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1. The formulation of the problem. Consider an annular domain Du c R®

D, = {(x,y) € R «(8) < r < u(e), 0 =6 = 2m}
where (r,0) e R+ x [0,2n] are usual polar coordinates, u is a control function

which belongs to the set

U={ue H;(O,Zn); 0 < y(e) < ud)},
and «, Y € H;(O,Zn) are given functions such that
(1.1) ye) = x(e) >0 ve € [0, 2n].

(k)

Here H;(O,Zn) is the Sobolev space {u; u € LZ(O,ZH), k =0,1,2,3; u(0) =

u(2m)}. We set Fu = {(x,y); r = u(e), 8 € [0,2n]}, Fa = {(x,y); r = «(8), 6 €



[0,2n]}, and Fw = {(x,y); r = y(8), 6 € [0,2n]}.

Consider in Du the variational inequality:

Find z € Ku’ such that

(1.2) I Vz-V(z-g)dxdy + J f(z-L)dxdy = 0O Vg € Ku’
D D
u u

where
K ={zeH (D) z20inD, z=1onT, z=0onT}
u u u u o
Here f is a given function in QO = {(x,y); 6 € [0,2n], «x(B) < r(8) < «}.
Throughout this paper we shall use the same notation for z(x,y) and z(r,e).
It is well known that for each u, problem (1.2) has a unique solution z' e
Hz(Du) which is a generalized solution to the obstacle problem

(1.4) Az

f in {(x,y); z(x,y) > 0}
Az = f, z=z0in D

u
z=0 in T

z=1 in T .

The set {(x,y) e Du; z(x,y) = 0} is the coincidence set of the problem and its
boundary in Du, i.e., the curve which separates the sets {(x,y) € Du; z(x,y) >
0} and {(x,y) € Du; z(x,y) = 0} is the free boundary of the obstacle problem

(1.4), which will be denoted by Fg.

Here we will study the following problem

(1.5) Find u € U such that T = rg.

This is an optimal design controllability problem which is relevant to
mathematical simulation of several physical processes and in particular that

of electrochemical machining ([8]).
Following [1] (see also [2]) we shall reformulate problem (1.5) as

(1.6) Find u € U such that g—zu =0a.e. onT, and z" > 0 on

3 .e. v



Qu = {(x,y) € Du; Y(B) < r <u(e)}.
Here z" is the solution to boundary value problem
(1.7) Az = f in Q
u

z=0onTl,; z=1on Fu

Y

and g; is the outward normal derivative to aQu. It should be noted that under

u
our hypotheses z" € HZ(QU) and g%“ is well defined and belongs to LZ(BQU).

If (u*,z*) is a solution to (1.6) then it is easily seen that the
function z* € HI(DU)

¥ = ¥ 3 - 3
V4 z* in Qu*’ z 0 in Du*\Qu*

is the solution to variational inequality (1.2) on Du*' Also, Qu* = {(x,y) €

D ; z*(x,y) >0} and so ', = I'

u*’ ¥ u*’
We need the following equivalent formulation of the problem (1.6):
(1.8) Find u € U such that z" > 0 on Q, and
ap az" _ .
(1.9) 3 A - a.e. in Fu

where p € Lq(Qu), 1<q<2and ue M(ﬁ;) satisfy

—_ . - _1= :
(1.10) Ap = p-(r - ¢) uw in Qu

w; p =0 in Fu

(1.11) supp U C Fw; uw(zu) =0, u=0

(1.12) pe HZ(Qg) VS > 0 sufficiently small.

Here Qi = {(x,y) € Qu; Y(e) + 8 < r < u(e)} and M(ﬁg) is the space of all
bounded Radon measures on 5;. The Radon measure uw = pu-(r - w)-l is defined by
uw(w) = nlelx,y)(r - W(G))_i) for all ¢ € Co(Qu) (CO(QU) is the space of

continuous functions on Qu with compact support in Qu).



The boundary value problem (1.10) is interpreted in the following way

u
(1.13) px dxdy = 9z_ %¢ do + pu, (@)
dv dv V]
Q r
u ]

for all ¢, x € C(ﬁ;) satisfying
Ap = x in Qu

¢ =0 1in BQU.

