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Abstract

This thesis focuses on deriving and understanding the invariant Euler-Lagrange equa-
tions for variational problems defined over framed curves in two and three dimensions.
We make use of the moving frame machinery developed by Fels and Olver ([FO99])
along with the structure of the invariant variational complex as derived by Kogan and
Olver([KOO01]). In [KO03] Kogan and Olver combined these tools in order to develop
a procedure for deriving the Euler-Lagrange equations for variational problems that
admit symmetries. It will be this procedure that we invoke to achieve our goals. In the
two dimensional case, we derive the equations in two sets of coordinates. The difference
between our choice of coordinate systems will involve how we represent a frame. In
three dimensions, the choice of a coordinate system can drastically change the diffi-
cultly of various calculations. In order to fully analyze the three-dimensional case, we
will make use of the insights gained in the two-dimensional case. We conclude the the-
sis by considering restricted framed curves and how restrictions can alter the invariant
Euler-Lagrange equations. Finally, it should be noted that the computations needed
to write down the invariant Euler-Lagrange equations of interest will be lengthy and
difficult to fully write out. These calculations were carried out using code written in
the Python programming language. The code used for the work in this thesis can be

found on https://github.com/broom010/Lie_Symmetry.
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Chapter 1

Introduction

In the late nineteenth century, Sophus Lie laid the foundation for using symmetry
methods to study differential equations and variational problems. The introduction of
continuous groups and infinitesimal methods to study such problems eventually lead
to the creation of Lie theory. While working on variational problems, Lie made the
important observation that if G is a symmetry group of a variational problem, then
the associated functional may be rewritten in terms of the differential invariants of the
symmetry group. Further, the Euler-Lagrange equations corresponding to the original
functional will inherit G as a symmetry group. When the Euler-Lagrange equations are
rewritten in terms of the differential invariants of GG, we will refer to these equations as
the invariant Euler-Lagrange equations.

Kogan and Olver were the first to introduce a general procedure for producing
invariant Euler-Lagrange equations for an invariant variational problem using moving
frames and the structure of the variational bicomplex (see [KO03]). Chapters two, three,
four, and five will serve as background material. First, we will introduce the machinery
needed to understand and carry out the necessary computations by discussing jet spaces,
moving frames, and the invariant variational bicomplex. Next, we will give a formula
for the invariant Euler-Lagrange equations for an invariant variational problem defined
over a curve in higher dimensions. After discussing the background material, we then
move on to framed curves.

Informally, a framed curve is a curve in R™ with an orthogonal frame attached at

each point along the curve. In chapter six, we will introduce framed curves and present
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results about variational problems defined over them. After setting the ground work, we
go on to construct differential invariants, invariant differential operators, and invariant
differential forms for framed curves in two dimensions. Next, we use the machinery of
the invariant variational bicomplex to derive the invariant Euler-Lagrange equations for
variational problems defined over two-dimensional framed curves. We then rework our
analysis in a second set of coordinates in order to highlight how the procedure changes
and to provide a second way of working with framed curves. The coordinate system that
we work with in the latter half of chapter six will serve as a foundation for extending our
work to three dimensions. Finally, we will conclude chapter six with example problems
that show the computational benefit of using the invariant Euler-Lagrange equations
rather than their classical counterpart.

Many of the results from the latter half of chapter six will have direct counterparts
in the analysis that we carry out for three-dimensional framed curves in chapter seven.
Yet, there will be subtle differences that must be addressed in order to calculate cer-
tain quantities. The computations needed for deriving the invariant Euler-Lagrange
equations for three-dimensional framed curves are cumbersome, and as such, they are
primarily carried out using code written in the Python programming language. All of
the code and work required to produce the invariant Euler-Lagrange equations for both
two and three-dimensional framed curves can be found in the IPython notebooks on the
following webpage https://github.com/broom010/Lie_Symmetry.

Formulas from chapter seven provide a template for studying invariant variational
problems for general framed curves in three dimensions, and we adapt the various formu-
las to restricted framed curves in chapter eight. An explicit derivation of the invariant
FEuler-Lagrange equations for restricted framed curves will be given for Frenet-Serret
framed curves in two and three dimensions. Interestingly, the invariant Euler-Lagrange
equations in this case match the results given for plane and space curves ([KOO03]). The
final example will provide the invariant Euler-Lagrange equations for framed curves
with the restriction that the first frame vector is the unit tangent to the curve.

Although the analysis from chapters six, seven, and eight are interesting in their
own right, our true motivation for determining the invariant Euler-Lagrange equations
is their possible utility in applications. A possible application of our work lies in study-

ing the global geometry of DNA; in general it is quite difficult to determine the global
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3
geometry of a long sequence of base pairs. In [Gral6], Grandchamp studied this geom-
etry using multi-scale modelling in which the double helix structure of DNA is treated
as two framed curves with the mechanical properties of a hyper-elastic rod. The likely
equilibrium states of the double rod structure are determined by minimizing a func-
tional defined over the framed curves. The specific functional used in Grandchamp’s
work is SF(3)-invariant, which means the equations that we obtain in chapters seven
and eight can be applied to his work. It is our hope that the work presented here
may provide computational benefits to a plethora of applications involving invariant

variational problems defined over framed curves.



Chapter 2

Jets and Jet Bundles

Jet spaces play an important role in the geometric study of differential equations, and

were first introduced by Ehresmann in [Ehr51].

2.1 Introduction

Definition 2.1.1. Let X, U be smooth manifolds and f;, fo be smooth maps from X
to U. We say that f; and fo are n-equivalent (for 0 <n < o0) at p € X if

L. fi(p) = f2(p), and
2. for every smooth map ¢ : U — R and smooth curve v : [a,b] — X, with 0 € [a, ]
and v(0) = z, we have:

d" d"
- t) = —
g tzo(gOfl oy)(t) ar|,_,

(go faoy)(t) forall 1 <r <mn.
It is easily seen that n-equivalence defines an equivalence relation on the set of
smooth maps from X to U. We will also refer to this equivalence relation as n-th order

contact. With this in mind, we now define the n-th jet of a smooth function f : X — U.

Definition 2.1.2. The equivalence class of smooth maps from X to U that are n-
equivalent to f at p is the called the n-jet of f, and is denoted by j; f. We refer to n
as the order of the jet j; f.
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The space of all n-jets at a point p € X is one of the first building blocks for the
geometry of differential equations. This space is a manifold in its own right, and its

dimension can be directly computed using the dimensions of X and U.

Definition 2.1.3. If X and U are smooth manifolds of dimension p and ¢ respectively,

then the n-th order jet space at p given by
Jy(X,U) :=C*(X,U)/ ~

is a smooth manifold of dimension

n +n
ap' ):q(p >

n
where ~ denotes equivalence under n-th order contact.
Next we construct the jet bundle of X x U.

Definition 2.1.4. Let X and U be smooth manifolds. We define the jet bundle of
X X U as the fiber bundle given by

JYX,U) ™ X

where
JUXU) = | | (X, U)
peX
Local coordinates on J"(X,U) will take the form (x,u(™), where = = (z',...,zP),
w = (u',...,u?), and u™ denotes the tuple of all possible derivatives of the u®’s with

respect to the z’s. Thus, two maps agree up to n-th contact at a point p if in local
coordinates, all of their partial derivatives of order less than or equal to n are the same
at p. Given a function f : X — U, one can extend or prolong f to a section of J"(X,U),
denoted by pr(™ f : X — J"(X,U). We will call such a function the n-th prolongation

of f, and we define it in the following way.

Definition 2.1.5. Let X, U be smooth manifolds and w = f(x) be a smooth function,
where f : X — U. The n-th prolongation of f is the section of J"(X,U) given by



u™ : X — J"(X,U), where
uj = o).

There is a natural projection from higher order jet spaces to lower order ones. This
projection is denoted by k™ : Jk+n (X U) — J(X,U), where m(z, u"*) = (z,u™)
is defined by truncation.

As of now, we have made sure to consider n < co. In order to deal with infinite jet

spaces, we define J;°(X,U) and J*°(X,U) as inverse limits of J}(X,U) and J"(X,U)

respectively under the projection maps w’,j“ taking k + 1 jets to k jets, i.e:

JX(X,U) = lim J"(X, U).

Definition 2.1.6. A smooth function, F' : J*(X,U) — R, defined on an open subset
of J*(X,U). is called a differential function. We will call F' a differential function of
order n if it depends on x, u, and partial derivatives of u with respect to = up to order

n.

Using the natural projection 77** from J"**(X,U) to J"(X,U) allows us to view
any n-th order differential function as an (n+ k)-th order differential function. However,
usual convention is to view the order of a differential function as the order of the maximal

derivative coordinate upon which F' depends.

Remark. As we progress, we will generally use local coordinate expressions for partic-
ular jet spaces as needed. Due to the uses of jet spaces in applications, we will refer to
X as a space of independent variables and U as a space of dependent variables. When
working locally, we will denote local coordinates on X by (z!,...,2P) and local coordi-
nates on U by (u',...,u?). In this setting, local coordinates on J"(X x U) are given by
the coordinates on X, U, and all partial derivatives of u with respect to « having order

less than or equal to n.

2.2 Prolongation of Group Actions and Vector Fields

We build on the ideas of the previous section by next defining the prolongation of group
actions and infinitesimal generators. In order to be clear about the local nature of our

results, we review the definition of a local group of transformations.
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Definition 2.2.1. A local group of transformations acting on a smooth manifold
M is a triple (G, U, ®), where G is a local Lie group [Leel3l p. 532], U C G x M is an
open set containing {e} x M, and ® : U — M is a smooth map satisfying the following

properties:

i. If (g,2), (9, ®(h,z)), and (g - h,z) are in U, then

O(g, ®(h,x)) = ®(g - h,x).

ii. The map ®(e,-) : M — M is the identity map on M.

iii. If (g,2) € U, then (g7, ®(g,z)) € U and
®(g", D(g, ) = .

In the previous definition U is called the domain of definition of the group action.
Throughout this paper, we will denote ®(g, z) by ¢ -  when this expression is defined,
and we will often refer to (G,U, ®) simply as G. If U = G x M, (G, M, ®) is called a
global group of transformations. As noted in the introduction, we will use the term Lie
group rather than local group of transformations. This convention will allow us to trim

certain statements, and focus on the results and major themes.

Definition 2.2.2. Let G be a (local) Lie group acting on X x U. The prolonged
action of G to J™(X,U) is defined by:

9" (@, u™) =pr(g- f)(=).

Where f is chosen to be a smooth function such that pr(™ f(x) = w(™), for instance
f(z) can be taken to be the n-th Taylor polynomial whose derivatives match with (™.

We will refer to the prolonged action of G on J™(X,U) as a G(™-action.

If a Lie group G acts on a manifold M, we say that a function f : M — R is invariant
under the action of G if f(g-z) = f(x) for all z € M. Typically, we will refer to f as
an invariant of G. An n-th order differential invariant is a differential function

fJ"X,U) — R that is invariant under the prolonged action of G on J"(X,U) for
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all g € G and all (z,u™) for which g™ - (z,u(™) is defined. Next, we define the

prolongation of infinitesimal generators.

Definition 2.2.3. Let V be an open subset of X x U, v be a smooth vector field on V,
and exp(tv) be the corresponding one-parameter group of diffeomorphisms generated
by v. The n-th order prolongation of v to J"(X x U) is the infinitesimal generator
of the prolonged one-parameter group pr(™ [exp(tv)], i.e.

d

P ) = | PrClexp(t)] (e ™).

The following corollary gives a linear criterion for determining whether a differential

function is invariant.

