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ABSTRACT
Four results concerning the Humbert's functi@lvf. ¢3, El, 52 of matrix

arguments are discussed along with a case of reducibility and transformation
relations for the functionb1 andd>2 :

INTRODUCTION
In this paper we continue our study of Humbert’s functions of matrix
arguments. The Mathai’s definitions for these functions have already been
given in our previous papers [10, 11, 12], from where we shall draw upon
the relevant results necessary for establishing the results here. Besides we
have also given two results in the first section below, from Mathai [4], which
shall be needed in deducing the transformation relations for the functions

CID1 andCDzof matrix arguments. All the matrices appearing in this paper are

(pxp) real symmetric positive definite matrices and the meanings of all the
other symbols used are the same as in the works of Mathai [3, 4].
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1. Preliminary Results
THEOREM 1.1:
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for Re(a,c—-a)>(p-1/2.

CD1(a, b;c;—X,-Y) =

e—tr(UY)dU ...... (1.0

THEOREM 1.2:
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for Re(b,b,c—b-b)>(p-1)/2.

2. Results
THEOREM 2.1:

P (B; Y;—P_%XP_%,—Y)

= ](-O()IT>O e_tr(PT)‘T‘a_(p+l)/2q33(B;w—T%XT%,—Y)dT ...... (2.0
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for Re(a) > (p-1)/2.
PROOF: Taking the M-transform of the right side of eq.(2.1) with respect
to the variables X and Y and the paramep,j_randp2 respectively, we get,

x>0 fy>0 [XP1= P2y po=(p+D/2,

P4 (B; V;_T%XT% =Y)dXdy e (2.2)
Applying the transformations



X, = T72x7 72 with dx, =[T/®*/2ax andlx,| = T|x|) and then

using eq.(1.1) of the authors’ paper [12], the last expression yields,
L, B-p)r, (eI, (P5)
\T\_pl PP 1" p™pr27 L (2.3)
To®y(y=p1=p))
Substituting this expression on the right side of eq.(2.1) and then integrating
out T in the resulting expression by using a Gamma integral produces,
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Now, taking the M-transform of the left side of eq.(2.1) with respect to the
variables X and Y and the parametpf[satndp2 respectively, we have,

‘pl—(p+1)/ Z‘Y‘pz—(pﬂ)/ 2.

x>0 Iy>0 X

\P“O‘ =5 (a,B; V;—P_%XP_%,—Y)dXdY ...... (2.5)
which, under the transformation
X, = P_%XP_%(with dx., =|p~(P*D/ 2dx,andX | =[A™!{x|) and

then using eq.(1.8) of the authors’ paper [10] yields the same result as in
eq.(2.4) above.
THEOREM 2.2:
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for Re(y) > (p-1)/2.
PROOF: We take the M-transform of the right side of eq.(2.6) with respect
to the variables X and Y and the paramerelrandpz respectively, to get,

x>0 fys0 [X[PL(PH/ 2y py=(PHD/2,

CI33([3; y;—T%XT%,—T%YT%)dXdY ------ (2.7)

Applying the same transformation as for eq.(2.2)and a similar transformation



for the Y variable and then using eq.(1.1) of the authors’ paper [12], the
expression (2.7) yields,

C N, B=p)Il (P, (P5)
TPTPp PP TpTATRTL 28)
Substituting this expression on the right side of eq.(2.6) and then integrating
out T in the resulting expression by using a Gamma integral gives,
F . (B-p )l I
\P\‘(V‘pl‘pz) p(B=PPT (P (Po)
rp®

Now, taking the M-transform of the left side of eq.(2.6) with respect to the
variables X and Y and the parametfaf[samdp2 respectively, we get,

‘pl—(p+1)/2‘Y‘p2—(p+1)/2 y
B

IX>0 [Y>0 ‘X
A7Y]+ P_%XP_%

Applying the same transformation as for eq.(2.5) and then integrating out
X 2 by using a type-2 Beta integral and Y by using a Gamma integral, the

=)
e '(P Vaxay ... (2.10)

expression (2.10) leads to the same result as in eq.(2.9).

THEOREM 2.3:
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for Re(a) > (p-1)/2.
PROOF: Following the same lines as in the proof of the theorem (2.2), the
M-transform of the right side of eq.(2.11) gives,

‘P‘_(a _pl_pZ) rp (V)rp B- pl) rp (pl)rp(pZ)rp(a P~ p2)
M@ BT, (Y =Py =P5)

Now taking the M-transform of the left side of eq.(2.11) as in theorem (2.2)
and applying the same transformation as in eq.(2.5) for the X variable and a




similar transformation for the Y variable and then using eq.(1.5) of the
authors’ paper [10] produces the same result as in eq.(2.12).
THEOREM 2.4:
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P

forRe(a ) > (p-1)/2.
PROOF: Taking the M-transform of the right side of eq.(2.13) with respect
to the variables X and Y and the paramepirandp2 respectively, we get,

x>0 fy>0 XPLTPH/ 2y P (P2,
EZ(G,B;y;—X,—T%YT%)dXdY ------ (2.14)
Applying the transformation

Y, = T72v1 72 with d, =TP*D2dy, andY; | =[T|v|)and then

using ed.(1.8) of the authors’ paper [10], the above expression gives,
_n T (@ =p I B=pl, (P, (P5)
T e By @39
a [— [—
which, on substitution on the right side of eq.(2.13) and then integrating out
T in the resulting expression by using a Gamma integral produces,
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Now, taking the M-transform of the left side of eq.(2.13) with respect to the
variables X and Y and the parametﬁ)f[szamdp2 respectively, we have,

‘p‘_(al_pz)
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which, under the transformation,

Y,=P %YP %(With dy, = H'(pﬂ)/zdv,and‘vz‘ = \Prlm) and

then using eq.(1.2) of the authors’ paper [11] produces the same result as in
ed.(2.16) above.

THEOREM 2.5:

I'p(c)l'p(c—b -a)

(i) ® (abcl-Y) = - _
rp(c b) Fp (c-a)

xlFl(a; c-b-Y) ... (2.18)

(ii) d:l(a, b;c;-X,-Y) = e—tr(Y)“ + x\'b X

d)l[c—a, b; c; (I +X)_%X(I +X)_%,Y] ------ (2.19
(i), (0. b;c-X-Y)=e "o, c-b-b,bieX,X-Y) o (2.20)
=e_tr(Y)CD2(b,c—b—b';c;Y—X,Y) ------ (2.21)

PROOF: (i) The result in eq.(2.18) follows by making — —I in eq.(1.1)
and then using the theorem (2.3.4) page 42 of Mathai [4].
(ilConsider eq.(1.1) along with the observation,

|+u%xuy2 |+xy2uxy2

=[l+XU| =

Now, applying the transformatiod = | — U along with the observation,

I +X%(I —V)X}/Z ( +x)_%x}/2vx%(| +x)_%

the desired result follows immediately by a suitable interpretation of the
resulting expression in the light of eq.(1.1) along with eq.(2.22).

(ii) The result in eq.(2.20) follows by applying the transformations

V1 =1- Ul— U2,V.2 = U.2 (sothat, dVldV2 = dUldUZ)to eq.(1.2) and

suitably interpreting the resulting expression as per eq.(2.20). The result in
eq.(2.21) also follows similarly from eq.(1.2).
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