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Abstract

In this dissertation, we study an adjoint-based method for the computation of highly

accurate approximations of functionals of solutions of second-order elliptic problems.

First, we present a rigorous a priori error analysis of the method applied to linear

functionals. We also carry out comprehensive numerical experiments to display the

super-convergence properties of the method and to demonstrate the advantage of the

method over the standard method. We then extend the method to an important non-

linear problem, namely, that of the computation of eigenvalues. To handle the possible

lack of smoothness of the solution or that of the functional, we further develop a new

mesh adaptative algorithm which we incorporate into the adjoint-based method.
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Chapter 1

Introduction

In this chapter, we introduce the background and motivation of the adjoint-based

method we study and then give an overview of the dissertation.

1.1 Background and motivation

In many scienti�c and engineering applications, one is often interested in the ap-

proximations of certain quantities, such as the normal force on a surface, the mean

value of a solution, and the heat 
ux across certain boundary. These quantities can

be treated mathematically as functionalsJ (u), where u is typically one or several �eld

variables which are governed by partial di�erential equations (PDEs). For example, in


uid mechanics, the lift and drag forces of an object in a viscous incompressible 
uid

can be the quantities of interest. The 
uid 
ow is governed by the Navier-Stokes equa-

tions and the lift and drag forces are surface integrals related to the stress tensor. Since

these quantities are often used to measure the e�ciency and performance of engineering

designs, accurate approximation of functionalsJ (u) is of signi�cant importance.

To approximate a functional J (u), the standard way consists in obtaining a numerical

approximation uh of the exact solution u and then using J (uh) as an approximation

of the functional. In 2000 [62], Pierce and Giles propose an adjoint-based recovery

method for approximating a functional J (u). Rather than simply using J (uh) as an

approximation, this method de�nes a new approximation Jh(uh) := J (uh) + ACh by

adding a carefully devised computable term,ACh . This term ACh is obtained by solving

1



2

a dual (adjoint) PDE, hence the nameadjoint-correction term . The new approximation

Jh(uh) gives a more accurate value for the functional and the method is general enough

to be applicable to various types of functionals, and not only to a wide variety of partial

di�erential equations but also to a wide class of numerical methods. Giles and S•uli

further study this method in [41]. At around the same time, based on the pioneering

work of Eriksson, Estep, Hansbo and Johnson in [35], Becker and Rannacher develop the

dual-weighted-residual (DWR) method for a posteriori error estimate of J (u) � J (uh)

and mesh optimization within the context of �nite element methods. See the thorough

review [5] and the reference therein. Since then, a considerable number of studies on

adjoint-based method are carried out. For example, Venditti and Darmofal apply the

adjoint-based error correction technique to viscous 
ows and inviscid 
ows in [73, 72];

Hartmann and Houston study the 
uid dynamic applications focusing on discontinuous

Galerkin methods in [46]. See also [44, 45, 43, 52, 68, 34]. For general discretization,

Fidkowski and Darmofal provide a comprehensive literature review in [37].

In 2017, Cockburn and Wang introduce a novel adjoint-based method for approxi-

mating linear functionals in [27]. Extensive numerical experiments in [27] indicate that

this new method achieves a convergence rate of 4k when approximating smooth function-

als, wherek is the polynomial degree used for the hybridizable discontinuous Galerkin

(HDG) method. In other words, the new method converges essentially with twice the

order of convergence of the classic methods while employing only twice the e�ort of com-

puting J (uh)! This is very attractive since for high dimensional problems, it typically

takes much more computational e�ort to double the convergence rate. The key idea

of this new method is to combine the adjoint-correction technique in [62] with another

accuracy-enhancing technique, calledthe convolution �ltering technique. This technique

is �rst proposed by Bramble and Schatz for �nite element methods for second-order el-

liptic equations in 1977 [9]. It is later extended to discontinuous Galerkin methods for

hyperbolic equations in [25]. More details about this technique will presented in the

following chapter.

In this dissertation, we continue the study of this new adjoint-based method pro-

posed by Cockburn and Wang in [27]. We rigorously prove the convergence property of

this method under suitable regularity assumptions and we extend this method to the

eigenvalue problem. To handle the lack of smoothness of the solution, we further develop
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an adjoint-based error approximation and mesh adaptation algorithm. The dissertation

is organized in four main chapters as explained below.

1.2 The organization of the dissertation

First, in Chapter 2, we introduce the components of the adjoint-based method.

To put the numerical experiments in [27] in �rm mathematical ground, we present a

rigorous a priori error analysis of the adjoint-based method. We prove that under

suitable regularity assumptions, the error obtained by this new adjoint-based method

is guaranteed to converge with a rate of 4k when approximating linear functionals. The

material in this chapter is mainly from our publication [28].

Second, in Chapter 3, we extend the adjoint-based method to the eigenvalue prob-

lem. We treat the eigenvalue as a non-linear functional of its corresponding eigenfunction

and illustrate the method on a second-order elliptic eigenvalue problem. Our extensive

numerical results show that the approximate eigenvalues computed by our method con-

verge with a rate of 4k + 2 when tensor-product polynomials of degreek are used for

the HDG method. The material in this chapter is mainly from our publication [30].

Next, in Chapter 4, we present a novel, fully computable error approximation for

functionals. When the functional is not smooth enough, we utilize this error approxima-

tion to drive an adaptive algorithm. Unlike most adjoint-based error estimations in the

literature, the novelty of our method is that the error approximation is obtained without

requiring an auxiliary �ner mesh or higher order approximation spaces for solving the

adjoint problem. This reduces the computational cost and eases the implementation of

the problem. The material in this chapter is mainly from our publication [29].

Then, in Chapter 5, we present an adaptive method that takes advantage of the

convolution �ltering technique used in the adjoint-based method in Chapter 2 and 3, as

well as the error approximation technique in Chapter 4. We show that the new method

can achieve a signi�cantly better approximation even when the exact solution of the

problem has corner singularities or when the given data is discontinuous.

Finally, in Chapter 6, we end with some concluding remarks and a sketch of future

work.



Chapter 2

The adjoint-based method and its

a priori error analysis for linear

functionals

2.1 Introduction

In this chapter, we introduce the adjoint-based Galerkin approximation method

initially proposed in [27] and we present thea priori error analysis of the method.

To approximate a functional J (u), the standard way is to obtain a numerical ap-

proximation uh of the exact solution u and then useJ (uh) as an approximation of the

functional. The adjoint-based method we study here improves the accuracy of these

approximations in two ways. First, by increasing the accuracy of the numerical solution

uh by means of the convolution �ltering technique of [9]. Second, by modifying the

formula to approximate the functional by using the adoint-correction approach of [62].

Let us brie
y describe these two compnents of the method.

The �rst component is a convolution �ltering technique which improves the accuracy

of the Galerkin approximation. This local post-processing technique was �rst proposed

in [9] for �nite element methods for second-order elliptic equations. It takes advantage of

the well-known fact that the Galerkin solution must oscillate around the exact solution

in a certain pattern because of the Galerkin orthogonality property. Hence, convolving

4
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the Galerkin solution with a speci�c B-spine kernel �lters out these oscillations and

provides a more accurate solution. [9] shows how this takes place in a subdomain


 0 �� 
 included in a set where the mesh is translation invariant. This approach was

later extended to discontinuous Galerkin methods for hyperbolic equations in [25].

Although this convolution �lter has been proven to be e�ective only on a strict sub-

domain 
 0 of the original domain 
, or with periodic boundary conditions, one can still

apply the convolution in the whole domain 
 and even when the meshes are not locally

translation invariant. Thus, Kirby, Ryan and their collaborators have further extended

this technique to various types of meshes including unstructured triangular meshes, see

[31, 55, 57, 56, 58, 50, 51]. In their work, this technique is referred to as smoothness-

increasing accuracy-conserving (SIAC) �ltering technique. Also, to apply the �ltering in

the whole domain, one-side kernel and position-dependent kernel approaches have been

studied in [64, 71, 49, 66]. The adjoint-based method considered here keeps the original

symmetric B-spline kernel employed by [9] to de�ne a more accurate approximation in


 0. To extend it to the whole domain 
, an auxiliary problem is solved on 
 n 
 0, see

Section 2.2.2 for details.

The second component of the adjoint-based method for approximating functionals

more accurately is the adjoint-correction method of [62]; see the review in [41]. Roughly

speaking, this powerful technique consists in numerically solving the adjoint problem

for the functional J (�) so that, an extra, computable correction term can be added to

J (uh) which results in a much better approximation.

The idea of using the adjoint problem has been studied for decades. For example, the

dual-weighted residual method (DWR) uses the adjoint problems to devise a posteriori

error estimates and mesh adaptivity algorithms, see [5, 35] and the references therein.

Note that the DWR method and the adjoint-correction method we consider here are

di�erent. To obtain the a posteriori error for the DWR method, the exact adjoint solu-

tion or a very high-order accurate approximation (obtained by a higher-order method

or a �ner mesh) is needed. In contrast, the adjoint-correction method we consider here

does not require a more accurate approximation for the adjoint problem and is not used

within an adaptive algorithm driven by an a posteriori error estimate.

In [27], these two components are put together which resulted in the adjoint-based
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method we are analyzing here. Therein numerical experiments in one and two dimen-

sional spaces are carried out. The hybridizable discontinuous Galerkin (HDG) method

with polynomial degree k > 0 is used to obtain an approximationsuh of the exact solu-

tion u. The results indicate that the approximation de�ned by this new adjoint-based

method converges to the functionalJ (u) with order h4k . Compared to the standard

approximation J (uh), which converges with order h2k+1 , this new method essentially

doubles the order of convergence by only doubling the computational e�ort for obtaining

J (uh).

In this chapter, we only study the convergence properties of the method when the

meshes are translation invariant in most of the interior of the domain 
. The use

of the method with adaptive strategies will be considered in Chapter 4 and Chapter

5. Moreover, although the method we analyze here can be applied to quite general

functionals, as argued in [62, 41, 27], our results are for the following simple model

problem. The functional we are considering here is

J (u) :=
Z



g(x)u(x)dx; (2.1.1)

where u is the solution of a steady-state di�usion equation

� � u = f in 
 ; (2.1.2a)

u = uD on @
 (2.1.2b)

on a bounded domain 
 with Lipschitz continuous boundary @
. For the error analysis,

we need to assume that the domain 
 is (k + 2)-regular. The precise de�nition of this

standard elliptic regularity property is given in Section 2.3.

The remainder of this chapter is organized as follows. In Section 2.2, we de�ne the

adjoint-based method. We then state and brie
y discuss our main result, the a priori

error estimates of Theorem 2.1 in Section 2.3. Its proof is detailed in Section 2.4. In

Section 2.5, we present numerical results designed to validate the theory and to explore

the convergence properties of the method in cases not covered by the theory. Finally,

in Section 2.6, we conclude and describe possible extensions of our results.



7

2.2 The adjoint-based method

This section is devoted to introduce the adjoint-based method.

2.2.1 The components of the method

We begin by de�ning the three components of the adjoint-based approximations,

namely, the Galerkin method (which we take it to be the HDG method), the adjoint-

correction method, and the convolution �ltering technique. We would then be ready to

de�ne the adjoint-based method.

The HDG Method

We use the HDG method here because it has a general structure that allows us

to extend the results to a large class of Galerkin methods, including the mixed �nite

element method and the continuous Galerkin method.

To de�ne the HDG method, we �rst partition the domain 
 into elements K forming

a conforming meshTh . We set @Th := f @K: K 2 Thg and let Fh denote the set of faces

F of all the elements K 2 Th . We also let F (K ) denote the set of all facesF of the

element K 2 Th .

We rewrite the model elliptic problem (2.1.2) as a system of �rst-order equations:

q + r u = 0 in 
 ; (2.2.1a)

r � q = f in 
 ; (2.2.1b)

u = uD on 
 : (2.2.1c)

The HDG method seeks an approximation,(qh ; uh ; buh), to the exact solution of the

model problem (2.2.1), (qj 
 ; uj 
 ; ujF h ), in the �nite dimensional space V h � Wh � M h ,

where
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V h := f v 2 L 2(Th) : v jK 2 V (K ) 8K 2 Thg;

Wh := f w 2 L 2(Th) :wjK 2 W(K ) 8K 2 Thg;

M h := f � 2 L 2(Fh) :� jF 2 M (F ) 8F 2 F hg:

If we use notation

(u; v)Th :=
X

K 2T h

Z

K
uv dx and hv ; wi @Th :=

X

K 2T h

Z

@K
vu ds;

then the HDG approximation is determined as the solution of the following weak for-

mulation:

(qh ; r )Th � (uh ; r � r )Th + hbuh ; r � n i @Th = 0 ; (2.2.2a)

� (qh ; r w)Th + hbqh � n ; wi @Th = ( f; w )Th ; (2.2.2b)

hbuh ; � i @
 = huD ; � i @
 ; (2.2.2c)

hbqh � n ; � i @Th n@
 = 0 ; (2.2.2d)

for all ( r ; w; � ) 2 V h � Wh � M h , where

bqh � n := qh � n + � (uh � buh) on @Th :

We obtain di�erent methods by choosing di�erent local spacesV (K ), W (K ) and

M (@K) := f � 2 L 2(@K) : � jF 2 M (F ) 8F 2 F (K )g;

and stabilization functions � . The hybridized version of mixed methods is obtained

by simply taking � equal to zero, as pointed out in [21]. Since we consider the HDG

method in a fairly general setting, we make the following assumptions.

Assumption 1. When we say we use the HDG method with polynomial approximation

of degreek � 0 for a collection of meshesfT hgh> 0, we assume we choose proper local

spacesV (K ) � W (K ) � M (@K) and � such that the approximation errors in L 2 norm
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satisfy

ku � uhkTh � Chk+1 ; (2.2.3a)

kq � qhkTh � Chk+1 ; (2.2.3b)

for smooth enough solutionu and q, where C is a constant independent ofh.

Assumption 2. For the HDG method with polynomial approximation of degreek, there

exists an element-wise auxiliary projection� h(q; u) := ( � V q; � W u) 2 V (K ) � W (K ),

called the HDG projection, such that the so-called weak commutativity property

(r � q; w)K = ( r � � V q; w)K + h� (� W u � u) ; wi @K 8w 2 W (K ); (2.2.4a)

and the following property

(u; r � r )K = ( � W u; r � r ) 8r 2 V (K ); (2.2.4b)

are satis�ed and the HDG projection has the optimal approximation properties

ku � � W ukK � Chk+1 ; (2.2.5a)

ku � � W uk@K � Chk+ 1
2 ; (2.2.5b)

kq � � V qkK � Chk+1 ; (2.2.5c)

k(q � � V q) � n k@K � Chk+ 1
2 ; (2.2.5d)

for smooth enough solutionu and q, where C is a constant independent ofh.

These two assumptions do hold for local spaces that admit anM -decomposition,

see [19]. For the sake of completeness, we give in Appendix A.1.1 the de�nition of an

M -decomposition and in Appendix A.1.2 the de�nition of the HDG projection. For a

few simple shapes of elements, we give the local spaces that admit anM -decomposition

in Table 2.1.
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Element V (K ) W (K ) M (@K)

Triangle P k (K ) Pk (K ) Pk (@K)

Quadrilateral P k (K ) � curl spanf � 4 � k
3 ; � 4 � k

4 g
Square Q k (K ) � curl spanf xk +1 y; xy k +1 g Qk (K ) Pk (@K)

Tetrahedron P k (K ) Pk (K ) Pk (@K)

Prisms1 P k (K ) � curl span
�

zk +1 (xr y � yr x);
z ePk (x; y )( xr y � yr x)

�
Pk (K ) Pk (@K)

Cube Q k (K ) � curl span

8
>>>>>><

>>>>>>:

xk yzk +1 r x;
xk +1 zr y;

xk +1 yk zr y
(1 � x)x(1 � z)zk r y;
(1 � x)x(1 � y)yk r z;

(1 � x)x(1 � y)yk zk r z

9
>>>>>>=

>>>>>>;

Qk (K ) Qk (@K)

Table 2.1: Local spacesV (K ) � W (K ) admitting an M (@K)-decomposition.

In Table 2.1, Pk (K ) denotes the space of polynomials in elementK with degree at

most k and Qk (K ) denotes the space of tensor product polynomials of degree at most

k in each variable. Finally, ePk (x; y) denotes the space of homogeneous polynomials

of degreek in x and y. The same notation is used for the three-dimensional case.

For a quadrilateral element K , let f v i g4
i =1 be the set of vertices and letf ei g4

i =1 be

the set of edges, where the edgeei connects v i and v i +1 , where we setv5 = v1.

Then, for 1 � i � 4, we de�ne � i to be the linear function that vanishes on edgeei

and reaches maximum value 1 in the closure of K, and let� i be a rational function

such that � i jei 2 P (ei ) and � i (v j ) = � ij , where � ij is the Kronecker delta. More

details and examples about the construction ofM -decomposition spaces in two and

three dimensions are provided in [19, 17, 18].