Proposition 2.2.4. Let G be a connected group of transformations acting on X x U.
A function I : J"(X,U) — R is an n-th order differential invariant of the action if and
only if
pr™ (v)[1] =0 for every infinitesimal generator v.
Due to its use later, we now develop a method for finding the explicit formula for

the prolongation of a vector field.

Definition 2.2.5. Let F(z,u(™) be a smooth function from J"(X,U) to R, defined
on an open subset V C J%(X,U). Let V' be the subset of J""1(X,U) such that
V' = 774(V), where 7 : J"FL(X,U) — J*(X,U) is the natural projection between
these jet spaces. Then the i-th total derivative of F' is the unique smooth function
defined on V’ such that

0

D;F(z,pr"™V f(2)) = O

[Pz, pr™ f(2))]

for any smooth function f(x): X — U.

Proposition 2.2.6. Let F(x,u™) be a smooth function from J*(X,U) to R, defined
on an open subset V.C J"(X,U). Then the i-th total derivative of F is explicitly given
by:

oF oP
D;F = ; a‘77 J| < ’
Oxt + Z ; R ou§ [Jl=<n

a=1



where,

ou%
u, = —2

T oxt’

Now we give a formula for computing prolongations of vector fields on X x U.

for each multi-index J = (j1,- .., jk)-

Theorem 2.2.7. [Olv93, Theorem 2.3.6] Let

Sy ) I )
v = ZZ;&‘T(:L"U) (‘314 +az¢a($,u)aua

=1
be a vector field on an open subset V- C X x U. The n-th prolongation of v is given by
(n) - J (a2
Yy =v+ oz u'™) —, J <n 2.1
r I ISR 21

where
P

p
¢5 =Dy (asa -3 giu?) +
=1 7

The following example illustrates this process.

fzuf}z (2.2)
1

0 0
Example 1. Let v = —ua— —i—xa— be a vector field on X x U, where X =2 R, U = R?,
x U

and we take x to be the independent variable and y,u to be the dependent variables.
Then

0 0 0 0 0
(3) — g — . X T rxxrr
P = U e Y e T s T Gunn
where
¢ = Dy(x 4 uug) — vy, = 1+ ui,
¢xm == Dwx(w + uuw) — Ulggx = 3U:L’uxx7
¢xxx = Dyss (:L' + uu:c) — Ulggzr = 3U32m + duzpUgpy .
Therefore
0 0 0 0 0
pr®y = —um + ugo t (1+ ug)auz + (BUIUM)% + (3u?, + Zlug,;uggm)Wmm

This example corresponds to the prolongation for the infinitesimal generator of an

action of SO(2) on R x R. Expressions like the above will show up when we consider
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the prolonged infinitesimal generators of SE(3) acting on framed curves.
Next let us briefly consider a result that will give us a theoretical foothold on how to
generate a set of functionally independent differential invariants. The following result
we take from [Olv95].

Theorem 2.2.8. Let G be a Lie group acting transitively without pseudo-stabilization
on a space X x U =2 R x R?. Then there are ¢ + 1 fundamental independent
differential invariants I, J1, ..., Jq, meaning that, locally every differential invariant of
G can be written as a function of these invariants and certain derivatives of them. These

derivatives are given by P*J, where 9 = (D,I1)™1D,.

Before we move on, it is necessary to say a word about the operators described
at the end of the previous theorem. These operators are called invariant differential
operators, and such operators can be viewed as dual vector fields to horizontal contact
invariant coframes. We will discuss these operators in more details when we discuss the
variational bicomplex in chatper 5. In light of this, for this we take the viewpoint that
these operators are differential operators that take n-th order differential invariants to

(n + 1)-st order differential invariants.



Chapter 3

Moving Frames

3.1 Actions, Orbits, and Isotropy Groups

Definition 3.1.1. Let G be a local group of transformations on a smooth manifold M.

An orbit of GG is a nonempty set O satisfying the following conditions:
i. If z € O and ¢ - z is defined, then g -z € O.

ii. O is minimal in the sense that if @’ C O satisfies condition i., then O’ = @ or

o'=0.

We denote the orbit of G containing « by O,. If G is a local group of transformations,

O, is realized as the following set
O,={g1-gn-x|n>1,9€G, and gy - -+ - gn - x is defined}.
If G is a Lie group, then orbits are defined in familiar way as
O={g-z|geG}

Definition 3.1.2. Let G be a Lie group acting on a smooth manifold M. Given x € M,
the isotropy subgroup of «x is defined by

Goe={glg-z=ua}

11
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Definition 3.1.3. Let G be a Lie group acting on a smooth manifold M. Given a
subset S C M, the isotropy subgroup of S is defined by

Gs={glg-5=5}
The global isotropy subgroup of S is defined by
Gi={g9|g-x=xaforall z € S}.

Having defined orbits and isotropy groups, we now distinguish between different types

of actions.
Definition 3.1.4. Let G be a local group on transformations acting on M, then:
i. The action of G is called transitive if there is only one orbit, i.e. O, = M.

ii. The action of G is called semi-regular if all orbits O have the same dimension

as submanifolds of M.

iii. The action of G is called regular if the action is semi-regular, and for each x € M,
there is an arbitrarily small neighborhood whose intersection with each orbit is a

pathwise connected subset.
iv. The action of G is called free if G, = {e} for all z € M.
v. The action of G is called locally free if G, is a discrete subgroup for all x € M.

Throughout our discussion, we will only consider regular actions and we will denote
the dimension of the orbits of the action of G(™ by s,. Then the sequence {s,}°, is
bounded above by r, and must reach a maximal value. This value is called the stable
orbit dimension, and the order of the jet space at which this happens is called the

order of stabilization.

Definition 3.1.5. Let G be a Lie group acting semi-regularly on a manifold M. We
say that the action of G pseudo-stabilizes at order £ if the dimension of the orbits of

G satisfy s5, = Sk+1 < Sk+t2-
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Theorem 5.37 in [Olv95] generalizes a theorem of Ovsinnikov [Ovs82|, and it states
that if sy = sx41 and s, = sp41 for some n > k, then s, = s,, for all m > n. This
shows that pseudo-stabilization can occur at most once. Throughout our discussion, we
will only consider Lie group actions that are transitive, locally free, and regular with
the assumption that the action does not pseudo-stabilize. Details for the intransitive

case and the inclusion of pseudo-stabilization can be found in [FO99, [O1v95].

3.2 Moving Frames

The theory of moving frames is a powerful tool for studying the equivalence problems,
finding differential invariants, and developing invariant algorithms. In this section, we

study a modern approach to moving frames as developed in [FO99].

Definition 3.2.1. Given a Lie group, G, acting on a manifold, M, a moving frame

on M with respect to G is a right G-equivariant map from M to G, ie. p: M — G is

a right moving frame if and only if
plg-2)=p(z)-g "

The following theorem show that existence of moving frames is closely related to the

type of action that G has on M.

Theorem 3.2.2. Let G be a Lie group acting on a smooth manifold M. A (local)
moving frame exists in a neighborhood of a point z € M if and only if the G action is
locally free and regular near z. If the action of G is regular, p is uniquely defined by

the cross-section.

In the above theorem, the term local moving frame refers to the fact that the moving
frame is a map from M to a neighborhood of the identity in G.

The method developed in [FO99] for constructing a moving frame relies on a local
coordinate cross-section to a prolonged group action. There are many such cross-sections
that one can define, but in practice, a cross-section is usually chosen in a way that

reduces computation as much as possible.

Definition 3.2.3. Let G be a Lie group acting on an m-dimensional smooth manifold

M and with r-dimensional orbits. A (local) cross-section to the group orbits is an
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(m — r)-dimensional submanifold K C M that intersects each orbit transversally. A
(local) cross-section, I, is called regular if in addition, K intersects each orbit in at

most one point.

If G is a Lie group that acts regularly and locally freely on M, then we can construct

a moving frame point-wise using the following process:

1. Given z € M, define a regular local cross-section, K, in a neighborhood of z.
2. Define k := 7(2) to be the unique element contained in KN O,.

3. By the local freeness of the action, there exist a unique g in a neighborhood of

the identity in G such that g -z = k.
4. Define p(z) by setting p(z) = g.
Using the ideas from the construction presented above, we now prove theorem [3.2.2

Proof. (=) Suppose p : M — G is equivariant, let z € M, and g € G, :== {h € G :
h -z = z}. Using the equivariance of p, we have the following condition locally:

p(2) = plgz) = p(2) - g~
This shows that g = e and therefore G, = {e} for all z € M i.e. G acts locally freely on
M. To prove regularity, we consider an arbitrary z € M and a sequence z, = g, -2 € O,
converging to z. Using continuity and equivariance, we have

p(z) = lim p(zn) = lim plgn-2) = p(2) - lim g, "

n—oo n—o0

Therefore,

. -1 _
lim g, =e.
n—oo

Thus the action of G is regular.

(<) Given a Lie group G acting freely and regularly on M, there exists a foliation
of M and a one-dimensional submanifold K intersecting each leaf in exactly one point.
Given a z € M, we consider the map 7 : M — K to be the canonical projection along

the leaf containing z. Using the local freeness of G, we define p(z) = g, where g is the
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element of G such that g -z = 7(z). To show that p is right invariant, we begin by
letting 2 € M and h € G and label 2’ = hz. Next take ¢’ to be the element of G' such
that ¢’z = w(z). Since gh™ 'z = gh™1(hz) = gz = 7(z), it follows that ¢’ = gh~!.

Using this, we obtain:

plh-2)=p(Z) =g =g-h" =p(z)n~"
Thus p is right equivariant. O

Given a Lie group G acting smoothly on a manifold M, the orbits of the prolonged
action on J™(M) is bounded by the dimension of G. In many cases, the prolonged action
of G becomes free and regular on an open dense set V" C J"(M) for n >> 0. The set
V" for which this happens is called the set of regular jets. Throughout our work, we
will not explicitly reference V", but one should be aware that our analysis and work will
only apply to regular jets. For more technical details about this point, see [Olv00)].

Next we introduce the notion of invariantization. According to Theorem [3.2.2] a
function I : J™ — R is a differential invariant if and only if it is constant on the orbits
of the prolonged group action. Since locally, each orbit meets a cross-section at a unique
point, the value of an invariant can be determined by its value on the cross-section. This

leads to the process known as invariantization.

Definition 3.2.4. The invariantization of a function F' : M — R with respect to a
cross-section K is the unique invariant function, I = «(F’), that coincides with F' on the

cross-section, i.e. I |g=F |k.

Proposition 3.2.5. If p is a moving frame with respect to a cross section, then the
ivariantization of a differential function with respect to this moving frame is given by

the formula
W(F(@,u™)) = Flp(@, u™) - (z, u™)). (3.1)

In particular, every n-th order differential invariant can be locally expressed as a

function of the fundamental n-th order differential invariants.

Corollary 3.2.6. Let G be a Lie group with a transitive, locally free, and reqular pro-
longed action on X xU that does not pseudo-stabilize, where dim(X) = dim(U) = 1. Let
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the prolonged G-orbits of J* have constant dimension r for k >r —1, and let K C J*

be a cross-section to the orbits given by the following equations:
Tr =, U = C2, cees U(r—1)z = Cr—1-

Then the following is a complete list of functionally independent differential invari-
ants on J*, (k> r—1):

i. Ho(x,u®) = ¢,

0. Iz(x7u(k)) - L(uzx) =G (fO’I” (1 <t<7r-— 1)7
191. Ij(:v,u(k)) = 1(ujz) (forr —1<j<k),
diu diu
where w;, = i and uj, = i

The invariants given in 7. and 4. are called phantom invariants because they are
constant. The full list of invariants described in the corollary above are referred to as
normalized invariants. A moving frame can be used to easily compile a list of normalized
invariants by applying to various jet coordinates. However, it is important to note
that invariantization does not commute with differentiation.

