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Abstract

In this report we try to derive formulas for prices of financial derivatives
with collateralization. We first review approaches in [3] and [2]. Then
we verify that the formula in Piterbarg [1] with single currency and single
assets. Later we use the same framework to generalize the results to cross
currency and multi-assets models. The report is a result of Team 7 in the
Mathematical Modeling in Industry Workshop XVI held at the University
of Calgary in June 2012.

1 Introduction

Collateralized OTC (over-the-counter) derivatives have grown rapidly over the
last decade. According to the ISDA (International Swaps and Derivatives Asso-
ciation) Margin Survey [4], at the end of 2009 70% of the trade volumn of OTC
derivatives were collateralized, in comparison with 30% in 2003. The percentage is
expected to grow even faster due to the impact of the financial crisis and the grow-
ing attention to credit risk. The collateralization is usually done by a so-called
credit support annex (CSA), which defines all detailed terms of the transaction.

Collateralization significantly reduces the credit risk for the party with nega-
tive derivative value. But in the framework of this report we don’t consider credit
risk when determine the derivative price. We only consider the difference of the
prices of collateralized derivative and non-collateralized derivative brought by cost
associated with collateralization. We assume the collateral account C(t) is contin-
uously adjusted. Thus the cost associated with collateralization is unknown unless
C(t) is known. Typically C(t) is proportional to the value V (t) of the derivative.
So once V (t) is known, the dynamics of C(t) can be found.

The framework we are using in the report are adopted from Piterbarg [1], which
considers constructing a replicating portfolio including the underlying, a collateral
account and a cash account. We try to extend the results to cross currency and
multi-assets models.

Although there is a trend to use standardized CSA agreements, due to the
OTC nature of the derivatives we are considering in the paper, the specific terms
of collateralization may vary from case to case. The report intends to cover a
number of cases for how collateral accounts are maintained by the two counter
parties or possibly a third party.

The report is organized as follows: Section 2 gives an overview of Literature.
Subsection 2.1 gives an comparison of the three paper Piterbarg [1], Castagana
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[3], and Fujii et al [2] (Written by Tong). Subsection 2.2 review the discrete ap-
proach in Castagna [3] (written by Henrike). Subsection 2.3 review the martingale
approach in Fujii et al [2] (written by Henrike). Section 3 presents our approach
under Piterbarg’s framework. Subsection 3.1 review Piterbarg [1] and verifies re-
sults in the paper (written by Binbin). Subsection 3.2 uses the same framework
to obtain formulas for cross currency cases (written by Binbin). Subsection 3.3
deals with multi-assets & single currency case (written by Shi), and Subsection
3.4 deals with multi-assets & cross currency case (written by Shi). Section 4 gives
another idea of pricing collateralized derivatives (written by Tong).

2 Overview of literature

2.1 Comparison of literature

There are three major approaches for the valuation model of collateralized
derivative: Vladimir Piterbarg used replication of portfolio to derive the most
general solution; Antonio Castagna made the assumption for partial collateral-
ized situation and gave the dynamic model for collateral account; Massaki Fujii
considered the self-financing fact and include reinvestment factor into his collat-
eral dynamic account. All of the above papers coincide into several important
results, for example, the equation relating V C

t , V NC
t and LVA–Liquidity Value

Adjustment:
V C

t = V NC
t + LV A (1)

where

LV A = E

[∫ T

t

e−
∫ s

t rudu(rs − cs)Csds

]
(2)

here r· is the risk free market rate, and c· is the collateral return interest, which
means that the derivative buyer(collateral poster) will get periodic interest return
from derivative seller(collateral holder) and the return rate is defined as c·.
Even through the three authors shared a lot of great ideas, there are still some

distinctions among their specific work. We can summarize them as follows:

• Piterbarg paper is the most general paper. It contains barely no assumption,
which is favorable because of the solid cash flow replication:

dα(t) = [rC(t)C(t) + rF (t)(V (t)− C(t))− rR(t)∆(t)S(t) + rD(t)∆(t)S(t)]dt
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• Castagna paper is popular in financial market because of the nice dynamic
equation for collateral account. But it is not flawless, when applied to partial
collateral situations it is difficult to explain the inconsistency between partial
collateral constraint and the differential equation of collateral dynamic:

dCt = ctCtdt + αdVt

Ct = αVt

• Fujii et al paper is also a widely discussed paper, it clarifies the cash flow
within the collateral account, especially by indicating that the net return
rate for collateral holder is equal to the difference of reinvestment rate(risk
free market rate r·) and collateral interest return c·. But the drawback for
Fujii et al paper is that he uses a different collateral dynamic from Castagna
paper but leaves a gap between the dynamic and the conclusion.

dCt = (rt − ct)Ctdt + a(t)dVt

a(t) = e
∫ s

t (ru−cu)du

Later on in our research work, we completed the assumption of partial collateral
and applied to Piterbarg and Fujii et al papers. The final conclusions coincide
into Castagna result.

