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1. Introduction. A model describing the diffusion of a penetrant in a glassy poly-
mer is given by:

(1.1) €Uy = Uy, for 0 <z < s(t), t>0,
(1.2) u(0,t) =1,

(1.3) [1+ eu(s(t),?)]-s'(t) = —uz(s(t),1),
(1.4) $(t) = u(s(2), 1),

(1.5) s(0) =0

where u is the penetrant concentration over its equilibrium value, s is the penetrant
front driven by u, n, € are positive physical parameters. In special examples in [2], n
takes values varying from 10~2 to 10%; € need not be small; however it is an interesting
problem to study the dependence of the solution on the parameter ¢ when € is small
(see [2] for details).

The problem with ¢ = 1, (1.3) replaced by [g + u(s(t),t)] - '(t) = —uz(s(t),t)
(¢ > 0) and (1.4) replaced by s'(t) = f(u(s(t),t)) was studied in [3] by Fasano, Meyer,
Primicerio. Their results imply, in particular:

THEOREM 1.1. The problem (1.1)~(1.5) has a unique classical solution (u,s) such
that s € C?[0,00) N C>=(0,00), u € C%°(Dso) NC?Y (D) where Doy = {(z,t): 0 < z <
s(t), 0 <t < oo}; further,

(1.6) 0 <u(z,t)<1l for(z,t) € De,

(1.7) —1 —e<ugy(z,t) <0 for (z,t) € D,
(1.8) u(z,t) >0 for (z,t) € Do,

(1.9) s"(t) <0 for0<t< oo.

They also studied the long time behavior of s(t) ({ — +00), and proved (for € = 1)
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that:

§(1_0(t))<£§\/§ for t — oo.

2 TVt

More recently, Cohen and Erneux [2] obtained more precise asymptotic behavior:

My p
(1.10)  lim s(t)s'(t) = M lim u(ys(t),t)=1— /OM o (_Z£2> df’
R E P

2 b
) = iy (M (_5 z) .
exp( 4M ) = 2M/0 exp 4§ d¢;

notice that (1.10) implies that

~—"

where M is given by

. s(®) _
They also obtained similar formulas for the asymptotic behavior of u(z,t) and s(t) as
t— 0and ase—0:

(1.12)  wo(z,t) — Cre < u(z,t) < ug(w,t) + Ce for 0 < z < s.(t), 0 <t < o0,

so(t)
(113) 1-— 036 < Se(t)
where (ue, s¢) denotes the solution of (1.1)-(1.5); uo, So are indepedent of . However,
all these results were obtained by formal power series expansions.

In this paper, we shall give rigorous justification to these facts. In §2 we consider
the short time behavior for (u,s) and give explicit error estimates. In §3 we study the
long time behavior and prove (1.10) and (1.11). In §4 we establish (1.12) and (1.13)
with C; = bmax(n,1), C2 =0, C5 = 0 and Cy = 4max(n,1).

Consider next the case where condition (1.2) for maintaining constant concentration
at x = 0 is replaced by flux control, namely:

(1.14) uz(0,1) = g(¢).

THEOREM 1.2 (Anderucci, Ricci [1]). If

<14+ Cse for0<t<oo,

(1.15) g € CY0,00), ¢(t)<0 fort>0, g¢(0)<0,

then the problem (1.1), (1.14), (1.3)—(1.5) has a unique classical solution (u,s) with s €
C0,00), u € C*(Ds) N C(Dy,) where Do, = {(z,t): 0 <z < s(t), 0 <t < oo}y

furthermore,

(1.16) u(z,t) >0 for (z,t) € Do,

(1.17) uz(z,t) <0 for (z,t) € De.
2



If in addition to (1.15), ¢'(t) > 0 fort >0, then
(1.18) s"(t) <0 for0 <t < oo.

It was also proved in [1] that if [7° g(¢)dt > —oo, then lim;_, s(t) exists; the limit was
also computed.

In 85 of this paper, we shall study the long time behavior of s(¢) when the con-
dition [3°g(t)dt > —oo is dropped. We shall prove that z = s(t) approaches the free
boundary of a Stefan problem; in particular, it follows that lim;_,, s(t) = oo in the case
[5° g(t)dt = —o0, in contrast to the case [5° g(t)dt > —oo, where lim;_, s(t) is finite.