The adjoint-correction method

The adjoint-correction method is proposed in [62] for approximating functionals

J (u). Rather than simply using J (uh) as an approximation, this method obtains a

1The prism here is a unit prism, that is, the prism whose basis are unit triangles, and whose faces
on the xz� and yz� planes are unit squares. We also assumek � 1 here. For other examples of prisms,
see [18].
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new approximation Jh(uh) by adding a carefully devised computable term,ACh , called

the adjoint-correction term. Roughly speaking, this adjoint-correction term is zero or

signi�cantly smaller than the error jJ (u) � J (uh)j when the numerical solution uh is

obtained by a Galerkin method. However, for a solution u�
h that is not a Galerkin

solution, including this term results in a better approximation to J (u). Let us describe

the adjoint-correction method for the functional (2.1.1) . We follow [27].

Let (qh ; uh ; bqh � n ; buh) 2 L 2(Th) � H 1(Th) � L 2(@Th) � L 2(Fh) be any approximation

to (q; u; q � n j@Th ; uj@Th ) in the model problem (2.2.1) such that hbuh ; � i @
 = huD ; � i @


for any � 2 L 2(Fh).

Similarly, consider the adjoint problem

p + r v = 0 in 
 (2.2.6a)

r � p = g in 
 (2.2.6b)

v = 0 on @
 (2.2.6c)

and let (ph ; vh ; bph � n ; bvh) 2 L 2(Th) � H 1(Th) � L 2(@Th) � L 2(Fh) be any approximation

to (p; v; p � n j@Th ; vj@Th ) in the adjoint problem (2.2.6) such that bvh = 0 on @
. Next

we de�ne a new approximation of J (u) as

Jh(uh) = J (uh) + ACh ; (2.2.7)

where the adjoint-correction term is as follows

ACh :=( f; v h)Th + ( qh ; r vh)Th � h bqh � n ; vh i @Th

+ ( qh + r uh ; ph)Th � h uh � buh ; ph � n i @Th

+ hbqh � n ; bvh i @Th n@


+ huh � buh ; (ph � bph) � n i @Th :

The derivation of ACh is presented in [27], Theorem 2.1. For general integral func-

tionals, including linear boundary integral functionals and non-linear domain integral

functionals, the derivation of ACh is discussed in [62, 41].
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Filtering the oscillations of Galerkin Approximations

It is well-known that numerical solutions de�ned by a Galerkin method must oscillate

around the exact solutions due to the Galerkin orthogonality property. In [9], Bramble

and Schatz showed that it is possible to �lter out these oscillations by convolving the

Galerkin solution with a B-spline kernel under the assumption that the test function

spaces are translation-invariant. As a result, a new approximation with a faster conver-

gence rate can be obtained. We use this convolution �ltering technique to post-process

the approximate eigenfunction uh and obtain a more accurate approximationu�
h .

Let us �rst recall the de�nition of the B-spline kernel in one dimension. Let � be

the function that is one on the interval ( � 1
2 ; 1

2) and zero outside of it, and set (0) = � ,

where � is the Dirac delta function. The n-th order B-spline  (n) is de�ned as the

convolution of  (n� 1) and � , namely,  (n) =  (n� 1) � � for n � 1. The B-spline kernel

is de�ned as K 2k
h (x) := 1

h K 2k ( x
h ), where

K 2k (x) :=
kX

r = � k

Cr  (k+1) (x � r ): (2.2.8)

Here h is the size of the diameters of the locally-invariant mesh andk is a �xed integer,

usually the polynomial degree used in the Galerkin method. The coe�cients of the

kernel Cr are determined by requiring that p � K 2k = p for all polynomials p of degree

at most 2k. In Table 2.2, we display the coe�cients Cr of the kernelK 2k for k = 1 ; : : : ; 5.

They were computed according to the algorithm described in [70, Lemma 1] with the

parametersp = q = k + 1 by using a very short code in Mathematica .



13

k C0 C1 C2 C3 C4 C5

1 7
6 � 1

12

2 437
320 � 97

480
37

1920

3 12223
7560 � 919

2520
311
5040 � 41

7560

4 18017975
9289728 � 6803459

11612160
3153959
23224320 � 35411

1658880
153617

92897280

5 1569217
665280 � 1179649

1330560
2825
11088 � 20813

380160
30773

3991680 � 4201
7983360

Table 2.2: Coe�cients of the convolution kernel K 2k for k = 1 ; : : : ; 5. Since the kernel
is symmetric, the coe�cients are such that C� r = Cr . Polynomials of degree 2k are
reproduced by convolution with the kernel.

For the N-dimensional kernel, we de�ne

K 2k
h (x) :=

1
hN K 2k

N (
x
h

) where K 2k
N (x) :=

NY

i =1

K 2k (x i );

and the accuracy-enhanced approximation is then de�ned as

u�
h(x) := ( K 2k

h � uh)(x):

Note that the kernel K 2k
h has a �nite support [ � 3k+1

2 h; 3k+1
2 h]N in N-dimensional space.

Hence, for a given pointx, the convolution involves only a �xed number of neighboring

elements. This means that the convolution is local and it also implies that in general we

can only apply this technique to regions that are at least 3k+1
2 h away from the domain

boundary. In the next subsection, we present how we overcome this limitation and

obtain u�
h on the whole domain in the adjoint-based method. Details on the e�cient

implementation of the convolution can be found in [57, 27].

2.2.2 The de�nition of the adjoint-based method

We are now ready to de�ne the adjoint-based approximation of the functional J (u).

Let us start with two assumptions for the mesh.
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Two assumptions for the meshes

Assumption 3. Let fT hgh> 0 be a family of shape-regular meshes of
 . We assume

that there exist subdomains
 0 �� 
 0
0 �� 
 such that

1. Th \ 
 0
0 is a translation-invariant mesh with element sizeh0,

2. Any element K 2 Th is fully contained in either 
 0 or 
 1 := 
 n
 0,

3. Any boundary element is allowed to have one curved face.

We denote h := min f hK jK 2 Thg, where hK is the diameter of an elementK 2 Th .

To get the convergence results in section 2.3, we also need the following assumptions on

the elements lying on the boundary; see Fig. 2.1 for an illustration of such elements.

With these assumptions, the classic trace and inverse estimates for elements with 
at

faces can be extended to elements with curved faces; see [13, 12] for details.

Assumption 4. Let @
 be Lipschitz continuous. Let K be a boundary element with

one possibly curved faceE = K \ @
 . We assume that:

1. (Star-shapedness) The elementK is star-shaped with respect to all vertices opposite

to the faceE. We assumeK is also star-shaped with respect to all the midpoints

of the edges sharing a common vertex with the faceE.

2. (Shape-regularity) There is a constantc such that m (x ) � n (x ) � cjm (x ) j uni-

formly across the mesh, for every vectorm (x ) = x � x 0 , with x 2 E and x 0

any vertex oppositeE , and n (x ) the unit outward normal vector of E at x . We

further assumejm (x ) j = O(hK ) uniformly for all boundary elements.

E E E

x0

m (x)

x
n (x)

Figure 2.1: Illustration of star-shapedness (left, middle) and shape-regularity(right)
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The adjoint-based method

To de�ne the adjoint-based method, we need the following notation. We denote by

Fh the set of all facesF of all elementsK 2 Th . Set, for i = 0 ; 1,

Tih := f K 2 Th j K � 
 i g;

@Tih := f @K2 Th j K � 
 i g;

F ih := f F 2 F (K ) j K 2 Tih g:

De�nition 1. We de�ne the adjoint-based method in four steps:

1. On the whole meshTh , let (qk
h ; uk

h ; bq k
h �n ; bu k

h ) and (pk
h ; vk

h ; bp k
h �n ; bv k

h ) be the approx-

imations of the model problem (2.1.2) and adjoint problem (2.2.6), respectively,

by the HDG method with polynomial degreek � 1 .

2. Next, on T0;h , we use the �ltering technique described in subsection 2.2.1 to obtain

u�
h := K 2k

h � uk
h and v�

h := K 2k
h � vk

h .

3. On T1;h , let (q2k
h ; u2k

h ; bq 2k
h � n ; bu 2k

h ) and (p2k
h ; v2k

h ; bp 2k
h � n ; bv 2k

h ) be the approxima-

tions of the model problem and adjoint problem, respectively, by the HDG method

with polynomial degree2k . To provide the boundary conditions on@
 1n@
 , we

de�ne bu2k
h := K 2k

h � uk
h and bv2k

h := K 2k
h � vk

h to be the Dirichlet boundary conditions

for the model and adjoint problems. Then we set the approximationsu�
h := u2k

h

and v�
h := v2k

h on T1;h .

4. Finally, we computeJh(u�
h ; v�

h) = J (u�
h)+ ACh as the adjoint-based approximation

to J (u), where

u�
h :=

8
<

:

K 2k
h � uk

h in K 2 T0;h ;

u2k
h in K 2 T1;h ;

and

v�
h :=

8
<

:

K 2k
h � vk

h in K 2 T0;h ;

v2k
h in K 2 T1;h :

Note that the adjoint-correction term ACh de�ned in subsection 2.2.1 depends not

only on the scalar approximationsu�
h , v�

h but also on their gradients and traces on each
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face. To do that in the domain 
 0, we naturally use (r u�
h ; u�

h ; r u�
h j@T0;h � n ; u�

h jF 0h ) and

(r v�
h ; v�

h ; r v�
h j@T0;h � n ; v�

h jF 0h ). In the domain 
 1, however, we have two options, which

lead to two methods.

Method 1: Use the piecewise gradients in 
 1

The �rst method uses (r u2k
h ; u2k

h ; bq2k
h � n ; bu 2k

h ) and (r v2k
h ; v2k

h ; bp2k
h � n ; bv 2k

h ) as the

approximation of the gradients and traces on 
 1. Since we use piecewise gradients, let

us denote this method with superscript \G". We have

J G
h (u�

h ; v�
h) = J (u�

h) + AC G
h ; (2.2.9)

where
AC G

h :=( f; v �
h)Th � (r u�

h ; r v�
h)Th

+ hbq2k
h � n ; bv 2k

h � v2k
h i @T1;h

+ hbu 2k
h � u2k

h ; bp2k
h � n i @T1;h :

Method 2: Use the approximate 
uxes in 
 1

For our second method, we use (q2k
h ; u2k

h ; bq2k
h � n ; bu 2k

h ) and (p2k
h ; v2k

h ; bp2k
h � n ; bv 2k

h ) on


 1, which come from our Galerkin approximation. Let us denote it by the superscript

\ F ". We have

J F
h (u�

h ; v�
h) = J (u�

h) + AC F
h ; (2.2.10)

where
AC F

h :=( f; v �
h)T0;h � (r u�

h ; r v�
h)T0;h

+ hbq2k
h � n ; bv 2k

h i @
 1n@


+ hbu 2k
h � u2k

h ; p2k
h � bp2k

h � n i @T1;h :

For a detailed deduction of the above formulas, see [27].
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2.3 The A Priori Error Estimates

We are now ready to present the a priori error estimates for the adjoint-based ap-

proximations. To do that, let us �rst introduce the notion of ( s + 2)-regularity of the

domain 
. For any integer s � 0, we say 
 is ( s + 2)-regular if the adjoint problem

(2.2.6) is uniquely solvable forg 2 L 2(
) and

kpks+1 ;
 + kvks+2 ;
 � Ckgks;


for all g 2 C1
0 (
), where C only depends on the domain 
. Note that this inequality

does not necessarily hold forg 2 H s(
) but only for g 2 C1
0 (
). For example, square

domains are (s + 2)-regular according to this de�nition, see [60, Section 7, Example 3].

We can now state our main result.

Theorem 2.1. Suppose thatk � 1 and that 
 is (k + 2) -regular. Let u ; v 2 H 2k+3 (
) .

Let the HDG method satisfy Assumptions 1 and 2 wherefT hgh> 0 is a family of meshes

satisfying Assumptions 3 and 4. Finally, let J G
h (u�

h ; v�
h) and J F

h (u�
h ; v�

h) be the ap-

proximations of J (u) =
R


 g(x)u(x)dx given by the adjoint-based methods(2.2.9) and

(2.2.10), respectively. Then, for h small enough, there exists a constantC such that

jJ (u) � J G
h (u�

h ; v�
h)j � C h4k ;

jJ (u) � J F
h (u�

h ; v�
h)j � C h4k ;

where C is independent ofh, but depends onu, v, k and the subdomain
 0.

Let us brie
y discuss this result. First, we must note that, it is possible to show

that

jJ (u) � J (uh)j � C h2k+1 ;

just by using the smoothness of the functionalJ and by using that, for big enough

values of` 2 N, the H � ` (
)-norm of the error u � uh is of order h2k+1 . There is no need

to assume that the meshes have to be translation invariant inside a �xed subdomain

of 
. However, if we do assume this, the above theorem states that, by computing an

approximation vh to the adjoint solution v, and e�ectively doubling the computational

complexity, we can obtain an order of convergence ofh4k .
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It is worth noting that the numerical experiments in [27] indicate that the order of

convergence ofJ (uh), h2k+1 , and that of J G
h (u�

h ; v�
h) and J G

h (u�
h ; v�

h), h4k , are actually

sharp. The numerical experiments carried out there used HDG methods with local

spaces admittingM -decompositions for triangular elements. Here, we use HDG methods

with local spaces admitting M -decompositions for square elements. We verify that the

theoretical results do hold for this case, even though in some cases, the observed orders

of convergence are higher than the ones predicted.

2.4 Proof of the main theorem

In this section, we provide the proof of the error estimates of Theorem 2.1. We

proceed in several steps. First, we recall the formula for the error from [27] and use

it to get explicit expressions for the errors of the two methods we are considering. We

then estimate the terms of the error associated to theinterior domain 
 0 and those

associated to theexterior domain 
 1. We conclude by putting those estimates together.

Step 1: A formula of the error

We begin by recalling a result that gives us an explicit formula of the approximation

error.

Theorem 2.2 ([27]). Let J (u) be the linear functional de�ned in (2.1.1). Let Jh(uh)

be the approximation de�ned in (2.2.7). Then we have that

J (u) = Jh(uh) + Eh ;

where
Eh :=( q � qh ; p � ph)Th

+ ( q � qh ; ph + r vh)Th + ( qh + r uh ; p � ph)Th

+ h(bqh � q) � n ; vh � bvh i @Th + huh � buh ; (bph � p) � n i @Th

If we apply this result to the method (2.2.9), for which Jh(uh) = J G
h (u�

h ; v�
h), we get
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that

E G
h := J (u) � J G

h (u�
h ; v�

h)

=( q + r K 2k
h � uk

h ; p + r K 2k
h � vk

h)T0;h

+ ( q � q2k
h ; p � p2k

h )T1;h

+ h(bq2k
h � q) � n ; v2k

h � bv2k
h i @T1;h + hu2k

h � bu2k
h ; (bp2k

h � p) � n i @T1;h ;

and if we apply it to the method (2.2.10), for which Jh(uh) = J F
h (u�

h ; v�
h), we obtain

E F
h := J (u) � J G

h (u�
h ; v�

h)

=( q + r K 2k
h � uk

h ; p + r K 2k
h � vk

h)T0;h

+ ( q � q2k
h ; p � p2k

h )T1;h

+ ( q � q2k
h ; p2k

h + r v2k
h )T1;h + ( q2k

h + r u2k
h ; p � p2k

h )T1;h

+ h(bq2k
h � q) � n ; v2k

h � bv2k
h i @T1;h + hu2k

h � bu2k
h ; (bp2k

h � p) � n i @T1;h

Step 2: A basic result to get estimates involving convolutions

From the previous step, it is clear that we need to obtain estimates of functions of

the form w � K 2k
h � wh . To state the basic result we want, we need to introduce some

standard notation.

For any integer m � 0, open bounded setD � RN and su�ciently smooth function

u : D ! R, we set

kukm;D := (
X

0� ` � m

juj2`;D )
1
2 ; juj`;D := (

X

j � j= `

Z

D
jD � uj2dx)

1
2 ;

kuk� m;D := sup
v2 C1

0 (D )

R
D uvdx
kvkm;D

;

whereC1
0 (D) denotes the space of in�nitely di�erentiable functions on D with compact

support in D. If m = 0, we simply write kuk0;D as kukD .

For any multi-index � = ( � 1; :::; � N ) and h > 0, let us de�ne the di�erence quotient

as

@�
h u = @� 1

h;1 � � � @� N
h;N u;
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where

@h;j u(x) =
1
h

(u(x +
h
2

ej ) � u(x �
h
2

ej )) ;

and ej is the unit vector with one in the j -th entry and zero otherwise.

We are now ready to recall the following key result.

Theorem 2.3 ([9, 25]). For a �xed integer k � 1, de�ne K 2k
h (x) := 1

hN K 2k
N (x=h) as

described in 2.2.1. LetU be a function in L 2(
) , where 
 is an open set inRN , and

u 2 H 2k+1 (
) . Let 
 0 be an open subset of
 and there existsh0 such that 
 0 +

2supp(K 2k
h ) �� e
 0 � 
 for any h < h 0. Then for any h < h 0, we have

ku � K 2k
h � Uk
 0 � C1h2k+1 juj2k+1 ;e
 0

+ C2

X

j � j� k

k@�
h (u � U)k� k; e
 0

;

where C1 and C2 are independent ofu and h.

