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Logos, Logic, and Logistiké:
Some Philosophical Remarks on

Nineteenth-Century Transformation
of Mathematics

I

Mathematics underwent, in the nineteenth century, a transformation
so profound that it is not too much to call it a second birth of the subject—
its first birth having occurred among the ancient Greeks, say from the
sixth through the fourth century B.C. In speaking so of the first birth,
I am taking the word mathematics to refer, not merely to a body of
knowledge, or lore, such as existed for example among the Babylonians
many centuries earlier than the time I have mentioned, but rather to a
systematic discipline with clearly defined concepts and with theorems
rigorously demonstrated. It follows that the birth of mathematics can also
be regarded as the discovery of a capacity of the human mind, or of human
thought—hence its tremendous importance for philosophy: it is surely
significant that, in the semilegendary intellectual tradition of the Greeks,
Thales is named both as the earliest of the philosophers and the first prov-
er of geometric theorems.

As to the ‘‘second birth,”’ I have to emphasize that it is of the very
same subject. One might maintain with some plausibility that in the time
of Aristotle there was no such science as that we call physics; that Plato
and Aristotle were acquainted with mathematics in our own sense of the
term is beyond serious controversy: a mathematician today, reading the
works of Archimedes, or Eudoxos’s theory of ratios in Book V of Euclid,
will feel that he is reading a contemporary. Then in what consists the *‘sec-
ond birth’’? There was, of course, an enormous expansion of the sub-
ject, and that is relevant; but that is not quite it: The expansion was itself
effected by the very same capacity of thought that the Greeks discovered;
but in the process, something new was learned about the nature of that
capacity—what it is, and what it is not. I believe that what has been
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learned, when properly understood, constitutes one of the greatest advan-
ces of philosophy—although it, too, like the advance in mathematics itself,
has a close relation to ancient ideas (I intend by the word /ogos in the
title an allusion to the philosophy of Plato). I also believe that, when
properly understood, this philosophical advance should conduce to a cer-
tain modesty: one of the things we should have learned in the course of
it is how much we do noft yet understand about the nature of mathematics.

II

A few decades ago, the reigning cliché in the philosophy of mathematics
was “‘the three schools”: logicism (Frege-Russell-Carnap), formalism
(Hilbert), intuitionism (Brouwer). Many people would now hold that all
three schools have failed: Hilbert’s program has not been able to over-
come the obstacle discovered by Gddel; logicism was lamed by the para-
doxes of set theory, impaired more critically by Goédel’s demonstration
of the dilemma: either paradoxes—i.e., inconsistency—or incompleteness,
and (some would add) destroyed by Quine’s criticisms of Carnap; intui-
tionism, finally, has limped along, and simply failed to deliver the lucid
and purified new mathematics it had promised. In these negative judg-
ments, there is a large measure of truth (which bears upon the lesson of
modesty I have spoken of); although I shall argue later that none of the
three defeats has been total, or necessarily final. But my chief interest here
in the “‘three schools’’ will be to relate their positions to the actual develop-
ments in mathematics in the preceding century. I hope to show that in
some degree the usual view of them has suffered from an excessive preoc-
cupation with quasi-technical ‘‘philosophical’’—or, perhaps better, ide-
ological—issues and oppositions, in which perspective was lost of the math-
ematical interests these arose from. To this end, I shall be more concerned
with the progenitors or foreshadowers of these schools than with their
later typical exponents; more particularly, with Kronecker rather than
Brouwer, and with Dedekind more than Frege. Hilbert is another matter:
his program was very much his own creation. Yet in a sense, Hilbert
himself, in his mathematical work before the turn of the century, stands
as the precursor of his own later foundational program; and in the same
sense, as we shall see, Dedekind is a very important precursor of Hilbert
as well as of logicism. Since Kronecker and Frege, too, both contributed
essential ingredients to Hilbert’s program—Kronecker on the philosoph-
ical, Frege on the technical side—the web is quite intricate.
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It is far beyond both the scope of this paper and the competence of
its author to do justice, even in outline, to the complex of interrelated
investigations and mathematical discoveries (or ‘‘inventions’’) by which
mathematics itself was deeply transformed in the nineteenth century; I
am going to consider only a few strands in the vast fabric. A good part
of the interest will center in the theory of numbers—and in more or less
related matters of algebra and analysis—but with a little attention to
geometry too.