2. Short time behavior.
THEOREM 2.1. For the solution of (1.1)-(1.5), we have:

) 1
(2.1) O0<u(z,t)—[1-(1+ez]<Ct forOSst(t),OStS2(1+6)

2,3 n 2 243 1
(2.2) — Ci(1+ &) Ss(t)—(t—5(1+e)t)SC’z(l-i—e)t for0 <t < g

where C = (1 4 €)(2ne+ e+ 2n), Cy and C, are constants depending only on n and we
can take C; =0 if n > 1.

Proof. Let w(z,t) = 1 — (1 + €)z, then obviously ew; — wgz, = 0, w(0,t) = u(0,1)
and

(2.3) wz(8(),t) + [1 + ew(s(t), t)]w™(s(t),t) < —(1+€)+ (1 +¢€) = 0.

Hence, by maximum principle, w(z,t) < u(z,t) for 0 <z < s(¢t), t > 0.
Next, let @w(z,t) =1 — (1 4 €)z + Cuat, then €Wy — Wy = Cex > 0 for z > 0 and
w(0,t) = u(0,t). Since s'(t) = u™(s(t),t) € (0,1), we have 0 < s(t) <t and hence

{0z + (1 + ew)a™}

> —l—e+Ct4+[14+e—e(l4e)s@®)]1— 1+ e)s(t)]"

—l1—e+Ct+[14+e—el+4 e[l —(L+e)]"
1
2(14¢)

z=s(t)

AV

a(t) for0<z<s(t),0<t <

For 0 <t <1/[2(1 +¢)],

a'(t)

C—e(l+e)l—(14+et]"—n(l+e)l+e—el+e)t]l— (14!
> C—¢(l+e)—n(l+e)?-2
=0,

and thus a(t) > a(0) = 0 for 0 < t < 1/[2(1 + ¢)]. Now (2.1) follows by maximum
principle.



By (2.1),

s'(t) [1—(1+¢)s(t)]"
1 —n(1+€)s(t) — C1[(1 + €)s(t)]?

1 —n(l+e)t—Ci[(1+e)t)?

vV IV IV

where we can take C; = 0 if n > 1. Hence
s(t) >t — 3(1 + )t — Ca(1 + )22,
Next, using (2.1) again, we get

J(t) < [L—(1+es(t)+Cl1+ et
< 1—n(1+¢€)s(t)+ C[(1+ €)t]>

Solving this inequality we obtain

1 —exp[—n(1 + €)t]
s(t) < n(l+e¢)

< t—g(1+c)t2+0(1+6)2t3. 0

+C(1 +¢)? /Ot exp[—n(1 + €)(t — 7)]r%dr

3. Long time behavior. Define ¢(z,t) to be the solution of the corresponding

solution of the Stefan problem, i.e.,
[ o 26
0 4

Falie)e

(3.1) $(z,t) =1~

where M = M(e) is such that

(3.2) exp <—2M2) = lM /OM exp <—§§2> d¢.

The main result of this section is:
THEOREM 3.1. Suppose (u, s) is a solution of (1.1)~(1.5). Then

M?2
(3.3) lim s(t)s'(t) = -
which implies that
. s(t)
Furthermore,
(3.5) lim sup |u(z,t) — ¢(z,t)] =0
t—=0 o<z <s(t)
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where ¢ is given by (3.1). a

In order to prove (3.3), we need to prove (3.4) first. We shall compare the solution
(u,s) of (1.1)-(1.5) to the solution ¢ of the Stefan problem. Let us first transform our
problem into a variational inequality. Set

(3.6) v(z,t) = /St_l(z) [u(:c,'r) — (3'(7—))1/n] dr

where s~1(z) is the inverse function of s(t); it is C! since s'(¢) > 0. A calculation shows
that v satisfies the following variational inequality.

(3.7) €V — Vgp = —1 — €(s'(1))/™ for 0 < z < s(t), t >0,
(3.8) v=v,=0 onz=s(t),t>0,
i
(3.9) v= / [1 - (S,(T))l/n] dr onz=0,1t>0,
0
(3.10) v=0>—1—¢(s'(t)/" forz>s(t), t>0,
(3.11) v>0 forz<s(t),t>0 (byusing v, <0 and (3.8)).
LEMMA 3.2.
(3.12) s(t) < MVt for all t > 0.

Proof. Let w(z,t) = ft2/M ¢(x,7)dr. Then w satisfies the variational inequality:

T

(3.13) €Wy — Wgg = —1 for 0 <z < MVt t >0,
(3.14) w=w, =0 onz=MVtt>0,

(3.15) w=t onz=0,1t>0,

(3.16) w=0>-1 fore>MVi t>0,
(3.17) w>0 forz< MVt t>D0.

