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Abstract

We investigate the asymptotic behavior of minimizers to sequences
of elliptic variational problems posed on thin three-dimensional do-
mains. These domains arise as thin neighborhoods of artibrary graphs
that contain severe constrictions near the graph nodes. We charac-
terize an appropriate limit of minimizers as a function of one variable
defined on the graph that necessarily minimizes a one-dimensional
variational problem. The most salient feature of these limits of mini-
mizers is the emergence of jump discontinuities across the graph nodes.
While the approach can handle quite general elliptic problems, we pay
particular attention to an application to generalized Josephson junc-

tions within the Ginzburg-Landau theory of superconductivity.
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1 Introduction

This paper concerns asymptotic limits for elliptic variational problems in
networks with constrictions. By a constricted network we mean a three-
dimensional domain representing a thin neighborhood of a three-dimensional
graph. This graph may consist of a finite number of smooth curves joined
at a finite number of nodes and the three-dimensional domain is taken to be
particularly thin in a neighborhood of each of the nodes. In the limit where
the thickness of the domain shrinks to zero and the domain collapses to the
graph, we characterize the asymptotic behavior of minimizers by identifying
a limiting variational problem defined on the graph in the spirit of Gamma-
convergence. We then argue that this limiting functional is minimized by a
limit of minimizers of the finite thickness problems.

Elliptic problems posed on constricted domains arise in a number of set-
tings. One can for example find in [4] a study of the elasticity of notched
beams. Another setting is the study of diffusion processes taking place over
a collection of thin constricted pipes. One of our primary motivations lies in
applications to the Ginzburg-Landau theory of superconductivity. For the
case of superconductivity, we have in mind the modeling of a weak link in a
superconducting wire, cf. [12], [1]. This is a kind of “geometrical” Joseph-
son junction [9] in which a supercurrent successfully tunnels across a very
narrow portion of a wire. Such constrictions are of interest because they are
known to give rise to currents which are proportional to the sine of the phase
jump across the constriction. When more than one constriction is present in
a looped wire, interference patterns can develop leading to interesting rela-
tionships between the supercurrent and the magnetic flux through the loop.
The most famous device exploiting this phenomenon is the SQUID, used to
measure tiny fluctuations in magnetic flux. In [15] we initiated this kind of
investigation for the case of a three-dimensional torus with a single constric-
tion. Here we develop an asymptotic theory of elliptic variational problems
posed on constricted networks that accomodates arbitrary geometries and
multiple incoming branches at each constriction.

Before describing our results as they apply to Ginzburg-Landau, we first
explain them in the simplest possible setting, that of minimizing the Dirichlet

integral

inf/ V| dz (1.1)
A Q.

€

over an admissible set A. consisting of functions with square-integrable gra-



dients which additionally satisfy some inhomogeneous boundary condition
such as Dirichlet on part of the domain so as to keep the minimizer u* from
being constant. Here (). is taken to be a thickened graph consisting of N
smooth curves in R? sharing the origin as an endpoint and a constant Dirich-
let condition is applied at the end of each cylindrical thickening of the graph.
(See Figure 1 for a depiction with the curves taken to be line segments.) We
first take appropriately scaled integral averages of the u® taken over cross-
sections of the cylinders and prove a compactness result that establishes a
subsequential limit UY defined on the limiting graph I', cf. Proposition 2.4.

Then we show in Theorem 2.5 that U° minimizes the limiting energy

N N
inf UNds+bS  |U(0) — 2}, 1.2
UeAlrr,laeRl{;/Fk( ) ds ;| +(0) o (12)

where Uy, is the restriction of a function U € H(T' \ {0}) to the k' branch
[y of the graph and Uy (0) denotes its limiting value as one approaches the

origin along I'y,. The admissible set Ar is given by
Apr ={U € H'(T\{0}): Up(Ly) =cpfork=1,..., N},

where L, denotes the length of 'y and the constants c; ..., cy denote the N
Dirichlet conditions referred to above. The constant b > 0 is a factor related
to the geometry of the constriction.

By proving that a limit of the sequence {u} minimizes (1.2), we conclude
that in particular, a limit of minimizers is discontinuous at the origin. Note
that minimization of (1.2) over « leads easily to the fact that the optimal «
is simply the average of the numbers U;(0),...Ux(0), but in general these
N numbers will be distinct. Heuristically speaking, we are thus finding that
minimizers of (1.1) will undergo a relatively inexpensive, rapid transition
across the constriction, with a jump discontinuity emerging in the limit.
This behavior is in stark contrast to the kind of results found in [10] and
[11], where less severe (2-d) constrictions, or even swellings are considered
at nodes of a graph and the limit of minimizers is characterized as being
continuous at the junctions.

Regarding the application of our techniques to Ginzburg-Landau theory,
we develop much further here the approach initiated in [15]. In [15], we
already demonstrated that an asymptotic analysis of the Ginzburg-Landau
energy (for a definition, see (3.1)) in the presence of a constriction can lead to

a sinusoidal Josephson condition mentioned earlier in the introduction. This



investigation considered a circular torus with one constriction which collapses
to a circle in the zero thickness limit. This torus was subjected to an applied
magnetic field directed orthogonal to the circle. In the present article, we
wish to consider arbitrary applied magnetic fields and to replace the circle
with a consideration of arbitrary three-dimensional graphs, graphs which in
particular may possess nodes joining an arbitrary number of curves (wires).
As in the study of the harmonic minimizers of (1.1), we derive a compactness
result for minimizers of the Ginzburg-Landau energy on constricted networks
collapsing to a graph, and then show the limit of minimizers necessarily min-
imizes a limiting variatonal problem posed on the graph, cf. Theorem 3.6.
Through consideration of the resulting natural boundary conditions at each
node, this will allow us to derive a kind of generalized Josephson condition
at each node involving a finite sum of sine functions. Suppose, for example,
that for a particular node P on the graph, there are N curves I'y,... 'y
sharing the endpoint P. Let us denote the supercurrent directed along I'j
towards P by Ji, and let ¢1, ..., ¢y denote the phases of the complex order
parameter minimizing the Ginzburg-Landau energy. Then through the nat-
ural boundary conditions satisfied by a minimizer of the limiting energy, we
find the formula

kaZSin(gbk—gbl) fork=1,...,N. (1.3)
1#k
In particular, for the case N = 2 of two wires joined at a constriction, one

recovers the standard Josephson condition
Jl o sin ((bl — (bg) and JQ = —Jl.

The discontinuity of the minimizer to the 1-d limit contrasts with the con-
tinuity of minimizers obtained for Ginzburg-Landau under the collapse of
domains with less severe constrictions in [13].

Having derived (1.3), and through a (formal) manipulation that allows us
to relate phase jumps to magnetic flux through holes of a graph, our hope is
to obtain current/flux relationships for arbitrarily complicated configurations
of wires with weak links in order to perhaps suggest new and interesting
superconducting devices. We pursue these ideas in [16].

