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Abstract It has long been known that there are potentials on n-dimensional
constant curvature spaces for which a given Hamiltonian system in clas-
sical mechanics, and Schrodinger equation in quantum mechanics, admits
solutions via separation of variables in more than one coordinate system.
Smorodinsky, Winternitz et.al., initiated the methodical search for such po-
tentials in two and three dimensions, and there has been a considerable
amount of work for various examples. Such a system is called maximal in di-
mension n if there exist 2n — 1 functionally independent integrals of motion.
In some papers, these systems are called superintegrable.

In the first part of this paper we outline the basic ideas relating to the
notion of superintegrable potentials. The energy observable is degenerate
for potentials of this type and the corresponding intergrals of motion that
arise from the simultaneous separability close quadratically under repeated
commutation. We give examples of these systems and indicate how superin-
tegrability can be of use, particularly in relation to bound states. Virtually
all of the special functions of mathematical physics (in one and several vari-
ables) arise in this study and formulas expanding one type of special function
as a series in another type emerge as a byproduct.

Finally, we describe how one can, in principle, classify all such systems and
deduce the structure of the quadratic algebra. Many of the results reported



here were obtained in collaboration with E.G. Kalnins and G.S. Pogosyan.

1 Introduction

It has long been known that Schrodinger’s equation with certain special po-
tentials can admit (multiplicative) separation of variables in more than one
coordinate system. This is intimately related to the notion of superintegra-
bility, [1, 2, 3]. This subject has been studied by a number of authors, based
on the use of the corresponding differential equations that that are implied by
the requirement of simultaneous separability, [4, 5, 6, 7, 8,9, 10, 11, 12, 13, 14,
15]. Specifically, superintegrability means that for a Schrédinger equation in
dimension n there exist 2n — 1 functionally independent quantum mechan-
ical second-order observables (i.e., second-order self-adjoint operators that
commute with the Hamiltonian). There is an analogous concept of superin-
tegrability for classical mechanical systems. This relates to the corresponding
additive separation of variables of the Hamilton-Jacobi equation. Further-
more, one observes that if we do have simultaneous separability then the
resulting constants of the motion close quadratically under repeated appli-
cation of the Poisson bracket, [11]. We also know that for spaces of constant
curvature separable coordinate systems of the free motion are described by
quadratic elements of the corresponding first order symmetries, [16, 17, 18].

Although concrete examples of superintegrable systems are easily at hand,
a complete classification of all such systems has presented major difficulties.
How can one be sure that all systems for free motion have been found? (For
example, Rafiada’s classification [15] omits our system 5 below.) Once these
are determined, how can one be sure that the most general additive potential
term has been calculated?

Here we will present the background information to understand the prob-
lem, and its importance, and present a new approach to its solution, with
details for two dimensional complex Euclidean space.

Consider an n-dimensional Riemannian manifold R,. (In most of the
following we will assume that R, is a space of constant curvature, for that
is the case where the most interesting and rich applications arise.) In local
coordinates ¢, - - -, g, the contravariant metric tensor is (gjk(q)). Let V(q)
be a potential function on R,,. The corresponding Hamilton-Jacobi equation
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and S(q) is the action function, [19].
The quantum analog of this classical system is given by the Schrédinger
equation

HY(q) = EY(q) (3)
where in local coordinates
"0
H=A,+V(q), — — ik 4
S P e @

s

and g = det(g’*)~L.

Recall that a complete integral S(q, A1, -, A,) of the Hamilton-Jacobi
equation solves the associated classical mechanical system [19, 20]. (A com-
plete integral is a solution of (1) such that locally

0%S
det <3qj(9)\k) #0

Any solution of the Hamilton-Jacobi equation via (additive) separation of
variables

S(qa )‘b' :)‘n) = ZS(])(qja)‘
j—1

where Ay = E, Xs,---, \, are the separation constants, yields a complete
integral.

Similarly, in the quantum case, if the Schrodinger equation HY = EV
(multiplicatively) separates in the coordinates q then we can write

U(q) = T7_, ¥0)(g;, A) (5)

and this ansatz allows the decomposition of (3) into n ordinary differential
equations, one for each of the factors ¥¥), Many of the special functions of



mathematical physics occur as solutions of these ordinary differential equa-
tions.

For orthogonal coordnates q on an m-dimensional constant curvature
space (i.e., such that g’* = 0 for j # k) one can show that the Hamilton-
Jacobi equation is additively separable if and only if the Shrodinger equation
is multiplicatively separable. (See [21] for a discussion of the relationship
for general Riemannian manifolds.) We shall see that superintegrability is
closely linked to symmetry properties of (1) and (3), and to separation of
variables (special function) solutions of (3).

At this point it is useful to summarize briefly the history of the sym-
metry/special function approach to solving the Schrédinger equation (3).
(Superintegrability is just one of the latest chapters.) Beginning with the
introduction of the Schrédinger equation in the 1930’s, and continuing until
the 1960’s, the main emphasis was on the study of Lie symmetry groups of
unitary operators that commuted with the Hamiltonian H, hence mapped
solutions of (3) to solutions. At the Lie algebra level, one looked for alge-
bras of first-order differential operators L that commuted with H: [L, H| =
LH — HL = 0. (Again L maps solutions ¥ of (3) to solutions.) This led
to studies of rotationally invariant potentials and the theory of spherical
harmonics [22].

A related concept was that of dynamical symmetry groups or Lie alge-
bras. The idea was to imbed H as an element of a Lie algebra of first
and second-order differential operators. The representation theory of the
Lie algebra could then be used to derive information about the eigenvalues
and eigenvectors of H. The harmonic oscillator and the Morse potential
were treated in this way. The so-called factorization method for solving
the Schrédinger equation is related to this approach [23]. Among the special
functions that arise and whose properties can be studied from this connection
are Bessel functions and (more generally) hypergeometric functions. (More
recently, g-analogs of the dynamical symmetry algebra approach have led to
g-hypergeometric functions [24].)

Since the 1960’s we have been in the “Cheshire Cat” era, [25]. In the most
recent theories relating integrabilty, superintegrability and variable separa-
tion, the Lie groups and algebras have disappeared, but their grin persists,
—. The focus here is on second order constants of the motion (symmetry
operators that are built out of products of first order Lie symmetries for
the zero potential problem) and their connection with variable separation for
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both the Hamilton-Jacobi and Schrédinger equations. One of the seminal
papers in this regard was by Smorodinsky et al. [5]. Some other contribu-
tions are, for example, by Shapovalov, Kalnins and Miller, and Winternitz
[26, 27, 28].These approaches also exploit the maximum symmetry of the
physical system, but no longer in terms of Lie algebras of operators.