Let us begin with a very brief glance at the situation early in the cen-
tury, when the transformation had just commenced. A first faint prefigura-
tion of it can be seen in work of Lagrange in the 1770s on the problems
of the solution of algebraic equations by radicals and of the arithmetical
theory of binary quadratic forms. On both of these problems, Lagrange
brought to bear new methods, involving attention to transformations or
mappings and their invariants, and to classifications induced by equiva-
lence-relations. (That Lagrange was aware of the deep importance of his
methods is apparent from his remark that the behavior of functions of
the roots of an equation under permutations of those roots constitutes
“‘the true principles, and, so to speak, the metaphysics of the resolution
of equations of the third and fourth degree.”” Bourbaki! suggests that one
can see here a first vague intuition of the modern concept of structure.)
This work of Lagrange was continued, on the number-theoretic side, by
Gauss; on the algebraic side, by Gauss, Abel, and Galois; and, despite
the failure of Galois’s investigations to attract attention and gain recogni-
tion until nearly fifteen years after his death, the results attained by the
early 1830s were enough to ensure that—borrowing Lagrange’s word—
the new ‘‘metaphysics’> would go on to play a dominant role in algebra
and number-theory. (I should not omit to remark here that a procedure
closely related to that of classification was the introduction of new ‘‘ob-
jects’’ for consideration in general, and for calculation in particular. In
the Disquisitiones Arithmeticae of Gauss, explicit introduction of new ideal
“objects’’ is avoided in favor of the device of introducing new “‘quasi-
equalities’’ [congruences]; Galois, on the other hand, went so far as to
introduce ‘‘ideal roots’’ of polynomial congruences modulo a prime
number, thus initiating the algebraic theory of finite fields.?)

By the same period, the early 1830s, decisive developments had also
taken place in analysis and in geometry: in the former, the creation—
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privately by Gauss, publicly by Cauchy—of the theory of complex-analytic
functions; in the latter, besides the emergence of projective geometry,
above all the discovery of the existence of at least one geometry alternative
to that of Euclid. For although Bolyai-Lobachevskyan geometry made
no great immediate impression on the community of mathematicians,
Gauss—who, again privately, had discovered it for himself—well under-
stood its importance; and Gauss’s influence upon several of the main
agents in this story was profound and direct.

v

As pivotal figures for the history now to be discussed, I would name
Dirichlet, Riemann, and Dedekind—all closely linked personally to one
another, and to Gauss. Among these, Dirichlet is perhaps the poet’s
poet—better appreciated by mathematicians, more especially number-
theorists, with a taste for original sources, than by any wide public. It
is not too much to characterize Dirichlet’s influence, not only upon those
who had direct contact with him—among those in our story: Riemann
and Dedekind, Kummer and Kronecker—but upon a later generation of
mathematicians, as a spiritual one (the German geistig would do better).
Let me cite, in this connection, Hilbert and Minkowski. In his Gottingen
address of 1905, on the occasion of Dirichlet’s centenary, Minkowski, nam-
ing a list of mathematicians who had received from Dirichlet ‘‘the strongest
impulse of their scientific aspiration,’’ refers to Riemann: ‘‘What math-
ematician could fail to understand that the luminous path of Riemann,
this gigantic meteor in the mathematical heaven, had its starting-point in
the constellation of Dirichlet’’; and he then remarks that although the
assumption to which Riemann gave the name ‘‘Dirichlet’s Principles’—
we may recall that this had just a few years previously been put on a sound
basis by Hilbert—was in fact introduced not by Dirichlet but by the young
William Thomson, still ‘‘the modern period in the history of mathematics”’
dates from what he calls ‘‘the other Dirichlet Principle: to conquer the
problems with a minimum of blind calculation, a maximum of clear-secing
thoughts.’’3 Just four years later, in his deeply moving eulogy of Min-
kowski, Hilbert says of his friend: ‘‘He strove first of all for simplicity
and clarity of thought—in this Dirichlet and Hermite were his models.’’4
And for perhaps the strongest formulation of Minkowski’s ‘‘other Dirich-
let Principle,”” consider this passage quoted by Otto Blumenthal, in his
biographical sketch of Hilbert, from a letter of Hilbert to Minkowski:



242 Howard Stein

““In our science it is always and only the reflecting mind der itberlegende
Geist], not the applied force of the formula, that is the condition of a
successful result.”’s

A%

I am going to make a sudden jump here: Why did Dedekind write his
little monograph on continuity and irrational numbers? To be sure, that
work is in no need of an excuse; but I have long been struck by these cir-
cumstances: (1) Dedekind himself tells us in his foreword that when, some
dozen years earlier, he first found himself obliged to teach the elements
of the differential calculus, he ‘“felt more keenly than ever before the lack
of a really scientific foundation of arithmetic.”” He goes on to express
his dissatisfaction with ‘‘recourse to the geometrically evident’’ for the
principles of the theory of limits.® (Note that Dedekind speaks of a ““foun-
dation of arithmetic,”’ rather than of analysis.) (2) In the foreword to the
first edition of his monograph on the natural number, Dedekind invokes,
as something ‘‘self-evident,”’ the principle that every theorem of algebra
and of the higher analysis can be expressed as a theorem about the natural
numbers: ‘‘an assertion,”” he says, ‘‘that [ have also heard repeatedly from
the mouth of Dirichlet.”’” (3) From antiquity (e.g., Aristotle, Euclid)
through the late cighteenth and early nineteenth centuries (e.g., Kant,
Gauss), a prevalent view was that there are two distinct sorts of ‘‘quanti-
ty’’: the discrete and the continuous, represented mathematically by the
theories of number and of continuous magnitude. Gauss, for instance,
excludes from consideration in the Disquisitiones Arithmeticae ‘‘fractions
for the most part, surds always.”’® But Dirichlet, in 1837, succeeded in
proving that there are infinitely many prime numbers in any arithmetic
progression containing two relatively prime terms, by an argument that
makes essential use of continuous variables and the theory of limits. This
famous investigation was the beginning of analytic number theory; and
Dirichlet himself signalizes the importance of the new methods he has in-
troduced into arithmetic: ‘““The method I employ seems to me above all
to merit attention by the connection it establishes between the infinitesimal
Analysis and the higher Arithmetic [/’Arithmétique transcendante);®

