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Abstract.

A preconditioned iterative regularization scheme is proposed and tested for solving
large scale structured linear systems Hf = g + 7, arising from the discretization of ill-
posed inverse problems in the presence of noise. The case where H is a block Toeplitz
matrix with Toeplitz blocks is considered. The preconditioned conjugate gradient method
is applied, where H is approximated by a block circulant matrix with circulant blocks.
This results in a fast 2-D FFT-based iterative scheme with applications, e.g., in image
restoration. Thus we precondition in the Fourier domain, while iterating in the spatial
domain. Our main purpose is to show how the iterations can be effectively and efficiently
regularized for solving ill-posed problems by using the spectral decomposition of the
preconditioner.
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1 Introduction

In many engineering applications (e.g., image restoration [12]) it is often necessary
to numerically solve large scale structured N x N dimensional linear systems

Hf = g, (1)
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arising from discretization of ill-posed inverse problems. For example, (1) may
result from the discretization of a first kind integral operator equation. Numerical
methods for such problems can be highly ill-conditioned because the minimum
singular value of H is close to zero. Moreover, for these ill-posed problems the
matrix H is typically full. Very often, however, the H will have a Toeplitz, or
Toeplitz related, block structure. An n x n matrix 7 is called a Toeplitz matrix
if the entries of T satisfy ¢; ; = t;_;, i.e., the entries of T' are constant down each
diagonal. If the entries of an n x n Toeplitz matrix C also satisfy ¢,_; = c_j, then
C is called a circulant matrix.

In this paper we will consider solving (1) when the matrix H is an m x m
block Toeplitz matrix, with each block being an n x n (point) Toeplitz matrix.
Specifically, we will assume that

To Ty -+ T_pmpr
T To -+ T-my2
H = . . . ] (2)
Tm-1 T2 - T

where each block T} is an n x n point Toeplitz matrix. We call a matrix of this form
a block Toeplitz with Toeplitz blocks matrix, and denote it by BTTB(m, n). Such
matrices arise naturally from discretization of 2-D Fredholm integral equations of
the first kind with displacement kernels. Since, in this case, the continuous problem
is ill-posed (cf. Groetsch [8]), it follows then that the matrix H will be very ill-
conditioned; we call (1) a discrete ill-posed inverse problem. As a consequence of
the ill-posedness, the solution f will be very sensitive to perturbations in the right
hand side. This is an important observation since in most applications g is either
a recorded signal or image, or is obtained from measurements.
In general, what is known is not g = Hf, but

g=Hf+n,

where 7) represents unknown (Gaussian) noise or measurement errors. Because of
the above comments on the ill-conditioned nature of H, one cannot simply solve
Hf = g and expect to compute an accurate approximation to f. In particular, g
can be dominated by noise at high frequencies. Thus if H is ill-conditioned, then
the noise term will become amplified at the higher frequencies, since the power
spectrum of the degraded image is typically highest at low frequencies and rolls off
significantly for higher ones. Therefore the higher frequencies, which are usually
of more interest to the user, are degraded the most in approximating f.
Regularization is often used to alleviate the sensitivity of the inverse problem to
the perturbations to the right hand side. Regularization has the effect of filtering
out the noise at the expense of restricting the set of admissible solutions. Various
regularization procedures include Tikhonov [8], truncated SVD [11], and iterative
methods[9], especially conjugate gradient iterations [17]. In each case, one has the
non-trivial problem of choosing a regularization parameter, which controls the de-
gree of bias in the solution. For example, in conjugate gradients, the regularization
parameter is the iteration number, i.e., the number of iterations applied.
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Here we consider using the preconditioned conjugate gradient algorithm as a
regularization procedure. Moreover, we study the potential use of a block circulant
with circulant blocks (BCCB) matrix C as a preconditioner. BCCB preconditioners
have been shown to be effective in speeding the convergence of the conjugate
gradient algorithm for solving well-conditioned BTTB systems of equations [2, 6].
In addition, the Fast Fourier Transform (FFT) can be used in the computations.
These preconditioners were extended to least squares problems by R. Chan, Nagy
and Plemmons [3, 4], where it is shown how the FFT-based computations can be
applied to ill-posed problems when Tikhonov regularization is used.

We stress that to the best of our knowledge preconditioning effects have not
yet been considered for iterative regularization methods; the topic is especially
delicate, for either the preconditioner is as badly conditioned as is H, in which
case each iterative step will already be unstable, or else C' is a poor approximation
of H, in which case the preconditioner will not be effective. We will show here
how to adapt the BCCB preconditioner of [4, 6] to the context of discrete ill-posed
equations arising from image restoration applications.