To examine these ideas, let us start with a classical system

H=> ¢ pipr +V(a) (6)

where the p; are the momenta conjugate to the coordintes g;. Recall that
the Poisson bracket of two functions fi(q,p), h = 1,2 is the function

(o ) (ap) = S (200 0h0f, (7)

;=1 9q; 9p;  Op; 9g;
[20]. A second-order constant of the motion for (6) is a function
L= d*@pjpr +W(a), o*=d", (8)

such that {£,H} = 0.
Note that the null space of the map

T: df(a,p)— {f, H}(q,p)

is 2n—1 dimensional. Thus (locally) there are 2n—1 functionally independent
constants of the motion (but not necessarily second-order). For the purposes
of this paper we adopt the following definitions. We say that the classical
system H = E is superintegrable or maximal if there are 2n — 1 functionally
independent second-order constants of the motion:

Ly = Y a*(a)pjpr + We(q)
EO = H, €:0,1,---,2n—2
{Le,H} = 0. (9)

We say that the quantum system HV = EV is superintegrable or mazximal if
there are 2n — 1 linearly independent second-order symmetry operators:

L - z%aﬁ(\@aﬂ%qwgk + W)

Lo = H,  £=0,1,---,2n—2
= [,H—-HL,=0. (10)
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To clarify the connection between these ideas and variable separation
we assume that the coordinates q are orthogonal, i.e., the covariant metric
tensor is diagonal:

ds® = gk dgjdg, =Y H}(q) dg;,

so that the Hamilton-Jacobi equation is given by

"= S

>+V(q=F (11)
(9qj
Set as = §; = p; and assume additive separation in the q coordinates,

so that 8 S = 0;0;S = 0 for ¢ # j. The separation equations are postulated
to be

57— > uii(g)N + fila:) =0, i=1,---,n, M =E. (12)

Here Opu;j(g;) = 0 for k # i and det(u;;) # 0. We say that U = (u;;) is a
Stackel matriz.

Then (11) can be recovered from (12) provided H;? = (U *)¥. The
quadratic forms

n n

Ly=> (U DK (p] + fi(@)) = 2_(U szy +We(a)

Jj=1 Jj=1

satisfy
L= =N, H=L1=) Hpi+V(q)

for a separable solution. Furthermore, we have
{£€a L]} = Oa 14 7& .7

Thus the £,, 2 < ¢ < n, are constants of the motion for the Hamiltonian
Ly.

An analogous construction, replacing (12) by n second-order linear ODE’s
for factors ¥ (g;) leads to second order linear partial differential operators
L,=H,L,,---,L, such that

HUV=FEV, L =X\¥  (=2---n (13)
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and .
U(q) =M, ¥ (g;).

Then one can verify that

How does one find all orthogonal separable coordinate systems q for a
given space R, for zero potential, V' = 07?7 This is a difficult problem in
differential geometry. The answer is known for some constant curvature
spaces. In real Euclidean 2-space there are four separable systems: cartesian,
polar, parabolic and elliptic. For complex Euclidean 2-space, including real
Euclidean space and real Minkowski space, there are six [4, 16, 18]: Cartesian,
polar, parabolic, elliptic, hyperbolic and semi-hyperbolic. We describe these
coordinate systems and their corresponding free particle constants of the
motion L. (We adopt the basis p,,p,, M = zp, — yp, for the Lie algebra
e(2,C) and define p; = p, £ ip,, —.) There is one orbit of constants of
the motion, with representative Mp,, that is not associated with variable
separation [21]. The separable systems are:

Cartesian coordinates

zy, L=p; (14)
Polar Coordinates
;;:;Onsg ,’ L=M (15)
Parabolic Coordinates.
v =3@—),  w=bn, L=Mp, (16)

Elliptic Coordinates (in algebraic form)
.’IZ‘% = C2(u - 1)(U - 1): y%} = —CZ’U/U, (17)
L = M?*+cp2
Hyperbolic Coordinates

r2+1r2s2 + 52 2 —r?s? 4 §?
g = ————, Yg=t——
2rs

L = M2+pi

2rs



Semi-Hyperbolic Coordinates

1 1 1 1
TsH = _Z(w_u)2+§(w+u)’ inH:—Z(w—u)2—§(w+U)(19)

L = 2Mp, +p*

In real Euclidean 3-space there are 11 separable systems see Table 1,
[4, 16]. On the real 2-sphere there are 2: spherical and ellipsoidal. For real
n-dimensional Euclidean space and the n-sphere Kalnins and the author have
a graphical procedure to classify and construct all possibilities, [17, 18]. On
the 2-hyperboloid there are 9 separable systems, [18]. For the n-hyperboloid
of two sheets there is again a graphical procedure to construct all possibilites,
[18].

In each case above, the symmetries £; are second order elements in the
enveloping algebra of the symmetry Lie algebra of the corresponding mani-
fold, e.g., the Lie algebra e(n, C') for Euclidean n-space and so(n + 1,C) for
the n-sphere, —.

We see that for zero potential, each of the constant curvature spaces listed
above is separable in multiple coordinate systems. Indeed we can veryfy that
the zero potential is superintegrable on each of these spaces. However, a
potential V' # 0 “breaks the symmetry” and reduces the number of separable
systems, usually to zero. (See [21] for conditions that must be satisfied by a
potential in order to permit separation in a given coordinate system.)

How does one determine which constants of the motion lead to variable
separation?

Theorem 1 Necessary and sufficient conditions for the existence of an or-
thogonal separable coordinate system {q;} for the Hamilton-Jacobi equation
H! = E on an n-dimensional Riemannian manifold are that there exist n
quadratic forms Ly = >% Lg?)pipj + Wi on the manifold such that:

3,j=1
1. {Lk L} =0, 1<ki<n,
2. The set {Ly} is linearly independent (as n quadratic forms).

8. There is a basis {w(j) : 1 < j < n} of simultaneous eigenforms for the
n matrices {L%c)}



Table 1 Separable coordinates

in 3-D real Euclidean space.

Coordinate System

Coordinates

I. Cartesian
z,y,z € R

x’y’z

IT. Cylindrical polar
p>0,¢€[0,2m)

T =pcosp, y=psing, z

ITI. Cylindrical elliptic
ze€R, 1 <1 <ex < p2

_ (m1—e2)(p2—e3)
(e1—e2) 7

_ (p1—e1)(p2—e1)

$ =7 (ea—er) y z

IV. Cylindrical parabolic

z, y==£&n, z=3( -1

&reR,n>0
V. Spherical x =rcosfcosy, y=rsinfsiny, z=rcosl
r>0,60¢€(0,7], ¢e€l0,2m)
VI. Prolate spheroidal z? % cosp, y? = % sin? o,
€1 <u <ex < ug, 22 %
¢ € 1[0,2m)
VII. Oblate spheroidal z? = % cos?p, y?= % sin?
61 <uy < ey < Uy, 22 — (u1— (Z)(Z;) ez)
@ € 1[0,2m)
: — — p2(p1—e2)(p2—e3)
VIIL. Sphero-conical ?=r W Y =rtala
2 2(p1—es3)\p2—e3

r>0 =T (es—e2)(es—e1)
e <pr <ex<pg<es
IX. Parabolic z=¢ncosp, y=~&nsing, z=1(&—n?)
§&n>0, ¢el0,2m)

. . 2 _ (u1—a1)(uz—a1)(us—a1) 2 _ (u1—a2)(u2—a2)(us—as)
X. Ellipsoidal p? = Ca-mllin ol 1), V= T e e )
m<u<a<up<ag<uy |27 = arpellealare
XI. Paraboloidal 22 = (m as)gzz:zz;(m*as)’ y? = (mfaz)EZZ:Zzg(nsfaz)

0<n1<a2<7}2<a3<n3

2 %(771+772+773—02—03)




If conditions (1)-(3) are satisfied then there exist functions g;(q) such that:

w(]):g]dq]a .7:1))77’

Theorem 2 Necessary and sufficient conditions for the existence of an or-
thogonal separable coordinate system {q;} for the Schrédinger equation (A, +
VYU = EV¥ on an n-dimensional constant curvature space are that there ex-
ists a linearly independent set {L, = H = Ap,+V, Ly, ---, L,} of second-order
differential operators on the manifold such that:

1. [Lk,Lg]:O, 1§k,€§n,
2. Fach Ly, is in self-adjoint form,

8. There is a basis {w(;) : 1 < j < n} of simultaneous eigenforms for the

{Lx}-

If conditions (1)-(3) are satisfied then there exist functions g;(q) such that:

See [28, 21] for proofs and discussions of these theorems. The main point
of the theorems is that, under the required hypotheses the eigenforms w of
the quadratic forms L¥ are normalizable, i.e., that up to multiplication by
a nonzero function, w’ is the differential of a coordinate. This fact permits
us to compute the coordinates directly from a knowledge of the symmetry
operators. For general Riemannian manifolds Theorem 1 remains true, but
Theorem 2 is false unless separation is replaced by the more general concept
of R-separation [21].

