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Abstract

The evolution of resistance to therapy remains a significant challenge to the clinical

treatment of cancer. As a tumor evolves, new genetic variants possessing a fitness

advantage over normal cancer cells may be produced, thus leading to the development

of resistance. Because the underlying biological processes driving this evolution are

inherently random, they may be modeled using stochastic processes. This thesis consists

of two main projects in which branching process models are employed to study the

evolution of resistance to cancer therapy.

In the first project, we develop a stochastic model of a non-small cell lung tumor

undergoing treatment with a combination of two drugs. One drug is the current standard

therapy used in the clinic to treat this disease, which has proven to be ineffective in the

long term due to the inevitable development of resistance. The other is a novel drug

specifically aimed at targeting oxygen-deprived regions in tumors. Using this model,

we show that a therapeutic regimen in which both drugs are given may greatly improve

patient outcomes over the current standard monotherapy. We also use our model to

predict the optimal combination treatment protocol.

The goal of the second project is to understand the impact of different resistance

mechanisms on tumor recurrence. We define two separate branching process models to

compare the case in which resistance arises via a single gene mutation with the case in

which resistance arises via a gradual gene amplification process. We prove law of large

numbers results regarding the convergence of the stochastic tumor recurrence times in

both models and use these results to compare the two resistance mechanisms.
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Chapter 1

Introduction

Cancer is a leading cause of death worldwide, and many cancer-related deaths can be

attributed to the development of resistance to therapy. Traditionally, cancer has been

treated using a variety of chemotherapeutic agents. However, recent efforts to better

understand the specific molecular processes underlying the growth and spread of cancer

have led to the development of a new treatment modality known as “targeted therapy”

[1]. This term refers to any anticancer therapy designed to act on a specific molec-

ular target believed to play a critical role in cancer progression. The invention and

widespread clinical use of these targeted therapies has significantly impacted the way in

which certain cancers are treated [2]. Tyrosine kinase inhibitors such as imatinib, gefi-

tinib, and erlotinib represent a primary example of this shift in approaches to treatment

[3]. Imatinib is currently used in the clinic as a first-line treatment for chronic myeloge-

nous leukemia (CML). Additionally, non-small cell lung cancers (NSCLCs) driven by

mutations in the epidermal growth factor receptor (EGFR) are very responsive to both

gefitinib and erlotinib. In contrast with traditional cytotoxic chemotherapy, these drugs

stop the growth and spread of NSCLC by preventing the cancer cells from multiplying.

Although initially hypothesized to revolutionize the treatment of cancer, targeted

therapies have some very significant drawbacks, the most notable of which is the devel-

opment of resistance. The evolution of drug resistance is evident in virtually all patients

who undergo therapy with one of these targeted drugs [4]. For example, despite ini-

tial responses to therapy, NSCLC patients taking erlotinib eventually experience disease

progression, usually within a period of 12 to 18 months after starting treatment [5]. This

1
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development of resistance to targeted therapies remains a significant challenge to the

clinical treatment of cancer. Acquiring a more complete understanding of the evolution

of resistant cancer cell populations during therapy may be the key to designing more

effective therapeutic regimens capable of preventing or delaying disease progression due

to resistance.

A significant amount of research effort has been dedicated to gaining insights into

the development of resistance via mathematical modeling. Some of these models have

focused on answering questions regarding the case of pre-existing resistance, in which

resistant cells arise prior to the beginning of treatment. Other models have been devel-

oped to address the problem of resistance emerging during the course of treatment. In

this thesis, we will focus on the second case, in which a patient who is initially sensitive

to therapy acquires resistance.

Goldie and Coldman used a stochastic mathematical model to examine the proba-

bility of resistance arising during therapy, and concluded that both early initiation of

therapy and the use of multiple drugs in combination can reduce the risk of resistance

[6, 7]. Later on, using a multi-type pure birth process, Coldman and Murray found that

early intensification of therapy maximizes the product of the probability of cure and the

probability of no toxicity [8]. More recently, Iwasa et al. used a mutli-type branching

process to model a heterogeneous population of cells and found that the probability of

cure is largest when many different drugs are used since the cancer cells cannot escape

extinction unless they evolve mutations that confer resistance to all of the drugs [9].

Komarova and Wodarz developed a stochastic model to study multi-drug resistance,

where resistance to each drug is driven by an independent mutation [10]. They then

defined another stochastic model to examine the effect of cancer stem cell quiescence on

the development of resistance [11]. Using the model previously defined by Komarova

in [12] together with a computational approach, Komarova et al. found that the use of

two drugs increases the probability of treatment success in CML, but additional drugs

provide no additional advantage [13].

In order to reflect the anti-proliferative effect of many targeted therapies, Foo and

Michor constructed a non-homogeneous multi-type birth-death process model of resis-

tance in which birth and death rates of both sensitive and resistant cells vary with

drug concentration [14, 15]. They developed an approach to identify optimal dosing
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strategies, given drug concentration-dependent birth and death rates. Specifically in

the context of EGFR-mutant NSCLC, Chmielecki et al. and Foo et al. used evolution-

ary modeling to identify optimal dosing strategies to either prevent or delay resistance

to erlotinib [16, 17]. Later on, Foo and Leder used a similar branching process model to

characterize the time during treatment at which the tumor population begins expanding

as well as the time at which the resistant cells begin to dominate the tumor [18].

The remainder of this thesis builds on this body of work and is divided into two main

parts. Chapter 2 employs a computational approach to solve a more applied problem,

whereas Chapter 3 utilizes an analytical approach to solve a more theoretical problem.

In Chapter 2, we use a stochastic model of EGFR-mutant NSCLC to understand the

impact of tumor heterogeneity on the evolution of resistance to erlotinib. This model

suggests that, by combining erlotinib with a second drug specifically designed to target

oxygen-deprived regions within the tumor, patient outcomes may be significantly im-

proved. Furthermore, we optimize combination treatment protocols to minimize tumor

burden and risk of resistance. The work in Chapter 2 was completed in collaboration

with Shannon Mumenthaler and Colleen Garvey at the University of Southern Cali-

fornia. In Chapter 3, we study the stochasticity of the tumor recurrence time in two

different models in which resistance arises via two separate biological mechanisms. We

prove law of large numbers results for both of these stochastic times and use our results

to compare the impacts of these two resistance mechanisms on tumor recurrence.



Chapter 2

Understanding the Impact of the

Tumor Microenvironment

2.1 Background

Solid tumor vasculature is characterized by a disorganized, aberrant network structure

of tortuous, hyperpermeable blood vessels [19]. These characteristics lead to nonuniform

spatial distributions of drug and oxygen (as well as other nutrients and growth factors)

throughout tumors, which in turn have been implicated in the emergence and evolution

of resistance [20, 21, 22, 23, 24, 25]. Indeed, several recent studies have demonstrated

that the presence of spatial gradients of drug in an environment can accelerate the

emergence of antibiotic resistance in bacteria [26, 27]. One explanation for this phe-

nomenon is that regions of low drug concentration generate local niches where sustained

cell proliferation drives the production of new genetic variants. These spatial regions

often coincide with hypoxic (low oxygen) conditions where drug-resistant variants may

possess a survival advantage over drug-sensitive cells [28, 20, 29, 30, 31], thus enabling

the establishment of stable pockets of drug resistance in tumor regions not easily ac-

cessible by drugs. In light of these observations, one strategy proposed is to design

therapy regimens that exploit the interaction between tumor cell populations and their

environments to achieve long-term tumor eradication or control.

Hypoxia is defined as reduced levels of molecular oxygen (typically less than 1%) in

tissue. In contrast, ambient air exists at approximately 21% and most human organs

4
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have oxygen levels in the range of 2% to 9% [32]. The prevalence of hypoxic regions in

solid tumors has led to the development of hypoxia-activated prodrugs (HAPs), which

are compounds designed to metabolize into active drugs upon entry into hypoxic en-

vironments [33, 34, 35, 36]. For example, one such compound, evofosfamide, consists

of a radical anion linked to a potent DNA-alkylating agent which penetrates effectively

through tissues under normoxic (normal oxygen) conditions. Under hypoxic conditions,

however, the radical anion undergoes irreversible fragmentation and releases the acti-

vated drug into the tumor [37, 36]. This type of novel action allows evofosfamide to

penetrate and target cancer cells within hypoxic regions of a tumor, unlike standard

therapies whose range is often confined to well-vascularized, normoxic regions.

Currently, several HAPs are in clinical trials [38]. Tirapazamine was the first HAP

to be tested in the clinic, in combination with both chemotherapy and radiotherapy;

however, results did not show any significant therapeutic benefit. It was thought that off-

target toxicity and insufficient tissue penetration were the primary contributing factors

to this result. More recently, evofosfamide, which has a superior tissue-penetration

ability, underwent Phase III testing in combination with chemotherapies for pancreatic

cancer and soft tissue sarcoma. Neither of these trials demonstrated a significant survival

benefit. However, given the response kinetics of hypoxic cancer cells to these therapies

in preclinical studies, we hypothesize that the potential of HAPs has not yet been fully

realized in previous clinical trials, and that mathematical modeling may be beneficial

in identifying the combination treatment strategies that lead to survival benefit. It

has been demonstrated in previous work that identifying the right dosing schedule is

important in improving cancer treatment outcomes, and further that mathematical

modeling is an effective tool to help identify optimal administration strategies [16, 17,

39]. In particular, it was demonstrated in [39] that altering the timing of treatment

periods in sequential combination therapies may prevent or delay the emergence of drug

resistance.

This work builds upon a large body of literature on evolutionary modeling of drug

resistance in cancer (see, e.g. the review [40] and references therein). Here we discuss

a few recent contributions to modeling combination therapies in cancer. For example,

Komarova et al. [13] utilized a stochastic birth-death process model to study the impact

of combination therapies in Chronic Myeloid Leukemia, finding that a combination of
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two but not three drugs should be used in the prevention of drug resistance. In a later

work by the same authors, Katouli et al. [41] designed a general algorithm to com-

pare combination treatment protocols in Chronic Myeloid Leukemia according to their

cross-resistance properties, and to identify the protocols with the highest probability of

treatment success. Most recently, Bozic et al. [42] developed a mathematical model that

predicts responses to combinations of targeted inhibitors in melanoma patients. Using

this model, the author predicted that combinations of two or three drugs will be far

more effective than sequential treatment with the same agents, with the potential for

complete cure.

Here we will focus our modeling efforts on designing HAP-targeted combination

treatment strategies for NSCLC. Erlotinib is a tyrosine kinase inhibitor commonly used

to treat EGFR-mutant NSCLC [43, 44, 45]. However, most patients develop resistance

and disease progression within 12-18 months of starting treatment [5]. Consequently,

novel approaches to prevent, or at least delay, the onset of resistance to erlotinib are

of great clinical importance. A significant amount of research has been dedicated to

improving treatment of NSCLC. Several studies have shown that it may be beneficial to

continue therapy with tyrosine kinase inhibitors such as erlotinib even after the point of

disease progression [46, 47, 48]. Previous work has focused on the use of mathematical

models of tumor growth and resistance during erlotinib treatment to optimize therapeu-

tic strategies and minimize a patient’s risk of resistance [17, 16]. Another approach that

has been extensively studied is the use of combination therapy to mitigate resistance to

erlotinib [39, 49, 50]. However, these studies lack a consideration for the heterogeneous

oxygen and drug distributions throughout the tumor, and in particular their role in

mediating tumor response to therapy and the emergence of drug resistance. Recently,

Mumenthaler et al. demonstrated through modeling efforts that the consideration of

heterogeneous tumor oxygenation and drug concentration reveals dramatically different

treatment outcomes and evolutionary responses to therapy when compared to models

under homogeneous environmental conditions [20].

In this work, we investigate the potential benefits of using a HAP in combination

with standard therapy to prevent the emergence of resistance to erlotinib in NSCLC.

We design a stochastic mathematical model, with parameters informed by experimental
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data, to describe the evolutionary dynamics of a cancer cell population within a het-

erogeneous tumor microenvironment during treatment with erlotinib and evofosfamide.

Using this model, we show that a combination treatment strategy results in treatment

outcomes preferable to those resulting from monotherapy with either of these drugs

alone. We also use a novel approach to define toxicity constraints for this combination

therapy, which allows us to optimize treatment strategies over the space of tolerated

dosing schedules using both drugs in order to minimize tumor burden and probability

of resistance. Determining toxicity constraint profiles for combination therapies could

have significant clinical implications as severe toxicity issues is one of the major reasons

that HAP combinations have not been successful in clinical trials.

2.2 Methods

In the following we describe an evolutionary mathematical modeling approach to eval-

uate the impact of combination erlotinib-evofosfamide therapy on a NSCLC tumor cell

population, in which each tumor cell response is dependent upon local environmen-

tal concentrations of oxygen and drug. The pseudo-spatial model is comprised of a

weighted series of environmental compartments whose oxygen and drug profiles mirror

tumor physiologic data. The model is parameterized using (i) experimentally calculated

growth rates under a spectrum of environmental perturbations of oxygen and erlotinib

concentration, (ii) published experimental results on cell viability in response to evofos-

famide therapy, (iii) tumor oxygenation measurements, and (iv) pharmacokinetic data

mapping evofosfamide and erlotinib dose to plasma concentration. We also utilize clini-

cal trial data for both therapies to design a methodology for inferring toxicity constraints

on the space of possible combination treatment strategies.

2.2.1 Evolutionary Model

In order to model tumor evolution within an environment with heterogeneous oxygen

and drug concentrations, we consider a stochastic population dynamic process in which

the cell population is distributed amongst a series of habitats with varying oxygen and

drug profiles. Oxygen concentration within the tumor decays exponentially as a function

of distance from the nearest blood vessel. This decay rate is parameterized in the model
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based on estimates of the half-length away from the blood vessel [20]. This is used

to define the oxygen concentration in each microenvironmental compartment; hence

every compartment corresponds to a volume some distance from the nearest blood

vessel. To estimate the relative contributions of each of these compartments to the

tumor microenvironment, we utilize experimental data capturing relative frequencies of

a spectrum of oxygen partial pressures throughout solid tumors [51]. We consider a

total of 32 environmental compartments in which compartment i has an oxygen partial

pressure of 2.5 · i mmHg to mirror this data. We then construct a mixture model of

compartments in which the weighting of each compartment is determined based on

the relative frequency of its corresponding oxygen partial pressure in the experimental

profile. A schematic of this process is depicted in Figure 2.1.

Figure 2.1: Tumor microenvironment modeling process. This schematic shows
the process used to model the tumor microenvironment as a set of discrete compart-
ments. A series of compartments is defined based on various distances from the nearest
blood vessel, and the oxygen concentration in each compartment is calculated accord-
ingly. The relative weights of the compartments are determined based on experimental
observations of oxygen partial pressure distribution in solid tumors.

Within each compartment, we use a multi-type, non-homogeneous, continuous-time

birth-death process to model the population of cancer cells during treatment. We assume

for now that the evolutionary dynamics within each microenvironmental compartment

are independent. (This assumption will be relaxed later, see Section 2.5.) The number of

erlotinib-sensitive cells in compartment i at time t is denoted by Xi(t), and the number

of erlotinib-resistant cells in compartment i at time t is given by Yi(t). The joint process
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Xi(t) = (Xi(t), Yi(t)) represents the combined state of the sensitive and resistant cell

populations in compartment i at time t. In compartment i, erlotinib-sensitive cells

proliferate and die with rates λX,i(t) and µX,i(t), respectively, while erlotinib-resistant

cells proliferate and die with rates λY,i(t) and µY,i(t). These birth and death rates reflect

the effect of treatment on the cancer cell population in an environmental compartment

i, and therefore depend on the concentrations of oxygen and both drugs found in that

compartment at time t. During every sensitive cell division, a mutation may arise with

some small probability u, giving rise to a new resistant cell. This mutation rate falls

in the range between 10−8 and 10−6 [17, 52, 53]. Here we use u = 10−7. We consider

an initial population of M = 1.6 · 106 erlotinib-sensitive cancer cells and zero resistant

cells. The number of sensitive cells Mi initially in compartment i is calculated using

the relative compartment weights.

The evolutionary dynamics within each microenvironmental compartment can be

described using analytic approximations for the probability of resistance and means of

the sensitive and resistant cell populations. The derivations of these analytic expressions

are outlined elsewhere [15]. Because u is very small, we approximate 1 − u ≈ 1 in the

following. Then the population of sensitive cells Xi(t) in compartment i can be described

using a simple birth-death process. Hence the mean number of sensitive cells at time t

in this compartment is

E[Xi(t)] = Mi exp

[∫ t

0
(λX,i(τ)− µX,i(τ)) dτ

]
. (2.1)

The mean number of resistant cells in this compartment at time t is

E[Yi(t)] =

∫ t

0
bi(τ) exp

[∫ t−τ

0
(λY,i(τ + η)− µY,i(τ + η)) dη

]
dτ, (2.2)

where bi(t), the rate of production at time t of the resistant cells from the sensitive cell

population in compartment i, is given by the formula

bi(t) = Mi exp

[∫ t

0
(λX,i(τ)− µX,i(τ)) dτ

]
λX,i(t)u.

Lastly, the probability of resistance in compartment i at time t is
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P[Yi(t) > 0] = 1− exp

[∫ t

0
−bi(T )

(
1− P exti (T, t)

)
dT

]
. (2.3)

P exti (T, t) represents the probability that a group of resistant cells originating from a

single resistant cell produced at time T in compartment i is completely extinct by time

t, and is given by the formula

P exti (T, t) =

∫ t−T
0 µY,i(τ + T )ωi(τ, T )dτ

1 +
∫ t−T

0 µY,i(τ + T )ωi(τ, T )dτ
,

where

ωi(τ, T ) = exp

[∫ τ

0
(µY,i(η + T )− λY,i(η + T )) dη

]
.

Now we calculate the probability of resistance and means of the sensitive and resis-

tant cell populations in the entire tumor at time t. We can obtain the means at time t

of the sensitive cell population X(t) and the resistant cell population Y (t) in the entire

tumor by summing over all compartments:

E[X(t)] =
∑
i

E[Xi(t)],

E[Y (t)] =
∑
i

E[Yi(t)].

Here, E[Xi(t)] and E[Yi(t)] are given by equation (2.1) and equation (2.2), respectively.

The mean tumor size at time t is given by

E[X(t) + Y (t)] = E[X(t)] + E[Y (t)].

The probability that there exists one or more resistant cells in compartment i at time t

is P[Yi(t) > 0]. Then 1− P[Yi(t) > 0] is the probability of having zero resistant cells in

this compartment at time t. Since we assume independence of the microenvironmental

compartments, this implies the probability of having no resistant cells in the entire tumor

at time t is given by
∏
i (1− P[Yi(t) > 0]). Therefore, the probability of resistance at

time t is
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P[Y (t) > 0] = 1−
∏
i

(1− P[Yi(t) > 0]) ,

where P[Yi(t) > 0] is given by equation (2.3).

2.2.2 Model Parameterization

The evolutionary dynamics of the tumor cell population depend on the birth and death

rates of sensitive and resistant cells in each microenvironmental compartment. These

rates, in turn, vary as the concentrations of both drugs change over time. To reflect

this variation, we first define distinct functions describing the individual effects of er-

lotinib and evofosfamide on these birth and death rates. The growth kinetics of the

cancer cell population during treatment by each of these drugs are estimated using a

combination of pharmacokinetic and experimental cell viability data. In the following

sections, functions pertaining to erlotinib are denoted with 1’s and functions pertaining

to evofosfamide are denoted using 2’s. We note that the birth and death rates used in

this parameterization are taken from in vitro data. Thus the specific time scale and cell

population sizes of the model predictions are relevant to the in vitro setting.

Effect of Erlotinib and Oxygen on Growth Kinetics

Recent experimental results have demonstrated that the response of NSCLC tumor

cells to erlotinib is dependent on the tumor microenvironment and, in particular, oxy-

gen concentration. In [20], this dependence was quantified by obtaining live/dead cell

counts for isogenic HCC827 sensitive and resistant (harboring the T790M resistance

mutation) cell lines in vitro at varying concentrations of oxygen and drug. We then

calculated birth and death rates of erlotinib-sensitive and erlotinib-resistant cells in

terms of oxygen concentration x and erlotinib concentration c1 using an exponential

growth model. Given an erlotinib concentration of c1 µM, let the index I(c1) be given

by I(c1) =
⌊
10c1 + 1

2

⌋
+ 1. Then the birth and death rate functions approximating the

experimental data are defined as follows:
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λ1
X(x, c1) = SBI(c1),1 + x · SBI(c1),2 + 1.217 · SBI(c1),3,

µ1
X(x, c1) = SDI(c1),1 + x · SDI(c1),2 + 1.217 · SDI(c1),3,

λ1
Y (x, c1) = RBI(c1),1 + x ·RBI(c1),2 + 1.217 ·RBI(c1),3,

µ1
Y (x, c1) = RDI(c1,1 + x ·RDI(c1),2 + 1.217 ·RDI(c1),3,

where SB, SD, RB, and RD are given by the matrices in Section 2.7. The “control”

birth and death rates in the absence of drug in compartment i with oxygen concentration

xi are then given by:

λcX,i = λ1
X(xi, 0), (2.4)

µcX,i = µ1
X(xi, 0), (2.5)

λcY,i = λ1
Y (xi, 0), (2.6)

µcY,i = µ1
Y (xi, 0). (2.7)

For each compartment, by setting the oxygen concentration in these functions equal

to the oxygen concentration in that compartment, we obtain birth and death rates

of sensitive and resistant cells as functions of erlotinib concentration. For example,

Figure 2.2 shows the net growth rates of sensitive and resistant cells as functions of

erlotinib concentration at a low oxygen concentration (0.33%) as well as a high oxygen

concentration (10.5%). These values correspond to the concentrations of oxygen in the

compartment furthest from the blood vessel and closest to the blood vessel, respectively.

We observe that overall drug response for both cell types is more pronounced in high

oxygen compartments than in low oxygen compartments, which actually comprise the

tumor bulk. Strikingly, the resistant cells display essentially complete resistance under

low oxygen levels but only partial resistance under high oxygen levels, whereas the

sensitive cells exhibit only a minor increase in drug tolerance under low-oxygen levels.

During the course of treatment with erlotinib, we let the birth and death rates of the

sensitive cell population in compartment i be denoted by λ1
X,i(t) and µ1

X,i(t), and we let

λ1
Y,i(t) and µ1

Y,i(t) represent the birth and death rates of the resistant cell population in
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compartment i.

Figure 2.2: Net growth rates as functions of erlotinib concentration. Examples
of net growth rates of sensitive and resistant cells are shown as functions of erlotinib
concentration. These rates are shown in blue for a low oxygen concentration (0.33%),
corresponding to that which is found in the compartment furthest from the blood vessel,
as well as in red for a high oxygen concentration (10.5%), corresponding to that which
is found in the compartment closest to the blood vessel. Solid lines represent sensitive
cell growth rates, and dotted lines represent resistant cell growth rates.

Analysis of erlotinib pharmacokinetic data. During treatment, the concentration of

erlotinib within each compartment fluctuates in time, according to the dosing schedule.

Assume erlotinib is administered in doses of D1 mg every T1 hours. We first determine

how the drug concentration varies at the blood vessel over the course of treatment. To

define the plasma concentration over time after one dose of D1 mg erlotinib, we assume

this quantity decays exponentially as a function of time and let ρ1(t) = cmax1 e−k1t de-

scribe this exponential decay, where cmax1 is the maximum plasma concentration achieved

after one dose of erlotinib and k1 is the rate of decay. Using the clinical pharmacoki-

netic data in [17, 54, 55], we acquire pairs of best-fit parameters for this function at a

variety of doses between 100 and 300 mg. The values obtained for k1 are averaged to
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produce k1 = 0.0307, and a linear function cmax1 (D1) = 7D1 + 365 is defined to reflect

the relationship between dose and maximum plasma concentration. Hence we define

erlotinib plasma concentration after one dose, given an initial dose D1, as a function of

time:

ρ1(t) = (7D1 + 365)e−0.0307t. (2.8)

Using this function for plasma concentration after one dose of erlotinib, we define a

function to describe plasma concentration over time for the entire course of treatment

with erlotinib. The concentration of erlotinib at the blood vessel at some time t ∈
[nT1, (n+ 1)T1) for n = 0, 1, 2, ... is given by

C1(t) =
n∑
i=0

ρ1(t− iT1). (2.9)

Erlotinib concentration decays spatially away from the vessel exponentially. Since ex-

perimental characterization of erlotinib drug penetration in solid tumors in unavailable

currently, this decay rate is parameterized based on the decay rate of doxorubicin, which

has a similar molecular weight to erlotinib [21]; in [20], a range of decay rates was inves-

tigated to account for differences in cellular uptake rate between these two molecules.

Combining this decay rate with C1(t) fully specifies a new function C1,i(t) for the con-

centration of erlotinib in each compartment i at time t. For example, the concentration

of erlotinib over time, given a standard dosing schedule of 150 mg erlotinib daily, is

plotted for two different compartments (the compartments closest to and furthest from

the nearest blood vessel) in Figure 2.3.

By substituting C1,i(t) into these expressions, we obtain functions describing the

birth and death rates of sensitive and resistant cells in compartment i at any time t

during treatment:

λ1
X,i(t) = λ1

X,i(C1,i(t)),

µ1
X,i(t) = µ1

X,i(C1,i(t)),

λ1
Y,i(t) = λ1

Y,i(C1,i(t)),

µ1
Y,i(t) = µ1

Y,i(C1,i(t)).

