ON SPLITTING UP METHOD AND STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS

ISTVAN GYONGY AND NICOLAI KRYLOV

ABSTRACT. We consider two stochastic partial differential equa-
tions

duc (t) = (Lyuc(t) + fr(t)) AV + (Myuc (8) + g1 (t)) 0dY, &=0,1
driven by the same multi-dimensional martingale Y = (Y'*) and
by different increasing processes Vi, Vi, r = 1,2, ..., d;, where L,
and MP* are second and first order partial differential operators,
and ’o’ stands for the Stratonovich differential. We estimate the
moments of the supremum in ¢ of the Sobolev norms of u; (t) —uq(t)
in terms of the supremum of the differences |V, — V}|. Hence we
obtain moment estimates for the error of a multistage splitting up
method for stochastic PDEs, in particular, for the equation of the
unnormalized conditional density in nonlinear filtering.

1. INTRODUCTION

Stochastic partial differential equations (SPDEs) appear in many
real world applications. There are several methods of finding solutions
numerically. For instance, finite difference method, Galerkin’s approxi-
mation, finite element method, and Wiener chaos decomposition. (See,
for example, [4], [5], [6], [16], and [12], and the references therein.) One
of the most promising methods is the splitting up method introduced
in the context of SPDEs in [1] and further developed in [2], [3] and
[13]. Error estimates are given in [3] and [9] in the case of the filtering
equations. The methods of these papers are based on semigroup theory
and, as it seems to the authors, are not extendible to the general sit-
uation of filtering equations. Here we present an approach to proving
the rate of convergence for the splitting up method which is based on
stochastic calculus and not on semigroup theory. This not only allows
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us to improve some results of [1], [2], [3], [9] in the direction of conver-
gence in sup norm, but also to put forth the splitting up method for
general filtering equations.

Let us loosely describe the splitting up method and our approach to
it. In the situation of [3] the splitting up method is stated in the fol-
lowing way. Assume that we are given independent one-dimensional
Wiener processes w¥, k = 1,...,dy, first order operators M, k =
1,...,dy, and a second order elliptic operator L acting on functions
defined on R¢. Let the coefficients of L and M}, be independent of time
and suppose that we want to solve the equation

du(t,z) = Lu(t,z) dt + Myu(t,z) odw?, zeR* t>0 (L.1)

on [0,T], with some initial data uy = ug(z), where o stands for the
Stratonovich differential.

Let T,, := {t; = iT/n : i = 0,1,2,...,n} be a partition of the in-
terval [0,7] for a fixed integer n > 1. Set § := T/n and define the
approximation u,(t) for ¢t € T, by u,(0) = uy,

un(ti+17 ) = P&Qtith_lun(ti) ) (12)

recursively, where {P; : ¢ > 0} and {Qs : 0 < s < t} denote the
solution operators corresponding to the equations

dv(t,z) = Lo(t, z) dt, v(0,z) = v(z) (1.3)
and
di(t, ) = Myi(t, z) o dw?, (s, z) = v(z), (1.4)

respectively. In this way the approximation of equation (1.1) in each
interval [t;,t;11] is split into two steps: solving the degenerate SPDE
(1.4) and taking its solution at time ¢;,; as the initial value at time ¢;
while solving PDE (1.3) again on [t;,#;11]. In [3] these steps are called
correction and prediction steps, and it is proved that under appropriate
conditions

max B[u(t) — ua(t)[[g < N/n?, (1.5)
€T,
where || - [|o is the usual L, norm in R9.

Instead of going back and forth in time we propose to stretch out
the time scale, by using the time scales A;(n), By(n), defined by

Ai(n) :=ké for t e [2kd,(2k+1)6),
Ain):=t—(k+1)6 for te[(2k+1)d,(2k+ 2)d),
By(n) := Ags(n),
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and to consider the equation
dv,(t,x) = Lo, (t, ) dAi(n) + Myv,(t, z) o dwgt(n). (1.6)

Obviously, v,(2t) = u,(t) and u(t) = @,(2t) for t € T,,, where @, :=
u(By(n), z) satisfies

di,(t,z) = Lu,(t, z) dBy(n) + My, (t,x) o dwgt(n). (1.7)

Equations (1.6) and (1.7) suggest and make possible using stochastic
calculus to estimate F sup,.r ||vn(2t) — @,(2t)|[5, which gives an esti-
mate for E maxer, ||u,(t) — u(t)|[f. One of our results (Theorem 2.3
stated and proved in Sec. 2) says that for each 7" > 0 and p > 0 there
is a constant NV such that

Emax ||un(t) — u(t)lfo < N/n” (1.8)

for all integers n > 1. By a straightforward modification of the proof
of this estimate we can see that it holds also for the approximation
defined by un(tiy1) := Q¢ Psun(t;) in place of (1.2).

We thus improve (1.5) by taking the maximum inside the expectation
and allowing any p > 0 in place of 2. Moreover we also get estimate
(1.8) in the case of time dependent random operators L, M. We also
do not require L to be uniformly elliptic. It can just be degenerate
elliptic with smooth coefficients. Our assumptions on the smoothness
of the coefficients of L and M)}, are the same as in [3] when we prove
(1.8). Under higher smoothness assumptions we prove that in (1.8) one
can replace the Ly norm of u,(t) — u(t) with the H™ norm. Then, if m
is large enough, the Sobolev embedding theorems provide estimates of
the sup norm in x of u,(t)—u(t) and its derivatives. Thus, in particular,
we estimate u,, — v uniformly in t € T}, and x € R?.

We also establish a multistage splitting up method, by which we
mean the following. Assume that L in (1.1) is the sum of finite number
of elliptic operators, say L = L; + Ly, where L, is a second order elliptic
operator and L is a first order one. Define now the approximation u,
by

un(ti—l—l) = P¢(52)P¢(51)Qt¢ti+1un(ti)a

such that v(t) := P,Ei)v denotes the solution of (1.3) with L; in place of
L. By our theorem estimate (1.8) remains valid.

The paper is organized as follows. In Sec. 2 we introduce our general
setting but state the results only for the case of time independent data.
In this way the reader will not be overwhelmed right away with some
quite technical details. In this section we also prove Theorem 2.3 on the
basis of Theorem 2.1, which in turn is proved in Sec. 4, after we prepare
some auxiliary facts in Sec. 3. In Sec. 5 we generalize Theorem 2.1 for
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time dependent and random coefficients, which allows us to establish
the splitting up method for general filtering equations in Sec. 6.

In conclusion we introduce some notation used everywhere below.
Throughout the paper d, dy, d; are fixed integers, K, T are fixed finite
positive constants, p is a fixed number in (0, c0), and

Di = (9/8.’131, Dz’j = (92/6331633] .

Let (Q,F, P) be a complete probability space, F;, t > 0, be an
increasing filtration of sub o-fields of F, such that F; is complete with
respect to (F, P). By P we denote the o-field of predictable subsets
of © x (0,00) generated by F;. We assume that on {2 we are given a
continuous Fi-martingale Y; = (Y}, ..., V;%).

We always assume the summation convention over repeated integer
valued indices.