Since |e(x,y)] =C dist((x,y),aQU), (¢) is well defined.

Hy
It is readily seen, if one approximates p by a sequence of L2(Qu)

functions, that p also satisfies the equation

_ az" ap _ ap
(1.14) IQ phy dxdy = Ir o Fu do + uw(w) J 7 ¢ 9o

u /] Fu

for all ¢ € Hz(Qu) such that
(1.15) Ap € C(QU), ¢ =0 in Fw.

PROPOSITION 1. Problems (1.6) and (1.8) are equivalent.

Proof. If u is a solution to problem (1.8) then by (1.9) it follows that

8p _ s . . s az" . u
3 " 0 in Fu because by the Hopf maximum principle 3o > 0 on Fu (if z~ =z 0)

u

(see Lemma 2 below) and hence g;- > 0 on Fu. Since p € HZ(Qg) is the solution

to homogeneous problem

_ . a0, _ 8p _ .
Ap = 0 in Qu, P=3,= 0 in FU

we conclude that p = 0 and so by (1.14) we have

for all ¢ satisfying (1.15). In particular, we may take ¢ = z" to conclude

u
that g% = 0 inT,. The implication (1.6) » (1.8) is obvious.



The main result of this paper, Theorem 1 below amounts to saying that
problem (1.8) is approximately solvable which as seen above implies that, in
some sense, so are problems (1.6) and (1.5). The problem is first approximated
(regularized) by one related shape optimization problem. This problem is
studied in Section 3. The main difficulty there is that control set is not
closed (and also constrained), so that some precise analysis is required to
avoid that difficulty and to arrive at the optimality system of equations
rather then inequalities. Theorem 1 is proved in Section 4, where the
regularization is sent to zero. One could say that the treatment of the
problem is constructive and it suggests a numerical algorithm which is
discussed in Section 5.

For other results on optimum design problems associated with variational
inequalities and partial differential equations we refer to [7] and the
bibliography given there.

Here we shall use the standard notation H'(0,1), H?(Q), C(Q), LP(Q) for

Sobolev spaces, continuous functions space and Lp—spaces on (0,1), Q and Q

respectively.
2. The main result. Throughout in the following we shall assume that
(i)
1 [
fecC (QO) nL (QO) and
(2.1)
£20, (F°f)_ =01inQ ={(xy); 0s6=2m al® <r < =)
(ii)
(2.2) ¥ e H.(0,21), 0 < y(0) <w V6 € [0,2n]

THEOREM 1. There are sequences {un} cUand {p } ¢ M(ﬁ;_) satisfying
n

n

(1.11) such that



(2.3) 0<z"<1 inQ ,

n

ap " 8z

(2.4) 3 3r

172
[(u (8))% + (u’(e))z] > 0 in (H3(0,2n))’ as n - o,
n n T

where z" and p" are the solutions to (1.7) and (1.10), respectively. Moreover,

u \2 2

n u

(2.5) 112 g —inf {2 |12 d; 220 tna, uev b

2 r av 2 r av u
Y Y

We would like to emphasize that system (1.9), (1.10), (1.12) is naturally

associated with the original controllability problem since it is the dual

optimality system of the shape optimization problem
2
1 8z" u .
(2.6) inf —| do; z 20 inQ, ueU }.
2 r dv u
Indeed, by the same argument as that used for the proof of Theorem 1, it
follows that if u is optimal in problem (2.6) then there are p and p
satisfying (1.9) to (1.12). Hence by Proposition 1 we may conclude that if the
*
infimum in (2.6) is attained on some u* € U, then g%‘ = 0 in Fw and so u* is a
solution to problem (1.5). (In view of the well known regularity theorem for
the free boundary ([3]) this is unlikely to happen however.)
Though it is not clear when the infimum in (2.6) is zero as one might
expect under present conditions, we may view however {un} as an approximating
sequence for problem (2.5) and interpret Theorem 1 as an approximate

controllability result for the free boundary I', through variable boundary Fu.