In Section 2 we describe and prove our results for the simplest setting
(1.1) for a domain €2, collapsing to a finite set of line segments meeting at
the origin. Then in Section 3 we extend the results to arbitrary graphs and

to the Ginzburg-Landau setting.
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2 Asymptotic behavior of harmonic functions

in multiply constricted domains

We begin with a description of the geometry of the region €2, to be considered.
To this end, we begin with a graph in R3 consisting of a union of N line
segments I'y of length Ly, k= 1,..., N, all having one endpoint in common,
located at the origin of a Cartesian coordinate system with points denoted
by x = (z1,x9,x3). It will be convenient to express each line segment T’y
parametrically as the image of the interval 0 < s < L under the map
Y : RY — R3 given by 7;(s) = 7/(0)s for some constant 7;,(0) € R3.

The domain under consideration will be a certain neighborhood of this
graph and to describe it precisely, we also introduce for every positive ¢, a
piecewise linear function g. : [0,00) — R! that will govern the thickness of
the N branches of our domain. Fixing any numbers p € (0,1) and b > 0, we

define
beltp for 0<s<eltr,

g°(s) :== { linear for &P < s < &P, (2.1)

€ for &P < s < 0.

Now for each vector 7, (0) we select unit vectors n; and by so that
(74,(0), ng, by,) forms an orthonormal basis for R?. The notation nj and by, is
chosen so as to make for a smoother transition in the next section to a Frenet
frame in the case of curved graphs. Then define the maps 7§ : R* — R? via
the formula

TE(5,9,2) = (s) + yg7(s)my + 297 (5)by. 2.2

Using the notation Cr, := {(s,y,2): 0 < s < L, y* + 2% < 1} to denote the
cylinder of length L, note that the set C} := T (Cy,) consists of a tapered
cylinder with central axis along I'y of length L; and cross-sectional radius
g°(s). We can now define an N-branched region ). C R? as the union of the
N solid open cylinders with central axis along I'y, and radius ¢*(s), s € (0, Ly,)

and the open ball centered at the origin of radius be'*?; that is

Q. :=CsU...UC5 UB(0,be'tP).



Figure 1: A domain 2. consisting of multiple branches constricted at a node.

Please note that the figure is not drawn to scale.

See Figure 1.

We devote this section to the model problem of determining the asymp-
totic behavior of the harmonic functions minimizing the Dirichlet integral
taken over ()., subject to specified inhomogeneous constant Dirichlet bound-
ary conditions on the ends of the branches. We wish to emphasize that this
example has been chosen in order to exhibit the result through perhaps the
simplest possible setting yielding a nontrivial minimizer. The result holds
for much more general elliptic operators and for other kinds of boundary
conditions and the approach of this section can serve as a building block for
these generalizations. In particular, a more complicated and more interesting
example relating to superconductivity appears in the following section.

Let B, k =1,2,..., N denote the discs of radius € forming the ends of the
N cylindrical branches, corresponding to s = Ly,..., Ly and let ¢1,...,cn
denote any N constants. We will pursue an asymptotic description of a

sequence of minimizers to the variational problems
mf/ \Vul? d, (2.3)
AE QE
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where
Aci={ue H'(Q.) : u(z) =c,forz € B, k=1,...,N}.

By a standard application of the direct method, a minimizer u® exists
for each ¢ > 0. This minimizer will clearly be a harmonic function in €2,
satisfying the Dirichlet condition on the discs Ej and satisfying the ‘natural’
homogeneous Neumann conditions on the remainder of 0f€).. Furthermore,

elementary use of the maximum principle implies that
|u® ()| < max{|ci],...,|cn|} for all z € Q.. (2.4)

Next we construct a sequence of simple test functions {v°} on ). in order
to bound the energy of u® as follows. Along the k' branch, define v° to
be a linear function of the variable running along I'y, taking the value 0
on the disc Df = Te({(e",y,2) : y* + 2% < 1} and ¢ along the disc
Te({Lk,y, 2) : y*>+ 2% < 1}, and then set v* = 0 on the region

B.:=Q\ | JTi({(s,9.2) : "7 <5 < Ly, y* + 2> < 1}). (2.5)

One then readily checks that
/ (Ve |? dx < / |Vof|? do < Ce?, (2.6)
Qe Qe

since the volume of €2, is O(£?).
We will describe the asymptotic behavior of the minimizers using the

variables (s,y, z). To this end, we now introduce U; through the relation

Ur(s,y,2) = u* (T (s, 9, 2)), (2.7)

In light of the estimate (2.6), it is apparent that one should rescale the
energy by dividing by €2 in order to capture the leading order behavior in
the ¢ — 0 limit. With this in mind, for any numbers ¢; and d, satisfying

0 <6 <y < Ly, we use (2.2) to change variables and compute
1
— |Vu€|2 dr =

{(8,y,2): 61 <5< 62, y2+22<1}

/ /{} wp). - Y )(y<Uz>y+z<Uz>z)2

2w . dyaas 28)
{y2+22<1}

€ 2
% dydzds

7



One immediate consequence of combining (2.6) and (2.8) is the estimate

Ly,
/ / (UR)F + |(UF).? dydzds < C& (2.9)
0 {y2+22<1}

which suggests (not surprisingly) that in the limit, what will matter is the
s-dependence of the minimizers.

A crucial aspect of the approach is to gain some control on the asymptotic
behavior of the minimizers v within B.. While the gradient of u® is typically
blowing up near the constriction, we see from the following proposition that

the average of u® over each of the discs Dy, is under control:

2.1 Proposition. There exists a subsequence {€;} — 0 and a number o
such that
lim uidS =oy fork=1,...,N. (2.10)

g;—0 Dij

2.2 Remark. Here and throughout, and notation f ¢ denotes the integral

average of a function over the domain of integration S, i.e. ﬁ fs -

As we shall see, this proposition follows easily from the following elemen-

tary lemma.

2.3 Lemma. Let Q) C R”™ be a bounded domain with a smooth boundary. Let
Dy, ...Dy C 9Q be mutually disjoint domains. Given constants {a;} C R!,
1<k <N, define

CQ(CLl, .. .(IN) = uggllf(ﬂ) {/Q |Vu|2 dx : fD UdH”—l(l,) =a, k=1,.. 7]\/v} .
' (2.11)

Then function Cq is a quadratic form on RY, namely
Cao(ay,...ay) = aCpa’

where a = (a1, ...ay), a* denotes its transpose, and Cq is an N X N sym-

metric, non-negative matrix satisfying
aCga' =0 iff a=\1,...,1) for some) € R (2.12)

In addition, if for any § > 0 we let 62 := {x € R" : £ € Q} denote a 0
contraction of ), then

Csa = 6"Cq. (2.13)



Proof of Lemma 2.53. A standard application of the direct method goes to
show that a minimizer v of (2.11) exists and one readily checks that such a

solution satisfies the conditions
Av =0 1in{, ][ v=ay, Vv-v=0 ondQ\ U\ D,
Dy,

and Vv-v=0,onD, forsomef,eR, k=1,...,N,
(2.14)

where v denotes a unit normal to 9€). Furthermore, any function v satisfying
(2.14) must necessarily be the unique minimizer of (2.11).

