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EXACT SOLUTIONS OF MULTIDIMENSIONAL
NONLINEAR DIRAC’S AND SCHRODINGER’S EQUATIONS

BY WILHELM I. FUsSHCHICHT

Abstract. A class of nonlinear spinor equations invariant under the extended Poincare group and
conlormal group is described. New Ansitze for spinor fields are suggested. Multiparameter families of
exact solutions for the multidimensional families of exact solutions for the multidimensional nonlinear
Dirac and Schrédnger equations are obtained.,

h this paper I present some new results, obtained in Intitute of Mathematics, Academy
of Sciences of the Ukranian SSR in Kiev by R. Zhdanov, W. Shtelen, N. Serow and me on
multiparameter families of exact solutions of nonlincar Dirac and Schrédinger equations

1) YuP" T + Fy(z, ¥, 0T = 0

‘ 1

(2) (p[} + %papa)u + Fz(.’b’, u,u*) = 0’

where W = W(x) = (W, ¥y, Ty, ¥s) is 4-component spinor, z = (20,21, T2, T3), &, s

complex conjugated spinor, v, are 4 x 4 Dirac Matrices, u = u(xg,r1,22,73), Tg =1, u is
complex conjugated wave function,

e, .0 —_—
p[l:za_rna pj:_35;1 [J,VZO,S, ¥) :'132533
- 7

Fy, Fy arc arbitrary smooth function, m is the particle mass.

Fifty ycars ago D. Ivanenko (1938) considered the simplest equation of the type (1),
the case in which

(3) Fr = A(yp),

where U = )vyq is Dirac-conjugated spinor, A is arbitrary parameter.

W. Heisenberg and his collaborators (1954-1959) have analysed the equation (1) from
a different point of view with the nonlinearity

(4) Fy = A0, 09" v, 74 = 0119273

The main efforts of W. Heinseberg directed into the construction of unified quantum
ficld theory based on eq. (1) with the nonlinearities (3), (4). In the works by R. Finkelstein
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and his collaborators (1951-1956) eq. (1) has been studied from the classical point of view,
Le. they studied the exact and approximate solutions of spinor systems of the type (1).

Some exact solutions of the Dirac equation were obtained by F. Kortel (1956), D.
Kurgeleidze (1957), K.G. Akdeniz, A. Smailogic (1984), A.O. Barwt, B.W. Xu (1982), K.
Takahashi (1979).

The classical Lie’s method for finding exact solutions of multidimensional nonlinear
Schrodinger equation and d’Allembert equation was applied by Fushchich (1981, 1983),
Fushchich and Serov (1983, 1987) Gagnon and Winternitz (1988), Grundland, Harmad
and Winternitz (1984), Tajiri (1983).

Evidently if we do not specify the functions Fy, F, in egs. (1), (2) there is no hope
‘to get any profound information about exact solutions of these equations. To specify the
functions Fy and F; we shall study the symmetry properties of equations (1), and (2). In
what follows, I shall essentially use the classical ideas of S. Lie in application to nonlinear
wave equations. '

The wide symmetry of equations (1), (2) makes it possible to reduce the multidimen-
sional partial differential equation (PDE) a set of systems of ordinary differential equations
(ODE). Many of these ODEs can be solved exactly. In this way we are able to construct
many parameter families of exact solutions of the multidimensiona] wave equations (1},

(2.

§1. The symmetry of the nonlinear spinor equation. In this section we will
present the theorems concerning the symmetry properties of equation (1).

THeoREM 1. Equation (1) is invariant under the Poincare group P(1,3) iff
Fi(z,,¢) = Fi1(s) + Fia(s)y+

+ Fra(s)v* (U 7a7,¥) + Fia(s)S* (074 S, 0),
Vs = (ZE’Y’!\I’:E\I’)’

1
Suv = [vusval = Zlnr = 1)
where Fyy, Fig, Fi3, Fiy are arbitrary smooth scalar functions of the invariant variable s.

THEOREM 2. Equation (1) is invariant under the extend Poincaré group 15(1,3), ie.
the I’(1,3) group expanded by the one-parameter group of scale transformations of the
type

z, =z, exp(8), ¥, = U(z)exp(«h),

iff

(1.2} Fiy =(O0)" V2R 1= 1,2
J— _§1i2ki ~ .