(2.10)
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Figure 2.3: Example of erlotinib concentration over time. Examples of plasma
concentration functions over time are shown for erlotinib. Given a standard dosing
schedule of 150 mg erlotinib administered daily, the red curve shows the concentration
of erlotinib found in the compartment closest to the nearest blood vessel, and the blue
curve shows the erlotinib concentration found in the compartment furthest from the
nearest blood vessel.

Effect of Evofosfamide and Oxygen on Growth Kinetics

Next, we consider the effect of evofosfamide on the erlotinib-sensitive and erlotinib-

resistant cell populations in each microenvironmental compartment. Note that the

mechanisms of action differ greatly between erlotinib and evofosfamide. In particular,

the mutation conferring resistance to erlotinib occurs in the EGFR kinase domain,

which is independent of the action of evofosfamide; thus the presence of this mutation

is not thought to impact evofosfamide response. So we assume the same response of

erlotinib-sensitive and erlotinib-resistant cells to evofosfamide.

We start by defining the percent of viable cells Vi(C2) in compartment i as a function

of evofosfamide concentration. Suppose that, for a fixed concentration of oxygen, cell

viability behaves as a logistic function with respect to drug concentration. Let V (C2) =
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100 − A
1+e−α/β

+ A
1+e(C2−α)/β

, with A,α, and β unknown parameters, to reflect the fact

that cells are 100% viable in the absence of drug (V (0) = 100). We fit this logistic

function to to multiple experimentally-derived data sets for cell viability in [37], each

at a different fixed oxygen concentration between 0% and 21%, to obtain values for A,

α, and β. The estimates of A are averaged to yield A = 88.5983, and the relationship

between α and β for compartment i and xi, the oxygen concentration in compartment

i, is described as follows:

αi =

(1.937 · 10−7)x3
i − (2.932 · 10−6)x2

i + (1.252 · 10−5)xi + 3.97 · 10−7 xi < 10%

(2.613 · 10−6)xi − 4.727 · 10−8 xi ≥ 10%,

βi =

(6.389 · 10−8)x3
i − (9.284 · 10−7)x2

i + (3.87 · 10−6)xi + 3.792 · 10−8 xi < 10%

(6.366 · 10−7)xi − 3.421 · 10−6 xi ≥ 10%.

Therefore, for compartment i, the percent of viable cells at an evofosfamide concentra-

tion of C2 is expressed as

Vi(C2) = 100− A

1 + e−αi/βi
+

A

1 + e(C2−αi)/βi
,

where A,αi, and βi are all defined as above. Figure 2.4 shows a plot of this function

together with the corresponding data points at the seven fixed oxygen concentrations

examined in the cell viability experiments.

We now use the experimental cell viability data in [37] together with the cell viability

function to derive expressions NX,i(C2) and NY,i(C2) for net growth rates of sensitive

and resistant cells in compartment i as functions of evofosfamide concentration C2. Let

the fraction of viable cells in compartment i as a function of evofosfamide concentration

be denoted by vi(C2) = 1
100Vi(C2). Since we assume evofosfamide has the same effect on

the sensitive and resistant cells, we need only define one function for net growth rate in

compartment i in terms of evofosfamide concentration which we can then apply to both

the sensitive and resistant cell populations. Let N(x, d) represent the net growth rate

of cells in an environment with oxygen concentration x (written as a percentage) and
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Figure 2.4: Cell viability fit. Percent of viable cells as a function of evofosfamide con-
centration. The points represent data from the cell viability experiments, and the curves
show the fitted cell viability function at the fixed oxygen concentrations corresponding
to the data.

evofosfamide concentration d. We define this function by writing out explicit expressions

for the number of cells in the treated and control groups at certain points in time

according to the details of the cell viability experiments and comparing this with the

cell viability function.

Let group A represent the control group in the cell viability experiments from [37]

and let group B denote the group of cells treated with evofosfamide concentration C2

at an oxygen concentration of xi, corresponding to the oxygen concentration expected

to coincide with compartment i of the tumor microenvironment. Use nA(t) and nB(t)

to represent the number of cells in each of these groups at time t. Then for all t,

vi(C2) =
nB(t)

nA(t)
. (2.11)

We use the detailed process followed in [37] to write explicit expressions for the number of

cells in groups A and B at certain points in time. At time t = 0, there are nA(0) = nB(0)
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cells in each group. According to [37], exponentially growing cells were seeded 24 hours

before the addition of test compounds. We express the number of cells present in each

group at t = 24 by

nA(24) = nA(0)e24N(21,0),

nB(24) = nB(0)e24N(21,0).

After the addition of evofosfamide, the plates were incubated for 2 hours under the

altered oxygen concentration. The number of cells in each group at t = 26 is then given

by

nA(26) = nA(24)e2N(xi,0),

nB(26) = nB(24)e2N(xi,C2).

Lastly, cells were cultured for 72 hours after washing under normoxic conditions. We

can express the number of cells in each group at time t = 98 as

nA(98) = nA(26)e72N(21,0),

nB(98) = nB(26)e72N(21,0).

By repeated substitution using the above equations, nA(98) and nB(98) can be written

as follows:

nA(98) = nA(0)e24N(21,0)e2N(xi,0)e72N(21,0),

nB(98) = nB(0)e24N(21,0)e2N(xi,C2)e72N(21,0).
(2.12)

We proceed by relating the above equations to cell viability. Setting t = 98 in

equation (2.11) yields

vi(C2) =
nB(98)

nA(98)
. (2.13)
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By substituting the equations in (2.12) into equation (2.13) and simplifying, keeping in

mind that nA(0) = nB(0), we obtain

vi(C2) = e2[N(xi,C2)−N(xi,0)].

Taking the natural log of both sides, dividing by 2, and solving for N(xi, C2) yields

N(xi, C2) = N(xi, 0) +
1

2
ln[vi(C2)].

We can rewrite this, applying the above results to both sensitive and resistant cells, to

express net growth rates in compartment i as functions of evofosfamide concentration

C2:

NX,i(C2) = NX,i(0) +
1

2
ln[vi(C2)],

NY,i(C2) = NY,i(0) +
1

2
ln[vi(C2)].

Note that in the above equations, NX,i(0) and NY,i(0) are simply the net growth rates

of sensitive and resistant cells in the absence of drug. In other words,

NX,i(0) = λcX,i − µcX,i,

NY,i(0) = λcY,i − µcY,i,

where the superscript c denotes the control growth rates in the absence of drug, as

defined previously. The functions for net growth rate dependence on evofosfamide con-

centration are plotted in Figure 2.5 for a low oxygen concentration (0.33%) and a high

oxygen concentration (10.5%).

However, having explicitly defined functions for net growth rates of the sensitive and

resistant cell populations is not quite enough; we must define their respective birth and

death rates as well. Since evofosfamide releases a cytotoxic agent in hypoxic regions,

we assume that its primary effect is to increase cellular death rates rather than to

decrease cellular birth rates. Hence the birth rates of cells under any concentration of
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Figure 2.5: Net growth rates as functions of evofosfamide concentration. Ex-
amples of net growth rates of sensitive and resistant cells are shown as functions of
evofosfamide concentration. These rates are shown in blue for a low oxygen concentra-
tion (0.33%), corresponding to that which is found in the compartment furthest from
the blood vessel, as well as in red for a high oxygen concentration (10.5%), correspond-
ing to that which is found in the compartment closest to the blood vessel. Solid lines
represent sensitive cell growth rates, and dotted lines represent resistant cell growth
rates.

evofosfamide are equal to those in the absence of drug. Thus we define birth rates of

sensitive and resistant cells in compartment i due to evofosfamide by

λ2
X,i(t) = λcX,i,

λ2
Y,i(t) = λcY,i.

Using the fact that net growth rates are differences between birth and death rates along

with a series of substitutions of the above equations followed by algebraic simplification
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yields the following functions for death rates of sensitive and resistant cells in compart-

ment i:

µ2
X,i(t) = µcX,i −

1

2
ln[vi(C2(t))],

µ2
Y,i(t) = µcY,i −

1

2
ln[vi(C2(t))].

Analysis of evofosfamide pharmacokinetic data. Next, we consider how the concen-

tration of evofosfamide changes during treatment. Using pharmacokinetic data from

a phase 1 clinical trial [56], we define a function ρ2(t) for plasma concentration over

time after one dose of D2 mg/m2 evofosfamide. Unlike with erlotinib, we cannot sim-

ply approximate the plasma concentration of evofosfamide using only exponential decay

because doing this would force the maximum concentration to be artificially high since

evofosfamide decays so quickly with respect to time. This does not present a problem in

the erlotinib plasma concentration function because the decay rate of erlotinib is much

lower than that of evofosfamide. From the clinical data in [56], we estimate the time

at which maximum plasma concentration is achieved to be t = 1
2 (30 minutes after the

initial dose is administered). We approximate the plasma concentration for t ≥ 1
2 as

exponential decay using ρ2(t) = cmax2 e−k2(t−1/2), where cmax2 is the maximum plasma

concentration achieved after one dose and k2 is the decay rate of evofosfamide. We

acquire pairs of best-fit parameters for this function at a variety of doses between 7.5

and 940 mg/m2 using the clinical trial data. Cubic functions are defined for both cmax2

and k2 to describe the relationship between dose D2 and maximum concentration and

decay rate as follows:

cmax2 (D2) = (2.008 · 10−7)D3
2 − 0.0003276D2

2 + 0.1753D2 − 12.54,

k2(D2) = (1.302 · 10−7)D3
2 − 0.0002043D2

2 + 0.08873D2 − 5.829.

To estimate the plasma concentration for t < 1
2 , we define a linear function connecting

(0, 0) with
(

1
2 , c

max
2 (D2)

)
. We can now define evofosfamide plasma concentration after

one dose as a function of time as follows:
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ρ2(t) =

2cmax2 (D2)t t < 1
2

cmax2 (D2)e−k2(D2)(t−1/2) t ≥ 1
2 ,

(2.14)

where cmax2 (D2) and k2(D2) are each defined as in the above equations.

Since evofosfamide is very quickly eliminated from the blood stream (half-life of

0.81 hours [56]), for treatment schedules where doses are spaced at least 6 hours apart,

the plasma concentration over the course of treatment ρ2(t) can be approximated as a

periodic function. Then for n = 0, 1, 2, ... and t ∈ [nT2, (n+ 1)T2), the concentration of

evofosfamide at the blood vessel at time t is given by

C2(t) = ρ2(t− nT2). (2.15)

Figure 2.6 shows the plasma concentration function corresponding to a dosing schedule

of 575 mg/m2 evofosfamide given every week.

Figure 2.6: Example of evofosfamide concentration over time. Example of a
period function for evofosfamide plasma concentration over time, given a dosing schedule
of 575 mg/m2 administered weekly.
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Next we consider how the birth and death rates of sensitive and resistant cells

change across environmental compartments at various oxygen levels. Experimental

studies have quantified the distribution of apoptotic and proliferative markers within

tumor tissue after treatment with evofosfamide and showed relatively uniform expression

levels with respect to distance from the nearest blood vessel [57]. This suggests that

cell birth and death are also approximately uniform in these compartments until one

reaches the more hypoxic regions of the tumor where apoptosis and DNA damage levels

increase. Therefore, unlike with erlotinib, we assume the concentration of evofosfamide

in every compartment of the tumor microenvironment at any given time is equal to the

concentration C2(t) at the blood vessel at that time.

Finally, using C2(t) we obtain birth and death rates of sensitive and resistant cells

in each compartment i at any time t during treatment:

λ2
X,i(t) = λcX,i,

µ2
X,i(t) = µcX,i −

1

2
ln[vi(C2(t))],

λ2
Y,i(t) = λcX,i,

µ2
Y,i(t) = µcY,i −

1

2
ln[vi(C2(t))].

(2.16)

In the above equations, the superscript c denotes the control growth rates in the absence

of drug, as defined previously. vi is the function describing cell viability in terms of

evofosfamide concentration, as previously defined.

Growth Kinetics During Combination Therapy

Consider a combination dosing regimen consisting of some number of identical cycles,

each of length t1 + t2 hours. During each cycle, assume the first t1 hours are dedicated

to treatment with erlotinib, whereas the last t2 hours are used for evofosfamide treat-

ment. For the reasons discussed above, given a sufficient amount of time between the

last dose of evofosfamide in one cycle and the first dose of erlotinib in the next cycle,

we may assume that during the erlotinib treatment phase there is no residual evofos-

famide. Therefore the birth and death rates during the first t1 hours in every cycle are

governed by erlotinib response kinetics. Since erlotinib has a much longer half-life than

evofosfamide, during the last t2 hours of evofosfamide treatment it is possible that some
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erlotinib will remain in the blood stream by the beginning of this period. Therefore the

cellular birth and death rates must reflect responses to both drugs. However, since er-

lotinib is primarily cytostatic while evofosfamide is primarily cytotoxic, we assume that

during this period of time, cellular birth rates reflect the response to erlotinib while

cellular death rates reflect the response to evofosfamide.

Since cycles are identical, functions describing birth and death rates over the course

of treatment are periodic with period t1 + t2. Using the equations in (2.10) and (2.16),

we define birth and death rates of the sensitive and resistant cell populations in com-

partment i at time t ∈ [0, t1 + t2) by

λX,i(t) = λ1
X,i(C1,i(t)),

µX,i(t) =

µ1
X,i(C1,i(t)) t ∈ [0, t1)

µcX,i −
1
2 ln[vi(C2(t))] t ∈ [t1, t1 + t2),

λY,i(t) = λ1
Y,i(C1,i(t)),

µY,i(t) =

µ1
Y,i(C1,i(t)) t ∈ [0, t1)

µcY,i −
1
2 ln[vi(C2(t))] t ∈ [t1, t1 + t2).

(2.17)

These functions are used in equation (2.1), equation (2.2), and equation (2.3) to predict

tumor evolutionary dynamics over the course of treatment.

Model Parameter Notations

We have summarized the parameters used in our model in Table 2.1. These parameters

are listed in order of appearance in the chapter. The first column in this table provides a

variable name (if given in the chapter) for the parameter and the second column provides

its biological meaning. The third column gives the value of the constant parameters in

the model.

2.3 Results

Using the stochastic model, we examined the evolutionary dynamics of a tumor undergo-

ing therapy with a wide variety of dosing regimens using erlotinib and evofosfamide, both
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Name Biological Meaning Value and Units

– oxygen decay rate (spatial) −0.0385

λX,i(t) sensitive cell birth rate hours-1 (see equation (2.17))

µX,i(t) sensitive cell death rate hours-1 (see equation (2.17))

λY,i(t) resistant cell birth rate hours-1 (see equation (2.17))

µY,i(t) resistant cell death rate hours-1 (see equation (2.17))

u mutation rate 10−7

M initial number of sensitive cells in tumor 1.6 · 106
Mi initial number of sensitive cells (from compartment weights)

λ1
X,i(t) sensitive cell birth rate due to erlotinib hours-1 (see equation (2.10))

µ1
X,i(t) sensitive cell death rate due to erlotinib hours-1 (see equation (2.10))

λ1
Y,i(t) resistant cell birth rate due to erlotinib hours-1 (see equation (2.10))

µ1
Y,i(t) resistant cell death rate due to erlotinib hours-1 (see equation (2.10))

D1 dose of erlotinib mg

T1 time between erlotinib doses hours

ρ1(t) plasma concentration after one dose erlotinib ng/mL (see equation (2.8))

C1(t) plasma concentration during erlotinib treatment ng/mL (see equation (2.9))

– erlotinib decay rate (spatial) −0.0173

C1,i(t) erlotinib concentration in compartment i µM (calculated using C1(t) and i)

λ2
X,i(t) sensitive cell birth rate due to evofosfamide hours-1 (see equation (2.16))

µ2
X,i(t) sensitive cell death rate due to evofosfamide hours-1 (see equation (2.16))

λ2
Y,i(t) resistant cell birth rate due to evofosfamide hours-1 (see equation (2.16))

µ2
Y,i(t) resistant cell death rate due to evofosfamide hours-1 (see equation (2.16))

D2 dose of evofosfamide mg/m2

T2 time between evofosfamide doses hours

ρ2(t) plasma concentration after one dose evofosfamide µg/mL (see equation (2.14))

C2(t) evofosfamide plasma concentration µg/mL (see equation (2.15))

λcX,i sensitive cell control birth rate hours-1 (see equation (2.4))

µcX,i sensitive cell control death rate hours-1 (see equation (2.4))

λcY,i resistant cell control birth rate hours-1 (see equation (2.4))

µcY,i resistant cell control death rate hours-1 (see equation (2.4))

vi(C2) cell viability due to evofosfamide (see equation (2.11))

t1 duration of erlotinib treatment hours

t2 duration of evofosfamide treatment hours

Table 2.1: Model parameter notations. The parameters used in our model are
summarized in the table below, in order of appearance in the chapter. The first col-
umn contains the variable name of the parameter, if applicable. The second column
summarizes the biological meaning of this parameter. The third column gives the units
as well as values for any parameters which are constant in the model. The subscript i
represents quantities in compartment i.

separately and in combination. We first developed a model for the toxicity constraints

governing both single-agent and combination therapies, based on reported toxicities and

side effects of the two drugs in Phase I/II trials. We then optimized combination treat-

ment strategies in order to predict which types of dosing strategies could lead to the



26

best treatment outcomes for patients diagnosed with NSCLC.

2.3.1 Toxicity Constraints

We defined the space of all tolerated single-agent and combination therapy dosing sched-

ules using clinical trial data on drug tolerability. For each single-agent treatment we

defined a toxicity constraint curve representing the relationship between frequency of

drug administration and maximum tolerated dose. In addition, we analyzed the overlap-

ping toxicities between the two drugs as well as each drug elimination rate to determine

the necessary conditions for safely administering both drugs in succession. This com-

bination therapy constraint, together with the toxicity constraint curves corresponding

to each of the monotherapies, defines the space of all tolerated dosing schedules.

Monotherapy Toxicity Constraints

For each drug, we derive a toxicity constraint curve such that all points on and below

the curve correspond to tolerated dosing schedules, whereas all points above the curve

correspond to dosing schedules which lead to dose-limiting toxicities. These curves are

constructed using data from clinical trials on the tolerability and toxicity of each drug.

For each dosing schedule tested in clinical trials, we convert the schedule to an ordered

pair describing the relationship between frequency of drug administration and dose as

follows: the first coordinate is defined to be the number of times the drug is administered

in a 3-week period, and the second coordinate is given by the corresponding dose. The

location of each ordered pair relative to the toxicity constraint curve is determined based

on whether or not that dosing schedule was tolerated in clinical trials. Each of these

clinically tested dosing schedules is listed in Table 2.2, along with its corresponding

ordered pair and location relative to the toxicity constraint curve. Note that in order

to handle the discrepancy between clinical trial data sets for the 200 mg/day erlotinib

dosing schedule, we err on the side of caution and assume this dosing schedule is not

tolerated.

Using the data from Table 2.2, we construct toxicity constraint curves for erlotinib

and evofosfamide. For each drug, we define a function to describe the relationship be-

tween maximum tolerated dose and frequency of drug administration such that the cri-

teria in the last two columns of Table 2.2 are satisfied. The erlotinib toxicity constraint
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Erlotinib

Dose (mg) Schedule Tolerated? (n,D1) Location

25 daily for 3 days/week yes [58] (9, 25) below curve
50 daily for 3 days/week yes [58] (9, 50) below curve
50 daily yes [58] (21, 50) below curve
100 daily for 3 days/week yes [58] (9, 100) on/below curve
100 daily yes [54, 58] (21, 100) below curve
100 twice daily no [58] (42, 100) above curve
150 daily yes [54, 58] (21, 150) on/below curve
200 daily yes [54], no [58] (21, 200) above curve
250 daily no [54] (21, 250) above curve
1200 weekly yes [59] (3, 1200) below curve
1600 weekly yes [59] (3, 1600) below curve
2000 weekly yes [59] (3, 2000) on/below curve

Evofosfamide

Dose (mg/m2) Schedule Tolerated? (n,D2) Location

7.5 weekly yes [56] (3, 7.5) below curve
15 weekly yes [56] (3, 15) below curve
30 weekly yes [56] (3, 30) below curve
60 weekly yes [56] (3, 60) below curve
120 weekly yes [56] (3, 120) below curve
120 5 days every 3 weeks yes [60] (5, 120) below curve
170 5 days every 3 weeks yes [60] (5, 170) below curve
240 weekly yes [56] (3, 240) below curve
240 5 days every 3 weeks yes [60] (5, 240) below curve
330 5 days every 3 weeks yes [60] (5, 330) below curve
460 5 days every 3 weeks yes [60] (5, 460) on/below curve
480 weekly yes [56] (3, 480) below curve
550 5 days every 3 weeks no [60] (5, 550) above curve
575 weekly yes [56] (3, 575) on/below curve
670 weekly no [56] (3, 670) above curve
670 once every 3 weeks yes [56] (1, 670) on/below curve
940 once every 3 weeks no [56] (1, 940) above curve

Table 2.2: Drug tolerability data from clinical trials. Details regarding erlotinib
and evofosfamide dosing schedules tested in clinical trials and how this data informs
the construction of the toxicity constraint curve for each drug. The dose administered
is shown in the first column, and the corresponding dosing schedule is shown in the
second column. The third column shows whether or not this particular dosing schedule
was tolerated in the clinical trial. The fourth column shows the ordered pair this dosing
schedule corresponds to, and the last column shows the location of this point relative to
the toxicity constraint curve. We assume that any point corresponding to a maximum
tolerated dosing schedule tested in a clinical trial can either lie on or below the toxicity
constraint curve to account for the possibility that a higher dose (which was not tested
in the trial) is tolerated.
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curve is defined as follows, where n is the number of times erlotinib is administered

in a 3-week period and D1 represents the maximum tolerated erlotinib dose (in mg)

corresponding to that particular dosing schedule:

D1(n) =

2000 n ≤ 3

2000e−0.1439(n−3) n ≥ 3.

The toxicity constraint curve for evofosfamide is given by the following function, where

n represents the number of times evofosfamide is administered in a 3-week period and

D2 is the maximum tolerated dose of evofosfamide (in mg/m2) associated to the dosing

schedule defined by the value of n:

D2(n) =

670 n ≤ 1

670e−0.076454(n−1) n ≥ 1.

These curves, along with the corresponding data points from Table 2.2, are shown in

Figure 2.7.

Combination Therapy Toxicity Constraints

To characterize the toxicity constraints relevant for considering alternating dosing com-

bination strategies, we study the minimum length of time that should pass between

the last dose of one drug and the first dose of the other drug. Since evofosfamide is

eliminated from the blood stream in a matter of a few hours, we assume that as long as

six or more hours have elapsed since the last dose of evofosfamide, a patient can safely

take a dose of erlotinib without the worry of compounding side effects from the two

drugs.

Next, we aim to determine the necessary waiting time between a last dose of er-

lotinib and a first dose of evofosfamide. Since the half-life of erlotinib is much longer

than that of evofosfamide, it may not be reasonable to wait until erlotinib has been com-

pletely eliminated from the blood stream before administering evofosfamide, as waiting

this long with so little drug in the blood stream could allow the cancer cells to rapidly

proliferate. Analysis of clinical trial data for both drugs indicates that erotinib and
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(a) Erlotinib toxicity constraint curve

(b) Evofosfamide toxicity constraint curve

Figure 2.7: Toxicity constraint curves for erlotinib and evofosfamide. These
curves depict the maximum tolerated doses for erlotinib (a) and evofosfamide (b) as
functions of frequency of dose administration. The black points are the coordinates
from Table 2.2 corresponding to tolerated dosing schedules, and the red points are the
ordered pairs associated to dosing schedules that were not tolerated in clinical trials.
All points contained in the areas on and below these two curves make up the space of
tolerated monotherapy dosing schedules, and all points contained in the areas above
these two curves make up the space of dosing schedules which lead to dose-limiting
toxicities.
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evofosfamide can both cause skin and mucosal toxicities, but there are no other over-

lapping toxicities reported. When erlotinib is administered three days every week, skin

toxicities are observable at a dose of 50 mg, but not a dose of 25 mg [58]. Similarly,

when erlotinib is given daily, mucosal toxicities are observable at a dose of 150 mg, but

not at 100 mg [58]. Hence we assume that a patient taking 25 mg erlotinib three days

every week experiences neither skin nor mucosal toxicities. Given this dosing schedule,

a maximum plasma concentration of 2.357 µM is achieved, according to the previously

defined erlotinib plasma concentration function. Thus we assume that once erlotinib

plasma concentration has fallen to 2.357 µM or lower, it is safe to administer evofos-

famide since this concentration of erlotinib will not cause any side effects overlapping

with those caused by evofosfamide. Although this is most likely a simplification of the

true combination toxicity constraints, we feel it is a realistic assumption based on the

single-agent toxicity data available.

