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Two-armed bandits with a goal; 

I: Oue arm known 

by 

Donald A. Berry and Bert Fristedt 

ABSTRACT 

One of two random variables. X and Y. can be selected at each 

of a possibly infinite number of stages. Depending on the outcome. 

one's fortune is either increased or decreased by one. The probability 

of increase may not be known for either X or Y. The objective is 

to increase one's fortune to G before it decreases to g, for some 

integral g and G; either m,3y be infinite. 

In the current part of the paper, the distribution of X is un-

known and thnt of Y is known. We characterize the situations in which 

optimal strategies exist and, for certain kinds of information concern­

ing X and Y, we characterize optimal sequential strategies for 

choosing to observe X and Y. 

In Part II (Berry and Fristedt 1980), it is known that either X 

or Y has probability a of incre:.ising the current fortune by one and 

the other hns probability B of increasing the fortune by one, where 

a and B are known, but which goes with X is not known. 

Key words and phrases: Achieving a goal, two-anned bandits, how to gamble 

if you must, gambler's ruin, ~equential decisions, Bayesian decision making, . 
Requential medical treatments, stochastic control, optim..~l ~ynamlc ~esigns: 
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1. Introduction. A gambler has an integral fortune k and is allowed 

to make a sequence of unit bets. He is to continue betting until his 

fortune becomes either of the integral goals C or g, with g < k-< G. 

Each bet is made by choosing to observe one of two random variables, 

X and Y, where 

P(X = 1) = l-P(X ~ -1) = P, 

f(Y u 1) = 1-P(Y = -1) = A, 

and._. p and A may be unknown, and so we regard them as random variables. 

After observing X or Y he may choose to observe the same vari­

able for the next bet or switch and observe the other variabie. Which 

.variable -he chooses at the (n + l)st stage may depend on the first_ n 

choices and oh_servations. Using traditio.nal bandit problem terminology,. 

an observation of X is "a p~ll of the right arm 8" and of Y is 

"a pull of the left ann .t•" 

DEFINITIO~ 1.1. A strategy, sometimes denoted by T , is a function 

that assigns the symbol R or t to each finite history of bets. and 

resulting observations. 

The variable assigned by a strategy denotes the bet to be made 

next when following that strategy. Let . -Z denote the result of the 
n gambler's n 

nth bet and let Sn= I z1 • 'lneA.fortune at the (n + l)st stage is 
1 

(l.l) k
0 

= k +Sn. 

If G < ~. then the objective is to reach G before g. Any strategy· 

that maximizes the probability that there exists an n such that 

wlll be called optimal. If G nm then any strategy that maximizes the 



p~obability that kn> g for all n and kn~~ will be called optimal. 

Any strategy that comes within c of the maximum, or supremum in case 

the maximum does not exist, will be called £-optimal. ~vidently, if 

k. • g .or k. a G for some. n.- the same is true for all larger n. 
n n 

Let denote. respectively, the observations on the 

1th bet on 2 and the j th bet on .t • For convenience ve assume that 

the sequences (X1, x2 , ••• ) and (Y1 , Y2, ••• ) are non-terminating 
. . . 

whether or not infinitely many bets are made on each variable. 

The two· sequences (X
1

, _x2 , ••• ) arid '(Y
1

, Y2, ••• ) are assumed 

to be independent of each other. Also, given the random variables 

p and A. (l<i, x2, ••• ) and (Y 1 , Yl', ••• ) are sequences of independent 

random variables. Therefore, the unconditional finite-dimensional dis­

tributions of (X1 , ¾, ... ) and (Y1 , Y2, · ••• ) are invariant under 

permutations of the subscripts; that is-, each ·1s a sequence of e,tcbangeable 

random variables. In the present part, Part I, of this paper. l will 

be assumed known with O <A< 1. Under this assumption. (Y
1

• Y
2

, .•• ) 

··1s a sequence of independent random variables. · nte distribution R of 
(Berry and Fristedt 1980), 

p will be arbitrary. In Part II of this paper/\ (p.A) is knovn to be 

either (a,B) or (S;a), where a and B are arbitrary but known. 

When possible, the notation used· in this paper is consistent with 

that of Berry and Fristedt· (1979), which deals with classical bandit 

problems. t'1hile many of the aspects of the current problem are different 

from those of classical bandit problems, some are the same. In par­

ticular, in both problems the desire to pull R or t depends on the 

probability of immediate success and on the possibility of gaining 

information about the variables x· · and Y which will aid £uture decisions • 

• 
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In both problems these criteiia m:ay \.;e -~onflicting, that ts. suggesting 

different strategies. W~ile it is not possible to consider 

these· two criteria separately in either problem. the interrelationship 

is more complicated in th~-Jtirrent problem. 

For fortune k E (g,G)°. distribution R on [0,1], and l € (0,1), 

let U(k; R,~) denote the maximum over the set of strategies. or supremum 

in case the maximum does not exist, ·of the probability of approaching 

fortune G (thereby reaching G when G is finite) be.fore approaching 

g •. The maximal probability of.approaching G is at least that of the 

strategy which observes the same v~riable at each stage, and is no 

larger than if p is also known at the outset. That is, 

( l. 2) 

where u is the probability of success ·in the gambler's ruin problem. 

Expressions for this latter probability ore well-known and are given 

below. 

Goals u(k,p) Restrictions 

k-g 
1 - (1-~} 

p ,J 1/2 2 . 
G-g 

1 - ( !:I!) 
-CD<. g < G < CD 

p 

k-g p • 1/2 
C-g 

\ 0 p ~ 1/2 
-co< g < G = m 

l 
k-g 

· p > 1/2 
l - ( .!:..t) -

p 

(_p__)G-k p < 1/2 
l-p 

-c:io • g < G <. m 
pc? 1/2 l 
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We cannot find optimal strategies f~r the problem as stated i~ its 
. . . : . -. '• . ·.. . . . 

full generality. We confine our attention mainly to spe~ial cases of 

(R,A). As'~e consider diffei-e~t cases, or even different instances 

. within a single case,. the reader will notice major. qualitative dUf1?r­

ences in the optimal strategies. SoMe op~imal strate~ies are 

counterintuitive. For example, it may be uni,uely optimal to bet on 

Y (i.e •• to pull .t) even though it_ is ~r-~cti~ally certain that 

p > ~. The next example is eepecia~ly easy and gives one instance 

of this phenomenon. 

EWfPLE 1.1. Suppose A ·is .5 and· 

1-R({O))· ~ a({l}) • r·> o. 

Suppose both goals g and G are finite so we can take g • O. Ve 

will abbreviate U(k; R,A), the maximal probability of reaching G. 

to U(k, r) • ~g~in, there is no informat,ion . to. be gai~ed by pulling 

.t since A is kno~; that ~s, r is not _affected by pulling t. On 

the other hand, complete information is gained with probability one by 

a singla pull of~. It is reasonable, therefore, to expect that if r 

is large enough it is optimal to pull a first and then proceed with 

complete knowledge. Actually, the optimal strategy is quite the opposite. 