Acknowledgment

The first author gratefully acknowledges the warm hospitality and the
inspiring scientific atmosphere he enjoyed while visiting the School of
Mathematics of the University of Minnesota, where this research was
done.

2. THE CASE OF TIME INDEPENDENT COEFFICIENTS

For ¢ = 0,1 and r = 0,1,...,d; (notice r can be zero), let V. be
continuous increasing processes defined for ¢ € [0,7]. Consider the
following equation

du(t,z) = (Lyu(t, ) + f(t,z)) dVi. + (Myu(t, z) + gi(t, )) dY;(’; )

for t € (0,T], x € R¢ with initial condition u(0, ) = ug. (), where the
operators L, and M, are written as

L, = a¥(t,z)D;j + a.(t,z)D; + a,(t,x), My = bi(t,x)D; + b(t, z).
In order to formulate our assumptions we fix an integer m > 0.

Assumption 2.1 (smoothness of the coefficients). All the coefficients
ai(t,x), at(t, ), as(t, ), bi(t, ), be(t, z) are predictable for any z € R?
and, for any (w,t) € 2 x (0, 00), their derivatives up to the order m+3
exist are continuous and by magnitude are bounded by K.

Assumption 2.2. The processes V;. are predictable V. =0, V;2 =: V°
is independent of €, and there is a predictable increasing process V; such



SPLITTING UP METHOD 5

that
Vo=0, Vp<K, Y dVi+d(Y),<dV (2.2)
in the sense of measures on [0, 7.

Remark 2.1. Actually (2.2) is always satisfied with V; = > VI +(Y),
provided that this process is bounded by K on [0,T]. Also notice that
we single out one of V. with 7 = 0 in order to show later that we do
not need Assumption 5.1 to be imposed on all the operators L,.

Equation (2.1) is supposed to be parabolic in usual stochastic sense.
Assumption 2.3. Forany w € Q, e =0,1, z, A € R?, we have
207 (¢, £) NN dVE — bl (t, )bl (t, ) XN d(Y*, Y"), > 0
in the sense of measures on [0, 7.
We investigate the convergence of not only functions themselves but
also of their derivatives in Ly. Therefore, we need the spaces H" of Lo
functions whose generalized derivatives up to the order n are also in Ls.

There are several ways to introduce the norm and the inner product in
H™. We choose the following

(u,v)y, := Z (D%u, D%v)y,
ler|<n
where (, )o is the inner product in Ly, o = (0, ..., ag) are multi-indices,
|Oz‘ =op ...+ og, D% .= D?l...ng.

Assumption 2.4. For each w € Q, the functions f,(¢t) = f.(¢,-) are
weakly continuous as H™"*-valued functions, gx(t) = gx(t, ) are weakly
continuous as H™**-valued functions, and the initial conditions wq.
satisfy ug. € La(Q, Fy, H™?). Furthermore, f, and g are predictable
and

E sup [|f|[715+E sup |lg]l7 4+ Elluollns < K,
t€[0,T t€[0,T7

where || f[[7, 15 = 32, [[fr(0)ll7m1s and [[g][7 a0 = 225 196 ()] 7t

Definition 2.1. By a solution of (2.1) with initial data ug we mean an
Lo-valued predictable function u(t) = u(t, -) defined on Q x [0, T] such
that

P(/o Ju(t)| 2 dt < 00) =1,

and for any ¢ € Cg° the equation

(u(t ), 8o = (w(0, ), o+ | '[=(a¥ Diu(s), Dyo);
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+((a} — a2;) Diu(s) + aru(s) + f,(s), $)o] AV

rad

t
+ [ GLDals) + beuls) + au(s), DoV
0
holds for all ¢ € [0,T] at once with probability 1.

We know from (Ité’s formula) [7] that for any solution u there exists
a solution @ such that u(t,-) is a continuous Ly-valued function for
each w and for any ¢ € C§°, the equation (u(t,-), )0 = (a(t, ), d)
holds for all ¢ € [0,7T] at once with probability 1. This is the reason
why henceforth we only consider Ls-continuous versions of solutions.

Theorem 2.1. Under Assumptions 2.1, 2.2, 2.3, and 2.4, fore = 0,1,
equation (2.1) with initial condition ug. has a unique solution u.(t).
Furthermore, u.(t) is weakly continuous in H™"3 for each w and

E sup |[[us(t)[fhs < N,
t€[0,T]

where N depends only on d,dy,dy, K,p,m and T.

This theorem is a particular case of Theorem 3.1. The following is
the basic tool of proving our estimate of convergence for the splitting
up method.

Theorem 2.2. Let a¥,al,a,,bi, by, b, fr, and g, be independent of t.

Then under Assumptions 2.1, 2.2, 2.3, and 2.4, there is a constant N
depending only on d,dy, dv, K,p,m and T, such that

E sup |[uy(t) — uo(t)|[fy < N(E|luor — uool [}, + A7), (2.3)
t€[0,T

where

p— T T
A = sup max max |V} — V.
we te[o,T]

Theorem 2.2 is proved in Sec. 4. Now we give its application to the
splitting up method along the lines discussed in the introduction. In
(0,T] x R? we consider the following equation

di

du(t,z) =Y (Lyu(t,z) + f,(t, z)) dt

r=1

+ (Lou(t, ) + fo(t,z)) AV + (Myu(t, z) + gi(t,z)) dYEF, (2.4)

with the same operators L, and M, as above and initial condition
u(0,z) = uo(x).
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Assumption 2.5. Assumptions 2.1 and 2.4 are satisfied. The process
V2 is predictable continuous increasing and starting at zero. We have
V2+(Y)r < K. The matrices (a¥/) are nonnegative and, for any w € (,
z, A € RY we have
2ag (t, £) NN dV,? — b, (¢, )bl (¢, ) NN d(Y*,Y™), > 0

in the sense of measures on [0, 7.

By u(t) we denote the unique solution of (2.4) with initial condition
©(0, ) = up(x), which exists owing to Theorem 2.1.

Next set T, := {t; :== iT/n : i = 0,1,2,...,n}, 6 := T/n for an
integer n > 1, and define the approximation u™ by u((0) := uy,

u™(ti41) = P POPIQy,., (), i=0,1,2,...,n— 1,

(2.5)

where P§7)¢ = (), v = 1,2,...,d;, and Qg1 := ¥(t) denote the
solutions of the equations

dv(t,z) = (Lyo(t,z) + fy(x))dt, t >0,

di(t, x) = (Lod(t, z) + fo(x)) VP + (Mo (t, @) + gi(x)) dYSF, t>s,
respectively, with initial conditions v(0, z) = ¥ (z) and (s, z) = ¥(z),

respectively.

Theorem 2.3. Let a¥,al,a,,bi, by, b, f. and gy be independent of t.

r oy Yy
Then under Assumption 2.5 there is a constant N depending only on

d,dy,d, K,p,m and T, such that
(n) —_ p < 4
E'Itrel%zc [|u'™(t) — u(t)|]P, < Nn

for alln > 1.