This paper is outlined as follows. In Section 2 we review the construction
of BCCB preconditioners for BTTB matrices. Section 3 is concerned with the
relationship between regularization and the singular value decomposition. In Sec-
tion 4 we discuss regularization by iteration, with an emphasis on preconditioned
conjugate gradient iterations. In Sections 5 and 6 we consider the problems of
constructing a BCCB preconditioner for ill-conditioned BTTB matrices. Here we
propose a particular way of adapting the BCCB preconditioner matrix using its
FFT-based spectral decomposition. Finally, in Section 7 we provide some numer-
ical results illustrating the features and the effectiveness of our scheme.

2 Preconditioned 2-D Problems

In this section we review conjugate gradient preconditioners for the iterative so-
lution of some large-scale BTTB Toeplitz, i.e. 2-D, problems. Toeplitz related
matrices arise in very many scientific applications, such as signal and image pro-
cessing.

Traditional direct methods for solving point n x n Toeplitz systems of linear
equations have O(n?) computational complexity, see e.g., [7]. Fast direct Toeplitz
solvers have complexity O(n log? n), but their numerical stability is not completely
understood. In 1986, Gilbert Strang [16] addressed the question of whether iter-
ative methods can compete with direct methods for solving symmetric positive
definite Toeplitz systems. Strang proposed the use of circulant matrices to pre-
condition conjugate gradient iterations for Toeplitz systems in order to accelerate
the convergence. The reason why this approach is competitive with direct methods
is clear. The use of circulant preconditioners for these Toeplitz problems allows
the use of Fourier transforms throughout the computations, and these FFT-based
iterations are not only numerically efficient, but also highly parallelizable.
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Numerous articles have extended the Strang idea to more general point Toeplitz
systems, and several types of circulant preconditioners have been suggested, e.g.,
[6]. Recently, FFT-based preconditioners have been proposed for solving BTTB
problems by T. Chan and Olkin [6] and, for the least squares case, by R. Chan,
Nagy and Plemmons [3, 4].

The conjugate gradient (CG) method is an iterative method of fundamental
importance for solving systems of linear equations (1), cf., Golub and van Loan [7].
The classical CG method applies only to the case where H is symmetric positive
definite. But if H is not symmetric positive definite one can still use the CG
method; for example, by considering the factored form of the normal equations

H*(g — Hf) =0,

where * denotes the conjugate transpose. This variant of CG is generally called
CGNR.

The convergence rate of the conjugate gradient algorithm depends on the sin-
gular values of the coefficient matrix H. If the singular values cluster around a
fixed point, convergence will be rapid, cf. van der Sluis and van der Vorst [18].
Thus, to make the algorithm a useful iterative method, one usually preconditions
the system. The preconditioned conjugate gradient algorithm, with preconditioner
C, uses the conjugate gradient method to solve

HC 'y =g,

with Cf = y.

This leads to the preconditioned conjugate gradient (PCGNR) algorithm for
general linear systems and for least squares problems. The version of the PCGNR
algorithm we use is given in [1] and can be stated as follows:

Algorithm 1. PCGNR. Let f(©) be an initial vector, and let C be a given
preconditioner. This algorithm computes the solution, f, to Hf = g.
or(® =g_ HfO®
° p(o) - S(O) = C""‘H"‘r(o)
o 70 = [Is®]13
e for k=0,1,2,...
q®) = HC-1p®)
ar = e/|la®|3
f(k+1) = f(k) + akC—lp(k)
r(k+1) = p(k) _ o q(F)
g(k+1) — C—*Htr(k+1)
e+ = [[sEHD]3

Br = ‘/k+1/7k
p(k+l) P s(k"’l) + ﬂkp(k)

We consider the T. Chan [5] circulant approximation for a square point Toeplitz
matrix. His circulant approximation is optimal with respect to the Frobenius
norm, is defined for arbitrary square matrices A, and is constructed by averaging
the entries along certain pairs of diagonals of A. In particular, for a given generic
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n X n matrix A, let C(A) be the n x n circulant approximation of A as defined
in T. Chan [5], i.e., C is the minimizer of F(X) = ||A — X||F over all circulant
matrices X. For the special case where A = T, where T is Toeplitz, we have

C =C(A) = (cj-1ijts
where the (j, £)th entry of C is given by the diagonal
(n— k)tr + ktp—n
cp =

n 0sk<n, 3)
Cntk 0< -k <n.

Throughout this paper we will use the T. Chan approximation C(-) exclusively as
a basic tool to construct our preconditioners for BTTB problems.

We now describe a BCCB preconditioner for BTTB, i.e., 2-D, problems. It is
based on second level approximations and will be called the Level-2 preconditioner.
Our Level-2 preconditioner is based on circulant approximations at the Toeplitz-
block level and again at a second, block Toeplitz level. The BTTB matrix H in
(2) will be approximated by a second-level circulant preconditioner, denoted by
Co(H). The preconditioner is related to the one proposed by T. Chan and Olkin
[6] for square Toeplitz-block matrices and extended to least squares problems by
R. Chan, Nagy and Plemmons [4].