I have been led to investigate a large number of questions concerning
numbers [among them, those related to the number of classes of binary
quadratic forms and to the distribution of primes] from an entirely
new point of view, which attaches itself to the principles of infinitesimal
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analysis and to the remarkable properties of a class of infinite series
and infinite products.1o

From all this it seems reasonable—I would even say, inevitable—to con-
clude that a part at least of Dedekind’s motive was that of clearing
“‘arithmetic’ in the strict sense, i.e. the theory of the rational integers,
from any taint of reliance upon principles drawn from a questionable
source. In any case, this motive is explicitly stressed by Dedekind’s great
rival, Kronecker, in the first lecture of his course of lectures on number
theory (published by Hensel in 1901). He there quotes from Gauss’s preface
to the Disquisitiones Arithmeticae: ‘‘The investigations contained in this
work belong to that part of mathematics which is concerned with the whole
numbers—fractions excluded for the most part, and surds always.’’ But,
says Kronecker, ‘‘the Gaussian dictum. ..is only then justified, if the
quantities he wishes to exclude are borrowed from geometry or mechan-
ics....”” Then—after referring to Gauss’s own treatment, in the Disquisi-
tiones, of cyclometry (thus, irrational numbers) and of forms (thus,
“‘algebra’’ or Buchstabenrechnung)—he cites elementary examples (Leib-
niz’s series for w/4; partial fraction expansion of z tan(z)) to support the
claim that analysis has its roots in the theory of the whole numbers (with,
he says, the sole exception of the concept of the limit—as to how this is
to be dealt with, he unfortunately leaves us in the dark); and goes on to
conclude:

Thus arithmetic cannot be demarcated from that analysis which has
freed itself from its original source of geometry, and has been devel-
oped independently on its own ground; all the less so, as Dirichlet has
succeeded in attaining precisely the most beautiful and deep-lying
arithmetical results through the combination of methods of both dis-
ciplines.!!

Finally, the epistemological connection is made explicit by Kronecker in
another place—his essay ‘“Uber den Zahlbegriff’’—again with a reference
to Gauss:

The difference in principles between geometry and mechanics on the
one hand and the remaining mathematical disciplines, here comprised
under the designation ‘‘arithmetic,”’ consists according to Gauss in this,
that the object of the latter, Number, is solely the product of our mind,
whereas Space as well as Time have also a reality, outside our mind,
whose laws we are unable to prescribe completely a priori.!2
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It would be tempting to spend much time on Dedekind’s theory of
continuity—on its relation to Eudoxos and to geometry, and on the dif-
ficulty his contemporaries had in understanding its point. Let me just refer
to the extracts from Dedekind’s correspondence with Rudolf Lipschitz,
given by Emmy Noether in vol. III of Dedekind’s Gesammelte Mathe-
matische Werke, and particularly to the fact that Lipschitz objected to
Dedekind that the property the latter calls ‘‘completeness’’ or ‘‘continu-
ity’’—in the terminology now standard, connectedness—is self-evident and
doesn’t need to be stated—that no man can conceive of a line without
that property. Dedekind replies that this is incorrect, since #e himself can
conceive of all of space and each line in it as entirely discontinuous (add-
ing that Herr Professor Cantor in Halle is evidently another man of the
same sort). He refers to §3 of his monograph, where he had said, ‘‘If space
has a real existence at all, it does not have necessarily to be continuous.’’13
But it is in the foreword to the first edition of the monograph on the natural
numbers that Dedekind returns to this point and indicates the particular
grounds for his claim: namely, the existence (as we would say) of models
of Euclid’s geometry in which all ratios of lengths of straight segments
are algebraic numbers. For the latter concept, he refers the reader to
Dirichlet’s Vorlesungen iiber Zahlentheorie, §159 of the second, §160 of
the third edition. The second edition of Dirichlet’s lectures—of which,
of course, Dedekind was the editor—was published the year before Stetig-
keit und irrationale Zahlen; and the section indicated# is part of the fa-
mous Supplement written by Dedekind in which the theory of algebraic
number fields and algebraic integers was developed for the first time.

I have the impression that the central importance of that very great
work of Dedekind for the entire subsequent development of mathematics
has not been generally appreciated. It is certainly well known—to those
who know such things—that this Supplement was of the first importance
for algebraic number theory and for what is now called ‘‘commutative
algebra.’” It is perhaps less well known that this is also the place in which
Galois’s theory was developed for the first time in its modern form—as
a theory of field extensions and their automorphisms, rather than of
substitutions in formulas and of functions invariant under substitutions.
But that new perspective upon Galois’s achievement is itself only one
manifestation of a general principle that permeates the work—one that
could be summed up in Minkowski’s phrase expressing the ‘‘other Dirichlet
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Principle”’: “‘a minimum of blind calculation, a maximum of clear-seeing
thoughts.”” Here is how Dedekind puts it, in the version of his theory that
he published in French in 1877:

