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Semiparametric Instrumental Variable Estimation

of Simultaneous Equation Sample Selection Models

by Lung-Fei Lee*
1. Introduction

For the estimation of simultaneous equation sample selection models with parametric (normal) distur-
bances, several methods are available in the econometric literature, e.g., Lee, Maddala and Trost [1980],
Lee (1981], Amemiya [1983] and Newey [1987]. The approach introduced in Lee, Maddala and Trost [1980)]
combines Heckman’s two-stage and Theil’s two-stage least squares procedures. Amemiya [1983] consid-
ered a class of estimators derived from modified minimum distance procedures. Relative efficiency of such
procedures has been considered in Lee [1981], Amemiya [1983] and Newey [1987].

In this article, we will consider instrumental variable (IV) methods for the estimation of simultaneous
equation sample selection models without parametric distributional assumptions. Semiparametric instru-
mental variable methods for the estimation of sample selection models have been considered in Powell [1987]
(see also Robinson [1988]). In Powell [1987], since his interest is in general semiparametric instrumental vari-
able methods, he has not focused attention on any specific simultaneous equation structures of the model.
Many interesting issues, such as the rank identification condition, which are well-known for the classical
simultaneous equation model, have not been addressed for the semiparametric simultaneous equation model.
In this article, we are interested in the specific structure qf simultaneous equation sample selection mod-
els. We investigate the problem of structural parameter identification, the role of identification conditions
on semiparametric instrumental variable estimation, and the proper construction of instrumental variables
from the system. We will also investigate the possible generalization of the (semiparametric) two-stage least

squares estimation method and the construction of efficient semiparametric instrumental variable estimators.

* I appreciate having financial support from NSF under grant no. SES-9010516 for my research. The
issues in this article are partially motivated by an empircial project under way with my colleagues Professors
Mark R. Rosenzweig and Mark M. Pitt.



2. Semiparametric Simultaneous Equation Models with Selectivity

and Instrumental Variable Estimation
In this article, our discussion will focus on the estimation of a single equation. The estimation of multiple

equations can be easily generalized. Consider a single structural equation:
Y =2"a0 +2Jy, + uy, (2.1)

where y* is a latent endogenous variable, 2* is a G1-dimensional row vector of latent endogenous variables not
including y*, z is a K-dimensional vector consisting of all exogenous variables in the system, and zJ, where
J is a selection matrix, represents the subset of exogenous variables included in this structural equation.

The reduced form equation of 2* is

2" =zl + vq, (2.2)

where II; is a K x G; matrix and v, is a G; row vector of disturbances. The endogenous variables y* and
z* are well-defined in the whole population but their sample observations y and z are subject to selection.

The latent selection equation is

d* = 2(o + ¢, (2.3)

where d* is a latent variable. The values of y and z are observable if and only if d* > 0. As in Ichimura
[1987] and Powell [1987], we consider the index model framework where the joint distribution of (uy,v2,¢)
conditional on z can be a function of the index z{,. Such a framework is slightly more general than the case
where the disturbances are independent with z.

Conditional on d} > 0 and z;, (2.1) implies that
Y = zico + 2% + E(n |z, df > 0) +ug;, (2.4)

where

ug = i — E(u1]|2i(o, df > 0). . 25)

Let K(-) be a kernel function with a bandwidth parameter a, (Silverman [1986] or Bierens [1985]). Let
w = (z,zJ) and 8, = (@o,7,). For any possible value of (8,¢) of (3,(), the conditional expectation
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function E(y — wB|zi{,d” > 0,() of y — ivﬂ, conditional on the random variables z{ and d* > 0, can be
estimated by the following nonparametric regression function:

Z?;se(yj - wjﬁ)K(zi_{ffﬁ)

Yorgs K (25258

En(y — wB|zi() = ) (2.6)

where n is the sample size for the observations of (y, z, ) conditional on d* > 0 (Ichimura [1987]). Given a
/n-consistent estimate { of ¢, Powell (1987] has proposed an instrumental variable method for the estimation

of 8 from the following equation:

% — En(yl2iC) = (wi — En(w]|2:())8 + tini, (2.7)

where En(s|zi{) = 37485 K(’—‘qa'—:ﬁ)/ PRI K(-’—‘%i—’-‘ﬁ) for any random variable s (see also Robinson
[1988]). Instrumental variable methods require the construction of instrumental variables for the transformed
variables w; — E,, (w|z() (Powell [1987]). A simple instrumental variable estimator with instrumental variables

p can be

n -1 n
(X htwi = Buuled)) Y- rhtos = Entole)). 29)

i=1
However, due to the technical difficulty of handling the denominator in the nonparametric regression function
in (2.6), some modifications are needed to overcome this difficulty. Various ways have been introduced in
the literature. Powell [1987] uses the denominator in (2.6) as the weight in the summations of (2.8) so as
to cancel the denominator of (2.6).! An alternative suggestion is to trim the tails of the distribution of =
or the index z{ (Robinson [1988], Klein and Spady [1987) and Ichimura and Lee [1988]). Trimming will
be applied to the index z{ when its values are greater than some upper qﬁantile or less than some lower
quantile. Suppose that ¢, (z.-f ,f) is a trimming indicator with value 0 when z;f is deleted, where ¢ is a
vector of quantiles. A simple unweighted instrumental vériable estimator is
n | -1 n
B = (ztn(z;é,é)puwi - En(wuc‘)) 3 ta(zid, E)pi(ws — En(ylad)). (2.9)
i=1 i=1

The trimming procedure is preferred so as not to complicate the proper function of weighting.

1
2.7).

The weighting scheme in Powell {1987] has nothing to do with the variance of the disturbance i,; in



As in the classical simultaneous equation model, the consistency of IV estimators depends on proper
instruments constructed from the list of exogenous variables z in the system. Consistency of the IV estimators
is possible only if the structural equation is identifiable. In subsequent sections, we will first address the
identification problem of this system. Problems on how to select proper instrumental variables and the
construction of efficient IV estimation of (2.7) will then be considered.

The estimation method can be generalized to cover more general cases where the selection mechanism
is determined by several inequality conditions, for example, models with polytomous or sequential choices.
For the general case, d* in (2.3) is a finite dimensional (row) vector of latent equations. The samples of
y and z are observed if and only if d* > 0. The implied regression equation (2.4) becomes a model with
multiple indices (Stoker [1986] and Ichimura and Lee [1988]). z( will represent a vector of indices with ¢
being a matrix. The semiparametric estimation method above can be generalized. K(-) will now be a higher
dimensional kernel with the dimension of z(, and the trimming will be applied to all the indices in z{. The
bandwidth a,, needs to be wider in the nonparametric regression estimation in (2.6). The detailed analysis

in the appendix is applicable to the general model.



3. Identification

Let

Yy =zm+n (3.1)

be the reduced form equation for y*. As in the classical simultaneous equation model, the identification of
structural parameters is directly related to the reduced form parameters. Within the index model framework,
identification of Equations (2.2), (2.3) and (3.1) has been considered in Ichimura [1987], Chamberlain [1986],

Powell [1987], and Ichimura and Lee [1988]. Conditional on d* > 0 and z,
E(ylz,d* > 0) = zmy + E(v1|2¢o, (o > —¢,{o), . (3.2)

and

E(th,d. > 0) = 2112 + E(v2|zCO: ICO > —G,CO)' (33)

As shown in Ichimura [1987] for the single index model, {, in the selection equation (2.3) can best be
identified up to an unknown scale. When the regressors in z are all qualitative variables, {, can not even
be identified up to a scale. Identification requires the presence of a relev@t continuous exogenous variable
of which the coefficient has a known sign. A convenient normalization (Ichimura [1987)) is to set such a
coefficient to be unity. Contrary to the classical simultaneous equation model, the reduced form parameter
vectors 7, and Il in (3.1) and (2.2) are not identifiable. This is so because z7, and z(, contain the same
set of variables z and they can not be distinguished from each other in (3.2). Similarly, this is so for zII,
and z(,. This identification problem has been studied in Ichimura and Lee {1988] and Powell [1987] in the
analysis of index models with nonparametric regression functions. The same conclusion has been derived in
Chamberlain [1986] from the nonparametric likelihood function of the model. Even though 7, and II; are
not identifiable, some transformations of them can be identified.

With the normalization suggested by Ichimura [1987), let z{, = z; + z26,, where z; is a continuous
exogenous variable. Conformably, z#x; = z1m); + zam12, 2II3 = 2175, + 220123, and zv, = Z176,1 + T270,2-

The reduced form equation (3.1) can be rewritten into

y* = zam] + 0], (3.4)

5



where 7] = w12 — §om11, and v] = vy + (21 + 228, )m;. Similarly,
2" = 2,05 + v3, (3.5)
where I3 = 33 — 6o7%,, and v3 = vy + (21 + 228, )7%,. It follows that
E(ylz,d* > 0) = za7] + E(vi|z{o,d" > 0,6,), (3.6)

and

E(zlz,d” > 0) = 2,113 + E(v3|2(,,d* > 0,6,). (3.7)

The index z(, is distinguishable from z27] and z:II3, because z, appears only in z({, but neither in z,7}
nor in z,I13. The transformed parameters 7] and II; and 6, are identifiable as long as E(v}|z(,,d" > 0,6,)
for j = 1,2 are not linear in z({, (Ichimura and Lee [1988]).
The structural parameters o and 7 are related to the reduced form parameters =7, II3 and 4. Substituting
(3.5) into the structural equation y* (before imposing any explicit exclusion restrictions), we have
Y =2"ap + 2% +uy
= (22013 + v3)a0 + 17,1 + 27,2 + U1 (3.8)

= zZ(H;ao - 70,160 + 70,2) + u;’
where u] = uy + v3a, + ¥o,1(21 + 226,). Comparing (3.8) with (3.4),

7"; = H;ao - 70,150 + %Ye,2- (3'9)

From (3.9), we see that the identification of the structural parameters a,, 7,1 and 7, 2 requires restrictions
on the structural equation (2.1). Consider the case of exclusion restrictions where some of the exogenous
variables do not enter into (2.1). It is convenient to consider separately the two cases of (1) z;, appearing
in (2.1), and (2) z; not appearing in (2.1). Consider first the case that z; is excluded from (2.1), which is
equivalent to saying that v, ; = 0. Without loss of generality, suppose that the first k, exogenous variables
in z, are included but the remaining K — 1 -k, variables in z; are excluded from (2.1), i.e., 70,2 = (75,21,0)
where v, 21 i8 of dimension ky. Conformably, let 7] = (73, #1,), 03 = (I3, 13,) and & = (65,1, 60.2)-
Since 7,1 = 0, (3.9) is equivalent to

1 = 05100 + Ye,21 (3.10)
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and

7r;2 = H;zao. (311)

It follows from (3.10) and (3.11) that a necessary and sufficient condition for the identification of o, and
Ye,21 is the rank condition that ranklIl}, = G;. The necessary order condition is K — 1 — k; > Gy, i.e.,
the number of excluded variables in z; from the structural equation is greater than or equal to the number
of endogenous variables on the right hand side of (2.1). Consider next the case that z; is included in the
structural equation. As in the previous case, suppose only the first k, exogenous variables in z, are included

in (2.1). Equation (3.9) is now eqgivalent to
711 = 300 — 70,100,1 + 70,21 (3.12)

and

T2 = M350 — 76,160 2- (3.13)

The rank identification for this case is rank[lI3,, —&, 2] = G1 + 1, and the necessary order condition is
K —1—-k; > Gy + 1. In any event, the identification condition is slightly stronger than the identification
condition for the parametric simultaneous equation model. The exact identification of (2.1) for the parametric
model becomes underidentification for the semiparametric model. The order identification condition for
the semiparametric model corresponds to the overidentification condition in the parametric simultaneous
equation model. In summary, the rank identification of the structural parameters in y = za, + zJ7v, + u;
from (3.9) is that [II3, (—&,, I)J] has full (column) rank.