For this estimate to be useful, we need to obtain an estimate of negative-order norms

of the di�erence quotient @�
h (u � U) for the case in whichU is the componentuh of the

approximation provided by the HDG method. The estimate we need is contained in the

following result. Its proof follows from the duality argument and the observation that

@�
h uh satis�es the local HDG equations. The proof will be omitted, as it is a variation

of that of the straight-faced elements.

Lemma 2.4. Supposek � 1 and 
 is (k + 2) -regular. Let � be a �xed multi-index, and

assume the exact solutionu 2 H k+2+ j� j(
) . Consider an HDG method with polynomial

degreek satisfying Assumptions 1 and 2, for a family of meshes of
 , fT hgh> 0, satisfying

Assumptions 3 and 4. Then forh small enough we have

k@�
h (u � uh)k� k; e
 0

� Chk+ l+1 (kukl+2+ j� j;
 + kukl+2 ;
 );

where 
 0�� e
 0�� 
 0
0�� 
 and 0 � l � k.

Step 3: Estimates of the terms de�ned in 
 0.

The following result contains the estimates of the terms associated to the subdomain


 0.
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Lemma 2.5. We have

kq + r K 2k
h � uk

hkT0;h � Ch2k+1 kuk2k+3 ;
 ;

where C only depends onk, 
 0, 
 0
0 and 
 .

Proof. To prove the inequality, we begin by noting that,

kq + r K 2k
h � uk

hkT0;h = kr u � r K 2k
h � uk

hkT0;h � I + II;

where I = kr u � K 2k
h � r ukT0;h and II = kr (K 2k

h � (u � uk
h))kT0;h . To estimate I, we

apply Theorem 2.3 with u := U := @x i u, for each componenti = 1 ; : : : ; d, to get that

kr u � K 2k
h � r ukT0;h � Ch2k+1 kr uk2k+1 ;
 � Ch2k+1 kuk2k+2 ;
 :

It remains to get estimate for II i := k@x i (K
2k
h � (u � uk

h))kT0;h for i = 1 ; :::; d. We have

II i � C
X

j � j� k

kD � @x i (K
2k
h � (u � uk

h))k� k; e
 0
by [9, Lemma 2.2];

= C
X

j � j� k

kD � + ei K 2k
h � (u � uk

h)k� k; e
 0
;

� C
X

j � j� k

k@� + ei
h (u � uk

h)k� k; e
 0
0
;

by [9, Lemma 5.3]. Here, 
0 �� e
 0 �� e
 0
0 �� 
 0

0. Now we use the negative-order

norm estimate of Lemma 2.4 for the HDG method with l := k and � := � + ei to get

that, for h is small enough,

k@� + ei
h (u � uk

h)k� k; e
 0
0

� Ch2k+1 (kuk2k+3 ;
 + kukk+2 ;
 );

since j� j � k + 1. This completes the proof.
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Step 4: Estimates of the terms de�ned in 
 1.

Let us now estimate the terms of the errors de�ned in 
 1. In the following result,

we gather all the estimates we need. It is stated in terms of norms we de�ne next:

kwkT1;h := (
X

K 2T 1;h

kwk2
K )1=2 8 w 2 L 2(T1;h):

k� kh � ;@T1;h := (
X

K 2T 1;h

h�
K k� k2

@K)1=2 8 � 2 L 2(@T1;h);

k� kh�
0 ;@
 0 := (

X

F 2 @
 0

h�
0 k� k2

F )1=2 8 � 2 L 2(@
 0);

where h0 is the diameter of the elements of the translation-invariant meshT0;h in 
 0.

Lemma 2.6. Let (u2k
h ; q2k

h ; bq2k
h � n ; bu2k

h ) be the HDG approximation with polynomial

degree2k in the domain 
 1 as described in De�nition 1. Let � h(u; q) = ( � W u; � V q)

be the corresponding HDG projection. Then fork � 1, we have the estimates of the

errors

kq � q2k
h kT1;h � C � 1; (2.4.1a)

kq � n � bq2k
h � n kh;@T1;h � C(� 1 + � 2 + � 3); (2.4.1b)

and the estimates of the residuals

kq2k
h + r u2k

h kT1;h � C(� 1 + � 2); (2.4.1c)

ku2k
h � bu2k

h kh � 1 ;@T1;h
� C(� 1 + � 2); (2.4.1d)

where

� 1 := k� V q � qkT1;h + kPM u � K 2k
h � uk

hkh � 1
0 ;@
 0

;

� 2 := ku � � W ukh � 1 ;@T1;h
:

� 3 := k(� V q � q) � n kh;@T1;h

Here PM u is the L 2 projection of u into M h and the constantC depends onk; u; maxK 2T 1h f � max
K hK g; 
 0

and 
 1.
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The proof of this result entails carrying out a small modi�cation of the standard a

priori error analysis of the HDG method. The modi�cation is due to the fact that the

boundary condition on @
 0 is given by the trace ofK 2k
h � uk

h from 
 0, not by the exact

solution u. Since the proof is fairly long, we divide it in several steps.

Step i: The equations for the projection of the errors.

We begin by �nding the equations satis�ed by the projection of the errors, namely,

"q
h := � V q � q2k

h , "u
h := � W u � u2k

h and " bu
h := u � bu2k

h .

Using the properties of the HDG projection (2.2.4), by [23, Lemma 3.1], we have

the following error equations,

("q
h ; r )T1;h � ("u

h ; r � r )T1;h + h" bu
h ; r � n i @T1;h = ( � V q � q; r )Th ; (2.4.2a)

� ("q
h ; r w)T1;h + h" bq

h � n ; wi T1;h = 0 ; (2.4.2b)

h" bu
h ; � i @
 1 = hPM u � K 2k

h � uk
h ; � i @
 0 ; (2.4.2c)

h" bq
h � n ; � i @T1;h n@
 1 = 0 ; (2.4.2d)

for all r 2 V h , w 2 Wh and � 2 M h , where

" bq
h � n = "q

h � n + � ("u
h � " bu

h) on @T1h : (2.4.2e)

Note that the right-hand side of (2.4.2c) is not zero due to the fact that the Dirichlet

condition on @
 0 is given by the trace of K 2k
h � uk

h from 
 0, not by the exact solution.

Step ii: Energy Argument.

To obtain the estimates of the errors, we use a standard energy argument. So, taking

r := "q
h in (2.4.2a), w := "u

h in (2.4.2b), � := � " bq
h � n in (2.4.2c) and � := � " bu

h in (2.4.2d)

and adding the resulting four equations, we obtain

Eh := ( "q
h ; "q

h)T1;h + h� ("u
h � " bu

h) ; ("u
h � " bu

h)i @T1;h = T1 + T2;

where T1 := ( � V q � q; "q
h)T1;h and T2 := hPM u � K 2k

h � uk
h ; � " bq

h � n i @
 0 :
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Step iii: Estimates of the errors.

We estimate the �rst term as follows:

T1 � k � V q � qkT1;h k"q
hkT1;h � k � V q � qkT1;h E 1=2

h ;

since � is non-negative.

Let us now estimate the second term. We have

T2 � (
X

F 2 @
 0

h� 1
0 kPM u � K 2k

h � uk
hk2

F )
1
2 (

X

F 2 @
 0

h0k" bq
h � n k2

F )
1
2 :

� k PM u � K 2k
h � uk

hkh � 1
0 ;@
 0

(
X

K 2 
 1 ;@K\ @
 0= F

hK k" bq
h � n k2

F )
1
2 :

� k PM u � K 2k
h � uk

hkh � 1
0 ;@
 0

k" bq
h � n kh;@T1;h :

By the de�nition of " bq
h � n , (2.4.2e), we have that

k" bq
h � n kh;@T1;h = k"q

h � n + � ("u
h � " bu

h)kh;@T1;h

� k "q
hkh;@T1;h + max

K 2T 1;h

(hK � max
K )

1
2 h� ("u

h � " bu
h) ; ("u

h � " bu
h)i

1
2
T1;h

� C1;� (k"q
hkT1;h + h� ("u

h � " bu
h) ; ("u

h � " bu
h)i

1
2
T1;h

)= C1;� E 1=2
h ;

where C1;� = C maxf 1; (hK � max
K )

1
2 ; K 2 T1;hg. Here we use the inverse inequality for

polynomials. As a consequence, we get

T2 � C1;� kPM u � K 2k
h � uk

hkh � 1 ;@
 0
E 1=2

h ;

and the �rst estimate (2.4.1a) immediately follows.

Let us obtain the second estimate. By the de�nition of " bq
h � n , (2.4.2e), we have

kq � n � bq2k
h � n kh;@T1;h � � k q � n � � V q � n � � (� W u � u)kh;@T1;h + k" bq

h � n kh;@T1;h

� k (q � � V q) � n kh;@T1;h + k� (� W u � u)kh;@T1;h + k" bq
h � n kh;@T1;h

� k (q � � V q) � n kh;@T1;h + C2;� k� W u � ukh � 1 ;@T1;h
+ k" bq

h � n kh;@T1;h ;

where C2;� = max f 1; (hK � max
K ); K 2 T1;hg. Then the estimate (2.4.1b) follows easily.
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Step iv: Estimates of the residuals

It remains to prove the estimates of the residuals. Integrating by parts in the �rst

equation de�ning the HDG method in 
 1, (2.2.2a), we get

(q2k
h + r u2k

h ; v)T1;h = hu2k
h � bu2k

h ; v � n i @T1;h :

Taking v := q2k
h + r u2k

h on each elementK 2 T1h and zero elsewhere, we obtain that

kq2k
h + r u2k

h k2
K � k u2k

h � bu2k
h k@Kk(q2k

h + r u2k
h ) � n k@K

� Ch
� 1

2
K ku2k

h � bu2k
h k@Kkq2k

h + r u2k
h kK ;

by an inverse inequality. Hence

kq2k
h + r u2k

h kK � Ch
� 1

2
K ku2k

h � bu2k
h k@K:

And also note that

ku2k
h � bu2k

h kh� 1 ;@T1;h
= ku2k

h � � W u + � W u � u + u � bu2k
h kh� 1 ;@T1;h

� k "u
h � " bu

hkh � 1 ;@T1;h
+ k� W u � ukh � 1 ;@T1;h

� k q � qhkT1;h + k� W u � ukh � 1 ;@T1;h
;

where the estimate for k"u
h � " bu

hkh � 1 ;@T1;h
in the last inequality is proven in detail in

Appendix A.1.4.

The estimates of the residuals easily follow. This completes the proof of Lemma 2.6.

Step 5: Estimates of the auxiliary quantities � 1, � 2, and � 3

To be able to conclude, it only remains to estimate the three terms that de�ne � 1,

� 2, and � 3 in the lemma of the previous step. The estimates are displayed in the

following result.
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Lemma 2.7. We have

k� V q � qkT1;h � Ch2k+1 kuk2k+2 ;
 1 ;

k(� V q � q) � n kh;@T1;h � Ch2k+1 kuk2k+2 ;
 1 ;

ku � � W ukh � 1 ;@T1;h
� Ch2kkuk2k+2 ;
 1 ;

kPM u � K 2k
h � uk

hkh � 1
0 ;@
 0

� Ch2k
0 kuk2k+2 ;
 ;

where C depends onk, 
 0, 
 0
0 and 
 .

Proof. The �rst three inequalities follow from Assumption 1 and 2 about the HDG

method and the properties of the HDG projection; see Appendix A.1.2. Let us prove

the last estimate.

For each faceF of the element K 2 Th � 
 0, let UF;K be the function in P2k (K )

such that

UF;K = PM u on F;

(UF;K � u; w)K = 0 8 w 2 P 2k (K ) : w = 0 on F:

Then,

T := (
X

F 2 @
 0

h0 kPM u � K 2k
h � uk

hk2
F )

1
2 = (

X

F 2 @
 0

h0 kUF;K � K 2k
h � uk

hk2
F )

1
2

� C (
X

K 2 
 0 ;@K\ @
 0= F

kUF;K � K 2k
h � uk

hk2
K )

1
2 ;

by an inverse inequality. Then T � T1 + T2, where

T1 := C (
X

K 2 
 0 ;@K\ @
 0= F

kUF;K � uk2
K )

1
2 ;

T2 := C (
X

K 2 
 0

ku � K 2k
h � uk

hk2
K )

1
2 :

A standard approximation theory gives us that

T1 � Ch2k+1 kuk2k+1 ;
 0 ;
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and, by Theorem 2.3 and by Lemma 2.4 withU := uh , the approximation of u given by

the HDG method, we get that

T2 = ku � K 2k
h � uk

hk
 0 � Ch2k+1 kuk2k+2 ;
 :

This completes the proof.

Step 6: Conclusion

We are now ready to prove Theorem 2.1. We only have to recall the formulas of the

errors E G
h and E F

h in Step 1, apply the Cauchy-Schwarz inequality to each of the terms

of those formulas and use the estimates obtained in the previous Steps. Since each of

those terms is of the order of at leasth2k , we get that both errors are of orderh4k . This

completes the proof of Theorem 2.1.

2.5 Numerical results

In this section, we design several numerical experiments to explore the convergence

properties of the method under consideration. The numerical experiments in [27], car-

ried out with HDG methods using piecewise-polynomials of degreek � 0 suggest that

the orders of convergence given by Theorem 2.1 are sharp. Here, we use HDG meth-

ods de�ned in squares and explore how close 
0 can be to the boundary @
, how the

smoothness of the solutionu a�ects the convergence rate, and how the smoothness of

the functional J a�ects the convergence rate.

We consider a unit square domain 
 = (0 ; 1)2. This domain has been shown to be

(k + 2)-regular for k � 0 in [60, Section 7, Example 3]. For each natural numberN ,

we obtain the mesh by dividing 
 into N 2 uniform squares with h = 1
N . Then for each

element K , we choose the local spaces

V (K ) := Q k (K ) � curl spanf xk+1 y; xyk+1 g; W (K ) = Qk (K ); M (@K) = Qk (@K);

so that Assumptions 1 and 2 are satis�ed, see Table 2.1.

We implemented the numerical methods in MATLAB R2019a in a personal laptop

(MacBook Pro 2019). To show the high-order accuracy of the method, we used the
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Multi-precision Computing Toolbox [1] and selected 32 digits of accuracy.

2.5.1 Illustration of the approximation error u � u�
h

We start by displaying the approximation error u � u�
h in the case in which the linear

functional is given by (2.1.1) with g(x; y) := 18 � 2 sin(3�x ) sin(3�y ). We choose the exact

solution to be u(x; y) := sin(3 �x ) sin(3�y ) and determine the boundary conditions and

the source termf accordingly. We choose 
0 to be region such that the distance between


 0 and the boundary @
 is 0 :1

In Fig 2.2, we display the approximation error plot u � u�
h when k = 1 and N = 40.

In Fig 2.3, we show 1D slices of the approximation error plot at x = 0 :50117 and

y = 0 :20117, respectively. From these �gures, we can see that the size of the error in

region 
 n
 0, using the HDG method with polynomial degree 2k, matches the size of

the error in 
 0. Similar error plots are obtained for the following cases so we omit them.

We refer the reader to [27] for more approximation error plots in 1D and 2D triangular

meshes.

Figure 2.2: Approximation error u � u�
h when k = 1 and N = 40. The distance between


 0 and @
 is 0.1. Note that the magnitude of the error in 
 n
 0 is essentially the same
as that in 
 0.
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Figure 2.3: Slices of the approximation erroru� u�
h at x = 0 :50117 (left) andy = 0 :20117

(right) when k = 1 and = 40. In each element, we evaluateu� u�
h at 5 Gauss quadrature

points.

2.5.2 How close 
 0 can be to the boundary @


Next, we explore how close we can actually choose 
0 to the boundary and how

the convergence rates might be e�ected. In our main theorem 2.1, we tacitly assume


 0 is independent of the mesh and of the polynomial degreek. In other words, our

theory holds if we �x the domain 
 0. In [27], however, numerical experiments in one-

and two-space dimensions were performed with 
0 just (2k +1) elements away from the

boundary. The theoretical orders of convergence rateh4k , for k = 1 ; 2; 3 were actually

achieved when the solutionsu and v are very smooth. From a practical standpoint,

the larger 
 0 �� 
 is, the less computational e�orts are needed. This is because

the convolution �ltering technique is fairly inexpensive when compared to solving the

boundary-value problem on 
 1 with the HDG method. Therefore, we want to choose


 0 to be as large as possible. On the other hand, based on Theorem 2.3, in order to use

the convolution �ltering technique, 
 0 has to have at least 2k elements outside in each

direction. In the following numerical experiment, we consider the test problem of the

previous subsection. In this way, both solutionsu and v are very smooth. In this ideal

case, we compare two cases: (1) 
0 is a �xed domain such that the distance between


 0 and the boundary @
 is 0 :1, (2) 
 0 is de�ned by removing a boundary layer of 2k

elements from 
.
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Let us report the history of convergence for these two cases. The results of the �rst

case, where 
0 is a �xed domain, is shown in Table 2.3. We see that the convergence rate

of u�
h is of order O(h2k+1 ), and that the accuracy of the two approximations J F

h (u�
h ; v�

h)

and J G
h (u�

h ; v�
h) are at least O(h4k ) for k = 1 ; 2. These results are consistent with our

theoretical results.

k N ku � u�
hkL 2 (
) order jJ (u) � J F

h (u�
h ; v�

h)j order jJ (u) � J G
h (u�

h ; v�
h)j order

1

40 4.82e-05 - 9.95e-07 - 8.50e-05 -
50 2.17e-05 3.59 2.58e-07 6.04 3.47e-05 4.02
60 1.14e-05 3.55 8.91e-08 5.84 1.67e-05 4.01
70 6.61e-06 3.51 3.70e-08 5.69 9.02e-06 4.00

2

40 5.4e-07 - 5.47e-11 - 6.69e-11 -
50 1.44e-07 5.93 3.85e-12 11.89 5.84e-12 10.93
60 4.87e-08 5.94 4.39e-13 11.91 8.91e-13 10.31
70 1.94e-08 5.95 6.99e-14 11.92 2.00e-13 9.71

Table 2.3: History of convergence when the distance between 
0 and @
 is �xed and
equal to 0:1.