2.3.2 Comparison of Combination Therapy with Standard Monother-

apy

To investigate the potential of combination therapies, we first compare treatment out-

comes resulting from several combination therapies with the monotherapy schedules

currently in clinical use. The standard dosing schedule for erlotinib is 150 mg/day. Two

evofosfamide dosing schedules have been tested in a clinical trial and designated as max-

imum tolerated dosing schedules: 670 mg/m2 given every 3 weeks and 575 mg/m2 given

weekly. We consider combination schedules which are clinically feasible and satisfy the

toxicity constraints described in the previous section. Table 2.3 provides an overview of

all of these dosing schedules. Schedule A is the standard erlotinib dosing schedule, and

schedules B and C are the two evofosfamide dosing schedules. The remaining schedules

(D through J) represent all combination therapies considered in this analysis. Since

the toxicity constraints for erlotinib and evofosfamide are formulated in terms of the

number of doses administered in a 3-week period, we define these schedules based on

3-week cycles, and hence only show dosing protocols for the first 21 days since this

pattern repeats every 3 weeks for each schedule. Entries in Table 2.3 represent doses of

either erlotinib in mg (subscript 1) or evofosfamide in mg/m2 (subscript 2). For a fixed

schedule (column) and day (row), a single entry represents the one dose scheduled for
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that day, and the lack of an entry indicates that no drugs are administered on that day.

Two entries on a single day for a given schedule represent the scheduling of two doses

on the same day.

Day A B C D E F G H I J

1 1501 6702 5752 1501 1501 71 71 71 71 1501 1501 1501 1452
2 1501 1501 1501 71 71 71 71 1501 1501 1501 1452
3 1501 1501 1501 71 71 71 71 1501 1501 1501 1452
4 1501 1501 1501 71 71 71 71 1501 1501 1501 1452
5 1501 1501 1501 71 71 71 71 1501 1501 1501 1452
6 1501 1501 71 71 71 71 1501 1501 1501 1452
7 1501 1501 5752 71 71 5752 1501 5752 1501 1452
8 1501 5752 1501 1501 71 71 71 71 1501 1501 1501 1452
9 1501 1501 1501 71 71 71 71 1501 1501 1501 1452
10 1501 1501 1501 71 71 71 71 1501 1501 1501 1452
11 1501 1501 1501 71 71 71 71 1501 1501 1501 1452
12 1501 1501 1501 71 71 71 71 1501 1501 1501 1452
13 1501 1501 71 71 71 71 1501 1501 1501 1452
14 1501 1501 5752 71 71 5752 1501 5752 1501 1452
15 1501 5752 1501 1501 71 71 71 71 1501 1501 1501 1452
16 1501 1501 1501 71 71 71 71 1501 1501 1501 1452
17 1501 1501 1501 71 71 71 71 1501 1501 1501 1452
18 1501 1501 1501 71 71 71 71 1501 1501 1501 1452
19 1501 1501 1501 71 71 71 71 1501 1501 1501 1452
20 1501 71 71 71 1501 1501 1501 1452
21 1501 6702 5752 6702 5752 6702 5752 1501 1452

Table 2.3: Dosing schedules considered in the comparison of single-agent and
combination therapies. Each lettered column denotes a distinct dosing schedule
containing repeating 3-week cycles defined by the dosing protocols in that column. The
entries with subscripts of 1 are doses of erlotinib in mg and the entries with subscripts
of 2 are doses of evofosfamide in mg/m2. For a fixed schedule (column) and day (row),
a single entry represents the one dose of either erlotinib or evofosfamide scheduled for
that day. A missing entry for a fixed schedule and day corresponds to a day with neither
erlotinib nor evofosfamide. Two entries for a given schedule on a single day represent
the scheduling of two doses, either one dose of each drug or two doses of the same drug.

For each of the ten dosing schedules in Table 2.3, the mean tumor size and prob-

ability of resistance over the course of treatment are predicted using the model. The

results of these calculations up to recurrence time (the time at which the cancer cell

population reaches its initial size once again) are plotted in Figure 2.8a and Figure

2.8b, respectively. The red curves show the evolutionary dynamics of a tumor during

treatment with erlotinib alone, the blue curves show the dynamics during monotherapy

with evofosfamide, and the green curves show the evolutionary dynamics of the cancer
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cell population during combination therapy. The label on each curve indicates which

dosing schedule from Table 2.3 corresponds to those results. The means of the sensitive

and resistant cell populations are shown separately in Figure 2.8c for one of each type of

dosing schedule: erlotinib alone, evofosfamide alone, and combination therapy. Figure

2.8d shows the mean tumor size for the combination schedules, averaged only over those

that develop resistance.

(a) (b)

(c) (d)

Figure 2.8: Tumor evolutionary dynamics over time, given a variety of single-
agent and combination therapies. Mean tumor size (a) and probability of resistance
(b) are calculated up to recurrence time for a tumor with an initial population of 1.6·106

sensitive cells undergoing treatment with each of the ten dosing schedules defined in
Table 2.3. Each labeled curve corresponds to the dosing schedule with the matching
letter in Table 2.3. For the sake of comparison, results due to dosing schedules using
erlotinib alone are shown in red, results due to dosing schedules using evofosfamide
alone are shown in blue, and results due to combination therapies are shown in green.
Mean tumor size for one of each of these three types of dosing schedules is broken down
into the means of sensitive and resistant cells in (c). (d) shows the expected tumor size
for combination strategies, conditioned upon the event of developing resistance.
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We find that all the combination therapies considered produce treatment outcomes

superior to the standard monotherapy schedules. Figure 2.8a demonstrates that the

combination schedules result in lower average tumor sizes over the course of treatment

than those resulting from either of the monotherapies. Even more significantly, Figure

2.8b shows that the probability of developing resistance decreases dramatically with the

use of combination therapy. Under monotherapy with either drug, the probability of

resistance eventually reaches one (in agreement with clinical results); this is due to the

fact that sensitive cell division is not sufficiently inhibited by therapy to prevent the

emergence of resistance before eradication of the tumor. However the model predicts

that for a significant fraction of patients tumor eradication is possible under combination

therapy.

The breakdown of sensitive and resistant cell populations under therapy is shown

in Figure 2.8c. Erlotinib monotherapy yields a steady but slow decline of the sensitive

cell population, due to the fact that the tumor oxygen distribution consists primarily

of hypoxic regions and erlotinib does not penetrate well to these areas. On the other

hand, treatment with evofosfamide alone targets hypoxic regions which comprise the

majority of the cell population, leading to an initial steep decline of the sensitive cell

population. However, due to the toxicity constraint during the subsequent break in

treatment the mean of the sensitive cells quickly surpasses the initial population size

and drives the production of erlotinib-resistant mutants. During combination therapy,

however, the cancer cell population demonstrates an initial steep decline due to evofos-

famide, followed by a long-term controlled phase due to the combination of evofosfamide

and erlotinib. This tight control over the sensitive cell population during combination

therapy is possible due to the fact that cancer cells close to blood vessels are receiving

lethal concentrations of erlotinib while cancer cells in hypoxic regions are targeted by

evofosfamide. Figure 2.8d demonstrates that for the patients who develop resistance,

the average length of time until tumor recurrence is longer for all of the combination

therapy dosing schedules than it is for either of the standard monotherapies. For ex-

ample, it takes patients who develop resistance 40.54% longer to rebound on Schedule I

compared with standard erlotinib therapy. However, the length of time until recurrence

as well as the overall probability of resistance varies between specific combination sched-

ules; this serves as motivation for identifying the optimal timing and dosage sequence for
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combination schedules in the following section. Finally, we note that the combination

strategies were also compared to optimized monotherapies (subject to the toxicity con-

straints developed in the previous section), and we found that no tolerated monotherapy

schedule could outperform combinations in delaying or preventing resistance.

2.3.3 Optimized Combination Strategies

We next utilize the mathematical model to optimize over the space of tolerated combi-

nation treatment strategies (constrained by toxicity constraints derived in the previous

section) to minimize the probability of developing resistance or maximally delay recur-

rence.

We consider three distinct classes of combination therapies. Class 1 investigates

schedules created by systematically combining standard erlotinib monotherapy with a

variety of evofosfamide dosing schedules. However, the amount of time between admin-

istration of different drugs can play an important role in the degree to which therapy

affects the cancer cell population. Thus the rationale for defining the other two classes

are to investigate schedules decreasing the amount of time after erlotinib but before

evofosfamide dosing (Class 2), and after evofosfamide but before erlotinib dosing (Class

3).

For each class, we start with a base erlotinib dosing schedule complying with the

monotherapy toxicity constraint curve in Figure 2.7a. Modifications to this schedule are

then made to incorporate n doses of evofosfamide, where n varies from 0 (correspond-

ing to erlotinib monotherapy) to a maximal value N (corresponding to evofosfamide

monotherapy), in a three-week period. The dose of evofosfamide is determined by the

toxicity constraint curve in Figure 2.7b. Whenever necessary, the minimum number of

erlotinib doses are removed to comply with the combination toxicity constraint described

in the previous section.

To define each combination schedule, we begin by defining a single cycle, consisting

of the base erlotinib dosing schedule and a single dose of evofosfamide. We start by

calculating the length L of the cycle, given n. Since n is the number of evofosfamide

doses given in 3 weeks and there are 504 hours in 3 weeks, L = 504/n. Next we calculate

the maximum tolerated dose of evofosfamide, given n, from the evofosfamide toxicity

constraint curve. This dose of evofosfamide is administered at time t = L − 24 for
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Classes 1 and 2, and t = L− 6 for Class 3. The remaining time in the cycle, starting at

t = 0 and going up to the time of the evofosfamide infusion, is then filled with the fixed

erlotinib dosing schedule associated with the given optimization class. If necessary, doses

of erlotinib are then removed, beginning with the dose immediately before evofosfamide

is administered and working backward, until there is enough time between the last dose

of erlotinib and the first dose of evofosfamide for the erlotinib plasma concentration

to fall below 2.357 µM so as to not violate the combination toxicity constraint. These

cycles are then repeated some finite number of times to form complete dosing schedules.

In Class 1, we use the standard erlotinib monotherapy schedule of 150 mg/day, and

the evofosfamide dose in each cycle is given 24 hours before the start of the next cycle.

In Class 2, we use a low-dose erlotinib schedule of 7 mg twice daily, which allows for a

shorter waiting period after erlotinib doses and before evofosfamide doses. Class 3 uses

the same standard erlotinib monotherapy as in Class 1; however, the evofosfamide dose

in each cycle is given 6 hours before the start of the next cycle instead of 24, which

decreases the amount of time after evofosfamide doses and before erlotinib doses.

Figure 2.9 shows an example depicting dose schedule definition for one cycle of

treatment for all three optimization classes when n = 3. For the reasons stated in the

above paragraph, a cycle in Class 1 or 3 contains a standard erlotinib dosing schedule,

whereas a cycle in Class 2 contains a low-dose erlotinib schedule. When n = 3, each

cycle is one week. So for Classes 1 and 2, the evofosfamide dose in each cycle is given

24 hours before the end of the week, and for Class 3 the evofosfamide dose in each cycle

is given 6 hours before the end of the week. This information is all depicted in step

1 (the top row) of Figure 2.9. In step 2 (the bottom row), the necessary number of

erlotinib doses leading up to the evofosfamide infusion is removed in order to satisfy the

combination toxicity constraint. In Classes 1 and 3, the last dose of erlotinib shown in

step 1 is removed in step 2 to allow the erlotinib concentration to fall sufficiently low

before the evofosfamide infusion. Note that in Class 2 the removal of erlotinib is not

necessary due to the already low erlotinib concentration.

Combination schedules outperform monotherapy endpoints. We calculated the means

of the sensitive and resistant cells as well as the probability of resistance, after nine weeks

of treatment for every dosing schedule in each optimization class. Table 2.4 demonstrates

that the tumor population size under n = 0 or N (i.e. the monotherapies) after 9
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Figure 2.9: Example depicting dose schedule definition for one cycle of treat-
ment with n = 3 for all optimization classes. This schematic shows the process by
which one cycle of treatment is defined for each optimization class with n = 3. A cycle
in Class 1 or 3 contains a standard erlotinib dosing schedule of 150 mg/day, whereas
a cycle in Class 2 contains a low-dose erlotinib schedule of 7 mg twice daily. When
n = 3, each cycle has length L = 168 (one week). For Classes 1 and 2, the evofosfamide
dose in each cycle is given 24 hours before the end of the week, and for Class 3 the
evofosfamide dose in each cycle is given 6 hours before the end of the week. This is all
depicted in step 1. Step 2 shows the removal of erlotinib doses required to satisfy the
combination toxicity constraint. Each of these cycles is then repeated to form the entire
dosing schedule.

weeks is O(1010) for any optimization class or either drug type, whereas Figure 2.10

demonstrates that each of the combination therapies considered yields a total population

size of O(107) or less. In fact, when comparing Table 2.4 to Figure 2.10 we observe that

all of the combination therapies we have investigated yield a considerable benefit (in

terms of tumor population sizes as well as probability of resistance) over any of the

optimal monotherapies in each dosing class. Thus we do not include the endpoints

corresponding to monotherapies in Figure 2.10 due to the large disparity in the sizes

of these results. Furthermore, at the end of treatment with evofosfamide, the tumor

primarily consists of sensitive cells, which agrees with our previous observation that
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evofosfamide is unable to control the sensitive cell population without erlotinib. Note

that some of the means are unrealistically high for an in vivo setting (> 1012), due to

the fact that the model is parameterized using in vitro growth rates.

Class 1

E[X] E[Y ] E[X + Y ] P[Y > 0]

Erlotinib 5 · 105 1010 1010 0.16

Evofosfamide 9 · 1015 7 · 109 9 · 1015 1

Class 2

E[X] E[Y ] E[X + Y ] P[Y > 0]

Erlotinib 106 4 · 1010 4 · 1010 0.22

Evofosfamide 3 · 1017 3 · 1011 3 · 1017 1

Class 3

E[X] E[Y ] E[X + Y ] P[Y > 0]

Erlotinib 5 · 105 1010 1010 0.16

Evofosfamide 6 · 1018 1013 6 · 1018 1

Table 2.4: Probability of resistance and means of sensitive and resistant cells
at the end of treatment with monotherapy. Means of the sensitive cells (E[X]),
resistant cells (E[Y ]), and total tumor size (E[X + Y ]), as well as the probability of
resistance (P[Y > 0]), are calculated for a tumor with an initial population of 1.6 · 106

sensitive cells at the end of nine weeks of treatment. The dosing schedules depicted here
include both types of monotherapies (erlotinib alone and evofosfamide alone) from all
three optimization classes.

Means of the sensitive and resistant cell populations for n = 1, ..., N−1 (true combi-

nation therapies) are plotted in Figure 2.10a and Figure 2.10b, respectively. The sums

of these means, or the mean tumor sizes, are plotted in Figure 2.10c. The probability

of resistance for each dosing schedule is plotted in Figure 2.10d. All four panels include

results for Class 1 in blue, results for Class 2 in red, and results for Class 3 in yellow.

Note that in these figures, every integer on the x-axis corresponds to a combination dos-

ing schedule given by the number of evofosfamide doses in a 3-week period, as defined

in the previous paragraph.

One interesting characteristic of the means of the sensitive and resistant cells in

Figure 2.10 is the presence of two local minima. It turns out that this phenomenon is

due to the variability in timing between the last dose of erlotinib and the first dose of

evofosfamide in each cycle.
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(a) (b)

(c) (d)

Figure 2.10: Probability of resistance and means of sensitive and resistant
cells at the end of treatment with combination therapy. For every dosing
schedule in each optimization class, means of the sensitive cells (a), resistant cells (b),
and total tumor size (c), as well as probability of resistance (d), are calculated according
to the model at the end of nine weeks of treatment for a tumor initially consisting of
1.6 ·106 sensitive cells. The results shown here only include dosing schedules from Class
1 (blue), Class 2 (red), and Class 3 (yellow) which use a combination of both erlotinib
and evofosfamide. Every integer on the x-axis represents a combination dosing schedule
defined by the number of evofosfamide doses administered in three weeks.

To eliminate the variation in timing between doses, we re-define all dosing schedules

in Class 1 so that either erlotinib or evofosfamide is administered every day with no

additional doses in between. After calculating the length L of one cycle, we round

L − 24 to the nearest 24 hours and define that to be the time of the evofosfamide

infusion. Then, ignoring combination toxicity constraints solely for the purpose of this

argument, we schedule erlotinib doses every 24 hours prior to the evofosfamide infusion.

After re-defining dosing schedules in this manner, there no longer exists variability in
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the time between drug administrations since there is always a 24-hour waiting period

between any two doses.

Originally, because the n evofosfamide doses were evenly divided into every three

weeks, the end of treatment (at nine weeks) was also the end of a treatment cycle for

every dosing schedule. However, that is no longer the case for these new daily dosing

schedules since doses are forced to occur every 24 hours and only every 24 hours. Thus

there are now two options for what to consider as the end of treatment. We may define

the end of treatment to be exactly nine weeks from the treatment start date, but this

introduces variability in the position within the cycle at which the resistance dynamics

are calculated. The other option is to define the end of treatment to be the end of

the cycle closest to nine weeks, but this will be at different times for different dosing

schedules.

We examine both of these possibilities by re-calculating the means of the sensitive

and resistant cells at both of these times for Class 1 under these new daily dosing sched-

ules, shown in Figure 2.11a and Figure 2.11b, respectively. For the sake of comparison,

the optimization results from the original dosing schedules in Class 1 are shown in blue.

For each daily dosing schedule, the means of the sensitive and resistant cells are calcu-

lated at two different times: nine weeks from the start of treatment (yellow) and the

end of the cycle closest to nine weeks after treatment begins (red). During the creation

of the daily dosing schedules, the rounding of L − 24 to the nearest 24 hours leads to

multiple dosing schedules with the same dose timing but different doses. To simplify the

analysis, we only include one dosing schedule with each particular schedule of doses in

Figure 2.11, chosen based on which n yields the value of L− 24 closest to the common

rounded value.

Let us now compare the results from the original dosing schedules with those from the

daily dosing schedules. The elimination of the variability in time between doses causes

the first local minimum to become less pronounced for both the mean of the sensitive

cells and the mean of the resistant cells, regardless of how the end of treatment is defined.

Although the first local minimum still exists, its existence can now be easily explained

in every case based on the different types of variation that have been introduced.

When the end of treatment is defined to be nine weeks after the treatment start

date, this introduces variability in the relative position within the cycle at which the
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(a)

(b)

Figure 2.11: A comparison of means of sensitive and resistant cells for dosing
schedules with and without variation in amount of time between doses. The
means of the sensitive (a) and resistant (b) cell populations at the end of treatment
for a tumor initially consisting of 1.6 · 106 sensitive cells are plotted for the original
dosing schedules with variation in time between doses from Class 1 (blue) as well as
the newly-defined daily dosing schedules, which eliminate this variation. For each daily
dosing schedule, these means are calculated at two different times: nine weeks from the
start of treatment (yellow) and the end of the cycle closest to nine weeks after treatment
begins (red).
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evolutionary dynamics are calculated. Specifically, the point at which this calculation

occurs during treatment for n = 3 is at the very end of a cycle (after a large decline

in the cancer cell population due to evofosfamide), whereas the point at which this

calculation occurs for n = 2 and n = 4 is right before a dose of evofosfamide. This

explains the existence of a local minimum at n = 3 for both means when the end of

treatment is defined to be nine weeks after the start of treatment.

On the other hand, when the end of treatment is defined to be the end of a cycle,

this introduces variability in the actual time at which the recurrence dynamics are

calculated, and hence variability in the total treatment time. Specifically, the total

treatment time for n = 2 is quite high relative to other values of n. Since the sensitive

cell population is in a constant state of decline during treatment, this explains the

existence of a local minimum at n = 2 for the mean of the sensitive cell population

when the end of treatment is defined as the end of a cycle. Additionally, the total

treatment time for n = 3 is quite low relative to other values of n. Since the resistant

cell population is steadily growing by the end of treatment, this explains the existence of

a local minimum at n = 3 for the mean of the resistant cells when the end of treatment

is defined as the end of a cycle.

Note that for the mean of the sensitive cells, by following the curve for which the

end of treatment is defined to be at nine weeks up to n = 3 and then the curve for

which the end of treatment is defined to be the end of a cycle, the first local minimum

is completely eliminated. This is a reasonable comparison to make because for n = 3,

nine weeks after the start of treatment is the end of a treatment cycle. Together, all of

the above evidence shows that the first local minimum is due to the variability in timing

between the last dose of erlotinib and the first dose of evofosfamide in each cycle.

Minimize treatment break after evofosfamide dosing. Next consider the results due

to combination therapy shown in Figure 2.10. We note that all three classes lead to

similar results, which suggests that our findings regarding the characteristics of optimal

combination dosing strategies are quite robust. Upon closer examination, Figure 2.10

demonstrates that the tumor population sizes under the Class 3 schedules are generally

less than half the population sizes under Class 1, and also less than those under Class 2.

This suggests that designing schedules that minimize the amount of time after a dose

of evofosfamide and before a dose of erlotinib may lead to better control of the tumor
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population. This finding is in agreement with our previous observations that the tumor

population response to evofosfamide is strong but short-lived; hence quickly intervening

in the subsequent population growth phase is important.

As we move along the spectrum of combination densities (horizontal axis) from

monotherapy with erlotinib to monotherapy with evofosfamide, there is a clear region in

the interior (approximately n = 9–17 evofosfamide doses) where the tumor size and sen-

sitive and resistant population size are minimized. This region also contains the region

minimizing the probability of developing resistance. To investigate this further, Table

2.5 shows the specific n which optimizes the given characteristic (means of sensitive,

resistant, and total cancer cells as well as probability of resistance are all minimized). In

addition, the bottom row of Table 2.5 indicates the best overall dosing schedule among

all three classes which minimizes the particular value that column represents.

E[X] E[Y ] E[X + Y ] P[Y > 0]

Class 1 n = 13 n = 13 n = 13 n = 13

Class 2 n = 12 n = 12 n = 12 n = 16

Class 3 n = 14 n = 14 n = 14 n = 17

Best Overall Class 3, n = 14 Class 3, n = 14 Class 3, n = 14 Class 2, n = 16

Table 2.5: Optimal dosing schedules for each class. For each class, this table
shows the values of n for which the means of sensitive, resistant, and total cancer
cells, as well as probability of resistance, are each minimized. For each column, the
bottom row indicates which of the three classes produces the best overall result for that
characteristic of the cancer cell population at the end of treatment.

Sequential alternating sequences are optimal. From Table 2.5 we observe that all

optimal dosing schedules correspond to values of n between 12 and 17. This implies

that combination therapies incorporating more frequent, smaller doses of evofosfamide

result in better treatment outcomes. Even more interestingly, all values of n in Table 2.5

correspond to the same type of dosing schedule. Besides n = 12 in Class 2, every other

optimal n corresponds to a dosing schedule which alternates between a single dose of

erlotinib and a single dose of evofosfamide. We call these alternating dosing schedules.

The dosing schedule corresponding to n = 12 in Class 2 consists of two low doses of

erlotinib for every dose of evofosfamide, which is still quite similar to the alternating

dosing schedules. Thus, even though the optimization ranged over a full spectrum of
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treatment schedules incorporating variable dose densities for each drug, the optimal

therapies were those that utilized close to an equal number of doses of evofosfamide and

erlotinib in a sequential alternating fashion.

2.4 Discussion

In this work, we considered an approach to investigate the use of hypoxia-activated

prodrugs (HAPs) to enhance the effectiveness of targeted therapies and, in particular,

prevent the (usually inevitable) emergence of drug resistance. To this end, we developed

a model reflecting the heterogeneity of oxygen and drug concentrations throughout a

tumor to describe the evolutionary dynamics of resistance emerging under combination

HAP-targeted therapy strategies. The model was parameterized using experimental and

clinical pharmacokinetic data to investigate potential combinations of the HAP evofos-

famide with the targeted tyrosine kinase inhibitor erlotinib against EGFR-activated

NSCLC. Our model predictions are useful in comparing the outcomes of a spectrum of

dosing schedules in the in vitro setting, and provide a means to use available experi-

mental data to help inform and guide future clinical studies in vivo.

We investigated combinations in which doses were not given simultaneously (to avoid

toxicities) and our model predicted that the complementary action of evofosfamide and

erlotinib results in a combined ability to control the tumor’s evolution and growth. In

particular:

(i) Combination therapies outperform standard clinical monotherapies. This is most

significantly realized in reduction of the probability of developing resistance. The

time to progression, for those who develop resistance, is 40.54% longer using an

optimal combination therapy rather than standard monotherapy with erlotinib.

(ii) Sequentially alternating single doses of each drug leads to minimal tumor bur-

den and maximal reduction in probability of developing resistance. Deviating

significantly from an equal number of evofosfamide and erlotinib doses leads to

an increase in both average tumor burden and the probability of developing resis-

tance.

(iii) Strategies minimizing the length of time after an evofosfamide dose and before
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erlotinib confer further benefits in reduction of tumor burden. The tumor popula-

tion response to evofosfamide is strong but short-lived; hence quickly intervening

in the subsequent population growth phase is important.