The identification condition can be extended to the general model wh'ere z( represents a vector of indices.
To distinguish the indices in z{ for identification, each index is required to contain a relevant continuous
exogenous variable which does not appear in the other indices (Ichimura and Lee [1988]). Suppose z¢
contains m indices. With normalization, z{ = (z11 + 2261),- -+, Zim + T26(m)), Where 213, -, Z1m are m
distinct continuous variables not contained in the subvector z;. For this general model, § = [§(1), - -, 6(m)]

is now a matrix. The rank identification condition is that [II3, (—&,, I)J] has full (column) rank.



4. Semiparametric Two-Stage Least Squares Estimation

For the classical simultaneous equation model, the popular IV method is the two-stage least squares
method (2LS). A generalization of 2LS to the estimation of parametric simultaneous equation models with
selectivity has been introduced in Lee, Maddala and Trost [1980]. The endogenous variables are regressed
on all the exogenous variables and a sample selection bias term (inverse Mill’s ratio) in the first stage.
The regression predictors are then used as the instrumental variables in the second stage estimation of the
selection bias corrected structural equation.

For the estimation of the semiparametric model, define the following matrices:

X2 =

, W=

ta(21(, ) (221 — En(z2]21())
tn(zné’én)(zZn‘- n(:BZIIné)) tn(zné;én)(wn' - En(wlzlé))

tn(z1{,€n) (w1 — En(w|z1())

1

and . .
[ talml &) - Ealul21d))
Y = .

tn(2n,€x)(¥n = En(yl2a0))

where t,,(:cf ,én) is a smooth quantile trimming function of z{ introduced in Appendices A.2 and A.3. A

semiparametric two-stage least squares estimator (S2LS) is
BsaLs = W' Xa(X5X2) 1 X W)W/ Xo (X3 X,) "1 X5Y (4.1)

This estimator can be interpreted as being derived from a two-stage estimator procedure. In the first
stage estimation the reduced form equations for z in (3.7) are estimated by a semiparametric least squares
method, and the predicted values for z — E,(z]z{) are used as instrumental variables for z — E,,(zle).
In addition to z, if z; is included in w, an auxiliary reduced form equation for z, is also estimated by
a semiparametric least squares method, and the predicted value for z; — E‘,.(zllzf) will be used as an
instrumental variable for z, — E,(z;|z{) for the estimation of (2.7). This two-stage estimator has also a

two-stage semiparametric least squares interpretation. To see these, define an auxiliary equation for z;:
r = —2260 + V1,4 (42)
where vy . = 21 + £36,. Since w* = (2*,zJ), (3.5) and (4.2) imply that

w* = z,[ll3, (=6, I)J]+v°, 4.2y

8



and conditional on d* > 0 and =z,
w= z(I3, (=60, I)J] + E(v*|z,d" > 0) + vq,
where vg = v* — E(v*|z,d* > 0). Similarly, as in (2.7), since the distribution of v* is a function of z(,,
w; — En(w]zi{) = (z2i = En(22]2i{)) Ly + ins, (4.3)

where I, = [[I3, (—&,, I)J]. A semiparametric least squares (SLS) estimator of (4.3) with trimming
function t, is

M, = (X3X,) 1 X5W. (4.4)
It follows from (4.1) and (4.4) that Bsus is an IV estimator with X,II,, as the instrumental matrix for W
in the estimation of (2.7). Define the residual matrix V = W — X,II,,. Since V = [I — X5(X}X5) "1 X4W, it
follows that V' X501, = 0, and Bsars = [(Xofl, ) (X201,)]" (X211, )Y which has a two-stage least squares
interpretation. The regressor z; plays an interesting role in the estimation. This variable is exogenous in
the equation system, however it behaves as if it were an endogenous variable in the estimation. It has been
excluded from the list of regressors in the first stage SLS estimation. This feature is compatible with the
‘order identification condition in section 3.

Asymptotic properties of the S2LS are derived in Appendix A.5 in detail. Consistency of the S2LS
requires the rank identification condition. Since sample observations for (2.4) are available only after selec-
tion, all expectations will be taken as conditional expectations conditional on d; > 0. To simplify notations,
the conditional argument d* > 0 will be suppressed. Thus E(-|zi¢o,8,) stands for E(:|z;(o,d; > 0,6,) in

subsequent presentations and the appendix. As shown in (A.5.1) of the appendix,
%X;Xz 2, ¢, (4.5)
where
C = E[IT(z$)(z2 — E(z3]|2Co, 6)) (22 — E(z2]|2¢5,8,))], (4.6)
and Ir is the indicator function of T, where T = [£,(0), &1-p)(60)] With &,(6,) and &(1-p)(6o) being
respectively the pth and (1 — p)th quantiles of z{,. On the other hand, from (A.5.2),
%W’Xg 2., - (4.7)
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Therefore, under the assumption that C is nonsingular,

L R (Ry X)X W 2o T, C (4.8)
The rank identification condition that II,, has full column rank is necessary for the limiting matrix in (4.8)

to be nonsingular. Equations (2.7) and (4.1) imply that
Bsars = Bo = (W' Xa(X3X) "I X W] I W' X (X5 X2) ™1 X5 U, (4.9)

where ()',, = (tin1, ", Unn)’. Since
plim,, -:;X';(?,. = E(It(2(o)[21 — E(21|2Co, 60)][t1 — E(u1|2Cs, 60)))
=0,
BsaLs is a consistent estimator of £, . |

Given that \/5(3 —8) LN (0, V), the asymptotic distribution of Bsst can be derived from (4.9).

Let £, denote (£5(80), £(1-p)(65)). As shown in (A.5.8) of the appendix,

%X;ﬁn = % Z;tn(z.-co,eo)(zz.- — E(zs)zico 60)) (u1i — E(ur|ziGo, 62))

- E(IT(zco)(zz - E(zzlzco,éo))'a—’f(—“g#‘”—&"—)) VA —b)+op() 10
2. N0, 4),
where
A = E[Ir(z(o)(22 — E(z2(26o, 80)) w(2Co, 80 )(22 — E(22]2C0,6,))] + DVs D', (4.11)
and
D = E[Ir(z¢o)(z2 — E(z2]2¢o, 60)) 2}2(—’%’,“—’&’—)]. (4.12)
It follows that
V(BsaLs — Bo) = N(0,9), (4.13)
where
Q= (I,Cmn,)"tm, Amn, (I, Ci, ). (4.14)
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5. Semiparametric Generalized Two-Stage Least Squares Estimation
The S2LS in (4.1) is simple, but it is not an efficient IV estimator for the estimation of (2.7) because it
has not incorporated the complicated covariances structure of i,; in estimation.

The disturbance #,; in (2.7) can be decomposed into three components:

Gini = u1; — En(u1]z:{)
A (5.1)
= (u1i — E(u1]2io,80)) — (En(u1]2:¢) — En(u1]2:Co)) — (En(urlzils) — E(u1]2:i(s,60))-

The first component represents the disturbance uq4; in the structural equation (2.4) after the correction of
selection bias. The second component represents the disturbance introduced in E,(u;|z;(,) by replacing ¢,
by the estimate . In the parametric two-stage estimation of the sample selection model with a discrete
choice decision rule, these two components of the disturbance are asymptotically uncorrelated (Heckman
(1979] and Lee, Maddala and Trost [1980]).2 This is also the case for the semiparametric model in (2.1) and
(2.3) as shown in the appendix. The last component represents the error introduced by the nonparametric
estimate of the conditional expectation of uy;. Even though the last component has a rather complicated
structure, it does not influence the asymptotic distribution of Bsst, due to an asymptotic orthogonality
property of the index model (see the appendix for detail, in particular, Propositions 4 and 6 of Appendix
A4).

The variance of ug; in (2.4) is a function of z;{,. It can be estimated nonparametrically. Let H be a

kernel function with a bandwidth b,,.3 Define

(5.2)

iy i) (51 sy

S H(EEEL S H(2EE)

where J is an initial consistent estimate of 8 (e.g., BsaLs in (4.1)). Qn(ﬁ,S) provides a nonparametric

estimate of the variance w(z;(o,8,) of u%,. The above arguments suggest the following covariance matrix:

o i . O0Ea(8,); OEL(B,€)
£ = Ay + 50000, s 20 (5.3)

2 For the sample selection model with a tobit type decision rule, if the first-stage estimate is a tobit

MLE, the two components can be correlated (see Lee et al [1980]).
3 The kernel K with a, in (2.6) can be used. However, it is desirable to use a separate kernel function
so as to avoid unnecessary stronger requirements on the rate of convergence for bandwidth parameters.
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where A, is a diagonal matrix with diagonal elements GJ,,.-(B, 5), i=1...,n; Vnyg is a consistent estimate of

the asymptotic covariance matrix Vs of 5; and

BB _ N tu@il o)

aEn(y - wlélzlé) ..
06 '

OEn(y — wB!@‘nf)
a6 )

0é

) ’t"(znéa én)

(5.4)

By a formula of inversion of a partitioned matrix, the inverse of V; 5 involves only inversion of matrices of

the dimension of é:

OE4(8,0) 4 10En(8,)\ 1 9EA(B,) 5 1
aé Ax 0é’ ) aé A

A-l aEn(Ba é)

f:'le;l— 567

(Vis + (5.5)

For the parametric simultaneous equation sample selection model, several generalized two-stage least squares
estimators (G2LS) have been introduced. For the semiparametric model, the following estimator is a semi-

parametric generalized two-stage least squares estimator (SG2LS):
Bsa = [W'Xa(X3X;) ' Xp 27 W™ 1W/ KXo (X3 X,) T X5 E71Y (5.6)
An alternative SG2LS estimator is
Bse = [W'E 1 X(X3E~ 1 X)X 8 W] IW' -1 X (X £ 71 X)L X By . (5.7)

It can be shown that these two estimators have the same asymptotic distribution.? The computation of ﬁsa
is simpler, but the data transformations in Ssg are intuitively appealing.