Proof. Set d' := d; + 1, fix an integer n > 1 and let § := T'/n.
According to our idea we change time by using the following function
t—kd; for te[kdd,(kd+1)8,k=0,1,...,
k(t) =< (k+1)§ for te[(kd+1)4(k+1)dd],k=0,1,..,
0 for t<0.

Define
YEt) =Yy, Fi=Fewy Va=Va = Vo,
Vi =k(t), Vi=&t-rs for r=1,2, ..,4d,.
Consider the equations

du(t) = (Lyu(t) + f,) AV + (Myug(t) + gp) dYF €=0,1, (2.6)
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with u(0,2) = u1(0,2) = ug(z). It is easy to see that Assumptions
2.2 and 2.3 hold also with Y* and V' (¢ = 0,1) in place of Y* and
V7, respectively. Thus by Theorem 2.1 the solutions uy and u; exist,
and by virtue of Theorem 2.2 there is a constant N depending only on
d,dy,dy,p,m, K and T, such that

E sup ||u1(t)—uo(t)||P, < N sup sup |k(t+7d)—k(t)[P = NTPn P,
te€[0,T'd'] te[0,Td'] r<di

which implies the theorem, since clearly ug(d't) = u(t) and u,(d't) =
u™(t) for t € Tp,.

Remark 2.2. We can define the approximation «(® by splitting up in
any order, i.e., we can define (™ by

u™(tiy1) = P PYNQ,,., PV PYPM U (1)),

in place of (2.5). Then one can easily see from its proof that Theorem
2.3 remains valid.

3. AUXILIARY RESULTS

First we consider the equation
du(t,z) = (Lu(t,z) + f(t,z)) dV; + (Myu(t, z) + gi(t, 2)) dYF (3.1)

for t € (0,T],z € R? with initial condition u(0,z) = wug(z), where
T € (0,00) is a fixed number and the operators L and M, are written
as

L =a"(t,x)Dy; + a'(t,z)D; + a(t,x), My, = bi(t,z)D; + by (t, z).

For convenience we enumerate some further assumptions regarding
(3.1). Fix an integer m = 1,2,... and remember that by K we de-
note a fixed positive constant.

Assumption 3.1 (smoothness of the coefficients). All the coefficients
a’(t, ), a'(t, z), a(t, z), bi(t,z), b (¢, ) are predictable for any z € R?
and, for any (w,t) € Q x (0, 00), their derivatives up to order m and

for a¥ up to order 2 V m exist, are continuous, and by magnitude are
bounded by K.

Assumption 3.2 (stochastic parabolicity of (3.1)). The process V; is
increasing, continuous, predictable, V5 = 0, and Vr < K. We have
d(Y); < dV; and for any z, A € R?, in the sense of measures on [0, T

209NN AV, — BEBI AN d(YF YT, > 0.
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Assumption 3.3. In equation (3.1) the function f is predictable H™
valued, g; are predictable H™*! valued, v is H™ valued and F; mea-
surable. Furthermore, for [ < m and

Ki(t) = /0 {I£ I + g7} Vs

where f(s) = f(s,), 9(s) = g(s,-) and ||g(s)|[7;1 = D2 [9%(s) 11711, we
have

E||uo||P, + EKP/*(T) < oo.

Solutions of equation (3.1) are always understood according to Def-
inition 2.1.

Theorem 3.1. Under Assumptions 3.1, 3.2, and 3.3 there exists a
unique solution of (8.1) with initial condition ug. In addition, u(t) is
weakly continuous in H™ for each w and for any integer | € [0, m]
E sup [[u(t)|lf < NE|uo|[f + NEK]"*(T), (3:2)
t€[0,T

where N depends only on d,dy, K,m,p, and T.

Proof . If p = 2, the theorem is quite similar to Theorem 3.1 of [11]
and can be proved by the same method. The only difference is that
Vi = t and V; is a d; dimensional Wiener process in [11]. Actually
one can also obtain our Theorem 3.1 for p = 2 quite formally from
Theorem 3.1 of [11]. Indeed, replacing V; with V; + ¢ (and multiplying
the corresponding coefficients by dV;/(dV; + dt)) allows us to assume
that V; is strictly increasing. After that a time change reduces the
whole situation to the one with V; = ¢t. To deal with Y; one uses
the fact that any continuous martingale can be written as a stochastic
integral against a Wiener process.

For p # 2 we reproduce part of the proof of Theorem 3.1 of [11]. It
is worth noting that in [11] L,(R?) norms of solutions are estimated.
Although we could do the same in our situation, we do not know how
to apply these estimates to derive error estimates for L,(R?) norms for
the splitting up method. Nevertheless, we know how to derive error
estimates for expectations of the pth powers of Ly(R?) norms. This is
why we only state and prove those estimates in our theorem.

As in the proof of Theorem 3.1 of [11], by adding into the equation
eAu dV, if necessary, we may assume that ||u(t)||2,,, is integrable over
Qx[0,T] against dP x dV;. Then by using It6’s formula and integrating
by parts we get that, if u(¢) is our solution, then

d Y [IDu(@)l[§ < N([[u@)If +[IF @)} +g]lF) Vi

la|<
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+2)  (D%u(t), D [Myu(t) + gi(t)])o dY*. (3-3)

la|<I

Here, due to Assumption 3.1 and the Leibnitz formula,

(D%u, D¥(b% Dyw))o = (1/2) / by Di| D*uf da+ Y (D%, D7u)q
e 18 +h=lal
where ¢27 are bounded functions. Integrating by parts we see that
|((D%u(t), D [Myu(t) + gi(t)])ol < Nlu(®)[[i + Nllu®)|lillg(t)ll-

Now we write (3.3) in the integral form, raise both parts to the p/2th
power and use the Burkholder-Davis-Gundy inequality. We also use
that, if p > 2, then by Holder’s inequality

([ Iupavy” < stsw i+ 52N [ upav, @4

for any 0 € (0,1), ¢ € R, and stopping time 7 < T', where the first term
on the right can even be dropped. Finally we notice that (3.4) holds
for p € (0,2) as well with ¢ = 2/(2 — p) since by Young’s inequality for
any 6 >0

([l v < sup a2 [ fulf aviy”
0 <r o

,
< /e sup ul £+ 870N [ [JullfaV.
t<t 0
Then we obtain that for any stopping time 7 < T

Esup [[u(®)ll] < 2B|[uolly + (1/4)Est1<lpHu(t)\l]i”rNE/0 [u(®)]7 aVe

NEKY(0)+ NE( [ (@)l + (o) a(0) ) V)™

The last term is less than

NEst1<1pIIu(t‘)llﬁ’/z’(/0 (@I + llg(t)| 1) Vi)

< (1/4)Esup |lu(®)|f + NE / [u(®)|[? Vi + NEK?(r).
t<rt 0
Thus
Esup |lu(t)|[P < 4E|juo|[? + NE / [u(®)|[? Vs + NEKP(r),
t<t 0

and (3.2) follows by the stochastic version of Gronwall’s inequality. The
theorem is proved.
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We are going to use Theorem 3.1 for estimating the difference of
solutions of two equations of type (3.1). Namely let

(aij)ai)aé‘)fE)bz;g)bkE7gk6’u05)) (35)

where £ = 0, 1, be two sets of data satisfying Assumptions 3.1, 3.2, and
3.3 for ¢ = 0,1. Continue these data linearly with respect to ¢ on [0, 1]
so that we can now use the same notation (3.5) for any € € [0, 1]. Let
L, and Mj,. be the operators L and M; constructed on the basis of
a¥,al,a. and bi_, by.. We will be interested in the difference ug — uy,
where u, is defined as the unique solution of

duc(t,x) = (Louc(t, z) + fo(t,2)) dVy + (Myeuc(t, ) + gre(t, z)) d(};tk(;)

with initial data ug.. Notice that Assumption 3.2 is satisfied for L, and
M. with any € € [0, 1]. This follows from the fact that

EW XN A(YR YT,

ke“re

is a nonnegative quadratic, hence convex function of €. Therefore,
Theorem 3.1 implies the following.

