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Abstract

Harmonic maps are the critical points of the Dirichlet energy functional for maps
between two Riemannian manifolds. In this thesis, we study the corresponding heat
flows (the negative L? gradient flows) from 2-torus to 2-sphere. In particular, we inves-
tigate the stability problem for minimizing harmonic maps within any given homotopy
class.

We show the stability result for the lineraized equation at a fixed steady state under
a proper choice of parametrization for the perturbation term. We also consider a finite
dimensional model problem of the gradient flow problem and prove its stability. Up to
first order, it is analogous to the nonlinear problem but with the contracting part being

finite-dimensional as well.
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Chapter 1

Introduction

Let (M™, g) and (N™, h) be Riemannian manifolds of dimension m and n, respectively,
and assume N is compact. The Dirichlet energy density of a C'-map u: M — N is
defined to be the trace of the pullback of the metric of N by wu. It is denoted by

e(u) :=trpu*(h).

The total energy of u is defined by the integral of the energy density over M, denoted
by

We call a C'-map u from M to N a harmonic map if it is a critical point of the energy
functional &(u).

Let U: M x (—€,¢) — N be a l-parameter family of variations of v with u(t) :=
U(-,t) and u(0) = u. Denote by X := U, (%) |t:0 the variational field of w.

If u € C?(M,N) is a harmonic map, the Euler-Lagrange equation for the energy

functional is given by

_ 08 (u(t))

0 ot

= | .

where (-,-)y is the Riemannian metric on N, and 7(u): M — f*(T'N) is a section of



the pull-back of the tangent bundle of N to M called the tension field of u, given by
7(u) = tr(Vdu),

where V is the pull-back covariant derivative in the bundle T*M ® u*TN. Since X is

arbitrary, the harmonic map equation reads
T(u)=0.

We now express the above-mentioned quantities in local coordinates.
Let {z!,22%,--- 2™} and {u',u?,--- ,u™} be local coordinate systems of M and N
near xg € M and ug = u(xg) € N, and let g = gijd:cidxj and h = hagduo‘duﬁ be

the Riemannian metrics of M and N in local coordinates. Write u: M — N in local

coordinates as u = (u!,u? --- ,u"). The energy density in terms of coordinates of M
and N is
o 0 ; 0 0
= *h - ) =g¢“h(d d
) =g (axz a2 ) =0 (0 () e (527
o 9 oul 0 i-@uo‘ ouP’
Ozt Ou’ dxI duP ox* Ox)
Let u(t) = (ul(t),u?(t), - ,u™(t)) be a l-parameter family of variations in local coor-

dinates with u(0) = w, and let v* = be the corresponding variation field, for

%r |
"ot lt=0
1 < a < n. In these coordinates, the Euler-Lagrange equation is

IE(u(t)| o 5, 40U O’ 4
tO__/MU Agu+g %@Fﬂ has

0="5

where

1 0 . 0
Ay = ——2 (g /g2
/gl 02 <g |g|a$j>

is the Laplace-Beltrami operator on M, with |g| := det(g;;), and

oh oh oh
ad Y6 B _ YIBy
Uy = h <8u5 * our  Oud >




3
are the Christoffel symbols of N. Therefore the harmonic map equations for C?-map

from M to N are given locally by

ouP ouY
ozt OzJ

0=7%u) = Agu® + g" - 1G,, foralll <a<n. (L.1)

where 7%(u) represents the tension field 7(u) in local coordinates.
By Nash’s embedding theorem, we may assume that (N™, h) is isometrically embed-
ded in R” for some L. Since N is a smooth compact submanifold, we can find a tubular

neighborhood
Ns := {u € RL’d(u,N) = Zlgjf\’[ lu—z| < 5} ,
and the smooth nearest point projection map Il : N5y — N satisfying
IIy(u) € N and |u — Iy (u)| = d(u,N) for u € N.
Notice that for u € N, the map P(u) := VIIy(u): R — T, N is a projection map , and
A(u) := VP(u): T,N ® T,N — (T,N)*

is the second fundamental form of N € R¥. Let {v,.1(u), -+ ,vr(u)} be a local or-
thonormal frame of the normal bundle (7, N )L. The harmonic map equation (1.1 from

the extrinsic point of view is given by
ou Ou
zy o L ve _
Agu + Z AY( <8xi’8xj>ya(u)_0’
n+1<a<L

where A% := Vy, is the second fundamental form of N in the normal direction v,,.

In particular, when the domain is the Euclidean space M = R™ and the target is
the unit sphere N = S" C R""!, a map u € C*(R™,S") is a harmonic map if and only
if

Au + |Vul*u =0 in R™.

A basic problem in geometric topology is to find harmonic maps representing a



4

given homotopy class. Moreover, given any homotopy class a € [M, N|, we want to

know under what conditions can the minimal energy:
Co = Inf{&E(u) |u e C*°(M,N),[u] =a € [M,N]}

be achieved. Since the topological properties are not preserved under the weak conver-
gence in WH2(M, N) in general, the direct method may not work.
For example, consider the 1-parameter family of maps u) from the extended complex

plane C > §2 (defined on the next page) to itself:
up(z) := Az for A > 0.

For each A > 0, we have &(uy) = 47 and deg(uy) = 1. However, uy — (0,0,1)7 € §?
weakly in W12(S2,S?). Thus neither the topological degree nor the Dirichlet energy are
preserved under the limiting process.

To overcome such difficulties, Eells-Sampson [4] first proposed the study of the cor-
responding evolution problem. More precisely, they considered the negative L?-gradient

flow

ou
ot
with initial and boundary data u = ug at ¢ = 0 and on OM x [0,00). As the energy

7(u) on M x [0, 00)

is decreasing in time, one can hope that if the limiting steady state uo, exists and is
smooth, such a continuous deformation u(-,t) of ug preserves the homotopy class, and
is a critical point of £ within the homotopy class.

In a series of papers [7], [8], [9], [L0], [I1], Gustafson, Tsai et al. considered the map

evolution problem: u(-,t): R? — S? for the Landau-Lifshitz equations:

ou

Fri a(Au + |Vu*u) + bu x Au

with @ > 0, b € R. Notice that a = 1, b = 0 corresponds to the harmonic map heat
flow from R? to S?. Under additional symmetry assumptions, different stability results
can be obtained. For example, for any fixed integer m, consider an m-equivariant map
u: R? — S? of the form u = u(r,0) = ™ By(r), where (r,6) is the polar coordinate

system on R? v: [0,00) — S2, and R is the matrix generating rotations around the



ug-axis.
Denote by C:=Cu {o0} the extended complex plane. Consider the stereographic

projection 7: 2 — C and its inverse 7~ 1: C — S? given by:

U1 ‘ 2Re(2)
T |us w,ﬂ_l:z»—); 2Im(z) | ,
1— us 1+ ‘2‘2
us |22 =1

where 7 maps the north pole N := (0,0,1) to co. For any Cl-map u: R? — S2, let
deg(u) be the Brouwer degree of uom: S — S? (i.e., defined by integrating the pull-back
of u o 7 of the volume form on S2.)

The Dirichlet energy has a lower bound: &(u) > 4m|deg(u)|. In the context of

m~equivariant maps, denote
Y= {u : R? — §2 ‘ w=u(r,0) = e™o(r) | E(u) < oo, v(0) =k , v(cc) = —/;:},

where k = (0,0,1)7 € S2. For any u € %,,, the Dirichlet energy is bounded below:
E(u) > Emin = 4m|m/|, where the minimum is attained by a 2-parameter family O,, :=
{emPBhs2(r)|s >0, a € R} of harmonic maps within ,,,.

Guan-Gustafson-Tsai [8] considered initial maps with energy near the minimum

Emin = 4m|m|. That is, assume the initial data is
U € By , E(ug) = 4ncjm| + 63 , 5o < 1.

Let u(t) € C([0,T),%,,) be the solution corresponding to the initial data ug (X, topol-
ogized with the energy H'! norm). For |m| > 4, it was shown that the maximal exis-
tence time T' = T'(up) can be taken to be infinity. Moreover, there exists continuous
parameters s = s(t) and o = «(t) on [0,00) which converges as ¢ — oo, such that
IV (u(z, t) — emPRps®-e)(r)) lL2000nzeor2 < o

Inspired by the aforementioned asymptotic stability result for harmonic map heat
flow from R? to S?, we would like to obtain similar stability results for the compact
manifold of flat 2-tori T?.

Notice that since T? is compact, connected, and oriented, by Hopf Degree Theorem,
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two smooth maps from T? to S? are homotopic if and only if they have the same
topological degree.

For fixed non-zero complex numbers wy and wo which are linearly independent over
R, let
A= {nw; +mwy |n,m € Z}

be the lattice in C generated by w; and wa, and let T? := C/A be the flat torus defined
as the quotient space of C over the lattice A.
The prototypical harmonic map from T? to S? is 7! o p, where 7: S — C is the

stereographic projection:
uy + tug

U (u17u27u3)T 1—U3

i

and p: T? — C is the Weierstrass p function defined by:

p(2) ::%jL Z [(z%—lw)Q B 52} ’
wEA*
where A* := A\{0}. Being a double cover, the Brouwer degree of 7! o p: T? — S? is
two.

In fact, all elliptic functions from T? to C can be written as a rational function of p
and g’. This enables one to classify all conformal mappings from T? to S? by topological
degrees.

While harmonic maps on T? may not be conformal maps in general (an example was
constructed by Hitchin [14] in the case of maps to the 3-sphere S?), we only consider
energy-minimizing ones, which are all in the class of conformal mappings.

For example, the collection of degree-2 conformal maps (with Dirichlet energy &in =

8) are given by:

M8 — ﬂ,fl ° a@( - ZO) +b
cp(-—z9) +d

b
¢ ] € SL(2,C), 2 € «:},
c d
a manifold of (real) dimension d(2) = 8.
More generally, for any m > 2, the collection of degree-m conformal maps from T?

to S?, denoted by Mfln, is a d-dimensional manifold for some finite d = d(m) < co. We
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conjecture that if the initial condition ug from T? to S? of topological degree m is close
enough to a fixed steady state u € ./\/l‘fn in some suitable norm space, then the harmonic
map heat flow:

u = Au + ]Vu|2u , Uli=0 = uo,

can have its maximal existence time taken to be infinity, and there exists another har-
monic map u € MY, of degree m such that u(-,t) — @ as t — oo in a suitable function

space.

Conjecture 1. Given any integer m > 2, let M be the d-dimensional manifold of
conformal maps from T? to S? of degree m. For any i € M, there exists 5o = do(@) > 0
such that if ug € H*(T?,S?) is of degree m (hence homotopic to @) with

lluo — @ll g2 (r2 sy < &
and
drm < E(ug) < dmm + 63,
then for the harmonic map heat flow:
wp = Au+ |Vul*u
uli=0 = ug
(a) The mazimal existence time T = T (ug) can be taken to be infinity.

(b) There exists i € M2, such that

u(-,t) = @ in H*(T?,S?) as t — oo.

