
41

Dimensional Analysis of
Rank-Order and Categorical Data
Harvey A. and Wen-Jenn Sheu
Addiction Research Foundation
Toronto, Ontario

Skinner (1979) has described a generalized princi-
pal components model for classification research
that assumes interval or quasi-interval data. First, a
parsimonious set of typal dimensions is sought
through a multiple replication design, and then rel-
atively homogeneous subgroups are identified with-
in this low dimensional space. The purpose of this

paper is to describe preliminary transformations
whereby the model may be extended to situations
where the data are of either categorical or rank-
order metric.

In a previ&reg;us article, Skinner (1979) described
a generalized principal components model for
classification, research. Although this model is
essentially a dimensional or ordination ap-
proach to classification, there may be a subse-
quent search for relatively homogeneous clusters
within the low dimensional space. The computa-
tions are based on a sequential application of
the singular-value decomposition (Stewart,
1973) to samples in a replication design. The
purpose of the analysis is (1) to identify a small
number of typal dimensions within each sample
under consideration, (2) to determine the repli-
cability of these dimensions across s~.mples9 and
(3) to use the replicated dimensions to classify
new or independent samples. An important fea-

ture of this approach is that it allows differentia-
tion of the independent contribution of profile
elevation, scatter, and shape parameters in de-
fining similarity among individuals. Three ex-
amples of the model’s use include classifications
of alcoholic patients (Skinner, Jackson, & Hoff-

mann, 1974), general psychopathology (Skinner
& Jackson, 1978), and personality (Burger &
Cross, 1979).
The discussion by Skinner (1979) and the com-

puter program developed by Skinner and Lei
(1980) both focus upon interval or quasi-interval
scale data, such as a structured personality in-
ventory (e.g., Jackson, 1974). The purpose of this
paper is to outline simple transformations

whereby the model may be extended to rank-
order and categorical data. This modification
will allow investigators to use this dimensional
approach for classifying individuals in a broader
range of situations, where the metric quality of
the data may be either categorical, rank-order,
or interval scale.
Consider a data matrix of nj individuals by

~ variables. To simplify the presentation, the
subscript j used by Skinner (1979) to denote
sample j will be deleted, since attention here
will focus on a single sample. The singular-value
decomposition of X is given by
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where U (n x k) and W (k x k) are matrices
whose columns are, respectively, the left-hand
and right-hand eigenvectors (U’U = ~’ = 1),
and F is a diagonal matrix of singular values.
Then, the principal component weightings
among individuals are computed by A = Uf,
whereas W contains principal component scores
among variables. Only the most important prin-
cipal components are retained, and the reduced-
rank solution is generally transformed to simple
structure in the person space (Skinner, 1979).
The weights in A may be examined to identify
individuals who are salient on a particular di-
mension, whereupon the corresponding vector in
W gives the characteristic or modal profile of
variables for these individuals. is step is re-
peated within each sample, and then a second
evaluates the robustness of important di-
mensions across samples.

1~~~~&reg;~~~~ Data

Let R denote a matrix of M individuals by k
ranked variables. These data may represent, for

example, the rank-ordering of symptoms mani-
fested by psychiatric patients. For each scalar
element f of R, define e as

Once the new matrix E (n x k) is formed by
Equation 2, the analysis proceeds as described
by Skinner (1979), that is,

where U, r, and W are defined above. Similarly,
the principal component weightings among indi-
viduals are given by A = ~9 and yields the
characteristic profiles of (rank-order) variables.
This transformation of rank-order data was

proposed by Nishisato (1978) and earlier by de
Leeuw (1973). From a different
Woodward and Overall (1976) have demon-
strated the value of alternative rank-order trans-
formations of nonlinear data prior to a conven-
tional principal components solution.

Categorical Data

Let F (n x k) be the matrix of response-pat-
terns of n individuals on m variables, where
k = kg + k2 + ... k- and ki is the number of op-
tions for variable ~. For instance, Variable 1

might be marital status (single, married, di-

vorced, separated, widowed), and Variable 2
might be type of residence (apartment, house,
c~nd&reg;rni~~um9 institution). From the dual seal-
ing approach of Nishisato (1980)

where

n is the (~ ~ n) diagonal matrix
of row totals of F,

D is the (k x k) diagonal matrix
of column total of F, and

U, r, and W are defined above.
e~9 A = UF gives the principal component
weights for individuals and W contains the prin-
cipal component scores for (categorical) data.
With both rank-order and categorical data, a

trivial solution of one pair of equally weighted
vectors ~Ga~ttm~~9 1946) of U and W that do not
discriminate among subjects or variables can be
eliminated by computing

7hen, E* is decomposed in Equation 3 instead
of and F* is in Equation 4 in-
stead of F,

Numelical Examples

In ‘T~.ble ~ ~ data matrix of eight subjects
by five ranked variables has been transformed to
give E* and then to the value
decomposition, Since the first two singular
values are much larger than the remainder, two
principal components were retained and
transformed to structured (v~~°lm~x ~rlter~
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Table 1

- Example Using Rank-Order Data

ion) in the person space. Corresponding princi-
pal component scores for variables are listed in
matrix Y. The first dimension is defined by Sub-
jects 1, 2, 3, and 4; whereas the second dimen-
sion contrasts Subject 6 with Subjects 5, 7, and
8. Corresponding vectors in Y give the charac-
teristic profile for subjects that are salient on a

given dimension in o Similarly, Table 2 depicts
the results for a data matrix (F) of eight subjects
by two categorical variables (three options in

Item 1; two options in Item 2). The decomposi-
tion of F* yielded three nonzero singular values.
A varimax transformation of the first two princi-
pal components in the person space (B) con-
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Table 2

Example Using Categorical Data

trasted Subjects 2 and 8 versus Subjects 5 and 7
on Dimension 1, and Subject 4 versus 6 on Di-
mension 2.
In conclusion, this note has focused upon ex-

tending the classification model of Skinner

(1979) to data of rank-order and categorical

scale. This extension has drawn upon recent de-

velopments in dual scaling (Nishisato, 1980).
Conversely, the replication stage of Skinner

(1979) might be explored as a mechanism for as-
sessing the robustness of dual scaling solutions
across samples.
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