We display a history of convergence when 
0 varies with the mesh andk in Table

2.4. This case is not covered in the theory, but we can see that we still have super-

convergence. This implies that the constantC in our main theorem 2.1 can remain

bounded when we vary 
 0. Moreover, these results suggest that we should select 
0

only O(h) away from the boundary since the computational e�ort is smaller and that

the results are better. The results also indicate thatJ F
h (u�

h ; v�
h) is more accurate than

J G
h (u�

h ; v�
h). This is most probably due to the better approximation to the gradient

used in the HDG method of degree 2k used for J F
h (u�

h ; v�
h).
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k N ku � u�
hkL 2 (
) order jJ (u) � J F

h (u�
h ; v�

h)j order jJ (u) � J G
h (u�

h ; v�
h)j order

1

40 4.79e-05 - 8.46e-07 - 4.57e-05 -
50 2.11e-05 3.67 1.94e-07 6.59 1.50e-05 5.00
60 1.08e-05 3.66 5.95e-08 6.50 6.03e-06 5.00
70 6.16e-06 3.65 2.21e-08 6.42 2.79e-06 5.00

2

40 5.61e-07 - 5.70e-11 - 6.73e-11 -
50 1.50e-07 5.91 4.03e-12 11.87 5.45e-12 11.26
60 5.07 e-08 5.95 4.59e-13 11.92 7.38e-13 10.96
70 2.02 e-08 5.97 7.28e-14 11.93 1.43e-13 10.63

Table 2.4: History of convergence when the distance between 
0 and @
 is, for each
mesh, is 2k elements.

Finally, in Table 2.5 we report a CPU time, error and e�ciency comparison of

using the adjoint-based approximationJ F
h (u�

h ; v�
h) and using the standard approximation

J (uh) with the HDG method. HeretAdj =tHDG denotes the ratio of the CPU time spent

on computing J F
h (u�

h ; v�
h) to that of computing J (uh), and eHDG =eAdj stands for the ratio

of the error jJ (u) � J (uh)j to the error jJ (u) � J F
h (u�

h ; v�
h)j. To measure the e�ciency

of the method, we use the quantity ! := 1=(te). As we see in Table 2.5, the running

time of the adjoint-based method is about 3 times as much as that of the standard

method. However, the error of the adjoint-based method is several orders of magnitude

(from 103 to 105 times) smaller than that of the standard method. This is re
ected

in the fact that the ratio of the e�ciencies of the methods ! Adj =! HDG is several orders

of magnitude bigger than one which shows the advantage of the adjoint-based method.

In Fig 2.4, we illustrate this advantage from another perspective. There we compare

the e�ciencies of the adjoint-based method J F
h (u�

h ; v�
h) and the standard method J (uh)

when k = 1. We can see that to achieve the given error tolerance 9� 10� 5, the adjoint-

based method only takes 0.9s with a mesh withN = 20, while the standard method

takes 49s with a mesh withN = 90. In other words, in this case, the adjoint-based

method is more than 50 times faster than the standard method.
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k N

 0 �xed 
 0 varies with k and h

tAdj =tHDG eHDG =eAdj ! Adj =! HDG tAdj =tHDG eHDG =eAdj ! Adj =! HDG

1

40 3.23 1.07e+03 331 3.11 1.27e+03 408
50 3.41 2.15e+03 630 2.72 2.86e+03 1,051
60 3.43 3.58e+03 1,043 2.89 5.38e+03 1,861
70 3.43 5.38e+03 1,569 2.73 9.01e+03 3,300

2

40 4.16 1.27e+04 3,053 3.87 1.22e+04 3,152
50 3.62 5.56e+04 15,359 3.13 5.32e+04 16,997
60 2.94 1.87e+05 63,605 2.67 1.79e+05 67,041
70 3.07 5.26e+05 171,336 2.53 5.05e+05 199,604

Table 2.5: CPU time, error and e�ciency comparison of the adjoint-based method
J F

h (u�
h ; v�

h) and the standard method J (uh) when u is a smooth function.

Figure 2.4: Log scale error comparison of the adjoint-based methodJ F
h (u�

h ; v�
h) ( � ) and

the standard method J (uh) ( � ) when u is a smooth function and k = 1. Note that to
achieve the given error tolerance 9� 10� 5, the adjoint-based method only takes 0.9s
with a mesh N = 20, while the standard method takes 49s with a meshN = 90.

2.5.3 E�ect of the smoothness of the solution for variable 
 0

In this section, we explore how the smoothness of the solution can a�ect the con-

vergence rate of the adjoint-based method. To do that, we compare the errors ofJ (uh)

and J F
h (u�

h ; v�
h) for solutions with di�erent smoothness. Here we choose 
0 to be the

subdomain of 
 which lies 2k elements away from the boundary for k=1,2,3.



33

Smooth solution u

As a �rst example, we consider the same problem as in the previous section. We

report the errors and the history of convergence in Table 2.6. As we can see, when the

exact solution is smooth, the HDG solution uh with polynomial degree k converges at

the rate of O(hk+1 ), the approximation J (uh) converges at the rate ofO(h2k+1 ), the

post-processed solutionu�
h converges at the rate ofO(h2k+1 ), and the adjoint-based

method J F
h (u�

h ; v�
h) has the accuracy of at leastO(h4k ). We thus recover the orders of

convergence for the case in which the set 
0 is �xed.

k N ku � uhkL 2 (
) Order jJ (u) � J (uh)j Order ku � u�
hkL 2 (
) Order jJ (u) � J F

h (u�
h ; v�

h)j Order

1

40 1.69e-03 - 1.07e-03 - 4.79e-05 - 8.46e-07 -
50 1.03e-03 2.21 5.54e-04 2.94 2.11e-05 3.67 1.94e-07 6.59
60 6.97e-04 2.15 3.19e-04 3.03 1.08e-05 3.66 5.95e-08 6.50
70 5.03e-04 2.11 1.99e-04 3.07 6.16e-06 3.65 2.21e-08 6.42

2

20 2.33e-04 - 2.88e-05 - 2.43e-05 - 1.38e-07 -
30 6.90e-05 3.00 3.23e-06 5.39 2.95e-06 5.21 1.65e-09 10.90
40 2.91e-05 3.00 6.97e-07 5.34 5.61e-07 5.77 5.70e-11 11.70
50 1.49e-05 3.00 2.14e-07 5.29 1.50e-07 5.91 4.03e-12 11.87

3

20 6.90e-06 - 1.22e-08 - 8.70e-07 - 1.74e-10 -
30 1.37e-06 4.00 4.89e-10 7.93 6.69e-08 6.32 1.04e-12 12.63
40 4.32e-07 4.00 4.94e-11 7.97 8.70e-09 7.09 1.49e-14 14.75
50 1.77e-07 4.00 8.46e-12 7.91 1.59e-09 7.63 4.67e-16 15.53

Table 2.6: History of convergence when the solutionu is smooth and k = 1 ; 2; 3. The
distance between 
0 and @
 is, for each mesh, 2k elements.

Solution u with corner singularity

In this second example, we consider the same linear functional (2.1.1) andg(x; y) :=

ex+ y , but we chooseu(r; � ) := r
2
3 sin(2

3 � ) in polar coordinates so that the exact solution

u is singular at the origin. We de�ne the boundary conditions and the source termf

according to u. We use the adjoint-based method (2.2.10) to approximate the functional

and report the history of convergence in Table 2.7. As we can see, due to the lack of

smoothness ofu, the convergence rate of the post-processed solutionu�
h and the adjoint

approximation J F
h (u�

h ; v�
h) do not improve as the polynomial degree is increased. In

fact, in this case it can be shown that the HDG solution with polynomial degreek � 1

converges inL 2(
) with order O(h
5
3 ). Contrast this behavior against the case of smooth

solutions in the previous example in Table 2.6.
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k N ku � uhkL 2 (
) Order jJ (u) � J (uh)j Order ku � u�
hkL 2 (
) Order jJ (u) � J F

h (u�
h ; v�

h)j Order

1

50 3.38e-05 - 4.68e-08 - 9.99e-06 - 8.60e-09 -
60 2.50e-05 1.66 2.88e-08 2.66 7.38e-06 1.66 5.32e-09 2.64
70 1.94e-05 1.66 1.91e-08 2.66 5.71e-06 1.66 3.54e-09 2.64
80 1.55e-05 1.66 1.34e-08 2.65 4.57e-06 1.66 2.49e-09 2.64

2

50 1.01e-05 - 8.42e-09 - 2.43e-06 - 1.01e-09 -
60 7.48e-06 1.66 5.18e-09 2.66 1.80e-06 1.66 6.20e-10 2.65
70 5.79e-06 1.66 3.44e-09 2.66 1.39e-06 1.66 4.12e-10 2.65
80 4.64e-06 1.66 2.41e-09 2.66 1.11e-06 1.66 2.89e-10 2.65

3

50 4.68e-06 - 3.04e-09 - 9.15e-07 - 1.52e-10 -
60 3.45e-06 1.66 1.87e-09 2.66 6.76e-07 1.66 9.38e-11 2.65
70 2.67e-06 1.66 1.24e-09 2.66 5.24e-07 1.66 6.22e-11 2.66
80 2.14e-06 1.66 8.70e-10 2.66 4.20e-07 1.66 4.37e-11 2.65

Table 2.7: History of convergence when the solutionu has a corner singularity and
k = 1 ; 2; 3. The distance between 
0 and @
 is, for each mesh, 2k elements.

k N tAdj =tHDG eHDG =eAdj ! Adj =! HDG

1

50 1.63 5.43 3.33
60 1.63 5.41 3.32
70 1.57 5.41 3.45
80 1.70 5.41 3.18

2

50 1.62 8.40 5.19
60 1.86 8.33 4.48
70 1.99 8.33 4.19
80 2.17 8.33 3.84

3

50 2.29 20.0 8.73
60 2.20 19.6 8.91
70 2.24 19.6 8.75
80 2.44 19.6 8.03

Table 2.8: CPU time, error and e�ciency comparison of the adjoint-based method
J F

h (u�
h ; v�

h) and the standard method J (uh) when u has a corner singularity. The set 
 0

varies with k and h.

Let us also report the CPU time, error and e�ciency comparison for this case

in Table 2.8. Even though the convergence rates of the adjoint-based approximation

J F
h (u�

h ; v�
h) is the same as the standard approximationJ (uh), the error jJ (u)� J F

h (u�
h ; v�

h)j

is still much smaller (from 5 to 20 times) than jJ (u) � J (uh)j for k = 1 ; 2; 3 (see

eHDG =eAdj in Table 2.8). In addition, the running time of the adjoint-based approxi-

mation is only about twice that of the standard method (see tAdj =tHDG in Table 2.8).

Finally, the ratio of e�ciencies ! Adj =! HDG shows that the adjoint-based method is

around 3 times more e�cient than the standard method for k = 1, 4 times for k = 2

and 8 times for k = 3. This indicates that even though the exact solution u displays a
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corner singularity, we can still bene�t from using the adjoint-based method.

2.5.4 E�ect of the smoothness of the functional

The smoothness of a functional is re
ected by the smoothness of the solution of the

adjoint problem. In this section, we consider a functional on the boundary

J (u) := hr u � n ;  i @
 = < � q � n ;  > @
 ; (2.5.1)

whereu is the solution of the model problem (2.1.2) andq = �r u. If the dual problem

� � v = 0 in 
 ; v =  on @
 ;

has a weak solutionv 2 H 1(
), then the functional can be written as

J (u; v) = ( r u; r v) 
 � (f; v ) 
 : (2.5.2)

Therefore, we can simply de�ne an approximationJ (uh ; vh) = ( qh ; ph) � (f; v h), where

qh and ph are the approximations to �r u and �r v, respectively. We can now design

an adjoint-correction term ACh and de�ne a new approximation

JIh = J (uh ; vh) + ACh ;

where
ACh = � (qh ; ph) + ( uh ; r ph) � h buh ; ph � n i

� (qh ; ph + r vh) � h bvh � vh ; ph � n i

+ h(qh � bqh) � n ; bvh � vh i :

After a simple calculation, we get that the error term is

Eh := J (u) � JIh

= ( qh � q; ph + r vh) + ( u � uh ; r � (ph � p))

+ h(bqh � q) � n ; v � vh i + h(ph � p) � n ; buh � ui



36

In the following test cases, we compare two approximations of the functional de�ned by

(2.5.1), namely,

JBh := < � bqh � n ;  > @
 ;

J �
Ih := J (u�

h ; v�
h) + ACh :

The �rst approximation only uses the HDG approximate solutions. The second uses

the approximations u�
h and v�

h , and the HDG 
ux approximation to compute ACh in

the same manner as (2.2.10).

Smooth solution u, but non-smooth solution v

In this �rst case, we choose the exact solution to be a smooth functionu = sin( �x ) sin(�y )

and let v = � � �
� , where � is the angle component of the polar coordinates at (18 ; 0). We

de�ne the boundary conditions accordingly. Note that  is a discontinuous function on

boundary since (x; 0) = 1 when x > 1
8 and  (x; 0) = 0 when x < 1

8 .

k N jJ (u) � JBh j Order jJ (u) � J �
h j Order

1

14 2.85e-05 - 3.30e-07 -
22 7.82e-06 2.86 5.26e-08 4.06
30 3.18e-06 2.91 1.43e-08 4.20
38 1.59e-06 2.93 5.29e-09 4.20

2

14 3.34e-07 - 1.17e-10 -
22 4.89e-08 4.25 7.69e-12 6.02
30 1.33e-08 4.20 1.17e-12 6.07
38 4.98e-09 4.16 2.62e-13 6.32

3

14 4.42e-09 - 7.97e-15 -
22 4.37e-10 5.12 1.50e-16 8.79
30 9.05e-11 5.08 1.03e-17 8.63
38 2.72e-11 5.08 1.39e-18 8.46

Table 2.9: History of convergence for the boundary integral functional with v = � � �
� .

As shown in Table 2.9, the convergence rates ofJBh is O(hk+2 ) and the convergence

rate of J �
Ih is O(h2k+2 ). Compared with the case in section 2.5.2, where the functional is

an integral over the whole domain 
 and the approximation accuracy is O(h2k+1 ) with

HDG method, and O(h4k ) with the adjoint-based method, we see that the accuracy of

our approximation decreases. This result is reasonable because in this case the solution

of the adjoint problem v is not in H 1(
) and the accuracy of our approximation solution
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vh can only beO(h) as shown in Table 2.10.

k N ku � uhkL 2 (
) order ku � u�
hkL 2 (
) order kv � vhkL 2 (
) order kv � v�

hkL 2 (
) order

1

14 1.34e-03 - 5.97e-05 - 5.43e-03 - 3.48e-03
22 5.41e-04 2.02 1.24e-05 3.48 3.46e-03 1.00 2.20e-03 1.01
30 2.90e-04 2.01 4.29e-06 3.41 2.54e-03 1.00 1.63e-03 0.98
38 1.81e-04 2.01 1.94e-06 3.36 2.01e-03 1.00 1.29e-03 0.99

2

14 2.52e-05 - 4.13e-07 - 3.99e-03 - 2.44e-03 -
22 6.48e-06 3.00 2.94e-08 5.84 2.56e-03 0.98 1.56e-03 0.99
30 2.56e-06 3.00 4.68e-09 5.93 1.89e-03 0.99 1.15e-03 0.99
38 1.26e-06 3.00 1.15e-09 5.93 1.49e-03 0.99 9.09e-04 0.99

3

14 3.56e-07 - 4.44e-09 - 2.70e-03 - 1.39e-03 -
22 5.83e-08 4.00 1.74e-10 7.17 1.72e-03 0.99 8.89e-04 0.99
30 1.69e-08 4.00 1.51e-11 7.88 1.26e-03 1.00 6.53e-04 1.00
38 6.55e-09 4.00 2.30e-12 7.96 9.99e-04 1.00 5.16e-04 1.00

Table 2.10: History of convergence of approximations tou = sin( �x ) sin(�y ) and to
v = � � �

� .