V C
t = E

[
d−

∫ T
t [rs(1−α)+csα]dsVT

]

2.2 Discrete Approach of Pricing OTC with Collateraliza-
tion

Antonio Castagna presents in [?] an approach to price derivatives with collater-
alization using binomial tree models. For this approach we introduce the following
parameters:

• S is the underlying asset at time 0. It either goes up to Su or goes down to
Sd (note that u > 1 and d < 1).

• V C is the price of the collateralized contingent. If the underlying asset goes
up we obtain the value V C

u for the price of the collateral contingent and
similarly if it goes down we obtain the value V C

d .
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• C is the value of the cash collateral account.

• The collateral rate is given by c (the interest one earns on the collateral
account).

• The collateral factor is given by γ. Note if γ = 1 the derivative is fully
collateralized.

• B is the value in the Bank account which earns at each period the risk-free
interest r.

In order to find the arbitrage free collateralized pricing formula we will use the
following replication strategy:

V C
u − C(1 + c) = αSu + βB(1 + r) (3)

V C
d − C(1 + c) = αSd + βB(1 + r). (4)

With the help of Equation (3) and (4) we obtain the following representation for
the coefficients α and β:

α =
V C

u − V C
d

S(u− d)
(5)

β =
uV C

d − dV C
u − (1 + c)C(u− d)

(u− d)B(1 + r)
(6)

If we are able to replicate the pay-off of the collateralized contingent, then at time
t = 0 we are receiving the arbitrage-free price of V C . Hence:

V C − C = αS + βB =
V C

u − V C
d

(u− d)
+

uV C
d − dV C

u − (1 + c)C(u− d)

(u− d)(1 + r)
. (7)

For the next step we assume that we allow partial collateralization, thus with
V C = γC, we can rewrite Equation (7) as follows:

V C − γV C =
(1 + r)(V C

u − V C
d ) + uV C

d − dV C
u − (1 + c)γV C(u− d)

(u− d)(1 + r)

(1− γ)V C +
1 + c

1 + r
γV C =

(1 + r)(V C
u − V C

d ) + uV C
d − dV C

u

(u− d)(1 + r)

(
(1 + r)(1− γ) + (1 + c)γ

1 + r

)
V C =

1

1 + r




u− 1− r

u− d︸ ︷︷ ︸
=p

V C
d +

1 + r − d

u− d︸ ︷︷ ︸
=1−p

V C
u



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Hence with some simplification we obtain the following pricing formula for collat-
eral contingents:

V C =
1

(1 + r)(1− γ) + (1 + c)γ

(
pV C

u + (1− p)V C
d

)
. (8)

The pricing formula of a non-collateralized agreement is given by:

V C

(
(1 + r)(1− γ) + (1 + c)γ

1 + r

)
=

1

1 + r

(
pV C

u + (1− p)V C
d

)
. (9)

Hence by simplifying the left hand side of Equation (9) we have:

V NC = V C

(
(1 + r)(1− γ) + (1 + c)γ

1 + r

)
= V C − γ

r − c

1 + r
V C .

We define the last term

LV A = γ
r − c

1 + r
V C

as Liquidity Value Adjustment. Therefore the collateralized contingent minus the
Liquidity Value Adjustment gives us the price of the non-collateralized contingent.
Note that the price of the non-collateral contingent is the expected return under
the risk neutral measure of an uncollateralized derivative.

2.3 Pricing Collateralized Derivatives by Fujii et al

Single Currency Case
In this section we are reviewing two approaches by Fujii et al [2] for fully collat-

eralized derivatives. In the first approach a new dynamic to get the collateralized
pricing formula is introduced, in the second approach the collateralized price is
derived from the well known LVA-formula.
Fujii et al [2] introduces the following dynamics on the cash collateral account
C(t) with a self-financing strategy:

dC(s) = y(s)C(s)ds + a(s)dV (s), (10)

where y(s) = r(s) − c(s) is the difference of the risk-free interest rate and the
collateral rate and V (s) denotes the value of a derivative that matures at T with
cash flow V (T ) at time s. This dynamic represents the perspective of the borrower
and the lender. The borrower of the derivatives provides the cash collateral to the
lender, the lender receives the risk-free interest r but has to pay the collateral
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rate c to the borrower. Hence the lender receives y(s) := r(s)− c(s). By the self-
financing strategy the lender invests the gain from the interest rates to provide
the buyer with a(s) new derivatives. Equation (10) can be solved by the following
integration:

dC(s)− y(s)C(s)ds = a(s)dV (s)

⇒
(
e−

∫ s
0 y(u)du

)
(dC(s)− y(s)C(s)ds) =

(
e−

∫ s
0 y(u)du

)
a(s)dV (s)

⇒ d
(
e−

∫ s
0 y(u)duC(s)

)
=

(
e−

∫ s
0 y(u)du

)
a(s)dV (s)

⇒ e−
∫ T
0 y(u)duC(T )− e−

∫ t
0 y(u)duC(t) =

∫ T

t

e−
∫ s
0 y(u)dua(s)dV (s)

⇒ C(T ) = e
∫ T
0 y(u)du

(
e−

∫ t
0 y(u)duC(t) +

∫ T

t

e−
∫ s
0 y(u)dua(s)dV (s)

)

⇒ C(T ) = e
∫ T

t y(u)duC(t) +

∫ T

t

e
∫ T

s y(u)dua(s)dV (s).