A theory based upon calculation would, as it seems to me, not offer
the highest degree of perfection; it is preferable, as in the modern theory
of functions, to seek to draw the demonstrations, no longer from
calculations, but directly from the characteristic fundamental concepts,
and to construct the theory in such a way that it will, on the contrary,
be in a position to predict the results of the calculation (for example,
the composition of decomposable forms of all degrees). Such is the aim
that I shall pursue in the following Sections of this Memoir,1®

The reference to ‘‘the modern theory of functions’’ is, unmistakably,
to Riemann; but the methods by which Dedekind pursues his stated aim
are distinctly his own. They may be summed up, in a word, as structural:
Emmy Noether, in her notes to the Mathematische Werke, recognizes
plainly and with evident enthusiasm the strong kinship of Dedekind’s point
of view with her own (and I hope it may be presumed that the influence
of Noether’s point of view upon the mathematics of our century is itself
well known).

VII

Perhaps, however, a distinction should be made: One theme associated
with the name of Emmy Noether is that of the ‘‘abstract axiomatic ap-
proach’’ to algebra; a second is that of attention to entire algebraic struc-
tures and their mappings, rather than to, say, just numerical attributes
of those structures (as a notable example, in topology, attention to homo-
logy groups and their induced mappings, not just to Betti numbers and
torsion coefficients). One might consider that, of these themes, the second
links Noether to Dedekind, the first rather to Hilbert. I want to consider
both themes; but I begin with the second, which certainly is present in
full measure in Dedekind. And I shall here take up this theme in connec-
tion with the monograph Was sind und was sollen die Zahlen?

In the foreword to the first edition of that work, Dedekind speaks of
““‘the simplest science, namely that part of logic which treats of numbers.’’ 16
Arithmetic, then, is a “part of logic’’; but what is logic?

The same question can be asked of other philosophers who claim that
mathematics is, or belongs to, logic; the inquiry tends to be frustrating.
For example, Frege says!? that his claim that arithmetical theorems are
analytic can be conclusively established ‘‘only by a gap-free chain of in-



246 Howard Stein

ferences, so that no step occurs that does not conform to one of a small
number of modes of inference recognized as logical’’; but he quite fails
to tell us how such recognition occurs—or what its content is. The trou-
ble lies in the reigning presumption that to recognize a proposition as a
““logical truth”’ is to identify its epistemological basis; and this is a trou-
ble because—if I may be forgiven for pontificating on the point—no cogent
theory of the ‘‘epistemological basis”’ of any kind of knowledge has ever
been formulated.

On the other hand, some things can be said about Dedekind’s claim—
and even, I think, some epistemological things. In a general way, we should
remember, ‘‘logic’’ in the period in question was taken to be concerned
with the ‘‘laws of thought.’’ I have said in my opening remarks that the
discovery of mathematics was also the discovery of a capacity of the human
mind. Dedekind tells us what, in his opinion, this capacity is. His earliest
published statement dates from 1879 (by coincidence, the year of Frege’s
Begriffsschrifty and occurs in §161 of the Eleventh Supplement to
Dirichlet’s Zahlentheorie, third edition:!8 in the text he introduces the no-
tion of a mapping; in a footnote he remarks, and repeats the statement
in the foreword to the first edition of Was sind und was sollen die Zahlen?1®
that the whole science of numbers rests upon this capacity of this mind—
the capacity to envisage mappings— without which no thinking at all is
possible. So the claim that arithmetic belongs to logic is the claim that
the principles of arithmetic are essentially involved in all thought—with-
out anything said about an epistemological basis. Moreover, the principles
involved are indeed those employed explicitly in Dedekind’s algebraic-num-
ber-theoretic investigations: the formation of what he calls ‘‘systems’’—
fields, rings (or ‘‘orders’’), modules, ideals—and mappings.

But there is another aspect of Dedekind’s view that should not be
overlooked. What is his answer to the question posed by the title of his
monograph? But first, what is the question? The version given by the
English translator of the work, The Nature and Meaning of Numbers,
is (setting aside its abandonment of the interrogative form) quite mislead-
ing: the German idiom ‘““Was soll [etwas]?’’ is much broader than the
English ‘“What does [something] mean?’’ What it connotes is always, in
some sense, ‘‘intention’’; but with the full ambiguity of the latter term.
We can, however, see the precise sense of Dedekind’s question from the
quite explicit answer he gives:

My general answer [or “principal answer’’: Hauptantwort] to the ques-
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tion posed in the title of this tract is: numbers are free creations of the
human mind; they serve as a means for more easily and more sharply
conceiving the diversity of things.20

The title, therefore, asks: What are numbers, and what are they for? (What
is their use, their function?)

The answer is not very satisfying. I think Dedekind makes a mistake
by assuming that numbers are ‘‘for’’ some one thing. But it is a venial
mistake that lies really only on the surface of his formulation. It is, in-
deed, part of the great discovery of the nineteenth century that mathe-
matical constructs may have manifold ‘‘uses,”” and uses that lie far from
those envisaged at their ‘‘creation.”’ On the other hand, this formulation
of Dedekind’s is so general and vague that perhaps it could be stretched
to cover absolutely any application of the concept of number.

