseudo-group action is locally given by
X' =gt Y = f%x,y), i=1,...,s, a=1,...,t, (3.3.1)

where s+t = m = dim M and det(9Y®/dy”) # 0. If the action is transitive
s = 0, otherwise s > 0. Cartan’s starting point is the n,-th order involutive

determining system
X =z, F) (g9, Y1) =0, (3.3.2)

for the Lie pseudo-group action (3.3.1).
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Remark 3.17. Note that n, > n*, where n* is the order of the Lie pseudo-
group, defined in Definition [2.27, The inequality comes from the fact that
the n*-th order determining system is locally solvable and formally
integrable but not necessarily in involution. If this is the case the determining
system needs to be completed to involution. We refer the reader to Appendix

A for more details.

Motivated by his newly developed theory of exterior differential systems,
[15,19], Cartan recasts the determining system (3 in terms of the Pfaffian

system

X'—z' =0, 1=1,...,s,

sta < (3.3.3)
TA+ |F("*)(z,y,Y("*) =0 — dYA ZYA bdz ’F(n*)(ny(n*)) 0 — 0

a =1, tand 0 < #A < n, — 1. Let Yy = (Y., Y}) be local

parameterizations of the fibers of the bundles
N gk — g1

where ¢, = dim G® — dim G*~Y is the dimension of the fibers and k > 1.
The Pfaffian system (3.3.3]) is then equivalent to

X' —a2' =0, i=1,...,s,
_ZLg(Z,Y,Ym)dZa:O, a=1,...,1t,

a=1
dYjj) = D Ll (2 Y, Y, Y )d=* = 0, i=1,...,t,

a=1
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AV, =Y Lhy, y4(2 Y Yy, Yi)d2® =0, i=1,..  tn_1,
a=1
(3.3.4)
for some functions L%, ..., Lfn*_l]’a, whose expressions are determined from

the defining system ((3.3.2]).
From the differential forms appearing in (3.3.4), Cartan proceeds, in an

inductive manner, to derive a system of invariant one-forms that serve to

characterize the pseudo-group. Since the contact one-forms

dY® =Y LYz Y,Yy)dz",  a=1,....t, (3.3.5)
a=1
and the differential forms dY!,...,dY" are right-invariant, the one-forms
w‘[SOT“ = Z L3(z,Y, Yy))dz", a=1,...,t, (3.3.6)
a=1

are likewise right-invariant. In a certain sense the passage from the invari-
ant differential forms to the invariant one-forms w[SOJ]rl, Wi is very
similar to the restriction of the differential forms to a target fiber
77Y(X,Y) (up to a negative sign), as it is done in Section [3.1] since on a
target fiber dY* =0, a = 1,...,t. But the obvious difference is that Cartan
does not assume Y, ... Y" to be constant.

Coming back to Cartan’s derivation of the structure equations, Cartan
establishes that the first m invariant one-forms characterizing the Lie pseudo-

group are
wfo}:dx", 1=1,...,s,

W = ZLZ‘(Z, Z, Zpy)dz", a=1,...,t
a=1
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The differential forms (3 constitute a basis of horizontal forms, therefore
the differential forms dz',. .. ,dz can be written as linear combinations of
the w[lo}, e ,wﬁ. Hence the exterior derivative of the invariant one-forms

1 m :
Wiops - - - » Wi can be written as

m

dWE)O] = Zd (Lz(Z,Y, Ym)) ANdz* = Zw[%] AT b=1,...,m,

a=1 a=1

b

where the one-forms 7. are certain linear combinations of dY[h, . dY[ﬁ

dy?l,....dY", and w[lo}, . ,w[’&. The invariance of w[lo], e ,w[’g] implies

S wiy AR () —7h) =0,  b=1,....m,  VyeQG
a=1
such that the pull-back is defined. This means that

a

RZ(WS) =7’ mod w[lo}, W

By hypothesis, t; = dim G — dim G(© of the 7 are linearly independent
modulo w[lo], e W dY', ..., dY". Hence those t; differential forms are of
the form

t1

q
WZEZC;.dY[{ﬁ—ZeZadYO‘ modw[lo],...,wfg], t=1,...,1,

j=1 a=1

with det (cz) # 0. The coefficients cé- and e!, may depend on the variables z,
Y, and Y};). By adding suitable multiples of the Wiy We can write

t1 t
EZC; (dY‘] ZLl]bZY}/[I] >+Z€ <dYa_wﬁ)J]Fa)7
j=1

a=1
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modulo w[lo], .o Wi, i =1,...,t1. Defining

t1 m
wly =D (dYﬁ] =D LY, Yilﬁdzb) + e (dya - “’HQ) ’
j=1 b=1 a=1
(3.3.8)
i=1,...,t;, Cartan shows that those one-forms are invariant, |23, pp. 597
600]. We refer to the one-forms (3.3.8) as the first order Cartan forms for

the pseudo-group G. Those invariant differential forms constitute a complete

set of linearly independent first order Cartan forms. They are equivalent to

the first order Maurer-Cartan forms (3.1.2)) in the sense that

span {wfl}} = span { % |L(n*)(Z7M(n*)):[)}
over the ring of functions
F:(x,y,Y,Yy) — R

Next by computing the exterior derivatives of the first order Cartan forms
(3.3.8) and repeating the above procedure, Cartan derives to linearly inde-
pendent second order Cartan forms, and so on, up to order n, — 1.

The 7,, 1 = m +t; +ts + -+ + t,, 1 invariant one-forms constructed
are collectively denoted by w!,w?, ..., w™ 1 without the subscript{’] Their

exterior derivatives can be written as

?n* —1 tn*

do'= Y Chw AW+ DY Al AT (3.3.9)

1<j<k<rn, -1 Jj=1 p=1
1=1,...,7,, 1, where

(@, 7)== (Y. dYyy) modw!, L W

*Note that Tn,—1 = Tn,—1+8, where r,,, _1 equals the fiber dimension of the (n, —1)-th
order jet groupoid G(™ Y — M.
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as modules of one-forms over the ring of functions
F: (x’y7}/’y'm" - aYv[n*]) — R

The equations (3.3.9) are called the Cartan structure equations. If the pseudo-
group is intransitive, the coefficients C}k, and Aé- 5 may depend on the invari-
ants z1, ..., 2% [20,123].

Remark 3.18. In the above derivation of the Cartan structure equations,
no assumptions are made on the one-forms dY!, ..., dY*'. Thus we can set
them equal to zero without loss of generality. This means that the target
coordinates Y1, ... Y can be set equal to suitable constants, [103, pp. 382
383]. By doing so the one-forms (3.3.6) correspond to the negative of the
restriction of the one-forms to a target fiber, in analogy with the
derivation of the Maurer—Cartan structure equations .

Example 3.19. Consider the infinite-dimensional Lie pseudo-group

X=z Y=[fy), Z=z(W)"+oy), (3.3.10)

f € D(R), ¢ € C¥(R?), due to Cartan [22/|68]. The determining system for

this pseudo-group is
X=2z Y, =0, Y,=0, Z,=(Y,)" (3.3.11)

The system of equations is locally solvable and formally integrable
but not involutive. To obtain an involutive determining system we must
prolong by including the second order determining equations. We
now derive the Cartan forms and their structure equations. From (3.3.11))

we see that the fibers of the bundle 7} : G — G(©) are parameterized by

Y[l} = <Y;J7 Ly, Zy)-
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Hence we obtain the three invariant horizontal forms

W = wﬁo] = d[L" wz = (,{)[20] = %dy, w3 == CL)[O Z dﬂ:+Z dy+( y)xdz

Taking their exterior derivative we obtain

dw!' =0,
dw?® = —w? AT,
dw® = = A% — WA AT — 2wd AT
where iy
=¥
Y,
xZ,
y
1 zZ
5= _— (dz, — ==2dY, | .
Ty, ( vy,

The differential forms (3.3.12)) are not invariant but can be made invariant
by adding suitable linear combinations of the differential forms dz, dy and

dz where the coefficients may depend on the pseudo-group jet coordinates
(9,2, Yy, Za, Zys Yyys Zow, Zays Zyy)

of G@. Following Cartan’s algorithm we obtain

4 Y,

Wt = wpy =7 — Tyd Y, - (dY, ~ Yy dy),
x2,Y,
Ld5 = W[QI} :7T2 - le’dm - nydy + yyd
Y,
Ty
=(dZ, — Zypdr — Zyydy — (V)" In(Y,)dz) — v (Y, — Yyudy),
y
1 xZ,7 z(Y,)*Y,
W’ = wﬁl} =7 — ?y <Zwydx + (Zyy - #) dy + —i/y yydz)
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1 . xZ
:?<dZy — Zuydz — Zyydy — x(Y,)" 'Yy dz) — Y_gy(de — Yyydy).
y y
Taking the exterior derivative of the latter differential forms we obtain Car-

tan’s structure equations

dw! =0,

dw? =w* A W2,

dw?® =w® A w! + W8 A w? + 2wt A w?,

dw* =w? AT,

dw® = AT+ WP AT+ 2wt AW® + WP AWl

dw® =" AT+ VPAT + 2wt AWt + 2w AT

)

2 2

where 7, 72, 72, T are equal to the restriction of ¥, ui v, tiy, My tO

G®@ respectively. For example

. 1
T = U%/Y‘g@) = W[deYyy - Y;Jy(dY;J - Y;Jydy)]-
y

3.4 Comparison of the Two Structure Theories

The structure theory developed by Olver and Pohjanpelto, and explained in
Section , has been applied to several transitive Lie pseudo-groups, [26,8§].
As one expects, their structure equations are isomorphic to those obtained
with Cartan’s structure theory. Though the structure equations are equiva-
lent, a fundamental distinction needs to be pointed out. While the Maurer—
Cartan structure equations involve contact invariant forms restricted
to the target fibers of the pseudo-group action, the Cartan structure equa-
tions mix horizontal and group forms. Unless there is a one-to-one
correspondence between the differential forms appearing in Maurer—Cartan
structure equations and the Cartan structure equations, there is no reason

to believe that the two sets of structure equations are equivalent. As we now
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explain, the structure equations for intransitive Lie pseudo-groups do not
agree.
Let G C D(M) be an n*-th order Lie pseudo-group. We assume that lo-

cally it is given by (i3.3.1]), with determining system (3.3.2). In those adapted
coordinates, we use the notation

" ) L ) ! B
V=D ("(R)gL =D &y + ;éa(%y)a—w-

a=1 =1

to denote a local vector field v € X(M). The corresponding Maurer—Cartan

forms are denoted by

A=A, i=1,...,s, v5=X0%), a=1,....t, #A>0.
(3.4.1)
With this notation, the Maurer—Cartan-valued power series (3.1.3)) is given

by
nlH]
p[H] = ( ) :
v[H]
Furthermore, we split the formal parameters appearing in the expression of
the vector-valued Maurer—Cartan power series (3.1.3) in the following way

(H,K)=(H',...,H* K',... K.

The linearization of the determining system (3.3.2) at the identity jet

gives the infinitesimal determining equations
£=0,  L")(z,y,0")) =0. (3.4.2)
Taking the lift of (3.4.2)), we obtain the linear relations

=0,  L"(X,Y,v"))=0. (3.4.3)
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It follows from (3.4.3) that the Maurer-Cartan structure equations (3.1.7)

reduce to
(dVIIH, K]] = VKV[[H, K]] N V[[H, K]]) |L(°°)(X,Y,l/(°°>):0’ (344)

where

Vxv[H, K] = (%[{H, K]])

is the ¢ x t Jacobian matrix power series obtained by differentiating v[H, K]
with respect to K = (K*!,..., KY).

Remark 3.20. The transitivity of the pseudo-group action on its orbits im-
plies that the target fibers are isomorphic on each leaf of the foliation. Hence
we can set Y1 ... Y? to suitable constants and assume that the structure
coefficients in only depend on the invariants X!, ..., X?®.

For intransitive Lie pseudo-groups s > 1 and the Maurer—Cartan forms
pt, ..., ° do not enter the structure equations (3.4.4). From (3.1.6) we

conclude that the horizontal forms o' = w[io], 1 =1,...,s, do not appear
in the Maurer-Cartan structure equations (3.4.4). On the other hand, the
horizontal forms w[lo], e ,w[so] do appear in the Cartan structure equations.

For instance, the first s structure equations in (3.3.9) are
dwpg = 0, i=1,...,s.

Thus for intransitive Lie pseudo-groups, the two sets of structure equations do

not agree. To motivate the rest of the discussion we look at three examples.

Example 3.21. Consider the intransitive Lie group action
X =z#0, Y =y +ax, a € R. (3.4.5)

The infinitesimal generator of this one-parameter group of transformations
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is
V=2 0
=5
Since the Lie algebra is one-dimensional it is automatically abelian. Cartan

computed the structure equations of this group, [20, p. 1345|, and obtained

1
dw' =0, dw? = ~w' A w?, (3.4.6)
x

where

w' =dz and w? =dy — ydw.
x

Clearly, the structure equations (3.4.6) do not correspond to those of an
abelian group. Furthermore, the group is one-dimensional and there should

only be one independent (Cartan) Maurer—Cartan form associated to this

group.
We now compute the Maurer—Cartan structure equations (3.1.14)). The

determining system for the group action (3.4.5) is

X =ux, Y —y=2Y,, Y, =1

An infinitesimal generator v = &(z,y)0, +n(z, y)0, of this group action must

be a solution of the infinitesimal determining equations
§=0, 1= TN, Ny = 0.
The corresponding lifted infinitesimal determining equations are
put =0, w = Xk, py, = 0. (3.4.7)

It follows from ({3.4.7) that p¥ is a basis of Maurer—Cartan forms and that
its structure equation is
dp? = 0.
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Hence we recover the expected structure equations. Namely, there is only

one independent Maurer—Cartan form and it is closed.

Example 3.22. As a second example we consider the infinite-dimensional

intransitive Lie pseudo-group
X =u, Y =y+ f(z), f e C?R). (3.4.8)
The infinitesimal generators of the pseudo-group action (3.4.8)) are
v =g(z)=— (3.4.9)

with ¢ € C¥(R). The Lie algebra generated by the vector fields (3.4.9)
is abelian. The structure equations for this Lie pseudo-group have been
computed by Cartan, |20, p. 1346]. Those are

dw' =0, dw® = ' AWt (3.4.10)

where w! = dz and w? = dy + Y,dz. The structure equations do not
correspond to those of the abelian algebra .

We now compute the Maurer—Cartan structure equations. The determin-
ing system of the Lie pseudo-group (3.4.8) is

X =u, Y, =1
Hence the infinitesimal determining equations of an infinitesimal generator
0 0
v=¢x,y)— +olx,y)—
§(@,y) 5 +o@,y) o

are

£€=0, ¢,=0. (3.4.11)
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The lift of (3.4.11)) gives

and it follows that a basis of Maurer—Cartan forms for the pseudo-group

(L) is given by

,ul)’(k, k> 0.

Their structure equations are

0 K
Zd i k’f 31, (kz: Py Hf) AZI“Xk =0, (3.4.12)
1

which correspond to the structure equations of an infinite-dimensional abelian

Lie pseudo-group.

Example 3.23. A further curious result of Cartan is his classification of
infinite-dimensional first order Lie pseudo-goups in two variables, [23,(68].

Though the two Lie pseudo-groups

X = (L'7 X =X + a/7
g : Gs : (3.4.13)

Y =y+ f(z), Y =y+ f(x),

have non-isomorphic Lie algebras, respectively spanned by

g} {sf@gn) fecm.

Cartan establishes that both Lie pseudo-groups have (3.4.10)) for structure
equationsﬁ. On the other hand, the Maurer—Cartan structure equations of
the two Lie pseudo-groups (3.4.13|) are non-isomorphic. The Maurer—Cartan

4Cartan distinguishes the two Lie pseudo-groups ([3.4.13) by the fact that G; has one
invariant, namely x, while the pseudo-group G> does not.
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structure equations of G; are
dp'yr, = 0, k>0,
while the Maurer—Cartan structure equations of G, are
du® =0, dpt'sr, = Pnrn A BT, k> 0.

Examples[3.21] [3.22 and [3.23] suggest that the Cartan structure equations

for intransitive Lie pseudo-groups need to be modified in order to recover the

adequate infinitesimal structure. Though it is true that the horizontal forms

are invariant under the identity transformation X = x, they are also invariant
under the translation group X = z + a. By including the differential forms
w[lo], e ,wfo} into the structure equations of the Lie pseudo-group the
infinitesimal interpretation of the Maurer—Cartan equations given in Section
[3.2]suggests that Cartan does not really compute the infinitesimal structure of
an intransitive Lie pseudo-group action but rather computes the infinitesimal

structure of the transformation
X' = 2'+d', Y= fYz,vy), i=1,...,s, a=1,...t (3.4.14)

a € R, f € CY(R™, R"). This explains why Cartan obtains the same struc-
ture equations for the two non-isomorphic Lie pseudo-groups (3.4.13)). Also,
one can verify that the structure equations (3.4.10) of Example corre-

spond to the infinitesimal structure of the Lie pseudo-group
X =z+a, Y =y+ f(x), a €R, f e CR).

In general there is no guarantee that the set of transformations (|3.4.14))
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is a Lie pseudo-group. Indeed, in Example if we replace (3.4.5)) by
X =x+Y, Y =y +axz, (a,b) € R?, (3.4.15)

this is no longer a group action since it is not closed under composition.

s+1
, -

Also, let us mention that the Cartan forms w ..,w™*=1 are generally not

invariant under the transformations ((3.4.14J).

From the above discussion we conclude that we should set
wiy = da’ =0, i=1,...,s. (3.4.16)

This is in complete agreement with Olver and Pohjanpelto’s structure theory

since from (3.4.3]) we have

Ozﬁi:—wfo}:—dmi, i=1,...,s,

on a target fiber. Geometrically, the equations say that Cartan’s
structure equations should be restricted to the orbits of the pseudo-group
action. Alternatively, in light of Remark and the fact that X' = 2%, we
can say that Cartan’s structure equations should be restricted to the target
fibers of the pseudo-group action. The latter point of view is consistent with
the derivation of the Maurer—Cartan structure equations .

