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PERTURBATIONS OF GEODESIC FLOWS ON SURFACES OF CONSTANT NEGATIVE
CURVATURE AND THEIR MIXING PROPERTIES.

P. Collet! H. Epstein? G. Gallavotti

Abstract. We consider one parameter analytic hamiltonian perturba-
tions of the geodesic flows on surfaces of constant negative cur-
vature. We find two different necessary and sufficient conditions for
the canonical equivalence of the perturbed flows and the non perturbed
ones. One condition says that the "Hamilton-Jacobi equation" (introdu-
ced in this work) for the conjugation problem should admit a solution
as a formal power series (not necessarily convergent) in the perturba-
tion parameter. The alternative condition is based on the identifica-
tion of a complete set of invariants for the canonical conjugation pro-
blem. The relation with the similar problems arising in the KAM theo-
ry of the perturbations of quasi periodic hamiltonian motions is brie-
fly discussed. As a byproduct of our analysis we obtain some results
on the Livscic,Guillemin,Kazhdan equation and on the Fourier series

for the SL(2,R) group. We also prove that the analytic functions

on the phase space for the geodesic flow of unit speed have a mixing
property(with respect to the geodesic flow and to the invariant volume
measure) which is exponential with a universal exponent, independent
on fhe particular function, equal to the curvature of the surface
divided by 2. This result is contrastedwith the slow mixing rates that
the same functions show under the horocyclic flow: in this case we find

that the decay rate is the inverse of the time ("up to logarithms").
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# 1. The integrability problem and its invariants.

Integrable hamiltonian systems are important in Mechanics because
they provide classes of systems whose dynamical behaviour is well under-
stood and which can be used as a "reference behaviour" for systems clo-
se to integrable ones.

There are, however, other dynamical systems whose behaviour is well
understood, altough very different from that of the integrable systems.

One should naturally think to use such systems, also, as a referen-
ce for the behaviour of other classes of mechanical systems. Therefore
we shall extend the notion of integrability as follows.

Let ¢t be an g¢-dimensional analytic compact manifold and let T*z
be the phase space for the hamiltonian flows on ¢ .

As usual we shall denote a point in Tt by (p,q), q being the co-
ordinates of a point of ¢ and p being a conjugate momentum in the
same system of coordinates. Geometrically p are the coordinates of a
cotangent vector.

An analytic hamiltonian system on T will be a pair (W,H) with
wc:T*z being the closure of an open set and with H being an analytic
function on W ]and, finally, such that for every (p,q) ¢ W the solution

St(Po,go) to the equations :

o)
o

(P,q) » q =2H(p,q) (p.q)e W (1.1)

.Q"

0)'0
-0 |3

with initial datum (po,gc)e W, exists for all teR.
Then the following definition extends the well known notion of in-

tegrability :

T . . . cr 4 s
as usual f will be said analytic (or C°°) on a closed set W if it is
the restriction to W of a function analytic (or ™ ) in its vicinity.



/bEFINITION 1 : Let (W,H),(W',H') be two analytic hamiltonian systems

on two compact analytic surfaces £ and I'. We say that "(W;H')is (W,H)-
integrable", or simply"H' is H-integrable" if there is a ¢* canonical
map C mapping W' onto W and an analytic function defined on H(W),
denotedF and such that F'=(dF/dE) # 0, and

H'( ¢(p,q)) = F(H(p,q)) (p.q) e W

If ¢ is also analytic we say that H' is analytically H-integrable.

/

'
N

The possibility that C s Ciocbut not necessarily analytic leaves
us more flexibility in the formulation of the results that we are able
to prove.

The above definition says, in other words, that H' is H-integrable
if the flow generated by H on W is canonically conjugate, up to a time
scale change given by F'(H), to the flow generated by H' on W'.

For definiteness we recall that amap C , (p',q')= C(B’ﬂ)’ of W onto
W', is canonical if it is at least ¢” with €% inverse and, calling

G( c) = {(p»q,p'»q"')| (psq)eW, (p'.q")eW', (p',q')= C(p,q)}

&0,
there is a ve C (G(¢’)) such that :

p-dg = p'-dg' +dy

A more precise name for such C's could be "action preserving
global canonical transformations" : if A is a closed curve in W and
A' = C(x)" the "actions" of A and A' are the same :

§p.dg = ¢ p'-dq'
AT T A -

More generally , in the literature one calls "locally canonical" a
transformation ( such that dpAadq = dp'A dq' . This is a more gene-
ral notion which we do not use in this work. The name's reason lies in

the fact that the last relation implies a relation like (1.4) in small

(1.2)

(1.3)

(1.4)

(1.5)



neighborhoods of phase space (but ¥ needs not be "uniform", i.e. exist
globally as a single valued function on G(C)) .
The simplest integrable systems are those which are part of a one

parameter family of integrable systems.

DEFINITION 2 . Let H€ = HO + Q: be an analytic function on Wx[-6,8] ,0>0 ,
with (p,q,€) analytic in Wx[-6,6] and divisible by e .

We shall say that the fami]y of hamiltonians HE , c€ [-6,8] , is
Ho—integrab1e if: | .
i) there is a family Ce,ee [-6,6] , of canonical maps of W into T I
such that ci;(R’i) is €7 in {p,q,e) Wx[«8,0] , analytic in e and differs
from the identity map by a quantity which is divisible by ¢ .

ii)

H (C(p,a) = F_(H,(p.a)) (p,q)€ Wx[-6,6] (1.6)
with FE(E) being analytic in (E,e) on the set & x[-6.0] ,E= {E|E=
Hy(psa)s (p,a)eW} = Hy(W) , and such that F_(E) - E s divisible by e

Eq. (1.6) can be regarded, given H€ , as an equation for<7€_,F€ and
we shall call it the "Hamilton-Jacobi" equation for the integration of
H with respect to HO . Similarly we call (1.2) the "Hamilton-Jacobi"
€

equation for the integration of H' with respect to H .
Families of integrable perturbations with respect to the system:

W= VxT , Ve RY L H(A4) =w g - A (1.7)
where (ﬁ;i) denotes a point on VxTSL , TQ being the & -dimensional torus,
w4 eRQ , "harmonic oscillators", have been studied recently and enjoy re-
markable properties. [9] .

The case when W is as in (1.7) and HO(59$)= hO(A) is ¢-independent

is the problem studies by the well known KAM theory.

DEFINITION 3. If in definition 2 we replace the requirement on C; to
be of class C® with that of being analytic we obtain the notion of "analy-



Ltical]y Ho-integrable" family of perturbations.

In this paper we analyse the case when H0 is the hamiltonian for
the geodesic flow on a riemanian surface of constant negative curvature,
equal to -1 (say), and :

W=1{(p,q) | Hy(p.a)e [1/2,3/2]}

Our objective is to find some necessary and sufficient conditions
for recognizing the Ho-integrabi]ity of a family of perturbations.

As in the classical case,arising in the KAM theory, it will be gene-
rally impossible to conjugate two hamiltonian flows. The obstacles may
1je in the existence of "invariants", i.e. of quantities associated
with the He-f1ow that must assume values determined by HO’ just because
the He-f]ow and the Ho-f]ow are canonically conjugate.

We describe some of them here.

Suppose that, for simplicity, the H0 and HE flows, for all ee[-6,6],
have only a denumerable family of closed orbits on each energy surface
Hgor H =E, Ee [1/2,3/4], and also that for all ee¢[-6,68] such or-
bits stay pairwise distinct, i.e. they can be labeled by (n,E,c),n=
1,2,..., E€[1/2,3/4], e€[-6,6], in such a way that they depend conti-
nously (hence analytically) on (E,e) at fixed n and are pairwise distinct
for all n, at fixed (E,e).

This assumption is verified if (w,HO) is the hamiltonian for the
geodesic flow on a surface of constant negative curvature : this is a
simple consequence of the Anosov's structural stability theorem and of
the isomorphism between geodesic flows of different energies (but,of
course, on the same surface).

Then let :

T(E,n,e) = {period of the orbit (E,n,e)}

~x_(E,n,e)= A, (Esn,e) = {Lyapunov exponents of (E,n,e),-x_=x+> 0}

-2

A(E,n,e) = {action of (E,n,e)}= { (E,n,e

(1.9)



If He is Hp-integrable in the sense (1.6) it must be, clearly:

T(Eyn,e) . T(FZ'(E),n,0)

T(E.me)  T(F'(E),m,0) frm (1-10)
-1
NEne) E @00 G
A(Eme) O (FIN(E)m0) ™
AEsnse)  A(FI(E),n,0)
_ = = 1.12
A(E,m,e) AFZ'(E),m,0) mn (1.12)

where in the r.h.s. there is no (E,e)-dependence because for € =0 the
flow is geodesic and the intermediate ratios dghot depend on E.

Clearly the identities (1.10 )./.(1.12) are necessary conditions for the
integrability of the family HE .

It is easy to see that (1.10)./.(1.11) are not a complete set of in-
variants for the canonical integrability of a family of perturbations of
the geodesic flow :see appendix E for an example.

However we shall prove :

//PROPOSITION 1 : i) the numbers (1.12) are a complete set of invariants
for the canonical conjugation (“H,-integrability") problem on Wx[-8,6]

J if H0 is the above described geodesic flow and & is small enough (given fe ).
ii) furthermore the integrability in i) is in fact analytic in the sen-
se of definition 3, vvhenever existing.

We shall call the (1.12) ,1.h.s., the "action invariants" and propo-
sition 1 shows their completeness.
A related result that proposition 1 extends is the following .



Let g° be a riemanian metric for:a surface of negative curvature,
compact and smooth. Thenthe hamiltonian for the geodesic flow has the
form:

] z

- 0/.\-1
Ho(_sg_) - » 'i,j=],2 (g (_9) )1Jp1pJ (]-13)

and consider the following "geometric perturbations" :

fe(p,q) = ¢ L s;:(q,€)p

el P
- R E I

i (1.14)

with s analytic in (q,e)e 2 x[-8,8] : they correspond to changes in the me-
tric ¢° > g = (®)7 +es ).

Then one can ask whe2 HE = H0 + fe » which is still a geodesic flow, is
Hp-integrable with W =T 1 and F_(E)=E and Ce of the form :

- -1 A
c(poa) = (3 (a)7p. T, (q)) (1.15)
where 63 is a diffeomorphism of 3 and Je is its jacobian matrix.

A complete set of invariants for this type of conjugation, ""gdome-
tric conjugation" or "trivial conjugation", is in some cases known to be
the set of the eigenvalues of the Laplace-Beltrami operator [2].

Our methods have on one hand some resemblance with those of [2], particularly
in the use of the key result [3]: however we make strong use of the group theoretic
structures provided by the assumption of constant curvature and obtain results
which probably do nat hold for the theory of perturbations of the geodesic flows
on surfaces of non constant negative curvature (while [2] deals mainly with such
general manifolds). But the main difference is that we do not deal with the
geometrical conjugacy problem and consider, rather, the general action preserving
canonical conjugacy using techniques developed in the context of the KAM theory.
On the other hand propositions 1 and 2 (see §2) are, technically, an extension
of a nice criterion of convergence for the Birkhoff series due to Russmann [12].

In sec. 2 we introduce a detailed description of the geodesic flow on a
surface of constant negative curvature and describe another solution to the
integrability problem (which, also, is our main result). In Sec. 6 we
discuss some byproducts of our analysis: the evaluation of the mixing rates

for analytic functions with respect to the unperturbed geodesic flow, (on a
surface of constant negative curvature).



# 2. The flows on constant negative curvature surfaces. Good ceor-
dinates. Integrability and perturbation theory.

The surfaces of constant negative curvature are constructed as fol-
lows.
If z = x+ iy, xeIR, y >0, is regarded as a point in the upper
half plane €, , the action of the group PSL(2,R) on €, is
z > 29 = az+c if
bz+d

If T is a hyperbolic fuchsian group (i.e. a fuchsian group without
parabolic or elliptic elements [7]) the (most general) compact analytic
surface of constant negative curvature is :

L= C/T

endowed with the PSL(2,R)-invariant metric d52 = (dx2+dy2)/y2

The surface £ can be identified with a fundamental domain Zo
of T with "opposite sides" identified modulo T

On ZO the geodesic flow is described,by definition, by the
hamiltonian :

2, 2

Hog = ¥ (p *p,)/2

Any motion with non zero velocity will reach the Ly in a
finite time t  at the point (x,s¥,) with speed (io,io) s if v
is an element of T reflecting (xo,yo) to another element of DR the
motion will continue after to by reappearing at zé =Zoy if
zo-xoﬁy , with velocity z = ié +i§é given by :

u' _ . _2 =
z) = 2 (bzo+d) Y

This is a somewhat complicate description of the geodesic flow.
There is, however a better representation : it is inspired by
the paper [4]. Let :

j(z,g) = (bz+d)

(2.1)

(2.3)

(2.4)

(2.5)



*
It is easy to verify that the transformation C of T I /{Ho=0}
onto T\PGL(2,R)

Py 9
: oD s Xy = 2.6
C i (pysPysxsy)  + -p, (2.6)
defined by :
. . 2., ~-1.\2
p tip, = i(det g)"j(i,g )" /2
Y (2.7)
x+iy = ig
js such that (see appendix D) :
pydx + p.dy = p,day*pyda, - d(det g)/2 (2.8)
therefore it is canonical.
The map C transforms the hamiltonian (2.3) into (see appendix D):
Hole) = (det 9)%/8 (2.9)
Therefore if fe(g) is a function of (g,e) anlytic on Wx[-6,6], di-
visible by ¢ , the hamiltonian equations for He = H0+fE are in the
new coordinates :
g = -(det g)go,/4 + oaf (9) o, (2.10)
0 -1 01, 1 af of .
where c “ (] 0)9 0x=(] 0)’ OZ= (0 _'|) and (_(g)) s —(g)a ij=1,2.

39 iJ 394 5

The Liouville measure on T*z /{H0=0} , realized as T\PSL(2,R),is
just dp]dpqu]dqz, i.e. it is the Haar measure of PGL(2,R) considered as
a measure on the homogeneous space T\PSL(2,R) .

We do not discuss in more detail why the (2.9),(2.10) induce a flow
on T\PGL(2,R) : it is obvious that they do so on the whole PGL(2,R) and
the fact that it can be regarded as a flow on PGL(2,R) stems, basi-
cally, from theabservationthat if t - g(t) is a solution to (2.10)
also t -~ yg(t) is such.

This observation can be used to say that the entries of g e PGL(2,R)
provide a global system of coordinates on the phase space of the geodesic
flow deprived of the points with zero velocity and provided one iden-
tifies the g € PGL(2,R) modulo T .

We are in a very similar situation to that arising when we represent
a circle by the line (or pry ml ) modulo the action of the transla-
tions by integer multiples of 27 .
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Then,in the same sense , the points ¢e¢R (or be Rz)provide a
global system of coordinates on the circle, where ¢ and ¢ +2 7 are
identified ("flat coordinates" or "angles"), ( or on Tp).
We shall use the above remarks quite extensively. The main reason of
their usefulness is that they provide a simple characterization of the
¢ -canonical maps ¢ defined on a set of the form W= {g| Ho(g)e [1/2,3/4]) .

