THE ANALYSIS OF COATING FLOWS
NEAR THE CONTACT LINE

AVNER FRIEDMAN* axp JUAN J.L. VELAZQUEZ**

0. Introduction. The term “coating flows” refers to any viscous flow which is used to
coat surfaces. Such flows are used for coating photographic films, magnetic tapes, optical
devices and, of course, for painting surfaces. Various techniques are used for depositing
the fluid on surfaces; the fluid may be Newtonian or Non-Newtonian, often being a 2-phase
fluid. We refer to [9] [11] [13] [15] for a general introduction to the subject.

The boundary of the flow region consists of three parts: (i) the part I'y in contact with
the container from which the fluid emerges; (ii) the part I'; in contact with air, and (iii)
the part I'; in contact with the surface which is being coated. In many applications I'; is

a part of a plane, the upper surface of a horizontal substrate moving with a given fixed

velocity U. The surface I'; is a free boundary; it is one of the unknowns of the problem.

The other unknowns are the velocity v and pressure p in the fluid.

Numerical methods based on finite elements have been developed by Kistler and Scriven
[10]. One of the difficulties is to determine the location of the so called contact line
70 = I's NT; where the free boundary meets the substrate, and to analyze the shape of T’y
near ~p.

There are a few existence results for steady coating flow problems with Newtonian
fluids. These are usually restricted to “quiescent” situations whereby the flow velocity is
“very small,” an assumption which does not usually cover industrial applications; see [14]
[17] and the references given there. Other free boundary problems for viscous flow are
treated in [2] [3] [8], but here again there is a “smallness” assumption. We also refer to
[4] for additional articles on free boundary problems for viscous flow, mostly by numerical
methods.

In this paper we shall consider a 2-dimensional steady Stokesian flow. The free bound-
ary is then a curve y = f(z), —oo < # < 0 with f(0) = 0. The top surface of the moving
substrate is given y = 0, and the contact line v is identified with the origin (0,0); see
Figure 1.
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We wish to determine the existence of solutions and the behavior of the free boundary

near the contact point 5.

The free boundary conditions are
(0.1) Tn=ok(f)n, v-n=0 (o>0)

where 7 is the outward normal, k(f) the curvature, and T is the stress tensor; o is the

reciprocal of the capillary number. On the substrate we impose the no-slip condition:
(0.2) v=U on y=0.

The no-slip condition causes some difficulties near the contact point ~y. It was pointed
out by several authors (see [6] [9] and the references given there) that if the contact angle
at ¢ is not equal to 0 or 7, then the no-slip condition predicts unbounded force about ~y;
such a force is physically impossible. (In this sense the solutions established in [8] and [17]
are not physically acceptable.) This motivated several different approaches based on (i)

molecular theory near 7y, (ii) rolling type motion near v, (III) v = U near 7o, and other

adhoc assumptions (see [6] [9] [12] and the references therein).

However the situation where the free boundary is tangent to the substrate at «¢ has not

been analyzed for coating flow. The purpose of this paper is to show that this situation
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is consistent with the no-slip condition. More specifically, we establish the existence of
smooth solutions satisfying (0.1) and (0.2), with f/(0) = 0.

We shall study first the “linearized problem” about v = U near (0,0). This is an

eigenvalue problem. It has two sequences of eigensolutions,

(fr,¥n) with f, =(—2)", oap=n+ =,
(0.3)

(Fas®n) with  fu(z) = (—2)™ , , @ =n—p

where p is determined by

04) S(1 1 11— U
' P 272) PT o %1 o T T

1 1
For coating flow U > 0 so that 0 < p < 3 (The case U < 0, or —5 < p < 0, represents a
cavity problem with {(z,0);z < 0} as the nose or obstacle.)

By superposition we can form linearized solutions (fy,%¢) with

(0.5) fo =S (Anfa+ BuFr) -

n

Suppose, for such a pair,

3
A(—z)* + higher order terms near z =0, a > =

(0.6) fo(z) = 2

B(—z)P + lower order terms near z = —o00, 0 < 8 < 1

and fo(z) > 0if —oo < & < 0. Then we prove, and this is the main result of the paper,
that there exists a solution to the coating problem (satisfying (0.1) and (0.2)) with free
boundary

(0.7) y=cef(z) =cfo(z) +e*fi (z,¢)

for any ¢ > 0 small enough, where

|fi(z,e)| < Clz|*™® near z=0, >0,
(0.8)
\fi(z,e)| < Clz|P™° near z=—-00, 6§>0.
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The class of functions fy satisfying (0.6) is not at all restrictive: Given any function

go(z), continuous and positive for —oo < z < 0, such that

go(z) ~ Ag(—2)® near z=0,
(0.9)
~ By(—z)’ near z=—oc0,

we can approximate it by functions fy having the form (0.5) and satisfying (0.6). (The

~% near ¢ = 0 and the functions go(z)(—z)”

functions fo(z)(—2z)~* approximate go(z)(—z)
approximate go(z)(—z)” near —o0.)
The conclusion of the paper is then that the no-slip condition is consistent with the

free boundary conditions provided the contact angle is 7 (as indicated in Figure 1).

In §1 we describe the coating problem in detail and state the main results of the paper.
In §2 we study the linearized eigenvalue problem. In §3 we transform the coating problem
into an equivalent problem in the fixed domain {y > 0}; we also outline the proof of
existence. The details of the proof are given in §§4-9. In §9 it is also shown that any g
as in (0.9) can be approximated by functions fy to which the existence theorem can be
applied.

In this paper we consider the flow problem in {y > 0} and we do not impose boundary
conditions at y = oo; this explains why we can obtain a large family of solutions. In a
future work we shall extend the methods of this paper to study flows in domains such as
0 < y < h, where boundary conditions are imposed at y = h; for more details see Remark
9.1.

§1. Statement of the main result. We are given velocity U = (U, 0) of the substrate
surface {y = 0} where U is any real number; for the coating problem, U > 0. Denote by

Ca the capillary number and set

We wish to determine a free boundary
y=f(z) >0 (—co<z<0) with f(0)=0, f(0)=0
and a velocity function v and pressure p in the flow region

Q={(z,y);z2€R and y>f(z) f —oo<z<0, y>0 if z>0},

such that
(1.1) Av=Vp in Q,
(1.2) V-v=0 in Q,
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and

(1.3) v=U on Ty={(z,0), z>0},
(1.4) v-mn=0 on Iy={(z,f(z)), =<0},
(1.5) Tn = okn on I}

where T is the stress tensor

1 [/ Ov; Ov;

(f:B ’ _1)

—
n = ———— /5

1+ 2

is the outward normal to I'y, and « is the curvature

f(l}(l}

R e T

We refer to problem (1.1)—(1.5) as problem (C'). One may introduce the stream function
Y: -
v = (_1/}3/ ) 1/)$) )

and reformulate problem (C') also in terms of (f,v).

Introduce the sequences

“lin =12,
(1.6) an =5 +n n=12,...),

anp=—p+n (n=12,...)

1 1
where p € (—5 , 5) is uniquely determined by

1 1— 2 U

- P
P %% T o -

1
Notice that if U >0 (U < 0) then A <0 (A>0)and0<p<% <—§<p<0>.

In §2 we prove that if we linearize problem (C) about v = U near (0,0), then we get
a linear homogeneous problem for ¥ in {y > 0}. This problem and the associated “free
boundary” f have eigensolutions (f,, %) and (f,, %) where

fo(z) = (—2)* ,  fu(z) = (—2)*" (—oo <z <0).



We need to introduce some notation:
Bu(z,7) = {(z,y); (z—2)"+(y—7)" <u’},
Bu(z) = Bu(z,0), B, = B,(0,0), B: =B, N{y >0},
2'0"0 ={(z,y);2 >0, 0 <y < bgz},
Sy, = {(z,y);2 <0, 0 <y < oz},
Egozﬂg;UE;O where 0<90<g.
Set X = (z,y), r = |X|. In the sequel 2 will denote any one of the sets

EO_O,EQ,EQOUBE and {y >0}\Br, where 0<6y <1, R>0;

here ¥y (X, ) denotes the z-axis (the negative z-axis).

For X € Q and v € (0,1) we define

D3(X)| = sup =

where the “sup” is taken over X,X in Q such that | X — X| < % , |X —X| < g

Let a and 8 be any real numbers. Let g(r) be a continuous positive function for
0 <7 < o0, such that

(1.7) gr)y=r* if r<1,g(r)=7" if r>2.

For any integer m > 0 we define the norm
rlkl

Pty &
o8 10 = su0{ 3 el X T o)1}

Since the particular choice of g which satisfies (1.7) will not be of any consequence to us,

we shall use the less precise but more explicit notation
(18) Io1 ey = 11y > g s in (1)

By superposing eigensolutions of the linearized problem we obtain a linear class of
solutions (fo, %o ); we denote this class by A. If (fo,%0) belongs to A and

150ll52 4 <00 Iollg? < oo

60,4+~

for some a > 0,8 > 0,8y > 0, then we say that (fo, %) belongs to ‘Azo’ﬁél—i—w‘

We can now state the main result of this paper.
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3
THEOREM 1.1. Let «a,(3 be positive real number such that o > 2 0 < B8 <1,

and « = a, or a = &, for some n. Let 6 and § be any positive numbers such that
6 < min(B,1 — B) and § < o — 1. Finally, let (fo,%0) € ‘Azo’ﬁ;i—i—w for some 0 < 8y < 1 and
v positive and small. Then, for any sufficiently small ¢ > 0 there exists a solution (fe,v.)
of problem (C) with

(19) f& :€f0($)+€2f1(58,8) 3

(1.10) be = —Uy + eo(z,y) + £ ¢1(z, 9, ¢)

where f satisfies:

a+8,8-6
(1.11) IAIZH < 0 < o

and
- b1(z,y + cfo(e) + e’ fi(z,e),e))  (z <0)
"/)1(587:’/75) =
¥1(z,y) (z >0)

(which is defined in all of {y > 0}) satisfies

T at+6,8-6
(1.12) Wng: Lﬁ;;,ﬁy <C<oo V¥V 8y<1,R>0;
0

the constant C is independent of €

1
Notice that 8 can be chosen such that 8 > 2

Remark 1.1. The solution ¢ is not bounded in general; 12[7 may grow exponentially if
z?2+y?> — oo and |y/z| > 1. Furthermore, we do not make any assertions about uniqueness.
The main point of Theorem 1.1 is to exhibit a large class of smooth solutions of problem
(C) in a neighborhood of the contact point. In a future work we shall extend the methods
of the present paper to flows lying in regions such as 0 < y < h, and impose boundary

conditions at y = h; see Remark 9.1 for more details.

§2. The eigenvalue problem. In this section we consider the linearization of prob-
lem (C) about v = U in a neighborhood of (0,0). Set



(2.1) AG = Vp
. in the flow region ,
(2.2) V-G=0
(2.3) Gn=-U-"n
(2.4) ?T((_ﬁ,p)ﬁ) =0 on the free boundary ,
(2:5) WT(G,p)n = or(f)
and
(2.6) 5 =0 on 4.

Here 7 is obtained by rotating n clockwise by 90°, and

oG, 1/0G, 0G,
- p 0 0w 2 ( oy | oz )
T(G,p) = - ( ) +
o #) |1 (o 00y o
2\ Oy Oz Oy

p 0 —
— + II(G@)
0 p
is the stress tensor.

On the free boundary I';
(f,-1)
(1+ f2)1/2°

and since f'(z) ~ 0 near z = 0, I'; is approximately ¢y,

—
n —

T 2 C.) B

S @ e T
and i i

na—j=(0,-1), 7~ i=(1,0).

Hence, for the linearized problem, (2.3) and (2.4) become

2.3 G, =Uf on /{5,
Y
oG, 8G
(2.4") 5+ ay =0 on /4.
Y L



Equation (2.5) can be written as

—p+ RI(G)T = or(f)

and since p is determined only up to an additive constant, this equation is equivalent to

where s is the length parameter with ds/dz > 0. From (2.1),

LI (AG)- T~ (AG) T = Ac,
ds
Also dn /ds = —kT. Therefore by (2.4) 129
so dn/ds = —x7. Therefore by (2.4) and o=~ -,
dn_—~ — . —.dn I
aﬂ(G)n = nH(G)a =—xktl(G)n =0,
—f(d _—=>\—> —0 - = 0 0G
— (G ~j]—HIG)] = — v
n(ds ())n ! Bz (@) Or Oy
We conclude that
9 0G d d
—-AG, + — Yy —g— ~—g— f" )
+ or Oy 7z w(f) waf (2)
provided
f'(z) =0(|]z|") for some v >0.
Thus (2.5) becomes
(2.5') —AG,(z,0) + &Gy (z,0) = —af®(z) (z<0)
' o Oxdy '

From (2.2) we know that there exists a stream function ¥:

—

G = (_1/’y71/’$)

and A%y = 0 in the flow region (by taking the curl of (2.1)). Conditions (2.3')—(2.5'),

written for v, read:

(2.3") Yy (2,0) =Uf'(z) on £y,
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(2.4") Yyy(2,0) — (2,00 =0 on £y,

(2.5") Bhray(2,0) + by (2,0) = ~o fO(2) om 1
Substituting f’ from (2.3") into (2.5"), we get
(2.5") Wy (,0) + Pyyy (2, 0) = —% bova(2,0) on L .

Set
A= ——.

g

Then the final version of the linearized problem for v is the following:

(2.7) A%p =0 in {y >0},

(2.8) by(z,0) =y (2,0) =0 if z>0,

and

(2.9) VYyy — Vs =0 at (z,0), <0,

(2.10) AM2%s0y + Yyyy) — Yuee =0 at (z,0), z<0.

The corresponding “linearized” free boundary is given by

(2.11) f(z) = % ¥u(2,0) (z<0) with £(0)=0.

We may view (2.7)—(2.10) as an eigenvalue problem. It has a sequence of solutions of
the form ¢ = rPB(#) when 3 varies over the sequence (1.6) ((r,6) are polar coordinate
about the origin). It will be more convenient, however, to use complex notation and write

the eigenfunctions ¢ in the form
(2.12) (2,2) = A2° + B2 12+ A7° + Bz 'z (2 =z +1y)

where 3 and the complex coefficients A, B, ;1\, B are to be determined.