Letting u; to be the minimizer of (2.11) subjected to a; = 1, a = 0
Vk # i we obtain from the above reasoning and the linearity of the problem

that u = Ziv 1 @;u; is the minimizer of (2.11) for general constants a4, . .., ay,

so that
C(ay,...an) :ZZaiak/Vui~Vujdx
ik Q

and the first part of the lemma follows. The second part follows from applying
the transformation

u(r) = w(r) = u(z/0)
which preserves D, U= £ D, W and transforms a minimizer u of Cq(a) to a

minimizer w of Csq(a), while

/ |Vw|2:5”_2/|Vu|2.
50 0

Condition (2.12) is obvious since only a constant minimizer to (2.11) can
make Cq(a) vanish. O
Proof of Proposition 2.1. Let B C R? denote the union of the ball B(0, b) and
the N right circular cylinders of radius one, height one, central axis directed
along I'y, and base passing through the origin. Recalling the definition (2.5)
of the set B., we observe that B. = ¢'*?B. Now from (2.6) we see that

/ Vs |? §/ IVus|* < Ce?
B. 0.

al(:) ::][ u’,

k
then by definition (2.11) we have

If we let

a(E)GEHpBa(E)’t </ |Vus|? < Ce?
Be



Thus, from (2.13) we obtain
a®Cza® < Ce'™” -0 ase — 0.

Consequently, after passing to a subsequence if necessary, it follows from
(2.12) that for some ay € R! one has

lim a9 — ag(1,...,1)
€j—>0

and the proposition is proved. O

We turn next to the compactness of the minimizers {u®}. More precisely,
we wish to identify a subsequential limit that is a function of one variable
defined on the graph I We will accomplish this by considering integral
averages of Ug (cf. (2.7)) taken over cross-sections of each branch I'y. That
is, on the k™ branch of Q. we let U}, : [¢"*?, L;] — R! be defined by

U, (s) ::][ Ur(s,y,z)dydz. (2.15)
{(s,y,2): y2+22<1}

In the analysis to follow, we will be considering the sequence of mea-
sures {U,(s) ds} and we wish to emphasize here one of the subtleties of the
problem. Because the sequence {u®} tends to have a huge gradient near the
constriction in the domain €., the limit of these measures will have a singular
part at the origin. Capturing this singular part is the key to correctly charac-
terizing the limit of minimizers to the original problem. For this reason, we
find it convenient to view U,, as a function defined on [~1, L;] by extending

it to be constant for values below s = 7. Thus, we take
U,(s) :=U,(e"*P) for —1<s <P, (2.16)

This will ultimately place the support of the singular part of the limiting
measure in the interior of the interval of definition rather than having it

“leak” out at an endpoint.

2.4 Proposition. There ezists a subsequence {e;} — 0 and a function U° €
HY(T'\ {0}) such that for any § > 0 one has

U = U on §<s<1L (2.17)

weakly in H' and uniformly as €; — 0, where U} refers to the restriction of
UO to Fk

10



Furthermore, we have the convergences

0
T {Uk fors >0 (2.18)
ag  fors <0
in L'((—=1, L)) and
(T = (U)'H0 < s < L} + (UP(0) = a0)dgs=op, (2.19)

weakly as measures for each k € {1,..., N} where

UX(0) := lim Up(s)

s—0+

Proof. This result follows from ideas developed in [3], [4] and [15], along with
the result from Proposition 2.1.

A consequence of (2.8) and the bound (2.6) is the estimate

g°) . .
/ /. Ly, + =0).)
éﬂ’{y+%<u
— \Vuf|? da < C, (2.20)
€ T ({(s,y,z).€1+P<s<Lk, y2+z2<1})

2
dydzds <

) |(Ug)s —

where we have introduced the quantity

(g . 92(5)
a(s) == > (2.21)

which will play a major role in the analysis to follow.
In view of (2.1) and (2.9), we then note that

/ / WY
&pww%u

2L (wwp, + ).

2
[, ( B) w0, + ). dydsds < c22,
eltr J{y24+22<1} 19

2

dydzds <

(2.22)
Hence, we obtain
/ / V(UE)s)* dydzds < C (2.23)
eltr J{y? +22<1}
Then it follows from the Cauchy-Schwartz inequality that
Ly

/ a (s)[(U) TP ds < = / / Y(UD)Sf? dydzds < C. (2.24)

el+p el+p {y2+22<1}

11



Fixing any 6 > 0 we observe that a(s) =1 on 6 < s < Ly for £ small.
Then since U,, is uniformly bounded by (2.4), we see from (2.24) that the
sequence {U } is uniformly bounded in H'((6, L)) with a bound independent
of 6. Thus, we obtain an H'-subsequential limit U} as asserted in (2.17), and
this limit will be continuous in light of the embedding of continuous (in fact,
Holder continuous) functions in H' in one-dimension, cf. [7] or [17].

To establish more delicate compactness near the constriction, we pause
to list the crucial properties of the factor a®, all of which are easily derivable
from the definition of g. (cf. (2.1)):

Ly 1
/ ds — Ly, (2.25)
» aE s
/ d ! d (2.26)
— - .
el+p a® (S s b’ an
cltp
/ ds—0 as e¢—0. (2.27)
0 as(s)

In particular, we see that

——ds < C. (2.28)

11p G5 ()

Now, writing

([ ) " ( / E(TP ds) "

we conclude via (2.24) and (2.28) that {U,} is uniformly bounded in BV ((—1, L)),
in fact in WH((—1, L)), as well. Thus, the sequence has a subsequential
limit in L'((—1, L)), and it must be equal to ag for s < 0 in view of (2.16)
and Lemma 2.1. This yields (2.18). The uniform bound on the L'-norms of
the sequence {(U,)'} implies the weak convergence as measures of a subse-

quence of derivatives which is the content of assertion (2.19). O

We are now able to state our main result characterizing the asymptotic
behavior of the minimizers u® through a I'-convergence type of result saying

that the limit minimizes a limiting problem on the graph I'.

2.5 Theorem. Let {u°} € A. be any sequence of minimizers of the Dirich-
let integral taken over .. Then the subsequential limit U° € HY(T' \ {0})

12



guaranteed by Proposition 2.4 and the value cg emerging in Proposition 2.1

solve the problem

N N
inf U ds+bY  |U(0) — 2}, 2.29
A{Z/( {7 ds +0 3 U(0) —ol (2.29)

where the admissible set Ar is given by
Ar:={U € H'(T\{0}): Up(Ly) = ¢ fork=1,..., N},
and we have denoted Uy, := U o .