Finally, we note that for transitive Lie pseudo-groups the Cartan structure

equations (3.3.9) and the Maurer-Cartan structure equations (3.1.14]) are

isomorphic since s = 0 in (3.3.1)).

3.5 Systatic System

From the Cartan structure equations (3.3.9), Cartan defines the notion of
essential invariants for intransitive Lie pseudo-groups. To state his definition

of essential invariants we need to introduce the concept of systatic system.
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The systatic system plays an important role in the structure theory of Lie
pseudo-groups, [20}23]. It is related to the isotropy algebra of Lie pseudo-
groups, [103|, and the latter has been used to classify infinite-dimensional

primitive Lie pseudo-groups, [21,41,/42].

Definition 3.24. Let G be a Lie pseudo-group with n,-th order involutive

defining system and Cartan structure equationd’]

tny

d'= Y b Aw +Z<2Abﬁw[0>
=1 \b=

1<j<k<Fn, -1

i=1,...,7, 1. The module of one-forms generated by
D Aty i=1 T, B=1 (3.5.1)

over the ring of invariants of G is called the systatic system of G.

The concept of systatic system can also be defined for the Maurer—Cartan
structure equations . On the lifted infinitesimal determining equa-
tions we fix an order compatible term ordering of the partial deriva-
tives that ranks derivatives of higher total order greater than those of lower
total order, |[99]. Gauss reduction of the lifted infinitesimal determining equa-
tions with respect to the ordering yields a solved form expressing certain de-
pendents, the principal Maurer—Cartan forms, as functions of lower ranked
non-principal (parametric) Maurer—Cartan forms, [67,/70,96|. The paramet-
ric Maurer—Cartan forms form a basis of invariant contact forms on G(®

We introduce the notation

M('n), i=1,...,r, =dim g™

5A detailed analysis of Cartan’s structure equations reveals that the second term in
(3.3.9) is of the form Zg;*l Yooy A},ﬂwﬁ)l A 7B, In fact, more can be said. The coefficients

A})ﬁ are zero if w' is a Cartan form of order < n, — 2 or an invariant horizontal form.
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to denote a basis of Maurer—Cartan forms of order < n, and
:ufn}v t=1,...,tp =Tph — Th-1,

to denote a basis of n-th order Maurer—Cartan forms (r_; = 0). With this
notation, the Maurer—Cartan structure equations (3.1.14}), for the Maurer—

Cartan forms of order < n, — 1, can be written asﬂ

the [/t
( _ i, k i ,J Jé]
Apin, —1) = E Cjkz“%n*fl)/\/l(n*—l)"i_g ( Ajg/ﬁfo]> A,p> (3.5.2)
1<j<k<rp,—1 B=1 \j=1

where i =1,...,r,, 1.

Definition 3.25. Let G be a Lie pseudo-group with Maurer—Cartan structure
equations (3.5.2)). The systatic system is defined as the module of one-forms
generated by

t
ZAé'ﬁNfO]7 t=1,...,rn 1, G=1,....t,, (3'5‘3>
j=1

over the ring of invariants of G.

For transitive Lie pseudo-groups, the Definitions[3.24] and [3.25] are related
together by the equalities

pt = —dyZ" = —wjy, a=1,...,m, (3.5.4)

on a target fiber (7(>))~(Z). For intransitive Lie pseudo-groups the defini-
tions do not completely agree as the Cartan and Maurer—Cartan structure

equations are different.

Example 3.26. Consider the Lie pseudo-group of conformal transformations

6As for the Cartan structure equations Aé-ﬁ =0 for all uén*_2), i=1,...,78, —2.
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of the plane

X = f(z,y), Y =g(x,y), fa9y — fy9. = L. (3.5.5)

The first order involutive infinitesimal determining system, for an infinitesi-

mal generator
0 0
v=_E@y)o+ n(w,y)a—y,
is
&+ 1y = 0. (3.5.6)

The lift of equation (3.5.6) gives the linear relation

The structure equations for the zero order Maurer—Cartan forms »* and 1Y
are

dv® = vy ANV + vy AVY, dv¥ = v AV — v ALY,

and we conclude that the systatic system is generated by
{v*, v} (3.5.7)

Cartan computed the systatic system for the pseudo-group (3.5.5) in [23].

Our computations agree with his computations when we take into account

the equalities (3.5.4)).

3.6 Essential Invariants

In this section we recall Cartan’s definition of essential invariants. Though
numerous papers and books acknowledge the importance of essential invari-
ants, very little seems to be known about those invariants. It is a challenge

to understand the structure theory of Lie pseudo-groups that admit essential
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mvariants.

r

Definition 3.27. A Pfaffian system generated by the one-forms w!, ..., w

is said to be complete if
dw' =0 mod w!, ... W, i=1,...,7

In |23], Cartan shows that the systatic system (3.5.1)) is complete. From
this system he extracts as many linear combinations as possible that only de-
pend on the invariants 2!, ..., 2° and their differentials dz', ..., dxz*. Suppose

there are [ < s linearly independent such combinations:
V=Y fl=',.. . 2%)dt,  j=1,...n (3.6.1)
i=1

The completeness of the systatic system implies that the Pfaffian system
(QL, ..., Q) is complete in the space of invariants x!, ..., x°. Cartan defines
the first integral of (..., Q) to be essential invariants, while the other
invariants are said to be inessential. Reading Cartan’s original work on this

subject can be very confusing as the next example shows.

Example 3.28. Since the systatic systems of Lie group actions are always
empty (the A%, are all zero in (3.5.1)) all invariants are inessential. Yet,
in 20, p.1357] Cartan considers the group action

X =z, Y =y, Z = z+ax + by, a,b € R, (3.6.2)

and writes that the ratio z/y is an essential invariant.

Example 3.29. A slight generalization of Example [3.28]is the pseudo-group

X =uz, Y =y, Z=z+ f(x)y+ g(x), (3.6.3)

"The existence of those first integrals is guaranteed by Frobenius’ Theorem.



3.6 Essential Invariants 68

where f, g € C*(R). The determining system of this Lie pseudo-group is

Applying Cartan’s algorithm we obtain the structure equations

dw! =0, dw? =0, dw® = Wt Aw' + WP AW
(3.6.4)

dw = W' AT+ WP AT, dw® = w' AT,
where

w! = dz, w? = dy, WP = Zydr + Zydy + dz,
wt=dz, — Z,.dr — Zyydy, Wb = dZ, — Zyydx,
7 =dZ,., 72 = A4y

From we conclude that the systatic system is generated by the one-
forms w!,w? and that the invariants x and y are essential. But we can
argue that the invariant y is not essential as the Lie pseudo-group
is isomorphic (the definition of isomorphism for Lie pseudo-groups is given

below) to the pseudo-group
X =z, V=v+ f(x), W =w+g(x),

which does not involve the invariant y.

Now recall that we made the observation that the differential forms w[lo],
cee w["’ol should be set equal to zero for the Cartan structure equations
to give the adequate infinitesimal structure of intransitive Lie pseudo-groups.
If we include this observation in the above discussion of essential invariants
we notice that the differential forms Q', ..., Q! are all identically zero. Hence
we conclude that the definition of essential invariants in terms of the systatic
system (3.5.3]) of the Maurer—Cartan structure equations is vacuous.
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Of course we can recover Cartan’s definition from the structure equations
for the invariant coframe o, p®|g). But Examples and
suggest that this is not necessarily what one should do. It seems preferable to
have a definition that only depends on the Maurer—Cartan structure equa-
tions. With this in mind we propose an alternative definition of essential
invariants, which, we believe, still captures the essence of Cartan’s original
definition. In order to justify our definition, we need to review the notion of
isomorphism for Lie pseudo-groups, |23}/67,109]. To do so, some preliminary

definitions need to be given.

Definition 3.30. A Lie pseudo-group H C D(N) is similar to a Lie pseudo-
group G C D(M) if there is a local diffecomorphism ¢ : N — M such that
H=¢"toGoog.

Lemma 3.31. If G and H are similar, their structure equations are isomor-

phic.

Definition 3.32. Let G C D(M) and G C D(M) be two Lie pseudo-groups
such that m : M — M is a fiber bundle with base space M. If for all
¢ € G there exist ¢ € G such that 7o ¢ = ¢ o, then G is called a Cartan

prolongation of G.

In the literature, our definition of Cartan prolongation is often simply
called prolongation. We introduce this new terminology to clearly distin-
guish the more general notion of Lie pseudo-group prolongation stated in
Definition from the usual definition of prolonged pseudo-group intro-
duced in Definition 2.22

Definition 3.33. A Cartan prolongation G C D(M) of G C D(M) is said

isomorphic if the only diffeomorphism of G that projects to 1, is 17

Definition 3.34. Two Lie pseudo-groups G and H are said to be isomorphic
if there exist isomorphic Cartan prolongations G and H such that G is similar

to H.
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Of all possible isomorphic Cartan prolongations of G, the infinite prolon-
gation G is the most important. Indeed, let G and H be two Lie pseudo-
groups such that H is an isomorphic Cartan prolongation of G. Assuming
that the invariants of H can be expressed by means of the local coordinates
of the manifold that G acts on, Cartan shows in [23] that there exists n such
that G is an isomorphic Cartan prolongation of H. If H admits some in-
variants which are not acted upon by G, G is extended by acting trivially on
these, and then G™ @1 is an isomorphic Cartan prolongation of H for some
n. This implies that given two isomorphic Lie pseudo-groups G, H, up to
the addition of scalar invariants, G(* is isomorphic to H(>). In particular,

their Maurer—Cartan structure equations are isomorphic.

Example 3.35. To illustrate the above definitions, consider the Lie pseudo-

groups

H: X =1, W =w+ f(z),
and
G X=uz  Yeoyt+f@etfl), Z==
where f € C¥(R). The Lie pseudo-group

H: X =1, Y =9+ f(@)z + f'(2), 7 =7z, W =w+ f(2),
is an isomorphic Cartan prolongation of H. Similarly
G: X =z, Y =y+ f(x)z+ f'(2), Z =z, W =w+ f(x),

is an isomorphic Cartan prolongation of G. Clearly, H is similar to G, thus H
and G are isomorphic Lie pseudo-groups. Alternatively we note that H) @15

is similar to G since

HY @15 X=2, W=u+f®@, Y=y-f@), Z=7%
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and

HY @1:=¢"'0Gog,

with

o:(Z,w,y,2) — (x,y,z,w) = (T,0z — ¥y, z,w).
Proposition 3.36. Let G be an intransitive Lie pseudo-group locally repre-
sented by . If the Maurer—Cartan structure equations depend
on a (non-constant) invariant (X!, ..., X*) for one basis of Maurer—Cartan
forms then the structure equations also depend on the invariant [ for any

other basis of Maurer—Cartan forms.

Definition 3.37. Let G be an intransitive Lie pseudo-group locally repre-
sented by (3.3.1). A (non-constant) function I(X*, ..., X*) of the invariants
X1, ..., X% is called an essential invariant if for a basis of Maurer—Cartan

forms (hence for all), the structure coefficients of the Maurer-Cartan struc-
ture equations (3.4.4) depend on I(X!, ... X*).

Example 3.38. In Example [3.22] the Cartan structure equations for the
intransitive Lie pseudo-group are given by . The systatic
system is spanned by w! = dx, and in Cartan’s sense x is considered to
be an essential invariant. On the other hand, based on the Maurer—Cartan
structure equations and Definition , we say that the invariant x
is not essential since it does not appear in the structure equations, and thus

does not influence the infinitesimal structure of the pseudo-group.

Remark 3.39. In [20,23|, Cartan gives an algorithm to get rid of inessential
invariants. With our definition of essential invariants no such claim is made.
Example [3.38| is an illustration of this fact. Though the invariant x is not
essential, in the sense of Definition [3.37], it is impossible to write the pseudo-
group action , on a finite-dimensional manifold, without the use of the

invariant x.
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Example 3.40. The pseudo-group action (3.3.10)) in Example is an il-
lustration of a Lie pseudo-group with essential invariant. The defining system

of this Lie pseudo-group is

and the infinitesimal determining equations, for an infinitesimal generator

0 0 0
V= g(xyya Z)% + n(x7ya 2)8_y + ¢(m7yvz)ay

are
5 = 07 Ne = 07 n. = Oa ¢Z = Ty. (365)

The lift of (3.6.5)) gives the linear relations

z

pt=0, px=0 puz=0 py=Xuy,
and it follows that
,uz;/k, Hxkyis k,j =0,

is a basis of Maurer—Cartan forms. Focusing our attention on the differentials

of ¥ and p* we obtain

dp? =pi A p" iy A ¥l At = s A,

dp® =psc A" + pry A+ i A= s At X g A s,
and conclude that x is an essential invariant.

Example [3.16] is another instance of a Lie pseudo-group with essential

invariant.
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Chapter 4

Symmetry-Based Linearization

Theorem

Given two m-dimensional manifolds M and M, the linearization problem for
k-th order systems of partial differential equations consists of determining if

there exists a change of variables
Az B (M, p) — J® (D, p) (4.0.1)

sending a k-th order system of ¢ = m — p independent nonlinear partial

differential equations
0= Az, u™), (4.0.2)

to a k-th order linear system of ¢ independent partial differential equations

0= f(y) — Llylv, (4.0.3)

where L[y] is a linear differential operator. All symmetry-based linearization
theorems found in the literature, |[10,49.50,82|, use Lie’s structural theory to
establish the existence of (4.0.1]). To apply those theorems, the first step con-

sists of integrating the infinitesimal determining equations for the infinites-
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imal symmetry generators of the nonlinear system (4.0.2)). In this section a
different version of the linearization theorem, based on the Maurer—Cartan
structure equations, is stated. Our version does not require the integration

of the infinitesimal determining system.

4.1 Background Material

Some assumptions need to be made on the systems (4.0.2)) and (4.0.3)). Those

seem to never be clearly stated in the literature. First the number of depen-
dent variables is assumed to be equal to the number of independent differ-
ential equations appearing in the systems of equations, and the number of
independent variables p is assumed to be greater than one. To avoid unnec-
essary technicalities, the system (4.0.2)) is assumed to be locally solvable and
to define a regular submanifold of J* (M, p). On the other hand, the linear

system ({4.0.3]) is assumed to be normal.

Definition 4.1. A system of ¢ differential equations A(z,u®) = 0 in ¢

dependent variables is normal at the point
(20, ul”) € Sa = {(z,u®) : A(z,u™) = 0}

if there exists at least one noncharacteristic direction for A there. The system

is normal if it is normal at each point of Sa.

The assumption that the linear system (4.0.3)) is normal means that we

can assume the system to be in Kovalevskaya form

N akva N —
thy =y = Lwa®). a=L.g (4.1.1)

—

where v(¥) denotes all partial derivatives of v with respect to y up to order k
except the derivatives vj,, which appear on the left-hand side of (4.1.1).
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By a theorem due to Bécklund, |2,/4], the general linearization problem
previously stated reduces to determining the existence of an invertible map

between first order jet bundles.

Theorem 4.2. If ¢ > 1, a mapping A defines an invertible map from
J®(M,p) to J®(M,p), for any fixed p > 1, if and only if A is the pro-

longation of a first order contact transformation
o JY(M,p) = JV(M,p),  (y,0") = d(z,ulV)),

If the number of dependent variables is greater than one, Backlund also

proved that the map A is the prolongation of a point transformation.

Theorem 4.3. If ¢ > 2 then a mapping A defines an invertible map from
JE (M, p) to J®(M,p), for any fixed p > 1, if and only if A is the prolon-

gation of a point transformation

oM — M, (y,v) = O(x,u). (4.1.2)
In the following we restrict our considerations to point transformations.
In light of Theorem [4.3]this restriction covers all systems of partial differential
equations with at least two dependent variables. With a little extra work,
the discussion can be extended to first order contact transformations.
The linear system of partial differential equations admits the dis-

tinctive infinite-dimensional symmetry subgroup Gp:
v— v+ g(y), with Llylg =0, (4.1.3)

corresponding to the superposition principle of solutions for the linear homo-

geneous system of partial differential equations

Llylv = 0. (4.1.4)
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At the heart of any symmetry-based linearization theorem is the following
proposition.

Proposition 4.4. Two systems of partial differential equations equivalent
under a locally invertible change of variables have isomorphic symmetry
groups.

Proposition says that if ® : (x,u) — (y,v) is a locally invertible
change of variables mapping one system of differential equations to another
and ¢ is a symmetry of the first system, then g = ® o g o ®~! is a symmetry
of the second system. Thus for the nonlinear system of partial differential
equations to be linearizable it must admit an infinite-dimensional
symmetry subgroup isomorphic to the symmetry group .

4.2 Maurer—Cartan Linearization Theorem

The infinitesimal structure of the symmetry group (4.1.3)) is now completely
characterized by coordinate free properties of its Maurer—Cartan structure

equations. Let

. a 0 - i 0 d 0
v ;C (Z)ﬁz“ - ;5 (y’v)a_yi+;¢a(y>v)%

denote a symmetry generator of the group action (4.1.3)), and denote the lift
of the vector field coefficient jets by

_ (ALHT (€D
(U A(B)

The minimal infinitesimal determining system of Gy, is

gizoa 1=1,...,p, 35207 a,f=1,...,q,

ko (4.2.2)
* a—¢:La(ya¢(k))7 a:]-a"'7Q7

O (yp)k
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Note that the order of the symmetry group G;, is equal to the order of the
linear system (4.0.3). The lift of (4.2.2)) implies the linear relations

=0, i=1,...,p, Vs =0, a,B=1,...,q, (4.2.3a)

Viyr = LO(Y,v®),  a=1,...,q, (4.2.3b)

among the Maurer—Cartan forms of order < k. The system of equations
(4.2.3) implies that the differential forms 15:,, 0 < #.J < k, are the only
nonzero Maurer—Cartan forms of order < k. For n < k all the Maurer—Cartan

forms v5:,, 0 < #J < n, are linearly independent. Hence the symmetry group

Gr, has
")
q
n
linearly independent Maurer—Cartan forms of order at most n < k. At order
k, the system of equations (4.2.3b|) expresses the ¢ Maurer—Cartan forms

1 —_—

Viyps - -+ l/gyp in terms of the remaining Maurer—Cartan forms v*). Thus

p+k B
q L q

linearly independent Maurer—Cartan forms of order < k. Since the system

there are

(4.2.3Db)) is in Kovalewskaya form, each prolonged equation

Uiy oy :D{/(LQ(Y, v(k))), a=1,...,q, #J>0,

introduces a new linear relation among higher order Maurer-Cartan forms.