The main difference between the domains T? and R? is that the the compactness
of the torus T? implies the existence of a smallest non-zero eigenvalue A\; > 0 for the
second variation Qg of the energy functional £(u), and therefore all perturbation £ in
(ker(Qg))* (the perpendicular space of co-dimension d) will decay exponentially like
e~M* in the proper function space.

In other words, the compactness of T? guarantees a gap in the spectrum of Q, which
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is in contrast to the non-compact manifold R? for which an arbitrary slow decay of the
(ker(Qgz))* part may occur.

To illustrate the situation, let @ be a fixed degree-m conformal map from T? to S?.

Since A% + |Vi|?@ = 0, the corresponding linearized map near % reads:
La[v] = Av + |Va|?v + 2(Va - V).

A natural parametrization for functions u of degree m near @ (€ M%) is given by

u = ute
u+¢]

, where ¢ : T? — R3 satisfies @ - € = 0 point-wise in T

The harmonic map heat equation in terms of £ is given by:

(W+@E\, IVl (—[¢[Pu+ &) + (=AE - £+ 2V - VE) (u +§)
<I‘°’_ 1+ [¢]? )gt_A“ 1+ €2
1 _ 9 IVIE2?

The following theorem is the main result of this thesis concerning the stability for

the linearization of the £-equation at the steady state u.
Theorem 1. Let {¢;: 1 < i < d} be a L?-orthonormal basis of ker(Lz). Consider the
linearized equation

& = A&+ [Val¢ +2(Va - VE)a =: Ly[¢].

For any initial condition decomposed as:
d
Elt=0 = chqﬁl(z) +1n(z) € HQ(T2,TQS2),

=1

where c; € R for each 1 <i <d , and n € (ker(Lg))* in L*(T2, T3S?), we have

d
£(z,t) — Zcszi(z) (€ ker(Lg)) in L*(T? T4S?) as t — oc.
i=1
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The aforementioned assertion is infinite-dimensional in essence. Namely, the func-
tion space H?(T?,S?) and its linearized tangent space H?(T?,T;S?) at @ are infinite-
dimensional.

While theorem [I| demonstrates the stability for the lineraized equation, the infinite-
dimensional nature of H?(T?, T;S?) presents greater difficulties in obtaining the desired
stability results for the non-linear equation .

To that end, we consider the following finite-dimensional model of the gradient flow
problem in the following proposition. Up to first order, it is analogous to the non-linear

problem but with the contracting part being finite-dimensional:

Proposition 1. For x = (x1,--- ,14) € R? and y € R", let A = A(z) € C*(R?, R"™ ")
and define

1
f=fly) =5 (A@) -y, y)gn -
Denote by || - ||gs the Hilbert-Schmidt norm of n x n matrices. Assume

ar|n®* < (A(z) -n,n)rn < ca|n)? for all z € R and n € R™ , for some 0 < ¢1 < ¢3 < 00;

and

9A
oz, )

< K(1+|x|) for all x € R, for some K > 0.
HS

max
1<i<d

Consider the gradient flow:

dz; 1 /0A .
=~V ] =75 Y, , 1<e<d,
o Va, f 5 <a$i (x) -y y>Rn for each i <d
dy
= — pr— —A . .
at Vyf (7) -y

For any initial condition (x(0),y(0)) = (zo,y0), the mazimal time of existence is equal

to infinity, and
z(t) = T , y(t) = 0 as t — oo for some T € RY.

In chapter [2| we survey some known results regarding harmonic maps and its heat
flow, including the short time existence result of Eells-Sampson [4], the global-in-time

smooth solutions for target manifolds with non-positive sectional curvature [4], the
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blow-up analysis in dimension 2 by Sacks-Uhlenbeck [21], the existence of global weak
solutions with finitely many singular points by Struwe [24], and the finite time blow-up
example of Chang-Ding-Ye [2]. More details can be found in books like [18] and [22].

In chapter [3] we present the main ideas of asymptotic stability result for harmonic
map heat flow from R? to S? due to Gustafson, Tsai et al. [7], [8], [9], [10], [11].

In chapter 4], we introduce some basic properties of elliptic functions and formulate
our main conjecture (Conjecture [1)) regarding harmonic map heat flow from T? to S2.

In chapter |5, we proved the main result of this thesis (Theorem (1)) concerning the
stability result for the lineraized &-equation.

In chapter [6] we present the proof of the stability result for the analogous finite-

dimensional model of proposition



Chapter 2

Survey of Known Results

2.1 Harmonic map heat flow

A fundamental problem in geometric topology is to find harmonic maps between two
Riemannian manifolds (M, g) and (N, h) representing any given homotopy class a €

[M, N]. For example, a basic question one can ask is: can
Co = inf {E(u) |u e C°(M,N),[u] =a € [M,N]}

be achieved?

The answer is negative in general. For example,

Proposition 2. (Eells-Wood [3]) Let M = T? and N = S? be the flat 2-torus and
the standard 2-sphere. There does not exist any harmonic map in the homotopy class

a € [T?,S?], the collection of continuous maps from T? to S of degree 1.

Also, for (M, g) with non-empty boundary OM, the following proposition shows that
if we consider harmonic maps representing relative homotopy classes, then there may

be no solutions.

Proposition 3. Let m >3 and M = B™ be the unit ball in R™. If u € C*°(B™, N) is

a harmonic map such that u|sggm =constant, then u=constant.

Eells-Sampson [4] proposed to study the corresponding evolution problem for the

homotopy problem. More precisely, for any uy € C*°(M, N), let A(u) denotes the second

11
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fundamental form of N isometrically embedded in some RY. Consider the evolution

equation for u : M x [0,00) — N:

%"t‘ — Agu = A(u)(Vu, Var) in M x (0, 00) (2.1)

u‘t:() = Up (2.2)

The key idea is that eq. (2.1)) is the negative L?-gradient flow of the Dirichlet energy
&, under which the energy is decreasing and hence one may hope to find harmonic maps
(critical points of &) along the flow. Notice that any homotopy class is preserved by a

continuous deformation wu(-,t) of ug.

2.2 Local existence

The existence of local-in-time smooth solutions was first established by Eells and Samp-

son:

Theorem 2. (Eells-Sampson [{|]) Assume (M, g) and (N,h) C R are compact man-
ifolds without boundaries. For any uy € C*°(M,N), there exists a mazximal existence
time T* = T*(M, N,ug) < oo such that eq. and eq. admits a unique smooth
solution v € C*°(M x [0,T*), N). Moreover, if T* < oo, then

Jim, [Vu(-,t)[|coary = +o0.

Proof. To simplify the proof, we assume M = R™ with the standard Euclidean metric.

Recall that the fundamental solution to the heat equation:

(;A) G(z,t) =0 for x e R™,t > 0,

t1—1>%1+ G(x,t) = dp(x) for x € R

is given by
1 ||
G(z,t) = e 4t for x € R™ ¢t > 0.
(4mt) 2
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Let u: R™ x [0,T) — R be the solution to the Cauchy problem

(;_A>u—fforx eR™ te€(0,7),

u = ug for z € R™.

The representation formula gives

t
wat) = [ G—pw@dy+ [ [ Gla— b= ) dyds

Recall the following properties regarding linear parabolic equations [16], [17]:
e If ug € C(R™,RE) and f € L®°(R™ x [0, T],R¥), then

(i) u € C(R™ x [0,T],RY), and
(ii) u(-,t) € CL(R™) uniformly in ¢t € [e, T}, for each € > 0.
o If f(-,t) € C*(R™) uniformly in ¢ € [¢,T] for some a € (0,1) and € > 0, then
(i) u, Vu, V2u € C(R™ x [¢, T], RE).
If u e C*°(R™ x [0,T),N) solves the harmonic map heat equation and , then

the representation formula implies

u(z,t) = vo(x,t) + /0 - Gz —y,t — s)A(u)(Vu, Vu)(y, s) dyds,

where

UO(x7 t) = - G(.Z' - Y, t)u()(y) dy

Now for small € > 0, consider the function space
Xc={ue COUR™ x [0, €], RY) Ju(-,0) = ug, u(-,t) € CHR™) for any 0 < t < €},
endowed with the norm

Xe -— CO(R™ x[0,¢]) S UICoR™)-
[ullx, == l[ull + sup [|[Vu(-,1)]|
0<t<e
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Let
Bs :={u € Xc||lu—wollx. <6}

be the ball in X, with radius ¢ centered at vg, and define the map T: X, — X, by

(Tu)(z,t) = vo(x,t) + /0 o G(x —y,t — s)A(u)(Vu, Vu)(y, s) dyds

for (x,t) € R™ x [0,¢). By the representation formula, u € C*°(R™ x [0, €], N) solves
eq. (2.1) and eq. (2.2)) if and only if Tu = u.

e For u € By, ||ullx, < ||lu—wollx. + |lvollx. <6+ |lvollx. is uniformly bounded. So

for any (z,t) € R™ x [0, ¢€), we have

¢
\Tu—vo\(x,t)g// G(x —y,s —t)|Vul*(y, s) dyds
0 JRm

S s [Vl [ [ Gla—yt=9dyis <

0<t<e

and

t
IV (Tu — vo)|(z,t) S / / IVG|(x —y,s — t)|Vul*(y, s) dyds
0 m

S sup [Vulogen) [ [ |VGI@—y.t~s)dyds S
0<t<e 0 JR™

Therefore for any é > 0, there exists € > 0 such that
T: B5 — Blg.
e For any u, v € Bs and fixed (z,t) € R™ x [0,¢€), we have
t
|Tu — Tv|(z,t) < / Gz —y,t — s)|A(u)(Vu, Vu) — A(v)(Vv, Vv)|(y, s) dyds
0 R™

s/ Gla — gyt — ) {[VulPlu — o]} (4, 5) dyds
0o Jrm

[ [ Gyt = ) {(Tul +[To)IT (0 = 0]} 0. 5) dyds
0 R™

S €llu = vllx.
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and
|Tu — Tw|(z,t)
< /Ot /m IVG|(z — y,t — )| A(u)(Vu, Vu) — A(v)(Vv, Vo)|(y, s) dyds
N /0 /Rm IVG|(z -y, t — ) {|Vul*|lu — v|} (y, s) dyds
+ /0 /m IVG|(z — y,t — ) {(|Vu| + |Vo])|V(u— )|} (y, ) dyds
S ellu —v||x,
Thus for any ¢ > 0, there exists € > 0 and 8 € (0,1) such that

|Tu —Tv||x, < Bllu—v|x, for any u,v € Bs.

By contraction mapping principle, (i) and (ii) implies the existence of a unique u € By
such that v = Tu, which mean u: R™ x [0, ¢) — R” solves eq. and eq. .

To show that u(R™ x [0,€)) C N, let IIn: Ns — N be the smooth nearest point
projection from the tubular neighborhood N5 of N in RY, and define

p(u) := [y (u) —ul*: R™ x [0,€) — R.
Direct calculations gives

p(u)(-0) =0 in R™,

<§t — A) p(u) = —|V(IIy(u) —u)> <0 in R™ x [0,€).

Hence by maximum principle we have p(u) = 0, which means v = Iy (u) € N.

