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ABSTRACT

One of two randem variables, X and Y, can be sclected at each
of a possibly infinite number of stages. Depending on the outcome,
one's fortune is either increased or decreased by one. The probability
of increase may not be known for either X or Y. The objective is
to increase one's fortune to G 4before it decreases to g, for some
integral g and G; either may be infinite.

In the current part of the paper, the distribution of X is un-
known and that of Y 1is known. We characterize the situations in which
optimal strategies exist and, for certain kinds of information concern-
ing X and Y, we characterize optimal sequential strategies for
choosing to observe X and Y.

In Part II (Berry and Fristedt 1980), it is known that either X
or Y hasprobability o of increasing the curremt fortune by oné and
the other has probability B8 of increasing the fortune by one, where

&« and B are known, but which goes with X 1s not known.

Key words and phrases: Achieving a goal, two-armed bandits, how to gamble

if you must, gambler's ruin, sequential decisions, Bayesian decision making,

sequential medical treatments, stochastic control, optimal dynamic designs.
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1. Introduction. A gamblar has an integral fortune k and is allowed

to make a sequence of unit bets.‘ He is to countinue betting until his
fortune becomes either of the intégfal goals G or g, with g <k <@,
Each bet is made by choosing to observe one of two randon variables,

X and Y, where
P(X=1) = 1-P(X = -1) = p,
P(Y = 1) = 1-P(Y = =1) = ),

and..p and A may be unknown, and so we regard them as random variables.

After observing X or Y he may choose to observe the éaﬁe vafi-
able for the next bet or switch and observe the o;her variable. ﬁhich
- variable he chooses at the (n + 1)st stage may depend on the first n
choices and observations. Using traditional bandit problem terminology,
an observation of X is "a pull of the right arm K" and of Y is
"a pull of the left arm ¢."

DEFINITION 1.1. A strategy, sometimes denoted by T , is a function
that assigns the symbol @ or g to each finite history of bets and
resulting observations.

The variable assigned by a strategy denotes the bet to be made

next when following that strategy. Let Z_ denote the result of the

n gamblex's

nth bet and let Sn = F Zy. TheAfortune at the (n + 1l)st stage is
1

(1.1) k, =k+S_ .

If G < o, then the objective is to reach G before g. Any strategy

that maximizes the probability that there exists an n such that

ki > 8y eoey kn~1 > g, kn = G

1

will be called optimal. If G = = then any strategy that maximizes the



probability that kn >g for all n and kn + o will be called optimal.
Any strategy that comes within € cof the maxinmum, or supremum in case
the maximum does not exist, will be called e~optimal. Evidently, if
k. =g . or k =G for some. n, the same is true for all larger n.

Let xi and Yj denote, respectively, the observations on the
ith bet on £ and the jth bet on £ . For convenience we assume that
the sequences (xl, Xz, .se) and (Yl, Y2’ ..+) are non-terminating
whether or not infinitely many bets are made on each varigble.

The two sequences (xl,.xz, ...) and (Yl, Y, «.s) are assumed
to be independent of each other. Also, given the random variables
p and A, (xf,‘xz, ...) and (Yl, Yz, ...) are sequences of independent
random variables. Thereforé, the unconditional finite-dimensional dis-
tributions of (xl, xi; ev.) and (Yl’ Yé,-...) are invariant under

ﬂetmutationa of the subscripts; that is, each is a sequence of exchangeable

random variables. In the p;esent part, Part I, of this paper, X will
" be assumed known with 0 < A < 1. Under this assumption, (Yl. Yz, eee)
“is a sequence of independent random variables. - The distribution R of
(Berry and Fristedt 1980),
p will be arbitrary. In Part II of this paper,\ p,A) 1is known to be
either (a,B) or (B,a), Qhere o0 and B ‘are arbitrary but known.
When possible, the notation used in this paper is consistent with
that of Berry and Fristedt (1979), which deals with classical bandit
problems. While many of the aspects of the current problem are different
from those of classical bandit problems, some are the same. In par-
ticular, in both probléms the desire to ﬁull R or £ depends on the

probability of immediate success and on the possibility of gaining

information about the variables X and Y which will aid future decisions.



In both problems these criteria may be fc:d'tiflicting, thi;t is, suggesting
different sﬁrategies. . o While it is not possible to consider
these two criteria separately in either ptoblém. the interrelationship
i; more complicated in théAé&rrént problem.

For‘ fdrtuhé k € (g,G")"‘,‘ t.iis":fiﬁufidn R om ('0,1], and A € (0,1),
let U(k; R,A) " denote the maximum over the set of sérategies. or supremum
in case the maximum doés’nOt exist, of the probébility of approaching
foréune G (thereby reaching G when G is finité) BeforeAaéproaching
g. . The maximal probability of approaching G 1s at least that of the
strategy which observes the same variable at each stage, and is no

larger than if p is also known at the outset. That is,

(1.2) u(k,A)VvEu(k,p) s U(k; R,A) < E[u'k,p)vu(k,n)],

where u 1is the probability of success in the gambler's ruin problem.
ﬁxpresaions for this latter'pfobabiiity are well-known and are given

Below.

Goals u(k,p) ‘ Restrictions
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~ We canno:‘find optimal st:agegigs.for the problem as stategliq its
full‘genéraliéy. We confine.our.aﬁténtioh mainly to special caseé of
(R,A). As we consider different éases, or even different instances
.within a single case, the reader will notice major qualitative differ—

ences in the optimal strategies. Some Qp;imgl strategies are
counterintuitive. For example, it may bé uqiquely optimal to bet on
Y (i.e., to pull & )‘ even thﬁugh i€ is practically certain that
p > A. The unext examplelié especially_gasy and~give$ oneA;nstance
“.of this phenomenon.ﬂ |

EXAMPLE 1.1. Suppose A ‘is .5 and-

1-r({0}y = R({1}) = £'> 0.

Suppose both goaié ug #dd G are‘fihite'sé we can take g = 0. Ve
will abbreviate U(k; R,A), the maximal brobability of reaching G,
to U(k,r). anin, there is no inform;t;on_to.be gained by,pulliﬁg
£ since ) 1is kpqwn; that';s, r 1is not affected by pulling £ . On
the ofhet hand, complete information is gained with probability one by
a single pull of @ . It is reasonable, therefore, to expect that if r
is large enough it is optimal to pull R first and then proceed with
complete knowledge. Actually, the optimal strategy is quite the opposite.
If k=2, ..., 6G-1, it is optimal (uniquely unless r = 1) to pull ¢
for all r, and it is optimal to pull' @ if k=1, for r > 1/G
and ¢ for ¥ < 1/G. Of course, if R 1is evef pulled,ihea it is optimal
(though not necessarily uniquely) to pull @ forever (until reaching

G) if it succeeds. 2 : Let T, denote the strategy

0
claimed to be optimal in these statements.
Let Uo(k,r) denote the probability of reaching G using L0

when the current fortune is k. Then -



opy = koL, Gk
Yple,r) = ES3 4530, 4f 1216
= k/G, if r < 1/G.