Therefore, by comparison principle for variational inequalities we get v(z,t) < w(z,t)
for 0 < & < co,t > 0, and hence s(t) < M+/t. 0
Next, we prove:

LEMMA 3.3.
. s(t)
3.18 lim —=% = M.
(3.18) b 7

Proof. By [3, Theorem 5.2], we have
(3.19) tlirglo s'(t) = 0;
therefore for any n > 0, there exist 7' > 0 such that

(3.20) 0<(s'(t)V"<n fort>T.
5



Let N, be the solution of

(3.21) (1 -mew (=5N) =@+ )N [ e (~567) de;

it is then clear that N, < M and N, —» M as n — 0. Next, set

z/VET ¢
(3.22) p(z,t)=(1—7)|1- /0 - exp (_Z€2> d¢

f e (-3e)
Then

€p =gy for0<az < NVt-T,t>T
Y(0,t)=1—n fort>T,

d
$=0, —e=(+n)7 (NVE=T) onz=N,Vi—T.
Repeating the proof of Lemma 3.2 we find that
(3.23) s(t) > N,vVt—T fort>T;

it follows that

(3.24) limglf @ > N,

and we conclude the lemma by letting n — 0. O
LEMMA 3.4.

(3.25) lim sup J|u(z,t) — ¢(z,¢)|=0

t—oo 0<z<s(t)

where ¢ is given by (3.1).
Proof. Set

o= (2= )

where a > 0 is to be determined. Then

€ z? € 22%s'(t) 1 2
by —kyy = — 2 — — =
o fortl ( sZ(t)) RT $3(t) Tt s2(t)

> —2— —€a + :
= gt \ YT g

2 1
> e (—ea + W) (by Lemma 3.2)

> 0 fort>0,0 <z < s(t)
6




if a is small enough. For T' > 0, we set

w(, 1) = $(a, 1) + sup(s' ()" + Tk(z, 1),
t>T
Then ew; — wyy > 0 for 0 < 2 < s(t),t > T; w(0,¢) > 1 = u(0 ,t for ¢
w(s(t),t) > sup,sr(s'(t))/™ > u(s(t),t) for t > T and w(z,T) > 1 > u(z,
0 < z < s(t). Therefore by maximun principle

3 v
“'ﬂ

w(z,t) > u(z,t) for 0 <z <s(t), t>T.
Hence

limsup sup [u(z,t)— ¢(z,t)] < sup(s'(2))/™
t—oo  0<z<s(t) t>T

Letting T' — oo, we obtain

(3.26) limsup sup [u(z,t) — ¢(z,t)] < 0.

t—oo  0<z<s(t)

Next, by Lemma 3.3,
lim ¢(s(t),2) = 0.

t—00

Thus by using the subsolution
W(z,t) = ¢(z,t) — sup ¢(s(t), ) — Tk(x, 1),
t>T

to estimate u from below and letting 7' — oo, we get the complement of (3.26), which
completes the proof. 0

LEMMA 3.5.
M2
t—00 - -2_

(3.27) lim sup s(t)s'(t) <

Proof. By (1.8), uze = €uy > 0 for 0 < z < s(t), t > 0. Hence (as in [3, Proposition
5.1])
u(z,t) > wu(s(t),t) +us(s(t),t)(z — s(t))
> —(1+eu(s(t),1))s'(¢)(z — s(t)).
Letting z = vs(t) (0 <y < 1) in the above inequality and letting ¢t — oo, we obtain:

(L= lmas()s(0) < limsup LI

< limsup ¢(ys(t),t) (by Lemma 3.4)
t—00

yM €
= 1 — /7M eXP((‘EE:))Zs (by Lemma 3.3).
| exp |y
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Dividing by 1 — 4 and then letting v — 1~, we immediately obtain (upon recalling
(3.2)) the estimates (3.27). g
LEMMA 3.6. There exist positive constants C' and T such that

(3.28) ui(z,t) < % for0 <z <s(t), T <t<oo.

Proof. 1t is clear that euy — Uy = 0 for 0 < z < s(t),t > 0, and u4(0,t) =0 for ¢ >
0. Differentiating (1.4) and using s”(t) < 0 we get that u:(s(t),t) + uz(s(¢),t)s'(t) < 0.
Hence

u(s(t),t) < —ug(s(t),t)s'(t)

(é+ eu(s(t),1))(s'(t))*  (by (1.3))
t

IA

for0 <t < oo (by Lemmas 3.3 and 3.5).