For the BTTB matrix H given by (2), we define a first-level circulant approx-
imation by

() Ty ~-cg4wn

T To oo C(T-mny2

) = (:) (:) - :+) @
C(Tm_1) C(Tm-z) --- C(Tv)

Now we apply another first-level circulant approximation C; to C1(H) to get the
second-level circulant approximation Co(H) that we want. The matrix C; {C1(H)}
is obtained by treating each block C(T}) in Ci(H) as an entry of a matrix and
then applying the formula (3) to this “point” matrix. More precisely, we form the
block-circulant matrix

Co CL—I Cj—m+1
- ] Co -+ Comt2
alaamy=| O T

Crot Cna - Co

where the C,, are computed using (3). Since each C(T}) is circulant, we see that
the sums C~',‘ are circulant matrices. Moreover, by their definition, we see that
Cu=Cu_m, 0<p < m. In particular, we see that C.{C1(H)} is then a block-
circulant matrix with circulant blocks of the form BCCB(m,n). We note further
that Co(H) = €,{C1(H)}, as given in R. Chan and Jin [2, Theorem 3]. It is shown
in [2] that Co(H) is “optimal” in the sense that it minimizes |H — X||r over all
BCCB matrices X. For our purposes, we need only find the first column of C;(H),
and then use that column to find the first column of the final BCCB matrix Co(H).
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We note that the eigenvalues of C3(H) can be obtained by taking the 2-D FFT
of the first column of C3(H). Specifically, if co denotes the first column of Co(H)
and ££t2d denotes the 2-D FFT operator, then the vector of eigenvalues of C2(H)
is given by ££t2d(c2).

The construction of our Level-2 BCCB preconditioner (i.e., the eigenvalues of
C = Cy(H)) for the matrix H in (2) is summarized in the following algorithm:

Algorithm 2. Construction of the circulant Level-2 preconditioner for
2-D problems. Let H be the BTTB(m,n) matriz given as in (2). This
algorithm computes the eigenvalues of the BCCB preconditioner C, using
the 2-D FFT, and stores them in the diagonal matriz A.

Find the first column, ¢y, of C1(H), using (3),
Find the first column, ¢q, of C = Co(H) = C{C1(H)} , using (3),
Find A from A1 =££t2d(cy), using the 2-D FFT.

Since H is mn x mn, the cost of forming the Level-2 BCCB preconditioner C
(i.e., its eigenvalues in A), for the case where the matrix H is BTTB(m,n) , is
O(mn(log n + log m)) operations. For implementation in the PCGNR algorithm,
we need only the eigenvalues of C together with the 2-D FFT. We observe that
for any vector y, C~ly can be computed by the formula

C~ly = ifft2d[A~'11t2d(y)]
in
O(mn(logn + log m)) (5)
operations by using fft2d and its inverse, ifft2d. FFT-based matrix-vector
multiplications involving the BTTB matrices H and H* in the PCGNR algorithm
also have complexity (5), so (5) is the complexity per iteration of the PCGNR
algorithm, implemented using the 2-D FFT.

We note that a convergence analysis of the PCGNR method with the BCCB
preconditioner C' is given in [4]. There it is shown that, for certain important
classes of H, the singular values of the preconditioned matrix are clustered around
one, leading to rapid convergence. It also follows from the analysis in [4] that
the PCGNR iterations may be ineffective or even break down if H is very ill-
conditioned. In the remaining sections of the paper, our purpose is to show how
the iterations can be effectively and efficiently regularized for solving ill-posed
problems by using the FFT-based spectral decomposition of C.

3 Regularization and the SVD

Let
H=UxVT

be the singular value decomposition (SVD) of H, (cf. [7]) where the columns
ui,...,uy of U and the columns vy, ..., vy of V form orthonormal bases of RY,
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respectively, and ¥ is a diagonal matrix containing the singular values o1 > o9 >
...> on > 0 (we assume that H is nonsingular).

In applications arising from integral equations of the first kind, o is a mod-
erately sized number — more or less independent of the discretization — and the
ill-conditioning of H stems from clustering of the smaller singular values at the
origin. In convolution problems over RY, such as those we will consider, the sin-
gular values typically fill out the entire interval (0,0;] with no particular gap in
their spectrum.

Expanding f and 7 in terms of the SVD we have

N N
f—_—; fivi, 7122; niug,
1= =

which gives

N N
g=>_ (gTw)wi =) (oifi +mi)u.
i=1 i=1

It is not our aim to rigorously treat the theory of regularization, for this we
rather refer to the forthcoming survey [10]. Instead, we prefer to derive an under-
standing of the preconditioning issues in CGNR-based regularization. With this
in mind, a heuristic treatment of regularization seems to be more appropriate.