Y

3. The approximating shape optimization problem. Consider the shape

optimization problem:

Minimize



2
1 oz 1 2
(3.1) { = [——} do + =— llull }
Zer v 20 g0, 2n)

subject to u € U and to state constraints

(3.2) Az = f in Q

N
]
o
3
=1

(3.3) z

v

0 on Q .
u

A control u € U, the shape of the domain, is said to be admissible for

problem (3.1) if z" (the solution to (3.2) satisfies condition (3.3).

We shall prove first the following

LEMMA 1. Under assumptions (i), (ii) there is at least one admissible

control u for problem (3.1).

Proof. We need to show that there exists a function u € U, for which
(3.1) has a finite value, such that the corresponding z" satisfies (3.3). We
will show that we can choose
(3.4) ue(e) = y(8) + €,
where € > 0 is small enough. To this end, consider

W = exp [ alr - y(s8)) ] -1=w - 1.
We have

- 1 2 _ 1
Aw = w + r wr + 5 wee = w0 [ o o 5 wee ] = |Ifll © ,
L (QO)

for o large enough. But then, if we take € = (ln 2)/a in (3.4), we have, by
the maximum principle,

VA 2w >0 in Qu ,

i.e., u8 is admissible.



LEMMA 2. Let u € U be admissible and let z" satisfy (3.2), (3.3). Then

(3.5) 0<z'<1 in Q
(3.6) 82" .4 inq ur.
: or u u

Proof. By maximum principle it follows by (3.2) that z' <1 in QU and

(zu)r > 0 in Fu. We have
1 (rz ) + l'z = f.
r rr

Setting w = rz_, multiplying with ra, differentiating with respect to r, and

multiplying with r, we obtain

r(rwr)r * Wog = r(r2f)r =0
w>0 in {r = u(e)}
w=z0 in {r = y(0)}

w is 2m-periodic
which implies, by the maximum principle, that w > 0 in Qu. In particular, z' >
0 in Q .
u

We associate with (3.1) the penalized shape optimization problem:

Minimize

1r (82)° 1 2 1 -2
(3.6) { —J [——] do + =— lull + — J (z )“dxdy }
2 r av 2n H3(O,2n) 2A Qu

on all u € U and z € Hz(Qu) subject to (3.2). Here n € N and A is a positive

parameter.

PROPOSITION 2. For every A > 0 problem (3.6) has at least one solution

(uA’ZA) e U x H2(Qu ). Moreover, there is a sequence {Ak} 5 0 such that
A

(3.7) u, >u weakly in Hi(O,Zn) and strongly in CZ[O,Zn]
Kk




(3.8) z, > z_strongly in Hl(Qi ) and weakly in HZ(Qi )
k n n

in every domain Qg = {(x,y); 0 =86 =2m y(8) <r <un(e) -8}, 0<38¢K 50
n

where (zn,un) € H2(Qu ) x U is a solution to problem (3.1).

n

Proof. The main difficulty with existence in problem (3.6) as well as
for (3.1) is that the control set U is not closed in H;(O,Zn). Denote by d

the infimum of functional (3.7) on U, and consider a sequence {um} c U such

that
2
1 8z" 1 2 1 my -2
(3.9) d = ¢(um) =5 I [5;—] do + >n Humu 5 MY I ((z") ) dxdy
H (0, 2m)
r Q
V] u
m
= d + l
m
n u
where z" = z ™. Then on a subsequence which for simplicity we denote again

{um), we have

(3.10) u > u strongly in c%10,2n] and weakly in Hi(O,Zn).

A

Now if we multiply (3.2) where u = u and z = Z" by 1 and z" respectively, we

get

m m
I g%da+ %da=f f dx

r r Q

u
m '/’ le

and

(3.11) I |vz"|2dxdy - J 3% do = —I £z" dxdy.

Q r Q
u u u
m m m

m
respectively. Since by the maximum principle z" = 1 whilst by (3.10) {g%—} is



bounded in L?(T,) and {(z")”} is bounded in LZ(Qu ) we conclude that

Y

m

2T

m
(3.12) J 12" | 2dxdy + J |g_i—(um(e),e)|de <c

Q
u
m

0

where C is independent of m.