Next, let

O(z,t) = — /O(Hl)/ﬁexp (—i§2> d€.

Then €; = 0, for t > 0; and by Lemma 3.3, there exist T, co > 0 such that

6u(s(1),t) = exp (‘i(s(t): 1)2) s(;t) \2 1
Co

> n fort>1T.

It is obvious that 6,(0,¢) > 0 and

) . e(z+1)2\ z+1 _
osiipy (@ T) = ot exp (_Z T ) aryr - a0

Therefore by maximum principle,
ui(z,t) < Chy(z,t) for0 <z <s(t),t>T

if C is large enough so that Cco > C* and C¢; > maxo<o<s(r) ue(,T). It follows that
(3.28) holds. 0

Proof of Theorem 3.1. Since we have already proved (3.9), (3.5) and (3.27), it

remains only to show that

(3.29) liminf s(¢)s'(¢) >

t—o00

|5

By Lemma 3.6,

s(t)
(6 - x)umx(éa t)d€

2
gs_(_t_)?_:i for T <t < 0.

u(z,t) = u(s(t),t) + us(s(t), t)(z — s(t)) +

S

T

< u(s(t), 1) 4 ua(s(t), t)(z — s(t)) +
8
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Similarly to the proof of Lemma 3.5, we can now obtain, for 0 < 4 < 1, (notice that
lim;, 0 u(s(t),t) = 0)

M € .o
s%t)) e (-5
S .
€2
/ exp (——-£ ) d¢
0 4
Since s%(t)/t is bounded from above, the above inequality implies, after dividing by
1 —« and letting v — 17, that (3.29) holds. 0

(1=7%) lim inf (s(t)s’(t) +

4. Small e. As in [2], by formally letting ¢ — 0 in equations (1.1)-(1.5), one
obtains equations for the limit functions (uo, so):

(4.1) uo(z,t) =1 — B(t)z,
(4.2) so(t) = (1 = B(t)so(t))" = B(t),
(4.3) B(0) =1, s0(0) =0

From this, one can uniquely determine B(t) and s¢(t); in particular B(t) satisfies:

Lorzt _lpe 221 pam2 4,21
(4.4) t+2+1—2n—2B +1—2nB 1fn762,
1 1., r .. 1
It easily follows that
(4.6) 0<B(t)<1, 0<so(t)B(t) <1,
dB B3

(4.7) < 0.

dt ~ T 1+[(1=n)/n]Bln

It is also clear that lim;_,.o so(t)/+/f = v/2. Now we shall prove that the solution (u., s.)
of (1.1)—(1.5) converges to (uo, So).
THEOREM 4.1. We have, for e > 0,

(4.8) ue(z,t) <1 —B(t)z for 0 <z <s(t), 0<t< o0,

(4.9) 3¢(t) < s0(t), for0<t< oo.

Proof. i) First we show that if (4.9) holds true for 0 < ¢ < to, then (4.8)
must be true for 0 < ¢t < to. In fact, the function w = 1 — B(t)z satisfies w; —
e lwy, = —B'(t)z > 0 for 0 < z < s.(t), t > 0, and w(0,t) = u(0,t) for t > 0. Since
1 — B(t)sc(t) > 1 — B(t)so(t) > 0 for 0 < t < tq,

mfuyumwnmw)z-ﬂm+a—3mqmn
(4.10) > —B(t)+ (1 — B(t)so(t))"

=0 for 0 <t < to.

©



Therefore, by maximun principle, u(z,t) < w(z,t) for 0 < ¢t < to, i.e., (4.8) holds for
0<t <t

ii) Next, we prove that (4.9) holds for small ¢. In fact, from (4.1)-(4.6) it follows
that

so(t) = 1—nB(t)so(t) — C[B(t)so(t)]”

>
> 1—nt—Ct%

therefore so(t) >t — (n/2)t? — Ct>. Hence, by (2.2), (4.9) holds for small ¢ > 0.
iii) It now follows that if the theorem is not true, then there exists a 7" > 0 such

that
(4.11) Se(t) < so(t) for0<t<T
(4.12) $e(T) = so(T).

From i), we obtain
(4.13) sL(t) = ul(se(t),t) < [1 — B(t)se(t)]* for0<t<T.