Suppose that C 1is close to the identity and that it is defined on
an open set W' larger than W, larger enough so thatif (p',q')= c(p,q),
(p,q)e W, then (p',q),(p,q') e W'. T S

Then C can be descibed by a generating function ¢ of class ¢ on
the set {(p',q) | (p',q)eW',3 (p.q')e W' such that (p',q')= c(p,q)} = W
via the relation : ¥ (.B"S) e W, (WeWeW' ) :

p=p'" + 3e(p'.q)

3q (2.11)
@=a o 2e(pa)

3p

which can be written in a better form in terms of matrices : let

( Py qz), (pi q:'z), . (p{ qz), (P1 qé) (2.12)
g={-p,q g'= {-p5 a g =\_, §'=\-p,
2 9 2. 9 b} a 2 9

then the (2.11) becomes :

3' =9 - o3 (§)o (2.13)
99
The whole point of the above discussion is the'globality of (2.13)
on W " : it follows from the easily checked property that if g' = ¢(g), ¥e¢ r
then ¥g' = C(xg) because xG' and g solve (2.13) if g, §' do.

What is slightly less clear is that viceversa any canonical tran-
sformation C close enough to the identity can be generated by a relation
of the form (2.13).

This remarkable fact can be seen by observing that if ¢ has the
property :
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p-dg = p'-dq' +dv (2.14)

with ¥ being a C*-function on the "graph of C" i.e. on the set of
the (p,q.p'»,q') such that (p',g') = C(p,q), the (2.14) can be re-
written as :

p-dg + q'-dp’ = d( v +p'-q') (2.15)

(K]

where v +(p'.q') = ¥ +detg' isaC” function on the graph of C
because Yy is such by assumption and det g' 1is single valued and c”
on TI\PGL(2,R) and therefore it can be thought as a function on the
graph of C .

Also the function, on the graph of C,defined by (g,g') » (det §) is
C”-smooth when C is so close to the identity that the relation g'= C(g)
can be put in the form ﬁ' = C(ﬁ), using the implicit functions theorem,
and C(yg) = +C(g) when g and vyg belong to the boundary of a fundamental
domain in PGL(2,R) with respect to the action of T .

Therefore the function ¢ =y + (det 93 - (det §) 1ds in C” of the
graph of C and, if C is close enough to the identity (in the C]-sense
at least), it can be regarded as a function of § on {6 |ge W} : but the
(2.15) becomes p-dg + q'-dp' = d(det § + ¢(3)), i.e. (2.14).

The situation is very similar to the one that arises in the change of
coordinates in systems described in action angle variables (A,¢)e VxTY @ in
that case a change of coordinates (A',¢') = C(A,¢ ) defined on a
set of the form VxT* R Ve RY % = {1-dimensional torus}is canonical (in
our action preserving sense) if and only if it can be generated by a re-
lation of the form :

A=A+ 30(A's)

(2.16)

9¢
¢' = ¢ +232(A's0)
A

and ¢ is periodic in the ¢'s.

The outcome of the above discussion is the fact that it allows us to
replace the search of the solutions 82, F_ of (1.6) by the search of
a function o , C* on Wx[-6,8], ©< 6, analytic in e

o(g.0) = 2 K ol(g) (2.17)
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which generates C near W, if ¢ is small enough.
Analogously we set :

FAE) =B+ 3 ek(K)g) (2.18)

and rewrite (1.6) as :

H (p'.q+d

%( q) = FE(HO(B'+2_;;-(9',9),3)) (2.19)

Developing everythimg in powers of ¢ and denoting {.,.} the Poisson
bracket, one easily finds :

- 1M pne) - F N (pr,q))
+(2)

o
)

o
|

{Ho,é(z)} (p'sq) = fcz)(g',q) - (Hy(p'»q)) +

apt , q -~ 7 dE ap
- 2 24 (p (M y (Mg (2.20)
1 =1 {3 Ha(p'sq) 207 /(p',q) 30" “(p'sq) -
- 3 Hy (p'sq) a<:>“)(p q)a¢“)(p »q) }
aq 9q. 8p P

J J

{HO’ ¢(k)} (P"S) = f(k)(P.’q) + A(k)(f(k-])"..’f(]),¢(k-]),...,

o) p(k-1) f (1)

where A(k) is a differential polynomial in its variables : very complicate,
as the case k=2 already promises.
Let us study the first equation (2.20): it means that ¢(]) is a fun-

ction whose derivative along the Ho-flow is f(]) up to a constant F(])(HO).
Therefore integrating both sides with respect to the Liouville mea-

sure :
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uE(quq) = const G(HO(P,Q)-E)deg (2.21)
const = ( so(Hy(p’,a')-E)dp'dg’ )™’ (2.22)
one finds that it must be :
FE) = £ (pia) uglapda) = T (E) (2.23)
determining F(]) uniquely.
Then we shall say that the first order of perturbation theory is
"well defined" if the equation :
g My = 1) o F ) (2.24)
admits a unque C*(W)-solution up to an (arbitrary) function of Hy -
. In this case ¢(]) will be defined uniquely by imposing :
da) o) )
flJE(d_ 9_) ¢ (_B’ ) 0 (2'25)
Inductively we can say that the k-th order of perturbation theory
is well defined if the equation :
tH,e(k)y = £k glk) 4 (k) 5K (2.26)

(with obvious notations) admits a unique solution Q(k) on W with
Sug(dpda) ) (p,g) = 0 .

- More generally one might like to say that a theory admits perturbation
theory to order k if the (2.20) can be recursively solved up to order k

by suitably choosing at each step the arbitrary function of H0 which can
be added to each Q(k). It is, however, not surprising that this notion
is not really more general : a theory admits perturbation theory to order
k in the weaker sense just proposed if and only if it admits perturbation
theory to order k in the former stronger sense.

The simplest way to understand this is by remarking that the (1.6)
admits obviously a.lot of solutions if it just admits one : let'in fact
(E.e) » R_(E) be defined and C” on Wx[-6,3, e-analytic and divisible by ¢,
and consider the canonical transformation generated by (det §)+R€(H0(§)) :
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P =p' (1+R'(H,(9)) = nh g
a'=g (1+RE(H3(§)) FAEE (2:27)
But (det g)= p-q , HO‘%-?- O(Qf,gf) : so that if (1.6) admits a solution
CE,Fe then also ,With 80 given by (2.27) is a
solution.
This ambiguity of the solutions to (1.6) can be easily related to
the ambiguity in the choice of ¢(k) and used to prove that the k-th
order of perturbation theory exists or does not exist independently of the
arbitrary choices which one has to make in order to build it.
Therefore the following definition is very natural :

( DEFINITION 4 : Let H0 be the hamiltonian for the geodesic flow on
a surface of constant negative curvature and let fe be analytic in Wx[-8,6],
W= {p,g |Hy(p,a) = Ee[1/2,3/2]}

We say that fe "admits a finite perturbation theory" around H0 if it
admits the k-th order perturbation theory for all k=1,2,..

~

Of course "having a finite prerturbation theory" is a canonical
invariant. This means that if C is defined and analytic on Wx[-6,6] and
maps canonically W into T pX and d1ffers from the identity map by an e-divi-
sible quantity, then defining fe by :

mqﬂ}

Hol ¢ (ps@)) * f_(cy(psa)) = Ho(P9) + % (P.9) (2.28)

on Wx[-6',6'] , ' small enough, then ?; admits a finite perturbation theo-
ry around HO’

The perturbation theory can be easily extended to cover the case when

H€= he(HO) + f (2.29)

where h (E)- E + z £ (k)(E) is analytic in HO(W)x[ -6,6] and one can

give a s1m11ar def1n1t1on of finiteness of the perturbation theory (cano-
nically invariant in the same sense as above). We do not discuss the
(trivial) details. One could reduce this case to the preceding by putting
the ¢ -dependent part of hf into f, or, alternatively, repeat the arguments
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leading to (2.20).
It is then remarkable that :

//PROPOSITION 2 : Let f8 be analytic on Wx[-6,6] and suppose that the

perturbation theory for He =H0+fe js finite. Then :

i) the family H s Ho-integrab1e for ¢ small enough.

ii) the theory of perturbations yields a convergent serijes for . and FE
for ¢ small enough and o generates the integrating map CE .

f iii)the family H_ js analytically integrable(with respect to HO) for ¢

X

small enough.

It is important to remark that the condition of finiteness of per-
turbation theory only, manifestly, involves the derivatives of fe at
e = 0. So does the constancy of the action invariants : in fact the
closed periodic orbits depend analytically on e and therefore their
actions are also analytic in € and therefore they can be determined by
their derivatives at €=0 . Such derivatives , in turn, can be com-
putquWithout having to solve the perturbed differential equations)in terms
of the unperturbed motions, knowing only the derivatives at =0 of fe

It will turn out that we shall prove first proposition 2 and then
we shall show that the integrability conditions of the k-th order of
perturbation theory are equivalent to the conditions that the Taylor
coefficients of order 1,2,...,k , about =0, of the action invariants va-
nish identically in E, for all m,n ( see (1.13)).

In §3 we prove on]y'the statements i) of proposition 1 and 2, and
statement ii), of proposition 2. Statement iii) of Proposition 2 is
proven in Appendix G. )

Other results are presented in #4,6: in #6 we discuss the-
relevance of our treatment of the Fourier analysis on LZ(F\PSL(Z,R))
for the analysis of the mixing properties of the geodesic and horocyclic
flows on the surfaces of constant negative curvature.



16

In this paper we shall often bound the n-th derivative of a function,
holomorphic in some variable w as it varies in some complex domain in C,
by n! times the maximum of the function (in the given domain) divided by
the distance of the point to the boundary of the domain raised to the n-th
power : we call such an estimate a "dimensional estimate".

Usually our domains will be parametrized by paraméters called o, ¢
or & and they will have the property that the distance ~bétween the boundaries
of the domains parametrized by p',£',6' and psE ,06 is bounded below
by one of the three numbers (p -p')/2,(¢ - £')/2, (6-0')/2. If p'=pe 7,
as it will often be the case, £'= £e™° , 9'= ge™" the above numbers become

3/2, 2/2, 3/2 where , to shorten the notations, we set :

X = (1-e7%) for x> 0 (2.30)

This last expression will often appear in our estimates .
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# 3 Proof of proposition 2.

We shall regard fE as a function on PGL(2,R) parametrized by ¢
and such that fE(g) = fe(yg), for all yerT ("r-periodic function").
For convenience of notation we shall put fe(g) = fo(g,e).

The analyticity of fo will be imposed by requiring that f0 admits
a holomorphic extension to a suitable complex vicinity of Wx[-6,6] and,
for convenience of notation we set 6= eo .

We shall Took at W = {g |geT\PGL(2,R), Hy(g) €[1/2,3/2]} as
consisting of the points :

with D> 0,

g=1vDy¢ (3.1)

e T\PSL(2,R) = T ; so we can write, see (2,11) :

W=0DxT  withD = (D | DeR,, D%/8 ¢ [1/2,3/4] ) (3.2)
We denote U(po), H(gb), C(eo), T(go) the sets defined by :

{D | DeC,3 D'e D such that |D'-D|< P} o <1 .

ab
{g | gePsL(2,C),9 = (. ) [d-1] , |b],|cleg,} £0<!
{e |eeC, |e|<60}, 6,<1-
(3.3)

~ 2 1
{9 | g¢ H(&o /(1 —‘Eb)f) , C,g 1is outside the circle B(EO)}

(] zeC, |zvilegre)/e) < (e7he)/2 )

TH(g,)» T(gg) = TH(z,) -

For later reference we draw the circle B(gg in the z-plane:

A

y

For convenience we shall only consider
small values for £g by assuming that Ep< 1/10.

--ig

-i/g

In terms of the above sets we can intro-
duce several notions.

v
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2)
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We say that a function fo on W x [-60,60] is (po,go,eo) - analytic
if for all ¢¢e T = T\PSL(2,R) the function fo(/5¢,e) can be extended
to a holomorphic function of (D,¢,ec) Ab(po) x T(go) x C(eo) or,

equivalently, if for all ¢ ¢ T the function
(U(h)fo)(‘/ﬁs‘b’e) = f(v’chh,e)

can be holomorphically extended to AD(po) x H(go) x C(go) . If in the
above definition we replace T(go) by T(go) we say that fo is

strongly (po,Eo,eo) - analytic.

SimiTarly we can define the "g-analytic" or the "strongly £-analytic"
functions on T as those f such that the function f(¢) admits a
holomorphic extension to T(Eo) or, equivalently, such that the func-

tion of h
h > (U(h)f)(¢) = f(oh)

)

can be holomorphically extended to H(go) or to ﬁ(go

(respectively).

And a function f on W , see (3.2), will be said (po,go)-analytic or
strongly (po,go)-analytic if it is defined on W and if the function

(D,¢) » f(vD¢p) can be extended holomorphically to A)(po) x T(go) or

[Xpo) x T(go) respectively; equivalently: 1if, the function

(D,h) » f(¥YDph) admits a holomorphic extension to [)(po) x H(go) or

to [Kpo) x'ﬁ(go) respectively.
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4) If f ds analytic on T 1in either of the above senses we shall set

sup ([ [F(sh)|2de) "2

ifi_ =sup  |f(g)| , nfu =
& g T(¢) 28 heH(g) T
(3.5)
mg = sup_ [f(9)] Il/'r:)nzg - sup ([ IF(sn)|%ds) 2
g T(g) *> heH(g) T

It is conventient to regard (3.5) as defined for any function on T : whe-
never the function is not £-analytic in the sense necessary to make some
of the r.h.s. of (3.5) meaningful we interpret it as being + = .

We shall found our proof on general results on the theory of the

linearized Hamilton Jacobi equation (2.24)
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Since the HO-flow conserves the value of H0 and the Poisson bracket

is nothing else but the derivative along the Ho-flow (i.e. vD¢ -

VD¢ e Dogt/4 » t€R) the (2.24) can be written as

d o(vp ¢ e Dogt/4) = £(/Ds) (3.6)
dt £=0

The theory of (3.6) with f being (p,£)-analytic (Resp. strongly £-Analytic)
will be reduced to the theory of the equation:

(Le)(o) = &_o( e2%) = £(y) (3.7)
dt t=0
with f being g-analytic on T. (Resp. strongly &-Analytic).
The first theorem on the theory of the equation (3.7) is the fol-

lowing [2],[3]:

—~

PROPOSITION 3 : Consider the equation :

_ Le = f (3.8)
with feC'(T) , T = I\PSL(2,R).

Let p be a periodic orbit for the Ho-flow on T ( corresponding to

5 a closed geodesic on £ ). Suppose that for all such p and for all ¢e p :

}(p) f(o e'oltlz) dt =0 (3.9)
0

where <(p) is the period of p. Then :

- i) there exists a unique ¢ ¢ C1(T) verifying (3.8) and such that 4 ¢(¢)de =0.

~§i) If fe C(T) then oe C7(T).

N

We shall need the following strengthened version of proposition 3
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PROPOSITION 4: Let f be analytic on T and suppose that the equation
(3.8) is soluble, i.e. (3.9) holds. There are three constants ¢, q, §>0,

independent on f and such that for all &g (O,go) :

; -q
iy aen =< Cg Tafu
ge"s £ (3.10)
. / A -q ~
ii) el 5 € C(£9) 1o, ¥§ > 0 (3.11)
ge

where 8 = (1 - e'a) and the notation (3.5) is usual.
jii)  Suppose that f depends also on n parameters
(xl,...,xm) €eSe " and that f is holomorphic on T(¢) x S . Then

¢ also is holomorphic in T(ge's) x S and verifies (3.10) for all x €S .

.

iv) In the same situation met in iii) suppose that f is holomorphic

—~ .
on T(£) x S, then @ also is holomorphic on T(£) x S and verifies
(3.11)

0f course i), iii) follow from the much stronger (3.11).

The statements i), ii) of proposition 2 depend only on the statements
i), iii) of proposition 4 while the stronger result jii) of proposition 2
follows from ii) and iv) of proposition 4.