Lemma 3.2. The function u. exists is unique and

sup E sup |luc(t)|, < sup NE(||uoelf, + KE2(T)),  (3.7)
e€[0,1]  t€[0,T] e€[0,1]

where N depends only on d,dy, K, m,p, and T'.
Now comes an estimate of u; — uy.
Theorem 3.3. Let m > 3 and p > 1. Then for any integer | > 0

E sup |[|ui(t) —uo(t)|[f < sup E sup |[[v:(t)]}, (3.8)
te[0,T) e€l0,1]  te[0,T]

where v, s the unique solution of the following equation obtained by
formal differentiation of (3.6):

dve(t,z) = (Lov(t,z) + L'u(t, z) + f'(t, z)) dV;

+(Myeve (t, ) + Myu,(t, z) + gi(t, z)) dYF (3.9)

with initial condition uj, where the primed functions are introduced
according to w' = wy — wy. Furthermore,

sup E sup [|ve(t)|F,_5 < 0. (3.10)
e€0,1]  tefo,T)
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Proof. Owing to (3.7), the functions f = L'u.+f’ and g, = M} u.+gl,
satisfy Assumption 3.3 with m — 2 > 1 in place of m. Hence the exis-
tence and uniqueness of v, and estimate (3.10) follow from Theorem 3.1.

While proving (3.8) for a fixed | we may and will assume that the
right-hand side is finite. Furthermore, notice that to prove (3.8) it
suffices to show that v, is the derivative of u. in an appropriate space.
To make this precise, for a function w, and h such that e, + h € [0, 1]
define dpw, = (weip — we)/h. It turns out that it suffices to show that,
for any € € [0, 1],

E sup Héhus(t) - Us(t)Hg —0 (311)
te[0,T
whenever A — 0 in such a way that ¢ + h € [0, 1].

Indeed, assume that (3.11) holds and let R, := n'(n — A)™, n > 0.
Notice that ||R,h||; < N||h||p for h € Lo, where N is independent of
h. Therefore (3.11) implies that for any n > 0

E sup ||6pRpuc(t) — Ryve(t)|[f — 0.
t€[0,T]

Since p > 1, it follows easily that

E sup ||Ryuo(t) — Ryui(t)||} < sup E sup ||Rnv:(t)|]-
t€[0,T) e€l0,1]  t€[0,T]

1 < ||h||; for h € HY,

By using the Fourier transform one proves ||R,h|
and also that if h € L, and

Ny :=liminf ||R,h||; < oo,
n—r00

then h € H' and ||h||; < Np. After these observations to get (3.8) it
only remains to use Fatou’s lemma.
Now we prove (3.11). Simple manipulations show that the function

Ten(t) := Opuc(t) — ve(t)
satisfies
drep(t) = [Leren(t) + L' (ueqn(t) — ue(t))] dV4
H[Myren(t) + My (uesn(t) — ue(t))] dY.
Hence by Theorem 3.1, for a constant N independent of £ and h,
T
E sup |[[0puc(t) — ve(t)[5 < NE(/O (e n(t) — ue(®)][3 Vi),

t€[0,T]
which by the interpolation inequality ||h||2 < N||A| |(1,/3Hh||§/3, Hoélder’s
inequality, and (3.7) is less than a constant times

1/3
(B sup |[ucn(t) — u(t)[[2)">.
t€[0,T
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Finally, observe that g.p(t) := ueyn(t) — uc(t) satisfies
dqen(t) = [Leqen(t) + hL ucn(t) + hf'(t)] dV4
+H[Mgen (t) + hMjuc4(t) + hgp,(t)] dY*
and by Theorem 3.1 and (3.7)

E sup ||ucin(t) — uc(t)][§ < NAP — 0
t€[0,T

as h — 0. This proves (3.11) and finishes the proof of the theorem.

4. PROOF OF THEOREM 2.2

Remember that V; is introduced in Assumption 2.2 and let
Vie=eVii+ (1 —e)Vyg, pi=dVi/dV; (<1),

L, = P:eLr, fs = p:gfra My = My, ke = Gk-
Then equation (2.1) becomes (3.6). Next define
aof = pla), ag=pla, a.=pa.

Notice that

aZ NN dV; = o X' N dV..
It follows that the assumptions on our equation (3.6), stated before
Theorem 3.3, are satisfied with m + 3 in place of m. This theorem
implies that in order to prove Theorem 2.2 it suffices to show that, for
any ¢ € [0, 1],

E sup |[ve(t)[[7 < N(E|[uor — uoollr, + A7),
t€[0,T

where v, (t) satisfies v.(0) = w1 — ugo, and is the unique solution of
equation (3.9). The latter in our case becomes

dve(t) = Lyve (t) AV + (Lpue(t) + fo(t)) dA] + My (t) Y, (4.1)

where A} =V} — Vi and, of course, u.(t) is the unique solution of (2.1)
with the above defined V,[ and initial data ug. = gug; + (1 — €)ugo-

Next we need two lemmas. Remember that H~! is the space of
distributions which is dual to H' and there is a natural way to extend
(v,u)o by continuity from v,u € L, to v € H *,u € H. This extension
of the inner product in Ly is denoted by (v, u)g or (u, v),. Similarly, for
any positive integer m the inner product (, ),, in H™ can be extended
by continuity to a duality (, ),, between H™™! and H™!. Set

€ €

.. .. 1... .
g = d(Y*, Y /dVi, & = ol — Sbiblg.
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Define the quadratic forms
vl = []a(t) = (@7 Div, Djv)m + Clloll7, v € H™,  (4.2)

where Cy = 0 and, if m > 1, C,, is a constant to be specified later in
such a way that the right-hand side of (4.2) is nonnegative, so that no-
tation (4.2) makes sense. We polarize [v]?, to define the corresponding
bilinear forms

A, Wy = v+ w2, — v —w]?, v,we H™N.
In order to simplify the notation write
Vo = D%, 4 = D*Djv, v4ij = D*Djjv.
Then
(U, V) = Z (Uas Va)o-
la<m

Quite often we deal with finite sums Zaﬂ a®Pv4vg with uniformly
bounded coefficients a®®. Let H denote the set of such forms. For
&,m € H we write £ ~ 7 if there is a form

(= Z v P%v, P% = Z aaﬂvg, (4.3)

la|<m Bl<m

such that the integrals (over R?) of £ — 5 and ¢ are the same and |a®”|
can be estimated in terms of d, dy, d;, m, and K. Forms of type ( are
particularly interesting because their integrals are estimated through a
constant under control times ||v||2,.