We note that any biharmonic function in a disc |z| < § has the form
72 hy 4 ha (r =|z|)
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where each h; is harmonic function and thus has an expansion
R(ALz" 4+ AhZ™) (7 =1,2)

This suggests that 3 should be a superposition of functions of the form (2.12) where 3 is
an integer > 0. Since however the stream function is defined only in {y > 0} and may
have a singularity at z = 0, we allow more general terms as in (2.12), where 3 is still to

be determined.

We need to rewrite (2.7)-(2.10) in complex notation using

or 5
— =0+9, —=i(8-0
T —I_ ? ay 7’( )
By direct calculation we find that (2.7)—(2.10) become
(2.13) 89 =0 if y>0,
(2.14) O =0,00=0 if £>0,y=0,
(2.15) (0> +3)p=0 if z<0,y=0,

(2.16) [iA(8® +50%0 — 508 — 8 ) — (8° +30%0+300 + 0 )p =0 if z<0,y=0.

Substituting (2.12) into (2.14) we obtain after some simple calculation,

oy}
Il

(2.17) BA+ (B—-1)B+ 0,

(2.18) B+BA+(B-1)B=0.

Next, from (2.15) we obtain after noting that z = re'™ if z < 0,

BB—1)e™ DA+ (B-1)(8-2)™ B
(2.19)

+B(B-1)e ™AL (B-1)(B-2)e " VB=0.
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Finally (2.16) gives
(2.20)
BB —1)(8 —2)e™ V(A — 1)A
+1(8—1)(8—2)(B—3)e™ P~V (iA — 1) + (8 - 1)(8 — 2)e™ =) (5iA — 3)]B
—B(B—-1)(8—2)e P (iA +1)4
—[(8 = 1)(B —2)e™ P (5ix +3) + (B — 1)(8 — 2)(8 — 3)e PP + 1)]B = 0.

In case 8 =1 or # = 2 we can compute A4, ;1\, B, B directly and discover that ¢» = 0. Hence
we may assume that 8 # 1,8 # 2. Factoring out §—1 from (2.19) and (8 —1)(8 — 2) from
(2.20), we arrive at

(2.21) Be™ A+ (B—2)™B +Be ™A+ (B—2)e "B =0,
(2.22) Be™ 2 4+ ™ 2B + ﬂe_”ﬁiljl\—l— e~ ™z, B =0

where

(2.23) z21=tA—1, z22=(8—-3)GA—1)+ (5:A —3) .

We now concentrate on the systems (2.17), (2.18), (2.21), (2.22) where the coeflicients
A, B, A, B are arbitrary unknown complex numbers. The determinant of the coefficients

1S
1 g—1 0 1

0 1 1 g—1

eiﬂ'ﬁ (/8 _ 2)ei7r,3 e—iﬂ'ﬁ (/8 _ 2)e—i7r,3

ezﬂ'ﬁzl 61'71-’62:'2 6_“-’621 6_1'71-’622

Add to the third row e ¥ times the first row and ¢*™” times the second row. Then

add to the fourth row —e™2; times the first row. The result is

1 B-1 0 1

0 1 1 B-1

0 0 2cosmfB  2(8 —2)cosmf
0 e™(zy —(B—1)z1) e ™z, e Pz, — ™y

If we add to the fourth row e =™ (25 — (8 — 1)z;) times the second row, we find that the

determinant vanishes if and only if either
(2.24) cosmf3 =0

12



or
e TPz, — By — (B — 1)emﬁ(z2 —(B-1)z),

—(B-2)[e”™z — ™ (22— (6 -1)=1)] = 0.

Substituting z1, 22 from (2.23) we find that (2.25) is equivalent to

(2.25)

. 14 22X
2.26 2 —
(2:26) ‘ 1—2i\’
or
(2.27) B=—-p+mn (n=1,2,...)
where p is uniquely determined by
. 1—2iA 1 1
2.28 2imp _ AL 1
(2:28) ‘ 112ix’ 2 P52
or,
(2.29) 1 1 1—2iA 1< <1
. = — O _— _— — .
P=om B1y2ix’ 2572

Note that n < 0 gives infinite velocity for v at (0,0), and is therefore excluded from (2.27).
The solutions to (2.24) are given by

(2.30) ﬂ:%+n (n=0,1,2,...) .

Observe that the two sequences (2.27) and (2.30) are mutually disjoint; (2.30) is a

limiting case of (2.27) when |A| — oc.
Consider first the case (2.30). We proceed to solve the system (2.17), (2.18), (2.21),
(2.22) for this case. From (2.17), (2.18) we get
B—1

| ® W

-
(2.32) A= 3 B

Since e2™%# = —1, equation (2.21) depends linearly on (2.17), (2.18) and may therefore be
dropped. Substituting (2.31), (2.32) into (2.22) we obtain a linear relation between B and

B , from which we deduce, after some calculation, that

1— X

2.33 B = .
(2.33) 1+ XM
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Therefore (2.31) and (2.32) become

1 2\
(2.34) A:—B(ﬂ—lJrM)B,
~ 1 1— X
(2.35) A:—B[1+(ﬂ—1)1+)\i]3

We finally need to choose B so as to obtain a real valued solution %, i.e., a solution with

(2.36) A=A and B=B.
Setting
(2.37) B = |Ble*

the second relation in (2.36) becomes

1+ e

(2.38)

An easy calculation shows that with this choice of 8, also the first relation in (2.36) is
satisfied.

Consider next the case (2.26). Equations (2.31), (2.32) are still valid. Next we use
(2.26) in (2.23) and obtain, after some simple calculation which make use of (2.31), (2.32),

(2.39) B=-B.
Consequently, equations (2.31), (2.32) become
B —2

_ 7_P-2
(2.40) A=-t5=B, A-4

B.
We now choose B as in (2.37) with 6 such that
(2.41) e = 1.

It follows that

so that 1 is real-valued.

We summarize:
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THEOREM 2.1. There exist two sequences of real-valued solutions of (2.13)—(2.16)

having the form
2.42 2,Z) = Agz” + BgzP "'z + Agz” + Bz 12
B Apz’ + Bg2P 'z + Agz® + Bz

where either

21\ 1
(2.43) ﬂAﬁ:<1+i>\_ﬂ>Bﬁ7 ﬂ:§+n (n=0,1,2,...),
(2'44) /BA,BZ_(/B_2)B,37 B=—-ptn (n:1727"');

here A and B are the complex conjugates of A and B respectively, B has the form (2.37)
1
and 6 is defined by (2.38) if 3 = 3 +n and by (2.41) if B = —p +n.

1
We shall now superpose these solutions. We begin with the case § = 2 + n. From
(2.43),

0 2tA
_ By — Baz?"! _ BB.ZPY .
57\ Ane) = Ty B — BB
Setting
2.45 Uy(z) = Apzitm | Bi(2) = Bzitn
(2.45) 1(2) = Y Apz?t™, $1(2) =) Ba
n=0 n=0
we then have
0 25N ®y(2) 0
2.46 — VU = -——
( ) Oz 1(2) 142 z Oz 1(2)
and, by (2.37), (2.38),
> . 1— X
(2.47) ®1(2) = waz'/? ;Fnz Tl =y
In case 8 = —p + n we have, by (2.44),
0 BgzP
—(Aﬁzﬁ) =2 Bz —/BBﬁZ’B_l .
0z
Setting
(2.48) Up(z) = Y Apz "™, $3(z) = Y Bpz 0",
n=1 n=1
we have
15} (I)Q(Z)
(2.49) 5 Uy(z) =2 -y Py(2)
and, by (2.37), (2.41),
(2.50) By(z) =iz ") Tpe",Tnel.
n=1

We summarize:
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THEOREM 2.2. The system (2.13)—(2.16) has solutions of the form
2 z
(2.51) ¥(z,%) = 2Re 2 [\yj(z) + <1>j(z);]
]:

where &1, ®, are given by (2.47), (2.50) and ¥1(z), V3(z) are given by (2.46), (2.49).

This solution will be sufficiently general for our purposes. Let us compute the linearized

free boundary y = f(z) corresponding to ¢. From (2.3") we have

2
f(w):ﬁ Re(®; + &5 + ¥ + ¥,) (z=z==z<0)
2 = 2t Zn+% ~ 7P
-~ R T, 2T, :
U enz::l wAl—I—i)x n—l—%—l— ’ n—p

We have taken I'g = 0, since f'(z) must vanish at z = 0. Setting » = —z and noting that

2t . .
Re{wxl_l_i)\}#O,Re{zz PY#£0 if z2=-z,

we deduce that

(2.52) f(z) = f: [I‘nrn'i'% + fnrn"i'p] (T, € H,fn €R);
n=1

the coeflicients T',,, T',, are not the same as before, but they are nevertheless arbitrary.

§3. The perturbation problem. Consider problem (C'). We shall try to find a

solution with

(3.1) velocity v = U + ¢G, pressure ep and free boundary
I ={y=cf(z), —oco<z<0}

where ¢ > 0 is sufficiently small and G, p, f depend on . The outward normal is

(sfl(w)7 _1)
1+ 2 ()17

—
n —

and the unit tangent vector is taken to be

(1,2f'(2)
1+ eflap]iie

—
T =
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Set
ds = [14 &2 f'(z)*]?dx
Qe = {(z,y);2 < 0,y > ef(z)} U{(z,y);z >0,y >0} .

Then (C) becomes:

(3.2) Aa =Vp, V- 5 =0 in the flow domain €.

and

(3.3) 5 =0 on I,

(3.4) U(1,0) - (ef (2),—1) + ¢G(2) - (f (2),1) =0 on Ty,
— _ B f//(w) _

(3.5) (—pI—I— H(G)) n = —0[1 m s2f’(w)2]3/2 n on I.

We wish to simplify (3.5). Taking the scalar product with n and then differentiating
along I'y, we get

ds + ds

(3.6) nll(G)n| = —oc—

dp d [ﬁ - ﬁ] d___ f'(z)
ds [1 + e2f!(z)2]3/2 ~

Also, from (3.2),
dp - —
— =(AG)- 1.
ds (AG)- 7

Since dn /ds = 7 /R (R = radius of curvature) and

FH(G)r = F(—pl + M@ =7 ——) o
T()n_T(_p—l_())n_T'Wn— y
we also have _ .
dn - — - dn
T II(G)n = nH(G)g =0
Hence (3.6) becomes
(3.7)
N7 1 —(d_ =\ = o d f'(z)
—(AG)- —II(G — @ o
(AG) 7'-l-[1 +e2f/(z)2]1/2 n (dw ( )) n T4 2 fi(2)2] 1 do [1 1 e/ (2)2]° on I';
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From (3.5) we also have
(3.8) ZI(G)n =0 on T;.

We shall reformulate this problem in terms of the stream function v, where

—

G = (_¢y7¢z) )

the existence of v is equivalent to the condition V - G = 0.

Equation VG = Vp is equivalent to
(3.9) A% =0 in Q..

Conditions (3.3), (3.4) become

(3.10) ho(2,0) = by (2,0) =0 if z>0,
(3.11) Uf'(z) — v, =cf'(z)y, if y=cf(z), z<0.
Since 1
N _1/’$y 5(#’% - 1/’yy)
(G) =

1

we can easily check that (3.8) reduces to
(3.12) Vyy — Vup = 4y F1(2) — 2 F(2)? (Yo — ¥yy) = €Qu(e, f,¥) on Ty.

Next, from (3.7) we get by direct calculation

[Yyoa + Pyyy — sfl(w)(l/’wz + Puyy)]

1
+ [1 + €2fl(w)2] [1/}‘E‘E?J - sfl(w)(lpinzz - 1/}yy:n) - SZfI(w)21/}yzz]
_ i f”(w)
dz (1 + €2f’(cc)2]3/2 ?
1
T ey 2Vemy + Yo = 268 (@0ne 4 2F1(2) by

d "(z
- €3fl(w)3(1/’mz + 1/’zyy)] = _U% [1 + gfff(:z)ﬂ?’/? ’
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Expanding the right-hand side we can rewrite the last equation in a more convenient way:
2say + Pyyy + af(?’)(w) = 2ef'(2)as — € f'(2) Pyyy

L= (L4 2 f'())
(1+ 227 (@) 2

+ &2 f'(2)* (Yuee + Vayy) — Uf(3)(w)

f’(w)f”(w)2
1+ 2 (@pfr
where all the terms on the right-hand side are O(e). It will be useful to eliminate 3

from the left-hand side of the last equation. We do this by differentiating (3.11) twice,
then solving for f(®) and substituting into the left-hand side. This results in the equation

+ 302

(3.13)
M2%azy + Pyyy) — Yoar = 26AF (2)Pana + f O (),
+ 26 f" (@) + X' (@)yun — 2N (2) 2y
+ A (2)° (Yuoe + Yuyy)

L QP PEEP
- £ =
1+ ey )P 1+ & f oy )7
where A = —U/o. We shall refer to problem (C) in its formulation (3.9)—(3.13) also as
problem (C,).

It is not convenient to work directly with the system (3.9)—(3.13) since the flow region

+ Uf®) () eQ2(e, f,) on Ty,

Q. is unknown. We shall therefore perform a change of variables which transforms €2, onto
{y > 0}.
Let n(¢) be a function satisfying:

n € C*0,00], 7'(t) <0, and
(3.14) | . | ]
n(t)=1 if 0§t§§90, n(t) =0 if tZZQO'

We shall be working with positive functions f(z) which approximate A(—z)* for z
near 0 and B(—z)? for z near —oo, where A, B are positive constants and o > 1 and
0 < B < 1. Therefore, for any given 6y > 0, the free boundary {(z,cf(z)),—c0 < z < 0}

is contained in E;O/‘L if € is small enough.

We introduce the function

Y(z,y) =9 (w,y+sf(w)n (%)) if z<0

(3.15)
=¢Y(z,y) if >0
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and note that n = 1 on the free boundary, so that the free boundary for ¢ is mapped onto
the negative real axis for 1.