Our discussion is based on the following two main assumptions:

e The spectral coefficients gTu; = o;f; of the unperturbed right-hand side
g = Hf decay in absolute value like the o;; indeed, we always have

gl = ailfil < illfll, i=1,2,....

This assumption reflects the Picard condition of the continuous problem (cf.
[8]) which is even somewhat stronger. Following Hansen [11, Def. 3.3] we
call this the discrete Picard condition.

o 1) originates from “Gaussian white noise”; that means its spectral compo-
nents 7); are independent stochastic variables with mean zero and variance
€2 > 0. We may therefore expect that

il ~e, i=1,2,....

For practical reasons we will further on assume that the signal g dominates the
noise 1; no reasonable reconstructions are possible otherwise.

We separate the indices ¢ € {1,..., N} into three subsets: Z,, corresponding
to the signal subspace U, := span{u; : € < 0;}; I, corresponding to the noise
subspace U, := span{u; : ¢ < ¢}; and the remaining ones Z;, defining U; :=
span{u; : i € 7;} as the transition subspace, where o; and ¢ have the same order
of magnitude. While the first two sets constitute a highly simplifying distinction
between “good” and “bad” singular values, the idea of Z; associated with the
transition subspace is to cope with the inherent shortcomings of such a procedure.
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Reconstructing naively, i.e., without regularization, yields

N T n
_ . . f. + n‘.
H-lg=S"8Yi, _ ﬂﬁ__vg 6
For the small indices ¢ € Z, there is a large number ¢ with o; > c£, and

oifi +ni
(4]
where 1/c is small; these spectral components are indeed well reconstructed. For
the larger indices i € Z,, we have instead oy < €, and
oifi+ni
(4
so that the noise contribution 7; is highly magnified.
We conclude that H~!g is dominated by noise, and regularization has to deal with
that, e.g., by incorporating filter factors ¢; > 0 into the expansion (6):

N
fio =D v g'l':—m vi. (M

i=1 :
The filter factors ¢; should satisfy the following requirement: they should be close
to 1 for ¢ € Z, — where stable reconstruction of f; is possible — and they should
be close to 0 for the critical i € Z,,. It remains to discuss the impact of i € Z;.
The corresponding ¢; should lie between 0 and 1, and the essential task of any
regularizing algorithm is to choose these filter factors ¢;, i € I;, in such a way
that the approximation error

. 1 .
:fi+%wf1:t'c'a 161-3)
1

1 .
=fi+—77i’ ZGI”,
g

IIf — fip 3]
is minimized. Note that optimal choice of these filter factors a prioriis difficult (if
not impossible) as it depends on the actual ratios f;/n;, i € Z;, which are unknown
of course. Good a posteriori choices are necessary for a regularizing algorithm to
be effective.

We emphasize that in image restoration applications, a similar notion of signal
space, noise space and transition third space may be introduced in the Fourier
domain: the blurred image g is often close to being bandlimited, i.e. its Fourier
coeflicients are small outside a symmetric interval F, = {w : 0 < |w| < w;,}.
The expected Fourier coefficients of the white noise 7, however, have the same
magnitude for all frequencies, € say, and they will dominate the Fourier coefficients
ofg=g+nin F, = {w: |w| > wy > w,}. Finally, F; = {w :w; < |w| < wp} goes
between F, and F,.

4 Regularizing Properties of PCGNR

We continue our heuristic investigation of regularization in the special case of
(P)CGNR, see also [10, 17]. More rigorous but less illustrative analyses can be
found in Nemirovskii [14] and Plato [15].
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We first consider the case C = I (CGNR). Observe that the k** iterate £f(¥) of
Algorithm 1 assumes indeed a filtered SVD-expansion of form (7), i.e.

N
) (k) gifi+mi
where the filter factors <pgk) are given by the so—called Ritz polynomials r; via
o) =1-ri(a}). ®

The Ritz polynomials in turn may alternatively be introduced as a certain sequence
of orthogonal polynomials (¢f. [17]), or as the unique sequence of polynomials
minimizing the quadratic form

N
Flpe =) pi(o}) (oifi +m)? 9
i=1

amongst all polynomials p; of degree k, normalized so that

p:(0) =1, k=0,1,2,...

We find the second characterization (9) more convenient. Rewriting the mini-
mizer F(ry) in terms of the filter factors (8) yields

N
Flrd=  min, Flpe] =Y (1-¢{)2(0ifi +m)2. (10)
=1

Pk (0)=1 i
Consider now the “weights” of the quadratic form F,
w; = (0ifi +m).