Next from the obvious equality

V(o) 8z™

-1 = J 3r (r,e) dr ve € [0, 2n]
um(G)

and by (3.12) we see that

1/2 my 2 1/2
IE| = U |um—¢|de] U [g%] drde] <
E Q

u
172
= C [ lu —wlde]
J tu,

m
for any measurable subset E of [0,2m]. In particular the latter implies that

the Lebesgue measure of the set F, = {@; uk(e) = y(8)} is zero.

A
We may represent the set (0,2m) \ FA = EA as
2]
Ey = ? (ak,Bk)

k=1

where @ Bk € FA for all k. Denote by Dk the domain {(x,y); @« <6< Bk;

y(e) < r < uA(O)} and observe that, without loss of generality we can assume,

uh(ak) = W(ak), UA(BR) W(Bk). By interior and boundary estimates it follows

that

(3.13) nz"

1A

o, € Ce vm,
(Dk>
€

where 0 < « < 1, Dk = {(x,y) € Dk; @ +€ <0< Bk - €, Y(B) <r < uA(e)}.

On the other hand, we have

10



(3.14) z" > z; weakly in Lz(Dk)

where z; is the weak solution to equation (3.2) in Dk i.e.,

kK _ .
(3.15) AZA = f in Dk

K _ Lok
ZA = 0 on Fw, ZA 1 on FUA.
Kk
az" 2 £ ozy

By (3.13) it follows that {5;—} is compact in L (Fw n aDk) and since —5 1S
well defined on F¢ N aDi it follows by (3.14) that on a subsequence

8z" az; 2 €

3 > 3y 0 L” and a.e. on Fw n aDk as m > O.

Thus letting m tend to +® in inequality (3.10) it follows via Fatou’s lemma
that

1 <] k
(3.16) 5 I Jﬁ

ky 2
aZA 2 2 172 1 2
_A [w +(w')] g0 + Liuu < aq.
k=1 (Xk

dv 2n A H3(O,2n)

Let us prove now that ul(e) > y(8) for all 6 € [0,2n]. Otherwise, we can
assume, there is a point « such that UA(“) = Yy(a) and uA(G) > y(e) for 6 €
(x,B). Then as seen above the solution z to equation (3.15) on D = {(x,y); « <
6 <B, y(o) <r< uh(e)}, i.e.,

(3.17) Az = f in D
z=0inT,; z=11inT
u

v A

has the property that g% exists on («,B) and

622 2 21/2
(3.18) J.i[E] [w . (w)] 48 < w

Without loss of generality we may assume that o = 0 and that the part of the
domain D has the form (in Cartesian coordinates) {0 < x < B; y(x) < y < UA(X)}

where y(0) = y’ (0) = 0. Moreover, since UA(O) = ui(O) = 0 we have

11



(3.19)  u,(x) = ax,
(3.20) w(x) = -bx",
in a neighborhood of O for some r > 1 and a > 0, b > 0.

Consider the following function

zo(x,y) = exp[ﬁhzx?(f)w(x) 1n 2] -1=z-1 V(x,y) € D.

After some elementary calculation we get
bz =z (In 2)° (u, (x) - ¥(x)) + Alx,y),
where |A(x,y)]| = qu(x) - w(x)l_20(|x|) V(x,y) € D. Hence, by (3.19) and
(3.20)
bz = (u,(x) - Y))2(C + 0UIx1)) — +w, as Ix| > 0.

Let B, = {(x,y); x> + y° < R®}. The function w = z, - z satisfies (for R

small enough)
Aw =2 0 in BR nD
w=20 in 48D n BR.
Consider now the solution v to the boundary value problem

Av = 0 in BR nD
v=2~0 in 8D n BR; v = w in aBR n D.