We also report the CPU time, error and e�ciency comparison in Table 2.11. We

can see that as we re�ne the mesh, the running time of the adjoint-based approximation

is only about 3 to 5 times that of the standard method (seetAdj =tHDG ), however the

error of the adjoint-based method is signi�cantly smaller (from 102 to 107 times) than

that of the standard method (seeeHDG =eAdj ). The values of the ratio of e�ciencies

! Adj =! HDG are always bigger than one by, in most cases, several orders of magnitude,

showing that the adjoint-based method is clearly more e�cient.
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k N tAdj =tHDG eHDG =eAdj ! Adj =! HDG

1

14 6.84 8.63e+01 13
22 5.25 1.49e+02 28
30 4.01 2.23e+02 56
38 3.61 3.00e+02 83

2

14 6.61 2.86e+03 433
22 7.23 6.36e+03 880
30 4.77 1.14e+04 1,333
38 4.38 1.90e+04 4,338

3

14 14.35 5.55e+05 38,676
22 11.57 2.91e+06 251,513
30 8.30 8.79e+06 1,059,036
38 5.98 1.96e+07 3,277,592

Table 2.11: CPU time, error and e�ciency comparison of the adjoint-based approxima-
tion J F

h (u�
h ; v�

h) and the standard approximation J (uh) for the boundary integral when
u = sin( �x ) sin(�y ) and to v = � � �

� . The set 
 0 varies with k and h.

Solution u with corner singularity and non-smooth solution v

In this second case, we let the exact solution be a function with a singularity at the

origin, namely, u = r
2
3 sin(2

3 � ) and set  = ex � [0;1]� [0]. A simple calculation gives us

that

J (u) = hr u � n ;  i = �
2
3

Z 1

0
x � 1

3 exdx

This integral is related to the Gamma function and its numerical value can be easily

computed to any precision (for example, using Mathematica).

k N jJ (u) � JBh j Order jJ (u) � J �
Ih j Order

1

20 1.24e-02 - 8.96e-03 -
30 9.51e-03 0.655 6.86e-03 0.661
40 7.87e-03 0.659 5.67e-03 0.663
50 6.79e-03 0.660 4.89e-03 0.663

2

20 9.12e-03 - 4.32e-03 -
30 6.97e-03 0.661 3.30e-03 0.665
40 5.76e-03 0.663 2.73e-03 0.666
50 4.97e-03 0.664 2.35e-03 0.666

3

20 6.09e-03 - 2.68e-03 -
30 4.65e-03 0.664 2.05e-03 0.666
40 3.84e-03 0.665 1.69e-03 0.666
50 3.31e-03 0.665 1.46e-03 0.666

Table 2.12: History of convergence of the boundary integral functional with u =
r

2
3 sin(2

3 � ) and not smooth v.
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k N tAdj =tHDG eHDG =eAdj ! Adj =! HDG

1

20 3.89 1.38 0.35
30 3.49 1.39 0.40
40 3.42 1.39 0.41
50 2.87 1.39 0.48

2

20 4.49 2.11 0.47
30 4.33 2.11 0.49
40 3.28 2.11 0.64
50 2.98 2.11 0.71

3

20 7.58 2.27 0.30
30 7.23 2.27 0.31
40 4.97 2.27 0.46
50 3.68 2.27 0.62

Table 2.13: CPU time, error and e�ciency comparison of the adjoint-based approxima-
tion J F

h (u�
h ; v�

h) and the standard approximation J (uh) for the boundary integral when
u = r

2
3 sin(2

3 � ) and is not smooth v. The set 
 0 varies with k and h.

In Table 2.12, we see that we have less accuracy due to the lack of smoothness

of the solutions u and v. In Table 2.13, we see that the error of the adjoint-based

approximation is only about 2 times smaller than the standard approximation but the

running time of the adjoint-based approximation is at least 3 times longer than the

standard approximation. Since the values of the ratio of e�ciencies! Adj =! HDG are less

than one, it is not advantageous to use the adjoint-based approximation. This suggests

the need of incorporating adaptive algorithms to deal with the lack of smoothness of

the solutions u and v.

2.6 Concluding Remarks

By combining the adjoint-correction method [62] and the technique of �ltering by

convolution [9], two adjoint-based methods with super-convergent properties were ob-

tained in [27]. In this chapter, we provide the �rst a priori error analysis for these

methods when the solutionsu and v are smooth enough. We also displayed extensive

numerical results showing the advantages of this method over the standard approach

and showed the need of incorporating adaptivity algorithms whenever the solutionsu

and v lack su�cient smoothness.

Although we used the HDG method as the Galerkin method in our analysis, similar

proofs can be carried out for other Galerkin methods, like the mixed methods and the
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continuous Galerkin method, as these methods typically provide a very small negative-

order norm estimate of the error.

The application of the adjoint-based method to other (linear or nonlinear) function-

als of solutions of (linear or nonlinear) partial di�erential equations, and the incorpora-

tion of adaptivity into the method, are studied in the next a few chapters.



Chapter 3

The adjoint-based method for the

eigenvalue problem

3.1 Introduction

In this chapter, we consider the eigenvalue problem arising from partial di�eren-

tial equations. We treat the eigenvalue as a non-linear functional of its corresponding

eigenfunction and we present an adjoint-based approach to approximate this non-linear

functional in a high-order accurate manner.

Eigenvalue problems play a fundamental role in many scienti�c and engineering

�elds, such as structural dynamics, electromagnetism and quantum chemistry. For ex-

ample, eigenvalues of the time-independent Schr•odinger equation describe the energy

levels of a molecular system in quantum chemistry. Another example is the Helmholtz

eigenvalue problem in acoustics. So, to achieve satisfactory accuracy with less compu-

tational cost, highly accurate methods for eigenvalue problems are of great practical

interest.

Among the numerous numerical methods proposed for eigenvalue problems, the

�nite element methods constitute an important class. The mixed �nite element method

for eigenvalue problems is analyzed in [54, 3] and further expanded upon in [8, 39].

The discontinuous Galerkin eigenvalue approximations are studied in [47, 2, 11]. More

recently, the hybridized mixed method and the HDG method have been considered for

eigenvalue problems in [42, 22]. Therein, the hybridization technique [20] is employed to

41
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reduce the number of globally-coupled unknowns and render the method more e�cient.

Moreover, it was proven that among these �nite element methods, the approximate

eigenvalues obtained by the (hybridized) mixed �nite element method exhibits the best

rate of convergence ofO(h2k+2 ) if polynomial degreek is used. The rate of convergence

of the HDG eigenvalues isO(h2k+1 ) but numerical experiments in [42] indicate that,

with a local and inexpensive post-processing technique, the eigenvalues converge at rate

of O(h2k+2 ).

The method we propose builds upon our previous work [27, 28]. We use a Rayleigh

quotient-like formula and treat the eigenvalue as a non-linear functional of its eigen-

function. To achieve a highly accurate approximation of this non-linear functional, we

utilize two techniques. The �rst is the adjoint-correction method studied in [62, 41].

Thanks to this approach, we can devise an approximation of the non-linear functional

that has twice the order of accuracy of the numerical functions on which it is based.

The second technique is the accuracy-enhancing convolution proposed by Bramble and

Schatz in [9], see also [70]. This method was �rst applied to continuous Galerkin solu-

tions for second-order elliptic problems. It was shown that by using a local convolution,

the rate of convergence can be improved fromO(hk+1 ) to O(h2k ). This approach was

successfully applied to discontinuous Galerkin methods in [25, 65]. Ryan, Kirby and

their collaborators have further extended this method, see [71, 50, 49, 66, 51] and the

references therein.

Our main result, Theorem 3.1, contains the de�nition of the so-called adjoint-

corrected approximate eigenvalueand an identity for the di�erence with the exact

eigenvalue. Our adjoint-based method is an application of this result to the accuracy-

enhanced approximate eigenfunctions. Numerical results in Section 3.4 show that the

approximate eigenvalues by the adjoint-based method converge with a rate ofO(h4k+2 )

when the eigenfunctions are smooth enough. In addition, we show that, for a given

error tolerance, our method recovers more eigenvalues than using a Galerkin method.

We also apply our main result to the standard HDG method. We �nd that the

adjoint-corrected approximate eigenvalue converges faster thanO(h2k+1 ). In fact, our

numerical results suggest a 2k + 2 convergence rate fork = 2 and 3. To the best of our

knowledge, this is the �rst time a convergence rate of 2k + 2 is obtained for the HDG

method without any post-processing, making it competitive with the mixed method.



43

Finally, we carry numerical experiments to explore the possibility of using the

adjoint-correction term as an a posteriori error estimate. The idea of using the adjoint-

correction term for error estimation was �rst considered by Pierce and Giles [63] in

2004. Therein, the adjoint-correction term was based on a cubic spline interpolation

of �nite di�erence or �nite volume solutions. In 2018, Sharbatdar and Ollivier-Gooch

[68] explored this approach for �nite volume methods in unstructured meshes. Since

for the continuous Galerkin methods, the adjoint-correction term is zero, to obtain a

posteriori error estimates such as the one considered in [5, 35], an auxiliary approxi-

mation (obtained by a higher-order method or from a �ner mesh) is usually needed.

Taking advantage that, for the particular HDG method we use in the experiments, the

adjoint-correction term is non-zero, we �nd experimentally that the adjoint-correction

term can be an asymptotically exacta posteriori error estimate. However, it does not

hold when the eigenvalues display singularities.

To illustrate the adjoint-based method, we consider a second order elliptic eigenvalue

problem

� � u = �u in 
 and u = 0 on @
 : (3.1.1)

Although this model problem is simple, the method is general enough to be adapted to

a wide variety of eigenvalue problems with known �nite element methods.

The remainder of this chapter is organized as follows. In Section 3.2, we de�ne

the adjoint-based method for the eigenvalue problem (3.1.1). We present and discuss

our main result, Theorem 3.1, and apply it to the standard HDG method and to the

new method we are proposing. Next, in Section 3.3, we present a detailed proof of our

main result. Then in Section 3.4, we provide extensive numerical experiments to show

the advantages of the adjoint-based method. Finally, in 3.5, we conclude with a short

discussion of possible extensions and a description of our forthcoming work.

3.2 The adjoint-based method for eigenvalue problem

This section is devoted to the de�nition of the adjoint-based method to approximate

eigenvalues.
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3.2.1 The components of the method

We present the two of the three components of the adjoint-based method for the

eigenvalue problem. We start with the adjoint-correction technique in Section 3.2.1. It

contains the core idea about how we approximate eigenvalues. Next, in Section 3.2.1,

we introduce the HDG method for the eigenvalue problem. As to the third component,

the convolution �ltering technique, it is the same as we present in Section 2.2. So we

omit it here.

The adjoint-correction technique

The adjoint-correction technique we consider here was proposed by Pierce and Giles

in [62] for approximating functionals; it was further explored in [41]. In our setting,

this method obtains a more accurate approximation of the eigenvalue� (u) by adding

to the standard approximation, � h(uh), a carefully devised and computable term called

the adjoint-correction term, ACh . Let us describe the procedure.

First, let us rewrite the equations de�ning our eigenvalue problem, (3.1.1), in the

following mixed form:
q + r u = 0 in 
 ;

r � q = � u in 
 ;

u = 0 on @
 :

(3.2.1)

Let Th be any conforming mesh of the domain 
. We denote by @Th the set of all

boundaries@Kof the elementsK of Th . We denote by F (K ) the set of facesF of the

element K 2 Th and we denote byFh the set of all facesF . Finally, Let us use the

notation

(u; v)Th :=
X

K 2T h

Z

K
uv dx and hu ; vi @Th :=

X

K 2T h

Z

@K
uv ds:

and kf k2
L2 (
) = ( f; f )1=2

Th
is the standard L 2 norm.

It is known that the Rayleigh quotient formula associates the eigenfunctionu to the
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corresponding eigenvalue� (u) as a non-linear functional:

� (u) =
(r u; r u) 


kuk2
L2 (
)

:

If we now use the second equation of our problem, we readily get that

� (u) =
� (q; r u) 
 + hu; q � n i @


kuk2
L2 (
)

:

We use a discrete version of this formula to de�ne the approximation to � (u). For a

general approximation (qh ; uh ; bqh � n ; buh) of the exact solution (qjTh ; ujTh ; q � n j@Th ; ujF h )

of the model problem (3.2.1), we de�ne what we can consider to be thestandard ap-

proximation to � (u) as

� h(uh) :=
� (qh ; r uh)Th + huh ; bqh � n i @Th

kuhk2
L2 (
)

: (3.2.2)

Of course, � h(uh) depends also onqh and bqh but we do not indicate such dependency

to alleviate the notation. This formula is also motivated by the fact that many �nite

element methods, like the hybridized mixed methods, DG or HDG methods approx-

imate the second equation of the model problem (3.2.1) by using the following weak

formulation:

� (qh ; r w)Th + hbqh � n ; wi @Th = � h(uh ; w)Th 8w 2 Wh :

If we take w := uh the above equation becomes nothing but our de�nition of our

standard approximation, � h(uh) given by (3.2.2).

We are now ready to state our main result. It correspondsto [27, Theorem 2.1] for

the approximation of linear functionals. Its proof is presented in Section 3.3.

Theorem 3.1. Let (qh ; uh ; bqh �n ; buh) be an approximation of the exact solution(qjTh ; ujTh ; q�

n j@Th ; ujF h ) of the model problem(3.2.1). Assume that buh = 0 on @
 . If we de�ne

� h(uh) as in (3.2.2), we have that

� (u) = � h(uh) +
ACh

kuhk2
L2 (
)

+
Eh(uh ; u)
kuhk2

L2 (
)

;
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where the adjoint-correction term ACh and error term Eh(uh ; u) are given by

ACh(uh) := � (qh ; qh + r uh)Th + huh � buh ; qh � n i @Th

� h buh ; bqh � n i @Th

�h uh � buh ; (bqh � qh) � n i @Th ;

Eh(uh ; u) := � (u) kuh � uk2
L 2 (Th ) � k qh � qk2

L 2 (Th )

+ 2 ( qh � q; r uh + qh)Th � 2huh � buh ; (qh � q) � n i :

Let us brie
y discuss this result.

First, note that the identity for � (u) in Theorem 3.1 holds for general approximations

(uh ; qh ; buh ; bqh � n ). It is not limited to speci�c �nite element approximations. It is even

valid for �nite di�erence or �nite volume methods, as these approximations can be �rst

created by interpolation through computed values at grid nodes.

A detailed proof of Theorem 3.1 can be found in Section 3.3, but we give here the

rough idea of the derivation of the adjoint-correction formula. Let us assume we have a

Rayleigh-quotient like formula R(�; �) and we de�ne

� h(uh) =
R(uh ; uh)
kuhkL2 (
)

as an approximation of � (u). Let us also assume the eigenvalue problem can be written

in a variational form A(u; v) = � (u; v) for v 2 V and uh 2 V , where V is some function

space. Then we have

(� � � h)kuhk2
L2 (
) = � kuhk2

L2 (
) � R(uh ; uh)

= � kuh � uk2
L2 (
) + 2 � (u; uh) � � kuk2

L2 (
) � R(uh ; uh)

= � kuh � uk2
L2 (
) + 2A(u; uh) � A(u; u) � R(uh ; uh)

= � kuh � uk2
L2 (
) � A(u � uh ; u � uh) + A(uh ; uh) � R(uh ; uh):

From here, we can gather the computable terms as the correction term.

Note also that the de�nition of ACh(uh) is computable and closely related to the

so-called Galerkin orthogonality property. If the approximation ( uh ; qhbqh � n ; buh) is

obtained from Galerkin methods, the adjoint-correction term ACh(uh) is usually zero.
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For example, for the continuous Galerkin method,qh = �r uh , buh = uh , and ACh(uh) =

0 if the normal component of the numerical 
ux bqh is chosen to be single valued.

Moreover, the last two terms of the error Eh(uh ; u) vanish and the identity of Theorem

3.1 becomes

� (u) � � h(uh) =
� (u) kuh � uk2

L2 (
) � kr uh � r uk2
L2 (
)

kuhk2
L2 (
)

This is why for the continuous Galerkin method the order of convergence of the error

� (u) � � (uh) is twice that of u � uh in the H 1(
)-norm. We see then that Theorem 3.1

is an extension of the classic result for the continuous Galerkin method.

However, this is not the case for approximations not obtained by means of Galerkin

methods. As Pierce and Giles intended [62], to achieve thesameorder of convergence

typical of Galerkin methods, a new approximation to � , called the adjoint-corrected

approximate eigenvalue, is de�ned as

� AC
h (uh) := � h(uh) +

ACh(uh)
kuhk2

L2 (
)

: (3.2.3)

Finally, note that since the model problem we consider here (3.1.1) is self-adjoint,

the adjoint eigenvalue problem is itself. So we do not actually solve an adjoint problem

like we did in [27, 28]. We use the term \adjoint-based" mainly because of the adjoint-

correction technique we used here. For a non self-adjoint problem, an adjoint equation

needs to be solved. See the discussion in Section 3.5.

The HDG method

In Section 2.2, we have introduced the HDG method for source problems . The

HDG method for a second-order elliptic eigenvalue problem is �rst studied in [42].

Although what we are presenting can be applied to any Galerkin method, we use the

HDG method here for several reasons. First, it has a general structure that allows us to

easily extend the results to a large class of Galerkin methods, including the mixed �nite

element method and the continuous Galerkin method. Second, thanks to the static

condensation technique, the HDG method can reduce the system size by removing all

interior variables to yield a \condensed" system. Third, the HDG method has a 
exible



48

stabilization mechanism and it can be easily adapted to di�erent partial di�erential

equations.