Finally, as a quasi-linear parabolic system, if
S [Vul, t)[ Lo (ary < o0,

then u can be extended to a smooth solution beyond T [I1]. Therefore there exists a
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maximal time T* € (0, 0o] such that w € C*°(M x [0,7%), N), and

tLH% IVu(-,t)|lcoary = +00

if T* < 400. O

Remark 1. The C°(M) norm characterization of the first finite singular time 7 is not
optimal in higher dimensions. Wang [26] showed that for m > 3, the first finite singular

time can be characterized by

limsup || Vu(, t)|| pmar) = +o0.
t—T*

2.3 Global existence under KV < 0: Eells-Sampson

When the sectional curvature K~ of the target manifold N is non-positive, Eells and

Sampson proved that the existence of global-in-time solutions are in fact attainable.

Theorem 3. ( [Jl]) Assume (M, g) is compact without boundary and the sectional cur-
vature K of (N,h) is non-positive. For any ug € C®(M,N), the Cauchy problem
eq. (2.1) and eq. (2.2)) admits a unique, smooth solution uw € C*°(M % [0,00), N). More-

over, we can choose an increasing sequence of times t, — oo such that
u(-,ty) = Uso as k — 0o in C*(M, N)

for some harmonic map us, € C°(M,N).

Proof. For fixed T € (0,00], assume u € C*®(M x [0,T), N) solves eq. (2.1). Since
A(u)(Vu, Vu) is perpendicular to T,,N, if we take the inner product of eq. (2.1 with

u; and integrate over M, we will get:

/ wl?dV, + S u(t) =0,

which implies the energy equality:

t
+/ / |ug|* dVydt = E(ug) , for each t € [0,T). (2.3)
0o Jum
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o If u e C°(M x[0,T),N), the Bochner identity for the energy density e(u) reads:

0
<8t - Ag> e(u) = —|Vdul* — Ric™ (Vu, Vu) + RN (Vu, Vu, Vu, Vu).
In particular, when KV < 0, there exists a constant C' > 0, depending only on

the Ricci curvature Ric™ of M, such that
0
i Ag | e(u) < Ce(u).

e Let £ := 0, — A be the heat operator on M, and let ij; be the injectivity radius
of M. For 2y = (zg,t9) € M x (0,00) and R € (0, min{ins, /to}), denote by

Pr(z0) == {z = (z,t) € M x (0,00) | |z — mo| < R, ty — R? <t<tp}

the parabolic cylinder around zg. Recall Moser’s Harnack inequality for sub-
solutions of the heat equation [17], [I9]: If v € C°°(Pr(z0)) is non-negative and
satisfies

Lv < Cv in Pg(z)

for some C > 0, then there exists C7 > 0 such that

v(zp) < ClR_(m+2)/ vdz.
Pr(20)

e Apply Moser’s Harnack inequality to the energy density e(u) and use the energy
equality eq. (2.3), we have

to
e(u)(z0) < R(m+2)/ e(u)dz < R=(m+2) E(u(t))dt
PR(ZO) to—R2

< R~m+2)  p2.¢ (u(to — R2)) < R™™E(up),

for any zp = (zo,t0) € M x (0,00) and small R > 0. Therefore |Vu| is uni-
formly bounded on M x [0,7], and thus by higher regularities of linear parabolic
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equations [17], we conclude that
ue C®(M x[0,00),N).

Direct calculations have

0

&]utﬁ = Aglue)® — [Vue|* + RN (w)(Vu, ug, Vu, uy),

which implies
0
<8t _ Ag) lug|? = —|Vug|? + RN (u)(Vu, ug, Vu, ug) <0,

when KV < 0. Hence again by Moser’s Harnack inequality, for any « € (0,1) and
t > 2, we have

[uellcorxii—1,0) < Cle)luellL2(arxji—2.9)-

On the other hand, since

t
// |ug|? dV,dt < E(ug) < oo for any t > 0,
0o JMm

we have

t
lim/ /yut\2dvgdt:0.

Therefore

uelloaarx—1,) < Cle)lluell 2 (arx—2,9) — 0 as t — oo,
which implies that we can choose a sequence t;, — co such that

ug(-, 1) = 0in C¥(M, N) and u(-, ) — use in C*(M, N)
for some us € C%(M, N). Moreover, since us, € C?(M, N) solves

Agtos + A(tos ) (Vias, Vi) =0,
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Uso 18 in fact a smooth harmonic map.
O

Remark 2. Using the second variational formula for energy, it can be shown that the
harmonic map us, € C*°(M, N) constructed above is in fact energy-minimizing within
its homotopy class, provided KV < 0. Hartman [I3] used this fact to prove that the

harmonic map u« is independent of the choice of the sequence t;, — co.

Remark 3. A similar result was obtained by Hamilton [I2] for the initial and boundary
value problem when OM # (). More precisely, assume KV < 0, then given any ¢ €
C> (M, N), consider the initial-boundary value problem for u: M x [0,00) — N

?;t‘ — Agu = A(u)(Vu, Vu) in M x (0, 00),
Ult=o = ¢ on M,

u(z,t) = ¢(x) for x € IM,t > 0.

There exists a unique smooth solution v € C*°(M x [0,00), N).

2.4 Blow-up analysis in dimension 2: Sacks-Uhlenbeck

When M is two-dimensional, the Dirichlet energy is conformally invariant. It is impor-
tant to understand the limiting behavior of sequences of solutions to harmonic maps and
their evolution problems in dimension two. Sacks-Uhlenbeck [21] developed the power-
ful blow up technique to study harmonic maps in dimension two. They discovered that
the failure of strong convergence of solutions of harmonic maps stems from the energy
concentration at finitely many points. In this section we introduce some basic ideas
from Sacks-Uhlenbeck [21] and record some important lemmas without giving proofs.
Let (M?2,g) be a compact Riemannian surface with or without boundary and let
N c RY be a compact Riemannian manifold without boundary. For o > 1, consider

the Sobolev space

WM, N) :={u: M — N|Vu e L**(M,R*")},
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and define
Eq(u) := / (1 + |Vu|*)* dV, for u € WH2*(M, N).
M

E, can be viewed as sub-critical approximations of Ej(u) = Vol(M) + £(u), whose crit-
ical points are harmonic maps. More precisely, for @ > 1, since M is two-dimensional,
we have W12%(M,N) C Cl_é(M, N) by Sobolev embedding theorem. Therefore,
Wh29(M, N) is a C? separable Banach manifold. Since

E, : WY (M,N) — R*

satisfied the Palais-Smale condition [20], the direct method in calculus of variations

yield:

Lemma 1. Given a > 1 and ¢ € C°(M, N), there exists uo, € C°(M,N) in the same
homotopy class as ¢ such that

Eo(ua) = inf { Ea(v) |[v € WH(M, N), [v] = [¢]}
Moreover, u,, solves the 2a-harmonic map equation:
div (1 + [Vua?)* 'Vus) = (1 + [Vua?)* T A(ua) (Vita, V).

Since all estimates here are local, we may assume M C R2. The followings two

interior estimates can be attained:

Lemma 2. Let B := B? be the unit disc in R? and let u: B — N be a critical point of
E,. For fized p € (1,00), if a« — 1 is small enough depending on p, then for any smaller
disc B' C B, there exists a constant C = C(p, B', B, ||Vul|14p)) such that

IVull Loy < ClIVull pacpy-

Lemma 3. Let B := B2 be the unit disc in R2. There exists eg = ¢o(N) > 0 and ap > 1
such that if 1 < a < ap, u € C*°(B, N) is a critical point of E,, and

Ey(u,B) < eg,
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then for any p € (1,00) and smaller disc B' C B, there exists a constant C = C(p, B, B)
such that
[Vullwirpy < ClVull2p)-

In particular, we have

SEIP\VU’ S IVl 2y

Another crucial ingredient in the analysis concerns the removability of isolated sin-

gularities of harmonic maps.

Lemma 4. Let B := B? be the unit disc in R?. If u € C®°(B\{0}, N) is a harmonic
map and E1(u)(= Vol(B) + £(u)) < oo, then u € C*°(B, N).

Combined with the local estimates, Sacks and Uhlenbeck proved:

Theorem 4. (Sacks-Uhlenbeck [21]) Let uq, € C*°(M,N) be critical points of Ey, for

a sequence oy > 1, where a \(1 as k — oco. Assume
Eoy, (uay,) < Eo

for all k for some constant Ey. If ua, — u weakly in WH2(M, N) as k — oo, then up

to a subsequence, there exists finitely many points {x1,--- ,x;} C M such that
Uqy, — U N C? . (M\{z1,--- ,21},N) as k — oo,

where | depends on Ey, M, and N, for some smooth harmonic map u € C*°(M,N).

Proof. Define Radon measures
frog, = (14 |Vug, [*)*dz on M.

Since pq, (M) = E,

measure g on M such that

. (Ua,) < Ep, up to a subsequence, there exists a non-negative Radon

ta, — p as k — oo,

as convergence of Radon measures on M. Let € := ¢y(N) > 0 as in the previous lemma

on interior estimates, then it is easy to see that there exists a non-negative integer
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| < Ep/et and a finite set
Ye={x, -, 5y} C M

such that

. ) > 2
inf u(B;(2i)) 2 €

for each 1 < < [; and for any xg € M\X, there exists 79 > 0 such that u(B,(z0)) < €3.

Hence for aj — 1 small enough,

and thus by the interior estimates, there exists C' = C(n, ¢y) such that

Huak”C"(BrTO(xo)) < C(n,¢o)

for any n > 1. Thus after choosing a subsequence if necessary, we have u,, — v in

CQ(B%O (x0), N) for some wu. Since zp € M\X is arbitrary, we have
Uq, — uin CL (M\E, N),

and hence u € C®(M\X,N) is a harmonic map. Then by lemma |4 on removable
singularities, we have u € C*°(M, N). O

Y :={x1, -+ ,x;} in theorem [4] are called the set of singularity points of w.
Definition. A non-trivial smooth harmonic map w: S? — N is called a bubble.

If ¥ # (), the local behavior of u near points of ¥ can be characterized in terms of
bubbles.

Theorem 5. Assume uqs: M — N is a sequence of critical points of E, such that
U — u in C*(M\{x1,--- 21}, N) but not in C*(M\{xa,--- , 21}, N) as a — 1,
then there exists a bubble w: S* — N such that

w(S?) € Ny=0 (Nas1 Up<a ug(Br(z1))),
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where By(x1) is the geodesic ball of radius r centered at x1 € M. Moreover,

E(u) + E(w) < limsup E(uy).

a—1

2.5 Almost smooth heat flows in dimension 2: Struwe

Struwe [24] developed techniques similar to that of Sacks-Uhlenbeck [21] in the context
of harmonic map heat flow in dimension two. The existence of a global weak solution
of the harmonic map heat flow with finitely many singular points from a Riemannian
surface to a compact Riemannian manifold was established. We will record here the

main results in Struwe [24].