In this section we show how i), iii) of proposition 4 can be used to
prove i), ii) of proposition 2. Actually we have written the proof in such
a way that substituting everywhere the words "g-analytic" with "strongly
g-analytic", "(£,p,68) - analytic" with strongly (£,p,6)-analytic" and

~

N
changing everywhere the sets H(g) , T(¢) with H(g) , T(g) , one ohtains

the proof of iii) of proposition 2 from ii), iv) of proposition iv).
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The proof of proposition 4, ii), iv), is much more intricate than that
of proposition 4, i), so we provide independent proofs of i), iii) and of
ii), iv) . The reader will easily find out the reason why the scheme of
proof for i), iii) falls short of proving ii), iv) too: actually it moti-
vates the interesting conjecture that i), iv) could hold in the form
obtained by deleting all the tildas where ever they appear. Furthermore it
brings up some interesting properties of the Fourier transforms of analytic
functions on T .

In sections 4, 5 we develop the proof of proposition 4, i), iii) and in
appendix G we develop the proof of ii), iv) which also proves
(independently) i), iii) again.

For simplicity of notation denote W(p ,go,eo) = (po) x T(go) x C(eo)

()

and suppose:

0 < & < s <1 %, <1 £ < 1/10 (3.12)

We shall consider hamiltonians of the form Ho(gse) :

HO(Q9€) = ho(Ho(g),e) + fo(g,E) (3.13)
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where fO is divisible by ¢ and
hglEse) = E+ = ¢ kn(K) (k) (3.14)
k=1

. - . _n2
is holomorphic as a func tion of (D,e) € D(po)xC(eo) and E=D“/8. The (3.13)
js slightly more general than H0+f0,which js the hamiltonian which we wish
to really study.

We now ask under which conditions there is a canonical map CE analytic
in ¢ and CC on Nx[-eo,eo], with (Ce— jdentity) divisible by ¢ , and

such that :

ng(Ho(C_())s2) + FolC_(9)e) = F, (Hg(a) (3.15)

for some Fe which is C on Dx[- eo,eo] and analytic in e with
FE(E)-E divisible by ¢ .

As already mentioned in #2 there is a perturbation theory for this
problem : it is obtained from the one discussed at length in #2 by con-
sidering the family of hamiltonians H0+?b with $0= fg * (hO(HO,e)-HO).

We shall suppose that the perturbation theory for (3.15) is finite
and then we shall prove that Ce and Fe do indeed exist for ¢ small and
are analytic in e : so proposition 2 will be a particular case of this

slightly more general case.

To proceed we introduce the following three sequences of positive

numbers :
k k
pk= Po exp-’S‘j‘i_I oj N gk = Eo exp- SjE] Gj
(3.16)
k
9,= 6_ exp- 51 T
k "o =1 J

with (see proposition 4 for the meaning of §):
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Ty = ('|+k2)-‘l

|

if we wish to prove only i),ii ) of prop. 2

' 1 (3.17)
L (1+k2)'] to prove iii) of proposition 2

There will be no formal difference in the proof of i),ii) or of iii) in proposi-

tion 2 if one does not substitute the explicit expressions for Gk :however

many inequalities will be true only for the first choice of 8 when we

only suppose valid the i),iii) of proposition 4 , while they will be

true also with the second choice if we suppose ii),iv) of proposition 4.

We shall use a recursive algorithm whose steps will be indexed by an
integer n=1,2,...

The purpose of the algorithm is the construction of a sequence of
canonical transformations parametrized by € , C(O), C(]),... such

that :

i) C(n°]) is holomorphic on W(pn,gn,en) and, if we regard it as a map of

( ¢,e) > (¢',¢") with e’z ¢ , it is :

(n-1)
¢ We € »8,) < Wlop .80 158, 1) (3.18)

n

2

ii) ] . identity[l . o < Ceoe'" (3.19)

n"'n-n

where denotes the supremum of a function defined on

II lle&;G
w(p,g,e).

Note that it immediately follows from (3.18),(3,19),(3.16) that the

composition :

c = tim O . cln-1) (3.20)
N>
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exists and is CC on W(pw,gmﬁew) and analytic in D,e and even in ¢ if
g, > 0, i.e. if 8, is given by the second of (3.17).
The map c(n-]) will be constructed inductively. C(O) is obtained
by requiring that on W(p], £y e]) :

h(Hee P (e),e) + £5e ) (g),e) = by (Hy(e) se) + f (g:e) (3.21)

with hy analytic on D(p])XC(61)E w(p],e]) and differing from hy by a
polynomial of order 1.

Then one builds successively C(]), C(z),... by requiring that on

w(anEnaen) .
g (e (9due) + £, €M ig),e) = b (Hy(9),0)+ £ (g,0) (3.22)
oh
with fn divisible by ¢ and h 'hn-] being a polynomial in e of
n n-
order 2 divisible by R

If we define Ek,ek,xk to be such that :

E, > sup | M (Ee) - 1|
0(p ) )xC(6}) oF
of
Ek > SUp __K_lg)l (3.23)
w(pk’gk’ek) 39
o7 sup Ifk|
w(ok’gk’ek)

we shall also require that for € small enough and for suitable constants

B,b it is , for all the considered choices of Pe2€0200

k
-b . < -b (3/2) k
E < Be & ; e (Be &) b A< (Be %b“&&) (3.24)
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It is clear that if (3.16),(3.18),(3.19),(3.24) hold the Timit

1im h (E,e) exists and is holomorphic on D(p_)xC(e_) and :
Neoo

H (c_(g)) = h (Hy{g).e) | (3.25)

It "remains" therefore to check that with the definitio_ns (3.16),
(3.17),(3.23) it is possible to define ¢(0), ¢(1) . ., hyshgseeesfyafyse..
so that (3.18),(3.19),(3.24) hold for e, Small enough : in fact since fo
is divisible by ¢ one can always reduce the value of €o by redefining %

(which does not appear explicitely in the (3.24)).
The remaining parts of the proof will be organized in several steps.

1) Definition of the generating function of C(").

Assume inductively to have defined C( ) (]) cees C(n']), fO’
f], fn hO,h], ..,hn verifying (3.18),(3.19),(3.24) with the fi's
and the hi s verifying the properties mentioned after (3.22).

Then C(n) will be defined via a generating function ¢ .

The function & will be the solution to the equation :

o+l _
{Hg.0} = {-[ Falgse) - (Mo 9)’E)TI< (3.26)
s (Ho(9)

where [« p] denotes the truncation of a Taylor series in € to order p.
The (3.26) arises from the requirement that :

(n) 2n+]
n (e™ig)ie) = b (Ho(9)ue) + 0( €2 ) (3.27)

n
CY

h -hn = {polynomial in ¢ of order 2"+]-1 divisible by ¢

n+l |
In fact the above requirement leads, via a simple catculation similar
to the one needed to define the first order of perturbation theory (discus-

sed in #2), to the requirement that :
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. 2n+1
hi(Ho(9)se) (Hys03(9) = F,(gse) + G (Ho(g)se) + 0( % ) (3.28)

M1

n
with Gn being a polynomial of order e divisible by €2 .

The (3.28) is equivalent to the (3.26).

The solubility of (3.26) has to be proved . It follows from the
invariance of the finiteness of perturbation theory under canonical
transformations (discussed in #2) that hn+fn admits a finite perturba-
tion theory. However the perturbation theory for hn+fn yields a series
for the generating function of the integrating map which starts from the

n
order 52 and it is easily seen by power counting that the sum of the

2" 2"
orders between e~ and e is a function ¢ verifying (3.28)
so that (3.28) and hence (3.26), which is equivalent to it, do have a

solution.

Applying proposition 3, since (3.26) has the form (3.6) and it can be
regarded as an equation of the form (3.8) parametrized by E (or D), we

see that ¢ can be bounded by :

f-F [<2™1]
ARG
[1e]] 5 < Clgpsp) "I ] | (3.29)
“On “Tn nn ' -7 .
pn,gne ,ene hn(HO’E) pn,in,ene n
and using dimensional bounds :
Aveq -1, f-F
[Tell e < Clegd ) e [l n T ] <
pnaEne ,Gne n h;l(HO,) pn,gn,en

(3.30)
<RCe 807 < (1-6) 7120
99
pns£n9en
where R is an estimate of the length of the maximal distance of two

points in w(po,fo). Hence :
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el <8 (£,8)7%" €n if E < 1/2 (3.31)
Ppetn€ Mg e ™ "
*“n

where B] is a suitable constant and we recall the notation ?E(]-e'x), for x >0.

2) Definition of C(n).

Recallimg (2.11),(2.12) we define C(n) by inverting the (2.13) in

the form :
9=9' +a(g") = clM(g) )
g'=g +4'(g) = ¢("(g) '

the first being obtained by solving the second of (2.11) with respect
to g and substituting in the firsf while the second of (3.32) is obtained
by solving the first of (2.11) with respect to p' and substituting in the
second (of (2.11)).

We want to have A, A' defined on a domain as large as possible,
say W(o ne“sd ne ne'3(s ",ane'3T n).

This can be reasonably well achieved by using an analytic imp]icit fun-
ction theorem ,(see for instance [10] where a similar theorem is proved
when W(p ',£',0"') is replaced by a different multiply connected set).

It is, in any case,easy to see that inversions in (3.32) can be made

under the (very strong, but dimensionally natural) conditions :

2
. 1190 A W 9% ®
By 11211 <, 8, 5 eyl gl (3.33)
where ||.|| denotes the supremum over, say, w(one'zcn,gne'zén,ene'zrﬂ)

and Bé,B% are suitably large positive numbers (note the role of (3.33) :
the second condition guarantees the local analytic invertibility, while
the first provides the globality of this local inversion of the (2.11)).

Therefore, under the conditions (3.33) the functions A, A' can be defined
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S35y a2t
;e 3\\,@ne 3 ny),

on W({ pne'3°n, &

The conditions (3.33) can be implemented using (3.31) and dimen-

sional estimates by the conditions (very generous) :

388 ) q““ (58, &) )8 <, E, <1/2 (3.34)

where B3 is a suitably large number . Here:the inequality o> & has been
used to replace pr-]] by g;] and have it disappear.

Sincea and A' are equal to some derivatives of ¢ computed at suita-
ble points (see (2.11) or (2.13)) we infer from (3.31)’»%33)(by di-

mensional estimates snd if ||.|| denotes the sup on W(pne'3°", gne'3dn, ene'BTn)):

sl 1E 1< Bk 8% ¢ &' (e 8 8) ¢ & h i1 (3.35)
4

where B4 can be given any prefixed value provided we readjust the con-
stant B3 in (3.34) : for later use we imagine to fix the constants

- A -
so that e46°+ éb/B4 < e 3% .
So under the conditions (3.38) &, A are defined on W( pne'3°h,

Ene-3€n, ene'?”ﬂ) and by the last of (3.35) and by the choice of B4 :

-4¢

MM (e e e, getm) 5 we e, re3 0,73 (3.36)

Here as well as above we keep changing the coefficients of P & O
simultaneously even when this is not really necessary (e.g. in all the
above inequalities ene'an, p> 1, can be replaced simply by ene"Tn ):
this is done to uniformize the notations

Furthermore on W(p E,ne n, n) the maps C(n) ~C(n)

differ from the ident1ty map by less than :

AN-9, -1 L
Bie, &) T, (5 4 ) en (3.37)

Finally a remarkable property of A, &' is related to the very defi-
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nition of 2 as solution of (3.26),(3.27) : i.e. setting Hoz Ho(g) :

n+l n+l
ha(Hgae)thgaod(9) = £E27 dg,e) - 712 e o) + v (g,0)

fn(g9€)' ?h(H03e) ][;2n+]
ha<H0’5)

ro(g,e) =-[

(just multiply both sides of (3.26) by hé).

Therefore, again by dimensional estimates,
n+]

Hiroll . DS
n P e n, £ e Gn,ene ™n

with B. being a suitably large number and R arises when, as in (3.30), we

bound fn'?ﬁ by afn/ag (expressing the first as a path integral of

the latter).

The (3.38) could be expressed as relations involving

sing 3¢ /3g in terms of them : we do not need to do this explicitly.

3) Definition of hn+1’fn+1'

We shall naturally define :

2n+]]

h oy (Ese) = h (Ese) + [F (E,e)]t¢

n+1(

fn+](gla€)= fn(g'+ A(Q'),E) + hn(Ho(gl+ A(g')’e)‘

and we proceed to estimate €n+1’En+l’ Aty OD W(pn+],En+], 9n+1)'

Thé estimate, based again on dimensional considerations, is straight-
forward but quite technical and it is developed in detail in appendix A

where the following bounds are proved : if (3.34) holds one can take

E as :

nt1> Sptl? Ani)

] hA(Hose) +[f‘g,a)-?ﬁ(H0,e)][a2

A, A' by expres-

hn+](Ho(g)aE)

(3.38)

n+1]
(3.39)

(3.40)

(3.41)
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] 21
En+] - En + BG “a "n
o2 R R (3.42
en_H = B7(en+ En exp Tn2 )( Tn 6n En) 7 )
_ ;.2 ntly, 2 3 -b -1 +
A1 = Bgl{egt &, exp-Ty2 (T 8y By B+ 4 exP'Tnzn "

A simple inductive argument shows that there are B, b > 0 such that

(3.24) (as well as (3.34) for all n) hold.

This completes the reduction of the proof of proposition 2 to that of

propositon 4.
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# 4 Fourier analysis on L,z LZ( r\PSL(2,R)) .

In this section we develop some tools for the proof of the sta-
tements i),iii) of proposition 4. Also the proof of ii),iv) will be

based on the same tools.

We suppose the reader familiar with the chapter on SL(2,R) of [5]
as well as with the first chapter of [6] , where the theory of the unita-

ry representations of SL(2,R) and the related Fourier analysis is

developed .

Let f be F-analytic (resp. strongly g-Analytic) on T= T\PSL(2,R) .
It is easy to prove by using the Cauchy theorem that there is a constant

C1 such that, using #3 for the symbols and (2.30):

[1F]] < |If I C, t73 ¢
2.¢ Ilg ¥ Ilge'T <Gy I’g,g (4.1)
(resp. f7: < ’;{ Y -3
R L N L e s i
(this is basically the well known procedure of bounding a holomorphic

function by some integral norm).

Let us define the unitary representation U of PSL(2,R) on LZ(T)E L2

vnduced by the action of PSL(2,R) on the homogeneous space T\PSL(2R) :

(U(g)f)(s) = fls9) (4.2)

here the scalar product consideredin L2 is (f,f')= s f(q) f(g')dg,
T
with dg denoting the normalized Haar measure on T .
Let
- (o) |
L, = P (4.3)

ae A

be a decomposition of L2 into U-invariant, pairwise orthogonal subspaces

on which U acts irreducibly: such a decomposition is always possible,[6].
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We denote U(a) the restriction of U to Y(a) and we briefly recall
some known facts about the above decomposition and a few of their de-

velopments that we shall need in the proof.

One associates with a hyperbolic fuchsian group T < GO =PSL(2,R)
the following four classes of entities.
1) The automorphic forms of order n=1,3,5,... i.e. the functions which
are holomorphic in the upper half plane € and such that : Vyerl

n+]

o(zy) = o(2) Jlz,v) i y=(25) L 3(z.y)=(bz+a)

They form a n(g-1)-dimensional linear space, g being the genus of the
compact surface associated with the given fuchsian group.
We shall, once and for all, choose a basis in the above linear space

and we shall label its elements as ¢(n,3,&), j=1,...,(n-1)g ; we shall

(n,3,+)

also suppose that ¢ are orthonormal with respect to a con-

venient scalar product:

S =5 e Mg e g 51,97 M) g
2) The antiautomorphic forms of order n=1,3,5,...: they are just the

éomp]ex conjugates of the corresponding automorphic forms. We shall put:

(n,3,%)

(na:j3') =

¢ ¢

and (n,j,+),(n,j,-) will be often denoted by the symbol a.