The recurrence relations developed in [FO99] provide the key to efficiently relating
the normalized invariants to a second list of differential invariants, called the curvature
invariants, which arise from invariant arc length differentiation. The recurrence relations
are vital to understanding the algebra of differential invariants and invariant differential
operators. With them, one can find a minimal set of generating invariants and determine
the syzygies between differential invariants. While discussing these topics would be
interesting, a full consideration is outside the intent of this paper.

The invariant arc length differentiation that was alluded to above is also constructed
from geometric objects that arise in the variational bicomplex of J™(X,U). For our
purposes, we will view them as operators D; = JD;, where J is a certain relative
differential invariant (JOIv95, p. 149]). The recurrence relations give the correction

factors that relate D; o and ¢ o D;. Specifically, if F(x,u(™) is a differential function



17

and ((F'), its moving frame invariantization, then the recurrence relations are

r
D[u(F)] = o[Di(F)] + Y R{ t[pr ve(F))], (3.2)
(=1
where {vg}};_, is a basis for the infinitesimal generators of the corresponding group
action, and Rf are certain differential invariants. We refer to the Rf ’s as the Maurer-
Cartan invariants.

The Maurer-Cartan invariants can be found through directly computing the coeffi-
cients of the pullbacks of the Maurer-Cartan forms from G to J™(X,U) via the moving
frame. However, this is process can be greatly simplified by observing that the Maurer-
Cartan invariants can be directly solved for by applying the recurrence relations to the
phantom invariants. In fact, one can solve for the Maurer-Cartan invariants without
ever finding an explicit moving frame.

The following example illustrates the above mentioned process.

Example 2. Let G be the three parameter Lie group acting on R? via
(A a,b) - (z,u) = Az +a, A7 a4+ b) = (y, w),

where y, and v denote the transformed variables. The following is a basis for the

infinitesimal generators of this action:

) ) )

UL o ~ ou

Prolonging these vector fields, we have

prv; = o’
0
prvz = ou
0 0 0
prvgzx%—u%—2u$a—ux—3umm—--- .

For convenience, we will set our cross-section to be £ = {x = 0,u = 0,u, = 1} with

uy > 0. It should be noted that using u, = 0 defines a singular subset, hence the reason
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for choosing u, = 1. The implicit differentiation operator d/dy is given by

Thus
- u
Dy =X"Dy, and Wpy = )\TTfl

The normalization equation y = 0, v = 0, and v, = 1 give us

Az +a =0, Al +b=0, A2, = 1.
Therefore our (right) moving frame is given by:

A a,b) = p(z, u™) = (ul/?, —zul/?, —uuV?).

Using this moving frame, we define the first non-trivial invariant by

U.Z‘.Z‘

K= 1(Ugy) = Wyy = 3
Uy

The invariant arc length derivative is given by D = «(D,) = uy Y D,. The recurrence

relations for this example take on the following form:
Dy[L(F)] = t[Do(F)] + R 'u(prvi(F)) + R%u(prva(F)) + R3u(pruz(F)).

To solve for the Maurer-Cartan invariants R', R?, and R3, we apply this formula to the
phantom invariants and use the fact that D(«(z)) = D(¢(u)) = D(¢(ug)) = 0. This is

summarized by the equation:

0= (1) + Ru(prvi(z)) + R*u(pruve(x)) + R3u(pruvs(x)),
0 = t(ug) + Ru(proi(u)) + R:u(prve(u)) + R3u(prvz(u)),
0 = t(tgz) + R e(prvy(ug)) + R2u(prva(us)) + RPu(prvs(ug)).



Using the fact that «(x) = ¢(u) =0, ¢(1) = t(uz) = 1, and t(ugy) = K, we get

0=1(1)+ R,
0= t(us) + R?,
0 = t(uge) — 2R3

Solving for R?, we have:

Therefore
Dy[u(F)] = o[Dg(F)] — t(prvi(F)) — t(prvo(F)) + gb(prvs(F)),

where F' is an arbitrary differential function.

19

With the recurrence relations in hand, knowledge of the invariant arc length deriva-

tive is not necessary in order to apply it. Focusing on the normalized invariants, we can

take Is and I3 to be fundamental invariants and 2, = (Dxlg)_le to be the funda-

mental invariant differential operator. If we work with the curvature invariants, we can

take k to be a fundamental differential invariant and Dy = ug Y 2Dx to be the invariant

differential operator. The recurrence relations then give the relations between these sets

of invariants.



Chapter 4

The Invariant Variational

Bicomplex

4.1 Variational Bicomplex

A necessary ingredient for our study of variational symmetries is the variational bi-
complex (for details see [Vin84al, [Vin84bl [And92]). This tool was developed to handle
variational problems on manifolds in a geometric setting. Eventually, we will use the
structure of the variational bicomplex along with the theory of moving frames to intro-
duce an invariant complex that will serve to give us a similar geometric grounding for
invariant variational problems. For the full details of the invariant variational bicomplex
see [KOO1), [KOO03].

Before we begin, it is important to note that we will focus our discussion of the
invariant variational bicomplex to the case in which there is only a single independent
variable. This will simplify many of the formulas found in [KOO03|. To begin our journey
let us define the horizontal and contact subbundles of T'J*°(X,U) and T*J*°(X,U).

4.1.1 Contact and Horizontal Forms

Differential forms on J°°(M) naturally split into two flavors, the contact forms and
horizontal forms. We begin with a definition of contact forms and give a generating set

for all contact forms.

20
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Definition 4.1.1. A contact one-form on J*°(M) is a one-form, 6, such that

(F™)*(0) = 0l 5y = 0
for all smooth functions f: X — U and all p € X.

The subbundle of T%J*°(M) spanned by contact one-forms is called the vertical
or contact subbundle, and it is denoted by Q{,(J*°). The horizontal subbundle of
T*J>®(M) is the span of the coordinate one-forms dx?, 1 < i < p. We denote this
subbundle by Q},(J>).

Working out expressions in coordinates, we find that any contact one-form can be

written as a linear combination of the following basic contact forms:

p
?:duﬁ—Zuiidml, a=1,...,4q, 0<|J|, (4.1)

i=1

where uj; = 0ug/ 92" as before.
The expression in (4.1) can be viewed, in some sense, as subtracting away terms
involving horizontal one-forms from du$, i.e. removing any dz"’s. With this in mind,

we see that T*.J°°(M) naturally splits as
T*J®(M) = Q4 (J®) ® O (J>).
Thus any w € T*J°°(M) has a unique decomposition
w=my(w)+7r(w),

where my : T*J®(M) — Q,(J*), and g : T*J®(M) — Q};(J>°). Note that this is
not true for finite order jet bundles due to the fact that decomposing w € T*J"(M)
results in 7y (w) € T*J" 1 (M).

This splitting of differential forms into horizontal and contact forms induces a split-
ting of the exterior differentiation operator into d = dy + dy, where dy(w) = g (d(w))

and dy (w) = 7y (dw). The fact that d is a closed operator requires the following relations
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between dy and dy:
dHOdHZO, d\/OdV:O7 dHOdV:—dVOdH.

This results in two chain complexes with an anti-commutivity relation. Given a function

F: J*(M)— R, we can calculate dy(F) and dy (F) via

p
dyF =) D;Fdx (4.2)
=1
and .
OF
dVF:ZZ@Gf;a 1< |‘]|) (43)
a=1 J

where D; is as previously defined.

Definition 4.1.2. A total differential operator on J*° (M), is a vector field that lies in
in the annihilator of {,(J>).

Remark. The differential operators D; for 1 < i < p form a basis for the vector space

of total differential operators. That is, every total differential operator is of the form:

for smooth functions ®!,..., ®P.

4.1.2 Frames, Coframes, and Total Differential Operators

We define the horizontal tangent space of J*°(M) at p to be the space spanned by the
operators D; for 1 < i < p, and we define the vertical tangent space of J*(M) at p to
be the span of

0

Jlp

The horizontal and vertical tangent bundles of J*°(M) are defined in the obvious

way, and are denoted by T J*°(M) and Ty J>°(M), giving the decomposition

TI®(M) = Ty J>®(M) & Ty J™(M).
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Horizontal and vertical vector fields are taken to be continuous sections of T J*° (M)
and Ty J*°(M), and we denote the sets of all such smooth sections by: Xy and Xy
respectively. A horizontal frame for J*°(M) is a collection of p horizontal vector fields

that are linearly independent at each p € M.

Definition 4.1.3. A horizontal coframe for J°°(M) is a collection of p horizontal one-

forms, w',...,wP, that are linearly independent, i.e. w! A--- A wP # 0 on every open
subset of J*°(M).

Given a frame or coframe, we construct the dual coframe or frame by imposing the
requirement that

(wi;vj> = 53

Concretely, if we are given a horizontal coframe
w' = ZP}(d,u(n))dxz, 1<i<p,
j=1
then the corresponding dual frame is:
p .
D; =Y Qix,u™)D;,  1<j<p, (4.4)
i=1

where

The operators above satisfy the formula
p .
dy F = (D;F)w. (4.5)
j=1
Adapting this formula to a contact one-forms, 6, we have
p .
dy 0= w AD;b. (4.6)

Jj=1

The splitting of 7*J*°(M) and the decomposition of exterior differentiation induces

a bi-grading on the space of differential forms on J°°(M). The resulting structure is
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known as the variational bicomplex, and it plays a role in the theory of calculus of
variations. Our next goal is to combine the ideas developed in this section with the

theory of moving frames.

4.2 The Invariant Variational Complex

We now turn our attention to using the theory of moving frames to build an invariant
version of the variational bicomplex. Following the regularization procedure in [KO03],
we let m: B=G x M — M be the trivial right principal G bundle over M, and define
the lifted action of G as

g-(h,z)=(h-g7",g-2).
Extending the regularization construction to 7 : B(®) = G x J*®(M) — J®(M), the
lifted action is w : B> — J*°(M), given by:

w(g, 2 = g (b, 2)) = (h- g1, g - ),

The projection map along with this lifted action produces a double fibration of B>
over J*. Using a moving frame p : J°°(M) — G, we can define a G-equivariant section
of the projection map by setting o(2(°)) = (p(2(>)), 2(>)). The section o : J*® — B>
will serve a similar role to p : J°°(M) — G in defining an invariantization map.

4.2.1 Invariantization of Differential Functions

Definition 4.2.1. A smooth locally defined function F': V" C B> — R is called a lifted

differential invariant if it is invariant with respect to the lifted G-action.

Using a moving frame section o : J>°(M) — B> we can define the invariantization
map ¢ : C°(J®(M)) — C°(J>®(M)) as follows:

(F)=Fowoo, (4.7)

where w is the lifted G action defined above. One should note that if 7 : J* — R is an
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invariant, then I(g - 2(>)) = I(2()). Applying the invariantization ¢ to I gives
W) = I(p(=) - 29 = (),

Thus invariantization is a projection map from C*°(J>) to the set of differential invari-

ants.

4.2.2 Invariantization of Differential Forms

The space of differential one-forms on B> can be decomposed into lifted horizontal
forms, lifted contact forms, and the Maurer-Cartan forms. This decomposition can be

written as:

QYB>®) = Q1 (B®) & 0, (B™) @ Q&(B™).

This decomposition leads to a quasi-tricomplex on Q(B>) = @@, Q*(B>). The
details of this can be found in [KOO03]. Our discussion here will pertain to the decom-

position of invariant differential forms on B*°.

Definition 4.2.2. Let G be a Lie group acting on a manifold M. A differential form w
on a manifold M is said to be invariant with respect to the G-action if g*(w |g.2) = w |2

for all g € G.

Invariant differential forms on B°° are those that are invariant with respect to the

lifted G-action.