Substituting (2.7) into (5.6) and (5.7),

Bse = Bo = W' Xa(X3 X2) ' X35 W] W' X (X5 X)L X521 T, (5.8)
and
Bsg = Po = [W'ET I X (X871 X,) L Xy S W W E X (X5 271 %) 1 X E7 1. (5.9)

With (5.5), as shown in (A.5.3)-(A.5.7) and (A.5.9),

B oub R 3 (5.10)

4 For the parametric sample selection model, the asymptotic equivalency between two such similar esti-
mators has been shown in Lee [1981] and Amemiya [1983].
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L
;X;E"W L. ro,, (5.11)

and

1 ., .
ﬁxgz-lv,. 2, N, ), (5.12)

where
r =E[IT(3C0)(32 - E(z2l't<o; 60))‘”_1(340, 60)(32 - E(32|3Coy6o))]
GE(u;|z¢,, 6.,)]
o (5.13)
. (Vﬁ'1 +E[IT(ZC0)6_E(_'_‘%§CL§°_)Q-1(1C°,6 )aE(ulg:ICo,éo)]) ’
Blr (o) 20 2) -1 o, )23 - B(ealeta, )
Equations (5.10)-(5.12) imply that

= ElIr(z¢o)(z2 — E(22|2¢o, 60))w ™' (2Co, 60)

Vn(Bsa — Bo) == N(0, (I, TI,)Y). (5.14)

From (4.5), (4.7), (5.10) and (5.11), both W’X,(X}X;)~! and W/E~1X,(X}E-1X;)~! converge in prob-
ability to II’,. Hence \/n(dsc — fB.) has the same limiting distribution of \/n(8sg — B,). The asymptotic

covariance matrix of Bsg (or ,55(;) can be consistently estimated by

Qg n = [W' Xy (X5 X)) 1 X481 W1 (5.15)
or
Qgn = [WE X (X271 X,) " XE- W)L (5.16)
Let Q = X,(X’;X’,)-IX ;W . By the generalized Cauchy-Schwartz inequality,
X571, > X5Q(Q'EQ) Q' Xa.
Hence

o, i, = H:,,plim%)i'éﬁ'lffzﬂw
> phmiX,Q(Q'EQ) 1Q'X,10,
'1‘ (5.17)
=1 phm;X,W(II' X3EX,0,) W' X, 1,
= Q-l
by (4.5), (4.7) and (4.14). Hence Bsc is asymptotically efficient relative to Bsars.
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The SG2LS estimators 35 and Bsc are not(only asymptotically efficient relative to the S2LS estimator
Bsars. They have also an asymptotically optimal property. They are asymptotically efficient IV estimators

for the estimation of Equation {2.7). Let p; be an instrumental variable for w; and Bp be the IV estimator:

Bp = (PW)~'P'Y, (5.18)
where
P = [ta(z1(,6n)P1 - ta(znl, En)PL]"- (5.19)
Equation (2.7) implies that
By — Bo = (P'W)™'P'U,. (5.20)

For this case, the component E,(u,|zi{,) — E(u1]|zi(o,8,) in 4, has a significant impact on the asymptotic

distribution of 8,. From (A.5.11) of the appendix,
% gtn(zfco,fo)pé(ulf - En(mlziGa)) 2 —}; gtn(z,-co,eo)(pi ~ Ba(plzi¢a))(u1i = Ea(u1]2:G0)), (5.21)

where 2 means that both sides have the same limiting distribution. Similar to (4.7),
L :
—P'W 25 E(Ir (26 )p' (z2 — E(22]2¢0, 85)) Ly
n (5.22)
= E(Ir(z¢o)(p — E(pl2Co, ) (22 — E(22]2Co, 80))Tu -
The latter equality in (5.22) holds because I7(z(,) is a function of z(, alone. From (A.5.10) and (A.5.11)

in Appendix A.5,
—\/1-_;?'(‘1,, 2. N0, 4,), (5.23)
where

Ap =E[Ir(z¢)(p — E(pl2Co,80)) w(26o, 80 )(p — E(P|2Co, 65 ))]
OE(uyjz(,, 6.,)]

+ ElIr(z6)(p — E(plCo, 8))' (2 — E(z2lato, 6:)) ——, (5.24)
ViBIr(26:)(p ~ Blplzte,8)) (22 ~ Elzaleco, b))/ 2120 20).
It follows that
V(s — B) 2 N(0, D), (5.25)
where
Q, = {E(Ir(2¢)(p — E(pl2Co,65)) (22 — E(z2|2Co, 80)) My}~
(5.26)

- Ap{E(Ir(2¢o)(p — E(p2Cor 80)) (22 — E(22|2Co, 80)) Mu} Y.
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From (5.22), (5.25) and (5.26), we note that 3, has the same limiting distribution of the following IV
estimator:

B, = (PW)"'P'Y, (5.27)

where . A
ta(2160,&0)(P1 — En(plz1€,9))

P = : . - (5.28)

tn(zn<o ) fo)(?n - En(p|zﬂér S))

This indicates that for the estimation of the semiparametric simultaneous equation model, the residuals
pi — En(p|zio, 80) and p— E(p|z(,,8o) play the crucial role rather than the variable p itself. The asymptotic

covariance matrix of Bp (or ,fip) can be consistently estimated by
Qpn = [PW] L P'EP[W P~ . (5.29)

The asymptotic efficiency of BSG relative to 'B,, follows from the following inequality:
I, = H;plim%XQﬁ'lﬁ'zﬂw
> H(,,plim%f(éﬁ(f"ﬁf’)‘lﬁ’XZHW
= plim W' B(PEE) " P'W

— -1
=t
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6. Conclusion

In this article, we have considered the identification and estimation of the sample selection simultane-
ous equation model without a parametric distributional assumption. Based only on index restrictions, the
identification of structural equation parameters from reduced form parameters requires stronger exclusion
restrictions than the identification of structural equations in the classical simultaneous equation model. The
identification in this semiparametric model requires the underlying structural equation to be overidentified
in the classical sense. Exact identification in the classical model becomes underidentification for the semipar-
metric model. Estimation of the structural equation by instrumental variable methods has been considered.
Some two-stage estimation procedures which generalize the estimation procedures for the parametric model
and the classical two-stage least squares method are introduced. Consistency and asymptotic normality
of the estimators are proved. An asymptotically efficient instrumental variable method has also been de-
rived. Some interesting features of the instrumental variable estimation in this model have been discovered.
Residuals of the variables in the model which are derived from the projection of variables to the selection
equation index play the crucial role for asymptotic properties of the estimators. Exogenous variables in the
éystem used in normalization for the selection equation indices behave as if they were endogenous variables
in two-stage estimation procedures. The latter feature is compatible with the identification condition for the
model.

In this article, we have considered only single equation estimation methods. These methods can be
generalized to the estimation of system equations by some semiparametric three-stage procedures. For the
semiparametric sample selection model (without simultaneity), an asymptotically efficient estimator, in the
sense that its asymptotic covariance matrix attains the semiparametric lower bound in Chamberlain {1986},
has been derived in Lee [1990]. Such an estimator is a semiparametric maximum likelihood estimator. With
the reduced form equations estimated by such a method, the structural parameters may then be estimated
by Amemiya’s minimum distance procedure (Amemiya [1978] and [1983]). One might conjecture that such
a structural estimator could be an asymptotically efficient semiparametric estimator. Any any rate, such an

estimation method is not a simple instrumental variable method.
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Appendix

A.1 MODEL ASSUMPTIONS
Assumption 1:

(1) The samples s;, where s = (y,z,2), i = 1,--- ,n are i.i.d. z is the vector consisting of all exogenous
variables in the equation system. The moments of order 3 - r, where r > 2, of s exist.

(2) The parameter space © of § is a compact subset of a finite dimensional Euclidean space, and §, is in
the interior of ©.

(3) z; is an m-dimensional vector of continuous variables.

(4) é is a \/n-consistent estimator, V(b — 6,) is asymptotically normal, N (0,V;), where V; is a positive
definite matrix, and is aymptotically uncorrelated with u;; — E(u;|z;(,, 8,) for all 4.

(5) The matrix I, in (4.3) has full column rank.

(6) The matrices C in (4.6) and T in (5.13) are nonsingular.

Assumption 2:

(1) K(v) on R™ is a kernel function with a bandwidth parameter a,, defined on a bounded support D 5 i.e.,
Jp K(v)dv =1, and lim,_.c an = 0.

(2) K(v) is twice differentiable and its second order derivatives satisfy a Lipschitz condition of order 1.

(3) K(v) is a higher order kernel function with zero moments up to the order s*, s* = m+ 2, i.e,,

/ o} vl K (v)dv = 0
D

forall0<4,l=1,--- mand 1 <i; +---+1iy, < &

2(m+2)

a$'1+6/r)(m+2)+2 = 00, and limy, .o na2 = 00, but

(4) {an} is chosen with a rate such that lim,_. 2

lim, oo na'*” = 0.

5 The boundedness of D is inessential. Relaxing this assumption will make our analysis relatively more
complicated. In practice, kernel functions with bounded support are simpler to compute.

6 A function h(z) is said to satisfy a Lipschitz condition if there exists a constant ¢ such that || h(z;) —
h(zz) ||€ c|| 21 — 22 || for all z; and z,.
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Assumption 3:

(1) The density function p(t|6) of t = z( in R™ is positive everywhere for each § € ©. It is differentiable
everywhere with ¢ to the order s*, and these derivatives are continuous at (¢,6) everywhere.

(2) E(s ® Z|t,6)p(t|0), where s = (y,z,z) and £ = (1,z), {s differentiable everywhere with ¢ to the order
s* + 1, and these derivatives are continuous at (¢,5) everywhere.”