The HDG method seeks an approximation, (� h ; qh ; uh ; bqh � n ; buh), of the exact so-

lution, ( �; qj 
 ; uj 
 ; q � n j@
 ; ujF h ), of the model problem (3.2.1). Here� h 2 R is the

discrete eigenvalue and (qh ; uh ; buh) lies in the �nite dimensional space V h � Wh � M h ,

where

V h := f v 2 L 2(Th) : v jK 2 V (K ) 8K 2 Thg;

Wh := f w 2 L 2(Th) :wjK 2 W(K ) 8K 2 Thg;

M h := f � 2 L 2(Fh) :� jF 2 M (F ) 8F 2 F hg:

The HDG approximation is determined as the solution of the following weak formu-

lation:

(qh ; r )Th � (uh ; r � r )Th + hbuh ; r � n i @Th = 0 ; (3.2.4a)

� (qh ; r w)Th + hbqh � n ; wi @Th = � h(uh ; w)Th ; (3.2.4b)

hbuh ; � i @
 = 0 ; (3.2.4c)

hbqh � n ; � i @Th n@
 = 0 ; (3.2.4d)

for all ( r ; w; � ) 2 V h � Wh � M h , where

bqh � n := qh � n + � (uh � buh) on @Th : (3.2.4e)

The di�erent HDG methods are obtained by choosing di�erent local spaces V (K ),

W (K );

M (@K) := f � 2 L 2(@K) : � jF 2 M (F ) 8F 2 F (K )g;

and stabilization functions � . The hybridized version of mixed methods is obtained by

simply taking � equal to zero, as pointed out in [21].

In [42], the HDG method de�ned on symplices and using polynomials of degree

k � 0 was considered. It was shown that there is no pollution of the spectrum when

approximating (3.2.1). Moreover, under suitable regularity assumptions, the approxi-

mate eigenvalues and eigenfunctions were proven to converge at the rate ofO(h2k+1 )



49

and O(hk+1 ), respectively. In addition, it was shown that, static condensation can be

used to signi�cantly reduce the size of the matrix system and it does not lose eigenvalues

up to size O(1=h). In other words, with static condensation, the physically important

lower range eigenvalues are preserved. See [42, Section 5] for details; in particular, see

the discussion after Theorem 5.3 therein.

Note that the de�nition of the HDG eigenvalue � h , (3.2.4), is consistent with the

de�nition of � h(uh) in (3.2.2), as the latter formula is obtained by taking w := uh in

(3.2.4b). We also note that, for the HDG method, the �rst two terms de�ning the

adjoint-correction term in Theorem 3.1 vanish since it is the �rst equation of the HDG

scheme (3.2.4a) by taking r := qh and integrating by parts. The third term of its

de�nition is also zero by the so-called transmission condition (3.2.4d) with � := buh .

Therefore, for the HDG method, the adjoint-correction term becomes

ACh = �h uh � buh ; (bqh � qh) � n i @Th ;

a non-zero term. This term contains the information about the stabilization of the HDG

method and it captures the contribution of the lack of conformity of the spaces.

To end, we gather some properties of general HDG methods in the following result.

We prove it in Section 3.3.

Proposition 3.1.1 (Properties of the HDG eigenvalues). We have that

(i) � h(uh) =
kqhk2

L 2 (Th ) + h(uh � buh); � (uh � buh)i @Th

kuhk2
L2 (
)

� 0;

(ii) � AC
h (uh) =

kqhk2
L 2 (Th )

kuhk2
L2 (
)

� � h(uh);

(iii) � (u) = � AC
h (uh) +

Eh(uh ; u)
kuhk2

L2 (
)

;

where

Eh(uh ; u) = � (u) kuh � uk2
L 2 (Th ) � k qh � qk2

L 2 (Th )

� 2huh � buh ; (P h(q) � q) � n i @Th ;
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where, on each elementK 2 Th , P h is the L 2(K )� projection into V (K ) + r W (K ).

Our numerical results show that, when we use HDG methods with polynomials of

degreek � 1, � h(uh) converges with orderh2k+1 , in full agreement with the theoretical

results in [42]. They also suggest that� AC
h (uh) converges with anadditional order. (For

another de�nition of an approximate HDG eigenvalue also converging with orderh2k+2 ,

see [42].) This indicates that the ratio

kuhk2
L2 (
) j� (u) � � h(uh)j=jACh(uh)j;

remains extremely close to one, which we verify in our numerical experiments. This

shows that

ACh(uh)=kuhk2
L2 (
) ;

is a good candidate for an a posteriori error estimate for� (u) � � h(uh).

3.2.2 The de�nition of the method

Let us de�ne the adjoint-based method. We begin by describing our assumption on

the meshes.

Assumption 5. Let fT hgh> 0 be a family of shape-regular meshes of
 . There exist

subdomains
 0 �� 
 0
0 � 
 such that

(1) Th \ 
 0
0 is a translation-invariant mesh with element sizeh,

(2) Any element K 2 Th is fully contained in either 
 0 or 
 1 := 
 n
 0

We require Th \ 
 0
0 to be translation invariant so that we can use the accuracy-

enhancing convolution technique in the subdomain 
0. Let us denote byT0;h := Th \ 
 0.

For the subdomain 
 1, we can simply takeT1;h := Th \ 
 1 or we can de�ne a di�erent

mesh with sizeh on 
 1 as illustrated in Figure 3.1c.
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(a) The HDG solution with
polynomial degreek in 


(b) The accuracy-enhanced so-
lution in 
 0

(c) The HDG solution with
polynomial degree 2k in 
 1

Figure 3.1: An illustration of the de�nition of u�
h in the whole domain 
. Here 
 0 is

the subdomain that is two elements away from the boundary@
. This is how we have
to de�ne 
 0 to be able to carry out the postprocessing withk = 1.

We are now ready to de�ne the adjoint-based method in Algorithm 1 . See also the

schematic illustration in Figure 3.1. To compute the HDG eigenvalues in step(1) of

Algorithm 1, we follow the procedure proposed in [42]. To control the iterations of the

computation of � AC
h (u�

h), we useM as the maximum iteration steps and use an error

tolerance denoted by� . In our numerical experiments, we takeM = 50 and � = 10 � 10

and we observe that� AC
h usually takes less than 5 iterations to converge.
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Algorithm 1: The computation of one approximate eigenvalue� AC
h (u�

h)

Initialization

(1) compute , on the whole meshTh , the approximate eigenfunctions,

(qk
h ; uk

h ; bqk
h � n ; buk

h), of problem (3.2.1) by using the HDG method with local

spacesV (K ), W (K ) and M (F ) including the polynomials of degreek � 1 for

all K 2 Th and F 2 F h . (See Figure 3.1a.)

(2) compute u�
h := K 2k

h � uh in 
 0 by applying the accuracy-enhancing

convolution technique introduced in Section 2.2. (See Figure 3.1b.)

(3) compute the initial eigenvalue approximations

� 0 :=
(r u�

h ; r u�
h)T0;h � h u�

h ; r u�
h � n i @
 0

ku�
hk2

L2 (
 0 )

Iterations

(4) for i=1:M do

(i) compute , on the meshT1;h , the approximate eigenfunctions,

(q2k
h ; u2k

h ; bq2k
h � n ; bu2k

h ), of the boundary value problem

q + r u = 0 
 1;

r � q � � 0 u = 0 
 1;

u = u�
h @
 1n@
 ;

u = 0 @
 ;

(3.2.5)

by using the HDG method with local spacesV � (K ), W � (K ) and M � (F )

including the polynomials of degree 2k for all K 2 T1;h and F 2 F 1h . (See

Figure 3.1c.)

(ii) compute u�
h and q�

h in the whole domain 
 and bu�
h and bq�

h on

@T0;h [ @T1;h as follows

u�
h :=

8
<

:

K 2k
h � uk

h in 
 0;

u2k
h in 
 1;

q�
h :=

8
<

:

�r u�
h in 
 0;

q2k
h in 
 1;

(3.2.6a)

bu�
h :=

8
<

:

u�
h on @T0;h ;

bu2k
h on @T1;h ;

bq�
h :=

8
<

:

�r u�
h on @T0;h ;

bq2k
h on @T1;h :

(3.2.6b)

(iii) compute

� AC
h := � h(u�

h) +
ACh(u�

h)
ku�

hk2
L2 (
)

: (3.2.7)

as de�ned in (3.2.3).

(iv) Check

if j� 0 � � AC
h j > � then

� 0 := � AC
h

else
Stop

end if

end for

(5) set � AC
h (u�

h) := � AC
h and stop .
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To end, we gather some identities for the approximate eigenvalues obtained by the

adjoint-based method just described. We can prove them exactly as the identities of

Proposition 3.1.1. We only have to recall the de�nition of (u�
h ; q�

h ; bu�
h ; bq�

h � n ), (3.2.6),

and in particular, that q�
h = �r u�

h and that u�
h lies in C1(
 0).

Proposition 3.1.2 (Properties of the adjoint-based HDG eigenvalues). We have that

(i) � h(u�
h) =

(q�
h ; q�

h)Th + h(u�
h � bu�

h); � (u�
h � bu�

h)i @T1;h

ku�
hk2

L2 (
)

;

(ii) � AC
h (u�

h) =
(q�

h ; q�
h)Th

ku�
hk2

L2 (
)

� � h(u�
h);

(iii) � (u) = � AC
h (u�

h) +
Eh(u�

h ; u)
kuhk2

L2 (
)

;

where

Eh(u�
h ; u) = � (u) ku�

h � uk2
L2 (
) � k q�

h � qk2
L2 (
)

� 2hu�
h � bu�

h ; (P �
h(q) � q) � n i @T1;h ;

where, on each elementK 2 Th , P �
h is the L 2(K )� projection into V � (K ) + r W � (K ).

Our numerical results show that � AC
h (u�

h) converges to� (u) with order h4k+2 and

the error of � AC
h (u�

h) is several orders of magnitude smaller than that of� h(u�
h). This

indicates that the ratio

ku�
hk2

L2 (
) j� (u) � � h(u�
h)j=jACh(u�

h)j;

should remain extremely close to one, which we also verify in our numerical experiments.

In other words, the expression

ACh(u�
h)=ku�

hk2
L2 (
) ;

is a good candidate for an a posteriori error estimate for� (u) � � h(u�
h).



54

3.3 Proofs

This section is devoted to providing detailed proofs of the expressions and corre-

sponding approximation errors for Theorem 3.1 and Proposition 3.1.1 .

3.3.1 Proof of Theorem 3.1

In this proof, to alleviate the notation, we write � instead of � (u), and � h instead of

� h(uh). Also, since there is no ambiguity, for the sake of clarity, we drop the subscripts

Th and @Th in ( �; �)Th and h�; �i @Th .

The result follows if we show that kuhk2
L2 (
) (� � � h) = Eh(uh ; u) + ACh : By the

de�nition of � h , we have that

kuhk2
L2 (
) (� � � h) = � (uh ; uh) + ( qh ; r uh) � h uh ; bqh � n i

= � (uh � u; uh � u) + 2 � (u; uh) � � (u; u)

+ ( qh ; r uh) � h uh ; bqh � n i :

Sinceu is the solution of (3.1.1), � (u; uh) = � (q; r uh)+ huh ; q �n i and � (u; u) = ( q; q).

This implies that

kuhk2
L2 (
) (� � � h) = � (uh � u; uh � u) + 2 ( � (q; r uh) + huh ; q � n i ) � (q; q)

+ ( qh ; r uh) � h uh ; bqh � n i :

Now, we only have to rearrange terms and carry out a few algebraic manipulations to
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obtain the desired result. We have

kuhk2
L2 (
) (� � � h) = � (uh � u; uh � u) � (q; q)

� 2 (q; r uh) + ( qh ; r uh)

+ 2 huh ; q � n i � h uh ; bqh � n i

= � (uh � u; uh � u) � (q � qh ; q � qh) � 2 (q; qh) + ( qh ; qh)

� 2 (q; r uh) + ( qh ; r uh)

+ 2 huh ; q � n i � h uh ; bqh � n i

= � (uh � u; uh � u) � (q � qh ; q � qh)

+ 2 ( qh � q; r uh + qh)

� (qh ; r uh + qh) + 2 huh ; q � n i � h uh ; bqh � n i :

= Eh(uh ; u) + � h

where, by the de�nition of Eh(uh ; u), we have that

� h = 2 huh � buh ; (qh � q) � n i � (qh ; r uh + qh) + 2 huh ; q � n i � h uh ; bqh � n i :

It only remains to show that � h = ACh . But

� h = � (qh ; r uh + qh) + 2 huh � buh ; qh � n i � h uh ; bqh � n i

becausehbuh ; q�n i = 0 due to the single-valuedness ofbuh and the fact that, by hypothesis,

buh is zero on the boundary. Finally, we get that

� h = � (qh ; r uh + qh) + huh � buh ; qh � n i

� h buh ; bqh � n i

+ huh � buh ; (qh � bqh) � n i

= ACh ;

as wanted. This completes the proof of Theorem 3.1.
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3.3.2 Proof of Proposition 3.1.1

The �rst identity can be proved as in the proof of [42, Lemma 2.2], but we give a

proof here for the sake of competeness. From the de�nition of� h(uh), (3.2.2),

kuhk2
L2 (
) � h(uh) = � (qh ; r uh)Th + huh ; bqh � n i @Th

= ( r � qh ; uh)Th + huh ; (bqh � qh) � n i @Th

= ( qh ; qh)Th + hbuh ; qh � n i @Th + huh ; (bqh � qh) � n i @Th ;

by the �rst equation de�ning the HDG method with r := qh . Completing squares, we

get

kuhk2
L2 (
) � h(uh) = ( qh ; qh)Th + h(uh � buh); (bqh � qh) � n i @Th + hbuh ; bqh � n i @Th ;

by the third and fourth equations de�ning the HDG method with � := buh . Inserting

the formula of the numerical trace bqh , (3.2.4e), we get

� h(uh) =
(qh ; qh)Th + h(uh � buh); � (uh � buh)i @Th

kuhk2
L2 (
)

� 0;

Let us prove the second identity. We have

ACh = � (qh ; qh + r uh)Th + huh � buh ; qh � n i @Th

� h buh ; bqh � n i @Th

� h uh � buh ; (bqh � qh) � n i @Th

= � h buh ; bqh � n i @Th

� h uh � buh ; (bqh � qh) � n i @Th

by the �rst equation de�ning the HDG method with r := qh . By the third and fourth

equations de�ning the HDG method,

ACh = � h uh � buh ; (bqh � qh) � n i @Th = �h uh � buh ; � (uh � buh) � n i @Th ;



57

by the de�nition of the numerical trace of the 
ux bqh , (3.2.4e). This implies that

� AC
h (uh) =

(qh ; qh)Th

kuhk2
L2 (
)

� � h(uh):

It remains to prove the third identity. By Theorem 3.1, we have that

� (u) = � AC
h (uh) + Eh(uh ; u);

where

Eh(uh ; u) = � (u) (uh � u; uh � u)Th � (qh � q; qh � q)Th

+ 2 ( qh � q; r uh + qh)Th � 2huh � buh ; (qh � q) � n i

= � (u) (uh � u; uh � u)Th � (qh � q; qh � q)Th

+ 2 ( qh � P h(q); r uh + qh)Th � 2huh � buh ; (qh � q) � n i

and the result follows by using the �rst equation de�ning the HDG method with r :=

qh � P h(q).

This completes the proof of Proposition (3.1.1).

3.4 Numerical results

In this section, we present numerical experiments for the adjoint-based method. We

implemented all the experiments in MATLAB R2019a in a personal laptop (MacBook

Pro 2019). To show the high-order accuracy of the method, when needed, we used

the Multi-precision Computing Toolbox [1] and select 64 digits of accuracy. When the

accuracy-enhancing convolution technique is used, we choose 
0 to be the region that

is 2k elements away from@
 to make sure the support of the kernel K 2k
h is contained

in 
, where k the polynomial degree used in the HDG method.

Our numerical experiments consist of two parts. In the �rst part, we compare the

eigenvalues obtained by the adjoint-based method and the standard HDG method in

Section 3.4.1 and 3.4.2. We show the e�ciency of the adjoint-based method in Section

3.4.3 and we present one application in quantum chemistry in Section 3.4.4. In the
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second part, we show the necessity of including the adjoint-correction term for the

adjoint-based method and we explore the possibility of using the adjoint-correction

term as an posteriori error estimate in Section 3.4.5.

3.4.1 The one dimensional Laplace eigenproblem

Let us �rst consider the model problem (3.1.1) on 
 := (0 ; 1). It is known that the

exact eigenvalues and eigenfunctions are� m = � 2m2 and um = sin (m�x ) for m 2 N+ .