Definition 4.2.3. Let 7y : 2 — Q7 be the projection from
(B>) = @ 2" (B>)
k

to

Q(B%) = P 2} (B®) @ QF(B).
k

Definition 4.2.4. The invariantization of a differential form n € Q;(B°°) is defined to

be the invariant differential form

v(n) = o (ms(w*(n)))- (4.8)
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Theorem 4.5 from [KO03| shows that the invariantization of the vertical and horizon-

tal subbundles of Q;(B°°) form an invariant coframe on the regular subset V>° C J*°.

We denote the space of all invariant jet forms on B> by Q 7(B>). Using the bigrading

on Q;(B%), we denote the space of jet forms that are the wedge product of r horizontal

forms and s contact forms by Q';°(B>), and we let w5 : @ — Q" be the standard

projection. In a similar way, we use the bigrading on Q;(B>) to define (NZ’:,’S(B‘X’) and
Trs - Q — Qrs.

With this notation, we note that the invariantization map ¢ : Q°(8) — Q7*(8>)

is an exterior algebra morphism. In local coordinates, the invariantization of da’ de-

composes as:

(dr') == w' = o*(dg X") + o*(dy X*),

where uppercase symbols indicate transformed variables. Restricting to the case of a

single independent variable, x, yields
(dr) =w=ds+mn, where ds =o"(dyX), and n=oc"(dvX). (4.9)
The invariantization of a basic contact forms is given by

9 = o (dy US — U2, dy X). (4.10)

n

4.2.3 Recurrence Formulas for Invariant Differentiation

When working with invariants and invariant differential forms, one quickly finds that
both regular and exterior differentiation do not commute with the operation of invari-
antization. We previously discussed how to account for this when invariantly differenti-
ating invariant functions. In this section, we discuss how to apply exterior differentiation
to invariant differential forms. An important observation is that given any invariant dif-

ferential form w € ﬁ"’s,

= ﬁr—&-l,s ® ﬁr,s—i—l @ ﬁr—17s+2.
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This allows one to write a decomposition of the differential as
d=dy +dy + dw,
where

dag o QU5 — QLS
dy : Q" — QL

dyy : Q7 — QL2

The formulas for how to apply these operators relies on a decomposition of the invari-
ant Maurer-Cartan forms. Let p!,..., " denote the Maurer-Cartan forms dual to the
infinitesimal generators. In the case of a single independent variable, o*u decomposes
as

o't =1t =4t 18 where Af =Cfw, = ZEfY’” Uy,

a,n

where C* and Ef;’" are differential invariants which depend on x. In order to make this

decomposition useful, we will let A, 7, and ¢ be differential forms such that,

W) =v,  N=n"+p, =A%z, =) =Bi"6y,

and
fyé = L(aﬁ), €= L(,Bz), Ct = L(Az), Eg’" = L(Bﬁ;").

The one-forms X, 7, and ¢ are not uniquely defined, but in practice, one uses phan-
tom invariants to derive one-forms that fit the relations above. Using such differential

forms, we have the following

dyt(w)=dyw=1 <de + an A m«,s[w(w)]> , (4.11)

(=1

dy (w)=dyw=1 <de + Z (65 A7 s[ve(w)] + 7° A 7rr_178+1[vg(w)]>> , o (4.12)
(=1



dw L(w) =dpyw=1 <Z Bé A\ 71’7»_1,54,_1[1)((00)]) ,

(=1

where vy(w) denotes the Lie derivative of w with respect to vy.

For an invariant function, I = +(F'), we have the following formulas

dy I =dyo(F) =1 (dHF+ > w(F) 77[) ,

(=1

dvf—dvb(F)_L<dvF+ZW(F)5£>a

/=1
dw I = 0.

If our infinitesimal generators are given by
0 o O
vy = 56% +Z<Pn,e dua’
a,n
then applying these formulas to the fundamental differential invariants yields:
T
dy H = dy 1(2) = w + Y (&),
(=1

T
dy I = dyg1(ugy) = Iiaw + ) (i )
=1

dy H =dyu(z) = 1(&) e,
=1

dy I = dyu(uy) = 05 + ) e ) et
=1

28

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

Using the above formulas along with the general recurrence formulas, we write the

recurrence formulas for the derivatives of the invariant horizontal form. These are given
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by
dyw = ZT: L(DrEH A At (4.18)
(=1
dpw:ei [L (Dxﬁg)sf/\w+ZL<gfi> fyf/\l(}a] , (4.19)
—1 o
dww—eiZL<gfé> e NV (4.20)
=1 «

Before we can express the recurrence formulas for invariant differentiation of contact
forms, we will introduce the invariant differential operator Ds. Adapting the various

formulas from [KOO03, p. 19] to the case of a single independent variable, we have

D, = D, + Z Alvy,
(=1

and we define D, as the invariant differential operator defined by
Dso(F) =1(D, F).
Applying 71,1 to formula yields
dy9=wADs9  forall ¥ € Q1 (4.21)

where Dy acts by Lie differentiation. Combining the above equation with (4.11]) we have

Doy =y + Y Clulve(65)). (4.22)
/=1

The following formula will be used to calculate the Lie differentiation of a contact form

with respect to an infinitesimal generator:

ve(07) = doh o — P10 AT — up g dEy. (4.23)

We conclude this chapter with a note about the quasi-tricomplex that arises from the
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decomposition of the differential, i.e. d = dy + dy + dyy. The term “quasi” refers to the
fact that dy, is not necessarily closed. Indeed we only have d% +dy dyy +dyy dy = 0. For
projectable group actions dyy = 0, and our tri-complex becomes a legitimate invariant
variational bicomplex. Yet, the edge complex of the quasi-tricomplex is always a true
complex. The author finds it quite remarkable how Kogan and Olver combined the
notions of the variational complex with invariantization to produce the various formulas
above. In the next chapter we explore how these tools can be used to derive the invariant

FEuler-Lagrange equations.



Chapter 5

The Invariant Euler-Lagrange

Equations

5.1 Introduction

Variational calculus is a cornerstone of many physical theories including classical me-
chanics, quantum field theory, and string theory. In these theories, one defines an action
functional, Sfu|, in terms of a Lagrangian density function, L : J"(X,U) — R, where

often X C R. This functional is usually of the form

Slu] = /392 L(z,u™(2)) dz.

1

In classical mechanics, one takes L to be the difference between the kinetic and potential
energy of a system. Most physical applications only involve the first or second order jet
space, i.e L : JY(X,U) = R or L : J*(X,U) — R. Hamilton’s principle of least action
states that the equations of motion for classical systems can be derived by minimizing
the action functional S[L]. Two reasons why this formalism has continued to play a
prominent role in physics is due to the flexibility in the choosing coordinate systems
and the ability to apply Noether’s celebrated first theorem which links symmetries to
conservation laws. In the next section, we will give a definition of a symmetry group of
a variational problem of a single independent variable. For the rest of our discussion,

we exclusively work with X C R.

31
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A line of reasoning is that one can experimentally test for symmetries of a physical
system by verifying conservation laws. This gives a sensible process for determining
symmetries of a system. However, it is often difficult to postulate an action functional,
i.e. a Lagrangian density function, from first principles. Lie was the first to discover
that every G-invariant variational problem can be rewritten in terms of the differential
invariants of the G-action. This fact is often used by theoretical physicist to propose
specific G-invariant action functionals for various field theories. This is but one of a
myriad of reasons for studying invariant variational problems.
The possible extrema of a variational problem are found by solving the Euler-
Lagrange equations. These equations can be derived using the geometric structure

of the variational bicomplex. In short, the Euler-Lagrange equations are given by

where FE, are the classical Eulerian operators:

oL
Eo(L) = Z(*D)J e (5.1)
uy
J
It is show in [Olv93, Theorem 4.14] that a variational symmetry group is also a
symmetry group of the associated Euler-Lagrange equations. Therefore, under certain
conditions, one can rewrite the Euler-Lagrange equations in terms of the fundamental

differential invariants of the group action, meaning that the equations be of the form
F(L,...,Ix) =0,

where I, ..., I; form a complete set of functionally independent differential invariants.
The process of finding such an F' was not known until Olver and Kogan showed in

[IKOO03] that of the invariant Euler-Lagrange equations can be given by
W |A*E(L) — B*H(L)| =0, (5.2)

where L is the invariantization of the Lagrangian, & (E) is the invariantized Eulerian,

H(Z) is a certain invariantized Hamiltonian, A*, B* are specific invariant differential
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operators, and W is a matrix of relative invariants. Formulas for these operators will

be given in section (/5.3)).

5.2 Symmetries of a Variational Problem

Generalizing these ideas, we define a variational problem to comprise of finding the

extrema of a functional
Llu] = / Lz, u™) dz,
D

where D C X is an open, connected subset with smooth boundary, f : D — U is
a smooth function over D such that u = f(z), and L : J*(X,U) — R is a smooth
differential function. Additionally one may impose conditions on which class of function
that £ should be extremized over. The set of such functions is referred to as the class of
admissible functions. The only restrictions that we shall consider will involve boundary

conditions.

Definition 5.2.1. A variational symmetry group of the functional
Llu] = / Lz, u™) dx
Do

is a local group of transformations, GG, acting on Dy x U with the property that for

every g € G and every subdomain D C Dy we have

gLl = [ L@ f@)ds = [ Lpr (o) o
D D

when the expressions and integrals are properly defined. Note that we have used 5, z,

and f to denote the corresponding transformations by g in GG. For the precise conditions

see [OIv93, Def. 4.10]

A theorem due originally to Lie (see [Olv95, Theorem 7.27]) tells us that any G-
invariant variational problem can be rewritten in terms of an invariant Lagrangian and
a contact-invariant volume form. Thus, for case of a single independent variable, one

finds that L[u] can be rewritten in the form

L[u] :/E(Il,...,lk)w,
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where I, ..., I; form a complete set of functionally independent differential invariants.
The term w in the above equation is the invariantization of dz, and is referred to as the
invariant horizontal one-form. The expression L w is referred to as a Lagrangian form.
Next, we will write out the explicit formulas for the invariant Euler-Lagrange equations

for variational problems in a single independent variable.

5.3 Invariant Euler-Lagrange Equations of a Variational

Problem

Using integration by parts and the various decompositions obtained from invariant vari-
ational bicomplex, one can derive the invariant Euler-Lagrange equations . In gen-
eral, these equations cannot be derived by simply applying an Eulerian operator to L.
In the case of a single variable, there will exists a set of generating invariants !, ..., K™
such that all higher order invariants can be generated via invariant differentiation by
Ds.

We denote the basic higher order invariants by x§ = (Ds)’ k%. Note that the a index

indicates that the generating invariants will often be tied to the dependent variable u®,

but in most cases k§ # t(uf

generating differential invariants.

). For convenience, we will use £ to denote this set of

We have seen that any G-invariant variational problems, [ L dz, can be rewritten in

terms of a Lagrangian form, L w, i.e.

/ Lz, u™) dz = / £ .

In order to proceed in our journey to writing out the invariant Fuler-Lagrange equations,
we must define several invariant operators. We start with the invariant Euler operators,
Ea. These operators are similar to the classical Euler operators defined in edb.1], and
they are given by

£all) = S (DY I (53)
§=0 J
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The next ingredient we need is the invariant Hamiltonian operator, H, given by:

m ~
- 9L~
ML) = Z wiy (Ds)! 5= = L. (5.4)
a=11i>j v
Next we define the invariant Eulerian and Hamiltonian operators A and B. These are

given by the following equations:
dy k=) Ay(¥),  dyw=> Bi(W)Aw, i=1,.,m. (5.5)
j=1 j=1

We will use A* and B* to denote the formal adjoints of A and B respectively. This
operation amounts to taking the transpose of the corresponding matrix, replacing all
occurrences of Dy with —D;, and using the Leibniz rule to collect various terms. For
details see [Olv93, p. 328].

