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Abstract

The evolution of resistance to therapy remains a significant challenge to the clinical
treatment of cancer. As a tumor evolves, new genetic variants possessing a fitness
advantage over normal cancer cells may be produced, thus leading to the development
of resistance. Because the underlying biological processes driving this evolution are
inherently random, they may be modeled using stochastic processes. This thesis consists
of two main projects in which branching process models are employed to study the
evolution of resistance to cancer therapy.

In the first project, we develop a stochastic model of a non-small cell lung tumor
undergoing treatment with a combination of two drugs. One drug is the current standard
therapy used in the clinic to treat this disease, which has proven to be ineffective in the
long term due to the inevitable development of resistance. The other is a novel drug
specifically aimed at targeting oxygen-deprived regions in tumors. Using this model,
we show that a therapeutic regimen in which both drugs are given may greatly improve
patient outcomes over the current standard monotherapy. We also use our model to
predict the optimal combination treatment protocol.

The goal of the second project is to understand the impact of different resistance
mechanisms on tumor recurrence. We define two separate branching process models to
compare the case in which resistance arises via a single gene mutation with the case in
which resistance arises via a gradual gene amplification process. We prove law of large
numbers results regarding the convergence of the stochastic tumor recurrence times in

both models and use these results to compare the two resistance mechanisms.
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Chapter 1

Introduction

Cancer is a leading cause of death worldwide, and many cancer-related deaths can be
attributed to the development of resistance to therapy. Traditionally, cancer has been
treated using a variety of chemotherapeutic agents. However, recent efforts to better
understand the specific molecular processes underlying the growth and spread of cancer
have led to the development of a new treatment modality known as “targeted therapy”
[1]. This term refers to any anticancer therapy designed to act on a specific molec-
ular target believed to play a critical role in cancer progression. The invention and
widespread clinical use of these targeted therapies has significantly impacted the way in
which certain cancers are treated [2]. Tyrosine kinase inhibitors such as imatinib, gefi-
tinib, and erlotinib represent a primary example of this shift in approaches to treatment
[3]. Imatinib is currently used in the clinic as a first-line treatment for chronic myeloge-
nous leukemia (CML). Additionally, non-small cell lung cancers (NSCLCs) driven by
mutations in the epidermal growth factor receptor (EGFR) are very responsive to both
gefitinib and erlotinib. In contrast with traditional cytotoxic chemotherapy, these drugs
stop the growth and spread of NSCLC by preventing the cancer cells from multiplying.

Although initially hypothesized to revolutionize the treatment of cancer, targeted
therapies have some very significant drawbacks, the most notable of which is the devel-
opment of resistance. The evolution of drug resistance is evident in virtually all patients
who undergo therapy with one of these targeted drugs [4]. For example, despite ini-
tial responses to therapy, NSCLC patients taking erlotinib eventually experience disease

progression, usually within a period of 12 to 18 months after starting treatment [5]. This
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development of resistance to targeted therapies remains a significant challenge to the
clinical treatment of cancer. Acquiring a more complete understanding of the evolution
of resistant cancer cell populations during therapy may be the key to designing more
effective therapeutic regimens capable of preventing or delaying disease progression due
to resistance.

A significant amount of research effort has been dedicated to gaining insights into
the development of resistance via mathematical modeling. Some of these models have
focused on answering questions regarding the case of pre-existing resistance, in which
resistant cells arise prior to the beginning of treatment. Other models have been devel-
oped to address the problem of resistance emerging during the course of treatment. In
this thesis, we will focus on the second case, in which a patient who is initially sensitive
to therapy acquires resistance.

Goldie and Coldman used a stochastic mathematical model to examine the proba-
bility of resistance arising during therapy, and concluded that both early initiation of
therapy and the use of multiple drugs in combination can reduce the risk of resistance
[6, [7]. Later on, using a multi-type pure birth process, Coldman and Murray found that
early intensification of therapy maximizes the product of the probability of cure and the
probability of no toxicity [8]. More recently, Iwasa et al. used a mutli-type branching
process to model a heterogeneous population of cells and found that the probability of
cure is largest when many different drugs are used since the cancer cells cannot escape
extinction unless they evolve mutations that confer resistance to all of the drugs [9].

Komarova and Wodarz developed a stochastic model to study multi-drug resistance,
where resistance to each drug is driven by an independent mutation [10]. They then
defined another stochastic model to examine the effect of cancer stem cell quiescence on
the development of resistance [I1]. Using the model previously defined by Komarova
in [12] together with a computational approach, Komarova et al. found that the use of
two drugs increases the probability of treatment success in CML, but additional drugs
provide no additional advantage [13].

In order to reflect the anti-proliferative effect of many targeted therapies, Foo and
Michor constructed a non-homogeneous multi-type birth-death process model of resis-
tance in which birth and death rates of both sensitive and resistant cells vary with

drug concentration [14] [15]. They developed an approach to identify optimal dosing
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strategies, given drug concentration-dependent birth and death rates. Specifically in
the context of EGFR-mutant NSCLC, Chmielecki et al. and Foo et al. used evolution-
ary modeling to identify optimal dosing strategies to either prevent or delay resistance
to erlotinib [16, [17]. Later on, Foo and Leder used a similar branching process model to
characterize the time during treatment at which the tumor population begins expanding
as well as the time at which the resistant cells begin to dominate the tumor [18].

The remainder of this thesis builds on this body of work and is divided into two main
parts. Chapter [2| employs a computational approach to solve a more applied problem,
whereas Chapter [3] utilizes an analytical approach to solve a more theoretical problem.
In Chapter [2] we use a stochastic model of EGFR-mutant NSCLC to understand the
impact of tumor heterogeneity on the evolution of resistance to erlotinib. This model
suggests that, by combining erlotinib with a second drug specifically designed to target
oxygen-deprived regions within the tumor, patient outcomes may be significantly im-
proved. Furthermore, we optimize combination treatment protocols to minimize tumor
burden and risk of resistance. The work in Chapter [2| was completed in collaboration
with Shannon Mumenthaler and Colleen Garvey at the University of Southern Cali-
fornia. In Chapter [3] we study the stochasticity of the tumor recurrence time in two
different models in which resistance arises via two separate biological mechanisms. We
prove law of large numbers results for both of these stochastic times and use our results

to compare the impacts of these two resistance mechanisms on tumor recurrence.



Chapter 2

Understanding the Impact of the

Tumor Microenvironment

2.1 Background

Solid tumor vasculature is characterized by a disorganized, aberrant network structure
of tortuous, hyperpermeable blood vessels [19]. These characteristics lead to nonuniform
spatial distributions of drug and oxygen (as well as other nutrients and growth factors)
throughout tumors, which in turn have been implicated in the emergence and evolution
of resistance [20} 211, 22], 23] 24], 25]. Indeed, several recent studies have demonstrated
that the presence of spatial gradients of drug in an environment can accelerate the
emergence of antibiotic resistance in bacteria [26, 27]. One explanation for this phe-
nomenon is that regions of low drug concentration generate local niches where sustained
cell proliferation drives the production of new genetic variants. These spatial regions
often coincide with hypoxic (low oxygen) conditions where drug-resistant variants may
possess a survival advantage over drug-sensitive cells [28] 20, 29, 30} B31], thus enabling
the establishment of stable pockets of drug resistance in tumor regions not easily ac-
cessible by drugs. In light of these observations, one strategy proposed is to design
therapy regimens that exploit the interaction between tumor cell populations and their
environments to achieve long-term tumor eradication or control.

Hypoxia is defined as reduced levels of molecular oxygen (typically less than 1%) in

tissue. In contrast, ambient air exists at approximately 21% and most human organs

4



5
have oxygen levels in the range of 2% to 9% [32]. The prevalence of hypoxic regions in
solid tumors has led to the development of hypoxia-activated prodrugs (HAPSs), which
are compounds designed to metabolize into active drugs upon entry into hypoxic en-
vironments [33, 34 35, B6]. For example, one such compound, evofosfamide, consists
of a radical anion linked to a potent DNA-alkylating agent which penetrates effectively
through tissues under normoxic (normal oxygen) conditions. Under hypoxic conditions,
however, the radical anion undergoes irreversible fragmentation and releases the acti-
vated drug into the tumor [37, B6]. This type of novel action allows evofosfamide to
penetrate and target cancer cells within hypoxic regions of a tumor, unlike standard
therapies whose range is often confined to well-vascularized, normoxic regions.

Currently, several HAPs are in clinical trials [38]. Tirapazamine was the first HAP
to be tested in the clinic, in combination with both chemotherapy and radiotherapy;
however, results did not show any significant therapeutic benefit. It was thought that off-
target toxicity and insufficient tissue penetration were the primary contributing factors
to this result. More recently, evofosfamide, which has a superior tissue-penetration
ability, underwent Phase III testing in combination with chemotherapies for pancreatic
cancer and soft tissue sarcoma. Neither of these trials demonstrated a significant survival
benefit. However, given the response kinetics of hypoxic cancer cells to these therapies
in preclinical studies, we hypothesize that the potential of HAPs has not yet been fully
realized in previous clinical trials, and that mathematical modeling may be beneficial
in identifying the combination treatment strategies that lead to survival benefit. It
has been demonstrated in previous work that identifying the right dosing schedule is
important in improving cancer treatment outcomes, and further that mathematical
modeling is an effective tool to help identify optimal administration strategies [16] [17,
39]. In particular, it was demonstrated in [39] that altering the timing of treatment
periods in sequential combination therapies may prevent or delay the emergence of drug
resistance.

This work builds upon a large body of literature on evolutionary modeling of drug
resistance in cancer (see, e.g. the review [40] and references therein). Here we discuss
a few recent contributions to modeling combination therapies in cancer. For example,
Komarova et al. [13] utilized a stochastic birth-death process model to study the impact

of combination therapies in Chronic Myeloid Leukemia, finding that a combination of
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two but not three drugs should be used in the prevention of drug resistance. In a later
work by the same authors, Katouli et al. [41] designed a general algorithm to com-
pare combination treatment protocols in Chronic Myeloid Leukemia according to their
cross-resistance properties, and to identify the protocols with the highest probability of
treatment success. Most recently, Bozic et al. [42] developed a mathematical model that
predicts responses to combinations of targeted inhibitors in melanoma patients. Using
this model, the author predicted that combinations of two or three drugs will be far
more effective than sequential treatment with the same agents, with the potential for
complete cure.

Here we will focus our modeling efforts on designing HAP-targeted combination
treatment strategies for NSCLC. Erlotinib is a tyrosine kinase inhibitor commonly used
to treat EGFR-mutant NSCLC [43], 144}, 45]. However, most patients develop resistance
and disease progression within 12-18 months of starting treatment [5]. Consequently,
novel approaches to prevent, or at least delay, the onset of resistance to erlotinib are
of great clinical importance. A significant amount of research has been dedicated to
improving treatment of NSCLC. Several studies have shown that it may be beneficial to
continue therapy with tyrosine kinase inhibitors such as erlotinib even after the point of
disease progression [46], 47, [48]. Previous work has focused on the use of mathematical
models of tumor growth and resistance during erlotinib treatment to optimize therapeu-
tic strategies and minimize a patient’s risk of resistance [17,[16]. Another approach that
has been extensively studied is the use of combination therapy to mitigate resistance to
erlotinib [39, [49] 50]. However, these studies lack a consideration for the heterogeneous
oxygen and drug distributions throughout the tumor, and in particular their role in
mediating tumor response to therapy and the emergence of drug resistance. Recently,
Mumenthaler et al. demonstrated through modeling efforts that the consideration of
heterogeneous tumor oxygenation and drug concentration reveals dramatically different
treatment outcomes and evolutionary responses to therapy when compared to models
under homogeneous environmental conditions [20].

In this work, we investigate the potential benefits of using a HAP in combination
with standard therapy to prevent the emergence of resistance to erlotinib in NSCLC.

We design a stochastic mathematical model, with parameters informed by experimental
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data, to describe the evolutionary dynamics of a cancer cell population within a het-
erogeneous tumor microenvironment during treatment with erlotinib and evofosfamide.
Using this model, we show that a combination treatment strategy results in treatment
outcomes preferable to those resulting from monotherapy with either of these drugs
alone. We also use a novel approach to define toxicity constraints for this combination
therapy, which allows us to optimize treatment strategies over the space of tolerated
dosing schedules using both drugs in order to minimize tumor burden and probability
of resistance. Determining toxicity constraint profiles for combination therapies could
have significant clinical implications as severe toxicity issues is one of the major reasons

that HAP combinations have not been successful in clinical trials.

2.2 Methods

In the following we describe an evolutionary mathematical modeling approach to eval-
uate the impact of combination erlotinib-evofosfamide therapy on a NSCLC tumor cell
population, in which each tumor cell response is dependent upon local environmen-
tal concentrations of oxygen and drug. The pseudo-spatial model is comprised of a
weighted series of environmental compartments whose oxygen and drug profiles mirror
tumor physiologic data. The model is parameterized using (i) experimentally calculated
growth rates under a spectrum of environmental perturbations of oxygen and erlotinib
concentration, (ii) published experimental results on cell viability in response to evofos-
famide therapy, (iii) tumor oxygenation measurements, and (iv) pharmacokinetic data
mapping evofosfamide and erlotinib dose to plasma concentration. We also utilize clini-
cal trial data for both therapies to design a methodology for inferring toxicity constraints

on the space of possible combination treatment strategies.

2.2.1 Evolutionary Model

In order to model tumor evolution within an environment with heterogeneous oxygen
and drug concentrations, we consider a stochastic population dynamic process in which
the cell population is distributed amongst a series of habitats with varying oxygen and
drug profiles. Oxygen concentration within the tumor decays exponentially as a function

of distance from the nearest blood vessel. This decay rate is parameterized in the model
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based on estimates of the half-length away from the blood vessel [20]. This is used
to define the oxygen concentration in each microenvironmental compartment; hence
every compartment corresponds to a volume some distance from the nearest blood
vessel. To estimate the relative contributions of each of these compartments to the
tumor microenvironment, we utilize experimental data capturing relative frequencies of
a spectrum of oxygen partial pressures throughout solid tumors [5I]. We consider a
total of 32 environmental compartments in which compartment ¢ has an oxygen partial
pressure of 2.5 - i mmHg to mirror this data. We then construct a mixture model of
compartments in which the weighting of each compartment is determined based on
the relative frequency of its corresponding oxygen partial pressure in the experimental

profile. A schematic of this process is depicted in Figure 2.1

-_

Distance from nearest Relative frequencies in
blood vessel TME

Closer Further

-

Il
ool —

More Less
Oxygen concentration

Figure 2.1: Tumor microenvironment modeling process. This schematic shows
the process used to model the tumor microenvironment as a set of discrete compart-
ments. A series of compartments is defined based on various distances from the nearest
blood vessel, and the oxygen concentration in each compartment is calculated accord-
ingly. The relative weights of the compartments are determined based on experimental
observations of oxygen partial pressure distribution in solid tumors.

Within each compartment, we use a multi-type, non-homogeneous, continuous-time
birth-death process to model the population of cancer cells during treatment. We assume
for now that the evolutionary dynamics within each microenvironmental compartment
are independent. (This assumption will be relaxed later, see Section) The number of
erlotinib-sensitive cells in compartment 4 at time ¢ is denoted by X;(¢), and the number

of erlotinib-resistant cells in compartment ¢ at time ¢ is given by Y;(¢). The joint process
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Xi(t) = (X;(t), Yi(t)) represents the combined state of the sensitive and resistant cell
populations in compartment ¢ at time ¢. In compartment ¢, erlotinib-sensitive cells
proliferate and die with rates Ay ;(t) and px ;(t), respectively, while erlotinib-resistant
cells proliferate and die with rates \y;(¢) and py;(t). These birth and death rates reflect
the effect of treatment on the cancer cell population in an environmental compartment
i, and therefore depend on the concentrations of oxygen and both drugs found in that
compartment at time ¢. During every sensitive cell division, a mutation may arise with
some small probability u, giving rise to a new resistant cell. This mutation rate falls
in the range between 10~ and 1076 [17, 52| [53]. Here we use u = 10~7. We consider
an initial population of M = 1.6 - 10% erlotinib-sensitive cancer cells and zero resistant
cells. The number of sensitive cells M; initially in compartment ¢ is calculated using
the relative compartment weights.

The evolutionary dynamics within each microenvironmental compartment can be
described using analytic approximations for the probability of resistance and means of
the sensitive and resistant cell populations. The derivations of these analytic expressions
are outlined elsewhere [I5]. Because u is very small, we approximate 1 —u ~ 1 in the
following. Then the population of sensitive cells X;(¢) in compartment i can be described
using a simple birth-death process. Hence the mean number of sensitive cells at time ¢

in this compartment is

E[X;(t)] = M;exp [/Ot (Axi(T) — px,i(7)) dT] : (2.1)

The mean number of resistant cells in this compartment at time ¢ is

E[Y;(t)] = /0 () exp [ /O T w4 1) — a4 ) dn} dr, (2.2)

where b;(t), the rate of production at time ¢ of the resistant cells from the sensitive cell

population in compartment ¢, is given by the formula

bi(t) = M; exp [ /0 t x.i(7) — pxa(7) dT] Axa(t)u.

Lastly, the probability of resistance in compartment 7 at time ¢ is
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P[Y;(t) > 0] =1 —exp [/Ot —b;(T) (1 — PF*(T,t)) dT | . (2.3)

PY(T, t) represents the probability that a group of resistant cells originating from a
single resistant cell produced at time 7" in compartment 7 is completely extinct by time

t, and is given by the formula

fg_T py i (T + Tw; (T, T)dr
Lt fo =" v + Twi(r, T)dr

Piezt (T, t) —

where

wi(r,T) = exp [ / " (yan +T) = Avaln + 7)) dn]

Now we calculate the probability of resistance and means of the sensitive and resis-
tant cell populations in the entire tumor at time ¢. We can obtain the means at time ¢
of the sensitive cell population X () and the resistant cell population Y (¢) in the entire

tumor by summing over all compartments:

E[X ()] = Y ELX(0)
E[Y (0] = Y E[Yi(t)

Here, E[X;(t)] and E[Y;(t)] are given by equation ({2.1)) and equation (2.2)), respectively.

The mean tumor size at time ¢ is given by

E[X(t) +Y(t)] =E[X ()] +E[Y ()]

The probability that there exists one or more resistant cells in compartment 7 at time ¢
is P[Y;(¢) > 0]. Then 1 — P[Y;(¢) > 0] is the probability of having zero resistant cells in
this compartment at time ¢. Since we assume independence of the microenvironmental
compartments, this implies the probability of having no resistant cells in the entire tumor
at time ¢ is given by [, (1 — P[Yi(¢) > 0]). Therefore, the probability of resistance at

time t is
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PY(t) > 0] =1—[[ (1 - P[Yi(t) > 0]),

%

where P[Y;(t) > 0] is given by equation (2.3)).

2.2.2 Model Parameterization

The evolutionary dynamics of the tumor cell population depend on the birth and death
rates of sensitive and resistant cells in each microenvironmental compartment. These
rates, in turn, vary as the concentrations of both drugs change over time. To reflect
this variation, we first define distinct functions describing the individual effects of er-
lotinib and evofosfamide on these birth and death rates. The growth kinetics of the
cancer cell population during treatment by each of these drugs are estimated using a
combination of pharmacokinetic and experimental cell viability data. In the following
sections, functions pertaining to erlotinib are denoted with 1’s and functions pertaining
to evofosfamide are denoted using 2’s. We note that the birth and death rates used in
this parameterization are taken from in vitro data. Thus the specific time scale and cell

population sizes of the model predictions are relevant to the in vitro setting.