3) The eigenfunctions of the Laplace-Beltrami operator relative to the

eigenvalue (l-uz)/4 ¢ (0,+0). The normalization that we choose for

the operator A on LZ(ZL) is such that , in the ordinary cartesian
coordinates on the upper half plane (_, it is
2, 3% . d°
(25+25)
X oy

(4.4)

(4,6)
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The variable u will (therefore) only take finitely many values in (0,1)
and countably many of the form is, se (0,+») (this is a consequence of
the general properties of the spectrum of the Laplace operator on a

compact riemanian surface).

The elements of a basis in the space of such eigenvectors will be
labeled with an index a=(u,j) where the first number fixes the eigen-
value and the second distinguishes the independent eigenvectors associated
with the same eigenvalue (]-uz)/4 whenever the latter is degenerate,
otherwise j=1.

We fix once and for all the basis and we also suppose that it has

the property :

Lol gy 4Ry ag = 6y, (4.8)
It follows from the general theory of the PSL(2,R)-induced repre-
sentations that the multiplicity of the eigenvalue (1-u2)/4 cannot

exceed the value gluzl, g being the genus of the surface.

We shall also denote (u,j) by a.

4) The function identically 1 on C,: it will be denoted ¢

We shall denote by A the set of values that, according to the above
classification, the index a can take plus,the index 0. Set a=(n,j,-) if a=(n,j,+).

Then we can define the functions on T

£(2)(q)
ela)(q)

d)(a)(ig-]) aeA, a=0 or a= (u,j) (4.9)
E(E)(g) = ¢(a)(ig-]) j(i’g-])-n-] a=(naj9+)
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We shall define , for all a in A :

Y(a) = {subspace of L2 spanned by U(g)E(a) as g varies in GO} (4.10)

The "duality theorem" [6] on the induced representations says :

L= @ @ | (e

aehA

and Y(a) is orthogonal to Y(a ) if a # a'; furthermore U acts irreducibly
on YC?)

Each Y(a) can be realized in a "standard way" as a space of functions

?(a) defined either on the line R or on the uppe? half plane €, as follows :

i) if a=(n,j,+) then Y(2) can be realized b yl@ "14xdy)

i) if a=(n,J, en can be realized as a subspace c 2(€+,y x2
Yy

consisting in the functions of (x,y) which are holomorphic in the variable

z=x+iy.

f 8=(n,j,-) = a the space y (@) can be realized as a subspace of
n-1

.y dxdy) containing the functions which are obtained from those

+
A
in Y(a) by complex cojugation ( i.e. the antiholomorphic functions on¢+),563'

LZ(E

ciy . X (a) . 4(a)

ii) if a=(u,j), u=is, sk, then Y can be realized as Y =L2(R,dx)
while if a=(s,j), O0<s<l, the Y(a) can be realized as Q(a)= LZ(R;S)
where we denote by LZ(R;S) the completion of CAGR) with respect to the

scalar product :
(f.9) = sFR)g(y) [x-y| 1S dxay = s 3 (p)|p|1"S —E (4.12)

where ?,5 denote the ordinary naive Fourier transform,[6].
iii) finally the identification of Y(a) and Q(a) and the realization

A
of, the restriction of U to Y(a) as a unitary representation U(a) of G0

v(a)

acting on Y are implemented as follows. First one defines a irredu-

f(a)

3 2 A
cible representation U of GO on Y(a), secondly one prescribes the
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representative Q(a) of ¢(a) in Q(a)

of the vector a(a) under the action of U(a) to associate with every

vector of ?(a) a (unique) vector in Y(a).

We set :
(@) (0)F)(2) = £(29) §(z,9)™ fe v, as(n,g,4)
1@ (a)#)(2) = £(29) 3(z,) ™ fe 9@, as(n,j,-)
(0 (9)F)(x) = F(xg) (3(x,9)7) (11172 Pe i aug)

A
Since the space Y(a) never depends on the index j in a we shall

sometimes denote it as ?(n,+) or ?("") or ?(“), simply.

Then the following identification of ¢(a) as vectors $(a)e- Q(a) is

possible,[6] :

oM Hg) o (z+i) T M

o3 lg) e (z-1)1 My
and

¢(U,ng) <« |x+.iI‘U‘] Mu
where the constants M are the normalization constants (M =(nn2
M =257 $1))71/2, w, =mh.

-2n)1/2’

The above associations (4.14),(4.15) and the irreducibility of U(a)

allow tb uniquely associate with fe L, its Fourier transform ($(a))aeA
where :

3a) . ¢(a)
is the function corresponding to the component f(a) of f on Y(a) via the

basic relations (4.14),(4.15).

To discuss the remarkable properties of the Fourier transforms of

and finally one uses the cyclicity

(4.13)

(4.14)

(4.15)

(4.16)
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functions on T which are g-analytic let us introduce the following

notation :

f = f(gh .
e &g 17 1

(already used in #3). We also introduce the following notation

F#n,j,+)(z) - (z+i)n+] ?(n,j,*)(z) ze ¢+ (4.18)
anajs')(z) = (;_i)n+] 'f?(n’j’_)(',z) ZE¢+
ch‘U')(x) = (x2+1)(ut1)/72 §(us3) (4 x ¢ R

and for z e E_._H(E_',), if h= (ﬁ z) 3 H(E) and E=(nsjs+)’(n’j9") :

~

A (z,5) = inf(n/an)V/2|_(agrc)*i(brrd) |™! (4.19)
Y(Im ¢)

where the infi is taken over the ¢ e €, he H(g), sh=z; or for

zeRH(g), &=(u,3), 8= (1-e7°) :

A@(2,5)- inf C3(a§)']| ( (aX+C)2+(bX+d)2 :>(]+u)/2 l (4.20)

T+x

where the inf is over all § > 0 and the pairs x < R, h ¢ H(ge'é) s xh=z,
and the powers (1+u)/2 are defined by cutting the complex plane on
the negative real axis (as we shall see the number in brackets never
takes a negative value) and,finally, the constant C3 hasa value which will
be conveniently fixed later.

Finally define

€ H(g) if a=(n,j,t)

@) (g) = (4.21)
RH(g) if a=(u,Jj)

and Q(a) will be called the " %domain of the representation a"
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its form is simple :
4 .
a=(n,j,+) a=(u,J)
it ;
/ fig.2-
T i

i.e. Q(a)(g) is either ¢/B(z) or €/(-B(£)UB(t)) »see fig 1,and (3.3).

In appendix B we shall prove the following structural theorem on the

Fourier transform of g-analytic functions.

(Lema 1 : Let fev(@), ach, a# 0.

(a)

i) The function f iscanalytic if and only if the functions Ff can be
holomorphically extended to the g-domain Q(a)(g) of the representation a.

ii) if f is g-analytic :

1e(a (a)

| @) <A@, | (4.22)
J
Y iii) if f is ¢g-analytic and there is N >0 such that :

va(fa)(Z)l < A@ze) N zeql@)(g) (4.23)
then
HFIL g < My (68)™1 NYa 5§>0 (4.24)
ge
% where lal| =n if a=(n,j,t),lal = lul if a=(u,j) and M,.m; are independent

‘on a,f, org,s.
-

The proof of the above lemma also provides the proof of :
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.
LEMMA 2 : If fe L2 is £-analytic and depends on some complex parame-

ters weWe €9 and it is holomorphic in (g,w)e TxW then Fi(:a) are holo-
morphic in Q(a)(g)xw and (4.22) holds for each w « W. Viceversa if f is
ﬁ such that fe:Y(a) for all we W and Fga) is holomorphic on Q(a)(g)xw,

i then f is £-holomorphic in TxW and verifies (4.24) for each w for which
| W

Fga) verifies (4.23).

~

The g-analytic functions turn out, also, to have an "exponential decay"

of their Fourier transform, expressed by the following lemma :

(LEMMA 3 : If fe L, is E-analytic :

1] g mpedy T2 e 25 el >0 (4.25)

ge

where Mz,mz,vz do not depend on f, £, 8, a .

—

Finally we shall need , for the proof of proposition 4, the following
estimates for the functions A(a)(z,é).
Let,for zeRH(¥®) :
d(z,e) = sup {8| 6> 0 such that zeRH(£e™%) } (4.26)

then:

LEMMA 4 : there are constants M3,m3,v3 > 0 such that

A3 (2,6) = Vinvan) (1+2] 2 162 ‘ MIV2 (q.27)

13
J (Iz+ie™4e)/2 P- (&7 e)r2)? )

' and for all zeRH(§) :

M;V 8(z,£))™8 & vt lul <A““3Nz@)<=Mg d(z,£))™3 (4.28)

The lemmas 1./. 4 are proved in appendix B,C.

In #5 we shall show how proposition 4), i),iii)can be deduced from
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the theory of the Fourier transform developed in the above lemmata.

The proof of ii),iv) can be done along the same lines but one needs

a refinement of the bounds (4.28), see appendix G .



40
# 5 Proof of propositions’4 and 1.

Consider the equation (3,8) or (3,7). Since

-oit/Z

-0.t/2
a(ge )= (Ue ?

)e)(g) (5.1)

it is clear that (3.7) can be reduced by the reduction of the representation

U : one just considers its projections on the spaces Y(a).

If %(a), ?(a) are the components of order a of the Fourier transforms

of &,f and if one uses (4.13) one finds that the Fourier transforms obey the

following equations :

g @)ty e-(1ra)t/2 - fla)

d z) (5.2)
dt t=0

where z varies in € or R according to the value of a and we have
shortened the notations by writing (1+a) for (1+n) or (1+u) when a=(n,j,*)

or, respectively, a=(u,j). More explicitly :

zd §0(2) + (1ra) 30)(z) - - )y (5.3)
dz 2

The solution to (5.3) is, for a=(u,j) :

X (1+u)/2 .
#00 = - 0k ) ayry o+ k072 (5.0

and,for a=(n,j,+):

(1+n)/2,

O B T L G

and a similar expression holds for a=(n,j,-). K, are arbitrary integration constants.

Recalling that Fga) are holomorphic functions in Q(a)(g) it is conve-

nient to try to write (5.4),(5.5) in terms of Fga).

Since we assume that ¢ exists it follows that g(a) must have some
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square integrability properties (i.e. $(a)e ?(a) ) and the analyticity
of f(a) together with the bounds in Temma 1 immediatly imply that in

order that (2 pe square integrable it is necessary that

+

I ny]+u)/z?(“’j2y)dy/y =0 , Ku,3)™0 (5.6)
0 sJ

. (1+n)/2 2(n,j,.+ _ _

6 z n)/2 #(n.J )(c) dg/z =0 , Ka.n,+)0

and similar conditions must hold for a=(n,j,-).

In fact the & -analyticity of f implies that Féa) are bounded at oo
and therefore the ?(a) have simple decay properties at = which show
that the integrals (5.6) converge : since they provide the coefficient
of the leading term in the decay of g(a) at o and this leading term

is not square integrable they must vanish.

Assuming (5.6) and defining the powers of the complex numbers by
cutting the plane C so that arg z € (-n,n], say, (5.4), (5.5) can be
written in a form which is suited to seeoghg ana]ytjcity properties of ¢(§)
If A, A' are contours in Q(a)(g) 1inking o¥Ywith z and staying in the
same quadrant as z itself (if z>0 it belongs to the first quadrant, if

z <0 it belongs to the second) = then , if a=(u,j):

¥4 .
P @) - (et (T2 T L3 (s

| (1+u)/2 ()2
Dy Ry ) o (5.7)
and if a=(n,j,*+) : z
(a) 2 (+n)/2 2z 2, (1#0)/2 (1 5 4y
Fi3)(2) =-((i+2) /2) (el (4)%) FiMI ) (0)des
1+n)/2  ° .
- (ad D (e (T2 Endit) () arpe (5.8)

where the integrals are along the paths A or A'; a similar expression holds

for a=(n,j,-).
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It is easy to see that the (5.7),(5.8) define functions on
(C/A(-B(g)uB(g) v ireal and imaginary axes J1) or on(C/B(z))v greal and
imaginary axesZD, by analytically continuing their values on the real
axis or on the first quadrant. However as a consequence of the (5.6)
and of the boundedness at infinity of the F-functions, it is easily seen
that there are no discontinuities in the values that the functions take
at the two sides of the cuts : so the (5.7),(5.8) do actually define
holomorphic functions in Q(a)(g).( i.e. their values on the real axis

or on the first quadrant can be continued in a single valued way).

(a)

Therefore ¢ are g-analytic for all a. The same argument can be applied

to prove the strong g-analyticity of ®(a) if f s supposed strong g-analytic.

(a)

However we need bounds on the size of 82’ to conclude something about the
analyticity of o.

Consider first a=1(u,j) .

Let ZeEQ(a)( ge's) and observe that since ﬁéé) is holomorphic in
Q(a)(g) the value of ﬁéa)(z) will be bounded by the maximum of ﬁ;a)(z)
on the two circles forming the boundary of Q(a)(g) , i.e. aB(ge'a)U
uaB(ge™®) .

Let z, be a point in, say, the upper circle.

We define a contour from +ie to igéiﬁoing down the imaginary axis

1.8

to ic”' e and then going around the circle -B(ge_é),counterc]ockwise

to ige_G: we call it A_ .

| i/eexp-s Define A as the contour from 0 to

P ) is’]es going up along the imaginary
i€exp-4

| axis to iféﬁand then followimg counter-

clockwise the boundary of -B(Séé)up to
ifqeb.
There are two cases : either z ¢ /\00 or z € /\0. In the first case we

write (by (5.7)):
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Ffpa)(zo) = (a) 1 ((2)22) M2 (14 2)) (140)/2 Fﬁa)(a) de/t
Z .
o 4
in the second case :

%o

Fga)(zo) = (Ao) é ( same function as in (5.10)) dz /¢
where the integrals are along the contours marked in parenthesis before
the integral signs.

Along the integration paths the argument o( ) of c/(1+c2) relevant for

the u dependent powers in (5.10),(5.11) 1is a monotonically decreasing fun-

ction of 5 so that the u-dependent part verifies the inequality,

(]+z )t (1+Re u)/2
(2yz) T2 (g1 1| —T+_2) | '
c
122 ¢ [(1*Re u)/2
exp-(In w) (e D-s(z))2 < |0 F |
1422 z,

Therefore estimating the integrals :

/, ]+Z
]+1; z,

(1+Re u)/2

dﬁlbﬁil along Ao or A\,

by My(e8 ) -(1+Reu)/2 o find, using (4.28) :
lr(;‘)(zo); M3(£8) 3, (5 g1*Re u)/2 ||f("=‘)||5

Va§ _
\F(:)(z )|< MS (E’a‘)‘ms e 3 A(a)(Z,EE ‘5) Hf(a)llg

where the second inequality follows from the arbitrariness of & provided
zeRH(¢ e"s);and the constantSare u-independent because Re u # 0 only for
finitely many values of u.

The (5.15) implies by lemma 1 that -

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)
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11503 s < Mt e verlulp ety (5.16)

where the constants M6,v6,m6 are suitable numerical constants.

Consider now a=(n,j,.+).