Clearly v € Co’l(BR n D) and by the maximum principle we have

<
1A

v in B nD
R
and therefore

— = = -C(R) = -C inT, nB..
v R

This yields

12



(3.21) = _—-C inT,6 n BR

v ~ v ¥

for some constant C > 0. On the other hand, by an elementary calculation it
follows that

dz
_9

v

=z (1+ (p)HV2 (u, () -GN In2  in r, n B,

By (3.19) and (3.20), this implies that

oz

0 = -
J. %—do—w

FwnBR

and by (3.21), since 9z <0inT, n BR, we conclude that

av 7/

2
8z _
J [5] do = +o,

l"wnBR

which clearly contradicts (3.18). The contradiction we arrived at shows that

uy, > ¢ everywhere on [0,2n].
Now coming back to estimate (3.12) we infer that {z"} is bounded in every

Hl(Qg ) as m > », and so by boundary and interior estimates it follows that

A
m . . 2, .8 . 2, .8
{z'} is bounded in every H°(Q ). Hence there is z. € n H(Q ) such
u u
A 0<8<8 A
0
that
m . 2,08 . 1,6
z' >z, weakly in H (Qu ) and strongly in H (Qu )

A A

for all 0 < 8 < 60. Obviously zy satisfies equation (3.2) and the boundary

conditions z, = 0 in I',. It is also clear that

A Wy

6zm o0z
(3.22) — >

.2
3 o weakly in L°(I',) as m > o.

Y

We claim that zy takes boundary value equal to 1 on Fu . For any € > 0
A

13



and any (x,y) € Qu , there exists m, such that for any m = m
A

(i) (x,y) € Qu
m
PRy m _ <
(ii) |z (x,y) zA(x,y)I =g
(iii) dist(Fu ,Fu ) = 82
A m

where €, and €, are to be specified later. We observe that, by elliptic

estimates,

Nzl

A
A

L@ )
u

m
where C does not depend on m. Hence,
lz, (x,y) = 11 = |z, (x,y) - 2"(x,y)| + 12"(x,y) - 1|

= € + C dlst(y,l"u )

m

1A

e + C[dist(y,F ) + dist(" ,T )]
1 u u,’'u
A A m

A
(v]

if dist(y,Fu ) is small enough (here, € and €, are chosen appropriately).
A

Next, letting m tend to +o in (3.10) it follows

by (3.22) that

8z \2
1 A 1 2 1 -2 _
'2— .[ ['67] do + Z "UA“ 3 + ﬁ J (ZA) dXdy =d
H (0, 2n)
Fw Qu
A
i.e., (ZA’UA) is optimal in problem (3.7). Here, d = d(A,n).

Now let u, € U be an admissible control for problem 3.1 (Lemma 1), and

z, the corresponding solution. We have

14



a9z \2
1 A 1 2 1 -.2 <
7 I [%“] do + 5o llu,l * 5y j (z;)%dxdy =

3
- H3(0, 21) o
'/} us
8z 2
< % I (5—9] do + %_ Hu0H23 VA > 0.
v n H (0, 2m)
Ty

Hence {UA} is bounded in H3(0,2n) and

1 92,2 1 -2

Q
Y uy
Then, on a subsequence {Ak} — 0 we have

u, >u. weakly in H3(O,2n) and strongly in CZ[O,ZH].
Kk

On the other hand, by standard estimates for elliptic boundary value problems

it follows that

"ZA" 5 < C YA > 0
H (Qu )
A

and arguing as above it follows that there is a subsequence of {Ak} again

denoted {Ak} such that

Ny 22 =2 weakly in HZ(QS ) and strongly in Hl(Qi ),

k n n

— s = weakly in L3(r,).

Y

Moreover, by estimate (3.23) we see that z = 0 in Qu . Then letting A tend
n

to zero in the inequality

8z \2
1 A 1 2 1 -.2
= —| do + =— llu_ll + = z dxdy =
2 v Zn "UA' 3 2 (z,)"dxdy
H(0,1)
r
'] u

15



=

2
% I [95] do + L jun?

- av 2n H3(O,2n)
"]

for all (z,u) satisfying (3.2), (3.3), u € U, we get

8z 2
% J [E—P] do + %- ha 1% = inf (3.1)
r v nory (0,2n)
Y
On the other hand, by the same argument as that used for u, it follows that

A
un(e) > y(e) Ve € [0,2n]. Hence u € U and the pair (zn,un) is optimal in

problem (3.1). This completes the proof of Proposition 2.