Effect of Erlotinib and Oxygen on Growth Kinetics

Recent experimental results have demonstrated that the response of NSCLC tumor
cells to erlotinib is dependent on the tumor microenvironment and, in particular, oxy-
gen concentration. In [20], this dependence was quantified by obtaining live/dead cell
counts for isogenic HCC827 sensitive and resistant (harboring the T790M resistance
mutation) cell lines in witro at varying concentrations of oxygen and drug. We then
calculated birth and death rates of erlotinib-sensitive and erlotinib-resistant cells in
terms of oxygen concentration x and erlotinib concentration ¢; using an exponential
growth model. Given an erlotinib concentration of ¢; uM, let the index I(c;) be given
by I(c1) = LlOcl + %J -+ 1. Then the birth and death rate functions approximating the

experimental data are defined as follows:
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Ax (2, ¢1) = SBre)q + @ - SBi(ey)2 + 1.217 - SBye)) 3,
p(z,c1) = SDriey1 + - SDpiey2 +1.217 - SDy(cp) 3
Ay (z,¢1) = RBy(e)y1 + @ - RBr(e) 2 + 1.217 - RBy()) 3,
py (2, ¢1) = RDy(e 1 + @+ RDjcy) 2 + 1.217 - RDp()) 3,

where SB, SD, RB, and RD are given by the matrices in Section 2.7 The “control”
birth and death rates in the absence of drug in compartment ¢ with oxygen concentration

x; are then given by:

S = Ax (@, 0), (2.4)
i = i (4, 0), (2.5)
S0 = Ay (2, 0), (2.6)
15 = ny (2, 0). (2.7)

For each compartment, by setting the oxygen concentration in these functions equal
to the oxygen concentration in that compartment, we obtain birth and death rates
of sensitive and resistant cells as functions of erlotinib concentration. For example,
Figure shows the net growth rates of sensitive and resistant cells as functions of
erlotinib concentration at a low oxygen concentration (0.33%) as well as a high oxygen
concentration (10.5%). These values correspond to the concentrations of oxygen in the
compartment furthest from the blood vessel and closest to the blood vessel, respectively.
We observe that overall drug response for both cell types is more pronounced in high
oxygen compartments than in low oxygen compartments, which actually comprise the
tumor bulk. Strikingly, the resistant cells display essentially complete resistance under
low oxygen levels but only partial resistance under high oxygen levels, whereas the
sensitive cells exhibit only a minor increase in drug tolerance under low-oxygen levels.
During the course of treatment with erlotinib, we let the birth and death rates of the
sensitive cell population in compartment 7 be denoted by )\ki(t) and ,uﬁw-(t), and we let

)\%@(t) and u%,ﬂ-(t) represent the birth and death rates of the resistant cell population in
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Figure 2.2: Net growth rates as functions of erlotinib concentration. Examples
of net growth rates of sensitive and resistant cells are shown as functions of erlotinib
concentration. These rates are shown in blue for a low oxygen concentration (0.33%),
corresponding to that which is found in the compartment furthest from the blood vessel,
as well as in red for a high oxygen concentration (10.5%), corresponding to that which
is found in the compartment closest to the blood vessel. Solid lines represent sensitive
cell growth rates, and dotted lines represent resistant cell growth rates.

Analysis of erlotinib pharmacokinetic data. During treatment, the concentration of
erlotinib within each compartment fluctuates in time, according to the dosing schedule.
Assume erlotinib is administered in doses of D1 mg every T; hours. We first determine
how the drug concentration varies at the blood vessel over the course of treatment. To
define the plasma concentration over time after one dose of D mg erlotinib, we assume
this quantity decays exponentially as a function of time and let p;(t) = c’lmxe_klt de-
scribe this exponential decay, where c]"** is the maximum plasma concentration achieved
after one dose of erlotinib and & is the rate of decay. Using the clinical pharmacoki-
netic data in [17, 54}, [55], we acquire pairs of best-fit parameters for this function at a

variety of doses between 100 and 300 mg. The values obtained for k; are averaged to
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produce ki = 0.0307, and a linear function ¢{***(D;) = 7D; + 365 is defined to reflect
the relationship between dose and maximum plasma concentration. Hence we define
erlotinib plasma concentration after one dose, given an initial dose D1, as a function of

time:

p1(t) = (7D + 365)e 00307, (2.8)

Using this function for plasma concentration after one dose of erlotinib, we define a
function to describe plasma concentration over time for the entire course of treatment
with erlotinib. The concentration of erlotinib at the blood vessel at some time ¢t €

[Ty, (n+ 1)Ty) for n = 0,1,2,... is given by

C1(t) = zn: p1(t —iTy). (2.9)
=0

Erlotinib concentration decays spatially away from the vessel exponentially. Since ex-
perimental characterization of erlotinib drug penetration in solid tumors in unavailable
currently, this decay rate is parameterized based on the decay rate of doxorubicin, which
has a similar molecular weight to erlotinib [21]; in [20], a range of decay rates was inves-
tigated to account for differences in cellular uptake rate between these two molecules.
Combining this decay rate with C(t) fully specifies a new function C ;(t) for the con-
centration of erlotinib in each compartment ¢ at time ¢. For example, the concentration
of erlotinib over time, given a standard dosing schedule of 150 mg erlotinib daily, is
plotted for two different compartments (the compartments closest to and furthest from
the nearest blood vessel) in Figure

By substituting C;;(t) into these expressions, we obtain functions describing the
birth and death rates of sensitive and resistant cells in compartment ¢ at any time ¢

during treatment:

(2.10)
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Figure 2.3: Example of erlotinib concentration over time. Examples of plasma
concentration functions over time are shown for erlotinib. Given a standard dosing
schedule of 150 mg erlotinib administered daily, the red curve shows the concentration
of erlotinib found in the compartment closest to the nearest blood vessel, and the blue
curve shows the erlotinib concentration found in the compartment furthest from the
nearest blood vessel.

Effect of Evofosfamide and Oxygen on Growth Kinetics

Next, we consider the effect of evofosfamide on the erlotinib-sensitive and erlotinib-
resistant cell populations in each microenvironmental compartment. Note that the
mechanisms of action differ greatly between erlotinib and evofosfamide. In particular,
the mutation conferring resistance to erlotinib occurs in the EGFR kinase domain,
which is independent of the action of evofosfamide; thus the presence of this mutation
is not thought to impact evofosfamide response. So we assume the same response of
erlotinib-sensitive and erlotinib-resistant cells to evofosfamide.

We start by defining the percent of viable cells V;(C3) in compartment ¢ as a function
of evofosfamide concentration. Suppose that, for a fixed concentration of oxygen, cell

viability behaves as a logistic function with respect to drug concentration. Let V(Cs) =
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100 — He‘éa/ﬁ + 1+e<0§*a)/3’ with A, a, and § unknown parameters, to reflect the fact
that cells are 100% viable in the absence of drug (V(0) = 100). We fit this logistic

function to to multiple experimentally-derived data sets for cell viability in [37], each

at a different fixed oxygen concentration between 0% and 21%, to obtain values for A,
a, and . The estimates of A are averaged to yield A = 88.5983, and the relationship
between « and [ for compartment ¢ and x;, the oxygen concentration in compartment

1, is described as follows:

(1.937 - 107 ") — (2.932-107%)2? + (1.252 - 107°)x; +3.97- 1077 z; < 10%
(2.613 - 107%)z; — 4.727 - 1078 z; > 10%,

a; =

(6.389 - 1078)2? — (9.284 - 107 7)a? + (3.87-1075)z; +3.792 - 1078 2; < 10%
(6.366 - 10~ ")x; — 3.421 - 1076 z; > 10%.

Bi =

Therefore, for compartment ¢, the percent of viable cells at an evofosfamide concentra-

tion of CY is expressed as

A n A
1 + e_OCi//Bi 1 + 6(02_041')/61' ’

Vi(Cy) = 100 —

where A, «;, and 3; are all defined as above. Figure shows a plot of this function
together with the corresponding data points at the seven fixed oxygen concentrations
examined in the cell viability experiments.

We now use the experimental cell viability data in [37] together with the cell viability
function to derive expressions Ny ;(C2) and Ny;(C2) for net growth rates of sensitive
and resistant cells in compartment ¢ as functions of evofosfamide concentration Cs. Let
the fraction of viable cells in compartment 7 as a function of evofosfamide concentration
be denoted by v;(C2) = 135Vi(Ca). Since we assume evofosfamide has the same effect on
the sensitive and resistant cells, we need only define one function for net growth rate in
compartment i in terms of evofosfamide concentration which we can then apply to both
the sensitive and resistant cell populations. Let N(z,d) represent the net growth rate

of cells in an environment with oxygen concentration x (written as a percentage) and
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Figure 2.4: Cell viability fit. Percent of viable cells as a function of evofosfamide con-
centration. The points represent data from the cell viability experiments, and the curves
show the fitted cell viability function at the fixed oxygen concentrations corresponding
to the data.

evofosfamide concentration d. We define this function by writing out explicit expressions
for the number of cells in the treated and control groups at certain points in time
according to the details of the cell viability experiments and comparing this with the
cell viability function.

Let group A represent the control group in the cell viability experiments from [37]
and let group B denote the group of cells treated with evofosfamide concentration Co
at an oxygen concentration of x;, corresponding to the oxygen concentration expected
to coincide with compartment ¢ of the tumor microenvironment. Use n4(t) and np(t)

to represent the number of cells in each of these groups at time ¢. Then for all ¢,

np(t)
nA (t) ’

We use the detailed process followed in [37] to write explicit expressions for the number of

vi(C2) = (2.11)

cells in groups A and B at certain points in time. At time ¢ = 0, there are n4(0) = np(0)
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cells in each group. According to [37], exponentially growing cells were seeded 24 hours
before the addition of test compounds. We express the number of cells present in each

group at t = 24 by

nA(24) = na(0)e*NELO),

np(24) =np (0)624N(21’0).

After the addition of evofosfamide, the plates were incubated for 2 hours under the
altered oxygen concentration. The number of cells in each group at ¢ = 26 is then given
by

na(26) = ny(24)e2N @0

np(26) = np(24)e?NV@iC2),

Lastly, cells were cultured for 72 hours after washing under normoxic conditions. We

can express the number of cells in each group at time ¢t = 98 as

nA(98) = ny(26)e N L),

np(98) = np(26)e N L0),

By repeated substitution using the above equations, n4(98) and np(98) can be written

as follows:

n4(98) = nA(0)624N(21,0)eZN(a:i,O)€72N(21,O)’

(2.12)
np(98) = nB(0)624N(21,0)eQN(zi,Cg)e72N(21,0)‘

We proceed by relating the above equations to cell viability. Setting ¢ = 98 in

equation (2.11]) yields

. TLB(98)
’Ui(CQ) = nA(QS) . (2.13)
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By substituting the equations in (2.12)) into equation (2.13]) and simplifying, keeping in
mind that n4(0) = np(0), we obtain

'Ui(CQ) _ 62[N(m¢,C’2)—N(mi,0)] )

Taking the natural log of both sides, dividing by 2, and solving for N (z;, Cs) yields

Nz, Co) = N(z1,0) + %m[vi(@)].

We can rewrite this, applying the above results to both sensitive and resistant cells, to

express net growth rates in compartment ¢ as functions of evofosfamide concentration

CQ:

NX7i(C2) = NXJ'(O) + %ln[vi(Cg)],

Nyi(Ca) = Ny.(0) + %m[vi(c?)].

Note that in the above equations, Nx ;(0) and Ny;(0) are simply the net growth rates

of sensitive and resistant cells in the absence of drug. In other words,

NX,i(O) = AS{,z’ - NS{,m
NY,i(O) = Agf,i - :U’g/,b

where the superscript ¢ denotes the control growth rates in the absence of drug, as
defined previously. The functions for net growth rate dependence on evofosfamide con-
centration are plotted in Figure for a low oxygen concentration (0.33%) and a high
oxygen concentration (10.5%).

However, having explicitly defined functions for net growth rates of the sensitive and
resistant cell populations is not quite enough; we must define their respective birth and
death rates as well. Since evofosfamide releases a cytotoxic agent in hypoxic regions,
we assume that its primary effect is to increase cellular death rates rather than to

decrease cellular birth rates. Hence the birth rates of cells under any concentration of
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Figure 2.5: Net growth rates as functions of evofosfamide concentration. Ex-
amples of net growth rates of sensitive and resistant cells are shown as functions of
evofosfamide concentration. These rates are shown in blue for a low oxygen concentra-
tion (0.33%), corresponding to that which is found in the compartment furthest from
the blood vessel, as well as in red for a high oxygen concentration (10.5%), correspond-
ing to that which is found in the compartment closest to the blood vessel. Solid lines
represent sensitive cell growth rates, and dotted lines represent resistant cell growth
rates.

evofosfamide are equal to those in the absence of drug. Thus we define birth rates of

sensitive and resistant cells in compartment ¢ due to evofosfamide by

)‘%(,i (t) = S(,z‘?

AYi(t) = AT

Using the fact that net growth rates are differences between birth and death rates along

with a series of substitutions of the above equations followed by algebraic simplification
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yields the following functions for death rates of sensitive and resistant cells in compart-

ment ¢:

Weat) = e — 5 Il Ca(0)]

(1) = 1 — 5 Infur(Ca()]

Analysis of evofosfamide pharmacokinetic data. Next, we consider how the concen-
tration of evofosfamide changes during treatment. Using pharmacokinetic data from
a phase 1 clinical trial [56], we define a function py(t) for plasma concentration over
time after one dose of Dy mg/m? evofosfamide. Unlike with erlotinib, we cannot sim-
ply approximate the plasma concentration of evofosfamide using only exponential decay
because doing this would force the maximum concentration to be artificially high since
evofosfamide decays so quickly with respect to time. This does not present a problem in
the erlotinib plasma concentration function because the decay rate of erlotinib is much
lower than that of evofosfamide. From the clinical data in [56], we estimate the time
at which maximum plasma concentration is achieved to be ¢t = % (30 minutes after the

initial dose is administered). We approximate the plasma concentration for ¢ > 1 as

2
maze—k2(t=1/2) "\where ¢§'** is the maximum plasma

exponential decay using pa(t) = ¢
concentration achieved after one dose and ko is the decay rate of evofosfamide. We
acquire pairs of best-fit parameters for this function at a variety of doses between 7.5
and 940 mg/m? using the clinical trial data. Cubic functions are defined for both ¢J*a*
and ks to describe the relationship between dose Dy and maximum concentration and

decay rate as follows:

(Do) = (2.008 - 1077) D3 — 0.0003276D3 + 0.1753D5 — 12.54,
ka2(Ds) = (1.302 - 10~ 7) D3 — 0.0002043D3 4 0.08873 D5 — 5.829.

To estimate the plasma concentration for ¢ < %, we define a linear function connecting
(0,0) with (%, c59%(D5)). We can now define evofosfamide plasma concentration after

one dose as a function of time as follows:
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207192 ( Dy )t t

<
p2(t) =
2() Cgmz(D2)e—k2(D2)(t—1/2) t >

(2.14)

N DO

)

where ¢4'**(Dg) and ko(D3) are each defined as in the above equations.

Since evofosfamide is very quickly eliminated from the blood stream (half-life of
0.81 hours [56]), for treatment schedules where doses are spaced at least 6 hours apart,
the plasma concentration over the course of treatment ps(t) can be approximated as a
periodic function. Then for n =0,1,2,... and t € [nTy, (n + 1)T%), the concentration of

evofosfamide at the blood vessel at time ¢ is given by

Ca(t) = pa(t — nT2). (2.15)

Figure [2.6] shows the plasma concentration function corresponding to a dosing schedule

of 575 mg/m? evofosfamide given every week.
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Figure 2.6: Example of evofosfamide concentration over time. Example of a
period function for evofosfamide plasma concentration over time, given a dosing schedule
of 575 mg/m? administered weekly.
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Next we consider how the birth and death rates of sensitive and resistant cells
change across environmental compartments at various oxygen levels. Experimental
studies have quantified the distribution of apoptotic and proliferative markers within
tumor tissue after treatment with evofosfamide and showed relatively uniform expression
levels with respect to distance from the nearest blood vessel [57]. This suggests that
cell birth and death are also approximately uniform in these compartments until one
reaches the more hypoxic regions of the tumor where apoptosis and DNA damage levels
increase. Therefore, unlike with erlotinib, we assume the concentration of evofosfamide
in every compartment of the tumor microenvironment at any given time is equal to the
concentration Co(t) at the blood vessel at that time.
Finally, using C2(t) we obtain birth and death rates of sensitive and resistant cells

in each compartment ¢ at any time ¢ during treatment:

Malt) = X
c 1
N?X,i(t) = Hx;— B Infv; (Ca(t))], (2.16)
M) = X '
1
M%/,z(t) = :u%,z - 5 ln[vZ(CQ(t))]

In the above equations, the superscript ¢ denotes the control growth rates in the absence
of drug, as defined previously. wv; is the function describing cell viability in terms of

evofosfamide concentration, as previously defined.

Growth Kinetics During Combination Therapy

Consider a combination dosing regimen consisting of some number of identical cycles,
each of length t1 + t2 hours. During each cycle, assume the first ;1 hours are dedicated
to treatment with erlotinib, whereas the last t hours are used for evofosfamide treat-
ment. For the reasons discussed above, given a sufficient amount of time between the
last dose of evofosfamide in one cycle and the first dose of erlotinib in the next cycle,
we may assume that during the erlotinib treatment phase there is no residual evofos-
famide. Therefore the birth and death rates during the first ¢; hours in every cycle are
governed by erlotinib response kinetics. Since erlotinib has a much longer half-life than

evofosfamide, during the last to hours of evofosfamide treatment it is possible that some



24
erlotinib will remain in the blood stream by the beginning of this period. Therefore the
cellular birth and death rates must reflect responses to both drugs. However, since er-
lotinib is primarily cytostatic while evofosfamide is primarily cytotoxic, we assume that
during this period of time, cellular birth rates reflect the response to erlotinib while
cellular death rates reflect the response to evofosfamide.

Since cycles are identical, functions describing birth and death rates over the course

of treatment are periodic with period ¢; + t2. Using the equations in (2.10) and (2.16}),

we define birth and death rates of the sensitive and resistant cell populations in com-

partment ¢ at time ¢t € [0, + t2) by

Axi(t) = Ny i (Cra(h)),

p i (Cra(t)) te0,ty)

pi — 5 nfoi(Ca(t)] T € [t th +t2),
Av,i(t) = Ay (Cralt)),

1y (Cri(t)) te[0,ty)

15 — 3 mfui(Ca(t)] T € [tr,t1 +1t2).

px,i(t) =
(2.17)

pyi(t) =

These functions are used in equation (2.1]), equation (2.2]), and equation (2.3)) to predict

tumor evolutionary dynamics over the course of treatment.

Model Parameter Notations

We have summarized the parameters used in our model in Table 2.1} These parameters
are listed in order of appearance in the chapter. The first column in this table provides a
variable name (if given in the chapter) for the parameter and the second column provides
its biological meaning. The third column gives the value of the constant parameters in

the model.