We are considering the following trading strategy:

C(t) = V (t) (11)

a(s) = e
∫ s

t y(u)du. (12)

To model the amount of additional derivatives the borrower receives by its lender
we use Equation (12). By substituting Equations (11) and (12) in

C(T ) = e
∫ T

t y(u)duC(t) +

∫ T

t

e
∫ T

s y(u)dua(s)dV (s)

we have:

C(T ) = e
∫ T

t y(u)duV (t) +

∫ T

t

e
∫ T

s y(u)due
∫ s

t y(u)dudV (s).

This Equation can be simplified by integration methods as follows:

C(T ) = e
∫ T

t y(u)duV (t) +

∫ T

t

e
∫ T

t y(u)dudV (s)

= e
∫ T

t y(u)du

(
V (t) +

∫ T

t

dV (s)

)

= e
∫ T

t y(u)du (V (t) + V (T )− V (t))

= e
∫ T

t y(u)duV (T ).
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In order to obtain the risk-neutral collateralized pricing formula the equation above
is discounted by the risk-free rate r:

V (t) = EQ
t

[
e−

∫ T
t r(u)due

∫ T
t y(u)duV (T )

]

= EQ
t

[
e−

∫ T
t (r(s)−y(s))dsV (T )

]

= EQ
t

[
e−

∫ T
t c(s)dsV (T )

]
.

Note that in [2] EQ[] denotes the expectation under the money-market account as
a numeraire. Fujii et al [2] derived with a different approach the same result as
stated above. This derivation involves the LVA-Formula as stated in [?]:

V C = V NC + LV A. (13)

From arbitrage theory we know that the risk-neutral pricing formula for a non-
collateral agreement is presented by the following formula:

V NC(t) = EQ
t

[
e−

∫ T
t r(s)dsV (T )

]
.

The following LVA-formula for the continuous case was derived in [?]:

LV A = EQ
t

[∫ T

t

e−
∫ s

t r(u)duy(s)V (s)ds

]
.

Combining these two results we have:

V (t) = EQ
t

[
e−

∫ T
t r(s)dsV (T )

]
+ EQ

t

[∫ T

t

e−
∫ s

t r(u)duy(s)V (s)ds

]

= EQ
t

[
e−

∫ T
t r(s)dsV (T ) +

∫ T

t

e−
∫ s

t r(u)duy(s)V (s)ds

]
.

Define the following process:

X(t) = e−
∫ t
0 r(s)dsV (t) +

∫ t

0

e−
∫ s
0 r(u)duy(s)V (s)ds. (14)

In order to show that the process X(t) is a Q-martingale it should hold that for
0 ≤ τ ≤ t

EQ[X(t)|Fτ ] = X(τ).
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With the calculation below we obtain the following result:

EQ[X(t)|Fτ ] =EQ

[
e−

∫ t
0 r(s)dsV (t) +

∫ t

0

e−
∫ s
0 r(u)duy(s)V (s)ds|Fτ

]

=EQ

[
e−

∫ t
0 r(s)ds

(
EQ

t

[
e−

∫ T
t r(s)dsV (T )

]
+ EQ

t

[∫ T

t

e−
∫ s

t r(u)duy(s)V (s)ds

])
|Fτ

]

+ EQ

[∫ t

0

e−
∫ s
0 r(u)duy(s)V (s)ds|Fτ

]

=EQ

[
e−

∫ t
0 r(s)ds

(
e−

∫ T
t r(s)dsV (T ) +

∫ T

t

e−
∫ s

t r(u)duy(s)V (s)ds

)
|Fτ

]

+ EQ

[∫ t

0

e−
∫ s
0 r(u)duy(s)V (s)ds|Fτ

]

=EQ

[(
e−

∫ T
0 r(s)dsV (T ) +

∫ T

t

e−
∫ s
0 r(u)duy(s)V (s)ds

)
+

∫ t

0

e−
∫ s
0 r(u)duy(s)V (s)ds|Fτ

]

=EQ

[
e−

∫ T
0 r(s)dsV (T ) +

∫ T

0

e−
∫ s
0 r(u)duy(s)V (s)ds|Fτ

]

=EQ[X(T )|Fτ ].

Similarly we can show that

EQ[X(T )|Fτ ] = EQ[X(τ)|Fτ ].

Hence in the end we obtain that X(t) is a martingale as:

EQ[X(t)|Fτ ] = EQ[X(T )|Fτ ] = EQ[X(τ)|Fτ ] = X(τ).