Hence for n > k, there are

. Kp:;n) B (ern(ﬁ;k)ﬂ
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linearly independent Maurer—Cartan forms of order < n. In summary

q("tm) if0<n<k-1,

n

[0 0] nzk

n n—k

dim p"M[H]|, = (4.2.4)

Remark 4.5. Equation (4.2.4) is false if p = 1. Indeed, if p = 1, we have
vy = LY, /571,

which implies, by prolongation, that all Maurer—Cartan forms of order greater
or equal to k can be expressed in terms of Maurer-Cartan forms of order
less than k. This means that the symmetry group is finite-dimensional and
dim p**) = dim p® for all 1 > 0.

Finally, the commutativity property of the symmetry group Gy, is reflected

by the Maurer—Cartan structure equations
dp™ [[H]HQL =0, n > k.

Theorem 4.6. Let G be a k-th order tame Lie pseudo-group acting on an
m-dimensional smooth manifold M. The Maurer—Cartan forms associated
with G satisfy the

1. dimensional property

q("t™) if0<n<k-1,

n

a[(7) = (R5N] e >k

n n—k

dim ™ [H]|g = (4.2.5)

withp=m —q>1,

2. and structural property

duM[H]|g = 0,
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if and only if there exists a local system of coordinates

on M such that the pseudo-group action can be written as
Y =y, V =v+g(y), where Llylg=0

is a k-th order normal system of ¢ independent linear partial differential

equations.

Proof. The discussion preceding the theorem proves the necessity. To prove
the sufficiency we exploit the infinitesimal interpretation of the Maurer—
Cartan structure equations discussed in Section

The number of linearly independent zero order Maurer—Cartan forms
equals the dimension of the group orbits on M, [68]. Since dim p[0] = ¢, in

a well-adapted coordinate system

there exist, locally, ¢ linearly independent infinitesimal generators of the
group action of the form

0 0
Vi :gl<y7v>w7 ERC) Vq :gq<y,v>%, (426)

with ¢® # 0, a = 1,...,q. Expanding the vector fields (4.2.6)) in Taylor series
in the neighborhood of a point (yg,v9) € M and truncating at order k, we

obtain

k
o (y = 90)” (v—w)"* 0
Vo = Z 95,1 (Yo, Vo) 7] K 9o’ a=1,...,q,
#JI+#K=0 ' :
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where

a ( v ) = alga(ymvo)
9.,x\Yo, Vo (Oyt)it - (OyP)i” (Qvt)st - - - (Qv)s"’

= #J + #K.

Condition 2 of the theorem implies that the vector fields 0,1, ..., 0y com-

o 0
O_[%7W:|a Oé,ﬁ—l,...,(].

mute:

It also implies the equalities

9 - (y = o)’ (v —v0)"\* 9
0= —,Vk:| = gﬂ Yo, U , (427
bw = 2 e ) TR g (42T

a,B = 1,...,q. The equations (4.2.7) are satisfied provided K = 0, i.e.,
the vector field coefficients ¢', ..., g¢ do not depend on the coordinates v =
(v',...,v?). Thus the infinitesimal generators ([4.2.6]) reduce to

0 0

Vi :gl(y)wv BRI Vyq :gq(y)% (428)

Let v* = A(g%), a = 1,...,q. Note that vy}, =0, o, 8 =1,...,¢, since the
g® do not depend on v. The dimensional constraint

ﬁmumﬂﬂbzqczn> n <k,

implies that the Maurer-Cartan forms vy,, 0 < #J < k — 1, are linearly

independent. The requirement

. +k
dim u¥Lllg =o(" 7 ) -4

is satisfied if and only if there exist ¢ independent relations

—_—

v = L (Yo®),  #Jl=k I=1,...4q (4.2.9)
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where v(*) denotes all the Maurer-Cartan forms of order < k that do not
appear on the left-hand side of (4.2.9)). To satisfy the dimensional constraint
(4.2.5) for all n > k, no two o' can be equal. Indeed, if it were the case we

would have two linear relations of the form

—_— —

v = L3(Y.0®), v = L3(Y,0®)

with J # I, and by choosing two multi-indices A, B such that

—_—

DALY, v®)) = 12,00 = 1815 = DE(LE(Y, v®))

we would obtain the inequality

. n p+n p+n—~k
iy 1als > a(* ") a5

for n = #J + #A = #I + #B. Thus system (4.2.9)) is of the form

Vyse = LYY, vR), a=1,...,q, #J = k. (4.2.10)

Equation (4.2.10) comes from the lift of

Qe = L (y, o¥), a=1,...,q, #J=k. (4.2.11)

which is obviously nondegenerate. It is also locally solvable since the pseudo-

group is assumed to be tame. Hence the linear system (4.2.11)) is normal. [

Theorem 4.7. Let A(z,u®)) = 0 be a nonlinear system of ¢ functionally
independent partial differential equations in p > 2 independent variables and
q dependent variables. Suppose that the system admits a symmetry subgroup
satisfying the properties of Theorem [1.6], then it can be mapped to a linear

system of partial differential equations by a change of variables.
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4.2.1 Lie Sub-Pseudo-Groups of a Lie Pseudo-Group

For a system of differential equations it is not difficult to determine the
Maurer—Cartan structure equations of the whole symmetry group. The in-
finitesimal determining equations of the symmetry group are obtained using
Lie’s algorithm and the Maurer—Cartan structure equations follow from the
theory discussed in Section 3.1} From the lifted infinitesimal determining
equations and the Maurer—Cartan structure equations it is generally difficult
to determine which sub-collections of Maurer—Cartan forms come from sub-
pseudo-groups of the whole pseudo-group. Cartan developed an algorithm to
deal with this problem in the context of his structure theory, [18]. But as it is
frequently the case, his solution is difficult to understand. A similar solution
must exist in the context of the structure theory discussed in Section [3.1] In
this section we outline some of the first steps towards a complete solution.
As we will see some important questions still need to be answered.

We start by restricting our attention to finite-dimensional Lie group ac-
tions. Let GG be an r-dimensional Lie group of transformations with lifted

infinitesimal determining system
LO(Z, ™)y = 0. (4.2.12)

Let
be a basis of Maurer—Cartan forms with structure equations
Ay = Y Clpgthy Mty =1, (4.2.14)
1<j<k<r

Assume that H C G is a Lie subgroup of dimension s < . Then there exist
r — s linear relations among the Maurer—Cartan forms (4.2.13). Without loss
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of generality we assume that those relations are of the form

:uf:*l) :Clerl(Z):u’%n*) +oet C§+1(Z)/[(§n*)7
(4.2.15)

The coefficients C*(Z), i = 1,...,s, « = s+ 1,...,r, are not arbitrary,
they must satisfy two systems of equations. Substituting the linear relations
into the lifted infinitesimal determining system gives a sys-
tem of differential equations for the coefficients C{*. This system of equations
should be considered as being equivalent to the system of differential equa-
tions |18, p. 752, eq. (4)] obtained by Cartan. Next, the requirement that
d? ,uén*) =0,i=1,...,s, gives a second system of algebraic equations for the
C¢ which is analogous to the system of equations |18, p. 752, eq. (3)]. If it

is not possible to find coefficients C¢ satisfying the above requirements then

we conclude that the Maurer-Cartan forms u%

ey - My are not those of

a Lie sub-pseudo-group.
If a solution exists there are still some open questions that need to be

answered:

e The linear relations (4.2.12)) and (4.2.15) come from the lift of some

infinitesimal determining system. Is this infinitesimal determining sys-

tem integrable and locally solvable?

e The solution might not be unique. For different values of C}* do we

obtain non-isomorphic Lie sub-pseudo-groups?

e [sthere an algorithm to systematically obtain all Lie-sub-pseudo-groups

of a given Lie pseudo-group?

Example 4.8. We consider the action of the projective group PGL(2,R) on

RP! given by
ar + 3
X = m, Oé5 — 6’}/ =1.
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The lifted infinitesimal determining system for this transformation group
is, 88|,
UXXX = 0. (4216)

Thus the Maurer—Cartan forms p, px, uxx form a basis of invariant differ-

ential forms and their Maurer—Cartan structure equations are

dp = px A p,
dpx = pxx A,
duxx = pxx N px.

Suppose we search for a subgroup of transformations such that
pxx = C(X)u+ D(X)pux. (4.2.17)
Substituting into (4.2.16)) we obtain the equation
0=Dx(uxx) = (Cx +CD)u+ (C+ Dx + D*)ux.

Since p and px are linearly independent Maurer—Cartan forms we conclude

that the coefficients C' and D must satisfy the system of equations
Cx +CD =0, C+ Dx +D?=0. (4.2.18)
The system (4.2.18)) is equivalent to
C =—-Dx — D?, Dxx +3DDx + D?*=0.

An obvious solution to this system of differential equations is C' = D = 0.
For D(X) # 0 we obtain the solution

2 2¢1/9 X 2 2¢1/9
_ € ( + 62) , C(X) — € ,
3+ e21/9(X + ¢9)? 3+ e21/9(X + ¢9)?

D(X) (4.2.19)
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where ¢; and ¢, are two constants of integration. Using MATHEMATICA

we verified that the infinitesimal determining equation

26201/9 26261/9(X +02)

€I/<=T> - _3 + 62cl/9(X + C2>2£(l’) + 3+ 62c1/9()( + 02>2 /(l')

has a solution[]
Under the substitution (4.2.17)) the structure equations for p and px

reduce to
dp=px A, dpx = D(X)ux A p, (4.2.20)

By transitivity of the group action we can fix X to any convenient constant.
From (4.2.19) we choose to set X = —cy so that D(X) = 0. Then the
Maurer—Cartan structure equations are isomorphic to the structure equations

of the two-dimensional transformation group
X =oax+ 0, acRT, 6 eR. (4.2.21)

Note that it is also possible to get rid of D(X) in the structure equations

(4.2.20) by redefining px to be
fix = px — D(X)p.

Remark 4.9. The result of our computations in Example is an illus-
tration of the well-know fact that, up to a local isomorphism, every two-

dimensional connected group acting on R locally effectively is locally equiv-

alent to (4.2.21)), [82].

A similar discussion holds for infinite-dimensional Lie pseudo-groups. But
an aspect to be careful with is that the order of a Lie sub-pseudo-group can

be greater than the order of the pseudo-group in which it is contained.

I'We do not write down the solution since we do not need it and it would take too much
space.
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Example 4.10. The diffeomorphism pseudo-group D(R) is a Lie pseudo-
group with empty determining system. On the other hand, the subgroup of
translations

X =x+a, a € R,
is a sub-pseudo-group of order one with defining system X, = 1.

Let 'H be an n-th order Lie sub-pseudo-group contained in a Lie pseudo-

group G of order n*. Let
L™ (Z, u®) =0, (4.2.22)

be the lifted infinitesimal determining system of G*), where k = n if n > n*

or k=n*in<n* Let
Tk

1

be a basis of Maurer—Cartan forms of order less or equal to k. As we did with
Lie groups of transformations, we assume that r;, — s Maurer-Cartan forms

become linearly dependent when restricted to the sub-pseudo-group H:

wimt = Oy (D gy + -+ O H D)y,
(4.2.23)
Higy = ka(Z)M%k) + o+ O (2 -

Substituting (4.2.23)) into (4.2.22)) gives a system of differential equations for
the CH*(Z), a=s+1,....r,, i =1,...,s. Let Z(k)(Z, p®)) = 0, be the new
system of lifted infinitesimal determining equations obtained by adding to

(4.2.22)) the relations (4.2.23). Then the Maurer—Cartan structure equations
for the Lie sub-pseudo-group H are

(du[H] = Vap[H] A #[[H]])Z<oo>(z,u<oo>):o-

The requirement that d?> = 0 induces a second system of equations for the
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coefficients C¢(Z).

Example 4.11. We consider the diffeomorphism pseudo-group D(R), and we
search for a Lie sub-pseudo-group generated by three Maurer—Cartan forms

W, p1, and po. It is enough to set
ps = C(X)pu+ D(X) + E(X)po.

as the Maurer—Cartan forms py, k > 4, are recovered by Lie differentiating
s with respect to Dy. Since the determining system of D(R) is empty, the
only compatibility conditions on the coefficients C', D, and F come from the
structure equations. Recall from Example that the structure equations
for p, py and po are

dp = A p,
duy = ps N, (4.2.24)

dppe = piz A pe+ pio A pin = Dpn A+ Epig A pe+ pio A .
Since
0=d’ty = Epa A A pua,

E = 0. The identities d?yu = d?u; = 0 do not impose any restrictions on C
and D, so
ps = C(X)p+ D(X)p,

and the structure equations (4.2.24)) reduce to

dp = A p,
dpy = pg A i, (4.2.25)

dpy = D(X)py A+ g A pia.

If we set C(X) = D(X) = 0 the structure equations (4.2.25) reduce to
those of PGL(2,R). In fact for any admissible choice of C'(X) and D(X) the
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Maurer—Cartan structure equations (4.2.25)) must be isomorphic to PGL(2,R),
[82].

Example 4.12. As a further example we consider the Lie pseudo-group
(2.5.1) of Example 2.46, The first order lifted infinitesimal determining sys-

tem for this Lie pseudo-group is
fy = pg =y = pp =0, = pk, o pt =k (4.2.26)
It follows that a basis of Maurer-Cartan forms is given by
ks T k> 0. (4.2.27)

The Maurer—Cartan structure equations are

n

n €T €T
dpxn :Z (l-),uxiﬂ A Hxn—iy

=0
n—1
d,ug(n =M§n+1 AP 4 pxenea A p¥ + Z {(z) — (i—l— 1)} ,ug(iﬂ N Wn—i.
=0

We search for a sub-pseudo-group generated by the Maurer—Cartan forms

Thus we set

p =" CHX,Y, U,
k=0

for some n > 1. The linear relation uf, = 0 in (4.2.26) implies that the
coefficients C* do not depend on U. On the other hand the equation 1, = u%

implies

(Cy — Vs + CYp™ + Copis + Cppits + - + Cppin = 0.
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Hence the coefficients C°, C?,C3,C*,...,C™ do not depend on Y and C* =
Y + C'(X). This means that

n

wo= Yk 4y CF(X) k.
k=0
We note that the structure equations for the Maurer—Cartan forms p%, are
those of the one-dimensional diffeomorphism pseudo-group. Thus for ad-
missible functions C°(X), ..., C"(X) the sub-pseudo-group is isomorphic to
the one-dimensional diffeomorphism pseudo-group. The sub-pseudo-group

corresponding to the case C*(X) =0, k=0,1,...,nis

f"(x)

X = f(x), Y = f'(z)y, U=u+ o)

4.2.2 Application of the Linearization Theorem

Though the theory of Section is far from being complete it can nev-
ertheless be successfully used to give an illustration of Theorem [4.7] As an

application, we consider the potential Burgers’ equation
Ly
Uy + 5%« — Uy = 0. (4.2.28)
Let

0 0 0
vV = f(xatu)% + T(xvtu)a + ¢($7tau)%

be an infinitesimal symmetry generator of (4.2.28)). Then it is a solution of

the infinitesimal determining system

T, = 0, Tu = 0, & =0, T — 2&, =0,

1 (4.2.29)
2¢t2 + (br + gt = 07 ¢uu + §¢u - 0, Qba:gg — (bt =0.
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At the Maurer—Cartan level we have, taking the lift of (4.2.29)), the linear

dependencies

py =0, py=0, pp=0,  pr—2u%x =0,

(4.2.30)
2upx + py + pp =0, u"éU+§u}§=0, Wxx — = 0.
It follows that the Maurer—Cartan forms.
x x t t t u
oy K, My K, K, Krrs <4 9 31>
,u%k; N%k}( k> 0,

form a basis. We do not write down their structure equations since they take
too much space. The facts that the differential forms p%  and p% are related
by the heat equation p% y — p = 0, and that the the set of Maurer-Cartan

forms
{Wss Wxps 15 > 0} (4.2.32)

is infinite-dimensional suggest that the Maurer-Cartan forms (4.2.32) are
good candidates for Theorem [4.7] Let

py =C(X, T, U)p* + D(X,T,U)px
+ E(X7 T7 U):uqil{ + F<X7 Tv U):UuXT + G(Xa Ta U)M%Ta

Substituting those linear relations into (4.2.30) we find
1
C:_Q’ A=B=D=F=F=G=0.
Thus we are left with the lifted infinitesimal determining equations

1
pr=p =0 pptopt =0 pxx—pr=0 (4.2.33)
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The Maurer—Cartan valued Taylor series satisfying (4.2.33) is

x> H23+1 H2j Hi
H,, H, i — " —teHu/2
W[ He H zz{u | B

(4.2.34)
The solution (4.2.34]) satisfies the dimensional requirements of Theorem
and
du“[H,., H;, H,] = 0.

Hence we conclude that Burgers’ equation can be mapped to a linear partial
differential equation by an invertible change of variables. This is a well-known
result, [10,81]. By the Hopf-Cole map

(s,y,v) = (t,x, 26“/2),

the potential Burgers’ equation is mapped to the heat equation (3.1.15]).
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Chapter 5

Equivariant Moving Frames

5.1 Lifted Jet Bundle

A local diffeomorphism ¢ € D(M) preserves the contact equivalence relation
between p-dimensional submanifolds S C M, |1,81], thus it induces an action
on the extended jet bundle J" = J"(M,p), known as the n-th prolonged
action. The chain rule implies that the n-jet of the transformed submanifold
depends only on the n-jet of the diffeomorphism. Hence the action of the

diffeomorphism jet groupoid D™ on J” given by

jn¢|z 'jnS|z :jn((b(‘s)”qﬁ(«’«*) (5‘1‘1>

is well-defined. It is convenient to combine the jet bundles D™ and J” into
a new bundle £™ — J", obtained by pulling back the bundle D™ — M via
the standard projection 7§ : J* — M. This new bundle is called the n-th
order lifted jet bundle.