2.3 Results

Using the stochastic model, we examined the evolutionary dynamics of a tumor undergo-

ing therapy with a wide variety of dosing regimens using erlotinib and evofosfamide, both
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Name Biological Meaning Value and Units
- oxygen decay rate (spatial) —0.0385
Ax,i(t) sensitive cell birth rate hours™ (see equation (2.17))
wx,i(t) sensitive cell death rate hours™ (see equation ([2.17))
Av,i(t) resistant cell birth rate hours™ (see equation ([2.17))
wy,i(t) resistant cell death rate hours™ (see equation (2.17))
U mutation rate 1077
M initial number of sensitive cells in tumor 1.6 - 10°
M; initial number of sensitive cells (from compartment weights)
N 0) sensitive cell birth rate due to erlotinib hours™ (see equation ([2.10])
i (t) sensitive cell death rate due to erlotinib hours™ (see equation ([2.10))
Ay (t) resistant cell birth rate due to erlotinib hours™ (see equation (2.10))
Wy (t) resistant cell death rate due to erlotinib hours™ (see equation ([2.10])
D, dose of erlotinib mg
T time between erlotinib doses hours
p1(t) plasma concentration after one dose erlotinib ng/mL (see equation (2.8)))
C(t) plasma concentration during erlotinib treatment ng/mL (see equation (2.9))
- erlotinib decay rate (spatial) —0.0173
Ch,i(t) erlotinib concentration in compartment ¢ uM (calculated using C1(¢) and )
Mx.a(t) sensitive cell birth rate due to evofosfamide hours™ (see equation (2.16))
1. (t) sensitive cell death rate due to evofosfamide hours™ (see equation (2.16))
AV (1) resistant cell birth rate due to evofosfamide hours™ (see equation (2.16))
1y (1) resistant cell death rate due to evofosfamide hours™ (see equation (2.16))
D» dose of evofosfamide mg/ m?
Ts time between evofosfamide doses hours
p2(t) | plasma concentration after one dose evofosfamide pg/mL (see equation ([2.14)))
Ca(t) evofosfamide plasma concentration pug/mL (see equation (2.15))
S.i sensitive cell control birth rate hours™ (see equation (2.4))
i sensitive cell control death rate hours™® (see equation (2.4))
v.i resistant cell control birth rate hours™ (see equation (2.4)))
Uy resistant cell control death rate hours™ (see equation (2.4))
v;(C2) cell viability due to evofosfamide (see equation (2.11))
t1 duration of erlotinib treatment hours
ta duration of evofosfamide treatment hours
Table 2.1: Model parameter notations. The parameters used in our model are

summarized in the table below, in order of appearance in the chapter. The first col-
umn contains the variable name of the parameter, if applicable. The second column
summarizes the biological meaning of this parameter. The third column gives the units
as well as values for any parameters which are constant in the model. The subscript ¢
represents quantities in compartment i.

separately and in combination. We first developed a model for the toxicity constraints
governing both single-agent and combination therapies, based on reported toxicities and
side effects of the two drugs in Phase I/II trials. We then optimized combination treat-

ment strategies in order to predict which types of dosing strategies could lead to the
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best treatment outcomes for patients diagnosed with NSCLC.

2.3.1 Toxicity Constraints

We defined the space of all tolerated single-agent and combination therapy dosing sched-
ules using clinical trial data on drug tolerability. For each single-agent treatment we
defined a toxicity constraint curve representing the relationship between frequency of
drug administration and maximum tolerated dose. In addition, we analyzed the overlap-
ping toxicities between the two drugs as well as each drug elimination rate to determine
the necessary conditions for safely administering both drugs in succession. This com-
bination therapy constraint, together with the toxicity constraint curves corresponding

to each of the monotherapies, defines the space of all tolerated dosing schedules.

Monotherapy Toxicity Constraints

For each drug, we derive a toxicity constraint curve such that all points on and below
the curve correspond to tolerated dosing schedules, whereas all points above the curve
correspond to dosing schedules which lead to dose-limiting toxicities. These curves are
constructed using data from clinical trials on the tolerability and toxicity of each drug.
For each dosing schedule tested in clinical trials, we convert the schedule to an ordered
pair describing the relationship between frequency of drug administration and dose as
follows: the first coordinate is defined to be the number of times the drug is administered
in a 3-week period, and the second coordinate is given by the corresponding dose. The
location of each ordered pair relative to the toxicity constraint curve is determined based
on whether or not that dosing schedule was tolerated in clinical trials. Each of these
clinically tested dosing schedules is listed in Table along with its corresponding
ordered pair and location relative to the toxicity constraint curve. Note that in order
to handle the discrepancy between clinical trial data sets for the 200 mg/day erlotinib
dosing schedule, we err on the side of caution and assume this dosing schedule is not
tolerated.

Using the data from Table we construct toxicity constraint curves for erlotinib
and evofosfamide. For each drug, we define a function to describe the relationship be-
tween maximum tolerated dose and frequency of drug administration such that the cri-

teria in the last two columns of Table are satisfied. The erlotinib toxicity constraint



Erlotinib

Dose (mg) Schedule Tolerated? Location
25 daily for 3 days/week yes [58] below curve
50 daily for 3 days/week yes [58] below curve
50 daily yes [58] below curve
100 daily for 3 days/week yes [58] on/below curve
100 daily yes [54] 58] below curve
100 twice daily no [58] above curve
150 daily yes [54] 58] on/below curve
200 daily yes [54], no [58] above curve
250 daily no [54] above curve
1200 weekly yes [59] below curve
1600 weekly yes [59] below curve
2000 weekly yes [59] on/below curve
Evofosfamide
Dose (mg/m?) Schedule Tolerated? (n, D2) Location
7.5 weekly yes [56] (3,7.5) below curve
15 weekly yes [56] (3,15) below curve
30 weekly yes [56] (3,30) below curve
60 weekly yes [56] (3,60) below curve
120 weekly yes [56] (3,120) below curve
120 5 days every 3 weeks yes [60] (5,120) below curve
170 5 days every 3 weeks yes [60] (5,170) below curve
240 weekly yes [56] (3,240) below curve
240 5 days every 3 weeks yes [60] (5,240) below curve
330 5 days every 3 weeks yes [60] (5,330) below curve
460 5 days every 3 weeks yes [60] (5,460) | on/below curve
480 weekly yes [56] (3,480) below curve
550 5 days every 3 weeks no [60] (5,550) above curve
575 weekly yes [56] (3,575) | on/below curve
670 weekly no [56] (3,670) above curve
670 once every 3 weeks yes [56] (1,670) | on/below curve
940 once every 3 weeks no [56] (1,940) above curve

Table 2.2: Drug tolerability data from clinical trials. Details regarding erlotinib
and evofosfamide dosing schedules tested in clinical trials and how this data informs
the construction of the toxicity constraint curve for each drug. The dose administered
is shown in the first column, and the corresponding dosing schedule is shown in the
second column. The third column shows whether or not this particular dosing schedule
was tolerated in the clinical trial. The fourth column shows the ordered pair this dosing
schedule corresponds to, and the last column shows the location of this point relative to
the toxicity constraint curve. We assume that any point corresponding to a maximum
tolerated dosing schedule tested in a clinical trial can either lie on or below the toxicity
constraint curve to account for the possibility that a higher dose (which was not tested
in the trial) is tolerated.
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curve is defined as follows, where n is the number of times erlotinib is administered
in a 3-week period and D; represents the maximum tolerated erlotinib dose (in mg)

corresponding to that particular dosing schedule:

2000 n<3

20006—0.1439(71—3) n>3

The toxicity constraint curve for evofosfamide is given by the following function, where
n represents the number of times evofosfamide is administered in a 3-week period and
D5 is the maximum tolerated dose of evofosfamide (in mg/m?) associated to the dosing

schedule defined by the value of n:

pyim = 570 nzl
n p—
2 670e—0-076454(n—1) )y > 1

These curves, along with the corresponding data points from Table are shown in
Figure

Combination Therapy Toxicity Constraints

To characterize the toxicity constraints relevant for considering alternating dosing com-
bination strategies, we study the minimum length of time that should pass between
the last dose of one drug and the first dose of the other drug. Since evofosfamide is
eliminated from the blood stream in a matter of a few hours, we assume that as long as
six or more hours have elapsed since the last dose of evofosfamide, a patient can safely
take a dose of erlotinib without the worry of compounding side effects from the two
drugs.

Next, we aim to determine the necessary waiting time between a last dose of er-
lotinib and a first dose of evofosfamide. Since the half-life of erlotinib is much longer
than that of evofosfamide, it may not be reasonable to wait until erlotinib has been com-
pletely eliminated from the blood stream before administering evofosfamide, as waiting
this long with so little drug in the blood stream could allow the cancer cells to rapidly

proliferate. Analysis of clinical trial data for both drugs indicates that erotinib and
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Figure 2.7: Toxicity constraint curves for erlotinib and evofosfamide. These
curves depict the maximum tolerated doses for erlotinib (a) and evofosfamide (b) as
functions of frequency of dose administration. The black points are the coordinates
from Table corresponding to tolerated dosing schedules, and the red points are the
ordered pairs associated to dosing schedules that were not tolerated in clinical trials.
All points contained in the areas on and below these two curves make up the space of
tolerated monotherapy dosing schedules, and all points contained in the areas above
these two curves make up the space of dosing schedules which lead to dose-limiting
toxicities.
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evofosfamide can both cause skin and mucosal toxicities, but there are no other over-
lapping toxicities reported. When erlotinib is administered three days every week, skin
toxicities are observable at a dose of 50 mg, but not a dose of 25 mg [58]. Similarly,
when erlotinib is given daily, mucosal toxicities are observable at a dose of 150 mg, but
not at 100 mg [58]. Hence we assume that a patient taking 25 mg erlotinib three days
every week experiences neither skin nor mucosal toxicities. Given this dosing schedule,
a maximum plasma concentration of 2.357 M is achieved, according to the previously
defined erlotinib plasma concentration function. Thus we assume that once erlotinib
plasma concentration has fallen to 2.357 uM or lower, it is safe to administer evofos-
famide since this concentration of erlotinib will not cause any side effects overlapping
with those caused by evofosfamide. Although this is most likely a simplification of the
true combination toxicity constraints, we feel it is a realistic assumption based on the

single-agent toxicity data available.

2.3.2 Comparison of Combination Therapy with Standard Monother-
apy

To investigate the potential of combination therapies, we first compare treatment out-
comes resulting from several combination therapies with the monotherapy schedules
currently in clinical use. The standard dosing schedule for erlotinib is 150 mg/day. Two
evofosfamide dosing schedules have been tested in a clinical trial and designated as max-
imum tolerated dosing schedules: 670 mg/m? given every 3 weeks and 575 mg/m? given
weekly. We consider combination schedules which are clinically feasible and satisfy the
toxicity constraints described in the previous section. Table provides an overview of
all of these dosing schedules. Schedule A is the standard erlotinib dosing schedule, and
schedules B and C are the two evofosfamide dosing schedules. The remaining schedules
(D through J) represent all combination therapies considered in this analysis. Since
the toxicity constraints for erlotinib and evofosfamide are formulated in terms of the
number of doses administered in a 3-week period, we define these schedules based on
3-week cycles, and hence only show dosing protocols for the first 21 days since this
pattern repeats every 3 weeks for each schedule. Entries in Table represent doses of
either erlotinib in mg (subscript 1) or evofosfamide in mg/m? (subscript 2). For a fixed

schedule (column) and day (row), a single entry represents the one dose scheduled for
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that day, and the lack of an entry indicates that no drugs are administered on that day.
Two entries on a single day for a given schedule represent the scheduling of two doses

on the same day.

Day A B C D E F G H I J
1 1501 | 6702 | 5752 | 1501 | 1501 | 71 71 | 71 71 | 1501 | 1501 | 1501 1452
2 1501 1501 | 150y | 7y 71 | 71 71 | 1501 | 1501 | 1501 1452
3 150 1501 | 1501 | 71 71 | 71 71 | 1501 | 1501 | 150; 1452
4 1501 1501 | 1501 | 71 71 | 71 71 | 1501 | 1501 | 1507 1452
5 1501 1501 | 150y | 71 71 | 71 71 | 1501 | 1501 | 1501 1452
6 150 150 7171 | 7171 | 1501 | 1501 | 1507 1452
7 1501 1501 | 8752 | 71 71 | 5752 | 1501 | 5752 | 1501 1452
8 1501 5752 | 1501 | 150y | 71 71 | 71 71 | 1501 | 1501 | 1501 1452
9 1504 1501 | 1507 | 71 71 | 71 71 | 1501 | 1501 | 150; 1452
10 1501 1501 | 1501 | 71 71 | 71 71 | 1501 | 1501 | 1507 1452
11 1501 1501 | 150y | 7y 71 | 71 71 | 1501 | 1501 | 1501 1452
12 1501 1501 | 1501 | 71 71 | 71 71 | 1501 | 1501 | 150; 1452
13 1501 1501 7171 | 7171 | 1501 | 1501 | 1501 1452
14 1501 1501 | 5752 | 71 71 | 5752 | 1501 | 5752 | 1501 1452
15 1501 5752 | 1501 | 1501 | 71 71 | 71 71 | 1501 | 1501 | 1507 1452
16 1501 1501 | 1501 | 71 71 | 71 71 | 1501 | 1501 | 1507 1452
17 1501 1501 | 150y | 71 71 | 71 71 | 1501 | 1501 | 1501 1452
18 1501 1501 | 1507 | 71 71 | 71 71 | 1501 | 1501 | 150; 1452
19 1501 1501 | 1501 | 71 71 | 71 71 | 1501 | 1501 | 1501 1452
20 1504 71 71 71 | 1507 | 1501 | 1501 1452
21 1501 6702 | 5752 | 6702 | 5752 | 6702 | 5752 | 1501 1452

Table 2.3: Dosing schedules considered in the comparison of single-agent and
combination therapies. Each lettered column denotes a distinct dosing schedule
containing repeating 3-week cycles defined by the dosing protocols in that column. The
entries with subscripts of 1 are doses of erlotinib in mg and the entries with subscripts
of 2 are doses of evofosfamide in mg/m?. For a fixed schedule (column) and day (row),
a single entry represents the one dose of either erlotinib or evofosfamide scheduled for
that day. A missing entry for a fixed schedule and day corresponds to a day with neither
erlotinib nor evofosfamide. Two entries for a given schedule on a single day represent
the scheduling of two doses, either one dose of each drug or two doses of the same drug.

For each of the ten dosing schedules in Table the mean tumor size and prob-
ability of resistance over the course of treatment are predicted using the model. The
results of these calculations up to recurrence time (the time at which the cancer cell
population reaches its initial size once again) are plotted in Figure and Figure
respectively. The red curves show the evolutionary dynamics of a tumor during
treatment with erlotinib alone, the blue curves show the dynamics during monotherapy

with evofosfamide, and the green curves show the evolutionary dynamics of the cancer
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cell population during combination therapy. The label on each curve indicates which
dosing schedule from Table corresponds to those results. The means of the sensitive
and resistant cell populations are shown separately in Figure for one of each type of
dosing schedule: erlotinib alone, evofosfamide alone, and combination therapy. Figure
shows the mean tumor size for the combination schedules, averaged only over those

that develop resistance.
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Figure 2.8: Tumor evolutionary dynamics over time, given a variety of single-
agent and combination therapies. Mean tumor size (a) and probability of resistance
(b) are calculated up to recurrence time for a tumor with an initial population of 1.6-10°
sensitive cells undergoing treatment with each of the ten dosing schedules defined in
Table Each labeled curve corresponds to the dosing schedule with the matching
letter in Table [2.3] For the sake of comparison, results due to dosing schedules using
erlotinib alone are shown in red, results due to dosing schedules using evofosfamide
alone are shown in blue, and results due to combination therapies are shown in green.
Mean tumor size for one of each of these three types of dosing schedules is broken down
into the means of sensitive and resistant cells in (c¢). (d) shows the expected tumor size
for combination strategies, conditioned upon the event of developing resistance.
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We find that all the combination therapies considered produce treatment outcomes
superior to the standard monotherapy schedules. Figure demonstrates that the
combination schedules result in lower average tumor sizes over the course of treatment
than those resulting from either of the monotherapies. Even more significantly, Figure
shows that the probability of developing resistance decreases dramatically with the
use of combination therapy. Under monotherapy with either drug, the probability of
resistance eventually reaches one (in agreement with clinical results); this is due to the
fact that sensitive cell division is not sufficiently inhibited by therapy to prevent the
emergence of resistance before eradication of the tumor. However the model predicts
that for a significant fraction of patients tumor eradication is possible under combination
therapy.

The breakdown of sensitive and resistant cell populations under therapy is shown
in Figure Erlotinib monotherapy yields a steady but slow decline of the sensitive
cell population, due to the fact that the tumor oxygen distribution consists primarily
of hypoxic regions and erlotinib does not penetrate well to these areas. On the other
hand, treatment with evofosfamide alone targets hypoxic regions which comprise the
majority of the cell population, leading to an initial steep decline of the sensitive cell
population. However, due to the toxicity constraint during the subsequent break in
treatment the mean of the sensitive cells quickly surpasses the initial population size
and drives the production of erlotinib-resistant mutants. During combination therapy,
however, the cancer cell population demonstrates an initial steep decline due to evofos-
famide, followed by a long-term controlled phase due to the combination of evofosfamide
and erlotinib. This tight control over the sensitive cell population during combination
therapy is possible due to the fact that cancer cells close to blood vessels are receiving
lethal concentrations of erlotinib while cancer cells in hypoxic regions are targeted by
evofosfamide. Figure demonstrates that for the patients who develop resistance,
the average length of time until tumor recurrence is longer for all of the combination
therapy dosing schedules than it is for either of the standard monotherapies. For ex-
ample, it takes patients who develop resistance 40.54% longer to rebound on Schedule I
compared with standard erlotinib therapy. However, the length of time until recurrence
as well as the overall probability of resistance varies between specific combination sched-

ules; this serves as motivation for identifying the optimal timing and dosage sequence for
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combination schedules in the following section. Finally, we note that the combination
strategies were also compared to optimized monotherapies (subject to the toxicity con-
straints developed in the previous section), and we found that no tolerated monotherapy

schedule could outperform combinations in delaying or preventing resistance.

2.3.3 Optimized Combination Strategies

We next utilize the mathematical model to optimize over the space of tolerated combi-
nation treatment strategies (constrained by toxicity constraints derived in the previous
section) to minimize the probability of developing resistance or maximally delay recur-
rence.

We consider three distinct classes of combination therapies. Class 1 investigates
schedules created by systematically combining standard erlotinib monotherapy with a
variety of evofosfamide dosing schedules. However, the amount of time between admin-
istration of different drugs can play an important role in the degree to which therapy
affects the cancer cell population. Thus the rationale for defining the other two classes
are to investigate schedules decreasing the amount of time after erlotinib but before
evofosfamide dosing (Class 2), and after evofosfamide but before erlotinib dosing (Class
3).

For each class, we start with a base erlotinib dosing schedule complying with the
monotherapy toxicity constraint curve in Figure Modifications to this schedule are
then made to incorporate n doses of evofosfamide, where n varies from 0 (correspond-
ing to erlotinib monotherapy) to a maximal value N (corresponding to evofosfamide
monotherapy), in a three-week period. The dose of evofosfamide is determined by the
toxicity constraint curve in Figure Whenever necessary, the minimum number of
erlotinib doses are removed to comply with the combination toxicity constraint described
in the previous section.