(3) E(|ls ® z ® z||?|t, 6)p(¢|6), where s = (1,y, z,z) and Z = (1,z), is continuous at (¢, ) everywhere.

(4) E(s ® z ® Z[t, 6)p(t|6), where s = (1,y,2) and Z = (1,z), is twice differentiable with ¢ and its second

order derivatives are continuous at (t, ) everywhere.

Assumption 4:
(1) H(v) on R™ is a kernel function with a bandwidth parameter b, defined on a bounded support.
(2) H(v) is differentiable and its derivative satisfies a Lipschitz condition of order 1.
(3) H(v) is a kernel function with zero moments up to the order A*.
(4) {bn} is chosen such that lim,— o E"-;bﬁ.”s"’('"*”“ = 00, and limy, oo nb2™ = 00, but lim, o nbi*" =

0.

Assumption 5:

(1) E(s®sit, 8)p(tl9), where s = (1,y, z,z), of t = z( is differentiable everywhere to the order A*, and these
derivatives are continuous at (¢,8) everywhere. |

(2) E(||s ® s|)®|t, 5)p(t|6), where s = (1,y,z,z), is continuous at (t,5) everywhere.

(3) E(s ® s ® z|t,6)p(t|9), where s = (1,y,2,z) and Z = (1, z), is differentiable everywhere with ¢ and this
derivative is continuous at (t,8) everywhere.

(4) E(ls®@s® :Z'||2|t, 8)p(t|6), where s = (1,y,2,z) and Z = (1, ), is continuous at (¢, 8) everywhere.

Assumption 1(4) for the first stage estimator will be satisfied with parametric or semiparametric estima-
tors of discrete choice models such as the probit or logit estimators (under correct distributional assumptions),
the Ichimura single index estimator (Ichimura [1987]), and the semiparametric maximum likelihood estima-

tor of Klein and Spady [1987] for binary choice models, and the multiple index estimator in Ichimura and

7 @ denotes the Kronecker product.
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Lee [1987] for polytomous choice models. In general, for a choice model with L alternatives, if
. 1 &
VA -6) = 7= Z;f(z.-,n,i, s I g) + 0p(1),

where I; is a dichotomous choice indicator for the ! alternative and T is the sample size of the choice model,

is asymptotically normal, Assumption 1(4) will be satisfied.® This is so, because

T
E* {3 f(zs Iy I g)(un = E(wil2ite, 60))}

j=1
= E*{f(zi, i, -+ I.i)(v1i — E(u1]2iCo, 60)) }

= E*{E[uy — E(w1]2:C,, 80)|2, i = 1] f(2zi, I iy -+, I i) }

=0,

where E* denotes the unconditional expectation taken with the whole population. Assumption 1(5) is the
rank identification condition, and Assumption 1(6) is for the limiting distributions of the S2LS and SG2LS
estimators to be well-defined with the \/n rate of convergence.

The kernel function K with a bounded support in Assumption 2 has implicitly the following properties:
Jp 1K (v)ldv and [, |jvll*"|K (v)|dv are finite; K(v) and its first order derivatives are bounded; and K(v) and
%Ql go to zero at their boundary.

The conditions in Assumptions 3 and 5 can be justified by some basic regularity conditions on the
distributions of the variables in the models. However, the above assumptions are more direct. As an
illustration, let f(z;|z2) be the density function of z, conditional on z;. Since t = zy + z26, where ¢t =

IC, = (zll) v yrlm)a and 6 = (6(1)) e y6(m))y R
p(els) = / £(t - 228l22)dv(z2), (A.1.1)

where v(z;) is the distribution measure of 23, under the assumption that the support of z; is R™. If f(z|z2)
were continuous and bounded, the bounded convergence theorem will imply that p(t}6) is a continuous
function. The continuity and boundedness properties in Assumptions 3 and 5 are used to guarantee the
stochastic convergence and to control asymptotic biases of nonparametric kernel estimates. See Lemmas 1
to 4 in Appendix A.4. Assumptions 4 and 5 are needed only for the nonparametric estimates wy,; of the

variance of uy;. For the asymptotic properties of the S2LS estimator, these two assumptions are not needed.

8 T refers to the sample size of the choice model where T' > n. Implicitly, we assume that the fraction 7
will converge asymptotically to a fixed positive number for stability.
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A.2 TRIMMING INDEX

To trim the tails of the index z(, we can use some quantile statistics of z{. Without loss of generality,
consider a single index. Let 0 < p < % be a specified order of quantile. The first-stage estimate 4 in
zf =z + ::25' can be discretized by LeCam’s device. Let {3,,} be the sequence of the ﬁrst-stage estimate of
6o. Let || 6 ||= maxj=1,...  |&:], where § = (61, --,8¢)’ is the norm of § in the k-dimensional Euclidean space
R*. Let Rt = {—\/17(1'1, -+, 4g)}i1, -+, i are integers} and let 8, be a point in R closest to 6, under || - ||.
The {8,} is a discretized sequence of estimates of §,. Let f,,p and é,,(l_p) be respectively the pth sample
quantile and the (1 — p)th sample quantile of the observations of z;{, i = 1,---,n, where z(, = z1 + z26,.
Observations of z;f will be trimmed whenever their values lie outside T,,, where T, = [f,.p, f,,(l_,,)].

The discretization device provides some technical simplification for our asymptotic analysis. fnp and
én(l_p) can be shown to be \/n-consistent. Since b is v/n-consistent and || bn — b, < 71;,

Vi(8n = 86) = Vn(8n = 8a) + V/n(bn — 6o)
= 0p(1),

i.e., 6, is also \/n-consistent. For any fixed parameter vector §, the samples z;{ are i.i.d. Let £p(8) be the
pth quantile of z¢ and énp( &) be the corresponding pth sample quantile of z;{, i = 1,---,n. From Theorem

2.2.1 in Serfling [1980], we know that for any € > 0,
P(énp(8) = &(8)] > €) < 2exp(—né?),  n21, (a2

where 8, = min[F;(&,(8)+€)—p, p— F5(£p(6)—¢€)] and F; denotes the distribution of z{.? Under Assumption
3(1), the density function p(t|é) of z({ is positive everywhere, and hence is bounded away from zero on any
compact neighborhood N(&,(6,)) x N(8,) of (£5(80), 8,). With (A.2.1), we can show that for any sequence
{6n} such that im,_.o 8n = 8o,

Vlnp(8a) = & (6a)] = Op(1). (A22)
Let ¢, = \/L;, where c is an arbitrary constant. By the mean value theorem, F;, (§p(6n) + €n) —p =
P(6p(6n) + An€n|bn)en for some A, 0 < A, < 1. By the continuity of §,(8) at § = 6o, (§,(8n) + Anén, 6n) €

N(&(8,)) x N(6,) for sufficiently large n. It follows that for large n, F5_ (§p(6n) + €n) — p 2 ben, where

® This exponential bound for the sample quantile follows from Hoeffding’s inequality.
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b = inf(: 5)eN(€,(60))x N (5,) P(t]6). Similarly, p— Fs_(£,(6n) — €n) > ben. Therefore, for large n, exp(—né? ) <

exp(—nbdZe?) = exp(—b2c?), and
P(\/;'énp(‘sn) "fp(én)l > c) < 2exP(_b232)- (A'2-3)

Since c is arbitrary, it follows that /n|€,(6,) — &p(6n)| = Op(1) for any sequence {6,} which converges
to 8,. For any finite constant M > 0, define Ay, = {6} || 6 = & ||< % and 6 € RE}. A, has the
interesting property that its cardinality is finite and bounded, say by M, independently of n. This is so
since the cardinality of {(4y,---,d¢)}é1, -, iz are integers and |ij — v/néo | < M, | = 1,---,k} is finite and
bounded, independently of n. It is obvious that for any sequence {6,} with é, € A, it converges to 6,.
The finiteness of Apr,, and (A.2.3) imply that

P(6 sup  Vnlénp(8n) = €p(6a)] > ) < 2M exp(—b3c?) (A.2.4)

nEAM,n

for large n, and therefore

sup \/;|£np(5n) ‘fp(én)l = Op(1).

JneAM,n
Since &, is in Rk and is a y/n-consistent estimate of 6,, 6, will lie in A M with probability close to one for

large n. Hence

\/ﬂéﬂp(gn) - fp(gnn = OP(I)- ‘ (A.2.5)

By the mean value theorem, &,(6n) = &, (60) + 2{3%;2(3,. —~8,). Since p(t|6) is continuous, Q{géﬂ is continuous

at 6,, and \/n(8, — 6,) = Op(1), it follows that

o . , 86, (63) ;
Viilnp(8n) = &(80)] < Vlénp(80) = &(Ba)l+ || =552 | Vlbn — 6o (A.26)

= 0p(1),
le., fn, is a /n-consistent estimate of &,(6,). Similarly, fu(l_,) is a \/n-consistent estimate of §(1-p)(00)-
A.3 SMoOoTH TRIMMING
The trimming can be smoothed by down weighting the observations z;( near the sample quantiles

é,,,, and f,.(l-p). Let h, be a sequence of positive numbers which converge to zero with a rate such that
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limn— oo i:—nhs.lH/') = 00, and let ¢(-) be a continuous density function on [0 1] such that ¢(0) = ¢(1) = 0.1°

Denote &, = (énp, én(l_p)). Define the following smooth trimming functions ¢, of z(:

(0 if 2{ < €,
1(‘-€.ng n R n
o Lo ™ q(w)dw if {np <z( < fqp +!ln
th(z(,6n) =< 1 o if §np + hn < 2¢ < En1—p) — hn
=€ p(1—
+1 o 2 P
I-fi * g(w)dw if &n1_p) = hn S 2( < {n(1-p)
\ 0 if fn(l—p) _<_ ZC.

This function is continuously differentiable in ¢, fnp and én(l—p)v with

(0 if 2§ < énp
iy | () i énp < 2 < op + o
—n_;ély—'ﬂ" =40 o if énp +ha < Zé < én(l-p) —ha
_hJ:q (IC_—%“;M + 1) zy if én(l—p) - hn < Ié < én(l—p)
\ 0 if €n(1—p) S zCr
. if 2( < €np
Otn(zC, F_E o2 .
é C fn) = —hqu (z hnn ) lffnPSxCS£nP+hn
Enp s -
0 if €np + hn < 2€,
and o
ot i ) 0 if 2{ < {n1-p) — hn
z ) j— é'én - : . N -
m =19 9 (:—-h—f‘—” + 1) if &n(1-p) — hn < 2( < &n1-p)

if é,.(]_p) < zf.