These alternating dosing schedules (and other similar dosing schedules) are likely

the most effective because the constant switching between erlotinib and evofosfamide

allows the strengths of these drugs to complement one another. Too much time spent

taking erlotinib without evofosfamide allows the sensitive cell population to remain quite

substantial for a long period of time (due to the lack of targeting the hypoxic regions),

which, in turn, leads to a high probability of a resistance mutation arising. On the other

hand, too much time spent on evofosfamide without erlotinib allows the sensitive cell

population to expand drastically since evofosfamide is unable to control its long-term

growth. Alternating between these two drugs allows each one to provide the necessary

control over the cancer cell population the other one is lacking. In addition, it is im-

portant to consider the subpopulation of cancer cells each drug acts on. Erlotinib acts

primarily on portions of the tumor microenvironment close to blood vessels, whereas

evofosfamide acts primarily on hypoxic regions that are further from the blood stream.

Because of this, alternating frequently between the two drugs allows the entire pop-

ulation of cancer cells in the tumor microenvironment to be constantly controlled by

the drugs. This same phenomenon has recently been observed with a different combina-

tion therapy utilizing evofosfamide in neuroblastoma and rhabdomyosarcoma preclinical

models [61].

These results demonstrate that incorporating HAPs in combination with targeted

therapies may be an effective tool in preventing resistance, and suggest an alternative

use for HAPs. Current clinical trials have combined HAPs not with targeted therapies

but with chemotherapies to control tumor growth. In addition, these trials used dosing

strategies involving simultaneous drug administration rather than sequential adminis-

tration, as is used in our model. It is difficult to draw conclusions about the outcome

of these clinical trials using our model since this would require growth rate parame-

terizations and pharmacokinetics for the chemotherapies utilized in the combination

treatment (gemcitabine and doxorubicin) in different cell types (pancreatic cancers and

soft tissue sarcomas). However, we did observe that the reduction in probability of

developing resistance is dependent on the exact timing and sequence of the combination
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therapy. This highlights the importance of using mathematical modeling to predict

treatment outcomes and inform decisions regarding schedules to be tested in clinical

trials.

In addition to its promising clinical implications, this work provides insight into the

biological factors which can cause a treatment strategy to either succeed or fail. Specif-

ically, analysis and comparison of the tumor evolutionary dynamics during single-agent

and combination therapy suggests that erlotinib and evofosfamide may be effective to-

gether because they target separate subpopulations within the tumor microenvironment

and on much different scales of time with differing degrees of strength. This theory can

be generalized to predict which types of drugs have the potential to be strong partners

in combination therapy; specifically, this methodology can be applied to determine the

biological and pharmacokinetic parameters that may lead to treatment success or failure

with monotherapy or combination therapy. These findings highlight the importance of

designing combination therapies with drugs whose strengths complement each other in

order to maximize the therapeutic benefits. Another important implication of this work,

and something to consider when designing combination dosing regimens using two or

more drugs, is the role that variability in timing between the dosing of different drugs

plays in treatment outcomes.

This work gave rise to multiple promising improvements that could be made in the

treatment of NSCLC. However, the dosing strategies proposed here need to be tested in

vivo to verify these model predictions. In addition, this work provided a novel frame-

work for defining drug toxicity constraints, which is sufficiently general to be extended

to any drug or combination of drugs. One planned extension of this work is to further

study the implications of cellular migration within the microenvironment on the evo-

lutionary dynamics of the tumor. An initial investigation into this impact is shown in

Section 2.5. For this study, experimental work investigating the details of the migration

patterns and quantification of migration rates in this system are necessary. In addition,

since evofosfamide is hypoxia-activated and birth and death rates due to erlotinib are

microenvironment-dependent, there is good reason to suspect that alterations to the

tumor microenvironment would have a large impact on the treatment outcomes with

both single-agent and combination therapy. In Section 2.6, we provide some preliminary

results to support this hypothesis. Other extensions of this work include considering
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the possibility of pre-existing resistance as well as modeling the bystander effect, which

refers to the idea that evofosfamide, once activated in a hypoxic region of the tumor,

diffuses outward and affects cancer cells in normoxic regions as well [34, 37]. In addi-

tion, it would be useful to explore the effect of HAPs other than evofosfamide on the

probability of developing resistance in order to determine whether the results presented

here are specific to evofosfamide or rather are a general phenomenon of HAPs used in

combination with tyrosine kinase inhibitors.

2.5 Impact of Migration

To investigate the impact of migration on our model predictions, we relaxed the assump-

tion that the evolutionary dynamics within each microenvironmental compartment are

independent by introducing a migration term that allows cells to move between compart-

ments. In addition to proliferating and dying, suppose cells in compartment i migrate to

compartment j with rate ρ(i, j). Assume that cells in compartment i can only migrate

to compartment i+ 1 or i− 1 at a given point in time. Then the means of the sensitive

and resistant cells in each compartment are governed by a system of 64 ODE’s. For

i = 1, 2, ..., 32, we have

d

dt
E[Xi(t)] =

(
λX,i(t)− µX,i(t)− ρ(i, i− 1)− ρ(i, i+ 1)

)
E[Xi(t)]

+ ρ(i− 1, i)E[Xi−1(t)] + ρ(i+ 1, i)E[Xi+1(t)],

d

dt
E[Yi(t)] =

(
λY,i(t)− µY,i(t)− ρ(i, i− 1)− ρ(i, i+ 1)

)
E[Yi(t)]

+ λX,i(t)uE[Xi(t)] + ρ(i− 1, i)E[Yi−1(t)] + ρ(i+ 1, i)E[Yi+1(t)].

In the above equations, let ρ(1, 0) = ρ(0, 1) = 0 and ρ(32, 33) = ρ(33, 32) = 0 to account

for the fact that there are only 32 compartments.

We defined the migration rate ρ(i, j) using three different methods. Let the rates

defined by these methods be denoted as ρA(i, j), ρB(i, j), and ρC(i, j). For each com-

partment, by using the decay rate of oxygen away from the blood vessel together with

the range of oxygen concentrations in that compartment, we estimated the range of dis-

tances from the blood vessel that correspond to the given compartment. We then used



47

the minimum and maximum distances for each compartment to estimate a measure-

ment of “width” - call this wi for compartment i. To estimate wi for the compartment

furthest from the nearest blood vessel, we used the fact that the mean inter-capillary

distance in tumor tissue is approximately 300 µm, so the point furthest from the nearest

blood vessel in this compartment is at a distance of approximately 150 µm [62, 63]. We

assume that cells travel at a rate of r = 0.3 µm/min [64]. The first method we used to

define ρA(i, j) assumes that cells only migrate toward the nearest blood vessel. So the

migration rate is given by

ρA(i, j) =


r
wi

i < j

0 i ≥ j.
(2.18)

The second method we used assumes that cells only migrate away from the nearest

blood vessel. Then the migration rate is given by

ρB(i, j) =


r
wi

i > j

0 i ≤ j.
(2.19)

For the third method, we allowed cells to migrate both toward and away from the nearest

blood vessel with a constant migration rate of ρC(i, j) = 0.1. This is a reasonable

estimate since the order of magnitude of r is −1 and for most compartments, wi has

order of magnitude 0.

To examine the impact of migration on the mean tumor size, we calculated mean

tumor size over time for two different combination dosing schedules using migration de-

fined in each of the three methods described above as well as without migration. Figure

2.12a shows the results of this calculation for a dosing schedule that combines a stan-

dard 150 mg daily erlotinib schedule with a standard 575 mg/m2 weekly evofosfamide

schedule. Figure 2.12b shows the results for the combination dosing schedule given by

n = 14 in Class 3, which was found to be the optimal dosing schedule to minimize mean

tumor size in the previous section.

We find that migration does have an impact on our model predictions with regards to

mean tumor size. Since the majority of the cancer cells are initially in hypoxic regions

of the tumor microenvironment, allowing migration between compartments governed
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(a)

(b)

Figure 2.12: A comparison of mean tumor size with and without migration.
Mean tumor size over time is plotted for two different combination dosing schedules in
(a) and (b) using no migration (blue curves), a constant migration rate (red curves),
a migration rate in which cells can only move toward the nearest blood vessel (yellow
curves), and a migration rate in which cells can only move away from the nearest blood
vessel (purple curves).
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by a constant migration rate leads to a more well-mixed population. Therefore, with

a constant migration rate incorporated into the model, erlotinib has more of an effect

on the population while evofosfamide has less of an effect since the cells are more

evenly distributed throughout the tumor microenvironment. This can be seen in Figure

2.12a and Figure 2.12b. This same phenomenon can be observed in the case where

cells only migrate toward the blood vessel, although it is more pronounced in this

situation since cells are only allowed to move away from the hypoxic regions of the tumor

microenvironment. On the other hand, by incorporating migration such that cells may

only move away from the blood vessel, the observed shift in mean tumor size is likely

due to a decreased response to erlotinib and an increased response to evofosfamide due

to the fact that the cancer cells are even more concentrated in hypoxic regions.

These results indicate that unidirectional migration of cell populations either towards

or away from blood vessels have more of an impact on the model-predicted mean tumor

evolution than bidirectional migration rates. However, the migration rates chosen here

fell on the higher end of literature-reported values, and it is likely that migration patterns

found in vivo are multidirectional, heterogeneous and dependent upon cellular density

in local and surrounding compartments. In addition, it is possible that sensitive and

resistant cells may have different migration speeds or capabilities. To better quantify

the impact of migration on the evolutionary dynamics of the tumor population, further

experimental investigation is needed to quantify migration rates and develop a more

refined mathematical model of local migration between compartments.

2.6 Impact of Tumor Oxygenation

Here, we extend our model to study the effect of changing the tumor microenvironment

on response to treatment with erlotinib and evofosfamide. Since erlotinib response is

microenvironment-dependent and evofosfamide is hypoxia-activated, it may be possible

to improve predicted treatment outcomes even further by manipulating the state of the

tumor microenvironment. We compare predicted treatment outcomes using a standard

tumor microenvironment with those using tumor microenvironments where the overall

oxygen concentration throughout the tumor has been either increased or decreased. This

comparison provides insight into how alterations to the tumor microenvironment could
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be leveraged to maximize the therapeutic benefit of these drugs. The addition of this

work contributes to a more complete understanding of the interactions between cancer

cells and their microenvironments as well as provides a potentially improved strategy

for optimal tumor control in NSCLC patients.

We predict the evolutionary dynamics of three different tumors (one well-oxygenated,

one poorly-oxygenated, and one whose oxygen profile mirrors standard tumor physio-

logic data) undergoing therapy with two separate combination dosing regimens. For

each of these tumors and each of the two therapies, the predicted mean tumor size and

probability of resistance up to recurrence time (the time at which the cancer cell popula-

tion reaches its initial size once again) are plotted in Figure 2.13. The blue curves show

the evolutionary dynamics of a tumor with a 13.16% oxygen concentration at the blood

vessels, which matches tumor physiologic data [51]. The red curves show the dynamics

of a more well-oxygenated tumor (26.32% at the blood vessels) and the yellow curves

show the dynamics of a more poorly-oxygenated tumor (6.58% at the blood vessels).

Predictions for a dosing schedule in which the patient is given 150 mg erlotinib daily

on the first 5 days of each week and 575 mg/m2 evofosfamide on the last day of each

week are shown in Figure 2.13a and Figure 2.13b. Predictions for a dosing schedule in

which the patient receives one dose of 150 mg erlotinib and one dose of 248 mg/m2 evo-

fosfamide in every 36-hour period (the optimal dosing schedule identified in Subsection

2.3.3) are shown in Figure 2.13c and Figure 2.13d.

These results suggest that treatment with a combination of erlotinib and evofos-

famide may be more effective on poorly-oxygenated tumors and less effective on well-

oxygenated tumors. Although we observe a benefit to poorly-oxygenated tumors during

therapy with each drug since cellular growth rates are reduced as oxygen levels are low-

ered, changes in tumor oxygenation play a larger role in response to evofosfamide than

to erlotinib. This is because evofosfamide is hypoxia-activated, and hence more effec-

tive at lower oxygen concentrations. Thus tumor oxygenation differences lead to a more

dramatic difference in response during the dosing schedule used in Figure 2.13c com-

pared with the dosing schedule used in Figure 2.13a. In light of these observations,

we conclude that the optimal treatment strategies proposed in Subsection 2.3.3 may be

improved further by decreasing the oxygen throughout the tumor and maximizing the

number of evofosfamide doses.
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(a) (b)

(c) (d)

Figure 2.13: Comparison of evolutionary dynamics over time for tumors with
varying oxygen profiles. Mean tumor size (a) and probability of resistance (b) are
calculated up to recurrence time for a dosing schedule consisting of 150 mg erlotinib daily
for days 1–5 and 575 mg/m2 evofosfamide given on day 7 of every week. Mean tumor
size (c) and probability of resistance (d) are plotted for a dosing schedule consisting of
one dose of 150 mg erlotinib and one dose of 248 mg/m2 evofosfamide given every 36
hours. Results are shown for a tumor with a concentration of 13.16% oxygen at the
blood vessels in blue, 26.32% oxygen in red, and 6.58% oxygen in yellow.

The addition of this work suggests another approach with the potential to further

improve treatment outcomes for patients with NSCLC. In Subsection 2.3.2, our model

predicted that, while the emergence of resistance is inevitable during monotherapy with

erlotinib, the addition of evofosfamide may result in tumor eradication for a signifi-

cant fraction of patients. Here we have shown that this combination strategy may be

improved upon even further with the addition of therapy aimed at decreasing tumor oxy-

genation. Given the correct timing and dosing sequence of erlotinib and evofosfamide,
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the combination of these two drugs, together with additional therapy to decrease oxy-

gen concentration throughout tumors, may have the potential to significantly improve

treatment outcomes for NSCLC patients.

2.7 Supplementary Matrices

Here we show the matrices SB, SD, RB, and RD used to calculate the birth and death

rate functions of erlotinib-sensitive and erlotinib-resistant cells, defined in Subsection

2.2.2.
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SB =



1.1053393e−02 4.7156432e−04 7.7651360e−03

5.4991358e−04 1.1535643e−05 5.9142865e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04