What I think is more interesting in all this is that it is not what numbers
‘“are’’ intrinsically that concerns Dedekind. He is not concerned, like Frege,
to identify numbers as particular ‘‘objects’’ or ‘‘entities’’; he is quite free
of the preoccupation with “‘ontology’’ that so dominated Frege, and has
so fascinated later philosophers. Dedekind’s general answer to his first
question, ‘“Numbers are free creations of the human mind,”’ later takes
the following specific form: He defines—or, equivalently, axiomatizes—the
notion of a ‘‘simply infinite system’’; and then says (in effect: this is my
own free rendering) it does not matter what numbers are; what malters
is that they constitute a simply infinite system. He adds—and here 1
translate literally—*‘In respect of this freeing of the elements from any
further content (abstraction), one can justly call the numbers a free crea-
tion of the human mind.”’2t Of course it follows from this characteriza-
tion that numbers are ‘‘for’’ any use to which a simply infinite system
can be put; it is because this answer does follow, and because it is the
right one, that I described Dedekind’s mistake about this as venial.

It should be noted that a very similar point applies to Dedekind’s
analysis of real numbers. Here again the contrast with Frege is instruc-
tive. In the second volume of his Grundgesetze der Arithmetik, Frege
moves slowly toward a definition of the real numbers.22 He does not quite
reach it—that was reserved for the third volume, which never appeared;
but what it would have been is pretty clear. Frege’s idea was that real
numbers are ““for’’ representing ratios of measurable magnitudes (as, for
him, whole numbers—Anzahlen—are ‘“‘for’’ representing sizes of sets—
in his terminology, sizes of ‘‘extensions of concepts’’); and he wants the
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real numbers to be ‘‘objects’’ specifically adapted to that function. That
is why he rejects Dedekind’s, Cantor’s, and Weierstrass’s constructions.
But Dedekind says, again, that it does not matter what real numbers “‘are.”’
In particular, he does not define them as cuts in the rational line. He says,
rather, ““Whenever a cut (4,,4,) is present that is induced by no rational
number, we create a new, an irrational number a, which we regard as com-
pletely defined by the cut (A4,,4,).”’2% In a letter to his friend and col-
laborator Heinrich Weber,2 he defends this point, together with the related
one concerning the integers, in a rather remarkable passage. Weber has
evidently suggested that the natural numbers be regarded primarily as car-
dinal rather than ordinal numbers, and that they be defined as Russell
later did define them. Dedekind replies:

If one wishes to pursue your way—and I would strongly recommend
that this be carried out in detail—I should still advise that by num-
ber. .. there be understood not the class (the system of all mutually
similar finite systems), but rather something new (corresponding to this
class), which the mind creates. We are of divine species [wir sind gétt-
lichen Geschlechtes] and without doubt possess creative power not mere-
ly in material things (railroads, telegraphs), but quite specially in in-
tellectual things. This is the same question of which you speak at the
end of your letter concerning my theory of irrationals, where you say
that the irrational number is nothing else than the cut itself, whereas
I prefer to create something new (different from the cut), which cor-
responds to the cut.... We have the right to claim such a creative
power, and besides it is much more suitable, for the sake of the homo-
geneity of all numbers, to proceed in this manner.

Dedekind continues with essentially the points made in a well-known paper
of Paul Benacerraf: there are many attributes of cuts that would sound
very odd if one applied them to the corresponding numbers; one will say
many things about the class of similar systems that one would be most
loath to hang—as a burden—upon the number itself. And he concludes
with a reference to algebraic number theory: ‘‘On the same grounds I have
always held Kummer’s creation of the ideal numbers to be entirely justified,
if only it is carried out rigorously’’—a condition that Kummer, in
Dedekind’s opinion, had not fully satisfied.

In contrast with this last remark of Dedekind’s, no less cultivated a
mathematician than Felix Klein, as late as the 1910s (when his invaluable
lectures on the development of mathematics in the nineteenth century were
delivered), felt it necessary to demystify Kummer’s ‘‘creation’” by insisting
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on the fact that one can—although not in a uniquely distinguished (as
one would now say, ‘‘canonical’’) fashion—identify Kummer’s ‘‘ideal
divisors’’ with actual complex algebraic numbers in the ordinary sense.25
There can be no doubt in the mind of anyone acquainted with the later
development of the subject that—at least in point of actual practice (but
I would argue, also in principle)—it was Dedekind in 1888, not Klein thirty
years later, who had this right.

VIII

Dedekind’s term ‘‘free creation’’ also deserves some attention. (The
theme has, again, some Dirichletian resonance, since Dirichlet in his work
on trigonometric series played a significant role in legitimating the notion
of an ‘‘absolutely arbitrary function,”’ unrestricted by any necessary
reference to a formula or ““rule.’’) It is very characteristic of Dedekind
to wish to open up the possibilities for developing concepts, and to wish
also that alternative, and new, paths be explored. We have just seen him
urging Weber to develop his own views on the natural numbers; he
repeatedly urged Kronecker to make known his way of developing alge-
braic number theory; in the foreword to his fourth (and last) edition of
Dirichlet’s Vorlesgunen itber Zahlentheorie, containing his final revision
of the Eleventh Supplement, he expresses the hope that one of Kronecker’s
students may prepare a complete and systematic presentation of Kroneck-
er’s theory—and also recommends the attempt to simplify the founda-
tions of his own theory to younger mathematicians, who enter the field
without preconceived notions, and to whom therefore such simplification
may be easier than to himself.26 (This was in September 1893. Kronecker
had recently died; Hilbert had just begun to work on algebraic number
theory.)