According to the discrete Picard condition for g and the white noise property of
7, we observe that the weights w; will be heavier for ¢ € Z,; that is, for spectral
components corresponding to the signal subspace. The corresponding filter factors
will therefore be the first to approach 1 as k increases.

On the other hand, r(0) = 1, and the weights w; with i € Z,, are just of the
order of €. Thus, r¢(A) will remain close to 1 in an entire neighborhood of A = 0

for moderate values of k, and the filter factors gafk) for i € I, will therefore be
close to 0 in the beginning of the iteration process.

Consequently, the <p,(~k) fulfill the filtering requirements that we have imposed
for (7) — at least, up to some iteration number k’: at that point of the iteration
CGNR has sufficient degrees of freedom when choosing the Ritz polynomials to
cancel the contributions of i € Z, to F[r¢] in (10), and the contributions of i € Z,,
start getting important in the minimization process (10) (a good way to think of
these effects is in terms of an interpolation process; see for instance the analysis
of Louis [13]). At this stage of the iteration, r¢(0?), i € Z, fixed, will significantly
decrease and CGNR starts to reconstruct noise; the filtering requirements are
violated and CGNR should ultimatively be stopped.
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Again, we emphasize the role of I;: CGNR should not be stopped before
the entire information from the signal subspace is reconstructed, but it must be
stopped before it starts reconstructing the noise space components. When to
stop exactly depends on the amount of signal information relative to noise that is
contained in the transition subspace U;.

We now turn to the question of preconditioning. The standard idea of pre-
conditioning is to speed up the convergence process; in the present context this
should rather mean to reduce the number of iterations required to reconstruct
the information from the signal subspace. Depending on the robustness of our
stopping rule, we may or may not wish to accelerate the convergence process as it
reconstructs information from the transition subspace.

The number of iterations required to reconstruct the component of f in U,
mainly depends on the spread and the clustering of the singular values o; with
i € Z,; the more clustered the singular values, the faster the convergence. As
mentioned before, discrete convolution equations usually have densely distributed
wide-spread spectra with little clustering, hence CGNR will require many itera-
tions before the stopping rule is satisfied.

The preconditioner C should therefore cluster the spectrum of the mapping
HC-! restricted to the signal subspace U,. On the other hand, the entire spectrum
of HC~! must not be clustered because this would combine the signal subspace
and noise subspace; in such a case all iterates, right from the beginning, would
be contaminated by noise, and the regularizing property of CGNR would be lost.
Rather, HC-! should act like H on the noise subspace, or, in other words, C
should act like the identity on U,,.

The remaining question about the behavior of C on the transition subspace U;
is delicate. It seems to us as if C' = I on Y, is the most appropriate for our purposes
and applications: Due to the non-clustered part {o; : ¢ € Z;} of the spectrum of
H, PCGNR will reach and pass the optimal stopping point quite slowly so that
termination rules will work robustly. Of course, however, if the signal subspace U,
has been underestimated, then potential speedup will be lost with such a choice
of C; we refer to the experimental section for examples.

We emphasize that the choice of C should depend on the actual noise level,
because the definitions of &,, U; and U, depend on the noise variance 2. For
smaller noise levels we can allow “more preconditioning” in the sense of “more
clustering”; for large noise levels we can tolerate “little preconditioning” only.

The standard Level-2 preconditioner of Section 2 would correspond to “full
preconditioning”, giving as much clustering as possible with C. According to
what we have said before, this choice of preconditioner is totally out of order for
ill-posed problems because this would mix up the noise and signal subspaces.

In the next section we will show how the Level-2 preconditioner can be adapted
to manipulate the level of preconditioning that we actually want. We also prove
a result which essentially states that the singular values of the preconditioned
matrix corresponding to the signal subspace cluster at 1, while the singular values
corresponding to the noise subspace still cluster at 0.
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5 Signal Subspace and the Truncation Parameter

As has been discussed in the previous section, a critical point of our preconditioning
approach is the specification of the — so far only vaguely defined - signal subspace
U,. Roughly speaking, the signal subspace should contain a major part of that
right-hand side’s fraction which comes from g, rather than from 5. Once U,
is specified, we use it to choose a truncation parameter . This parameter 7 is
chosen so that the eigenvalues of C satisfying |A;| > 7 correspond to U,, with the
remaining eigenvalues corresponding to U,, and U;. This truncation parameter is
then used to construct our modified preconditioner, which we denote as C;, from
C. We will postpone the specific description of C, until the next section, while
concentrating here on how the signal subspace U, is specified and how, from it,
the truncation parameter r is chosen.

As the discussion in Section 3 implies, a convenient subspace might be defined
with Fourier vectors. At this point we recall the final remark of Section 3: it
suggests to compute the discrete Fourier transform of the right-hand side vector
g; its Fourier coefficients will decay to about the level of € as the frequency increases
(cf. Figures 3 and 5 for an example).