To define each combination schedule, we begin by defining a single cycle, consisting
of the base erlotinib dosing schedule and a single dose of evofosfamide. We start by
calculating the length L of the cycle, given n. Since n is the number of evofosfamide
doses given in 3 weeks and there are 504 hours in 3 weeks, L = 504/n. Next we calculate
the maximum tolerated dose of evofosfamide, given n, from the evofosfamide toxicity

constraint curve. This dose of evofosfamide is administered at time ¢ = L — 24 for
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Classes 1 and 2, and t = L — 6 for Class 3. The remaining time in the cycle, starting at
t = 0 and going up to the time of the evofosfamide infusion, is then filled with the fixed
erlotinib dosing schedule associated with the given optimization class. If necessary, doses
of erlotinib are then removed, beginning with the dose immediately before evofosfamide
is administered and working backward, until there is enough time between the last dose
of erlotinib and the first dose of evofosfamide for the erlotinib plasma concentration
to fall below 2.357 uM so as to not violate the combination toxicity constraint. These
cycles are then repeated some finite number of times to form complete dosing schedules.
In Class 1, we use the standard erlotinib monotherapy schedule of 150 mg/day, and
the evofosfamide dose in each cycle is given 24 hours before the start of the next cycle.
In Class 2, we use a low-dose erlotinib schedule of 7 mg twice daily, which allows for a
shorter waiting period after erlotinib doses and before evofosfamide doses. Class 3 uses
the same standard erlotinib monotherapy as in Class 1; however, the evofosfamide dose
in each cycle is given 6 hours before the start of the next cycle instead of 24, which
decreases the amount of time after evofosfamide doses and before erlotinib doses.
Figure [2.9] shows an example depicting dose schedule definition for one cycle of
treatment for all three optimization classes when n = 3. For the reasons stated in the
above paragraph, a cycle in Class 1 or 3 contains a standard erlotinib dosing schedule,
whereas a cycle in Class 2 contains a low-dose erlotinib schedule. When n = 3, each
cycle is one week. So for Classes 1 and 2, the evofosfamide dose in each cycle is given
24 hours before the end of the week, and for Class 3 the evofosfamide dose in each cycle
is given 6 hours before the end of the week. This information is all depicted in step
1 (the top row) of Figure In step 2 (the bottom row), the necessary number of
erlotinib doses leading up to the evofosfamide infusion is removed in order to satisfy the
combination toxicity constraint. In Classes 1 and 3, the last dose of erlotinib shown in
step 1 is removed in step 2 to allow the erlotinib concentration to fall sufficiently low
before the evofosfamide infusion. Note that in Class 2 the removal of erlotinib is not
necessary due to the already low erlotinib concentration.
Combination schedules outperform monotherapy endpoints. We calculated the means
of the sensitive and resistant cells as well as the probability of resistance, after nine weeks
of treatment for every dosing schedule in each optimization class. Table[2.4demonstrates

that the tumor population size under n = 0 or N (i.e. the monotherapies) after 9
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Figure 2.9: Example depicting dose schedule definition for one cycle of treat-
ment with n = 3 for all optimization classes. This schematic shows the process by
which one cycle of treatment is defined for each optimization class with n = 3. A cycle
in Class 1 or 3 contains a standard erlotinib dosing schedule of 150 mg/day, whereas
a cycle in Class 2 contains a low-dose erlotinib schedule of 7 mg twice daily. When
n = 3, each cycle has length L = 168 (one week). For Classes 1 and 2, the evofosfamide
dose in each cycle is given 24 hours before the end of the week, and for Class 3 the
evofosfamide dose in each cycle is given 6 hours before the end of the week. This is all
depicted in step 1. Step 2 shows the removal of erlotinib doses required to satisfy the
combination toxicity constraint. Each of these cycles is then repeated to form the entire
dosing schedule.

weeks is O(10'Y) for any optimization class or either drug type, whereas Figure m
demonstrates that each of the combination therapies considered yields a total population
size of O(107) or less. In fact, when comparing Table [2.4]to Figure We observe that
all of the combination therapies we have investigated yield a considerable benefit (in
terms of tumor population sizes as well as probability of resistance) over any of the
optimal monotherapies in each dosing class. Thus we do not include the endpoints
corresponding to monotherapies in Figure due to the large disparity in the sizes
of these results. Furthermore, at the end of treatment with evofosfamide, the tumor

primarily consists of sensitive cells, which agrees with our previous observation that



37
evofosfamide is unable to control the sensitive cell population without erlotinib. Note
that some of the means are unrealistically high for an in vivo setting (> 10'2), due to

the fact that the model is parameterized using in vitro growth rates.

Class 1
E[X] E[Y] |E[X +Y] | P[Y >0
Erlotinib 5-10° 1010 1010 0.16
Evofosfamide || 9-10™ | 7-10° | 9-10' 1
Class 2
E[X] E[Y] | EX +Y] | PY >0
Erlotinib 109 4-100 | 4.10% 0.22
Evofosfamide || 310" [ 310 | 3.10'7 1
Class 3
E[X] E[Y] | E[X +Y] | P[Y >0
Erlotinib 5-10° 1010 1010 0.16
Evofosfamide || 6 -10™ | 103 6-10'8 1

Table 2.4: Probability of resistance and means of sensitive and resistant cells
at the end of treatment with monotherapy. Means of the sensitive cells (E[X]),
resistant cells (E[Y]), and total tumor size (E[X + Y]), as well as the probability of
resistance (P[Y > 0]), are calculated for a tumor with an initial population of 1.6 - 10°
sensitive cells at the end of nine weeks of treatment. The dosing schedules depicted here
include both types of monotherapies (erlotinib alone and evofosfamide alone) from all
three optimization classes.

Means of the sensitive and resistant cell populations for n = 1,..., N —1 (true combi-
nation therapies) are plotted in Figure and Figure respectively. The sums
of these means, or the mean tumor sizes, are plotted in Figure The probability
of resistance for each dosing schedule is plotted in Figure All four panels include
results for Class 1 in blue, results for Class 2 in red, and results for Class 3 in yellow.
Note that in these figures, every integer on the z-axis corresponds to a combination dos-
ing schedule given by the number of evofosfamide doses in a 3-week period, as defined
in the previous paragraph.

One interesting characteristic of the means of the sensitive and resistant cells in
Figure is the presence of two local minima. It turns out that this phenomenon is
due to the variability in timing between the last dose of erlotinib and the first dose of

evofosfamide in each cycle.
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Figure 2.10: Probability of resistance and means of sensitive and resistant
cells at the end of treatment with combination therapy. For every dosing
schedule in each optimization class, means of the sensitive cells (a), resistant cells (b),
and total tumor size (c), as well as probability of resistance (d), are calculated according
to the model at the end of nine weeks of treatment for a tumor initially consisting of
1.6- 106 sensitive cells. The results shown here only include dosing schedules from Class
1 (blue), Class 2 (red), and Class 3 (yellow) which use a combination of both erlotinib
and evofosfamide. Every integer on the z-axis represents a combination dosing schedule
defined by the number of evofosfamide doses administered in three weeks.

To eliminate the variation in timing between doses, we re-define all dosing schedules
in Class 1 so that either erlotinib or evofosfamide is administered every day with no
additional doses in between. After calculating the length L of one cycle, we round
L — 24 to the nearest 24 hours and define that to be the time of the evofosfamide
infusion. Then, ignoring combination toxicity constraints solely for the purpose of this
argument, we schedule erlotinib doses every 24 hours prior to the evofosfamide infusion.

After re-defining dosing schedules in this manner, there no longer exists variability in
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the time between drug administrations since there is always a 24-hour waiting period
between any two doses.

Originally, because the n evofosfamide doses were evenly divided into every three
weeks, the end of treatment (at nine weeks) was also the end of a treatment cycle for
every dosing schedule. However, that is no longer the case for these new daily dosing
schedules since doses are forced to occur every 24 hours and only every 24 hours. Thus
there are now two options for what to consider as the end of treatment. We may define
the end of treatment to be exactly nine weeks from the treatment start date, but this
introduces variability in the position within the cycle at which the resistance dynamics
are calculated. The other option is to define the end of treatment to be the end of
the cycle closest to nine weeks, but this will be at different times for different dosing
schedules.

We examine both of these possibilities by re-calculating the means of the sensitive
and resistant cells at both of these times for Class 1 under these new daily dosing sched-
ules, shown in Figure and Figure respectively. For the sake of comparison,
the optimization results from the original dosing schedules in Class 1 are shown in blue.
For each daily dosing schedule, the means of the sensitive and resistant cells are calcu-
lated at two different times: nine weeks from the start of treatment (yellow) and the
end of the cycle closest to nine weeks after treatment begins (red). During the creation
of the daily dosing schedules, the rounding of L — 24 to the nearest 24 hours leads to
multiple dosing schedules with the same dose timing but different doses. To simplify the
analysis, we only include one dosing schedule with each particular schedule of doses in
Figure chosen based on which n yields the value of L — 24 closest to the common
rounded value.

Let us now compare the results from the original dosing schedules with those from the
daily dosing schedules. The elimination of the variability in time between doses causes
the first local minimum to become less pronounced for both the mean of the sensitive
cells and the mean of the resistant cells, regardless of how the end of treatment is defined.
Although the first local minimum still exists, its existence can now be easily explained
in every case based on the different types of variation that have been introduced.

When the end of treatment is defined to be nine weeks after the treatment start

date, this introduces variability in the relative position within the cycle at which the
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Figure 2.11: A comparison of means of sensitive and resistant cells for dosing
schedules with and without variation in amount of time between doses. The
means of the sensitive (a) and resistant (b) cell populations at the end of treatment
for a tumor initially consisting of 1.6 - 10° sensitive cells are plotted for the original
dosing schedules with variation in time between doses from Class 1 (blue) as well as
the newly-defined daily dosing schedules, which eliminate this variation. For each daily
dosing schedule, these means are calculated at two different times: nine weeks from the
start of treatment (yellow) and the end of the cycle closest to nine weeks after treatment
begins (red).
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evolutionary dynamics are calculated. Specifically, the point at which this calculation
occurs during treatment for n = 3 is at the very end of a cycle (after a large decline
in the cancer cell population due to evofosfamide), whereas the point at which this
calculation occurs for n = 2 and n = 4 is right before a dose of evofosfamide. This
explains the existence of a local minimum at n = 3 for both means when the end of
treatment is defined to be nine weeks after the start of treatment.

On the other hand, when the end of treatment is defined to be the end of a cycle,
this introduces variability in the actual time at which the recurrence dynamics are
calculated, and hence variability in the total treatment time. Specifically, the total
treatment time for n = 2 is quite high relative to other values of n. Since the sensitive
cell population is in a constant state of decline during treatment, this explains the
existence of a local minimum at n = 2 for the mean of the sensitive cell population
when the end of treatment is defined as the end of a cycle. Additionally, the total
treatment time for n = 3 is quite low relative to other values of n. Since the resistant
cell population is steadily growing by the end of treatment, this explains the existence of
a local minimum at n = 3 for the mean of the resistant cells when the end of treatment
is defined as the end of a cycle.

Note that for the mean of the sensitive cells, by following the curve for which the
end of treatment is defined to be at nine weeks up to n = 3 and then the curve for
which the end of treatment is defined to be the end of a cycle, the first local minimum
is completely eliminated. This is a reasonable comparison to make because for n = 3,
nine weeks after the start of treatment is the end of a treatment cycle. Together, all of
the above evidence shows that the first local minimum is due to the variability in timing
between the last dose of erlotinib and the first dose of evofosfamide in each cycle.

Minimize treatment break after evofosfamide dosing. Next consider the results due
to combination therapy shown in Figure We note that all three classes lead to
similar results, which suggests that our findings regarding the characteristics of optimal
combination dosing strategies are quite robust. Upon closer examination, Figure [2.10
demonstrates that the tumor population sizes under the Class 3 schedules are generally
less than half the population sizes under Class 1, and also less than those under Class 2.
This suggests that designing schedules that minimize the amount of time after a dose

of evofosfamide and before a dose of erlotinib may lead to better control of the tumor
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population. This finding is in agreement with our previous observations that the tumor
population response to evofosfamide is strong but short-lived; hence quickly intervening
in the subsequent population growth phase is important.

As we move along the spectrum of combination densities (horizontal axis) from
monotherapy with erlotinib to monotherapy with evofosfamide, there is a clear region in
the interior (approximately n = 9-17 evofosfamide doses) where the tumor size and sen-
sitive and resistant population size are minimized. This region also contains the region
minimizing the probability of developing resistance. To investigate this further, Table
shows the specific n which optimizes the given characteristic (means of sensitive,
resistant, and total cancer cells as well as probability of resistance are all minimized). In
addition, the bottom row of Table indicates the best overall dosing schedule among

all three classes which minimizes the particular value that column represents.

E[X] E[Y] E[X + Y] PlY > 0]

Class 1 n =13 n =13 n=13 n =13

Class 2 n=12 n=12 n=12 n =16

Class 3 n=14 n=14 n=14 n=17
Best Overall || Class 3, n =14 | Class 3, n =14 | Class 3, n =14 | Class 2, n = 16

Table 2.5: Optimal dosing schedules for each class. For each class, this table
shows the values of n for which the means of sensitive, resistant, and total cancer
cells, as well as probability of resistance, are each minimized. For each column, the
bottom row indicates which of the three classes produces the best overall result for that
characteristic of the cancer cell population at the end of treatment.

Sequential alternating sequences are optimal. From Table we observe that all
optimal dosing schedules correspond to values of n between 12 and 17. This implies
that combination therapies incorporating more frequent, smaller doses of evofosfamide
result in better treatment outcomes. Even more interestingly, all values of n in Table
correspond to the same type of dosing schedule. Besides n = 12 in Class 2, every other
optimal n corresponds to a dosing schedule which alternates between a single dose of
erlotinib and a single dose of evofosfamide. We call these alternating dosing schedules.
The dosing schedule corresponding to n = 12 in Class 2 consists of two low doses of
erlotinib for every dose of evofosfamide, which is still quite similar to the alternating

dosing schedules. Thus, even though the optimization ranged over a full spectrum of
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treatment schedules incorporating variable dose densities for each drug, the optimal
therapies were those that utilized close to an equal number of doses of evofosfamide and

erlotinib in a sequential alternating fashion.

2.4 Discussion

In this work, we considered an approach to investigate the use of hypoxia-activated
prodrugs (HAPs) to enhance the effectiveness of targeted therapies and, in particular,
prevent the (usually inevitable) emergence of drug resistance. To this end, we developed
a model reflecting the heterogeneity of oxygen and drug concentrations throughout a
tumor to describe the evolutionary dynamics of resistance emerging under combination
HAP-targeted therapy strategies. The model was parameterized using experimental and
clinical pharmacokinetic data to investigate potential combinations of the HAP evofos-
famide with the targeted tyrosine kinase inhibitor erlotinib against EGFR-activated
NSCLC. Our model predictions are useful in comparing the outcomes of a spectrum of
dosing schedules in the in vitro setting, and provide a means to use available experi-
mental data to help inform and guide future clinical studies in vivo.

We investigated combinations in which doses were not given simultaneously (to avoid
toxicities) and our model predicted that the complementary action of evofosfamide and
erlotinib results in a combined ability to control the tumor’s evolution and growth. In

particular:

(i) Combination therapies outperform standard clinical monotherapies. This is most
significantly realized in reduction of the probability of developing resistance. The
time to progression, for those who develop resistance, is 40.54% longer using an

optimal combination therapy rather than standard monotherapy with erlotinib.

(ii) Sequentially alternating single doses of each drug leads to minimal tumor bur-
den and maximal reduction in probability of developing resistance. Deviating
significantly from an equal number of evofosfamide and erlotinib doses leads to
an increase in both average tumor burden and the probability of developing resis-

tance.

(iii) Strategies minimizing the length of time after an evofosfamide dose and before
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erlotinib confer further benefits in reduction of tumor burden. The tumor popula-
tion response to evofosfamide is strong but short-lived; hence quickly intervening

in the subsequent population growth phase is important.

These alternating dosing schedules (and other similar dosing schedules) are likely
the most effective because the constant switching between erlotinib and evofosfamide
allows the strengths of these drugs to complement one another. Too much time spent
taking erlotinib without evofosfamide allows the sensitive cell population to remain quite
substantial for a long period of time (due to the lack of targeting the hypoxic regions),
which, in turn, leads to a high probability of a resistance mutation arising. On the other
hand, too much time spent on evofosfamide without erlotinib allows the sensitive cell
population to expand drastically since evofosfamide is unable to control its long-term
growth. Alternating between these two drugs allows each one to provide the necessary
control over the cancer cell population the other one is lacking. In addition, it is im-
portant to consider the subpopulation of cancer cells each drug acts on. Erlotinib acts
primarily on portions of the tumor microenvironment close to blood vessels, whereas
evofosfamide acts primarily on hypoxic regions that are further from the blood stream.
Because of this, alternating frequently between the two drugs allows the entire pop-
ulation of cancer cells in the tumor microenvironment to be constantly controlled by
the drugs. This same phenomenon has recently been observed with a different combina-
tion therapy utilizing evofosfamide in neuroblastoma and rhabdomyosarcoma preclinical
models [61].

These results demonstrate that incorporating HAPs in combination with targeted
therapies may be an effective tool in preventing resistance, and suggest an alternative
use for HAPs. Current clinical trials have combined HAPs not with targeted therapies
but with chemotherapies to control tumor growth. In addition, these trials used dosing
strategies involving simultaneous drug administration rather than sequential adminis-
tration, as is used in our model. It is difficult to draw conclusions about the outcome
of these clinical trials using our model since this would require growth rate parame-
terizations and pharmacokinetics for the chemotherapies utilized in the combination
treatment (gemcitabine and doxorubicin) in different cell types (pancreatic cancers and
soft tissue sarcomas). However, we did observe that the reduction in probability of

developing resistance is dependent on the exact timing and sequence of the combination
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therapy. This highlights the importance of using mathematical modeling to predict
treatment outcomes and inform decisions regarding schedules to be tested in clinical
trials.

In addition to its promising clinical implications, this work provides insight into the
biological factors which can cause a treatment strategy to either succeed or fail. Specif-
ically, analysis and comparison of the tumor evolutionary dynamics during single-agent
and combination therapy suggests that erlotinib and evofosfamide may be effective to-
gether because they target separate subpopulations within the tumor microenvironment
and on much different scales of time with differing degrees of strength. This theory can
be generalized to predict which types of drugs have the potential to be strong partners
in combination therapy; specifically, this methodology can be applied to determine the
biological and pharmacokinetic parameters that may lead to treatment success or failure
with monotherapy or combination therapy. These findings highlight the importance of
designing combination therapies with drugs whose strengths complement each other in
order to maximize the therapeutic benefits. Another important implication of this work,
and something to consider when designing combination dosing regimens using two or
more drugs, is the role that variability in timing between the dosing of different drugs
plays in treatment outcomes.

This work gave rise to multiple promising improvements that could be made in the
treatment of NSCLC. However, the dosing strategies proposed here need to be tested in
vivo to verify these model predictions. In addition, this work provided a novel frame-
work for defining drug toxicity constraints, which is sufficiently general to be extended
to any drug or combination of drugs. One planned extension of this work is to further
study the implications of cellular migration within the microenvironment on the evo-
lutionary dynamics of the tumor. An initial investigation into this impact is shown in
Section [2.5] For this study, experimental work investigating the details of the migration
patterns and quantification of migration rates in this system are necessary. In addition,
since evofosfamide is hypoxia-activated and birth and death rates due to erlotinib are
microenvironment-dependent, there is good reason to suspect that alterations to the
tumor microenvironment would have a large impact on the treatment outcomes with
both single-agent and combination therapy. In Section [2.6] we provide some preliminary

results to support this hypothesis. Other extensions of this work include considering
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the possibility of pre-existing resistance as well as modeling the bystander effect, which
refers to the idea that evofosfamide, once activated in a hypoxic region of the tumor,
diffuses outward and affects cancer cells in normoxic regions as well [34, 37]. In addi-
tion, it would be useful to explore the effect of HAPs other than evofosfamide on the
probability of developing resistance in order to determine whether the results presented
here are specific to evofosfamide or rather are a general phenomenon of HAPs used in

combination with tyrosine kinase inhibitors.

2.5 Impact of Migration

To investigate the impact of migration on our model predictions, we relaxed the assump-
tion that the evolutionary dynamics within each microenvironmental compartment are
independent by introducing a migration term that allows cells to move between compart-
ments. In addition to proliferating and dying, suppose cells in compartment ¢ migrate to
compartment j with rate p(i,j). Assume that cells in compartment ¢ can only migrate
to compartment ¢+ 1 or ¢ — 1 at a given point in time. Then the means of the sensitive
and resistant cells in each compartment are governed by a system of 64 ODE’s. For
i1=1,2,...,32, we have

%E[Xi(t)] _ (aitt) - u;.(,i(t) - pliyi—1) — p(z’?i + 1?)E[Xi(t)]
+p(i = LOE[X; 1 (8)] + p(i + 1,0)E[X11 ()],
L lyi()] = (Aval®) = mvia(t) = plGyi = 1) = plisi +1
dt + Ax i (t)uE[X; ()] + p(i — 1,9)E[Y;— ( )} (z +1,0)E[Yiy1(t)].