Notice that 1 — B(t)se(t) > 1 — B(t)so(t) > co > 0 for 0 < ¢t < T, and the function
f(u) = u™ is Lipschitz continuous for u > ¢y. Therefore, by using (4.2), (4.13) and ii),
we can apply the comparison principle of ODE and get

(4.14) Se(t) < so(t) for0<t<T,

which contradicts (4.12) at t = T g
THEOREM 4.2. There exists a €¢g > 0 such that, for all 0 < € < €,

(4.15)  wuz,t) >1— B(t)r —5max(n,l)e for0 <z <s.(t), 0 <t < oo,

(4.16) [1 + 4 max(n,1)e|sc(t) > so(t) for0 <t < oo.

Proof. 1) Set

(4.17) w=1-(1+C*)B(t)z - CZCB(t) (se(t) - Sft))

where C* = 4 max(n, 1), then

wy — 6_1wm

= 1+ 9BWe - B () (36(“ B sf;))

-E00) (1) + ett)) - G20

(14 C*)B'(t)se(t) — CZEB'(t)Se(t) - 02* igg

10
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= sit) :—(1 + C*e + C*e/4)B'(t)s2(t) — %B(t)]
L PR B(t) 2m &
< 1 [0+ O I 0 - B)| (v 47, (4)
< Sit) (1+ Ce + Ce/4) max(n, 1)B(t) - 02 B(t)] (by (4.6))
< 0

if € is small enough so that C*e + C*¢/4 < 1.
Now we show that if (4.16) holds for 0 < t < to, then

(4.18) ue(z,t) > w(z,t) for 0 <z < s.(t), 0 <t <t
which implies that (4.15) is valid for 0 <t < t,. Clearly w(0,t) = u(0,t) and

{ws + (1 + ew)uw™}

z=s¢(t)
C*e

< —(1+C)B(t) + 5-B(t) + (1 + [l = (1 + CTe)B(t)sc()]"}"

< - (14 59) BO+(+ 90— BOso@" by (416)

= - (1 + 026) B(t)+ (1 + €)B(t)
< 0 for 0 StSto

It follows by maximum principle that (4.19) holds.

ii) It is clear that (1 + C*€)s(t) = (14 C*€)t + O(t?) as t — 0, and therefore (4.16)
holds for small t. As in the proof of Theorem 4.1, if the theorem is not true, then there
exists a T' > 0 such that

(4.19) (14 C*e)se(t) > so(t) for0<t<T
s

( )
(4.20) (14 C*€)s(T) = s0(T).
From (4.18), we obtain
(4.21) (14 C*e)sl(t) > si(t) = ul(se(t),t) > {[1 -1+ C*c)B(t)se(t)]""}n .
Clearly

012%)% B(t)so(t) =A< 1;

therefore, we can take A < X < 1. Set
(4.22) G={te[0,T]: (L4 C*¢)B(t)sc(t) > A}

Then for t € G, we have

(14 Ce)se(t) >
11

A
B > so(t),



whereas for ¢t € [0,T]\ G we have
(4.23) 1 — (14 C*)B(t)s(t) >1—-X>0.

The set [0,7] \ G is open and hence consists of open intervals with end points in G.
The function f(u) = u® is Lipschitz continuous for u > 1 — X. Therefore by (4.2) and
(4.21), we can apply the comparison principle of ODE and get that (4.19) holds also
for t € [0,T]\ G, which is a contradiction to (4.20) at ¢t = T. g

5. Neumann boundary condition. In this section we consider the Neumann
boundary condition at x = 0. Taking for simplicity € = 1, the system become

(5.1) Ut = Uge for 0 <z < s(t),t>0,
(5.2) uz(0,t) = g(1),

(5.3) (14 u(s(t),8)] - s'(1) = —ua(s(t), ),
(5.4) s'(t) = u"(s(t),1),

(5.5) s(0) = 0.

It is shown in [1] that if
(5.6) g€ C?0,0), g(t)<0 fort>0, ¢(0)<0; ¢'(t)>0 fort<O,

then (1.16)—-(1.18) hold. The asymptotic behavior of s(t) as ¢ — oo is also studied in
the case [5° g(t)dt > —oo.

We shall study the asymptotic behavior in the general case. Define ¢, = ¢,(z,1),
hy = hy(t) to be the solution for the Stefan problem:

(5.7) = gy for 0 <z < h(t), t >0,

(5.8) ¥s(0,1) = g(1),

(5.9) =0, =, = (L+ k(1) onz = h(),
(5.10) h(0) = 0

where g satisfies (5.6) and n > 0.
THEOREM 5.1. Assume in addition to assumption (5.6) that

(5.11) lim g(¢) = 0.
Then

. os(t)
(5.12) lim o5 =1

where T = ho(t) corresponds to the free boundary of the Stefan probelm (5.7)—(5.13) with
n =0. O

We first establish several lemmas.