We also note that

b(z,y) = Y(a,y) i (2,9) ¢ By, -

We now wish to rewrite the system (3.9)—(3.13) in terms of . Take for example
equation (3.11). Using the relations

dptp = Outp + €8y1p - [f’n + % 77'] ,
(3.16)
f

8y = Byp + £8,1) - i

we can rewrite (3.11) in the form

(3.17) Uf(2) -7, —¢ {cw - [f'n i % n'] i f'ayzp} .

We can use (3.16) to rewrite the expression in braces in (3.17) in terms of %, and Jy: it
becomes a linear combination (with bounded coefficients) of products of f' or f/z by %,

or Jy The same calculation can be carried out for the other equations, using the relations
85 = [0 (9m)8, v

System (3.9)—(3.13) then takes the form

(3.18) A*p =eHy[, f] in {y >0},

(3.19) Y, (2,0) =9, (2,00=0 if z>0,

(3.20) Uf'(z) — v, =eHi[¢, f] at (z,0), z<0,
(3.21) Vyy — Yoy = cHa[h, f] at (2,0), <0,
(3.22) M2%o0y + Pyyy) = Puaw = eHs[, f] at (2,0), 2 <0

where H;[®, f]is alinear combination (with bounded coefficients) of products of derivatives
of f of order < j by derivatives of 9 of order < j, and Hy[%, f] = 0 outside Y,,- The

H;[¢, f] are linear in the derivatives of .
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The functions f and % will actually depend on £ and, to conform to the notation of

Theorem 1.1, we set

'9[} = '9[}0(587:’/) + 51/}1(587:’/75) ’
f=fo(z) +efi(z,e) .

(3.23)

We can then write

(3.24) V(z,y) = bo(z,y,¢) + 1 (2,y,¢)

where

(3.25) Balesne) = o (v <lho + el ()
(3.26) ir(eane) = b1 (wy+ elho(o) +hileolin (L) e -

Note that ¢, coincides in 250/2 with the function 1;1 (defined in Theorem 1.1).

Since (fo,%0) is a solution to (2.7)—(2.11), we can rewrite (3.10)—(3.22) as a system of

equations for (f1,%;) as follows:

(327) A2EZSHiW07f0 +5f1]+52HZ[E17f0+5f1] in {y>0} 3

(3.28) ¥y ,(210) =y ,(2,0) =0 if z>0,

(329) El,yy_al,zz :H;[Emfﬂ+5f1]+5H22[E17f0+5f1] at (CB,O),CB <0 ’

(330) )‘(2E1,zzy+al,yyy)_al,zzz = H?} [E07f0+5f1]+8H?? [El)fo—l_sfl] at (QB,O),:B <0

and
(3.31) Uf] — %y, = Hi[$g, fo +efi] +cH [Yy, fo +f1] at (2,0),z <O0.

Actually H}, H? and H? depend also on %, and «.
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LEmMMA 3.1. If

a,ﬁ aaﬁ
(3:32) 1550, SO0y 0l L, <G (Co>1)
and

a”B * o aaﬁ * *
(3.33) 1558 4 SO IBIEE <07 (>0,

then the functions
Hiv, = H%[%Oafﬂ + 5f1] ’ ng = sz[%,fo + sfl]
satisfy:

(3.34) B2 5280 < G(ey + e, [R50 < (o),

12a—1—4,28—1—i _ & * 2)12a—1—i,28—1—i _ S/ ~% .
(3:35) |[H} 22120717 < G(Co o), B ISP < B(0) (0<i<3)

where a(t) is a positive monotone increasing function of t.

Proof. consider the relation (3.31). It is obtained from (3.17) by using (3.23). H{

contains the terms

(3-36) ayl/’o (f(l)77‘|‘ ywi; 77l> + f(l)ayao .

Using (3.32), (3.33), the estimate (3.35) for ¢ = 1, 7 = 1 readily follows. The proof for
i =1, j =2 is similar; H? contains products of f} or f! by first derivatives of 9, or ¥;.

The proof of the other estimates in (3.35) and (3.34) can also be established by similar
straightforward calculation.

We now outline the proof of Theorem 1.1.

Outline. Denote by X(C*) the set of pairs fi(z),9,(z,y) satisfying (3.33). For any

such pair, consider the problem

(3'37) A2‘Il:Hi[amf()‘I'sfl]—l_SHZ[ElafO‘l‘sfl] in {y>0}7

(3.38) U,(2,0) = ¥, (,0)=0 if z>0,
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(3.39) U, — Wy = Hy[y, fo +efi] +eHi [y, fo +efi] at (z,0), z <0,

(3-40) )‘(2‘I’zzy‘|“yyyy)_q’$w = H?}[Emfo ‘|‘5f1]‘|‘5H??[$17f0 ‘|‘5f1] at (w,O), z <0
and

(341) UFI_‘Ilﬁ:Hll[amfﬂ+5f1]+5H12[E17f0+5f1] at (CB,O), r<0.

We shall construct (in §§6-8) a special solution ¥(z,y) of (3.37)—(3.40) and then define
F(z) by (3.41), and a mapping T by

T(f17¢1) = (F7‘Il)

We shall prove that if C* is chosen large enough then 7' maps X (C*) into itself and is a

contraction; hence it has a fixed point which is a solution to problem (C.).

To construct ¥ we first establish in §54,5 a useful representation for biharmonic func-

tions in {y > 0} satisfying mixed boundary conditions

VYyy — Yoz = 91, M2%suy + Vyyy) — Yuee = g2 at  (z,0),z <0,

(3.42)
Yy(2,0) = ¢y (2,0) =0 if z>0.
Consider
(3.43) A*p=H in {y>0}

together with (3.42), where H and g¢1,g» satisfy estimates similar to those derived in
Lemma 3.1 for the right-hand sides of (3.27), (3.29) and (3.30). In §6 we construct a
special solution W of (3.43) such that

at6,8-6 .
(3.44) Wl < )
forany0 <l <a—-1,0< 6 < B —1. In §7 we add to it a biharmonic function ¢ whose
boundary data ¢,(z,0), ¢4(z,,0) (—o0 < < o) coincide with —W,(z,0), —W,(z,0)
respectively. In §8 we add to W + ¢ another biharmonic function @ so as to obtain a
function ¥ = W + ¢ + @ satisfying (3.43) and (3.42), as well as an estimate such as (3.44).
The function @ consists of the special solution constructed in §5 plus an appropriate finite

linear combination of eigenfunctions of the linearized problem.

In §9 we apply the above construction to the special case of (3.37)—(3.40) in order to
show that the mapping T', which is well defined by the above construction, maps X(C*)
into itself and is a contraction.

We finally prove, also in §9, that the class of functions fo, with (fo, %) as in Theorem

1.1, is dense in a natural weighted norm.
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64. Mixed boundary conditions. Consider the problem

(4.1) A’p; =0 in {y >0},

(4.2) ©01,2(2,0) = 6(z), @1,4(2,0)=0 for z>0

where §(z) is the Dirac function. Using the Fourier transform in z one can easily derive

the following formulas (which are special cases of results obtained in [1]).

LEMMA 4.1. There exists a solution ¢q of (4.1), (4.2), which is given by

(4.) Dapr(ey) = > ¥
. sp1(z,y) = — ———,
2 zy?

4.4 D = ——
(4.4) le(wﬁ’/) T (22 + y2)2

Consider next the problem
(4.5) A’py =0 in y>0,
(4.6) ©02.2(2,0) =0, ¢3,(2,0)=6(z) for y=0.

LEMMA 4.2. There exists a solution ¢y of (4.5), (4.6), given by

2 zy?
4.7 D, Y) = —— - ,
( ) 902(58 y) - (wQ _I_y2)2
2 z2y
4.8 D = = —.
( ) y902(w7y) . (wQ _I_yz)z

In this and in the next section we are concerned with the mixed boundary value

problem:

(4.9) A% =0 in {y >0},

(4.10) Ye(2,0) =, (2,0) =0 if z>0,
(4.11) (Yyy — Yuz)(2,0) = g1(z) if z<O,
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(4.12) A2%ggy + Vyyy )(2,0) — Ygpa(2,0) = g2(2) if z<O0.

Observe that the boundary operators change abruptly from z > 0 to # < 0. Problems
of this type have been considered in earlier papers (see [16] and the references therein)
where L? and C, estimates were derived. However we shall need much sharper estimates.
To derive such estimates (in §8) we shall establish an integral representation for a solution
of (4.9)—(4.12). Our approach is motivated by [16;53].

We first write the boundary conditions in two different forms:

(4.13) Pa(z,0) = ha(z), ¢y(w70) = ha(z) (z€R),

and

('Qbyy - ¢zz)(w70) - gl(CB) (CC S R) 3

M2%say + Yyyy )(2,0) — Yrue(z,0) = g2(z) (z € R),

(4.14)

and then try to express the h; in terms of the g;. This step will be carried out in the present
section. In §5 we shall use the Green function constructed in Lemmas 4.1, 4.2 in order
to represent the solution of (4.9)—(4.12) in terms of the functions g1(), g2(z) (defined for
z < 0, only).

The subsequent calculations are somewhat formal. They can be justified however
without my difficulty if h; and g; have compact support on decay fast enough at infinity.

These conditions on h;, g; are satisfied in the actual applications in this paper.

The Fourier transform 1Z(§,y) satisfies
(i)* + D}l$ = 0.

We are interested only in solutions that do not grow exponentially as y — oo, and therefore
take

(4.15) B(€,y) = A(E)e €1V 1 B(£)ye el
We can rewrite (4.13), (4.14) in the form

(4.16) i€,(€,0) = hi(€), ¥y(€,0) = ha(€)

and

(4.17)
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We want to simplify (4.17) by using (4.15). This can be done along the general proce-

dure used in [1].

Set
Bi(¢,m)=7"-¢€,
By(6,7) = A28 +7°) — €.
Notice that
Bi(i¢,D,) = —Bi(¢,—iD,) ,
Bs(i€,D,) = —iBs(€,—iD,)

and therefore (4.17) can be written in the form

(4.18)

Set
My(&7) = (1 —il€])* = (v — €) — 2i[¢|7 .

Dividing Ei(f,r), as a polynomial in 7, by M., we get
Bi(6,7) = My (&,7) + Bi(&,7),  Bi(¢,7) = 2ilél
Bs(,7) = My (&,7)(M + 2Xil€]) + By(&,7)
By(€,7) = — A7 4+ €3(2Xisgn € — 1) .

-~

Since, by (4.15), My (¢, —iD, ) = 0, the boundary conditions in (4.18) simplify to
—Bi(¢,~iD))¥ = @(6) ,
—iBy(€,—iDy)d = Gal¢)
and then, by (4.16),
31(€) = 2(i€)(i sgn )ha () ,

G2(€) = —A(6€)*ha(€) + (4€)[2Xisgn € — 1Ry (€) .
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We now introduce the Hilbert transform

where the integral is taken in the sense of principal value (P.V.). Then

Hep(€) = —(isgné)@(¢) .

Consequently (4.19) may be written in the form

o0

2 Dhe(§) . -
(4.20) 7r_/ . ¢ =00,
T N2
(4.21) D2hy(z) + ? %125) dé = —AD2hs(z) — g2() .
We now assume that
(4.22) hi(z) = ha(z) =0 if z>0.
Then
2 0 D h
(4.23) - ;_225) dé = g1(z) ,
2 0 D%h
(4.24) Dihl(w) + — ;%(;) d¢ = —)\DihQ(w) — ga2(z) .

To invert the operators on the left-hand sides we shall use the following well known
relations (see [7; pp. 159-160 and 187-190]):

i %/w(y) dy = f(z), f € L*0,00) then
0

(4.25)

_ o 1 [ety fy)
90(58)—\/5 27r/w_y\/y_wdy



where any constant C' is possible;

8
B

it oo)- 2 [ 29 gy fe), f e 22(0,00) and

(4.26)

C f®) . e Ty
A ¢ (—o0,—1) then ¢(z)= 1+ 422 + (1+4X)7 T —y W
0

where p is the real number defined in (2.28) or (2.29).
Taking in (4.25) y = —¢, ¢(x) = —2Dhy(—=z), f(z) = g1(—z), we obtain from (4.23)

¢ 1 /Ow‘l'f 91(¢)
V= m ) et vevs

— o0

de .

The last integral can be written as

[ A= [ Ame [ A

— o0 — o0 — o0

The first and last integrals are equal to const /\/—z and the middle integral is equal to

0

B 1 2zg1(¢) dt
= e
Hence, for a suitable choice of C,
0
(4.27) Dyha(z) = é? / ¢__271((§)_ gk

Similarly, by using (4.26) we obtain from (4.24)

1
14+ 4X2
(4.28) e

2A(—z)7" / (=&
(144X z—¢

— o0

Dzha(z) = [ADZha(z) + ga(2)]

P‘Dih2(5) + g2(&)]d¢ .
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Our goal in the next section is to establish integral representation for a solution of (4.9)-
4.12). This representation is given in Theorem 5.1. The proof is based on Theorem 4.3
g

below, whose proof however is valid only if

1
(4.29) 0<p<s.

We shall first assume that (4.29) is satisfied and prove both Theorem 4.3 and part of

1
Theorem 5.1. We shall then use analytic continuation to extend this part to —5 < p <0,

1 1
and then proceed to complete the proof of Theorem 5.2 for all —5 <p< 2

THEOREM 4.3. Assume that (4.29) holds. Suppose ¢ is a bounded solution of (4.9)-
(4.12) and set hi(z) = 4(x,0), ha(z) = ¥,(z,0) for z < 0. If h1(0) = h{(0) = 0 and
h2(0) =0 then

NG
(4.30) ha(z) —$/ 5 dn_[o —\/—_f (=) d¢ ,

(o) = gy [ dn [ DDEe(a) + (ol

(4.31)

0 U]
2) - (=6)" 1\ 2
- { d —q)~"d ~—[AD;h d¢ .
T [ [ Cordn [ EERD k@) + e
Proof. Formula (4.30) follows by integrating (4.27). To prove (4.31) we need to show
0
(since h{(0) = 0) that the integral [ of the right-hand side of (4.28) vanishes. Equiva-

lently, if we set

PR (O U ()

1442 (14407 T —y
0

where f(z) = (AD2hs + g2)(z), then we need to show that

(4.32) /go(w)dw =0.
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We have

o0

(1—|—4)\2)/90(w)dw:7f(w)dw ?7 7{8(3/
/f dw—l——/f /Zj;dw

provided we may use Fubini’s theorem for the P.V. integrals; this will be justified later on.