By differentiation of X(t) with the help of Itô’s Lemma we have:

dX(t) = e−
∫ t
0 r(s)ds (−r(t)V (t)dt + dV (t)) + e−

∫ t
0 r(s)dsy(t)V (t)dt

dX(t) = e−
∫ t
0 r(s)ds (y(t)− r(t)) V (t)dt + e−

∫ t
0 r(s)dsdV (t)

With rearrangements of the factors we have:

dV (t) = (r(t)− y(t)) V (t)dt + e−
∫ t
0 r(s)dsdX(t)︸ ︷︷ ︸
:=dM(t)

,
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where dM(t) is a martingale. Therefore the dynamics of the collateralized deriva-
tive value can be expressed as a stochastic differential equation with martingale
dM(t):

dV (t) = (r(t)− y(t)) V (t)dt + dM(t).

To get the collateralized pricing formula we use the following derivation:

dV (s)− c(s)V (s)ds = dM(s)

⇒
(
e−

∫ s
0 c(u)du

)
(dV (s)− c(s)V (s)ds) =

(
e−

∫ s
0 c(u)du

)
dM(s)

⇒ d
(
e−

∫ s
0 c(u)duV (s)

)
=

(
e−

∫ s
0 c(u)du

)
dM(s)

⇒ e−
∫ T
0 c(u)duV (T )− e−

∫ t
0 c(u)duV (t) =

∫ T

t

e−
∫ s
0 c(u)dudM(s)

⇒ V (t) = e
∫ t
0 c(u)du

(
e−

∫ T
0 c(u)duV (T )−

∫ T

t

e−
∫ s
0 c(u)dudM(s)

)

⇒ V (t) = e−
∫ T

t c(u)duV (t)−
∫ T

t

e−
∫ s

t c(u)dudM(s).

Applying the conditional expectation to the equation above we get the final col-
lateralized pricing formula:

⇒ Et[V (t)] = Et

[
e−

∫ T
t c(u)duV (t)−

∫ T

t

e−
∫ s

t c(u)dudM(s)

]

⇒ V (t) = Et

[
e−

∫ T
t c(u)duV (t)

]
.

Extension to Partially Collateralized Derivatives
We will know extend Fujii et al [2] approach to partial collateralized derivatives.

We are therefore considering the well known LVA-formula in [?] that allows partial
collateralization (note: 0 < γ < 1):

Vt = E


e−

∫ T
t r(u)duV (T ) + γ

∫ T

t

e−
∫ s

t r(v)dv (r(s)− c(s))︸ ︷︷ ︸
:=y(s)

V (s)ds


 .

Similarly as in the fully collateral case, we define the following process:

X(t) = e−
∫ t
0 r(s)dsV (t) + γ

∫ t

0

e−
∫ s
0 r(u)duy(s)V (s)ds,
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where we show by the same argumentation that X(t) is a martingale. By differ-
entiation of X(t) using Itô’s Lemma we obtain:

dX(t) = −e−
∫ t
0 r(s)dsr(t)V (t)dt + e−

∫ t
0 r(s)dsdV (t) + γe−

∫ t
0 r(s)dsy(t)V (t)dt.

Defining dM(t) = e
∫ t
0 r(s)dsdX(t) we derive the following stochastic process:

dM(t) = −r(t)V (t)dt + dV (t) + γ(r(t)− c(t))V (t)dt

dV (t) = ((1− γ)r(t) + γc(t)) V (t)dt + dM(t)

with the martingale dM(t). Integrating this stochastic process and taking the
conditional expectation on t we derive the result:

V (t) = E
[
e−

∫ T
t [(1−γ)r(s)+γc(s)]dsVT

]

which coincides with the results presented in [?].

Cross-Currency Case
Suppose the underlying and the derivative are in domestic currency i but the

collateral is posted in the foreign currency j. Also suppose f
(i,j)
x (t) is the foreign

exchange rate at time t representing the price of the unit amount of currency j
in terms of currency i. Then the collateralized derivative price with collateral
C(i)(t) = V (i)(t) is given by [2]

V (i)(t) =EQi
t

[
e−

∫ T
t r(i)(s)dsV (i)(T )

]

+ f (i,j)
x (t)E

Qj

t

[∫ T

t

e−
∫ s

t r(j)(u)duy(j)(s)

(
C(i)(t)

f
(i,j)
x (t)

)
ds

]
,

where EQi
t is the conditional expectation under risk neutral measure of domestic

currency i and E
Qj

t is the conditional expectation under risk neutral measure of
foreign currency j. Change all the measure to Qi, Fujii et al [2] obtained

V (i)(t) = EQi
t

[
e−

∫ T
t r(i)(s)dsV (i)(T ) +

∫ T

t

e−
∫ s

t r(i)(u)duy(j)(s)V (i)(s)ds

]
.

Define

X(t) = e−
∫ t
0 r(i)(s)dsV (i)(t) +

∫ t

0

e−
∫ s
0 r(i)(u)duy(j)(s)V (i)(s)ds.