If this has come to sound too much like a panegyric on Dedekind, 1
can only say that that is because he does seem to be a great and true pro-
phet of the subject—a genuine philosopher, of and in mathematics.

IX

In his brief account of Dirichlet, Felix Klein mentions?” as ‘‘a particular
characteristic’’ of Dirichlet’s number-theoretic investigations the type of
proof, which he was the first to employ, that establishes the existence of
something without furnishing any method for finding or constructing it.
(One recalls that when, some forty-five years later, Hilbert published
proofs of a similar type in the algebraic theory of invariants, they were
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regarded as unprecedented; and that Paul Gordan is said to have pro-
nounced, ‘“This is not mathematics, it is theology!’’28) The nonconstruc-
tive character of Dirichlet’s theorem on the arithmetic progression is noted
by Kronecker in his lectures, where he is able to tell his students, with
legitimate pride, that he had himself succeeded in the year 1885 in repair-
ing this defect and that the more complete result is to be presented for
the first time in the course of those lecture.2®

What is perhaps most notable about this is the absence, in these pub-
lished lectures of Kronecker’s, of any polemical tone in his comments on
constructive vs. nonconstructive methods, and—in the passage I quoted
earlier—his positive emphasis upon the role of irrational numbers and
limiting processes in number theory. It is of course possible that the
restrained tone of these comments, which contrast so markedly with what
is generally reported about Kronecker (and also with the more explosive
reaction of Gordan to Hilbert), is partly conditioned by his reverence for
Dirichlet (it is a rather pleasing fact that the two great number-theoretic
rivals and philosophical opponents, Kronecker and Dedekind, each edited
publications of work of Dirichlet), and partly by the exigencies of the sub-
ject itself (it is clear enough that Kronecker hoped to reduce everything
to a constructive and finite basis, but clear also that he was far from hav-
ing any definite idea of how to do this for the theory of limits).3¢ It is
possible also, since the work as published was assembled from a variety
of manuscript sources,3! that Hensel in editing this material exercised some
moderating influence. But the foreword by Hensel does provide us with
a more substantive clue to Kronecker’s philosophical stand on the non-
constructive in mathematics:32

He believed that one can and must in this domain formulate each defini-
tion in such a way that its applicability to a given quantity can be as-
sessed by means of a finite number of tests. Likewise that an existence
proof for a quantity is to be regarded as entirely rigorous only if it con-
tains a method by which that quantity can really be found. Kronecker
was far from the position of rejecting entirely a definition or proof that
did not meet those highest demands, but he believed that in that case
something remained lacking, and held a completion in this direction
to be an important task, through which our knowledge would be ad-
vanced in an essential point.

No mathematician could quarrel with the statement that a construc-
tive definition or proof adds something to our knowledge beyond what
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is contained in a nonconstructive one. However, Kronecker’s public stand
on the work of others was certainly a more repressive one than Hensel’s
characterization suggests. I think the issue concerns definitions rather
more crucially than proofs; but let me say, borrowing a usage from Pla-
to, that it concerns the mathematical /logos, in the sense both of ‘‘dis-
course’’ generally, and of definition—i.e., the formation of concepis—in
particuiar.

Kronecker’s vehement polemic against the ideas and methods of Can-
tor is more or less notorious. So far as I am aware, that polemic is not
represented in the published writings. The first place I know of in which
Kronecker published strictures against nonconstructive definition is a paper
of 1886, “‘Uber einige Anwendungen der Modulsysteme auf elementare
algebraische Fragen’’; and here it is in the first instance the apparatus of
Dedekind’s algebraic number-theory—*‘jene Dedekind’sche Begriffsbil-
dungen wie ‘Modul’, ‘Ideal’, u.s.w’’—that comes under attack.3? Unfor-
tunately, this attack of Kronecker’s contains no hint that nonconstructive
definitions can be accepted at least provisionally (or as a Platonic “‘sec-
ond best’")—even where, as in the case of analysis, Kronecker has in fact
nothing to offer that meets his ‘‘higher’’ demands. It is possible, therefore,
that Hensel’s reading is off on this point: it is possible, and seems to ac-
cord with the fact, that whereas Kronecker was willing to acknowledge
the provisional value of a nonconstructive argument like Dirichlet’s, he
meant to exclude more rigidly any introduction of concepts by non-
constructive /ogoi. (It must be confessed, again, that this seems to leave
analysis, for Kronecker, in limbo.)34

X

On the other hand, Kronecker appears uniformly to exempt ‘‘geometry
and mechanics from his stringent requirements.35 Are these still to be con-
sidered parts of mathematics? Kronecker does not seem to want to ex-
clude them; but perhaps he regards them (e.g., on the basis of Gauss’s
remarks) as in some measure empirical sciences.