5.4989360e−04 1.1528540e−05 5.9146688e−04


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SD =



1.4792648e−03 −2.7085135e−05 −4.5609723e−04

1.5481068e−03 −2.5930657e−05 −4.5845635e−04

1.6169489e−03 −2.4776179e−05 −4.6081546e−04

1.6857909e−03 −2.3621701e−05 −4.6317457e−04

1.7546330e−03 −2.2467222e−05 −4.6553369e−04

1.8234750e−03 −2.1312744e−05 −4.6789280e−04

1.8923170e−03 −2.0158266e−05 −4.7025192e−04

1.9611591e−03 −1.9003788e−05 −4.7261103e−04

2.0300011e−03 −1.7849310e−05 −4.7497014e−04

2.0988432e−03 −1.6694831e−05 −4.7732926e−04

2.1676852e−03 −1.5540353e−05 −4.7968837e−04

2.2365272e−03 −1.4385875e−05 −4.8204748e−04

2.3053693e−03 −1.3231397e−05 −4.8440660e−04

2.3742113e−03 −1.2076919e−05 −4.8676571e−04

2.4430534e−03 −1.0922440e−05 −4.8912483e−04

2.5118954e−03 −9.7679622e−06 −4.9148394e−04

2.5807374e−03 −8.6134840e−06 −4.9384305e−04

2.6495795e−03 −7.4590058e−06 −4.9620217e−04

2.7184215e−03 −6.3045276e−06 −4.9856128e−04

2.7872635e−03 −5.1500494e−06 −5.0092040e−04

2.8561056e−03 −3.9955712e−06 −5.0327951e−04

2.9249476e−03 −2.8410930e−06 −5.0563862e−04

2.9937897e−03 −1.6866148e−06 −5.0799774e−04

3.0626317e−03 −5.3213659e−07 −5.1035685e−04

3.1314737e−03 6.2234162e−07 −5.1271597e−04

3.2003158e−03 1.7768198e−06 −5.1507508e−04

3.2691578e−03 2.9312980e−06 −5.1743419e−04

3.3379999e−03 4.0857762e−06 −5.1979331e−04

3.4068419e−03 5.2402544e−06 −5.2215242e−04

3.4756839e−03 6.3947326e−06 −5.2451154e−04

3.5445260e−03 7.5492109e−06 −5.2687065e−04

3.6133680e−03 8.7036891e−06 −5.2922976e−04

3.6822101e−03 9.8581673e−06 −5.3158888e−04

3.7510521e−03 1.1012645e−05 −5.3394799e−04

3.8198941e−03 1.2167124e−05 −5.3630711e−04

3.8887362e−03 1.3321602e−05 −5.3866622e−04

3.9575782e−03 1.4476080e−05 −5.4102533e−04

4.0264203e−03 1.5630558e−05 −5.4338445e−04

4.0952623e−03 1.6785036e−05 −5.4574356e−04

4.1641043e−03 1.7939515e−05 −5.4810267e−04

4.2329464e−03 1.9093993e−05 −5.5046179e−04

4.3017884e−03 2.0248471e−05 −5.5282090e−04

4.3706305e−03 2.1402949e−05 −5.5518002e−04

4.4394725e−03 2.2557428e−05 −5.5753913e−04

4.5083145e−03 2.3711906e−05 −5.5989824e−04

4.5771566e−03 2.4866384e−05 −5.6225736e−04

4.6459986e−03 2.6020862e−05 −5.6461647e−04

4.7148406e−03 2.7175340e−05 −5.6697559e−04

4.7836827e−03 2.8329819e−05 −5.6933470e−04

4.8525247e−03 2.9484297e−05 −5.7169381e−04

4.9213668e−03 3.0638775e−05 −5.7405293e−04

4.9902088e−03 3.1793253e−05 −5.7641204e−04

5.0590508e−03 3.2947731e−05 −5.7877116e−04

5.1278929e−03 3.4102210e−05 −5.8113027e−04

5.1967349e−03 3.5256688e−05 −5.8348938e−04

5.2655770e−03 3.6411166e−05 −5.8584850e−04

5.3344190e−03 3.7565644e−05 −5.8820761e−04

5.4032610e−03 3.8720122e−05 −5.9056673e−04

5.4721031e−03 3.9874601e−05 −5.9292584e−04

5.5409451e−03 4.1029079e−05 −5.9528495e−04

5.6097872e−03 4.2183557e−05 −5.9764407e−04

5.6786292e−03 4.3338035e−05 −6.0000318e−04

5.7474712e−03 4.4492513e−05 −6.0236230e−04

5.8163133e−03 4.5646992e−05 −6.0472141e−04

5.8851553e−03 4.6801470e−05 −6.0708052e−04

5.9539974e−03 4.7955948e−05 −6.0943964e−04

6.0228394e−03 4.9110426e−05 −6.1179875e−04

6.0916814e−03 5.0264904e−05 −6.1415786e−04

6.1605235e−03 5.1419383e−05 −6.1651698e−04

6.2293655e−03 5.2573861e−05 −6.1887609e−04

6.2982076e−03 5.3728339e−05 −6.2123521e−04

6.3670496e−03 5.4882817e−05 −6.2359432e−04

6.4358916e−03 5.6037295e−05 −6.2595343e−04

6.5047337e−03 5.7191774e−05 −6.2831255e−04

6.5735757e−03 5.8346252e−05 −6.3067166e−04

6.6424177e−03 5.9500730e−05 −6.3303078e−04

6.7112598e−03 6.0655208e−05 −6.3538989e−04

6.7801018e−03 6.1809687e−05 −6.3774900e−04

6.8489439e−03 6.2964165e−05 −6.4010812e−04

6.9177859e−03 6.4118643e−05 −6.4246723e−04

6.9866279e−03 6.5273121e−05 −6.4482635e−04

7.0554700e−03 6.6427599e−05 −6.4718546e−04

7.1243120e−03 6.7582078e−05 −6.4954457e−04

7.1931541e−03 6.8736556e−05 −6.5190369e−04

7.2619961e−03 6.9891034e−05 −6.5426280e−04

7.3308381e−03 7.1045512e−05 −6.5662192e−04

7.3996802e−03 7.2199990e−05 −6.5898103e−04

7.4685222e−03 7.3354469e−05 −6.6134014e−04

7.5373643e−03 7.4508947e−05 −6.6369926e−04

7.6062063e−03 7.5663425e−05 −6.6605837e−04

7.6750483e−03 7.6817903e−05 −6.6841749e−04

7.7438904e−03 7.7972381e−05 −6.7077660e−04

7.8127324e−03 7.9126860e−05 −6.7313571e−04

7.8815745e−03 8.0281338e−05 −6.7549483e−04

7.9504165e−03 8.1435816e−05 −6.7785394e−04

8.0192585e−03 8.2590294e−05 −6.8021306e−04

8.0881006e−03 8.3744772e−05 −6.8257217e−04

8.1569426e−03 8.4899251e−05 −6.8493128e−04

8.2257846e−03 8.6053729e−05 −6.8729040e−04

8.2946267e−03 8.7208207e−05 −6.8964951e−04

8.3634687e−03 8.8362685e−05 −6.9200862e−04


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RB =



1.0085430e−02 1.0771499e−04 8.7460853e−03

1.0022742e−02 1.0536662e−04 8.6793665e−03

9.9600535e−03 1.0301824e−04 8.6126477e−03

9.8973651e−03 1.0066987e−04 8.5459288e−03

9.8346767e−03 9.8321502e−05 8.4792100e−03

9.7719883e−03 9.5973131e−05 8.4124912e−03

9.7092999e−03 9.3624760e−05 8.3457724e−03

9.6466115e−03 9.1276388e−05 8.2790536e−03

9.5839231e−03 8.8928017e−05 8.2123348e−03

9.5212347e−03 8.6579646e−05 8.1456160e−03

9.4585463e−03 8.4231275e−05 8.0788971e−03

9.3958579e−03 8.1882904e−05 8.0121783e−03

9.3331695e−03 7.9534532e−05 7.9454595e−03

9.2704811e−03 7.7186161e−05 7.8787407e−03

9.2077927e−03 7.4837790e−05 7.8120219e−03

9.1451043e−03 7.2489419e−05 7.7453031e−03

9.0824159e−03 7.0141048e−05 7.6785843e−03

9.0197275e−03 6.7792676e−05 7.6118654e−03

8.9570391e−03 6.5444305e−05 7.5451466e−03

8.8943507e−03 6.3095934e−05 7.4784278e−03

8.8316623e−03 6.0747563e−05 7.4117090e−03

8.7689739e−03 5.8399191e−05 7.3449902e−03

8.7062855e−03 5.6050820e−05 7.2782714e−03

8.6435971e−03 5.3702449e−05 7.2115526e−03

8.5809087e−03 5.1354078e−05 7.1448337e−03

8.5182203e−03 4.9005707e−05 7.0781149e−03

8.4555319e−03 4.6657335e−05 7.0113961e−03

8.3928435e−03 4.4308964e−05 6.9446773e−03

8.3301551e−03 4.1960593e−05 6.8779585e−03

8.2674667e−03 3.9612222e−05 6.8112397e−03

8.2047783e−03 3.7263850e−05 6.7445209e−03

8.1420899e−03 3.4915479e−05 6.6778020e−03

8.0794015e−03 3.2567108e−05 6.6110832e−03

8.0167131e−03 3.0218737e−05 6.5443644e−03

7.9540247e−03 2.7870366e−05 6.4776456e−03

7.8913363e−03 2.5521994e−05 6.4109268e−03

7.8286479e−03 2.3173623e−05 6.3442080e−03

7.7659595e−03 2.0825252e−05 6.2774892e−03

7.7032711e−03 1.8476881e−05 6.2107703e−03

7.6405827e−03 1.6128510e−05 6.1440515e−03

7.5778943e−03 1.3780138e−05 6.0773327e−03

7.5152059e−03 1.1431767e−05 6.0106139e−03

7.4525175e−03 9.0833959e−06 5.9438951e−03

7.3898291e−03 6.7350247e−06 5.8771763e−03

7.3271407e−03 4.3866534e−06 5.8104575e−03

7.2644523e−03 2.0382822e−06 5.7437387e−03

7.2017639e−03 −3.1008899e−07 5.6770198e−03

7.1390755e−03 −2.6584602e−06 5.6103010e−03

7.0763871e−03 −5.0068314e−06 5.5435822e−03

7.0136987e−03 −7.3552026e−06 5.4768634e−03

6.9510103e−03 −9.7035739e−06 5.4101446e−03

6.8883219e−03 −1.2051945e−05 5.3434258e−03

6.8256335e−03 −1.4400316e−05 5.2767070e−03

6.7629451e−03 −1.6748688e−05 5.2099881e−03

6.7002567e−03 −1.9097059e−05 5.1432693e−03

6.6375683e−03 −2.1445430e−05 5.0765505e−03

6.5748799e−03 −2.3793801e−05 5.0098317e−03

6.5121915e−03 −2.6142172e−05 4.9431129e−03

6.4495031e−03 −2.8490544e−05 4.8763941e−03

6.3868147e−03 −3.0838915e−05 4.8096753e−03

6.3241263e−03 −3.3187286e−05 4.7429564e−03

6.2614379e−03 −3.5535657e−05 4.6762376e−03

6.1987495e−03 −3.7884028e−05 4.6095188e−03

6.1360611e−03 −4.0232400e−05 4.5428000e−03

6.0733727e−03 −4.2580771e−05 4.4760812e−03

6.0106843e−03 −4.4929142e−05 4.4093624e−03

5.9479959e−03 −4.7277513e−05 4.3426436e−03

5.8853075e−03 −4.9625885e−05 4.2759247e−03

5.8226191e−03 −5.1974256e−05 4.2092059e−03

5.7599307e−03 −5.4322627e−05 4.1424871e−03

5.6972423e−03 −5.6670998e−05 4.0757683e−03

5.6345539e−03 −5.9019369e−05 4.0090495e−03

5.5718655e−03 −6.1367741e−05 3.9423307e−03

5.5091771e−03 −6.3716112e−05 3.8756119e−03

5.4464887e−03 −6.6064483e−05 3.8088930e−03

5.3838003e−03 −6.8412854e−05 3.7421742e−03

5.3211119e−03 −7.0761226e−05 3.6754554e−03

5.2584235e−03 −7.3109597e−05 3.6087366e−03

5.1957351e−03 −7.5457968e−05 3.5420178e−03

5.1330467e−03 −7.7806339e−05 3.4752990e−03

5.0703583e−03 −8.0154710e−05 3.4085802e−03

5.0076699e−03 −8.2503082e−05 3.3418613e−03

4.9449815e−03 −8.4851453e−05 3.2751425e−03

4.8822931e−03 −8.7199824e−05 3.2084237e−03

4.8196047e−03 −8.9548195e−05 3.1417049e−03

4.7569163e−03 −9.1896566e−05 3.0749861e−03

4.6942279e−03 −9.4244938e−05 3.0082673e−03

4.6315395e−03 −9.6593309e−05 2.9415485e−03

4.5688511e−03 −9.8941680e−05 2.8748296e−03

4.5061627e−03 −1.0129005e−04 2.8081108e−03

4.4434743e−03 −1.0363842e−04 2.7413920e−03

4.3807859e−03 −1.0598679e−04 2.6746732e−03

4.3180975e−03 −1.0833516e−04 2.6079544e−03

4.2554091e−03 −1.1068354e−04 2.5412356e−03

4.1927207e−03 −1.1303191e−04 2.4745168e−03

4.1300323e−03 −1.1538028e−04 2.4077979e−03

4.0673439e−03 −1.1772865e−04 2.3410791e−03

4.0046555e−03 −1.2007702e−04 2.2743603e−03

3.9419671e−03 −1.2242539e−04 2.2076415e−03

3.8792787e−03 −1.2477376e−04 2.1409227e−03

3.8165903e−03 −1.2712213e−04 2.0742039e−03


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RD =



2.5417382e−04 3.0307471e−05 −1.5361632e−04

2.7572098e−04 2.9925193e−05 −1.5577968e−04

2.9726815e−04 2.9542914e−05 −1.5794303e−04

3.1881531e−04 2.9160635e−05 −1.6010639e−04

3.4036248e−04 2.8778356e−05 −1.6226974e−04

3.6190964e−04 2.8396077e−05 −1.6443310e−04

3.8345681e−04 2.8013799e−05 −1.6659645e−04

4.0500398e−04 2.7631520e−05 −1.6875981e−04

4.2655114e−04 2.7249241e−05 −1.7092316e−04

4.4809831e−04 2.6866962e−05 −1.7308652e−04

4.6964547e−04 2.6484683e−05 −1.7524987e−04

4.9119264e−04 2.6102404e−05 −1.7741323e−04

5.1273980e−04 2.5720126e−05 −1.7957658e−04

5.3428697e−04 2.5337847e−05 −1.8173994e−04

5.5583413e−04 2.4955568e−05 −1.8390329e−04

5.7738130e−04 2.4573289e−05 −1.8606665e−04

5.9892847e−04 2.4191010e−05 −1.8823000e−04

6.2047563e−04 2.3808732e−05 −1.9039336e−04

6.4202280e−04 2.3426453e−05 −1.9255671e−04

6.6356996e−04 2.3044174e−05 −1.9472007e−04

6.8511713e−04 2.2661895e−05 −1.9688342e−04

7.0666429e−04 2.2279616e−05 −1.9904678e−04

7.2821146e−04 2.1897338e−05 −2.0121013e−04

7.4975862e−04 2.1515059e−05 −2.0337349e−04

7.7130579e−04 2.1132780e−05 −2.0553684e−04

7.9285296e−04 2.0750501e−05 −2.0770020e−04

8.1440012e−04 2.0368222e−05 −2.0986355e−04

8.3594729e−04 1.9985943e−05 −2.1202691e−04

8.5749445e−04 1.9603665e−05 −2.1419026e−04

8.7904162e−04 1.9221386e−05 −2.1635362e−04

9.0058878e−04 1.8839107e−05 −2.1851697e−04

9.2213595e−04 1.8456828e−05 −2.2068033e−04

9.4368311e−04 1.8074549e−05 −2.2284368e−04

9.6523028e−04 1.7692271e−05 −2.2500704e−04

9.8677745e−04 1.7309992e−05 −2.2717039e−04

1.0083246e−03 1.6927713e−05 −2.2933375e−04

1.0298718e−03 1.6545434e−05 −2.3149710e−04

1.0514189e−03 1.6163155e−05 −2.3366046e−04

1.0729661e−03 1.5780876e−05 −2.3582381e−04

1.0945133e−03 1.5398598e−05 −2.3798717e−04

1.1160604e−03 1.5016319e−05 −2.4015052e−04

1.1376076e−03 1.4634040e−05 −2.4231388e−04

1.1591548e−03 1.4251761e−05 −2.4447723e−04

1.1807019e−03 1.3869482e−05 −2.4664059e−04

1.2022491e−03 1.3487204e−05 −2.4880395e−04

1.2237963e−03 1.3104925e−05 −2.5096730e−04

1.2453434e−03 1.2722646e−05 −2.5313066e−04

1.2668906e−03 1.2340367e−05 −2.5529401e−04

1.2884378e−03 1.1958088e−05 −2.5745737e−04

1.3099849e−03 1.1575809e−05 −2.5962072e−04

1.3315321e−03 1.1193531e−05 −2.6178408e−04

1.3530793e−03 1.0811252e−05 −2.6394743e−04

1.3746264e−03 1.0428973e−05 −2.6611079e−04

1.3961736e−03 1.0046694e−05 −2.6827414e−04

1.4177208e−03 9.6644154e−06 −2.7043750e−04

1.4392679e−03 9.2821366e−06 −2.7260085e−04

1.4608151e−03 8.8998578e−06 −2.7476421e−04

1.4823623e−03 8.5175790e−06 −2.7692756e−04

1.5039094e−03 8.1353002e−06 −2.7909092e−04

1.5254566e−03 7.7530213e−06 −2.8125427e−04

1.5470038e−03 7.3707425e−06 −2.8341763e−04

1.5685509e−03 6.9884637e−06 −2.8558098e−04

1.5900981e−03 6.6061849e−06 −2.8774434e−04

1.6116452e−03 6.2239061e−06 −2.8990769e−04

1.6331924e−03 5.8416273e−06 −2.9207105e−04

1.6547396e−03 5.4593484e−06 −2.9423440e−04

1.6762867e−03 5.0770696e−06 −2.9639776e−04

1.6978339e−03 4.6947908e−06 −2.9856111e−04

1.7193811e−03 4.3125120e−06 −3.0072447e−04

1.7409282e−03 3.9302332e−06 −3.0288782e−04

1.7624754e−03 3.5479544e−06 −3.0505118e−04

1.7840226e−03 3.1656755e−06 −3.0721453e−04

1.8055697e−03 2.7833967e−06 −3.0937789e−04

1.8271169e−03 2.4011179e−06 −3.1154124e−04

1.8486641e−03 2.0188391e−06 −3.1370460e−04

1.8702112e−03 1.6365603e−06 −3.1586795e−04

1.8917584e−03 1.2542815e−06 −3.1803131e−04

1.9133056e−03 8.7200265e−07 −3.2019466e−04

1.9348527e−03 4.8972383e−07 −3.2235802e−04

1.9563999e−03 1.0744502e−07 −3.2452137e−04

1.9779471e−03 −2.7483380e−07 −3.2668473e−04

1.9994942e−03 −6.5711262e−07 −3.2884808e−04

2.0210414e−03 −1.0393914e−06 −3.3101144e−04

2.0425886e−03 −1.4216702e−06 −3.3317479e−04

2.0641357e−03 −1.8039491e−06 −3.3533815e−04

2.0856829e−03 −2.1862279e−06 −3.3750150e−04

2.1072301e−03 −2.5685067e−06 −3.3966486e−04

2.1287772e−03 −2.9507855e−06 −3.4182821e−04

2.1503244e−03 −3.3330643e−06 −3.4399157e−04

2.1718716e−03 −3.7153431e−06 −3.4615492e−04

2.1934187e−03 −4.0976220e−06 −3.4831828e−04

2.2149659e−03 −4.4799008e−06 −3.5048163e−04

2.2365131e−03 −4.8621796e−06 −3.5264499e−04

2.2580602e−03 −5.2444584e−06 −3.5480834e−04

2.2796074e−03 −5.6267372e−06 −3.5697170e−04

2.3011545e−03 −6.0090160e−06 −3.5913505e−04

2.3227017e−03 −6.3912949e−06 −3.6129841e−04

2.3442489e−03 −6.7735737e−06 −3.6346176e−04

2.3657960e−03 −7.1558525e−06 −3.6562512e−04

2.3873432e−03 −7.5381313e−06 −3.6778847e−04

2.4088904e−03 −7.9204101e−06 −3.6995183e−04





Chapter 3

Impacts of Different Resistance

Mechanisms on Tumor

Recurrence

3.1 Background

We investigate the biological phenomenon in which a population with negative net

growth rate escapes certain extinction via the creation of new genetic variants. In the

context of cancer, this corresponds to the situation in which a population of drug-

sensitive cells undergoing treatment evolves resistance to therapy. This phenomenon

is quite common in cancers treated with molecularly targeted therapies [4]. For exam-

ple, this behavior is commonly observed in patients with EGFR-mutant non-small cell

lung cancer taking erlotinib or gefitinib [65]. In these cases, patients usually develop

resistance and disease progression within 12-18 months of starting treatment [5].

During cancer treatment, resistance to therapy may emerge via a variety of mecha-

nisms. In EGFR-mutant non-small cell lung cancer, for example, resistance to erlotinib

usually arises due to either a T790M point mutation or amplification of the MET gene

[66]. The first of these resistance mechanisms arises via a mutation within a single gene,

whereas the second corresponds to an increase in the copy number of the given gene.

In this chapter, we define and analyze two separate branching process models of drug
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resistance, mirroring these two biological processes of gene mutation and amplification.

We then use our models to investigate tumor recurrence time, or the amount of time it

takes a tumor to rebound and reach its initial size at detection once again. Because a

typical solid tumor has between 107 and 109 cancer cells per cubic centimeter [67], we

focus on characterizing the tumor recurrence time in the large population limit.

Previous works by Foo and Leder [18] and by Foo, Leder, and Zhu [68] have used

a similar modeling approach to study the stochastic time at which the resistant cell

population begins to dominate the tumor, which the authors refer to as the crossover

time. In this chapter, we build on these previous works by using a similar model

of resistance driven by gene mutation to investigate the stochastic tumor recurrence

time instead. The gene amplification model presented in this paper along with its

corresponding analysis is also a novel contribution to this body of work which previously

only focused on the case where resistance arises due to a single point mutation.

The remainder of the chapter is organized as follows. In Section 3.2, we introduce

the models for both gene mutation and amplification, and provide formulas for some

quantities we will use throughout the chapter. In Section 3.3, we analyze the tumor

recurrence time in both models. Theorem 1 gives a law of large numbers result regarding

the convergence of the stochastic recurrence time in the gene mutation model, and

Theorem 2 gives the analogous result in the gene amplification model. We then use our

results to draw comparisons between these two models. Section 3.4 provides justification

for a specific parameter choice. In Section 3.5, we provide proofs of the main results.

Throughout this chapter, we use the following standard Landau notation for asymptotic

behavior of non-negative functions:

f(t) ∼ g(t) if f(t)/g(t)→ 1 as t→∞.

3.2 Models and Preliminaries

Both models start with an initial population of n drug-sensitive cells and zero resistant

cells at time t = 0. The population Xs(t) of sensitive cells is modeled using a subcritical

Markovian branching process that declines during treatment with birth rate rs, death

rate ds, and net growth rate λs = rs−ds < 0. Since λs < 0, the sensitive cell population
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goes extinct with probability 1. We approximate this extinction time as tn = − 1
λs

log n.

3.2.1 Gene Mutation Model

In the mutation model, a sensitive cell may acquire a single gene mutation, giving rise

to a new resistant cell. These mutations occur at rate µnXs(t), where µn = µn−α for

µ > 0 and 0 < α < 1. Each mutant cell gives rise to a supercritical Markovian branching

process with birth rate rm, death rate dm, and net growth rate λm = rm−dm > 0. The

total population of mutant cells is denoted by Xm(t). In the following, all probability

and expectation operators are conditioned on the initial conditions Xs(0) = n and

Xm(0) = 0.

Using the transition probabilities of these processes together with the moment gen-

erating function, we derive a system of ODE’s governing the first and second moments,

which we then use to calculate the mean and variance of Xs(t) and Xm(t). For i = s,m,

let φi(t) = E[Xi(t)] and let ψi(t) = Var[Xi(t)]. Then we have

φs(ztn) = n1−z,

φm(ztn) =
µn1−α

λm − λs

(
n−λmz/λs − n−z

)
,

ψs(ztn) = n1−z
(
rs + ds
−λs

)(
1− n−z

)
,

ψm(ztn) ∼ 2rmµ

λm(2λm − λs)
· n1−α−2λmz/λs .

3.2.2 Gene Amplification Model

In the amplification model, sensitive cells each have two copies of the gene whose ampli-

fication is associated with drug resistance. For this reason and for ease of notation, let

a subscript of s be equivalent to a subscript of 2. Let Xk(t), k = 2, 3, 4, ...,M , represent

the population of type k cells with birth rate rk, death rate dk, and net growth rate

λk = rk − dk. Type k cells have k gene copies and M is the maximum number of gene

copies a cell can have. In this model, a type k − 1 cell may gain a single gene copy,

giving rise to a new type k cell. These amplification steps occur at rate νnXk−1(t),

where νn = νn−β for ν > 0 and 0 < β < 1
M−2 .
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We have already seen the formula for the mean of the sensitive cells in the previous

section. Now we examine the means of the other populations.

Lemma 1. For k = 3, 4, ...,

E[Xk(t)] = νk−2n1−(k−2)β(−1)kSk(t),

where

Sk(t) =

k∑
i=2

eλit

Pi,k
, Pi,k =

k∏
j=2,j 6=i

(λj − λi).

The proof of this lemma can be found in Section 3.5. Since type M cells contain the

maximum number of gene copies, they are resistant to treatment and hence λM > 0.

With each additional gene copy, cells gain a fitness advantage. More specifically, we

define

λk = λ2 + (k − 2)m, m =
λM − λ2

M − 2
.

For i = 2, 3, ..., let φi(t) = E[Xi(t)]. We already have that φ2(t) = φs(t). For k = 3, 4, ...,

φk(ztn) =
µk−2(−1)k

mk−2
n1−(k−2)αS̃k(z),

where

S̃k(z) =
k∑
i=2

n−λiz/λ2

P̃i,k
, P̃i,k =

k∏
j=2,j 6=i

(j − i).

Note that, for fixed z and n sufficiently large,

max
2≤k≤M

φk(ztn) ∈ {φ2(ztn), φM (ztn)}.

3.3 Results

To compare these two resistance mechanisms, we analyze the tumor recurrence time

in both models. Tumor recurrence time is defined intuitively as the amount of time it

takes from the beginning of treatment until the total number of cancer cells surpasses
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the initial population size n, neglecting possible brief instances of this early on due to

the stochasticity of the processes. A more precise mathematical definition of recurrence

time will be given below.

3.3.1 Recurrence Time in Gene Mutation Model

To obtain an estimate of the stochastic recurrence time, we start with the following

proposition, whose proof can be found in Section 3.5.

Proposition 1. There exists a unique ũn > 0 satisfying φs(ũntn) + φm(ũntn) = n.

Moreover, an < ũn < An where:

an =
1

λm

(
−λsα+

1

tn
log

(
−λs
µ

))
,

An =
1

λm

(
−λsα+

1

tn
log

(
λm − λs

µ

))
.

Hence ũn → −λsα
λm

as n→∞.

Let un = ũntn represent our estimate of the tumor recurrence time. We now state our

main law of large numbers result regarding the convergence of the stochastic recurrence

time in the gene mutation model:

Theorem 1. Define the recurrence time in the gene mutation model mathematically as

τn = inf{t ≥ ctn : Xs(t) +Xm(t) > n},

where

c =
αλs(λs − 2λm)

2λm(λm − λs)
.

Then, for all ε > 0,

lim
n→∞

P (|τn − un| > ε) = 0.

In other words, the stochastic recurrence time and its estimate converge to each other

in probability as n→∞. The proof of this result is located in Section 3.5.

For ease of notation, given ε > 0, define



62

u−n (ε) =
un − ε
tn

,

u+
n (ε) =

un + ε

tn
.

We will now state a proposition pertaining to the fluctuations of the sensitive and

resistant cell populations about their means.

Proposition 2. For δ > 0 and i ∈ {s,m},

lim
n→∞

P

(
sup

z∈[c,u+n (ε)]

nα+λmz/λs−1 |Xi(ztn)− φi(ztn)| > δ

)
= 0.

The proof of this proposition can be found in Section 3.5.

Next we will prove with high probability that there are no permanent recurrence

events in the time interval [0, ctn], meaning that either the number of cancer cells does

not surpass n during this time or it surpasses n only briefly before subsequently falling

to n or lower once again. To show this, we will prove with high probability that the

sum of sensitive and resistant cells is not greater than n at time ctn.

Lemma 2.

lim
n→∞

P (Xs(ctn) +Xm(ctn)− n ≤ 0) = 1.

Proof. Since P(Xs(ctn) + Xm(ctn) − n ≤ 0) = 1 − P(Xs(ctn) + Xm(ctn) − n > 0), it

suffices to show

lim
n→∞

P(Xs(ctn) +Xm(ctn)− n > 0) = 0.

Note that

P(Xs(ctn) +Xm(ctn)− n > 0)

= P
(
nα+λmc/λs−1(Xs(ctn)− φs(ctn) + φs(ctn)− n

+ φm(ctn)− φm(ctn) +Xm(ctn)) > 0
)

= P(Ā1(n) + Ā2(n) + Ā3(n) > 0),
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where

Ā1(n) = nα+λmc/λs−1(Xs(ctn)− φs(ctn)),

Ā2(n) = nα+λmc/λs−1(φs(ctn) + φm(ctn)− n),

Ā3(n) = nα+λmc/λs−1(Xm(ctn)− φm(ctn)).

We will consider each of these three terms separately, starting with the first. Note

that

∣∣Ā1(n)
∣∣ = nα+λmc/λs−1 |Xs(ctn)− φs(ctn)|

≤ sup
z∈[c,u+n (ε)]

nα+λmz/λs−1 |Xs(ztn)− φs(ztn)| ,

which converges to zero in probability by Proposition 2. Similarly,

∣∣Ā3(n)
∣∣ = nα+λmc/λs−1 |Xm(ctn)− φm(ctn)|

≤ sup
z∈[c,u+n (ε)]

nα+λmz/λs−1 |Xm(ztn)− φm(ztn)| ,

which also converges to zero in probability by Proposition 2. Now we just need to show

that Ā2(n) is negative in the large population limit. By the definitions of φs and φm,

Ā2(n) = nα+λmc/λs−1

(
n1−c +

µn1−α

λm − λs

(
n−λmc/λs − n−c

)
− n

)
= n

α+λm
λs
·αλs(λs−2λm)
2λm(λm−λs)

(
n−c +

µ

λm − λs

(
n
λm
−λs
·αλs(λs−2λm)
2λm(λm−λs)

−α − n−α−c
)
− 1

)
= n

α
(

1− 2λm−λs
2λm−2λs

)(
n−c +

µ

λm − λs

(
n
α
(

2λm−λs
2λm−2λs

−1
)
− n−α−c

)
− 1

)
.

Clearly, Ā2(n) < 0 since the first term in the product above is positive and the second

term is negative for large n. Furthermore, we can see from the above display that

Ā2(n) → −∞ as n → ∞. Putting this all together, we have that P(Ā1(n) + Ā2(n) +
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Ā3(n) > 0)→ 0 as n→∞.

We have just proved that with high probability the sum of sensitive and resistant

cells is less than or equal to n at time ctn. This implies that permanent recurrence

occurs at time ctn or later with high probability.

3.3.2 Recurrence Time in Gene Amplification Model

To obtain an estimate of the stochastic recurrence time, we start with the following

proposition, whose proof can be found in Section 3.5.

Proposition 3. There exists a unique ṽn > 0 satisfying
∑M

k=2 φk(ṽntn) = n. Moreover,

bn < ṽn < Bn where:

bn =
1

λM

[
−λ2β(M − 2)− 1

tn
log

[
νM−2(−1)M

mM−2P̃M,M

(
1− λM

λ2

)]]
,

Bn =
1

λM

[
−λ2β(M − 2)− 1

tn
log

[
νM−2(−1)M

mM−2P̃M,M

]]
.

Hence ṽn → − λ2
λM

β(M − 2) as n→∞.

Let vn = ṽntn represent our estimate of the tumor recurrence time. We now state our

main law of large numbers result regarding the convergence of the stochastic recurrence

time in the gene amplification model:

Theorem 2. Define the recurrence time in the gene amplification model mathematically

as

ωn = inf

{
t ≥ dtn :

M∑
k=2

Xk(t) > n

}
,

where
−λ2β(M − 2)

λM − λ2
< d <

−λ2β(M − 2)

λM
. (3.1)

Then, for all ε > 0,

lim
n→∞

P (|ωn − vn| > ε) = 0.
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In other words, the stochastic recurrence time and its estimate converge to each other

in probability as n→∞. The proof of this result is located in Section 3.5.

For ease of notation, given ε > 0, define

v−n (ε) =
vn − ε
tn

,

v+
n (ε) =

vn + ε

tn
.

We will now state a proposition pertaining to the fluctuations of these populations about

their means.

Proposition 4. For δ > 0 and 2 ≤ k ≤M ,

lim
n→∞

P

(
sup

z∈[d,v+n (ε)]

nβ(M−2)+λMz/λ2−1 |Xk(ztn)− φk(ztn)| > δ

)
= 0.

The proof of this proposition can be found in Section 3.5.

Next we will prove with high probability that there are no permanent recurrence

events in the time interval [0, dtn], meaning that either the number of cancer cells does

not surpass n during this time or it surpasses n only briefly before subsequently falling

to n or lower once again. To show this, we will prove with high probability that the

total number of cancer cells is not greater than n at time dtn.

Lemma 3.

lim
n→∞

P

(
M∑
k=2

Xk(dtn)− n ≤ 0

)
= 1.

Proof. Since P
(∑M

k=2Xk(dtn)− n ≤ 0
)

= 1−P
(∑M

k=2Xk(dtn)− n > 0
)

, it suffices to

show

lim
n→∞

P

(
M∑
k=2

Xk(dtn)− n > 0

)
= 0.

Note that
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P

(
M∑
k=2

Xk(dtn)− n > 0

)

= P

(
nβ(M−2)+λMd/λ2−1

(
M∑
k=2

Xk(dtn) +

M∑
k=2

φk(dtn)−
M∑
k=2

φk(dtn)− n

)
> 0

)

= P

(
M∑
k=2

Âk(n) + Âφ(n) > 0

)
,

where

Âk(n) = nβ(M−2)+λMd/λ2−1 (Xk(dtn)− φk(dtn)) ,

Âφ(n) = nβ(M−2)+λMd/λ2−1

(
M∑
k=2

φk(dtn)− n

)
.

Note that

∣∣∣Âk(n)
∣∣∣ = nβ(M−2)+λMd/λ2−1 |Xk(dtn)− φk(dtn)|

≤ sup
z∈[d,v+n (ε)]

nβ(M−2)+λMz/λ2−1 |Xk(ztn)− φk(ztn)| ,

which converges to zero in probability by Proposition 4. Now we just need to show that

Âφ(n) is negative in the large population limit. By the definitions of φ2 and φk, k ≥ 3,

Âφ(n) = nβ(M−2)+λMd/λ2−1

(
n1−d +

M∑
k=3

νk−2(−1)k

mk−2
n1−(k−2)βS̃k(d)− n

)

= nβ(M−2)+λMd/λ2

(
n−d +

M∑
k=3

νk−2(−1)k

mk−2
n−β(k−2)S̃k(d)− 1

)

∼ nβ(M−2)+λMd/λ2

(
M∑
k=3

νk−2(−1)k

mk−2
· n
−β(k−2)−λkd/λ2

P̃k,k
− 1

)
.
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For 3 ≤ k < M , we obviously have k − 2 < M − 2. Since d > −λ2β
M−2
λM−λ2 = −λ2β

m

by (3.1), this means that md/λ2 < −β, and hence β + md/λ2 < 0. Therefore, for all

3 ≤ k < M ,

−(k − 2)(β +md/λ2) < −(M − 2)(β +md/λ2)

−d− β(k − 2)− (k − 2)md/λ2 < −d− β(M − 2)− (M − 2)md/λ2

−β(k − 2)− [λ2 + (k − 2)m]d/λ2 < −β(M − 2)− [λ2 + (M − 2)m]d/λ2

−β(k − 2)− λkd/λ2 < −β(M − 2)− λMd/λ2.