(4.33)

1
Since 0 < p < 5 e have (setting ¢ = uy)

o0 o0

P —p
(4.34) /w v’ dw—/ Y du.
r—y u—1

0 0

Using contour deformation and the residue theorem we also get

o0

— 927 pi u ’ . —27pi
(1 —e 7P 1du:7r1,(1—|—e Py
u_

0

or
o)

u? T
du = —— .
/ u—1""" "2
0
Thus the left-hand side of (4.34) is equal to —% and, therefore, the right-hand side of
(4.33) vanishes; this completes the proof of (4.32).

It remains to justify the change of order of integration in (4.33). Setting h(z,y) =
f(y)z~"y” we have

1 1

We may write

0 ly—z|>e 5§|y—ﬂﬂ|<<€
r h r h
= [ dy (2,9) de 4+ [ dz | lim (2,9) dy
T —y 6—0 T —y
0 lz—y|>e 0 §<|y—z|<e

30



From the form of - and its smoothness,

h(z,y) — h
dy = (2,y) — h(z,2) |\ _ o, 2)
z—y z—y
6<ly=el<e 6<ly=el<e

where o(e,z) = O(¢) and, in fact,
/|a(s,w)|dw =0O(e), uniformlyin ¢ .

Hence the last term in (4.35) is O(e). Similarly the first term on the right-hand side of
(4.35) differs from
o0 Ooh
/ dy / (z,y)
T -y
0 0

by O(e). Taking ¢ — 0 in (4.35), the change of order of integration in (4.33) is thereby
justified.

Remark 4.1. From (4.30), (4.31) we see that

hi(z) ~ |2|* 77, ho(z) ~ |z|/? as ©— —oo.

§5. Representation of the solution of (4.9)—(4.12). Set

1

=7 [AD2hs(q) + g2(q)] -

(5.1) ®(q)

Then by (4.31).

(5.2) hi(z) = /Odql 7‘1>(Qz)d<p - ?/ﬂdql 7(—Qz)_”d<p /0 =0 ®(£)d¢ .

g2 — &

— o0

Introduce the contour C' and a small circle v about ¢;, as shown in Figure 2.
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FIGURE 2

We shall temporarily assume that

® is holomorphic in a domain D containing
(5.3) C and the negative z-axis, and ®(q) — 0
ifge D, |q| = <.

Then, by Cauchy’s theorem,

0

(_q2)—P(_€)p _ 27pt (_q2)—p(_€)p
Pt ey = pv. [ (- S e
(5.4) o
(—g2)"(=€)"
B a6

~

where we have taken the branch of (—¢)” (¢ = z + 1y) for which

arg(—¢)’ =2mp on {z <0, y=0+},
arg(—€)’ =0 on {z<0,y=0-}.
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When ~ shrinks to g2 the integral over v converges to
7ri(e2’”’i +1)®(¢) .

Substituting this into (5.4) and using (2.28), we get

D i (Ce) 6 2N [ (—e) (e
et B2y [ R (it w(a0).

— o0

Substituting this into (5.2) we obtain a simpler expression for h;:

(5.5) hi(z) = —@(e%m’ —1)7! /dql / dq2§1§(_q2)2_j(€_€)p¢(é)dé :

™

We shall now use the Green functions 1, ¢, introduced in Lemmas 4.1, 4.2 in order
to represent the solution v of (4.9)-(4.13) in terms of hy, hs as defined by (5.5) (4.30) for
z < 0 (recall (5.1)). We write

(5.6) P =91+

where A2; = A%y =0 and

Dzz/)lzhl,Dyz/q:O at ’yZO,

.Dzl/)QZO,.Dy'l/)Q:hQ at ’yZO

By Lemma 4.1
0
(5.7) Dyi(z,y) = / Ki(z —v,y)hi(y)dv ,
0
(5.8) Dybi(ey) = [ Kale —7,)ha(r)dy
where
2 y3
K = —
1(587:’/) - (CBZ—I—y2)2 ’
(5.9)
2 zy?
K = - —
2($,y) T (€B2 _I_y2)2
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In the sequel we let K denote either K; or K»; K(z —v,y) is a meromorphic function in
~ with poles at v = = + vy.

We wish to evaluate

o0

I= / K(z —~,y)hi(y)dy

— o0

- —%(62”“ - 1)1Z dvK(z %y)/odqu das ZS(_QZZ_j(gé)p¢(€)d€-

We shall use the following relations, valid for any L' function g,

0 q1 0 Y 0 q1
/dq1 /Q(Q2)dQ2 = /dq1 /ng2 +/dQ1/dQ2
¥ —oo ¥ —oo ¥ ¥
v 0 0 0 - 0
= / dqz/gdq1 +/dqz/gdq1 = —v / 9(g2)dgz — /Q2Q(Q2)dQ2 :
—oo Y Y a2 —o©

~

(5.10)

Using this in (5.10) yields

0

I = %(e%pi — 1) / dyK(z —v,y) / dgs + /Q2dQ2 ¢(_Q2q)2_j(€_€)pq’(f)df
0 o}

— o0

and, by changing the order of integration,

0

Gy 1=2E )7 [ dKe a9 a6,
where

H(7,§) =vG(7,) + Q(7,€) , G(7,¢) = / (;:2_)2) dgs
(5.12) -

0
Qy, ) = / 7‘”22”_2)5 " dgs
vy
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We note that for fixed z,y, £,

_ c
(5.13) H(v, )| < Cl|'™", |K(z —7,y)| < oF

for |y| large. Using these estimates and (5.3), we may change the order of integration in
(5.11):

(5.14) I= @<e2”i—1>—1g§d@<5><—5>'3 [ K-G98

™

We next introduce a contour § as shown in Figure 3.

FiGURE 3

For ¢ fixed the functions G(y) = G(v,€) and Q(y) = Q(v,€) are analytic in v in
R*\{(z,0), = < 0}. If Im v > 0, the integral defining G(y) can be taken as any contour
(from —oo to ) above the z-axis and, if Im~y < 0, as any contour below the z-axis; the
same holds for Q(v). Also, since

arg(—&2 +10)” = 2mp , arg(—€2 —10)? =0 for & >0,
the functions G(v),Q(v) in (5.12) satisfy
G(y +1i0) = e > G(y — i0), Q(v +10) = e > Q(y —i0)
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for —oco < v < 0. It follows that
—40 +:0
Pre-rEmd = [ Ke-rnpHG-id - [ K- vpHE+ i
é

—oo—10 —oo+10

=(1- e_%pi) / K(z —v,y)H(y —10)d~y .

Consequently,

(5.15) I= E(emi -1~ (1 - 6_2”pi)_1¢d7K(w — %y)glg dE®(E)(—&)"H(7,¢).

™
é C
Consider the integral

7 = an(e)(~€) Hi, ) - ¢d€¢(€)(—€)p{7 / Ca)? 4,

g2 — ¢
C C — o0

0
—a, )P
+/L 2) sz}, yed

g2 — ¢
)

and deform C into a contour C' as shown in Figure 4.

FIGURE 4
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Each time we cross a point ¢ (in §) we get an additional term due to the pole of
B(E)(—€)"/(g2 — €) at € = ¢2. After changing also the order of integration, we end up
with

¥ 0o
B - dEd(¢ _ d€@(£)(—¢)”
J—’Y_/ dga(—q2)” f -I-/dfh Pq f—(p—f
o' 0
+2miy / ®(q2)dgo +27ri/qz‘1’(Qz)sz :
e ;

Substituting this into (5.15) and collapsing C' onto the negative real axis, we obtain

I= 27r—>\(e27fpi —1)7H1 — P {¢K z —,y) | 2miy ] ®(g2)dgs —|—/0<I>(q2)q2dq2
—|—(e27fpi_1)[7/0dQ2(—Q2)_p /0 dfcb(g);;f)f’
—I-/OdQZ(_‘D)_p(Jz /0 déq)(é);—?ﬂ}‘

Observe that K(z —~,y) as well as the expression in the first brackets are holomorphic in
v in a domain Dy containing § and the negative real axis (the denominator in K is # 0)
and the product is bounded by C/|y|*T# for some p > 0, as |y| — oo, ¥ € Dy. (here we
use the assumption (5.3)). Hence the integral over é is equal to zero. The result is that

Gae)  1=2a-ermy [aae-er R - E6,n

— 0 é

where H is defined in (5.12).

Finally we deform 4 into two circles
wi iy —(z +ay)| =
wy iy —(z—y)| =

both in the clockwise direction, so that

(517) D@ - v HG 0 = 3 PE G — ) H G,



We shall now use (5.16), (5.17) to evaluate I for K;. Writing

y
Ki(z —v,y) = “or [

1 2 1
(G —+w) (—rw)a—(—w) (—(c- iy))2]
and

H(y,§) = H(z +iy,&) + H'(z +1y,&)(v — (z +iy)) + -+
where H'(y,£) = 0H(~,£)/0y we find, by the residue theorem, that

¢K1(w — 7,y H(y,€)dy = —y [z‘H’(w +iy, &) — M]
and similarly,
DEs(e =1, 0) )y = - [H( iy €) + W] .

Substituting this into (5.17) and observing that vG'(v,¢) + Q'(y,£) = 0 we get
(5.18)

¢K1(CB - 77y)H(77€)d7 = _[CBG(CC - iy7€) - CBG(CB + iy7€) + Q(CB - iy7€) - Q(CB + ly,f)] .
8

Substituting this into (5.16) and recalling (5.10), (5.7), we find that

0

A .
Do) =~ (1= 20 [ dEBEN-)(eG (e — in,€) -~ 2Gle + in,€)
(5.19) m J
+ Q(CB - iy7€) - Q(CB + ly,f)] ’
where
r—1iy _,
(520) G(CB - iy77) - G(CB + iy77) = / % dq ’
T4y

e
(5.21) Qz —iy,7) — Qz +1y,7) = / vl R

T4y

Similarly, using
Kz(:c—“r,y)z—i . = : + !

2 (v —(z+1y))? (v —(z+iy)(v — (2 —dy)) (v —(z —1y))?
(v = (= +1y)) + 3y ,
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we calculate

¢K2(w —7,y)H(v,8)dé = yH'(z + iy, )

w1
and similarly

gﬁzcz(w ) H (7, €)dE = —yH'(z — iy, €) .

Substituting this into (5.16) and recalling (5.10), (5.8) and the relation yG'(v,£)+ Q' (v, €) =

0 we obtain

(5:22) Dytslie,y) = — 21— [ dea(@)—€)y(G(a — i, 6) - Ole + v, )]

1
So far we have established (5.19), (5.22) for 0 < p < 7 To extend these results to

—— < p < 0, we use analytic continuation. For any a > 0 the function a” is an entire

holomorphic function in p. From (4.27) we have

|D?hy(z)| < C/|z|*/? for |z| large.

1 1
We can therefore extend the definition of D?h;(z) to p € D where D = {—5 < Rep < 5},

for such values of p the integral in (4.28) is absolutely convergent, uniformly in p, thus
defining a holomorphic function in p. Since, by assumption, h1(0) = h}(0) = 0, we clearly

have

hi(z,p) = hi(z) = /dw'/D2h1(w”)dw”
0 0

and so hi(z,p) is also holomorphic in p, p € D.

Clearly
D3 ha(, p)| < Clz| 7 Tete)

for |z| large, so that

(5.23) ha(z, p)| < Cla] Rele) .

Denote the right-hand side of (5.7) by k(z,y,p), and the right-hand side of (5.19) by
D,y (z,y,p). Since
|Ki(z —7,9) < C/lyl*
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if |y|is large, the function k(z,y, p) is holomorphicin p, p € D. The function D, 91 (z,y,p)
can obviously also be extended as holomorphic function in p € D. Since we have proved
that

k(z,y,p) = Dytp1(z,y,p)

1 1
if0<p< 2 this relation must hold also for ~3 < p < 0, by analytic continuation.

Thus the function D,v; defined in (5.7) can be represented in the form (5.19) for all

11
2 PS5

Similarly we can establish for the function Dy, defined by (5.8), the representation
1 1
(5.22) for all 3 <p< 7
So far we have established (5.19) and (5.22) under the restriction (5.3). In general
what we know about @ is that it is given by (5.1) and therefore

C
[€[3/

B(6)] < for [¢| large.

If we can approximate ®(£) by a sequence of functions ®,(¢), each satisfying (5.3),
such that the integrals in (5.19), (5.22) and (5.7), (5.8) corresponding to ®,, converge to the
same integrals corresponding to ®, then the proof of (5.19) and (5.22) will be completed

for general ®.

To carry out this approximation, we first approximate ® by functions ®,, with compact
support (using cut-off functions), and then proceed to approximate the ®,, by functions

®,, satisfying (5.3). Suppose
$,(6)=0 if ¢<—b.
For any € > 0 choose a polynomial p(£) such that

(5.24) lp—®,|<e in [-b—1,0].

{1—|-tanh [A<€+b+%>]} .

Introduce the function

f(é) =

N | =

Then |f| <1 and

1 if ¢€+b>0,

if 4 — o th
.4 = oo then f(E) = {0 i E4bt1<0.

Hence, for A large,
lfp—®,] <2 if —b<€<0.
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If —=b—1<¢< —bthen ®, =0 and so, by (5.24),
|p| < e, sothatalso |fp|<ce.

Consequently
fp—®,|<e if —b-—1<&<—b.

Finally if A is chosen large enough, depending on p, then
fp—a| = |fpl <e if £<—-b—1.

The function ®,, = fp provides the desired approximation to ®,, and to ®; it satisfies (5.3)

and, in fact, it decreases exponentially fast at infinity.