We show that U = Uo by showing that Uo' is excessive (Corollary 2.1 of
Section 2, or Dubins and Savage 1976, Theorem 2.12.1); that is, the

expected value of U qnder either initial choice is not greater than

0

v It follows (Theorem 2.1 of Section 2) that the initial choice in

0°
question is optimal when and only when this expectation gctnélly equals
Uo. _We prove that Uo is excessive by considering two cases that are
determined by the arm pulled 1nitiaily when fdlloqing Toe

According to T, £ shéuld”be pulled when r < 1/C or both
k>1 and r <1l. For suéh # fortune % and probability r that
p= 1; the expected value of uo under a pull of g 1is simply Uo(k,r)
from the definition of To* The expected value of Uo under a single

pull of . equals

U, (k+l, 1) + (1-)Uy(k-1, 0)

= ¢ + (1-x)(k-1)/C .
Subtracting this from Uo(k,t) gives

k-1

(-1 gED

if r > 1/6G,

G

-1--'r+-§(k-1) 1f r < 1/G ;
both of which are 330 (in fact > 0 in the case under consideration) as
desired.

In the remaining cases, & 1is pulied when following 'TO; accordingly,

we suppose that either k=1 and r>1/G or k >1 and r = 1.



For such a fortune and probability that p = 1 the expected value of

Uo under a pull of  is Uo(k,r) from tﬁe definition of to.

The expected value of Uo under a single pull of & equals

1 + G-2 .
2(G-1) " 2(G~1)
. k>1 and -
if k = 1, and it equals 1 1fAr = 1, Subtracting this from Uo(k,r)

1
E-Uo(z,r).°

giveé (rc~1)/(2c-2) if k=1 and’ 0 if k>1 and r = 1; both
of which are > 0 for the cases at hanq (in fact > 0 unlessik = ]
and r = 1/G or k >-i, and r = 1) as desifed.

| The claim that T

0
that are optimal occur when equality holds in the

is optima; is established. Further, the only
deviations from T ‘ ‘
excessivity caicﬁlgtiéhs. So, pulling £ and pulling @ are hoth

optimal wvhen k = 1 and r'- 1/G or when k >1 and r = 1; cther-

wise, the arm indicated by Td is uniquely optimal. =

Two-armed bandits with a goal are motivated by the following medical
treatwent decision problem. Two treatments are available for use on
a patient with a known level of a disease;‘one of the treatments may
be "no treatment'. Between applications the patient's condition eithexr
improves a little or worsens a little, independently of previous treat-
ments and responses. Assume that 1evel§ can be quantified so that
.each new level i{s the old level plus or minus one. Furthermore, there
is a level g, which is below the patient's current level, at which he
can no longer be cured, and 2 higher level ¢, at which the patient
.no longer has the disease. Then the problem we have posed may be
applicable. Perhaps the least realistic assumption we make is that
it is only eventual cure or not that matters, and not the length of

time that the patient is in.a diseased state’. sci11;<;heréﬂare diseases

L ]



for wvhich standard medical practice is similar to an optimal strategy
1§ éur problem for certain ﬁindé of information; In particular, tﬁere
aré diseases in ﬁhich tieatumnts tﬁ#é Qre risky; having unknown effective-
ness, are used only when the digease is in very advanced Qfages. As we
sav in Biample 1.1, eome opﬁinal sttitegiés have this pfoperty.‘ In
that example, the right arm @ i1is a "risky treatment.” On the other
hand, there are diseases in which a risky treatment is only used when
the patient is relatively healthy. We shall encounter situvations in
Section 5 in which optimal strategies have this property.

As far as we know, the problem considered here has not been
studfed previously, but it is a variation of a number of problems.
Articles dealing with classical bandit problems--in which the expected
number of successes (possibly discounted) is to be maximized--include
those by Bervy (1972) and Berry and Fristedt (1979). Related work in
the theory of gambling includes the fundamental book of Dubins and
savage (1976), and (Berry, Heath, and Sudderth 1974). Iu 2 problem
used as motivation by Dubins and Savage (1976), bets with known win
probability are made with the objechive of reaching & goal before going
broke. Tne problem is to decide what sequence of stakes to use,
depending on the sequence of fortunes. Berry, Heath, and Sudderth (1974)
congider a generalization in which the win probability i{s itself a
random variable. In the current problem there is & second sequence of
bets available, but now only unit bets are allowed.

In Section 2 we introduce some necessary notation and tétainology.-
In Section 3 we déQelop some general theory, considering the question of

existence and, to a certain extent, the nature of optimal strategies.



InuSection 4 we find optimal strategies when p 18 known to be ; if
it is gfeater than l».' I;AS;ction 5 we find optimal strategies when
h P is known to Se 0 1f it is leﬁs than A, ?;nally, in Section 6 |
wé consider fhe case in which G = and R 1#3 a two-poiqt distribution,

the two points being symmetric about .5.



2. Preliminaries. The discussion in the previous section focusses on

distinct initial fortunes k and distributions R of p without
regard to their interconnections. In this section we kait these
individual problems into one. OCur purposes will be well-served by
the following definition.

DEFINITION 2.1. For fixed A, g, and G, 2 scheme Y is a function
¥(k,R) which assigns either of the symbols R' or £ to each k € (g,G)
and distribution R of p .

To connect the concepts of scheme and strategy, as defined in
Definition 1.1, we need sone further notation..

! - Just as we deilned ku in (1.1) to be the fortune at stage n¥l,

ve let Rh be the conditional distribution of p at stnée atl.

Specifically, 1f s successes and f fallures have been obtained on
s £

R in the first n stages, then Rn - ostpfk, where each O ¢ R is

absolutely continuous with respect to R and

AR ) = _xfa-nf

g Ius(l-u)fk(du)

(In case the support of R is contzined in {0,1}, written supp R < {0,1},
some values of (s,f) are not possible,) Stage by stage considerstions
yield the characterization: RO = R and
| Rh - GRn-l if @ 1s pulled at stage n and zn = 1
=@R _, 1f @ 1is pulled at stage n and Z_ = -1
= Rh-l if £ 4s pulled at stage n.