2.6 Remark. We observe through minimization over o that the minimizing

pair (U°, ag) are related via the condition

2.7 Remark. With a little extra effort, one could establish a full I'-convergence
result as was done in e.g. [4]. This would involve strengthening (2.30) below

to the assertion that

N N
1
limiglf 8—2/ Ve |? dx > 7T|:Z/ (Vi)? ds + bz Vi (0) — oz|2},
- Qe k=17 T% k=1

for any V. € HY(T'\ {0}), constant o and sequence {v°} such that the ana-
logues of the convergences (2.18) and (2.19) are satisfied. One motivation for
pursuing this would be to look for possible local minimizers of the original
problem (2.3).

2.8 Remark. There are numerous fairly obvious generalizations of Theo-
rem 2.5 that one can similarly obtain. Certainly such a result will hold in
n dimensions as well. One could also take non-constant Dirichlet data c(x)
with the limiting energy picking up the average for its data. Another allow-
able generalizations would involve replacing the Laplacian by a more general
elliptic operator. Also, one could take the constrictions to differ from each
other in geometry. This could most easily be accomplished by replacing b

in definition (2.1) by b; along each branch. Then the limiting energy would

take the form
N N
Z/ U ds+ 3 by [Ux(0) — 2.
k=1 YTk k=1

13



Finally, without any substantive change, one could phrase the result on more
general graphs, that is, structures consisting of finitely many smooth curves
joined at finitely many nodes. In the next section, we will discuss a general-

ization to the setting of the Ginzburg-Landau energy along these lines.

2.9 Remark. The severity of the constriction is controlled by the parameter
p appearing in the definition of ¢°, which we take to satisfy 0 < p < 1. If
one instead considers a more extreme constriction by taking p > 1 then it is
not hard to check that the limiting variational problem will include no jump
term at the junction whatsoever. In other words, a limit of minimizers U°

would then simply minimize the functional

N
3 / (UL)? ds,
k=1 YTk

and there would be no transmission across the origin of the graph. Conse-
quently, U° would equal the constant ¢;, on I' for each k. We did not explore

the critical case p = 1.

Proof. The identification of U° as a minimizer of (2.29) will result from es-

tablishing the following two claims. First we will show that

N N
1
lim inf —2/ \Vusi|? de > W[Z/ (U,S)'2 ds + bz |UZ(0) — aO}Q} ,
e;—0 € ij 1 7T 1
(2.30)
where «q is the value emerging in Lemma 2.1. Then we will show that for

any V € Ar, and for any o € R, there exists a sequence {v°} C H'(Q.)
such that

N N
1
nn%?/ Ve ? da::ﬂ'lZ/ v;;?deZM(O)—aF}, (2.31)
= Qe k=1 Tk k=1

where we denote by V) the restriction of V' to the branch I'y. Using the
minimizing property of the sequence {u°}, we can then combine (2.30) and
(2.31) to conclude that U° solves (2.29) as asserted, namely

N N N N
Z/ (U,S)’st—i—bZ]U,S(O)—ao}Z§Z/ ViAds+b) |Vi(0) — af*,
k=1 7Tk k=1 k=1 7Tk k=1

for arbitrary V € HY(T'\ {0}) and a € R'.

14



Proof of Claim (2.30): To establish (2.30), we first invoke (2.21), (2.22)
and (2.24) to obtain

_/ V| dx>7TZ/E )12 ds. (2.32)

1+p

Let us now denote by pug and Ve the measures on [—1, L] given by

L _ds fors>0 _
dyii(s) = @) - and  dv—(s) = (U,)(s) ds
pi) {hh o= () = (T)

respectively. Using the constancy of UZ for s < P, this allows us to write

[ et as= [

dvse
where in the last integral the quantity d;’“ refers to the (Radon-Nikodym)
k

2

dps

d g (s) for each k, (2.33)

derivative of v with respect to u,.

Then, using the definition of ¢° and a® one can easily check that
* 1
dug(s) = lds + 55{320} = dpu. (2.34)
Also, recall that (2.19) asserts the convergence
dVUZj = (UR) (s) dslL{s > 0} + (UZ(0) — a)d(s—0y = dvyo.

Hence, invoking Theorem 3.1 of [3] we conclude that

hmmfZ/ i ( >Z/
:;/F @?y|” ds+b}U£(0)—ao}2-

Combining this last inequality with (2.32) and (2.33), we obtain (2.30).
Proof of Claim (2.31): Fix any function V' € Ar and any a € R'. The

construction is similar to that used in [15]. We introduce the function A\° :

dl/s

Lk dI/UO

i (5)

[0,00) — R! via the formula

=1+ X(s). (2.35)

as(s)
We observe from (2.34) that A° behaves like a d-function at the origin with

mass 1/b. In particular, if we introduce

Ly
g [ X s

1+p

15



then from (2.25)-(2.26) we see that 8 — 3 as ¢ — 0.

Now we can define a sequence v° € H'(€).) that will serve to verify (2.31).
Recalling the definition of B. given below (2.4), we set v° = ain B.. Then, on
the k% branch of Q. outside of B., we define v° = V(s) (that is, independent
of y and z) by

L
VE(s) = Vi(s)+ 5 (a Vi (') / ) M(s')ds' for P < s < L. (2.36)
k s

Observe, in light of (2.35), that V(s) = Vi(s) for s > . We now essentially
follow the calculation from [15]. We present it here to keep the treatment
self-contained. Through the change of variables formula (2.8) employed for

a function of s only, and through extensive use of (2.35), one finds
—hm—/ V| do = —hm—z/ V| do =
T e—0¢g QE\BE

: g2 (s)
1312/ )P ds =

k=1

N Ly
lim s
5—)0;/6\1+p ( )

im Nl [ o as+ i - o [ aonras

2

(04 = Vi(0)A(s)| ds =

Vii(s) = 5

e—0 14p 1+p

2 — L .
L 2(V(0) —a) / V/(s)ac(s)A(s) ds] —lim Y T4 IT+4 111
Br eltp s

(2.37)

Since a® — 1 in L?((0, L)), one immediately sees that

Ly ,
lim ] = |V{|
e—0 0
Then, since

L Ly L
/ a:(s)\°(s)* ds = / (1 —ac(s))A\°(s)ds = B — / (1 —ac(s))ds
51+p €1+p 51+P
we can use the fact that 3; — % to check that

lim 17 = b(V(0) — ).