We expect a superintegrable system to separate in multiple coordinate
systems, though the above remarks do not constitute a proof of this. Thus,
one way to find superintegrable systems is to search for potentials V(q) that
permit separation in multiple coordinate systems.
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2 Examples for the Euclidean plane
To illustrate the basic ideas we can consider the example of the Schrédinger
equation with potential

View) = 5 (4 +

-t B
2 + 2 ’
z Y

1.e.,

82 82 k.2_1 k2_1
~ 0 — (w222 + 42 L 4,2 4)§y—_2F7.
(6w2+3y2) (w (z*+y*) + p + "

This equation separates in three coordinate systems: Cartesian coordinates
(z,y); polar coordinates z = r cosf, y = rsin@, and elliptical coordinates

> o(ur—er)(uz —e1) 2 2w —e2)(uz2 —es)

v (e1 —e2) ’ (ea —e1)

The bound state energies are given by
E,=w@n+2+k + k)

for integer n. The wave functions for each of these coordinate systems are:
1. Cartesian coordinates

Ins! 1 L
U, (@, y) = 2w3kithet?) \/ mne pkt3), (kat3)
N 2( y) F(n1 + k1 + 1)F(n2 + ks + 1) y

e 2@ LR (wa?) LR (wy?)

where n = n; + ny, and the L¥(x) are Laguerre polynomials, [29]
2. polar coordinates

2m!
F(m+2q+k1+k2+1)

¥(r,0) = ‘Pf]kl’kz)(e)w%(24+k1+k2+1)\/

(—wr?/2), (2q+k1+ka+1) T 2q+ki+ka+1, 2
e r L (wr?)

where n = m + g,

q!F(kl =+ kz +q+ 1)
(ks +q+1)(k1 +qg+1)

‘I)((Ikl,]w)(e) = \12(2(] + k1 + ko + 1)F
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x (cos 0)F1+(1/2) (sin §)F2(1/2) plk1k2) (cos 26), (20)

and the P*#2)(cos 26) are Jacobi polynomials, [29).
3. elliptical coordinates

n

m=1 em_el em_e2

where use has been made of the identity

a? N y? o o(u1—0)(ux—90)
f—e1  6—e (0 —e1)(0—e2)

The zeros 6; satisfy the relations

ki +1 ky+1 2
- -

- __—w=0.
Gm—el Hm—ez j#m (0m—0])

Associated with the separability of the Schrodinger equation in these coor-
dinate systems there are second order symmetry operators. A basis for such
operators is

l_k2 l_k2
Ll — 8% + (4 . 1) —w2$2, L2 — a; + (4 5 2) _w2y2
T )
1 y? 1 2?2 1
— 2 2 2
M = (20, —y8:)" + (7 - kl)ﬁ +(3 - kz)? — 3

(Note that H = L; + Ls.) The separable eigenfunctions already given are
eigenfunctions of the symmetry operators L;, M and M + ey L; + e; Ly with
eigenvalues

Ae = —w(2ny + k1 + 1), Ap = (2¢+ k1 + ko + 12 + (1 + k2 + k3),

e = 2(1 = k) (1 — k) — 2eqw(ky + 1) — 2 w(ky + 1) — werea—

9k +1 ko +1
42[6201_6 +e 2.
m=1 m 1

The algebra constructed by repeated commutators is (R is defined by the
first relation)

em_e2

[Ly, M] = [M, L] = R, [Li, R] = —4{L;, L;} + 16w°M, i # j,

12



[M,R] =4{L;, M} — 4{Ly, M} + 8(1 — k3)L; — 8(1 — k?)Ls,
8 64
R’ = g{M, Ly, Ly} + g{Ll, Ly} + 16w M? — 16(1 — k3)L2

12
—16(1 — k2)L3 — T8w2M — 64w?(1 — k(1 — k2).

These relations are quadratic.
In real Euclidean two-space there are precisely four potentials that have
the multiseparation property, [14]. The second potential is
)
Viey)=w'(a® +y") - 5=
The corresponding Schrodinger equation is separable in two coordinate sys-
tems: Cartesian coordinates and parabolic coordinates

1

z=5E-m)y=En

The third potential is

o e )

Viz,y) =— + +

( y) /:L-2_+_y2 4\/x2+y2 \/$2+y2+$ /.’E2+y2—l‘
The corresponding Schrodinger equation is separable in two coordinate sys-
tems: polar, parabolic and modified elliptic coordinates, where

2 _ 2l —e)(us—e) 2 _ 21— e)(us —e2)
&= (e1 — €2) ’ ! (e2 —e1) '

This last coordinate system can be written as
(U1 — E1)(Uz — Ev) (U1 — E3)(Uz — E3)
= = —24/E,—E
N \l A(B - E) Y A(B, — E) LT

where By = —ejez, By = —1(e1 + €2)* and U; = uj — uj(e; + e3).
The fourth potential is

o +i\/\/fm+m+& \/m—w
VIR E 4 V@ 4 JErg

13
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Separation occurs here in parabolic and parabolic coordinates of the second

type
1
z=pv, y=5( =7

As an illustration of the utility of the notion of a quadratic algebra con-
sider the last potential given. A basis for the quadratic algebra consists of
Ly, Ly and H with defining relations

1
[R, Ll] = —4L2H =+ BlBQ, [R, L2] == 4L1H =+ 5(312 - Bg)

R? =4I?H + 4L2H — 160*H + (B2 — B?>)L, — 2B, By L, — 20%(B? 4 B2)
with R = [Ly, Ls]. If we look for eigenfunctions of the operators Li, Lo
respectively, we have

Llﬂom = )\mﬂoma L2¢n = pnwn-

If we write

Ly =Y Crrify
then the quadratic algebra relations irrTlply
((pn = p2)? + 8EIC. = ~[5(B] ~ B}) ~ 16aB]5,.
> CnrCro(2p: — pn — po) = (8Epy + B1Bs + 160.E )by,
These relatrions in turn imply that