DEFINITION 2.2. The stratggiés induced by the scheme Y are those

that require a pull of ?(kn,Rh) at the (n + 1)st stage, for n = 0,1,.., .



In Example 1.1 we restricted attention to strategies induced by
a scheme, that is, strategies that specify the arm to be pulled at
each étége depending only on the current fortune a;d current distribution
of o , and not otherwise on the history of observations. While there
‘may be optimal strategies outside this class, we shall see in Theorems
3.1 and 3.2 that there are always strategies inside the class that -
perform at least as well as those outside.

Fbr.fhc consideration of schemes we shall require a nmotation that

reflects the simultaneous consideration of a variety of initial fortunes

(k,R) (k,R)
T and - PT
when T is induced by the scheme ¥ ) denote the expectation

k and distributions R. For a strategy T, let E

(or Pik'k)
and probability starting at (k,R). For instance,

u(k;R,A) = sup BE B e 4y,
T T» n o

For situations in which expectation depends on the strategy T only
through the arm pulled initially, we shall use the name of that arm
as the subscript. In this notation, we can express what is called the

"functional equation’” in sequential deciéion"thebry:

(k,R)

o = 26R g0 0
(2.1) U(k;R,A) = E Uk 3Ry v Eg™" Uk, 3Ry LA) .

!
When convenient, we shall drop any of the supgrscripts or subscripts
from the E and P notations. For instance, the probability of a
secbnd success with @ giien one success can be written in a variety
of ways:

2
Ry =fx (GR)(dx) = (20D
Jx R(dx)

2

- EN(p2) - EP
EV(p)  Ep

- 10 -



An atm @ , where Q@ equals R or &£, is called conserving
at (k,R) if

L0, R)

a u(k,;

1,Rl,k) = U(k;R,A);

that is, if the maximum in (2.1) is taken on ar arm @G . Clearly,

it is never optimal to pull an érm that is not conserving. However,

as we shall see, it may not be optimal t§ aiways pull a conserving arm.
To carry over the concepts of conserving aund optimal to schemes,

we first need the following definition.

DEFINITION 2.3. Let R be a family of distributions of p . We

say that R 1is closed under sampling whenever R € R impljes

UswfR €R for all s and f that are possible under R. If

-R((0,1)) > 0, then all pairs of nonnegative integers (s,f) are possible.

DEFINITION 2.4. A scheme Y is called conserving for R, a class
of distributions that is closed under 'sampling, if ¥(k,R) ié con-
serving at (k,R) for each k € (g,G) and R € E.

DEFINITION 2.5. Let € > 0. A scheme 7 for which the induced
strategy for each initial k € (g,G) and eacﬁ initial R €_§.,a class
ofldistributions closed under sampling, is e-oétimal is called an

e-optimal scheme for R. A O-optimal scheme for R is called an

optimal scheme for R.

An érm G 1is called optimal at (k;R) if G = ¥(k,R) for some
scheme Y that is oﬁtimal for some class containing R.

thile we give an eiementary proof of ghe following theorem, it can
be viewed as a special case of Theorem 14 of Sudderth (1§72), vhich
in turn is a generalization of Thedrem 3.5.1 of Dubins and Savage (1976).
In case G < =, our theorem is also a special case of the Dubins ‘and

Savage result,

-1 -



THEOREM 2.1. A conserving scheme Y for a class R, closed under

sampling, is optimal for R 1if, for each k € (g,6) and R € R,
(KR [ rn 0k s ) =1
(2.2) PR (UG SR L0 » Ol #6) =1,

PROOF . Suppose Y is conserving for R. By indhction,

(k,R).

U(k R,A) = EW U(k R SA) .

Let n *® to obtain ;

(k3R M) < p“‘ B 0 + e M+ Gless sup 1im sup UCk 5k A,
{k** G] n >

where ess sup denotcs ‘the essential supremum for the measure
{k_# G}

Pék’R) over the event [kn #Gl. m
We now make precise the concept of excessivity used in Example 1.1.
DEFINITION 2.6. Let. W(k,R) be a real-valued function defined for
g-1 <k < Gtl and R E€ E, a class closed under sampling. The function

W is excessive for R if, for each arm @ and each (k,R) € (g-1,G+1)*R,

(k,R)

WekR) 2 WU LR

The followiﬁgztheorem en;bles one to check that a parficnlar sﬁheme
is optimél.' While we gi&e an elementary proof of the theorem, it can
be vieﬁed‘§§ a'spécial case of fheorem 1 of Dubins and Sudderch-(1977),
which in turn is a generalization of Theorem 2.12.1 of Dubins and
savage (1976). | |

THEOREM 2.2; Suppbse thaﬁ, for some scheme ¥ , the functiom
’ . (k,R)
(k,R) & Pv ’ (kn‘+ G)

is excessive for some class R that is closed under sampling. 1f, in

-~

addition,

-12 -



(2.3) P(k’k)(k +G) +1 as k + G, uniformly for R € R,
¥ n A ~

theh: ¥ 1s optimal for R.

PROOF. Fix (k,R) € (g,G)X§ and let 1 be an arbitrary strategy
for starting ét' (k,R). Let Tﬁ denote the strategy: ‘use T at
stages 1, ..., m and theréafter use the strategy induced by V¥ .

By induction and the assumed excessivity,

| KBy ey < pGRY
(2.4) Pk + @) BNk 0

On the other hand,

lim inf p,f“’R) k0

m > ® . m .
. (k_,R) |
. (k,R) n’ m
(2.5) = I;m-*i:f r,t (Py (k, *6) !‘(km,Rm))
3??"” (k> C) inf 1lim inf By © " (k).

[km +G]lm+

By (2.3) the right side of (2.5) equals PT(km + G)  .which, by (2.4) and
- (2.5) is less than or équal to P?(kn +G). =
For G < =, Theorem 2.2 is a special case of Theorem 2.12.1 of
Dubins ‘and Savage (1976), and since (2.3) is .trivially satisfied, simplifies
as follows. , .
(k,R)
COROLLARY 2.1. Suppose G <. If (k,R)» P> (k ~G) is

excessive for R, then ‘¥ 1is optimal for R.

- 13 -



3. Optimal Schemes; General Theory. In this section we prove two

theorems dealing with the existence of optimal schemes and one giyingi
a qualitative property 9f optimal schemes.