For k > n we let 7¢ : €8 — £M denote the projection induced by

7k Jb — J" and 7F . DX — DM, Points in £®) are pair of jets

(]ns|z7jn¢|z) S Jn X D(n)
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such that 7% (jn¢|.) = 74(juS|.) = 2 € M. The local coordinates on £™
are indicated by Z™ = (2", Z™) where 2™ = (z,u™) are the usual
local coordinates on J" and Z(™ = (X® U®™) are identified with the fiber
coordinates of the diffeomorphism jet bundle.

The combined actions of local diffeomorphisms on submanifold jets
and on diffeomorphism jets induces an action of D™ on the bundle
EM | called the lifted action:

jnw’z : (]nS‘Z7jn¢‘z) = (]nw(s)‘w(z)7]n(¢ o wil)yw(z)) (512>

The n-th order lifted jet bundle £M™ has a groupoid structure induced by
that on D™:

where the source map ﬁ(n)(z("), Z™) = 2" is the projection onto the first

factor and the target map is the prolonged action of D™ on J":
(X, 0™) = Z =7 (zm) = 7 . (), (5.1.3)

Hats are added over the target submanifold jet coordinates to avoid con-
fusion with the diffeomorphism jet coordinates. The entries of the target
map are invariant under the lifted action . In analogy with the finite-
dimensional moving frame theory, [38.39], the entries of the target map are
referred to as the lifted invariants. In local coordinates, the target map

coordinate functions encode the implicit differentiation formulas
Ug = F3(z™, 2M) = F(z,u™, X 7™) (5.1.4)

for the jets of transformed submanifolds. We now explain how to systemati-
cally derive the expressions F'¢(x,u™ X™ M),
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The bundle structure &> : £(0) — jo splits the cotangent bundle
T*£(°) into jet and group forms, spanned, respectively by the jet forms,

consisting of the horizontal and contact one-forms
dz’, “, i=1,...,p, a=1,...,q, #J >0,

for the submanifold jet bundle J*°, and the group forms (3.1.1)) coming from
the diffeomorphism jet bundle D). This induces a splitting of the differen-

tial on £(>) into jet and group components:
d=dj+dg,

where the jet component furthermore splits into horizontal and vertical com-
ponents:
dy=dyg +dy.

The identity d* = 0 implies the equalities

&= = = % =0,
dydg = —dgdy, dgdy = —dydy, dpgdg = —dgdy, dydg= —dgdy.

The horizontal differential of a function F : £() — R has the local coordi-

nate formula

p
dyF = (D, F)da’,
j=1
where
xJ_ID)WLZ uDye + Y Jja i=1,....p,
#J>1 uy

are the lifted total derivative operators on €. The local coordinate formula
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for the vertical differential is

q
dyF =" |(DueF)0 + > a]zef;

a=1 #J>1 Ouj
while the group differential is
& oF _,
doF =3 > —5Th
b=1 #A4>0 A

The target independent variables X* on £(*) are used to construct the

lifted horizontal coframe

p p q
dyX' =Y (DpX')da’) =) (X;j + ZU7X;Q> da? | (5.1.5)
j=1 j=1 a=1
1 =1,...,p. In local coordinate computations, to ensure that the one-forms

are linearly independent, we restrict our considerations to the open
dense set where the Jacobian determinant det(D,; X*) is not zero. This ex-
cludes the submanifolds which do not intersect the vertical fiber transversally
when acted on by the diffeomorphism jet. Those manifolds can be taken care
of by considering a different system of local coordinates. The formula
p
dyF = (Dx:F)dy X',

i=1

serves to define the lifted total differential operators
Dxi =Y W/D,,  where (W/)=(DuX7)" (5.1.6)
j=1

is the inverse of the total Jacobian matrix. By successively differentiatingl]

!The differential operators ([5.1.6) commute, so the order of differentiation is irrelevant.
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the target dependent variables U® with respect to the target independent
variables X’ we obtain explicit expressions for (5.1.4)):

U5 = DYU* = (Dxa V" -+ (Do 'U. (5.1.7)

5.2 Equivariant Moving Frames

Let H™ C £ denote the subgroupoid obtained by pulling back G ¢ D™
via the projection 7 : J* — M. The groupoid structure on H(™ is induced

by that of £™. A local coordinate system on H™ is given by
(z,ul™, g™)

where ¢ = (g',...,g™) are the fiber coordinates of the Lie pseudo-group
G™ over the base point z = (x,u) € M. The explicit expressions of the
target map coordinates 7™ : G — M are obtained by restricting the
target map coordinates of the diffeomorphism pseudo-group to the
solution space of the defining equations (2.3.3):

?(n) (ZE, u(”), g(n)) = ( .. ,Xi, cee ,D)J(Ua, .. ')|F(")(z,Z(")):O-

Definition 5.1. A (right) moving frame p™ of order n is a G™ equivariant
local section of the bundle H™ — J” i.e., p™ : J* — H™ satisfies

P () . 2y = oMY (g1 for all g™ € g,

with z = 77 (2(™) and groupoid inverse (¢(™)~! € g(")|.,<n)(z<n)7g<n>), such that
both 2™ and ¢™ - 2™ lie in the domain of definition of p(™.

Theorem 5.2. Let G be aregular Lie pseudo-group acting on an m-dimensional
manifold M. If G acts locally freely at 2™ € J” for some n > 0, then it acts
locally freely at any z(®) € J* with 7%(2®)) = 2 for k > n.
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Proposition 5.3. Suppose G acts locally freely on V" C J" with its or-
bits forming a regular foliation. Let K™ C V"™ be a local cross-section to
the pseudo-group orbits. Let U™ C V" be a neighborhood intersecting the
cross-section K" such that G™ acts freely on U"™. For 2 e Y" define
p™ (™) € H™ to be the unique pair of jets such that a(p™ (z™)) = 2™
and T(p™(2™)) € K. Then p™ : J* — H™ is a moving frame for G™.

?(n)(p(z(”))) g(N) . ()

Kn 2 =g (M) (1)) = (6™ (™))™

Figure 5.1: Moving frame.

In applications, a moving frame of order n is obtained by normalizing the
group jet coordinates g™ = (g',...,¢"). The normalization procedure is

given by the following steps:

1. Using Formula (5.1.7) and taking their restriction to the solution space
of the defining system (12.3.3)), write out explicitly the n-th order target

map coordinates

(X, U™) = PO (g, 4™, g™), (5.2.1)
2. Choose 1, components from ([5.2.1]) so that the normalization equations

Pe(z,u™, ¢™) = ¢, k=1,...,r,, (5.2.2)

for some well-chosen constants ¢, form a cross-section to the pseudo-

group orbits in V.
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3. Solve the normalization equations ([5.2.2)) for the pseudo-group param-

eters in terms of the submanifold jets (z,u™) € V™
g™ = g™ (z, u™). (5.2.3)

n

4. The n-th order moving frame p™ : J» — H® is locally given by

p(n)(x7 u(n)) — (x,u("),g(”)(x,u(”))).

Definition 5.4. A moving frame p* : J* — H® of order k > n is
compatible with a moving frame p™ : J* — H™ of order n provided
7k o p*) = p(M o Tk when defined. A complete moving frame is a collec-

tion of compatible moving frames of all orders k£ > n*.

In applications we work with compatible moving frames so that they can

be constructed incrementally.

5.3 Invariantization

Once a moving frame has been determined for a Lie pseudo-group G, it is
possible to define an nvariantization map which assigns to any differential
form w € T*J> a right-invariant differential form on 7™ J>.
Let
Ty QEC s (g (QFT>)

be the natural projection which annihilates the contact ideal generated by
the group forms (3.1.1)) of the diffeomorphism pseudo-group D(M).

Definition 5.5. Let p(>) : J* — H() be a complete moving frame. The

wnvariantization of a differential form w on J*° is the jet form

Uw) = (PN [ (F)w)]. (5.3.1)
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Note from the definition that if w is already invariant, then ((w) = w.

Thus the invariantization map is a projection map in the sense that
=1 (5.3.2)

The invariantization map can be given a geometrical interpretation. The
invariantization of a differential form is the unique invariant differential form
that has the same value when restricted to the cross-section defining the
moving frame. In the particular case of a zero-form, namely a differential

function f : J* — R, the invariantization map reduces to

(M) = (PVIEE) () = fE (P ())).

Of particular importance is the invariantization of the jet coordinate func-

tions on J°°:
H =", i=1,....p, I$=1u3), a=1,...,q, #J>0. (53.3)

The invariants ([5.3.3)) are referred to as the normalized invariants. Also the

invariantization of the basic jet forms are denoted by

@' = (dx?), 1=1,...,p,

(d') (5.3.4)
V5 = 1(09), a=1,...,q, #J > 0.

Given a differential invariant

I= f(:L‘,u(n)),

it can easily be written in terms of the normalized invariants (5.3.3) using
property (5.3.2)) of the invariantization map:

I = u(f(z,u™)) = f(H,IM). (5.3.5)
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The equality is referred to as the replacement principle. A differen-
tial invariant is expressed in terms of the normalized invariants simply by
replacing z’ by H' and u$ by I.

In terms of the invariant jet forms we split the pull-back of the
Maurer—Cartan forms by a moving frame p(*) into horizontal and

vertical components:

(PN sy = 7y ((p°)* %) + (P %) = v + 5.

5.4 Recurrence Formulas

Definition 5.6. A differential operator D is said to be an invariant differ-
ential operator if when applied to any (non-trivial) differential invariant the

output is again a differential invariant.

A convenient basis of invariant differential operators
D,...,D, (5.4.1)

is the one given by the dual vector fields to the invariant horizontal forms

AV

p
dF = Z(DiF)wi mod (invariant contact ideal),

=1

valid for any differential function F' : J* — R. We note that the invari-
ant differential operators can be obtained from the lifted differential
operators by substituting the pseudo-group parameters with their
normalization (5.2.3). But while the lifted differential operators do
commute, the invariant differential operators generally do not. Their



5.4 Recurrence Formulas 101

commutator relations are of the form

p

[D:,D;] => YDy, i j=1,...,p, (5.4.2)

k=1

where the coefficients Y% are certain differential invariants, called commutator
invariants, [90].

The invariantization map and the exterior differential operator on jet
forms do not commute in general. For example, if the independent variable

2% is normalized to a constant value ¢ then
0 # @' = u(dz") # di(z") = dc = 0.

The key result of this section is the universal recurrence formula for invari-

antized jet forms.

Theorem 5.7. Let p(>) : J* — H(*®) be a complete moving frame and w a

differential form on J*°. Then
di(w) = 1(dw + v (W)). (5.4.3)

In its full generality, equation (5.4.3) plays a fundamental role in the
theory of invariant variational bicomplexes [56,57]. In this thesis, we will
only be interested in the horizontal component of (5.4.3)).

Remark 5.8. An order convention needs to be respected when computing
the correction term ([v(>)(w)]. The vector field jet coordinates in v(°)(w)

must always be at the left of the jet forms

vy =" 3" el w W € QXTI (5.4.4)

b=1 #A<n
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so that

=30 3 () Al

b=1 #A §n
As we did in Section the vector field jet coordinates must be interpreted

as differential forms and the product (4w must be understood as the wedge

product in order for the equality
(P uly A ulwly) = () = (=DFu@hCh) = (1) u(wh) A (p)) 1y

to be true.

Lemma 5.9. The recurrence relations for the normalized differential invari-

ants (5.3.3)) are

dH' =i(dr' + &) =o' + (&), i=1,...,p,

dI§ =u(dus + ¢)) = (Z ufda’ + 05 + ¢’J> (5.4.5)

=1
p .
= 15 + 05+ u(e)),
i=1
a=1,...,q, #J>0.

Taking the horizontal projection s of (5.4.5)) we obtain the key relations

needed to study the algebra of differential invariants.

Theorem 5.10. The horizontal components of the recurrence formulas (5.4.5))

are
L . . . .
Z(DjHl)wJ =w' + ', i=1,...,p,
) - (5.4.6)
Y (DI = 15,7+, a=1,...,q, #J>0.
j=1 j=1

where v/ = my,((€")) and & = T7(u(87)).
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The differential forms 1%, ¥/ are certain linear expressions of the invari-
ant horizontal forms w’, and are called correction terms. Once the correction
terms are determined, the equations give identities relating the nor-
malized invariants H’, I and their invariant derivatives D;H', D,;I§. A
remarkable fact about equations is that the correction terms can be
obtained without knowing the explicit expressions for the normalized invari-
ants, the invariant horizontal forms and the invariant differential operators.
Once a complete moving frame has been determined, the correction terms are
found using only algebraic manipulations. Each phantom differential invari-
ant is, by definition, normalized to a constant value, and hence its invariant
derivatives are zero. Therefore, the recurrence relations for the phantom in-
variants form a system of linear equations for the horizontal component of
the pulled-back Maurer—Cartan forms v4. If the pseudo-group acts locally
freely on J", then it is proven in [90]| that those equations can be uniquely
solved for the one-forms v of order < n as invariant linear combinations of
the invariant horizontal forms w®. Substituting the resulting solution into
the remaining recurrence relations of yields a complete system of re-
currence relations for the non-phantom differential invariants.

The universal recurrence relation ((5.4.3)) is also used to obtain the com-
mutator invariants Y;’; appearing in (5.4.2). If we let w in be one
of the horizontal forms dx* then the horizontal component of the recurrence
relation yields

dyo® = — Z Y;;“wl A,

1<i<j<p

from which we can read the commutator invariants Y.
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5.5 Infeld—Rowlands Equation

As a first application of the theory exposed in Sections [5.1}5.3] we charac-

terize the differential invariant algebra of the Infeld-Rowlands equation
Arg = U + 2Up Uy + Uggpy + Uy = 0. (5.5.1)

This equation appears in the study of soliton stability of the Landau—-Ginzburg
equation, [47]. Let

0 0 0 0
vV = §(I7y7tvu)%+n(x7yat7u)a_y+T('T7y7t7u)a+¢(x7y7tuu)%7 (552>

be an infinitesimal symmetry generator of (5.5.1). From Lie’s algorithm,

[81,82], we obtain the infinitesimal determining system

,St:é“u:(]’ gzngxyzoa 77x:7)t:77u=0,
ny = 3, Ty =Ty =Ty =0, T = 4, (5.5.3)

¢u = _gcm ¢x = 161/7 ¢t = _lgyy-

2 2

The solution to the system of equations (5.5.3]) was found in [36]:

5 x’y7t7u :)\'T+f<y>7

( )
n(x,y,t,u) =a+ 3\y,

( )

( )

(5.5.4)

T(x,y,t,u) =€ + 4\,

Ef”(y) +9(y),

¢ x,y,t,u :_)‘u—{_gf/(y)_ 9

where A, «, € are constants and f(y), g(y) are analytic functions. Exponenti-
ating the infinitesimal generator (5.5.4)), [81,82], we obtain the pseudo-group
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action
X = xx+ F(Y),
Y =Xy +a,
T =\t + e, (5:5:5)
X T
U :% + SFY) = SP'(Y) +GY).

The lifted horizontal coframe associated to the pseudo-group action (5.5.5))

18
dgX = Mz + )\3F’(Y)dy, drY = Agdy, dyT = Mdt. (5.5.6)

Dual to the lifted horizontal coframe ([5.5.6) are the lifted total differential

operators

1 1
Dx = —D,, Dy = F(—)\QF’(Y)DQC + D,), Dp = FDt. (5.5.7)

The prolonged pseudo-group action is obtained by repeated applications of
the differential operators (5.5.7) to U:

~ U 1
=24 _F(Y
Ux =5 +5F(Y),
~ U U X T
= _—Z2F(Y L4 F"Y)==F"(Y "Y
-~ Ut 1
Ur=5 =3,
73 (s
XX:F7
-~ Ugy Ugy 1,
Uxy 13 ()+)\5+2 (Y),
~ U U U X T
— Z'Q?F/YQ_Q CU:’/_l_?/}/ yy _F//IY __F////Y //Y
Oyy = =2 F(Y) = 252 P/(v) + 2 4 S F"(Y) = SF"(Y) + G'(Y),
o~ /U’JJ
UXT_/\_Gtv
UTT_Utt
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~ Uy u 1

Uyr = —55 F'(V) + 55 = 37,
- Uzzzs

UXXXX = Tv

A possible cross-section to the prolonged pseudo-group action is given by
Uxx=1 X=Y=T=U=Ux=Upypr =Uyr1 =0, k>0. (5.5.8)

Solving the normalization equations for the pseudo-group parameters we ob-

tain
A=ul?, = YU, = —tuy,
G'(Y) = _%, F"(Y) = 2%7

which is well-defined provided w,, # 0. Substituting the normalized pseudo-
group parameters ((5.5.9) into the transformed submanifold jet coordinates

yields the normalized differential invariants

Ug Ug U Uyt
Ly = t(ugy) =2 2/3 5/y3 5/3° Lioa = t(ug) = 5
Uy Ugzrs o
loo2 = t(uy) = —-, ce Iypo = —575
Tx Uxx

With the equivariant moving frame machinery at our disposition, the Infeld—
Rowlands equation ([5.5.1]) can easily be rewritten in terms of the normalized
differential invariants (5.5.10]) using the invariantization map

0=uArr)=lioo+liio=—7 (5.5.11)
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Remark 5.11. Any invariant system of differential equations
Az, u™) =0 (5.5.12)

can be rewritten in terms of the normalized differential invariants by invari-

antization:

Az, u™)) = A H, ... 1%,...) =0. (5.5.13)

But as one can notice from (5.5.11)), the left hand side of the original system
of differential equations ([5.5.12)) may only be relatively invariant, while the
left hand side of (5.5.13)) is fully invariant.