Finally, the estimate

'w / " Vi) ds

By, 14

Ly 1/2 Ly, 5 1/2
< C’(/ v ds) (/ (1—ac(s)) ds) — 0,
el+p el+p
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implies that lim._o /7] = 0 and we return to (2.37) to obtain (2.31).
U

We conclude this section with a discussion of the minimization problem
(2.29) solved by U° and o = ap = + Zi\;l UP(0). Taking a first variation in
the variable U on each branch, that is substituting in U 4+ 6W} on T’y for
W, € HY(T}) with Wi(L) = 0 and setting the J-derivative of the energy

equal to zero, one obtains

> / Lk(UfiJ)’Wé ds+b Y (UR(0) — ag) W3 (0) = 0. (2.38)

Integrating by parts, we conclude, not surprisingly, that U? is linear on each
branch. Then, taking Wy (0) = 0 for all k£ except k = j for some j €
{1,..., N} we obtain N natural boundary conditions at the origin of the
graph:

(U)(0) =b(U0) —ag) for j=1,...,N. (2.39)
Recalling that oy is simply the average of the values {U?(0)}, we note that
summing over the k conditions in (2.39) leads to a zero net flux condition at

the origin of the graph
N

> (U)(0) =0. (2.40)

k=1
Since the U} are linear, one can view (2.39) as a system of N linear equations

for the N unknown slopes, namely

C’“_TZ’“@) s (Uk(o) _ % 3 Uk/(0)> |

k=1
Finally, we note that even in the most trivial case N = 2, the solution
will not in general be continuous at the origin. For example, taking b = L; =
Ly = 1 one can explicitly calculate the minimizer U to be given by
1 1
Ulo(Sl) = Z(Cl — CQ)(Sl — 1) + ¢y, U20(82> = _Z(Cl — C2)(82 — 1) + Co
so that UP(0) — US(0) = 3(c1 — ).

3 Generalization to Ginzburg-Landau along

a network of constricted arcs.

In this section we pursue a generalization of the results of the previous section

in various directions by extending this analysis to the case of the Ginzburg-
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Landau energy as was accomplished in [15]. In [15], we took the limiting
graph forming the skeleton of the domain €. to be one circle and the domain
possessed one constriction (one node on the circle). Also, in [15] we took an
applied magnetic field directed depending only on x; and x5 and directed
along the x3-axis. Here we wish to consider domains that shrink in the
¢ — 0 limit to graphs consisting of a finite number of smooth arcs in R3
joined at a finite number of nodes, and we will consider arbitrary smooth
applied magnetic fields. Let us first introduce the Ginzburg-Landau model
for superconductivity.

We will use the following non-dimensional version of the Ginzburg-Landau

energy functional taken over a sample Q. C R3 to be described shortly:

Gutw.8) = % [ (107 =iy + 2 (of =)' ) o+

€

1
= /R IV x A — H°|? da. (3.1)

Here ¥ : 3. — C is the order parameter whose square modulus measures
the superconducting electron density, A : R® — R3 is the effective magnetic
potential associated with the effective magnetic field H through V x A = H,
and H¢ : R? — R3? is an arbitrary given, smoothly varying, applied magnetic
field. The quantities 7 and p are material parameters with p? proportional
to the difference between the critical temperature T, and the temperature of
the sample. We assume we are in the superconducting temperature regime
where this difference is positive. We have retained p in the formulation in
order to highlight the possibility of using it as a bifurcation parameter in
future studies of the onset problem. Note that the energy G. has already
been scaled so that the minimum energy remains uniformly bounded away
from both zero and infinity for small .

Next we describe the sample €2.. We begin with a graph I' consisting of a
finite number of C* arcs 'y, k = 1,..., N joined at points { P}, [ =1,..., M.
For each k, we denote by 7y : [0, Li] — R? a smooth parametrization of T'y
by arclength, and we allow for the possibility that 7;(0) = vx(Ly), in which
case, 7,(0) is not necessarily assumed to be parallel to 7/(Ly). See Figure 2.
As in Section 2, the domain 2. arises through a “thickening” of this graph
by taking the union of a tubular neighborhood of I" along with small balls
centered at the points {P}. To make this precise we introduce a function

gi(s) to govern the thickness of the k™ branch of €. as an even extension of

18



Figure 2: A general graph I' in R3.

the function ¢° defined in (2.1) via the formula
(3.2)

Then we define the kth branch, C} of (2. via
Cs={x: (21, m9,23) = TF(s,y, 2) for (s,y,2) € C},

where C; 1= {(s,y,2): 0<s < Ly, y*+2* < 1} and where Tf : C, — R3 is
given by
Ty (5,9, 2) = Yk(s) + ygr(s)nk(s) + zgz(s)br(s). (3.3)

Here n; denotes the normal to the arc I', and b, denotes the binormal in a
standard Frenet frame. For future reference, we recall the Frenet equations

that serve to define the curvature xj and torsion 75 of the k& arc T'):

e(s) = kr(s)ni(s),  m(s) = —rr(s)n(s)—Tu(s)bi(s), by(s) = —7(s)nx(s).
(3.4)

3.1 Remark. In case a particular arc, or section of an arc, consists of a line
segment, of course the frame is not well-defined. In this case, however, we
simply use a coordinate system such as that used in Section 2. This does not

affect the analysis and we will not comment further on this issue.

Now, as in the previous section, we define ). as the union of these N
branches described above with the M balls B(P;, be'*?), where for every [ we
have at least one k such that P, = v,(0) or P, = (L) or both. (See Figure
3).
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Figure 3: A domain 2. consisting of multiple branches constricted at a node.
The pipes Cf,...,C§ are tapered tubular neighborhoods of the branches I'
of the graph I'.

Our goal in this section is again to characterize the asymptotic behavior of
minimizers. To set up the minimization of GG, in the proper function spaces,

we introduce the space J{ as the completion of the set
{¢ € C°(R* R?) : ¢ compactly supported}

with respect to the norm [[Vol| o gs gs) = (Jas IVo|? dz) "2 Then we define
Ho to be
Ho={¢ € H:divp =0},

and consider competitors A satisfying A — A°¢ € H, where A° is the applied

magnetic potential satisfying
VxA®°=H* and divA®=0 inR? . (3.5)

We summarize below two results we will need about minimizers of the

Ginzburg-Landau energy.

3.2 Theorem. For all positive € < 1, there exists a pair (¢V°, A®) solving the

variational problem

inf G.(v,A). 3.6
wem @ik _acesy WA (3.6)

The function ¥° is smooth in €. while the function A® is smooth in

R3\ 9Q. and continuously differentiable across 9).. Furthermore, the mini-
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mazers satisfy the Ginzburg-Landau system

(V —iAS 2 = P (0> — 2 in Q. (3.7)
VXxVx(A*—A%) (=-AA"—A%)) =

(VU -0 V@) — AT Jorze Qg
0 forz e R®\ Q. '
and the boundary condition
(V—iA®)yY- =0 on 0f.. (3.9)

Here -* denotes complex conjugation and v° denotes the outer unit normal
along 0f)..

Finally, the order parameter 1° satisfies the condition
W[ <p in Q. (3.10)

Existence follows from a standard application of the direct method to the
Ginzburg-Landau energy; such an apporach can be found for instance in [6]
or [14]. The regularity theory follows from standard elliptic theory, which
in this context can be found for instance in [8]. Inequality (3.10) is an easy

consequence of the maximum principle, see e.g. [6].