THEOREM 3.1, There is an pp;imal scheme for the'class of‘gll
distributions of P i‘fv £ > -® or G=w=or A>.5.

PROOF. (i) Suppose both G = « and A <.5. Thep the only chance
of approaching « is if p > .5; therefore, it is optimal to pull
R at each stage. . | .

(11) Suppose g = -, X > .5, and either G < = or
A # .5. Then it is clearly optimal to pull ¢ at each stage.
(1ii) Finally, suppose g > - and either G < = or
A > .5. Since we are assuming A< 'fthUghout (thereby ruling out
the possibility of oscillating forever), the eveut [kn #GC] differs by
a null event from the event fkn + g] (that is, :he.eycutv [kn = g for
some n}). Thus, since g > ~=, condition (2.2) is satisfied for every
‘scheme Y. It follows from Theorem 2.1 that every conserving scheme is
optimal. Since there exists at least one conserving scheme, there is at
least one optimal scheme. ®
" The only case not covered in Theorem 3.1 will be considered in -

Theorem 3.2. For one circumstance arising in that theorem we shall
need the followingvlemmé.

LEMMA 3.1. Suppose that X <A+ § < .5 - §and g = -«, Then

there exists y > 0 such that

R([0,)+8))
R([+5..5-8D Y

(k,R)

(k,R) . Wl o
implies E£ ? (U(kl,Rl,X) <Eg (L(kl,R ) for every k .

1’

PROOF. From (1.2), we obtain

- 14 -



BP0 R0 < A 00,0 v uier, ) T+HI-DE u(k-1,0) v u(k-1,1) ]

and

< (k,R)
Ea U(k

R
13 I,A) > Eulk,p)

= Ef pu(k+l, p)+(1~p)u(k-1,p)].

Therefore

(k,R) (k R)
Ba

Ulk,3R;,A) - Uk, Rl »

R
{{llo w8 P, 5611526 1)@ Houlktp)

+ (l—p)u(k—l;p)-A[u(k+1,p)vu(k+1,k)]-(l—lj[u(k—I,p)Vu(k-l,X)]]

=1, + 1,41,

where 11, 12, and 13 denote the terms involving the respective indicator

functions.
Clearly,
R . .
I, >E [}'[0’}“_6)(9){—Au(k-&l,}r&ﬁ)-(l—-l)u(k-—l,A*G)}] > ~R([0,A+6) ) u(k+1,)+8) .

We also have
1, = P10, 55O (9D (uCke ) -uCi1,00)

> SR({M$,.5-81) inf{u(k+l,p)-u(k-1,p): A+ § < p < .5-8}

> 0. Since, for p € [A+§,.5-8],

~ 2
u(cH, p)-uk-1,p) = u(kHl,p)=(72) ulicH,p)

and, by a similar calculation, 13

2 r 2
> u(icHl, p) [1 - (-%i%) ] 2 ulktl, 48} 1 - (*E'-'%) ]’

I1 +1, + 13 >0 for R([0,X+8])/R({*#6,.5~3]) < Yy, where

y = 8[1 - (.5-8)2/(.5+5)%]. =

- 15 -



THEOREM 3.2. Suppose g = -, G <o  and A < .5. For each
€ >0 there is an €-optimal scheme for the cluss of all distributions

of p. There is an optimal scheme for R, U R, U R. where

R, = {R: R((},.5)) >0},
R, = {R: R([0,A]) = 1} .
R. = [R: R([A,1]) = 1} .

There is no optimal strategy for any initial (k,R) for R belonging
to the complement of R, UR, UR. .

REMARKS. Each of the classes Ry, R, and R, is closed under

~ ~3

sampling, and therefore, so is their union. The last sentence in the
_theorem implies that R, UR, UR is the largest class closed under
sampling for which there is an optimal scheme.

PROOF OF THEOREM 3.2. Let 56 denote the complement of

R, UR, UR,, so

'56 = {R: R((},.5)) =0, R([0,>)) >0, R([.5,1]) > O} .

We shall define a scheme ¥ aund show that it induces an optimal strategy
for any R € R, U §4 u RS and an €-optimal strategy for any R € R_.
Define ¥(k,R) = ¢for R €R, and all k. Define ¥(k,R) = R

for R E€ R5 - R4 and all k. Clearly, as so far defined, ¥ is an optimal

scheme for 54 U 55.

“For R € R, define

-

' LIPSO L WS PO .Y
TR = o) §°r klf} . [G 1og[A/(1-A)l] ’

the largest integer less than or equal to q'~~10g ellog{Ar/(1-2)].

- 16 -



Since R, v §5 v R6 is closed under sampling, we can calculate,

for R € §6’ that the probability of reaching G when starting at

k and following Y dis at least

[A/(l—A)]G-(le‘ )
(A/(1-3 157

R([0,2])

G~(kvk ) G-k

v
[
]

JR([0,A])

> 1 - (1 - (2% elrqio, ) .

‘;ﬁ:refore,
(3.1) Uk R A) > 1 - R(I0,ADA - V-0,

The lower bound in (3.1) is precisely the upper bound given in (1.2),

so that for R € 56’

UCk; R,A) = 1 - RC[0,AD A ~ [M-01%%),

which means that ¥ 4s-e-optimal. The supremum U can odly be attained
if R is pulled eventually (and often) when p > .5 and if ¢ is
pulled exclusively when p < A . Since, for R § 56’ no strategy
fulfills both these requirements with ptobaﬁilitj one,/there is no
optimal strategy for R € EB’ the complement of 53 U R U 55 . |

It remains to consider R3, a class closed under sampling. Define
¥ to be conserving for 53. For each RE R3 there exists a k
such that: for k <K'

£ (4R

s l)

U(kl) 1’
< AR, DV u(iH,0) ] + (LD ER[u(k=1, 0 Vu(k-1,0)] |

< E*[pu(it1,0) + (1-plu(k-1,0)]
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b zau(k’ p)

¢ glKsR ey
< Eq T UKy 3Ry,

and, hence, Y(k,R) =R. Therefore, for any (k,R) € (~=,G) MRy

(k,R) \ng oY e
(3.2) By U(¥(k ,R) =R 1.o.|kn +-w)al,
By the strong law of large numbers
(3.3)  Py(s /(s +£) + plkn > o) =],

where s and f denote the numbers of successes and failures on
@ for stages 1 through n.
Choose 6 > 0, depending on R € R3, so that R({)+§,.5-8]) > 0.