(A.3.1)

(A.3.2)

(A.3.3)

(4.3.4)

As n tends to infinity, t,(z{,&,) will converge in probability to an indicator function Ir(z(,), where T' =

[fp(‘so )1 f(l—p)(éo )]

The above trimming procedure can be generalized to models with multiple indices. For each index, it

can be trimmed with the univariate function tn(zC,€,) above. The smooth trimming function can then be

the product of all such univariate trimming functions.

10 The rate of convergence of h, is designed to justify our asymptotic analysis.
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A .4 SoME USEFUL ASYMPTOTIC PF:OPER’I"IES oF NONPARAMETRIC FUNCTIONS:

The following Lemma 1 provides a uniform law of large numbers for functions with a bandwidth sequence
of parameters. Its proof relies on Hoeffding inequality (or Bernstein inequality) and can be found in Ichimura
and Lee [1988]. Lemmas 2, 3 and 4 provide results on the asymptotic biases of functions involving a kernel

function and its first two-order derivatives. The proofs of Lemmas 2, 3 and 4 are also abstracted from

Ichimura and Lee [1988].

Lemma 1. Let ¢(y, a,,5) be a measurable function which can be represented in the form

9(y,an, B) = —gc(y,ﬂ)h[y, s, (y,ﬂ)]

where a, = ( L), p>0,d >0, 8 € B, and s5(y, ) is a finite dimensional vector value function. Let {y;}
be a sequence of i.i.d. random vectors. Suppose that the following conditions are satisfied:
(i) B is a compact subset of a finite dimensional Euclidean space.
(i1) c(y,B) is bounded by a 6-order polynomial of y uniformly in B, where 6§ > 0.
(iti) the first § -r moments of y ezist, where r > 2.
(iv) h(-) is a bounded function.
(v) E[(y, B)h*(y,B,* )) = O(ad) uniformly in 8 € B, where d < d.
(vi) h(y,B,s) satisfies the Lipschizian condition of order 1 with respect to § and s uniformly in y. s(y,B)
satisfies the Lipschizian condition of order 1 with respect to 8 uniformly in y.

If hmp .00 l:,,az(ul)d_ = 0o, then 2 37 [9(%,8n,8) — E(9(%,8n,B))] converges in probability to

zero uniformly in B € B.
Furthermore, in addition to the above conditions, if
(vii) E(g(y, an, B)) converges to a limit function g*(3) uniformly in B € B, then 1 3", g(%,an,8) converges

in probability to g*(8) uniformly in 3 € B.

Lemma 2. Let K(v) be a function on R™ with a bounded support D such that [, |K(v)jdv < oo. t(2,6)
is a continuous m-dimensional random vector. Suppose that E(c(z, z;,0)|t, 2;,0)g(t|0), where g(t|6) is the

density function of t(z,0), is uniformly continuous at t on R™ uniformly in (0,2;). Then

sup

z;,8 an

E [g(z, z.-,o)a%x (3(‘”)—"(‘—‘-’-)) ‘z.-] — E[(z, %, 0)lt(z, 8), =, 019 (t(z:, 6)16)| — 0.
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Furthermore, if K(v) has zero moments up to the order s*; i.e., fD vil < vim K(v)dv = 0, for all
i 20, where j=1,...,m, i1+ +in < s*, and [, lol|*" | K (v)|dv < oo; and E(c(z, 2, 0)|t, z:, 8)g(t]6) is

differentiable witht on R™ to the order s* and the s* order derivatives are uniformly bounded, then

sup
z;,8

E[(e)imx(w)’ ] Ele(z, z,0)|t(z:,0), z:,6lg(t(:, 6)16)| = O(a2).

n

Lemma 3. Let K(v) be a function on R™ with a bounded support D such that K(v) goes to zero at the
boundary of D and its gradient %Ql 18 bounded. Suppose that %[E(c(z,z;,9)|t,z¢,0)g(t|0)], where g(t]8) is

the density function t(z,0), are uniformly continuous at t everywhere uniformly in (z;,6). Then

1 6K (t!z.-loa!—t!z 0!) 6
nll.ngo sup C(Z,Z,',g) am+1 S - |Z,' - B—t{E[c(Z) z,~,9)|t(z,-,0),zi,B]g(t(z;,0)|0)} =0.

Furthermore, if K(v) has zero moments up to the order s*, E(c(z,z,0)|t, zi,0)g(t|0) is differentiable at

t everywhere to the order s* + 1, and these derivatives are uniformly bounded, then

| 0K (ﬂh&l—n_‘ﬁﬁl) 5 .
szug E c(z,z,-,O)aw“_1 5o Zi —E{E[c(z,z,',9)|t(z,-,0),z.-,0]g(t(2.-,0)|9)} = O(ay, ).

Lemma 4. Let K(v) be a twice differentiable function on R™ with a bounded support D such that

K(v) and its gradient %ﬂ go to zero at the boundary of D, and the gradient %ﬂ and ils hessian matriz

3 K(v

5oo.7 are bounded. Suppose that ;,7852‘—,[E(c(z,z.-,0)|t,z,-,0)g(t|0)] are uniformly conlinuous at t everywhere

uniformly sn (z;,8). Then

1 62K (qzi,oa!—:gz,a!)
nlLrlgoszup c(z,z,~,0)am,’_2 avav" el 6 ,{E[c(z zi, 0)|t(z, 8), zi, 0]g(t(2:,0)|0)}| = 0.

Let { be an m-dimensional vector of indices and K be an m-dimensional kernel function. Denote

An(s]zi€) = — Z ( C), (A.4.1)

On j#
where s = 1,y,2 or z. Under Assumption 3(3), the variance of A,(w|z;¢) has the familar order O(1=
uniformly on C x 8, where C is any compact subset of z{ in R™; i.e.,
1
i6)|%i6,0) = A4.2
sup var(An(slzi()|z,6) = O o (A4.2)
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Assumption 2 implies that K(.) is bounded. It follows from Lemma 1 that if limy oo 2-al1tM™ = oo,
sup An(s|zi$) — E’[A,,(s[z;()lz.-(, 8] £0. (A4.3)
(z:(,9)eCx©
Under Assumptions 3(2) and 3(3), Lemma 2 guarantees that
sup |E[An(slzi{)|2iC, 6] — A(s]zi¢, 6)| = O(al)), (A.4.9)
x .
where
A(sla, 8) = E(sla¢, 6)p(aC ). (A.45)

Since by LeCam’s device T,, can be treated as a nonstochastic set contained in a compact subset of R™
for large n, An(s|zi{) converges to A(s{z;(,6) on T, x 6. Since p(z(|§) is continuous and is positive
everywhere, it is bounded away from zero on T,, x ©. Hence the uniform convergence of A,(1|z;{) implies
that infx,xe An(1|zi() is bounded away from zero in probability.!? E,(s|z:() as a ratio of An(s|z;() over
An(1]z:{) will converge in probability to E(s|z;(,§) uniformly on T, x ©.

The first order derivative of A, (s|z() is

6( aK(i-.i.:Ez.{)
ov

0An(s|zi() _ — Es,(z. 1‘1)

A4.6
6% ( l)am+1 “ ( )

Under Assumptjon 3(3), the variance of 9‘1‘—%& has the familiar order O(ﬁg) uniformly in (z;(,6) €

C x ©. Assumption 3(2) justifies the conditions in Lemma 3 and hence

sup |E aAn(slle)l s<16] _ aA(g;lCa‘s) O( ) (A47)
Cx® k
where
9A(slzi¢) OE(s(xi — )|z, 8) 8¢ _ 3( 9p(z:i(|6)

ETR =tr { 5 35, -p(2i¢|6) + E(s(z; — z)]z:C, 6) % (A.4.8)
where t = (z()’ [see Ichimura and Lee (1988)]. Lemmas 1 and 3 imply that if lim, . 2;a gl A/ ImED+L
0,

0An(s]zi{) _ 0A(s)|ziC) 2
il;pe 55 3% 0. (A.4.9)

11 The trimming of indices is designed mainly for this purpose. Otherwise, trimming would not be needed.
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Similarly, under Assumptions 3(3) and 3(4), Lemmas 1 and 4 imply that if lim,_. ﬁag“/')("‘”)*’z = o0,

0% An(slziC) _ O*A(slziC)| »
Ts"uxpe 2606 5605 - 0. (A.4.10)

The following propositions and lemmas will be used repeatedly for our subsequently asymptotic analysis
in Appendix A.5. They are summarized here because they are of interest on their own and provide convenient
reference.

Proposition 1. Let &, = (€np,&n(1-p)) be a deterministic sequence which converges to & = (€p,&(1-p))
where §(1_p) > &p. Suppose that
(1) ta(zi(,€n) is a bounded smooth trimming function defined in Appendiz A.3, which vanishes at any z;(

outside the compact set T, where T, = [€np,€n(1-p)}-

(2) An(slziC,8) B A(s|zi¢, 8) uniformly in (z(,6) € T, x ©.
(3) f(d) is uniformly continuous and bounded on Aas, where Ay = {d|d = A(s|z(,6), (2¢(,0) € [ —

A, §1-p) + A] x O} for some A > 0.

(4) a(s) is bounded by a square integrable polynomial of finite order.