We shall prove a better inequality (with respect to (5.15)):

lFéa)(Z)|< M, (Tog ™) ald)(z,6) Ilf(a)llg (5.17)

which by lemma 1 implies :

A =M
T o< aled) L 5 >0 (5.18)

Then the (5.18) and (5.16) , together with 1emma 3 and the estimate
on the multiplicities of the automorphic forms of given order and
of the degeneracy of the eigenvalues of the Laplace-Beltrami operator ,

imply (3.10) with & chosen so that Vo P v6e'5

To derive (5.17) we note that it is equivalent , (n+1)/2 being an

integer, to:

13« w00 1] Az (5.19)

having denoted A'(z,a,t) = A( (z,g)|(1+z)T(n 1) { ((1-¢ )/g[|z+ +g)/2|2 -
(e )22 V2 04y V2 g

_%(a)(Z)= - (c/z)(“ﬂ)/2 ﬂa)(a) de/z =

O N

(5.20)
(272)(M1/2 3a) (1) gr /e

"
- 8

along contours in Q(a)(g).
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Let c= (g']+g)/2, r=(g-]-g)/2 . We distinguish four cases .

Case 1) : Imz < -c .

We choose, in (5.20), to integrate along the path :

z(t) = (z+ic) -ic teR,

(5.21)

_/—-\‘.

=-1C

~

3 ",
— = - — —_—
<~

~/.

4+ ’i‘~>s\\\\

Setting x=|z+ic| and using the bounds
given by (4.22),(4.27) , and (x2t2-r2)"!
< (xz-rz)'] ™2 and lz(t)/z] < t, for all

t>1:

8@ @) < (1eter2 ™2 (g2ye) (M2 (22 2= (012 gy e

(5.22)

L A R T B e e

< (2/n+1)||f(a)||E A'(z,a,6)

Case 2 : -c <Im 2z

, |ztic] <c .

In this case we choose the path leading to

the imaginary axis above -i along a circle

_iy -
-3
\ z with center in ¢ and ending at —iyo, then continue
// to zero along the imaginary axis.

Then the (4.22),(4.27) imply:

5@« nA'(Z,asa)llf(a)H6 HIFI A (2,2,2) io (y/yo)("+1)/2dy/y <
< (n + 2/(n41)) A'(z,a,g)||f(a)||g ° (5.23)
. . I ]
Case 3 : -c< Im z, c <|z+ic| ¢ c+1” ¥y ~_

We move on a circle centered at -ic and
leading upwards from z to the imaginary axis at iyo

and then we go down to 0 along the imaginary axis. ~

g Ay
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As before the part contributed by the first piece of the contour
to Q(a)(z) will be bounded by =A'(z,a,f) ||f(a)|[E

The second part contributes :

'yO
I (v [2ptm/2 A'(iy,a,g)|[f(a)|[€dy/y

(5.24)
and using the inequality y("+])/2 A'(iy,a,e)< yo(n+])/2 A'(iyo,a,g) s Va-
1id if 0< y< Yo< 1,and |z] >Y, and A'(iyo,a,g)=A'(z,a,g) we see that
for all p between 0 and (n+1)/2 :

«(a) G) Yo _x_("+])/2 A'(iy,a,8) dy/y )
! s + =12 Y
o "(2)] < |If IIQ (z,a,e) ( nw+ s ( yg ATy, .a,¢) Y
0
(a) ‘ Yo 1+2cy +y2 P
< [[FY90 ] A'(z,a,8) (n 4+ 7 A 0%0) dy )« (5.25)
2 0 Yo 1+2cy+_y2 y
YO .
1@ Az (n v min (2040 (L) W) <
& O<p<nt] 0o Yo Y
2
¢ |1f(a?|§'(z,a,g)(n+ e Tog(2+2¢))
Case 4 |z+ic| > c+l, Imz > -c .
A In this case we draw a path as in case 3
Yo “\\\‘, except that from 1y0 we proceed to +i«
1 S along the imaginary axis. We find, using
4\2 A'(iyo,a »£) = A'(z,a,E) and the inequality
LY
z
y{mI/2 pi(iyae) < yo("”)/zA'(iyo,a,E)
if 1< Yo< ¥ » and using also the
remark that in the same region of values of y :

we find :



47

A 2
l°(a)(z)| < llf(a)llE A'(z.a,g) (n +  min y ( ¥(1+2cyo+yo~;>gx_) g
°<P<E%l y, YolTZay® 7y

< Ilf(a)llgA'(z,a,E) (m+ e log2(l+c) ) (5.28)

So that, collecting (5.28),(5.25),(5.23),(5.22), we obtain (5.18) and

complete the proof of proposition 4.

We now prove proposition 1.

The action invariants are the same for h0+f0 and for hn+fn, of course.
n
Recalling that fn is divisible by ez we see that the coefficients of the

Taylor expansions in € of the individual actions are explicitely com-
n+l
2 ) by a simple calculation : the condition

putable up to order 0O(e
of constancy simply means that if (E,k,e) denotes a closed periodic
orbit of energy E for the hamiltonian He then :

-o_(det g)t
-1 f (ge ? .
T(E,k,¢) ;[ 'n ) ] dt = {function of E,e} + O(¢
ho (E,€)

+1
2 (5.29)

(E,k,€)

for g € (E,k, €) : i.e. the r.h.s of (2.19) does not depend on k up

n+l in € . Therefore the r.h.s. of (5.29) can

to terms of order 2
be computed by letting k tend to « and by using some general results [11]

of ergodic theory which tell us that the 1imit must be the average
1.
2“' -

slelt

of the function in square brackets of (5.29),up to terms of order:

[< 2™1]
f
A= o

Therefore the constancy of the action invariants can be written ,by

(5.29),(5.30),as
- [< 2™ i
r [f,,(g)-fn(s) ug(dg) = 0 (5.31)
h'(E.€)
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Therefore the constancy of the action invariants just yields the con-
ditions necessary for the integrability of the equations defining the
n-th step in the cbnstruction described in #3 to build the canonical
transformation conjugating H, with a function of HO’ i.e. it permits,
in the language of the proof of # 3 to define hn+1 s fn+1 in terms of
hn’ fn and, therefore, proposition 1 appears as a

corollary of the proof of proposition 2.
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# 6 Mixing rates for the geodesic and the horocyclic flows.
Concluding remarks.

Consider the geodesic and the horocyclic flows on the unit
cotangent bundle of our surface of constant negative curvature: in
the preceding sections we have shown that the geodesic flow can be
described as a flow on the space T = Tr\PSL(2,R) wusing the matrices
g](t)= exp-o,t/2 ; the flow is :

t: g~ gg(t) ge T

Similarly the horocyclic flow can be described in T in terms of the

matrices go(t) = exp ta,, where o, = (? 8) : the flow is

t: g~ ggy(t) geT
Let f be a g-analytic function on T with zero average with
respect to the natural invariant measure dg . We want to study
the quantity:

M(f,t;3) = s T(g) f(ggj(t)) (dg) j= 0,1
T

when t » = .

By general results of ergodic theory it is known to tend to zero.

We prove:

(PROPOSITION 5 : There exist two functions C(£),b(g) such that for
all g-analytic functions f it is :

tb(g) exp-t/2 j=1

. 2
IM(f.t. 30| < [IF] ] C(e). (Tog 1)P(8) ¢

J=0

-

Observation : note that even in the geodesic flow case this decay is not

exp-{exponential in t) as it is the case in the toral automorphisms
oftheé Anosov type. In other words the mixing is'bretty weak”.

proof : let f= g f(a). Clearly we have to study ithe functions
aeA
m(£(@) £)=M(t) for each fixed a.# 0.

We use the Fourier transform and the bounds (4.22), (4.28) to obtain

when a=(u,j), u=is :

(6.2)

(6.3)

(6.4)

for all t»> 2. The above bounds are optimal to leading order in the t-dependence.
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M= 17 T (0 #B) ety e tIHISIZ

!, .
< (Mye/2)

-m!
' 3 "t/z (a

(&) +0ov - - - -
211411 2, T 0B (14272812 ot/2 g,

UN

A similar calculation yields the same results in the case of the
discrete and of the supplememtary series.

Lemma 3,#4, is then used to preform the sum over the indices a, taking
of course into account the multiplicity estimates given by the duality
theorem, and one finds the first of (6.4).

The horocyclic flow can be studied in the same fashion and we
leave the details to the reader.

The optimality statement relies on the consideration of special
exaﬁp]es . Consider the function E(a) introduced in (4.9°); then
using the (4.14) we can express in terms of elementary integrals
the function M(E(a),t) : then one studies such integrals explicitly.
The slowest decay is given by the elements with a=(is,j),i.e.
by the functions associated with the principal series, and their
M functions decay as exp-t/2 times an oscillating function of t.

For instance :

M(E(is’j),t) - j?/(]+x2)-(l—is)/(]+x29-2t)-0+is)e-(l+is)t/2 dx

A first concluding remark is that Proposition 4 can be regarded as a
regularity theorem for the solutions of the (3.8), which is the
equation studied by Livscic,Guillemin and Kazhdan (whose results
become,in our case,the proposition 3).

A second remark is that the question that we have studied about the
canonical conjugability, is the same question that, when asked for the
perturbations of the integrable systems in the classical sense, leads to
the KAM theory.

We see that the perturbations of the geodesic flows on surfaces of
constant negative curvature are in some sense better than the ones of
integrable systems. There are cases ("Birkhoff series") when the latter
have a well defined perturbation series which, however, is known to be
divergent. This phenomenon cannot happen in the cases that we have studied
in this paper.

(6.5)
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Appendix A : Estimates (3.42).

The estimate for En+1 obviously follows from the first of (3.41).

To estimate Ens]  WE write (with A =4a(g')) :

fn+](g"€) hﬂ(HO(g'+A )95) = hn(Ho(g')9€) + fn(g‘+ A,E) -
n+1]

- [7, (gl ),e)1E2 1 = by the (3.39) -

h(Ho(g'+a)se) - h (Hy(g")se) - hp(Hy(g').e) {Hy, 0} (g) +

<ot _ [¢ont]
+ £ (g ) - fL2 dgre) + F K2 i (g0) 0) +

2n+]]

+

r(g'se) - T (Ho(g") )

= hn(Ho(g'+As€)‘hn(H0(gl),E) = hA(Ho(g')’e) {H09¢} (g|) } +

+ { [fk(9'+A,E)-fk(9',€)][<2 M fn(9'+A,E)E<2 }+ {r (g',e)}

where the [.]* denotes the truncation with respect to the powers of ¢
disregarding the e-dependence of A itself; the last four functions :-

in curly brackets will be respectively denoted ?: fIII, fIV, fv o)

that :

I, [V, oV

fn+1(gl’€) = f+f + f
The function $’ has to be elaborated a 1ittle more.
We introduce the following notations, temporarily : g'=(p',q'),

9=(p.a), 2 = (47,4,) so that ¢(M pecomes :

(p.q) = (p'>a') + ( 8458 ,) (A.3)
Then,using 4,(p',q')= ae(p',q)/3g, 4,(p',q')=-3¢(p"',q)/3p'
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3H oH
, 0 3% 0 3¢
{HO"b}(R ,9_ ) ( apl ag-l 39_' aRl )
oH oH
- 0 _0 aH 3¢
(SBTA]"'ag-lAz)"'[a_R_?_(@ﬂ“ 39_'(R’9'+ b)) -
(A.4)
aH0,3@ 3% _
- 3q' \ap" + aR-\E sq +A2) ) ] = (K])+[K2]
where the qutions whose arguments are not explicitly written are to be
thought of as computed at (p',q') and the function Ky» K, are introduced
at the last step to shorten the notation (and they are naturally identi-
fied with the two main brackets in the intermediate term of (A.4) ). So:
f(g',e) = { h (Hy(p'+a;,9'+ 85 .),e) - h (Hy(p'sq').e) -
! ] [} ] (] i - I
-h! (Ho(p'»')se) Ky} + Tl (Hy(p'sa')se) K, 3= (FT3 +ee1Ty (A.5)

I v -4 -4& -47T
We now proceed to successively estimate f° ./. f in N(E%e ",§he n Ehe m.

9

By the (3.40) :

v S 1
n A -
[T < Ay e € Tn (A.6)
By a dimensional estimate :
-z oMl
1V A= n
[If7 ] < A2 Th A, © (A.7)

Again by a dimensional estimate, using also (3.35) :

111 . A-l A-1 .
Hf H A3 n n ( 0 )HAH‘
(A.8)
2 -a
<A3 en(gn?n gn En) 3

where A3,a3 are suitable constants and the exponents have been uniformized

to simplify the notations.

Another dimensional estimate, plus (3.35),(3.31), show that :
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- _] A _2
HEIT < A B8 (e )9 47 e (682, 07210
a
<My Eﬁ (€n3n nén)

And , applying appropriatly the Taylor's formula to second order

to exhibit the ||A||2 factor

AA\..
] < AL E (eps 72 [1a]12 <
hence :

-a

$nTn%n €n

To estimate the derivatives we observe that the above estimates ~imply

on N(pne.%','gne_ll6 ,ene-4T )
+1
e L Y o g Y 7% (2 + ene-rnzn |
we have on W( pne-son,gne-SGn,ene-STn) :
+1
2 (fI+fI;;fI 1+fV)| < A7(gn§h3n)-a7 (+ee o )
with a;=agtl . Also :
e s a0 s E g o
ij ij k= hk 1]

so that, using (3.35) and the fact its r.h.s. is not larger than 1 :

n+1

, 2
|¥%§iyll < Agee M 2w

Clearly (A.14) and (A.11) proke the second of (3.42) while the third

follows from (A.7) .

(A.8)

(A.9)

(A.9)

(A.10)

(A.17)

(A.13)

(A.14)
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Appendix B : Proof of lemmas 1,2,4.

Consider first the case a=(u,j). By assumption the functions h -+

-+ (¢,U(h)f) defined for h € Re H(&) at given fel, ,can be holomorphically

extended to H(&) and, by Schwartz' inequality, verify:

Co,UfY < [lelly TIFI, (B.1)
We choose ¢ to be an element o, € Y(a) such that for all X, € R :
)
p -(x-x,)
X, (x) = e x(x-xo) if u=is (B.2)

where x(x)=0 if x<0 and x(x)=1 otherwise, or suchthat :

400 s-1 -(x—xo)
Loey (y)|x-y-x0| dy = e x(x—xo) if u=s (B.3)
0
i.e.
3 () =k e Tlyxolp lpl® dp (B.4)
0 (1-ip)(2cosms/2)((s-1)!))

A simple calculation yields that the value of the L2 norms 1in Y(a) of

the above functions are

W%, if usis, (4(cosms/2)2((s=1)1)) 12 if uss  (B.5)
If heReH(t), h=( B).e =(14bc)/d, it is easy to check the identity :
(b3 + oz + 1) (6, U(N)D) = £1) (x ) (3 (xg )2y~ (11072 (8.6)

This proves that the r.h.s. , i.e. the function (U(h)f(a))(xo) is a

holomorphic function of h for X, € R.

The (B.6) says more : in fact multiplying both sides by (1+(>’(0h)2)(]+u)/2

we see that :

AB) A

P () = (0T 0 )) (1+(x ) 2) TP/ 2(5x )2) (T#U)/2 =
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= (WMFD)) (x) ((axgre) 2 (bx +a)2) (1*U)/2 (8.7)

But since a= 1,d =1,c =0,b= 0 ,recall that & is supposed small ( & <1/10),
it is easy to check that the quantity in the last bracket can be boun-

ded as f varies in H(g), by :

(1+x0)2(1-m'g) < Re ((axo+c)2+(bxo+d)2) < (1+xo)2(1+m'g) (B.8)
arg((x0+C)2+(bx0+ d)%) < m't
for all real X4 ; for simplicity we may and shall assume £ <1/2m'.