In the above equations, let p(1,0) = p(0,1) = 0 and p(32,33) = p(33,32) = 0 to account
for the fact that there are only 32 compartments.

We defined the migration rate p(i,j) using three different methods. Let the rates
defined by these methods be denoted as pa(i,j), ps(i,J), and pc(i,j). For each com-
partment, by using the decay rate of oxygen away from the blood vessel together with
the range of oxygen concentrations in that compartment, we estimated the range of dis-

tances from the blood vessel that correspond to the given compartment. We then used



47
the minimum and maximum distances for each compartment to estimate a measure-
ment of “width” - call this w; for compartment 7. To estimate w; for the compartment
furthest from the nearest blood vessel, we used the fact that the mean inter-capillary
distance in tumor tissue is approximately 300 pum, so the point furthest from the nearest
blood vessel in this compartment is at a distance of approximately 150 um [62] [63]. We
assume that cells travel at a rate of r = 0.3 pum/min [64]. The first method we used to
define p4(i,j) assumes that cells only migrate toward the nearest blood vessel. So the

migration rate is given by

- W 1<J
pa(i,j)=q " (2.18)
0 i>7.
The second method we used assumes that cells only migrate away from the nearest

blood vessel. Then the migration rate is given by

.
ppli.j) =14 " e (2.19)
0 i<y,
For the third method, we allowed cells to migrate both toward and away from the nearest
blood vessel with a constant migration rate of pc(i,j) = 0.1. This is a reasonable
estimate since the order of magnitude of r is —1 and for most compartments, w; has
order of magnitude 0.

To examine the impact of migration on the mean tumor size, we calculated mean
tumor size over time for two different combination dosing schedules using migration de-
fined in each of the three methods described above as well as without migration. Figure
shows the results of this calculation for a dosing schedule that combines a stan-
dard 150 mg daily erlotinib schedule with a standard 575 mg/m? weekly evofosfamide
schedule. Figure shows the results for the combination dosing schedule given by
n = 14 in Class 3, which was found to be the optimal dosing schedule to minimize mean
tumor size in the previous section.

We find that migration does have an impact on our model predictions with regards to
mean tumor size. Since the majority of the cancer cells are initially in hypoxic regions

of the tumor microenvironment, allowing migration between compartments governed
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Figure 2.12: A comparison of mean tumor size with and without migration.
Mean tumor size over time is plotted for two different combination dosing schedules in
(a) and (b) using no migration (blue curves), a constant migration rate (red curves),
a migration rate in which cells can only move toward the nearest blood vessel (yellow
curves), and a migration rate in which cells can only move away from the nearest blood
vessel (purple curves).
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by a constant migration rate leads to a more well-mixed population. Therefore, with
a constant migration rate incorporated into the model, erlotinib has more of an effect
on the population while evofosfamide has less of an effect since the cells are more
evenly distributed throughout the tumor microenvironment. This can be seen in Figure
and Figure This same phenomenon can be observed in the case where
cells only migrate toward the blood vessel, although it is more pronounced in this
situation since cells are only allowed to move away from the hypoxic regions of the tumor
microenvironment. On the other hand, by incorporating migration such that cells may
only move away from the blood vessel, the observed shift in mean tumor size is likely
due to a decreased response to erlotinib and an increased response to evofosfamide due
to the fact that the cancer cells are even more concentrated in hypoxic regions.

These results indicate that unidirectional migration of cell populations either towards
or away from blood vessels have more of an impact on the model-predicted mean tumor
evolution than bidirectional migration rates. However, the migration rates chosen here
fell on the higher end of literature-reported values, and it is likely that migration patterns
found 4n vivo are multidirectional, heterogeneous and dependent upon cellular density
in local and surrounding compartments. In addition, it is possible that sensitive and
resistant cells may have different migration speeds or capabilities. To better quantify
the impact of migration on the evolutionary dynamics of the tumor population, further
experimental investigation is needed to quantify migration rates and develop a more

refined mathematical model of local migration between compartments.

2.6 Impact of Tumor Oxygenation

Here, we extend our model to study the effect of changing the tumor microenvironment
on response to treatment with erlotinib and evofosfamide. Since erlotinib response is
microenvironment-dependent and evofosfamide is hypoxia-activated, it may be possible
to improve predicted treatment outcomes even further by manipulating the state of the
tumor microenvironment. We compare predicted treatment outcomes using a standard
tumor microenvironment with those using tumor microenvironments where the overall
oxygen concentration throughout the tumor has been either increased or decreased. This

comparison provides insight into how alterations to the tumor microenvironment could
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be leveraged to maximize the therapeutic benefit of these drugs. The addition of this
work contributes to a more complete understanding of the interactions between cancer
cells and their microenvironments as well as provides a potentially improved strategy
for optimal tumor control in NSCLC patients.

We predict the evolutionary dynamics of three different tumors (one well-oxygenated,
one poorly-oxygenated, and one whose oxygen profile mirrors standard tumor physio-
logic data) undergoing therapy with two separate combination dosing regimens. For
each of these tumors and each of the two therapies, the predicted mean tumor size and
probability of resistance up to recurrence time (the time at which the cancer cell popula-
tion reaches its initial size once again) are plotted in Figure The blue curves show
the evolutionary dynamics of a tumor with a 13.16% oxygen concentration at the blood
vessels, which matches tumor physiologic data [51]. The red curves show the dynamics
of a more well-oxygenated tumor (26.32% at the blood vessels) and the yellow curves
show the dynamics of a more poorly-oxygenated tumor (6.58% at the blood vessels).
Predictions for a dosing schedule in which the patient is given 150 mg erlotinib daily
on the first 5 days of each week and 575 mg/m? evofosfamide on the last day of each
week are shown in Figure and Figure Predictions for a dosing schedule in
which the patient receives one dose of 150 mg erlotinib and one dose of 248 mg/m? evo-
fosfamide in every 36-hour period (the optimal dosing schedule identified in Subsection
are shown in Figure and Figure

These results suggest that treatment with a combination of erlotinib and evofos-
famide may be more effective on poorly-oxygenated tumors and less effective on well-
oxygenated tumors. Although we observe a benefit to poorly-oxygenated tumors during
therapy with each drug since cellular growth rates are reduced as oxygen levels are low-
ered, changes in tumor oxygenation play a larger role in response to evofosfamide than
to erlotinib. This is because evofosfamide is hypoxia-activated, and hence more effec-
tive at lower oxygen concentrations. Thus tumor oxygenation differences lead to a more
dramatic difference in response during the dosing schedule used in Figure com-
pared with the dosing schedule used in Figure In light of these observations,
we conclude that the optimal treatment strategies proposed in Subsection may be
improved further by decreasing the oxygen throughout the tumor and maximizing the

number of evofosfamide doses.
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Figure 2.13: Comparison of evolutionary dynamics over time for tumors with
varying oxygen profiles. Mean tumor size (a) and probability of resistance (b) are
calculated up to recurrence time for a dosing schedule consisting of 150 mg erlotinib daily
for days 1-5 and 575 mg/m? evofosfamide given on day 7 of every week. Mean tumor
size (c¢) and probability of resistance (d) are plotted for a dosing schedule consisting of
one dose of 150 mg erlotinib and one dose of 248 mg/m? evofosfamide given every 36
hours. Results are shown for a tumor with a concentration of 13.16% oxygen at the
blood vessels in blue, 26.32% oxygen in red, and 6.58% oxygen in yellow.

The addition of this work suggests another approach with the potential to further
improve treatment outcomes for patients with NSCLC. In Subsection our model
predicted that, while the emergence of resistance is inevitable during monotherapy with
erlotinib, the addition of evofosfamide may result in tumor eradication for a signifi-
cant fraction of patients. Here we have shown that this combination strategy may be
improved upon even further with the addition of therapy aimed at decreasing tumor oxy-

genation. Given the correct timing and dosing sequence of erlotinib and evofosfamide,
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the combination of these two drugs, together with additional therapy to decrease oxy-
gen concentration throughout tumors, may have the potential to significantly improve

treatment outcomes for NSCLC patients.

2.7 Supplementary Matrices

Here we show the matrices SB, SD, RB, and RD used to calculate the birth and death
rate functions of erlotinib-sensitive and erlotinib-resistant cells, defined in Subsection
2.2.2
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Chapter 3

Impacts of Different Resistance
Mechanisms on Tumor

Recurrence

3.1 Background

We investigate the biological phenomenon in which a population with negative net
growth rate escapes certain extinction via the creation of new genetic variants. In the
context of cancer, this corresponds to the situation in which a population of drug-
sensitive cells undergoing treatment evolves resistance to therapy. This phenomenon
is quite common in cancers treated with molecularly targeted therapies [4]. For exam-
ple, this behavior is commonly observed in patients with EGFR-mutant non-small cell
lung cancer taking erlotinib or gefitinib [65]. In these cases, patients usually develop
resistance and disease progression within 12-18 months of starting treatment [5].
During cancer treatment, resistance to therapy may emerge via a variety of mecha-
nisms. In EGFR-mutant non-small cell lung cancer, for example, resistance to erlotinib
usually arises due to either a T790M point mutation or amplification of the MET gene
[66]. The first of these resistance mechanisms arises via a mutation within a single gene,
whereas the second corresponds to an increase in the copy number of the given gene.

In this chapter, we define and analyze two separate branching process models of drug

o7
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resistance, mirroring these two biological processes of gene mutation and amplification.
We then use our models to investigate tumor recurrence time, or the amount of time it
takes a tumor to rebound and reach its initial size at detection once again. Because a
typical solid tumor has between 107 and 10° cancer cells per cubic centimeter [67], we
focus on characterizing the tumor recurrence time in the large population limit.

Previous works by Foo and Leder [I§] and by Foo, Leder, and Zhu [68] have used
a similar modeling approach to study the stochastic time at which the resistant cell
population begins to dominate the tumor, which the authors refer to as the crossover
time. In this chapter, we build on these previous works by using a similar model
of resistance driven by gene mutation to investigate the stochastic tumor recurrence
time instead. The gene amplification model presented in this paper along with its
corresponding analysis is also a novel contribution to this body of work which previously
only focused on the case where resistance arises due to a single point mutation.

The remainder of the chapter is organized as follows. In Section [3.2] we introduce
the models for both gene mutation and amplification, and provide formulas for some
quantities we will use throughout the chapter. In Section we analyze the tumor
recurrence time in both models. Theorem |[l|gives a law of large numbers result regarding
the convergence of the stochastic recurrence time in the gene mutation model, and
Theorem [2] gives the analogous result in the gene amplification model. We then use our
results to draw comparisons between these two models. Section 3.4]provides justification
for a specific parameter choice. In Section [3.5] we provide proofs of the main results.
Throughout this chapter, we use the following standard Landau notation for asymptotic

behavior of non-negative functions:

f@t)y ~gt)if f(t)/g(t) = 1 ast — cc.

3.2 Models and Preliminaries

Both models start with an initial population of n drug-sensitive cells and zero resistant
cells at time ¢t = 0. The population X;(t) of sensitive cells is modeled using a subcritical
Markovian branching process that declines during treatment with birth rate rg, death

rate dg, and net growth rate A; = r;—ds < 0. Since A\; < 0, the sensitive cell population
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goes extinct with probability 1. We approximate this extinction time as ¢,, = —% logn.

3.2.1 Gene Mutation Model

In the mutation model, a sensitive cell may acquire a single gene mutation, giving rise
to a new resistant cell. These mutations occur at rate p, Xs(t), where p, = pn=® for
p>0and 0 < o < 1. Each mutant cell gives rise to a supercritical Markovian branching
process with birth rate r,,, death rate d,,, and net growth rate \,, = r;, — d;, > 0. The
total population of mutant cells is denoted by X, (¢). In the following, all probability
and expectation operators are conditioned on the initial conditions X4(0) = n and
Xm(0) =0.

Using the transition probabilities of these processes together with the moment gen-
erating function, we derive a system of ODE’s governing the first and second moments,
which we then use to calculate the mean and variance of X(¢) and X,,(t). For i = s, m,
let ¢;(t) = E[X;(¢)] and let 1;(t) = Var[X;(t)]. Then we have

(z)s(Ztn) = nlizy

l—«a

_pn “Amz/As _ . —z
Om(2ty) = Fo—— (n n ) ,
Vs(ztn) = nt=? <Ts_—;:is) (1 — n*‘z) ,

2rm,u 1—a—2Amz/As
¢m(2tn) —/\m(2)\m — )\S) n .

3.2.2 Gene Amplification Model

In the amplification model, sensitive cells each have two copies of the gene whose ampli-
fication is associated with drug resistance. For this reason and for ease of notation, let
a subscript of s be equivalent to a subscript of 2. Let X (t), k = 2,3,4, ..., M, represent
the population of type k cells with birth rate r;, death rate dj, and net growth rate
A = 1, — d. Type k cells have k gene copies and M is the maximum number of gene
copies a cell can have. In this model, a type k£ — 1 cell may gain a single gene copy,
giving rise to a new type k cell. These amplification steps occur at rate v, Xp_1(t),

where v, =vn=? for v >0and 0 < § < ﬁ
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We have already seen the formula for the mean of the sensitive cells in the previous

section. Now we examine the means of the other populations.

Lemma 1. For k = 3,4, ...,

E[X5(t)] = v* 20! =20 (—1)Rs (1),

where
k e)\z.t k
Se(t) =) 5 Dik= T =2
i=2 " vk =25

The proof of this lemma can be found in Section [3.5. Since type M cells contain the
maximum number of gene copies, they are resistant to treatment and hence A\j; > 0.
With each additional gene copy, cells gain a fitness advantage. More specifically, we
define

A — A
M -=-2

Fori=2,3,...,let ¢;(t) = E[X;(t)]. We already have that ¢2(t) = ¢s(t). For k = 3,4, ...,

A = Ao + (k—2)m,

- k
on(2tn) = @"1_(k_2)a§k(z),

mk—2
where
ko —Xiz/A2 k
~ n
Sk(z)zz Y Pr= H (J—1)
i=2 bk =25

Note that, for fixed z and n sufficiently large,

max @x(zty) € {d2(2tn), dar(ztn)}.

2<k<M

3.3 Results

To compare these two resistance mechanisms, we analyze the tumor recurrence time
in both models. Tumor recurrence time is defined intuitively as the amount of time it

takes from the beginning of treatment until the total number of cancer cells surpasses
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the initial population size n, neglecting possible brief instances of this early on due to
the stochasticity of the processes. A more precise mathematical definition of recurrence

time will be given below.

3.3.1 Recurrence Time in Gene Mutation Model

To obtain an estimate of the stochastic recurrence time, we start with the following

proposition, whose proof can be found in Section

Proposition 1. There exists a unique U, > 0 satisfying ¢s(tnty) + dm(Unty) = n.

Moreover, a, < U, < A, where:

an

_
-
1
Ay = —
Am

Hence a,, — —)\Asa as n — oo.
m

Let u,, = Uyt, represent our estimate of the tumor recurrence time. We now state our
main law of large numbers result regarding the convergence of the stochastic recurrence

time in the gene mutation model:

Theorem 1. Define the recurrence time in the gene mutation model mathematically as
T = inf{t > cty, : Xs(t) + Xon(t) > n},

where
B ads(As — 2\m)

REG) WG W W
Then, for all € > 0,
lim P (|7, — un| > €) = 0.

n—oo

In other words, the stochastic recurrence time and its estimate converge to each other
in probability as n — co. The proof of this result is located in Section [3.5]

For ease of notation, given € > 0, define
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_ Uy — €

un(6>: nt )
n

Uy + €

ut (€) = nt .
n

We will now state a proposition pertaining to the fluctuations of the sensitive and

resistant cell populations about their means.

Proposition 2. For ¢ >0 and i € {s,m},

lim P ( sup  noTAmE AT X (o) — (2| > 5) = 0.

T \selews ()
The proof of this proposition can be found in Section [3.5]

Next we will prove with high probability that there are no permanent recurrence
events in the time interval [0, ct,], meaning that either the number of cancer cells does
not surpass n during this time or it surpasses n only briefly before subsequently falling
to n or lower once again. To show this, we will prove with high probability that the

sum of sensitive and resistant cells is not greater than n at time ct,,.

Lemma 2.
lim P (X(cty) + Xm(ctn) —n <0) =1.

n—oo
Proof. Since P(X;(ct,) + Xm(ctn) —n < 0) =1 — P(Xs(ctn) + Xm(ctn) —n > 0), it

suffices to show

lim P(X(cty,) + Xm(cty) —n > 0) =0.

n—oo

Note that

P(Xs(ctn) + Xm(cty) —n > 0)
- ]P’(na“‘mc/)‘s’l(Xs(ctn) — s(cty) + ds(ctn) —n
+ ¢m(0tn) - ¢m(0tn) + Xm(Ctn>) > 0>

= ]P)(Al (n) + Ag(n) + Ag(n) > 0),
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where

Ai(n) = na+>\mc/>\s_1(XS(Ctn) — ¢s(ctn)),
Ay(n) = n®m (g (cty) + dm(ctn) — ),
As(n) = n@ A1 X 0 (cty) — dm(ctn)).

We will consider each of these three terms separately, starting with the first. Note

that

|A1(n)| = no ATl | X (cty) — ¢s(ctn)|

< sup  nOTAMEASTLIX (2t,) — ds(2th)],
zE[c,uﬁ(e)]

which converges to zero in probability by Proposition 2] Similarly,

| A3(n)| = n®Am A=l X0 (cty) — dm(ctn)|

< sup  nOTAMEATLIX () — dm(2t)]
z€feuit (o))

which also converges to zero in probability by Proposition 2l Now we just need to show

that As(n) is negative in the large population limit. By the definitions of ¢s and ¢,

_ Hnl—a
A2(n) = na‘i’)‘mc/)‘s*l (nlc + - <n*)\m6/)\5 _ nfc) _ n)
>\m - )\s
A As(As—2Am) A As(As—2Am)
RS s e v vo ll IS LB (W oo v v o e (S I
A — s
2Am —As 2Am —As
= ’]’La(l_Q/\nL—Q)\s) n= ¢+ _H na(mm—ms _1) _pee) 1),
)\m - >\s

Clearly, As(n) < 0 since the first term in the product above is positive and the second
term is negative for large n. Furthermore, we can see from the above display that

As(n) — —oo as n — co. Putting this all together, we have that P(A;(n) + Az(n) +
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As(n) >0) — 0 as n — oo.
O

We have just proved that with high probability the sum of sensitive and resistant
cells is less than or equal to n at time ct,. This implies that permanent recurrence

occurs at time ct, or later with high probability.

3.3.2 Recurrence Time in Gene Amplification Model

To obtain an estimate of the stochastic recurrence time, we start with the following

proposition, whose proof can be found in Section [3.5

Proposition 3. There exists a unique vy, > 0 satisfying 22/1:2 Ok (Onty) = n. Moreover,

b, < Uy < By, where:

1 1 pM=2(— )M A
by = — | XfB(M —-2)— —log | ——=——(1-"F)1],
>\M [ 2/8( ) tn s [mM_2PM7M ( )\2 )
1 1 pM=2(— )M
Bp=— |-XB(M—-2)— —log | ——=—"—1|.
Aoz [ 23( ) t g [mM_2PM,M

Hence v, — —i‘—;ﬂ(M —2) asn — oo.