We report the history of the convergence of the �rst �ve eigenvalues obtained by

the HDG method and the adjoint-based method in Table 3.1. For the HDG method,

the eigenvalues� h(uh) converge with order h2k+1 , in full agreement with the theoretical

results in [42]. As for the adjoint-based method, we observe that the eigenvalues� AC
h (u�

h)

converge with order h4k+2 for k = 1 ; 2; 3. For the �rst three eigenvalues f � i g3
i =1 , a

logarithmic scale error comparison between the two methods is shown in Figure 3.2

when k = 1 . It clearly shows that the adjoint-based method converges twice as fast as

the HDG method.
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First Second Third Fourth Fifth
k 1=h error order error order error order error order error order

Approximation given by � h(uh)

1

128 5.79e-06 { 4.18e-04 { 5.19e-03 { 3.26e-02 { 1.46e-01 {
256 7.20e-07 3.01 5.09e-05 3.03 6.09e-04 3.09 3.61e-03 3.17 1.47e-02 3.30
512 8.97e-08 3.00 6.29e-06 3.01 7.39e-05 3.04 4.27e-04 3.08 1.68e-03 3.13
1024 1.12e-08 3.00 7.81e-07 3.00 9.09e-06 3.02 5.19e-05 3.03 2.01e-04 3.06

2

128 3.47e-11 { 9.87e-09 { 2.67e-07 { 2.85e-06 { 1.85e-05 {
256 1.08e-12 5.00 3.04e-10 5.02 8.05e-09 5.05 8.32e-08 5.10 5.16e-07 5.17
512 3.37e-14 5.00 9.42e-12 5.01 2.47e-10 5.02 2.52e-09 5.05 1.53e-08 5.07
1024 1.05e-15 5.00 2.93e-13 5.00 7.66e-12 5.01 7.74e-11 5.02 4.66e-10 5.04

3

128 1.06e-16 { 1.20e-13 { 7.24e-12 { 1.34e-10 { 1.33e-09 {
256 5.04e-38 7.00 9.29e-16 7.01 5.51e-14 7.04 1.00e-12 7.07 9.62e-12 7.11
512 6.47e-21 7.00 7.22e-18 7.01 4.25e-16 7.02 7.66e-15 7.03 7.25e-14 7.05
1024 5.05e-23 7.00 5.62e-20 7.00 3.30e-18 7.01 5.92e-17 7.02 5.56e-16 7.03

Approximation given by � AC
h (u�

h)

1

128 8.64e-13 { 8.97e-10 { 5.88e-08 { 1.29e-06 { 1.64e-05 {
256 1.37e-14 5.97 1.37e-11 6.03 8.36e-10 6.14 1.63e-08 6.30 1.73e-07 6.56
512 2.16e-16 5.99 2.12e-13 6.02 1.25e-11 6.06 2.31e-10 6.14 2.29e-09 6.24
1024 3.39e-18 5.99 3.30e-15 6.01 1.91e-13 6.03 3.45e-12 6.07 3.31e-11 6.11

2

128 6.08E-23 { 1.02e-18 { 3.21e-16 { 2.04e-14 { 5.48e-13 {
256 6.30e-26 9.91 1.03e-21 9.95 3.12e-19 10.01 1.85e-17 10.10 4.53e-16 10.24
512 6.33e-29 9.96 1.02e-24 9.98 3.03e-22 10.00 1.75e-20 10.05 4.12e-19 10.10
1024 6.27e-32 9.98 1.01e-27 9.99 2.96e-25 10.00 1.68e-23 10.02 3.89e-22 10.05

3

128 7.47e-34 { 2.00e-28 { 3.15e-25 { 6.13e-23 { 3.85e-21 {
256 5.04e-38 13.86 1.33e-32 13.88 2.01e-29 13.94 3.71e-27 14.01 2.18e-25 14.11
512 3.22e-42 13.93 8.41e-37 13.94 1.26e-33 13.97 2.27e-31 14.00 1.29e-29 14.01
1024 2.01e-46 13.97 5.23e-41 13.97 7.76e-38 13.98 1.39e-35 14.00 7.81e-34 14.02

Table 3.1: History of convergence of the �rst �ve eigenvalues provided by the HDG
method, � h(uh), (top) and by the adjoint-based method, � AC

h (u�
h), (bottom) for the

problem on (0; 1).
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Figure 3.2: The errors of the �rst three eigenvalues in logarithmic scale fork = 1 with
N = 2 7; 28; 29; 210 elements on (0; 1). Here E i = log 10(j� i � � i;h (uh)j) (dashed line) and
E �

i = log 10(j� i � � AC
i;h (u�

h)j) (solid line) for i = 1 ; 2; 3.

3.4.2 The two-dimensional Laplace eigenproblem

In this subsection, we consider the model problem (3.1.1) in two dimensions. Nu-
merical results for a square domain and an L-shaped domain are presented. In the
implementation, we use rectangular meshes and choose the local spaces

V (K ) := Q k (K ) � curl spanf xk+1 y; xyk+1 g; W(K ) := Qk (K ); M (@K) := Qk (@K);

for the HDG method with polynomial degree k. Here Qk denotes the space of tensor

product polynomials of degree at mostk in each variable. The local spaces chosen here

admit an M-decomposition, see [19].
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First Second Third Fourth Fifth
k 1=h error order error order error order error order error order

Approximation given by � h(uh)

1

20 3.44e-04 { 3.16e-03 { 3.16e-03 { 3.81e-03 { 1.70e-02 {
30 1.02e-04 3.00 9.25e-04 3.03 9.25e-04 3.03 1.50e-03 2.29 4.98e-03 3.03
40 4.29e-05 3.01 3.85e-04 3.05 3.85e-04 3.05 6.73e-04 2.80 2.04e-03 3.10
50 2.19e-05 3.01 1.95e-04 3.05 1.95e-04 3.05 3.51e-04 2.92 1.02e-03 3.11

2

c 20 8.58e-08 { 3.06e-06 { 3.06e-06 { 6.00e-06 { 3.95e-05 {
30 1.12e-08 5.02 3.88e-07 5.09 3.88e-07 5.09 7.64e-07 5.08 4.82e-06 5.19
40 2.65e-09 5.02 9.03e-08 5.07 9.03e-08 5.07 1.78e-07 5.07 1.10e-06 5.14
50 8.65e-10 5.01 2.92e-08 5.05 2.92e-08 5.05 5.76e-08 5.05 3.50e-07 5.12

3

20 1.07e-11 { 1.49e-09 { 1.49e-09 { 2.95e-09 { 4.24e-08 {
30 6.24e-13 7.02 8.44e-11 7.07 8.44e-11 7.07 1.68e-10 7.06 2.34e-09 7.14
40 8.30e-14 7.01 1.11e-11 7.05 1.11e-11 7.05 2.21e-11 7.05 3.01e-10 7.12
50 1.74e-14 7.01 2.30e-12 7.04 2.30e-12 7.04 4.59e-12 7.04 6.19e-11 7.09

Approximation given by � AC
h (u�

h)

1

20 1.02e-08 { 1.30e-06 { 1.30e-06 { 2.48e-06 { 3.11e-05 {
30 8.83e-10 6.04 1.15e-07 5.97 1.15e-07 5.97 2.21e-07 5.97 2.89e-06 5.86
40 1.56e-10 6.03 2.04e-08 6.01 2.04e-08 6.01 3.94e-08 6.00 5.19e-07 5.97
50 4.07e-11 6.02 5.33e-09 6.02 5.33e-09 6.02 1.03e-08 6.00 1.36e-07 6.00

2

20 4.24e-16 { 6.64e-13 { 6.64e-13 { 1.06e-12 { 6.62e-11 {
30 8.25e-18 9.71 1.56e-14 9.26 1.56e-14 9.26 2.88e-14 8.89 1.80e-12 8.90
40 4.77e-19 9.91 9.44e-16 9.74 9.44e-16 9.74 1.82e-15 9.60 1.16e-13 9.53
50 5.16e-20 9.96 1.04e-16 9.88 1.04e-16 9.88 2.04e-16 9.81 1.31e-14 9.77

3

20 3.16e-24 { 4.49e-20 { 4.49e-20 { 4.25e-20 { 3.34e-17 {
30 1.73e-26 12.85 4.34e-22 11.44 4.34e-22 11.44 6.80e-22 10.20 2.20e-19 12.39
40 3.42e-28 13.63 9.98e-24 13.12 9.98e-24 13.12 1.79e-23 12.65 5.63e-21 12.74
50 1.55e-29 13.86 4.82e-25 13.59 4.82e-25 13.59 9.08e-25 13.36 2.90e-22 13.30
60 1.22e-30 13.94 3.91e-26 13.78 3.91e-26 13.78 7.55e-26 13.64 2.43e-23 13.59
70 1.41e-31 13.98 4.61e-27 13.86 4.61e-27 13.86 9.02e-27 13.78 2.92e-24 13.74

Table 3.2: History of convergence of the �rst �ve eigenvalues provided by the HDG
method, � h(uh), (top) and by the adjoint-based method, � AC

h (u�
h), (bottom) for the

problem on the unit square domain.
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First Fourth

ku1 � u1;hkL2 (
) ku1 � u�
1;hkL2 (
) ku4 � u4;hkL2 (
) ku4 � u�

4;hkL2 (
)

k 1=h error order error order error order error order

1

10 5.43e-03 { 1.19e-04 { 6.47e-02 { 9.27e-04 {
20 1.31e-03 2.05 1.09e-05 3.45 6.55e-03 3.30 8.66e-05 3.42
30 5.80e-04 2.01 2.64e-06 3.49 2.53e-03 2.35 2.11e-05 3.48
40 3.26e-04 2.01 9.66e-07 3.50 1.36e-03 2.15 7.74e-06 3.49
50 2.08e-04 2.00 4.42e-07 3.50 8.56e-04 2.08 3.55e-06 3.50

2

10 1.38e-04 { 4.35e-08 { 1.11e-03 { 1.37e-06 {
20 1.73e-05 3.00 1.17e-09 5.22 1.38e-04 3.01 3.61e-08 5.24
30 5.11e-06 3.00 1.29e-10 5.44 4.09e-05 3.00 4.08e-09 5.38
40 2.16e-06 3.00 2.66e-11 5.48 1.73e-05 3.00 8.52e-10 5.45
50 1.10e-06 3.00 7.82e-12 5.49 8.84e-06 3.00 2.51e-10 5.48

3

20 1.71e-07 { 5.05e-14 { 2.73e-06 { 6.23e-12 {
25 7.00e-08 4.00 9.96e-15 7.28 1.12e-06 4.00 1.26e-12 7.15
30 3.37e-08 4.00 2.59e-15 7.38 5.40e-07 4.00 3.37e-13 7.25
35 1.82e-08 4.00 8.23e-16 7.44 2.91e-07 4.00 1.08e-13 7.35

Table 3.3: History of convergence of the approximate (uh) and accuracy-enhanced (u�
h)

eigenfunctions on the unit square domain.

A square domain

We consider the unit square domain 
 = (0 ; 1) � (0; 1). The exact eigenvalues are

� mn = ( m2 + n2)� 2 and the exact eigenfunctions areumn = sin (m�x ) sin(n�y ) for

m; n 2 N+ . We list the numerical results of the �rst �ve eigenvalues in Table 3.2. As

we can see, the approximate eigenvalues� h(uh) obtained by the HDG method converge

with a rate of O(h2k+1 ), while the eigenvalues� AC
h (u�

h) provided by the adjoint-based

method converge with a rate ofO(h4k+2 ).

We present the error and order of convergence of the HDG approximate and the

accuracy-enhanced eigenfunctions in Table 3.3. We observe that the HDG approximate

eigenfunctionsuh converge with a rate ofk +1, in agreement with the theoretical results

in [42]. The accuracy-enhanced approximate eigenfunctionsu�
h converge with a rate

more than 2k + 1, in line with our previous studies in [28, 27].The extra observed rate

of convergence may result from a cancellation e�ect of the sin function. We also display

the plots of the approximations of the �rst eigenfunction and the errors in Figure 3.3.

In the �rst two rows, we can see that the HDG approximation uh is discontinuous while

the approximation u�
h obtained by the accuracy-enhancing technique is much smoother.

In the third row, note that the HDG error u � uh oscillates around zero in each element
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while the error u� u�
h of the accuracy-enhanced approximation does not have oscillations

in the region 
 0 and that its magnitude is smaller than that of the errors of the HDG

method.
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Figure 3.3: Approximations to the �rst eigenfunction on a unit square domain with
k = 1 and h = 0 :1: The HDG approximation uh (left column) and the accuracy-
enhanced approximationu�

h (right column.). The errors are plotted at the bottom row.
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An L-shaped domain

We consider an L-shaped domain 
 = � 0n� 1, where � 0 := (0 ; 2) � (0; 2) and � 1 :=

(1; 2) � (1; 2). Since 
 has a reentrant corner at the point (1 ; 1), the �rst eigenfunction

is singular and in [7] the �rst eigenvalue is calculated to 14 digits of accuracy as� 1 =

9:6397238440219. It is interesting to note that the third eigenfunction is actually smooth

and the corresponding exact eigenvalue is� 3 = 2 � 2. Therefore, the L-shaped domain

has both singular and smooth eigenfunctions. It provides an interesting example to

study the changes in convergence rates due to the presence of singularities.

First Third

j� 1 � � 1;h(uh)j j � 1 � � AC
1;h (u�

h)j j � 3 � � 3;h(uh)j j � 3 � � AC
3;h (u�

h)j

k 1=h error order error order error order error order

1

10 1.38e-02 { 7.61e-03 { 2.65e-03 { 3.29e-06 {
20 5.90e-03 1.23 3.10e-03 1.29 3.44e-04 2.95 5.37e-08 5.94
30 3.50e-03 1.29 1.82e-03 1.31 1.02e-04 3.00 4.74e-09 5.99
40 2.40e-03 1.31 1.29e-03 1.32 4.29e-05 3.01 8.46e-10 5.99

2

10 7.86e-03 { 1.90e-03 { 2.81e-06 { 8.88e-13 {
20 3.16e-03 1.31 7.60e-04 1.32 8.58e-08 5.03 1.26e-15 9.46
30 1.85e-03 1.32 4.44e-04 1.33 1.12e-08 5.02 2.29e-17 9.88
40 1.26e-03 1.33 3.03e-04 1.33 2.65e-09 5.01 1.30e-18 9.96

Table 3.4: History of convergence for the L-shaped domain problem.
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Figure 3.4: Approximations of the �rst eigenfunction in the L-shaped domain with
k = 1 and h = 0 :1: The HDG approximation uh (left column) and the accuracy-
enhanced approximationu�

h (right column.). The errors are plotted at the bottom row.
They are concentrated at the corner singularity.
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We report the errors and convergence of the �rst and third eigenvalues in Table 3.4.

We observe that for the �rst eigenvalue, both methods have a convergence rate of at

most O(h4=3). This is in line with the results in [22, 42]. Although no convergence

rate increase is observed for the adjoint-based method, we do see that the errors are

slightly reduced and the approximate �rst eigenfunction is improved visually even in this

singular case as shown in the �rst two rows of Figure 3.4. Since the exact eigenfunction

is unknown, to illustrate the errors of the two methods, we compute a HDG solution on

a 10 times �ner mesh h = 0 :01 with k = 2 and use it as the exact solution. The plots

are presented in the third row of Figure 3.4. We can clearly see that, compared with the

error of the HDG approximation, the error of the accuracy-enhanced approximation is

reduced in most parts of the domain and is concentrated near the singularity. For the

third eigenvalue, since the eigenfunction is smooth, we obtain expected results that the

HDG method converges at the rate ofO(h2k+1 ) and the adjoint-based method converges

at the rate of O(h4k+2 ).

3.4.3 The e�ciency of the adjoint-based method

Here, we show the e�ciency of the adjoint-based method. We consider the eigenvalue

problem on a unit square as in Section 3.4.2. For a given meshTh and error tolerance

� , we count the number of eigenvalues that have relative errorsj� � � h j=� less than � .

As shown in Figure 3.5a, we observe that the adjoint-based method recovers signif-

icantly more eigenvalues than the HDG method whenk = 1 and the error tolerance

� = 1%. For example, when h = 0 :05, the HDG method only recovers 60 eigenvalues

while the adjoint-based method obtains 242 eigenvalues, which is about four times more.

Let us also display the plot of the number of eigenvalues and the square root of the CPU

time needed to recover these eigenvalues in Figure 3.5b. We see that to recover the same

number of eigenvalues, the adjoint-based method takes much less time.
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(a) (b)

Figure 3.5: The number of eigenvalues that have a relative errorj� � � h j=� less than
the tolerance � = 1%. The HDG method ( � ) and the adjoint-based method (� ) when
k = 1.

3.4.4 Application to the quantum harmonic oscillator

In this subsection, we consider the application of the adjoint-based method to the

Schr•odinger's equation for the quantum harmonic oscillator, which is an important

model in quantum chemistry. The harmonic oscillator equation is

�
1
2

� u +
1
2

jx j2u = �u; x 2 R d:

We consider the two dimensional cased = 2. We know the �rst three eigenvalues are 1,

2, 3 with multiplicity 1, 2, 3, respectively. Since the eigenfunctions decay exponentially,

we can consider a �nite computational domain and impose zero boundary condition. In

our calculation, we use 
 = [ � 10; 10]2 and we de�ne

� h(uh) =
� (qh ; r uh)Th + huh ; bqh � n i @Th + ( jx j2uh ; uh)Th

2kuhk2
L2 (
)

:

Following the proof in Section 3.3, we can see the adjoint-correction termACh for this

equation is the same as the one de�ned in Theorem 3.1. Therefore, we can de�ne

� AC
h and the adjoint-based method accordingly. Let us use the same HDG method as

considered in Section 3.4.2. We report the errors and the rates of convergence of the

�rst, second and fourth eigenvalues in Table 3.5 whenk = 1 ; 2; 3. We see that rates of
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the convergence match with what we observe in previous sections. Eigenvalues obtained

from the HDG method converge with a rate ofO(h2k+1 ), while the eigenvalues from the

adjoint-based method converge with a rate ofO(h4k+2 ). Let us also display the plot

of the fourth eigenfunction in Figure 3.6. We observe that the approximation obtained

by the adjoint-based method (right) is smoother than the one obtained by the HDG

method (left), a clear consequence of the smoothing e�ect of the convolution with the

kernel K 2k
h .