Theorem 6. (Struwe [2]]) Let M? be a compact Riemannian surface without boundary
and N C R be a compact Riemannian manifold without boundary. For any initial
condition ug € WH2(M, N),

1. There exists a global weak solution u: M x [0,00) — N of eq. (2.1) and eq. (2.2))

satisfying the energy decay estimate:

T
E(u(T)) —i—/ / lug|? dVy dt < E(ug) for all T > 0,
o Jm

which, in particular, tmplies the energy inequality:

E(u(T)) < E(ug) for all T > 0.

2. There exists an integer K > 0, depending on M, N, and E(ug), such that
u € C®(M x (0, 00)\{(xk, tr)}2 |, N) for some (xp,t) € M x (0, 00).

That is, the solution is smooth outside finitely many singular points {(zy, tx) H_ ;.

Moreover, the solution is unique in this class.

3. At each singularity (zy,t1), a harmonic sphere wy: S — N bubbles off; i.c., at

each singular point (zy,tx) for 1 < k < K, there exists a sequence (mi,ti)jeN and
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scales (Ti)jeN satisfying
xi — xk,ti /‘tk,ri N0 as j — oo,

such that
up(z) =u (expxi (rix),ti) : B1/ri(c R?) — N

converges to wy, in VVif(Rz, N).

4. Lastly, there exists a sequence of times t, /* oo such that u(-,t;) converges weakly

to a smooth harmonic map us: M — N in WY2(M,N) as k — oo. Moreover,

I

the convergence is strong away from finitely many points {l‘go p=1-

5. The number K and I defined above are bounded above by a constant depending on
E(up) and N only. In fact, K +1 < @, where

0

€8 = inf{E(w)|w:S* = N is a bubble }(> 0)

only depends on N.

Remark 4. Chang [I5] extended the result to harmonic map heat flow from any Rie-
mannian surface M with boundary OM under the Dirichlet boundary condition, with

solution smooth near the boundary.

Remark 5. Struwe [23] applies the same method later to recover similar results to those
of Sacks and Uhlenbeck.

Remark 6. Freire [5] [6] showed the uniqueness of weak solutions to the harmonic map
heat flow in dimension two in the class where the energy £(u(t)) is non-increasing in
t. On the other hand, Topping [25] constructed weak solutions that are different from
Struwe’s solution by attaching reverse bubbles so that the energy £(u(t)) increase by a

jump of 47 each time a bubble is attached.

2.6 Finite time blow-up: Chang-Ding-Ye

Without the curvature assumption on the target manifold N, the short time smooth

solution may develop singularities in finite time. The first such example in the case of
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2-dimensional domain was presented by Chang-Ding-Ye [2].

Let M = B := B? be the unit ball in R?. Consider equivariant maps
up: B — S?

of the form:
cos 0 sin ¢ (r)

up(r,0) = |sinfsingo(r) | ,

cos ¢o (1)

where ¢g € C'([0,1]) with ¢o(0) = 0 such that ug(0,0) = (0,0,1)” € S. Let
u: Bx[0,T) = S?

be the corresponding unique weak solution in the sense of Struwe, which is smooth up

to a maximal time 7. By uniqueness, u is also equivariant of the form:

cos 0 sin ¢(r, t)
u(r,0,t) = [sin@sing(r,t) | for (r,0,t) € [0,1] x [0,27] x [0,T).
cos ¢(r, t)

By direct calculations, it is easy to show that the harmonic map heat equation with

initial and boundary conditions in this context can be written as

1 in 2
b1 = o+ 2 — 020 < <1,0<t<T,
r 2r2

¢(r,0) = ¢o(r) for 0 <r <1,
$(0,1) = ¢o(0) =0 for 0 < t < T,
#(1,t) = po(1) :=bfor 0 <t <T.

Also, the Dirichlet energy of w in terms of ¢ is given by:

1 1 .2
E(u) = B /B \Vu|? dedy = 7r/0 <¢$ + 511;2¢> rdr.

Remark 7. In the energy class: £(u) < oo, we have fol ¢2rdr < oo. Therefore ¢(-,t)
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is locally Holder continuous on (0, 1], and the only possible singularity happens at the
origin.

Remark 8. Let

1—r?
O(r) := 2arctanr = arccos | — |,
1472

which satisfies the harmonic map equation:

1 sin2¢

Ot ~0r = =5~ =0

and 6(0) = 0. It is easy to show that the 1-parameter family of functions:
r
O\(r) =146 (X> for A >0

are all harmonic maps satisfying the one-sided boundary condition 6, (0) = 0.

Theorem 7. (Chang-Ding-Ye [2]) Under the above assumptions, if |b| > m, then the

solution ¢ blows up in finite time.

Remark 9. When [b| < m, Chang-Ding [I] showed the existence of a global smooth
solution. Thus theorem [7]is indeed optimal.

The key ingredients needed in proving theorem [7] are the comparison principle and
the construction of a sub-solution which blows up in finite time. By a sub-solution, we
mean a function f = f(r,t) defined for 0 < r < 1 and 0 < ¢t < Tj for some Ty < oo,

satisfying:

1 sin 2
ftgfrr‘kffr_iQf
r 2r

f(0,1) := fo(0) =0,
f(1,t) <b=¢(1,t) for 0 <t < Tp.

on (0,1) x (0,Tp),

To construct a sub-solution, we consider adding a perturbation to the steady-state

solution 6 (r).

Lemma 5. Let 0 < v < 1 and let o, A\g and p be positive constants. Define

1

A(t) := ()\(1)*” —o(l— Ij)t)E ,
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which is the unique solution to N = —co ", A(0) = Ao, with a finite blow-up time

1-v
>‘0

Ty :=sup{t > 0| A(t) >0} = o =)

Consider the following function:

F(rt) =0y (r) + 0,(r'™) for (r,t) € 0,1] x [0, T3],
we have:
(a) feC>([0,1] x [0,Ty)).
(b) lim f(r,t) =0 for cach t € [0, T3).
(¢) lim f(r,T3) =m.

(d) There exists i > 0 such that for each p > p, there exists ¢ = o(u,v) such that
o < o implies
sin2f

1
ft S fr’r + ;fr - 27"2

on (0,1) x (0,Ty).

Proof. Part (a), (b), and (c) follows from definition. For part (d),

e Because
1, sin 20

err + ;97" - 27742’
direct calculation for ©(r) := 0(r' ") gives
<@W 4 i@r> (1) = [(14 02O+ 0(140)r76,] (7)1 (14 0)r6, ()
1
_ 2 2v 1+v
= (]_ -+ I/) r |:97»7» + 7"1+VHT:| (T )

— (1) (Si“ 29(’"1+y)> — (14 v)? [SM@} oF

2r2(1+V)
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Therefore
sin 2f
(fm« t i )(r, f
sin 20, (r) o8in 26, (r'tv)  sin2f
=220 4 (g —
272 +(1+v) 272 272

- # {Sin 205 (r) + (1 + l/)2 sin 20u(rl+y) — sin (20)\(@ + 29M(T1+V))}

= %Sm 0, (r' ™) {(1 +v)? cos 0,(r' ™) — cos (20\(r) + 0,(r' ")) }..

Combined with

r\ 2 or 2 20rN

e R T A Pl vl

it is enough to show that

20X ! sin 0, (r' ™) [(1 4+ v)? cos 0, (r' ™) — cos (205(r) + 0, (r'™))]
X242 = 2 a K A a ’
(2.4)
e We first choose p = u(v) > 1 such that
—1 1
cos 0, (r') > cos0,(1) = w >
w+1 " 1+v
for 0 < r < 1. Moreover, since
1+4v 2 _ 2420
1 r ue—r
QM(T +V) =0 ( y ) = arccos (W) y
we have - -
v v
sinf,(r't) = 21 > 2pr
p? 42w T o2 41
for 0 <7 < 1. Thus for such u, we have
2uy 1

RHS of (2.4) > s1n9 rH (1 +v) - 1] = :sm@ (rit) >
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Hence it is enough to show that for 0 < r < 1, we have:

201\ 2uv 1
< . ,
N2 T o241 v

or equivalently,

+(5) o1
(

which is true for all (r, \) € (0,1) x (0, 00) as long as ¢ > 0 is chosen small enough.

This completes the proof of part (d).

Next, we prove the comparison principle.

Lemma 6. Let ¢ , ¢ € BC([0,1]x[0,T])NC2((0,1],(0,T)) be sub-solution and super-

solution, respectively. That is, assume

1 sin 2¢4
O1t < Prpr + —O1r — 2¢ and
r 2r
1 sin 2¢2
¢2,t > ¢2,7"7“ + 7(;%)2,7" - P)
T 2r

n (0,1) x (0,Tp), with ¢1(0,t) = ¢2(0,¢) = 0. If
$1 < ¢y on {t =0} U {r =1},
then
d1(r,t) < go(r,t) , V(r,t) € [0,1] x [0,T]. (2.5)

Proof. Define ¢ := ¢o — ¢1, then ¢ >0 on {t =0} U{r =0} U {r =1}.

e By assumptions, we have

Ot > Grr + 71n¢r - ! (Sln 2¢2 — sin 2¢1)

= Qpr + i@ — —5 cos(¢2 + ¢1) sin(p2 — ¢1)

1
= ¢rr + ;¢T + po,
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where
sin(¢2 — ¢1)
¢ — b1
e For fixed T1 € (0,T), because ¢1(0,t) = ¢2(0,¢) = 0, by continuity, there exists
0 <0 =0(T1) <1 such that

1
p=p(rt):= 3 cos(p2 + ¢1)

—5 S 61,62 < 5 on [0,8] x [0, T3],
which implies p < 0 on [0, ] x [0,77]. Combined with |p| < %2, we get
p(r,t) < K on [0,1] x [0,T1],
where K = 1/6%.
e For fixed Th € (11,T) and € > 0, define

v = ’U(T‘, t) = e_(K+1)t¢(ra t)7

1 2
T te4<T2*t) , and
b —

w® = w(r,t) ;== v(r,t) + el (r,t).

'=T(rt):=

By direct calculations, we have
1 1
Vi > Upp + ;vr + (p(r,t) —K —1)vand I'y =T + ;FT,
which implies

1
wf = wl, + —wf o+ (p(r, 1) — K — 1w = D). (2.6)

e Now suppose inf w® < 0. Since
[0,1]%x[0,T1]

w(0,t) = e~ B30, 1) + €['(0,t) > 0,
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inf  w® < 0. Hence
[0,1]x[0,T1]

there exists (rg,to) € (0, 1] x (0,T}] such that w(ro, tg) =
wi (ro,to) < 0, wi(ro,to) = 0, and w;,.(ro,to) > 0. (2.7)

But p(ro,t9) — K —1 < 0, so (2.6) contradicts with (2.7). Therefore w® > 0 on
[0,1] x [0,Ty].

e Let e — 0, we recover v > 0, which is equivalent to ¢ > 0, on [0,1] x [0,71]. Now
let Ty — T, we get
¢ >0on [0,1] x [0,T].