_ 1(B? - B}) +160E

8E
and Cpny1 = C} 4, are the only nonzero coefficents. Indeed they can essen-

tially be determined by the relation
4\/ —2F (‘Cn,n+1‘2 - ‘Cn—l,n

where the eigenvalues \,, and p, are given by

Cnn =

>) = 8Ep, + B1 By + 16aF

B? B, + B)?
Am = 20 — s_El — (2m+1)V—=2E, p,=2a-— % — (2n+1)V—2E
and the quantisation condition for F is
B2 BZ
4o — % = —(q + 2)\/ —2F

for integer q.
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3 More examples: The real 2-sphere

These ideas work also for separable coordinates on the real two dimensional
sphere, [14]. An important example is

The potential
1[@—%+ka—l %—i]

V=5 2 2
S1 52 83

2

where s? + s34+ s2 = 1. The corresponding Schrédinger equation has the form

) 9 ., ) )
95~ as) T g, T 925,)

l(kf—i) (k-3 (kz_‘)]\p—_zE\If

| v

- -
s 52 52

This equation admits solution via separation of variables in two coordinate
systems: spherical coordinates

s1 =sinfcosy, sy =sinfsiny, s3 = cosé
and elliptical coordinates

R . N VY TS R I % )
(e1—ej)(ei —€;

Indeed a basis for the second-order symmetries of Schrodinger’s equation
with this potential is

2 2

F

Lij = (Siasj - Sjasi)2 (Z - k2)5_; (Z - k2)? 57 1F ]
i j

These symmetries satisfy the quadratic algebra relations

[Lma R] - 4{Lw’ LJk} 4{LU’ sz} + 8(1 - k )LJk - 8(1 - kj)zLika

4 64 64 64
R? = _g{Lija Lig, Ljr} + ?{Lija Li} + ?{Lz’ja Ljx} + ?{Lik, Ljr}—

16(1 — ki) L3 — 16(1 — k3) L2, — 16(1 — k7 ) L5+

15



128 128
3 5 (1K) L+

The eigenfunctions with bound state energy eigenvalues

128
(1- kiz)ij +

1 1
By =2(2p+2+ki+ ko + k)’ — ¢
in these coordinate systems are: polar
U= (Sin 0)_1Q)£Lk2’k1)(w)@gnﬂ-h—l—kmks)(0)

where p = m + n, (here ®¥2#1) is given by (20)) and elliptical

n

3 1 q 2 2 2
U — (H s&ke-l-z)) 11 (9.31 n 9.32 i 3 )
j J J

— €1 — €9 9]'—63

where

ki+1 ke +1 ks +1 2
Z (em_ej)

and ¢ = p. Here we have made use of the identity

=0
em — € em — €2 9m — €3 j#m

51 55 53 _ I3, (ug — 0;)
0]' — €1 9]' — €9 9]' — €3 H?n:l (9] — em) '

?(1 — k) Lij, 1#j#k

The separable eigenfunctions already given are eigenfunctions of the symme-

try operators Lis and esLqs + esLq3 + €1 Log:

)\5 = (2n+k1 +k2+1)2,

)\E = —2[k1(62 =+ 63) + k2(61 + 63) + k3(62 + 81) + 63k1k2 + €1k2k3 + 62k1k3]—

q

3
5(61 + €2+ e3) — deses(k1 +1) Y 7
m=1"m "~ €1

q q 1
46261(k3 + 1) Z - 46163(k‘2 + 1) Z
A second multiseparable potential on the sphere is
as; 1 (k% — 3) (k3 — 3)

V=-

+ +
J3+s3 43+ [\Jsi+sies (Jsitsios
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Schrodinger’s equation for this potential has the form

0 0 9 0 9 8
- N - N — _ \Ij
l(81 682 52 681 ) + (81 (983 53 (981 ) + (33 (952 52 (953 ) ] +

__as 1 k-9 (k-3
\/S%—i-s% 4\/5%4—3% \/sf—i-s%—l—sl \/$t+ 83— s

This equation admits solution via separation of variables in two coordinates
systems: spherical and elliptical coordinates of modified type

) ¥ =-2FEV.

! . ! ! .
s; =cos f s +sin f s3, Sy = S, 83 = —sin f s; + cos f s3
where

s?:@l—ei)(yz—ei)’ i,5,k=1,2,3 i#j#k,
(e1 —¢j)(ei — ¢;)

and
. €y — € 1
sin f = ﬁ, €] = es+ — (E_|_+E) e3:e2+Z(E"’_E—)2’
1
Y =es+ (E2+E2)+ E+E_(Zj+7), j=1,2.

J
Indeed if we use the variables

(Z1+Q_)(Zs + Q)
@ -1

(Z1 +94)(Z2 + Q4)

U?? = leza U12 = (Q2 _ 1)
T

U; =

where B B
Q=

Q
+ E_ E+ il

then, putting k3 = \/2 —ida) +1/4 and E =ia+ E and multiplying the
Schrédinger equation by (Z;7Z5)7! — 1, we see that the resulting equation has
the form

9 9 9 9 9 o,
HY = (Vg = Vg ) + Wi = Vs )™ + (Us g — Vo)) 0
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G-K), G-H), G-H

Uz U3 U3
which is essentially the same form as for the first potential. The bound state
quantisation condition has the form

)]\I!—i-QElI!:O

2
1 1 1
E:§ 2q+2+k1+k2+\/—+2(E—za)‘ —g.

4

4 Features of superintegrability (n=2)

Based on the examples of the last two sections, we can point out some basic
features of superintegrability in two dimensions.

1. The potential V' permits separability of the Hamilton-Jacobi equation
‘H = E and the Schrodinger equation H¥ = E'V in at least two coordi-
nate systems, characterized by symmetry conditions £; = A, Lo = Ao
in the first case and L; ¥ = A\ ¥, Lo,¥ = A\, ¥ in the second.

2. One can obtain alternate spectral resolutions {\Ilg-l)},{\llg)} for the
multiply-degenerate eigenspaces of H,

Lol =aPelM L = 2P

Y

These alternate resolutions resolve the degeneracy problem.

3. The interbasis expansions

v =3 a0y

yield important special function identities. In many cases, these become
expansions of one set of multivariable orthogonal polynomials in terms
of another set.

4. The operators H, Ly, L, generate a quadratic algebra. Indeed, with
R = [Ly, Ly] we have that R? is a polynomial of order 3 in H, Ly, L,
whereas [L;, R| and [Ls, R] are polynomials of order 2 in H, L, Ly. A
corresponding statement is true for algebra generated by the symme-
tries H, L1, Lo under the Poisson bracket. (Note: This is a remarkable
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property, and is false for general symmetries. Consider Euclidean 2-
space with Hamiltonian # = p2 + p>. The algebra of all symmetries of
‘H is generated by p,,py, M = xpy, — yp,. Let

El = M2 +pzpya ‘62 = pi'

Then we have R = {£4, L2} = 4Mp,p, and

R2 = F(Lo, Lr, L) = 16L1La(Lo — L2) — 16£3 (Lo — L2)3.

Since H, L1, Lo are functionally independent R? must be a function
of these symmetries. However, although F is defined and bounded at
the point (Ly, L1, L2) = (0,0,0), it is not a polynomial, and not even
analytic at this point. Thus it has no power series expansion about the
origin.)