First Second Fourth
k 1=h error order error order error order

Approximation given by � h (uh )

1

20 1.77e-02 { 5.33e-02 { 6.49e-02 {
30 5.89e-03 2.72 1.76e-02 2.73 2.57e-02 2.28
40 2.56e-03 2.90 7.76e-03 2.85 1.21e-02 2.62
50 1.33e-03 2.95 4.03e-03 2.93 6.47e-03 2.81

2

20 5.32e-04 { 1.70e-03 { 8.84e-03 {
30 6.99e-05 5.01 2.83e-04 4.42 4.81e-04 7.18
40 1.68e-05 4.96 6.82e-05 4.95 1.18e-04 4.88
50 5.50e-06 4.99 2.24e-05 5.00 3.89e-05 4.97

3

30 5.64e-07 { 2.85e-06 { 1.23e-05 {
40 7.59e-08 6.97 3.84e-07 6.96 1.65e-06 6.97
50 1.59e-08 7.00 8.05e-08 7.00 3.45e-07 7.02
60 4.43e-09 7.01 2.24e-08 7.02 9.57e-08 7.03

Approximation given by � AC
h (u�

h )

1

20 6.05e-03 { 2.39e-02 { 4.23e-02 {
30 4.77e-04 6.26 1.87e-03 6.29 2.87e-03 6.64
40 6.85e-05 6.74 2.83e-04 6.56 4.58e-04 6.38
50 1.49e-05 6.85 6.31e-05 6.72 1.05e-04 6.59

2

20 2.53e-03 { 1.05e-02 { 3.66e-02 {
30 6.17e-05 9.16 3.10e-04 8.68 5.57e-04 10.32
40 3.12e-06 10.37 1.69e-05 10.11 3.07e-05 10.08
50 2.71e-07 10.96 1.52e-06 10.79 2.77e-06 10.77

3

30 2.60e-05 { 1.59e-04 { 8.01e-04 {
40 6.30e-07 12.93 4.29e-06 12.55 2.49e-05 12.07
50 2.76e-08 14.01 1.99e-07 13,76 1.24e-06 13.45
60 1.92e-09 14.62 1.43e-08 14.45 9.25e-08 14.23

Table 3.5: History of convergence for the harmonic oscillator.
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Figure 3.6: The HDG approximation (left) and the accuracy-enhanced approximation
(right) of the fourth eigenfunction of the harmonic oscillator equation.

3.4.5 The relevance of the adjoint-correction term

In this subsection, we �rst show that including the adjoint-correction term ACh(u�
h)

in the de�nition of the approximate functional is important as it enhances the quality of

the approximation. We then show that the adjoint-corrected HDG eigenvalue converges

with a rate greater than O(h2k+1 ) and explore the possibility of using the adjoint-

correction term ACh(uh) as an a posteriori error estimate. In the following experiments,

we choose the same local spaces for the HDG method as considered in Section 3.4.2.

The relevance of ACh(u�
h)

Here we show that the adjoint-correction term ACh(u�
h) plays an vital role in re-

ducing the error. Let us �rst consider the eigenvalue problem on a unit square domain

studied in Section 3.4.2. We have already listed the results of� AC
h (u�

h) = � h(u�
h) +

ACh(u� )=ku�
hk2

L2 (
) in Table 3.2. To see the importance ofACh(u�
h), we report the errors

and rates of convergence of� h(u�
h) in Table 3.6. Comparing the two tables, we observe

that the error of the adjoint-corrected eigenvalue approximation, j� (u) � � AC
h (u�

h)j, is

signi�cantly smaller than j� (u) � � h(u�
h)j, especially fork = 2 ; 3. Moreover, it converges

with a faster rate of O(h4k+2 ).

To end, we display jACh(u�
h)j=ku�

hk2
L2 (
) and ku�

hk2
L2 (
) j� (u) � � h(u�

h)j=jACh(u�
h)j

on Table 3.7. We observe that the latter ratio is very close to 1. This shows that
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ACh(u�
h)=ku�

hk2
L2 (
) is a good candidate for an a posteriori error estimate for� (u) �

� h(u�
h).

First Second Third Fourth Fifth
k 1=h error order error order error order error order error order

1

20 2.97e-06 { 7.27e-05 { 7.27e-05 { 7.60e-04 { 5.78e-04 {
30 2.66e-07 5.95 6.85e-06 5.83 6.85e-06 5.83 6.99e-05 5.88 6.28e-05 5.47
40 4.75e-08 5.99 1.23e-06 5.96 1.23e-06 5.96 1.24e-05 6.01 1.15e-05 5.91
50 1.24e-08 6.01 3.23e-07 6.00 3.23e-07 6.00 3.22e-06 6.05 3.04e-06 5.96

2

20 8.22e-07 { 2.06e-05 { 2.06e-05 { 3.12e-05 { 2.04e-04 {
30 1.88e-07 3.64 5.61e-06 3.21 5.61e-06 3.21 1.02e-05 2.77 5.70e-05 3.14
40 6.15e-08 3.88 1.93e-06 3.71 1.93e-06 3.71 3.66e-06 3.55 2.05e-05 3.55
50 2.55e-08 3.94 8.14e-07 3.86 8.14e-07 3.86 1.57e-06 3.79 8.88e-06 3.76

3

20 2.19e-14 { 8.36e-12 { 8.36e-12 { 2.49e-11 { 1.12e-09 {
25 2.49e-15 9.74 1.33e-13 18.56 1.33e-13 18.56 3.65e-13 18.93 3.66e-11 15.33
30 4.17e-16 9.81 8.95e-14 2.17 8.95e-14 2.17 2.40e-13 2.30 1.40e-11 5.28
35 9.11e-17 9.86 2.72e-14 7.73 2.72e-14 7.73 7.06e-14 7.93 2.94e-12 10.12

Table 3.6: History of convergence of� h(u�
h) on the unit square domain.

First Second Third Fourth Fifth

k 1=h
AC h ( u �

h )
ku �

h k 2
L2 (
)

ratio
AC h ( u �

h )
ku �

h k 2
L2 (
)

ratio
AC h ( u �

h )
ku �

h k 2
L2 (
)

ratio
AC h ( u �

h )
ku �

h k 2
L2 (
)

ratio
AC h ( u �

h )
ku �

h k 2
L2 (
)

ratio

1

20 2.98e-06 1.00 7.40e-05 0.98 7.40e-05 0.98 7.63e-04 1.00 6.09e-04 0.95
30 2.67e-07 1.00 6.96e-06 0.98 6.96e-06 0.98 7.01e-05 1.00 6.57e-05 0.96
40 4.76e-08 1.00 1.25e-06 0.98 1.25e-06 0.98 1.24e-05 1.00 1.20e-05 0.96
50 1.25e-08 1.00 3.29e-07 0.98 3.29e-07 0.98 3.23e-06 1.00 3.17e-06 0.96

2

20 8.22e-07 1.00 2.06e-05 1.00 2.06e-05 1.00 3.12e-05 1.00 2.04e-04 1.00
30 1.88e-07 1.00 5.61e-06 1.00 5.61e-06 1.00 1.02e-05 1.00 5.70e-05 1.00
40 6.15e-08 1.00 1.93e-06 1.00 1.93e-06 1.00 3.66e-06 1.00 2.05e-05 1.00
50 2.55e-08 1.00 8.14e-07 1.00 8.14e-07 1.00 1.57e-06 1.00 8.88e-06 1.00

3

20 2.19e-14 1.00 8.36e-12 1.00 8.36e-12 1.00 2.49e-11 1.00 1.12e-09 1.00
25 2.49e-15 1.00 1.33e-13 1.00 1.33e-13 1.00 3.65e-13 1.00 3.66e-11 1.00
30 4.17e-16 1.00 8.95e-14 1.00 8.95e-14 1.00 2.40e-13 1.00 1.40e-11 1.00
35 9.11e-17 1.00 2.72e-14 1.00 2.72e-14 1.00 7.06e-14 1.00 2.94e-12 1.00

Table 3.7: The adjoint-correction term jACh(u�
h)j=ku�

hk2
L2 (
) and the ratio ku�

hk2
L2 (
) j� �

� h(u�
h)j=ACh(u�

h)

The relevance of ACh(uh)

As discussed in Section 3.2.1, for the HDG method, we have that

ACh(uh) = �h uh � buh ; � (uh � buh)i @Th ;

is a non-zero term. To uncover its importance, let us �rst consider the eigenvalue

problem on a unit square domain studied in Section 3.4.2. In Table 3.8, we report the

values ofjACh(uh)j=kuhk2
L2 (
) and the kuhk2

L2 (
) j� (u) � � h(uh)j=jACh(uh)j. We observe
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that the ratio is very close to 1. This indicates that ACh(uh)=kuhk2
L2 (
) provides a

good error estimate of� � � h(uh), and, since it is computable, that it could be used to

enhance the approximation to the eigenvalue.

To see this, we report the history of convergence of the adjoint-corrected eigenvalue

� AC
h (uh) = � h(uh) + ACh(uh)=kuhk2

L2 (
) in Table 3.9. Comparing it with Table 3.2, we

see that the error j� (u) � � AC
h (uh)j is several orders of magnitude smaller than the error

j� (u) � � h j. We also observe that the rate of convergence of� AC
h (uh) is clearly of order

O(h2k+2 ) for k = 2 ; 3, which is an additional order higher than that of � h .

To end, let us consider the L-shaped domain studied in Section 3.4.2. We report

the values of jACh(uh)j=kuhk2
L2 (
) and the ratio kuhk2

L2 (
) j� (u) � � h(uh)j=jACh(uh)j in

Table 3.10. As in our previous experiments, we see that the ratio is very close to one for

the third eigenvalue. However, it increases ash decreases for the �rst eigenvalue. This

seems to be a re
ection of the lack of smoothness that the �rst eignefunction displays,

as its behavior is singular at the origin, unlike the third eigenfunction.

This implies that the adjoint-correction term ACh(uh) cannot alwaysbe taken as

an a posteriori error estimate. However, if we plot the adjoint-correction term element-

by-element as shown in Figure 3.7, we observe that, it captures well the location of the

biggest approximation error, that is, the corner at which the exact eigenfunction has a

singularity.

First Second Third Fourth Fifth

k 1=h j AC h ( u h ) j
ku h k 2

L2 (
)

ratio j AC h ( u h ) j
ku h k 2

L2 (
)

ratio j AC h ( u h ) j
ku h k 2

L2 (
)

ratio j AC h ( u h ) j
ku h k 2

L2 (
)

ratio j AC h ( u h ) j
ku h k 2

L2 (
)

ratio

1

20 3.40e-04 1.01 3.08e-03 1.03 3.08e-03 1.03 9.14e-03 0.42 1.78e-02 0.95
30 1.00e-04 1.02 8.70e-04 1.06 8.70e-04 1.06 1.96e-03 0.77 4.42e-03 1.13
40 4.21e-05 1.02 3.62e-04 1.06 3.62e-04 1.06 7.48e-04 0.90 1.79e-03 1.14
50 2.16e-05 1.02 1.85e-04 1.06 1.85e-04 1.06 3.67e-04 0.96 9.02e-04 1.13

2

20 8.25e-08 1.04 2.67e-06 1.14 2.67e-06 1.14 5.27e-06 1.14 2.99e-05 1.32
30 1.09e-08 1.03 3.54e-07 1.10 3.54e-07 1.10 6.97e-07 1.10 3.97e-06 1.22
40 2.59e-09 1.02 8.42e-08 1.07 8.42e-08 1.07 1.66e-07 1.07 9.45e-07 1.16
50 8.51e-10 1.02 2.76e-08 1.06 2.76e-08 1.06 5.44e-08 1.06 3.10e-07 1.13

3

20 1.04e-11 1.03 1.34e-09 1.11 1.34e-09 1.11 2.66e-09 1.11 3.40e-08 1.25
25 2.19e-12 1.02 2.81e-10 1.09 2.81e-10 1.09 5.60e-10 1.09 7.15e-09 1.20
30 6.12e-13 1.02 7.85e-11 1.08 7.85e-11 1.08 1.56e-10 1.07 2.00e-09 1.17
35 2.08e-13 1.02 2.67e-11 1.06 2.67e-11 1.06 5.32e-11 1.06 6.81e-10 1.14

Table 3.8: The adjoint-correction term jACh(uh)j=kuhk2
L2 (
) and the ratio kuhk2

L2 (
) j� �
� h(uh)j=jACh(uh)j
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First Second Third Fourth Fifth
k 1=h error order error order error order error order error order

1

20 3.89e-06 { 7.94e-05 { 7.94e-05 { 5.32e-03 { 8.33e-04 {
30 1.88e-06 1.79 5.53e-05 0.89 5.53e-05 0.89 4.52e-04 6.08 5.58e-04 0.99
40 7.61e-07 3.15 2.27e-05 3.09 2.27e-05 3.09 7.43e-05 6.28 2.50e-04 2.79
50 3.51e-07 3.47 1.05e-05 3.47 1.05e-05 3.47 1.60e-05 6.89 1.17e-04 3.40

2

20 3.32e-09 { 3.86e-07 { 3.86e-07 { 7.34e-07 { 9.61e-06 {
30 2.93e-10 5.98 3.41e-08 5.98 3.41e-08 5.98 6.68e-08 5.91 8.53e-07 5.97
40 5.22e-11 6.00 6.09e-09 5.99 6.09e-09 5.99 1.20e-08 5.96 1.52e-07 5.99
50 1.37e-11 6.01 1.60e-09 5.99 1.60e-09 5.99 3.17e-09 5.98 4.00e-08 5.99

3

20 3.21e-13 { 1.50e-10 { 1.50e-10 { 2.86e-10 { 8.47e-09 {
25 5.41e-14 7.98 2.53e-11 7.98 2.53e-11 7.98 4.92e-11 7.90 1.43e-09 7.97
30 1.26e-14 7.98 5.91e-12 7.98 5.91e-12 7.98 1.16e-11 7.93 3.34e-10 7.98
35 3.68e-15 7.99 1.72e-12 7.99 1.72e-12 7.99 3.40e-12 7.95 9.75e-11 7.99

Table 3.9: History of convergence of� AC
h (uh) on the unit square domain.

First Third

k 1=h j AC h ( u h ) j
ku h k 2

L2 (
)

ratio j AC h ( u h ) j
ku h k 2

L2 (
)

ratio

1

10 1.65e-03 8.37 2.91e-03 0.91
20 2.68e-04 22.03 3.40e-04 1.01
30 9.44e-05 37.06 1.00e-04 1.02
40 4.55e-05 52.85 4.21e-05 1.02

2

10 2.16e-04 36.43 2.61e-06 1.08
20 4.45e-05 71.06 8.25e-08 1.04
30 1.75e-05 105.60 1.09e-08 1.03
40 9.02e-06 140.12 2.59e-09 1.02

Table 3.10: The adjoint-correction term jACh(uh)j=kuhk2
L2 (
) and the ratio

kuhk2
L2 (
) j� � � h(uh)j=ACh(uh) in an L-shaped domain.

First Third

j� 1 � � AC
1;h (uh )j j � 3 � � AC

3;h (uh )j

k 1=h error order error order

1

10 1.55e-02 { 2.59e-04 {
20 6.16e-03 1.33 3.89e-06 6.06
30 3.59e-03 1.33 1.88e-06 1.79
40 2.45e-03 1.33 7.61e-07 3.15

2

10 8.07e-03 { 2.04e-07 {
20 3.21e-03 1.33 3.32e-09 5.94
30 1.87e-03 1.33 2.93e-10 5.98
40 1.27e-03 1.33 5.23e-11 5.99

Table 3.11: History of convergence of� AC
h (uh) on an L-shaped domain.
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Figure 3.7: The element-wise plot of the adjoint-correction term jACh(uh)jK = huh �
buh ; (bqh � qh) � n i @K on an L-shaped domain whenk = 1 and h = 0 :1. It captures well
the location of the singularity of the eigenfucntion.

3.5 Conclusion

In this chapter, we present a new method for computing high-order accurate approx-

imations of eigenvalues in terms of Galerkin approximations. We detail the de�nition

of the method and provide the approximation error expression in Section 3.2. Our ex-

tensive numerical results in Section 3.4 show that the approximate eigenvalues obtained

by our method converge with a rate of O(h4k+2 ) when the eigenfunction is smooth

enough. This is signi�cantly faster than the classic �nite element methods in the lit-

erature, which converge at mostO(h2k+2 ). Although we consider a simple self-adjoint

eigenvalue problem, the framework of our method is general enough to be applied to

a wide variety of eigenvalue problems and other non-linear functional problems. Let

us sketch how we can extend our method to non self-adjoint eigenproblems such as

the convection-di�usion problem studied in [48]. Suppose the primal non self-adjoint
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