12



LEMMA 5.2. For 1, and h, defined in (5.7)—(5.10), we have
(5.13) (L +n)hy(t) > ho(t) fort>D0.

Proof. Let wy,(z,t) be defined as

(5.14) wy(z,t) = /h:_l(x) Yy (z, 7)dr

(h,*(z) exists since h'(t) > 0). Then

(5.15) (W)t — (Wy)ze = =1 —n for 0 <z < hy(t), t>0,
(5.16) wy, = (wy) =0 on = hy,(t), t >0,

(5.17) (wy) = /Otg(t)dT onz=0,1t>0,

(5.18) w, =0>—-1—n forz>s(t), t>0.

Introducing the change of variables y = (1 +n)z and @, (y,t) = (1 + n)w,(z,t), we find
that (5.15) is equivalent to

~ - 1
(5.19) (Ba)e = (Bo)ew = 14 (“ )= m) (w,)e(2,1)
for 0 <y < (1 +n)hy(t), t>0.

Since (wy)t(z,t) = Yy(z,t) > 0, it follows from the comparison principle for variational
inequalities that

(5.20) Wn(y,t) > wo(y,t) forally >0,t>0.
Hence (5.13) holds. g
LEMMA 5.3. For anyT >0

(5.21) lim Pl = 1) _

Proof. We have h,(t) > h,(t — T') since h;, > 0. (5.21) is obviously valid if h,(t)
has a finite limit as ¢t — oco. If, however, lim;_, o h,(t) = oo, then

!

_1‘ Tl
b (1) b ()

The right-hand side of the above inequality converges to zero since h; (t) is bounded as

t — oo. 0
Proof of Theorem 5.1. First we prove that

(5.22) ha(t = T)

(5.23) lim s'(t) = 0.

t—o00
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Since s"(t) < 0, lim;eo s'(t) = ¢o exists. 1f co > 0, then

s(t
lim "g"z' = co > 0.
t—oo

However, by the mass balance

s(t) t
(5.24) s(t) = -—/0 u(z,t)dz —[) g(7)dr,
and hence
¢
S—:—)g—%/ g(r)dr — 0 ast— o0
0

by (5.11), which is a contradiction.

Now, by using (5.23), Lemmas 5.2 and 5.3, we can proceed in the same proof as in
Lemma 3.3 to finish the proof of this theorem. O

Having proved Theorem 3.1, we now reduce the asymptotic behavior of s(t) near
0o to that of the corresponding Stefan problem, which is well known. Therefore, let us
use, for example, [5, Chapter 8, Theorem 3], we immediately get the behavior of s(t)
near oo if ¢(t) is like t=% (1/2 < § < 1) near oo.

Acknowledgements. The author thanks Professor Avner Friedman for his direc-
tions and help.

14



1]
2]

3]

[4]

[5]
[6]
[7]

8]

D

A.

REFERENCES

. ANDREUCCI, AND R. Ricci, A free boundary problem arising from sorption
of solvents in glassy polymers, Quart. Appl. Math., XLIV (1987), pp. 649-657.
. S. COHEN, AND T. ERNEUX, Free boundary problem in controlled release phar-
maceuticals. I: Diffusion in glassy polymers, STAM. J. Appl. Math., 48(1988),

pp. 1451-1465.

FasanNo, F. H. MEYER, AND M. PRIMICERIO, On a problem in the polymer

industry: Theoretical and numericla investigation of swelling, SIAM. J. Math.

Anal., 17(1986), pp. 945-960.

. FASANO, AND M. PRIMICERIO, Free boundary problems for nonlinear parabolic
equations with nonlinear free boundary conditions, J. Math. Anal. Appl.,
72(1979), pp. 247-273.

. FRIEDMAN, Partial Differential FEquations of Parabolic Type, Prentice-Hall,
Englewood Cliffs, NJ, 1964.

. FRIEDMAN, Variational Principles and Free Boundary Problems, Wiley and
Sons, New York, 1982.

. FRIEDMAN, Asymptotic Behavior for the Free boundary of parabolic variational
inequalities and applications to sequential analysis. Illinois J. Math., 26(1982),
pp. 653-697.

. FRIEDMAN, Free boundary problems for parabolic equations II: Evaporation or
condensation of a liguid drop. J. Math. Mech., 9(1960), pp. 19-66.