Substituting the normalized pseudo-group parameters (5.5.9) into the
lifted differential operators (5.5.7), we obtain the invariant differential op-

erators

1 1 1
1_/3Dm7 D2 - U_M(QUIDCE —+ Dy), Dg = m

D, = Dy (5.5.14)
We end this example by showing that the algebra of differential invari-
ants is generated by the invariants I 10, /101 and the invariant differential

operators ([5.5.14). The prolonged vector field coefficients (2.4.6)), restricted
to the kernel of the infinitesimal determining system (/5.5.3)), are

& = 5&y — 2, & = 6y — Ay — Gy,
8 =~ — St 6 = 3t

6 = S~ ety — Ethes, 6 = Ot

B = Oy~ Tty — Rty S =t

1
¢yt = _ééyyy - 8£a:uyt - gyuxta
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Introducing the notation

Vi = T O L(£y’“)7 Hi = T © L((byk)? k < 07 (5515>
v =7y o u(&), a = T 0u(n), B =m0 u(7),

to denote the horizontal components of the invariantization of the vector
field jet coordinates, the first few recurrence relations ([5.4.5)), restricted to

the cross-section (5.5.8)), are

0=w'+v,

0=w’+ Q,

0=+,

0= u,

0=w!+ Il,l,owz + 1170,1w3 + %Vl,
0=1I110w@" + 1,

0= [1,0,1w1 + 1.0,0,2733 - 51/27

0= [3,0,0w1 + [2,1,0w2 + 12,0,1733 -3,

3

1
E Dili1o=I10w" + Lpow® + [111%° + Jv2 501,07 — V1,
i—1

3

1 2 3
E Dilipy = Irp i + L111@0" + L1 p2@” — 611017,
i=1

0=1I100w@" + po — 211 1 01,

1 3
0=IL1w + Ip1w” — SV~ Lgavi,

3

1 2 3
E Diloo2 = Lipow + Ip12w” + ooz’ — 900,27,
i=1
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The recurrence relations for the phantom invariants are used to solve for the

one-forms (|5.5.15)):

v = _wla a = _w27 ﬁ = _w37 = 07
1 2 3 1
vi==2w + 10w + Lo1@"), = —hew,

Vo = 2(Il,o,ﬂﬂ1 + 10,0,2733)7

1
Y= g(]:a,o,ow1 + L1 0w° 4 Ir01@°), (5.5.16)
po = —Toow' — 4l 1 o(w" + 11 0w° + L1017°),

V3 = 21.1,1,1772 + 21.0,1,2723 + 41—1,0,1(7?1 + [1,1,0732 + [1,0,17?3),

Substituting the expressions ([5.5.16|) into the recurrence relations for the

non-phantom invariants of order two we obtain the recurrence relations

5
Dili10 =110+ o1 — 1100300+ 2,

3
5
Doli 10 =1120— 3 1,1,0l2,10 + 21110,
5
D3l 10 =111+ Ipp2 — 511,1,01.2,0,1 + 201,

Dilip1 =101 — 2110,1130,0,
Dolip1 =510 — 210,112, 0,
D3l =l102 — 211011201,
Diloo2 =102 — 310021300,
Dyloo2 =1loa12 — 310021210,
Dslo02 =003 — 310021201

From the above equations we can express the differential invariants I,

11,2,07 11,1,1, [2,0,1, 11,0,2, [0,1,2, [0,0,3 and [0,0,2 in terms of [1,1,0, [1,0,1 [3,0,0 and
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their invariant derivatives:

5
Iy o0=Dili1p— Lip1 + 511,1,0[3,0,0 -2,
5 5
Lioo=Dsli10+ 511,1,0 Dyl 10— 1iog + 51.1,1,0[3,0,0 — 2| =26,
Iy01 =Dilio1 + 211011300,
5
Liig=Dsliio— Ioo2+ 511,1,0(7)1[1,0,1 + 26 011300) — 2101,

Lioo=Dsl1 01 +20101(D1l101 +211011500),

5
Ip12 =Dslyo2+ 31pp2 (lel,l,o — 101+ 511,1,0[3,0,0 - 2) )

Inos =Dsloo2+ 3lo02(Dilio1 +211011500),
where

5
Ioo2 =Dsli10— Dalipy + 511,1,0(7)1]1,0,1 + 20 011300) — 2110,
5
—2ho1 | Dili1o — o1 — 511,1,0]3,0,0 —-2).
The commutation relations between the invariant differential operators
(5.5.14)) is used to express I3 in terms of I 19 and [, 1 and their invariant

derivatives. From the fundamental recurrence relation (5.4.3) we have

1 1
dyw' = — (5 2,10 2) @ A’ — 3 201@ A@’ +2N01%° A @,
de2 213’0,0?7/'1 VAN w2 - 12,(],177/'2 A w37
4 4
deg :g 3,070w1 A w3 + 51271’0?7/'2 VAN wS,

and conclude that the commutation relations for the invariant differential



5.6 Davey—Stewartson Equations 111

operators are

I
(D1, D] = ( 2;“ + 2) Dy — I300Ds, (5.5.17a)
1 4
(D1, D3] = 25,)0’191 ~3 3,00D3, (5.5.17b)
4
[D27 D3] - _2]1,0,1])1 + 1270,17)2 - g 2’1707)3. (5.5.170)

Applying the the commutation relation (5.5.17b)) to the differential invariant

I o1 we obtain

1 4
(D1, D5l 1101 = g(D1I1,o,1 + 20 011300)D11101 — §I3,0,0D311,0,1-

Provided that
I 01 D111 — 2Dsli 1 # 0,

which is generically the case, we can solve for I3 :

3
26 01D111 01 — 4Dsl1 01

I300 =

D1 2
([Dlap?,][l,o,l _ ﬂ) '

3

Since the correction terms for the recurrence relations of the non-phantom
invariants of order n > 3 involve differential invariants of order at most n,

the above discussion proves the following proposition.

Proposition 5.12. The algebra of differential invariants for the Infeld—

Rowlands equation is generated by

[17170 and 117071.

5.6 Davey—Stewartson Equations

As a second illustration of the equivariant moving frame theory we consider

the Davey—Stewartson equations. The Davey-Stewartson equations describe
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the propagation of two-dimensional water waves under the force of gravity
in water of finite depth, [30]. We restrict our attention to the integrable

version, [24]. In that regime the Davey—Stewartson equations are given by

_ e
Aps : W Ve + €y = O = g =0, (5.6.1)

Wy — €Wyy — a(|¢|2)yy =0,

where ¢(z,y,t) and w(x,y,t) are complex and real functions, respectively,
and e = £1, § = £1, a € R*. Setting 1 = u + iv, the system of equations
(5.6.1)) is equivalent to

AlDS = Up + Vg + EVyy — (5v(u2 + U2) —vw = 0,
Abg = =Vt + Uy + €Uy, — Su(u® + v*) — uw = 0, (5.6.2)

A = Wy — €Wy — 20 uny, + (uy)® + vvy, + (vy)?] = 0.

Let

0 0 0
v :£<x7y7t7uavaw)% + n($7y7t7u7vvw)a_y + T(x7y7t7u7vaw)§

0 0 0
+ (b(l’ayatauaU?w)% + 7<x7y7t7uvvaw)% + 5(%3/7@%%'@0)8_1”7

be an infinitesimal symmetry generator for the system of partial differen-
tial equations ([5.6.2)). By Lie’s algorithm, the coefficients of the symmetry

generator satisfy the infinitesimal determining system

Te =Ty =Ty =Ty = Ty = 0,
=&=8=8=0, 2L=m,
Mo =1Tu="nv=70=0,  2n=m, (5.6.3)
Ow =0, =20, = Ty, 200, = 2¢ + ury,
—2¢, = v&, —2¢, = evny, 2y = —uT — 2u,, B = Oyt
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The infinitesimal determining equations (5.6.3)) can be integrated, [24]. The

solution is

§=g(t) + f/;t) :

n=hn)+ 1y

;f(@u X (m(t) f”8(t) (22 + ) — g’ét)x B eh;(t) y) . (5.6.4)
y=~Eo (w0 - L ey - O - Ty )

p= —@(1’2 +ey?) — g;t)x - eh;( -

where f(t), g(t), h(t) and m(t) are analytic functions. The corresponding

Lie pseudo-group action is

T =F(t),
X =a'*(T)z + B(t),
Y ="} (T)y + C (1), (5.6.5)
¢ a’(T 2 2 b(T) C(T>
=an T eXp[ <8a(T (X*+ev?) 2a(T>X+2 (T)Y+E(T))}
N G B a'(T)*\ (X? +eY?)
|44 _a(T) ( (T) (T) 9 ) 8(12(T)

26/ (T)a(T) — b(T)a'(T) 2J(T)a(T) — e(T)d'(T)
- ( 12T ) * ( 122(T) ) v
oy PO AT

40*(T)  4a*(T)’
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B@)F"(1)
2F'(t)

C(t)F"(t)

HT) = b(T(1)) = B(t) - T

o(T) = c(T(t)) = C'(t) —

and E(t), B(t), C(t) are arbitrary analytic functions and F'(¢) is a local ana-
lytic diffeomorphism. The corresponding lifted horizontal coframe is spanned

by the three horizontal forms

dHT = G(T)dt,
"(T)X
dyX = a'*(T)dzx + (% + b(T)) dt,

ad(T)Y
2

dgY = a*?*(T)dy + ( - c(T)) dt.

Thus the dual lifted total differential operators are

1
~al2(T)
1
:G1/2(T) Dya
B 1 [(d(T)X 1
Dy = T ( + b(T)) Do+ =D,

a3/

DX Da:a

Dy
(5.6.6)

-~ a32(T)

To simplify the expressions of the transformed submanifold jet coordinates

we rewrite (5.6.5)) as

P .
v :al/Q—(T) eXp[ZC(vaaT)]v
W :a(wT) —E(T)(X? + eY?) — a(T)X — ex(T)Y + B(T).

With this notation we obtain

Gy =t expli¢(X,Y,T)] + Wi (

d(TVX  b(T)
o(T) " ) |

4a(T)  2a(T)
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= wy exple Vs G/(T)Y C(T)
Uy =y O Y T)] + eV (4a(T) +2a(T))’
g, [ pa@ 1 (a(DX

5 {_mg/zm - o ( ] +b(T)) b

_aQ(lT) (“/(T)Y + C(T)) by + L} exp[i¢(X, Y, T)]

2 a®/2(T)
a"(T)  (a(T))? 2, .y v'(T)  b(T)d(T)
i [(Sam 82(T) ) X+ e+ (2a<T> 22(T) )X
d(T) o(T)a(T) )

ve (gacry ~ “seny ) ¥ o)
Wy =— /QZ”T) +26(T)X + o(T)
Wy :ag/“;—sz) 4 26(T)Y + ey(T),
= a(T)w 1 ad(T)X
Wr =— (T - 72 (T) < 5 + b(T)) Wy

- a5/21(T) (a’(z)y + C(T)> wy + % +&(T)(X? + €Y?)
(

+ o' (T)X + &/ (T)Y + (1),

17 Wyy
Wixx Zm +24(T),

We choose the cross-section

V=1l  X=Y=T=U=W=20Ux=0Uy =Vp=0,

- - _ _ (5.6.7)
WXTk - WXXT’“ == WYTk == WTk - 07 ]C Z 0
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Solving the normalization equations we obtain

F(t) =0,

B(t) = — (u?® + v,
O(t) = — (u +0*) "2y,
a(T) =u® + v*,

b(T) =2 (Z’j: ‘U;‘)ﬁjy
o(T) =2 VUy — Uy

e(T) = arctan (%) :

, B 2
(D) =t oy
+ (v + v?) (g + vvy)],

2w, 2(vu, — uvy)
V(T) = CERDIE + (a2 £ 02y [2(vuy — uvy) (uuy, + voy,)

+ 2€(vuy, — uvy) (uuy, + vv,) — (u® + v*) (uuy + voy)],

2w 2¢(vu, — uvy)
/ y y y
c (T) (u2 02>1/2 + (u2 v2)7/2 [Q(qu uvx)(uum —i—vvm)

+ 2€(vuy, — uvy) (vuy, + vv,) — (u® + v?) (uu; + voy)],

2(uvy — vuy) (uuy + vu,) + 2€6(vuy, — uvy) (uuy, + vuy)

¢/(T) = w o (vug — uv,)? B 6(vuy — uvy)?
w2+ 02 (u2 + v2)3 (u2 + v2)3
AW 1
a’(T) = CETaE 2(vu, — uvy) (v, + vuy)
+ 2€(vuy, — uvy) (uuy, + vv,) — (u® + v*) (uu; + voy)],
2
v'(T) :m[(u2 + 0w, + 26(uvy, — vy )Wy, ],
2e

U 4 02 wiy + 2(Uuvy — VU )Way + (VU — UV )Wy

'(T) _m[(

+ 2€e(uvy — vy )wy,,
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Wy 2w
e'(T) = CEEREE + (2 1 07) [2(vuy — uvg) (U, + vuy)
+ 2¢(vuy, — uvy) (uuy, + vv,) — (u® + v?) (uuy + voy)]
6

B (u? +v?)3

(v — vy )w, + €(vuy, — uvy)w,],

which is well-defined provided u? + v? # 0. Substituting the normalized

pseudo-group parameters into the non-phantom differential invariants gives

oo _vu — Uy w (vuy —uvg)?  (vuy, — uvy)?
0. = ue) T2 42)? w4 (w202 ‘ (u? +v2)3 7
2 _ VU Uy 2 _vuy Uy,

g = t(vs) T2+ 02)32 Ioa,0 = tlvy) = (@ + 12)3/2

e
(vvy — uvy) (uuy +vvy) w4 VY,
e (u? +v2)3 202+ v2)?
Iy = t(uy,) | Ullyy — Ulyy (vvy — uvy)(uuy, + vuy)
2, (u2 + v2)?2 (u? + v2)3

(VU + vy ) (Vu, — uv,) Uy + VU

(u? + v2)3 B Ez(uz + 02)2’
2o VU Uy (VU — u,)?
200 = t(Vea) = (W2 + v2)? (2 + v2)3

2. (o) _vvyy oy, (vuy — uvy)?
0,2,0 vy (U2 + 1)2)2 (U2 + UQ)S )

Uy + VU
(u2 + v2)9/2
+ 2€(uvy, — vuy) (uuy, + vv,) + (u® + v?) (g + vvy)]
(uvy — Vg ) (Ulgy — VULy)

(u2 + 0v2)7/2
(uvy — vy ) (Wiyy + VUyy) Uy + VU,
(u2 + 02)7/2 (u2 + v2)5/2

[12,071 = 1(vy) =2 2(uv, — vug) (uu, + vo,)

+2

+ 2¢
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(uvy, — vuy)
(u2 + v2)9/2
+ (u? + v?) (uvy — vuy)],
w[l'
oo =) =0 e
Wyy . Wy
u? 4+ v?)? (u? + v2)%’

2(vu, — uv,)? + 26(vu, — uvy,)?

Ig,zo = L(wyy) :(

The Davey—Stewartson equations are related to the normalized invariants in

the following way:

vApg +ulhg

L(A}:)s) = 13,0,1 + [22,0,0 + E[22,0,0 —0= (u2 + 02)2 =0,
vAZL . — uAl
W(ADg) = 121,0,0 + 61_5,2,0 = (i§+ 02)2[)5 =0, (5.6.8)
3 3 2 2 \2 A3DS
L(ADS) = _5—[0,2,0 - 20‘[[0,2,0 + (10,1,0) ] = (2 + v?)? = 0.