We suggest to choose w, as that particular frequency for which all Fourier
coefficients relative to frequencies |w| > w, are less than ¢ in absolute value. As in
Section 3, the signal space U, is taken to be that space which is spanned by the
Fourier vectors with frequencies of at most w;.

To compute our truncation parameter, 7, we thus compute the discrete Fourier
transform of the right hand side g, and find the point ¢ at which these coefficients
level off. The index where this stagnation first begins indicates where the random
errors start to dominate the right hand side. That is, we obtain a specification of
the signal subspace. Thus, if p; is the index where the Fourier coefficients begin
to level off, we then take the magnitude of the p!* eigenvalue of C, |A,, |, as the
truncation parameter 7.

6 Modified Level-2 Preconditioner

In this section we describe how the Level-2 preconditioner can be modified to
incorporate the amount of preconditioning we want; and, in addition, we provide
some theoretical results on the effectiveness of the preconditioner. It was sug-
gested in Section 4 how C = C3(H) is to be modified, but it is useful to state an
algorithm which explicitly shows how the modified Level-2 preconditioner is to be
constructed.

First, to obtain an explicit description of our preconditioner, recall that C is a
BCCB matrix, and hence can be easily diagonalized using the 2-D FFT. In fact,
when using C as a preconditioner, one needs only its eigenvalues (see Algorithm
2.) Now recall further from Section 4, that for ill-posed problems we want the
modified preconditioner to act like C on U,, and like the identity on U, and on U;.
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This is equivalent to locating the eigenvalues of C' which correspond to i, and to
U; and replacing them with ones.

As discussed in Section 5, we choose a truncation parameter 7 such that eigen-
values of C satisfying |\;| > 7 correspond to U,, with the remaining eigenvalues
corresponding to U, and U;. To simplify our discussion, we assume that the eigen-
values of C' are A; with |A{] > |Ag] > -+ > |Amn|, and we define the fruncation
indez p,; to be the largest integer p such that |A,| > 7. Moreover, since our
preconditioner depends on the parameter 7, we denote it by C,.

Now, as the above remarks suggest, given the tolerance 7, to construct C,
we first find the eigenvalues A; of C. Then C; is simply the BCCB matrix with

eigenvalues
i = A if x| > T
Tl ifNl<T

This discussion is summarized in the following algorithm.

Algorithm 3. Construction of the modified Level—-2 preconditioner for
2-D problems. Let H be the BTTB(m,n) matriz given as in (2), and let 7
be chosen by the method described in Section 5. This algorithm computes
the eigenvalues of the BCCB preconditioner C,, using the 2-D FFT, and
stores them in the diagonal matriz A.

Use Algorithm 2 to compute the eigenvalues X; of C.
If |\i| < 7, replace A; with 1.

The cost of finding C;, and for solving systems with C, is on the same order
as that for C (see remarks following Algorithm 2.)

We now turn to the convergence analysis of the PCGNR method with C; used
as a preconditioner. As mentioned earlier, the convergence rate of the PCGNR
depends on the distribution of the singular values of HC;!. In particular, if the
singular values of HC;! corresponding to the signal subspace U, cluster around
one, then the convergence will be rapid.

Here, as in [4], we assume that the entries h;_; ;_; of H are obtained from a
doubly indexed sequence {h, ,}, and that

oo e o)
Y ) Ihupl <K < oo (11)

p=—00 V=—00
Thus we immediately have
HH| < IHH]lo < K2, (12)

where, as usual, ||H||; and ||H||e denote the column and row sum norms of H,
respectively.

The theoretical analysis to follow concerns the limiting process where m and
n tend to infinity, while the noise variance ¢2 is assumed to be fixed. Such an
analysis reflects the process of increasing the level of discretization. Note that
essentially, our choice of 7 only depends on € but not on m or n.

The following lemma relating C and H is proved in [4].
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Lemma 6.1. Let H satisfy (11). Then for all § > 0, there exist M, N > 0, such
that for allm > M and n > N,

H-C=U+V

where
rank(U) = O(m) + O(n)
and

[IV]]2 < 6.

We now consider the modified preconditioner C,. The following lemma estab-
lishes how well C; approximates H.

Lemma 6.2, Let H satisfy (11), 7 > 0, and C; be constructed as above. Then
for all§ > 0, there exist M, N > 0, such that for allm > M and n > N,

H-C,=U+V+W-PF;
where P; is the orthogonal projector onto the direct sum U, & U;,
rank(U) = O(m) + O(n),
[IVIl2 <,
and W is a matriz satisfying W = P,WP,, and
W2 <

Proof: For the spectral decomposition of BCCB matrices we make use of the
2-D Fourier transform matrix F [12], and we assume without loss of generality
that the columns of F* contain the eigenvectors of C in such an ordering that the
corresponding eigenvalues of C are in non-increasing order. In particular, if p; is
the truncation index corresponding to 7, the final mn — p, columns of F* contain
an orthonormal basis for U,, ® U;.