11



Using the argument similar as above single currency case, we can show X(t) is a
Qi martingale. Let 0 < τ ≤ t, then

EQi [X(t)|Fτ ] =EQ

[
e−

∫ t
0 r(i)(s)dsV (i)(t) +

∫ t

0

e−
∫ s
0 r(i)(u)duy(j)(s)C(i)(s)ds|Fτ

]

=EQi

[
e−

∫ t
0 r(i)(s)ds

(
EQi

t

[
e−

∫ T
t r(i)(s)dsV (i)(T ) +

∫ T

t

e−
∫ s

t r(i)(u)duy(j)(s)V (i)(s)ds

])
|Fτ

]

+ EQi

[∫ t

0

e−
∫ s
0 r(i)(u)duy(j)(s)V (i)(s)ds|Fτ

]

=EQi

[
e−

∫ T
0 r(i)(s)dsV (i)(T ) +

∫ T

t

e−
∫ s
0 r(i)(u)duy(j)(s)V (i)(s)ds

]

+ EQi

[∫ t

0

e−
∫ s
0 r(i)(u)duy(j)(s)V (i)(s)ds|Fτ

]

=EQi

[
e−

∫ T
0 r(i)(s)dsV (i)(T ) +

∫ T

0

e−
∫ s
0 r(i)(u)duy(j)(s)V (i)(s)ds|Fτ

]

=EQi [X(T )|Fτ ].

Thus, it is obvious that EQi [X(t)|Fτ ] = EQi [X(τ)|Fτ ] = X(τ) and therefore X(t)
is a Qi martingale. By Ito’s lemma,

dX(t) = e−
∫ t
0 r(i)(s)ds

[
(y(j)(t)− r(i)(t))V (i)(t)dt + dV (i)(t)

]
.

Let dM(t) = e
∫ t
0 r(i)(s)dsdX(t), then M(t) is also a Qi martingale and it follows

that
dV (t) = (r(i)(t)− y(j)(t))V (i)(t)dt + dM(t).

Therefore, e−
∫ t

s (r(i)(u)−y(j)(u))duV (t) is also a Qi martingale. Hence,

e−
∫ t

s (r(i)(u)−y(j)(u))duV (i)(t) = EQi
t

[
e−

∫ T
s (r(i)(u)−y(j)(u))duV (i)(T )

]

Then,

V (i)(t) = EQi
t

[
e−

∫ T
t r(i)(s)ds

(
e

∫ T
t y(j)(s)dsV (i)(T )

)]
.

3 Our approach under Piterbarg’s framework

3.1 Single currency & Single asset

In this section we review Piterbarg’s [1] general setting for solving the pricing
problem. The main results are verified with detailed proof. The same setting are
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used in the cross currency and multi-assets cases in Section 3.2, Section 3.3, and
Section 3.4.

Let V (t) = V (t, St) be the time t price of a collateralized derivative written on
an asset with price dynamics

dSt/St = µtdt + σtdWt

in the real world probability measure. Then by Ito’s formula, the dynamics of
V (t) is

dV (t) =

[
∂V

∂t
+

1

2
σ2

t St
∂2V

∂S2

]
dt + ∆(t)dSt (15)

where

∆(t) =
∂V

∂S

To replicate the derivative we consider a self-financing portfolio with a collat-
eral account C(t), ∆(t) units of the underlying asset, and a cash account. Let γ(t)
be the sum of the collateral account and the cash account, then the growth of γ(t)
are determined by each of following rates:

• the collateral rate rC(t) for the collateral account C(t);

• the repo rate rR(t) used to borrow/lend ∆(t)St to purchase ∆(t) units of the
underlying;

• the interest rate rF (t) used to borrow/lend the rest of the cash V (t)−C(t);

• the stock pays dividend at a rate rD(t)

Remark In the view point of a bank, say bank A, if the other party are required
to post collateral to the bank, then the bank must pay interest at rate rA

C(t) to
the collateral account but can also invest the collateral C(t) to get an investment
rate rA

v (t) (or other discounting rate the bank use for internal purpose). Hence
the interest rate rC(t) need to be replaced by rA

C(t) − rA
v (t). If the bank has to

post collateral to an account under his own bank, the story in the same. But
if the other party is another bank, say bank B, then the rate we should use is
rB
C (t)− rA

v (t). However we don’t consider such complication in this report.

Hence the growth of γ(t) is

dγ(t) = [rC(t)C(t)− rR(t)∆(t)St + rF (t)(V (t)− C(t)) + rD(t)∆(t)St]dt (16)

13



The value of the portfolio ia

X(t) = ∆(t)St + γ(t),

by the self-financing assumption we have

dX(t) = ∆(t)dSt + dγ(t),

hence by Equation (15) we have

dγ(t) =

[
∂V

∂t
+

1

2
σ2

t St
∂2V

∂S2

]
dt (17)

Comparing equation (16) and (17) we get

∂V

∂t
+

1

2
σ2

t St
∂2V

∂S2
= rC(t)C(t) + rF (t)(V (t)− C(t)) + (rD(t)− rR(t))

∂V

∂S
St

which can be rearranged as

∂V

∂t
+ (rR(t)− rD(t))

∂V

∂S
S +

1

2
σ2

t St
∂2V

∂S2
= rF (t)V (t)− (rF (t)− rC(t))C(t) (18)

This partial deferential can be solved using the Feynman-Kac theorem. To
remind the reader we state the Feynman-Kac theorem.