3.3 Proposition. There exist positive constants Cy and Cy independent of
e such that

Ge(Y°,A%) < Cy  and (3.11)
(Ve |? da < Coe?. (3.12)

Qe

Furthermore, one has the uniform convergence
A" = A% e (ppyrsy = 0 as € =0  for every R >0, (3.13)

where Br(0) = {z € R? : |z| < R}. Condition (3.13) in particular implies
that

sup |AY(Ts(s,y,2)) — A%(T;(5,0,0))] = 0 as e —0. (3.14)

(s,y,2)€C;

The inequality (3.11) follows by comparing the minimal energy to that
of the admissible pair (u, A¢). The proof of the rest of the proposition is
identical to that of Proposition 2.2 of [15].
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Before proceeding we will need to convert the term arising in the Ginzburg-
Landau energy involving integration of the expression |(V —iAf)y¢|* over
the k™ branch of €). into an integral phrased in terms of the coordinates
(s,y,z) and in terms of the orthonormal frame (7}, ng, bg). To this end, we

introduce U§ : C, — C via
Vi(s,y, 2) = (T (s,y, 2))-
Then we use (3.3) and (3.4) to calculate

(U5)s = CV 0 - 1, + 6V 0° -y + OV - by,
(\Ife)y = ¢ V.° - n,  and
(V). = g, Vay© - by,

where we define

C = €(3>y>€7 k) =1- Hk(s)ygz(s)a (315)
0= 5(37 Y, %8, k) = y(gli)/(s> - ng(S)Tk(S), (316)
0=0(s,y,2,¢,k) = 2(g) (s) — yge(s)Ti(s). (3.17)

From here it easily follows that

1 1) 0 1 1
wasz(—\llss——\lfs ——\IIEZ>’—|——\IIE n; + —(¥7).byg.
C( %) ng( k)y Qgif;( Wz gz( k)y k gz( %)-D

Using the fact that the Jacobian of the transformation 7% is given by
J(TF) = (97)%¢, (3.18)

we then conclude from (3.11) that

1
G > (V —iA%)Ye| do =
& Jrg (e
1 g 4 * (g0)%
— (%), —z’AE’T\IIE) — (— Ue), + — (¢ > k> dsdydz
[ (2o ) - (G )| 4
€ - £ g,n € 154 - £ € 154 2
v [ {10, - g w0, — igeau bS dsay s
Cr
(3.19)
where we have introduced
AT = A4, A" :=A®.n;, and A" :=A°.Db, (3.20)
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to denote the tangential, normal and binormal components of the minimizing
potential A. Since (3.14) implies a uniform bound on A" and A%°, and
(3.15) implies e.g. that { > %, one immediate consequence of (3.19) along
with (3.10) is that

/e (U5),)* + ((¥5).)* ds dy dz < Ce*. (3.21)

We now require a generalization of Proposition 2.1. To this end, consider a
node P, such that M; arcs of the graph I' meet there. For ease of notation, let
us assume we have perhaps relabeled the arcs so that the collection meeting P,
is given by parametrizations {7}, k = 1,..., M;. Without loss of generality,
assume P = 7,(0) for each k£ and denote by Dj the disc

{21 2= y(e"P) 4+ ye' Py (e1P) 4 2 Pby (e11P) for y? + 2 < 1}.

(If P, = v (Ly) one would simply replace '™ by L, — ¢! in the definition
of Df.) Then we can establish:

3.4 Proposition. There exists a subsequence {e;} — 0 such that for eachl €

{1,..., M} there is a number o, independent of k, satisfying the condition

lim V9dS =a) fork=1,..., M. (3.22)
ej— Di]’
Proof. In light of (3.12), as in the proof of Proposition 2.1 we may apply

Lemma 2.3 to obtain the desired conclusion. O

With Proposition 3.4 in hand, we now focus on the k' branch I';, of the
graph, whose two endpoints we denote by Fj, and P,. We recall that we
allow P, = P}, in the case of a closed arc. Now, as before, we take integral

. . . . .
averages over cross-sections of Gy, in defining ¥, : [¢'*?, L — &'™?] — C via

— 1
\I]k(s) = - / \Iji(saya Z) dydz
{y2+22<1}

™
Finally, we extend the definition so that W, (s) = W, (¢'?) for all s < '
and W, (s) = U, (L — '*P) for all s > Ly — P,

Now we are ready to state the analogue of the compactness result Propo-
sition 2.4 in the setting of constricted networks for the Ginzburg-Landau

functional:
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3.5 Proposition. There exists a subsequence {¢;} — 0 and a function U° €
HYT\{P1U...UPy}) such that for any k € {1,...,N} and for any 6 > 0
one has

U =W weakly in H' for 6 <s< Ly — 4, (3.23)

and

U =0 on §<s<Lp—9¢ (3.24)
weakly in H' as well as uniformly as e; — 0. Here we have denoted ¥ :=
U0 0o .

Furthermore, we have the convergences

ol fors <0
U, — W for0<s< Ly (3.25)
ol fors > Ly

in L'((=1, Ly + 1)) and
() =
(UDL{0 < s < L} + (UR(0) — aff )ogsmoy + (aff — W (Ly))Spsmrs1s
(3.26)

weakly as measures, where we suppose the endpoints of the curve I'y, are P,
and P, .

Proof. The proof is very similar to that of Proposition 2.4 except that the
inequalities (2.6) and (2.8) are replaced by (3.19). We will comment only on
this distinction and leave out the rest of the details. Note that from (3.19)

one obtains

1 g 0 ?(g5)%¢
—\IIES—iAE’T\If)—(— Ue), + — (¢ ) k> dsdydz < Of.
/Gk (C( k) k ng( i)y ng( r) -2 Y 1
Since ¢ > % while
6] 4+ 10] < Ce'P (3.27)

(cf. (3.16))—(3.17)), we may invoke (3.14) and (3.21) to conclude that

[ i) asdydz < (3.28)
Cr
for some constant C', where we have defined
: gi(s)?
a5 (s) == k52 : (3.29)



Note that (3.28), along with (3.21), in particular yield a uniform H'-bound on
the sequence {U5} restricted to the set {(s,y,2): d <s < Ly — 6, 4>+ 22 <
1} for any § > 0. This establishes (3.23) Furthermore, we have obtained
the direct analogue of (2.24) and the remainder of the proof follows that
of Proposition 2.4 exactly with the use of Proposition 3.4 replacing that of
Proposition 2.1. O

Now we can state the main result of this section, asserting that the limit
of minimizers of the Ginzburg-Landau energy necessarily solves a variational

problem posed on the graph I':

3.6 Theorem. The function U° arising as a subsequential limit of mini-

mizers of the Ginzburg-Landau energy in Proposition 3.5 along with the M

complex numbers o}, ..., ad! arising in Proposition 3.4 together solve the
problem
inf

VeHY(T\(UR)), a1,.,am €C

(14

533 [, (R) — } (3.30)

=1 0U=1

2 5
v, iAZ’T\Ifk’ Sl - ) ds

where Uy := W oy, AZ’T denotes the component of the applied potential A°
tangent to I'y evaluated along 'y, that is,

A (s) = A (n(s)) - ils), (3.31)

and in the last sum, ky ranges only over those curves I'y, having P, as an

endpoint.