If k • 2 ,- ••• , G-1, it is optimal· (un_iq~ely unless r • 1) to pull I. 

for all r, and it is optimal to pull ·a if k • 1, for r ~ 1/G 

and l for T < 1/C. Of course, if a is ever pulled,then it ls optimal 

(though not necessarily uniquely) to pull ~ forever (until reaching 

G) if it succeeds. Let t
0 

denote the strategy 

claimed to be optimal in thesP. statements. 

Let u
0

(k,r) denote the probability of reaching G using To 

when the current fortune is k. Then · 
• 
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if r > 1/G 

:a, k/G, if r < 1/G. 

We show that U a u0 by showing that u0 · is excessive (Corollary 2.1 of 

Section 2, or Dubins and Savage 1976, Theorem 2.12.1); that is. the 

expected value of u0 ~der either initial choice is not greater than 

u0 • It follows (Theorem 2.1 of Section 2) that the initial choice in 

question ia optimal when and only when this expectation actually equals 

u0 • _We prove that u0 is excessive by considering two cases that are 

determined by the arm pulled initially when following T0 • 

According to T0 , S, should be pulled when r < 1/C or both 

k > 1 and r < 1. For such a fortune k and probability r that 

pa 1, the expected value of u0 under a pull of £ is simply u0(k,r) 

from the definition of T0 • The expected value of u0 under a single 

pull of ·,I equals 

• r + (l-r)(k-1)/C. 

Subtracting this from u0 (k,r) gives 

k-1 
(1-r) G(G-1) if r ~ 1/G, 

1 · r G - r + 0(k-1) if r < 1/G; 

both of which are >-0 (in fact'- > 0 in· the case under consideration) as --- : 

desired. 

In the remainj.ng cases, a is pulled when following· "t0 ; accordingly, 

we suppose that either kc 1 and r·> 1/G or k > 1 a.~d· r • l.· 
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For such a fortune and probability that p = 1 the expected value of 

u0 under a pull of Q i~ u0(k,r) from the definition of T0 • 

The expected value of u0 under a single pull of~ equals 

1 l . G-2 
2 °0<2,r>. a 2(G-1) + 2(c;..;.1) r 

k > 1 and 
. if k = 1, and it equals 1 if f\r • 1. Subtracting this from u0 (1t.r) 

gives (rG-1)/(2G-2) if k • 1 and O if k > 1 and r • l; bo~h 

of Yhich are ~ 0 for the cases at hand (in fact> 0 unless k • l 

and· r • 1/G or k > 1. and rm l) as desired. 

The claim that T0 . is opt~~ is established. Further, the only 

deviations from i-0 that are optimal occur when equality holds in the 

excessivity calculations. So, pulling t and pulling Q are both 

optimal vhen k • 1 and r • 1/G or when k > 1 and r • 1; other­

wise, the arm indicated by to is uniquely optimal •• 

Two-armed bandits with a goal are motivated by the following medical 

treatment decision problem. Two treatments are available for use on 

a patient with a known level of a disease; one of the treatments may 

be "no treatment... Between applications the patient's condition either 

improves a little or worseno a little, independently of previous treat­

ments and responses. Assume that levels e&n be quantified so that 

-each new level is the old level .plus or minus one. Furthermore. there 

is a level g, which is below the patient's current level. at which he 

can no longer be cure~, and a higher level c. at which the patient 

. no longer has the disease. · then the problem we have posed may be 

applicable. Perhaps the least realistic assumption we make is that 

it is only eventual cure or not that matters, and not the length of 

time that the "patient is in -a diseased stat.e•. Still,, ~here are diseases 

• 
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for which standard medical practice is ai~ilar to an optimal strategy 

in our problem for _certain kinda of infomation. In particular. there 

are diseases in which treataeota that are risky, having unknown effective­

ness. are used only when the disease is in very advanced stages. As we 

saw in Example 1.1, eome optimal strategies have this property. In 

that exa11:ple, the right arm a is a "risky treatment." On the other 

hand, there are diseases in which a risky treatment is only used when 

the patient is relatively healthy. We shall encounter situaticms ln 

Section Sin which optimal strategies have this property. 

As far as we know. the problem considered here has not been 

studied previously, but it is a variation of a number of problems. 

Articles dealing with classiccl bandit problems-·in ~ich the expected 

number of successes (p~ssibly discounted) is to be maximized--laclude 

those by Ber~y (1972) and Berry and Fristedt (1979). lelated work la 

the theory of gambling includes the fundamental book of Dublns and 

Savage (1976), and (Berry. Heath, and Sudderth 1974). Ia a problem 

used as motivation by Dubins and Savage (1976), bets with known wio 

probability are aaa4e with the objective of reaching a goal before going 

broke. Tne problem is to decide what sequence of stakes to use. 

depending on the sequence of fortunes. BeTryD Heath, and Sudderth (1974) 

consider a generalization in which the win probability is itself a 

random variable. In the current problem there ia a second sequence of 

bets available, but now only unit bets are allowed. 

In Section 2 ve introduce some necessary notation and terminology.· 

ln Section 3 we develop some general_theory, couidering the question of 

existence and, to a certain extent, the nature of optimal strategies. 
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In Section 4 we find optimal stra~egies when p is known to be 1 if 

it is greater than A. In Section 5 we find optimal strategies when 

p is known to be O if it is less than A. Finally, in Section 6 

we consider the case in which G • 00 and R is a two-point distribution, 

the two points being symmetric about .S. 

. ., 
• • .. 1 
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2. Preliminaries. The discussion in the previous section focusses on 

distinct initial fortunes k and distributions R of p vi.thout 

regard to their interconnections. In this section we knit these. 

individual problems into one. Our purposes will be well-served by 

the following definition. 

DEFINITION 2.1. For fi:xed A, g, and,.G, a scheme Y is a function 

,ck,R) which assigns either of the symbols R or ..t to each ~ ~ (g,G) 

and distribution R of p. 

TQ connect the concepts of scheme and strategy, as defined in 

Definition 1.1, we ~eed ~ome further notation •. 

.r · Just as we defined k
0 

in (1.1) to be the fortune at a~age n+l, 

we let R be the conditional distribution of p at stage a+l. n 

Specifically, if a successes and f failures have been.obtained on 

S f 8 f a in the first n stages, then R • a Cl> R, where each a co R is 
. n 

absolutely continuous with respect to 1 and 

• 

(In case the support of R is contained in {O,l}, vritte~ supp R c: {O,l}, 

some values of (s,f) are not possible.) Staie by stage considerations 

yield the characterization: Ro• R and 

Rn• aR
0

_ 1 if tl is pulled at stage u and Z
8 

a 1 

-~_qa
0

_ 1 if ,t is pulled at stage n and Zn• -1 

g R
0

_ 1 if t is pulled at stage n. 