An easy calculation starting with (3.3) gives

B_(10,)+5))
Now, by Lemma 3.1,

A.P?(?(kn’kh) = ¢ only finitely oftenlkn +-o,p > .5) =1

wvhich implies
| g,y(k-?‘ + cjkn +-o,p > .5) =1
and, thus,
(3.8)  Py(p > .5lk, + =) = 0.
From (3.2) and the weak law of large numbers we obtain
P?(Rn > G(D)[kn + -m) = 1,

where 6(x) denotes the probability measure with mass 1 at x. Hence,

using (1.2),
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PV(U(kn;Rn,}\) - Olkn- + - p< ., 5) =1,

By (3.4) we can drop the condition < .5 and because we are assuming
X > 0 throughout we can replace kn + -® by kn.ﬂ»G; Hence, (2;2)
holds, and so Theorem 2.1 implies that ¥ is optimél for R,. ® o

Because tﬁére is no gain in information when £- is pulled, it
seems unlikely for there to exist a fortune k at which £ 157
uniquely optimal and yétf ® 1is optimal at fortunes k-1 and k+l..
The next theorem verifies this, saying that the set of'fortunes for
which @ 1s optimal is contiguous. |

THEOREM 3.3. The optimal and €-optimal schemes of Theorems 3.1
and ‘3.2 may be chosen from among the set of schemes ¥ for which
{k: ¥(kx,R) = é}'ié an interval. Furthermoré,-if G~ g=o, thé
schemes of Theorems 3.1 and 3.2 may be chosen from among the set of
schemes Y for which {k:-?(k,R).? a)} is emﬁty of an unbounded interval.

PROOF. Let W(k,R)n° a if R is conserﬁing at (k,R) and '3 |
otherwise. By Definition 2.4, ¥ is conserving‘fbr the class of alll
distributions of p . Using a wgllfknoﬁn atghméht: ve shali show
by contradiction that {k: ¥(k,R) = 2} is an interval.

 Suppose for a certain R and k°< k" - 2 th;t ¥(k°,R) =@,

Y(k",R) =@, and Y(k,R) = £ for _ail k with k~ ; k< k" . For
this certain R and some k € (E',k") let T denote the strategy:
pull @ at stage 1, then pull £ until either fortune k” + 1 or
fortune k" '+ 1 4is reached in case z, =1 or'uAtil'eithef f&rtune
k° -1 or fortune k"™ - 1 1is reached in case Z1 = ~], and thereafter

follow ¥ . Then

pCK,B)

-» = (k’R) -»
T (k, +C) =Py (k, ~6) .

-
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Therefore, R is conservimg at (k,R) and, hence, ¥{(k,R) = R , the
desired contradiction. ?hep C - g == gimilar reasoning shows
that {k: W(k,R)==Q} is either empty or an unbounded interval.
Therefore, ¥ is a conserving scheme with the desired characteristie,

For g > -» and either G.f © or A > .5, Theorem 2.1 together
with the fact that the difference between [k #G] and [k -+ 8l
is a null set implies that Y is optimal for the class of all dié-
tributions of p, For g = -®, G <= ,_l < .5, the proof
of Theoxem 3.2 shows every conserving scheme for 5 » in particular
Y , to §e optimal for 5 .

For the remmining cases the schemes explicitly constructed in
the proofs of Theorems 3.1 and 3.2 satisfy Theorem 3.3. ®

Suppose that we were to replace the objective we have used
throughout by the objective: maximize the probability that kd’ 8-
None of the conclusions in this paper would change except
incagse g= -~ , Gmo , and A = .5 With the change in objective,
Y(k,R) = & would become optimal im this case.

The ;emainder of this paper considers particular subclasses of
the class of all distributions of p. The reader familiar with the
emphasis on ﬁatay with the winne:” strategies iun the literature will
notice the various situations in which it is not optimal to pull an
arm immediately after having’qbtained a success with that arm vwhen

following an optimal‘stratesy.
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4. Optimal Schemes for the Class

B, In this section we Find all

opzinél'achemés vwhen p 18 known to be either 1 or no greater than A ,

tﬁereby geuéralizins Example 1.1, Define

a clses of distributions that is closed under samplicg. If R is im
this class, then supp ¢R < [0,1); so the affectiveness of § ‘is
kaocwa ﬂo be at least ﬁhat“of f if ever R ylelds a failura. of
course, no finite nunber of successes on R .is ésvrevesling {a this
reguzd as 8 siangle fallure. |

For reasons discussed in the previous section, the case g = -
is rather trivial, so we exclude it from consideration. Also, if .
CG=o and A 5,.5 then the problem is trivial; the only chance of
vineing is that p ~ 1, s8o U is just R({1}). We therefore exclude
this case as well. ' A

Let v(p) denote the probsbility, given p , of ayprua#hins G
rather tﬁaﬁ iéécﬁlng g‘ vhen starting at g + 1 and using the scra:égy:
pull @ at g+1 eand £ at ell other fortures. Standard calcu-

lations yiecld:

_pll = (A-X)/A .
V(ﬂ) - 1~p + 9!1_(1.” A 1f A > 5 and G L

. . ol1 - (-1 /A) 1£ 2 ¢ .5 824 G <
O -p) [1-C1-0 /0S8 + p(1-(1-2)/2] o

if 2= .5 and G < =,

p
(1-p) (G-g-1) + o
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The next theor::: generalizes Example '1..1,, yhich concerns the
case supp Rc {0,1} and G <=, ' ; |

mzbam 4.1, Assum: that g > —war;d éither .G <® or ’l > .5.
Then | S

f@ 1€ k=gt and ERv(p) > v(})

¥)(k,R) = ]: othervwise

i8 an optimal schené. for Bl.

REMARK. From the definition of u in Section 1, it is evident
that ‘

v(}) = u{gHl, Xj .

PROOF OF THEOREM 4.1. By calculatim, which we omit, that are

sinilar to those used ian Example 1.1,

- plR) 0
vy (k,R) Pwl (k> ©)

can be shown to be excessive, For G < ® the optimality of 'Pi follows
from Corollary 2.1. For G = =, Theorem 2.2 applies; for, (2.3) is

satisfied by ¥, since A > .5 and Y,(k,R) = £ for k> gH. @

1
‘One of the calculations mentioned in the above proof shows that

vy (k,R) > E(P)V, (i1, 0R) + E(1-)V, (k~1,02)

for k > gtl, with equality if and only if G e« = gnd Bv(p) > v()).
Keeping track of this sand other situations in which equality holds when
checking the excessivity of vl 2llows us to list every conserxving
scheme. By Theorem 2.1 these are exactly the optimal schemes. Accord-
ingly, we have the following theorenm.