This implies that

Âφ(n) ∼ nβ(M−2)+λMd/λ2

(
νM−2(−1)M

mM−2P̃M,M

n−β(M−2)−λMd/λ2 − 1

)

=
νM−2(−1)M

mM−2P̃M,M

− nβ(M−2)+λMd/λ2 .

Since d < −λ2β(M−2)
λM

by (3.1), we have that λMd/λ2 > −β(M − 2), and therefore

nβ(M−2)+λMd/λ2 → ∞ as n → ∞. Therefore, Âφ(n) is definitely negative in the large

population limit. Putting this all together, we have: P
(∑M

k=2 Âk(n) + Âφ(n) > 0
)
→ 0

as n→∞.

We have just proved that with high probability the total number of cancer cells is

less than or equal to n at time dtn. This implies that permanent recurrence occurs at

time dtn or later with high probability.

3.3.3 Comparisons

To gain a better understanding of the complexity of the gene amplification model in

comparison with the point mutation model, we investigate the impact of the growth rates

on tumor composition. Figure 3.1 shows the average simulated tumor composition by

copy number at the time of recurrence for M = 7 when λ7 is varied from 1 to 30. From
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this figure, we see that, as the step size for λk increases, the recurrent tumor shifts

from being dominated by the type 7 population to being dominated by the type 2 and

3 cells. This agrees with our intuition because, when the step size for λk is large, the

growth rates of the type 2 and 3 cell populations are high enough to drive recurrence and

hence the population does not evolve clones with higher copy numbers before recurrence

occurs.

Figure 3.1: Tumor composition by copy number at recurrence time. The tumor
was simulated up to recurrence time using the gene amplification model with M = 7.
We used an initial population of 104 type 2 cells with ν = 5 and α = 0.1. The death
rate for all populations was dk = 3. The birth rate of the type 2 cells was r2 = 1
and the birth rate of the type 7 cells varied from r7 = 4 to r7 = 33. Simulations were
run repeatedly until the sample means were within 20 cells of the actual means with
probability 0.95. The results plotted are the averages of the simulation results.

Figure 3.2 shows the tumor composition breakdown in greater detail for 3 different

values of λM (small, medium, and large). When λM is small (Figure 3.2a), the recurrent

tumor is comprised mostly of type 7 cells, and resistance is driven more by mutation

than by growth. On the other hand, when λM is large (Figure 3.2c), the recurrent tumor
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is comprised mostly of type 2 and 3 cells, and resistance is driven more by growth than

by mutation. When λM is somewhere in the middle (Figure 3.2b), however, we see a

more even distribution in the tumor composition, and resistance seems to be driven by

a combination of growth and mutation.

(a) λM = 3 (b) λM = 8 (c) λM = 25

Figure 3.2: Tumor composition by copy number at recurrence time for specific
λM . The composition of the simulated tumor from Figure 3.1 is shown specifically for
a small λM , a medium λM , and a large λM .

To compare the two models, we investigate the ratio of recurrence time in the point

mutation model to recurrence time in the gene amplification model (un/vn) in the large

population limit. Figure 3.3 shows this ratio plotted as both α and β are varied simulta-

neously, using biologically relevant values for all other parameters. This figure suggests

that, in general, recurrence takes longer to develop in tumors where resistance is driven

by point mutations than in tumors where resistance is driven by gene amplification.

This phenomenon is especially apparent when α is large and β is small, which is the

biologically relevant parameter regime.

Figure 3.4 shows the same ratio of the recurrence times plotted as both M and λm

are varied simultaneously. Note that this ratio is the largest when both M and λm are

small and smallest when both M and λm are large. When λm is small, the resistant cell

population grows slower and hence the tumor will take longer to recur (causing un to

be large). When M is small, that means that very few mutations are required to reach

the maximum growth rate λM , and hence the tumor will recur quite quickly (causing

vn to be small). On the other hand, when λm is large, the resistant cell population

grows faster and hence the tumor will recur more quickly (causing un to be small). And
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Figure 3.3: Ratio of recurrence time estimates when α and β are varied. The
ratio of the recurrence time estimates (un/vn) is plotted in the large population limit
for varying values of α and β. In the calculation, we use λm = 0.0159 and λM = 0.0209.
We also assume M = 7.

when M is large, the cells must undergo many mutations before reaching the maximum

growth rate λM , and hence the tumor will take a long time to recur (causing vn to be

large).

3.4 A Note on Parameter Choice

The threshold on β in the gene amplification model is necessary to control the fluctu-

ations between the cell populations and their means. By Proposition 3, we know that

there always exists a unique positive solution ṽn to the equation
∑M

k=2 φk(ṽntn) = n.

This means that, at the estimate for the recurrence time, the sum of the means is al-

ways equal to n. Recall, however, that, as β increases, the mutation rate decreases. In

particular, when β is large, the mutation rate may decrease to the point where very
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Figure 3.4: Ratio of recurrence time estimates when M and λM are varied.
The ratio of the recurrence time estimates (un/vn) is plotted in the large population
limit for varying values of M and λm. In the calculation, we use α = 0.5 and β = 0.1.
We also assume λM = 2.

few mutations are actually generated, resulting in the entire population of cancer cells

dying out before a resistant clone becomes established and hence preventing recurrence

altogether. In this case, the total number of cells at the recurrence time estimate would

be zero, causing the fluctuations between the actual populations and their means to

become infinitely large in the large population limit. On the other hand, by placing

a threshold on β, we guarantee that the mutation rate is large enough to generate

enough mutations in order to drive recurrence. Thus the fluctuations between the cell

populations and their means are controlled in this parameter regime.

The specific threshold on β of 1
M−2 guarantees that, as M increases, β decreases

and hence the mutation rate increases. Recall that the growth rates λk are defined to

increase linearly with copy number, where λ2 < 0 and λM > 0. In particular, it may

be the case that multiple mutations are needed before cells have gained enough of a
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fitness advantage to have a positive net growth rate. Requiring the threshold on β to

be inversely proportional to M ensures that the mutation rate increases as maximum

copy number increases. Essentially, the more mutations that are required for cells to

attain the maximum net growth rate (the larger M is), the higher the mutation rate

must be (the smaller β is) to compensate. Below, we provide evidence to support the

assumption of this threshold via simulation.

To gain a better understanding of what is actually happening with these populations

of cells in each scenario, we have simulated this process using a wide variety of different

values for β. Specifically, when M = 7, we would like to argue that we must have β < 0.2

in order to get recurrence in the large population limit. Let’s start by simply looking at

two example simulations. Figure 3.5 shows the results of two example simulations – one

where we use a β < 0.2 and one where we use a β > 0.2. The primary thing to note here

is that, in the case where the restriction is satisfied, the mutation rate is sufficiently high

to generate a substantial type 7 cell population and hence drive recurrence. However, in

the case where the restriction is not satisfied, the subsequent cell populations are never

established, and hence the tumor dies out completely before recurrence ever occurs.

But obviously, these two simulations do not necessarily reflect the behavior of these

processes in general.

To get a better sense of how these processes behave in general, we ran these two

simulations along with four others corresponding to increasing values of n, 100 times

each. The histograms representing the simulated scaled recurrence time results are

shown in Table 3.1. The mean of these results is plotted as a black line, along with

the lower bound on the estimate (red line) and the upper bound on the estimate (green

line). First, note that the recurrence time is always positive when β = 0.01. On the

other hand, when β = 0.3, the recurrence time is almost always zero (a recurrence time

of zero corresponds to recurrence never occurring). Furthermore, when β = 0.01, the

mean from the simulations and the estimate converge as n increases, whereas this is

definitely not the case when β = 0.3.

However, we have still only examined two values of β. In Table 3.2, we perform

a more thorough investigation of this parameter space. Since we are interested in the

difference between when β < 1
M−2 and when β > 1

M−2 , we investigate values of β

approaching 0.2 from above and below. Since we are really interested in what happens
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(a) β = 0.01

(b) β = 0.3

Figure 3.5: Example simulations for β = 0.01 and β = 0.3. Example simulations
demonstrating the difference between when the restriction on β is satisfied and not.
The tumor is simulated using the following parameters: n = 103, r2 = 1, r3 = 8/5,
r4 = 11/5, r5 = 14/5, r6 = 17/5, r7 = 4, dk = 3, and ν = 1. Results are shown for
β = 0.01 (a) and β = 0.3 (b).
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β = 0.01 β = 0.3

n = 103

n = 104

n = 105

Table 3.1: Comparison of β = 0.01 and β = 0.3. Histograms showing simulation
results when the restriction on β is satisfied and not. The tumor is simulated using the
following parameters: r2 = 1, r3 = 8/5, r4 = 11/5, r5 = 14/5, r6 = 17/5, r7 = 4, dk = 3,
and ν = 1. Results are shown for β = 0.01 (left column) and β = 0.3 (right column),
as well as for increasing values of n. For each value of n and β, the corresponding
histogram represents the simulated scaled recurrence time results from 100 simulations.
The mean of these recurrence times is also plotted, along with the lower and upper
bounds of the estimate.

in the large population limit, we use an initial population of 105 for all simulations in

Table 3.2. The column on the left shows simulation results as β → 0.2 from below,

whereas the column on the right shows simulation results as β → 0.2 from above. Note

that, when β = 0.15, recurrence occurs in all 100 simulations. However, as β → 0.2 from

below, we see a handful of simulations result in a recurrence time of 0 (recurrence does
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not occur). Similarly, when β = 0.25, recurrence only occurs in a few of the simulations.

But as β → 0.2 from above, the split between simulations that do and do not result in

recurrence becomes more even.

β = 0.2−∆ β = 0.2 + ∆

∆ = 0.05

∆ = 0.025

∆ = 0.01

Table 3.2: Recurrence time results as β → 0.2. Histograms showing simulation
results for varying values of β. The tumor is simulated using the following parameters:
n = 105, r2 = 1, r3 = 8/5, r4 = 11/5, r5 = 14/5, r6 = 17/5, r7 = 4, dk = 3, and ν = 1.
Results are shown for values of β less than 0.2 in the left column and greater than 0.2 in
the left column. Each histogram represents the simulated scaled recurrence time results
from 100 simulations.
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3.5 Proofs of Main Results

3.5.1 Proof of Lemma 1

Proof. We will prove this by induction. Let’s start by proving the base case: k = 3. We

need to show that

E[X3(t)] = νn1−β
(

eλ2t

λ2 − λ3
− eλ3t

λ2 − λ3

)
.

Because X3(t) is a birth-death process with mutation, its mean is governed by the

following ODE:

d

dt
E[X3(t)] = λ3E[X3(t)] + νn−βE[X2(t)].

Sure enough, plugging E[X2(t)] and E[X3(t)] into the above ODE yields

d

dt

[
νn1−β

(
eλ2t

λ2 − λ3
− eλ3t

λ2 − λ3

)]
= λ3νn

1−β
(

eλ2t

λ2 − λ3
− eλ3t

λ2 − λ3

)
+ νn−βneλ2t

νn1−β
(
λ2e

λ2t

λ2 − λ3
− λ3e

λ3t

λ2 − λ3

)
= νn1−β

(
λ3e

λ2t

λ2 − λ3
− λ3e

λ3t

λ2 − λ3
+

(λ2 − λ3)eλ2t

λ2 − λ3

)
,

which is clearly true. So we do indeed have E[X3(t)] = νn1−β
(

eλ2t

λ2−λ3 −
eλ3t

λ2−λ3

)
, as

desired. Now assume

E[Xl(t)] = νl−2n1−(l−2)β(−1)lSl(t).

We want to show that

E[Xl+1(t)] = νl−1n1−(l−1)β(−1)l+1Sl+1(t).

Because Xl+1(t) is a birth-death process with mutation, its mean is governed by the

following ODE:

d

dt
E[Xl+1(t)] = λl+1E[Xl+1(t)] + νn−βE[Xl(t)].

Plugging E[Xl(t)] and E[Xl+1(t)] into the above ODE yields
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d

dt

[
νl−1n1−(l−1)β(−1)l+1Sl+1(t)

]
= λl+1ν

l−1n1−(l−1)β(−1)l+1Sl+1(t)

+ νn−βνl−2n1−(l−2)β(−1)lSl(t)

νl−1n1−(l−1)β(−1)l+1λiSl+1(t) = νl−1n1−(l−1)β(−1)l+1 [λl+1Sl+1(t)− Sl(t)] .

Dividing both sides by νl−1n1−(l−1)β(−1)l+1, we get

λiSl+1(t) = λl+1Sl+1(t)− Sl(t)

=

l∑
i=2

λl+1e
λit

Pi,l+1
+
λl+1e

λl+1t

Pl+1,l+1
−

l∑
i=2

(λl+1 − λi)eλit

Pi,l+1
,

which is clearly true. So we have shown the desired result.

3.5.2 Proof of Proposition 1

Proof. Let f̄n(z) = nz−1(φs(ztn) + φm(ztn) − n). Using the definitions of φs and φm,

we see that

f̄n(z) = nz−1

(
n1−z +

µn1−α

λm − λs

(
n−λmz/λs − n−z

)
− n

)
= 1 +

µ

nα(λm − λs)
nz(1−λm/λs) − µ

nα(λm − λs)
− nz.

Taking the derivative with respect to z yields

f̄ ′n(z) =
µ

nα(λm − λs)
λs − λm
λs

nz(1−λm/λs) log n− nz log n

= nz log n

(
−µ
nαλs

n−λmz/λs − 1

)
.

Next we set f̄ ′n(z) = 0 and solve for z to find any local maxima or minima of f̄n(z).
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Since nz > 0 and log n > 0 for sufficiently large n, we have that

f̄ ′n(z) = 0 =⇒ −µ
nαλs

n−λmz/λs = 1

=⇒ −λm
λs
z log n = log

(
nαλs
−µ

)
.

Solving the above equation for z yields

z =
−λs
λm
· log(−nαλs/µ)

log n

=
−λs
λm

(
α+

log(−λs/µ)

log n

)
=

1

λm

(
−λsα+

1

tn
log

(
−λs
µ

))
.

Hence an = 1
λm

(
−λsα+ 1

tn
log(−λs/µ)

)
is the only maximum or minimum of f̄n(z).

Moreover, we have that an > 0 for sufficiently large n.

Next note that f̄ ′n(an − 1) = nan−1 log n
(
−µ
nαλs

n−λm(an−1)/λs − 1
)

. Since nan−1 > 0

and log n > 0 for sufficiently large n and

−µ
nαλs

n−λm(an−1)/λs − 1 =
−µ
nαλs

n
λm
−λs
· 1
λm

(−λsα+ 1
tn

log(−λs
µ

)−λm) − 1

=
−µ
nαλs

n
α+ 1

logn
log(−λs

µ
)+λm/λs − 1

= nλm/λs − 1

< 0 for sufficiently large n,

we have that f̄ ′n(an − 1) < 0 for sufficiently large n. Hence f̄n(z) is monotonically

decreasing for z < an. Similarly, f̄ ′n(an + 1) = nan+1 log n
(
−µ
nαλs

n−λm(an+1)/λs − 1
)

.

Since nan+1 > 0 and log n > 0 for sufficiently large n and
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−µ
nαλs

n−λm(an+1)/λs − 1 =
−µ
nαλs

n
λm
−λs
· 1
λm

(−λsα+ 1
tn

log(−λs
µ

)+λm) − 1

=
−µ
nαλs

n
α+ 1

logn
log(−λs

µ
)−λm/λs − 1

= n−λm/λs − 1

> 0 for sufficiently large n,

we have that f̄ ′n(an + 1) > 0 for sufficiently large n. Hence f̄n(z) is monotonically

increasing for z > an.

Now let An = 1
λm

(
−λsα+ 1

tn
log((λm − λs)/µ)

)
. Then

f̄n(An) = 1 +
µn−α

λm − λs

(
nAn(1−λm/λs) − 1

)
− nAn

= 1 +
µn−α

λm − λs

(
n
λm−λs
−λsλm

(
−λsα+ 1

tn
log
(
λm−λs

µ

))
− 1

)
− n

1
λm

(
−λsα+ 1

tn
log
(
λm−λs

µ

))

= 1 +
µn−α

λm − λs

(
n
α
(

1− λs
λm

)
n
λm−λs
λm logn

log
(
λm−λs

µ

)
− 1

)
− n

λsα
−λm n

−λs
λm logn

log
(
λm−λs

µ

)

= 1 +
µn−α

λm − λs

(
n
α
(

1− λs
λm

)(
λm − λs

µ

)1− λs
λm

− 1

)
− n

λsα
−λm

(
λm − λs

µ

)−λs
λm

= 1 + n
λsα
−λm

(
λm − λs

µ

)−λs
λm

− µn−α

λm − λs
− n

λsα
−λm

(
λm − λs

µ

)−λs
λm

= 1− µn−α

λm − λs
> 0 for sufficiently large n.

Note that since f̄n(0) = 0 and f̄n(z) is decreasing for all z ∈ (0, an), we have

that f̄n(an) < 0. But f̄n(z) is increasing for z > an and we have that f̄n(An) > 0.

Therefore, there exists a unique ũn ∈ (an, An) such that f̄n(ũn) = 0 by monotonicity.

Using the definition of f̄n(z) and the fact that nz−1 > 0, this implies that there is a

unique ũn > 0 such that an < ũn < An and φs(ũntn) + φm(ũntn) = n. Furthermore,

limn→∞ an = limn→∞An = −λsα
λm

. Hence ũn → −λsα
λm

as n→∞.
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3.5.3 Proof of Theorem 1

Proof. In order to show the desired result, we must show

lim
n→∞

P(τn > un + ε) + lim
n→∞

P(τn < un − ε) = 0.

Let’s start by proving that P(τn < un − ε)→ 0 as n→∞. Note that

P (τn < un − ε) = P
(
τn
tn

< u−n (ε)

)
≤ P

(
sup

z∈[c,u−n (ε)]

(Xs(ztn) +Xm(ztn)− n) > 0

)

= P

(
sup

z∈[c,u−n (ε)]

nα+λmz/λs−1(Xs(ztn)− φs(ztn) + φs(ztn)− n

+ φm(ztn)− φm(ztn) +Xm(ztn)) > 0

)
≤ P

(
B̄1(n, ε) + B̄2(n, ε) + B̄3(n, ε) > 0

)
,

where

B̄1(n, ε) = sup
z∈[c,u−n (ε)]

nα+λmz/λs−1(Xs(ztn)− φs(ztn)),

B̄2(n, ε) = sup
z∈[c,u−n (ε)]

nα+λmz/λs−1(φs(ztn) + φm(ztn)− n),

B̄3(n, ε) = sup
z∈[c,u−n (ε)]

nα+λmz/λs−1(Xm(ztn)− φm(ztn)).

Note that, for i ∈ {s,m},

sup
z∈[c,u−n (ε)]

∣∣∣nα+λmz/λs−1 (Xi(ztn)− φi(ztn))
∣∣∣

≤ sup
z∈[c,u+n (ε)]

nα+λmz/λs−1 |Xi(ztn)− φi(ztn)| ,
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which converges to zero in probability by Proposition 2. Now we just need to show

that B̄2(n, ε) is negative in the large population limit. Define a function given by

ḡn(z) = nα+λmz/λs−1 (φs(ztn) + φm(ztn)− n). Using the definitions of φs and φm, we

see that

ḡn(z) = nα+λmz/λs−1

(
n1−z +

µn1−α

λm − λs

(
n−λmz/λs − n−z

)
− n

)
= nα+z(λm/λs−1) +

µ

λm − λs
− µ

λm − λs
nz(λm/λs−1) − nα+λmz/λs .

Taking the derivative with respect to z yields

ḡ′n(z) =
λm − λs
λs

nα+z(λm/λs−1) log n− µ

λs
nz(λm/λs−1) log n− λm

λs
nα+λmz/λs log n

=
−1

λs
nα+z(λm/λs−1) log n

[
−λm + λs + µn−α + λmn

z
]
.

Next we set ḡ′n(z) = 0 and solve for z to find any local maxima or minima of ḡn(z).

Since −1/λs > 0 and nα−z(1−λm/λs) > 0 and log n > 0 for sufficiently large n, we have

that

ḡ′n(z) = 0 =⇒ λmn
z = λm − λs − µn−α

=⇒ z log n = log

(
λm − λs − µn−α

λm

)
=⇒ z =

1

log n
log

(
λm − λs − µn−α

λm

)
.

Hence q̄n = 1
logn log

(
λm−λs−µn−α

λm

)
is the only maximum or minimum of ḡn(z). Next

note that ḡ′n(q̄n+1) = −1
λs
nα−(q̄n+1)(1−λm/λs) log n

[
−λm + λs + µn−α + λmn

q̄n+1
]
. Since

−1/λs > 0 and nα−(q̄n+1)(1−λm/λs) > 0 and log n > 0 for sufficiently large n and
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−λm + λs + µn−α + λmn
q̄n+1 = λmn · n

1
logn

log

(
λm−λs−µn−α

λm

)
− λm + λs + µn−α

= λmn

(
λm − λs − µn−α

λm

)
− λm + λs + µn−α

= (n− 1)
(
λm − λs − µn−α

)
> 0 for sufficiently large n,

we have that ḡ′n(q̄n + 1) > 0 for sufficiently large n. Hence ḡn(z) is monotonically

increasing for z > q̄n. Note that the only positive solution to ḡn(z) = 0 occurs at z = ũn

by Proposition 1. Also note that q̄n < c < u−n (ε) < ũn for sufficiently large n. Therefore,

we have that B̄2(n, ε) < 0. Moreover, we may rewrite B̄2(n, ε) as

B̄2(n, ε) = nα+λmu
−
n (ε)/λs−1

(
φs
(
u−n (ε)tn

)
+ φm

(
u−n (ε)tn

)
− n

)
.

Then by the definitions of φs and φm, we have

B̄2(n, ε) = nα+λmu
−
n (ε)/λs−1

(
n1−u−n (ε) +

µn1−α

λm − λs

(
n−λmu

−
n (ε)/λs − n−u

−
n (ε)
)
− n

)
= nα−u

−
n (ε)(1−λm/λs) +

µ

λm − λs
− µ

λm − λs
n−u

−
n (ε)(1−λm/λs) − nα+λmu

−
n (ε)/λs .

Note that

nα+λmu
−
n (ε)/λs = nαn

ελm
lognnũn(λm/λs)

= eελmnα+ũn(λm/λs)

≥ eελmnα+An(λm/λs)

= eελmn
α+λm

λs
· 1
λm

(
−λsα+ 1

tn
log
(
λm−λs

µ

))

= eελmn
α−α− 1

logn
log
(
λm−λs

µ

)

= eελm
(

µ

λm − λs

)
.
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Therefore, we have that

B̄2(n, ε) ≤ nα−u
−
n (ε)(1−λm/λs) +

µ

λm − λs
− µ

λm − λs
n−u

−
n (ε)(1−λm/λs) − eελm

(
µ

λm − λs

)
=

µ

λm − λs

(
1− eελm

)
+ nα−u

−
n (ε)(1−λm/λs)

(
1− µn−α

λm − λs

)
. (3.2)

Clearly, 1− µn−α/(λm − λs)→ 1 as n→∞ since α > 0. We also have that

lim
n→∞

nα−u
−
n (ε)(1−λm/λs) = lim

n→∞
nαn

ε
tn

(1−λm/λs)n−ũn(1−λm/λs)

= eε(λm−λs) lim
n→∞

nα−ũn(1−λm/λs)

= eε(λm−λs) lim
n→∞

e[α−ũn(1−λm/λs)] logn

= 0

since ũn → −αλs/λm as n → ∞ by Proposition 1. Therefore, the right-hand side of

equation (3.2) converges to µ
λm−λs (1 − eελm) < 0. So B̄2(n, ε) is negative in the large

population limit. Putting this all together, we have our desired result: P(B̄1(n, ε) +

B̄2(n, ε) + B̄3(n, ε) > 0)→ 0 as n→∞. Therefore, we have shown P(τn < un − ε)→ 0

as n → ∞. The proof that P(τn > un + ε) → 0 as n → ∞ follows using a similar

argument.

3.5.4 Proof of Proposition 2

Proof. Let’s start by proving the i = s case. That is, we want to show that

lim
n→∞

P

(
sup

z∈[c,u+n (ε)]

nα+λmz/λs−1 |Xs(ztn)− φs(ztn)| > δ

)
= 0.

Because a branching process normalized by its mean is a martingale, we know that

Zs(z) = nα+z−1 (Xs(ztn)− φs(ztn)) is a martingale in z. To prove our desired result

for i = s, we need to show
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lim
n→∞

P

(
sup

z∈[c,u+n (ε)]

nλmz/λs−z|Zs(z)| > δ

)
= 0.

Note that

sup
z∈[c,u+n (ε)]

nλmz/λs−z|Zs(z)| ≤ sup
z∈[c,u+n (ε)]

nλmz/λs−z · sup
z∈[c,u+n (ε)]

|Zs(z)|

= nλmc/λs−c · sup
z∈[c,u+n (ε)]

|Zs(z)|.