Observe from Lemma 6.1 that we can write

H-C;,=H-C+C-C,=U+V+W-P;
where U and V are from Lemma 6.1, and
W = F*diag(0,...,0,Ap41,. .+, Amn)F,
P, = F*diag(0,...,0,1...,1)F.

From this it follows that P; is the orthogonal projector onto U,, ®U;, and obviously
W = P,W P,. Furthermore, as F is a unitary matrix,

W2 < Apgr < 7.

The properties of U and V now follow from Lemma 6.1. O

We now present our clustering result for the singular values of the precondi-
tioned matrix HC; 1.
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Theorem 6.1. Let H satisfy (11), 7 > 0 and C, defined as above. Then given
6 >0, there exist M, N > 0, such that for allm > M and n > N,

HC;'—(I-P)=U+V+W
where U and V satisfy
rank(U) = O(m) + O(n)

and
[IVIl2 <6, [IW]]2 < .

Thus at most O(m) + O(n) of the singular values of the preconditioned matriz
HC?
lie outside the two intervals (1 —é6 - 7,1 +6+7)U[0,6+ 7).

Proof: First, notice that from Lemma 6.2 we can write
HC;'—(I-P)=(H-C;)C; '+ P, =(U+V+W)C;' 4+ P, (I -C;Y),

where U, V and W are given by Lemma 6.2. By definition, P, (I — C-1)=0,so
that we obtain the identity

HC;'—(I-P)=U+V+W

where we have let U = UC;!, V = VC;! and W = WC;!. Note that the
particular form of W derived in Lemma 6.2 implies that W = W and hence W
satisfies the given assertion. Furthermore,

rank(U) = rank(0) < O(m) + O(n).

Now observe that, from the definition of C;, its minimum eigenvalue is bounded
by min{1,7}. Thus, assuming 7 < 1 and using Lemma 6.2, we obtain

IVIlz < IVINICF Iz < 8/7.

Now since the & can be chosen arbitrarily small, it follows that ||V||2 < é.

Then, as I — P; is an orthogonal projector with all its singular values being
either 0 or 1, it follows from [19] that at most O(m) + O(n) singular values of
HC;! lie outside the union of the intervals (1 -6 — 7,1+ 6+ 7)U[0,6+7). O

We note that using a standard error analysis of the conjugate gradient method,
it can be shown (see, e.g., [4]) that our method here will give the best regularized
approximation to f in at most O(m) + O(n) steps for m and n sufficiently large.
Also it follows from Theorem 6.1 that HC;! ~ I on U, whereas HC;! ~ H ~ 0
on U,; in other words, C; is a good preconditioner on the signal subspace and
acts like the identity on the noise subspace, as desired. We also emphasize that
for moderately ill-posed problems with little noise, where we can choose 7 ~ 0 we
can make use of “full preconditioning” and then we obtain convergence in at most

O(m) + O(n) steps.
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7 Numerical Results for 2-D Problems

In this section we provide some numerical experiments illustrating the effectiveness
of our methods. The examples we use are model problems in image restoration
computations [12], and are of the form

g=Hf+n,

where H is a BTTB matrix representing the blurring in the image. All computa-
tions were performed on the Cray Y-MP at the North Carolina Supercomputing
Center.

We begin by generating a known 64 x 64 image shown in Figure 1, and form
the vector f of dimension 4096 by row ordering (see [12]) the original image. We
then choose the ill-conditioned 4096 x 4096 blurring matrix H as

_ [ exp{-0.1(GE -4+ (k-1?)} -5<i-—jk-1<5

Bivik—t = { 0 P! ( i ) otherwise] » (13)
and construct the blurred, noisy image by forming the vector g = Hf + n (see
Figure 2). The entries of the vector 7 are generated randomly from a normal
distribution with a mean of 0.0 and a variance of €2 = 1.0, and scaled to obtain
specific noise levels. Two noise levels are considered, ||9||2/||Hf||2 = 103 and
10-2, i.e. 0.1% and 1% noise.

To choose the truncation parameter 7, we use the scheme suggested in Section
5. Specifically, we compute the discrete Fourier transform of the right hand side
g, and find the level £ at which these coeflicients level off. The index where this
stagnation first begins indicates where the random errors start to dominate the
right hand side. That is, we obtain a specification of the signal subspace. Thus,
if 7 is the index where the Fourier coefficients begin to level off, we then take the
magnitude of the p'* eigenvalue of C, |),|, as the truncation parameter 7 used in
Section 6 for constructing the preconditioner C;.