3.7 Remark. Setting the first variation of the limiting energy to zero, one

finds that W0 satisfies the Euler-Lagrange equation

(% — iAZ’T)Qlllg =(1- ‘1112‘2)\1/2 on each I'j, (3.32)

along with M; natural boundary conditions at each point F;:

ﬁ_iA;f vy (0)=b q/gl,(())—igl:\pgjm) (3.33)
(@ i2) .00 =o(4h,0 - 53 1,0
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forl"=1,..., M;. In writing (3.33) we adopt the convention that v, (0) = Fj
with arclength s being measured starting from F,. In the case of a closed
curve where 7, (0) = v, (Lx) we would write the corresponding term in the
sum using \Ilgl/(Lk) on the right and replacing (£ — ZAZVT) \Ilgl/(O) with
(-4 - 'LAZVT) Wy, (L) on the left.

3.8 Remark. Summing over !’ in (3.33) we obtain a generalization of the

“zero-flux” type condition (2.40) obtained in Section 2:

3.9 Remark. In a one-dimensional Ginzburg-Landau model, the supercur-

rent along a curve I'y, is defined as

* d - e
Jy, = Im {(\pgl) (% — Ay )\Ifgl]
and consideration of the imaginary part of (3.32) leads to the conclusion that
the current is constant on each branch of I'. We can identify this constant if
we express W) and ¥} in polar form: ¥} = pr, €% and ) = pre, €7
Simply multiply (3.33) by (\Ifgl,)* and a short calculation yields the following

generalized Josephson condition:
b
Jkl’ = Ml Z pk]’pkl’ sin (gbk] - gbkl,) for l, = 1, 2, ceey Ml. (334)
j=1

Note that there will be M; — 1 terms in the sum (3.34), since the term
corresponding to k; = ky vanishes. Also, due to the oddness of the sine
function, note that the total current coming into a node on the graph will be

zero, that is

M,
> i, =0

r=1

Proof. Since the parameters 7 and p play no significant role in the argument,
we will set both equal to one in the proof. The proof mirrors that of The-
orem 2.5. The identification of ¥ and (a,...,a}") as minimizers of (3.30)

will result from establishing the following two claims. First we will show that

lim 1nfG S, A%T) >

&j—

{2/,

k=1

() —

/

0/_-e,T02 l 012 1\2
(B9 — Ay WY +2(}\Pk} 1)*ds +b

=1 U=1
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Then we will show that for any ¥ € HYT \ U{F}) and any numbers
ai,...,ay € C, there exists a sequence {®°} with ®° € H'(€.) such that

lim G (°, A°) =

N M M,
W{Z [/Fk q/;_iA;vT\pk (\xp 2 —1) ds] +0) 3 W, (B) — }

k=1 =1 1U=1

(3.36)

Conditions (3.35), (3.36) and the fact that the pair (1%, A®) minimizes G.
then yield the desired result.
Proof of Claim (3.35). Invoking (3.18), (3.19), (3.21) and the fact that { — 1

as € — 0, it is straight-forward to check that

hm mfG S, AT) >

Lk €1+p
hmmf / /
Z € {y2+22<1}
1 Ei . €4 5 &4 9 3
USRS (—57.(@ Dyt oo (7).
’(C g g Coy Cgy!
+l1m1nfz / / (| |* = 1)*¢ dy dzds >
e {y2+22<1}
Lk 51
gty [

—I—llmlnfz / / —1)*dy dzds.
=0 {y? +22<1}

Observe next that (3.23) implies strong L*-convergence of ¥;” to ¥9 along a

*(9:)%¢
2

J

dydzds

+p
/ ay (s) |(U5), — iAT U |* dydzds
{y2+22<1}

subsequence and that (3.14) in particular implies that A% T — A" in L
Applying these facts to the last limit above, one finds that

lim inf G, (v, A%) >

hmlan/Lk K
+w;%/o (00— 1)2ds. (3.37)

Let us now fix any k € {1,..., N} and suppose the curve 'y has endpoints P,

1

+p 9
/{ 1} ) [(UF), —iAST WY | dydzds
y2+22<
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2

and P,. Expanding the square ‘(\II? )s — iAZ’T\I/Zj , we can invoke Proposi-

tion 3.5 to obtain

Lk—Ejl-+p ) ] ) ] ] 2
i [ [ () - (WA + | dydz s
0t Jgeiaay
Ly
. % * e, e, 2
= [ W, — (DAL + AT ds (3.38)
0

Now we appeal to Theorem 3.1 of [3] (see also [2]) to handle the limit of the

integral of the remaining term
a (s) |(T}))s
as was done in the proof of claim (2.30) in Section 2. Specifically, we apply the

Cauchy-Schwartz inequality followed by (2.21)-(2.27), (3.2), (3.24), (3.26) to
see that

kas;ﬂ“ ' -
liminf/ / ap (s) |()s]” dydzds >
€—0 5J1.+p {y2+22<1}
Ly—clt?

J , — . L+l e — .
Wliminf/ a;’ (s) ’(\IJ,;)’}Q ds = wliminf/ a;’(s) }(\Ilk])"z ds >
ELFP

g;—0 €j—0 _1

2

)

W{/O k (W) [* ds +b[W9(0) — alt|* + b W(Ly) — 2|’ } (3.39)

Claim (3.35) follows from (3.37)-(3.39).

Proof of Claim (5.36). Fix any ¥ € HYT \ U{F}) and any numbers
a1, ...,ap € C. As has been our convention throughout, we write Wy, for the
composition Wov,. In order to define the desired sequence {®°}, we will need
to make a few definitions. In addition to the previously defined tangential

component of the applied potential AZ’T, for each k we now introduce
ASM(s) = A(i(s)) - mg(s) and  ASP(s) := AC(yk(s)) - bi(s)

as the normal and binormal components evaluated along I'y,. We also define

Ai(s8) == ——=—1 and f; ::/ Ar(s) ds.

ai(s) 14p
Note that
A(s) =0 for e <s< Ly—eP, (3.40)
since a3 (s) = 1 on that s interval, while from (3.2) and (2.26) we have that
Lk—eler 1
By = / Ar(s)ds and (B — - ase— 0. (3.41)
Ly/2 b
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With these definition in hand, let us consider any k € {1,..., N} with the
curve I'y, having endpoints P, and P,,. On the interval e'*? < s < L, —e!*?

we first define a sequence of functions i)i depending only on s by the formula

o5 (s) = Ui(s) = g7 (La(e™™?) — o) SN () ds' for e'*? <5< Ly/2,
k \Ijk(s) - é(q’k([/k - gl+p) — 0412) fzk/Q )\2(3/> dSl for Lk/2 <5< Lk o €1+p.
(3.42)

Then on the set
Qe :=T¢ ({(s,y, 2): e < s < L — Pyt 422 < 1})
(cf. (3.3)), we define our sequence {®°} as a function of s,y and z via
B (5, y, 2) = B (5)e' 9O A" AL @)z]mi () (3.43)

where 7% : [P, L, — '] — R! is the cut-off function given by 7(s) = 1
for 267 < s < Ly, — 2P i (e'P) = 0 = ng(Ly — ') and 7§ linear on
the intervals e'*? < s < 2¢!*P and L;, — 2¢'*? < s < L — e!*P. The reason
for the additional phase exhibited in (3.43) will become apparent in (3.47)
below.