LEMMA 3. Let (z UA) be optimal in problem (3.7) then there are P, €

——— A’
L?(Q ) such that
u, B — =
A
(3.24)  Ap. = - + 2z~ in Q
’ A A TA u
A
azA
Py =— inT,; p, =0 in T
A av 1] A uy
6pA azA 5 5 172 1
(3.25) 5;—(9,UA(6)) 5;—(6,ul(9))[ux(9) + (UA) (6)] =n AuA in [0, 2n]

where A: H;(O,Zn) > (Hz(O,Zn))’ is defined by

3 2T
(3.26)  (Au,v) = ¥ J u®v®do W e H2(0,21)
k=0 YO

where (-:,-) is the pairing between H;(O,Zn) and its dual (H;(O,Zn))’.

Proof. Let (u,,z,) be optimal pair in (3.7). Let v e H;(O,Zn) be

arbitrary but fixed. For all € > O sufficiently small, uy + ev € U. Thus we

have

A U, +EVy = 2
% J g% do + %X [[z A ] ] dxdy + % Ilul+svll23 ES
Hn(O,Zn)



2

oz
1 E_A do + %X (z )2dxdy + % uuxuz3 .
2 v H>(0, 2m)

We set

where the limit exists in every HI(QS ) for 0 < 8 < 60. Arguing as in the

A
proof of Proposition 2 it follows that CA e L%(Q ) n [ n HZ(Q8 )] is the
u u
A 0<5<<30 A
solution to boundary value problem
(3.27) ACA =0 in QU ,
A
oz
CA =0 in Fw; CA = -3V in Fu,
This yields
azA 6§A 1 _
(3.28) J o o do - X I z, CA dxdy + (AUA,V) =0
FW QU

A

for all v e H.(0,2n).
Now let p, € LZ(Qu ) be the solution to system (3.24). By boundary
A

regularity for elliptic equations it follows that P, € HZ(Q’) in every

ap
domain Q' of the form {(x,y) € Q ; yY(@) + n <r <u,(8)}, n >0, and so _A
UA A ov

is well defined on Fu and belongs to H1/2(Fu ) ¢ n Lq(I'u ).

A A q=2 A

Now by some calculation involving equations (3.24) and (3.27) we get

_ apA az?L
A I Zy & dxdy = J 3w @ I w ar 'L

and substituting in (3.28) yields

17



2T 6pA azh

172
2 ;12
- Io TR (e,uA(e)) 5;—(9,UA(9)) {uh(e) + (UA) (9)] v(e) do +

-1 _ 3
+ n (AUA’V) =0 Vv € Hn(O,Zn)

and (3.25) follows thereby completing the proof.

4. Proof of Theorem 1. Let (zn,un) be the solution to problem (3.1)

obtained by Proposition 2. We will prove that the sequence {(Zn,un)}

satisfies (2.3) and (2.4). Let w, be the solution to boundary value problem

A
(4.1) Aw, =0 in Q
A u
A
oz
WA =0 in Fw, WA = 3 in Fu

As A > 0 we have (see the proof of Proposition 2) w, > w weakly in every

A

HZ(Qi ), where LA Hz(Qi ), V8 > 0 is the solution to

n n

(4.2) Aw =0 in Q

Q . We get
“A
ow, 08z dp, 0z
1 - _ AT _ A TA
“a v Y2
awh az?t s
Since {5;—} and {5;—} are bounded in L (Fw), while by (3.25)
dp, 06z
A A _
Jr aTFdO‘—n (AUA,].) = C YA > 0
“A

18



we conclude that

l -
(4.5) X IQ zy Wy dxdy = C VA > 0.