We now turn to ¢,. By Lemma 4.2 and the proof of (4.27)

0

_ 2 v (z —§)
(5.25) m%@”*‘wgibwawfv+fvﬁ’
2 / y(z —€)°
(5.26) Dotk = 4 () s g g
where

ha(y) = / V=7 dg F(f)dg 5

~

Introduce a contour C as above and assume first that g;(¢) is holomorphic in a domain

D containing C' and the negative z-axis, and that it decreases fast to zero as £ € D, |£| —
oo. Defining a branch of \/—¢ off the negative real axis such that arg/—€2 +¢0 = 7 ({2 >
0), arg/—&€2 —10 = 0 (€2 < 0), we easily find by deforming contours that

_au@dg _ 0u(§)dg
P Fea-a - Fea-a
Hence
I N
(5.27) ha(y) = - lﬂdqzﬁﬁq_é-
Set
L S S S B
(5.28) Below) =20 gy B0V =5 Gy ey
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Then the right-hand sides of (5.25), (5.26) have the form

0

. I= [ dyK(z - 928 70, 6)d
(5.29) _[o vK( %@Zﬁm (7,€)dé
where
(5.30) Z(7,€) = /J_
and K = K3 or K = K,. Note that
(5.31) Z(v+0t,¢)=—-Z(y—10,¢) if y<O.

Next we introduce a contour § as before. Then, by (5.31),

0—z0
Dtk —r20,0=2 [ drKle-2,9)26 - i0,6)
é —oo—10
and thus
1 91(§)
(5.32) I= 5 \/—5 dyK(z —v,9)Z(7,§) -

We next deform C into C' as above. The term which arises as we cross the singularity

gﬁdﬂf(w - %y)ﬁ ]91(Q)dq = gﬁdvF(v)

é 0 é

at a point £ = ¢ is

and this is equal to zero by Cauchy’s theorem (since F(«) is analytic in D and converges

to zero fast enough if |y| — oo, v € D). We thus get

=g

91(¢)
v {

dvK(z —v,9)Z(v,§)

(5.33)

/dé\/@ dvK(z —v,9)Z(v,§)

after collapsing C' onto the negative real axis.
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Finally we may deform é to obtain

(5.34) g]gdﬂf(w —71,9)Z4(7,€) = Z g]gdﬂf(w —71,9)Z (7€) -

é i=1 wj

Since the kernel K3 coincides with the kernel K5, we can proceed as in the case of K,

to derive

¢K3(CB - 77y)Z(77€) - y[Zl(w - iy7€) - Zl(w + ly,f)]
8

where Z'(v,€&) = 0Z(v,£)/0v. Hence

0

(535) Dz"/’2(w7y) = / dé‘?;(_ié) y[Zl(w - iy7€) - Zl(w + zy,f)]
where
1 d 1
_ — Y _ - VT
(5.36) 2(1,6) = - /Fq e 268 = 3

Similarly, by the residue theorem,

g]ﬁm(w —%,Y)Z(7,&)dy = —[Z(x +iy,v) + iy Z'(z + iy, )]

and
g]ﬁm(w — %, 9)Z(7,€)dy = [Z(z —iy,v) — iy Z'(z — 1y,7)] .

It follows that

0

Dyiha(z,y) = / dé‘(i;(_% {[Z(w —1y,7) — Z(z + iy,7)]
(5.37) oo
—iy[Z'(z + iy) + Z'(a — iyn} ,
and
(5.38) 2o iy - 2 +inm) = 5 [ VEa S

r+iy
So far we have assumed that g;(¢) is holomorphic in the domain D (D as in (5.3)) and
g1(€) — 0 fast, if |{| — o00,€ € D. Since any g; with compact support can be approximated
by g1 analytic in D and decaying to zero exponentially fast as || — oo (the proof is the

same as for ® above), we conclude that (5.35) and (5.37) are true for general g;.

We summarize:
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THEOREM 5.1. Given any continuous functions g1(z), g2(z) with compact support in
(—oo < z < 0), define functions hyi(z),ha(z) for —co < & < 0 by (4.27), (4.28) and
h1(0) = R{(0) = 0, h2(0) = 0. Define also a function ®(z), for —co < = < 0, by (5.1).
Then a bounded solution v of (4.9)—(4.12) is given by ¥ = 1 + 2 where 1 and ¥, are
determined by (5.19), (5.22) and (5.35), (5.37).

This result is valid actually whenever g1(z),g2(z) are decreasing sufficiently fast as

r — —OQ.

3
§6. Special solution of A%2) = H. Let o > R 0 < B <1 andlet H(z,y) be a

function satisfying;:

(6.1) H=0 if (z,y)¢%, ,

20-5,26-5
(6.2) B35 <N

where 0 < 6y <1, 0 <+ <1 and N is a positive constant. In this section we shall prove:

THEOREM 6.1. For any 0 < § < o — 1,0 < § < min(83,1 — 3), there exists a solution
W to

(6.3) AW =H in {y>0}
such that
(6.4) WSt < e

o1 UB} 44~y —
for any 0 < 6y < 1 and R > 0, where C is a constant independent of N.

Introduce nonnegative C'> functions (i, (2 such that supp (1 C By/s3,supp (2 C [R2\B5/4
and 0 < (; <1 and {; + (s = 1. We first construct a solution to

(6.5) A =(GH=H in {y>0}.
We introduce the fundamental solution

K¢ log €] (K constant , ¢ = (z,y))

of A? in R? and consider the special solution of (6.5)

(6.6) e(€) = K/ € — q|*log |€ — q|H1(q)dq .

44



In order to estimate this function we cover the support of H; by discs Bj(z;) =
B,.(z;,0) where p; and |z;| decrease exponentially to zero; for instance, if 6y is small

enough (which may assume to be the case) we can take

3\’ 1/3\’ ,
(6.7) o=l =(5) ei=3(5)  U=onze.

Write

(6.8) p=> / € — q*log ¢ — qlhj(a)da = I .
i Bpj(‘l;j) d
By (6.2),
hj(q)] < CNlej|* ™,
(6.9)

IDhj(q)| < CNla;[2*%7 ,

Substituting ¢ = A|z;| in I; we get

¢ 2
I = |o;|*log |z / & ARy (A )

||
Bq/2(-1)
(6.10)

¢ 2 £ =
Flasl [l el - AmOleshir =11y

Bq/2(—1)

The first integral can be written as a quadratic polynomial in ¢,
log ;[ {aj|€]” +b; - € +c;}
where, by (6.9),
laj| < CNla;[**™* , |bj| < ONlz;|**™*, |ej| < ON|z;[**7° .
Summing over j we get a quadratic polynomial

(6.11) N Ii=al¢f +b-6+c, lal+ b+ ]| <CN .
J

Next we wish to estimate the I;-'. It will be important to observe that

(6.12) if A€ Bys(—1) then |[A]>

N | =
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We apply Taylor’s formula to
g(u) = |u—)\|2log lu — Al (A€ 31/2(—1))
for u near 0 and then substitute v = £/|z;|. We get
a+6
(6.13) | = < ~A’log | == — A| - PM( < A) ‘ gc(i>
|z |w]| 2] |z;|

where Pjs is a polynomial in ¢/|z;| of degree M and M is such that

(6.14) M<2—1<M+1;

here we can take any 8§ < a — 1. We shall actually need to choose 8 such that
(6.15) f<a—1,a+4+0>2,a+60>M,

which is possible since @ > 3/2. Applying any k-th derivative to the Taylor expansion of
g(u) we also get

a+6—k
(6.16) 8[| AP 1og| £ A - Py (_f ,A)]\g . (_f )
EX |z |z EFLANER

provided ¢/|z;| is small. If £ /|z;| is large (or just stays away from zero and X) then (6.16)
is still valid since a4+ 6 > 2, + 60 > M. If {/|z;| is near A then the left-hand side of (6.13)
remains bounded and, by (6.12), it is bounded by the right-hand side for a suitably chosen

constant C.

The same considerations apply to (6.16) with k£ = 1. If £ = 2, however, then we must
replace (6.16) by

a+6-—2
i—)\flog‘ ¢ )\‘ PM( < A)} < 02 (ﬂ>
EH EH |z;] |z \ |z;]

_|_

1% ||
(6.17)

C ¢
1 —— — )
EE °g‘|wj| |

in order to bound the left-hand side also for £/|z;| near A.

For k = 3,4 we need to add still larger terms on the right-hand side of (6.16) in order
to control the left-hand side for £/|z;| near A:

a+6—k
ot 15 apres £ a e (£ 0)] 1225 ()
|2;] |z EX EXLNEH

L C 1
2l & AT fg-ales)
J J

(6.18)
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This estimate, although good enough for our purposes in case k = 3, will not be sufficiently
precise for k = 4. We note that any fourth order derivative 9% of |u|?log |u| is a kernel

Q(u) of a singular integral. Using this fact we can write

ot |15 = AP 1og | 5 o = pae (5 )|
|w |w]| |w]|
1 ¢ ) C (|€|>°‘+9‘4
- o= R Ll .
| j]* (|wj| {\____A\ }‘ E;|»’Cj|‘* ;]

We proceed to estimate the I. Using (6.13) and (6.9) we find that

(6.19)

(6.20) I}l = |ch|4 / PM <|§—| ,A) h]()\|w]|)d)\ + lel
J
By/2(-1)
where
" 4 |€|a—|—¢9 2a—5 a—1—0|s1a+8
|R|<CN|J|| |H|J| = CN|z;| &[T

Since a —1 -6 >0, X|R]| < CN|¢|*+9. The first term on the right-hand side of (6.20)
is a polynomial in ¢ of degree M with coefficients bounded by

CN|z;|>* ™M (using (6.9)).
Since 2a — 1 > M, we conclude that
(6.21) 1> 1 — Pu(¢)| < ON[¢|*H?

where Pps(€) is a polynomial in ¢ of degree M.

Similarly to (6.21) we can derive the estimate
(6.22) 10c | DI — Pu(€)| | < ONJg[* .

To estimate 352[;-’ and 32[;-’ we need to use (6.17) and (6.18) (for k = 3) respectively.
We shall carry out the details just for 32[;-’.

We have

351” ag |:Bj|4 / PM< é )h]()\|w]|)d)\ —I—lel

|z;] 7
By/2(-1)
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where

B < oy T L e R
il = J 2|30 |z;[? j ;
and
E. < ON 14 ; " . .
|R;| < || £ by X ¢ IE |z | )
B1/2(—1) ‘W_ ‘ {‘W—A‘<%} j

In the last integral the only possible points ¢ for which the integrand does not vanish
identically are such that || ~ |z;|. Consequently

dX < CN|z;[***

R <clespe | B

By/p(—1) '

|fj| _)“<%}
S CN|€|a_3+0|CCj|a_1_0 .

Hence

R]| < CNJE[" ] |*

and, since o — 1 > 6,

(6.23) |02 [2L] — Pu(€)]| < ONJg[*7*+7 .
Similarly
(6.24) B[S — Pag(€)]] < ONg[a2+0

We proceed to evaluate 3?[;-’. By (6.19),

J
Bq/2(-1)

where

R)| < CNJE["+ ] |*

and

. £
R} = / Q(w—)) hj(A|wj|)X{‘lfT_A‘<%}d)\.

Bq/2(—1)

Using (6.9) we can apply the Schauder estimates as in [5] to conclude that
|R}| + |e; Y07 B} | < CN |z |**~° .
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Since [¢| & |z;| if RY # 0, it follows that
(6.25) |R;‘| + |€|’Y|3’€YR;F| < CN|€|a_4+0|wj|a_1+0.

Combining the estimates for R and R, we get

O[5 — Pu(&)]] + €10 (BT — Pu(€)]]
(6.26)
SON[E™ (k| =4).

Combining the estimates (6.26) with (6.21)-(6.24) and recalling (6.8), (6.10), (6.11),

we get the following result:
LEMMA 6.2. The function ¢ defined by (6.8) in a solution to (6.5) in {y > 0}, satis-
fying:

IDE[p(€) — Pu(€]] < CNyorIFIF (k] <4),
(6.27)
1D p(6) = Par(€))] < ONro =70 (k] = 4)

in {y > 0} where ¢ = (z,y), r = ||, and Pp(€) is a polynomial of degree M with
coefficients bounded by C'N.

We next turn to solving
(6.28) A% = (oH = H, .
Proceeding similarly to (6.6) it seems natural to take
(6.29) po(§) = K / [€ — qf* log |¢ — q| H2(q)dq -
{z<—1}

We can cover the support of Hy by discs B, (z;) where

|wj|:(§>j wz%(%)j (G=1,2,...)

provided 6 is small enough. Then we split the domain of integration in (6.29) into these
discs. However, unlike what we did before, we now must add to the j-th term a special
biharmonic function ¢;; otherwise the series will not converge. Thus, we shall replace ¢

by a somewhat different function

(6.30) g = XI;



where

¢ 2 \T,«—\
= loyllog o] [ o~ M los =25 hi(Ae; )
J
Bq/2(-1)
(6.31)

57
Tt / ‘i._)\‘210thj()\|wj|)d)\EI}—I—I},;
|z Al
Bq/2(-1)

the harmonic function ¢; enter through the factor 1/|A| in the “log” terms of both I’ and
I. From (6.2) we have

hj(q)] < CN|z;*~°,
(6.32)
|D"hj(q)] < CN|z;|?P=577 .

We can estimate the I;- as before, simply replacing « by 8 and noting that 23 — 3 < 0.
We then get the same result (6.11) as before. It remains to estimate the I}

We expand

U A co(A) - u 1
(6.33) log |u — A| = log |u| + log ‘m — m‘ = log |u| + % +0 (—)

Jul?

for |u| large and use this expansion to establish the relation, for £/|z;| large,

S :
£ Al B \_{ [ A CY T S

] RY lz;12 7 |z |2;] |2;]
N ¢
NIER - T~ A
(6.34) +C(| LI g+|A|21og—""A . }
x| |z;] Al { l;ﬁ_x\ﬁ}

_ €7
=0 . forany 0< 8§ <f

where ¢, ¢, ¢ depend on €,z;,A and are uniformly bounded. (In fact, the right-hand side
may be replaced by O(log |¢|/|z;]). If £/|z;| varies in a bounded set away from 0 then
(6.34) is still true since the left-hand side remains bounded. Finally, if {/|z;| tends to zero
then the left-hand side converges linearly to zero (it is here that we need the factor 1/|A|

in “log”), and therefore (6.34) remains valid.