The expressions for the invariant total differential operators are

1 1
Dy =i e Dy = b
Ptk 2 2)1/277Y?
(u EU ) (u? +v?) o (5.6.9)
Ds :mb(UUx - vuw)Daz + 2€(uvy - vuy)Dy + (u T )Dt]

We now analyze the algebra of differential invariants. In the following

equations we use the notation

MkZWHOL(ftk), VkZWHOL(Utk), (56 10)

ak:WHOL(Ttk)a CkZWHOL(%tk),

k > 0. The first few recurrence relations (5.4.5)), restricted to the cross-
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section (5.6.7)), are

0=o' +4,
0=w?+v,
0=w"+aq,

0=1Ijg, @+,

2 1 2
O - 17070w +1010LTJ 5061,
0= <17

3

2 i 72 1 2 2 2 3 2
E :Dill,o,ow —Iz,o,ow +[1,1,0w +[1,0,1w _11,0,00417
i=1

3
2 i 2 1, 72 2 | 72 3 72
E :DiIO,l,Ow =171 00 +1ya0@ + l511@" — 51001,

i=1

1
_ 72 1 2 2 2 3 Lo 5 2 72
0= [1,0,1w +Io,1,1w +[0,0,2w - 20‘2 Io,o,1§ 11,0,0,“1 10,1,0’/17

1
_ 73 2
0=1 00" — M2
€
3 1, 73 2
0=171 0@ +lyoe@” — b,

2
OZCQ?

3

1 i o7l 1 1 2 1 3 2 2
E :Di-72,0,0w = I3,0,0w + -72,1,073 + 12,0,1w + Iz,o,oc - Il,o,oﬂl
i=1

3 1
- 5121,0,()@1 - ZO‘%

3
. 1
1 il 1 1 2 1 3 2 2
E Di]1,1,0w = 12,1,()@ + ]172,0"7/' + 11,17173 + ]1,1,0€ - 510,1,()#1
i=1

2

1
0,0,1%1;
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3

1
211,1,00‘17

1100’/1

ZD’L‘]&,zowizl 20@ + L5 300" + Igo @ 4 1550C — €l3 1 o1

3 €
I3y 00 — 0
510,20 192

_ 7l 1 1 2 1 3 2 2 1
E :D Il 0, 1w = 12,0,173 + [1,1,1w + [1,0,2w + [1,0,0C1 + Il,o,lc - 12,0,0,“1

1
1 1
— SH2 — Il,l,OV1 - 211,0,10‘1

2
ZD’iI&,ogwi =1 020 Y 151 0@% + Lo 3@ + G+ 1500 — 211 gy
1 O 1
- 210,1,1V1 - 510,0,20‘1 - 2]0,0,1%7
3

ZDi[é,l,lwizlll, 1@ +I&21w —1—1312@ +[(?10C1+[§11€ 1110,“1
=1

€
1 1
— Ty — V2T 21100,
D'IZ i_I2 1+12 2+12 3_[1 €_§[2
il200W = L30,0W 2,1,0W 2,01W 2,0,0 9 2,0,0%1;
DI ot =12, o' + 2y o + I @ ¢ —
il110W = 14310 1,2,0 1,1,1 10 110 a1,
D‘]Q i_[? 1+]2 2+12 3_]1 C_§]2
ilg2,0W = 1120W 0,3,0%W 0,2,1W 0,2,0 9 0,2,0%1;

. 1
2 i 72 1 2
§ Dz‘—[1,0,17D = ]2, 1w ‘1”]111 +110277 101C+ Ioo1lu1 I2,0,0M1
2 2 2
- 11,1,0’/1 - 211,0,1041 - [1,0,004%

2 i 72 1 2 2 2 3 1 1 2
E Dl ow" = II,O,Qw + ]0,1,2w + Io,o,3w - 210,0,1@ - [0,0,QC - 211,0,1%“

5 1
2
_107072051 - —043,

2 2 2
- [1,0,()#2 - 210,1,1’/1 - 10,1,07/2 5 5
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- €
2 i 72 1 2 2 2 3 1 2 €
E :DiIO,l,lw = Il,l,lw + 10,2,173 + [0,1,2w - [0,1,1< - Il,l,oﬂl + 210,0,1V1

2 2 2
- ]0,2,0V1 - 210,1,10‘1 - ]0,1,00%

—Qg,

_ 73 1, 713 2
0=TI300@ + 15,00 — 1

3 i_ 73 1 3 2 3 3 3
E Di[l,Low —12,1,0w +I1,2,0w +11,1,1w _11,1,0041a

€
—Q3,

3 i_ 73 1 3 2 3 3 3
E Di]og,ow —11,2,()@ +]0,3,0w +10,2,173 _]0,2,0a1 T

1
0—11117” 2,“3—]?,1,0’/17

0= I(:)%,l,wa'2 + C37

€
U3,

3 1, 73 2 13 3
0=011@ + o 1@ — I gp1 — Lgo ot — 5

We use the recurrence relations for the phantom invariants to solve for the

differential forms (5.6.10)) and obtain

_ 1 _ 2 _ 3 1 3
W= —w, v=—w", a=-—w”’, (= —Typ1@°,
2 1,72 2
ay = 2(l g 0@ + 151 0@°), G =0, G2 =0,
o7l 1, 71 2 | 7l 3
p = 2(Iyg 0w + 10w + L1 g1@

1 g2 3
- 10,0,1]1,0,073 ),
3 2

v = 25(111,1,()@1 + I&,z,owz + I&,l,lw - 13,071[(?,1,0733)7 2 = 21—?1 0T
2= 26([?7170’@'1 + Ig,z sz), a3 = 4([3?,0,0@1 + 13,1,07”2)7 G=-1; 0,1 QW
ay =2 @' + I5 1 1@° + (Igg1)°@° + [50,@° — 2651 o(11 100" + Igg0@”
([()11 ]()01]010) )_2—]12,0,0(—] ow +I110 ([101 Iy 011100) ik
H3 = 2[11,1,173 - 2‘5—,13,1,0(—]11,1,0w1 + ](%2 0@’ + Iél @’ I 1 0]0 0, @),
Vs = 25[1?,1,1731 +—](:))’,2,1732 JFIS’,LQW 2[110(1 ow +—]110 +IlOlw

1 3 3 1 1, 7l 1 3
~I3 00l001@") = 2€l5 5 0(I1 1 0@ + Io,z,ow + [0,1,1 — I3 1 0100 @),
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for the first few differential forms. Substituting those expressions into the
recurrence relations for the non-phantom invariants yields the following re-

currence relations

Dilyoy =Iip1 = 3I50.111 00

Dalygs =Ioan — 310,115,100

Dslyo1 =Ihos

Diltoo =I300 = 20015 0,0,

Dalton =110 = 2001510,

Dyl =170

Dolg 1o =I520 — 2(I51,0)%

D315 10 =1511s

D1[200 *[3}00 + el 1 ofo 1,0 4121,0,0112, 00t ;]1 0,15

1
2)2]200 _]21,1,0_{—6](%,20]010 3]21,001010 2]011 ]110]1007

1
D3[200_[21,0,14’5[3,1,0(1011 1001[010> 2(([001> +[302"‘21101[100
21&01“100) +21&011200)

D2]1,1,0 ]120 4111101010 ]020]1007

2)3]1,1,0 ]111 ]1011010 IOIII 00+2](%01]010]100 ]0011110’

1
2]0,1,1)

D3l 00 =Ip21 — ((Io 0.)> F I502) T Io1ilo11 + Io01(I510)° = Iop1 1520
+€(le]mo ]001(1100) )

Dilygs =ligs = 41111500 = 4€lly o(I510 — 21501 151,0) — 55021100
+8150115000 700 — 410011100

Dalygs =Igio =4l 1110 = 5lo0al5 10 = 4€lao(Io11 — 21501 1510)
- 4[(%,0,1[ 01,1 T 81—50 1[1 1 0[1 0,00

7)2]0 2,0 _15,3,0 - 41&,2,01 1,0 + 6(] 1,1 0[1 0,0
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D3[002

D1[2 ,0,0
Dyl3
Dsl34,
DI},
Dsl} ),
DQ[O ,2,0
D3[O ,2,0
D3]1 ,0,1

D2—]002
D3[002

Dl]() 2,0
Dslgs0
Dsl5a
DIy,
DyI}
DI}y

—15,0,3_4([001) —46(1011) —4(]101) _5](%01]302
+12d&01[0111—010 8¢ (1001) (1010) +121501[101I100
= 8(Ig0.1)" (I 00)",

—]3?,0,0 - 3112,0 ol3 0,0

—]2210_31310]2007
=1 01+]éo1]200»

]120 3]§1oll1o>
=1 11"'[&01[110»

—[(?30_3[(?1010207

—[gz1+[éo110207
=1 o2+21501]101 3(1001) ]100 213021 00"‘45[511]010]100
_4615,01(]010) h 00+411100(1100) 25]&11[110
+2€Ié,01]010]110 2]101] 00"‘2]501]100[2007

—1312—513021010 46I(%,Qolon 4—7110—]100 261{?,10[020

2[100[110 2[;1@,

—[go3+[&,01[002 46([011 [0011010)11

4([101 [(101[100>11017
—7120 21320[100 ]§,0,0=

—]3,3,0 - 2—,3,2 0]0 1,0 513,1,0:

_‘[3,2,1a

:ISIO 2[110110(»

I1 2,0 2[1 1 01071,07

[1,1,1a

From the above recurrence relations we conclude that all differential invari-
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ants of order less or equal to three are certain combinations of the invariants

]5,0,17 112,0,07 13,1,07 121,0,07 (5.6.11)
]11,1,0a I&,z,m ]g,o,za Ii1,0> ]3,2,07
and their invariant differentiation. Using the commutation relations
[D1,Ds) = I§1 oDy — 17 4o Ds, (5.6.12a)
[D1, D3] = =214 yDy — 2el}, (Do — 217 \Ds, (5.6.12b)
[Ds, D3] = =21, (D1 — 2€lj 4 4D> — 215, (D3, (5.6.12c)

we can reduce the number of differential invariants appearing in (5.6.11)).
Under the hypothesis that

D11(%,0,1 D2[(%,0,1 D3[01,071
Dil§og Dalisy Dsliyyg

which is generically satisfied, we apply the commutation relations (5.6.12h)
and ([5.6.12¢)) to the invariants ]&7071, Iil,o and [5’72,0 to solve for the invariants

L300 Il1o 100 1000 and I3, . Finally, subtracting the two equations

1
1 1 1 2 2 | 72
D31—21,070 =y, + 6[3,1,0([0,171 —Iyo1l510) — 5((18,0,1) + 150+ 2[11,0,11—12,0,0

- 2[(%,0,1([12,0,02 + 21&,0,1[21,0,0%
Dl[ll,o,l :I21,0,1 - 26([11,1,0)2 - 2<[21,0,0>2 - 4[11,0,1[12,0,07

we find that

13,072 =- (13,0,1)2 - 11170,1[12,0,0 + 2[(},0,1([12,0,0)2 - 2I(%,o,llzz,o,o + 2(_1)3[21,0,0
+ dg,l,o(]é,l,l - [é,o,lfg,l,o) + D1[11,0,1 + 25(111,1,0)2 + 2<[21,0,0)2

+ 4111,0,1[12,0,0)-
(5.6.13)
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- - T - 1 2 2 2 1 1
Since the differential invariants Iy, 1790, 15005 1510, L0115 fi10 can be
expressed solely in terms of the invariants I}  ;, I3 5, 15 5 and their invariant
differentiation, we conclude from (5.6.13)) that the same is true for I ,.

Proposition 5.13. The algebra of differential invariants for the symmetry
group of the Davey—Stewartson equations ([5.6.2)) is generated by the differ-

ential invariants
1 3 3
oo, 1710, I52,0- (5.6.14)

Proof. The above computations show that all normalized differential invari-
ants of order less or equal to three are generated by the invariants .
Let k > 3, from the formulas for the prolonged vector field coefficients
and the infinitesimal determining equations we notice that the recur-

rence relations are of the form
3 3
ZDilgwi — Z jﬁv,wi + Pj“(](’“), M(k+1), V(k-i—l)’ Oé(ic+1)7 C(k+1))7
=1 i=1

with o = 1,2,3 and #.J = k. Focusing on the correction term P¢ , we define
the operator H, which projects the correction term onto the highest order

differential forms pgy1, Vky1, ary1, (pr1- For example
H3(—712,0,0M4 +uvz3ta)= ]12,0,0H4-

Then Hy(P$) = 0 except for

1 1

Hk(‘POQ,O,k‘) = _§Qk+17 Hk(PQP),O,k—Q) = _Zak'i‘l’
€ 1

Hk(P(ilkﬂ) = —ZO%H, Hk(Plg,O,kfl) = _§Nk+17
€

2
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From the recurrence relation for the phantom invariant 3, , = 0 we obtain

_ 3 1 3 2 D3
g1 = 450 k0 + 151 0@ + Py ps),

3 — p3 p3 - ;
where Py, o = — 0k + Pso o and Hy(Pyg . 5) = 0. Since

3 3 _ 3 3 3
13,0,k72w = DSI3,0,k73w - 7T3<P3,0,k—3)7

3 1_ 3 1 3
12,1,k72w = ’Dlll,l,k72w - Wl(Pl,l,k72)7

where 7; denotes the projection onto the invariant differential form w?, i =
1,2,3, and Hy (P, _3) = Hi(P},,_,) = 0, we conclude that ajy; is a

2 w3 with coefficients expressible in terms of

linear combination of w!, @
differential invariants of order < k and their invariant differentiation. On
the other hand, the differential forms g1, V541 and (41 only appear in the
recurrence relations of the phantom invariants I3, | =I5, ., = I§ o, = 0
at order k. Hence we conclude that all non-phantom differential invariants
of order k + 1 are expressible in terms of differential invariants of order < k

and their invariant differentiation. O]

5.7 Riemannian Manifolds

The general problem of equivalence for Riemannian manifolds was originally
studied by Riemann, [97], who was motivated by a problem on heat flow in
a solid, and also by Christoffel, [29]. The necessary and sufficient conditions
for the equivalence of Riemannian metrics is given by the following theorem,
[82,[108].

Theorem 5.14. A complete set of structure invariants for a Riemannian
manifold are provided by the invariant components of the higher order curva-
ture tensors VFR, k = 0,1,2,.... In the regular case, two Riemannian mani-

folds are locally isometric if and only if all their curvature tensors parametrize
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overlapping manifolds.

In this section we characterize the algebra of differential invariants V*R,
k=0,1,2,..., for Riemannian manifolds of dimension two and three. The
computation of a minimal generating set for the algebra of differential invari-
ants is a computationally challenging problem. In Section [5.7.1| we solve, in
somewhat extensive detail, the two-dimensional case, and in Section [5.7.2]
we give a less detailed solution of the three-dimensional problem. Partial
results have been obtained for higher dimensional Riemannian manifolds but
those are not included in the present work.

Let N be a Riemannian manifold of dimension p with Riemannian metric

locally given by

P
9= Z 9j(w)dz’da’, 9ij(x) = gji(). (5.7.1)

ij=1
Let G be the Lie pseudo-group all locally invertible changes of variables ) :

N — N. By the usual transformation rule for tensors, the components of
the Riemannian metric (5.7.1)) are mapped to

k dx' Ox?

ij=1

under a local diffeomorphism X = ¢ (z). To analyze the algebra of differen-
tial invariants of the pseudo-group G, we need to compute the infinitesimal
generator of the transformation (5.7.2). Let

V= Z gi(gg)i (5.7.3)

be an infinitesimal generator whose flow is a local diffeomorphism on N. The
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vector field ([5.7.3)) induces an infinitesimal transformation of the metric

V=) ¢ij(a:,g)%. (5.7.4)

1<i<j<p t

The infinitesimal generator (5.7.4) is obtained by linearizing (5.7.2) at the

identity transformation 1. Let

X' =g 4 e£'(x) + O(e?), i=1,...,p,
Gij =gij + €dij (2, 9) + O(€%), i,j=1,...,p,

be a one-parameter transformation group. Then

d
LX) = ——
(Vo X) 7

€

V. X = —V.,¢, (5.7.5)

e=0

de| _

e=0

where V, X = (X!,), Vxz = (2%,), and V£ = (£;) denote p x p Jacobian

matrices. Thus the expression for ¢y is

d

d p L Ozl
= &)\ 2 9iax an axt
e=0 \; J=1

O =

kl —
e=0 de

_zp: (02 d (0 O d (Da)
— 2.9\ oxt de \ox* ) T ax*F de \oxt

ij=1
og o
P <5f'axk L8

_ ¢
——Z zla k‘i‘gik% :

In summary, an infinitesimal generator of the pseudo-group G acting on the

e=0
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manifold N and the space of Riemannian metrics is given by

. &, 0 u o¢i o¢i %)
V:VJFV:Zf(SU)&xi_ Z [Z(gila k+gzk8 )] @ (5.7.6)

i=1 1<k<i<p Li=1

We introduce the notation
9ij.7 = D3gij
to denote total derivatives of the metric coefficients. With this notation, the

components of the prolonged infinitesimal generator

i o
Zg + Y [ > b, gl ]agw (5.7.7)

1<i<j<p Lk=#J>0

are

L o¢ o ayy
¢I{l = _D§ (Z gil@ + gzk% + flgkm‘) + Z f’gkl;ii.
=1

i=1

Applying Leibniz’ formula, [34], we obtain

p
, J . . ,
Sh=> <§ngz;J,z' - > ( K) (91, k€1 + Ginsic €L + g€y )
=1 J=K+L
(5.7.8)

In the following we set

Hiza(xi), [?:L(gij;J), i,j=1,...,p, #J >0,

and

v =Ty ((p(oo))* ()\ (é'f]))) , i=1,...,p, #J > 0.
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5.7.1 Two-Dimensional Riemannian Manifolds

For a two-dimensional Riemannian manifold, the recurrence formulas (5.4.6)),

for the normalized invariants of order less or equal to two, are

2

> (DH")'

=1
2

> (DH*)w'

=1
2

> (Dil )’

i=1
2

> (Dilg)w!

i=1
2

> (D)@

i=1
2

> (D)

=1

=w” + v,

—w! 4ot

2 2

IlO 0,1

i _ql2 1 712
w' =l 1w +[o,2w

22
- ]0,1

]00 1,1

IOO 0,2

:Ill,lowl + 13,11732 - 2(1—5,% 0T Ilo’/l 0);
:[11,%@1 + 15,21 — Iy 0’/0 1 [&,20(’/11,0 + Vg,l) [2%%20,
:]12,%731 + 13,21732 - 2(Ioo Voa T ]22 Vgl)
=Dyw' + o — (21 + Ii1)vie — 3l — 2050va0
— 215 0”2 0
’ :[11,11731“‘]3,12 110 0,1 2Io1 1,0 Ié, 2110V11
— 2I53vi o — 2L50vi 4,
@' :Izl w! +Il 1@ _21112()V110 (112,20"'[&721) [107/01

]12 1 ]12 2 122 2

0,0¥2,0 = Lo,0¥1,1 — 40,0”2,0
11 122
(I +[ ) 2[01 0,1 [ V10
22 9 12 122
]0,0’/1,1 - Io, — 1 0,070,25
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2
Z(Di[ ) _Izzow +111w 2IloV()l 2157 0V11 2[10’/01 21220’/121
i=1
- 112,%V11,0 - 13,21’/%,07
2
Y (DiIR)w =IPw" + Ioyw® — (2103 + ITo)ve, — 2150, — 3133004
i=1
2120V02>
2
Z(Di—,%i))wz =o' + Iyw® — 4L, vy — 51 gva 9 — 2L5 05
i=1
— 210 + Ly)vig — Ioivae — 4LiVs o — 215 V5,
2
Z(Di—] ) —]211w +112w [o’/01 3111”10 3110”11 21y, V20
i=1
2110V21 [1111 31 112V10 2[1112 120 111’/11
2Ilo”n 2112”30 2]10’/217
2
Za)il )wizlll,lzwl"‘j&lz%w 21.11 0,1 [10 0,2 2[02 1,0 4[ ’/11
i=1
_2100 1,2 2]02 0,1 15,11 2]&22 120 4I V11
2110”12>
2
Z(Di]) —[éow +I21,21 [0V01 31120”110 2-710V11 3110’/20
i=1
[00 2,1 [00 3,0 1212() 31 2[11’/10 120V10 2110’/11
[01V20 2120V20 1520 221 [20V30a
2
Z(Di-] )wzzlﬁwl‘FIll?Q [11 0,1 ]217 ]10 0,2 2—[11’/10
i=1
I V11 211120 111 Ioo 1,2 101 2,0 15,20 2111’/01
111% Voo — losvio — Iiavie — 2Io1viy — Iiovis — Logvis

22 2 22 2
IOI 2,0 IOO 2,1y
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Y (D) =I5 + 5w — Ihvy, — 215w, — 21041

12 2
IlO 0,2 IOO 0,3 102 1,0 2IOI 1,1 ]OO 12 3]02 0,1

12,2 12,2 22 22 22
_3101 0,2 Ioo 0,3 — 1 2’/10 21, 1V11 I o’/12a
2\ i _ 722 1 22 121 22 1
§ (Dilz,o)w —[370w +I2,1 _2]20 0,1 2]20 1,0 4—,10 1,1 ]1,0’/2,0

12 22 22 9 2,2 9 22 2
— 21, 0”21 21, 0V01 2[11’/10 4[10’/11 I 1Y2.0

2120V217
i:(pi[i%)wi :[2 @' ‘|‘112w 2111 0,1 122,20 21.10’/02 11221V110
i=1
—20givyy — Loy — 2logn » — 3173v5, — 217015
1322 fo 31321 121 2120”127
ZQ:@J&%)WZ' =I75w" + Igzw” — 2(1o5 + I73)vo, — 4510 — ot
i=1

— 2L Va5 — A5V — BIGAVE S — 215515 5.