Lastly we define a matrix, W, of relative invariants that is used to transform between
certain two-forms and their invariant counterparts. W is the matrix such the following
equation holds .

man (0 A@) =Y Wi 07 A da. (5.6)
j=1
In many cases, the matrix W is of full rank and can be disregarded. When this happens

the invariant Fuler-Lagrange equations are simply given by:
A*E(L) — B*H(L) = 0,

where £(L) = (&1(L), ..., En(L)T. Tt turns out that W plays a non-trivial role in de-
termining the invariant Euler-Lagrange equations for variational problems over framed
curves.

For full details as well as a discussion of the multivariate Lagrangians we refer the

reader to [KOO3|, p. 25-49].



Chapter 6

Two-Dimensional Framed Curves

6.1 Introduction

We begin this chapter by defining a framed curve. Roughly speaking, a framed curve is
a curve through Euclidean space with the additional information of a positively oriented
orthogonal basis for the ambient space at each point on the curve.

The underlying manifold structure for this space will be denoted by F™. In coordi-

nates, we have

F'={(z,F):x € R",F € SO(n)}.

The canonical projection from F" to R™ is denoted by « : F* — R”. With this

background, we formally define a framed curve as follows.

Definition 6.1.1. A framed curve is a simple smooth curve C : [a,b] — F™ that is

transverse to the fibers of 7=1({z}), for all z € R™.

The transversality condition above is included so that (locally) a framed curve
projects to a curve in Euclidean space. We will specifically work with framed curves

that are parameterized by z', meaning they will be thought of as tuples given by
(®(z'), F(z1)).

We define the action of SE(n) on the space of framed curves in R" to be given pointwise

36
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by
(a,T)* (x,F) = (Tx + a,TF).

~

It is worth noting that we can identify F™ = SE(n). Thus the action given above
can be viewed as a free and transitive right action of SE(n) on itself. In the two
dimensional case, we will take coordinates for our framed curve to be (z,u(x), ¢(x)).

Here ¢ coordinatizes SO(2) in the standard way, i.e. ¢ corresponds to the matrix

[COS ¢ —sin gb]

sing cos¢

We will take the coordinates for SE(2) acting on a framed curve to be (a,b, ). Using
Cartan’s convention, transformed variables will be indicated their uppercase variations.

In this convention, we have the following;:
X =xzcosy —usiny + a, U =xsiny +ucosy + b, S =0p+.

The prolonged group transformations are found by successively applying the following

implicit differentiation operator:

1

Dy = :
X cosY — ugsiney

This gives the following formulas for the first few transformed jet coordinates:

sin ) + ug cos Y

Usv —
X coS 1) — Uy sin’
Ugy
U =
XX (costh — ug sin )3’
By — o

cos 1) — Uy sin’

and

_ quc(COS Y —uy Sin¢) + QzUze SINY
N (costh — ug sinh)? '

Applying the method of moving frames with the cross-section X = 0,U =0, and & =0,

dxx
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gives

pla, b)) = (—x cos ¢ — usin ¢, z sin ¢ — u cos ¢, — ).
Thus, the first few normalized differential invariants are given by:

Uz COS ¢ — sin ¢

I = =
1= UUx) cos ¢ + ug sin @’
ul‘fL‘
I = =
2 = UUxx) (cos ¢ + ug sin ¢)3’
Pz
= [0} e ———
Ji = 1(®x) COS ¢ + Uy sin @’

e bus(c08 ) 0) = futtye sin 6
22 (COS @ + Uy SIN D) — Dp sy SIN
S = uPxx) = (cos ¢ + uy sin ¢)3 ’

In the next section we prolong the infinitesimal generators and derive the recurrence

relations for differential invariants.

6.2 The Recurrence Relations

A basis for the set of infinitesimal generators of this group action is given by:
1. vi = 0y,
2. Vg = Oy,
3. v3 = —u0; + 10, + 4.

The prolongation of these infinitesimal generators is given by

Pr(vl) =y,

pr(v2) =va,
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and

0
pr(vs) =vs + (1+ ui)

Ouy  Sliotis OUgy
oo | /2]
n oy () o| O
+ Z <Z>uzun_z+2<l>ul o,
n=4 i=1,
2i#n
0 n—1 n P
+> (Z ( ‘>¢i+lun—i> Eya
n=1 \izo \' O¢n

where u; and ¢; denote D}u and D, ¢ respectively and d5; is the Kronecker delta.
The recurrence relations are derived using the fact that Ds(¢(I)) = 0 for all phantom

invariants. This leads to the following system of equations:

0=D,(e(z)) = ¢(1) + R* + R? - 1(—u),
0 =Dy(e(u)) = t(uz) + R* + R® - 1(x),
0 =Dy(u(¢)) = (¢a) + R*u(1)).

Solving these equations, we have
R!' = —1, R? = —i(ug) =: —k, R3 = —i(¢p) =: —pu.

According to formula (3.2), the invariant total derivative of an invariant is given as

follows:
D[u(F)] =t (Do(F)) — ¢ (proi(F)) — k- ¢ (proz(F)) — p- ¢ (pros(F)), (6.1)
where F'is an arbitrary differential function. Applying the above relation to {uz, tgg, - .. }

and {¢z, Gz, - - - }, while using the notation I,, = t(u,), and J. = 1(¢,), we obtain the



40

following curvature invariants:

k=1 = t(ug),

ks = 1(D(I1)) = Iy — Jy (1 + I?),

KRgs — L(D(IQ)) = I3 — J1(311[2),

o= Jl = L(¢x)7

ps = u(D(J1)) = Jo — ILJ7,

piss = L(D(J)) = J3 — Iy J? — 21101 s,
Il = R,

Iy = ks + :u(l + K2)7

I3 = Kgs + 3kp(1 + K2),

Ji = p,

Jo = ps + Kﬂ27

J3 = fiss + fiskis + pupis + sk + 264 + 26700

etc.

The relations above allow one to easily convert curvature invariants, which may arise
in calculations, to normal invariants which can be readily expressed in coordinates. In

the next section, we will derive the invariant Euler-Lagrange equations.

6.3 The Invariant Euler-Lagrange Equations

We begin by computing the Lie derivatives of the basic contact forms with respect to
the infinitesimal generators of the group. We will use the following notation for these

contact forms:

02 = dupg — D(n-}—l)x[u] dzx and 02 = done — D(n+1)x[¢] dz.
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Note that v1(6%) = v1(65) = v2(0%) = v2(A%) = 0. Next we calculate the Lie derivatives

of 6§ and Hg with respect to vs. Here we get:

v3(0Y) = d(z) — [(1 + u?)dz — uy du)

= dx — dr — u? dx + uy du

= u,0".

v3(07) = d(1) — [pots dx — ¢y du]
= — Uy dx + ¢y du
= ¢,0".

Using the recurrence formula (4.22)) we have:

Ds(07) = (D2 (67)) = 1(Dxbyy — v1(67) — uav2(6) — ¢2v3(07))

— 92 — 1 (v 62).
Applying the above equation to 9* and 9¥¢ gives the following set of equations:

D" =97 — - 1(v360") = 97 — kY, (6.2)
D? = 09 — - 1(w30%) = 99 — p2ov. (6.3)

Next we calculate the vertical differentiation of the fundamental curvature invariants

using the recurrence formula (4.17)) along with equations (6.2)) and (6.3]). Before we do
this, we must determine the one-forms ¢!, €2, and ® that arise in ({#.17). Using the

phantom invariants to solve for the unknown invariant contact forms, €’ yields

e =0, e? = —9Y, and 83:_1985.
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Hence, the invariant vertical derivatives of the fundamental curvature invariants are:

L0} — v3(u,)0?)
L(6% — (1 4+ u2)6%)
9 — (1 + k?)9?

dyk

= (D5 + pr)d" — (1+ £H)6%,

and

dyp = 1(07 — v3(¢2)0°)
= L(Gf — ¢mum9¢)
= ﬂ‘f — kud

= p29" + (Dy — kp)9®.

Using formula (5.5 yields

Ds + K _(1 + ’{'2)

A= )
2 Ds — KK
Hence
x _Ds + K /112
—(1+ &%) =Dy — kp

According to formula (4.19) , the invariant vertical differ
dyw = 1[(—¢z)dx A (—0%)) + 1(—0° A (—ug)da] =

Using formula (5.5) again gives

and B*

B— [—M K],

(6.4)
(6.5)
(6.6)
(6.7)
(6.8)
(6.9)
(6.10)
(6.11)
] . (6.12)
ential of w is
— 0% A w + K9° A\ w.
_“] . (6.13)
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For the ensuing discussion, we will define the operator
- E(L -
G(L)=A" (~> — B*H(L). (6.14)
(L)

Putting all of our work together, we see that the invariant Euler-Lagrange equations

are given by:

—Ds + K IS ] [&(L)] B [—u

~(1+#) Dy~ ) |E.(D)

W-G(L)=W ( H(E)) =0, (6.15)

R

where W is the matrix defined by equation ([5.6). The invariant forms that appear in
(5.6) are:

gu
u _ 0
0™ cosp + ugysing’

pq Sin ¢

Lt 1
COS ¢ + Uy sin ¢ 0+

08 =

w = (cos ¢ + uy sin @) dx.

Therefore

W= [1 ~asing ] . (6.16)
0 cos ¢+ ugsin ¢

6.3.1 Rank and Solvability

In many cases, the matrix W as described above is full rank, however, this matrix need
not be full rank. In fact for our system, W is singular if and only if ds = 0. The
geometric interpretation of this condition is that our frame must satisfy ¢ = +5. When
W is singular, its null space is parameterized by {(0,c)” : ¢ € R}. Thus there are two
possible ways for the invariant Euler-Lagrange equations to be satisfied. Firstly, u(x)
and ¢(x) will solve the invariant Euler Lagrange equations if g(f) = 0, or secondly,
they if they satisfy Q(E) # 0 and Q(Z) lies in the null space of W. As we will see in the
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examples, it is important to be mindful of the possibility that W can be singular.

It should be noted that variational problems for framed curves provide the first
example of a case where W can be singular. However, we consider such examples
degenerate. All degenerate examples that we have encountered lead to invariant Euler-
Lagrange equations that do not have smooth solutions. In section 6.5, we will explore
several example problems, one of which will lead to W being rank one. Before we explore
these examples, let us extend our analysis to account for the use of matrix coordinates

for the frame portion of a framed curve.

6.4 Invariant Euler-Lagrange Equations in Matrix Coor-

dinates

The analysis for three-dimensional framed curves will be easier to carry out in matrix
coordinates. In order to motivate some of the notation and computations, we first work
out the easier case of two dimensions. With in mind, the action of SE(2) on F? is given
by:

(a,b,T) * (z,u(z), F(z)) = (T ' 2+ a,T?> 2+ b,T? z + ¢,TF)

where T? denotes the i-th row of T, z(x) = (z,u(x))", and T and F are the 2 x 2

matrices given by

Ty Tie
To1 Toa

T= , and F(z) =

This fits with our previous analysis by setting

FH (CL‘) Flz(l‘)

F(x) =
( ) F21<$) ng(x)

_ [COS(;S(:U) —singf)(x)] .
sing(xz)  cos¢(x)

Taking a coordinate cross-section K = {(0, )}, we have the following right equivariant
moving frame:

T=F1=FT, (a,b) = —F'z.
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We will use the notation that uppercase letters will denote transformed variables, and
lowercase letters will denote domain variables (except in the case of matrices, but this

should be evident from context). To this end, we have
X =Thx+ Tiou + a,

U =Tonx+ Thou+b,
F=TF.