Proof. (of Theorem
Let f = f(r,t) be the sub-solution constructed in the lemma. It can be shown that
when |b| = |¢(1,t)| > m, f can be adjusted such that the additional assumption on the

initial condition:

¢(r,0) > f(r,0) on [0,1], (2.8)
is satisfied. By the Comparison Principle, we have

o(r,t) > f(r,t) on [0, 1] x [0, Tp].

On the other hand, since the first derivative of f blows up at the origin in finite time:

fr(0,t) — oo as t — Ty,
there exists some (possibly earlier) blow-up time 7" < Tj such that

lim 6,(0, ) = ox,

which implies

li )|l pee =
tIHHIIWHVU(, )HLI o0,

which completes the proof. O



Chapter 3

Harmonic Maps from R? to S?
and its Heat Flow

Let (M™, g) and (N™, h) be Riemannian manifolds of dimension m and n, respectively,
and assume N is compact. By Nash’s embedding theorem, we may assume that (N, h)
is isometrically embedded in R” for some L. Since N is a smooth compact submanifold,

we can find a tubular neighborhood
Ns = {u € RL’d(u,N) = Zlélj{[ lu—z| < (5} ,
and the smooth nearest point projection map Illy: Ny — N satisfying
IIy(u) € N and |u — Iy (u)| = d(u,N) for u € N.
Notice that for u € N, the map P(u) := VIIx(u): RY — T, N is a projection map, and
A(u) := VP(u): T,N ® T,N — (T,N)*

is the second fundamental form of N C RY. Let {v,1(u), - ,v(u)} be a local or-

thonormal frame of the normal bundle (7,,N)*. The harmonic map equation from the

32
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extrinsic point of view is given by

y Oou Ou
1] [e% _
Agu + E g7 A% (u) <8xi’8xj> Vo(u) =0,

n+1<a<L

where A% := Vu, is the second fundamental form of /N in the normal direction v,,.
From this chapter onward, we will restrict our attention to the situation where the
target manifold is the 2-sphere N = S? C R3. The extrinsic description of harmonic

map in this case is given by
Au + |Vul*>u=0in M, (3.1)
and the corresponding harmonic map heat flow is
uy = Au + |Vulu. (3.2)

We record here the second variational of energy for harmonic maps into n-sphere.

Proposition 4. Let i € C?(M,S") be a harmonic map and let £ € C3(M,R" 1Y), then

e (o) = [ (1wép - vapiée) av,
e=0

where & 1= PU(&) := & — (& -u)u is the projection of € onto the tangent space TyS™.

d2
de?

Proof. Denote by
U+ €€
YT la e

the 1-parameter variation of u. Direct calculations give

due - N
i)~ wi=g
and 2
| =30 |gPu - 20wk
€ le=0
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Therefore

d2
de?
e=0

c U+ €€ d?
|u + €] T de B
/ ‘ alu6
M

J
J,

| (19ée = val? (e - - a)) av,
M

— [ (1vér - Ivapiée) av,

( /|Vu€| dV)

_ d2u6
<Vu -V ( 72

)

VEP - At (3(5 )% — |¢ffu - 2(¢ - w)e) ) v,

<

I
S

(
(IVE€7 + vala- (3(¢ - a)*a — [¢a — 2(¢ - w)E) ) dV,
(

3.1 Riemann sphere and rational maps

Let C := CuU{oo} be the extended complex plane, where the arithmetic on C is extended
to C by assuming

x+a=a+ 00 =00 foraecC, and
b-oco=00-b=o0for 0#beC.

We attach the point oo by requiring that every sequence z; € C for i > 1 with |z;]
diverging to infinity converges to co. Under this assumption, it is easy to see that every
sequence in C has a convergent subsequence. The set C can be viewed as a coordinate
system of the 2-sphere S? through stereographic projection. More precisely, consider

7:S? — C and its inverse 7 1: C — S? given by:

u1 , 2Re(2)

U1 + 1ug 1

= i —— :
T L] Pk 2Im(z)

us |22 —1

T U9
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where m maps the north pole N := (0,0,1)7 to co. The continuity of 7 at every point
other than N is evident from the formula. To see that 7 is continuous at IV, observe
that if U approaches N in S?, then us approaches +1 from below. This implies that
|7(U)| tends to infinity, which implies 7(U) tends to co in C.

The set C with the aforementioned arithmetic and convergence of sequences is called
the Riemann sphere. The notion of continuity of maps can be extended to maps from
C to itself. More precisely, for a function f: C — (@, we say f is continuous at z € C
if every sequence that converges to z is mapped by f to a sequence that converges to

f(2). When f(c0) = oo, the continuity of f at oo is equivalent to the continuity of the

function g(z) := f(ll) at z = 0. When f(o0) = a # oo, the continuity of f at oo is
equivalent to the corzltinuity of g(z) := f(1) at z = 0. When f(a) = oo for some a # oo,
the continuity of f at a is equivalent to the continuity of g(z) := ﬁ at z = a.

We can now extend the concept of holomorphic functions to the Riemann sphere C:

Definition. Assume f: C — C is continuous and a € C.

1

0 is holomorphic at

1. If a = f(a) = oo, we say [ is holomorphic at a if g(z) :=
z=0.

2. Ifa = oo and f(a) # oo, we say f is holomorphic at a if g(z) := f(1) is holomorphic
at z = 0.

3. If a # oo and f(a) = oo, we say f is holomorphic at a if g(z) := % is holomorphic

at z = a.
The following proposition classifies all holomorphic maps from C to itself.

Proposition 5. Assume f: C—Cisa holomorphic map. Then there exists polynomial

P(2) and Q(z) with no common factors such that

3.2 Topological lower bound on energy

In this section, we consider harmonic map heat flow from the Euclidean space M = R?

to the 2-sphere N = S? C R3. The harmonic map equation and its heat flow are given
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(3.3)

Au 4+ |Vu|?u = 0 and uy = Au + |Vul*u.

Notice that since |u|? = 1, we have 0 = V|u|? = 2u - Vu. Therefore 0 = V - (u - Vu)
u - Au + |Vu|?, which implies |Vu|?> = —u - Au. Therefore eq. (3.3 can be rewritten

geometrically as
P“(Au) =0 and u; = P“(Au),

where P*: R?® — T, S? is the projection operator onto then tangent space

2= {p R ¢-u=0}

given by
PY(&) =€ — (& u)u.
For an arbitrary C! map u: R? — S? for which the limit at infinity exists; namely,
if
u(00) := ‘xl|1inoou(m) €s§?

exists, we define the degree of u: R? — S? to be the Brouwer degree of the composed
map v o m: S? — S?, where 7: S? — C is the stereographic projection defined in the

previous section.
deg(u) := deg(u o ).

Under such definition, it can be shown that the degree of u can be computed by the

formula:
1
uy - (u X uy) dedy,

1
deg(u) := 47r/ Uy - (U X uy) dedy = "I Jes

where we used the facts that |u| = 1 and thus u, and u, are perpendicular to u
On the other hand, since the Dirichlet energy is given by

e = [ IVuPdedy = 3 /Z(a“f

8% > dxdy,
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the energy and the degree of u are related by:

1
E(u) — dmdeg(u) = 5 /RQ (luzl® + Juy|? = 2uz - (u x uy)) dady
1
= / (Jual? + Ju X uy|? = 2uy - (u X wy)) dedy
2 RQ

1
= / |ty — u X uy|* dedy > 0,
2 Jp2
where the equality is achieved if and only if
Up = U X Uy. (3.4)

Now let f = f1+ifs := mou: R?2 — C be the composition of u with the stereographic
projection 7 : S? — C. Thus

Direct computations show that eq. (3.4]) is equivalent to

on_of
Ox oy

o5 _ o
Oy ox’

which means f satisfies the Cauchy-Riemann equation. Therefore f = mou: C— Cis
holomorphic, and thus a rational function by proposition

Similarly, we have

E(u) + 4ndeg(u) = / (|ugc|2 + Juy | = 2uy - (u x Uuy)) dedy
R2

1
=— /R2 (Ju x g ? + Juy? — 2uy - (u x Uuy)) dady

2
1 2
=3 2\uy—u><ux| dxdy > 0,
R

where the equality is achieved if and only if

Uy = U X Uy,
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which corresponds to f := 7 o u being anti-holomorphic.

In summary, we have
E(u) > 4m|deg(u)l, (3.5)
where the equality happens if and only if
u=n"1oR,

for some rational function R = % in either z = x + iy or Z = x — iy.

Moreover, if

for some polynomials P(z) and Q(z) with no common factors, then

deg(n™! o R) = max(deg(P), deg(Q)).

3.3 Asymptotic stability in the equivariant class

Given a C! map ug : R?2 — S? of finite Dirichlet energy &(ug) < oo, we define a weak

solution to the harmonic map heat flow in the sense of Struwe [24] and Freire [6]:

Definition. Let Z := {u: R? - R3|Vu € L?*(R?) , |u| =1 a.e.}, a function u = u(z, t)
is a weak solution of the harmonic map heat flow eq. (3.2) on the interval I = [0,T] if

1. uw € L®(I,2) N Cypear(I, Z).
2. u(0) = up.
3. f; Jge {u- ¢ — Vu-Vo+ |VulPu- ¢} dedt =0, Vo € C5°(R? x I,R?).

As was mentioned before, the weak solution is unique under the assumption that
the Dirichlet energy £(u(t)) is non-increasing in t. Moreover, formally taking the dot
product of eq. with » and integrating in space and time yields the basic energy
identity:

E£(u(t)) +/0 g2 = & (uo). (3.6)

RZ
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With the gradient flow structure eq. of the harmonic map heat flow and the
topological lower bound on energy eq. in the previous section, it is reasonable to
expect that if the Dirichlet energy of the initial map is close to its topological lower
bound, then the corresponding heat flow exists globally in time, and converges to a

fixed harmonic map. More precisely, for a given C'' map
ug: R? — §?

of finite Dirichlet energy which is extendable to the Riemann sphere C with deg(up) = m,
if
0 < &(up) —4n|m| <« 1,

then we hope the maximal existence time T' = T'(ug) can be taken to be infinity, and
the corresponding solution u(-,t) converges to some fixed steady state (harmonic map)
of degree m.

Unfortunately, the general situation of our flow equations is too big a challenge to
handle directly. A good starting point is to assume additional symmetry conditions.
Guan-Gustafson-Tsai [§] considered m-equivariant maps with finite energy. Namely,

they considered
Y= {u : R? —» §? }u = u(r,0) = e™Ru(r) , E(u) < 0o, v(0) = —k , v(o0) = l;'} ,

where m is any integer, (r,6) is the polar coordinates on R2?, k= 0,0,1)7, v =
(v1,v2,v3)T: [0,00) — S? is a radial function, and R is the matrix which generates

rotations around the ug-axis:

0 -1 0 cosa —sina 0
R=11 0 0| ,e*®=|sina cosa 0],

0 0 O 0 0o 1



and hence

cos(m@)vy(r) — sin(m@)ve(r)
u = u(r,0) = e™Fo(r) = |sin(mb)v (r) + cos(mb)vs(r)

v3(r)
The energy density in terms of polar coordinates (r,6) is given by
IVul? = fur 2+ ol = for 2+ T Rl .7)
which implies that the total energy is

o) m2
E(u) = w/ <|U7«’2 + TQ\RUP) rdr.
0

It is easy to check by direct calculations that m-equivariant maps have degree m.