THEOREM 4.2, Assume that g > -= and either G < o or X > .5,

A scheme Y 18 optimal for 51 if and only {f

<22 -



Y(k,R) = R 1f k = g+l and Evv(p) > v(})
= & 1f k> gtl, B({A,1}) <1, and G < »
- £ if Ev(p) < v().

REMARKS. According to this theoren, there are many csses in
which either amm can be pulled without losing optiual;ty. For example,
if k > g+l, Ev(p) > v(1), and G a =, ghea either are can be pulled.
This mskes §t clear that thexe are many optimal strategles that axe
not induced by any optimal schema., Cne such sirategy in the case G = »
makes thz following minor nodificatiqn of goma etrategy induced by
?1: arm @ 18 used vhen (and 1f) fortune g+2 13 reached for the
second time provided that Ev{p) > v(}).

In the next section we consider a clsss of distritutions which

is at the other extreme from the class considerad in this section.
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S. Optimsl Schemes for the Class '52. In this section we immaugate.

optimal achemes when p 1is known to be either O or at lesst os
iarse as A . Define

Ry = {R: eupp B {0} UM . RUALD) >0},

a clase of distributions that is closed under sempling. He hav'e
introduced the condition R((A,1)) > 0 siace R's for which '
R({0,A,1}) = 1 are contained in R, and so zre covered in the
previous section. '

For a distridbution R € Ez; supp ¢R < [A,1], so the cffoctiveness
of R 4s known to be at lesst that of £ 1f ever B 'yi.elds a guceess.
In a sense 52 is at the opposite extreme from 51 since it ia
now a8 single guccess rather than & failure that settles the issue
of which is the better arm. While the classes R, end R, are coa~
parable in this regard, the gus'ttet of finding optimal schemep for 5
is wuch more cmlic;ted than for 551.

We shall construct a scheme ¥, only on (3.&)*52 end prove
it to be optimal for Ry, checking the ways a scheps eay differ
from Yz and atill ba optimal for 52. For "typical” R's belonging
to R, it will develop that Y(k,R) must equal Yz(k.u) for all &k
in order that Y be optimal. Throughout we exciude the case g = -o;

our wethods do mot work in that case.

Ve first consider the relatively siw;e cagse G =o agnd then examine
the modifications necessary when G <<, |

Suppose G == and, to exclude a trivial case discussed ia Sectfon 3,

assume A > .5. Propositions 5.1 and 5.2 allow us to construct the

scheme Y 2 recursively.
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N :‘}.Propoeition 5.3 makes it clear that, for any fixed (k,R), 72(k.R)
can be calculated in a finite number of steps. Then Proposition 5.2
and Thecrea 5.1 imply that, for any fixed initial (k,R), an opetimal
strategy (for all stages) and

e -0

2 n
both
canﬁbe calculated in & fiuite nuzber of gteps. All opzinal gtrategies

for 82 are characterized m Theoren 5.1,

To define '!'2 we need the f&llmdng notaiion:
(5.1) 5, = (R€B,: E¥ploM) £ (DDA} ;
(5.2) ’n{xexz RES LRES Fom=1,2,...3
(5.3) s, = (¢ R,: R({0}) = 0} .

1f RES, , then
T RploA) > A > (DA

for all m, and 1f R € R, - S, then

P Rplpf) +0 s m e,

Therefore, we have the next result.

PROPOSITION 5.1. {S;, S, -..s S} 18 a parcition of B,.

|
For easy refevence we formally state the following obvious facts.
PROPOSITION 5.2. The classes S, and S, U U S, m=0,1,2,...,

are closed under sampling. Moreover, for R € i‘. l1<mc<o, 0B € s”

and ¢R € §m—1'
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Let

(5.4) 0,8 =g 1f (k,B) € (8,605,

=g 1f (kB € (5,005,
Suppose ¥,(k,R) has been defined for R €S, UU, o S, and all k.

Consider an R belonging to S For starting at (g#l,R) let

~etl’

Tj denote the strategy: pull ¢ until fortune 3 1s reached (if

ever), thea pull @ once, and thereafter follow ?2, For j <® , lat

< p(stLR
(5.5) qJ(R) _ PTj (kn G)
which can be calculated us:lpg the portioa of ?2 slready conmstructed.
Let
(5.6) 2(R) = 1af{k=qk(k) = gup qj(a)} "
i
5.7 Y (k,B) = g 4f k< a(R)

“f 1f %> a(R) .

From Pro;iositiona 5.1 and 5.2 we see that ve have completed a recursive
definition of & scheme '1’2. The next result makes it clear that we
can use (5.6) to calculate a(R) in s finite nuzber of steps.

PROPOSITION 5.3, Suppose C ==, For RE U

u;.lgn,themmce

i Blag qj(R) defined by (5.5) satisﬁes: :
(1) Qj(ﬁ) + (2x-1)/) as § »> =}

(14 q,(® > (2A-1)/) for some §;

A eor 211 .
1=\ j“g
1- (T)

111) q, (®) <

REMARKS. By calculating, for R € U;l §u’ the nuchers

q, (R}, qz(R), ... in order, one will eventually find some j and
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gome y > (2A-1)/A for which y = qj(R). For J greater than

or equal to some J It will be true that

(22-1)/)
i-s

< vy.
1—(—1%)

By Proposition 5.3, only qj (R) for j <J need be exanined in order
to calculate a(R).
PROOF OF PROPOSITION 5.3 (i), (iii). Assertion (iii) follows

from the fact that q j (R) 1is less than the probability of getting

to j with £ starting at gtl. Combine this with the fact that

(g+1,R) . =
P Tk 6Glk..= j for some n) +1

3
as j +> to ol;tain (i).

We must delay the proof of (ii) until we have proved the forth-
coming Theorem 5.1. |

’ 00
For R € Um= §m’ let

1

(5.8 - b(R) = a(R) if (R) < 94¢R) (R)

LR+
=a® +1 1f q o (R) = qa(R)'(R)' .

- THEOREM 5.1. Suppose that G = o,/ g > ~w, and ‘A >.5. Let
a(R) =b(R) = g+l for KES , a(R) =b(R) == for RE §°,-’ and
a and b be given by (5.6) and (5.8) on 40:::1 §,- 'A schemé: Y is
optimal for‘.l} if .and only if | |

(e, R) = £ if k € a(R)
= R 1f k > b(R).