DEFINITION 2.2. The strategies induced !!I. the scheme , are those 

that require a pull of i(kn,Rn) at the (n + l)st stage, for n • 0,1, •••• 
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In Example 1.1 we restricted attention to strategies induced by 

a sch~me, that is, 'strategies that specify thi? · arm t<> be pulled at 

each stage depending only on the current fortune and current dist·ribution 

of p, and not otherwise on the history of observations. While there 

· may be optimal strategies outside this class, we shall see in Theorems 

· 3.1 and 3~ 2 that there a·re atways strategies inside the class· that- · 

perform at least as well as those outside. 

For the consideration of schemes we shall require a notation that 

reflects the simultaneous consideration of a variety·of initial fortunes 

k and distributions R. For a strategy T, let E~k.,R) and. P!k,R) 

(or e$k,R) when T is induced by the scheme W ),denote the expectation 

and probability· stacting at {k,R). For instance, 

U(k;R,~) m sup P~k,R)(kn + G). 
t 

For situations in which expectation depands on the strategy T only 

through the arm pulled initially, we shall use the.name of that arm 

as the subscript. In this notation, we can express what is called the 

"functional equation" in sequential decision· theory: 

(2 .1) 

When conv~nient, we shall drop any of the superscripts or subscripts 

from the E and P notations. For instance, the probability of a 

second success with a given one success can be written in a variety 

of ways: 

2 
. EoR(p) = J x (alt)(dx) = f x . R(dx) 

Jx R(dx) 
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An arm a. , where a equals R or 

at (k,R) if 

E~k,R)U(kl;Rl,A) C U(k;R,A); 

t, is called conserving 

that is, if the maximum in (2.1) is taken on at am a. Clearly, 

it is never optimal to pull an ann that is not conserving. However. 

as we shall see, it may not be optimal to always pull a conserving arm. 

To carry over the concepts of conserving and optimal to schemes, 

we first need the ~ollowing definition. 

DEFINITION 2·.3. Let R be a family of distributions of p • \le 

say that ~ is cl~~nder sampling whenever R € ~ implies 

osc.pfR € R for all s and f that ·are possible under R. If 

· R((0,1)) > 0, then all pairs of nonnegative integers (s,f) are possible. 

DEFINITION 2.4. A scheme 'i' is called conserving for ~· a class 

of distributions that is closed under·:sampling~ if 'l'(k,R) is con­

serving at (k,R) for each k € (g,G) and RE R. 

DEFINITION 2. 5. Let £ > 0. A scheme 'i' for which the induced 

strategy for each initial k € (g,G) and each initial R € R, a class 
- a 

of distTibutions closed under sampling, is £-optimal is called an 

£-optimal scheme for R. A 0-optimal scheme for R is called an 

optima~ scheme for R. --
An ann a is called optimal.!!. (k,R) if a C ,ck,R) for some 

scheme '¥ that is optimal for some class containing R. 

While we give an elementary proof of the following theorem. it can 

he viewed as a special case of Theorem 14 of S1Jdderth (1972) > which 

in turn is a generalization of Theorem 3.5.1 of Dubins and Savage (1976). 

In case G < co, our theorem is olso a special case of the Dubins·and 

Savage result. 
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fflEOREM 2.1. A conserving scheme ~ for a class R» closed under ... 
sampling, is optimal for ~ if, for each k E (g,G) and RE. R, ... 

(2.2) p(k,R)(U(k ·R A)~ O!k ~ G) = 1. 
'I' n' n• 1 n 

PROOF, Suppose 'i' is conserving for ~- By induction, 

U(k•R A)= R.~k,R)~(k ·R A) ' , -, n' n' 

Let n + m to obtain; 

U(k;R,A) < P£k,R)(k 4 G) + P~k,R)(k ~ G)ess sup lim sup U(k ;R ,A), 
- T n T n [k. + CJ n -+ ~ n n 

n . . 
where ess sup denotes the essential supremum for the measure 

(k-,,. G] 
n 

P~k,R) over the event [kn~ G). • 

We now make precise the concept of excessivity used in Example 1.1. 

DEFINITION 2.6. Let. W(k,R) be a real-valued function defined for 

g-1 < k < G+l and R € R, a class closed under sampling. The function 
. -

W is excessive for R if, for each arm n and each (k,R) E (g-1,G+l)xR, . - ~ 

W(k;R) ~ E~k,R)W(k1,R
1
) 

The following theorem enables one to check that a particular scheme 

is optimal.· While we give an elementary proof of the theorem. it can 
. . . 

be viewed as a special case of Theorem l of Dubins and Sudderth (1977) 1 

which in turn is a generalization of Theorem 2.12.1 of Dubins and 

Savage (1976). 

THEOREM 2.2. Suppose that, for some scheme 'i', the function 

( k R) ~ P(k,R)(k ~ G) 
' '¥ n 

is exces_sive for some _class R .that is closed under sampling. If, in 
addition, 

- 12 -
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-- -

(2.3) P~k,R) (kn -+ G) + 1 as k -.. G, uni_formly for R E ~· 

tben 'i' is uptimal for !· 
PROOF. Fix (k,R) E (g,G)x! and let t be an aTbitrary strategy 

for starting at (k,R). Let t· denote the strategy: 
m 

use 't at 

stages 1, ••• , m and thereafter use the strategy induced by 'l' ·• 

By.induction and the assumed excessivity, 

(2.4) 

On the other hand, 

(2.5) 

(k R) (k ,R) 
> P ·• (k .,- C) inf lim inf P~ 'Dl· m (k · +co). 
- 't m [k ... G] m -+ o) n 

m 

By· (2.3) th·e ,right side of (2.5) equals Pt(km -t: G):· .which, by (2.4) and 

(2.S) is less than or equal to Pq,(k
0

..,. C). • 

For C < co, Theorem 2.2 is a special case of ,Tbeo·rem 2.12.1 of 

Dub ins ·and Savage (1976), and since (2 .3) is . tr:ivially satisfied·, simplifie~ 

as follows. 

COROILARY ~ 1 S G < ~ If (k,R) -~ .P!k,R)(k
0 
~ C) ~ ... • uppose • • is 

excessive for R, then -~ is optimal for R. -
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3. Optimal Schemes; General Theory.· In thl,; sec.~tion we provt! two 

theorems dealing with the existence of optimal schemes and one gi~ing 

• qualita~ive property ~f optimal schemes~ . 

THEOREM 3.1. There. is ~n _op_timal scheme for the class or al_l 

distributions of p_ i_f . g ~ - m or: G a m or A > .S. 

PROOF. (i) Suppose both C •~and A <.5. Then the only ~hance 

of approaching oo is if p > .5; therefore, it is opt_imal to pull 

R at each stage. 

(ii) Suppose g = - co, A ~ .5, and either . G < co·. or 

~ ~ .5. Then it is clearly optimal. tQ_ pu11· t at each stage. 