For u € ¥,,, the energy £(u) can be decomposed as

E(U):ﬂ/ooo il

v, — —v X Ru
Im|

r
o0 o0

Emin = 277/ Uy - <v X Rv) rdr = 27T|m|/ v, dr = 4m|m|.
0 0

r

2
rdr + Emin,

with

This topological lower bound is clearly saturated if and only if
m
Uy = uv X Ruv,
r
which is attained precisely by the 2-parameter family of harmonic maps

O = {emeRhs’a(r) |s>0,ac¢€ R} ,

where

2 r|m| — 7"7|m|

= Sl 10 = e
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The rotation parameter « is determined up to shifts of 27. Notice that Oy, is the orbit
of a single harmonic map ¢™®h(r) under the symmetries of scaling (s) and rotation
(a).
Remark 10. By uniqueness of weak solution, the equivariant class is preserved by the
harmonic map heat flow. In other words, if ug € 3, then the corresponding solution

u(-,t) € ¥y, for any positive time t¢.

Remark 11. The 2-parameter family O,, corresponds to monomials Az™ with non-zero
complex number A under stereographic projection. That is, composed with 7: S — C,

we have

{7rou|u€(9m}:{f:(@—>@|f(z):Azm,07éAe(C}.

Guan-Gustafson-Tsai [§] showed, among other things, the stability results concern-
ing m-equivariant maps with energy closed to the minimal energy &, = 47|m|. More

precisely, given initial data
Uy € By, E(ug) = 4nlm| + €2, 0 < 1,

let
u(t) € C([0,T), Xp)

be the corresponding unique solution to the initial map ug (X, equipped with the H?

norm.) They proved the following asymptotic stability result:

Theorem 8. (Guan-Gustafson-Tsai [8]) For |m| > 4, there exists a constant 61 =
51(m) > 0 such that if ug € S, and 53 = E(ug) — 4mw|m| < 62, then:

(a) The mazimal existence time T = T (ug) can be taken to be infinity.

ere exist s = s(t) and o = «(t) € 00 such that
(b) Th ‘ (t) and (t) € C([0,00),R™) such th
IV (u(, t) = ™R OO @) ) | a2 S do.
c ere exrists Soo > 0 and as € R such that
(c) Th 0 and R h th

(s(t),a(t)) = (Soo, o) @St — 00.
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We describe here the strategies to show such asymptotic stability result:

e The first step is to decompose the map u(z,t) into a nearby harmonic map
(finite-dimensional part) and a deviation from the harmonic map family (infinite-

dimensional part). Consider

v(r) = e*OR [h(p) + €(p,1)] , where p:= W

The choice of the parameters s(¢) and «(t) is important, and will be addressed

later. Consider the following orthonormal basis of Th(p)SQ:

0 —hs(p)
j=|1| ;and h(p) xj=1| 0
0 hi(p)

We further split the perturbation term £(p, t) into tangent and normal components

to the sphere:

E(p,t) = z1(p, t)j + z2(p, )h(p) x J +v(p,t)h(p).

Define
z(p,t) == z1(p,t) + iz2(p, t).

Since |u| = 1, we have v = O(|z|?) if |¢] < 1. Notice that the complex function
z(p,t) and the parameters s(t), a(t) give a full description of the original solution

u(z,t).

e By plugging in the decomposition above into the harmonic map heat flow equation,

it can be shown that z(p,t) satisfies a non-linear equation of the form
s%2y = =Nz + (imss — s*a)hy + F,

where F' is a non-linear term depending on z, $, and ¢, and N is the self-adjoint

operator
m2

]‘ *
N:—%—;@+;ﬂyﬂﬁ@»=%m,mme
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m 1 1
Lo:=0 —h3 = h10,— d Ly =——0,ph
0 p+p3 1ph1,an 0 o bph1

is the adjoint of Ly on L?(pdp).

We next address the issue of how to choose s(t) and a(t). Suppose for a moment
that s(t) = 1 and a(t) = 0. Since ker N = ker L is 1-dimensional and spanned by

h1, the linearized equation for z reads:
2zt =—Nz,

which admits the constant-in-time non-trivial solution z(p,t) = hy(p). Since we
would like z(p, t) to decay in time, we choose s(t) and a(t) to satisfy the orthogo-

nality condition: -
Gt = [ =o)me) pdp=0.

Such a condition defines a co-dimension-1 subspace of L?, and is invariant under

the linearized equation z; = —Nz. Moreover, we have
(Zt, hl)LQ =0 5 and (NZ, hl)LQ == (LQZ, LOhl)LQ =0.

Therefore by taking the L?-inner-product of h; with equation original z equation,
we have
s8] + |s*a| < [(h1, F)z].

We can then use the point-wise estimate of the non-linear term F' to show

2 2

z

2

Zp

88| + |s2a] <
p

L2 L2 .

Next, we consider the vector

[m|

w(r,t) := v (r,t) — —o(r,t) x Ro(r,t) € Tv(r,t)S2,
r

which quantifies the excess of energy:

E(u)—4
[wl]|22 = &(u) — dmfm| < 1.
L T
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We then find an orthonormal frame {e,v x e} of T,S? such that the complex

function ¢ = ¢(r,t) defined through
w(r,t) = qi(r,t)e + g2(r,t)v x e, q(r,t) == q1(r,t) + iga(r, t),

satisfies:

1 1 — mus)? mus,
Qt:%'r"i‘;%'_ ( 2 ) + , - q_qNO(Q)v (39)

r
where Ny is a non-local non-linear operator of higher order terms.

The next crucial step is to relate ¢ and z. More precisely, we want to estimate z
by ¢ in suitable norms. Under the orthogonality condition (z,h1)r2 = 0, it can be

shown that when |z| is small, we have

(i) If |m| > 3 and 2 < p < oo, then
< < 1-2/p
1zl e + H;IILP S5 Pl
(i) If |m| > 4, then

ya ya
1222 + ' E2
p P

" (3.10)

K
2
Notice in particular that (3.8) and (3.10|) implies

2
7251+ 16l < |4
riL2

when |m| > 4.

The remaining task it to obtain estimates for ¢(r,t). Substitute the decomposition

for v into equation (3.9) and dropping the non-linear terms, we arrive at

1 +m? — 2mhs(r)

r2

1
@ = Hq , where H := —A, + V(r) := —83 — 20, +
,
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It turns out that e * defines a contraction semi-group on L?(R?) with the fol-
lowing estimates similar to the ones for the heat semi-group et®: Assume |m| > 2,
%—i—% = %—i—% =i and l+4 = %—i—z% = 1. Let ¢(-) and f(-,t) be radial functions

on R2, then

t
He_tH¢HL;L5 + H/o eI f(s5) ds

< .
L:Lg ~ ||¢”L2 + HfHLIIL:g/'

1
e

_ I L
FIE0) ligaz + 7 [ 1050

LPL3
t
</0 e~ =9 g () ds>

e Finally, the method of variation of constants gives the integral representation of

L?12

_l’_

S ”(Z)”L2 + HfHLf’LZ;/'
LiL2

q:

t
a(t) = Mo + / G (- 5)) ds.
0

We then use the semi-group estimates (i) and (ii) to control the inhomogeneous

term G from the g-equation to obtain:

2 z|® 1
z + = + s8] g1 + ||
| p”L%LgongoLg ol r2reenrzer | HL% | HLtl
2 q1|? 2
Slalzzreenrzerz + H;‘ 212 +llarllzzrs

5“90”%3 ~ E(ug) — 4mlm| < 1.
Therefore s(t) and a(t) converges as t — oo, and

IV (s t) = ™R OO ) | pepors = IV (€™ DR2(0,0)) | 210012

S VE(ug) — 4Amml.

z

~zpll L2rsenreor2 + P

L2LNL°L2



Chapter 4

Elliptic Functions; Harmonic
Maps from T? to S? and its Heat
Flow

Composed with the stereographic projection 7: S? — @, the classical Weierstrass elliptic
function g is a canonical conformal (and harmonic) map from T? to S?. As a double
cover, the topological degree of @ is two, which minimizes the Dirichlet energy in this
homotopy class.

With the result of Tsai et al. from the previous chapter in mind, we would like to
study harmonic map heat flow from T? to S? with initial data ug: T2 — S? of degree
2 with energy closed to &nin = 8m. We conjecture that a similar result holds true.
Namely, the solutions are regular, global-in-time, and converge to a finite dimensional

manifold consisting of suitable conformal transformations of .

4.1 Weierstrass elliptic functions

Let w1 and wy be two non-zero complex numbers which are linearly independent over
R. Let
A= {nw; +mwy |n,m € Z}

46
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be the lattice in C generated by w; and wy. Associated to the lattice A is the funda-

mental parallelogram defined by
Py:={z=aw; +bwy € C|0 < a,b<1}.
We call a function f: C — C doubly periodic if

fz+wi) = f(z) and f(z +w2) = f(2)
for all z € C. Successive applications of periodicity conditions yield
f(z4+w)=f(z) forall z€ Cand w € A,

and thus we can think of f as defined on the flat torus T? := C/A, the quotient space
of C over the lattice A.

In this chapter, we consider C! maps from the 2-torus T? to the 2-sphere S?, whose
topological structure is uniquely determined by their degrees. As was mentioned in
section Eells-Wood [3] showed that there does not exist any harmonic map in the

homotopy class of continuous maps from M = T? to N = S? of degree 1.

Proposition 6. An entire (i.e., holomorphic on all of C) doubly periodic function is

constant.

Proof. Since the function is completely determined by its values on P, and the closure
of Py is compact, the function is bounded on C. Hence by Liouville’s theorem, the

function is constant. O

Definition. A non-constant doubly periodic meromorphic function is called an elliptic

function.

Since a meromorphic function can have only finitely many zeros and poles in any
bounded domain, we see that an elliptic function will have only finitely many zeros and
poles in the fundamental parallelogram Py. As usual, we count poles and zeros with

multiplicities.

Proposition 7. The total number of poles of an elliptic function f in Py is always at

least 2. In other words, f cannot have only one simple pole.
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Proof. Firstly, since the number of poles of f is finite, we can assume f has no poles on
the boundary 0P by considering P := Py + h for some small A € C if necessary. Now

suppose f has no poles on dF,, we have

(2)dz = 2mi Z Resf

0Py
by the residue theorem. On the other hand, since f is doubly periodic,
w1 w1 +wa w2 wi1+tw2
/ f(z)dz = / f(2)dz and f(z)dz = / f(z)dz,
0 w9 0 w1

and therefore

dz= [ f(2) dz+/w1+wg f(z)dz+/w2 f(z)dz+/0 F(2)dz = 0.

oP 0 w1 w1+w2 w2

Hence ¥Resf = 0, and therefore f must have at least two poles in Fy. O

Proposition 8. The number of poles and the number of zeros of an elliptic function

are the same.