Let v,, = Uyt,, represent our estimate of the tumor recurrence time. We now state our
main law of large numbers result regarding the convergence of the stochastic recurrence

time in the gene amplification model:

Theorem 2. Define the recurrence time in the gene amplification model mathematically

as
M
wy, = inf {t > dty, : ZXk(t) > n} s
k=2
where \ \
— M -2 — M -2
)\M — )\2 )\M

Then, for all € > 0,
lim P (jw, — vp| > €) = 0.

n—o0
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In other words, the stochastic recurrence time and its estimate converge to each other
in probability as n — co. The proof of this result is located in Section [3.5]

For ease of notation, given € > 0, define

_ Uy — €

Un(e): nt )
n

Up + €

vt (e) = "t .
n

We will now state a proposition pertaining to the fluctuations of these populations about

their means.

Proposition 4. For 6 >0 and 2 <k < M,

n—reo z€[d,v;t (€)]

lim P ( sup Sz o=l X0 ) — g (2t)| > 5) =0.

The proof of this proposition can be found in Section [3.5]

Next we will prove with high probability that there are no permanent recurrence
events in the time interval [0, dt,], meaning that either the number of cancer cells does
not surpass n during this time or it surpasses n only briefly before subsequently falling
to n or lower once again. To show this, we will prove with high probability that the

total number of cancer cells is not greater than n at time dt,.

Lemma 3.

M
lim P (Z Xp(dty) —n < o) =1.

k=2

Proof. Since P (ZQ/‘LQ Xi(dt,) —n < 0) =1-P (ng\iQ Xi(dt,) —n > 0), it suffices to

show

Note that
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M
P (Z Xp(dty) —n > 0>

k=2
M M M
P (nﬂ(M D +And/Ao—1 ( X (dtn) + Z Pr(dtn) — Z Pr(dtn) — n) > 0)
2 k=2 k=2

M
=P (Z Ag(n) + ) > 0)

k=2

where

Ag(n) = nfO1=2 P/ X1 — Gu(dtn)).

fl¢(n) nBM- 2)+Apd/A2—1 ( ) )

Note that

Au(m)] = P20 1 (at) = ()|

< sup nB(M_2)+>\MZ/>\2_1 |Xk(2tn) - ¢k(2tn)| )

ze[d,v;{ (e)]

which converges to zero in probability by Proposition[d Now we just need to show that

A¢(n) is negative in the large population limit. By the definitions of ¢o and ¢, k > 3,

M k-2
A¢(n) — pPM=2)+ pd/A2—1 (n Z IS: 1*(k*2)5§k(d) _ n)

M k-2

B _ 7] (S B L
nBM=2)+And/r2 (n dy Z W’n Bk Q)Sk(d) — 1)
k=3

M _ _ —92)—
A=) A/ (Z A2-1)F n Bk ~2) Aed/ Xz - 1) |

k—2
m
s Py i,
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For 3 < k < M, we obviously have k — 2 < M — 2. Since d > —)\26/\%:1 = _i‘nzﬁ

by (3.1), this means that md/A2 < —f, and hence 8 + md/A2 < 0. Therefore, for all
3<k< M,

—(k = 2)(8+md/As) < —(M — 2)(8+ md/A2)
—d— Bk —2) — (k— 2ymd/Xy < —d — B(M — 2) — (M — 2)md/X,
—B(k —2) — Ao+ (k — 2)m]d/As < —B(M — 2) — [Ag + (M — 2)m]d/As
—B(k — 2) — Mpd/ Ay < —B(M — 2) — Aprd/ Mo

This implies that

A Gt ) R GV ST 1)

A (n) ~ nPM=2)F nd/ A2 _
o(n) RTEY 3

i Gt ) SN TG YR NS v

mM=2Py; s

AM

Since d < —228(M=2) , we have that Ayd/Ay > —B(M — 2), and therefore
nBM=2)+Ad/X2 5 6 ag n — oo. Therefore, fl(b(n) is definitely negative in the large
population limit. Putting this all together, we have: P (ZﬂiQ Ap(n) + Ag(n) > 0) —0
as n — oo.

O

We have just proved that with high probability the total number of cancer cells is
less than or equal to n at time dt,. This implies that permanent recurrence occurs at

time dt,, or later with high probability.

3.3.3 Comparisons

To gain a better understanding of the complexity of the gene amplification model in
comparison with the point mutation model, we investigate the impact of the growth rates
on tumor composition. Figure [3.1] shows the average simulated tumor composition by

copy number at the time of recurrence for M = 7 when A7 is varied from 1 to 30. From
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this figure, we see that, as the step size for A\; increases, the recurrent tumor shifts
from being dominated by the type 7 population to being dominated by the type 2 and
3 cells. This agrees with our intuition because, when the step size for Ay is large, the
growth rates of the type 2 and 3 cell populations are high enough to drive recurrence and

hence the population does not evolve clones with higher copy numbers before recurrence

occurs.
Tumor Composition by Copy Number at Recurrence Time
30 T T

9000
25 8000
- 7000
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16000
«E 15 15000
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10 = 3000
2000

5

1000

2 3 4 5 6 7
Number of Gene Copies

Figure 3.1: Tumor composition by copy number at recurrence time. The tumor
was simulated up to recurrence time using the gene amplification model with M = 7.
We used an initial population of 10% type 2 cells with v = 5 and a = 0.1. The death
rate for all populations was dp = 3. The birth rate of the type 2 cells was rp = 1
and the birth rate of the type 7 cells varied from r7 = 4 to r; = 33. Simulations were
run repeatedly until the sample means were within 20 cells of the actual means with
probability 0.95. The results plotted are the averages of the simulation results.

Figure [3.2] shows the tumor composition breakdown in greater detail for 3 different
values of A\js (small, medium, and large). When Ajs is small (Figure [3.2a)), the recurrent
tumor is comprised mostly of type 7 cells, and resistance is driven more by mutation

than by growth. On the other hand, when \j; is large (Figure[3.2¢), the recurrent tumor
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is comprised mostly of type 2 and 3 cells, and resistance is driven more by growth than
by mutation. When \j; is somewhere in the middle (Figure , however, we see a
more even distribution in the tumor composition, and resistance seems to be driven by

a combination of growth and mutation.
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(a) Anr =3 (b) Aps =8 (c) Ayr =25

Figure 3.2: Tumor composition by copy number at recurrence time for specific
Aprr- The composition of the simulated tumor from Figure [3.1] is shown specifically for
a small Ay, a medium A7, and a large A;;.

To compare the two models, we investigate the ratio of recurrence time in the point
mutation model to recurrence time in the gene amplification model (u,,/vy) in the large
population limit. Figure[3.3]shows this ratio plotted as both a and 8 are varied simulta-
neously, using biologically relevant values for all other parameters. This figure suggests
that, in general, recurrence takes longer to develop in tumors where resistance is driven
by point mutations than in tumors where resistance is driven by gene amplification.
This phenomenon is especially apparent when « is large and § is small, which is the
biologically relevant parameter regime.

Figure shows the same ratio of the recurrence times plotted as both M and A,
are varied simultaneously. Note that this ratio is the largest when both M and A, are
small and smallest when both M and )\, are large. When ), is small, the resistant cell
population grows slower and hence the tumor will take longer to recur (causing u, to
be large). When M is small, that means that very few mutations are required to reach
the maximum growth rate Aps, and hence the tumor will recur quite quickly (causing
v, to be small). On the other hand, when )\, is large, the resistant cell population

grows faster and hence the tumor will recur more quickly (causing u, to be small). And
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Figure 3.3: Ratio of recurrence time estimates when o and g are varied. The
ratio of the recurrence time estimates (u,/v,) is plotted in the large population limit
for varying values of a and 5. In the calculation, we use A\, = 0.0159 and A\p; = 0.0209.
We also assume M = 7.

when M is large, the cells must undergo many mutations before reaching the maximum
growth rate \js, and hence the tumor will take a long time to recur (causing v, to be

large).

3.4 A Note on Parameter Choice

The threshold on $ in the gene amplification model is necessary to control the fluctu-
ations between the cell populations and their means. By Proposition [3, we know that
there always exists a unique positive solution v, to the equation Zg/fzz Ok (nty) = n.
This means that, at the estimate for the recurrence time, the sum of the means is al-
ways equal to n. Recall, however, that, as 8 increases, the mutation rate decreases. In

particular, when ( is large, the mutation rate may decrease to the point where very
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Figure 3.4: Ratio of recurrence time estimates when M and )\); are varied.
The ratio of the recurrence time estimates (uy,/v,) is plotted in the large population
limit for varying values of M and A,,. In the calculation, we use & = 0.5 and 8 = 0.1.
We also assume \y; = 2.

few mutations are actually generated, resulting in the entire population of cancer cells
dying out before a resistant clone becomes established and hence preventing recurrence
altogether. In this case, the total number of cells at the recurrence time estimate would
be zero, causing the fluctuations between the actual populations and their means to
become infinitely large in the large population limit. On the other hand, by placing
a threshold on B, we guarantee that the mutation rate is large enough to generate
enough mutations in order to drive recurrence. Thus the fluctuations between the cell
populations and their means are controlled in this parameter regime.

The specific threshold on 8 of ﬁ guarantees that, as M increases, 8 decreases
and hence the mutation rate increases. Recall that the growth rates Ay are defined to
increase linearly with copy number, where Ao < 0 and Ap; > 0. In particular, it may

be the case that multiple mutations are needed before cells have gained enough of a
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fitness advantage to have a positive net growth rate. Requiring the threshold on 3 to
be inversely proportional to M ensures that the mutation rate increases as maximum
copy number increases. Essentially, the more mutations that are required for cells to
attain the maximum net growth rate (the larger M is), the higher the mutation rate
must be (the smaller 5 is) to compensate. Below, we provide evidence to support the
assumption of this threshold via simulation.

To gain a better understanding of what is actually happening with these populations
of cells in each scenario, we have simulated this process using a wide variety of different
values for 5. Specifically, when M = 7, we would like to argue that we must have 5 < 0.2
in order to get recurrence in the large population limit. Let’s start by simply looking at
two example simulations. Figure[3.5|shows the results of two example simulations — one
where we use a § < 0.2 and one where we use a § > 0.2. The primary thing to note here
is that, in the case where the restriction is satisfied, the mutation rate is sufficiently high
to generate a substantial type 7 cell population and hence drive recurrence. However, in
the case where the restriction is not satisfied, the subsequent cell populations are never
established, and hence the tumor dies out completely before recurrence ever occurs.
But obviously, these two simulations do not necessarily reflect the behavior of these
processes in general.

To get a better sense of how these processes behave in general, we ran these two
simulations along with four others corresponding to increasing values of n, 100 times
each. The histograms representing the simulated scaled recurrence time results are
shown in Table The mean of these results is plotted as a black line, along with
the lower bound on the estimate (red line) and the upper bound on the estimate (green
line). First, note that the recurrence time is always positive when 5 = 0.01. On the
other hand, when § = 0.3, the recurrence time is almost always zero (a recurrence time
of zero corresponds to recurrence never occurring). Furthermore, when § = 0.01, the
mean from the simulations and the estimate converge as n increases, whereas this is
definitely not the case when g = 0.3.

However, we have still only examined two values of 8. In Table we perform
a more thorough investigation of this parameter space. Since we are interested in the

1 1

difference between when 8 < 37/ and when 8 > 47/,

approaching 0.2 from above and below. Since we are really interested in what happens

we investigate values of (8
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Figure 3.5: Example simulations for § = 0.01 and 8 = 0.3. Example simulations
demonstrating the difference between when the restriction on ( is satisfied and not.
The tumor is simulated using the following parameters: n = 103, ro = 1, r3 = 8/5,
rg = 11/5, r5 = 14/5, r¢ = 17/5, r; = 4, d, = 3, and v = 1. Results are shown for
B =0.01 (a) and 5 = 0.3 (b).
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Table 3.1: Comparison of 8 = 0.01 and S = 0.3. Histograms showing simulation
results when the restriction on f is satisfied and not. The tumor is simulated using the
following parameters: ro = 1, r3 = 8/5, r4 = 11/5, r5 = 14/5, r¢ = 17/5, r7 = 4, dj, = 3,
and v = 1. Results are shown for § = 0.01 (left column) and 8 = 0.3 (right column),
as well as for increasing values of n. For each value of n and 3, the corresponding
histogram represents the simulated scaled recurrence time results from 100 simulations.
The mean of these recurrence times is also plotted, along with the lower and upper
bounds of the estimate.

in the large population limit, we use an initial population of 10° for all simulations in
Table 3.2l The column on the left shows simulation results as 5 — 0.2 from below,
whereas the column on the right shows simulation results as 8 — 0.2 from above. Note
that, when 8 = 0.15, recurrence occurs in all 100 simulations. However, as  — 0.2 from

below, we see a handful of simulations result in a recurrence time of 0 (recurrence does
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not occur). Similarly, when 8 = 0.25, recurrence only occurs in a few of the simulations.
But as 8 — 0.2 from above, the split between simulations that do and do not result in

recurrence becomes more even.
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Table 3.2: Recurrence time results as § — 0.2. Histograms showing simulation
results for varying values of 5. The tumor is simulated using the following parameters:
n=10%ry=1,r3=8/5 14 =11/5 15 = 14/5, 176 = 17/5, r7 =4, d;, = 3, and v = 1.
Results are shown for values of 5 less than 0.2 in the left column and greater than 0.2 in
the left column. Each histogram represents the simulated scaled recurrence time results
from 100 simulations.
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3.5 Proofs of Main Results

3.5.1 Proof of Lemma [1l

Proof. We will prove this by induction. Let’s start by proving the base case: k = 3. We

need to show that

6/\2t

6)\3t
Ao — A3 /\2—>\3>'

E[X3(t)] = vn'~? (

Because X3(t) is a birth-death process with mutation, its mean is governed by the
following ODE:

%E[Xg(t)} = AE[X5(1)] + vn PE[Xa(1)].

Sure enough, plugging E[X2(¢)] and E[X3(¢)] into the above ODE yields

d 18 6>\2t 6)\3t - €>\2t 6)\3t B
- _ =\ B _ B, o2t
di [V” <)\2 S5 VAR VS W sV N — s g g ) TYmome

1B Ager2t B Agerst _ i Ager2t B Agetst N (Mg — )\3)6’\2t
A — A3 Ay — A3 X — A3 Ay — A3 Ao — A3 ’

which is clearly true. So we do indeed have E[X3(t)] = vn!~" (/\212;3 — %), as

desired. Now assume
E[X;(t)] = /20t~ 0=28(—1)l5)(¢).

We want to show that

E[Xp1(8)] = 1 n =08 (1) s, (1),

Because X;;1(t) is a birth-death process with mutation, its mean is governed by the
following ODE:
d

ZEXn ()] = A ELX 1 ()] + vn PE[X,(t)].

Plugging E[X;(¢)] and E[X;1(¢)] into the above ODE yields



77

% Vlflnlf(lfl)ﬁ(_l)lJrlSlJrl(t) :/\l+1ylflnlf(lfl),8(_1)l+lsl+1(t>

+ vn P21 = =28 (1)l g, (4)
I/lflnlf(lfl),b’(_1)l+1/\isl+1(t) _ Vlflnlf(lfl) ( )l+1 [)\lJrlSlJrl( ) Sl(t)] ]

Dividing both sides by v/~ 1n!=(=1D8(_1)+1 we get

XS+ (t) = >\l+15'l+1(t) - Si(t)
>\l+lt ! i

_ Z A€ Z )\l+1

P Pl+1,l+1 P P11

i )\l+1€

which is clearly true. So we have shown the desired result.

3.5.2 Proof of Proposition

Proof. Let f,,(z) = n*"Y(¢s(2ty) + ¢m(2ty) — n). Using the definitions of ¢s and ¢y,

we see that

B B 3 nl—a B _,
Fulz) = 1 (nl Z 4 )\/jn . (n Amz/Xs _ ) _ n)
o H 2(1=Am/As) 1% z
=14 — - N~
* n(Am — )\s)n n*(Am — As) "

Taking the derivative with respect to z yields

7N [ As = Am (1= Am/As)
f’l’L(z) - na()\m _ AS) )\5 n

K _X\nz/A
= nlogn [ —b-n=m=/s _ 1)
n 0gn<na)\sn )

logn —n?logn

Next we set f/(z) = 0 and solve for z to find any local maxima or minima of f,(2).
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Since n* > 0 and logn > 0 for sufficiently large n, we have that

fnz) =0 = —ngi nAmEAs = ]

Am n*As
- —)\—zlognzlog .

S —

Solving the above equation for z yields

—As log(—n®As/p)

Am logn

~ log(—
ity og(—As/p)

Am logn

1 1 ~As
= —Asa+ —1 .
(e (52)

Hence a,, = ﬁ <—)\Soz + ilog(—)\s/u» is the only maximum or minimum of f,(z).

Moreover, we have that a, > 0 for sufficiently large n.

Next note that f/ (a, — 1) = n%~Llogn ( T n~Am(an=D/As _ 1). Since n% =1 >0

n

and logn > 0 for sufficiently large n and

—I p—Amlan=1)/Xs _ 1 — TH A (X sad i log(Z22)—Am) _ 1
n%\g n%\g
— lna+loén log( 728 )+ Am /s —1
ne\g
— n>\m/)\s _ 1

< 0 for sufficiently large n,

we have that f!(a, — 1) < 0 for sufficiently large n. Hence f,(2) is monotonically
= Am(antD)/As _ 1).

n%Ag

decreasing for z < a,. Similarly, f!(a, + 1) = n*! logn(

Since n% ! > 0 and logn > 0 for sufficiently large n and
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— — Am —As
H ndmant)/As 1 2 niks.ﬁ(—)\sa+ilog(T)+)\m) 1
n*Ag n*Ag
—_ 1 —As
_ TH et lea(T0)-Am/As g
n%\g
=p /s 1

> 0 for sufficiently large n,

we have that f!(a, + 1) > 0 for sufficiently large n. Hence f,(z) is monotonically

increasing for z > ay,.

Now let A4,, = ﬁ (—)\Sa + i log((Am — )\s)/u)>. Then

N —
g M (s (herantop(Bee)) g L s (e log (B ) )
N — Ny
g T (e Ao () ) 2 e s ()
J—
— 1— s Y
S (o) (W) ) et <Am-A> n
S P p
—As s
— 140 i (Am_)‘s>“ R - (Am—)\s>Am
/’L )\m - )\S M
—
i
N — Ny

> 0 for sufficiently large n.

Note that since f,(0) = 0 and f,(z) is decreasing for all z € (0,a,), we have
that f,(a,) < 0. But f,(z) is increasing for z > a, and we have that f,(A4,) > 0.
Therefore, there exists a unique @, € (an, Ay) such that f,(@,) = 0 by monotonicity.
Using the definition of f,(2) and the fact that n*~! > 0, this implies that there is a
unique %, > 0 such that a, < @, < A, and ¢s(Unty) + Gm(tUnt,) = n. Furthermore,

My, oo @y, = limy, oo Ay, = _)j\nia. Hence u,, — _/\)‘;a as n — 00.

O]
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3.5.3 Proof of Theorem [1]

Proof. In order to show the desired result, we must show

n—00

lim P(7, > u, +€) + lim P(7, < u,, —€) =0.
n—oo

Let’s start by proving that P(7,, < u, —€) — 0 as n — oco. Note that

= IP( sup na+>‘mz/)‘s_l(X5(ztn) — ¢s(2tn) + ds(2tn) —n
zZ€[c, Uy, (€)]

+ O (2tn) — Om(2tn) + X (2tn)) > 0)

< P (Bi(n,€) + Bz(n,€) + Bs(n,€) > 0),

where

Bi(n,e)= sup n®tmENTUX (21,) — ds(zt)),
z€[c,uy (€)]

Bao(n,e) = sup n®TFATHg (2t)) + dm(2tn) — 1),
z€[e,un (€)]

Bs(n,e) =  sup na""\mz/’\s_l(Xm(ztn) — Odm(2ty)).
z€[e,un (€)]

Note that, for i € {s,m},

sup  [noTAmE ATl (X (2t) — ¢(2t)
z€[c,un (€)]

< sup  nOTAEASTL X () — ¢(2thn)]

zE[c,u;'{ (e)]
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which converges to zero in probability by Proposition 2] Now we just need to show
that Bo(n,e€) is negative in the large population limit. Define a function given by
Gn(2) = notAmz/As=1 (¢ (2t,) 4+ ¢ppm(2t,) — n). Using the definitions of ¢, and ¢, we

see that

l—«a

gn(z) = na—l—)\mz/)\s—l (TLI_Z + )\Mni)\ <n_>‘mz/>\s _ n—Z) _ n)

— (1’+Z(>\’,,L/AS—1) ’LL _ ’u Z(>\'m/As_1) _ O¢+A7nz/>\s
n + P o )\Sn n .