( iii) Finally, suppose g > - 00 and, either G < m or 

A> .5. Since we are assuming A·< 1 · throughout (thereby ruling o~t 

the possibility of oscillating forever), the event [k +- C) differs by n 

a null event from .the event. (k
0 
~ g] (that is, the.evc~t (k m g for 

n 

some n]). Thus, since g > -m, condition (2.2) is satisfied for every 

:scheme \l'. It follows from Theorem 2.1 that every conserving scheme is 

optimal. Since there exists at least one conserving scheme~ there is at 

least one optimal· scheme. • 

The only case not covered in ·Theorem·-J.l will ·be .constdered in·· 

Tbeorem 3.2. For one circumstance arising in that theorem we shall 

need the following lemma. ' 

LEMMA 3.1. Suppose that · A < A+ o < .5 - 6. and g a - m. Then 

there exists y > 0 .such that 

R([O,Ho)) 
R([A+o,.5-o]) < y 

implie5 E~k,R)(U(k
1

;R
1

,~) < ~k,R)(C(k1;R1,~) for every k. 

PROOF. From (1.2), we obtain 
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and 

m E(pu(k+l,p)+(l-p)u(k-1,p)]. 

Therefore 

(k,R) · (k,R) · 
ER U(k1;R1 ,A) -.Et U(k1;R1 ,~) 

~ ER[ {:[o ,lM) (p)+![),+6, .5--6) (p)+!( .S-li ,1) (p) }{pu(k+l,p) 

+ (l-p)u(k-l,p)-A(u(k+l,p)vu(k+l,A)]-(l-A)[u(k-i.p)vu(k-1,~))) 

where 1
1

, 12 , and 1
3 

denote the terms involving the respective indicator 

functions. 

Clearly, 

We also have 

~ oR([A+o,.5-o])inf{u(k+l,p)-u(k-l,p):~+ o ~ p ~ .5-S} 

and. by a similar calculation, 13 ~ O. Since, .for p E [A~,.S-6] 9 

2 
u(k+l,p)-u(k-1,p) = u(k+l,p)-(-2.._1 ) u(k+l,p) 

-p 

I ( 5-o)
2
] r ( 5 6)2] ~ u(k+l,p) 1 - :s+o ~ tt(k+l,A+o)tl - :s~ , 

11 + 12 + 13 > 0 for R([O,"+o])/R(["...+o,.5-o]) < y,. where 

y = 0[1 - c.s-o> 2Jc.s+o) 2J. • 
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TIIROREM 3. 2. Suppose g = - co , C < co , and A < • 5. For each 

E: > 0 there is an e:-optlmal scheme for ~he cL.tss of all distribution$ 

of p. There is an optimal scheme for ~3 U ~4 U !s where 

!J = {R: R((~,.5)) > O} , 

~4 = {R: R([O,A]) = l} • 

~S = (R: R([A,l]) = 1} • 

There is no optimal strategy for any initial (k,R) for R belonging 

to the complement of ~3 U ~4 U ~S • 

REMARKS. Each of the classes !3, ~4, and ~5 is closed under 

sampling, and th~refore, so is their union. The last sentence in the 

. theorem implies that !3 U ~4 U !s is the largest class closed under 

sampling for which there is an optimal scheme. 

PROOF OF THEOREM 3.2. Let ~ denote-the complement of 

!J U !4 U ~5 , so 

!
6 

= {R: R(().,.5)) = 0, R([O,).)) > 0, R((.5,1]) > O}. 

We shall de fine a scheme 'i' and sho\-1 tha·t it induces an optimal strategy 

for any R €!JU~ U !s and an £-optimal strategy for any R € !6• 

Define "i'(k,R) _ .. .t for R E ~
4 

and ap k. Define . 'i'(k,R) a ff, 

for RE ~
5 

- !
4 

and all k. Clearly, as so far defined,! is an optimal 

scheme for !4 U ~5• 

.- For . R E ~6 define 

I
t I · \ >· l .,, ' · [ · log c ] 

q
1
(k,R) = ~ ~ for ki~\ k = G - log[ A/(1-~) J° , 

the largest integer· less than or eqnal to c, - log e:/log( A/(1-A)]. 

. .. 
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Since !4 U !s U ~6 is closed under sampling, we can calculate, 

for R €~·that the probability of reaching G when starting at 

k and following f is at least 

1 - 1 - [A/(1-A) ]G-(k vk*) 

1 - (A/(1-A)]G-~~ 
R([O,:\]} 

* ' . * 
> 1 - [l - (l~l)G-(kw >+ (l~A)G-k ]R([O,A)) 

> 1 - (1 - (l~A)G-~+-c]R([O,A]) • 

Therefore, 

(3.1) U(k; R,l) ~ 1 - R([O_,~l)(l - P./(1-A)]G-k). 

The lower bound in (3.1) is precisely the upper bound given in (1.2), 

so that for R € !6, 

G-k U(k; R,A) = 1 - R([O,A))(l - [~/(1-l)] ), 

which means tha:t 'f is·· £-optimal. The supremum U can only be attained 

if R is pulled eventually (and often) when P ~ .5 and, if ~ is 

pulled exclusively when p < A Since, for R ~ ~· u~ strategy 

fulfills both these requirements with probability one, there is no 

optimal strategy for RE~, the complement of ~ U ~ U ~S • 

It remains to consider !J' a class ciosed under sampling. Define 

* ~ to be conserving for ~3 • For each R € ~3 there exists a k 

* such that: for k < k 

E(k,R)U(kl;Rl,A) 
1. 

~ ~ER[ u(k+l,A)V u(k+l 9 p)] + (l-A)ER(u(k-1,))Vu(k-l,p)l 

< ER(pu(k+l,P} + (l-p)u(k-1,c)] 

- 17 -



k • E u(k,p) 

~ E~k,R)U(kl;Rl,A) 

and, hence. 'f(k,R) • R. 'Dlerefore, for any (k,R) £ (-m,C) ~· 

(3. 2) p(k,R) ('l'(k R ) • R ·1.0. (k + ~ CIO.)" a 1 • 
1J' n• n n 

By the strong law of .large numbers 

(l.l) Pm(s /(s +f) + Plk + ...eo) • 1, 
T n n n n 

where s and f denote the numbers Jf successes··and'·failures on n n ·.· 

~ for stages 1 through n. 

Choose 6 > O, depending on R £~·so that R((A+.5 •• S-~]) > O. 

An easy calculation· starting with (3.l) gives 

( 
ln ([O, >.+6)) 

P'f' a"((>.+.5, .5-61) ~ 0 11tn .. -.p ~ .5) .. 1. 
New, by Lemma 3.1, 

P.m<f(k ,R) • '6 only finitely oftenfk + --.P > .5) • l 
T : n n n -

whicb .'implies 

Pw(k· + Glk + -a,,p > .5) • 1 
T n n -

and, thue, 

(3.4) . P'i'(p ~ .Slk11 ~ -oo) • 0. · 

From (3~2) and.;the weak.law of large numbers we obtain 

P111(R + ~(p) (k + -co) • 1, 
... n n 

where o{x) denotes the probability measure with mass 1 at x. Hence. 

using (1.2), 

• 
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P w (U (k ; R , A) -+ 0 I k . + - °' , p < • 5) = 1. 
T n n n 

By (J;4) we can drop the condition p < .S and because we are assuming 

" > 0 throughout we, can replace k -+ - 00 by k ~ G. Hence. (2 .2) 
n n 

holds, and so Theo.rem 2 .1 implies that· 11' is optimal for ~. a 

Because there is no gain in information when ~ is pulled, it 

seems unlikely for there to exist. a fortune· k at which ~ is 

uniquely optimal and ye( a is optimal at fortunes k-1 and k+l. · 

nte next theorem verifies this, saying that the set of fortunes for. 

which R is optimal is contiguous. 