We need to estimate the contributions of the various termsin {-- -} and of the O-term
to I!;
7?
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We begin with

€ |0, €
o os ol | (Al ])dA
(6.35) ’ " Bua(-n)

|z ;]*

< CN|z;|*P~2|¢]* (| log [¢]] + log |z;]) -
The next term contributes
(6.36) CNlz;|*"?1¢|(|1og |€] | +log |z;]) -

The contributions from the next two terms in {---} are bounded as in (6.35), (6.36), and

the last term contribution is bounded by
CN|z;|*|z;|*"~° = CN|z;|P~! = CN|¢|P~|a; P 110

since |¢| ~ |z;| if the integrand is not identically zero.

Finally the O-term in (6.34) contributes to I a function bounded by

1P

4
CN|CCJ'| |€c'|ﬁ_6
J

|z;|*P 7% = CN|E)P 0|z P71 T0 .

Summing over j in the above estimates and choosing § < 1 — 3, we obtain
(6.37) ZI]| < N{I¢[*log €] + [¢]° + C€] + O(I€)*~*)} -

Next we wish to estimate derivatives 3?[;-’. The procedure is similar to that used for
¢ near 0. If we apply 3? to the left-hand side of (6.34) we get the error term

1 B—Ik|—6
0 ( €| ﬁ_|k|_6>
|2;] ||

provided [{|/|z;| is large. The same is true if |{|/|z;| is near 0 (since 8 — |k| < 0). Finally,

if {/|z;| is near A we need to modify the estimate when |k| > 2 in the same way as before.
It will be enough to consider just the case |k| = 4. The various terms obtained by applying
3? to the sum in {---} in (6.34) can be handled essentially as before, with minor changes.

Therefore we concentrate only on the new term which involves a singular integral:

e f
=il ;] X{ |f,|—>\‘<%}

By/2(-1)

hi(Me;1)dA .
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By the Schauder estimates [5] this term and |z;|” times its derivative 9] are bounded by
CN|e; =577 = ONe|P == e |P 71077,

where we used the fact that || ~ |z;| if the integral is # 0. Since § —1 + § < 0, we can
sum over j and, together with the estimates of the other terms in 3?{ -+ }, deduce that

|08 ZI}I |+ |§|7‘3§+7[ZI}’H < ON|e|p—4—?

J J
if |k| = 4.
We summarize:

The function ¢ defined by

1€ —q
p¥1

(6.38) FO=KY / €~ qPlog Ha(q)dg

J Bﬁj (z;)

with |A;] & p; satisfies:

8¢ {@ — [A1|¢]” log €] + As|¢” + As - Elog || + Ag - € + Aslog [€]] } |

(6.39)
< ONeB=IFI=6 31 k| <4,
and
(6.40 0577 { — [A1|€*og |€] + Az|€* + As - Elog €] + As - € + Aslog [€]]} |
6.40

< CONPP=4777% it |k| =4
where || = r and
(6.41) 4;| < CN .
Actually we have only proved so far a cruder result than (6.39), namely,
9831 < C [[€Plog ¢ | + € +[€] |Log |¢ | +[¢] + 71+

However a little bit more careful analysis shows that the bounds |£|log |£| and |¢| actually
come from terms A; - £log |€| and A4 - €. The same remark applies to (6.40).

Fix a point £ in {y < 0} and consider the function

B(€) = (€) — [Bulé — &7 log [€ — &o| + Bs|¢ — &ol?
(6.42)
+ Bs - (§ — §o)log |¢ — &o| + Ba - (§ — &o) + Bs log [€ — &ol]
We can choose B, Bs,..., Bs in a unique way so that all the unbounded terms in ¢ cancel

out. Hence:
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LEMMA 6.3. Suppose let 0 < § < min(B,1 — 8). Then the function ¢ defined by
6.42), where @ is defined in (6.38), is a solution to (6.28) satisfying:
g

(6.43) [D*&(€)| < ONrPIF=0 (k] <4),
[DFFIG(E)| < ONrPTA=0 ([k] = 4) .
We return to Lemma 6.2, and prove:

LEMMA 6.4. Pp(€) is a biharmonic function.

Proof. We can write Py; as a sum of homogeneous polynomials p,, of degree n:

M
Pu(€) = palf) -
In view of (6.27), the biharmonic functions
1

onl€) = o o(RE)
converge to fn,(€) as R | 0; hence p,,,(€) is biharmonic. Proceeding similarly with ¢ — .,
we discover that g, is biharmonic, etc.

Any biharmonic function has the form
hi(z) + Zha(z) + c.c.

where hi,h, are holomorphic functions and c.c. stands for the complex conjugate. It
follows that the biharmonic polynomial Pps(€) which occurs in Lemma 6.1 is a finite sum

of expressions
6.44 ; :A~zk—|—Z~2k—|—B~zk_12—|—§~2k_1z
j j j j j

where |4;|,|B;| are bounded by C N and the bar means c.c.. For any such ¢; and for any
R > 0 one can construct polynomials @;(z), R;(z) such that

$i =¥~ Qi(x)e™™ + 2R (2)e™" + e = O(12/F)
for |z| < 1. Of course we also have
Jj — 0 exponentially fast if |z2| — oo, |Imz| < 6;| Rez|

provided 6 < 1; the convergence is in the (4 4+ 7)-norm.

Note that the function ¢ constructed in Lemma 6.2 satisfies (6.43) if || > 1 whereas
the function @ constructed in Lemma 6.3 satisfies (6.27) if |{] < 1. Consequently, the

function

(645)  W(&) =w(©)+8() - X |[Qi(2)e™™ +2R;(2)e™ | +ce.] (€= (2,0))

J

satisfies the assertions of Theorem 6.1.

53



§7. Solution to auxiliary boundary value problems. In this section we wish to
find a solution to

(7.1) A’0=0 in {y>0},
(7.2) 0o(2,0) = Wo(2,0), 2R,
(7.3) oy(z,0) =W,(z,0), zcl.

It will be convenient to use integral representation for ¢, ¢, rather than directly for ¢.

Lemmas 4.1, 4.2 provide us with the representations

0 0

890 . BKl 8K2
(7.4) %% / 5 (z —s,y)D, W (s,0)ds + / 99 (z —s,y)D,W(s,0)ds ,
3} / oK / oK.
(7.5) 8—9; = / Bwl (z — s,y) D, W(s,0)ds + / 3y2 (z — s,y)D,W(s,0)ds
where
OKi(z,y) 2 y3 0K (z,y) 2 z2y
O m (eX+y?)2 ] By w (eP+y?)?)]

OKi(z,y) OKi(z,y) 2 zy?

Ay Oz o (224 y?)?
From the estimates in Theorem 6.1 we deduce that the integrals in (7.4), (7.5) are conver-

gent and define smooth functions which we tentatively denote by ¢; and ¢ respectively.

One can verify that
Op1 _ O¢2
oy Oz

Hence there exists a function ¢ such that

Op Op
7.6 r _ -

By direct computation

Op1 D2
7.7 A—+A—==0.
(7.7) Oz + Oy
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Hence
(7.8) Alp=0.
We decompose

W,(z,0) = Xh;(z,0), W,(z,0)=Xk;(z,0)

3\’ 3\’
where hj, k; are supported in intervals with center z; = &+ (Z) and length (Z) ;1=
0,+1,42,..., and then split the integral in (7.4) into infinite series,
dp 9y,
7.9 L=y
(7.9) Oz Oz
where 01 ; /Oz is an integral corresponding to the integrands hj,k;. Thus

o0

Wi [ |2 v oy 2 (s .
dxr /d [ﬂ-[(w_s)2 _|_y2]2 h]( 70) W[(w—s)2+y2]2 k]( ,0)] .

— o0

Substituting s = |z;|A, we get

ou; _2 2 B o
" W§1/2<1>/u§1/2<1> { [<—| ) <|y7>2}
_ <|$7_)‘> <|37>2 k;(|z;]), 0)

() ()] }

where ER(:H) denotes the interval with center +1 and length 2R.
Consider first the terms with j > 0. By (6.46), if ;7 > 0 then

(7.10)

|hj| + |kj| < CN|z;|***? | and similar bounds hold for
(7.11)
the 3 4+ v derivatives.

Expanding the function u®/[u® + (v — X)?]? about u = v = 0 by Taylor’s formula, we
find that if A € 31/2(—|—1) U 31/2( 1) (so that A stays away from 0) then

) e G e ()
4>2r INEsINES ;]
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where ¢ = (z,y), Ppm—1 is polynomial of degree M —1in €/|z;|, M is asin (6.14) and p
is a sufficiently small positive number such that

a—140—pu>M-1

(which is possible by (6.14)). This choice enables us to conclude that (7.12) is valid also

for (z/|z;|,y/|z;|) near oo and, in fact, whenever
T
2 By 4(—1,0)U By /4(+1,0) .
(7 1) # Bt L0 U Best1.0
If
x Y
( ) €B3/4( 1,0)UB3/4(—|—1,0)

LA

then we need add to the right-hand side the term

)

[<L j )\>2 . <L>2]2X{ <W 7 #>6[33/4(_1,())%3/4(“70)]} .

ER ER

Using (7.11) we then easily find that

. . a—14+6—p
O%; —N|wj|a_1+0PM_1’]M(f1’y)‘ < CN|§a|_1+0_ T
(7.14) Oz |z |z s

+ Cj Nz * 1+

where 6]- is a constant ¢ times the integral of the function in (7.13). If this integral is
nonzero then |€| ~ |z;| and therefore we can replace the last term on the right-hand side
of (7.14) by

CN[E[TIFO |

In (7.14) Pp—1 j is a polynomial degree M with uniformly bounded coeflicients. Sum-

ming over all 7 =1,2,..., we get
81/)1 a—140—p
(7.15) 1D 5 — Pua(§)] < ONIg :
Jj>0

Similarly one can establish the corresponding 3 + v estimates

— Pya(§)| | S ONJget o= (k] < 3)

8 .
DM [N % p o)) [ < onjelrter (k] = 3);
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the coefficients of Pps_1(€) are bounded by C'N.

We now proceed with the part of the series (7.9) for which j < 0. Here we use the
estimate

2 _
(g?) e
[<|$Lj|_)\> +<|£17> ] |€CJ| J J

where p is any small positive number. Analogously to (7.14) we get, for j <0,

) §7_f 31/2(—1,0) U 31/2(—|—1,0)

) B—1—7n
O < CN[¢|

Oz =1k

(7.17) 2|77+ ON ;[P 70%

where X is equal to the integral of (7.13), so that |£| ~ |z;| if the last term in (7.17) is

nonzero. We conclude that

(7.18) ‘Z %‘ < C|§|ﬁ_1_6_;, forany 0 < pp <6 .
T

J<o

Similarly,

O I
DF Y S| [ < ONgPT =T (k) < 3)

<0

b I
D || | < oNgP T (R =3)

J<o

Ly
The estimates (7.16) hold near 0 also for Z ;i (with another polynomial), since this

T

3<0
sum corresponds to integrating over D,W(z,0) for |z| > 1. Similarly the estimate (7.19)
near oo holds for Z % Since further u and g can be taken arbitrarily small, they can
T
Jj>0
be absorbed into the definitions of § and 4, respectively. Thus:

| D" Z—i—ﬁ] (€)| < ON[g 71T (Jk| < 3)
(7.20)
e Z—i—ﬁ] (©)] <ONJg* ™ (k=3) if |¢<1,
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DR Oel¢ \<0N|f|ﬁ 1-IF=0 (k) < 3)
(7.21)
\Dkﬂa < ONEP 4 (k| =3) i g 21

where P is a polynomial.

Similar estimates can be derived for ¢ /0y, with another polynomial P. From (7.20)
and the corresponding estimates for 9p/dy we easily deduce that OP/dy = 9P /Oz and

therefore there exists a polynomial P such that

oP ~ 09OP
=P, =PFP.

Bz 3y
LEMMA 7.1. The function ¢(&) ((¢ = (=,y)) satisfies

ID*(p — P)(¢| < CNJE|*FIHe (k| < 4),

(7.22)
D"t (o — P)(€)| <CNE|*™* 0 (k=4) if [(|<1,y>0,

and

r.23) IDFo(€)| < CN¢)F~IF=0 (k] < 4),

ID* (&) < CNEP770 (lk|=4) i € >1,y>0

where P is a biharmonic polynomial of degree < o + 6 with coefficients bounded by CN,
and

(7.24) Py(2,0) = P,(2,0)=0, zc R .

Proof. We have already proved the assertions (7.22), (7.23). It remains to show that

P is biharmonic and that (7.24) is satisfied. Write P is a sum of homogeneous polynomials
(7.25) Z Qn , where ny<a+6.

Consider the functions

on(e,y) = o w(Re,Ry)  (R10).

Since ng < a + 0, we deduce from (7.22) that, as R — 0,

or(z,Y) — Qno(z,y)
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and
BWR(wao) - aQno(w70) B@R(w70) - aQno(w70)
Ox Ox ’ Oy Oy ’

Since by (6.4) and (7.2), (7.3)

GQOR(wa 0)
Ox

Oor(z,0)

— 0, ay

-0 if R—0,

it follows that @,, is biharmonic polynomial satisfying (7.24). Applying this proof to
©—Qng s ¢ — (Qny + Qny), etc., Lemma 7.1 follows.

We wish to eliminate P from Lemma 7.1 by modifying the function ¢. To do this we

need to study biharmonic polynomials whose gradient vanishes on y = 0.

LEMMA 7.2. Ify is a real-valued biharmonic polynomial of degree N with V(z,0) =0
for all x € R, then ¢ has the form

N n—1 N F N
7.26 = — B, 2" — 22" 4+72Y B,z !+
( ) % T; " z T;n z —I-an::2 z + c.c

where B,, are complex numbers, and B,, is the complex conjugate of B,,.