Taking the derivative with respect to z yields

g’:l(z) = @na'ﬁz(}‘m/ks_l) logn _ )\ﬂnz()\m/As_l) logn _ iﬁna+AmZ/As logn

-1
_ TnaJrz()\m//\Sfl) log 1 [_/\m + s+ /J’rlia + )\mnz] '

Next we set g/,(z) = 0 and solve for z to find any local maxima or minima of g,(z).
Since —1/\s > 0 and n@=2(1=2m/Xs) 5 0 and logn > 0 for sufficiently large n, we have
that

«

G.(2) =0 = \pn® =\ — As — un~

A — Ag — pun~ ¢
Am

1 Am — As — un™®
== z= log e .
logn Am

Am—As—un~— <
Am

= zlogn-log(

1
logn

note that g}, (g,+1) = ;—jna—(%ﬂ)(l—km/)‘s) logn [=Am 4+ As + un™ 4+ Apn®*1]. Since
—1/Xs > 0 and n®~(@+D(A=An/As) > 0 and logn > 0 for sufficiently large n and

Hence ¢, = log ( ) is the only maximum or minimum of g,(z). Next
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_ —a Gntl _ loénlog(W) B —a
Am + As +un~ % 4+ Apn =Ann-n Am + As + un

:,\mn(Am_)“”_’m >—)\m—|—)\s+una

Am
=(n—1) (Am — As —un~?)

> ( for sufficiently large n,

we have that g/, (g, + 1) > 0 for sufficiently large n. Hence g,(z) is monotonically
increasing for z > g,. Note that the only positive solution to g,(z) = 0 occurs at z = 4,
by Proposition[l} Also note that g, < ¢ < u;, (€) < iy, for sufficiently large n. Therefore,

we have that Ba(n,e) < 0. Moreover, we may rewrite Ba(n, €) as

Ba(n,e) = notAmun (€)/As—1 (gbs (u;(e)tn) + Om (u;(e)tn) — n) )

Then by the definitions of ¢4 and ¢,,, we have

11—«
5 — ot Amun (€)/As—1 [ 1—up (€) Hn —Amun (€)/Xs _ o —un(€)) _
Bs(n,e) =n (n + U (n n ) n)

— pa—uy (€)(1=Am/As) M H —un () (1=Am/As) _ - a+Amun (€)/As
" = A=A " '

Note that

’I’LOH_)\"LU; O/ s — nan%\gﬁ nﬁn(km/)\s)
_ ee)\mna—‘rﬂn()\m/)\s)
> ee)\mna“rAn()\m/)\s)
Am 1 1 Am—As
_ Pyt 3 (SAsart i tog (272 ))

1 Am =2
_ ee)\mnafaflognlog( e s)

_ _EAm 1%
e (Am _%) .
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Therefore, we have that

B < o=t ((1=Am/As) R - —up ()(1=Am/As) _ Am H
2(n,e) <n -l-)\m_)\s )\m_)\sn e —
_ K A a—uz(©)1=Am/As) (1 M0
i (1 e ) +n (1 — /\S> . (3.2)

Clearly, 1 — un=%/(Am — As) = 1 as n — oo since a > 0. We also have that

lim n®¥n (O0=Am/Xs) — lim nané(1—>\m/)\s)n—ﬁn(1—)\m/)\5)
n—00 n—00

_ ee()\m—AS) a—Un(1=Am/As)

lim n
n—o0

_ ee()\m—AS) [a—tn(1=Am /As)] logn

lim e
n—0o0

=0

since U, — —ads/Ay, as n — oo by Proposition Therefore, the right-hand side of
equation 1} converges to y—t5-(1 — e?m) < 0. So By(n,e€) is negative in the large

population limit. Putting this all together, we have our desired result: P(B;(n,e€) +
Bs(n,€) + Bs(n,€) > 0) — 0 as n — oo. Therefore, we have shown P(7, < u, —¢€) — 0
as n — oo. The proof that P(7, > u, +¢€) — 0 as n — oo follows using a similar
argument.

O

3.5.4 Proof of Proposition

Proof. Let’s start by proving the i = s case. That is, we want to show that

lim P ( sup  nO P ATHIX () — ¢(2tn)| > 5) = 0.

T \eeleunt (0)
Because a branching process normalized by its mean is a martingale, we know that
Zs(2) = n®t* 71 (X4(2t,) — ¢s(2ty)) is a martingale in z. To prove our desired result

for i = s, we need to show



lim IP’( sup  n A TE | Z(2)| > 5) =0.

oo z€ [c,u,f (e)]

Note that

sup MmN TEZU(Z)| < osup M TR sup | Z4(2))
2€[eud (€)] 2€[eud (€)] z€[eust ()]

= pime/As—c, sup | Zs(2)].
zE[c,ui(e)}

Therefore, we have that

P ( sup P MENTE Z(2)] > 5) <P <n)"”c/As_C- sup  |Zs(z)] > 5>
€l

z€[c,u (€)] z€[eud (6)]

=P ( sup | Zs(z)] >4 - nc_/\mc/’\5>
€l

z€[e,uit (6)]
1 2Ame/As—2c¢ + 2
< 5n E [ (Z,(55(9))’]

by Doob’s Martingale Inequality. Note that

E [(Zs(u;(e)))z} —E [(na+u:(e>—1 X (u (€)tn) — poud (6-1 ¢s(u;(e)tn))2]

= Var [na'*'":g(e)_le(u:(e)tn)] .

Therefore, now we have

84
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P < sup N TE Z(2)] > 5)
€l

z€[cut (e)]

< in2)\mc/z\sf2c . Var [naJru:{(e)les (UZ(G)tnﬂ

52
_ i 2Ame/As—2¢, 204+2u (€) =2, 1—u;l (e) Ld!i o —ut(e)
= 5211 n n Y (1 n )
1 rs + ds —ut (e 20+2¢(Am /As—1)+uit (€)—1
:52<—A3>(1_" () 2 2en a1 (01

Clearly, 6% (%) is just a finite constant. Note that

lim (1 - n_"’t(e)) —1— lim n ¢/thpGn
n—00 n—oo

=1— e lim e "nlogn
n—o0

=1

since Uy, — —Asa /Ay, as n — oo by Proposition |1} We also have that

As(As—2X\ Am—A ~
lim 20260/ =D (©-1 _ Jigy n20T S M L i e/t
n—oo n—oo
_ e—e)\s lim n2o¢+o¢()\5—2)\m)/>\m—1+ﬁn
n—oo
_ e—e)\s lim e[ﬂn—i—a)\s/)\m—l} logn
n—oo

=0

since U, — —Asa /Ay, as n — oo by Proposition |1} So we are done with the i = s case.

Next, let’s prove the desired result for i = m. As a reminder, we want to show that

lim P ( sup  nOtAmE AN (o) — o (2tn)| > 5) =0.

n—00
z€le;uq ()]

Note that
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ztn
Om(2ty) = / pn~“netsserm(#tn=9) g
0

ztn
_ unl—)\mz/)\s—a/ e(/\S—)\m)s ds.
0

Therefore,

o FAmz/As 1 (X (2tn) — dm(2tn))

2tn
_ na-{—)\mz/)\s—le(ztn) . ,U/ €(>\s—>\m)8 ds
0

2tn
= no‘+’\mz//\3_1Xm(ztn) — M/ Xs(s)e_AmS ds
nJo

m ztn
+ / (Xs(s) — ne’\ss) e~ ds.
0

n

Taking the absolute value of both sides and using the triangle inequality, we get

e tAn/ AL X () — G (20)|

< notAmE A TLX (o) —

ztn
M/
nJo

SRS

ztn
/ X, (s)e s ds
0

X(s) — nets*

e~ MmS ds.

This implies that

sup  nOtAmEATHIX (o) — (2t
ze[c,ui (e)]

ztn
< sup naH""Z/)‘S*le(ztn) - ,u/ X,(s)e 5 ds
nJo

ze[c,ufi(e)] ,
Zln

+ sup M/

z€feaur ()] " /0

X(s) — netss| e ds.

Hence
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P ( sup  potAmE/ sl | X (2tn) — dm(2tn)| > 5)

<P < sup > 0/2
z€[e,uyt ()]

2tn
na+)‘mz/’\s_1Xm(ztn) — M/ Xs(s)e_Ams ds
nJo

2tn
+ P sup K /
0

z€leu) (6)] TV

X,(s) — nets®

e ms ds > 6/2) .

The process in the second term of the above sum is monotonically increasing in z. So

we may simplify the expression above to

ze[c,uﬁ (e)]

<P ( sup
z€[c,uqt ()]

P ( sup  nOTAmATL X () — G (2t0)| > 5)

2tn
na"')‘mz/’\s_le(ztn) — M/ Xs(s)e_Ams ds
nJo

wt (e)tn
+P (“/
nJo

By Lemma 1 in [69], we know that

> 6/2)

X(s) — nes|e s ds > 5/2) .

t
e_AmtXm(t)—/ pn e A3 X (s) ds
0

is a martingale. Setting t = zt,, = —LAS logn, we get that

U ztn
nAmz/)‘sXm(ztn) — na/ e_)‘msXs(s) ds
0

is a martingale in z. Since linear combinations of martingales are also martingales,

2tn
naJr/\mZ/)\Sile(Ztn) _H / ef)‘mSXS(S) ds
0

n

is also a martingale in z. Therefore,

ztn
na"')‘mz/)‘s_le(ztn) - ,u/ Xs(s)e_)‘ms ds
nJo
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is a non-negative submartingale in z, so we can apply Doob’s Martingale Inequality to

get

P ( sup notAmz/As—1 | X (2tn) — dm(2tn)| > 5)
€

2€[c,ut (e)]

4 Up+€ 2
<—=-E !(naw‘m“me)/)‘lem(un +e€) — ,u/ X, (s)e Ams ds> ]
0

= 42 n
Un+€
+P<“/
nJo

Let us start by showing that the second term in (3.3) converges to zero. Since conver-

(3.3)
X,(s) — nets*

e S ds > 5/2) .
gence in mean implies convergence in probability (by Markov’s Inequality), it suffices

to show that
U Un+€
lim E [/ X,(s) — nets*
n—o0 n Jo

e~ Ams ds} =0,

or, equivalently,

Un+E€
lim M/ E HXS(S) — nets
0

n—oo N

} e A mS ds = 0.

By the Cauchy-Schwarz Inequality, we know

E HXS(S) — nets*

| < \/E [1Xu(s) = neros]

Multiplying both sides by £e~*m¢ and integrating yields
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Up+E€
'LL/ E HXS(S) — nets* } e S ds
nJo

Un+€ 1/2
< f/g / |:<rsj\'d8> (62)\53 _ 6)\35>:| e—)\ms ds
n 0 s
1/2 punte 1/2
_ (7'3 + ds) / (1 B e/\ss) As8/2,=Ams g
—)\Sn 0

< y Ts + ds 1/2 /\un—i_6 6()\5/2—)\7,1)8 ds
- —)\STL 0

1/2
=t (BT (s ),
As/2 = A \ —Asn

Note that, since u,, = Upt, = _a—gg log n,

Xe/2=Am ) (un-+e) Xs/2=Am) 2 g, (As/2=Am)e

:e(

— Om/As=1/2)iin (s /2= Am)e

el

which converges to zero since i, — —<** as n — oo by Proposition |1} Therefore,
m

L Un+E€
lim / E HXS(S) — ne’s
0

n—oo N

} e AmS ds = 0,

as desired. Next, we will show the first term in (3.3]) converges to zero as well.

E
n

N Un+€ 2
0

= n2(a+)\mux(5)//\s_1)E [Xm(un + 6)2]
Un+€
B 2Mn°‘+’\mu’t(6)/)‘si2 / E [ Xs(8)Xm(un + €)] e~ Ams g
0

2 [funte punte
+ (H> / / E [Xs(s)Xs(y)] e e mY ds dy.
n 0 0

From Lemma 1 in [I8], we know that
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2 fr\2 [unte [unte A (2un +2
B X+ 07 = (1) [ [ B @XM sy

() [ B [+ 577 s

Up+€
E[Xs(8)Xm(un + €)] = (”)/0 E [X,(y) Xs(s)] e @ntes) gy,

na

where X, is a binary branching process starting from size one with birth rate r,, and

death rate d,,. Substituting these expressions into our equation yields

Un+€ 2
EK AT ) = / Xy(s)e™ d”

_ Amag (€)/As—1) unte un+€ Am (2un+2e—s—y)
= p*n® )Xs(y)] e ds dy
+ o+ 20t © - / E [X,(s)| E [5( (tn + ¢~ 5)?] ds
PRSIl A Ao (i +e—s—)
[ Exexmie ds dy
2,2 e unJre —Am (s+y)
+u ) Xs(y)] e ds dy.
0

Then, by the definition of u, (e),



E

Un—+E€ 2
<na+xmu:<e>/xs WX +¢) = 2 / X(s)e A’”Scls) ]

>\m(un+e) Un+E€ Un+€
_ H2n Togrn 11 / / S(y)] 8)\m(2un-i-2e—s—y) ds dy

Am (un+e) +1

Un+€ ~
L me (e / E[Xs(s)]zﬁz[xm(uﬁe—s)?} ds
 Am(unte) Un+e€ un+e
— 2# n logn+ 2/ / s(y)] 6)\m(un+efsfy) ds dy
Un+€ punte
+ w22 / /0 E [X,(5) X5 ()] e+ ds dy
Un+E€ un-l-e
/ / )X (y)] e~ m(51Y) g dy
Un+€ _
1020~ 2Am( un+e>/ E[X, ()] E | Xm(n + ¢ — 5)?] ds
2 [funte punte
ﬁ) [ [ Ex@xane e asay
n 0 0
2 [fUnt€ ruUn+te
BT B @l e e dsdy
n 0 0

Un+e€ _
— i 2ePAn(unto) / E [ X, ()] B [ Xy + ¢ — 5)?] ds.
0

+

Note that

E[X,(t)] = net,

- 2 d
E |:Xm(t)2} . %ezxmt _ %ﬂemy
m m

Substituting these into the above expression yields



92

Un+€ 2
E [<Ha+)\muj{(e)/>\lem(un +€) — 'u/ Xs(s)ef)‘ms ds) ]
nJo

_ Mna—26—2)\m(un+e) /un—i-e TLe)‘SS <2;m 62>\m(un+e—s) _ ’I”m):I— dm e)xm(un-‘re—s)) ds
0 m m

_ 27 pin® ! /””+6 ePs—=2Am)s g
A 0

(;n—l Un+€
e dm)e)\m(un+e)/ oPa=Am)s g
Am 0
2rmpn® ™t —2h)(undte)
— s m)(UnT€E) __ 1
A (s — 2Am) (e )
O (rp + dpm)
o m + dm (e(xrzxm)(uﬁe) - e—Am(un+e)) _
>\m()\s - >\m)

Since u, = tnt, and t, = ;—1 logn, the expression above is equivalent to

Nna_l e(As—ka)(ﬁn;—: log n+¢) 27, _Tm +dn
)\m As - 2)\m )\s - A’rn

B 2rm, + Tm + dm 67/\7”(&”;7; log n+e) .
As — 2Am  As — Am

Ascr (As—2Am) (n ;—Sl log n+e) —Am(an;—; log n+e)

Because u, — =** asn — 00, e
m

— 0 and e — 0.

Therefore, the entire expression above converges to zero since a < 1, so we are done.
O

3.5.5 Proof of Proposition

Proof. Let fn(z) = 22/112 ¢r(zty) — n. Taking the first derivative of ¢o with respect to

z, we get

d
£¢2(ztn) = —n'"*logn.

Taking a second derivative yields
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2

d
@gbg (ztn) = (log n)2n1*Z

> 0.

Hence ¢y(zty,) is concave up everywhere. Now for k > 2, we have

I/k72 -1 k 5
bi(2ty) = m’E—2)n1_(k_2)BSk(z)'

Taking the first derivative of this equation with respect to z, we get

dz(bk(Zt”) p ] logn ( )\2> Sk(2).

Taking a second derivative yields

mk—2

Vk_Q(—l)knl—(k—z)ﬁ(log n)2 (Ak/Ag)?n =M=/
=2 P

d2 Vk—2 -1 k o )\Z 2 ~
@qﬁk(ztn) = #nl (k 2)’8(logn)2 (/\2) Sk(2)

~

> 0.

So ¢i(zt,) is concave up in the large population limit for all & > 2. Therefore,
Y jeo ®k(2ty) is concave up since a sum of concave up functions is always concave up.
Hence f,(z) is concave up as well. Since f,,(z) is clearly differentiable everywhere, this
implies that either f,, (z) is monotonically increasing everywhere, or fn(z) is decreasing
on the first part of its domain and then increasing on the rest of its domain. Note that
fn(0) = 0. We also have that
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f(n ni— bn+z mk 2 (k—2)ﬁ§k(bn)_n

M-2,_\M /5, _x
1 (-1 ( 2 M)
_nlww 2, o o s (5

A oM=2_ M 352y,
nfﬂ(ku)nAMﬁ(M 2) n MA2in log{mN172ﬁM71\4< A2 )
—1

k
+Z mk—2 Z P

k=3 =2
— N (M—2) /A ny—(k—2 VM—Q(_l)]W Ao—\ —)\k/)\]\/j
M k=2 1y B (M=2)/ X~ (k—2)] [mM_QPM’M( zAzMﬂ
~n Z oy 5 —1
k=3 Kk
M-1 nB(M=2) /A —(k—2)] {VM*Q(—UM (AQ—AM>}_)"€/)‘M
=n k—2( 1)k . mM_QPM,M A2
L k=3 mh=? Py i
A2
——=— 1.
T = ]
Note that
Ap(M — 2)
——— (k-2
202 )
[)\2-{-(]45—2)%} (M —2)— [)\24_( )>\]\4 )\2] (k—2)
= o
_ (M —2) + (k= 2)(Anr — A2) = Aa(k = 2) — (k= 2)(Amr — No)
AM
= 22 (),
M

so we can substitute this to get
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2k
M—1 k=2(_1)k [VM*Q(jl)M <>\2—>\M)] AM
- V(=) mM—QPM~,M A2 pPr2(M=k)/Anr )\27 -1
=3 T)”kazpkﬂz€ /\2 - )\M
A2
~ — = 1
! (A2 - Ay )
< 0.

So fn(bn) < 0 in the large population limit. Similarly,
M k—2/_1\k ~
v ( 1) nlf(ku)BSk(Bn) —n

\ Ly |:VIVI—2(71)1Mj|
22 _ o ~
=n [n Xar A=) gt 8 | =2 By g

SM=2(_1)M

A
+§/-’: A2 kzk:n Bk— Q)n)\]wB(M_2),n)‘]\4)‘2tn 10g|:mM_2}5M,M] .

=3 1=2 )

- M-2(_1)M —Ae/Am

M o e nPPMM=2)/An—(k=2)] | ¥__(1)"

1% (—1) mM=2Py 1

~n Z mk—2 P -

k=3 koo

-M—l l/k_Q(—l)k |:VM72(f1)M:|*)\k/)‘]\/I
—n meiPMvM nPA2(M—=Fk)/An

k=3 mF=2 By
> 0.