'11lEOREK 3.3. The optimal and c-optimal schemes of Theoi:ems 3.1 

and· ,J.2 may be chosen from among the set of schemes 'I' for which 

{k: ~(k,R)·a ~}- is an interval. Furthermore, if G - g m·m, the 

sc~emes·of Theorems 3.111nd 3.2.may be chosen from aaong the set of 

schemes 'i' for which {k:· 'f'(k,R) ~ Q} 
.; 

is empty or an unbounded interval. 

PROOF. Let f(k,R) a·p. if. Q is conserving at (k.R) and ~ 

otherwise. By Definition 2.4, f is conserving ·for the class of all 
.. 

distributions of p • Using a w_ell~known argument, ve shall show 

by contradiction that {k: f(k.R) u ?.} i's.an interval. 

Suppose for a certain' R and k.-< k'' ._ 2 that f(k ... a) • 9, 

'l'(k" ,R) = ~, and 'V(k,R) c t f'or all k vith k ~ < k < k" • For 

this certain R ~tnd s·ome k € (k", k") let -r denote the strategy: 

pull ?. at stage 1, then pull I. until either fortune k~ + 1 or 

fortune k"·+ 1 is reached in case z1 e 1 or.until ·either fortune 

k - - 1 or fo-tune k st 
- 1 1 h d i Z 1 d f ~ s reac e n case 1 a - , an therea ter 

follow 'I' • Then 
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'ftlerefore, , is conserving at Ck.It) and. hence 1 l'(k.ll) • R • the 

desired contradiction. ~en G - g • co, airailar reasoning •hows 

that {k: f(k,R) = 1} ia either empty or an unbounded interval. 

'lberefore,? is a conserving scheme with the desired character~stic. 

For g > -w and eith~r G < co or l > ·.S, Theorem 2.1 together 

with the fact that the dif~e.rence between (k . • G) D:. 
and (k .. al 

. D 

is a null set implies that 9 is optimal for the class of all dis­

tributions of p. For g • -•, C <• 1 A < .S, _th-.! p~~f 

of Theorem 3.2 shows every conserving scheme .. for . !3 , in part~cular 

? , to ~e optimal fo~ !J· 
For the.remaining cases the schemes explicitly c~natructed in 

the proofs of Theorems 3.1 and 3.2 satisfy Theorem 3.3. • 

Suppose that we were to replace the objective ve have used 

throughout by the objective:~ maximize the probabi~t:y tbat kn• g. 

None of the conclusions in this paper would change except 

in case g • - 00 , C • • 1 and A • • 5. With the change 1n objective. 

i(k,R) = t. would becqae optimal in this. case~ 

The remainder of thia paper considers particular aubclaasea of 

the class of all distributions of p. The reader familiar vitb the 

em~hasis on "stay with the winner" ~trategiee tn the literature vill 

notice the varioua situatio~s in ~hich it is not optimal to pull an 

arm immediately afteT having obtained a success with that am when 

followin~ an optimal strategy. 

• 
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4. Optimal Schemes for the Class !i. In this section ve find all 

optimal· schemes when p is known to be either 1 or.oo_greater tha l • 

thereby generalizing Example 1.1. Defiue 

~ = {R: supp ll c: (O,A) U {l}}, 

a clzb~ ~f distributions that is closed under emapling. If t is in 

this claoa, th~n supp~ c: {O,A); so the offectivenese n1 I. is 

?aura to ba at lust that of a if ever . tr yields A failun. Of 

course, 1lO finite nurd>er of successes oa R is es revealing iu th1~ 

Por reasons discussed in.the p-revious se~tlon, the case s • _. 

is rathe-r trivial, ao we exclude it froa consic!eretion. Also, if . 

G .. • and A~ .5 then the problea is trivial; the only chance of 

vinning ia that p Alt 1, ao U ia juat · · R( {1}). Ve therefore exclude 

this case 11s well. 

Let v(p) · d~note the probability. 1iven p, of approaching G 

rather than reaching g nen starting at g + 1 and using the etrategy: 

t>-Ul R at a+ 1 md t at all othe~ fortu~ea. Standant eal.cu­

latiou yield: 

v(p·'\ • p[l - (1-A)/~) i.f l > .5 and G • • 
~ 1-p + p(l-(l-A>/A) 

• p[l - (~-A)/A] if l #.Saud G < m 

(1-p)[l-((1-A)/l)C-g-ll + p(l-(l-A)/1) 

• (l-p)(G~g-l) + ~ if A• .S and G < •. 
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'!he next theorc;:~ generali&ea Example 1.1. which concems the 

case supp R c: {0.1} and G < • • 

Then 

TlmOIEM 4.1. Assume that g > - .., and ei theT G < • or l > .S. 

fa if k • g+l _and Eav(p) > vU) 
'1(k,R) • l t othewise 

is an optimal scheme for !J.· 
IEMAIUt. From the definition of u in Section 1. it 1a eviclaat 

that 

v(A) • u(s+l, A). 

PBOOP OP TBEOlllH 4 .1. By calculatiou, which ve omit• that are 

similar to those used in Example 1.1, 

can be shown to be uceasive. · For G < • the optiaality of 91 follOIIS 

from Corollary 2.1. Por G ••,Theorem 2.2 applies; for. (2.,3) is 

satisfied by , 1 eince A> .S and f1(k,a) • t for k > g+~. • 

One of the calculations mentioned in the above proof shows that 

for k > g+l, Vitb equality if and only if C • • and lv(i>) ?. v(l). 

Keeping track of thle and other situations in which equality bolds vhea 

checking the exceeaivity of v1 allows us to list every coaservlna 

scheme. By Theorea 2 .1 theae are exactly the optiaal scbens. Accord­

ingly, we have the following theorem. 

THEOREM 4.2. Assume that g > - 00 and either C <•or 1 > .5. 

A ocheme 'I' is optimal for ~ if and only if 

• 
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'(k~ll) • I if t • g+l and -1-v(p) > v(A) 

• I- if k > g+l. l({l 11 l}) < 1, and G < • 

• r. if aAv(p) < v(A) • 

aEMA!ICS. Accordlq to thia theorem, there are ~~y ~~ in 

which either arm can l,e pulled without loaiag optimality. l'or example. 
. . ' : 

if k > g+l, Ev(p) ~ v(l), and G ~ •, then either an, caa he pullod. 