U\

On the other hand by Eq. (4.2) it follows via the maximum principle that W >

ow -
0inQ and == > 0 in T, and since w is of class C° in every Q6 we have
un ar 1/ n u
aw ow ow

n . N n . N
+— > 0 in a neighborhood V of Fw. Since Wy W and 2 5 uniformly in V,

ar
we conclude that

wA(r,e) = C(r - y(o8)) in V,

where C is independent of A. Then by estimate (4.5) we infer that

(4.6) % JQ z, (r - y(8)) dxdy = C.
U\

(We have denoted by C several positive constants independent of A.)

This implies that the family of measures defined by

(4.7) u, (p) = - % I z, (r - y(8)) p dxdy Vo e 0(55;)
QuA

is bounded and so on a subsequence (eventually generalized) we have

. 1)
By — p_ weak star in every M(Qu ),

n

where p€ M(Qi ).

n

Then, letting A tend to zero in the obvious equality
azuA o¢ ~
(4.8) IQ p,x dxdy = . 35— 3, 9 * “A(w)

UA 1/

where ¢ = ¢-(r - w(e))'1, Ap =x inQ and ¢ =0 inT, Ul , x € C(Q ), we
“A Voo “A

conclude that (observe that ¢ € C(ﬁ;_))
A

19



. S
P, = P, weak star in every M(Qun)

where p € M(Qi ) is the solution to
n

-1 .
(4.9) Apn = pn-(r - y) in Qu
n
un
0z . _ .
R 3 in Fw, P 0 in Fun.

Now we proceed to prove (1.12). Let k e LY (Qu ) and ¢ € W (Qu ) be

A A
such that
Ap =k inQ , ¢ =0 1in 0Q .
uy uy
For q’ > 2 we know that ¢ € CI(Qu ) and so
A
lo(x,y)| = Clkll dist((x,y),r‘w).
L* (@, )
A
Then by (4.6) and (4.8) it follows that
azuh dp 1 -
II PyK dxdy| = J lav 55' do + X J EN || dxdy =
Qu Fw 96
A u
n
< Clikll + Cllkll 1 z, (r - y(8)) dxdy =
q q A A
L (Q ) LY (@ )
Uy U %y
A
< Clikll )
L1 (Q, )
A

This implies that P, € Lq(Qu ) where 1 < q < 2. Now consider the solution ¢ to
A

the problem

2 afi
Ap fo + i¥15}: in Qu

A

¢ =0 in oQ
“A
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where fo, f1’ f2 e LY (Qu ), @' > 2. We know that (see e.g. [4] p.462) ¢ €
A

W@ ) n L®%(Q ) and
u u

A A
2
. , =C YUl .
1,q i=0 i q
Let a € Cm(Qu ) such that « = 0 in a neighborhood of Fw. We have
A
2 af1
Alap) = « [fo + 1§15;: ] + 2 Vp:-Va + oA in qu

ap =0 in 8Q .
“A

Then using (3.24) we get, for A sufficiently small (ZA converges uniformly to

. 3 s s . _
z in Qun, and z > 0; this implies that ocApA = 0)

2 of
1 = - .
IQ “PA[fO + i§15§: ] dxdy = IQ apx(2V¢ Va + @A) dxdy.

oY %)\

Since Vo € LT (@ ) and {p,} is bounded in LY(Q ), 179 + 1/q’ =1, we
ul A u,y

conclude that

llop, Il <C Vva>o.
W’q(Qu )
A

Hence p_ € WLq(QS ) for any domain Qz = {(x,y); y¥(B) + 8§ < r < un(e)L
n n

However since the boundary Fu is smooth we infer that p € HZ(QS ) as
n

n n
claimed.
We shall prove now (1.11). By (4.7) it is also clear that u (p(r - W)-l)
n
= 0 for every ¢ € C(ﬁ;_) with supp ¢ ¢ {(x,y) € Qu ; Y(e) <r«< un(e)}. Let us

n n

show now that un(zn(r - )Y = 0. Indeed, since

8z \2
1 I [ A] 1 I -2 1 2

—| do + = (z,)" dxdy + = llull =
2 r av 2A 0 A 2n A H3(O,2H)
¥ uy
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0z 2
1 n 1 2
<3 '[r [W] do + 5l

n .3 ’
H (0, 2m)
"]
U
where ZA =z and as seen earlier,
8z 2
lim inf { % I [535] + %n HuAHZ3 } >
A->0 FW H (0, 2m)
8z (2
> % I [6—“] do + %n lu ||23 ,
r \oV ™ #(0, 2n)

we conclude that
.1 -2
lim Y I (ZA) dxdy = 0
A-0 Qu
A

and so lim u, (z,(r - W)-i) = 0. Finally, since z, > z uniformly on every Qa
A0 ATTA A n u_

and p, > p_weakly, we infer that p (z (r - v)') = 0 as claimed.