5. The quadratic algebra structure can be used to compute the interbase
expansion coefficients.
5 Examples in higher dimensions

An extreme case, superintegrability in n dimensions, occurs for the Schrodinger
equation

(Ap+Vo(Q)¥=-MM+G-1)T (21)
where
Vv, = _ig (v — 5()];%' —3) _ %(’Yn—kl — 5()I§’Yn+1 - 3) ta, (22)
a:i 1-G)P—1- (n—3)4(n+1) ’

G = Z;‘jll 7;, and Ay, is the Laplace-Beltrami operator on the n-sphere. Here

G+a+- g =1
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One can transfer this Schrodinger equation with a scalar potential V,, to one
with vector potential A, through the use of a multiplier transformation p.
Setting ®(x) = p(x)¥(x) for a nonzero scalar function p we find

H>=(Ap+A)® = - M(M+G-1)®
— A+ V,(x)¥ = —-M(M+G-1)9, (23)
provided
p’l _ x¥1/2*1/4 B ‘3771”/271/4(1 . x)7“+1/2’1/4,
and . .
n — ['Y'__+( —G)x]aw
jg]_ J 2 2 J 'j
Here
H Z :L'z.’L'] ZiZj + Z le)al'z
1,j=1 i=1

in the coordinates

n
@ = 1-Y z=1-2

g = 1
2

@ = T2
2

9 = Tn.

In the paper [17] and the book [18] all separable coordinates for the equation
A,V = AV are constructed, where A, is the Laplace-Beltrami operator on
S™. It is shown that all separable coordinates are orthogonal and that for
each separable coordinate system the corresponding separated solutions are
characterized as simultaneous eigenfunctions of a set of n second order com-
muting symmetry operators for A,,. Moreover, the equation (A, +V,)¥ = A¥
where the scalar potential takes the form

n

Q; %)
Vn:2_2+_2) &g, 1, ..., 0n
i=1 4 0
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is separable in all the coordinate systems in which the Laplace-Beltrami
eigenvalue equation is separable. These results can easily be extended to
solutions of

(A + Ap)® = \P (24)
through the mappings
An+An = p(An+Vp)p™
_ -1
Sij = IOSz{jp
® = pU. (25)

Indeed all separable solutions ¥ map to R-separable solutions ® of (24), [21].
Finally, since H = A, + A,, maps polynomials of maximum order my, in xy
to polynomials of the same type, it follows that a basis of separated solu-
tions can be expressed as polynomials in the x;. The second-order symmetry
operators for this operator can be chosen to be self-adjoint, so the basis of
simultaneous eigenfunctions can be chosen to be orthogonal with respect to
the inner product

(®1,8;) =< U3, Wy >= [ - L oy BEOBOP ) Ao (26)

— // @1@ do,
z;>0,2<1

~ —1 — —
do =2 .. 2 (1 —z)" ey .. day,.

Thus every separable coordinate system for the Laplace-Beltrami eigen-
value equation on the n-sphere yields an orthogonal basis of polynomial so-
lutions of equation (24), hence an orthogonal basis for all n-variable polyno-
mials with inner product (26). For details about the bases that can occur
and the interbasis expansion coeflicients, see [30, 31]. Among the special
functions that arise are polyspherical harmonics, products of Jacobi poly-
nomials, Heun polynomials, Lame’ polynomials, ellipsoidal polynomials, and
Lauricella polynomials.

We will look at one more example, the generalized isotropic oscillator in
Eucidean 3-space. This is the Schrodinger equation
1 ( 0? 0? 0?

HY = ox?2  Oy? 022

21



with potential

w? L[(k2—1/4)  (B-1/4) (ki —1/4
V(w,y,z):?(x2+y2+z2)+§(lxz/)+(2y2/)+(3z2/)

(28)

where the constant k; > 1/2. For k; = 1/2 we have the ordinary isotropic os-
cillator potential. The corresponding Schrodinger equation admits solutions
via a separation of variables in eight coordinate systems: Cartesian, spheri-
cal, sphero-conical, cylindrical polar, cylindrical elliptic, prolate and oblate
spheroidal, ellipsoidal. See [32] for the complete details. Here we consider
only the quadratic algebra struture.

Note that a basis for the symmetries of Schrodinger’s equation with the
potential (28) consists of the six operators:

k2 -1
Mi = —Du — zx2 4, _H = Ml + M2 + M3 (29)
1. 2 1.22 1
— 2 2 J 2 7 .
Jz’j = Lij_(ki _Z)m_?_(kj_z)w_?_i 1,7=1,2,3 (30)
where L;; = 2;0,; — #j0q;, Dy = —02, + w7 - is a diagonal components of

the Demkov tensor [33] and we have the notation z; = z, 2 = y, 3 = 2.
The commutators of the operators (3)-(4) can be closed to form a quadratic
algebra as follows

[M;, M;] =0, [M;, Jx] =0, [M;,Jy]=Qi = Qpij),  [Jij, Jir) = Rjijyy = R

where @;; is totally antisymmetric and the totally antisymmetric quantity
Ryijx) is denoted by R. Further commutators are calculated to be

[M;,Qjk] =0, [M;, Qij] = 4{M;, M;}+16J;;, [M;, R] = 4{ My, Ji;} —4{M;, Jir },
[Jij, Qij] = H{ My, Jijy — 4{ M, Ji;} — 8(k3 — 1) M; + 8(kF — 1) M

[Jija sz] = 4{Mz, J]k} - 4{Mj, Jzk}a
[Jz’j, R] = 4{:],'_7', J]k} - 4{Jija Jzk} — 8(]622 — 1)J]k + S(k? - l)Jik,

where {A, B} = AB + BA. The expression for the commutators of the @
and R are

(Qij, Qir] = H{M;, Qji},  [Quj, R] = —4{Jij, Qie} — 4{Jij, Qjr}
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All the commutators of the operators M;, Jnn, @pg and R can be expressed in
terms of quadratic symmetric products of themselves. The algebra therefore
is closed quadratically. There are relations between the symmetric products
of the generators of this algebra. The exhaustive list of these is as follows.

8 64
= 3 {igs Mi, My} o+ - { My, My} + 1602 J2 — 16(1 — k2) M2 — 16(1 — k2) M2

12
—78w2j,-,- 64wl — K2)(1— )

8 8 8
{Qij, Qir} = g{Jija M;, My} + g{JikaMia M;} — g{ij,Mi, M;}
+32w*(1 — kD) {Jij, Jae} — 32(1 — k) M; My, — 64w?(1 — k7) T
8 8 8 64 64
{Qi;, R} = g{Jz’j, Jij, Mk}—g{Jij, Jik, Mj}—g{Jij, Jiks Mi}_E{Jija Mk}_E{Jika M;}
64
_E{ij:Mi}+16(1_ki2){‘]jkaMj}+16(1_k]2'){JikaMi}_64(1_ki2)(1_k]2‘)Mk

4 64 64 64
R? = _g{Ji_j, Jik, ij}‘i‘?{Jij, Jik}+§{J,~j, ijHgUik, Jin}—16(1—k3)J5

128 128
—16(1 — k3)J5 — 16(1 — k) J5, + ?(1 — k) Jij + 7(1 — k2) Ji
128 2 2 2 2
where {A, B,C} = ABC +CAB+ BCA. Note that only five operators from
(3)-(4) are functionally independent [3] and for all the coordinate systems
that provide separable solutions for the Schrodinger equation the operators
characterizing the separation are always combinations of the M; and J;;.
In the limiting case k; = %, we obtain a quadratic algebra too. In this
case

Qij = 2(LijDij + D;;Lyj) R = {L,{Lij, L} },

and instead of operators {M;, J;;, Qij, R} we can consider as a basis for the
symmetries the Demkov tensor - D;; and the components of orbital momen-
tum - L;;. In this regard we arrive at the Lie algebra corresponding to the
symmetries of the isotropic oscillator [33].
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6

Some questions and a new approach

The preceding examples motivate some questions:

1.