Theorem 3.1 (Feynman-Kac Theorem) Consider the PDE

∂u

∂t
+ µ(x, t)

∂u

∂x
+

1

2
σ2(x, t)

∂2u

∂x2
− V (x, t)u + f(x, t) = 0

defined for all real x and t in the interval [0, T ], subject to the terminal condition
u(x, T ) = ψ(x), where µ, σ, ψ, V are known functions, T is a parameter and
u : R × [0, T ] → R is the unknown. Then the solution can be written as an
conditional expectation as follows:

u(x, t) = E

[∫ T

t

e−
∫ s

t V (Xτ ) dτf(Xs, s)ds + e−
∫ T

t V (Xτ ) dτψ(XT ) | Xt = x

]

where X is an Itô process driven by the equation

dX = µ(X, t) dt + σ(X, t) dW,

where W (t) is a Brownian motion and the initial condition for X(t) is X(0) = x.

14



Therefore by applying the Feynman-Kac Theorem we get the solution of the
PDE (18):

V (t) = EQ
t

[
e−

∫ T
t rF (u)duVT +

∫ T

t

e−
∫ u

t rF (v)dv(rF (u)− rC(u))C(u)du

]
(19)

where Q is the measure under which the underlying price dynamics is

dSt/St = (rR(t)− rD(t))dt + σtdW̃t

By rearrange the terms in the PDE (18) one can get the solution in a different
form:

V (t) = EQ
t

[
e−

∫ T
t rC(u)duVT +

∫ T

t

e−
∫ u

t rF (v)dv(rF (u)− rC(u))(V (u)− C(u))du

]

(20)
Now setting C = 0 in equation (19) we get the classic result

V (t) = EQ
t

[
e−

∫ T
t rF (u)duVT

]
.

with no collateral. Setting V = C in equation (20) we get the formula for the
derivative price with full collateral:

V (t) = EQ
t

[
e−

∫ T
t rC(u)duVT

]
.

While C(t) usually depends on V (t), equation (19) and equation (20) are not of
practical use when in the imperfect collateral cases. But if we assume C(t) = αV (t)
we can write the PDE (18) as

∂V

∂t
+ (rR(t)− rD(t))

∂V

∂S
S +

1

2
σ2

t St
∂2V

∂S2
= [rF (t)− α(rF (t)− rC(t))] V (t)

and again by the Feynman-Kac theorem we obtain an important formula

V (t) = EQ
t

[
e−

∫ T
t [(1−α)rF (u)+αrC(u)]duVT

]
(21)

which gives the derivative price for all type of collateralization with C(t) =
αV (t) for 0 ≤ α ≤ 1. It is consistent with the formulas for the no collateral case
and full collateral case.
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3.2 Cross currency & Single asset

In this section we consider that the two counter parties are in different countries
hence use different currency. This complicates the problem but it still can be solved
using the same framework in Section 3.1.

Assuming the two currencies are the domestic currency D and foreign currency
F , and party A (domestic) and B (foreign) are involved in the derivative trading.
The exchange rate is given by rdf , i.e. Mf in foreign currency is worth Md = rdfMf

in domestic currency. The underlying is dominated in the domestic currency. We
consider the following two cases:

• Case 1: the collateral are posted in domestic currency D

• Case 2: the collateral are posted in foreign currency F

• Case 3: the collateral are posted in in domestic currency D when Vt < 0 and
in foreign currency F when Vt > 0

For Case 1, standing on the view point of A, it is exactly the same case as a
single currency case in Section 3.1, hence the same formulas in Section 3.1 apply.

For Case 2, let Cf (t) be the collateral account. Then the collateral account
is worth C(t) = rdf (t)Cf (t) in domestic currency. The growth of the cash ac-
counts are slightly different than the single currency case. It is determined by the
following:

• the collateral rate rf
C(t) for the collateral account Cf (t) in foreign currency,

which is C(t) in domestic currency;

• the interest rate rf
F (t) used to create a foreign cash account −Cf (t);

• the rest of cash is V (t)−∆tSt, but the portion −∆tSt can be borrowed/lend
at a secured repo rate rR(t), and V (t) is borrowed at a unsecured rate rF (t)

• the stock pays dividend at a rate rD(t)

The growth of γ(t) is given by

dγ(t) = [(rf
C(t)− rf

F (t))C(t)− rR(t)∆(t)St + rF (t)V (t) + rD(t)∆(t)St]dt (22)

Note that the C(t) is actually rdf (t)Cf (t).
The difference to the single currency case that that the coefficients for C(t)

are replaced by the foreign counterpart as it is in foreign currency.
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Then we can use (22) to get the PDE for V (t) and apply Feynman Kac theorem
to get the following solution:

V (t) = EQ
t

[
e−

∫ T
t rF (u)duVT +

∫ T

t

e−
∫ u

t rF (v)dv(rf
F (u)− rf

C(u))C(u)du

]
(23)

The measure Q is the same measure in Section 3.1. Again if we assume C(t) =
αV (t), we get a formula similar to equation 21:

V (t) = EQ
t

[
e−

∫ T
t [α(rf

C(u)−rf
F (u))+rF (u)]duVT

]
(24)

For Case 3 we can get similar formulas like equation (23) and (24) but the
rf
C(t) has to be replaced by rC(t)1Vt<0 + rf

C(t)1Vt>0. But since the sign of Vt is
unknown, these formulas are not of practical use.