We conclude the proof by noticing that letting A tend to zero in (3.25)

we obtain
6pn azn 5 5 1/2 »
W(e’un(e)) W(e’un(e)) [Un(e) + (Un) (9)] =n Aun.

(The family of functions {px} is bounded in HZ(Q’) in a neighborhood Q’ of Fu

n

and so we may pass to the limit by standard device.)

Now since n—lAu — 0 in (H3(0,2n))’ as n > o [because {n_1Hu Il }
n T n 3
H (0, 2m)

is bounded] we see that the sequence {(un,un,pn,zn)} satisfies the

requirements of Theorem 1. (Condition (2.5) is satisfied by construction of u

as solution to problem (3.1).)

REMARK. Theorem 1 may be viewed as a maximum principle type result for

the optimization problem (2.6) which as seen earlier is not well posed. This
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fact becomes clear if one uses Ekeland’s variational principle to obtain
equations (1.9) - (1.12). More precisely, let ¢: H;(O,Zn) — R = (-, +0] be
the function

uy 2
% I [gg—] do ifz'20, ueUl
(4.10)  ¢(u) = r,

+00 otherwise.

The function ¢ is lower semicontinuous, i.e.,

lim inf ¢(u) = ¢(u) Vu e H;(O,Zn)
u—)uo

because either u, > Y in [0,2n] or lim inf ¢(u) = +w. Then by the Ekeland

u->u
(o]

Variational principle there is a sequence {ue} d H;(O,Zn) such that

¢(u€) =< inf { ¢(u); ueU } + €
and

(4.11) u_ = arg min { ¢(u) + 2l - ull }.
uelU H (0, 21)

This implies as in the previous proof that there are P and M € M(Qu )

€
satisfying (1.10) - (1.12) and such that
u
ap €
€ 0z _1r2 . p
W T = € T)e in D (0,27[)
where lin | = 1. This is exactly the conclusion of Theorem 1.

€ (H;(O,Zn))’

5. Numerical example. Consider the problem (1.5) in the case when
(5.1) y(e) = 1.

(5.2) f(r,0) = 12,
r

The explicit solution is easy to compute. It is given by

23



(5.3) u(e) = e‘/z,

(1n r)?

(5.4) z%(r,0) = 5

On the other hand, following the approach of this paper, we consider the

following approximate problem:

2
(5.5) inf { % I [g%] do + %X J (z”)2dxdy } = inf ¢ (u).
u Fw Qu u

We apply the steepest descent method. The gradient of the functional ¢A in

(5.5) is computed (as it is not difficult to see) by

op oz
v dr 'T
u

2,172

(u® + ue) )

(5.6) V¢A(U) = -

where z and p are computed by

(5.7) pz=1 ing
2 u
r
z =0 inTl,, z=1 in T
7/ u
(5.8) Ap = - 1. ina
A u
p = —zr in Fw, p=20 in Fu

Then, the steepest descent iteration is given by

(5.9) u . =u +p (Przr)l
r=u(e)

-[[cos 6 +u 512 6][u6 sin 6 + u cos e]

. cos 6 .
+ - - > .
[51n 6 ue m ][u sin 6 u9 cos e]], P 0

So, for A = 0.00001, u,

24

4.5, and p = 1, we compute using (5.7) - (5.9), u

10



= 4.26, u
20

2, then u
10

4.24. Similarly, if one takes A = 0.000001, uo = 4,24, and p =

4.21. We recall that the exact value is e‘/2 =% 4,11. Computations

were done on 32x32 polar grid with piecewise linear finite elements.
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