To simplify certain expressions, we introduce the notation:

dm
Znx = Az

With this in mind, the prolonged group transformations are found by successively ap-

plying the following implicit differentiation operator:

1
Dx = D,.

Applying this to U we have:

U DU T? z,
X7 iy T! 2,
and 1 2 2 1
Ues — D, Ux (T 23)(T" zgz) — (T7 22)(T" 232)
XX T iy, (T z,)3
For F , we have:
~ RF,
F
Xt 2
and
~ T! z,)RF,, — (T! RF, R
FXX = ( Z:v) = ( ZLBZ) 2 = 3 ((Tl t)F:mv - (Tl me)Fm) .

(T z,)3 (T z,)
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Using the moving frame to substitute for the parameters of SFE(2), we have the following

differential invariants:

;) 2 5 (F)T 2)(F)T 2e0) — (F2) T 20)(F) | 2a2)

L) = ? (F1)T 2,)° ’
FTF, FT

h= e 2= e ()T 0F = (F)T 2 )

where (F;) T is row vector given by transposing the i-th column of F.

Maurer-Cartan Invariants

Next we find the Maurer-Cartan invariants using the recurrence relations. The infinites-

imal generators for the action are given by:
1. v = 9,,
2. Vg = Oy,
3. v3 = u0y — x0y — F21011 — Faa012 + F11091 + F12022.

where 0;; denotes the operator 6%”' The prolongations of these generators are given by

the following:
1. pr(vl) = v,
2. pr(vg) = V2,

3. pr(vs) = v3 + (1 +u2)0u, + (Fi10us — Fo1.2)0110 + (Fi2pts — Fo2.2)012.4
+ (Fo1 gug + Fi1,2)021,0 + (Fo2,2uy + Fi2,2)002. 5 + - - -

Recall that if @ is a differential function and ¢(Q) is its moving frame invariantization,
then:
3 .
Do [i(Q)] = o[Da(Q)] + Y Rt [proi(W)].

i=1
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To solve for the Maurer-Cartan invariants, R, we apply the above equation to the
phantom invariants. Our 2D representation of SO(2) gives an overdetermined system of
equations, however, the structure of s0(2) ensures that have a consistent set of equations

that can be solved for the Maurer-Cartan invariants. Here is a summary of the resulting

equations:
0=1+R",
0 = u(ug) + R?,
and
0 —1
0=u(F,)+ R .
1 0

Since F'(x) is a curve in SO(2), we see that Fj lies in its tangent space, i.e. s0(2).
This coupled with the fact that prvs(F') € so(2) shows that these equations are indeed
consistent. Solving these equations for R! and R?, we get R = —1 and R? = —i(u,,) =:

—11. The final Maurer-Cartan invariant can be taken to be any linear combination
c1 - (Fi2z) — c2 - o(Fo1q)

which satisfies the equation ¢;+c2 = 1. Simple choices include (c1, ¢2) = (1,0), (¢1,c2) =
(0,1), or (c1,¢2) = (3,3). We will take R = —Fj; ;. This choice is made in order to
keep our analysis similar to that of previous section.

We will denote the normalized invariants by

d™u d"F;;
I, =1 <dx"> , and Jijm =1 < dxnj) .

The fundamental curvature invariants will be denoted as:

k' =1, and kY = t(Jijn)-

We will attach a subscript s to a curvature invariant to denote when an invariant
arclength derivative has been taken, e.g. k¥ = Dyx". At this point, we should note that

the symmetry of F, will ensure that x'?2 = —x?! and k'' = k22 = 0. This means that a
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complete set of functionally independent invariants is given by {I,,, Jo1,» : n € N}.

6.4.1 Contact Forms in Matrix Coordinates

In the literature, there are various definitions of the/a Maurer-Cartan form. We distin-

guish between the various definitions in the following way:

Definition 6.4.1. A right (left) Maurer-Cartan form on a Lie group G is a right-

invariant (left-invariant) differential one-form on G.

Definition 6.4.2. The right (left) canonical Maurer-Cartan form on a Lie group, G,
is the unique right-invariant (left-invariant) g-valued one-form on G such that wc‘e :

T.G — g is the identity. We may identify wg as a smooth section of /\1 "G ®g.

For matrix Lie groups, the right canonical Maurer-Cartan form is given by
wg=dgg L. (6.17)

A Dbasis for the set of all Maurer-Cartan forms is given by a maximal set of linearly
independent entries of wg.

For the frame portion of a framed curve wg is given by:

—Fo1 dFig + Foo dF11 Fr1dFio — FiaodFp

(6.18)
—Fo1 dFo + Fog dFo1  FipdFys — FraodFy

we=dgg ' =

If we pull back the coordinates of wg via the standard embedding 7 : SO(2) — Max2(R)

we get

[0 —dg
T(wg)—[d¢ 0].

Using wg, we find that the invariant contact form for the frame portion of our curve is

given by:

0 6}
Oo=dgg " — gog " da = [02 00] ) (6.19)
0
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where

9(1) = —F12dF11 + FridFi2 + (FiipFi2 — Fiep 1) de, (6.20)
02 = FaodFy) — FaydFag — (Fo1Fag — Fagp Foy) da. (6.21)

Pulling back the coordinates of 6y via the embedding 7 : SO(2) — Max2(R) we get:

0 —o°
T*(OO) —_ [9¢> 00]
0

which matches our previous results.

6.4.2 Lie Derivatives of Contact Forms

Taking the Lie derivative of the coordinates 6y with respect to vs gives

0 wvsy(0} 0 o
v3(0p) = , (o) | _ o2 (6.22)
where
08 = (Fi1Fia0 — FiaFi12) 04 4 Fag 081 — Foy 002 + Fi2 03 — Fyy 622, (6.23)
02 = (FogFo oz — ForFoo ) 04 4 Fag 031 — Foy 002 + Fi2 63" — F1y1 622, (6.24)
0 = dFy; — Fyj o d. (6.25)

Calculating the pullback of these one-forms by 7 yields:
7*(05) = — a0 (6.26)

and
T*(03) = 008 (6.27)

as expected.
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6.4.3 Relations and Structure for Contact Forms

Since Maurer-Cartan form, wg, is a smooth section of A\' T*SO(2) ® s0(2), it inherits
the various relations of 50(2), i.e. wg = —wg. Using this fact and the various relations

imposed on F' and F) yields the following formulas:

05 = —607", (6.28)
05 = —63, (6.29)
0y = —62, (6.30)
06 = (Fi1Fia. — FiaF114) 0%, (6.31)
02 = (FaoFo1 0 — Fo1Fao,) 08 (6.32)

The above relations show that 62 forms a coframe for SO(2) and that
’03(9(2]) = (FQQFQLI — FQ]_FZQ’J;) 98 (633)

Applying the invariantization operator, we have

L(’Ug(@%)) = L((FQQFQL;D — F21F22’$) 93) = L(FQLx) 9 = /4321 Y. (6.34)

Before moving on, we make one final remark about the invariantization of 6} and

62. Note that we may rewrite these contact forms as follows

05 = F1104% — Fio08t, (6.35)
02 = Fprb®t — F102% (6.36)

By the rewrite rule, we conclude that

This observations is key to the interpretation and application of (4.17)) in matrix coor-

dinates.
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6.4.4 Invariant Eulerian and Hamiltonian

We are have all of the tools necessary to derive the invariant Eulerian and Hamiltonian

operators. Using the relations that we found above along with (6.2]), we have

D" = 0Y — 5> - o(v0") = O} — K"K, (6.39)
Dy? = 0} — k2 - 1(v3h?) = 0} — (k*)%0". (6.40)

Next we calculate the vertical differentiation of the fundamental curvature invariants

using the recurrence formula (4.17)) along with equations (6.39) and (6.40)). Before we
do this, we must determine the one-forms €', £2, and &2 that arise in (4.17). Using the

phantom invariants to solve for the unknown invariant contact forms, &* yields
e =0, g2 = —9Y, and g3 = 93t = 3. (6.41)
Hence, the invariant vertical derivatives of the fundamental curvature invariants are:

dyr® = 10} — v3(ug)6?)
= (0} — (1 +u3)6?)
=9} — (1 + (k*))0?
= (Ds + M) — (1 + ("))

6.42
6.43

(6.42)
(6.43)
(6.44)
(6.45)
and

dyr®t = 1(03 — v3(F21.2)0%) 6.46
= L(Q% — (ua;FQLx + F117$)02)
— ,19% _ Ku/i2119u

= (k)29 + (D, — K“k2H)92.

6.47
6.48

~~ o~ o~
~—  ~— ~— =

6.49
Using formula (5.5 yields

D, + ks —(1 + K?)

(/4;21)2 Ds o liuﬁ21

A= (6.50)
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Hence

—D, + KUk 2112
A = mr (W% | (6.51)
—(1+k?)  —Dg— r*r?

According to formula (4.19)) , the invariant vertical differential of w, we have

dyw = =294 N w 4 9% A w. (6.52)

Therefore using formula (5.5 again gives

_ 2
B=|-wt |, and B - . (6.53)
RU/
Using formula ([5.6) we find that W is given by:
Wi Wia
W = (Fi1 + Fouy) [ . ] , (6.54)
where
Fi1Fo — FioFy
Wi = 6.55
H Fll + Fglux ( )
Fi1.F19 — Fo1 2 Foo
Wio = —F ’ J . 6.56
2 TR+ Foug (6.56)

This shows us that as long as FlT z; does not vanish, then W has full rank. Since z,
is proportional to the unit tangent to the curve, this condition means that F; must
not lie in the normal plane to the curve. When this condition holds, the invariant

Euler-Lagrange equations are given by
A*E — B*H = 0. (6.57)

Thus, the work in matrix coordinates follows a very similar path to our previous analysis.
The reason for rederiving these formulas in matrix coordinates is two fold. First it is
due in part to the fact that it is relatively easy to see the correspondence between
the two approaches in two dimensions. Secondly, it Gives us an alternative way to

discuss restricted frames. In many applications, a framed curve will require one of the
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frame vectors to be the unit tangent to the curve. In the chapter eight, we discus some
subtleties that arise in working with restricted framed curves. When we move to three

dimensions, we will work exclusively in matrix coordinates.

6.5 Examples

Now that we have the explicit formulas for calculating the invariant Euler-Lagrange
equations, we will explore a few examples. These examples are meant to demonstrate
the computational benefit of working with the invariant Euler-Lagrange equations as

oppose to their classically derived counterparts.

Example 3. For our first example, we will consider the problem of minimizing
/ds = /(cos @ + uy sin ¢)dux.
In this case, the invariant Lagrangian is given by L= 1, therefore,

E(L)=E(L)=0, and H(L)=-—1.

This leads to the following set of equations:
w=0 and k=0 (when W has full rank).

In the original coordinates, these equations are:

—sin ¢ + u, cos ¢ O
: =0 and — =0
COS ¢ + Uy sin ¢ CoS ¢ + Uy sin ¢

Computing the Euler-Lagrange equations from first principles, we get:

—sin¢ +uzcosp =0 and — ¢pcosp = 0.
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The solutions to both sets of equations are provided when ¢ is constant and u is a linear

function of z with the corresponding slope depending on ¢.

Example 4. For our second example, we will consider the problem of minimizing [ « ds.

In this case, we have

/ﬁds:zds:/W(cos¢+uxsin¢)d:ﬂ

= /(uxcoscb —sin¢)dxr = /de
Calculating the invariant Eulerians and Hamiltonian, we get:

Ex(L) =1, Eu(L) =0, and H(L) = —k.

Since G(L) # 0, we must conclude that W is singular and G(L) is in the null space of
W. This means that the invariant Euler-Lagrange equations for this Lagrangian are
given by:

Uy = — cot @, sing = 0.