This mk~~ :f.t clea~ that there are many optiml et~ategiea that are 

not ind=ed by any optlul achese. Cne such etrateo. 1a the cue G • • 

ukea t'h2 following minor rodificct:lon of a;oaa etrategy induced hp 

Y 1 : am Q :le_ used when (sn_d if) fortune g+2 :la reached for tbe 

second t1N prov,ided, th~t Ev(p) .?;_ v(A). 

In tbe next section we consider a cl&as of diatdhutions wieh 

is at the other extreme from the cws-ccnsidored in this sctetion. 
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5. Optiul Schema for the Clue !2· In thia aectio11 ve itmlatipte 

optimal e~emea wen P la 1movn to be either O OT at 1 ... t a 

~rae as A • Def1De 

. !a • {R: supp B c {O} U ( A,1) • R((l,1)) > 0) • . 

a claaa of diatributiou that 1a cloeed m1cler --,11ag. · Ve laave 

intToduced the condition R((l,1)) >.O alnce R's forvhtcb 

ll({O,A,1}) • 1 are contaiae4 ia !i and so are covered la the 

prevtoue aec~toa. 

For· a diatribution I. E: !2, cupp ell c ( 1, 1) , so the o!fectlveaeeo 

of ·1 1• bow to be at leat that of · ! if ever a yields• eacceos. 

Ia• eeue !2 la at the opposite extreme froa !i, eioce le 1a 

nav a single eucceae rather thaa a failure that settles the iaaa 

of wbich :la the better' am. While the elaa••• !1 end !,z are ·eoa­

parable in this ngarcl, the _utter of fincl1ag optiul schesea for !2 
f.o aucb mre ccepl,iceted than for :J.· 

Ve shall conatruct a scbeae , 2 only oa (g,G)~ and prove 

it to be opt:laal for ~, eheckinl tbe vaya a scheme aay 4if fer 

froa , 2 and atlll be optiul for !2· For "typical" &'• belODliDS 

to ~ it will develop that Y(k,l) auat equal f2(k.l) for all k 

in order that ! be optlmal. 1b1:-ougbout ve exclude the case I • .... , 

our aethocls do aot work in that case. 

Ve first consider tbe relatively aiarple case C •• alUl tbeD •--:1.ae 

the aodiflcationa aeceaeary when G < 00 • 

Suppose G • co and, to exclude a trivial case diacuuecl la Section 3 9 

assume 1 > .S. ·Propositions 5.1 ucl 5.2 allow ua to construct the 

scheme ~2 recursively. 
• 

• 
... 24 -



. ...-- -... 

~--~) 
\ _ · ·· ·'::{rropoei~ion 5.3 askes it clear that. for any fixed (k,l) • t

2
(k.R) 

can be calculated in a finite number of steps. Then Proposition 5.2 

and Theorem 5.1 iS?lY that. for any fixed initial (k,I), an optimal 

strategy (for all stages) and 

P(k,R)(k + G) '2 I\ . 

both 
canAbe calculated in a finite number of atepa. All optiml etrcteaiee 

. for !2 are eharacteri&ed in Theoraa 5.1. 

To d~fine , 2 ve need the followi.q notation: 

(5.1) !o ·{a~~: 1•c1>l1>J1A> ! c2~-1>Ji}; 

(S.2) S c {R € R-: qil £ S 1' R « S 1}, • • 1,2 •••• ; 
..... ;;z --- ...... 

(5.3) !- • {a E_ ~: a({O}) • o}. 

If I£ S • then ~-
· Ecp'\(PI PIA) > A > (2A~l) /A 

for·all m. and if I€~ - !-• tben 

ge&>"n(PIPt4~) + 0 as • + -. 

Therefore, we have the next result-. 

PROPOSITION 5.1. {!c,, fi• •••• !~} _ia a partition of_!!· 

Por eaa:, reierence ve fonually state the follov.lng obvlows facts. 

PROPOSITION 5.2. The classes ~- and ?cio U u1:C, !i• m • 0.1.2 •••• • 

are closed under eaapling. Moreover, for a € S • 1 < a < •. oa € S ... - ---
and ciit £ ~-1· 
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Let 

(5.4) Y2(k,R). • ft, if (k,R) £ (1.G)~ 

• I, if (k.a) _£ (g,C)><!c)• 

• Suppoae 'f2(k.R) has been defined for It£~- U u1-0 !t and all kt! 

Consider an a belonging to ~
1

• Por atartina' at (gt-l 1 1l) let 

tj denote the strategy: pull_ I, until fortune ~ . is reached ~if 

ever). then pull a once I and thereafter follow f 2 • ror J < • • lot 

(S.S) q (R) • p(s+l,1)~ + G) 
j . Tj a 

which can be calculat~ using the portion of , 2 already coutructed. 

Let 

(5.6) a(ll) • lnf{k:qk(I) • oup qj(I)} ·• 
j . 

(5. 7) !
2
(t,I!) 111 g if 1t < a-(R) 

• R if k !_ a(I) • :• 

From Propositione S.l and S.2 v• ·see that vo have completed a ncunive 

definition of a scheme , 2 • 'rbe nut result-~ it clear that.we 

can uee (5.6) to calcula~e a(a) in a finite number of ctepa. 
C'O 

PiOPOSlTlOH 5.3. Suppose G • c. For Jl E U '. l S , the eecaueoca a- .... 

j ..... qj(R) defined by (5.S) aatiafiee: 

(i) qj(~) + (2A-1)/A as j + •; 

.. 

(11) ~j (_11) _> (2l-1)/A for some j; 

(iii) qj(Jl) < (2.A-1) /'>.. fo·r all J • 
1-). j-g 

REMARKS. 

1 - <-r> 
00 

By calculating, foT RE U 1 S • the aumbers ...... 
• 

q
1

(R), q
2

(R), ••• in order, one will eventually find some j. and 
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·som~ y > (2l-l) {A for which ya q.(R). For j greater than 
J .. 

or equal to some J lt will be true that 

(2:\-1)/A -....-----< y. 
1-). j-g' 

1- <T> 

By PropositionS.3,only _qj~R). for j < J need be ~x.ar:iined in ord~r 

to calculate a(R). 

PROOF OF PROPOSITION 5.3 (i), (iii). Assertion (iii) followR 

from the fact that qj(R) is less than the probability of getting 

to j with t starting at 8+1. Combine this with the fact that 

as j ~ ~ to obtain (i). a 

We must delay the proof of (ii) until we have proved the forth­

comiug Theorem 5.1. 

co 
For R € Um=l ~· let 

::s a(R) + 1 . if qa(R)+l (R) _=; qa(R) (R). • 

· THEORF..M 5.1. Suppose that G = ()0,· :g .> -~·oo • arid· :). >.5. Let .. 

a(R) = b(R) = g+l for "' E !oo , a(R)· • b(R) =· 00 · for·. R E !o·· and 

co 
a and b be given by (S.6) and (5.8) ·on U 

1 
S • · A scheme, ·, is . m= -o 

optimal for . -!2 ,. if .and only if 

'i'(k,R) = £ if k < a(Et) 

a. ft if k. ~ b(R). 