Is there a uniform procedure to find superintegrable potentials on a
constant curvature space?

. Is there a way of proving completeness, i.e., of demonstrating that all

superintegrable potentials for a space have been found?

. Is superintegrability always associated with multivariable separation?

What is the relationship between superintegrability and the existence
of quadratic algebras?

First, let us consider the issue of constructing the superintegrable poten-
tials on a given space. We will look at three approaches to the problem.

1.

Use what is known from separation of variables theory.

This is the most common approach to finding superintegrable poten-
tials. One classifies the separable systems for the zero potential, de-
termines a general expression for a potential separating in each one of
these systems, and then tries to identify potentials that simultaneously
separate in several systems. Although the approach is useful for finding
examples, there are serious problems in obtaining exhaustive lists. Sep-
arable coordinates occur in equivalence classes: two coordinate systems
related by a symmetry in the motion group of the space are consided as
equivalent. A potential may separate in an ellipsoidal coordinate sys-
tem, but the ellipsoidal coordinates may not be centered at the origin or
aligned with the Cartesian coordinate axes. Such systems are difficult
to uncover and many of the lists of superintegrable potentials contain
gaps, even for 2-dimensional Minkowski space and hyperboloids. Fur-
thermore, for n > 2 there is no proof that superintegrability necessarily
implies multiseparability.

Derive superintegrable potentials on a space as restrictions of free par-
ticle systems on higher dimensional spaces. (Split off ignorable coordi-
nates.)
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A very simple example will give the basic idea. Consider the free par-
ticle Hamiltonian on Euclidean four-space:

Ha pr +p§+p§ +pi, ds? = dxf +dm§ +dw§+dmi.

There are 4 separable coordinate systems for the Hamilton-Jacobi equa-
tion that have two angular variables 6, 6>. The simplest of these is

1 = T1COS 01, o =T sin 01, I3 = T9 COS 92, T4 = T9 sin 02.

The other 3 systems are of the form wy, us, 61, 6> where 7; = f;(uq,us), j =
1,2. In the new coordinates we have
Ps, | P
Ha=pf, + 00, + 5 + 75, ds’=dr}+dr}+ ride] + rid6}.

1 2
Note that the 6; are ignorable coordinates, i.e., the metric tensor in the
new coordinates is independent of the 6;. Now restrict to the symplectic
submanifold such that ps, = a;j, df; = 0 where the a; are constants.
Then the Hamiltonian becomes

2 2 a% a% 2 2 2
H4=pr1+pr2+r—2+r—2, ds® = dry + dr;.
1 2

Locally, we can regard the Hamiltonian as defined in Euclidean 2-space
2 2

and with the potential V = % + % The restricted Hamiltonian-Jacobi
1 2

equation remains separable in 4 cordinate systems {u;, us}, hence this
is a superintegrable system. Boyer, Kalnins and Winternitz have ap-
plied this idea to the restriction of a free Hamiltonian on Hermitian hy-
perbolic spaces to hyperboloids in order to derive previously unknown
superintegrable systems, [34, 35]. This is a powerful method, but there
is no evident way to prove by this approach that all superintegrable
systems have been obtained.

. New way: use integrabilty conditions. This last approach is the one
that we shall advocate in the remainder of this paper.
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7 Complex Euclidean 2-space treated in de-
tail
We consider, in detail, the case
H =pi +p;+V(z,y) (31)

where p; = p,, p2 = py and all variables are complex. Let us assume that in
addition to the classical Hamiltonian we have two quadratic constants of the
motion

2

Ly= ) a?,’;) (z,9)pep; + Wiy (2, y) =l + Wiy, h=12  (32)
koj=1

which must satisfy
{H, Ly} =0

with {} the usual Poisson bracket. We require that the set {dH,dL,dL>}
is linearly independent, so that H, L;, £, is a maximal set of functionally
independent constants of the motion. It is clear that R = {L£,Ls} is a

constant of the motion, so it and R? must be expressible as an analytic
function of H, Ly, Ls:

R? = F(Ly, L1, Ls), H= L. (33)
Note that R has the form
2 2
R= > & pppm + Y dpy, (34)
k,l,m=1 k=1

but that it doesn’t follow that R? is necessarily a polynomial as a function
of Ly, L1, Lo. We will find conditions that guarantee that F is a third-order
polynomial in its arguments.

Using the identity

2 69
= oLy
for a continuously differentiable function G(L), we find the relations
10F 10F
{£1,R} = 200, {52,73}——58—&- (36)
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Thus, the constants of the motion {£;, R}, {£2, R} are easily computed once
F is known. Further, if F is a polynomial in the invariants, then so are

{[,1, R}, and {Lz, R}

We first determine the conditions that the function

2
L= a*x,y)pp; + W(z,y), a*=a"
k=1

(37)

must satisfy to be a constant of the motion. The requirement is {#, L} =0

where )

{f,9}=Z_:

and

The conditions are thus

(9(111
Oz
8&22

Oy

and

W _ wdV _ ndV _

ox @ oz

af 0Og af 0g

b9 00; " a0y, () =@

H = pi+p;+ V(z,y).

9a2  Hal
= 2 =
0 52 + By 0
80,22 8a12
-0 2,09 _ g
Or + Oy ’
W _ 120V _
dy 'y Oz

The solution for the terms quadratic in the p; is

11

a =

12

a =

22

a =

a1 y? + gy + of
1 1 1

—ory — Eazm — §a4y + §a5

2 "
a1 T” + o + a3,

(38)

(39)

where the a; are constants. The requirement that 0,W, = 0,W, leads from

(41) to the second order partial differential equation for the potential

(2a1xy + Qo + 0y — a5)(Va:a:

N[

- Vyy) + (al[y2 - .’L’2] + 0y — T + a3)wa

3 3
= (-3my— 5&2)1/; + (Bayx + 5044)‘/;,, (45)
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where a3 = of — aj. This is a fundamental equation in our approach. We
denote the solution space of this equation by

[ozl, Tty 045]. (46)

Let us now return to our assumption that the Hamilton-Jacobi equation
admits two constants of the motion:

2
Lh= 3 appyprpj+ Wy, =12
Jk=1

These two operators together with H are assumed functionally independent.
The constant of the motion £; leads to the condition (46) on the potential
V'; whereas L5 leads to the second condition

(B, -+, Bs]- (47)

The potential must lie in the intersection of the solution spaces (46,47) for
these two conditions. It follows that the equations

Vao — Viy = AV + BV, Vi = CV, + DV, (48)

must hold, where

3 3 3
Ag = §H12(332 + yz) — 3H14xy + 3H13y — §H24.’L‘ + §H23
3 s 3 3
BE = §H14(33 +y°) — 3Hyppxy — 3Hy3x + §H24y + §H34
3 3
2C€ = —3Huy’+ (—§H24 + 3H5)y + §H25 (49)
3 3
2D(€ = 3H12£132 + (—§H24 — 3H15)33 — §H45
28 = —H12$y2 + H14.’E2y — H12£L’3 + H14’y3 — 2H1333y + H24(332 + y2)

+ H15(5'32 — y2) + (H3q — Has)y + (Has — Hos)x — Hss,

and Hye = —Hy, = e — 0Bk
From the fundamental equations (48) we can compute all of the third
partial derivatives of V. Indeed

Veze = (Az+BC+Cy+C*>+ A*)V, + (B, + DB+ D, + CD + AB)YV,

28



+ (A+ D)V,
Vaey = (Cp+ DC + AC)V, + (D, + D* + BC)V, + CV,,

Vagw = (Cy +C*)V, + (D, + CD)V, + DV, (50)
Voww = (=A,+C,+ DC)V, + (~B, — AD + D, + D* + BC)V,,
+ (C = B)Vy,.