Though dim J%g = dim g® = 18, the pseudo-group action is not free at
order two. This is verified by computing the rank of the second order Lie
matrix for the infinitesimal generator . The result of the computation
is that the rank of the Lie matrix L® is equal to 17. This means that there is
one differential invariant at order two. Computing the rank of the third order
Lie matrix shows that the action becomes free at order three. Consequently
we need to append to the above recurrence relations the recurrence relations
for the third order normalized invariants in order to solve for the invariant
differential forms v} ; of order < 4. To avoid the proliferation of formulas, we
do not write the recurrence formulas for the third order normalized invariants.

Many different cross-sections can be chosen, giving similar results. Here
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we write down the solution for a Euclidean type cross—sectionﬂ:

Hl == H2 —_= 0’
ILh=I%=1 Iht=0 IZ=0  i+j>1, (5.7.9)
BA=0, I3=1  IB=1% =0, i>0

1

Since the differential invariants I} and I3 are all set equal to some
constants, we set [}? = I; ; in the formulas below. The recurrence relations

for the phantom invariants are

0=cw!'+1!, 0=w’+1?%
0= —2V11’0, 0= _Vé,l - V12,07
0=—217,, 0= —2uy,,
0= ]1,1732 — V1171 — Vg,o, 0= —21/%71,
= —2V1171, 0= 1171w1 — 1/372 — I/il,
= —2y372, 0= _2V§,07
=w’ — V21,1 - 2[1,1’/12,0 - V§,07 0= _2V§,17
= 2y, — 211117, 0=—2I1115, — 2vi,,
= —2V11’27 0=l — 2]1711/571 — V&?) — 1/12’2,
0= _2V3737 0= —21/4}70,
0=1I1@w” —vgy —3vig— 35, 0=—2u3,,
- Viou
0= —2y§71 - QViO — 411,1V22’0, 0= [3’1w1 + 12,2w2 - 3y1170 - 3[1,1y2170
— V2172 — 21/371 — 2[1721/12’0 — 4[1’1V1271
- V§,17
0= —QV&I - 4]1711/1171 — 2V22’2, 0= —2V2172 — 2]1721/12’0 — 4]1’1V12,1,

2The terminology stems from the fact that Gi1, Gos and Gis are normalized to be
equal to the coefficients of the standard Euclidean metric. Namely G1; = Goo = 1 and
G2 =0.
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1 1 2 1
0 - _2[1721/071 - 4]171”072 - 2]/1’3, O — _21/1’3,
_ 1 1 1 _ 2
1 2
Vo4 — Vi3
Solving for the unknown one-forms v} i v} ; we obtain
1 1 _ 1 1 1 1 1 _
Vip=Voo=Vi1=V3g=Vig=Vyog="Vi3 0,
2 2 _ 9 _ 2 _
Wia=Vig = Voo =Vo1 = Vo3 =V31= Vg =Y,
v=—w, V= —w?,
1 1 2 2
Wo = ]1,1w ) Voo = ]l,lw )
1 2
Vl . ]/2 . IgJW -+ 1-272w
—Vy1 = Vo= )
I
1 2
o haiw + haw?)
—Vy1 = Vo= I )
1,2
2 1 2
1 (L12)* + Lialsy)w' + 1110w
Vy3 = (5.7.10)
0,3 I )
1,2
1 2
2 —Lals1w' + (Lo + L111a2)w
3,0 — )
I
1 2 2
i Baw + QL) he + by)w
3,1 — )
I o
1 1 2
Vgo = —[371w - 12,273 )

1/574 = (—(1171)2 + ]1,3 + 2]3}1)@1 + 2]272?22,

2 2l 1w — ((I11)* 12 + 2055 — 11 2131) >
4,0 — )
’ I

]371?31 + ]272’832
2 =
2,2 )
Il 2

)

l/ig = (—2(]1,1)2 + 1371)721 + [272w2.

The solution ((5.7.10) is well-defined provided 1; 5 # 0. Replacing ([5.7.10)) in
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the recurrence relations for the non-phantom invariants 1 ; and I; o:

(Dljljl)wl + (D2[171)w2 :wl + Il,sz - 2[1711/11,0 1/1 2 2[1 11/0 1 1/2271,
(Dlllyg)wl + (DQ[LQ)’WQ :]2’2?21 + [173w2 - 21/0171 - 2[1721/170 - 4[1711/171

1 2 2 2
— Vi3~ 311,27/0,1 - 31.1,1V0,2 — V9

we obtain the relations

Dy =1, Dalhy = I,
I3, I (5.7.11)
Dl s = —722+— Dylyp = ]13+£.
Lo Lo
The identities (0.7.11)) are used to solve for the differential invariants I; o,

I 3, I3 in terms of the invariants I; ; and I3 o:

Lo = D5l 4,
I3y = Dol11(DiDoli;y — Iop), (5.7.12)
12 2
Li3=D3l, — ——.
1,3 241,1 DQIl,l

Lemma 5.15. The differential invariants /1 ; and I55 generate the algebra

of differential invariants.

Proof. The equalities show that all non-phantom differential invari-
ants of order at most four follow from invariant differentiation of the in-
variants [;; and Ioo. We now show that all differential invariants of order
greater than four can be obtained by invariant differentiation of lower order

invariants. From (5.7.8) and our choice of cross-section ([5.7.9))

(o) = _Vs,k - Vﬁ,z + P (IH#) Ly #DY, (5.7.13)

where 1, depends linearly on the one-forms v#J) of order < #.J and the
differential invariants I#7) of order < #.. To obtain “well-adapted algebraic
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recurrence formulas”, [90], we make the substitutions

~ 1 1
125757 T N2(57) T 91236157 T LG -1+ T 59227 +157 1)
gt435% >4, and (51, %) € {(:,0),(0,4) : i > 0}. Then the recurrence relations

for the non-phantom invariants are of the form

lejl’j2w1 4 szjl,j2w2 _ 1:;-1+1,j2w1 4 12;-142“@2 + {Ejl,jz([(aéu)7 1/(#‘])),
(5.7.14)
gt + 72 >4 and (51, 5%) ¢ {(4,0),(0,4) : i > 0}. Since the expressions for the
horizontal forms v#7) depend on invariants of order < #.J, the recurrence
relations are used to express the invariants of order #J + 1 in terms

of lower order invariants and their invariant differentiation. O

The fundamental recurrence formula (5.4.3)) applied to the differential

forms dx' and da? gives

I
1_ 1 1 1 2 _ 31 _1 2
dyw =vigNw + 1y, AN@ =-7.@ N,
1,2
2 _ 2 1, .2 2 Iap 2
dyw” =iy Nw + 1y, ANw" = ——"w Aw".
1,2

Hence the commutation relation for the invariant differential operators D,
and D, is
I3 Lo

[Dl,DQ] - _Dl + —DQ. (5715)
Il,2 Il,2

Applying the commutation relation to the invariant I ;, we obtain

Dyl

I = (9211,1 -DiDy1yq — Dgfu) m
2l11)? —

(5.7.16)

provided ]1,2 = DQ.[LI 7é +1.

Proposition 5.16. The algebra of differential invariants for the pseudo-

group of local changes of variables for a generic two-dimensional Riemannian
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manifold is generated by the differential invariant I ;.

Coordinate Expression of I; ;

In theory, the coordinate expression of the differential invariant I; ; can be
found by applying the normalization procedure discussed in Section [5.2]
Since the pseudo-group action becomes free at order three, this involves
solving a large system of nonlinear algebraic equations, which is compu-
tationally challenging. This difficult task is bypassed by taking advantage of
the replacement principle and known differential invariants given in
Theorem [5.14]

We start by recalling some well-known formulas from Riemannian geome-
try, [17,93]. Let N be a p-dimensional Riemannian manifold with Riemannian
metric , then the components of the Riemannian curvature tensor are

given by
P

fjk = Z (Fékrj‘l - Fé'krfl) + D;I';, — Dirjk, (5.7.17)

=1

1,7, k,s=1,...,p, where

p
mo__
=3
k=1

are the Christoffel symbols. The sectional curvatures are defined by the

9" (Digjk + Djgri — Digyj) (5.7.18)

N | —

expressions
p .
Kik = R = Y gy, i k=1,...p. (5.7.19)
j=1

The components V,, R;;. of the covariant derivative of the Riemannian cur-
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vature tensor are

p
Vi Rijit = D Rigia = Y (BujiiUiy 4 Rinta Ty + Rijmi T + RijenT)

n=1

(5.7.20)
with 4,7, k,l,m=1,... p.
For surfaces, the sectional curvature is equal to the Gaussian curvature,
[17,182,93],

Kk = K12 = Ri212.
Since all normalized invariants of order one are set equal to zero we immedi-
ately obtain from the definition of the Christoffel symbols ((5.7.18) that

u(T7) =0, m,i,j=1,...,p.

By the replacement principle, we find that the differential invariant Iy ; is

equal to the Gaussian curvature:
p .
i=1
Coordinate Expressions of the Invariant Differential Operators
To determine the coordinate expressions of the invariant differential operators
D1, Dy we once more appeal the replacement principle. It is known, [60], that

grad K and sgrad k,

are two linearly independent invariant differential operators of G. By defini-
tion, [93], the gradient of the Gaussian curvature is the unique vector field
satisfying

g(v,grad k) = dr(v), VveTN.
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In local coordinates this reads

Dk — g19Dsk —qg12D1k + g11 Dok
go2 L1 9122 2 >D1+( g2l 9121 2 )DQ.
g11922 — 91o 911922 — 919

grad Kk = (

By definition

0 —1
sgrad £ = J grad &, with J = (1 0 > ;

hence in local coodinates

Dk — Dsk Dk — g12Dsk
gi12V1 9112 2 )D1+ <922 1 9122 2 )Dz.
g11922 — 912 g11922 — 912

sgrad Kk = (

The dual invariant one-forms to grad s and sgrad  are

911922 — 9%2

Wgarad k —
¢ (911 D2k — g12D1K)* + (922 D1k — g12Dok)?
X [(ggngli — 912D2H)d$‘1 —+ (ganli — 912D1/$)d$2],
and
G11922 — G5
Wsgrad k = 12

(911D2Fé — g12D1K)? + (922D1ff — 912D2fi)2
X [—(g11 D2k — 912D1/€)d51€1 + (922 D1k — 912D2/€)d$2]>

respectively. Since the pseudo-group action is projectable and
L(D1/€> = 1, L(DQ/{) = 11,2,
we have

Wgrad k — L(wgrad Ii) = [wl + [ng?]

([12)2+1
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1
Wsgrad k = L<wsgrad n) = ( [—Ilgwl + w2].

I5)?2+1

It follows that
grad K = Dy + 1, 2D,

(5.7.22)
sgrad Kk = —1; 9Dy + Ds.
Inverting ([5.7.22)) we conclude that
D) =———(grad k — I, 5 sgrad k),
L+ (52)” (5.7.23)
Dy =—— (I d d k).
P (I e B e )
By the replacement principle and Theorem we obtain
VQKJ = L(VQK,) = [172. (5724)
In conclusion,
D ! (grad \Y% d k)
1= —————(grad Kk — Vak - sgrad k),
1+ (VQ/{)Q (5 7 25)
1 7.
Dy = ————(Vak - grad d k).
2= 17 (VQK)Q( ok - grad k + sgrad k)

5.7.2 Three-Dimensional Riemannian Manifolds

For Riemannian manifolds of dimension greater than two, the pseudo-group
action becomes free at order 2. For a three-dimensional Riemannian mani-

fold, we consider a Euclidean type cross-section given by

1 7172 _ 173 _ 11 _ 722 _ 7133 _
H =H"=H"=0, Io,o,o—lo,o,o—lo,o,o—la

Iz%jl‘,k = 112?/4 = I??k =0, if i +7+k>1,
1%, =0, if i4+j+k<2 and (1,5, k) # (1,1,0),
I3, =0, if  i4+j+k<2 and (i, k) #(1,0,1), (5.7.26)
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2,=0, i i+j+k<2 and  (i,5,k) #(0,1,1),

[(%,?L,O = 11123 0,7 — = 07 if 1 2 3, and 0 S] S ’L"
[1%3,0 = [1%?; _ij =0, if i >3, and 0<j<i,
Ig%l 11233730_07 if 1> 3, and 0<y <.

By a similar argument to the proof of Lemma [5.15( we conclude that

12 13 23 12 12 12 12 12 13 13
]1,1,07 I1,o,1> Io,1,1> 12,1,07 11,2,0a 10,2,1a Io,1,2> I1,1,1> 12,1,07 11,2,0a

13 13 13 23 23 23 23 23 <5'7'27)
I2,o,1> [1,1,17 [1,0,2a 12,0,1711,0,27 ]1,1,17 1072,17 10,1,27

is a generating set for the algebra of the differential invariants. From the

recurrence relations
D1]11210w —|—D2]11210w +D3]1110w 2121,210 +-,120 +1111w
Dl]i% 1w + D2Ill?()) 1w + D3]110 1w :]21,?()),1731 + ]11,31,1 + 1110 2w
D13 @' + Dolgs w0’ + DsIg @’ =11 @' + 155, @ + 157 @,
(5.7.28)
we reduce the generating set (5.7.27) to

12 13 23 12 12 13 13 23 23
1—1,1,07 [1,0,1a 10,1,17 [0,2,1» [0,172a 1—2,1,0a [1,2,0a 12,0,17 [1,0,2-

The commutation relations for the invariant differential operators are

Doy o Mt B o BB o
1, D] = — 1 2
2(I1%, — 155 1) 2(14%, — 155.1)
1o 155,
+ { ik . 2 }Dg, (5.7.29%)
2130 — Ido) 2%, — I531)
1%, 153,
[D27D3]:{ — - — ]Dl
2%, — I551) 2130 —I531)
I3, + 1%, 135, — 1%

- ) D;, (5.7.29b)
2(1f30 — 1ip) 2(1{30 — Lipa)
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13 12 23 13

Ii50 = D 102 1370
(D1, D3] =513 5~ D1 — = + = D,
2(I%0 — 1531.1) 2(I50, — 1530) 2030 — o)

23 12
_ [1,1,1 + [0,1,2
12 23
2(11,1,0 - 10,1,1)

D;. (5.7.29¢)

They are well defined provided
Lio=Tlion #0,  Liog—Igia#0, gy —Igh, #0.

Applying (5.7.294)) to I3  and I{% ;, (5.7.29b) to [{3 , and I§3 | and (5.7.294)
to [11721’0 and 1'373171, we can solve for 15,2172, [372271, 111732’0, 12173170, 1'127%72 and [227?6’1

under the assumption that
Dil}30#0,  Diljy, #0, DIy, #0, =123
Proposition 5.17. The differential invariants
Lo Ton  Iia (5.7.30)
form a generating set for the differential invariant algebra.

: : 12 13 23
Coordinate Expressions of 17, Ii5,, and [57,

As for the two-dimensional case, we use the replacement principle to obtain
the coordinate expressions of 112, I1% |, and 133 ;. The invariantization of

the sectional curvatures gives

Rij = U(Riji) = Y 1(gia) [(TEUTS,,) — o(T5)e(TS,) 4+ U(DiT5) — o(Dil5,)]
:L(Dngi) - L(Dirgi)
(5.7.31)
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From (5.7.18)) we have

. 1 . 1 ..
DT, = 3 9" (2D;gix — Drgii) + §gk](2Dingilc — DiD;gii),

and invariantization of the preceding equality yields
U(D;T%) = «(DiD;gi). (5.7.32)
On the other hand

Dl = §Digk](Dz‘9jk + Djgri — Drgiz) + §gkj(Dz'29jk + D;Digri — DiD;giz),

hence
W(IY

gt

Combining (5.7.31)), (5.7.32)) and (5.7.33)) we obtain

) =0. (5.7.33)

Kij = U(DiD;gij),

and conclude that the three differential invariants ([5.7.30)) are equal to the

sectional curvatures:
_ 712 _ 713 _ 723
K12 = [1,1,07 K13 = 11,0,17 Ra3 = [0,1,1~

Coordinate Expressions of the Invariant Differential Operators

In a similar fashion to the two-dimensional case we have the three invariant

differential operators

grad Kip = gflngfﬁz, grad ki3 = gflngfils,
] (5.7.34)
grad oz = g~ 'V Kag,
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where V¥’ is the standard gradient in

g = (gij). In matrix notation

grad K12 D1/€12
grad k13 | =g | Dikgs
grad ko3 D1 ka3

From Theorem [5.14] we have

( ) =153,
UDatiro) = Ii5o =
U(Dskin) = 1111 =
t(D1R13) = 121%71 =
t(Daky3) = 11173171
t(Dsky3) = ]117?(’),2
1(D1kag) = 11273171 =
1(Dakag) = 13’3271 =

( ) =153

R3, and g~! is the inverse matrix of

Dykia D3k D,
Dykis Dskis D,
Dskosz  Dskas Ds

By computations identical to the two dimensional case we conclude that

D, Vikia Vakig
Dy | = | Vikis Vakis
Dy Vikes Vakas

provided the matrix is invertible.