This means that F;a)(xoh) is holomorphic in h, i.e. in b,c,d,as h
varies in H(g), for all X, in R.
If x>0 is large enough the point xh varies in a neighborhood of o covering
it as h varies in H(g): hence Fga) can be holomorphically extended from
the positive real axis to a vicinity of « . Also it happens that , under the same
circumstances, xh covers a real neighborhood of « as h varies in Re H(&):
therefore Fga)(-y), where y is large and positive, coincides with the ana-
lytic continuation of Fga) from the positive real axis through =
On the other hand the (B.7),(B.8) also show that Fga)(x) can be
holomorphically extended to a strip around the whole real axis.
From the above considerations it follows that Fga) admits a holo-
morphic extension to the whole RH( &), single valued in this multiply
connected region.
We now use that H(ge'é) has a boundary at a distance from the boundary
of -H(£) which can be estimated to be no less than 4563\ if B is a

6). So - (B.6) implies, by a dimensional

suitably small number, and§‘=(]-e'
estimate, the following bound:

72 0xm) () By H72) = | RL) () (axre) P bxe) 2y T2 €

< s I, l1Fll (8e8)™ (8.9)
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if B is a suitably large constant; the (B.9) holds for heH(Fe"S) and x e R.
Let z be real and choose h=(z z) =(1-£2)']/2(+2 tf). x=zh'], so that
the (B.9) gives :

1@ ] <o e2Re ey, (8.10)

because ( (axtc)2+(bx+d)?)™! = ((1+(xh)? 3(x,m)D)7T = ((1422)3(2,071)"2)"] =
z ((1+22)/((]+glzl)2 )'] provided the arbitrary signin h isappropriately
chosen. The constant C] is bounded by sup Miu,j) where M' are the constants
in (B.5).

Consider now instead of f the function U(h)f, he H(EE'G). Then U(h)f
is Egcz-analytic, it C2 is a suitable small constant, for all §>0 and

therefore the (B.10) implies :

R0 | <cyebERe Y ey, (8.11)

or a suitably large C3. Hence :

If,"‘(xh)(]+(xh)2)(]+u)/2| < € ||f||g (gg)-Z-Re u

(& x+c)2+§bx+d)2)(]+u)/z l (B.12)
T+x

so if z inRH( & :

Fi*(a)<cy 111, £2Re ¥ jnr §2-Re JERIEIEG )“*”’/zl (8.13)
2
T+x

where the inf is taken over all the & >0 such that zRHE e'd) and over

all the pairs xe R, he H( e'a) such that xh=z.
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By (B.8) we see that :

Aga)(z) N C3 E-Z—Re u e-m%(lm u)/2(1-m'g)(]+ Re u)/2 a(z,g)-Z—Reu

To get an upper bound on A(a) we observe that if z ¢ ( aRH(ge'G)nC4,)

11
then there exists xoclR such that xoh0 =z, with :
.. =6
o 1 ite
e
-ite 1

and for this pair xo,hO the number in the modulus sign of (B.13) is iden-
tically 1. Therefore we have also checked the (4.28),as a consequence of
(B.14),(B.15),(recall here that u can take only finitely many real

values so that the bound (4.28) has ms which can be chosen u-independent).

We now study the case a=(n,j,+).
In this case it follows from the holomorphy properties of the

Fourier transforms (in the upper half plane) that for zeC, ,heReH(g):

Feh)3(eh) ™" = (ol u(h))
where :
53 (2) = (20)" n (z- T)7" o', = ¢ n 1)1/
t -2 I (Im gy *n

Therefore repeating an argument similar to the one given above to
discuss the analyticity in the case of the representations with a=(u,j),
R .
we find from (3.10) that G(a)(h)f(z) can be holomorphically extended to

H(g) as a function of h at ze €, fixed and :

(B.14)

(B.15)

(B.16)

(B.17)
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G(a)(h)f(a)(c) ( (i+Ch)j(C,h))]+n =
(0(a)(h)$(a))(g) ( (eZ+c)+i(bE '*d))”n

F§a)(;h)

n

(B.18)

1]

and this means that Fga) can be holomorphically extended to C,H(%)
( as well as ;(a) itself as, in these cases,(n+1)/2 is integer).
By arguments similar to the ones used in the cases a=(u,j) we find

that the second of (B.17) and (B.18) imply :

L O e L N (N U L C BT TN CREY

for all ze Cp» heH(g) such that z=th ; this proves completely the first
part of I) and ii) ( since the discussion of the cases a=(n,j,-) can
obviously be reduced to that of the cases a=(n,j,+) ).

We now prove the second part of I) in lemma 1, i.e. that if Fga) can
be hb]omorphica]ly extended to Q(a)(g) then f is E-analytic.

If Fga)s holomorphic in Q(a)(E) then Fga)(z) is uniformly bounded
in Q(a)(ie'a). Calling Ms a bound for this function it follows that in

the cases a=(u,j) (see (B.8)):

<

B0 ¢ I ( (anec)Ze(breay?) (H0)/2) ¢ My ()R W2 g a0

a b
cd

- A
(B:20) shows, - thanks to. its -uniformity in heH(Ee 6),that ﬁ(a)(h)f(a)

if h= (_ ), for a suitable Mg
€ ?(a) and for all ¢e Q(a) the function h » ( ¢,a(a)(h)$(a)) is
holomorphic in H(Ee's). Therfore f itself 1is holomorphic on TH(Ee'G),V §>0."
An identical argument can be given in the cases -a=(n,j,*) . So i) of
lemma 1 is completely proved and it remains to prove iii).
We discuss now the proof of iii) in the case a=(u,j), the others being
very similar .
Observe that (4.23),(4.28) imply that U(a)(h)f(a)(x) is holomor-
phic*in he H(F) and, for all heH(Ee™®) :

*) here we use a general property explicitly stated in Temma 5 below.
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|U(a)f(a)(x)l < NC35'2'Re u ~2-Re u (]+x2)-(1+Reu)/2 (B.21)

so that :

s

”U(a)(h)f(a) || »< Nc4(56)-2-Re u for all heH( & °) (B.22)

which by (4.1) implies (4,23) (in this case /Erl can be replaced by 1 ).
The cases a=(n,j,*) are discussed in a identical way and the role

of the (4.28)is now played by the (4.27) which can be checked as follows.

Note that the h-image of ¢+ is the complement of a circle with center

and radius R, and if z=3b, ;em+ :

(Img)3(eh) 2] = ((fz-c |2 - R% )/ 2R ) (.23)

which can be seen by direct calculation or by suitable geometric
arguments.
Furthermore the matrix :
1 it
h = (1-52)"/2( ) (B.24)

-ig 1
is on the boundary of H(¥) and maps C, onto the complement of the circle

B( &) with :

1

c=(£'+8/2=c, , R=(£'-9/2 = R (B.25)

()
Finally a circle G with center ¢ and radius R which contains a

circle with center c¢' and radius R' is such that for all z outside G :

(lz-c'|? - R'Z )" < (Jz-c |2 - R? )R (B.26)

as it is easily seen (e.g. remark that one can always suppose tha@ G is
the unit circle centered at the origin and that G' is a smaller circle

centered at the point (0,c') and with radius R' such that c'+R's 1, c¢'> 0;
then the above relation can be checked by simple considerations).

The same inequality holds if G and G' are two disjoint circles
and z is inside G : this can be shown as. in the preceding case or, alter-
natively, by noting that the inequality (B.26) is invariant with respect

to the operation of inversion with respect to the circle G.
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The above inequalities are exactly saying that the infimum over H(g)

is obtained by considering h=h_ and this yields (4.27).

g
So lemma 1 and lemma 4 are completely proved.

The direct part of lemma 2 follows from the explicit formulae (B.6),(B.16)
and from the uniform boundedness of Fga) in every compact subset of Q(a)(g)xw.

The converse statement,appearing in lemma 2, follows from the argument
after (B.20), guaranteeing that h - U(h)f regarded as a L2—va1ued function de-

fined on Re H(g) can be extended holomorphically to H(¢), combined with the :

(/LEMMA 5 : Let fel, and let h > U(h)f, regarded as a L,-valued function defined

|
|
|
|

<

for heRe H(&), be holomorphically extendible to a L2-va1ued function on H(g):
then f is g-analytic.
If f depends parametrically on we W c ¢? and the L2—va1ued function (h,w)
+ U(h)f, defined on (Re H(g))xW, is holomorphically extendible to H(g)xW
then the function (h,w) »~ f(gh) is also holomorphically extendible to H(g)xW for

all g-

" In other words g-analyticity of f and holomorphy. on H(g) of the L2—va1ued
function U(h)f are equivalent properties ( note that the g-analyticity obviously

implies that h - U(h)f is holomorphic as a vector valued function).

The above lemma has a well known'"elementary" analogue in the case when
T= r\PSL(2,R) 1is replaced by an m-dimensional tofus Tm=ﬂQm/Zm and PGL(2,R)
by R™ : in the latter case the proof, however, does not really use the com-
mutativity of R™ and relies only on the Cauchy's theorem on holomorphic fun-
ctions. Therefore the proof relative to the commutative case can be extended
to yield a proof of lemma 5 or of an even more general version of it for groups

of matrices.
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Appendix C : Proof of lemma 3.

with the matrix notations of # 3,4 let E(t) = exp(t,0 0 +t.0 ).
Let D be the Casimir operator on L2(T), for U(.), given by [6]:
2 2 2
De(g) = - 4 (=2, - —2, - 2 )e(gHy)) (c.1)
otf oty oty t=0
Observe that ]t;r)l < £8/b4q implies E(E}q)). . E(Eﬁl)) e H(gs/2)

and that H( Ee_a) - H(g§/2) < H(g) : so that the function U(h)f(g E(g(q)).. E(:c_(l))

(
J

nal estimate and by the Schwartz inequality :

is holomorphic in the t variables for |t r)|< g@/hq. Therefore by a dimensio-

| (o.D%(n)e) | < 47% 3% 2%( (hq/£8)® )@ el 1, llfllg (c.2)
i.e. for all h eH(Ee—s) :

0% 11, < (6a/89)"% 2], (c.3)
(a)

But by orthoqunality and by the fact that D has on Y the constant value

V(a)=(l—u2)/h, if a=(u,j), or (l—nz)/h if a=(n.j,+) :

va)? [Jomet®] ], = [0%me®] 1, < (0%l ], < (6a/s8)2Y ]|, (c.)

-8
so that for all h e H(Ee ) :

Hum)e @) < (6a/£6/v(a) )qulfllg (c.4)

2

which implies lemma 3 by optimizing this inequality on q and, finally, using (L.1).
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Appendix'D : A canonical map.

. . P 92\
We rewrite (2.9), recalling that g = (} ) :
P2 9

N RSN 2

PPy = 7 1(py+iay)” = p (0.1)
Po*19

+Hy = - =

Y RN

and since pxdx+pydy= Re pdq we find :

_ ]
P, dx+p dy = pyda;*p,da,- zd(det g) - (D.2)
and
2 2 2
Ho(g) = Y (p§+p§) =-% (In q)% p? = g (det g) (D.3)
Note that the function det g is single valued on Tr'\PGL(2,R), hence
on the graph of the map (D.1).

Appendix E : An example of non global canonical map and the non sufficiency
of the period and of the Lyapunov invariants.

Let ce(g,g)= (p',q') be defined as follows : put p=px+ipy,z=x+iy,
p'=p;+ip' and let ¢ be an automorphic form of order 1,verifying (4.4) , then:

y
p'=p+ e¢(2)
ce(p»z) = (p;2') . (E.1)
, q=q
Then Re pdz = Re p'dz" + cRe ¢(z)dz : since ¢ is holomorphic the
last differential form is closed (i.e.'c is locally canonical) and since
¢(z) is covariant, (4.4), while z is contravariant (d21=j(z,y)—2dz for all
vy € T) the form ¢(z)dz 1is defined on the whole : and (E.1) is well

. *
defined as a map of TZ 1into itself,i.e. Ce is globally defined though not

globally canonical.
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The non globality of the canonical character follows from the fact
that ¢(z)dz is not an integrable form on © (because there are no non
singular automorphic functions on = §7? hence for some closed curve on
Z we have # ¢(z)dz # 0 and we may suppose that we:change ¢ by a suitable
phase factor (constant on I ) so that the value of the integral is actually
positive. With such a choice (E.1) does not preserve the actions of closed
orbits in T*z

Consider the hamiltonian:

-1 _
Hol €' (p.a)) = H_(p,q)
Clearly HE cannot be conjugated with H0 by a global canonical map :
however it is conjugated to it by (p.q)= Ce(gf,g'). This suffices for the

conservation of the period and of the Lyapunov invariants.

Appendix F : hint to (B.6).

(B.6) is obtained as a consequence of the following formal identities:

0o

(0,0 1 e e xn) 506, ax

X
° 0

oh -1 )
r e Wh%o) £y |5(y,h

xoh

1)| (1+u)-2 dy

Then one uses the following relations valid if a =(1+bc)/d :

1) (b a/ad +a 2/20)j(y,n) = 0 for all y
2) (b 3/ad +a 3/3c + 1) exp-(yh'1) S for all y
3) (b a/ad +a 8/3c )(xh) = j(x,h)"2 1y2

4) (b 3/3d +a 3/3c Jeh = 0

= j(y,h™ for y=xh

(E.2)

(F.2)



-64-
Appendix G. Proof of i), iv) in proposition 4.

We shall deal throughout this section wth the strongly g-analytic func-
tions although some of the results hold also for the g-analytic functions
(as we shall mention).

The basic properties of their Fourier transforms are discussed exactly
as in Section 4 with the few obvious changes that we list below.

Modify lemma 1 by replacing Ifi by n?ﬂ and the words

g g
"g-analytic" by "strongly g-analytic" and the domains Q(a)(g) byb'a(a)(g)

() (e) - {'fg) ? = ndhe) (G.1)
H(E) a = (u,j)
and finally replace A(a)(Z,g) by the expressions A(a)(Z,g) obtained by
(4.19), (4.20) with the infima over the e € ,h € f(g) , th =7 or over
§ >0, xe€R , he H(ge's) (i.e. replace everywhere H(g) by ﬁ(s) ).
In this way we obtain a lemma which we shall call lemma 1' which is also true.
Changing lemmas 2,3 according to the same prescriptions as the ones
used above leads to lemmas which we refer as lemma 2' , lemma 3' which,
also, are true. The proofs of lemmas 1', 2', 3' are obtained from those of
lemmas 1, 2, 3 by just replacing everywhere the words g-analytic by
strongly £-analytic and the domain H(g) by ﬁ(g) .
The Temma 4 also has an analogue: however since the scheme of proof used
to prove proposition 4, i), iii), failed to give also the proof of ii), iv)
because of the weakness of lemma 4 we do not mention the analogue to lemma 4.
We shall rather base the proof of the ii), iv) of proposition 4 on the
following alternative necessary and sufficient condition of strong &-

analyticity.
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LEMMA 6: Let f e Y(a) ,a€ A, a#* 0. There exist three constants h,
D' , q independent on f and a such that if f is strongly g-analytic
then

i) the functions (U(h)f)(z) defined by (4.13), for the real and z
in the appropriate domain can be extended holomorphically in h , at fixed
z, to ﬁ(g) .

ii) if a = (u,j) and if 0< 68 <t , he HE - 6)

| (U(h)F)(x)| < Ds™! u”f’ug (6. 2)
U(h)F(x)] < st (1 + six)7L " Re“n"f’nE (6.3)
iii) if a = (n,j,*) then for all s & (0,g), h € H(g - 8) :
(n)F(z)] < /_4—? — 2 i, (6.4)
(Im z) 2 |
U(n)F(2)] < v/-;% — 1D ||'an (6.5)
(Im z) §(1 + 62|z|2)

Vice versa if f € L2 , T € Y(a) and (U(h)f)(z) can be extended holo-

morphically to h € fi(g) and if the (F.2) - (F.5) hold with u?ug

replaced by some N then f is strongly g£-analytic and

~t '_q
nfug _ s S D's N (G.6)

Identical results hold if strongly g£-analytic functions are replaced by &-

~

analytic functions and if "?hg are replaced by ||f||E and H(g) by
H(g) .
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The proof of lemma 6 is implicit in the proof of appendix B.