(13) Fl] = (‘I’\I’) 24k Flj,] = 3,4:,
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.- . . A
where Fyy, Fyj are arbitrary functions of -(é:r;-\%j

Turorem 3. Equation (1)is invariant under the conformal group C(1,3) = (P(1,3),D, .}

2, = {zy —cu(z-2)}o ™ (z),0(z) = 1 ~ 2cpz” + *2?,

V'(z) = o(z){1 - (v e)(v-2)}¥

i
(1.4) Fiu=@0)'Ph;i=12 k=-3/2
(1.5) Fiy = (WO)7?PE;, j=34

Note 1. The conformally-invariant Dirac-Glirsey equation (1956)
(1.6) {7.p" + D(TT)/3}0 =

helongs to the class (1), (1,4)
Note 2. The equation of the type

(1.7) {7up" + Dy (T T) - [(Tra T)(TA>0)] 73 = 0

1s invariant under the conformal group C(1, 3).

§2. The Ansitzes for P(1,3)-invariant equation. To be specific let us consider
the nonlinear spinor equation of the type

(2.1) {yup" + MTT) /210 = 0,

where Ak are arbitrary constants, k& # 0.

We look for solutions of (2.1) in the form Fushchich (1981)
(2.2) ¥ = A(z)d(w),

where A(z) is 4 x 4 matrix, ¢(w) is 4-component column- function depending on three new
variables w = {wy, wq, w3}

For the Ansatz (2.2) to work effectively it is necessary to find A(z), w in a form which
after a substitution of (2.2} into (1) would yield an equation for ¢(w) depending only on
new variables w.

This requirement is met if the following equalities are satisfied:
. — Z
(23) QA(z) = ("= — +7)A(z) = 0
Ty
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d £
v 20, 0=1,2,3
Oz,

(2.4) ¢

where (#(x), y(x) are the coefticients of the infinitesimal operators Q@ = {Q,Q4,...} of
the group P(1,3). In our case the generators of the P(1,3) have the form

(2.5) Py = pus Juv = TpPo — TuPu + Spo,

Thus the problem of describing Ansdtze of the form (2.2) reduces to the construction
of the general solution to the system of equations (2.3), (2.4) with the given ¢#, .

As an example let us consider the case where in (2.3), (2.4) the operators § have the

simple form

Q={Q1=Jo3,Q2=P,Q3 = P3)

Then the system (2.3), (2.4) has the form

]
(zops — xapo + 7)'7073)*’4(37) =0
piA(z) =0, pA{z)=0

(2.6)

(zops — z3pp )w =0

(2.7
) Piw = 05 Pw = 0

It follows from (2.7) that w = w(zg,z3) = 23 — 2, We look for the solutions to (2.6)
in the form

(2.8) A(z) = exp{yov39(z)}

After a substitution of (2.8) into (2.6), we obtain

g dg 1
2.9 S R A
(2.9) 052, g, 370

The particular solution of eq. (2.9) is given by the expression
1
g(z) = §ln(:r:0 + z3)
Thus we have

1
(2.10) A(e) = exp{Zr07sin(z0 + 23)}
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Without going into the technical details on solving the system (2.3), (2.4) we give some
expressions for the matrix A(z) and w.

Example 2.1.

iy 1
(2.11) Alz) = (zg — 22)7F CXP{%’YI('}’Q — o Hnlag — 74)}
wy = (25 - 71~ 23)T5 "
wy = (xp — :cg):r:3_2

wy = az1(zo ~ 2)7' ~ In(zg —x2), a#0

If the paramecter @ = 0, then

Alz) = exp{Q(x )71(72 — )}
Example 2.2.
1
(2.14) A(z) = (224 + 22, + §) /2 exp{zquygln(?xo + 2z, + 3)
1 Ia
i )
5V273t9 xs}, B#0

w) = (229 + 221 + B)exp{2(z; — 20)8 7'}

wy = (220 + 221 + B)(23 + 23) 7"

wy = bln(zs + z2) + th_lf-?-
3

3. Reduced equations. 3.1 The Ansatz (2.2) with the matrices (2.10), (2.11),
(2.14) and new variables w gives the following reduced equations

E(v2 —v0)¢ + [(v0 — 7v2)(wy + a~ w2w3) + (70 + 72)w3

— 24”7y wawy — 2‘)@%“’1?1%2]_qi + (0 = v2)wa—

a
~ 0wl e + (2 =) + DIZE = AFg)E
s %] d a
(3.2) (70 +'}’1)3 2 + 15 ¢ +73'6_i = iA(B)V2F g




(3.3) é‘(l - 21’;)‘}’3¢ + 2(ys + a72)%2‘ = ;,)\(gqg)l/lkd)