In particular, 'i'
2

, given via (S.4)- and (5. 7), is optimal for ~
2

• The 

functi,ons a and b a-re finite on 
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PROOF. With no loss of generality we take. g = O. Let 

v2(k,R) a P~'ll)(kn + .. ). 

Clearly ~2 is optimal for !~ and, hence, 

U(k;R,A) ~ v2(k,R) = ER (1 - (l~p)k] for R ( ~ .. and all k. 

The reader may formally check or argue directly that ~ is not 

conserving, and therefore not optimal, at any (k,R) !or which 

R. £ s _oo 

Clearly 

1-). k 
V2(k,R) = 1 - (T) for R € !o and all k. 

Condition (2.3) of Theorem 2.2 is obviously satisfied; the 

excessivity of v
2

, and optimality of Y2,- for !ao U ~O is equivalent 

to 

for RE !o and all k, that is, 

(5.9) 

foT R € ~O and all k. We omit. the stTaightforward calculation 

showing (5.9) to hold with strict inequality,.and, therefore, l to 

be uniquely optimal, at each {k,R),.R € ~-

SuppoHe, as an inc!~.;~tfon hypot1'es-is, that '¥
2 

is optimal for 

s u um s 
... c» i=O -..i • For RE ~ 1 , we have, by Proposition 5.2, that 

~RE~ and aR € ~~. By the definition (5.6) of a(R) it is 

cleat' that t. , and only l , is conserving at (k,R) for k < a(R) 

and that o is conserving at (a(R), R). By th~ proof of Theorem 3.l, 

i is conserving at (k,R) for k > a(R). ·An appeal to Theor~m 2.1 

completes the proof by induction that t 2 is optimal. 
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· Clearly ~ is conserving at (a(R), R) if b(R) a a(R) + 1. 

On the other hand, suppose t is conse·rving at (a(R) ,~). ·:Thenp 

since R is conserving at (~(R) + 1, R) and Theorem··2.1 is appli­

cable. Ta(R)+t is _optimal. Hence b(R) a a(R) + 1 • 
• 
Suppose, for a proof by contradiction which_ is very similar to 

. .. . . . . 

the proof of Theorem 3.3, that~ is optimal at some (k.R) for 

k > e(R). Then an optimal strategy for.that initial ·(k,R) is 

. to pull I- at stage 1. pull A at stage 2. and . there~f ter follow 

, 2• An equally good. and therefore opti~l, strategy is to pull ii 

at stage 1, pull r. at stage 2, and thereafter follov '~· But 
.:. 

this latter st-rategy_ is not optimnl since ·1t can b·e ·improved by 

pulling e at stage- _:? if · · zi • L 

,l"hot - b(R)_ ~~- m for . ·R € ~2 - !o follows: ·from Prorosition s .. 3. 

Eve~ though the proof of Proposition S.3 .has not yet been completed; 

no. circular reae_oning is involved; for. only .the. optimality-of 'l'
2 

from Th_eo,r~m -5 .1, :will be needed for. the completion o.f the pro<>f"· o~ 

Propositi9n 5.3. • 

PROOF OF PROPOSITION S.3 (ii). Since 

qj,(Jl) is at leas.t as large as the. probabili'ty of approaching c» by 

pulling t until the-- fortune j is reached. then pull_ing e once. 

and thereafter pulling- ·R or t accordingly as Xi = 1 · or :_.x
1 

• -1; 

that is (in case gm 0), 

which, for R £ !2 - ~0 , can be shown to be larger than (2A-l)/~ foT 

sufficiently large j. a 
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EXAMPLE 5.1. Suppose G • °'• g a. 0, A= .6 1 and p is known 

to be either_O or .625. The class 

R.' • {R: supp R. c {O, .625}} 
-2 

is a subset of !2 and is closed und·er sampling. Let 

m • O, 1, ••• , m. Since (2A-l)/l • 1/3, 

~ a {RE~, R({.625}) .:c_S/15}; 

s8 gmf-1 
·!_: • {R €· ~2"": a n-l < Jl( {.625}) !, a+l }, 11 • 1,2, ••• ; 

-~ 8 +7•3 . 8 +7·3· 

~; Q {RE ~i= R({.~~S}) Cl} • 

Suppose R({.625}) • 32/35. Then R € !i• COit E: !i• -o'-.. E: !i• 
and q,

3
R_E ~o· Also CDR({.625}) • 4/5, c,2R(-{.62S}) •· 3/5, and 

c,,3R({.625}) • 9/25. Straightforward calculations using (S.6) and 

(S.8) yield a(R) • b(R) • 1, ·a(COR) • b(tpg) • -3, and a(n) • b(ci,2a) • 14. 

If the initial fortune is k 111 2, then. R should be pulled (since 

k ~b(R)).· If· x1 = z1 -• -1, ao that k1 • 1 and R1 = COR,· then 

r. should be pulled until fortune 3 is reached (if ever), at which 

time ff should be pulled again. If x2 • -1, then ~ should be 

pulled until fortune 14 is reached. at which time R should be pulled 

again. If x3 · ~ -1, then R _ is never pulled again. no matter. hov 

large the, .. fortune becomes. Of course. a is used exclusively if it 

ever gives a success. 

If, instead, the initial fortune is. k_! 16. then R should be 

pulled the first three times. The 1ft0difications for other possible 

initial fortunes are now obvious. 

• 
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In o·rder to approach infinity from any starting point~ 9. ehould 

always be pulled at least three times. Interestingly however. if 

k is small thell4? pulls should be delayed until failures on R cnn 

be 1110re easily wi tbs tood •· • 

We turn to the cese in ~'hich · g and C are both finite. 

When G • c:e, the gambler. knowing ~hat he wants to play forever,ie 

quite interested in gathering iaforution about a. now ·that C ;< •. 

the gambler, especially when hia fortune is. close t~ , G,, cay take a. 

more izmediate vi~~. It is 9 the~efore, not surprising to find tb~t 

the gambler may cow be wise to pull· .. t when his fortune is close to 

G , thus eacheu·.!.,1g the opportuai ty to leam about p that is provided 

by having a for;:une far from g. 

The definition (S.1) of ~ must be-Tep~aced by 

(5.10) ~ a {R·E ~:ER(p)E02(u(k+l,p)-u(k-1.i)J 

< u(k,A)-u(k-1.~) for all k E (g.G)} • 

which is equivalent to· (5.1) when G • 0>. ·we d~fine !ea for 

mm l, •••• G!> via (5.2) ar.d (S.3). Propo~itions 5.1 and 5.2 remain 

true for G < o:,. We continue to use (S.5) for g < j < C. Ve can. 

also view Tj as uaed in (5.~? as a s_trategy_ for star~ing at (G-1, 2) • 

as well as a strategy for starting at (g+l, R). In analogy_wtth 

(5.5), let 

Q (R) 111 P(G-l.U) (k + G). 
j T n · 

j 

In analogy with (5.6), let 

(5.11) A(R) D max{k E (g,G): Qk(R) ~ max Q.(R)} • 
. g<j<C. J 
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Of course, in the present context. ''max" and "g < j < Cst appear 

in (5.6) also. P~place (5.7) by 

(5.12) t 2(k.R) • ~ if k <.a(R) 

• P. if a(R) ~ k ~ A(R) 

• l if A(R) < k. 