Then,

plim,,_,  sup
)

1 n
- Y ta(zi€,€n)a(s:) f(An(s]2iC)) — E{tn(2¢,€n)a(s) f(A(s]2C, 6))}| = 0.
=1
In addition to the above assumptions, if A(s|z¢,6) is continuous in § and z( a.e., and 6 is a consistent
estimate of §,, then

plimﬁ—voo% Ztn(‘tiévfn)a(si)f(An(slzié)) = E{IT(z<o)a(s)f(A(s|zC°’ 60))}’

i=1
where T = [€py€(1—p)]'

Proof:

sup
€0

. 2 tn(#i€,£n)a(s)f(An(sl2iC, 6)) - L3 ta(miC, n)a(s) f(AlslziC, )

i=1
SISl s |fnloleic,8) - S(AGleic,8)

= (2:€,6)€Tnx
14

2,0,
because t,, is bounded by one, f(An(s|z:(,8)) converges in probability to f(A(s|z;¢,$)) uniformly on T, x ©,
and 3 Y7, |a(si)] = Op(1). Because supg |tn(2¢,€n)f(A(s|2¢,8))] < M is bounded and a(s) is bounded
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by a polynomial of s, the uniform law of large numbers in Lemma 1 with d = d = 0 implies that as n goes
to infinity,
n
=3 (b (i€, En)als0) S (AlsliC, 6)) — Blta(ziC, En)als) F(Alslic, )]} 20
i=1
uniformly on ©. The second part of the conclusion follows as Eftn(z{, &s)a(s) f(A(s|z¢, §))] is continuous in
6 and &, by the Lebesque dominated convergence theorem.
Q.E.D.
Proposition 2. Let &, = (€np,€n(1-p)), where &np = (§1,np,€(2),np), be a deterministic sequence which
converges to & = (§p,&(1-p)), where §(1_p) > §p. Suppose that
(1) qgisa continuo;wly differentiable density function having a support [0,1].
(2) An(s|2iC,8) B A(s|2i¢,8) uniformly in (2,(,8) € T, x ©, where T,, = [énpsén(1-p)] and A(s|z(,6) is
continuous in § and z(.
(3) f(d) is uniformly continuous on Aa, where Ay = {d|d = A(s|z¢,8), (2¢,8) € [§, — A,§n-p) +A] x O}
for some A > 0.
(4) a(s) is bounded by a polynomial of order §, 6 > 0. The r -6 order moment of s exists, where r > 2.
(5) The functions Fn(z((3),€n) are uniformly bounded (by a constant M, say) and lim,_ o, Fa(2{(2),&n) =
F(2((3),€), a.e., where z{ = (2(1,2¢(3))-
(6) E(a(s)|z¢,8)9(z¢|8) and E(|a(s)||2¢,6)g(z¢|6) are uniformly continuous at z{ and §, where g(t|6) is
the density function of z(.
(7) The function sup;sce |E[a(s)|€1,p, {(2), 8]9(€1,p, 26(2)|6) F(A(8l€1,p, 2((2), 8))|, where & = (€1,5,€(2)p), 19
dominated by a Lebesque integrable furicti.on of z((2).

AR (1+38/7)

Then, under the rate that limp,—.oo hn = 0 and limy oo = oo,

Inn

plim,_, ,, sup
e

Y i a(B ) £ 22y £n)aoi)f(Analeic. 6)
i=1 " "o

-/E[a(s)lfx,p,t(z),6]f(A(8lfl,p,t(z), 6))F(t(2),€)9(€1,p,t(2)|0)dt(3y| = 0.

In addition to the above assumptions, if3 1s a consistent estimate of &,, then

plim, oo = 3 2-a( ZE052) B 216y, €0)a(60) f(An (s}2:C, )
i=1 " n

= / E{a(s)€1,p, t(2), 8] F(A(81€1,p, t(2), 80 ) F (t(2), £)9(E1,p, t(2)l60 )t (2).
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Proof:

3 (BRI B (5160 60)a(60) [F(An (s120€, 8) = S(AGs12:C, D)

e 1 mG-f )

<= |a(s,-)|h—q(—h———-’-—£) M- sup  |f(An(s|ziC,6)) — fF(A(sl2i())|.
n n n (:.‘(,J)GT'.XG

nh(1+36/7)
Inn

2|a(s.>|— (i——) - 2{la(0l5e (—Ch‘—‘é) |

B{la(o e (29=5) } - E(a(o) | )01 (€6)| =0

Let N(&, ) be a compact neighborhood of §; ,. By Lemma 1, as = 00,

£o.

(8, aeeXN(fx p)

By Lemma 2,

sup
(8,.6)€E®XN(£1,5)

where g1(+|6) is the marginal density of z(;. Since E(la(s)”fl'n, 8)91(€1,n]6) is bounded on © for large n, it
follows that

T n
sup Z la(s0)lma(HE522) = 0,(1),
and hence (*) goes to zero in probability. Similarly, by Lemma 1,

s 1, (5‘—3";2) Fo(2:G2), €n)a(5:) f(A(s]2:C, 8))

n i=1 hn h"

o p[h (), (2€can €n)a(6) £ (G126, )

Since
1 zCl - fl,np
B e (25502 ) Fufatia éa)a(a) (Ao, )|
= / { /E[a(s)lfl,n}’ + hnw17t(2)v 6]f(A(s|£1,np + hnwl;t(2):6))g(£1,np + hnwl,t(Z)Ié)Q(wl)dwl}

. Fn (t(Z)v fn)dt(z))
it follows that

B[ e (25552 ) B (ot £a)ale)(AGIC, 5)

n

sup
5€®©

- /E[G(S)Kl,m t(2), 0] F(A(8161,p, L(2), 6))9(E1,p, t(2)|8) F (2 (2), §)dt(2)

< sup
§€O0,w, t(a)

- E[a(s)|€1,p,t(z),5]f(A(S|€1,p,t(z),5))9(51,;»,t(2)|5)| ' /lF(t(z),f)W(z)

E[a(s)|£1,np + hnwla t(2)a 6]f(A(s|€1,np + hnwl» t(z), 6))9(61,np + hnwly t(2)|6)

+/§Eg |Ela(8)1€1,p, t2), 61 F(A(81E1,p, E2), 6))9(E1,p: t(2)|0)| - | Fnlt(2), &n) — F(t(2), E)ldt(2)

— 0
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by the uniform continuity and the Lebesque convergence theorem.

The first part of the result follows from the above convergences. The second part of the result follows
since 4 is a consistent estimate of §.

Q.E.D.

Lemma 5. Let Cn(s1, -+ ,8i—1,8i4+1, ' *,Sn; 8i) be a sequence of measurable functions of an i.1.d.
sample {s;} and d,(s) be a measurable function such that E(Iz (s)d%(s)) < oo uniformly in n. Suppose
that,
(1) supz_ |E(Cn(s1,-"",5n; 8i)lsi) — C(si)| = O(q:,), for some measurable function C(s;), and
(2) supz, var(Cn(sy, -, 8n; 8i)lsi) = O(# .

If s> r/2, lim,. na® = oo, and lim, . nad* = 0, then

Y Iz,(5)dn(5:) [Cals1, -+, 8n; 8i) = C(si)]* £ 0.

1
eF =
Proof: The proof of this lemma can be found in Lee [1990].
Proposition 3. Let V,f(s,a) and V2f(s,a) denote the first and second order derivatives of f(s,a)
with respect to a. Suppose that | |

(1) the nonparametric function An(s|zi(o,8,) satisfies the conditions in Lemma 5, and

(2)

sup IVan(si,/in(slziCO))I S. OP(l) ' dﬂ(sl')v
2,0 €T v

where An(s|zi(,) is a consistent estimate of A(s|i(,,6,), and dn(s;) is a measurable function such that

E(IT(zi{,)d2(s;)) < 0o uniformly in n. Then

_lﬁ >~ I (2iCo) (56, An(sl2iGo)

i=1

= \/Lr-z ZIT(z;(o)f,.(sa, A(8]2iCo, 60))

i=1

i=1

+ % Z IT(2i€o)Vafa(8i, A(8|2iCo, 65)) - (An(8]ZiCo) — A(s|ziCo,80)) + Op(l)'

Proof: By a Taylor expansion,

—;7 Y Ir(2i6o) fa(sir An(sl2ilo)) = %’2 Ir(2iCo) fn(8i, A(82C0, 60)) + Ln + Ra,
i=1 1

t=1
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where

1 &
L, = ﬁ ZIT(ziCo)vafn(siyA(slziCO,éo))(An(slziCo) - A(slzi<o;60))
i=1

and

R, = %% Z; IT(zs'Co)ngn(siyfin(-s'ziCo))(An(s'IiCo) - A(s|z,~(°, 60))2,

where A, (s|zi(,) lies between A,(s|z;(,) and A(s]z;(o,8,). Since

|Rn| < 0,(1) - 7 ZIT(z,Co)d (5:)[An(s]2iCo) — A(5]2iC0, 65))?

i=1
by our assumption, Lemma 5 implies that R, converges to zero in probability.
Q.E.D.
Lemma 6. Let {s;} be an i.i.d. sample and ®,(sq, $2,a,) be a sequence of vector valued random
functions with bandwidth a,. Suppose that

(1) there ezist square integrable functions h;j(s), j = 1,2 such that
| E(®n(s1,52,an)ls5) | < hj(s;), 3=1.2,

(2) E(®n(s1,52,an)) = O(al) and var(®n(s1,52,an)) = O(ﬁ ,
(3) limp_ oo E(®n(s1,582,8n)|s;) = ¥;(s;), a.e., for some measurable functions ¥;, j = 1,2, and
(4) limp_.o v/nas, = 0 and lim,_. o, nal, = co.

If ¥1(s) and ¥2(s) are zero a.e., then

(n—l)zz:‘i’ n (84,55, an) == 0.

=1 j#i

On the other hand, if E{[y1(s) + ¥2(s)][¥1(s) + ¥2(5)]'} = T which is nonzero, then

f E ZQn(s,,s,,an) = N(0,%).

l—l J#

Proof: The proof of this lemma can be found in Lee [1990]. See also Powell, Stock and Stoker [1989] for
a result similar to the second part of the lemma.

Proposition 4: Suppose that K is an r-dimensional kernel function with a bounded support D such
that [, |K(w)|ldw < oo and with a bandwidth a,. Let A,(s|zi(o) = (—,;:‘1—)-;',? Yz siK (’—";‘a—'fﬁi) and let
9(2¢o]00) be the density of (. Denote A(s|zo,80) = E(8|2(s,80)9(2(o|60). Suppose that
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(1) E(slz€o,80)9(2(o|00) ts continuous at”.'t:Co a.e., and
(2) E(fn(s»ICO)lICOyéo) =0 a.e., for all n.

If limp o na, = oo, then

1 n
= 2 (0, 2iGo)[An(slziGe) ~ AlslziGa, )] 0.
i=1
Proof: Define

On(5i,85,a,) = fa(si, 2z CO)[—-s] (ﬂa—i&) - A(slz,-(,&o)].

n

It follows that

%;fn(si,l‘iCO)[An(SlziCO)"‘A(SlziCm o)) = 1)\/‘22‘» n(8i,85,an).

i=1 j#s
By (1), E[s; #K(fﬁ&;—z&)]zico] converges to A(s|z;(,,8,) at ;{, a.e. Hence, E(®n(s;,s;,an)|s:) converges
to zero a.e. On the other hand,

E(Qn(sj)siyaﬂ)lsi)

= s,-E[f,,(sj,sz(,)?‘-l;n-K<i°;—zi—§i) ,2,‘] — E[fa(s;,2;¢0 )A(s|2;¢o, 60))
=s; /E[fn(S,l‘iCo + apw)|zi(o + anw, 6o]9(ziCo + anwl|bo )} K (w)dw
— E{E[fn(s,2¢o]2¢o, 65)] Als12¢0, 65 )}
=0.
The conclusion of the proposition follows from Lemma 6.
Q.E.D.
Proposition 5: Suppose that K is an r-dimensional kernel function with a bounded support D such
that [ |K(w)|dw < oo and with a bandwidth a,. Let Aq(s|2io) = G’—_lﬁa'f E;.‘#st (ﬂ%’:—’ﬁi) and let

g(z(o|60) be the density of (,. Denote A(s|z(s,80) = E(s|2{o,80)9(2(o|60). Suppose that

(1) E(s|zs,60)9(x(ol60) s continuous at z(,, a.e.,

(2) E(fa(s,2¢o)|2Co,80)9(2(0180) 18 continuous in z(, a.e. uniformly in n,

(3) there exists a measurable function h(z(,) such that
|E(fa(s,260)12Co, 60)| < h(2Co)
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with EIh(zCo)A(slzco,éo)‘ < oo for large n, and
(4) limp_oo E(fa(s, z(o)|2¢s, 8) = c(x(s) a.e.