15



547
548

549

550

551
5562
553

554
555
556
557

558
559
560

561
562
563
564
565
566
567

568

569

570

571

572
573

574
575
576
877
578
579

580
581
582
583

584
585

586
587

Recent IMA Preprints
Author/s Title

M. Slemrod, Dynamics of Measured Valued Solutions to a Backward-Forward Heat Equation

Avner Friedman and Jiirgen Sprekels, Steady States of Austenitic—-Martensitic-Domains
in the Ginzburg-Landau Theory of Shape Memory Alloys

Avner Friedman and Bei Hu, Degenerate Hamilton-Jacobi-Bellman Equations in a
Bounded Domain

E.G. Kalnins, Willard Miller, Jr., and M.V. Tratnik, Families of Orthogonal and Biorthogonal
Polynomials on the N-Sphere

Heinrich Freistithler, On Compact Linear Degeneracy

Matthew Witten, Quantifying the Concepts of Rate and Acceleration/Deceleration of Aging

J.P. Albert and J.L. Bona, Total Positivity and the Stability of Internal Waves in Stratified
Fluids of Finite Depth

Brian Coomes and Victor Zurkowski, Linearization of Polynomial Flows and Spectra of Derivations

Yuriko Renardy, A Couette-Poiseuille Flow of Two Fluids in a Channel

Michael Renardy, Short wave instabilities resulting from memory slip

Daniel D. Joseph and Michael Renardy, Stokes’ first problem for linear viscoelastic fluids with
finite memory

Xiaxi Ding, Superlinear Conservation Law with Viscosity

J.L. Ericksen, Liquid Crystals with Variable Degree of Orientation

F. Robert Ore, Jr. and Xinfu Chen, Electro-Optic Modulation in an Arbitrary Cross-Section
Waveguide

M.V. Tratnik, Multivariable biorthogonal continuous-discrete Wilson and Racah polynomials

Yisong Yang, Existence of Solutions for a Generalized Yang-Mills Theory

Peter Gritzmann, Laurent Habsieger and Victor Klee, Good and Bad Radii of Convex Polygons

Martin Golubitsky, Martin Krupa and Chjan. C. Lim, Time-Reversibility and Particle Sedimentation

G. Yin, Recent Progress in Parallel Stochastic Approximations

G. Yin, On H-Valued SA: Finite Dimensional Approximations

Chien-Cheng Chang, Accurate Evaluation of the Effect of Diffusion and Conductivity in Certain
Equations

Chien-Cheng Chang and Ruey-Ling Chern, The Effect of Viscous Diffusion in Discrete Vortex
Dynamics for Slightly Viscous Flows

Li Ta-Tsien (Li Da-gian) and Zhao Yan-Chun, Global Existence of Classical Solutions to the
Typical Free Boundary Problem for General Quasilinear Hyperbolic Systems and its Applications

Thierry Cazenave and Fred B. Weissler, The Structure of Solutions to the Pseudo-Conformally
Invariant Nonlinear Schrodinger Equation

Marshall Slemrod and Athanasios E. Tzavaras, A Limiting Viscosity Approach for the Riemann
Problem in Isentropic Gas Dynanics

Richard D. James and Scott J. Spector, The Formation of Filamentary Voids in Solids

P.J. Vassiliou, On the Geometry of Semi-Linear Hyperbolic Partial Differential Equations in
the Plane Integrable by the Method of Darboux

Jerome V. Moloney and Alan C. Newell, Nonlinear Optics

Keti Tenenblat, A Note on Solutions for the Intrinsic Generalized Wave and Sme Gordon Equations

P. Szmolyan, Heteroclinic Orbits in Singularly Perturbed Diflerential Equations

Wenxiong Liu, A Parabolic System Arising In Film Development

Daniel B. Dix, Temporal Asymptotic Behavior of Solutions of the Benjamin-Ono-Burgers Equation

Michael Renardy and Yuriko Renardy, On the nature of boundary conditions for flows with
moving free surfaces

Werner A. Stahel, Robust Statistics: From an Intellectual Game to a Consumer Product

Avner Friedman and Fernando Reitich, The Stefan Problem with Small Surface Tension

E.G. Kalnins and W. Miller, Jr., Separation of Variables Methods for Systems of Differential
Equations in Mathematical Physics

Mitchell Luskin and George R. Sell, The Construction of Inertial Manifolds for Reaction-Diffusion
Equations by Elliptic Regularization