Therefore, we have that

P

(
sup

z∈[c,u+n (ε)]

nλmz/λs−z|Zs(z)| > δ

)
≤ P

(
nλmc/λs−c · sup

z∈[c,u+n (ε)]

|Zs(z)| > δ

)

= P

(
sup

z∈[c,u+n (ε)]

|Zs(z)| > δ · nc−λmc/λs
)

≤ 1

δ2
n2λmc/λs−2c · E

[(
Zs(u

+
n (ε))

)2]
by Doob’s Martingale Inequality. Note that

E
[(
Zs(u

+
n (ε))

)2]
= E

[(
nα+u+n (ε)−1Xs(u

+
n (ε)tn)− nα+u+n (ε)−1φs(u

+
n (ε)tn)

)2
]

= Var
[
nα+u+n (ε)−1Xs(u

+
n (ε)tn)

]
.

Therefore, now we have
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P

(
sup

z∈[c,u+n (ε)]

nλmz/λs−z|Zs(z)| > δ

)

≤ 1

δ2
n2λmc/λs−2c ·Var

[
nα+u+n (ε)−1Xs(u

+
n (ε)tn)

]
=

1

δ2
n2λmc/λs−2cn2α+2u+n (ε)−2n1−u+n (ε)

(
rs + ds
−λs

)(
1− n−u

+
n (ε)
)

=
1

δ2

(
rs + ds
−λs

)(
1− n−u

+
n (ε)
)
n2α+2c(λm/λs−1)+u+n (ε)−1.

Clearly, 1
δ2

(
rs+ds
−λs

)
is just a finite constant. Note that

lim
n→∞

(
1− n−u

+
n (ε)
)

= 1− lim
n→∞

n−ε/tnn−ũn

= 1− eελs lim
n→∞

e−ũn logn

= 1

since ũn → −λsα/λm as n→∞ by Proposition 1. We also have that

lim
n→∞

n2α+2c(λm/λs−1)+u+n (ε)−1 = lim
n→∞

n
2α+

αλs(λs−2λm)
λm(λm−λs)

·λm−λs
λs

−1
nũnnε/tn

= e−ελs lim
n→∞

n2α+α(λs−2λm)/λm−1+ũn

= e−ελs lim
n→∞

e[ũn+αλs/λm−1] logn

= 0

since ũn → −λsα/λm as n→∞ by Proposition 1. So we are done with the i = s case.

Next, let’s prove the desired result for i = m. As a reminder, we want to show that

lim
n→∞

P

(
sup

z∈[c,u+n (ε)]

nα+λmz/λs−1 |Xm(ztn)− φm(ztn)| > δ

)
= 0.

Note that
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φm(ztn) =

∫ ztn

0
µn−αneλsseλm(ztn−s) ds

= µn1−λmz/λs−α
∫ ztn

0
e(λs−λm)s ds.

Therefore,

nα+λmz/λs−1 (Xm(ztn)− φm(ztn))

= nα+λmz/λs−1Xm(ztn)− µ
∫ ztn

0
e(λs−λm)s ds

= nα+λmz/λs−1Xm(ztn)− µ

n

∫ ztn

0
Xs(s)e

−λms ds

+
µ

n

∫ ztn

0

(
Xs(s)− neλss

)
e−λms ds.

Taking the absolute value of both sides and using the triangle inequality, we get

nα+λmz/λs−1 |Xm(ztn)− φm(ztn)|

≤
∣∣∣∣nα+λmz/λs−1Xm(ztn)− µ

n

∫ ztn

0
Xs(s)e

−λms ds

∣∣∣∣
+
µ

n

∫ ztn

0

∣∣∣Xs(s)− neλss
∣∣∣ e−λms ds.

This implies that

sup
z∈[c,u+n (ε)]

nα+λmz/λs−1 |Xm(ztn)− φm(ztn)|

≤ sup
z∈[c,u+n (ε)]

∣∣∣∣nα+λmz/λs−1Xm(ztn)− µ

n

∫ ztn

0
Xs(s)e

−λms ds

∣∣∣∣
+ sup
z∈[c,u+n (ε)]

µ

n

∫ ztn

0

∣∣∣Xs(s)− neλss
∣∣∣ e−λms ds.

Hence
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P

(
sup

z∈[c,u+n (ε)]

nα+λmz/λs−1 |Xm(ztn)− φm(ztn)| > δ

)

≤ P

(
sup

z∈[c,u+n (ε)]

∣∣∣∣nα+λmz/λs−1Xm(ztn)− µ

n

∫ ztn

0
Xs(s)e

−λms ds

∣∣∣∣ > δ/2

)

+ P

(
sup

z∈[c,u+n (ε)]

µ

n

∫ ztn

0

∣∣∣Xs(s)− neλss
∣∣∣ e−λms ds > δ/2

)
.

The process in the second term of the above sum is monotonically increasing in z. So

we may simplify the expression above to

P

(
sup

z∈[c,u+n (ε)]

nα+λmz/λs−1 |Xm(ztn)− φm(ztn)| > δ

)

≤ P

(
sup

z∈[c,u+n (ε)]

∣∣∣∣nα+λmz/λs−1Xm(ztn)− µ

n

∫ ztn

0
Xs(s)e

−λms ds

∣∣∣∣ > δ/2

)

+ P

(
µ

n

∫ u+n (ε)tn

0

∣∣∣Xs(s)− neλss
∣∣∣ e−λms ds > δ/2

)
.

By Lemma 1 in [69], we know that

e−λmtXm(t)−
∫ t

0
µn−αe−λmsXs(s) ds

is a martingale. Setting t = ztn = z
−λs log n, we get that

nλmz/λsXm(ztn)− µ

nα

∫ ztn

0
e−λmsXs(s) ds

is a martingale in z. Since linear combinations of martingales are also martingales,

nα+λmz/λs−1Xm(ztn)− µ

n

∫ ztn

0
e−λmsXs(s) ds

is also a martingale in z. Therefore,∣∣∣∣nα+λmz/λs−1Xm(ztn)− µ

n

∫ ztn

0
Xs(s)e

−λms ds

∣∣∣∣
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is a non-negative submartingale in z, so we can apply Doob’s Martingale Inequality to

get

P

(
sup

z∈[c,u+n (ε)]

nα+λmz/λs−1 |Xm(ztn)− φm(ztn)| > δ

)

≤ 4

δ2
· E

[(
nα+λmu

+
n (ε)/λs−1Xm(un + ε)− µ

n

∫ un+ε

0
Xs(s)e

−λms ds

)2
]

+ P
(
µ

n

∫ un+ε

0

∣∣∣Xs(s)− neλss
∣∣∣ e−λms ds > δ/2

)
.

(3.3)

Let us start by showing that the second term in (3.3) converges to zero. Since conver-

gence in mean implies convergence in probability (by Markov’s Inequality), it suffices

to show that

lim
n→∞

E
[
µ

n

∫ un+ε

0

∣∣∣Xs(s)− neλss
∣∣∣ e−λms ds] = 0,

or, equivalently,

lim
n→∞

µ

n

∫ un+ε

0
E
[∣∣∣Xs(s)− neλss

∣∣∣] e−λms ds = 0.

By the Cauchy-Schwarz Inequality, we know

E
[∣∣∣Xs(s)− neλss

∣∣∣] ≤√E
[
|Xs(s)− neλss|2

]
≤
√

Var [Xs(s)]

= n1/2

[(
rs + ds
λs

)(
e2λss − eλss

)]1/2

.

Multiplying both sides by µ
ne
−λms and integrating yields
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µ

n

∫ un+ε

0
E
[∣∣∣Xs(s)− neλss

∣∣∣] e−λms ds
≤ µ

n1/2

∫ un+ε

0

[(
rs + ds
λs

)(
e2λss − eλss

)]1/2

e−λms ds

= µ

(
rs + ds
−λsn

)1/2 ∫ un+ε

0

(
1− eλss

)1/2
eλss/2e−λms ds

≤ µ
(
rs + ds
−λsn

)1/2 ∫ un+ε

0
e(λs/2−λm)s ds

=
µ

λs/2− λm

(
rs + ds
−λsn

)1/2 (
e(λs/2−λm)(un+ε) − 1

)
.

Note that, since un = ũntn = ũn
−λs log n,

e(λs/2−λm)(un+ε) = e(λs/2−λm) ũn
−λs

logne(λs/2−λm)ε

= n(λm/λs−1/2)ũne(λs/2−λm)ε,

which converges to zero since ũn → −λsα
λm

as n→∞ by Proposition 1. Therefore,

lim
n→∞

µ

n

∫ un+ε

0
E
[∣∣∣Xs(s)− neλss

∣∣∣] e−λms ds = 0,

as desired. Next, we will show the first term in (3.3) converges to zero as well.

E

[(
nα+λmu

+
n (ε)/λs−1Xm(un + ε)− µ

n

∫ un+ε

0
Xs(s)e

−λms ds

)2
]

= n2(α+λmu
+
n (ε)/λs−1)E

[
Xm(un + ε)2

]
− 2µnα+λmu

+
n (ε)/λs−2

∫ un+ε

0
E [Xs(s)Xm(un + ε)] e−λms ds

+
(µ
n

)2
∫ un+ε

0

∫ un+ε

0
E [Xs(s)Xs(y)] e−λmse−λmy ds dy.

From Lemma 1 in [18], we know that
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E
[
Xm(un + ε)2

]
=
( µ
nα

)2
∫ un+ε

0

∫ un+ε

0
E [Xs(s)Xs(y)] eλm(2un+2ε−s−y) ds dy

+
( µ
nα

)∫ un+ε

0
E [Xs(s)]E

[
X̃m(un + ε− s)2

]
ds,

E [Xs(s)Xm(un + ε)] =
( µ
nα

)∫ un+ε

0
E [Xs(y)Xs(s)] e

λm(un+ε−y) dy,

where X̃m is a binary branching process starting from size one with birth rate rm and

death rate dm. Substituting these expressions into our equation yields

E

[(
nα+λmu

+
n (ε)/λs−1Xm(un + ε)− µ

n

∫ un+ε

0
Xs(s)e

−λms ds

)2
]

= µ2n2(λmu
+
n (ε)/λs−1)

∫ un+ε

0

∫ un+ε

0
E [Xs(s)Xs(y)] eλm(2un+2ε−s−y) ds dy

+ µnα+2(λmu
+
n (ε)/λs−1)

∫ un+ε

0
E [Xs(s)]E

[
X̃m(un + ε− s)2

]
ds

− 2µ2nλmu
+
n (ε)/λs−2

∫ un+ε

0

∫ un+ε

0
E [Xs(s)Xs(y)] eλm(un+ε−s−y) ds dy

+ µ2n−2

∫ un+ε

0

∫ un+ε

0
E [Xs(s)Xs(y)] e−λm(s+y) ds dy.

Then, by the definition of u+
n (ε),
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E

[(
nα+λmu

+
n (ε)/λs−1Xm(un + ε)− µ

n

∫ un+ε

0
Xs(s)e

−λms ds

)2
]

= µ2n
−2
(
λm(un+ε)

logn
+1
) ∫ un+ε

0

∫ un+ε

0
E [Xs(s)Xs(y)] eλm(2un+2ε−s−y) ds dy

+ µn
α−2

(
λm(un+ε)

logn
+1
) ∫ un+ε

0
E [Xs(s)]E

[
X̃m(un + ε− s)2

]
ds

− 2µ2n
−λm(un+ε)

logn
−2
∫ un+ε

0

∫ un+ε

0
E [Xs(s)Xs(y)] eλm(un+ε−s−y) ds dy

+ µ2n−2

∫ un+ε

0

∫ un+ε

0
E [Xs(s)Xs(y)] e−λm(s+y) ds dy

=
(µ
n

)2
∫ un+ε

0

∫ un+ε

0
E [Xs(s)Xs(y)] e−λm(s+y) ds dy

+ µnα−2e−2λm(un+ε)

∫ un+ε

0
E [Xs(s)]E

[
X̃m(un + ε− s)2

]
ds

− 2
(µ
n

)2
∫ un+ε

0

∫ un+ε

0
E [Xs(s)Xs(y)] e−λm(s+y) ds dy

+
(µ
n

)2
∫ un+ε

0

∫ un+ε

0
E [Xs(s)Xs(y)] e−λm(s+y) ds dy

= µnα−2e−2λm(un+ε)

∫ un+ε

0
E [Xs(s)]E

[
X̃m(un + ε− s)2

]
ds.

Note that

E [Xs(t)] = neλst,

E
[
X̃m(t)2

]
=

2rm
λm

e2λmt − rm + dm
λm

eλmt.

Substituting these into the above expression yields
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E

[(
nα+λmu

+
n (ε)/λs−1Xm(un + ε)− µ

n

∫ un+ε

0
Xs(s)e

−λms ds

)2
]

= µnα−2e−2λm(un+ε)

∫ un+ε

0
neλss

(
2rm
λm

e2λm(un+ε−s) − rm + dm
λm

eλm(un+ε−s)
)
ds

=
2rmµn

α−1

λm

∫ un+ε

0
e(λs−2λm)s ds

− µnα−1(rm + dm)

λm
e−λm(un+ε)

∫ un+ε

0
e(λs−λm)s ds

=
2rmµn

α−1

λm(λs − 2λm)

(
e(λs−2λm)(un+ε) − 1

)
− µnα−1(rm + dm)

λm(λs − λm)

(
e(λs−2λm)(un+ε) − e−λm(un+ε)

)
.

Since un = ũntn and tn = −1
λs

log n, the expression above is equivalent to

µnα−1

λm

[
e(λs−2λm)(ũn

−1
λs

logn+ε)

(
2rm

λs − 2λm
− rm + dm
λs − λm

)
− 2rm
λs − 2λm

+
rm + dm
λs − λm

e−λm(ũn
−1
λs

logn+ε)

]
.

Because ũn → −λsα
λm

as n → ∞, e(λs−2λm)(ũn
−1
λs

logn+ε) → 0 and e−λm(ũn
−1
λs

logn+ε) → 0.

Therefore, the entire expression above converges to zero since α < 1, so we are done.

3.5.5 Proof of Proposition 3

Proof. Let f̂n(z) =
∑M

k=2 φk(ztn)− n. Taking the first derivative of φ2 with respect to

z, we get

d

dz
φ2(ztn) = −n1−z log n.

Taking a second derivative yields
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d2

dz2
φ2(ztn) = (log n)2n1−z

> 0.

Hence φ2(ztn) is concave up everywhere. Now for k > 2, we have

φk(ztn) =
νk−2(−1)k

mk−2
n1−(k−2)βS̃k(z).

Taking the first derivative of this equation with respect to z, we get

d

dz
φk(ztn) =

νk−2(−1)k

mk−2
n1−(k−2)β log n

(
−λi
λ2

)
S̃k(z).

Taking a second derivative yields

d2

dz2
φk(ztn) =

νk−2(−1)k

mk−2
n1−(k−2)β(log n)2

(
λi
λ2

)2

S̃k(z)

∼ νk−2(−1)k

mk−2
n1−(k−2)β(log n)2 (λk/λ2)2n−λkz/λ2

P̃k,k

> 0.

So φk(ztn) is concave up in the large population limit for all k ≥ 2. Therefore,∑M
k=2 φk(ztn) is concave up since a sum of concave up functions is always concave up.

Hence f̂n(z) is concave up as well. Since f̂n(z) is clearly differentiable everywhere, this

implies that either f̂n(z) is monotonically increasing everywhere, or f̂n(z) is decreasing

on the first part of its domain and then increasing on the rest of its domain. Note that

f̂n(0) = 0. We also have that
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f̂n(bn) = n1−bn +
M∑
k=3

νk−2(−1)k

mk−2
n1−(k−2)βS̃k(bn)− n

= n

[
n
λ2
λM

β(M−2)
n

1
λMtn

log

[
νM−2(−1)M

mM−2P̃M,M

(
λ2−λM
λ2

)]

+

M∑
k=3

νk−2(−1)k

mk−2

k∑
i=2

n−β(k−2)n
λi
λM

β(M−2)
n

λi
λMλ2tn

log

[
νM−2(−1)M

mM−2P̃M,M

(
λ2−λM
λ2

)]
P̃i,k

− 1

]

∼ n

 M∑
k=3

νk−2(−1)k

mk−2
·
nβ[λk(M−2)/λM−(k−2)]

[
νM−2(−1)M

mM−2P̃M,M

(
λ2−λM
λ2

)]−λk/λM
P̃k,k

− 1


= n

[
M−1∑
k=3

νk−2(−1)k

mk−2
·
nβ[λk(M−2)/λM−(k−2)]

[
νM−2(−1)M

mM−2P̃M,M

(
λ2−λM
λ2

)]−λk/λM
P̃k,k

+
λ2

λ2 − λM
− 1

]
.

Note that

[
λk(M − 2)

λM
− (k − 2)

]

=

[
λ2 + (k − 2)λM−λ2M−2

]
(M − 2)−

[
λ2 + (M − 2)λM−λ2M−2

]
(k − 2)

λM

=
λ2(M − 2) + (k − 2)(λM − λ2)− λ2(k − 2)− (k − 2)(λM − λ2)

λM

=
λ2

λM
(M − k),

so we can substitute this to get
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f̂n(bn) ∼ n

[
M−1∑
k=3

νk−2(−1)k
[
νM−2(−1)M

mM−2P̃M,M

(
λ2−λM
λ2

)]−λk
λM

mk−2P̃k,k
nβλ2(M−k)/λM +

λ2

λ2 − λM
− 1

]

∼ n
(

λ2

λ2 − λM
− 1

)
< 0.

So f̂n(bn) < 0 in the large population limit. Similarly,

f̂n(Bn) = n1−Bn +
M∑
k=3

νk−2(−1)k

mk−2
n1−(k−2)βS̃k(Bn)− n

= n

[
n
λ2
λM

β(M−2)
n

1
λMtn

log

[
νM−2(−1)M

mM−2P̃M,M

]

+

M∑
k=3

νk−2(−1)k

mk−2

k∑
i=2

n−β(k−2)n
λi
λM

β(M−2)
n

λi
λMλ2tn

log

[
νM−2(−1)M

mM−2P̃M,M

]
P̃i,k

− 1

]

∼ n

 M∑
k=3

νk−2(−1)k

mk−2
·
nβ[λk(M−2)/λM−(k−2)]

[
νM−2(−1)M

mM−2P̃M,M

]−λk/λM
P̃k,k

− 1


= n

M−1∑
k=3

νk−2(−1)k
[
νM−2(−1)M

mM−2P̃M,M

]−λk/λM
mk−2P̃k,k

nβλ2(M−k)/λM


> 0.

So f̂n(Bn) > 0 in the large population limit. Therefore, we know that f̂n(z) must be

monotonically decreasing on the first part of its domain and monotonically increasing

on the rest of its domain. This implies that there exists one and only one positive

solution ṽn to the equation f̂n(z) = 0. And since f̂n(bn) < 0 and f̂n(Bn) > 0 in the

large population limit, we must have bn < ṽn < Bn. Lastly, because limn→∞ bn =

limn→∞Bn = − λ2
λM

β(M − 2), the solution ṽn → − λ2
λM

β(M − 2) as n→∞ as well.
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3.5.6 Proof of Theorem 2

Proof. In order to show the desired result, we must show

lim
n→∞

P(ωn > vn + ε) + lim
n→∞

P(ωn < vn − ε) = 0.

Let’s start by proving that P(ωn < vn − ε)→ 0 as n→∞. Note that

P(ωn < vn − ε) = P
(
ωn
tn

< v−n (ε)

)
≤ P

(
sup

z∈[d,v−n (ε)]

(
M∑
k=2

Xk(ztn)− n

)
> 0

)

= P

(
sup

z∈[d,v−n (ε)]

nβ(M−2)+λMz/λ2−1

(
M∑
k=2

Xk(ztn)

+
M∑
k=2

φk(ztn)−
M∑
k=2

φk(ztn)− n

)
> 0

)

≤ P

(
M∑
k=2

B̂k(n, ε) + B̂φ(n, ε) > 0

)
,

where

B̂k(n, ε) = sup
z∈[d,v−n (ε)]

nβ(M−2)+λMz/λ2−1 (Xk(ztn)− φk(ztn)) ,

B̂φ(n, ε) = sup
z∈[d,v−n (ε)]

nβ(M−2)+λMz/λ2−1

(
M∑
k=2

φk(ztn)− n

)
.

Note that

sup
z∈[d,v−n (ε)]

∣∣∣nβ(M−2)+λMz/λ2−1 (Xk(ztn)− φk(ztn))
∣∣∣

≤ sup
z∈[d,v+n (ε)]

nβ(M−2)+λMz/λ2−1 |Xk(ztn)− φk(ztn)| ,
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which converges to zero in probability by Proposition 4. Now we just need to show

that B̂φ(n, ε) is negative in the large population limit. Define a function given by

ĝn(z) = nβ(M−2)+λMz/λ2−1
(∑M

k=2 φk(ztn)− n
)

. Using the definitions of φ2 and φk for

k > 2, we see that

ĝn(z) = nβ(M−2)+λMz/λ2−1

(
n1−z +

M∑
k=3

νk−2(−1)k

mk−2
n1−(k−2)βS̃k(z)− n

)

= n
β(M−2)+z

(
λM
λ2
−1
)

+

M∑
k=3

νk−2(−1)k

mk−2

k∑
i=2

n
β(M−k)+

λM−λi
λ2

z

P̃i,k
− nβ(M−2)+

λM
λ2

z

= n
(M−2)

(
β+mz

λ2

)
+

M∑
k=3

νk−2(−1)k

mk−2

k∑
i=2

n
β(M−k)+

(M−i)mz
λ2

P̃i,k
− n(M−2)

(
β+mz

λ2

)
+z
.

Taking the derivative with respect to z yields

ĝ′n(z) = n(M−2)(β+mz/λ2) log n · (M − 2)m

λ2

+
M∑
k=3

νk−2(−1)k

mk−2

k∑
i=2

nβ(M−k)+(M−i)mz/λ2 log n · (M−i)m
λ2

P̃i,k

− n(M−2)(β+mz/λ2)+z log n ·
(

(M − 2)m

λ2
+ 1

)
=

log n

λ2

[
(M − 2)m · n(M−2)(β+mz/λ2)

+
M∑
k=3

νk−2(−1)k

mk−2

k∑
i=2

(M − i)m
P̃i,k

nβ(M−k)+(M−i)mz/λ2 − λMn(M−2)(β+mz/λ2)+z

]

∼ log n

λ2

[
M∑
k=3

νk−2(−1)k(M − k)

mk−3P̃k,k
n(M−k)(β+mz/λ2) − λMn(M−2)(β+mz/λ2)+z

]
.

When z ≥ d, we have that z > −λ2β
M−2
λM−λ2 = −λ2β/m by (3.1). Therefore, mz/λ2 <

−β, and hence β +mz/λ2 < 0. This implies that, when z ≥ d,
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ĝ′n(z) ∼ log n

λ2

[
νM−2(−1)M (M −M)

mM−3P̃M,M

n(M−M)(β+mz/λ2) − λMn(M−2)(β+mz/λ2)+z

]

=
λM log n

−λ2
n(M−2)(β+mz/λ2)+z

> 0 for sufficiently large n.

Hence ĝn(z) is monotonically increasing in the large population limit for all z ≥ d.

Specifically, ĝn(z) is monotonically increasing on the interval [d, v−n (ε)]. Therefore, we

may rewrite B̂φ(n, ε) as

B̂φ(n, ε) = nβ(M−2)+λMv
−
n (ε)/λ2−1

(
M∑
k=2

φk(v
−
n (ε)tn)− n

)
.

Then by the definitions of φ2 and φk for k > 2, we have

B̂φ(n, ε) = nβ(M−2)+λMv
−
n (ε)/λ2−1

(
n1−v−n (ε) +

M∑
k=3

νk−2(−1)k

mk−2
n1−(k−2)βS̃k(v

−
n (ε))− n

)

= n(M−2)(β+mv−n (ε)/λ2)+v−n (ε)−1

(
n1−v−n (ε)

+

M∑
k=3

νk−2(−1)k

mk−2
n1−(k−2)β

k∑
i=2

n−v
−
n (ε)−(i−2)mv−n (ε)/λ2

P̃i,k
− n

)

∼ n(M−2)(β+mv−n (ε)/λ2)

(
M∑
k=3

νk−2(−1)k

mk−2
· n
−(k−2)(β+mv−n (ε)/λ2)

P̃k,k
− nv

−
n (ε)

)
.

Since v−n (ε) > d, we have that v−n (ε) > −λ2β
M−2
λM−λ2 = −λ2β/m by (3.1). Therefore,

mv−n (ε)/λ2 < −α, and hence α+mv−n (ε)/λ2 < 0. This implies that

B̂φ(n, ε) ∼ n(M−2)(β+mv−n (ε)/λ2)

(
νM−2(−1)M

mM−2P̃M,M

n−(M−2)(β+mv−n (ε)/λ2) − nv
−
n (ε)

)

=
νM−2(−1)M

mM−2P̃M,M

− nβ(M−2)+λMv
−
n (ε)/λ2 .
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Note that

nβ(M−2)+λMv
−
n (ε)/λ2 = nβ(M−2)n

ελM
lognnλM ṽn/λ2

= eελMnβ(M−2)+λM ṽn/λ2

≥ eελMnβ(M−2)+λMBn/λ2

= eελMn
β(M−2)+

λM
λ2
· 1
λM

[
−λ2β(M−2)− 1

tn
log

[
νM−2(−1)M

mM−2P̃M,M

]]

= eελMn
β(M−2)−β(M−2)+ 1

logn
log

[
νM−2(−1)M

mM−2P̃M,M

]

= eελM
νM−2(−1)M

mM−2P̃M,M

.