Computing the Euler-Lagrange equations for the functional

/(ux cos ¢ — sin ¢)dx

leads to precisely the same equations. However it is clear that the Euler-Lagrange
equations do not have a smooth solution. As discussed earlier, this example is considered

degenerate.

Example 5. For our third example, we will consider the problem of minimizing [ pds.



55
In this case, we have

— Y N
/ pds = Lds / cosd t u.sing (cos ¢ + uy sin ¢)dx

:/gbxdx:de

Calculating the invariant Eulerians and Hamiltonian, we get:

Ex(L) =0, Eu(L) =1, and H(L) = —p.

Since G(L) = 0 regardless of u(z) and ¢(z), we conclude that L is a null Lagrangian.
This means that any choice of u and ¢ that satisfy the boundary conditions will minimize
the functional [ Lds. Applying the fundamental theorem of calculus shows that [ ¢, dz
only depends on boundary conditions, thus we can immediately conclude that L is a
null Lagrangian. In this case, the invariant bicomplex machinery is excessive. As such,
this example shows that it is still worth while to consider the original problem before

indiscriminately applying a method with the hope of simplifying computations.

Example 6. For our final example, we will consider the problem of minimizing [ k2 ds.

/Hgdsz/(ux(:osczb—sinqﬁ)2 d

Uy Sin ¢ + cos ¢

In this case, we have

Calculating the invariant Eulerians and Hamiltonian, we get:

Ex(L) = 2k, Eu(L) =0, and H(L) = —K>.
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Plugging this into our equation for G (Z}) gives:

g(f) = [‘2”;] .

—K
Assuming that G (E) does not lie in the null space of W gives the equations
"95212—J1(1+Il2):0, and ;@22112:0‘

This reduces to

I — =0, and k= 0.

When simplified and expressed in coordinates, these equation are given by:
Uy = tan @, and Uz — P (COS P + Uy sin @) = 0.

The above equations require that ¢, = u,, = 0 and u, = tan¢. The classical Euler-
Lagrange equations are rather unruly, but we include them here to show the benefit of

using the invariant approach to solving this variational problem.

0L d OL  (ugcos¢ —sing) (202U cos 2¢ — 2¢, sin 2¢ + g, sin 2¢)
T Ou dzdu, 2 (ug sin ¢ + cos ¢)*
n (ug 8in 2¢) + cos 2¢ + 3) (— Py SIN G — ¢y COS G + Ugyy COS P)
2 (uy sin ¢ + cos ¢)?
N (ug cos ¢ — sin @) (uy, sin 2¢ + cos 2¢ + 3)
2 (uz sin ¢ + cos ¢)*

X (—2¢z Uy OS¢ + 2¢; SIn ¢ — 2y, SIN @)

and

OL d OL (2 (uz 8in ¢ + cos $)* + (ug cos ¢ —sin ¢>)2)
0267)_@8%:_ (ug sin ¢ + cos ¢)”

X (uy cos ¢ —sin @) .
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Although these equations are complicated, we can see by inspection that our previous

solution does indeed satisfy the above equations.

Remark. At first glance, this final example may look similar to the problem of min-
1

imizing the Euler-Bernoulli energy functional for elastica i.e. 3 [ k?ds. However it

should be noted that in the Euler-Bernoulli functional, £ = ¢(uz). This is not the case

for framed curves (k = t(ug)). The study of elastica for framed curves instead involves

1
2/&? ds.

While this would be an interesting example to study, time does not permit a detailed

considering the functional

discussion of this problem.

In this chapter, we developed the tools to study invariant variational problems for
two-dimensional framed curves that admit SFE(2) symmetry. Example 4 showed us the
computational benefit of using the invariant equations along with the various relations
among normal and curvature invariants. With these results behind us, we now move on

to the much harder case of three-dimensions.



Chapter 7

Three-Dimensional Framed

Curves

7.1 Introduction

Following the methods set out the the previous chapter, we now derive the invariant
Euler-Lagrange equations for general three-dimensional framed curves. As before, we

take the action of SE(3) on F? to be given by:
(a,b,¢,T) * (z,y(x),u(z), F(x)) = (T - 2+ a,T? - 2+ b,T" - 2+ ¢, TF)

where z(x) = (z,y(x),u(z))", T and F are the 3 x 3 matrices given by

T T2 Tis Fii(z) Fia(x) Fis(x)
T= Ty T Toz|, and F(x) = |Fy(z) Falz) Fuy(z)|,
T31 T32 33 Fs1(x) Fso(x) Fsz(x)

and T* denotes the i-th row of T. Taking the coordinate cross-section K = {(0, 1)}, we

produce the following right equivariant moving frame:

T=F'=FT and (a,b,¢c) = —Fz.
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Again, we will use the notation that uppercase letters will denote transformed variables,
and lowercase letters will denote domain variables (except in the case of matrices, but

this should be evident from context). To this end, we have
X=Tnr+Toy+Tizu+a,

Y =To1z+Tooy+ Togu-+b,
U=Tsx+T3y+T33u+c,

F=TF.
Borrowing notation from the two-dimensional case, we set

d’n
an = —
dx™

Then the prolonged group transformations are found by successively applying the fol-

lowing implicit differential operator:

1

Applying this to Y and U we have:

Ve — DY _ T? z,

X7t z, Tlz,’
C DyYx  (Thzy)(T?240) — (T2 25) (T 24s)
Yxx = = ;

T! Zx (Tl Zfb)g

U — DU _ T3 2,

Xt z, Tlz,’
Usx — DoUx  (Th z)(T? za0) — (T 20) (T 242)

Tz, (T7 2,)°
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For ﬁ’, we have:

~ TF,
Fx = —%
X T! z,
and
~ (T' 2,) TFyy — (T 24) TF, T
P ==y @iy (T - (k).

Using the moving frame to substitute for the parameters of SE(2), we have the following

differential invariants:

_ FQT Zz (FlT Zx)(FzT zxz)_(FQT zx)(FlT Zzz)

_[y_ s Iy: ’

1 Fszx 2 (F1Tzw)3

U — F:'j—zm Ju — (Fl—rz:v)(Fstm)_(F?,Tzachszm)

1 Fl'rzzv 2 (Fl—rzx)g )
FTE, FT

Ji = : Jzi(FTzF _(F 2 F)

1 Fszm 2 (Fszx)?) ( 1 x) xx ( 1 xxl x )

where F is the j-th column of F'.

7.2 The Recurrence Relations

Next we find the Maurer-Cartan invariants using the recurrence relations. The infinites-

imal generators for the action are given by:

1. v = 8x,
2. Vo = 8y,
3. v3 = Oy,

4. vy = —y0Oy + 20y — F21011 — Fa2012 — F23013 + F11021 + F12022 + F13003,

5. v5 = —u0y + 20, — F31011 — F32012 — F33013 + F11031 + F12032 + F13033,
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6. v6 = —u0y + Y0, — F31001 — F32000 — F33023 + F21031 + F22032 + F23033.

0
where again 0;; denotes the operator .
OFZ-]-

The prolongations of these generators are given by the following;:
1. pr®)(v1) = vy,
2. pr(™)(vy) = vy,
3. pr(™)(v3) = w3,

4. prM(vg) = vg + (1 +92)0y, + YotzOu, + (Fi10Ys — Fo1.2)011,0
+ (F122Yz — F22,2)0122 + (F132Ye — F23.2)013,4
+ (Fo1,2Yz + Fi1,2)021,2 + (Fo2,2Ys + Fi12.4)022 2
+ (Fo3,2Ys + F13,2)023.2 + Yo F31,0 0314
+ Y F32, 2 032 2 + Yz F33,2 0334,

5. pr(l)('v5) = U5 + Yoz 0y, + (1 + u2)0y, + (F11,2Uy — F31,2)011,2
+ (Fi2zue — F324)012.0 + (Fi3.2us — F332)013 4
+ Uz P21, 021 2 + Up F22 4 022 ¢ + UgFo3 5 003 5
+ (F31,0Uz + F11,2)031 0 + (F32, 20Uy + F12.2)032.2
+ (F33,2Us + F13,2)033 2,

6. pr(ve) = vg — uzOy, + YuOu, — F31,0 0210 — Fi25 0220 — Fa35 0230
+ o1z 0310 + Foo0 0320 + Fo34 0334

Similar to before, we solve for the Maurer-Cartan invariants, R’, by applying the
recurrence relations (3.2)) to the phantom invariants. Here is a summary of the resulting

equations:

0=1+R',
0 = (yz) + R?
0= t(uz) + R?,
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and
0 -1 0 00 —1 00 0
0=uF,)+R*[1 0 o|+R|0 0 0o|+R[0 0 —1
0 0 0 10 0 01 0

Using relations from so(3), we can take:

R' = —1,

R? = —u(ye) = —1f,

R? = —i(u,) =: — TV,
R = (P ,) = —Ji,
R® = —(F314) = —J}",
R® = —i(Fy0) = —J}*

Following our previous convention, we will denote the normalized invariants by

d"y d™u y d"F;;
Iy = _— I’LL = _— v = J .
. L(dw”)’ " L<dw”>’ and Jy; L( s )

The fundamental curvature invariants will be denoted as:

_ 7Y u __ U iy _ j
kY =17, kY =1, and kY =(J).

We will attach a subscript s to a curvature invariant to denote when an invariant
arclength derivative has been taken, e.g. k% = Dgx". Since Fj is antisymmetric,

kY = —k¥ hence k% = 0. This means that a complete set of functionally independent
invariants is given by {1}, I}/, J21.n, J31.n, J32.n : n € N}. According to formula (3.2)), the

invariant total derivative of an invariant is given as follows:

Ds[(F)] = (Dx(F)) = ¢ (pro1(F)) — £ (prva(F)) — k"¢ (pr v3(F)) (7.1)
— ki (prva(F)) — k%1 e (pros(F)) — &% e (prog(F)),

where F' is an arbitrary differential function.
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7.3 The Invariant Euler-Lagrange Equations

7.3.1 Contact Forms in Matrix Coordinates

For the frame portion of a framed curve the canonical Maurer-Cartan form, wg, is given

by:

wae=dggt=lw 0 —ws
Wy w3 0
where
w1 = F11dFa; + FiadFag + Fi3dFas, (7.2)
wy = F11dF31 + FiadF32 + Fi3dF3s, (7.3)
w3 = FordFy1 + FoodFys + FogdFa. (7.4)

Using wq, we find that the invariant contact forms for the frame portion of our curve

are the linearly independent components of

0 o' —6°
0=dgg " —gug tdr= 162 0 -3
2 6% 0
where
0! = F11dFy; + FiadFey + Fi3dFas — (Fi1 Fo1x + FiaFao, + Fi3Fas,) dr, (7.5)
0% = Fi1dF31 + FiadFss + Fi3dFss — (Fi1Fa1, + FiaFao, + Fi3Fs,) da, (7.6)
0% = Fo1dF31 + FagdFso + FozdFas — (Fo1 Fa1p + FaoFaoy + FazFaay) da. (7.7)

7.3.2 Lie Derivatives of Contact Forms

In this section we calculate the Lie derivatives of various contact forms. Since vy, v2,

and wvg correspond to simple translations, it is easy to see that they annihilate all contact



forms. Applying v4, vs, and ve to the first order contact forms 63 and 6 yields:

va(05) = Y0, Uwa(05)) = K95,
vs(0) = Y=, H(vs(65)) = K95,
ve(6) = —05, t(ve(65)) = —V,
va(05) = —uaty, H(va(65)) = —K"05,
vs(0y) = uaby, v(vs(0g)) = ~"Vg,
ve(05) = 65, L(ve(6)) = V-

v4(05) = (Fi1Fo1z + FiaFasw + Fi3Fas )08,

v5(05) = (Fi1Fo1 0 + FiaFosp + Fi3Fas )04 + 03,

ve(6) = 0,

v4(03) = (F11Fs10 + FioFso, + FisFss.)08 — 03,

v5(03) = (F11F314 + FiaFso + Fi3F33 )08,

v6(05) = 0,

v4(03) = (Fo1 F31,0 + Foa Fso » + Fo3Fis )08,
v5(05) = (Fo1F310 + FasFao0 + FagFsz4)08 + 07,
ve(6) = 0.