The Ansatz (2.2) with the matrix A(z) =1, wy = 7o + 13, wy = 1, w3 = 25 leads to

the equation

(34) (v + 73)% + vl% + 72% = iA(§6)/?* ¢

It turns out that some of the reduced equations possess substantially more symmetries
than the initial equation (2.1). For example the equation (3.4) is invariant under infinite-
dimensional Lic algebras. More exactly, the following statement is true:

TieorEM 4. The system (3.4) is invariant under the infinitely dimensional algebra
whosc basis elements have the form

For the casc k = 1

o 0 1
= ‘1)1(101)5“1;2— + ‘1’2(102)6_w; + 5[‘1’1’)’1 + da72](v0 + 73)s

Q — - __(?__I_ ﬂ
2= w28w3 w36w2’

d g .
; +wsaw2)+q’e+

o .
Qs = (I)O(wl)g?;'; + @ (wy Y(wo Em

%‘50(%’1 Hmwz + 2w )(vo + 7s)
Q4 = P3(wy )vs(v0 + 73)

For the case k # 1

Q1 = 7o\ Q =~y g 4 L

d 13] 1..
Qs = ‘I’l(wl)ggl;; + ‘I’z(wl)a—w3 + '2‘[‘1"1(?1»’2)’)’1 + @a(wy )val(v2 +73)

O = w 7, + d + ad
+ 18w1 w23w2 w33w3

s = P3(wr )ya{v0 + 73)

+k

where ®g(w,), ®,(w1), @2(wy), Pa(w,) are arbitrary smooth functions, a dot designates
differentiation with respect to wy.

3.2 The reduction of the nonlinear spinor equation to a system of ODE. Here
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we give the explicit form of some ODE’s to which the Dirac equation is reduced:

(3:9) in2g(w) = A(66)'/**
(3.6) 5010 +93)8 + ilwlro - 3516 = A(36)' /%0
(3.7) L 2+ 20w 9y = A(36) /g

Sl + 17 (2w + Do +1)6 + (0 + 76 = AF)'/2¥4

(3.9) i(v0 +73)¢ + tvo +v3)w™' + i(% — v3)74]0 = ,\(5¢)1/2k¢,
(3.10) iw ™ (0 + 1) +i(n0 + 15)é = A(86)' /¢
N
~ dw

The full list of the systems of ordinary differential equations is given in Fushchich and
Zhdanov (1988).

§4. The explicit solutions of the Dirac Equation. Some of the ODE’s can he

integrated in quadratures

L. Case k = 1/2, with the nonlinearity

MTW),w = 22 + 2,

- 1 iz
(4.1) U(z) = (a3 +25) 7'/ GXP{_§7273’59 1}—2}
o XX e
X exp{—z/\m[’Ys + av2)in(zf + 22) 4 2tg 1x_3}X,

X-is constant spinor, a is a real parameter.

IL. Casc k # 1/2, nonlinearity

AUTYE -y =22 4 o’

1 4T
(4.2) U(z) = (23 + $§)GXP{—§’)’273159 lﬁ}x
22)\ = k 2k—1
exp{l — k(.ﬁt% + ;cg) Y 73}X

IIT. Case k # %, nonlinearity A(TT)/2* 1 = 24 + 23

U(z) = exp{[—%(‘i’l'h + ‘i’z’m) + @3va](0 + 13 )} x
X exp{z’)\(fx)”%’h(ﬂ?l + é1)}x,

(4.3)




where &y, ®,, P3 are arbitrary smooth functions of w.

IV. Case k = 1, nonlinearity A(Q¥)!/2

JoTo — Y171 — V2L N o172 YoZo
_ ¥(z) = LT exp{iMTX) /P
(“) O A e s L

Now, making use of the Poincare invariance of the Dirac equation, it is not difficult
to construct new multiparameter families of exact solutions of the equation starting from
those obtained above. The two following examples illustrate the procedure of generating

solutions.

V. Case k = 1/2, nonlinearity A(TT)

U= (a2 4 (5 2 xexp{-3 (1 @)y -t~ S
(4.5) X exp{—i/\-z-ﬁ%_xe—z)('y b+ 6y - a)[inf(a- 2)? + (b- 2)%+
20tg™ 1 }x

Zuy =2y +64,0,,b,,8,0, are arbitrary parameters satisfying conditions

a-a=aua" =-1,b-b=5b,b'=~1,a-b=0

T4 = Ypldo — Y1841 — Y202 — Y3ds,
6= (65 — 07 — 63 — 63)!/2

VL. Case k # 1/2, nonlinearity A\(T¥)%

U(z) = [(a-2)” + (b-2)2] " x

(£6) x exp{=3(1- @)y - bte~ 42 )
x e (i b)) (a2 (b 2P

Formulas (4.5), (4.6) give multiparameter families of exact solutions of the Dirac equa-
tions. These familics are nongenerating with respect to the group 15(1, 3) in the sense that
solutions (4.5), (4.6) have the same symmetrys as the equation (2.1).