Example 1: 0.1% noise.

In this first example, we consider 0.1% noise. Figure 3 shows a plot of the
eigenvalues of C along with a plot of the Fourier coefficients of the right hand side.
Here we see that the Fourier coefficients begin to stagnate when p ~ 1450. Thus,
we take |A1450| = 0.0032 as the truncation parameter 7.

In Figure 4, we show the relative errors for several iterations of PCGNR with
our preconditioner and with no preconditioner. The minimal relative error for
PCGNR, with our preconditioner, is attained at k = 30 iterations, with a relative
error value of &~ 0.1698. On the other hand, when no preconditioner is used, then
the minimal relative error occurs at k = 189 iterations, with a relative error value
of & 0.1654. These results are summarized in Table 1. Note from Figure 4 that the
convergence rate of PCGNR, with our preconditioner, is significantly faster than
the CGNR with no preconditioning. Each method produces a similar minimal
relative error.
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0.1% noise 1% noise
no prec. | prec. || no prec. [ prec.
iterations 189 30 43 6
min. error 0.1654 | 0.1698 || 0.2236 | 0.2276

Table 1: Summary of numerical results from Examples 1 and 2.

Example 2: 1% noise.

In this example we generate 1% noise. Again, to choose the truncation param-
eter, we consider the plots of the eigenvalues of C' and the corresponding Fourier
coefficients of the right hand side, shown in Figure 5. From these plots, we see
that the Fourier coefficients begin to level off when p ~ 500.

Using |As00| & 0.0233 as the truncation parameter 7, the relative errors for
several iterations of PCGNR with our preconditioner, and with no preconditioner,
are shown in Figure 6. In this case, the minimal relative error computed by
PCGNR occurs at k = 6 iterations with a relative error value of & 0.2276, whereas
the minimum relative error for CGNR occurs at k = 43 iterations with a relative
error value of & 0.2236. These results are also summarized in Table 1.

Choosing an “optimal” truncation parameter is critical to the effectiveness of
our preconditioners. We illustrate this in the following two examples, where we
use the data from Example 2 with 1% noise.

Example 3: Tolerance too large.

In this example, we choose the truncation parameter to be 7 = |Ag50| & 0.1539.
This has the effect of underestimating the signal subspace (see Figure 5), and, as
remarked in Section 4, we expect the potential speedup of the preconditioner to
be lost. This is easily seen in Figure 7, where we show the relative error for each
iteration of the PCGNR with this preconditioner (dashed line) as well as with no
preconditioner (solid line). In this case, the minimal relative error is reached at
k = 41 iterations, with a value of 0.2238. This should be compared to Figure 6
where the optimal truncation parameter was used.

Example 4: Tolerance too small.

In this example we take the truncation parameter to be |A1g00| & 0.0077. In
this case we have, effectively, overestimated the signal subspace (see Figure 5).
Thus we would expect the noise to dominate, and hence we will not be able to
obtain as accurate a solution as in Example 2. This can also be seen in Figure
7, where the dash-dot line is a plot of the relative errors for each iteration of the
PCGNR with the preconditioner of this example. Here we reach the minimum
relative error at iteration 9, with a large relative error value of 0.3005. Clearly,
the optimal truncation parameter in Example 2 produces a much more accurate
solution with fewer iterations.
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The restored image for Example 1 using our algorithm is given in Figure 8.
Our examples illustrate advantages, as well as some problems, with choosing a
good truncation parameter for our preconditioner. We see that if the tolerance is
chosen well, then we get a significant speed-up in convergence to a minimal relative
error solution. But the above examples also indicate, as was eluded to in Section
6, that the relative error of the approximate solution obtained from the PCGNR
iterations can be very sensitive to the choice of the truncation parameter due to
the ill-conditioned nature of C,. In particular, if the truncation parameter 7 is
underestimated then we may not be able to compute an accurate approximation
to the exact solution. This indicates that one should choose C = I on U;, as was
suggested in Section 6. Moreover, if it is not clear where the signal subspace ends,
then it appears to be best to overestimate the truncation tolerance 7, rather than
underestimate it.

Finally, we remark that we have not addressed the very important, and difficult,
problem of deciding when to stop the PCGNR iterations. There has recently been
much research devoted to this topic, and we refer the interested reader to the
discussion in [10]. We emphasize that if one has a good stopping criteria for the
PCGNR, then our approach to preconditioning may offer significant improvement
on convergence rate for ill-posed problems of the type discussed in this paper.

Acknowledgement. Much of this work was done while the authors were partic-
ipating in the Year on Applied Linear Algebra at the Institute for Mathematics
and its Applications, University of Minnesota, Minneapolis, MN 55455.
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Figure 1: Original image.

Figure 2: Blurred image with 0.1% noise.
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