If lim, .0 na’, = 00 and limy, .o na2’ = 0, then

% an(si»zfco)[A"(slziCo) - A(slriCoyéo)] 2’ N(O:Q),

where
® =E{ [s - e(260)9(2Go|80) — E(c(2Co) E(s]2Co, 60)9(‘5(0[60))],
| - [5 e(2€a)g(2Col80) = E(c(2Go) E(5126o, 60)9(2Co160))] } -
Proof:

1 n 1 n n
- fa(8i,2iCo)[An slziCo —-A slxiCo,éo) = ®,(si,5;,an),
7 & lsismido)lAn(sleice) — A 1_(n_1)ﬁ§§( 31an)

where

B (56,55, 0n) = f,,(s.-,z.-(o)[—ITs,-K (’—“—a?-ﬂ&) - A(s|z.-<,5°)].

al, n
By (1), E(®n(si,5j,an)]si) converges to zero a.e. On the other hand,
E(Qﬂ(si’sl"aﬂ)lsi)
1 z;iCo — zio
= B[ fa(oy 26 g K (2 Y ] — Bl 2,60)Aslasto o)
= 5 /E[fn(S,ziCo + apw)|zi(o + anw, 60]9(’:’(0 + apw|o ) K (w)dw
- E{E[fn(saz(o)l”Cm&o]A(slzCo; 60)}~

Since

/E[fn (3, z;Co + anw)lzi(o + anw, 60]9(.“:6(0 + anwléo)K(w)dw - E[fn(s; z(o)ltiCO»éo]g(ziCO 160)

/{E[fn(svziCO + anw)lza(o +azw, 60]9(21'(0 + anw‘éo) - E[fn(sa -’L‘,'Co)lzi(o,60]9(3,'C°|6°)}K(w)dw‘
< Sl:}p lE[fn(3s zi(o + anw)lzt'Co + anwy‘solg(:iCo + anwléo) - E[fn(s; ziCo)lziCo,6019(21'(0'60)'
- / | K (w)|dw

— 0,

by condition (2), it follows that, by the Lebesque convergence theorem and condition (4),

n]i.r{.lo E(®n(sj,5i,an)|8:) = 8ic(2iCo)g(2iCo[00) — E(C(ZCo)E(-"lzCos b0)9(zCo |6o)) a.e.
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The result of the proposition follows fromﬂ the second part of Lemma 6.
Q.E.D.

Proposition 6: Suppose that K is an r-dimensional kernel function with a bounded support D such
that [}, |K(w)ldw < oo and with a bandwidth a,. Let Dy(s]z:(o) = n_'1_)¢;m' Y 4i8iVK (:—'(-“—;Tz’&), where
VK(t) = —a‘m is the gradient vector of K, and let g(z({,|6,) be the density of z{,. Denote D(s|z{,,6,) =
%{E(slx(o,éo)g(zcowo)}. Suppose that
(1) K(w) vanishes at the boundary of D,

(2) %{E(slz(‘,,&)g(zcoléo)} is continuous at z(, a.e.,
(3) E(fa(s,2()|2C0,00) =0 a.e., for all n.
If limp .00 nalt? = co, then j—; Soi=1 fa(si, 2iCo)[Dn(s]2iCo) — D(s|2iCo,60)) 20

Proof: Define

D, (si,85,8n) = fal(si,2iCo) [a_,};fsjVK (M) - D(s|z¢, 6,)].

It follows that

\/—an Sntho)[D (Sll.(o) D(sltho,‘So = 1)\/—ZZQ (snsjyan)

i=1 i=1 j#i

By condition (2), Lemma 3 implies that E[s; F%VK(M%“&)M,-CO] converges to D(s|zi(o,60) at z;(, a.e.
Hence E(®n(si,5;,an)|si) converges to zero a.e. On the other hand, by the integration by parts and under

conditions (1) and (3),
E(®n(sj,si,an)|s:)

= 50 B faloy,2160) e VR (22220 Y o] - Bl 2360 D080

=8 _1" E[fn(s z;( + anw)l:c:Co +a,w,$ ]g(z|Co + anwl‘s )VK(w)dw

an
- E{E[fn(sy z(o)l’-'(o: 60]D(3|z<o; 60)}
=~ [ T{BUa(s, 160 + anwleiGe + anw, oo + anwlb)} K ()
- E{E[fn(s:zCo)lzco, 50]D(3|3Co, 50)}

=0.

The result of the proposition follows from the first part of Lemma 6.
Q.E.D.
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A.5 ASYMPTOTIC PROPERTIES:
The propositions in Appendix A.4 can be used to derive the asymptotic properties of our estimators

Proposition 1 implies that
1o, 1o : oz . A
=X3Xz = = ) _ta(@i, & )(22i = En(22]2i()) (22i — En(22|zi(

n"? n ; 2 ) (A5.1)

' b0))]-

L E[Ir(26:)(z2 — E(z212C0, 60))' (z2 — E(22|2Co,
From (4.2)', v* = [v3, (2(,,0)J]. Since E(v3|z) = E(v3|zdo, 6o), it follows that E[v* — E(v*|z(s, 8,)|z] = 0.
Therefore,
%wvzz =2 Ztn(zeé,é,.)(wi — En(w|2:0)) (22i = En(22]2:0))
Zt (z C fn)(IZ: - F, (32|$;<)),(z2x -k (1:2’2:()) (A52)
Z (2, €) (07 = En(v*12:0)) (z2i — En(z2]2:¢))
2 I, B[Ir(260) (22 — E(@2l€o, 60)) (22 — E(zal2Go, ).
Similarly, for the SG2LS estimator,
AR K = 03 (e o = Enleleid) o (B Bea -~ BnlasleiO) (45.3)
- E[IT(ICo)(Iz — E(z2|z(, 60))""-1(3(:0,60)(22 — E(z2|2¢0, 80)))
and
lsz W= —Ztn(z.C €n)(@2i — En(z2)2:0)Ywyl (B,6)(wi — En(wlz:()) (A5.4)
2 ElIr(26o)(22 — E(2212Co, 8))'w ™ (2o, 80 )(22 — E(22|2o, 8))]II
Furthermore,
_I_X'irA_laEa(tg C) LE [IT(ZCo)(z'z - E(zzlsz&o))l -1( Co, o) 3E(ula|;<°’ 60)] (459)
11‘ 6E,,;6ﬂ ) -1 6EB(6A,?, Drp [IT(zCO)a_E(i%EG,_‘So)w-l(zCM%)?E_(“E%&M] , (A.5.6)

and
(A.5.7)

1 6En - aE 0y 6 -

LEB0 540, 2 [1r(ecy 20, 160, )23 - Blealete, )] T
The asymptotic distributions of ﬁf(éf],., %XAzA; 17, and ﬁ%};&éﬁ[\; 177, can be derived from
= (ép(éo) §(1-p)(60))-

Propositions 2-4 and 6. Let &,
Ztn(zcc fn)(zh En(zZIth)) (u1i — En(“llth))

1
—X30, =

\/— 1—1
- CO n+ {Cl,n + CZ,n + C'3,n}\/;(¢S - 60) + C4,n\/;(£ - fo ’
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where

= Z n(-’t Co»fo 1'2: - E, (22|31Co)) (ult - E, (ullz:Co))

1 ¢ :; d n(u1]zid
Cin= =2 3 ta(2id, )(en = Enlaaleidy Lo,
i=1

1 z T = = 6En ; i"
C2,n = —; ;tn(IiCyE)(uli - En(ullxiC))/—_—'(g—;l—fi)’

Cam = 2 (o2 = Enlaleid)) s = En(ualoi)) 222D,

i=1
and

c.,n=—2<z2,— (aalei€) (s = EnnfesG) Z2i0eE).

Proposition 1 implies that

0 60
Cin 2 -E(tn(zCo,fo)(Tz’ - E(z2l26, 50)’6—12(‘"%"%—))'

and C3 n converges to zero in probability. As lim, . 2 h(1+4/ L oo, Proposition 2 implies that C3 , and
Cy,n converge to zero in probability. To simplify notations, let A,; = (n—-iﬁ Z?#,- z9;K (M%:‘-&), Bai =
RIS s K (Eetile 2e=Zite), and Cpi = _L"‘(n_l)a;;- PIHY up; K (2hem2ite e=fite). Let A; = E(22]iCo, 80)p(2iColbo),

Bi = p(2i(s6,), and C; = E(u1]|zi(o, 8 )p(ziCo]6s) be their limits. By a Taylor expansion,

Con = % Etn(ziCo,Eo)(zzi — E(z3]%io,60)) (u1i — E(u1]2io,80)) + Ln + Ra,
n i=1

where
Ln=~—= Etn(z.co,eo B, (v = BlutleiCo, 80))(Ani — AiY
f gt n(2iGo,€0)(22i — E(z2}2iCo, 60)) .(c,... -G)
g;t n(iCo, &) [E(z2l2iCo, 60)' (uri — E(u1l2iCo, 8)) + (226 — E(22l2iCo, 85)) E(w12iCo, 6]

E(Bm' - By),
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and
Rn —\/— Etn(zsgo:fo) = (Am - Ai),(cm' - Ci)
i=1
\/— zt (IcCo,fo [(ulsBm - m) - ém‘]B?];;—(Ani - Ai)l(Bm' - B.‘)

ni

ns

-, .
+ ﬁ 'z:;tn(zt'Co’fo)[—Ani + (22iBni — Ani) ]E‘;(Bm' — Bi)(Cni = C)

ni

2 ¢ -, .
+ 7—"1' ;tn(IiCo’Eo)[_Ani(uliBni - Cm') + A Cm - (22| ni — Am) Cm]B (Bm Bi)z-

Since limy .o na?™ = 0o and lim,-..c nat?” = 0, R, converges to zero in probability by Proposition 3.