Lemma 4.1. There is a constant C,, with Cy = 0 depending only on
K,d,dy,d;, and m such that the right-hand side of (4.2) is nonnegative.
Furthermore, for m > 1, any multi-indices o, 3,7 satisfying a = B+,
Bl > 1, and |a] < m and any v € H™ we have (¥ D;v)ovaj ~
(Y VaiV; and
1% .= di’bvvivaj ~ &ijﬁvﬂﬂjva ~ 0. (4.4)
Proof. Notice that the assertion of the lemma holds true for m = 0
due to Assumption 2.3 saying that @, is a non-negative matrix (V;-a.e.).

For m > 1 and m > |a| > 1 use the the Leibnitz formula to get
(@7 Div)aVaj = @Vaiva; + Y PPV,
ﬁ+7:a7|ﬂ|21
where ¢ are certain constants. Since the first term on the right is
nonnegative, it only remains to prove (4.4).

Integrating by parts allows us to carry the derivative with respect
to 2’ from v, to G v, Observe that @; is bounded by a constant,
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under control, since |3+ 1 < m+1. It follows that I*%7 ~ —51231)71']'%,
and it only remains to prove I*#7 ~ 0.

If 3] > 2 in I*#7| then v.;; is the derivative of v of order at most m.
In this case I** ~ 0 and we may concentrate on |3| = 1. In that case,
due to ay = al*, we have

197 = &?ﬁ”wDﬁ”w’ = (1/2)6?[3Dﬁ(v7,~v7]-),
and integrating by parts shows that I*%" ~ 0 again. The lemma is
proved.

In particular, we now have |[v,w]n| < [v]m[w]m (dVi-a.e.) for all
v,w€ H™ m > 0.

Lemma 4.2. There exists a constant N depending only on d, dy, d1, m
and K, such that for any v € H™', w € H™3 h e H™? ¢ €(0,1]
(i) for any r, k, we have

(v, Leh)m| + [(Lrv, B)m| + [(v, Ly Mgw)m| + [(Miv, Lyt)m|

< N[v]lm ([pllms2 + [[2]lmrs), (4.5)
(i) almost everywhere with respect to dV;
P(0,0) = 20, Lyohmply + (Miv, My0)mg” + 2002, < Niol[%,  (4:6)
(#i) for any i almost everywhere with respect to dV;
|4i(v, w)| < N|u|lmss([v]m + [[v]lm), (4.7)
where
3i(v,u) = ((Lyv, Lit)m + (v, LiLeu)m) o}, + (Myv, LiM,w)mg)”

Proof. One can easily get estimate (4.5) by Cauchy’s inequality
combined with integration by parts. The proof of (ii) is very similar to
that of Lemma 2.1 in [11]. We may (and will) assume that v € H™*2.
Then the left-hand side of inequality (4.6) minus 2[v]?, is the integral
over R? of

Q= {20va(Lrv)a + ¢ (Miv)a(Mv)a} = > Q.

lo|<m o] <m
By integrating by parts we obtain
2ualv; ~ al(v?); ~ —al,v? ~ 0,
and similarly, for |a| < m
U (020;) 0 ~ V60 00 ~ 0, 4(a:v)e ~ 0,

(b:03)a(by0)a ~ 0,  (bpv)a(Brv)a ~ 0.
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Hence, upon defining L% = a” D;jv and MJv = b, D;v, we get

Q ~ {20, va(Lyv)a + ¢ (Mgv)a(Myv)a}- (4.8)

If m = 0, then the only possible value for « is zero and the inte-
gral of the right-hand side of (4.8) equals —2[v]2, which implies (4.6).
Therefore, in the remaining part of the proof we assume that m > 1.

For m > |a| > 1 define I'(«) as the set of couples of multi-indices
(B,7) such that |3| = 1 and a = 3 + v and define the constants c**7
from the equality

D*(¢9p) = ¢D*Y + » _ c*P1(DP$) DT + ...,
()

where the missing terms are those which contain the derivatives of ¢
of order at most |a| — 2. Then for m > |a| > 1, owing to ¢f" = ¢i*, we
obtain

qfr(M,Sv)a(va)a = qfr(vai)a(bivj)aqfr ~ frb;cvaibzvaj

+2q5" Z c"‘ﬂ“’b};ﬂvvibf;vaj.
T'(a)

Upon remembering that b}, are twice differentiable and |3| +1 = 2 and
Y[+ 1= |a] < m, we get

67" Vg Vyib]Vaj ~ — 0" bogniblva = —(1/2)g;" (b]b) Vs Va-

Furthermore,
20} Va (Lgv)a ~ 2vaa?vaz~j + 2 Z c"‘mvaa?ﬂvw.
I'(a)

After these computations (4.8) and Lemma 4.1 yield

Qo ~ —2vm-éijvaj + 2 Z c"‘ﬁ”’&?bvwva ~ —Z(dijD,-v)avaj.

I(e)

Thus,

p(,0) = [ Qdz+2[]2, = ) (va, P*)o, (4.9)
e o] <m
where P® are some operators as in (4.3). This proves (4.6).
To prove (4.7) we polarize (4.9) and get

(Lyv, w)mple + (v, Lew)mple + (Myv, Myw)mg;" + 2[v, w]m

lal<m
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We plug in w = L;u to obtain
Q’i(va u) + <Uu (LrLz - Ler)u>mp¥g + (Mk’l), (MT‘L't - LiMr)u)mqfr
1
+2[v, Litlm = 5 > (D%, P*Liu)o + (D* Liu, P*v)o]

lal<m

Hence we obtain (4.7) by Cauchy’s inequality and by integration by
parts, after noticing that (L,L; — L;L,) and (M, L; — L;M,) are third
and second order operators, respectively. The lemma is proved.

Lemma 4.3. Define

Jo= i = / (0e(5), Litie(3) + fi(5))m dAL.

Then there exists a constant N depending only on d, dy,dy, K,p, m, and
T such that for any stopping time 7 < T

t
Esup(Jee —/ [ve]a(s) AV)?? < (1/8) E'sup [[ve(t)] 5,
0 t<t

t<t
+N(A”+E/ ua@)[2. dV).  (4.10)
0

Proof. We want to estimate Ji. through A without using the vari-
ations of A% Therefore we integrate by parts with respect to s or
alternatively use It6’s formula (see [7]). We also remember that the
coefficients of L, and f, are independent of t. Then we obtain