From this a Dedekindian question arises: ‘“Was ist und was soll die
Mathematik?’’ As in the case of number, I immediately repudiate the idea
of seeking a definite formula to state ‘‘what mathematics is for’’—it is
“for’’ whatever it proves to be useful for. Still, what may that be?

Riemann’s wonderful habilitation-lecture begins with a characteriza-
tion of an ““n-tuply extended magnitude’’ in terms that it would not be
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unreasonable to describe as belonging to ‘“logic’’:3¢ the points of such a
manifold are ‘““modes of determination [or ‘‘specification’’] of a general
concept’’; examples of concepts whose modes of specification constitute
such a manifold are found both in ‘“‘ordinary life’’ places in sensible ob-
jects; colors) and within mathematics (e.g., in the theory of analytic func-
tions). In the concluding section of that paper, Riemann considers the ques-
tion of the bearings of his great generalization of geometry upon our
understanding of ordinary physical space; this, he says, is an empirical
question, and must remain open, subject to what developments may oc-
cur in physics itself: ‘‘Investigations which, like that conducted here, pro-
ceed from general concepts, can serve only to ensure that this work shall
not be hindered by a narrowness of conceptions, and that progress in the
knowledge of the connections of things shall not be hampered by tradi-
tional prejudices.’’3?

If I may paraphrase: Geometry is not an empirical science, or a part
of physics; it is a part of mathematics. The role of a mathematical theory
is to explore conceptual possibilities—to open up the scientific logos in
general, in the interest of science in general. One might say, in the language
of C. S. Peirce, that mathematics is to serve, according to Riemann, among
other interests (e.g., that of facilitating calculation), the interest of ‘‘ab-
duction’’—of providing the means of formulating hypotheses or theories
for the empirical sciences.

The requirement of constructiveness is the requirement that all
mathematical notions be effectively computable; that mathematics be fun-
damentally reduced to what the Greeks called logistiké: to processes of
calculation. Kronecker’s concession to geometry and mechanics of freedom
from this requirement is tacit recognition that there is no reason to assume
a priori that structural relationships in nature are necessarily all of an ef-
fectively computable kind. But then, when one sees, with Riemann, the
usefulness of elaborating in advance, that is, independently of empirical
evidence (and, in this sense, a priori), a theory of structures that need not
but may prove to have empirical application, Kronecker’s limitation to
‘‘geometry and mechanics’’ of the license he offers to those sciences loses
much of its plausibility.

Another aspect of this point: Kant made a distinction between /logic,
which, concerned exclusively with rules of discursive thought in abstrac-
tion from all ‘“‘content,’’ is a “‘canon’’ but not an ‘‘organon’’—not an
instrument for gaining knowledge; and mathematics, which is an organon,
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because it is not purely discursive but has a definite content, given in the
a priori intuition of space and time.38 But the geometry of Riemann is
quite freed from any such specific content: Kant’s view that the creative
or productive power of geometry rested upon its congcrete ‘‘intuitive’’
spatial content was simply mistaken, and mathematics is seen to be an
abstract and a priori ““organon’’ of knowledge (whether one chooses to
call it a ““logic,”’ or a ‘‘dialectic,”’ or whatever). And again, in view of
this its general capacity, there is no more reason to hamper it by restric-
tions to the effectively computable than to hamper it by restrictions to
the ‘‘spatially intuitive.”’

But then—so this dialectic goes—why restrict the license at all (e.g.,
to mathematical disciplines that one thinks might serve the ends of some
empirical science)? Why not complete freedom of conceptual elaboration
in mathematics? Then, within any logos so freely developed, one can pay
appropriate attention to the distinction between what is and what is not
constructive.

XI

This point of view—which is really not very far from the moderate posi-
tion attributed to Kronecker by Hensel—is the one that Hilbert so vigorous-
ly championed. Let me call attention, in briefest outline, to a few salient
points.

Notice of Hilbert’s interest in the foundations of geometry dates back
to the earliest days of his work in algebraic number-theory, or even
somewhat before: it was in 1891, according to Otto Blumenthal,*? that
Hilbert, in a mathematical discussion in a Berlin railway waiting room,
made his famous statement that in a proper axiomatization of geometry
“‘one must always be able to say, instead of ‘points, straight lines, planes’,
‘tables, chairs, beer mugs’.”” This view—that the basic terms of an ax-
iomatized system must be ‘‘meaningless’’-—is often misconstrued as ‘‘for-
malism.’’ But the very same requirement was stated, fifteen years earlier,
by the ‘“logicist’> Dedekind, in his letter to Lipschitz already cited: ‘‘All
technical expressions [are to be] replaced by arbitrary newly invented
(heretofore nonsensical) words; the edifice must, if it is rightly constructed,
not collapse. ‘40

Hilbert uses as epigraph to his Grundlagen der Geometrie a well-known
Kantian aphorism:4! *‘Thus all human knowledge begins with intuitions,
proceeds to concepts, and ends with ideas.’’ For Hilbert, axiomatization,
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with all basic terms replaced by ‘‘meaningless’’ symbols, is the elimina-
tion of the Kantian “‘intuitive’’—the “‘proceeding to concepts’’; hence the
axioms taken together constitute a definition. Of what? Of a species of
structure. Now, by this, we need not mean ‘‘a set.”” It is a point of in-
terest, and a very useful one, that the notion of set proves so serviceable
both as a tool for concept-formulation within a mathematical discipline
(ideals, etc.) and as affording a general framework for many or all
mathematical disciplines; but set theory is a tool, not a foundation. For
Hilbert, it is the axiomatized discourse itself that constitutes the mathe-
matical /logos; and the only restriction upon it that he recognizes is that
of formal consistency.