5. Conformally invariant solutions. Conformally invariant Dirac-Gilirsey equa-

tion has the form

(n.1) {vup” + 1)(111_\11)1/3}111 =0




With the help of a conformally invariant ansatz we can construct the following solutions

(5.2) U(z) = (x”“;’ 55 exp{iN(y - Bywhs b = 1/3
w = f"z:,az,,x” #0, B.6">0;

¥(@) = @)1 - (7 2)(- B}
exp{5(1-a)(y-Blb-=  (5-6)(z - 2)lo))

(5.3) CXP{—%)‘(YX)I/S(”Y -a)i2(a-z) - (a-8)(z - z)|o(z)+
+0(b-z (b 0)(z - 2))’]o T (2) }x
a-b=b-b=0,a-a=al —a} —a2—a?=-1
& =coc®, 2? =z, 2"

Formulae (5.2), (5.3) give multiparameter families of exact solutions of the equation
{5.1). The family (5.3) is nongenerating with respect to the group C(1, 3).

If ¥4(z) is a solution of equation (5.1) then

(5.4) To(z) = 02 (2)[1 = (- 2)(v - )T (a"),
2 = {m;‘ - Lp —CpZ }

o(z)
will also be a solution. (5.4) is the formula for multiplication of solutions of Dirac equation.

§6. How to construct solutions of the nonlinear d’Alambert equation via
solutions of the Dirac equation? Complex scalar field can be represented as

{6.1) u(z) = U exp{if(z)}
where ¥(x) is a solution of the Dirac equation, #(z) is a phase. In the simplest case, when
(6.2) VY = ¢ = const.,(z) = 7,z"

formula (6.1) gives a plane-wave solution of the linear d’Alambert equation. In most cases
solutions of the nonlinear Dirac equation generate a scalar field (6.1) which satisfies the
nonlinear d’Alambert equation

(6.3) puptusiulu,
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K, 71 are constants.

Let us exhibit some exact solutions of the equation (6.3) obtained this way

(6.4) w(z) = oz} + x3) exp{ido(zo + z3)},7 = 2,

u(z) = c[(z1 + $1(ro + 23))? + (22 + d2(z0 + 73))%] 7/ 2

(6.5) )

exp{igo(zo + r3)}, r=2,
(6.6) w(z) = c(zf — 22 — 22 —22)72, r=1/2
(6.7 u(x) = (e + 222 explid(zo + 1)), = 2

In formulae (6.4)-(6.7) g, ¢1, ¢2, ¢ are arbitrary smooth functions.

So, solutions of the nonlinear Dirac spinor equation give a possibility to construct
solutions to the nonlinear d’Alambert equation.

All these ideas and results were considered in more detail by Fushchich (1981, 1987),
Fushchich and Shtelen (1983, 1987), Fushchich, Shtelen and Zhdanov (1985), Fushchich
and Zhdanov (1987, 1988, 1989), Fushchich and Nikitin (1987) (sce Appendix)

§7. The solutions of the multidimensional Schrédinger equation. Lot us
consider the following nonlinear equation

.0 1 “
(7.1) (za—;—-z—n;A)U—}-F(w,u,u )=0

u =u(ro = t,z1,22,23)

It is well known that if F' = 0, then linear Schrddinger equation (see Sofus Lie (1881),
Hagen (1972), Niederere (1972), Kalnins and Miller (1987) is invariant under the gener-
alised Galilei group, which will be denoted by the symbols G2(1,3). The basis elements of
the Lie algebra AG,(1,3) = (P, Py, J,b,G,, D, A, I} have the following form:

0 d
Py=¢i— = —g— =
0 zaxo,Pa 18:%,(1 1,2, 3
a
Jab = a':an — .’L‘bPﬂ,I = u§~
(7.2) v

Ga = .'E(;Pa -+ mzx,
D =2z0Py — z,P, +3/2 -3

m
A:$U®+‘2_

2
Ta

10



Symbols AG4(1,3), AG(1,3) denote the following Lie algebras
AGl(l, 3) = (PO, Pa; Jaba Gaa®1 I)
AG(l, 3) = (PBJ Py, Jab7 GG!I)

To construct families of exact solutions of (7.1) in explicit form we have to know the
symmetries of (7.1) which obviously depends on the structure of the function F.