Konstantin Mischaikow, Dynamic Phase Transitions: A Connection Matrix Approach

Philippe Le Floch and Li Tatsien, A Global Asymptotic Expansion for the Solution to the Generalized
Riemann Problem

Matthew Witten, Ph.D., Computational Biology: An Overview

Matthew Witten, Ph.D., Peering Inside Living Systems: Physiology in a Supercomputer



588

589

590
591

592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607

608
609

610
611

612
613
614
615
616
617

618
619

620
621

622
623

624

Recent IMA Preprints (Continued)
Author/s Title

Michael Renardy, An existence theorem for model equations resulting from kinetic theories of
polymer solutions

Daniel D. Joseph and Luigi Preziosi, Reviews of Modern Physics: Addendum to the Paper
“Heat Waves”

Luigi Preziosi, An Invariance Property for the Propagation of Heat and Shear Waves

Gregory M. Constantine and John Bryant, Sequencing of Experiments for Linear and Quadratic
Time Effects

Prabir Daripa, On the Computation of the Beltrami Equation in the Complex Plane

Philippe Le Floch, Shock Waves for Nonlinear Hyperbolic Systems in Nonconservative Form

A.L. Gorin, D.B. Roe and A.G. Greenberg, On the Complexity of Pattern Recognition
Algorithms On a Tree-Structured Parallel Computer

Mark J. Friedman and Eusebius J. Doedel, Numerical computation and continuation of invariant
manifolds connecting fixed points

Scott J. Spector, Linear Deformations as Global Minimizers in Nonlinear Elasticity

Denis Serre, Richness and the classification of quasilinear hyperbolic systems

L. Preziosi and F. Rosso, On the stability of the shearing flow between pipes

Avner Friedinan and Wenxiong Liu, A system of partial differential equations arising in
electrophotography

Jonathan Bell, Avner Friedman, and Andrew A. Lacey, On solutions to a quasilinear diffusion
problem from the study of soft tissue

David G. Schaeffer and Michael Shearer, Loss of hyperbolicity in yield vertex plasticity
models under nonproportional loading

Herbert C. Kranzer and Barbara Lee Keyfitz, A strictly hyperbolic system of conservation
laws admitting singular shocks

S. Laederich and M. Levi, Qualitative dynamics of planar chains

Milan Miklavé&i€, A sharp condition for existence of an inertial manifold

Charles Collins, David Kinderlehrer, and Mitchell Luskin, Numerical approximation of the
solution of a variational problem with a double well potential

Todd Arbogast, Two-phase incompressible flow in a porous medium with various nonhomogeneous
boundary conditions

Peter Pol4aéik, Complicated dynamics in scalar semilinear parabolic equations-in higher
space dimension

Bei Hu, Diffusion of penetrant in a polymer: a free boundary problem

Mohamed Sami ElBialy, On the smoothness of the linearization of vector fields near resonant
hyperbolic rest points

Max Jodeit, Jr. and Peter J. Olver, On the equation grad f = M grad ¢

Shui-Nee Chow, Kening Lu, and Yun-Qiu Shen, Normal form and linearization for quasiperiodic
systems

Prabir Daripa, Theory of one dimensional adaptive grid generation

Michael C. Mackey and John G. Milton, Feedback, delays and the origin of blood cell dynamics

D.G. Aronson and S. Kamin, Disappearance of phase in the Stefan problem: one space
dimension

Martin Krupa, Bifurcations of relative equilibria

D.D. Joseph, P. Singh, and K. Chen, Couette flows, rollers, emulsions, tall Taylor cells,
phase separation and inversion, and a chaotic bubble in Taylor-Couette flow of two immiscible
liquids

Artemio Gonzalez-Lépez, Niky Kamran, and Peter J. Olver, Lie algebras of differential
operators in two complex variables

L.E. Fraenkel, On a linear, partly hyperbolic model of viscoelastic flow past a plate

Stephen Schecter and Michael Shearer, Undercompressive shocks for nonstrictly hyperbolic
conservation laws

Xinfu Chen, Axially symmetric jets of compressible fluid

J. David Logan, Wave propagation in a qualitative model of combustion under equilibrium
conditions

M.L. Zeeman, Hopf bifurcations in competitive three-dimensional Lotka-Volterra Systems

Allan P. Fordy, Isospectral flows: their Hamiltonian structures, Miura maps and
master symmetries

Daniel D. Joseph, John Nelson, Michael Renardy, and Yuriko Renardy, Two-Dimensional
cusped interfaces