Thus if the potential V' is subject to the two conditions (46,47), then V can
depend on at most 3 parameters, in addition to a trivial additive constant.
We can choose these parameters to be V,(zo, yo), Vy (0, %0), Vyy(0, Yo) for any
fixed regular point (zg, yo). Then V,,(x¢, yo) and all higher derivatives can be
computed by successive differentiation of relations (50). We require that our
potential be nondegenerate, i.e., that it depend on 3 arbitrary parameters.

Then, the conditions 0;Vzzy = OyVazw: OyVazy = 02Vayy, OyVayy = 0zViwy
for the fourth partial derivatives lead to the integrability conditions

0:(2C —B) = 0,(2D+ A) (satisfied identically)  (51)
Cpz — Cyy — Azy = 2CC,— DA, —2CD, + AA, — AC,

+ CB,+ BC, (52)
D, — Dy, — B,, = —2DD,—CB,+2DC,— BB,
BD, + DA, + AD,. (53)

Note that if we have another constant of the motion £3 associated with a
nondegenerate potential, then £3 must be a linear combination of H, Ly, L,.
Indeed, if L3 is not a linear combination of the basis functions, then the
potential V' must satisfy an equation (45) that is linearly independent of the
equations associated with £, L. This means an additional constraint on
the solution space and that V' can depend on at most two parameters, which
is a contradiction.

We will use the conditions (52,53) to classify the possible potentials V'
and the corresponding constants of the motion £, £,. For this we note that
it is only the three-dimensional subspace spanned by H, L1, Lo that matters;
we can choose any basis for this subspace. Hence we can replace the con-
ditions (46, 47) by linear combinations of themselves without changing the
potential. Moreover, to simplify the results we note that we can always sub-
ject the coordinates (z,y), and L, L to a simultaneous Euclidean motion,
i.e., we regard all translated and rotated potentials as members of the same
equivalence class.
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Multiplying both sides of (52) and (53) by £* we obtain polynomial iden-
tities in  and y. Equating the coefficients of the various powers z"y™ we
obtain conditions on the parameters Hj;. The simplest non-trivial condition,
which is associated with the coefficient of a fifth order power in either of the
equations, is

2H5(H}, — H},) + Hoy(HE + HY,) — 4H HipHyg = 0. (54)

We exploit these and the remaining conditions, and Euclidean motions
to classify the possibilities for the £;. The full conditions (52) and (53),
expressed in terms of the parameter H;;, take several pages to list and are
complicated to solve directly. (Indeed a symbol manipulation program was
an important aid to our computations.) However, by dividing the problem up
into special cases and using Euclidean motions, we can simplify the conditions
and obtain a full solution. In the listing that follows we use the fact that the
constants of the motion can each be expressed as a quadratic element in the
enveloping algebra of the Euclidean group in the plane with basis elements

Dz, Py, M = xpy — Yps,

to which a potential term W (z,y) is added. (Strictly speaking, conditions
(52) and (53) are only necessary conditions for existence of nondegenerate
potentials. However, in our case-by-case study we have found that they
are also sufficient: all solutions of these equations lead to nondegenerate
potentials.)

Suppose I = HZ + HZ, # 0. Via an appropriate coordinate rotation
through complex angle § we obtain a new set of equations (48) in the rotated
coordinates where the new parameters H;,, Hj, are related to the original

ones by
Hj, = Hipcosf + Hyysinf, Hj, = Hyzcos6 — Hipsin, (55)

and for which I = I'. Thus, by an appropriate choice of #, we can assume
H,5 = 0. Then, by an appropriate Euclidean translation that leaves Hio, H14
unchanged, it follows from (49) that we can assume H;3 = Hyy = 0. Then
(54) implies Hy5 = 0, so Hzs = Hp3 = 0. Further, the fourth order integrabil-
ity conditions give H34H,5 = 0, and under appropriate translations, we can
take Hzy = Hys = 0.
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Case (1) H2, +H?, #0

[1,0,0,0,0], [0,0,0,1,0] (56)
Here,
Ly = aM*+wW,  Ly=-2Mp, + WA (57)
o 1 p Y
174 = + + )
N R Y B

(58)

This potential allows separation in parabolic or polar coordinates.
We obtain the remaining cases by continuing in this way; for details see
[36]. The results are:

Case (2a)
[1707 202:070]7 [07 _17icaia —C], (59)
where,
Li = M4+ W, Ly=Mp, +pl + WO
oz
Vie) = + a - L

(@=222  \Je—2)(c+2) yfle+2)(c+z)
(60)
The corresponding Hamilton-Jacobi and Schrodinger equations for this sys-

tem separates in elliptical coordinates, as well as shifted elliptical coordinates.
Case (2b)

[1,0,2,0,2i], [0,—1,26,4,—2], (61)
where,
Li = M*4+p2 +WW,  Ly=(M+2ip,)* +p2 +W®
(6]
V() = F_, 1

-+ .
2B+ Ja(z+2)
(62)

This system separates in terms of hyperbolic coordinates and displaced hy-
perbolic coordinates.
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Case (3a) HZ + H% #0

1,0,0,0,0], [0,0,1,0,0] (63)
Here,
Ly = M*+w®,  Ly=p+W® (64)
_ 2 2 p Y
V(z) = a(z®+y )+P+?'
(65)

This potential permits separation in polar, elliptic and cartesian coordinates.
Case (3b) HZ +H%L =0

[1,0,0,0,0], [0,0,2,0,421] (66)
Here,
Ly = M*+wW®, Ly=p2+W®
2 + 92 16}

V@ = ey T ey e

+y(2? + y?).

(67)

(There is a similar solution where the term p? in L, is replaced by p?.) The
potential permits separation in hyperbolic and polar coordinates.
Case (3¢) Hi+H%4Z =0

[1,0,¢%,0,0], [0,0,2,0,42{] (68)
Here,

L = M+ +WW,  Ly=p,+W®
az 0z

Viz) = + +v2Z
(=) V22— V22— (24 V22— 2)? i
(69)
The potential permits separation in hyperbolic and elliptic coordinates.
Case (4) ng = H13 = H14 = H15 = 0, (675 ?é 0, H24 7£ 0
[0,1,0,0,0], [0,0,0,1,0] (70)
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Here,
Ly = —2Mp,+ W, L,=—2Mp, + W® (71)
o (x/Wyvaﬂc)%Jr (Va2 +32 —2)7

Viz) =
N Nk A

(72)

Separation of variables is possible in two types of parabolic coordinates, the
usual parabolic coordinates and the interchanged parabolic coordinates x =

pr,y = 5(u* = V).
Case (5) (Hss— Has)? + (Has — Has3)> #0

[0,1,a3,+4,0], [0,0,%£4,0,1] (73)
Here we choose the typical case
Ly = 4iMp_+p2 + WO, Ly=p*> + WO (74)
V() = ale—iy)+Ble+iy— 5 — ) + (@ +4 - 5 - ),
(75)

The possible separable coordinates are semihyperbolic coordinates corre-
sponding to operator Mp_ + pi and shifted semihyperbolic coordinates with
operator Mp_ + dp> + p%. This corresponds to the standard coordinates
shifted via the transformation x — z + 6,y — y + 10 .