As limy, .o nal = 00, L, converges to zero in probability by Proposition 4. Hence

7 Etn(z.co,so)(zz. E(22l2iCo, 60)) (u15 — E(u1]2iCo, 65))
(A.5.8)

_ E(IT(zCo)(zz _ E(zal2Co, 50))'%;,“’—5") V(6 = 64 + 0p(1),

which is asymptotically normal N(0,A), where A is defined in (4.11), under the property that \/ﬁ(( —¢o)

is asymptotically uncorrelated with (u; — E(u;|z{,,6,)). For the asymptotic distribution of the SG2LS,

= L Ztn(zié,é)("’% - En(32|zié))'w;il(3, 3)("1.' - n("1|2ff))

Ztn(z.co,so)(zz. En(2]2i€o))wnit (B, 80) (uri — En(u1]ziCo))

- ; t(2:C,€)(z2i — Enl(z2|2:C))'wy} (B, S)%‘-‘-‘—) V(8 - &)
+ -1- Z(uu - En(u1|3i(_))’(%[tn(3if, f—)(z'h‘ - E’,,(z:2|a:.-(_))’w;,~1 (ﬁ, 5)] ’ ‘/'_1(5 —6)

w-.l 3 & N
+ L St i = Bntunleid)en — Bnleen0y 20D (3 - )
1_1
S i = B o)) on = Bnlmaleid)Y ozt (6,5 22808 e )
i=1

= 82 - B[ 2(a60) (a2 = Blaalate, b)) (a6e, ) 2ELAE0 ] U5 - ) 4 050,

where

C(W) = — Ztn(z:Coyfo)(zm -E, (22|31Co))' ml(ﬂm6 )(ull - u(ul‘tho))
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To simplify notations, let Hni = moiym l)b"‘ Z#, (:‘c%fl—ci), R, = mz‘;‘# uuH(’—'g"—b'_‘ils-"-), and
Sm- = GTI;:‘Z]#i ule(il-Clﬁ:J&). Let H.' = B,’, R,‘ = C,' and S,' = E(u%|z,~(°,6°)p(z,-co|6°) be their
limits respectively. By Proposition 3, as limp—o na2™ = o0, limy—eo na*’ = 0, lim,_ e nb2™ = oo, and

limy_ oo nb2*" = 0,

3

w 1
C8 = == 3 ta(@iCo,&o) (22 — E(2al2iko, 86))'w ™ (2Co, b0) (1 — E(ur]zio, 8)) + LE + 0p(1),
\/;-' i=1

where
LS-;N) = "'\/’= Z (z Co;fo) I(ICO"SO)(UB E(ullthovéo)) (A - Ai)/

1

n

Y tn(ziCorEo)w™ (xCo,5)(22s—E(-‘22|3.Coy5o))' 5(Cni = C)

i=

“.|

d

\/— Ztn(z:Coyfo)w 1(1'tC0150 [E -T2|37:Co,60) (Ull - E(“llszoaéo)

+ (22 = E(z2]|2:¢0, 60)) E(ulll‘zCo,5 )] Bni — B;)

1 « 2 .
v Ztn(l‘iCo,fo)w (2o, 80 )(z2i — E(22]2:iCo,00)) (v1i — E(u1]2iCo,6,))

1=1

1

. E{(Sni —= 8i) = 2E(u1|ziCo, 60 )(Rni = Ri) — [E(u?|2io,60) — 2E(u1|2:iCo, 60)}(Hni — Hi)}.
Since E[z3i — E(22|2iCo,60)|2iCo,80] = 0, E[usi — E(uy|ziCo, 8o)|2:] = 0, and the other functions in L§*) are

functions of z;(,, Proposition 4 implies that LS,‘”) converges to zero in probability when lim,_ o na? = oo

and lim, .o nb} = co. Similarly,

1 8En(8,0) C)
ﬁ 36

Ztn( 26,6 B = WPIE0) o 5.6y s = En(ualzi))

U

—n Etn(ziCoyfo)%gtslzlc'&l _l(ﬁo, 50)(“1: - E, (“1|I|Co))

"Et (26, § 2B =B o 5 5y Pl D) | s,

+ = Z(un E, (ullz.C))a6, [t( i, 5) En(y aéwﬁl:.() 13, )] VAl —4.)

s_l

+ - Ztn(.’rgc f)(ul, - E, (“1'1':()) 57 [6E n(y 6611),6'2;() -1(ﬂ16)] \/_(ﬂ 8)
l"l

+ - Z(ul, E, (u1|¢aC)) En(y 6wﬂ|-l‘;() —l(ﬂ 6)3t(:;.6(1' f \/—(f €)
8—1

6E [} 0,60 - aE 0y 50
(u1|626(. )w 1(171(0360) (“1|3C

=C{)-E [IT(zCo) o5

] V(6 - 8) + 0p(1),
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where

CS‘,‘,Z— Zt (21, 60) 220 B0) o 5, ) s = B foiGa, 60))

2(m+2) 4s°

Since lim, .o nan = 00, limp—o nal? =0, lim, .o nb2™ = 0, and lim, .o nb;‘,". = 0, Proposition 3

implies that

O = 7 Y- taitos ) L)1y ) s = Blulo,80) + L6 + o5(1)
i=1 -

where
1 i aE u ziCO)é -— 1
I = 7 2 taleite ) PR o, ) g (i = 40

+ = ztn(ziCOyfo)w—l(ziCo,éo) [QMWA-' = (u1i = E(ur|2iCo, 60))

30 0B; 1
{ EY; 2E(’U1|Z,Co,6°) 96 }]—B—f(B’"—B’)

- ;tn(&(c,fo)w YziCo, 80) (u1i — E(u1]|2iCo, 80)) =5 Bl2 3;; (Cai — €
1 (3Bni 0B;
Zt"(”'cthfo)w Y(ziCo, 80 )(u1i — E(u1]2:Co, 8o ))E(ullz.Co,5o) ( 6 —('36_)
§tn(ztco’£°)w-l(:’c°’60)(“1: E(ulltl(o, 60)) : <agt;" aa(:;')

OB (ulEiorbe) gy, 50) (R

Ztn(z|Co,€o)w 2(3':(0,60)(“1: E(ull:’-Co,&o)) Hi(

:—1

- R)
- 2 taloie ) L 310, )= Bl 80 5 = 50

uy|z;o, 2
e oo ) = Bl ) PECEE) (5, 28 ) s — )

Since Qﬂl‘-}?]&ifﬂm = (z - E(z|z(o, b0)) 2%(5—:)—‘?-(3‘15141 by Propositions 4 and 6, L ,, converges to zero
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in probability as lim, o naP*? = oo a.nd»lim,,_,oo nb = oo. Hence it follows that

L gr-1p,
n

oty Lo,i_10Ea(8,0) 0E4(8,0) 1 -10Ex(8.0)\  OEa(B.O) 5 15
XiAs Un = —X2A 1 36 (V" RN " a6’ ) 96 7' Un
\/— Ztn(szo:ﬁo)(IZz E(IzllsCo, o)) —1(360)60)(1‘1: - E(ullzt(o;éo))

i=1
e [IT”“)(’? ~ E(zalz6o, 50))@_1(3@‘60)6_;_@;;#@]

; -1

’ {71;1" ztn(IiCoyfo)%‘zZ‘E‘)—’é—olw—l(IiCo,60)(111;' — E(u]z:¢s,60)) + 1/5'1\/1_1(5 - 50)} + Op(l)
i=1

; e (A.5.9)

where T is in (5.13).

For the instrumental variable estimator in (5.18),

1 N
—P'U,
\/_
OF(u)z;
f;tn(x,co,eo )P} (uri - E(u1IZ.Co)——Zt z:¢, E)p ,%\F(é—a

= / Otn(z;
Tn gpﬁ(un - E'n(u1|a:,-())6t (;6’C = V(8 — ) *a gl’i(“u — En(u1]zi()) t (azglc -8) V(€ - &)

= L tﬂ(ziCo,Eo)pé(uli - En(“ll‘”i(o)) -F IT(zCo)p'QM'—&l \/;(8 —6) + Op(l).
\/;l_ i=1 06

(A.5.10)

Since 2E(uilalede) = (7 — E(z(2(,, §,)) Lilfed 2Eulzlede) it follows that E[E(p'|C,, §,) 2EMEebed] =

and

E [IT(-’ECo) 1 O (uy]26o, 6o )]

a6’ [IT(‘CCo)(P — E(plz¢o, b)) 3_E'____(u1|z(° . 60)] .

o6’
On the other hand,
—} Dt (aiCo o) (1 = Enlual2i62)
Ztn(choyfo)P.(“h E(“l"‘:(o,b.o))

n—l

Etn(xnCo,fo)pa B, ( 'ni — Ci ) + —= \/— Ztn(’-’:(c:fo)PgE(ulIz:Co:‘s ) ( - Bi) + op(l)'

1—1
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With a high order kernel of order s* such that lim,_.., a2*" = 0,'2 Proposition 5 implies
L S ta(aie € (Cos — C)
\/;i'._ln :o:op.'B‘ ni i

= % D {Ir(ziCo)ui E(®}12iCs, 60) — ElIr(2:iCo) E(u1l2iCo, 80) E(pi|2iCo, 80)]} + 0p(1),
i=1

and

fz .co,so)p.E(uuz.a,s) -(Bas = B:)

Z IT(ziCo)E(PHziCo’60)E(u1|2iCo» 60) - E[IT(ziCo)E(p“ziCo ) 6°)E(U1II;(¢,,6° )]} + Op(l)'

Therefore,
1 n
—= ) _tn(2iCo,&0)Pi(u1i — En(11]2i())
\/T_l i=1
. (A5.11)
= ﬁ Z IT(ziCo)(p: - E(P;'z:Co ) 60))('“1,‘ - E(ullziCO)‘So)) + OP(I)‘
i=1
12 This rate requirement implies lim, .o na%*" = 0 in Assumption 2. This stronger requirement is
needed only here. It guarantees that the asymptotic bias of the following term will converge to zero. Using
pi — En( plz:iC ) instead of p; will eliminate such an asymptotic bias and this stronger rate requirement will

not be needed. This indicates the advantage of using p; — En(p|zi{) as an instrumental variable instead of
pi.
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