Proof. From the paragraph following (2.12) we know that ¢ must be a linear combi-
nations of functions

Az" + Bz" 'z 4 AZ" + Bz" 7!z .
Equating 9p and ¢ to zero an z = r and z = re'™ = —r for all 7 > 0, we get the equations
nA+(n—-1)B+B=0,
B+(n—1)B=nd=0,
ne!™ =1 4 4 (n — 1)eiﬂ(n_3) + emi" "R — )
™D B 4 (n — 1) (3 4 pe=in(n=D g — ¢

We easily compute the solution to this systems:

A=—[(n-1)B+B],
Z:—gm—n§+m

where B, B are arbitrary. Since ¢ is real-valued, the conditions B= B, A = A must hold,
and this yields the n-th degree homogeneous polynomials in (7.26).
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By Lemma 7.2, the polynomial P in (7.22) is a linear combination of polynomials

k—1 r
(7.27) L T T — LA + 7202 + cee. .
k k
We wish to construct a biharmonic function which near the origin coincides with (7.27),
up to any given order, and, at the same time, decreases exponentially fast to zero in

|[Imz| < 0| Rez|, 6, <1, as |z| — oc.

o0
:Z'yjz] , 75 €RL
=k

We can write

Setting B,, = n+,, we have

> B, > B, e
N

Also

Hence, as easily computed, the real biharmonic function ¢ = ¢}, defined by (7.26) with
N = oo and B,, = nv,, satisfies:

E—1 r ~
(7.28) or =k [—T Tp2® — ?k Il el + Pryo

with T'y, = 1, where ﬁk—|—2 is a polynomial of degree k + 2, and ¢; — 0 exponentially fast
if |[Imz| < 6y|Re z|,|z| — .
Similarly, taking

[ ®)
- Z%Z] , Bn =nv,
=k

and forming the corresponding @ by (7.26) with N = oo and B,, replaced by En, we
obtain (7.28) with ¢, replaced by ¢} and I'y, = 7. By taking a linear combination with real
coeflicients of ¢ and @) we obtain a new function, which we denote again by ¢y, of the
form (7.26) with N = oo such that it satisfies (7.28) with any given complex coefficients

I'y; the B,, are also complex.

60



We now write P as a sum of homogeneous polynomials @y, as in (7.25). We apply the
above construction to obtain a function ¢, of the form (7.28) (with N = oo) such that,

near the origin,
P —¢,, contains only terms of order > ny+1,

and ¢,,(z) — 0 exponentially fast if |z| — oo, |[Imz| < 6(| Re z|.

Repeating the construction, we get similar functions ¢,, for n = ng + 1,...,n; such

that, near the origin,
n1
P — Z v, contains only terms of order > ny + 1
n="ng

whereas each ¢,, decays at oo in the same way as ¢,,.

Defining
ny
(7'29) o=p— Z Pn
n="ng
we obtain the following result.

THEOREM 7.3. The function ¢ is a solution to (7.1)—(7.3) satisfying:

a+6,6—6
(7.30) HgoHE%UBE’4+7 <CN

forany 0 < 6y <1, R > 0.

68. Solution to inhomogeneous mixed boundary value problem. In this sec-
tion we wish to find a special solution to

(8.1) A’0=0 in {y>0},

(8.2) 0a(z,0) = 0, (2,0)=0, z>0,

(8.3) (Pyy — P22 )(x,0) = ga(2) , =<0,

(8.4) [A(200ay + Pyyy) — Poaal(x,0) = g2(z) , <0
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where g1, g» satisfy:

at6—2,6-65-2
(8'5) "91"25,2+’Y S N 9
at6-3,6-6-3

We chose § < 6 with 6 — 6 small, and v positive and small (y < 6 — 5) Then there
exists a positive integer M and £ € (0,1) such that

~ 1 1
(8.7) a+9—§<M+€<a+9—§—7,M+E>1.

As in §§4,5 we associate to g1,g2 functions hi(z),hs(z) defined by (4.27), (4.28) for
z < 0 with h1(0) = h}(0) = h2(0) = 0 and a function ® defined by (5.1). According to
Theorem 5.1, there is a solution ¢ to (8.1)—(8.4) given by

Y =91+,
(8.8) 3y is defined by (5.7), (5.8) or (5.19), (5.22),
3 is defined by (7.25), (5.26) or (5.35), (5.37).
We wish to evaluate the function ) and use this to construct the special solution ¢.

We begin with ¥;. By (4.27)

Dhs(z) gi(s)ds

v ) i MW

(8.9) 27

We split g; into a series Yg;; using a sequence of overlapping intervals Epj (z;) with centers

z; and length 2p;, where

3\’ 1/3\’ .
w]:—<1> ,p125(1> (]:O,il,i2,.--);

g1 is supported in Epj (z;). Then

(8.10) Ez(w)zz / %.

§Pj (z;)
We first consider the case 7 > 0. Clearly

gij(s)ds 1 gii(nlz;])  dn
(8.11) V—s (z — ) - |z |1/ / N |$$7 —n

ﬁpj(zj) By/2(-1)
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and

(8.12) [D*g1j(nle;])| < ONle;|*7> 7% (k=0,1,2),
D% Tg15 (e ] < ONay 474
We shall use the expansion

(5.9 S x0T

n=0

For any n € 31/2(—1), if |w_| ¢ 33/4(—1) then, by (8.13),
Zj

1 ~ x T M-—2+e
== =P (1) o (™)
Te;] — 7 ;1| ;1|

if #/|z;| is small enough, where Pri_s is a polynomial of degree M — 2 in z/|z;|. Since
M —|— € > 1 (see (8.7)), this relation remains true also for z/|z;| large and, in fact, as long

| | ¢ B3 /4 ( )
T
It follows that

1 gij(nlz;[)  dn
jz;[1/2 Voo e

Bq/2(-1)

1 g1;(nlz;|) ( z )
= =LY Pys | — ,m ) dn
|z [1/2 N |z,

Bq/2(-1)

1 915(nlz;]) ( z M—2+?>
+ Jui\mzil) o (12 dn
LR V=i ‘%‘j‘

Bq/2(-1)

Using (8.12) and (8.7) we obtain, upon summing over all j > 0,
Prr—s(z) + NO(|z|™2¢)

where Pps_»() is a polynomial of degree M — 2 with coeflicients bounded by CN.
Next we consider the integral on the right-hand side of (8.11) in case |w_| € Bsa(—1).
Zj

We apply the Schauder estimates to get

1 gii(mlz;])  dn < CN o2/ 40

—17| < |z
EARE Byt VeI e Bk A
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for any 4’ > 0. Furthermore, if the integral is actually nonzero then necessarily |z| ~ |z;|.

Therefore the last bounded may be replaced by

CN |a_2_7/+0‘£‘M—2+;
T; ’

e 1%
|zj]1/2 j

and using (8.9) we get, upon summing over j > 0, the bound NO(|z|M~2+¢).

Thus, altogether,

(8.14) /91(5) dt — Prros(z) + NO(|z|M~2+) .

Obviously,
—-3/2

91(5) d¢
SV e

can be expanded near z = 0 using (8.13). Combining this remark with (8.14) and recalling
(8.9), we conclude that

ng) — PM_Q(:B) —|—NO(|:B|M_2+~)

with another polynomial Pp;_».

(8.15)

Similarly we can estimate the 2 4 v derivative the left-hand side of (8.15), from which
we deduce, after using (8.7), that

D*[ha(z) — (~2)*/> Par—a(a)]] < Cle|* 47 (0 <k <3),
(8.16)

|D*V[hy(z) — (—2)* 2 Ppy—a(2)]| < Clz|® 470 if —1<z<0.

We now turn to the case where |z| > 1.

We shall use the estimates

(8.17) |D*g1j(nlz;])] < CNz;[P>7*% (k=0,1,2),
|D*t7g1;(n|z;])| < ONla;|[P=*7=°

for 5 < 0. One of the following cases must hold:
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.. T 5
(ii) ¢ B3/4( ), and ‘w—‘ < 6 n Vne 31/2(—1),
J

|w]|

T 6
(i) ¢ Byjs(—1), and ‘w—‘ > V€ Byp(—1).
J

|w]|

In case (i) we use the Schauder estimates to get the bound
CN|z|f =25+
for any € > 0. In case (ii) we bound the j-th term by

CN|z;|* %% or CON|=|"|z;|**"% (r <0)
Zj

5
and choose 7 =8 — 6§ — 2 + €, giving us (upon summation) the same bound as before.

In case (iii) we expand [(z/|z;|) — n]~! by (8.13) with m = 2. The error term is
bounded by
r —3 r |\r
C‘—‘ and therefore also by C‘—‘
Zj Zj

where 1 =08 -6 — 2 — 2 + €. We obtain, upon summation on 7 > 0,

CiN C:3N
2

+ + NO(|w|ﬁ_6_2_ %""2), C; constants.

g

We conclude that
Dh2 ClN 02

| < ONJa|f 023
L

(8.18) \

Similarly we can estimate the 2 + v derivatives of Dhy(z)/\/—x, thereby obtaining:
(8.19)

WWM@—QN@wﬂ—@N@@ﬂmgonW@Pkmgkgm,
D¥t 7 hy(2) — O N(—2)/? — CoN(—2)'/?]| < CN|z B4 if o< 1
|

for any & < &; |C;| < C.

Recalling (8.5), (8.6), (8.16), we deduce from (5.1) that

(8.20) ID*[8(z) — 2 /* Pyrs]| < ON[e[*H5F (k= 0,1),
8.20

|D1+7[(I)(w) — w_1/2PM_2]| < CN|w|a+0_4_7 if —1<z<0
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and

C1N CoN ry
k 1 2 B—6—3—k —
| D" |®(z) — ESTE (—w)5/2] | < CN|z| (k=0,1),
(8.21)
C1N CoN ry
1+ 1 2 —5—4— .
| D' | ®(z) — ESE _(—w)5/2} | < CN|z|P T —oco<z< 1.

We shall use (8.20), (8.21) to estimate v;. Using complex notation we write these

equations in the form

(322) Do =K [ deae-¢r |55 [E0 g [T 0 gy

2 J g-¢ J q-¢
0 [ oz —p
(8.23) D =K [ agae-er |55 [ T2 4

where K is a constant. It will be convenient to take the contour of integration from z to

z to be the counter-clockwise traced arc of a circle whose points ( satisfy: |(| = |z].

The kernels in (8.22), (8.23) are much more regular than what may appear at first

glance:

LEMMA 8.1. Let a < a' <b' < b and denote the function ®(£)(—£)~" in (8.22), (8.23)
by W(¢). Ifp € C**(a,b) then D,3; and D, belong to C*+7(a',b').

Proof. We compute

0 z

v =g [ oo [|CU a0 2]

— o0 z

From the Hilbert transform type of the kernel it follows (e.g. by [5]) that 9,(Dg1) is in
C'17, since ¥ is in C*T7, Next

e

0:0.(Dutp) = & / IGIE=

and the same argument shows that this function is in C**7, i.e., A(D, ;) € C117.

If we can derive C3t7 estimates on D,%; at y = 0 then, by elliptic regularity, D,;

will belong to C3T7, as asserted. Thus, it remains to show that
82D,y and 3§Dz1/)1 belong to C'™7 on y = 0.
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We first compute

0

&2(Dy 1) :g / dET(€)(z — z) [P _

— o0

The part corresponding to 1/(z — ¢) is of course in C**7. For the other part we note that
asy — 0, (Z—2)/(z — &) — Cob(z — £). Indeed, for any test function F,

z—z — o F(f)df
/@—5)2”5”5‘”/(9@—5)2—y2+2i<w—e>y

. dX

where Cy is a constant. It follows that
2 Dyh1(z,y) — CoK¥(z) as y— 0

and this function is in C177,

Similarly we compute that
OEDyih1|y=0 = C1K¥(z) .

We have thus completed the proof of the lemma for D, ;.

The proof for Dy, is similar. Here

(~2)~*

o.(Dyb) = 3; [ dew(e) [/(QQ);quzz) " ]

z

saiom =5 f a2 -CZ7).
sioun = [ awof [C20 1 C2]
- A2 - E)



All the terms are bounded in the C'*7 norm except the one associated with (—z)~"/(z —
£€)?, which converges to —C1(—z) "§(z — ¢) for some constant Cy # 0.

Set

(8.24) Mi(z,¢) = K212 /(_Q)_p dq .

We wish to evaluate the integral

0

(8.25) [ a6 mi0)

— o0

which comes from (8.22). First we do this for |z| < 1. Introduce a “cutoff” function

n(€) = [tanh(=€)]* (€ >0)

where A is a large positive integer. Note that

n(€) ~ (=6)* if £€—0,

n€) ~1—24e° if &€ — —oo.
We write
(8.26) ®=0n+B(1—n)+& PPyus(1-7) (=8¢ Pyy)

where Pps_ is the polynomial appearing in (8.20).
One can easily check (with 8 near a — 1) that

[2(E)(—€) n(€)| < Cle|A~T .

We can now use the splitting arguments (cf. the derivation of (8.16)) to get

0

[ dea©-6rn©M(,6) = X 15(2) + O(114 )

— o0

for |z| < 1, where v;(z) = |z|7?7;(z) and 7;(2) is homogeneous polynomial of degree j in
(z,y); the factor |z|~” arises from the factor (—¢)™” in M;(z,¢).
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Similarly one can prove higher order estimates:

| D* / dE®(E)(—€) n(6)Ma(z,€) — ||~ Pa_s
<CN|2477 (k| <3),

(8.27)

0447 | [ 68~ (€)M1(2,6) ~ 1ol Py
< ON|z|47P™Y (|| =3) if |z|<1.
where P4_; is a polynomial of degree A — 1 with coefficients bounded by CN. Here we
use the Schauder estimates established in Lemma 8.1.

The term .