In particular, Y., given via (5.4) and (5.17), is optimal for R

2° R,- The
. ¢ c -
functions a and b are fiaite‘ on ,§‘°, L_Um_=l far

- 27 -



PROOF. With no loss of generality we take. g = 0. Let

- p(k.B -
Vz(k,R) sz (kn + ®),

Clearly ?2 is optimal for §” and, hence,

VKR, = Vy(k,B) = E {1 - (lgﬂak] for R €S, and all k.
The reader may formally check or argue directly that & is not
conserving, and therefore not optimal, at any (k,R) for which
RES,

. Clearly

‘ 1-2k
Vz(k,R) =1 - (*3;9 for R €S, and all k.

0
Condition (2.3) of Theorem 2.2 is obviously satisfied; the

excessivity of V_, and optimality of ?2, for S 1} S0 is equivalent

2
to s L N .
Lk k1 k-1

1- & 2 fEeen-dd  wta-an-did )

for R€ S, and all k, that is,

~0
: k+1
(5.9) B < B2 (1,\*) Rt e gy
for R €S, and all k. Ve omit the straightforward calculation

-0
showing (5.9) to hold with strict 1néﬁuality,.and, therefore, £ to

be uniquely optimal, at each (k,R), R € So-
Supposie, as an induction hypothesis, that Wz is optimal for
S ) Ui 0 ~i For RE€ S Sv1® Ve have, by Propositxon 5.2, that
R € S~ and OR €S, . By the definition (5.6) of a(R) it is
clear that ¢, and only &, is conserving at (k,R) for k < a(R)
and that @ is conserving at (a{R), R). By the proof of Theorem 3.3,

R 1is conserving at ’(k,R) for k > a(R). ‘An appeal to Theorcm 2.1

completes the proof by induction that ?2 is optimal.



. 'Cleariy £ is conmserving at (a(R), R) 1if Bb(R) = a(R) + 1,'
On the other hand, suppose g 1is conserving at (a(R),k). ifheu, '
since R 1is conserving at (a(R) + 1, R) and Tﬁeorem"z.l is appli-
cable, ta(R)+1 1s.optimal. Hence b(R) = g(R) +1,

- gupposé, for a proof by cont:adiqtion wh;chzis very gipilar to
the proof of Theorem 3.3, that £ is ogtimal at some (k,R) for

k > a(R). Then an optimal sirategy f&rJth;t initiai (k,R) is

to pull ¢ at stage 1, pull R at siage Z,Aand,thereafter follow
?2. An equally good, and therefore.optimal, strategy is to pull &
at stage 1, pull ¢ at stage 2, and thereafter folldﬁ ?2. But
this latter strategy is not optimal since it can be improved by
pulling & at stage 2 15'“21 = 1,

Jhat - b(R) <= for R € 5 - §0 follous: from Proposition 5.3.
Even though the proof of Propo;itionv5.3 has not yet been completed,
no circular reasoning is involved; for,ﬂonly,the~optimality-§f ~W2
from Theorem 5.1 will be needed for the completion of the proof of
Proposition 5.3. ®

PROOF OF PROPOSITION 5.3 (ii). Since ?2"is;oytimal"from.Theorem 5.1,
: qj(n) is at least as large as the probability of approaching = by
pulling & wuntil the fortune j is reached, then pulling & once,
and thereafter pulling @ or § accordingly as X; =1 or»f"x1 = -]

that 1s (in case g = 0),

--A : T ._ j+l PGP '~ 3~1
4 27 ::: i;;i,j E@E - D1+ Bamn-didhT

which, for R € R, -~ SO’ can be shown to be larger tham (2X-1)/) for

sufficiently large j. »
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EXAMPLE 5.1. Suppose G ==, g=0, A= .6, and p 41s known
to be either 0 or .625. The class
52' = {R: supp R < {0,.625})
is a subset of §2 and is closed under sampling. Let §m = §m n EZ’
m=0,1, ..., . Since (2X~1)/) = 1/3,

Sy = {R € Rj, R({.625}) < 8/15} P

g® } g=*1 }
8’ = {R €R: < R({.625}) < n=1,2,...;
~ ~2' g%yy.q71 il i’ I ol ’ '

. = (R € Bz R({.625)) = 1} .

Suppose R({.625)) = 32/35. Then RE€S;, RE€S;, ORE 57
and qFRc §6. Also @R({.625}) = 4/5, mzn(‘{.szs}) = 3/5, and
¢9R({.625}) = 9/25. Straightforward calculations using (5.6) and
(5.8) yield a(R) = b(R) = 1,-a(¥R) = b(PR) = 3, and a(9’R) = b(V’R) = 14.
If the initial for:une.ia k = 2, then ® should be pulled (since
k >b(R)). If X

3 = le- -1, so that k, = 1 and R, = UR, then

1 1

s should be pulled until fortune 3 is reached (if ever), at which
time @ should be pulled again. If xz = =], then £ should be
pulled until fortune 14 is reached, at which time g should be pul}ed
again, If XS" -1, then g is never pulled again,.no matter how
large the fortune becomes. Of course, R 18 used exclusively if it

. ever gives a success.

If, instead, the initial fortqne is k> 16, then { shéuld be

pulled the first three times. The modifications for other possible

initial fortunes are now chbvious.

- 30 -



In order to approach infinify ff&m‘AnQ starting p&in;,l R should
always be pulled at least three times. Interestingly hovever, if
k 1is small these pulls should be‘dela?ed until failures on @ ecan
be more easily withstood., ®

We turn to the cese in which g and G are both fimite.
When G = =, the gambler, knowing that he wants to play fbraVer,ie.
quite interested in gethering information apout~ R. low that G < =,
the gambler, espeﬂially when his fottune is close to .G, may tske a
wore immediate vivx. 1t is, therefore, not surprising to find thst
the gambler may row be wise to pull. £ when his fortune is close to
G , thus escheuiag the opportunity to learn absut p that is provided
by having a fortune far from g.

The definition (5.1) of §o must be replaced by

(5.10) 5, = RE€ R, :E (Y E ™ [u(ke1,0) ~u(k=1,2) ]
< ulk,\)-uk-1,1) for all k € (5,0} ,

vhich is equivalent to (5.1) when G = =, Ve défine §a for
n=1,.,.,2 via (5.2) and (5.3). Propogitions 5.1 end 5.2 remain
true for G < @, We continue to use (5.5) for g < j < G. ¥e can.
also view Tj as uged in (S.;) as a gtrategy.for starting at (¢-1, R),
as wéll as a strategy for stariing at (gt+1, R)f In anslogy with
(5.5), let | ﬂ o

LB, L
Q,(®) = PTj L R OR

In analogy with (5.6), let

(5.11) A(R) = max{k € (g,6): Qk(R) = max j(R)}
- g<y<C.