Therefore, we have that

B̂φ(n, ε) ∼ νM−2(−1)M

mM−2P̃M,M

− nβ(M−2)+λMv
−
n (ε)/λ2

≤ νM−2(−1)M

mM−2P̃M,M

− eελM ν
M−2(−1)M

mM−2P̃M,M

=
νM−2(−1)M

mM−2P̃M,M

(
1− eελM

)
.

So B̂φ(n, ε) is definitely negative in the large population limit. Putting this all together,

we have that P
(∑M

k=2 B̂k(n, ε) + B̂φ(n, ε) > 0
)
→ 0 as n → ∞. Therefore, we have

shown P(ωn < vn − ε) → 0 as n → ∞. The proof that P(ωn > vn + ε) → 0 as n → ∞
follows using a similar argument.

3.5.7 Proof of Proposition 4

Proof. Let’s start by proving the k = 2 case. That is, we want to show that

lim
n→∞

P

(
sup

z∈[d,v+n (ε)]

nβ(M−2)+λMz/λ2−1 |X2(ztn)− φ2(ztn)| > δ

)
= 0.
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Because a branching process normalized by its mean is a martingale, we know that

Z2(z) = nβ(M−2)+z−1 (X2(ztn)− φ2(ztn)) is a martingale in z. To prove our desired

result for k = 2, we need to show

lim
n→∞

P

(
sup

z∈[d,v+n (ε)]

n(λM−λ2)z/λ2 |Z2(z)| > δ

)
= 0,

or, equivalently,

lim
n→∞

P

(
sup

z∈[d,v+n (ε)]

n(M−2)mz/λ2 |Z2(z)| > δ

)
= 0.

Note that

sup
z∈[d,v+n (ε)]

n(M−2)mz/λ2 |Z2(z)| ≤ sup
z∈[d,v+n (ε)]

n(M−2)mz/λ2 · sup
z∈[d,v+n (ε)]

|Z2(z)|

= n(M−2)md/λ2 · sup
z∈[d,v+n (ε)]

|Z2(z)|.

Therefore, we have that

P

(
sup

z∈[d,v+n (ε)]

n(M−2)mz/λ2 |Z2(z)| > δ

)

≤ P

(
n(M−2)md/λ2 · sup

z∈[d,v+n (ε)]

|Z2(z)| > δ

)

= P

(
sup

z∈[d,v+n (ε)]

|Z2(z)| > δ · n(2−M)md/λ2

)

≤ 1

δ
n(M−2)md/λ2 · E

[∣∣Z2(v+
n (ε))

∣∣] by Doob’s Martingale Inequality

=
1

δ
n(M−2)md/λ2 · E

[∣∣∣nβ(M−2)+v+n (ε)−1(X2(v+
n (ε)tn)− φ2(v+

n (ε)tn))
∣∣∣]

=
1

δ
nβ(M−2)+(M−2)md/λ2+v+n (ε)−1 · E

[∣∣X2(v+
n (ε)tn)− φ2(v+

n (ε)tn)
∣∣] .

Clearly,
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∣∣X2(v+
n (ε)tn)− φ2(v+

n (ε)tn)
∣∣ ≤ ∣∣X2(v+

n (ε)tn)
∣∣+
∣∣φ2(v+

n (ε)tn)
∣∣

= X2(v+
n (ε)tn) + φ2(v+

n (ε)tn).

This implies that

E
[∣∣X2(v+

n (ε)tn)− φ2(v+
n (ε)tn)

∣∣] ≤ E
[
X2(v+

n (ε)tn) + φ2(v+
n (ε)tn)

]
= 2φ2(v+

n (ε)tn).

And hence

P

(
sup

z∈[d,v+n (ε)]

n(M−2)mz/λ2 |Z2(z)| > δ

)
≤ 2

δ
nβ(M−2)+(M−2)md/λ2+v+n (ε)−1n1−v+n (ε)

=
2

δ
n(M−2)(β+md/λ2).

So it suffices to show that β +md/λ2 < 0. From (3.1), we have that

d > −λ2β
M − 2

λM − λ2
=
−λ2β

m
,

which implies that md/λ2 < −β, so we are done with the k = 2 case.

Next, let’s prove the desired result for k > 2. Note that

φk(ztn) =

∫ ztn

0
νn−βφk−1(s)eλk(ztn−s) ds

= νn−β−λkz/λ2
∫ ztn

0
φk−1(s)e−λks ds.

Therefore,
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nβ(M−2)+λMz/λ2−1 (Xk(ztn)− φk(ztn))

= nβ(M−2)+λMz/λ2−1Xk(ztn)− νnβ(M−3)+(λM−λk)z/λ2−1

∫ ztn

0
φk−1(s)e−λks ds

= nβ(M−2)+λMz/λ2−1Xk(ztn)− νnβ(M−3)+(M−k)mz/λ2−1

∫ ztn

0
φk−1(s)e−λks ds

= nβ(M−2)+λMz/λ2−1Xk(ztn)− νnβ(M−3)+(M−k)mz/λ2−1

∫ ztn

0
Xk−1(s)e−λks ds

+ νnβ(M−3)+(M−k)mz/λ2−1

∫ ztn

0
(Xk−1(s)− φk−1(s)) e−λks ds.

Taking the absolute value of both sides and using the triangle inequality, we get

nβ(M−2)+λMz/λ2−1 |Xk(ztn)− φk(ztn)|

≤
∣∣∣∣nβ(M−2)+λMz/λ2−1Xk(ztn)− νnβ(M−3)+(M−k)mz/λ2−1

∫ ztn

0
Xk−1(s)e−λks ds

∣∣∣∣
+ νnβ(M−3)+(M−k)mz/λ2−1

∫ ztn

0
|Xk−1(s)− φk−1(s)| e−λks ds.

This implies that

sup
z∈[d,v+n (ε)]

nβ(M−2)+λMz/λ2−1 |Xk(ztn)− φk(ztn)|

≤ sup
z∈[d,v+n (ε)]

∣∣∣∣∣nβ(M−2)+λMz/λ2−1Xk(ztn)

− νnβ(M−3)+(M−k)mz/λ2−1

∫ ztn

0
Xk−1(s)e−λks ds

∣∣∣∣∣
+ sup
z∈[d,v+n (ε)]

νnβ(M−3)+(M−k)mz/λ2−1

∫ ztn

0
|Xk−1(s)− φk−1(s)| e−λks ds.

Hence



103

P

(
sup

z∈[d,v+n (ε)]

nβ(M−2)+λMz/λ2−1 |Xk(ztn)− φk(ztn)| > δ

)

≤ P

(
sup

z∈[d,v+n (ε)]

∣∣∣∣∣nβ(M−2)+λMz/λ2−1Xk(ztn)

− νnβ(M−3)+(M−k)mz/λ2−1

∫ ztn

0
Xk−1(s)e−λks ds

∣∣∣∣∣ > δ/2

)

+ P

(
sup

z∈[d,v+n (ε)]

νn
β(M−3)+

(M−k)mz
λ2

−1
∫ ztn

0
|Xk−1(s)− φk−1(s)| e−λks ds > δ/2

)
.

(3.4)

As a reminder, our goal is to show that (3.4) converges to 0 as n→∞.

Let’s start with the second term. Note that

sup
z∈[d,v+n (ε)]

νnβ(M−3)+(M−k)mz/λ2−1

∫ ztn

0
|Xk−1(s)− φk−1(s)| e−λks ds

≤ sup
z∈[d,v+n (ε)]

νnβ(M−3)+(M−k)mz/λ2−1 sup
z∈[d,v+n (ε)]

∫ ztn

0
|Xk−1(s)− φk−1(s)| e−λks ds

= νnβ(M−3)+(M−k)md/λ2−1

∫ v+n (ε)tn

0
|Xk−1(s)− φk−1(s)| e−λks ds.

So, in order to show the second term in (3.4) converges to 0, we must show

lim
n→∞

P

(
νnβ(M−3)+(M−k)md/λ2−1

∫ v+n (ε)tn

0
|Xk−1(s)− φk−1(s)| e−λks ds > δ/2

)
= 0.

Since convergence in mean implies convergence in probability (by Markov’s Inequality),

it suffices to show that

lim
n→∞

E

(
νnβ(M−3)+(M−k)md/λ2−1

∫ v+n (ε)tn

0
|Xk−1(s)− φk−1(s)| e−λks ds

)
= 0
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or, equivalently,

lim
n→∞

νnβ(M−3)+(M−k)md/λ2−1

∫ vn+ε

0
E [|Xk−1(s)− φk−1(s)|] e−λks ds = 0.

Note that

|Xk−1(s)− φk−1(s)| ≤ |Xk−1(s)|+ |φk−1(s)| by the triangle inequality

= Xk−1(s) + φk−1(s).

Taking the mean of both sides yields

E [|Xk−1(s)− φk−1(s)|] ≤ E [Xk−1(s) + φk−1(s)]

= 2φk−1(s).

Multiplying both sides by νnβ(M−3)+(M−k)md/λ2−1e−λks and integrating gives us the

following inequality:

νnβ(M−3)+(M−k)md/λ2−1

∫ vn+ε

0
E [|Xk−1(s)− φk−1(s)|] e−λks ds

≤ νnβ(M−3)+(M−k)md/λ2−1

∫ vn+ε

0
2φk−1(s)e−λks ds.

So it suffices to show that

lim
n→∞

νnβ(M−3)+(M−k)md/λ2−1

∫ vn+ε

0
2φk−1(s)e−λks ds = 0

or, equivalently,

lim
n→∞

nβ(M−3)+(M−k)md/λ2−1

∫ vn+ε

0
E [Xk−1(s)] e−λks ds = 0.

Using the definition of E [Xk−1(s)], we see that



105

nβ(M−3)+(M−k)md/λ2−1

∫ vn+ε

0
E [Xk−1(s)] e−λks ds

= nβ(M−3)+(M−k)md/λ2−1

∫ vn+ε

0

[
νk−3n1−(k−3)β(−1)k−1Sk−1(s)

]
e−λks ds

= νk−3nβ(M−k)+(M−k)md/λ2(−1)k−1

∫ vn+ε

0

k−1∑
i=2

e(λi−λk)s

Pi,k−1
ds

=
( ν
m

)k−3
n(M−k)(β+md/λ2)(−1)k−1

k−1∑
i=2

∫ vn+ε

0

e(i−k)ms

P̃i,k−1

ds

=
νk−3

mk−2
n(M−k)(β+md/λ2)(−1)k

k−1∑
i=2

1

P̃i,k

(
e(i−k)m(vn+ε) − 1

)
.

Since vn = ṽntn = − ṽn
λ2

log n,

e(i−k)m(vn+ε) = e
(k−i)m ṽn

λ2
logn

e(i−k)mε

= n(k−i)mṽn/λ2e(i−k)mε.

So we want to show that

lim
n→∞

νk−3

mk−2
n(M−k)(β+md/λ2)(−1)k

k−1∑
i=2

1

P̃i,k

(
n(k−i)mṽn/λ2e(i−k)mε − 1

)
= 0

or, equivalently,

lim
n→∞

n(M−k)(β+md/λ2)
k−1∑
i=2

1

P̃i,k

(
n(k−i)mṽn/λ2e(i−k)mε − 1

)
= 0.

Since ṽn → − λ2
λM

β(M − 2) as n → ∞, we have that n(k−i)mṽn/λ2 → 0 and hence

n(k−i)mṽn/λ2e(i−k)mε − 1 → −1. Therefore, this problem simplifies to showing that

n(M−k)(β+md/λ2) → 0 as n→∞. But we have already seen that β +md/λ2 < 0 in the

k = 2 case, so we have the desired result.

Now that we have proved the second term in (3.4) converges to 0 as n→∞, all we
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have left is to show that the first term converges to 0 as well. By Lemma 1 in [69], we

know that

e−λktXk(t)−
∫ t

0
νn−βe−λksXk−1(s) ds

is a martingale. Setting t = ztn = − z
λ2

log n, we get that

nλkz/λ2Xk(ztn)− νn−β
∫ ztn

0
e−λksXk−1(s) ds

is a martingale in z. Since linear combinations of martingales are also martingales,

n
λk
λ2
z+β(M−2)+

λM−λk
λ2

z−1
Xk(ztn)− νn−β+β(M−2)+

λM−λk
λ2

z−1
∫ ztn

0
Xk−1(s)e−λks ds

is also a martingale in z. The expression above simplifies to

nβ(M−2)+λMz/λ2−1Xk(ztn)− νnβ(M−3)+(M−k)mz/λ2−1

∫ ztn

0
Xk−1(s)e−λks ds.

Therefore,

∣∣∣∣nβ(M−2)+λMz/λ2−1Xk(ztn)− νnβ(M−3)+(M−k)mz/λ2−1

∫ ztn

0
Xk−1(s)e−λks ds

∣∣∣∣
is a non-negative submartingale in z, so we can apply Doob’s Martingale Inequality to

get
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P

(
sup

z∈[d,v+n (ε)]

∣∣∣∣∣nβ(M−2)+λMz/λ2−1Xk(ztn)

− νnβ(M−3)+(M−k)mz/λ2−1

∫ ztn

0
Xk−1(s)e−λks ds

∣∣∣∣∣ > δ/2

)

≤ 4

δ2
· E

[(
nβ(M−2)+λMv

+
n (ε)/λ2−1Xk(vn + ε)

− νnβ(M−3)+(M−k)mv+n (ε)/λ2−1

∫ vn+ε

0
Xk−1(s)e−λks ds

)2]
.

Therefore, it suffices to show that

lim
n→∞

E

[(
nβ(M−2)+λMv

+
n (ε)/λ2−1Xk(vn + ε)

− νnβ(M−3)+(M−k)mv+n (ε)/λ2−1

∫ vn+ε

0
Xk−1(s)e−λks ds

)2]
= 0.

We can expand the quantity above as follows:

E

[(
nβ(M−2)+λMv

+
n (ε)/λ2−1Xk(vn + ε)

− νnβ(M−3)+(M−k)mv+n (ε)/λ2−1

∫ vn+ε

0
Xk−1(s)e−λks ds

)2]
= n2β(M−2)+2λMv

+
n (ε)/λ2−2E

[
Xk(vn + ε)2

]
− 2νnβ(2M−5)+(2λM−λk)v+n (ε)/λ2−2

∫ vn+ε

0
E [Xk−1(s)Xk(vn + ε)] e−λks ds

+ ν2n
2β(M−3)+2

λM−λk
λ2

v+n (ε)−2
∫ vn+ε

0

∫ vn+ε

0
E [Xk−1(s)Xk−1(y)] e−λk(s+y) ds dy.

By making a slight modification to the proof of Lemma 1 in [18], we have that
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E
[
Xk(vn + ε)2

]
= (νn−β)2

∫ vn+ε

0

∫ vn+ε

0
E [Xk−1(s)Xk−1(y)] eλk(2vn+2ε−s−y) ds dy

+ νn−β
∫ vn+ε

0
E [Xk−1(s)]E

[
X̃k(vn + ε− s)2

]
ds

E [Xk−1(s)Xk(vn + ε)] = νn−β
∫ vn+ε

0
E [Xk−1(s)Xk−1(y)] e−λk(vn+ε−y) dy

where X̃k is a binary branching process starting from size one with birth rate rk and

death rate dk. Substituting these expressions into our equation yields

E

[(
nβ(M−2)+λMv

+
n (ε)/λ2−1Xk(vn + ε)

− νnβ(M−3)+(M−k)mv+n (ε)/λ2−1

∫ vn+ε

0
Xk−1(s)e−λks ds

)2]

= ν2n
2β(M−3)+

2λMv+n (ε)

λ2
−2
∫ vn+ε

0

∫ vn+ε

0
E [Xk−1(s)Xk−1(y)] eλk(2vn+2ε−s−y) ds dy

+ νn
β(2M−5)+

2λMv+n (ε)

λ2
−2
∫ vn+ε

0
E [Xk−1(s)]E

[
X̃k(vn + ε− s)2

]
ds

− 2ν2n
2β(M−3)+

(2λM−λk)v
+
n (ε)

λ2
−2
∫ vn+ε

0

∫ vn+ε

0
E [Xk−1(s)Xk−1(y)] eλk(vn+ε−s−y) ds dy

+ ν2n
2β(M−3)+

2(λM−λk)v
+
n (ε)

λ2
−2
∫ vn+ε

0

∫ vn+ε

0
E [Xk−1(s)Xk−1(y)] e−λk(s+y) ds dy.

Then, by definition of v+
n (ε),
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E

[(
nβ(M−2)+λMv

+
n (ε)/λ2−1Xk(vn + ε)

− νnβ(M−3)+(M−k)mv+n (ε)/λ2−1

∫ vn+ε

0
Xk−1(s)e−λks ds

)2]

= ν2n2β(M−3)−2e−2λM (vn+ε)

∫ vn+ε

0

∫ vn+ε

0
E [Xk−1(s)Xk−1(y)] eλk(2vn+2ε−s−y) ds dy

+ νnβ(2M−5)−2e−2λM (vn+ε)

∫ vn+ε

0
E [Xk−1(s)]E

[
X̃k(vn + ε− s)2

]
ds

− 2ν2n2β(M−3)−2e(λk−2λM )(vn+ε)

∫ vn+ε

0

∫ vn+ε

0
E [Xk−1(s)Xk−1(y)] eλk(vn+ε−s−y) ds dy

+ ν2n2β(M−3)−2e2(λk−λM )(vn+ε)

∫ vn+ε

0

∫ vn+ε

0
E [Xk−1(s)Xk−1(y)] e−λk(s+y) ds dy

= ν2n2β(M−3)−2e2(λk−λM )(vn+ε)

∫ vn+ε

0

∫ vn+ε

0
E [Xk−1(s)Xk−1(y)] e−λk(s+y) ds dy

+ νnβ(2M−5)−2e−2λM (vn+ε)

∫ vn+ε

0
E [Xk−1(s)]E

[
X̃k(vn + ε− s)2

]
ds

− 2ν2n2β(M−3)−2e2(λk−λM )(vn+ε)

∫ vn+ε

0

∫ vn+ε

0
E [Xk−1(s)Xk−1(y)] e−λk(s+y) ds dy

+ ν2n2β(M−3)−2e2(λk−λM )(vn+ε)

∫ vn+ε

0

∫ vn+ε

0
E [Xk−1(s)Xk−1(y)] e−λk(s+y) ds dy

= νnβ(2M−5)−2e−2λM (vn+ε)

∫ vn+ε

0
E [Xk−1(s)]E

[
X̃k(vn + ε− s)2

]
ds.

Note that

E [Xk−1(s)] = νk−3n1−(k−3)β(−1)k−1Sk−1(s),

E
[
X̃k(vn + ε− s)2

]
=

2rk
λk

e2λk(vn+ε−s) − rk + dk
λk

eλk(vn+ε−s).

Substituting these into the above expression yields
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E

[(
nβ(M−2)+λMv

+
n (ε)/λ2−1Xk(vn + ε)

− νnβ(M−3)+(M−k)mv+n (ε)/λ2−1

∫ vn+ε

0
Xk−1(s)e−λks ds

)2]
= νnβ(2M−5)−2e−2λM (vn+ε)·∫ vn+ε

0
νk−3n1−(k−3)β(−1)k−1Sk−1(s)

(
2rk
λk

e2λk(vn+ε−s) − rk + dk
λk

eλk(vn+ε−s)
)
ds

= νk−2nβ(2M−k−2)−1e−2λM (vn+ε)(−1)k−1

[
2rk
λk

e2λk(vn+ε)

∫ vn+ε

0

k−1∑
i=2

e(λi−2λk)s

Pi,k−1
ds

− rk + dk
λk

eλk(vn+ε)

∫ vn+ε

0

k−1∑
i=2

e(λi−λk)s

Pi,k−1
ds

]

= νk−2nβ(2M−k−2)−1(−1)k−1e−2λM (vn+ε) 1

λk
·

k−1∑
i=2

[
2rk

(
eλi(vn+ε) − e2λk(vn+ε)

)
(λi − 2λk)Pi,k−1

−
(rk + dk)

(
eλi(vn+ε) − eλk(vn+ε)

)
(λi − λk)Pi,k−1

]
.

Now note that

2rk
(
eλi(vn+ε) − e2λk(vn+ε)

)
(λi − 2λk)Pi,k−1

−
(rk + dk)

(
eλi(vn+ε) − eλk(vn+ε)

)
(λi − λk)Pi,k−1

=
2rk(λi − λk)

(
eλi(vn+ε) − e2λk(vn+ε)

)
− (rk + dk)(λi − 2λk)

(
eλi(vn+ε) − eλk(vn+ε)

)
(λi − λk)(λi − 2λk)Pi,k−1

=
λk (λi + 2dk) e

λi(vn+ε) + (rk + dk) (λi − 2λk) e
λk(vn+ε) + 2rk (λk − λi) e2λk(vn+ε)

(λi − λk)(λi − 2λk)Pi,k−1
.

Substituting this back in, we get
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E

[(
nβ(M−2)+λMv

+
n (ε)/λ2−1Xk(vn + ε)

− νnβ(M−3)+(M−k)mv+n (ε)/λ2−1

∫ vn+ε

0
Xk−1(s)e−λks ds

)2]
= νk−2nβ(2M−k−2)−1(−1)k−1e−2λM (vn+ε) 1

λk
·

k−1∑
i=2

λk (λi + 2dk) e
λi(vn+ε) + (rk + dk) (λi − 2λk) e

λk(vn+ε) + 2rk (λk − λi) e2λk(vn+ε)

(λi − λk)(λi − 2λk)Pi,k−1

∼ νk−2nβ(2M−k−2)−1(−1)k−1e−2λM (vn+ε)

λk(λk−1 − λk)(λk−1 − 2λk)Pk−1,k−1
·[

(rk + dk)(λk−1 − 2λk)e
λk(vn+ε) + 2rk(λk − λk−1)e2λk(vn+ε)

]
.

Since vn = ṽntn = − ṽn
λ2

log n,

E

[(
nβ(M−2)+λMv

+
n (ε)/λ2−1Xk(vn + ε)

− νnβ(M−3)+(M−k)mv+n (ε)/λ2−1

∫ vn+ε

0
Xk−1(s)e−λks ds

)2]

∼ νk−2nβ(2M−k−2)−1(−1)k−1e−2λM εe
2λM ṽn
λ2

logn

λk(λk−1 − λk)(λk−1 − 2λk)Pk−1,k−1
·[

(rk + dk)(λk−1 − 2λk)e
λkεe

λkṽn
−λ2

logn
+ 2rk(λk − λk−1)e2λkεe

2λkṽn
−λ2

logn
]

=
νk−2(−1)k−1e−2λM ε

λk(λk−1 − λk)(λk−1 − 2λk)Pk−1,k−1
·[

(rk + dk)(λk−1 − 2λk)e
λkεnβ(2M−k−2)−1+(2λM−λk)ṽn/λ2

+ 2rk(λk − λk−1)e2λkεnβ(2M−k−2)−1+2(λM−λk)ṽn/λ2
]
.

Note that
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2λM − λk
λ2

=
2(λ2 + (M − 2)m)− (λ2 + (k − 2)m)

λ2

= 1 +
m(2M − k − 2)

λ2
.

Therefore,

lim
n→∞

nβ(2M−k−2)−1+(2λM−λk)ṽn/λ2 = lim
n→∞

n
β(2M−k−2)−1+ṽn+

m(2M−k−2)
λ2

ṽn

= lim
n→∞

e

[
β(2M−k−2)−1+ṽn+

m(2M−k−2)
λ2

ṽn
]

logn
.

Then, since

lim
n→∞

[
β(2M − k − 2)− 1 + ṽn +

m(2M − k − 2)

λ2
ṽn

]
= β(2M − k − 2)− 1− λ2

λM
β(M − 2)− m(2M − k − 2)

λ2

λ2

λM
β(M − 2)

= β(2M − k − 2)

(
1− M − 2

λM

λM − λ2

M − 2

)
− 1− λ2

λM
β(M − 2)

=
λ2

λM
β(M − k)− 1

< 0,

by Proposition 3, we have that

lim
n→∞

nβ(2M−k−2)−1+(2λM−λk)ṽn/λ2 = 0.

Similarly, note that

2
λM − λk

λ2
= 2

(λ2 + (M − 2)m)− (λ2 + (k − 2)m)

λ2

= 2m
M − k
λ2

.



113

Therefore,

lim
n→∞

nβ(2M−k−2)−1+2(λM−λk)ṽn/λ2 = lim
n→∞

n
β(2M−k−2)−1+2mM−k

λ2
ṽn

= lim
n→∞

e

[
β(2M−k−2)−1+2mM−k

λ2
ṽn
]

logn
.

We also have that

lim
n→∞

[
β(2M − k − 2)− 1 + 2m

M − k
λ2

ṽn

]
= β(2M − k − 2)− 1− 2m

M − k
λ2

λ2

λM
β(M − 2) by Proposition 3

= β(M − 2) + β(M − k)− 1− 2β

(
1− λ2

λM

)
(M − k)

= β(M − 2)− 1 + β(M − k)

(
2
λ2

λM
− 1

)
.

Since β(M − k)(2λ2/λM − 1) < 0 and β < 1/(M − 2), the above limit is negative, and

hence

lim
n→∞

nβ(2M−k−2)−1+2(λM−λk)ṽn/λ2 = 0.

So we are done.
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