For G < oo there is no need for an analogue of Proposition S.3. la 

analogy with (S.8), let 

(5.13) B(R) • A(R) if QA(R)-l(R) < QA(R)(R) 

c A(R)-1. if QA(R)-l(R) • QA(R)(I) 

- s for R £ Um-1 -• • 

For Ga• and any R € !2 we sa~ that either ~ is uniquely 

optimal at (k,R) for all k or else there is some k such that 

t is not conserving at (kwR). That this dichotomy does not hold 

when G <mis the reason for one further notation. Let 

(S.14) !o • {R € ~:ER(p)E01(u(k+l.p)~u(k-1,A)) 

~ u(k,A)-u(k-1,A) for all k E (g,G)} • 

Clearly, ~ c: !o c: ~ U !1 • 

THEOREM S.2. Suppose g and G are finite. Let .a(lt) • t:(lt) • g+l 

and A(R} m B(R) • G-1 for R £Sm, a(R) • G and A(~)• g for 
be ~ 

K € ~, &nd ~. b, A, and B!\deflned·by (5.6), (5.8), (5.11), and 

(5.13) 
0c) 

on U 1 S. · A scheme , is optimal for a2 if and only if 
m• ... m -

1t'(k,R) • £ if k < a(R) 

= R if b(R.) ~ k ·!'.. B(R) and a E ~ - ~ 

• t if A(R) ~ k • 
• 
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In particular, , 2 , gi_~en_ ~~ (5.4) -~n~. (5.12), is _optim~l f~r ~·· :: 
. , -· ',. .. 

For R € ~2 - ~, b(R) ~ B(R) • 

We omit the proof which is very similar to the proc;,f of Theorem 

S.l. 

Ex.AMPLE 5.2. Suppos~:· g a O, G • 4, A 111 .74, and 

R({.75}) •.1 - R.({O}.) • .97S54. · Stiaightforward calculations show 

that R € !i - ~ and that a(R) a b (R) ~ A(B.) • B.(lt) • 2. According 
\). . . .· . . . 

to 'fbeorem S.2, in order for f to be optimal. it must satisfy 
~ 't ~ 

'f(l.R) • 'i'(3,R) .. t. and f(2,R) • Q • This····':t'a a· situation in. which 

the set of fortunes vhere it is optimal to pull~ is not an interval. a 

Suppose that g • -m, ~ < .5, and R((~.~S) > O. Then,.· 

according to the proof of'Theorem 3.2, {k: t(k,R) a e} If for 

.. e'!2ry op~im~ ocheme. · 'Ihere'fore·, there is no analogue of .the set 

~. and, as _mentioned earlier, we pursue ·this· case no further. 

-, J ;;:·: 
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6.. Optimal Schemes for the Class !a· In this final section ve 

consider tbe class 

~S • {R: supp R c: {1-6,S}} 

for the case G •. co, g > - co. 'lbe cl.ass ~S la closed ·under sa111pling 

and has the pleasant property that, for 1 · € !s• a 8c,1a. depenu on· 

s and f only through a-f. 

We carry over a notat~onal convention troa Example 1.1-1£ 

r • l({B}). we not only use r. as a number but we replace R by 

r 1n·various symbol&. For instance, ve vrite U(k;r.A) for 

( sf sf{} U k;R,).) and a q> r for . (a cp R)( B ) • 

Since the case S • 1 is discussed in Section 4 we take 

S € (.S,1) vith no loss. Under the condition A!, .S or the conditioa 

B ~ .A the problem is trivial: R. is optimal at every suge for the 

former and l. is optimal at every stage for the latter. We therefom 

assume· .s <A< 8 < 1. It eeems reasonable to pull i if r is 

large enough and I. otherwise. The next thcorm says that some. 

but not all, opti11al schemes have this characteristic. It indicates 

that. whlle a certain amount of flexibility is available for k large, 

R should never be pulled if r ta small enough. 1he critical value 

of r is 

<1"-1)/ A 
r* D (28-1)78 t 

~hich is the ratio u(g+l.~)/u(g+l,S) where u is defined in Sectloa 1. 

THEOREM 6 .1. Suppose G • ao9 g > - co • and • S < ~ < B < 1. 

Then a scheme , is optimal for a8 if and only if 
~ k-g-1 -1 

'i'(k, r) • R if r > [1+(
188) c1;;') J 

• t if r < r* • 
,. 

• 
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.REMAitl. The quantity 

k-g-1 ' 
,: .r . . c1 + <1-t> . . <1;:'u-1 

.... , 
k..;1-1 . 

is equal to cs r*; it is the proba'bility that p • ~- Bi~. 

k-g-1 successes on R ~bea the 1nit~ probability that_ p • ~ 

is r•. 
,. 

PROOF. · With no 109.a of general! ty we ., assume g • 0. 

One of tbe acheaes given by the tbeo~ 1a 

'a(lt,r) • a if r > r*. 

• t if r < i-* • 

Let 

k*(r) • ldn(j:Jr < r*} • 

Since a8q,fr depends oaly on s-f aad r and., tn· view of the c!eflaition 

of k*, the atrate~ induced by ,
8 

for starting at (k,r) opec:tflea 

pulls of R until (if ever) reaching fortune Ov (k-k*(r)l, amt 

thereafter (if k > k*(r)) it specifies pulls of t indef111itely. 

Vitb tbe notation 

V8(k,r) • ,i:·r)(kn + •) 

va obtain 

's(k,r) • ru(k,8) if k ~k*(r) 

• 1 - (1 - ru(k*(r) ,S) )(1-u(k•k*(r) ,A) J if k. > lt*·(r). 

The remaining atepe are: (i) to prove that V~(k,r) + 1 as 

k + 00 uniformly in r, that la, that (2.3) holds; (ii) to show that 

v8 is excessive for !s and, thus, by Theorem 2.2. that 's is 

optimal f~r ~8; (iii) to observe where equal~ty holds in tile calcuJations. 
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that abow v8 to be excessive for ~B and, tb118, conclude which 

schemes are conserving, aad optiaal ·by Theorem._ 2.-1; for~ !a . Ve shall 

caTry out step (i) and leave the otraightforward steps .(11) and (~U) 

to the reader. 

Let£> O. Choose I so that u(k,l) > 1-E for k ?_E/2, 

u(k,B) > 1-£/2 for k ?_K/2, and r > 1-c/2 if k*(r) '!K/2. 

Suppose k ~ It. lither· it-lt*(r) ~ K/2 in which c&se 1-u(k-Jr:A(r) ,l) < £ 

or k*(r) ~ K/2 in which case 1-ru(kA k*(r) ,8) < £. In either cue 

v8(k,r) > 1-&. m 

• 

• 
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