As to ““ideas’’: Kant associates ideas with completeness or totality. For
Hilbert, I believe, this connoted the survey of the general characteristics
of the structures of a species and of related species—more explicitly, in
the geometrical case, the study of the problems of consistency and
categoricity of the axioms, their independence, and the sorts of alternatives
one gets by changing certain axioms; in short, something very much like
model-theory. (Of course, when one now gets down to brass tacks, sets
are pretty much indispensable; and because of the essential incompletability
of set theory, the ‘‘absolute completeness or totality’’ fails: Kantian
“‘dialectical illusion’’ has not after all been avoided.)

In the correspondence of Frege and Hilbert,42 it is amusing or ex-
asperating, depending upon one’s mood, to see Frege, wondering what
Hilbert can mean by calling his axioms ‘‘definitions,”” come in his pon-
derous but thorough way to the conclusion that if they are definitions,
they must define what he calls a ‘“‘concept of the second level’”’—and then
more or less drop this notion as implausible or uninteresting to pursue;
and to see Hilbert, not very interested in Frege’s terminology or his point
of view, fail to understand what Frege’s undervalued insight really was:
for a Fregean ‘‘second-level concept’’ simply is the concept of a species
of structure. So: a tragically or comically missed chance for a meeting
of minds.

But now, what of Hilbert’s ‘“‘program’’? I think it is unfortunate that
Hilbert, in his later foundational period, insisted on the formulation that
ordinary mathematics is ‘‘meaningless’’ and that only finitary mathematics
has ‘““meaning.”” Hilbert certainly never abandoned the view that math-
ematics is an organon for the sciences: he states this view very strongly
in the last paper reprinted in his Gesammelte Abhandlungen, called
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““Naturerkennen und Logik’’ (1930);43 and he surely did not think that
physics is meaningless, or its discourse a play with ‘‘blind’’ symbols. His
point is, I think, this rather: that the mathematical logos has no respon-
sibility to any imposed standard of meaning: not to Kantian or Brouwerian
“‘intuition,”” not to finite or effective decidability, not to anyone’s meta-
physical standards for ‘‘ontology’’; its sole ‘‘formal’’ or *‘legal’’ respon-
sibility is to be consistent (of course, it has also what one might call a
“moral’’ or ‘‘aesthetic’’ responsibility: to be useful, or interesting, or
beautiful; but to this it cannot be constrained—poetry is not produced
through censorship).

In proceeding to his ‘‘program,’’ however, Hilbert set as his goal the
mathematical investigation of the mathematical logos itself, with the prin-
cipal aim of establishing its consistency (or ‘‘their’’ consistency—for he
did not envisage a single canonical axiom-system for all of mathematics).
And here he made essential use both of Frege and of Kronecker. For
Frege’s extremely careful and minute regimentation of logicai language
or ‘‘concept-writing’’ did not, as Frege himself thought it would, serve
as a guarantee of consistency; but the techniques he used for that regimen-
tation did render the formal languages of mathematical theories, and their
formal rules of derivation, subject to mathematical study in their own right,
regarded as purely ‘“blind’’ symbolic systems. Moreover, the regimenta-
tion was itself of such a kind that the play with symbols was a species
of calculation—of logistiké. Without Frege, proof-theory in Hilbert’s sense
would have been impossible.

Of course, the final irony of this story, and the collapse of Hilbert’s
dream of establishing the consistency of the logic of the logos by means
restricted to Jogistiké, lies in the discovery by Gédel, Post, Church, and
Turing that there is a general theory of logistiké, and that this theory
is nonconstructive; in particular, that neither the notion of consistency
nor that of provability is (in general) effective; and further that all suf-
ficiently rich consistent systems fall short of the Kantian ‘‘ideal”’—are
incomplete.

This leaves us with a mystery—a subject of ‘‘wonder,”” in which, ac-
cording to Aristotle, philosophy begins. He says it ends in the contrary
state; I am inclined to believe, as I think Aristotle’s master Plato did, that
philosophy does not ‘‘end,”’ but that mysteries become better under-
stood—and deeper. The mysteries we now have about mathematics are
certainly better understood—and deeper—than those that confronted Kant
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or even Gauss. To attempt, however, to survey what they are, even in the
sketchiest way, although enticing, is a task that would require another
paper, and is certainly beyond the scope of this one.
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analysis, or even of (some version of) set theory, will be found; and such an event would
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Whitehead. Nevertheless it is (barely, I think) conceivable that progress in understanding
the structure of ‘“‘knowledge’” will succeed in isolating a special kind of knowledge that
reasonably deserves to be considered ‘“logical,’” thus conferring new interesting content upon
the question whether mathematics does or does not belong to logic.