Since ®° should be a function defined on €2, strictly speaking, we really
mean that on the k™ branch of Q., ®° = &5 ((T¢) ' (x1, z9, z3)) when we
write ®%(s,y, z) but we will not make this distinction and we trust that this
will not lead to confusion.

To complete the definition of ®¢ on (). we set ®° = «; on the component
of .\ (Uk Qe,k) that contains the point P,.

Now we are ready to compute lim. o G.(®°, A¢). Let us first remark that
since ®° is constant on Q. \ (Ug Q) a set whose measure is O(e37%), the
contribution to the total energy from integration over this set will be O(g1+3P)
and so it can be ignored in the limit.

We next compute the limit of the potential term in the Ginzburg-Landau
energy. Since (3.40) implies that |D5(s,y, 2)| = |¥k(s)| for e? < s < Ly, — P
we can easily check that

Lk,€1+P

1
1 (|q>f\2_1)2dx:7r/ (0,2 = 1) ds + O(=)
€ Qs,k ep
and so
: 1 €12 2 L 2 2
lim — (|9°]" = )*de =7 (|Wg|” — 1) ds. (3.44)
e—0 g Qo 0
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Now we turn to the limit of the term
1

2
€ Qs,k

(V —iA%) D% da.
In a calculation analogous to (3.19), we find

lim —/ (V —iA9) D[ do = (3.45)
st

Lk —El+p
lim /
e—0 51+p {y2+Z2<1}

(t ) (G on)

Notice that there is no integral above corresponding to the last one in (3.19)

2 £)2
(gzl Cdy dz ds.

(3.46)

since
(D%)y — igr A(TF) - 0 @5, = igp @5 [A(T; (5,0,0) — AY(T (5,9, 2)) - ng(s))]

so that

2£dydzds—

Lk eP
[ e, - A ma)
ep {y2+22<1}

o(w) Lo(1) — 0, (3.47)

)
with a similar estimate holding for the difference between the z-derivative of

;. and the by component of A°.
Returning then to (3.46), we observe through (3.27) and (3.43) that

g2 g2p
This fact, along with ¢ — 1, allows us to conclude that

1 - A e\ FeE|2
llir(l) 5_2/ (V —iA°)D°|” da = (3.48)
Li— 51+P 5
lim / (@5) —iAST®5|” dydzds. (3.49)
e—0 {y +22<1}

Then we note in hght of (3.43) that

Lk E
lim / ) [(®7)s — iA“T ’ dydzds = (3.50)
{v? +22<1}

e—0 el+p

Lk 6 - - 2
lim / ag( (q)i)s — AT ®F
{y2+22<1}

e—0

dydzds  (3.51)
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since
d - £ e,n €, €
(@), = | (@055 {102 5 045 (0)2 (o) | oo Lot o L,

Then using the definition of the cut-off function 7; one readily confirms that

Ly _egltp
€
[ s
eltp {y2+22<1}

Invoking (3.40), we can then substitute the definition of ®¢ into (3.51) to
find

2

dydzds — 0.

SO 1A G+ A0 |

Lp—¢! ~ |2
lim / (@5) — AT dydzds =
&0 {y2+22<1}
Lk eP
lim / (Dy)s — iAS qfk) dy dz ds +
o0 {y?+22<1}
lim/ / ) [(Wp)s]? dydzds +
£=0 Joitp {y?+22 <1}
Ljy— _egltp
lim / ) [(W)s]* dy dz ds, (3.52)
€0 ), —er {y +22<1}

since

lim/ / AeTfok) dy d=ds = 0
=0 Jerep {y2+z2<1}

Ljy— el+p 2
= lim / ai(s) ’AZ’T\I/k’ dydzds.
{y?2+22<1}

e—0 Ly —eP

We conclude that

lim —/ (V —iA°)D°| do =
Qs,k
T N | 2\2 2 2
™ \Ilk - Z.Ak \I/k + 5(1 - |\I/k| ) ds + b |\I/k(0) - Oéll| + b |\I/k(Lk) - Oél2|
I
using the same type of calculation that concluded the proof of (2.31). Com-
bining this with (3.44) and summing over k we arrive at (3.36). O

4 Discussion

We have characterized the asymptotic behavior of minimizers to two ener-

gies, the Dirichlet integral and the Ginzburg-Landau energy, taken over thin
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domains with constrictions. In both cases, the limit of these minimizers
turns out to minimize a variational problem posed on the limiting graph.
Certainly the most prominent feature of the limiting variational problem is
that in general solutions will develop jump discontinuities at the nodes of
the graph that mark the location of the constrictions. On an intuitive level,
it is perhaps not surprising that large gradients might develop near the con-
strictions for the problems on the thickened graphs (i.e. when ¢ > 0), but
the subtlety here is, first of all, that the large gradients develop along the
tapered interval e't? < s < & where the domain radius ¢° is linear rather
than in an '*? neighborhood of the nodes. This is the thrust of Lemma 2.1
and Lemma 3.4. Secondly, the large gradient is not uniformly large along
this interval of s-values. For instance, if instead of the construction (2.36),
whose derivative grows as one nears the constriction, one were to try linking
the value v near the node to a number V;(0) via a linear construction, one
would find that the energy [ a.|(V{)'|* ds blows up.

The approach is fairly robust in that the energies considered here can
be replaced by more general elliptic integrands. Furthermore, the specific
geometry of the constriction used here is not crucial. What is needed most
crucially is that the cross-sectional radius ¢g° tapers as s approaches zero,
from a value ¢ to something much smaller over an s-interval 0 < s < s, with

se — 0 in such a way that the condition

Se 1 Se 52
) < —ds = —2d3<02
0 Qe o (9°)

holds for positive constants C; and C5 that are independent of . Perhaps
the simplest alternative geometry for a constriction obeying this condition
would be to take g° as piecewise constant with ¢°(s) = € for s > s, 1= &"
and ¢°(s) = ¢ for 0 < s < " where » > 0 and ¢t = 1 + /2. Formally, this
geometry leads to the same type of I'-limit as the one obtained in this paper,

though we have not attempted to check it rigorously.
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