Jy = (ve(t), Liue(t) + fi(t))mAl — Jiy — ... — Juz, (4.11)

where J;; are defined by the following formulas in which we drop the
argument s whenever it does not lead to any confusion:

t
Jis = / A{{Lyve, Livie + fi)m + (ve, Li(Lytie + f,))m} dV,
0
t .
Joy = / AL (Myve, Li( Myue + g,))m d(Y*, YT,
0
t .
Joy = / A {(Myve, Litte + f)m + (v, Li(Myg + g2))m} AV,
0
t ) .
2Jy = 2/ Al (Ljue + fj, Live + fi)m dAI,
0

t
= / (Ljue + £, Live + fi)m d(ALAT).
0
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By Lemma 4.2 and by Young’s inequality

t
Jigt+Jas < NA/ {||“s||m+3[”6]m+‘|'U6||m(||f”m+2+||9Hm+3+Hu6Hm+3)} dVs

o R R oy AR (T AR AR A
Next notice that by Lemma 4.2
|(Myve, Livie + fi)m + (Ve, Li( Myue + ) )l
< N|ve|m(l[tte| lm+s + [ flms1 + [1g]lmr2)-
Therefore, by the Burkholder-Davis-Gundy inequality

4
Bsup [Ju < NAPRE( [l e £ sl o) V)

2 2 2 /4
< NAPE sup (lus(t) bnia 1)l it lo(0)lnda) ([ ol vy
€

We use Cauchy’s inequality, (3.7), the argument about (3.4), and our
assumptions and infer that

Esup | Jy|P/? < NAP + (1/16)Esup v ()2, + NE/ ||ve|[2, dV3.
0

t<t

It follows that the left-hand side of (4.10) is less than
(1/8)E sup ||ve(t)||P, + NAP + NE/ ||ve||P, dV; + N E sup |Jy|P/?,
t<rt 0 t<t

and to prove the lemma it only remains to estimate Jy;.
We integrate by parts again and find that
2Ja = (Ljue(t) + fj, Live(t) + fi)mALA] — Ry — Roy — Ry, (4.12)
where .
Ry =2 /0 A ALy (Lo + £,), Lie + Fym AV,

t
R2t - / AZAZ(L](MkUE + gk)a Li(MTUE + g"))m d<Yk’ YT)S'
0

t
0

Since (L;(Lyuc+ fr), Live+ fiym is readily estimated through ||u.||2,, s+

||f‘|3n+1, we see that

Esup |Ry; + R2t|p/2 < NAP.

t<t
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Furthermore, the Burkholder-Davis-Gundy inequality obviously im-
plies that the same estimate holds for Ry Hence E sup,., |Jyu[P/? <
N AP, The lemma is proved.

Proof of Theorem 2.2. Applying the differential operator D¢
to both sides of equation (4.1), then using Itd’s formula (see [7]) for
| D*v(t)||? and summing up over all |a| < m we get

d||ve(t)[17 = 2(ve(t), Lrve(t))m dViZ + 2(ve(t), Lotue(t) + fr(t))m dA]
+H(Myve (), Mpve () d(Y*, Y™y + 2(ve(t), Myv(t))m dY}E.
By using Lemma 4.2 (ii) we obtain
d||ve(8)[17, < —2[vel, AV + NlJvel[7, dV; + 2, + 2(ve, Myve)m A",

where J; is defined in Lemma 4.3. Here, as before, integrating by parts
implies that |(ve, Mgve)m| < Nl|vg||%,. Hence by Lemma 4.3 and the
Burkholder-Davis-Gundy inequality

t
Bsup 0.0 < NElfuas — wol 5+ 4Esup(i — [ [, avi)y?
t<t t<t 0
NE( [ |01 V)" < NElfuos — ol + (1/2) B sup (0]
0 t<rt

VA NE [ o)l v+ NB( [ o)t av)”
0 0

for any stopping time 7 < T'. The last term here is estimated through
(see (3.4))

NEsup 42(0) / oo (8) 12, dVi)?"

< (/) sup [vu(0) % + NE [ ua(t) .
t<t 0
which implies
Esup ||ve(t)|[2, < NE||ug1 — ugol| 2, + NAP + NE/ ||ve()|[2, dV4.
t<t 0

Now we get
Esup ||v:(t)|[2, < NE||uo1 — ugol B, + NAP
t<rt

by a stochastic version of Gronwall’s lemma. If p > 1, this finishes the
proof of (2.3) owing to Theorem 3.3.

To deal with p € (0,1) we notice that a careful analysis of the above
proof of (2.3) shows that

ESEP |ur () — uo(t)|2, < NE||ugr — uool |2,
t<t
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+NAE{|[uor|[m 45 + [1uool 745 + SUp(|Lf (#)l lms + 19(#)/lm+4)*}

for any stopping time 7 < 7', and furthermore (a.s.)

E{Stgp s () — uo(8)||2| Fo} < Nlluor — uool|2,

+NA?(||uor| 75+ IuOol|3n+3)+NA2E{StI<1p(||f(t)I 3+ 119 ()] lm-+4)*| Fo}-

A standard transformation of such inequalities (see, for instance, the
derivation of Theorem 3.6.8 from Lemma 3.6.3 of [10]) shows that, for
any ¢ € (0,1) (a-s.)

E{Stgp |lus(t) — uo(t)[ |2 Fo} < Nlluor — ool

+N A% ([[uor |77, 57+ [uoo| 3,‘3+3)+NA25E{StI<1p(|If(t)||m+3+|Ig(t)||m+4)2‘slfo}-

Upon taking here 6 = p/2 and taking the expectations of both parts of
the last inequality we arrive at (2.3). The theorem is proved.

5. THE CASE OF TIME DEPENDENT COEFFICIENTS

Here we consider equation (2.1) keeping Assumptions 2.1, 2.2, 2.3,
and 2.4 and assuming that the following condition also holds, in which

h(t,z) = (afrj(t,w),afy(t, r),a,(t,x), fy(t,z) :vy=1,2,...,d1,4,j = 1,...,d).
In this section we stipulate that Greek integer valued indices run through
1,2,...,d;.
Assumption 5.1. There exists a continuous J; martingale
Zy=(2},...,Z%)
and for any = € R? there exist bounded predictable functions
he(t, @) = (a3, (¢, ), a2, (¢, ), 4y (t, 7), f1r (2t )

defined on Q x (0,T] for r = 0,1, ..., ds, such that
(i) d(Z): < dV;,
(ii)

¢ ¢
h(t,z) = h(0, ) +/ ho(s, z) dV; —I—/ hy(s,z)dZ"
0 0

for all w and t, where, as usual, the summation in r is carried over all
possible values, which in this case are 1,2, ...,d;. Furthermore, h, are
continuously differentiable with respect to « up to the order m+1 and
|DPh,| < K for |B] <m+1.
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Theorem 5.1. Under Assumptions 2.1, 2.2, 2.3, 2.4, and 5.1 there is
a constant N depending only on d,dy, d1,ds, K,p,m and T, such that

E sup |[luy(t) — wo(t)|5, < N(E||uor — uool[r, + AP).
t€[0,T]

Proof. Obviously we need only show that Lemma 4.3 remains valid.
Define
L’Y" = G?TD,] —+ a,i),rDz' + a,yr
and observe that, since A} = 0 and now the coefficients of L, and f,
depend on time, there will be three additional terms —Js; — Jgr — Jrt
on the right in (4.11) with

t
J5t = / AZ(,UE) L'yOus + f’yO)m d‘/;;
0
t
J6t = / Az(Mkvea L'yrue + f'yr)m d<Yka Zr>sa
0

t
Jr = / AZ(/UE) L’yrue + f’yr)m dZ:
0

By following already familiar lines we conclude

E sup |J5[P/? < NAP2E sup HUEHI,’,{z sup(||te||mya + K)P/?
t<t t<t t<rt
< (1/64)E sup ||v. 12, + NA”.
t<rt