Case (6a) Hy; =0

[0,0,1,0,0], [0,0,0,1,0] (76)
Here,
Ly = p2+wWW,  L,=—-2Mp, + W® (77)
V(z) = a(42®+y®) + Pz + %
(78)
The possible separable coordinates are cartesian and parabolic.
Case (6b) Hy #0
[0,0,1,0,+34], [0,0,0,1,0] (79)
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Here we take

Ly = 2pps + WO, Ly = Mp, + W® (80)
«a 2x + 1y
Vizg) = —— 2T
(2) \/m+iy+ﬁx+7\/a:+iy

(81)

There is the possibility of separability in parabolic coordinates {Mp,} or
displaced parabolic coordinates {(M + §(p, £ ipy))py } for suitable 6.

This is the complete list of superintegrable systems in complex Euclidean
2-space. It includes real Euclean space and Minkowski space as special cases.
Now we demonstrate that there is a quadratic algebra associated with each
nondegenerate potential. Because we are working in two dimensions there
can only be three functionally independent constants at most. Consequently
all Poisson brackets must be functionally dependent on H = Ly, £ and Ls.
We want to show that in fact R? = {L£1, L2}* = F(Ly, L1, L>) is a polynomial
in these variables.

Note that for arbitrary L£;,L,, the F is in general not a polynomial.
Consider the example:

Lo=pl+p,, Li=DM +p.p, Ly=pb.

Then we have R = {£y, Lo} = 4Mp,p, and

(MM

R2 = F(Lo, Lr, L) = 16L1La(Lo — La) — 16£3 (Lo — L3)3.

Here, although F is defined and bounded at the point (Lo, £1, £2) = (0,0, 0),
it is not analytic at this point. Thus it has no power series expansion about
the origin. We conjecture that this is an illustration of the general problem:
if F is not a polynomial, then there are branch points or cuts at (0,0, 0).

We will show, however, that for nondegenerate potentials the associated
F is a polynomial. First, we can verify that this is true when the potential
is turned off, i.e., if we consider only the functions

2
. ]
Ly = Z aZh)pkpja 1=h,2 {y= p;2v +p§’
j7k:1
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where L) = £, + W), Let R = {f;,£,}. Then for each of the cases listed
above it is straightforward to check that R? = Ps(y, 1, {2) where P; is a
homogeneous third order polynomial in its arguments. * It follows that

R? = F(Lo, L1, Ls) = P3(Lo, L1, La) + Fuls, Lo, L1, L2), (82)

where F, is a fourth, second and zeroth order polynomial in the momenta
Dz, Py, and Fu(0, Lo, L1, L2) = 0. Here, the parameters in the potential are
denoted by s = (V;),V,),V,}), evaluated at some fixed point (zo, o) and F,
is a polynomial function of these parameters.

From (36) we have

10P
{6,R} = 55 (6o, 1, ),
18’P
{6, R} = 3@0,51,52)
hence 1P 1F
3 4
{L£;,R} = 2L, (Lo, L1, L) + 28—,62(8)’
_ 18?3 18‘7:4
{L3,R} = 58[,1(£0’£1’£2) 53—51( s),

where the 0F,;/0Ly(s) have only terms of orders two and zero in the mo-
menta. It follows that the 0F4/0Ly(s) must be expressible as linear combina-
tions of the L. This shows that the commutators {L£, R} can be expressed
as polynomials in Ly, L1, L5. It is then a simple matter to verify that F itself
is a polynomial in Ly, L1, Lo.

A complete list of the quadratic algebra relations for each of the cases
studied above is given in [36]. In view of relations (36) it is sufficient to give
the relation R? = F'(Ly, L1, Ly) for each case. An example is
Case (1)  [1,0,0,0,0], [0,0,0,1,0]

R? = 16LIH—16L2L1—32(B+7)La+64a(B—7)La+160° L1 —25637H—32a%(B+7).

! Moreover, it is straightforward to verify that the cases corresponding to nondegenerate
potentials are the only cases where P; is a homogeneous third order polynomial in its
arguments. Thus the possible quadratic algebras generated by second order elements in
the Euclidean Lie algebra correspond one-to-one with nondegenerate potentials.

35



There are analogous quantum algebras for superintegrable systems arising
from the potentials we have already computed. The only difference is that
the Poisson bracket is now replaced by the commutator bracket [A, B] =
AB — BA and the operators H,L; and Ly are the obvious (formally self-
adjoint) symmetry partial differential operators.

2 .
k

=1

Just as for the Hamilton-Jacobi case, if we have another constant of the
motion L associated with a maximal potential, then L must be a linear com-
bination of H, L, L. Indeed, if L is in self-adjoint form, then the conditions
that [H, L] = 0 are identical with (40), (41). Thus, if L is not a linear combi-
nation of the basis functions, then the potential V' must satisfy an equation
(45) that is linearly independent of the equations associated with Ly, L.
This means an additional constraint on the solution space and that V can
depend on at most two parameters, which is a contradiction.

Furthermore the proof of the existence of quadratic algebra relations
goes through almost unchanged for the operator case: [L;, Ly]* = R? and
[L1, R|, [ L2, R] can be expressed as (symmetric) polynomials in the operators
H, L, L. To make the prior construction go through, one need only note
that since R? is a formally self-adjoint 6th order differential symmetry oper-
ator, the 5th order terms are fixed linear functions of the 6th order terms.
The expressions {A, B} = AB+ BA and {A,B,C} = ABC+ CAB+ BCA
are operator symmetrizers. The detailed results are contained in [36]. An
example is
Case (1)

[La, R] = 8L3 + 8H Ly + 8a?,

[L1, R| = 8{Ls, L1} + 16(1 + 20 + 27)Ls + 32a(y — B),

8 11 176

32
+ 64a(B — )Ly + 1602L; + (_E + 967 + 9683 + 2563v)H

32
- §a2(3ﬁ + 3y —1).
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8 Conclusions

We have used the concept of a “nondegenerate potential” to add structure
to the study of superintegrable classical and quantum mechanical systems in
E5 . We have shown how to classify all such systems in a straightforward
manner. Furthermore:

1. Each system is associated with a pair of constants of the motion in the
classical case, and a pair of symmetry operators in the quantum case,
that generate a quadratic algebra.

2. There is a one-to-one correspondence between superintegrable systems
and free-field symmetry operators that generate quadratic algebras.

3. Superintegrability implies multiseparability.

We have analogous results for superintegrable systems on the complex
2-sphere, [37]. The real sphere and the real hyperboloid are special cases.
Again we find and fill gaps in the known list of superintegrable systems. The
next major challenge is to extend this analysis to higher dimensional systems.
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