By Lie’s algorithm (as given by Ovsyannikov (1978), Olver (1986)), the following state-

ment can be proved.

THEOREM 4. Equation (7.1) is invariant under the following algebras:
(7.3) AG(1,3)iff F = ¢(|ul)a
where @ is arbitrary smooth function, and
(7.4) AG1(1,3)iff F = Muj*u

where A, K are arbitrary parameters, the operator of scale transformations D having the

form D= x¢Py — 2, P, +2i/k,k # 0, and
(7.5) AGy(1, )i F = Mu|*/" - u

Later on we shall construct the exact solutions of the equation (7.1) with nonlinearity
(7.5), ic.

2
(7.6) (po — %)u £ A ul*

Foliowing Fushchich (1981) we seek solutions of (7.6) with the help of the ansatz

(77) U = f($)¢(wlaw27w3)a

where ¢ is the function to be calculated. To construct solutions of (7.6) using ansatz (7.7)
it 1s necessary to have the explicit form of the function f(z) and the new invariant variables
wy,wy and wy. Next I shall present two Ansitze of the type (7. 7).

: g
m Tp T }
2
2 1—2x§

wy = az(l—z2)712 4y, = 41—z,

L. flz)=(1~- :cg)"’% expq

w3 = arctan xo + arctan

-éll“cel
q8l{8]

11



wherc o, 8,7 are constant vectors satisfying the conditions
S =F=7o1, @F=F7=7a=0

The anzitze (7.6), (7.7) give the following reduced equation

(7.8) Lo +622 _oim ¢ m*wz¢ — 2m|g[*/2¢ =0
3w2 ng
_ & 9?4 2y-1 %0 &*¢
L(,ﬁ = aw? + 411)25'1?%' + (’U)2 _ wl) awg -+ 4'1.01 8’wlaw2 .

2. The Second Ansétze has the form

- M, _
(7.9) f(=z) =z, 3 exp{———2—:1:2x0 '},
wy = (az)zgt wy = 2252
(7.10) Py

-1 xr
w3 =, + arctan ——
Y

The Ansiitze (7.9), (7.10) reduce the equation (7.6) to
L+ 622 + 2im 28 _ 2m|¢|*P¢ =0
Jws Ows

§8. Solutions of the equation (7.6). In this paragraph I present some explicit
solutions of the equation (7.6)

(8.1) u=(-ad) Mexp(FTFA - 20) ) A= i

—3/2 exp{—%?zmo_l}, where

(8.2) u = (cozg — _E;)

oy € arce arbitrary parameters satisfying the following condition

= Zam:
15"
(83) u = 3;0-3/2 exp{_i_g_l(z_’z _ ?}‘*)'Zvo—l}, 72 __%)‘;
8 . e N
(8.4) . (gx\mxz)_”‘i exp{—z—;ﬁmzxo_l :
- m — _ aT
(85) U=, 3/2(;5(101)6}(]){“_2"3"2'3301}, w = %"0{’

12



function ¢@(wy) is defined by the elliptic integral

¢ dr _,6
(ky +‘r10/3)1/2 - (5

Am) 2 (wy + ky), where

Iy, ky arc arbitrary parameters.

2

(8.6) u=az;""* cxp{——z—x 2ro Yb(we), wy = 7227,

where function ¢(ws) is a solution of Emden-Fauler equation

2 d
2w2d‘ﬁ+3 A L
dw? " dw,

The formmlac (8.1) - (8.6) give multiparameter families of exact solutions of the equation
(7.6). Some of them are of non-perturbative type due to a singularity with respect to the
coupling constant A.

In conclusion we give formulae for multiplication of solutions. If u, is a solution of the
cquation with the nonlinearity 4/3 then the functions U, Us defined by

—_

Uy = Uy(zo, 7 + “t—f:c.;;)e}‘:p{z'm(-%i +vz)},

UQ( T )(1 — dxg);3/?
im da
% e’“p{71 —d:r:o}’

also satisfy equation (7.6). Here d, v are arbitrary parameters.
The Ansatze that have been presented here may also be applied to the equation
Ou 1 6|U|2 BIUI"I

ig T g AU + M 5

2 — =0,

whicli is also invariant under the group Gy(1,3).

More full consideration solutions of equation (7.6) was given Fushchich and Serov
(1987), Fushchich and Cherniha (1986).
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{or the invitation and the hospitality of the Institute for Mathematics and jts Applications
at the University of Minnesota.
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