The same estimate holds for Jg; since
(Mygve, Lypte + fyp)m = (ve, My Lypuie + Mg fop)m,

where M is the formal adjoint of M}, and we can use that the coeffi-
cients of L,, and f,, are m + 1 times differentiable.
As far as Jy; is concerned, it suffices to add that

E(/ |AZ(’U£, L’yrus + f'yr)m‘2 st)P/4
0
< NAP2E sup ||ve| [P/2 sup(|| e |miz + K)P/2.
t<rt t<t
The only remaining change to make in the proof of Lemma 4.3 now
are related to the fact that in (4.12) there will be the terms —Ry; —
R5t - Rﬁt — R7t with

t
R4t = 2/ AZAg(LuOUE + qua L'yua + f'y)m dV;,
0

i
RSt = / AZAI;(Lurue + f;u'a L’yiue + f’yz)m d<zr’ Zi>35
0
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t
Re; = 2 / AYAM(Lypte + fury LyMyue)m d(Z", Y*),,
0

t
0

Almost obviously all these terms can be estimated in the same way
as in the proof of Lemma 4.3. By this comment we finish the proof of
Theorem 5.1.

By using the above theorem we can extend our result on split-
ting up approximations, Theorem 2.3, to SPDEs with time depen-
dent coeflicients. Let us consider the solution u(t) of equation (2.4)
in (0,7] x R with initial condition u(0,2) = ue(z), and remember
that T, := {t;, =T /n:i=0,1,2,...,n}.

Since now L., f., M}, g, may depend on t, it is convenient to exhibit
their dependence on t following the example L,(t). For v = 1,2, ...,d;
and s € [0, T, let P}(s)¢ denote the solution of the equation

dv(t) = (Ly(s)v(t) + fy(s))dt, t>0, v(0)=e.

Notice that the coefficients of L, and f, are “frozen” at time s. Then
u(™(t) for t € T, is defined recursively as follows: u(™(0) = uy,

ul (ti1) := P (tig1) - P3(tis1) Py (tis1) Quy (™ (8:)) (5.1)
fori =0,1,2,...,n — 1, where 6 = T'/n and Qs denotes the solution
of the equation

di(t) = (Lo(t)3(t) + fo(t) VY + (My(t)5(t) + gu(t)) AV, t>s,
i(s) = .
Theorem 5.2. Under Assumptions 2.5 and 5.1 there is a constant N

depending only on d, dy, d1,ds, K,p,m and T, such that
(n) _ P < -p
Emax |[u™(t) — u(t)[[7, < Nn

for all integers n > 1.

Proof. The proof is almost exactly the same as that of the corre-
sponding statement, Theorem 2.3, in the time independent case. We
define d' := d; + 1, (t), V7, and Y*(t) in the same way. Consider the
counterparts of equations (2.6),

duc(t) = (Ln(r(t))ue(t)+ fr(k(t)) dVie+ (M (r(t))ue (t) + gr(x(t))) dY*
for ¢ =0, 1, with initial data u.(0) = uo.
Then it is almost obvious that the assumptions of Theorem 5.1 are

satisfied with the same constant K and with d'T in place of T. We
apply this theorem and after that, as in the proof of Theorem 2.3, it
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only remains to observe that ug(d't) = u(t) and u,(d't) = u(™(t) for
t € T,,. The theorem is proved.

Remark 5.1. We can define the approximation u(® by
ul™ (tig1) = Py (tig1) - Py (tis1) Quee Ph () P3 () Py () ul™ (t:)
in place of (5.1), where 1 < [ < d; is a fixed integer. By obvious

modifications of the above proof one can show that Theorem 5.2 holds
also for this approximation.

Let C! = C'(R?) denote the Banach space of functions f = f(z),
r € R4, having continuous derivatives up to the order I, such that
[ fllct := supgera D=4 |DP f(x)| < co. We get the following corollary
from the previous theorem by Sobolev’s theorem on embedding of H™
into C'.

Corollary 5.3. If Assumptions 2.5 and 5.1 hold with m > l+d/2 and
nonnegative integer 1, then for some N = N(d,dy,d;, ds, K, p, m)
(n)(4) — P~ -p
Emax |ju™(t) — u(t)|[x < Nn

for all n > 1, where X := C', and ||||x denotes the norm in X.

The next corollary can be obtained easily by a standard application
of the Borel-Cantelli lemma.

Corollary 5.4. If Assumptions 2.5 and 5.1 hold with p > &, for some
k > 1, then there s a random variable &, such that almost surely

(n) _ < —141/k
max [[ut™(t) — u(t)|[x < &n

for all m > 1, where X is H™, or we can also take X = C' if m >
l+d)/2.

6. AN APPLICATION TO NONLINEAR FILTERING

Partially observable stochastic dynamical systems are often mod-
elled by a pair Z; := (X, ;) of multidimensional stochastic processes,
satisfying some stochastic differential equations with given coefficients.
Here X; is a d-dimensional process, called the unobservable compo-
nent, or signal process, and Y; is a dyp-dimensional process, called the
observation process. In a fairly general situation the evolution of these
processes is governed by the equations

dX, = h(t, X, Y;) dt + o(t, X,, ;) dw,
+p(t7 Xt,Yt) th7 XO = é-
dY, = H(t, X, Y}) dt + dW;, Yo =n, (6.1)
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where h(t,z,y) € RY, o(t,z,y) € R, p(t, z,y) € R H(t z,y) €
R% and (w;, W) is a d + do-dimensional Wiener process, independent
of the Fy-measurable random vectors &, n. The coefficients h, o, p, H
are assumed to be bounded and globally Lipschitz in (z,y) € R4,
uniformly in ¢ € [0, T'.

The classic problem of nonlinear filtering is to compute at time ¢ the
best mean square estimate for ¢(X;) from the observations {Y; : 0 <
s < t}, for any given bounded smooth functions ¢. In other words, one
wants to compute the conditional expectation

B(p(X)|Ys,0< s < 1) = / o(2)P(t, dz)

from the data P(0,dx), h, o, p, H and the observation {Y, s < t} for a
given function ¢, where P(t,dz) denotes the conditional distribution
of X3, given {Yj, s < t}.

From [11] one obtains the following result. To formulate it set o/ :=
Lpp*)¥, of := L(o0*)¥ and a¥ = off + oY, (i,j = 1,2,...,d), where
p*, o denote the transpose of the matrices p, o.