/ dEB(1 — )M (2, )

can be estimated in the same way, making use of (8.20). The result is that

0

D! / dEB(L — )M (=€) — |2 "Py(2)]| |

— o0

< ON|z|oto=1= === (|| < 3),
(8.28)
0

DM / dEB(1 — m)My(2,€) — || " Ps(2)| |

— o0

< ON|z|oFT074=7v=="=r (|k|=3) if |z <1
where ¢* is any positive number and Pj(z) is a homogeneous polynomial of degree J in
(z,y), J <a+6—4—c".
It remains to evaluate
0

(8.29) / (=€)~ Pag2()(—€)° (1 — (€)M (=, £)de

— o0

for |z| < 1. A typical term in the polynomial Pp;_» contributes

(5.50) [ | [t e %, K
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where k = —1,0,... M — 3. We use (8.13) to rewrite the expression in brackets in the form

(/(®5+Mk0n@D[; g;(g)n+—(g)3+lg%5]df

— o0

where B is chosen so that
1
(8.31) B< +p+th<B+l.

Each term in ¥, contributes a homogeneous polynomial times r~7, after substituting in
(8.30). It remains to consider the last term:

0

1 1 d
g5t /(_5)5+p+k(1 —77(5))53+1 é
; 1 d r d
=l [open g Koo [cgren I

= ¢TI - L) .

Suppose I'mg > 0. Substituting in I; ¢ =rw, £ = ru we get

0
I, = patrthtl B+l /(_u)%+r’+k

— o0

du
uBtl(u — w) )

We can deform the u-contour into I' as shown in Figure 5.

FIGURE 5
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Then |u — w| remains uniformly positive and by (8.31) the last integral is uniformly con-
vergent. To determine ¢®*1I; more sharply, we substitute in the last integral v = Aw. We

get
\ztotk
B+ip _  3tetkt1+B+1 [ {\3t+ptk d\
7 =4 /( ) ABHI() — 1)
Pq

where I'y is obtained from I' by multiplying by 1/w. Note that I'; goes from 0 to co above
the z-axis and it avoids the point 1 as long as Imgq > 0. Hence we can modify I'y so as to

obtain a contour independent of g. Consequently

(8.32) I, = cq%"i'p"i'k"i'l"i'B"i'1 , ¢ constant.

To evaluate I, we again use (8.13):
L ; L+1
1 ’ 1
b feorgh 2 () () o)
2= 0T | X =

where
1 1
5+,o+lc—(B+1)<L+1 and A>B—|—1—|—L—(§—I-p—|—k>.

The terms in ), ; give homogeneous polynomials of degree j. In the last term we can
deform the contour as before (recall that 7 is holomorphic); this term is then bounded by
O(g~*1) and is thus an error term if L is taken large enough.

The above analysis applies also to Img < 0 (with corresponding deformation of the
contour). Substituting the results for Img > 0 and Img < 0 into (8.30) we obtain, up to

an error term of large order,

S22 pi(e,y) (2 =rw)

where p1; are homogeneous polynomials in (z,y) of degree j with coefficients bounded by

CN.
Together with (8.27), (8.28) we conclude that the function (8.26) is equal to a sum

(8.33) r‘pZQj(w,y) +Z7‘%w(w,y)

where ); are homogeneous polynomial of degree j, plus an error term which can be
estimated in the 3 4+ 4 norm (as in (8.28)).
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The same analysis applies when M; is replaced by

z+7%z ZQ(—Q)p
K / dq ,
2 qg—¢

z

and this concludes the evaluation of D,;.

Similarly we can evaluate Dy and Dy, Dy1ps. We obtain

(8.34) IDM[p — Sr=rQ; — Brtpy]| < Croti=li==" (k| < a),

DHI[p = BrrQ; — Sripy]| < Cretamme (k] < 4)
for |z| < 1, with different polynomials @; and g;.

For |z| > 1 we proceed in a similar way. The terms in (8.26) with factor 1 — n can be

estimated directly, and it only remains to evaluate the terms corresponding to ®7n. In view

of (8.21)
Ci1N Cs N
(‘I’“) eGS0 (—5>5/2> n(6)

will again contribute just an error term O(rﬁ_6+‘€*). Thus it remains to evaluate

K57 [aaca | [aSSmae Ty =59,

Using

we get, for each n, a term of the form (8.33). The integral corresponding to

o
¢ qg-¢
can be evaluated as before, making contour deformation (see Figure 5).

We find that

(8.35) DM — 0@, — Sria)| < Crf TS (| < a)

|D*[yp — Sr7PQ; — Sripy)| < CrP 0T (k] < 4)
if |z] > 1.
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We now proceed as in the proof of Theorem 7.3 to show that
r ?Q; and r1/2yj

satisfy (8.1)—(8.4) with g; = g2 = 0; hence they are eigenfunctions of the linearized prob-

lem. The same can be proved for
r_p@j and r1/2ﬁj
The function
b= —TrPQ; — Lrt/?p;
then satisfies (8.34), for |z| < 1, with new polynomials @j =Q;— @j,ﬁj = p; — i;. It also
satisfies
|DFp| < CNrpf=o-lblte (k] <4),

(8.36) R ~ )
| DM | < ONpP=07477T" (k| =4) if |2]>1.

Next as in Lemma 6.4 we can construct a function
(8.37) o* =9 —e 7 B(Ajr "R; + B;r'/2S;),
where r 7 R; , /2 S; are eigenfunctions of the linearized problem, such that ¢* vanishes
at the origin to any given order. We have thus proved the following result:

THEOREM 8.2. The function ¢* defined in (8.37) is a solution to (8.1)—(8.4) satisfying:

* a—l—’é',ﬁ—g
(8.38) I Hz%uBg,Hw =CN

for any 6 < 0, § < d, provided ~ is sufficiently small.

Remark 8.1. Given H in (6.3) we have constructed a function ¢* in Theorem 8.2. This
construction is uniquely defined independently of H if we fix J in (8.28) (say the largest
integer such that J < a + 64— e*), the largest indices j in (8.33), (8.35), as well as
the order of approximation in choosing @;, R; in (6.45), the ¢, in (7.29) and the R;, S;
in (8.37). From now on we assume that such a choice has been made in the construction

of p*. This ensures that ¢* will depend continuously on H, in suitable norm.

§9. Proofof Theorem 1.1. We introduce a Banach space of all pairs (f1 (), ¥1(z,v))

of functions with finite norm

190l = MAIGE oy + Il < oo
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and denote by X(p) (1 > 0 the ball of radius p centered at the origin.

By assumption

1(fo, %)l <C < o0 .

For any (fi,%1) € X (i) consider the problem: Find (F,¥) € X satisfying (3.37)-
(3.40).

By Lemma 3.1 we can estimate the right-hand side of (3.37) (with C* replaced by p).
Thus, using Theorems 6.1, 7.3 and 8.2, we can construct a solution ¥ to (3.37)—(3.39)
satisfying:

a+6,8—6 NI
W5, < 8@+ e
forany 0 < 6 <1, R > 0; a(t) is a continuous monotone increasing function. From (3.41)

we also get

a+6,8—6 NI
B < GO o)

Choosing p = 2[C(C +1)+1] and ¢ sufficiently small (say ep < 1) we see that the mapping
T defined by

T(f1,31) = (F,¥)
maps X (u) into itself.

The solution ¥ was constructed in a very specific way, as explained in Remark 8.1.

Thus, if we set

T(f1,%1) = (F1,%1), T(f1,9%1) = (F1,¥:)

then ¥; and ¥; were obtained by the same recipe, making the same corrections or sub-
tractions of special solutions. From the structure of the H; in (3.37)—(3.40) we easily see
that they satisfy a Lipschitz condition in the appropriate norms (as in (3.34), (3.35)), with
coefficient ceu. Hence, by the estimates of Theorems 6.1, 7.3, 8.2 (and Remark 8.1) it
follows that

IT(f1,%1) — T(f1,91)|| < Cep .

Thus, if € is small enough then T is a contraction in X (i) and, consequently, it has a fixed
point. This completes the proof of Theorem 1.1.

We finally wish to prove that the assumption (fo,%0) € ‘Azo’ﬁél—i—w is not very restrictive:

THEOREM 9.1. Let g(z) be any continuous positive function for —oco < & < 0 such
that

(9.1)

—A>0 if z—0,

(9.2) —-B>0 if z— —.
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Then for any p > 0 there exists a pair (fo,%0) € ‘Azo’ﬁ;i—i—w such that

(9.3) k(=) - fole)| < ug(—2) , —oc <z <0.

Here g(r) is the function defined in (1.7).

Proof. Set k(z) = h(—z) (z > 0), so that

@%A if »r—0, k(r)—>B if r—oo.
re fpﬁ

Consider the holomorphic function

1

M(z) = /t”e_tht (v>-1).

It satisfies

M(z) = — /uve—uczu ~ D i 2 oo, lIms] < |Rez|,
where ¢y > 0.
Set =08 —a+ (y+1). Then
rT M(r) ~ cor®™ if r— 0.
Consider the function
(9.4) Q(z) = (tanh 2)N 2" M(z) , N>1.

This is a holomorphic function in 2'0"0 for some 6y > 0, and Q(0) = 0.

Next we introduce the function

k(r B
(9.5) 7= B o
T Cp
and note that
J(r) — A if r—20,

Jr)y=o(r""%) if r— 0.
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In particular, for any small n > 0,
(9.6) |J(r)| < nrP~* if > Ry

where R, is large enough.

We now approximate J(r) by a polynomial P in 0 < r < 4R,:

|[J(r) — P(r)] <mo if 0<r<4R,,
(9.7)

where 79 is any given small positive number.

Let
(9.8) S(z) = 11__t1‘:21fL('z__3?1’£‘)’) . L>1.
Then S(r) ~1if 0 < r < 2R, and so
[P(r)S(r) = P(r)] <mno .
Recalling (9.7) we deduce that
(9.9) |J(r) — P(r)S(r)| <2npo if 0<r <2Ry.

If 2Ry < r < 4R, then by (9.6) and (9.7)
|P(r)| <mo +nrP~e,

so that
|P(r)S(r)| < C(no +nr’~%)

(since |S(r)| < C) and, again using (9.6),
(9.10) |J(r) — P(r)S(r)| < C(no + nrﬁ_a) (2Ry < r < 4Ry)

with another constant C.

Finally, if » > 4Ry and L >> 1 then
[P(r)S(r)| < nrP~°
and together with (9.6),
(9.11) |J(r) — P(r)S(r)| < 2nrP~% , r > 4R, .
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We may combine (9.9), (9.10) into
(9.12) |J(r) — P(r)s(r)| <m, 0<r<4R,

where 77 can be chosen any small positive number. From (9.11), (9.12) it follows that

‘k(r) -7 g(tanh rYNeT M(r) 4+ P(r)S(7) ‘ < pg(r)

Co

where p can be taken arbitrarily small.

We may choose v such that 7 is an integer. Then the expression in brackets is the
restriction to z = r of a function holomorphic in z. Denote this function by W(z). Then
fo(z) = (—z)*W(—=z) satisfies (9.3). Furthermore, from the form of W(—z) we see that

~ 1
(—2)*W(—2) has a series expansion of the form (2.52) with I';, = 0if & = ng + 3 and

', =0if @« = ng — p, ng positive integer. Hence we can correspond to it an eigensolution

(fo,%0) and, as can easily be checked, (fo, %) belongs to 'Azo”i-l"f

Remark 9.1. The methods of the present paper should be helpful in studying flow prob-
lems in other geometries. Suppose for example that we modify problem (C) by considering
the flow only in {0 < y < h} (instead of {0 < y < c0}) and imposing the condition

—

;):E—I—SW at {y=h}.

Using the linearization procedure of Section 3, we arrive at a modified version of the free

boundary problem (C.) whereby
Yy =wa, Yy =—w1 on y=h (W= (w,ws)).

For ¢ = 0 we get a linear problem in {0 < y < h} which we expect to have a unique
solution (fo,%o) with fo(z) ~ A(—2)® as ¢ T 0 (a of the form n +1/2 or n — p). We
anticipate that for suitably chosen w;,ws the function fy(z) will satisfy 0 < fo(z) < h
if —oco < 2 < 0 and $Emw f(z) € (0,h). The method of the present paper can probably

be extended to establish existence of a solution to the modified problem (C.) with a free
boundary ¢fo(z) + 2 fi1(z,¢). We also anticipate that the solution will be unique.
We expect that the situation where there is a second free boundary y = f(w) (a<z<

o0) with a > 0, f(a) = h, lim f(z) €[0,h), can also be handled by the above methods.

We hope to establish the above conjectures in a future work. We shall also consider other

geometries; for example, a flow between cylinders under small gavitational force.

Remark 9.2. Suppose we wish to solve numerically the coating problem for general
Yo by (say) a finite difference method. Then one may try to take very fine mesh near

y = 0. This however is expensive, and, more importantly, it is known to cause instability
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in determining the location of the contact point. An alternate approach suggested by

Theorem 1.1 is taken in the (not very fine mesh) an eigensolution (fo, %), where
(913) f() = A()(:B() — :B)2_p (QB < :B()) y

with unspecified parameters Ag,z9 (4o > 0) and to determine these parameters so that
this solution, in some rectangle |z — z¢| < a, 0 < y < b, fits with the finite difference
solution of the meshes neighboring the rectangle; the fit is to be taken in some average

sense. For a coarser mesh it might be advisable to take

ot

(914) f() = AO(:B() — :B)Z_p + Al(wo — CC) (QB < :B())
with unspecified parameters Ag, A;1,z9 (4o > 0). We do not know whether Theorem 1.1

extends to the case where
(9.15) fo(z) ~ A(—z)*/®> for =z <0,|z| small
If indeed it does, then this will suggest that one should take
fo = Ao(zo — w)3/2 or fo=A¢(zo — w)3/2 + Ay(zg —z)*7" (z < =)

instead of (9.13) or (9.14). The case (9.15) will probably have to be studied in order to

extend our results to the geometry described in Remark 9.1.

Remark 9.3. The results of this paper and their possible extensions as indicated in

Remark 9.1 can probaly be extended to Navier—Stokes flows. The only difference occurs

in the linearized equation which (instead of AG = Vp) becomes Va + Uva = Vp.
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