-1

VK12 grad Kio
Vskis grad K3 | ,
V3kaz grad Kog
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Chapter 6

Conclusion

6.1 Conclusions

Two important formulas in the theory of equivariant moving frames are the
Maurer—Cartan structure equations and the universal recurrence re-
lation . Understanding and applying those two formulas has been the
focus of this thesis.

The Maurer—Cartan structure equations characterize the infinites-
imal properties of Lie pseudo-groups. Those equations are dual to the Lie
commutator structure equations of the jets of infinitesimal generators in the
same sense as the finite-dimensional version (3.2.1), (3.2.3). The duality also
holds for the Cartan structure equations modulo their restriction to
the target fibers of the pseudo-group action. This follows from the fact that
the Maurer—Cartan structure equations and the Cartan structure equations
are isomorphic on target fibers. From the systatic system of the Maurer—
Cartan structure equations it is not possible to recover Cartan’s definition
of essential invariants. To resolve this problem, an alternative definition, in-
variant under Lie pseudo-group isomorphisms, is proposed in Definition [3.37]
Finally, in Section [£.2] the structure theory of Lie pseudo-groups is used to

state a symmetry-based linearization theorem for partial differential equa-
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tions that does not require the integration of the infinitesimal determining
equations.

The universal recurrence relation unveils the structure of the dif-
ferential invariant algebra of Lie pseudo-groups. Using this equation we char-
acterized the algebra of differential invariants for the Infeld-Roland equation
and the Davey—Stewartson equations. As a third application we have shown
that for two and three dimensional Riemannian manifolds the differential in-
variant algebra for the equivalence pseudo-group of Rimannian manifolds is
generated by the sectional curvatures. We believe that this last observation

should also be true in higher dimension.

6.2 Future Research

The theory of equivariant moving frames for infinite-dimensional Lie pseudo-
groups exposed in this thesis is quite new. There are many open problems

and applications to consider.

1. In comparison to the structure theory of Lie algebras, the structure the-
ory of infinite-dimensional Lie pseudo-groups is still in its early stage
of development. The role of essential invariants and their influence
on the structure theory of intransitive Lie pseudo-group is something
that needs to be clarified. The classification of infinite-dimensional Lie
pseudo-groups is another obvious avenue of research. In this direction
we mention Cartan’s classification of primitive complex Lie pseudo-
groups, [21,/41], and [100] for primitive real Lie pseudo-groups. To
those results we can add the classification of infinite-dimensional Kac—
Moody Lie algebras, [48]. Also, the extension (if possible) of Lie al-
gebra structural results to infinite-dimensional Lie pseudo-groups is of
great interest. For example we believe that Levi’s decomposition of
Lie algebras into solvable and semisimple subalgebras should extend

to infinite-dimensional Lie pseudo-groups, the semisimple component



6.2 Future Research 147

being replaced by an infinite-dimensional Kac—-Moody Lie algebra.

2. Morozov has recently shown that the covering of some nonlinear differ-
ential equations can be derived from the Maurer—Cartan forms of their
symmetry pseudo-groups, |76,,77]. An interesting problem would be to
revisit Morozov papers using Olver and Pohjanpelto structure theory
and see if their method sheds additional light on the theory of coverings

of differential equations.

3. One advantage of Cartan’s structure theory in terms of differential
forms over Lie’s structure theory formulated in terms of vector fields
is that the infinitesimal determining equations do not have to be in-
tegrated to obtain the Maurer—Cartan structure equations. Hence the
structure theory exposed in Section [3.1] is completely algorithmic and
can be implemented in a computer, something that still needs to be

done.

4. The key for studying the differential invariant algebra of a Lie pseudo-
group is the universal recurrence relation . Since the infinitesi-
mal generator of the pseudo-group action is an important component
of the universal recurrence formula, the infinitesimal structure of the
pseudo-group should influence the structure of the algebra of differential
invariants. For example, the symmetry algebra of the Infeld-Rolands
equation is known to have no Kac-Moody structure, |36, while the
symmetry algebra of the Davey—Stewartson equations ((5.6.1)) can be
embedded into a Kac-Moody type loop algebra, [24]. At the moment
it is not clear how this distinction between the two Lie algebras affects

(if it does) the two algebras of differential invariants.

5. In Chapter [5] we determined generating sets for the differential invari-
ant algebra of three pseudo-groups. Unless the generating set contains
only one invariant, there is, as of now, no systematic way of determin-

ing if a generating set is minimal, i.e., the cardinality of the generating
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set cannot be made smaller. An important open problem consists of
finding a systematic way of determining the cardinality of the minimal
generating set from the structure of the pseudo-group action. Also, as
the applications considered in this thesis show, the computation of the
normalized differential invariants using the equivariant moving frame
method usually requires a lot of calculations. Adapting Kogan’s recur-
sive construction of moving frames, [58.59], to Lie pseudo-groups should
simplify the computations by splitting complicated pseudo-group ac-
tions into simpler sub-pseudo-group actions. Implementing the mov-
ing frame method for Lie pseudo-groups into a MATHEMATICA or
MAPLE package would also be very helpful.

6. The application of the equivariant moving frame theory to the group
foliation method of Vessiot, [73,/109], is another interesting research
direction. The group foliation method provides a powerful approach to
the construction of explicit non-invariant solutions to partial differential
equations. It relies on the classification of the differential invariants and
their syzygies. The universal recurrence relation ([5.4.3|) should help put
the group foliation method on solid theoretical grounds. We refer the

reader to |94] for a formulation in terms of differential forms.
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Appendix: Formal Theory of

Differential Equations

In this appendix, we survey some of the basic ideas of the formal theory of
differential equations. The most important concept to be defined is that of an
involutive system of partial differential equations. Different, but equivalent,
definitions of involutivity exist in the literature, [65]. The involutive form of
a system of partial differential equations can be defined in the language of
exterior differential systems, [15] (or dually in terms of vector fields, [110]),
in terms of the Spencer cohomology machinery, [72,95], or directly in terms
of the system of differential equations, [5,99]. In this section, we use the
last point of view to define the notion of involution . Our exposition follows
mainly [99]. We refer the reader to this reference for more details and for the

proofs.

A.1 Prolongation and Projection

Geometric approaches to differential equations are based on jet bundles, [98].
The independent and dependent variables are modeled by a fibered manifold
m: M — X. Since our considerations are all local there is no loss of generality
in assuming that the fibered manifold is trivial M = X x U. Then X
corresponds to the space of independent variables and U to the space of

dependent variables. Every local section s : X — M defines a p = dim X
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dimensional regular submanifold of M transversal to the fibers 771(z), x €
X. Inversely, locally every p-dimensional regular submanifold transversal to
the fibers 71(z), * € X determines a local section. We define the space
of n-th order jets of local sections J" of a fibered manifold 7 : M — X
to be the submanifold of J"(M, p) consisting of those equivalence classes of

p-dimensional submanifolds transversal to the fibers.

Definition A.1. A system of differential equations of order n is a fibered
manifold R, C J". A solution is a section s : X — M such that the image

of the prolonged section j,s : X — J" is a subset of R,.

Locally, R,, is described by some equations
Ap(z,u™) =0, k=1,...,v, (A.1.1)

and a section is a solution if Ag(j,s) =0, k=1,...,v.

There are two natural operations with systems of differential equations,
the operations of projection and prolongation. The projection to order r < n
of the system of differential equations R,, is defined as 7'(R,) C J", where
m + J® — J" is the usual jet bundle projection. In local coordinates, the
projection requires the elimination, by purely algebraic operations, of the
jet variables of order greater than r in as many local equations Ay = 0 as
possible. If we cannot construct any equation depending only on derivatives
of order < r, then 77(R,,) = J". To define the operation of prolongation we
recall that J"*" is always strictly contained in J"(J"). The jet bundle J""
is embedded in J"(J") using the r-th prolongation of the n-th order identity
jet 4,1 ¢ Jn < Jntr We denote by j, 10 : R, < J™ the restriction
of 5,1™ to R,. Then the r-th prolongation of an n-th order system of

differential equations R,, is defined as
Ruir = DRy = (j, 1)~ (mw)(fm) N j&(n)(ﬂ”)) C

In local coordinates, the prolonged system of differential equations R, . is
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obtained by adding to (A.1.1)) all total derivatives of (A.1.1]) up to order r:
DIA(z, ™)y =0, 0<#J<r, k=1,...,v

We introduce the notation R,(Cl) = 7 "1 (Ry41) to denote the first prolongation
DRy of Ry, followed by its projection m} ™ (DRy) for any k > 1. More
generally

R = mh 7 (Ryys), 5> 0.

The operations of prolongation and projection of a system of differential
equations do not commute. In general we only have the containment RSJ)FT C
Ryir, for any » > 0. If it is a proper submanifold, this implies the existence

of an integrability condition.

Example A.2. Consider the linear system of partial differential equations

U, + yu, =0,

uy = 0.

The first prolongation of this system is

(

umz+yuxm:07 uyyzoa
Uy + Uy + YUy = 0, Uy, = 0,

R, : y Ylgy y
Uy + YUy, = 07 Uy + YUy = 07
uacy:()a uy:().

\

Substituting the equations u,, = 0 and ugy, = 0 in u,, + Uz + Yy, = 0 yields
u, = 0. Thus

’Rgl): Uy = Uy = U, = 0
is strictly contained in R;. The new equation u, = 0 is an example of an

integrability condition.
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A.2 Formal Integrability

The integrability conditions appearing when taking the prolongation of a sys-
tem of differential equations R,, followed by its projection can be interpreted
as obstructions to the construction of power series solutions. Assume that

in a neighborhood of xy € X the system of differential equations is given by
(A1.1). Consider the formal power series solution]]

ut(x) = Z —'(x — x0)”, a=1,...,q, (A.2.1)

with real coefficients a§. Substituting the formal power series solution into
the system of differential equations and evaluating at z, yields a system of

algebraic equations for the coefficients a§ with #J < n:

Ap(zg,a™) =0, k=1,...,v (A.2.2)
The system of equations (|A.2.2)) is generally non-linear and the solution space
can be very complicated. The first prolongation of R,, is described in a neigh-
borhood of zy by the original equations Ag(z,u™) = 0 plus the equations
DiAy(z,u™)) =0,i=1,...,p, k= 1,...,v. Substituting our ansatz into

this system and evaluating at zy will give the new equations
D;Ay(z, ™) =0, i=1,...,p, k=1,...,v. (A.2.3)

The system of equations is an inhomogeneous linear system in the
coefficients of order n + 1. This system can be used to solve for as many a9
of order n + 1 as possible. Taking higher and higher prolongations of the
differential system yields infinitely many equations which can be solved for
some of the coefficients a5. Those coefficients are called principal and the

remaining ones are called parametric.

"'We are only dealing with formal series, as we do not discuss their convergence.
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In concrete computations we can only perform a finite number of prolon-
gations. Say we stop at order s > n. The prolonged system will give the
correct coefficients a9, with 0 < #.J < s, of the truncated power series if and
only if there are no integrability conditions of order less than or equal to s
hidden in the system R, as otherwise there are some relations between the

coefficients a9, 0 < #.J < s, not taken into account.

Definition A.3. A system of differential equations R,, is said to be formally
integrable if the equality
R, =R (A.2.4)

holds for all integers r» > 0.

Thus for formally integrable systems, we are certain that we do not over-
look any hidden conditions on the lower order coefficients, if we build only a

truncated series.

Remark A.4. Integrability conditions do not represent additional restric-
tions to the solution space. They are simply equations hidden in the structure

of the system.

A.3 Involution

The difficulty with the definition of formal integrability of a system of differ-
ential equations is that the equality needs to be verified for infinitely
many orders. The fact that there are no integrability condition up to a cer-
tain order does not imply that there is no hidden integrability condition at
a higher order. This difficulty is taken care of by introducing the stronger
notion of involution which can be verified in a finite number of algorithmic
operations on the system of differential equations. The following property of
the n-th jet bundle of sections J™ is the key for the introduction of algebraic

techniques into the geometric theory of differential equations.
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Proposition A.5. The n-th order jet bundle J" is an affine bundle over the
(n — 1)-th jet bundle J"~! modeled on the vector bundle ©% (T X) ®r VM,
where VM = Ker dr is the vertical bundle of T'M.

Definition A.6. The geometric symbol of a system of differential equations
R, at p € J" is the vector bundle S,,|, = Vp(n)Rn C Vpn) J", where Vp(n) J" =
Ker dn)!_,|, is the vertical bundle with respect to the projection ' _; : J" —
J 1 at p.

Thus the geometric symbol is the vertical part of the tangent space of R,

with respect to the fibration n”_,. Let

n—1-

q
9,
v:Z Z 05 dr’ @ — € OpT*X ® VM,

ue
a=10<#J<n 0

then the symbol S,,|, consist of the points v for which

q
SN B s—0, 1<k<w (A3.1)

e
a=1#J=n au‘]

The rank of the matrix (0A/0ug)(p) can vary with p. We assume that this
is not the case so that S, forms a vector bundle over R,,, and we drop the
reference to the point p.

Let {0,1,...,0.»} be the standard basis on TX and consider the sub-

spaces
Spr={0€S8,:000m,v1,...,0,-1) =0, Vouy,...,0,1 € TX},

kE=1,...,p, and set S, o = S,.

Definition A.7. The Cartan characters of the symbol S, are the integers

057(1]6) = d]m Sn,k—l — dlm Sn,k7 1 S k S b-
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The Cartan characters satisfy the descending sequence aSP >0 > aﬁlp ) >
0.

Proposition A.8. The inequality
p
dim 8,11 < dim S0+ dim S, 1 + -+ +dim S, = Y kal)  (A32)
k=1

always holds.

Definition A.9. The symbol S, is involutive if there exist local coordinates

on the base manifold X such that we have equality in (A.3.2)).

A.4 Computational Criterion for Involution

In applications, it is easier to work with the differential equations instead of
their solutions, so we now explain how involutivity of the symbol S,, can be
verified in terms of the linear system describing it locally. The first
step is to order the columns of the symbol matriz S,, = S(R,) = (0A;/0ug),

#.J = n, relative to their class.

Definition A.10. The class of a multi-index J = (j',...,j7) is
cl J = min {k: j* # 0}.

We order the columns of S,, by requiring that the column corresponding
to the unknown v9 is always to the left of the column corresponding to
v? if ¢l J > cl I. For two multi-indices with the same class, the order of
the columns does not matter. This can be achieved by using the reverse
lexicographic order: v§ < vf if either the first non-vanishing entry of J — I
is positive or J = I and a < (. Next we put the matrix in row echelon
form, without performing any column permutations. Let ﬁ,(q,k) be the number

of pivots that lie in a column corresponding to an unknown v§ with class k.
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The @(zk) are called the indices of S,,. The definition of the @(f) depends on

the chosen coordinate system.

Definition A.11. A coordinate system is said to be d-reqular if the sum

- kﬁr(bk) is maximal.

Any coordinate system can be transformed into a d-regular one with a
linear transformation defined by a matrix coming from a Zariski open subset
of RP*?_199).

Proposition A.12. The symbol S, is involutive if there exist local coordi-

nates on X such that the matrix S,,; of the prolonged symbol §,,; satisfies

p
rank S0 = > kB
k=1

Remark A.13. The rank of the symbol matrix S,,, tells us how many coef-
ficients of order n in the formal power series solution (A.2.1|) are determined
by the system of algebraic equations (A.2.2). More generally, the rank of Sy,
with k& > n, determines the number of principal coefficients of order k in the

formal power series solution.

A.5 Involutive Differential Equations

Definition A.14. The system of differential equations R, is said to be

wnvolutive if it is formally integrable and if its symbol &, is involutive.

Proposition A.15. Assume the symbol S,, of the system of differential equa-

tions R,, to be involutive, then R, is involutive if and only if Rg) =R,.

Proposition implies that for a system of differential equations R,
with involutive symbol it is no longer necessary to check an infinite number
of prolongations for the existence of integrability conditions. If there are no

integrability conditions in the next prolongation, none will appear at higher
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order. By a theorem due to Cartan and Kuranishi, every system of differential

equations has an equivalent involutive representation.

Theorem A.16. (Cartan—Kuranishi) For every (sufficiently regular) sys-
tem of differential equations R, there exists two integers r,s > 0 such that

the system of differential equations Rfﬁr = R4, is involutive.

Cartan—Kuranishi’s theorem implies that every system of differential equa-
tions R can be completed to involution. This can be achieved by the following

completion algorithm:
e Input R
e Repeat
(a) While S(R) is not involutive repeat R := DR
(b) If R # RW, then R := R and go to loop (a)
e Until S(R) is involutive and R = R
e Output R

Example A.17. Consider the system of second order partial differential

equations

Ro : Uy = 0, Uyy = 0. (A5.1)

If we order y < z, the first equation in (A.5.1) is of class 2 and the second
equation is of class 1. The symbol matrix for the system is the two
by two identity matrix S(Rs) = lox2. Thus the symbol matrix is already
in row echelon form. The indices of S(R,) are 552) = ﬁél) = 1. The first

prolongation of (A.5.1)) is

Rs : Upy = Uyy = Uggy = Uggy = Ugyy = Uyyy = 0. (A.5.2)
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Thus S(R3) = I4x4 and the rank S(R3) =4 # 551) + 2652) = 3. We conclude
that the system of equations is not involutive. On the other hand, it
is verified that is involutive since rank S(Ry) =5 = 4" + 265"

Note that the original system of equations is formally integrable since
R =R, for all k > 2.
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