3.3 Multi-asset Model for single currency

Let St = (S
(1)
t , . . . , S

(d)
t )T be the d-dimensional vector of underlyings, where

the ith underlying dynamic is

dS
(i)
t

S
(i)
t

= µ
(i)
t dt +

d∑
j=1

σ
(i,j)
t dW

(j)
t , i = 1, 2, . . . , d

where the measure Q such that W
(i)
t is Wiener process and the corresponding

drift µ
(i)
t will be specified later for all i = 1, . . . , d. Denote by Vt a derivative with

underlying St. Then by Ito’s lemma,

dVt = (LVt)dt +
d∑

i=1

∆
(i)
t dS

(i)
t .

where

L =
∂

∂t
+

1

2

d∑
i=1

d∑
j=1

σ
(i,j)
t S

(i)
t S

(j)
t

∂2

∂S
(i)
t ∂S

(j)
t

.

To replicate the derivative, at time t we hold ∆
(i)
t units of the i-th underlying

and γt amount of cash. The value of the replication portfolio Π(t) is then

V (t) = Π(t) =
d∑

i=1

∆
(i)
t S

(i)
t + γt

17



The cash amount γt is split among a number of accounts: [adds in]
The growth of all cash accounts is given by:

dγt = [rC(t)C(t) + rF (t)(V (t)− C(t))

−
d∑

i=1

rR(t)(i)∆
(i)
t S

(i)
t +

d∑
i=1

rD(t)(i)∆
(i)
t S

(i)
t

]
dt

By the self-financing condition,

dγt = dV (t)−
d∑

i=1

∆
(i)
t dS

(i)
t = (LV (t))dt

Thus we have(
∂

∂t
+

d∑
i=1

(
rR(t)(i) − rD(t)(i)

)
S

(i)
t

∂

∂S
(i)
t

+
1

2

d∑
i=1

d∑
j=1

σ
(i,j)
t S

(i)
t S

(j)
t

∂2

∂S
(i)
t ∂S

(j)
t

)
V (t)

= rF (t)V (t) + (rC(t)− rF (t))C(t)

The solution is obtained by Feynman-Kac formula as

V (t) = EQ
t

[
e−

∫ T
t rF (u)duV (T ) +

∫ T

t

e−
∫ u

t rF (v)dv(rF (u)− rC(u))C(u)du

]

in the measure Q such that the ith underlying asset has a drift µ
(i)
t = rR(t)(i) −

rD(t)(i) and furthermore, the ith underlying asset has a dynamic in Q as:

dS
(i)
t

S
(i)
t

=
(
rR(t)(i) − rD(t)(i)

)
dt +

d∑
j=1

σ
(i,j)
t dW

(j)
t , i = 1, 2, . . . , d.

Rewrite the above PDE in the form of(
∂

∂t
+

d∑
i=1

(
rR(t)(i) − rD(t)(i)

)
S

(i)
t

∂

∂S
(i)
t

+
1

2

d∑
i=1

d∑
j=1

σ
(i,j)
t S

(i)
t S

(j)
t

∂2

∂S
(i)
t ∂S

(j)
t

)
V (t)

= rC(t)C(t) + rF (t)(V (t)− C(t))

and use the proof of Feynmac-Kac theorem, we can obtain another useful formula

V (t) =EQ
t

[
e−

∫ T
t rC(u)duV (T )

]

− EQ

[∫ T

t

e−
∫ u

t rC(v)dv(rF (u)− rC(u))(V (u)− C(u))du

]
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Let C(t) = αV (t), we obtain a practical formula:

V (t) = EQ
t

[
e−

∫ T
t [rF (u)(1−α)+rC(u)α]duV (T )

]
.

3.4 Multi-asset Model for cross currency

Let St = (S
(1)
t , . . . , S

(d)
t )T be the d-dimensional vector of underlyings, where

the ith underlying dynamic is

dS
(i)
t

S
(i)
t

= µ
(i)
t dt +

d∑
j=1

σ
(i,j)
t dW

(j)
t , i = 1, 2, . . . , d

where the measure Q such that W
(i)
t is Wiener process and the corresponding

drift µ
(i)
t will be specified later for all i = 1, . . . , d. Denote by Vt a derivative with

underlying St. Then by Ito’s lemma,

dVt = (LVt)dt +
d∑

i=1

∆
(i)
t dS

(i)
t .

where

L =
∂

∂t
+

1

2

d∑
i=1

d∑
j=1

σ
(i,j)
t S

(i)
t S

(j)
t

∂2

∂S
(i)
t ∂S

(j)
t

.