Proof. Let N, and N, be the number of zeros and poles of f in the fundamental paral-

lelogram Py respectively, counting multiplicities. Recall that

O P
on, F() @2 7 TN =)

by the argument principle. On the other hand, due to the doubly periodicity of f,
fapo(f//f) = 0. Hence N, = N, a

We call the number of poles (counted according to their multiplicities) of an elliptic
function its order, which is equal to its degree.

To construct an elliptic function of order two, it is natural to consider
> eror

5
weA (Z + w)

However, this series does not converge absolutely. The simplest approach to overcome
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the non-absolute convergence of the series is to consider instead the following series:
1 1 1
GEEEP o b
weA*

where A* denote the lattice minus the origin, that is, A* := A\{0}. The series converges

absolutely, and defined a meromorphic function.
Definition. p(z) is called the Weierstrass o function.

Proposition 9. p is an elliptic function with periods w1 and wa, and double poles at

the lattice points.

Proof. Tt remains to show that g is doubly periodic with the correct periods. First

notice that the g’ can be derived from term-wise differentiation. That is,

1
/
0 =23 o
= (z4+w)
Therefore ©'(z + w1) = @' (2 + w2) = ¢(2), and hence ' is doubly periodic with the
desired periods. Hence

p(z+wi) =p(z)+aand p(z +w2) = p(z) +b

for some constants a,b € C. On the other hand, since p is an even function by definition,

o(—9) = (%) and p(—%¢) = ©(%). Therefore a = b = 0, and hence p is indeed

doubly periodic with periods w; and ws. O
. . / . . . . . .

Proposition 10. ¢’ is also elliptic, with triple pole at 0 and simple zeros at =5+, “Z,

and 7“’142""2.

Proof. Near z = 0, we have

hence ' has a triple pole at 0. It is clear that 0 is the only pole of ¢/ in Py. On the

other hand, since p is even, ¢’ is odd. Thus combined with the double periodicity of

0(3)-¥(-2)-v(2)

¢, we have
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therefore ¢’ (%) = 0. Similarly, o' () = ¢’ (423%2) = 0. Since the number of poles

w1tws
2

equal to the number of zeros, % and are the three (simple) zeros of . [

w1
72727

Proposition 11. p and ¢’ satisfied the functional equation:

(') =4(p —e1)(p — e2)(p — €3),

where e == (%), ez := p(“¢), and e3 := p(wﬁrwz)

Proof. First notice that since %' is a zero for both p — e; and its derivative ¢/, %! is

indeed a double zero of p — e1. Similarly, < and %

are double zeros of p — e and

© — es, respectively. Let

F(z) :=4(p —e1)(p — e2)(p —e3),

which has poles of order 6 at 0, and zeros of multiplicity 2 at <5}, %?, and w1+w2 On
the other hand, (g’)? also has poles of order 6 at 0 and double zeros at %L, ‘*’22, and

%. Therefore G := # is holomorphic and still doubly periodic, Wthh implies G
is a constant. Since
1 _

near z = 0, we have G = 1. O

Proposition 12. Every even elliptic function F with periods wi and wo is a rational

function of p.

Proof. If F has a zero or pole at the origin, then it must be of even order because F is
an even function. Therefore, there exists an integer m such that F'o™ has no zero or
pole at the lattice point. Thus we may assume that F' has no zero or pole on A. Since

F is even, if a is a zero of F, then so is —a. Therefore we can list all zeros of F' as
Az = {ah —GQ1, ", am, _am}a
counted with multiplicities. Similarly, we can list all poles of F' as

Ap = {b17 _b17 T 7bm7 _bm}
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Now consider

which is doubly periodic with the exact same zeros and poles of F'. Therefore g is

holomorphic, and thus constant. This completes the proof. O

Proposition 13. FEvery elliptic function f with periods wi and wy is a rational function

of o and ¢'.

Proof. Decompose f = feven + fodd, the even and odd parts of f. Since both feyen and

fbdd

are even elliptic functions, we have

f feven + fodd - feven + f;dd ' Rl( ) + RQ(@)Q/

for some rational functions R; and R». L]

4.2 'Topological lower bound on energy

Recall the stereographic projection 7: S? — C and its inverse 7 1: C — S2 given by:

Uy . . 2Re(2)
u1 + 2u2 1
: _— i JE———
T |ug 1w T z 152 2Im(z) | ,
u3 |22 —1

where C := CU {oo} is the extended complex plane. Also recall that for a C! map
u: T? — S?, the Dirichlet energy is given by

£(u) = / IVl dzdy = ~ / Z ( 0us 2) dawdy.

Asin chapter the Brouwer degree of u: T? — S? can be computed through the formula

8’[1,]'
dy

1 1
deg(u) := — /[r? Uy - (U X uy) dedy = i L (u X ug) dzdy.

47 T Jr2

Let f = fi +ifs :=mou: T2 — C be the composition of u with the stereographic
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projection 7: S — C. As before, we can show that
&E(u) = 4m|deg(u)l,

and the equality occurs if and only if either f or its complex conjugate f is holomorphic
from T2 to C. That is,

w: T? — S? is harmonic

if and only if
either f = fy 4+ ifs :=mou: T? — Cor f=fi—ify: T? — C is elliptic.

Moreover, the energy and degree in terms of f are given by

1 IV f|2 (fia+ fiy+ [+ 13,)
E(u) = - v2dd=2/dd=2/ : s Y- dady,
(w) 2/w' ufdedy =2 | G =2 1+ 171)2 7y

1 1 T - T
deg(u) = e /Tr2 Uy - (u X uy) dedy = - /11‘2 (/. {12’1 |f“|f21’)y2f2’ ) dzdy,

and hence

(fie — foy)? + (fiy + fou)?

E(u) — Amrdeg(u) = 2/T2 111722 dxdy > 0,
E(u) + 4mrdeg(u) = 2 /71‘2 (1 + fQ(z)j—Tf(Pf)l; — o)’ dxdy > 0.

4.3 Conjecture

From the previous section, we know that given any integer m > 2, the collection of
conformal maps from T? to S? of degree m is a finite-dimensional manifold of dimension
d = d(m). For example, the collection of degree-2 conformal maps (with Dirichlet energy

Emin = 8T) are given by:

L b
M:{M a d] esm,m,zoec},

cp(-—z9) +d

Cc



93
a manifold of (real) dimension d(2) = 8.

We will restate here our main conjecture (Conjecture [1) from chapter 1:

Given any integer m > 2, let M% be the d-dimensional manifold of conformal maps
from T? to S? of degree m. For any 4 € MY, there exists 69 = do() > 0 such that if
ug € H%(T?,S?) is of degree m (hence homotopic to ) with

luo — @l g2 (72 g3y < 55

and

drm < E(ug) < drm + 62,

then for the harmonic map heat flow:

wp = Au+ |Vul*u

uli—o = up

(a) The mazimal existence time T = T (ug) can be taken to be infinity.

(b) There exists i € M2, such that

u(-t) — @ in H*(T?,S?) as t — oo.



Chapter 5

Partial Results (Linearized

Equation)

5.1 Harmonic map heat flow in projected coordinates

Let u = u(z,t): T2 x RT — S2 be a solution of the harmonic map heat flow near a
fixed steady state (harmonic map) @ = u(z): T> — S? of positive degree m (hence

E(u) = Emin = 4mm). That is,
At + |Val*a = 0 in T?,
ug = Au + |Vul>u in T2 x (0,7T),
ul¢=0 = up in T2,

HUO - ﬂHHQ(TQ,R3) S (53 y and

0< 5(71,0) — Emin K 1
for some 0 < &y = dp(m) < 1. Denote by
H*(T?, T,S?)

the collection of H? functions from T? to R? that are perpendicular to @ point-wise in
T?2. It is natural to rewrite the equation of u in the non-linear space H?(T?,S?) as an

equation in the linear space H?(T?, T;S?).

54
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Proposition 14. Decompose u as
u+§

u=——— , where u - £ = 0 point-wise,
|w+¢]

for some ¢ € H?(T?, T;S?), then

(a)
(@t ee), IVa>(—[¢[*a + &) + (“AL - £+ 2V - VE) (a + )
(-5 e m e
o VIEPR
o ‘£‘2V(u+£) VIEI© + 201+ |§’2)2(u+§). (5.1)
(b) The linearization of eq. at the steady state u reads
& = AL+ |Val* e + 2(Va - V)i, (5.2)
for £: T? x Rt — R3 such that @ - & = 0 point-wise.
Remark 12. Notice that for each w € S?,
r(@+8®E ’_|W'(U+§)|'!w'€| lu+¢l-1gl _ ¢l
‘w T+leE | L+ ¢ ST i o

(a+€)®E
1+]¢]?

Remark 13. For the linearized equation ([5.2)), direct computations yield:

so the matrix (Ig — ) is invertible.

N

(@- &) =u-& = u- (AL + |[Vaé + 2(Va - VE)a)
A&+ |Val*a - € 4 2(Va - VE)

Ala- &)+ (Au+ |Val*a) - €= Aa-€).

If - & = 0 point-wise at time ¢ = 0, then by the maximum principle for heat equation
(on periodic domain T?), we have -£ = 0 on T? x RT. In other words, the perpendicular
condition @ - & = 0 is preserved by eq. (5.2]).
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Proof. (a) 1. Letu= I%I’ where v := 4 + &, then

v vl vr U0y Vv wv-Vo
Up = — — = — — v, Vi=~— — ——0
w2 ol P v LIRS
and
) |U‘,xv _|_( va]? + v vpe | 3(v-vg)|v ,27> UV Vs
Tr — - x - - x
[ [v]? |v[3 Kl v[3
= Yza 2(7) ) vx)vx . |Ux’2v v Uxa:v 3||U|2’,21
|v] |v[3 |v[3 |v[3 4|5
Hence
Au — Av  2((v-vp)vg + (v-vy)vy)  [Vol? v Av 3|V|v]?|?

Tof ~ EE TP T TP T T

and therefore

|%t| - U|U|Ztv =u = Au+ |Vul*u (5.3)
Av  2((v-vp)vg + (v-vy)vy)  |[Vol? v-Av 3|V|v|?|?
Tl of CRFTT RE Tl T
N <\Vu]2 _2(U-V1))2 (U~Vv)2> v
[v]? jo]* ot /) Ivl
CAv o 2((vevg)ve + (vevy)vy) v Av |V |v]?|?
[v] o] o] 2Jvf?

2. Since |u| =1, u-£ =0, and v = u + £, we have

v = Uy 4 & = &, Av = Ad + AE = AE — |Va|?a, and hence
v-Av=(a+&) - (A —|Va|*a) = (@ +€) - A& — |Val?