((va(6))) = K20}, W(va(63) = K¥0Y — 93, 1(val6)) = K720,
(v5(6)) = K710 + 93, 1(vs(62)) = KO, (w5 (63)) = KOO8 + 03,
(v6(63)) = 0, W(v6(63)) = 0 (v6(63)) = 0
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7.3.3 Rewriting Higher Order Contact One-Forms

In this section, we develop the machinery to the invariant vertical differential of expres-
sion and to rewrite higher order invariant contact one-forms in terms of 6§ and Géj . To

do this, we use the following recurrence formula:
Ds(97) = «(Dabyy) — &2 (04 (7)) — &7 (w5 (67)) — &7 (s (67))-

Using this, we have the following expressions for 97, ¥}, and 19? :

9 = (Ds + kYr21)0Y + (kYR — K720,

U= (k% — KR + (Ds + k4RI,

0 = (#1)2193 + &2 R3NY + D) + 13193,

93 = /@2153119% + (k312098 4+ D93 — k3193,

93 = /4;21532193 + &3 R3208 + K319% + Dy}
These expressions will allow us to replace higher order contact one-forms that may arise
in the invariant Euler-Lagrange equations.
7.3.4 The Invariant Eulerian and Hamiltonian Operators

Using the expressions and tools developed in the previous section, we can now apply
the recurrence formula to the set of fundamental curvature invariants. The first step is

to determine the one-forms ¢?, for 1 < i < 6 in the following recurrence formula:

dy I = dy (W) = u(dyW) + t(prvi(W)) e! + u(prve(W))e? + o(proz(W)) e®
+ 1(prog(W)) e + 1(prvs(W)) > + 1(prveg(W)) £°.

Again, we use the phantom invariants to solve for the unknown invariant contact forms,

e'. Doing so produces

el=0, 2=, S=-vy &=-v S=-0 and f=-92 (78)
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Similar to the two-dimensional case, we observe that 19%1 = 19(1], 1981 = 19(2), and 1932 = 198.

This leads to the following equations:

Using these expressions, it

dy(KY) =(Ds + kYr* )0 + (YK — K32) 04
— (1 + (k")) — kYK 02 4+ K93,

dy(k") =(k* — K“&*1)0Y + (Ds + kK310
— kYK — (1 + (K*)2)93 — kY03,

dy (k%) :(/-521)2193 + /@2114;31196‘ + (Ds — Ii211€y)’19(1)

dy (k) =k

dV (532)

Ds + H21K§y

2
()
K)21/4{/31

1{21 I<,32

- (/<c32 + K

+ (/4321 —

H31Ry _ /{32

Dy + k21 Kkt
,{21,%31
(k*1)*

K

31K32

21,{#)198 + ,{,’31193’

—1— (r¥)?
KUY
Dy — k2 KY
—k3lky

/{31 _ KI?)QKy

21/<;31793 + (k31208 + (k3% — K3 EY)9]
+ (Ds — k3 K%)93 — k2103,
:/-;211132198 + K332 vg + (/{31 — f@32/<y)19(1)

K2KY) 95 + D,

—1 — (k¥)?

_,{21/{11
Ds _ /4331,%“

I<,21 _ H[BQKU

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

follows that the invariant Eulerian operator is given by:
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and
(LD, 4 k2L e¥  — 2Lty 32 (ﬁ21)2 (21,31 (21,32
W3RY — 32 D, 4 21 21,31 (Ksl)z (31,32
A* = | —1— (k¥)? —KYRY —Ds — K2 KY —K3KY k3 — K3ZRY
—K"KY —1— (k*)? — K2R —Dy — k3KY K — K32
KU —RY 9,31 21,81 _D,

The expression for A* was carefully determined using the symbolic package Sympy
in the python programming language. For details of this calculation, please visit the
Lie_Symmetry project page on the Github account https://github.com/broom010/
Lie_Symmetry. The calculation for producing A can be found in the Ipython notebook
labeled “Chapter_7".

Next we work out the invariant Hamiltonian operator. The calculation is as follows:

dyw =1(Dy&*) e* Nw + 1(Dp?) e* N (7.14)
854 4 Yy 855 5 u
+L<ay>fy NG+ + 20 )7 A Yy

= kPN T - KON+ RV IGA @+ KEIR A .
Therefore
B = |:—/€21 k3 kY KU O]

and
B =BT.

Using formula ([5.6)) we find that W is given by:

Wi Wi Wiz Wi Wis
Waor Was Waz  Way  Wos
W = (Fi1 + Fo1yz + Faiug) | 0 0 Fzz3 —F3 Fy (7.15)

0 Fis —Fpo Fll_


https://github.com/broom010/Lie_Symmetry
https://github.com/broom010/Lie_Symmetry
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where

Wiy = Fi1Fy — FigFo — ForFouy + 1[722F31“907 (7.16)
Fii + Forye + F31uq

Wi — F11Fo3 — Fi3Fy — Fo1 Fazug, + FogF3iu,
2 Fi1 + Fo1y, + Fziu,

Wi — _ Fo1 (Fualio + ForaFag + FrioF2) (7.18)
1 Fi1 + For1yz + F31u, ’ '
Wiy — _ For (Puatis + ForgFos + Fr10F33) (7.19)

! Fi1 + Fo1ye. + Fa1ug ’ '

Fo1 (FrogFi3 + Faop Fog + F30,F33)

, (7.17)

Wis = — Fi1 + Fo1y. + Farug ’ (7:20)

Wy — Fi11F50 — FioF31 + Fo1 Foy, — F22F:313/a:7 (7_21)
Fi1 + Fo1y. + Faiug

Way — F11F33 — Fi3F31 + Fy F33y, — F23F31y1” (7.22)
Fi1 4+ Fory, + Faiu,

Wys — By (Fugtis + ForgFor + F31:cF32)7 (7.23)

Fi1 + Fo1yz + Faiug
Was — By (FigFis + Foralhs + F311F33)’ (7.24)

Fii+ Fo1yz + Faiug
Wos — By (Fioa s + Fooo Fog + Faoo Fi3) (7.25)
> Fii + Forye + Faiug ' .

At first this may seem quite daunting, but the structure of W makes it easy to determine
when it is singular. The determinant of the lower right three-by-three block of W is
simply

— (Fu1 + Faye + Faiug)®. (7.26)

More remarkably, the determinant of the upper left two-by-two block of W simplifies to
Fi1 + Fo1y, + Fi1u,. Thus W is singular precisely when

iy 4 Fo1y, + Fajuy, = 0. (7.27)

The details of this simplification can be found in the “Chapter_7” Ipython notebook
found on the webpage https://github.com/broom010/Lie_Symmetry. This shows us

that as long as z, does not vanish, the invariant Euler-Lagrange equations are given by

A*E - B*H = 0. (7.28)


https://github.com/broom010/Lie_Symmetry

69
This is in line with our findings for the two-dimensional case, and it greatly simplifies
the invariant Euler-Lagrange equations for non-singular curves. Next let us explore a
few simple examples.

7.4 Examples

Due to the computational difficulties that arise in dealing with variational problems for
three-dimensional framed curves, we will focus on two simple examples that show how

the machinery that we developed can aid in solving such problems.

Example 7. For our first example, we will consider the problem of minimizing
/ds = /(Fll + Fory, + Fglux)dx.
In this case, the invariant Lagrangian is given by L= 1, therefore,
~ T
eBy=lo 0000 , ad HI)=-1

Plugging this into our equation for G (E) gives:

Example 8. For our second example, we will consider the problem of minimizing

[ kY ds. In this case, we have

~ Fio + Fooy, + F3oug
Yds = Lds = F; F: F d
/,{ § § / Fiy 4+ Fory, + F31Ux( 1+ Py + By )do

= /(F12 + Fyoyy + Fiouy)dx
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Calculating the invariant Eulerians and Hamiltonian, we get:

-
EM=[1 000 0 , and HI)=-x"
Plugging this into our equation for G (E) gives:

-
G =0 —x* 1 0 | .

Since G (E) = 0 gives rise to a contradiction, we must conclude that W is singular and
Q(Z) is in the null space of W. This is another example for which W is singular. As
before, this example is considered degenerate and there is no smooth solution to the

invariant Euler-Lagrange equations.



Chapter 8

Conclusion

In order to complete our derivation of the invariant Euler-Lagrange equations in the
three-dimensional case, we required a suitable set of coordinates for the frame portion
of our framed curve. When approaching this choice, one might select explicit coordinates
in the form of Euler angles or Cardan angles—one might even make use of quaternions.
In practice, we have found that it is quite difficult to use these coordinate systems to
derive the various quantities that arise in the invariant bicomplex. The complicated
nature of the expressions that arise in specifying the action of SO(3) leads to unwieldy
formulas for invariants, invariant differential forms, and infinitesimal generators.

Rather than choose explicit coordinates, we decided to work with general matrix
coordinates subject to the relations of SO(3). The benefits of this approach were first
realized after re-examining the two-dimensional case, where the correspondence between
the geometric objects from the variational bicomplex in the various coordinate systems
became apparent. In the three-dimensional case, the final key needed for using matrix
coordinates came from the relations among the entries of the canonical Maurer-Cartan
form. Due to these relations, we are able to simplify the various Lie derivatives of the
fundamental contact forms. Making use of the replacement theorem and the relations
of SO(3) allowed us to express the invariant Euler-Lagrange equations in a reasonable
manner.

In chapter eight, we found that the equations that arise from the variational bicom-

plex can be simplified in the case of restricted framed curves. Simplifying the expressions
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for the invariant vertical derivatives of the fundamental curvature invariants led to rela-
tions among the invariant contact forms. A key observation that allowed us to modify
our more general results to the case of restricted framed curves was the fact that the
non-vanishing curvature invariants still generated the algebra of differential invariants.
Our final example in chapter eight is by far the more interesting result for two reasons:
first, it appears to be a genuinely new result; second, it is natural to require that one
of the frame vectors be the unit tangent to the curve.

The explicit variational problems, presented in our examples, demonstrate the com-
putational benefits of using the invariant Euler-Lagrange equations. However, these
examples are relatively simple and do not lend themselves to important applications.
With that said, applications that might benefit from our work include the analysis of
global geometry in DNA (|Gral6]) as well as the study of the mechanics of Mobius
bands ([FE16]). In both cases, one examines SFE(3)-invariant variational problems over
framed curves; therefore, our formulas from chapters seven and eight apply to these
applications.

Beyond our work on Euler-Lagrange equations, there are many other interesting
problems yet to be studied in the context of SE(3) acting on framed curves. For
example, the operators A and B that we derived in chapter seven can be used to study
the evolution of differential invariants under invariant submanifold flows. It is also
possible that our description of the invariants of SE(3) acting on framed curves might
someday aid in the creation of invariant numerical methods (see [Olv09, p. 31-42]). In
a recent development, the invariant Euler-Lagrange equations for rotation-minimizing
framed curves has been detailed by Mansfield and Rojo-Echeburua in a preprint on
the arXiv ([MREL9]). These types of frames have potential applications in studying
the geometry of proteins and polymers, of which the results are both impressive and
intriguing. It would be interesting to explore connections between their work and our

own; however, time dictates that this must be an endeavor for another day.
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