-



Of course, in the present context, "max"” and "g < j < G" appear

in (5.6) also. Bepiace (5.7) by

(5.12) ¥,(k,B) = £ 1if k <.a(R)
=8 1f a(R) <k < A(R)

= & 4f A(BR) <k .

For G < = there is no need for an analogue of Proposition $5.3. 1Im

analogy with (5.8), let

(5.13) B(R) = AGR) LE Qqepy o (R) < Qs ()

£ €V .S
or K Umnl-.m'

For G = and any R € !_'(_2 we saw that either ¢ is uniquely
optimal at (k,R) for all k or else there is some k such that
L 1s not conserving at (k,R). That this dichotomy does not holid

wvhen G < o ig the reason for one further notation. Let

(5.16) S, - (R€ 52:z“(p)n"“[u(ku,p)-u(kal,x)1
< u(k,\)~-u(k-1,1) for all k € {g,6)} .

Clearly, §0 c §0 c 50 U 51 .
THEOREM 5.2. Suppose g and G are finite. Let a(R) = b(R) = g#l
and A(R) = B(R) = G~-1 for R € §m » a(R) =G snd' A(%) = g for
be
K€ §0’ snd a, b, A, and B/ defined by (5.6), (5.8), (5.11), and

{(5.13) on u:=-1 S "A scheme ¥ is optimal for ’R if and only {f

=2
¥(k,R) = £ 1f k < a(R)
=f 4f b(R) <k <B(R) and BER, -5,
-5 if AR <k .
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In particular, ?2, given via (5.4) and (5.12), is optimzl for Rz.‘ﬁ

For RER BR) <BR) . - L

~2 é:o ’
We omit the proof which is very similar to the proof of Theorem
5.1. -
~ EXAMPLE 5.2. Suppose g =0, G= 4, A = ,74, and '
R({.75}) = 1 - R({0}) = .97554. ' Straightforward caitulaéionélshowlﬁu

that R € s1 - S, and that a(R) = b(R) - A(R) = B(R) = 2. Acéordiné

%

to Theorem 5.2, in order for ¥ 'to be optimal it must sétisfy“

¥(L,R) = ¥(3,B) = g and ¥(2,R) =@ . This {s a situation in which

the set of fortunes where it is optimal to pﬁllvx is noc‘£ﬁﬂiﬁ£e;val. 8
Suppose that g = -, A < .5, and R((A,.5) > O. Tﬁéu,.v o

a#cording to the proof of Theorem 3.2, (k: ¥(k,R) =@} £ ¢ for

evexy optimal scheme. Therefore, there is no'anéioghe of thé'éez

§0' and, as mentioned earlier, we ﬁhtaue this case no further.
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6.. Optimal Schemes for the Class R,. In this final section we

consider the class

Rg = {R: supp R < {1-8,8}) -

~

for the case G = =, g > ~w" The class R, 1is closed under sampling
and has the pleasant property that, for R € 38’ oswfn depends on’
8 and f only through s-f.

Ve carry over a notational convention from Exsmple 1.1--ff
r = R( {B}). we not only use r. as a number but we replace R by
r 4in various symiaola. For instance, we write U(k;r,A) for
UCk;R, ) and o°¢r for (c®0TR)({8D).

Since the case £ = 1 1is discussed in Section 4 we take
B € (.5,1) with no loss, Under the condition A £ .5 or the condition
B < A the problem is trivial: R is optimal at every stage for the
former and £ iz optimal at évei'y stage for the latter. We therafore
assume .5 < A < B8 < 1. It seems reasonable to pull R if r is
large enough and &£ otherwise. The next thecorem says that some,
but not all, optimal schemes have this characteristic. It indicates
‘that, while a certain amount of flexibility is available for k large, -
! should never be pulled 1f r 4s small enough. The critical value

of r is
2)-1) /A
r* (2s~1)5s v
which 1s the ratio u(g+l,2)/u{g+l,B) where u is defined in Section 1.

THEOREM 6.1, Suppose G =, g > -, and .5 <)X < 8 < 1.

Then a scheme Y 1is optimal for R, if and only if

- g~1 -1
¥(k,r) =R if > !1+<1‘“) &5
e § if r < ¥, ¢



REMARK, The quaatity -
k-g-1 ,
1-8,7 © 7 l-xk, =1

1s equal to *"8"lre; 1t 1o the probability that p = 8 given
k-g-1 Buccesses on -} lyhen the mi:u; probabi}ity tl;at, p= 8
is %, | 7 " _
PROOF. With no loss 6f generality ve mAy asgune g = 0
| One qf the sch.c;ae‘a‘gim §y the iheom is |
‘PB(k,r) =Q 1f r > r¥*-
= o 1f r <ok,

k#(r) = min(j:wir < r¥} ,

Since Oa!pft depends only on s-f apd v and,in view of the dafinition
;f k*, the strategy 1nduc¢;d by ‘l’s for etarting at (k,x) specifies
pulls of R until (.11' ever) reai:hing fortune O v [k-k*(r)], and
thereafter (if k > k*(r)) it specifies pulls of £ 41ndefimitely.

With the notation

= (k,!’) -+ @
VB(k o) P‘,B (kn )

w2 obtain
va(k,r) = ru(k,8) 1f k < k*(x)
= 1 ~ (1 - ru(k®(r),B) JH{1-u(k-k*{x),A)] 1f k > k2{r).

The rezaining steps sre: (i) to prove that Va(k.r) +1 as
k » » uniformly in r, that is, that (2.3) holds; (if) to show that
VB is excessive for RB and, thus, by Theorem 2.2, that ‘Pa is

optimal for RB; (i11) to observe vhere equality holds {n the calculations_

-



that show Vg to be excesaive for Ry and, thus, conclude vhich
schemes are conserving, and optimal by Theorem 2.1, for 58 . We shall
carry out step (1) and leave the ptraightforward steps (i1) and (11i)
to the reader. o |

Let € > 0., Choose K so thai: ulk,)) > 1-¢ for kZKIZ.
u(k,B) > 1—6/2 for k >K/2, and r > 1-e/2 1f k2(c} > K/2.
Suppose k > K. Either "&-k*(t) _>_ K)Z .' in vi:ich cese l-u(k-k®(r),A) < ¢
or KH(r) > K/2 in which case 1-ru(kAk(r),B) < €. In efther case
VB(k,t) >1-€ . &

- 36 -
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