Also, @ - £ = 0 implies
0 = AG-E+2VU-VE+U-AE = —|Va2a-6+2Vu-VE+u-AE = 2Va-VE+a- AL,

On the other hand, |v|?> = |u]? + 2u - & + €] = 1 + [£|?, which implies
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v-vp = €&, V|2 = VI[€]?, and hence

2((v - va)vz + (V- vy)vy) = €50 + €30, = Vv - VIE? = V(a+§) - VI

Therefore eq. ([5.3)) is equivalent to

§-& _ V-
gt_ 1+‘£|2(u+§)_7}t_ ’1)|2 v
B 2((v-vg)ve + (V-vy)vy)  v-Av |V|v|?|?
= av- W R T b
_ o V(at§)- VP
= A¢ — |Vu|“u — aTE
Va|* — A& - —u- A, VIR
TrEr O et Y
~Act [Val*(—[¢]*u + &) + (—A¢ '2€+2V@'V€)(@+5)
1+ [¢]
L o VPR
- 1+|§’2V(u+f) V’f‘ +2(1_’_’€‘2)2(u+5)'

(b) Substitute e£ for £ near € = 0, then eq. (5.1)) is equivalent to

5 (U +€f) ® fg
1+e2fe)2 ™
- (Va|?(—e|€]20 + €€) + (—e2 AL - €+ 2eVa - VE) (T + €€)
1+ e2¢)?

_ o a4 |VIEPP
(u+€)- V¢ +em

€& —

=eA

2

1 _
— € TWV (U+€€),

which implies
€& + O(?) = € (AL + |Val*¢ + 2(Va - VE)a) + O(€%).

Therefore &+ O(e) = AE+|Va|26+2(Vu-VE)u+O(e), and hence the linearization
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of eq. (5.1) at the steady state u is given by

& = AE+ |Val*¢ + 2(Va - VE)a,

under the constraint « - £ = 0.
O

Remark 14. A faster way to derive the linearized equation ([5.2)) is by examining the
second variation of the Dirichlet energy. More precisely, since & € T;S?, by proposition

and integration by parts, we have

d? u+ef\ ) s B _2
de 6:05 <|ﬂ+6€‘> —/TZ (IVEP = [Val’[¢?) dedy, = —/m (A€ + |Val%¢) - € dady.

Since u - £ = 0 pointwise, the linearized £-equation is given by
& = AL+ |Val*e + M (z)a (5.4)

for some function M = M (z). We can then take the inner product of eq. (5.4]) with @
tofind0=(a-{)r=u-§=u-AE+0+M — M=—u-Af=2(Vu- V).

5.2 Stability for the linearized equation
The linearized equation at u is
& = Lal¢] = AL+ |Va’s +2(Va - VE)a, (5.5)

where Ly is the linearization at the steady-state @ in the original equation. That is, for

At + |Va|*u = 0, the corresponding linearized map near @ reads:
La[v] = Av + |Va|?v + 2(Va - V).
Recall that by proposition [4, the second variation of the Dirichlet energy

1
E(u) := B /11‘2 \Vu|? dady
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with target manifold S? is given by:

d2 _
¢ <|Z 1 Zé) = /T (IVEP? = [Val’|¢]?) dady,
e=0

Qa[ﬂ = de?

if € € H*(T?, T;S?).
Proposition 15. ker(Lg) = ker(Qg).

Proof. Since harmonic maps are critical points of the Dirichlet energy within homotopy
class (maps of degree m), clearly ker(Qg) C ker(Lgz). On the other hand, if £ € ker(Ly),
by integration by parts,

/ (IVEP — [Valle[?) dedy = - / ¢ A& dady - / Vallef dedy
T2 T2 T2
:/ ¢ (|Valé +2(Va - Vé)a) dwdy—/ \Va|?|£|? dady
T2 T2

_ 2/ (V- VE)(E - @) dady = 0,
TZ

which implies ¢ € ker(Qg). (The last equality holds because ¢ - @ = 0 point-wise in T2.)
Therefore ker(Lz) C ker(Qgz). Hence ker(Lg) = ker(Qg). O

Proposition 16. For any ¢ € H?(T?,T3S?) in ker(Ly), there exists a 1-parameter
family U: T? x (—e,€) — S? of holomorphic maps from T? to S? with U(-,0) = u such
that %’e:OU(" €) =¢&.

Proof. Recall the stereographic projection m: S? — C and its inverse 7 1: C — S? given
by:

(0 v ) fi
up +iug .
T | ug -7 f=htifemr—m | fo |
1—U3 1+‘f|2 |f|2*1
us 3

where C := C U {co} is the extended complex plane. Let @ = (u1,ug, u3)” be the fixed
harmonic map and denote by f = f1 +ifs := mou: T2 — C. To prove the proposition,
it is enough to show that if f is holomorphic, then for any £ € ker(Ly), its pushforward
n:=drg(€): T? — Tf@ =~ R? is also holomorphic.
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e For any smooth map u: T? — S?, let ¢ = ¢y +i¢g := mou: T? — C. By direct
calculations, the Dirichlet energy and the Brouwer degree of the map w in terms
of ¢ are given by:
Vol

1
Eu) = = \V4 %id—2/‘dd,
(W) 2AJ“’$y o L+ [0 2

J(¢)
47d = < (u x dxdy = 4 dzdy,
g = e (o) dady =4 7 day
where J(¢) 1= ¢1,2024 — ¢1,y02., is the Jacobian of the map ¢.

e In terms of% = % (a% — 28%) and % = % (% + la%>, we have [V¢|* = 2(|¢.|*+

|pz|?) and J(¢) = |¢.|* — |¢5]?. Therefore

4
E(u) = /T2 ENCRE (162 + [¢z]*) dady,

4
2 (|¢z|2 - |¢2|2) dl’dy

J(u) := 4rdeg(u) = /1?2 axoR?

e Now let n = 11 +ing: T2 — C be arbitrary and consider the 1-parameter family
of maps ¢ = ¢¢ := f +en: T2 — C for |¢| << 1. Since u := 1 Lo ¢ : T2 — S? is
homotopic to @ = 71 o f: T? — S§?, J(u€) = 4rdeg(ii) = 4mm is constant in e.

Therefore the second variation of £(u€) is the same as that of

€\ .__ €\ €\ _ 8 €12 _ 8 € ¢
Kw) = £u) =T () = [ mpelosPady = [ oot ot dody.

e Since ¢ = f 4+ en and f is holomorphic, we have qﬁg}ezo = ¢7§|€:0 = 0. Therefore

8 d
=2 —_— — s
=0 /T (1+[0%)% | =0 <d6¢ =0

16 _ ’772’2
_ s mpdrdy =16 | —2_ dzdy > 0.
léu+vm”zm$y Aﬂrwmvxy—

2
L k()

d—
de? ' &%

> dxdy
e=0

The equality happens if and only if 1z = 0, which means 7 is holomorphic.
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We are now ready to prove our main theorem (Theorem [1]) from chapter

Let {¢;: 1 < i < d} be a L?-orthonormal basis of ker(Lz). Consider the linearized
equation

& = A&+ |Va*¢ +2(Va - VE)a =: Lyl€].

For any initial condition decomposed as:
&= o—Zcm n(z) € H(T2, T,S?),
where ¢; € R for each 1 <i<d , and n € (ker(Lz))* in L*(T?, TyS?), we have
d
(z,t) = > citi(2) (€ ker(Lg)) in L*(T?, T4S?) as t — oo.

Proof. Since T? is periodic, by integration by parts, we have
Qule] = |, Lale) - € dady = (~Lalé) )12

On the compact manifold T?, from the general theory of compact self-adjoint operators,
the spectrum of — Lz with respect to L?-norm is discrete and consists of only real eigen-
values with finite multiplicity. Moreover, the corresponding eigenspaces are mutually
perpendicular, and forms an orthogonal decomposition of L?(T?2, T;S?).

Since @ € MY, from the two previous propositions, the quadratic form Qg is
positive-semi-definite with a d-dimensional kernel ker(Lg;) = ker(Qg) obtained by per-
turbing within M : the collection of steady-states (conformal maps) of degree m from
T? to S2.

Therefore the spectrum of —Lj consists of eigenvalues {A}r>0, where 0 = Ay <
AL < -0 < A < -+ and limg_yoo Ay, = 00. Denote by E(A) the corresponding finite-

dimensional eigenspaces, then

2 2
L*(T%,T5S%) = @ E(M) , and ( -)lE()\k):)\k[dE()\k)-
k>0
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For any initial condition &|;—g = Z?Zl citi(2) + n(2), decompose 1 € (ker(Ly))* as
n(2) = > _>1Mk(2), where np € E(Ag). The solution to the parabolic equation

& = Lal€]
is given by
d
£(z,1) = Z cidi(2) + Z e ().
i=1 k>1
Therefore

d
Hﬁ(z,t) =) citi(2)

i=1

= Z e [l 22,7y s2)
L2(T2,T5S?) k>1

< e MY Il recre rus2y = €l L2 ere sy
=1

and hence

d
(z,t) = Y cihi() (€ ker(Lg)) in L*(T?, TyS?) as t — oo.
=1



Chapter 6

Finite Dimensional Model
Problem

The assertions in Conjecture [1| are infinite-dimensional in nature. Namely, the func-
tion space H2(T?,S?) and its linearized tangent space H?(T?, T;S?) near @ are infinite-
dimensional; where H?(T?, T;S?) denote the collection of H? functions from T? to R?
that are perpendicular to @ point-wise in T2.

In the simpler situation where the contracting part is also finite-dimensional, the
situation in Conjecture [l is equivalent to the finite-dimensional model of the gradient
flow problem in the following proposition, up to first order.

We will prove here our main proposition (Proposition [1]) from chapter
Forx = (21, - ,24) € R? and y € R", let A = A(x) € C*(RY,R™") and define

(A(@) - 4, y)gn -

N

f=T(y) =
Denote by || - ||gs the Hilbert-Schmidt norm of n X n matrices. Assume
01\17|2 < (A(x) - n,mrn < CQ|77\2 for all z € R? and n €R™ | for some 0 < ¢1 < ¢o < o0;

and

0A

3 < K(1+|z|) for all z € RY | for some K > 0.
;

HS

max ()

1<i<d

63
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Consider the gradient flow:

i 1 A
dda; = -V, f= -5 <gxl (x) - y,y>Rn , for each 1 <1 <d,
dy
a —Vyf=-Az) y.

For any initial condition (x(0),y(0)) = (zo,y0), the mazimal time of existence is equal

to infinity, and
z(t) = T , y(t) = 0 as t — oo for some T € RY.

Proof. 1. Since glly(t)[3 = 2(y/'(t), y(t)rn = —2(A(z(t))-y(1), y(t))rn < —2¢c1ly(®)]3,

we have % (e*!||ly(¢)||3) < 0. Therefore

ly@)ll2 < e [ly(0)]l2 = e="[lyollz — 0 as t — oco.

2. For each 1 < i < d, because ||y(t)|l2 < e '!||lyo||2 from above,

i) = |-  frta(®) 00,500

Rn

2
< Bt oo g < 0Bz g 4 gy,

which implies

d d
_ lale®ll - SL O] _ ARyl e
T+ z()] = 14 |z(t)] — 2

d
ﬁln(l + |1:(t)|)‘

Therefore

dK 2
lwol3 _
461

)

/Ooojtln(l%— |x(t)|)dt’ < /Ooo 'iln(1+ y;p(t)|)’dt <

and hence z(t) — Z as t — oo for some z € R%.
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