In fact i) follows from (B.6) for a = (u,j) (see comment following
(B.6)) and from (B.16) for a = (n,j,t) : of course the substitutions of

7~

uqu by u”fuE and H(g) by H(g) or A(a)(z,g) by A(a)(z,g) etc.
have to be made where met in the text preceding such formulas.

The bound (G.2) follows from (B.6) (with the appropriate insertions of
~ , as above) by a dimensional estimate of the 1.h.s and by (4.1) and
(B.5). |

The bound (G.4) follows from (B.16) by a dimensional estimate (again
one should appropriately insert them in the obvious places) and by (4.1),
(B.17).

The bound (G.3) follows from (G.2) by noting that U(h)f is, for all

h e H(g - §), still strongly —g--anawtic so that for he€ ﬁ(% ) real

U UMP ()] = )Fch) | [(x k272

< D(% )'1 J?ug

UMT()] < 2087 (Fi_ anf |i(x,hry| -(10)/2

g

where the infimum is over all the x' € R, h'e ﬁéﬁ(G/Z) s, X'h' = x ,

- - 1 +8/2
Use now j(x',h') = j(x,h'™") and pick h' = (1 - (8/2)?) 2 (2ss2 { )
to obtain an upper bound to the above infimum, proportional to

(1 + <S|x|)'1 . Then redefine D to have it equal in (F.2), (F.3) .
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Similarly one argues to infer the bound (G.5) from (G.4). Proceeding as

above one finds

~ / n ~ 1 1
[U(h)f(z)| < V5= Difu, inf
4 £ (Im z‘)(h +1)/2 Ij(z,h"l)ll +n
where the infimum is over the h'é€ ?kg-) , 2'€E t+ , 2'h' =z and the

infimum is estimated by the choice

1 -18/2
e - gn ! )

i8/2 1

noting that Im z' > §/2 , so that
um)f(z)] < /2 [MG%E (—52--)'(n VLT % 2712 g g

Then (G.5) follows by raising the (G.4) to the power (n - 1)/(n + 1) and
the (G.7) to the power 2/(n + 1) and multiplying them together. |

Again one has to redefine D 1in order to have it identical in
(G.2) - (G.5) . The statement iii) 1is a simple consequence of the calcu-
lation of the Y@ norms of the r.h.s of (6.3) , (G.5) with M?ug

replaced by N , and of the remark that such norms can be bounded essen-

tially independently of a .

We now proceed to the proof of the following Lemma 7 which will immediately
imply ii), iv) of proposition 4 .

In fact from the estimates (G.14), (G.15) below and using Temma 6,

(\J
iii), we obtain estimates on 1o a)" 5t such estimates can be combined
ge
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with -Temma 3' , 2' and lead to proposition 4, ii), iv) (in the same way as

(5.16), (5.18) combined with lemmas 3, 2 yielded proposition 4, i), iii).

LEMMA 7: Let 0 < 56 < £ < £, -

i) Let f Y(a) , a=(u,j) , be strongly & - analytic and

1 Suppose that the equation /& = f admits a solution
) . then for all he F(e - 45)

1(U(M)3)(x)]| < cs™7/? Y x R (6.8)
and for all h e ﬁ(g - 58) :

UM x) | < c6~7/2(1 + sx|)7 1 RY yx e R (6.9)

ii) Let f €& Y(a) , a=(n,j,t) , and suppose that & = f has a

solution ¢ € Y(a) then for all h  H(g - 48) :

[U(h)e(z)] < /<§% C(Im z)'(n +1)/2 §72 vze ¢ (G.10)

and for all h € ﬁ(g - 58)

Wmne(z)| < /I c(m z) (M- /2631 4 6217127 (6.11)
4n

for all z € C+

Remark: as in the proof of lemma 6 the (G.9) , (G.11) are consequence

of (G.8), (G.10), up to a redefinition of the constants. So it suffices to
prove (G.8), (G.10).
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~
In the proof we shall set H(g) = H_ for simplicity of notation, and we

£
shall examine separately the cases a = (u,j) ,u =1is or a = (u,j) ,

u=s or a=(n,j,*) . Each of these cases will be further subdivided in
several subcases. After the analysis of the first few cases the philosophy

of the proof should become clear.
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Lemma 7 will be an easy consequence of the following Lemmas.
LEMMA 8

i) Let f be a strongly & analytic function such that f y(u>3) ,

u€R or ue iR and satisfy condition 5.6. Then the equation

Lo = f has a unique solution ¢ such that if 0 < 4s < < 0.1,

then for all x elR , and all h e ﬁé - 45 , U(h)e(x) is well

defined, holomorphic in h , and satisfies

RNt

lU(h) 2(x)| < c' & :

ii) Let f be a strongly & analytic function such that

fe Y("’J’t) and satisfy condition 5.6. Then the equation £& = f

has a unique solution ¢ such that if 0 < 45 < g <0.1 , then for

all ze€, ,andallhed, ,o,

holomorphic in h , and satisfies

U(h)e(z) is well defined,

\ -2

U(h)2 € ¢ i n
R e AL fi

Lemma 9

i) Assume f 1is strongly £ analytic, and f € Y<U’J) . Assume

also that

W()F(x)| <1 VYhe ﬁg , ¥xe R.

Then
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Yh e ﬁa - and Vxe R.
ii) Assume f is strongly .& analytic, and f e Y(n’j’i) . Assume
also that
1 ~
[U(h)f(x) | < . A)(n+1)/2 VheH, ., MaecC, .
Then
-1
8 &

[u(h)f(x)| < -

: (Im )M D72 000 4 stm )2 4 62 (Re 2)2]

Yh € Hg P Y\ e C+ .

Note that the proof of lemma 9, which we give below for completeness is, essen-
tially, a repetition of the proof of lemma 6 above.

Proof.

1« ~
Proof of i). Let 9. = ( ), and h e Hg - & . It is easy to

0 1
verify that if |k]| < (1 - & , then ghefi_. Therefore for « real
1+ g2 < 2
N _1 A
VTG | = u(ah) U (g h)F(x) |

_ fron-l . -1y,1 + Reu
= [U(g h)f(xg )| [3(x,q )|

We chose « = -(sign x) & (1 - g)(1 + gz)'l , and we obtain

|U(h)?(x)| < |J'(x,9-l)|.1 - Reu | (1 +5s 1 - 52 1x])? -Reu
“ 1+¢

1 -¢
1+ g2

We now observe that >-% and the result follows.
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1 . 1 -18/2
Proof of ii). Let ¢ = = ———— ( , it is easy to verify
/ 1 - 52/4 is/2 1
~ ~ ra) - Fa)
that if heH, ., then ahe M . Wehave U(N)F(A) = u(g by ugn)f(r) =

j(l,q-l)-(n+l) U(qh)?(kq—l) . Therefore

-k/2 k

U F() ] < [Im(ag™h) | H0La ™, k=1

since g"1 maps ¢+ into C++ is/2 . If A =x + iy , we obtain

WMFOY | < [267 01 + sy/2)% + 62x27a777K/2 |

Multiplying the bound of the hypothesis raised to the power 1 -

X‘I[\)

, and the above

bound raised to the power 2/k , we obtain the result.

Q.E.D.
It is obvious that Lemma 7 follows from Lemma 8 and Lemma 9.
It is easy to derive from formula 5.4, 5.5 and 5.6 that if f € y@ .
U(h)g(z) is given by
/2,20 k/2-1
Uthyde(z,) = -P(z ,h ) "7 7 7 ¢ f(z)dz
(G12)

-k/2 k/2 -1
—P(ZO’hO) fzoho 4 / f(C)dC

a b
. _ . _ 0 0
where h0 is real, P(z_,h ) = (aoz0 + co)(bozo + do) if ho = ( .) R
Z € R,k=n+1 if a = (u,j) , and zo€ ¢ k =n+1 if a = (n,j,*) .
This formula together with the analyticity of ? allow U(h)g to be ana-
lytically continued in h in a small complex neighbhorhood of the identity.
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In the case of the principal and supplementary series, the non uniformity

k/2

of the function v +» requires some precautions. Along the paths to be

used, z will always be of the form ¢ = zh where z & C+ (in the case of

the principal and supplementary series z € R) , and h G'ﬁ , So that the

3
A -
integrand becomes P(z,h)k/2 U(h)f(z)c ', The rule is that, at the start

k/2

of the path, P(z,h) = P(zo,ho) and the determination of P(z,h) to be

chosen is P(zo,ho)k/2 . Along the path it is then determined by analytic
continuation. We adopt the following terminology: 1let ® = ¢+ in the
case of the discrete series, ® = R in the case of the principal or
supplementary series. We call "path of type P0 (resp. Pm )" a continuous

path in the complex plane, starting from some Ty = zoh0 s zoé ® ,

~

hoe;'Hg._ s 0 ending at 0 (resp. = ), and such that

HE"G’

' a b o
a) Each ¢ on the path is of the form zh , z¢ @ , h =_(ﬂ ) €
c d
varying continuously along the path with P(z,h) = P(zo,ho) at the start

of the path

b) ax + ¢ never vanishes along the path except, if the path is of
type P0 , at theend ¢z = 0. (bz + d) never vanishes along the path
except, if the path is of type P°° at the end ¢ = « ,

c) There is a continuous arc {cu} joining ¢, to some g, = Zlhl R
z, € ®, h1 real in /ﬁg - s and a corresponding continuous family of
paths starting at Zy (and ending always at 0 or always at =)
satisfying the conditions a) and b) and ending with a real path. (This
condition will be non-trivial only in the case of the principal and supple-

mentary series).
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Along any such paths, there is an analytic continuation of f . If the
corresponding integrals along all paths of the family (of condition c) are
absolutely convergent, they define an analytic continuation of ® along
the arc {gu} and, consequently, an analytic continuation of U(h)g(z)

to the point (ho,zo) .

We denote
h=(ao bo) =(1 Ho )(ao 0)
0 -1/
o do % L 9o%0 0 4
. _ - -1 . n .
with u, = aob0 R In proving the bound for U(ho)o(zo) , it
is enough to prove the bound for g, = 1n0 > N, R . Indeed, let h1 he
given by
1 0
h =( h , t real, then
1 0
t 1
Fal A
U(h)8(2) | = [U(h )3z + t)]

and we have obviously Im(z + t) = Im(z) . In order to prove 8,i) for the

principal series, we shall prove first the following result.

Lemma 10. Let f € Y(1S’J) be strongly & analytic and satisfy 5.6. Then,
for all x & R, U(h )3(x ) is holomorphic in hy din and if

H
Jor a't — £ - 3§ —

|uo| = |a0b0| > §/4 , satisfies

A _7/2 ~t
[U(h)e(x )| < c(g)o i,
Let us first derive 8i) , for the principal series from Lemma 10. Assume

~
h0 belongs to Hg _ a5 |b0| <t - 48 , {col <g -48 . If |uo| > §/4 ,
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the assertion of Lemma 8 i) , is explicitly in Lemma 9. If |u0| < §/4 , let

- 1 u0+v <ao 0 )
v o 1+(u0+\))oo 0 a’!

0

If |v|<6/2 then h €M, _ 5 . By Lemma 10, U(hv)g( ) is holo-

£ - %o
morphic in v in a neighborhood of the disk |v| < §/2 and by the maximum

principle, it satisfies
I~ ~ -7/2
|U(hv)¢(x0)| < c(g)ufnE §

since the edge of the disk satisfies

5
g + vl > vl - fugl >7 .

Proof of Lemma 10,

~

Note that it follows from our assumptions that U(h)f(x) is simulta-
neously analytic in h and x . Given o = xoh0 , any path of the type PO
or P_ originating at %o such that the corresponding integrals are abso-
Tutely convergent, defines an analytic continuation of U(h)g(x) to the

point (h ) . To settle the possibility of non-uniformity of such con-

» X
0’"o
tinuations, we shall proceed as follows. The domain of analyticity
asserted by Lemma 10 will be divided into several open sets. In each of
these we first prove the analyticity, then find integration paths that

yield the required bounds. The integrals in (G12) can be rewritten

N - k/2 n
ng)oxg) = 10 " SR um ot (613)
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where x = ¢zh along the chosen path and k =1 + is . The quantity

[P(x,h)/P(xO,h )]k/2 will be defined by analytic continuation along the

0
;
r‘e¢

16
X +o0_=re?™0
> "o 0 0

B v by =a s 0 tp=8,1+ux+o)=m'V,

path starting with the value 1. We denote x + ¢

b

i8 i0
w=pe  ,u =pe °

1+ uo(xo + oo) = moe1¢° - The condition h € ﬁg 38 implies

-1
lao -1 <¢g -3, |a0||col <g -3, |a0| Py <& - 38

py < (& -38)(1 +¢) (<2).

An easy consequence of Lemma 9 is that for h e ﬂg S5 and xe R , we
have

u(h)f(x)] < V2 67 (614)

A 557" -1
[U(h)f(x)]| < (1 + &|x]|) (G15)
/?
~
(we have assumed ufn€ =1) .

I) Case |a0|rO <g-68.

a) Analyticity We use a path givenby z =xh , x =tx_ , u =u_ ,

o = too with 0 <t <1. This gives

1_[t(1 + tuo(xo + 00))] k/2 dt

This equation holds for real h0 and extends analytically in

{hoe Hg _
positive and

5 |a0||xO + UOI <g-68 . If a=0 or n, P(x,h) is
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[Uh,)2(x,)| < f%-gz [(1 - rp (L - tporo)]'l/2 dt

2/2
 —
s(1 - 2¢2)

b) Bound. Assume a« # 0 , m . A first path is given by p = Py

P=r, »X=r cos¢,o= iro sin ¢ , B =6 + ¢ increases to n if

a (0,r) , or decreases to -m if o (-m,0) while ¢ varies so that

the argument of P(x,h) remains constant. This path produces a contribu-

tion bounded by -——ZE—ZZ—E— . At the end of it we are in the case a =1
§(1 - 2t7)
and we can apply the previous estimate since the final value of
l[P(rocos¢,h)]k/2| is inferior to its initial value. We finally obtain
u(h )3 (x,)| < 2L+ 12

0 0 s(1 - 2g2)

II. Case IaOIr0 >& -3 . This implies lrocos¢o| >0 . We treat the

case r cos ¢, > 0, the case ry €0S ¢, < 0 being similar. If

1+ uo(xo + g )+ 0 we define a path of type P_ parametrized by

0
o)
te [1,»] by o=1in , x= tzré - né (hence r =tr),p =% ,
8 =a-¢ . Defining ¢ , 9y € [- %—, %-] this implies that ¢ varies
(6 - ¢,)
monotonically from ¢o to 0, ¢z = te Zo and
i -9,) ,
P(x,h) = te 0 P(xo,ho) . We obtain
. _1'¢
© 1(¢-¢) i rodt e 0 IS
U(h,)3(x,) = [Tlte gt +is)y/z___To um¥(x)  (616)
(o -¢) 57—
te r- -nl/t

0 ()



-78-
Using (G15), we obtain

~ © '5/2(4)"‘1’ )
u(h )8(x )| <[5 e ° 2 &t (617)

/28 cos ¢, /t (1 + §r cos ¢0t)

For fixed X ao and Ty the left hand side of (Gl16) defines a func-
tion I(ho,xo) of u, holomorphic in the whole disk [a0||u0| <g - 36

including the points if any where 1 + “o(x + oo) =0, and ¢ in all

)
variables, when I, and u, vary at fixed xO . aO , avoiding points
where 1 + uo(x0 + co) =0, 1 defines a holomorphic function. Hence, by
standard properties of analytic functions of several complex variables, I
is holomorphic in hO in the required domain, coincides with U(ho)%(xo)
at real h0 and is also analytic in Xo If %0 <0, ¢ - % increases

along the path and we deduce
3/2
|I(h0,x0)| < 5n/(26 cos ¢, /ro cos ¢O) .