To replicate the derivative, at time t we hold ∆
(i)
t units of the i-th underlying

and γt amount of cash. The value of the replication portfolio Π(t) is then

V (t) = Π(t) =
d∑

i=1

∆
(i)
t S

(i)
t + γt

The cash amount γt is split among a number of accounts: [adds in]
The growth of all cash accounts is given by:

dγt =
[
rf
C(t)C(t) + rF (t)V (t)− rf

F (t)C(t)

−
d∑

i=1

(rR(t))(i)∆
(i)
t S

(i)
t +

d∑
i=1

(rD(t))(i)∆
(i)
t S

(i)
t

]
dt
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By the self-financing condition,

dγt = dV (t)−
d∑

i=1

∆
(i)
t dS

(i)
t = (LV (t))dt

Thus we have
(

∂

∂t
+

d∑
i=1

(
(rR(t))(i) − (rD(t))(i)

)
S

(i)
t

∂

∂S
(i)
t

+
1

2

d∑
i=1

d∑
j=1

σ
(i,j)
t S

(i)
t S

(j)
t

∂2

∂S
(i)
t ∂S

(j)
t

)
V (t)

= rf
C(t)C(t) + rF (t)V (t)− rf

F (t)C(t)

The solution is obtained by Feynman-Kac formula as

V (t) = EQi
t

[
e−

∫ T
t rF (u)du +

∫ T

t

e−
∫ u

t rF (v)dv(rf
F (u)− rf

C(t))C(u)du

]

in the measure Q such that the ith underlying asset has a drift µ
(i)
t = rR(t)(i) −

rD(t)(i) and furthermore, the ith underlying asset has a dynamic in Q as:

dS
(i)
t

S
(i)
t

=
(
rR(t)(i) − rD(t)(i)

)
dt +

d∑
j=1

σ
(i,j)
t dW

(j)
t , i = 1, 2, . . . , d.

Let C(t) = αV (t), we obtain a practical formula:

V (t) = EQ
t

[
e−

∫ T
t [rF (u)−(rf

F (u)−rf
C(u))α]duV (T )

]
.

4 Yet another idea

Here we provide another approach to the final valuation model. To clarify
the dynamic and eliminate the possibility of introducing any confliction, we use
the portfolio replication framework and only one collateral dynamic modified from
Fujii et al’s paper. For convenience we will not consider the underlying dividend
in this case.

dS(t) = rtS(t)dt + σS(t)dz (25)

dVt = LrVtdt + σS(t)
∂Vt

∂S(t)
dz (26)
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where

LȧV =
∂V

∂t
+ ȧS

∂V

∂S
+

σ2S2

2

∂2V

∂S2

and on the other hand, for the replicated portfolio:

dCt = αdVt + (rt − ct)Ctdt (27)

dBt = rBtdt (28)

set
Vt − Ct = αS(t) + Bt (29)

hence
dVt − dCt = αdS(t) + dBt (30)

specifically,
RHS = αrtS(t)dt + ασS(t)dz + rtBtdt

LHS = (1− α)dVt − (rt − ct)Ctdt

= (1− α)LrVtdt + (1− α)σS(t)
∂V

∂S
(t)dz − (rt − ct)Ctdt

To eliminate dz, set

α = (1− α)
∂V

∂S
(t) (31)

Bt = Vt − Ct − αS(t) (32)

the the PDE turns out to be, after simplification

LrV +
ct

1− α
Ct − rt

1− α
Vt = 0

By Feynman-Kac formula,

V C
t = E

[∫ T

t

e−
∫ s

t
ru

1−α
du cs

1− α
Csds + e−

∫ T
t

ru
1−α

duVT

]
(33)

If we define the discounted return:

• r̃ = r
1−α
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• c̃ = x
1−α

then the above result coincide Paper one result

V C
t = E

[∫ T

t

e−
∫ s

t r̃uduc̃sCsds + e−
∫ T

t r̃uduVT

]
(34)

On the other hand, we can achieve the expression of collateral from its dynamic.

By moving (r − c)Cdt together with dC, we can achieve

dCs − (rs − cs)Csds = αdVs

We are going to multiply the discount factor with above equation, then we will
have

de
∫ s
0 (rτ−cτ )dτCs = e−

∫ s
0 (rτ−cτ )dταdVs

Then integrate both sides, firstly from t to T.

e−
∫ T
0 (rτ−cτ )dτCT − e−

∫ t
0 (rτ−cτ )dτCt =

∫ T

t

e−
∫ s
0 (rτ−cτ )dταdVs

Ct = e−
∫ T

t (rτ−cτ )dτCT +

∫ T

t

e−
∫ s

t (rτ−cτ )dταdVs
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