Theorem 6.1. Let m > 1 be an integer. Assume that (i) a¥ have
uniformly bounded derivatives in x up to the order m + 2; (ii) h and
p have uniformly bounded derivatives in x up to the order m + 1, and
H have uniformly bounded derivatives in x up to the order m; (iii) the
conditional distribution of & given n has a density py (with respect to
Lebesgue measure), which belongs to H™. Then the conditional density
m(z) := P(t,dz)/dz exists and

m(z) = p(t, 2)/(p(t), Lo,

where p = p(t, z) is the unique solution of the equation

dp(t, z) = {Dij(a" (t,z, Y2)p(t, z)) + Di(h'(t,z, Yy)p(t, z))} dt

+HH (¢, 2, Y)p(t,2) + Di(p™ (t, 2, Y)p(t, ¢))} dY* (6.2)

with initial condition py. Moreover, {p(t) : t € [0,T]} is a continuous
H™ '-valued stochastic process, and a weakly continuous H™-valued
stochastic process.

This theorem describes the analytical properties of the conditional
density m;, and presents a way of computing the estimate for ¢(X;), via
equation (6.2), called the Zakai equation (or Duncan-Mortensen-Zakai
equation) for the unnormalized conditional density p;.

In order to implement this result in practice one has to develop nu-
merical methods to approximate the solution of equation (6.2) and
needs to control the error of the approximations. Therefore various
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methods of approximations have intensively been studied in the litera-
ture.

Notice that for equation (6.2) the condition of stochastic parabolic-
ity (Assumption 3.2) requires that the matrix 2a" — (pp*)¥ = (00*)¥
should be nonnegative definite. Clearly, this is always satisfied. The
degenerate case, 0 = 0, is of special interest. In this case the representa-
tion of the solution of equation (6.2) by the method of characteristics
gives a relatively simple formula, which does not involve conditional
expectation (see [11]). Using this representation one can obtain an
approximation for the solution of equation (6.2) with a¥ = oY, and
the error can also be estimated (see [3]). This motivates the idea of
splitting up equation (6.2) into the equations

du(t,z) = Lo(t, Yy)u(t, ©) dt + My(t, Y)u(t, ) dY}* (6.3)
and
dv(t,z) = Ly(t, Y3)v(t, x) dt, (6.4)

where

Lo(t,y)¢(x) := Dij(ag (t, z,y)¢(x)),
Lu(t,y)¢(z) := Dy (oY (¢, 2,y)$(2)), + Di(h' (¢, 2, y)$(2)),

Let Py(t;)¢ denote the solution, starting from ¢, of equation (6.4) with
coeflicients frozen at t = t;, ¥; = Y;,, where t; := Ti/n. Define the
approximations py(t;), Pn(t;) for t; € T, := {Ti/n : 1 :=0,1,2,...,n}
by pn(0) = Pn(0) := po,

Pn(tiz1) = Ps(tis1)QtitipiPn(ti)s  Pn(tiz1) == Qe Ps(ti)Pn(ti)

fori =0,1,2,....,n — 1, where 6 = T'/n and Qg denotes the solution
of equation (6.3) for ¢ > s, with initial condition v(s) = ¢. In order
to apply Theorem 5.2 to these approximations we need the following
assumptions for a fixed integer m > 0 and real number p > 0.

Assumption 6.1. The coefficients g = (o), a; = () have contin-
uous derivatives in z up the order m + 5, h = (h%) and p = (p**) have
continuous derivatives in  up the order m + 4, and H = (H%*) has
continuous derivatives in  up the order m + 3. All these derivatives
are bounded by a constant K.

Assumption 6.2. The derivatives in = of a; and h up to the order
m+ 2 and m + 1, respectively, have continuous first derivative in ¢ and
continuous second order derivatives in y, which are bounded by the
constant K.
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Assumption 6.3. Almost surely pp € H™* and E||po|}, .5 < K.
Theorem 6.2. Under Assumptions 6.1, 6.2 and 6.3 there exists a con-
stant N, depending only on d,dy, d, K,p,m and T, such that
B lpa(t) = p)1f < N, Eynax () — p(O)lfs < N ®
€ln €ln
(6.5)
for all integers n > 1, where || - || x denotes the norm in X := H™.
Proof. We rewrite equation (6.2) in the form of equation (2.4) as fol-
lows:
dp(t,x) = Lo(t, Yy)p(t, z) dt
+ Ly (¢, Y)p(t, x) dt + My(t,Yy)p(t, z) AW}, (6.6)
where
L, (t,Y})$(z) := a (t, ) Dij¢(x) + a;(t, 2) Digp(2) + ar(t, 2)$(2),
My (t, Vo) ¢(z) = b (t, %) Dig(x) + bi(t, ) p(2),
with random coefficients
al (t,x) == ol (t,z,Y,),
ai(t,z) := 2D;a¥ (t,x,Y;) + H* p*(t, 2, Yy),
a’O(ta iL‘) = Dzja(z)J(t’ zr, }/:f) + HkD'Lka(ta zr, }/:f) + Hka(ta z, }/t)a
a?(t,x) = d(t,z,Yy), di(t,x):=2D;a¥(t,x,Y;) + hi(t, z,Y}),
ai(t, ) = D,-jaij(t, z,Y;) + D;h(t,2,Y),
bi(t,z) = p*(t,2,Y;), bi(t,x):= Dip™(t,z,Y;) + H*(t,z,Y;).
Clearly, equation (6.6) satisfies Assumption 2.5 with V,? := ¢t and Y}* :=
Wk, and Assumption 5.1 holds by virtue of the the well-known It6-
Wentzell formula. Hence we can finish the proof by applying Theorem
5.2 and Remark 5.1 to equation (6.6).

By Sobolev’s embedding and by the Borel-Cantelli lemma we obtain
the following corollary.

Corollary 6.3. If Assumptions 6.1, 6.2, 6.3 hold with m > d/2 +,
where | > 0 is an integer, then estimates (6.5) hold also with X :=
C'(R%) in place of H™. If Assumptions 6.1, 6.2 hold, and E||po||, 5 <
oo for some p > k and k > 1, then there is a finite random variable &,
such that almost surely

_ < gp-1H1/kK = _ < gp~lH1/E
max [[pa(t) — p(t)]lx < &n , - max||pa(t) — p(t)llx < &n

for alln > 1, with X := H™, and if m > | + d/2, then also with
X =C.
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Remark 6.1. In [3] a version of Theorem 6.2 is given in the time homo-
geneous situation, when the coefficients of (6.1) are independent of Y,
p =2, m = 0, and with maz’s in (6.5) being outside of expectations.
However, the number of derivatives required in [3] is smaller. We be-
lieve that the latter is actually due to some kind of confusion, since in
[3] the authors use a theorem from [11] stated for the equations in the
usual form, and (6.2) is written in conjugate form.

Remark 6.2. One could easily consider the most general form of the
signal-observation equations (6.1). In particular, we can put a uni-
formly nondegenerate smooth matrix-valued function G(¢,Y;) in front
of dW;. Then under natural assumptions on the smoothness of G one
can get a result similar to Theorem 6.1. We have chosen not to deal
with these generalizations just for simplicity of notation. Finally we
remark that by using weighted Sobolev spaces in place of H™ one can
extend our results to the case of SPDEs with unbounded coefficients.
This kind of SPDEs are important from the point of view of applica-
tions, in particular, in nonlinear filtering (see for example [8], [14], [15]
and the references therein). However, for the sake of simplicity of pre-
sentation we did not want to cover the case of unbounded coefficients
in this paper.
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