§ . § . . .
We can assume |xO| > 7 since |x0| <% implies |a0!|x0 + 1oO| <g-38

which falls in case I .

Subcase II.1 xn < 0. From (Gl7) we derive , (00 = in )

00 )
Snr 5n(xg + &) 5/7
Iu(ho@(xo))| < O3/2 > 3/2 < /3 = *
/2(s x,) Y2(s x,) 8
Subcase II1.2 oPo > 1

We use a path of type P_  parametrized by t [0,1] with x = x

0
o =0 , m= tm0 s P = wo . Along the path u follows a straight segment
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contained in |u| < p, SO that h remains in Hg _ s - The integral to

be computed is

fl dt (1 + is)/2 U(h)f(xo)

This is holomorphic in h0 in the indicated domain, coincides with

U(ho)g(xo) for real ho and is bounded by 2 /2 s . It is also analy-

tic in Xy To connect the point (ho,xo) by a continuous arc {(hu,xu)}

~
satisfying the same conditions (hu e HE - 35
to a real point, we vary the angles % and 6, SO that |[sin ¢0|

PPy > 1 |au|r > & - 38)

u

decreases to 0 and leol decreases to 0 , while X, varies so that Reo

remains constant.

Subcase II.3 rp <1 , m <6 . (hence FoPo >1 -6)

In this case, r_cos¢_ = x_+ R o has the same sign as x_ which we take to be
0 0 0 eo 0

positive, the other case being similar. The path of type P, is defined

= = = 3 i = -iB 3
by p = CH ¢ = ¢, > 0 =1r sing ., x =rcos ¢ , re varies so that
remains fixed and m decrease from m0 to 0 . Along the path, r has at

. . . . 1
most one minimum (r2 is a convex function of m ) and we have r < — .

-l—gllggl < g -8 so that h remains in ﬁ . The

Moreover, |a0|| n| < _—
integral to be computed is bounded by

r‘o( rm )LQ /2 dr |+ 1/p0

Ifrl rom I/ r (rom0

rm 12 /F- dr
) §

_rm_ b@ /r- dm | 6/2

1y T -8y
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To end the proof of this subcase we construct an arc joining any point
satisfying the preceding condition to a real point while keeping the con-

dition fulfilled. For fixed Xo > 0 the set on’ao = {uo,oo:ropo <1,

-1
m, <8, |aocol <g - 35, |aO p0| <g -368, |a0|rO > £ - 38} does not

depend on the argument of a, - Therefore we start by moving a, along

|a0| = cte until it reaches |aO . We now move ¢ and u keeping

[ul = |u and r = |x_+ | = r, - The center of {a| |x0 +a| < r,}b s

ol 0

outside of the disk |o]| < |ool since x> 2t . Hence there is an arc of

this circle passing through o, contained in the disk lo]| < Ioo| and

intersecting the real axis at oy - We let o follow this arc from 9
to gy s while the arqument of p 1is varied so that “(xo + o) remains

constant. Along this arc (u,o) € DX an * Then we let Imyuy > 0, Rep
0190

and o = being kept fixed.

9

Subcase 11.4

. §
sin ¢, cos ¢, >0, 0<cac<n,pr <1,m >5, laol r,>&-35.

0
We can assume 0 < ¢y < %- since the other case is similar. We start by a

path such that o = ino , Jul = Py » 8 * ¢ =a are fixed. We have

v € [0,1/2] . The aragument of P(x,h) is ¢ + ¢ , and

_n_(_)_+ pOXS'lna

d
" % (¢ +v) = -

s

2.2
+ + 2
1 por por cosS o

and r-ag (6 + yv) is an increasing function of x if 1 - pcz)r2 >0. We

distinguish two subcases.
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Subcase I1I.4.A

d -
I (¢ +9) >0 at x = ry COS ¢, -

We choose a path where x increases from "o cos ¢o to Xp =[—— =-n

so that r increases from LR to -;l . Along this path, ¢ + ¢
increases. The contribution of this Sath is bounded by

i 1/2
V2 1/eg r(l+ pore1a) ! d
s fr F(l+pore® Eﬁ% ar
0 0 Po'o
+ /erfl/po dr
s i Toy (]
o Ir (1 +pre *)r(1 + p,re °‘)|/2

|o»

We now assume that G > The first integral is bounded by

~—_ D

Ay /5'6'2[(1 +£)/(g - 38 ]1/2 since m > §/2 . If cos a > -1 , the second

2201+ g)/ (e - 35)]1/2 . If cosac-1lp,
the second integral is bounded by 326'5/2[(1 +£)/(g - 36)]'1 . At the

integral is bounded by 8 V2 s

end of this path we have x = X1 s h = hle.F% - 3§ and

2 4(1 + &) .
lP(Xl,h1| < o (';;g(g—:—§gy 'P(Xo,h0)| , while Arg P(Xl,hl) 3> Arg P(Xo,ho) .
Therefore, finishing the integration as in subcase II.2, we obtain, using

-5/2

P, > %— , the bound 33§ (1 + €£)/(5 - 38) . We now show how to let a

group element
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follow a continuous arc from h0 to a real value while continuing to
satisfy all the conditions of this subcase, notably, with Xo fixed

4 1 1 )
L p §1ng r' cos ¢ 50 .
r (1 +p'r'" + 20'r" cos a')
The circle {o':|xO +g'| = r,} » passing through o = and 'E; intersects
the real axis at o, = r - x = finside the disk {o':]c"] < |oo|} since
lool = I(x0 to,) - xol > IrO - x,| « Since, by assumption
= + . l | :
0 < ro COS ¢, = X, RecO <ry »9;? Re 9%, We let o' follow this arc
s !
of circle from 9y to gy - Denoting Xo ¥ o' = s e'? » ¢' decreases
I
from ¢, to 0 , hence sin ¢' = %T decreases from sin 9, to 0 while
ro €os ¢' increases. At the same time we keep p' = ° and a' = a by

varying the argument of ' . Then we let o' vary so that cos o'

increases from cos o« to 1 while sin o' remains > 0 .

Subcase I1.4B

d -
EY'(¢ +y9) <0 at x = ro €OS ¢, -

We let x decrease from "o cos ¢o to 0. Along this path ¢ + y

increases as x decreases. Again the integral has two contributions

bounded by: ia
/2 fro r(l + Pl e ) 1/2 %ﬁl q
ye . r
§ 1 r
"o ro(l+or e %)
which is bounded by 4n vZ 673/2 | and
/2 .To dr
2 . (618)

1 Tay LY
g Irg(l + e r e ®)r(l +p re’®)| 72
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If cos a > 0 the contribution of (G18) is bounded by 2 /2 s . If cos « < 0O

Tet ry = (1 - 6/2)/p0|cos a

. If o < ry s the contribution of (G18) is

bounded by 4 /2 s7% . Suppose now cos o < 0 , and ro >r We divide

1
the integration range in (G18) into [no,rl] U [rl,ro] . The contribution of

the first part is again bounded by 4 /5-6"2 . That of [rl,ro] is bounded by

1 ~

2v2 81 (1-68/2)"" . At the end of the path, ¢ = Ohy  hy € 'Hy _ 45 » and

(O R <% p(x h )1+ 19072

We finish the integration as in case I and we obtain, the subhcase 11.4.B a
contribution bounded by 5 /5-6'2 . We now have to describe how to let
h' follow a continuous arc from h0 to a real value while continuing to

satisfy all the conditions of this subcase (in particular ag-(¢ +9) < 0).

We first fix o' = Oy > hence r' = "o and ¢' = ¢y * If cos a <0, we
a' 1

s
e'® | < p, SO that o' sina'

first vary p'e’ inside the disk |p

remains constant and p' cos a' dincreases from Py COS @ to 0. If

cos a > 0 we omit the preceding step and proceed to the next: p' 1is kept
fixed, o' decreases so that sin a' decreases to 0 and cos o'
increases to 1 . All conditions remain satisfied in this process.

Finally we let o' move from 9, to 94 as in subcase II.4.A, while

varying the argument 8' of p' so that o' =¢' +6' remains equal to 0.

Subcase II.5

sin ¢, cos ¢, >0, -1 <a <0, o’y <15 |a0|r0 >£ -3, m >8/2.

This case will be reduced to the case o =0 or =m . The path is defined

by x=x_,0=0_,m-= m, p = eo » ¥ increases from its initial value
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¥, € [-% ,0] to 0. This path gives a contribution bounded by %

The remainder of the integral to be computed is treated as in subcase

- 1N

11.4.b. To find an arc from a point hO satisfying the ahove conditions to
the reals, it suffices to let h0 follow the path described above to the

end, then to let % go to gy = ro - X, as in subcase II.4.A while

a =6 +¢ is kept fixed.

With cases I and II it has been shown that, for fixed Xo s U(ho)g(xo) has

a univorm analytic continuation is each of the three open sets

o) = thy £ 3s laglr, <& -6},

I(xo) = th ¢ HE o3 |a0[rO >E - 36, #r cos ¢ <0},
with AT (x Y AT (x ) #9 . To prove that these analytic continuation
ITYo [I'"0

match, we show that if, e.q hoe. A;I(xo)(] AI(xO) it can be connected to

the reals by a continuous arc not leaving this intersection: first we vary

a  ~ at constant Iaol until it reaches |a0 . Then we vary continuously

the argument 8 of pu=p e16 , keeping

0 |u| constant, until 6 =0 .

Finally we move o from 9, to gy =X, =T, (as explained at the end of

subcase II.4.A) keeping |x0 + gl = r, constant.

Thus U(ho)%(xo) extends to a holomorphic function of h0 in

ﬂg _ 35 and, if o > %- , it is easy to see that this bound for subcase

IT.4.A majorizes the bounds found for all other subcases. It is itself

80

majorized by 772 This concludes the proof of Lemma 10.‘

s
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We now continue the proof of Lemma 8 by looking at the supplementary

series. An easy consequence of Lemma 9 is that if fFug =1, and
fe Y(S’J) , there is a positive constant B which does not depend of f
such that
B
[U(h)f(x)]| < ST € B (G19)
(1 + 68]x])

for all x € R, and h e ﬁ . We shall now define and estimate

£-8
U(h)%(x) . We shall use the notations introduced in the proof of Lemma 9.

There are two cases.

Case I |a0|r0 <Eg -6,

We use a path x = txO , o0 =%t ,u T t € [0,1] . As in the case

0

of the principal series,

dt .

B+ tug(x, + oo>)] S

~ 1
U(ho)q’(xo) B fo[ 1+ uo(x0 + 00) t[I + tuo(xo + oo)]

Therefore |U(ho)3(xo)| < 2B(1 - gz)'l(l + 252) since

[1 + tuo(xO + oo)l > 1 - gz , and using (G19).

Case II la |r >¢& -36.
o' o

As in the case of the principal serie, we note that this implies

|r_ cos ¢o| > 0 and we consider the case cos ¢ >0 (the other case being

0
similar). We use the same contour as in the case of the principal serie.

We have
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i(e - ¢.) re dt
U(hg)elx,) = [ [te O] i U(h)F(x)
1 O ¢o) 2 2.2 ’
te r no/t
hence using (G19),
o T (s-1)/2
u(hJelx)| < B [T 2 1 L

o [1+ thO]

<mBr xtex ) (1 +5s)/2
o o 0

As explained in the case of the principal series, (See Case II), it suf-

fices to consider the case |x0| > %-, and using o < x0 + £ , we obtain
n -3
|U(h)®(xo)| < 16m B(1 + g)8° .
This ends the proof of part i) in Lemma 8.

We now show part ii). From Lemma 9 it follows that if f Y<n’J’f)

. < _Jin
and if “fHE —/[:;', we have

M) | < (Im a)7K/2 (620)

and

)k/2 -1

U(MF()] < 8[s(Im A [(1+sIma)? + (5 Re 2)21]7Y (G21)

~
for any A ¢+ , and h € Hg S5
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We adopt the following notations.

.- 1 Mo <ao 0
0 s . -1
in, 1+ 1u0n0 0 a,

The integration variable will always be of the form xh , A€ $+ , and h

of the form

and we denote
. i i
)\+1n=r‘e¢,u=pee.

There are two cases.

I Case N, <0

Our first path is defined by n = Ng s P =rgsp =0, ¢ varies in

such a way that sin ¢ increases from sin %0 to 1, and o8 1is varied

so that 6 + ¢ = a remains constant. Along this path, the imaginary part

of A increases. This path gives a contribution bounded by %—(Im Ao)'k/z .
At the end of the path we have ¢ = %-, and lTet h, and Ay = 1'(r0 - no)
be the values assumed by h and X . Notice that |P(A1,h1)| = |P(A0,h0) .

We now have to treat the case % m/2 , Ay = i(r - no) = 1y0 . We define

o

a path by r = P s P =Py s ¢ = ¢0 =x/2 , and 6 varies in such a way
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that sin 6 increases from 6, to 1. Along this path, |1+ ipor0e1e|2
i6
~decreases, and the contribution is bounded by I AB y'ﬁ/z 1 + iporoe Ol'l
i i
where A6 = I%-- eol or Ie0 + 3 %- . Since A8 < m|i -e °l =qx|l +ie °

and

. 18g . 180 -1
poroll + e |.|1 +ipre |7 <16,

The contribution of this path is bounded by 16 r y;k/z . Along this path,
[P(x,h)| has decreased, while Im x remained constant. Therefore it is now

enough to treat the special case AO =iy = 1(v0 - no) > Vo >0, uy = 1o

0 o’

o >0 . We use a path where h = ho is fixed and » = iy varies. Let

v=YyY+n , V>0, we have to estimate

0
0 or 1/pg

v
0

U(h)3(iy,)= | [v(1 = oo I/5 v (1 = o) 7™ 2av U(n)F(i (v - )

Using (G21) this is bounded in modulus by

1 - -
f: or /p°86 ltvo(l'povo)] k/2|v(1_pov)/(v-no)|
)

k/2-1 -2

[1+8(v-n )| dv

Let y be defined by

There are three cases.

a) If 0« Vo S Y 5 we integrate from 0 to Vo The function

v(l - pOV)/(V - no) is positive and increasing, and using vy <-—l—

2p0

9

we have 1 - ¥y ? 2 , we obtain a contribution bounded by 166'2y(;k/2
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b) v < 90 < p;l . In this case we integrate from Yo to A R

p
0
v(l - pOV)(V - no) is positive and decreasing. The contribution is there-

fore bounded by

-1 =1
86 Yo |1 - povol

-1

/2 1/
- |Lk72 (Yoo dv

[v
0 0 Vo [1+ s(v - "o)]z

k/2

which is less than 32 &2 y; since y > -n .

c) If Yo > p;l , we integrate from p;l to Vo * Using the bound

UMTG Y - n) < (v - ng) ™2

-k/2

by ZyO .

, the contribution of this path is bounded

II. Case N, >0.

In this case we have
(U(h)E)(A,) = (U(h)B)(x, + iny)

where

Therefore applying case 1, we obtain

-k/2 2 -k/2
Yo .

A -2 -
|U(h0)o(xo)| < 335 (yo + “o) < 338

This completes the proof of Lemma 8.
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