So fn(Bn) > 0 in the large population limit. Therefore, we know that fn(z) must be
monotonically decreasing on the first part of its domain and monotonically increasing
on the rest of its domain. This implies that there exists one and only one positive
solution @, to the equation f,(z) = 0. And since fn(b,) < 0 and f,(B,) > 0 in the
large population limit, we must have b, < ¥, < B Lastly, because lim;,, o by, =
lim,,—so0 Bn = —)j\—flﬁ(M — 2), the solution v,, — B( —2) asn — oo as well.

O



3.5.6 Proof of Theorem [2]

Proof. In order to show the desired result, we must show

lim P(w, > v, +€)+ lim P(w, < v, —€) =0.

Let’s start by proving that P(w, < v, —€) — 0 as n — co. Note that

P(wy < vy — €) = P (‘:" < vg(e)>

n

M
<P < sup (ZXk(Ztn) - n) > 0)
z€[dvy (6)] \k=2

M
= ]P’( sup  nPM=2H+Auz/ A1 (Z Xi(zty)
z€[d,vy, (€)]

k=2
M M
+ ) dn(ztn) = Y dr(ztn) — n) > 0)
k=2 k=2
M A
<P (Z By (n,€) + By(n, €) > 0) ,
k=2
where
Bi(n,e) = sup  nPMEDPMERTL (X (o) — g (2t))
z€[d,vy, (€)]
M
By(n,e) = sup nfMRFAE Al (Z i (2tn) — n) :
z€ld,vy ()] k=2
Note that

sup ’n’B(M_QH)‘MZ/’\?_l (Xk(ztn) — ¢k(ztn))’
z€[d,vy, (€)]

< sup nBM=2)+Anz/A2—1 | Xk (2tn) — dr(2tn)],
zE[d,U:{(E)]

96
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which converges to zero in probability by Proposition [d] Now we just need to show
that §¢(n, €) is negative in the large population limit. Define a function given by
Gn(2) = nPM=2+ nz/22—1 (ZQ/‘LQ Or(ztn) — n) Using the definitions of ¢ and ¢y, for
k > 2, we see that

f}n(Z) _ nB(M—2)+/\Mz/)\2—1 < 1—2 + Z — 1—(k—2)5§k(2) o n)

mk2

2(_1)k ko B(M—k)+ 2020

k= A
B(M—2) +z Z Z n’ B(M—2)+3M -
=n 2 —|— —n A2
= mk 2 1=2 P7*7k

_ (M—i)mz

k=3 i=2 Bk

Taking the derivative with respect to z yields

2
. f: Z/k:—Q(_l)k Zk: nB(M—k)+(M—i)m~»3/>\2 logn - 7(M;21)m
k=3 mh2 i=2 Pk
p(M=2)(B+m=/22)+2 gy ((M ; 2m . 1)
2

— loin [( M — 2)m - n(M-2)(B+mz/22)

M k72( k

)m B —R)+ (M —i)mz/ s _)\Mn(M—Q)(ﬁ—‘,-mz/)\g)—l—z]

=2
M
_ logn [Z DM K)oy

(M—2)(,8+mz/>\2)+z] )

When 2z > d, we have that z > )\26)\M 5= = —Xof8/m by 1’ Therefore, mz/Aa <
—f, and hence 8+ mz/Ag < 0. This implies that, when z > d,
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logn | VM2(=1)M(M = M) (a1 ary(5me /)

)\2 mM_3PM,M

_ Am10gn a9y (Brmz/rn) 42
_)\2

> 0 for sufficiently large n.

(M=2)(B+mz/A2)+=z

Gn(2) ~

—Aun

Hence g,(z) is monotonically increasing in the large population limit for all z > d.
Specifically, g, (z) is monotonically increasing on the interval [d,v;, (¢)]. Therefore, we

may rewrite B¢(n, €) as

M
By(n, ¢) = nf M2 (921 <Z Ot () — n) .

k=2
Then by the definitions of ¢2 and ¢y, for k > 2, we have

M o
R - 1
By(n,e) = nBM=2)+XAnvn (€)/A2—1 (nlv" - E :V mlg 2 nt= k=285, (v (€)) — n)
=3

nM=2)(B+mvy (€)/A2)+vn (€)—1 (nl—vﬁ(ﬁ)

—vn (6)—(i—2)muy, (€)/A2

M
+Z ka 1(“52 _n>

zk

M k2 Kk —(k—2 muyy (€)/A
nM=2)(B+mvy (€)/A2) Z v lg_l) .n ( )(Bf (972) —pen(e )
— M -2 Py i,

Since v,, (€) > d, we have that v (e) > —)\25/\%:32 = —X28/m by 1| Therefore,
mu,, (€)/A2 < —a, and hence a + muv,, (€) /Ay < 0. This implies that

M-2 M
qu(n, €) ~ nM=2)(B+mun (€)/r2) %n_(M—Q)(,B-Fmv;(E)/)\z) _pun(©
mM72PM,M
_ DY sra i @/

mM=2Py s
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Note that

_ 2 _
WA =2 Anrvr O/ Ae _ BIM=2), 22 Xy /Ag
— eE)\]y] nB(M72)+>\Mf)n/)\2

> M B(M=2)+rr Br /A2

B =243 b [ - xap(01-2)- - o s 2|

_ oy, mM 2Py 11
1 JM=2(_ )M
_ ee)\Mnﬁ(M_Q)_B(M_Q)'f‘@ log [m]
M—2 M
— ee)\M v (_1)
mM_2PM,M
Therefore, we have that
M-2 M
~ v —1 _
Bg(n,e€) ~ 7]\/{72( = )~ _ pPM=2) A vn ()/ 22
m Py
M-2 M M-—2 M
_AMEDY M)
— mM2Py v mM=2Py v
M-—-2 M
I Gl (1= ).
mM=2 Py

So B¢(n, €) is definitely negative in the large population limit. Putting this all together,
we have that P (ZkMzz By(n,e) + B¢(n,e) > ()) — 0 as n — oo. Therefore, we have
shown P(w, < v, —€) — 0 as n — oco. The proof that P(w, > v, +¢€) — 0 as n — oo

follows using a similar argument.

O]

3.5.7 Proof of Proposition

Proof. Let’s start by proving the k = 2 case. That is, we want to show that

lim P ( sup  pSM=2DFAmzPe=L X (ot — o (2t,)| > 5) = 0.
oo z€[d,oit (€)]
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Because a branching process normalized by its mean is a martingale, we know that
Zy(z) = nPM=2+2=1 (X, (2t,) — $a(2ty)) is a martingale in z. To prove our desired

result for k£ = 2, we need to show

lim IP’( sup  nAm—A)2 e 7, (2)] > 6) =0,
oo z€[d,vit (€)]

or, equivalently,

lim P < sup nM=2me 7, (2)] > 5) = 0.

oo z€[d,v;t (€)]

Note that
wp a0 < sup A (Zy()
z€[d,v;t (€)] z€ldv;t (€)] ze[d,vit (€)]
nMDm o (7y(2),
z€ldwit (€)]

Therefore, we have that

( sup (M 2)mz/)\2’Z ( )‘ > 5)

z€[d,v;t (€)]

(M—2)md/X2 | sup ‘22(z>‘ > 5)

( zE[d,vTJ{(e)}

sup |Z2 z)| >0 - n(QM)md/’\2>

z€[d,v;f ()

P

IN Il

on\>—~<>.\>—~0«.\)—‘

nM=2)md/X2 | H Z(v (e))H by Doob’s Martingale Inequality

n(M=2md e ([P M=20 O (X (0 (€)t) = da(v (€)tn)|

nB(M—2)+(M—2)md/)\2+v;'[(e)—l .E HXZ(U?L_(G)tn) . ¢2(U:(€)tn)u )

Clearly,
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| X2 (v (€)tn) — d2(vyy (€)tn)| < [Xa(vy (€)tn)] + |d2(vyy (€)tn)]
= XQ(U;JL_(E)tn) + (Z)Q(U:(f)tn)'

This implies that

E [|Xa(vy ()tn) — d2(vy (€)tn)]] < E [Xa(vy ()tn) + d2(vg (€)tn)]

= 2o (v, (e)tn).
And hence
P ( sup n(M—Q)mz/A2’Z2(Z)’ > 5) < %nﬁ(M—Z)-i—(M—Z)md//\z—&—v?:(e)—lnl—vj{(e)
z€[d,vi} (e)]
_ 2 (r-2)(Bmd/xa)
0

So it suffices to show that § + md/Ay < 0. From (3.1), we have that

M—2  —)\B
d> -\ _
- 2ﬁ/\M—)\2 m

which implies that md/\y < —f3, so we are done with the k = 2 case.
Next, let’s prove the desired result for & > 2. Note that

2tn
¢k(Ztn) _/ Vniﬁ(ékil(s)eAk(Ztn*S) dS
0

ztn
= yn P2/ / dr_1(s)e ™ ds.
0

Therefore,
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nPM=2 =021 (X (at,) — i(2tn)
— nﬁ(M—2)+>\MZ/>\2—1Xk(Ztn) — oM =3)+(Anm—Ar)z/A2—1 /Ztn ¢k_1(8)€_>\k5 ds
— POT-D Az AL, (g ) B3+ —Rmz /A1 / O e (s)e M ds
0
— nB(M—2)+/\Mz/>\2—1Xk(Ztn) — ypBM=3)+(M—k)mz/A2—1 /Zt" Xk_l(s)e—/\ks ds
0

ztn
+ VnB(M3)+(Mk)mz/)\21/ (Xk—l(s) - ¢k—1(5)) 67)\;95 ds.
0

Taking the absolute value of both sides and using the triangle inequality, we get

nfM=2t w2/ X1 X0 (o1 Y — by (2t

tn
< nB(M—2)+>\Mz/)\2—1Xk(Ztn) _ ypBM=3)+(M—k)mz/X2~1 /Z Xk_l(s)e_,\ks ds
0

ztn
+ Vn,B(M—?))—i-(M—k)mz/)\g—l/ ’kal(s) o ¢k71(3)’ e—)\ks ds.
0

This implies that

sup P2 =/ X1 X0 o Y g ()]
z€[d,v (€)]

<  sup nB(M—2)+>\Mz/>\2—1Xk(Ztn)

2€[d,v;t (€)]

ztn
_ VnB(M—B)—l-(M—k)mz/)\g—l/ Xk_l(s)e—)\ks ds
0

ztn
+ sup ynﬁ(M_g’)Jr(M_k)mz//\rl/ | Xp—1(5) — dp_1(s)| e ds.
z€[d,v (€)] 0

Hence
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P ( sup Sz el X ) — g (2t)| > 5)
ze[d,vj{(e)]

< IP’< sup
z€[d,vt (€)]

ztn
- VnB(M?;)Jr(Mk)mz/)\gl/ Xk_l(s)ef)\ks ds
0

nﬂ(M—Q)-‘r)\Mz/)\z—le(ztn)

> 6/2)

_ (M—k)mz zln
+P ( sup M=, 1/ | Xp_1(s) — dr_1(s)| e M ds > 5/2) .
z€[d,v (€)] 0

(3.4)

As a reminder, our goal is to show that (3.4)) converges to 0 as n — oc.
Let’s start with the second term. Note that

ztn
sup Vn,B(MS)Jr(Mk)mz/)\gl/ |Xk,1(8) o ¢k71(3>‘ e*)\ks ds
z€[d,v;t (€)] 0

2tn
< sup wnpPM=FM=k)mz/ =1 g / | Xk—1(s) — pr—1(5)| e M5 ds
()] /0

z€[d,ot (€)] z€[dot (e

v,f(e)tn
= anB(MS)Jr(Mk)md/)‘?l/ | Xp_1(s) — dr_1(s)] e ds.
0

So, in order to show the second term in (3.4)) converges to 0, we must show

Un

7 (€)tn
lim P <VnB(M3)+(Mk)md/)‘21/ | Xp_1(5) — ¢p_1(s)| e 5 ds > 5/2) =0.

n—oo 0

Since convergence in mean implies convergence in probability (by Markov’s Inequality),

it suffices to show that

n—oo

v
Iim E (ynB(M_3)+(M—k‘)md/>\2—1/ (
0
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or, equivalently,

Un+e€
lim ppfM=3)+(M=k)md/rs=1 / E[|Xp_1(s) — ¢p_1(s)|]] e ds = 0.
0

n—oo

Note that

| Xk-1(5) = dr-1(5)| < |Xe—1(s)] + |¢r-1(s)| by the triangle inequality
= kal(s) + (ﬁkfl(s).

Taking the mean of both sides yields

E[[Xk-1(8) — dp-1(5)|] < E[Xy-1(5) + ¢r-1(5)]
= 2¢-1(s).

Multiplying both sides by vnfM=3)+(M—k)md/X2=1c=As and integrating gives us the

following inequality:

Un+E€
nfO19+(ma et [T (X () < (o) e ds
0

n+
< Vn,B(M—S)—i—(M—k)md/)\g—l /U ‘ 2¢k_1(8)€_)\k8 ds.
0
So it suffices to show that

Un+e€
lim Vnﬂ(M73)+(Mfk)md/)\271 / 2¢)k_1(8)67>\k5 ds =0

n—oo 0

or, equivalently,

Un+e€
lim pfM=3)+(M=k)md/Az—1 / E[Xp_1(s)] e M ds = 0.
0

n—oo

Using the definition of E [Xj_1(s)], we see that
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Vn+€
nB(MB)Jr(Mk)md/)\gl/ E [Xj_1(s)] e~ ™" ds
0
Un—+e€
_ n,B(M—3)+(M—k)md//\2—1/ [Uk—3n1—(k—3)6(_l)k—lsk_l(S)] oS I
0
vpte k=1 e(Ai=Ap)s
_ Vk—BnB(M—kz)—i-(M—k:)md/)\g(_1)k—1/ ds
0 — Lik-1
v\ k=3 L eli—k)ms
— <7> n(M—k’)(ﬁ'i‘md/)\z)(_l)k—lZ/ _ ds
m — Jo Py g1
k—3 k-1 1
_ Vin(Mfk)(ﬁerd//\z)(_l)k 5 <e(ifk)m(vn+e) _ 1)
mk—2 P &
=2 "0
Since vy, = Upty, = — 22 logn,

2

e(ifk)m(anre) _

So we want to show that

k—3 k—1 1
lim v n(Mfk)(ﬁﬁLTrLd/)\z)(_l)k
n—ooo mk—2 ' n

or, equivalently,

k—1
lim k) (B+md/A2) Z L (n(k—i)mﬁn/)\ge(i—k)me _ 1) _o
=2 "0
Since v, — —%B(M —2) as n — 0o, we have that n(=9m%/X2 (0 and hence
plk=imin/Azp(i=k)me _ 1 _y 1 Therefore, this problem simplifies to showing that
nM=k)(B+md/\2) _, () ag n — co. But we have already seen that 3 + md/Aa < 0 in the
k = 2 case, so we have the desired result.

Now that we have proved the second term in (3.4) converges to 0 as n — oo, all we
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have left is to show that the first term converges to 0 as well. By Lemma 1 in [69], we

know that

t
e_)"“th(t)/ vn Pe M3 X, (s)ds
0

is a martingale. Setting t = zt,, = —/\2—2 logn, we get that

ztn
n’\kz/’\QXk(ztn) — Vn_ﬁ/ e_’\’“SXk,l(s) ds
0

is a martingale in z. Since linear combinations of martingales are also martingales,

Ak oy A AR, _ oy A A, ztn
n s P HAM=2)+ =GR 1Xk(ztn)fun BHB(M-2)+ =50z 1/ Xj—1(s)e % ds
0

is also a martingale in z. The expression above simplifies to

ztn
nB(M—Z)—l-)\Mz/)\Q—le(Ztn) _ VnB(M—3)+(M—k)mz/)\2—1/ Xk_l(s)e—)\ks ds.
0

Therefore,

tn
nB(M72)+)\Mz//\271Xk(Ztn) _ M =3)+(M—k)mz/X2~1 /Z Xk_1(8)€4ks ds
0

is a non-negative submartingale in z, so we can apply Doob’s Martingale Inequality to

get
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nﬁ(M*2)+)\MZ/>\2*1Xk(Ztn)

P < sup
zeld,vit (e)]

ztn
_ Vn,B(MS)Jr(Mk)mz//\Ql/ Xk,l(s)e*)‘ks ds
0

> 6/2)

2
Un+e€
_ oy S(M=3)+(M—k)mu (e)/A2~1 / Xk,l(s)e_/\ks d$> ] _
0

2

(%)

< i .E [(n,@(Mz)MMvi(e)/Az1Xk(vn +€)

Therefore, it suffices to show that

n—00

lim F. [(nﬂ(M—Q)-H\MUi_(E)/)\z—le (v + €)

2
Un+e€
_ Vnﬁ(M3)+(Mk)mvx(e)/A21/ Xy (s)e= M ds) ] _o
0

We can expand the quantity above as follows:

E !(nﬁ(M2)+>\MvrT(€)/)\21Xk (vn + €)

2
Un+E€
_ Vnﬁ(M3)+(Mk)mvi(€)//\21/ Xk,l(S)ei)\kS ds) ]
0

_ n2/3(M—2)+2)\MU$(6)//\2—2E [Xk(vn + 6)2]

Unt€
_ Qynﬁ(QM—5)+(2>\M—>\k)vi(E)//\2—2/ E [Xi_1(8) X5 (vn + €)] e~ ds
0

_ Ay —A () — Unt€ pupte
+ VQnQB(M 3)+24M/\2 k.t (e) 2/ / E [Xk—l(S)Xk—l(y)] efAk(Squ) ds dy
0 0

By making a slight modification to the proof of Lemma 1 in [I8], we have that



108

Unt+€ pUnte

E [Xi (v + €] = (vn™")? E [ X 1(s) Xp1(y)] M Con 2579 ds dy
0 0
Un+€ 5
+un P / E [Xj-1 ()] B [Ki(vn + ¢ 5)?] ds
0

VUn+e€
E [ Xk 1(8)Xk(vy +€)] = vn P / E[Xe 1(8)Xp_1(y)] e~ Mk(vnte—y) dy
0

where X}, is a binary branching process starting from size one with birth rate rj and

death rate dj. Substituting these expressions into our equation yields

E

(nﬁ(M—Q)-i-)\MUjL—(5)/>‘2_1Xk(vn +¢€)
Unte€ i
_ ynﬂ(M-3)+(M_k)mv:{(e)/Az_l/ Xp—1(s)e s ds) ]
0

22\ 'U,,J'L_(e) _ Unt€ Un+€
— VQnQB(M—3)+7J\[,\2 2/ / E [kal(S)kal(y)] 6)\;6(211”+26737y) ds dy
0 0

2\ ’U+ €
BEM—5)+22Mu (9

Un+e€ N
+vn / E[X;-1(s)]E [Xk(vn +e—5)?| ds
0

_ (@A —Ap)vd (e) Upte€  punte
— I [ [ B (X ()X 0)] MO dsdy
0 0

oy 20y, [Vnte runte
4223+ v 2/ / E [Xp_1(5) Xp_1(y)] € M) ds dy.
0 0

Then, by definition of v, (e),



109

E

(nﬁ(MQ)Jr)\MPj{(E)/)Qle (Un + 6)
2
M—3)+(M—Eymot () a1 [ "€ —A
B3 (M k) () /s / X1 (s)e= " ds
0

Unt€  punte
— V2n25(M73)72672)\M(vn+e) / / E [Xk—l(S)Xk—1<y)] e/\k(2vn+26757y) ds dy
0 0
Un+e€ _
+ Vnﬁ(2M—5)—2€—2AM(vn+e)/ E[Xp_1(s)|E [Xk(vn +e— 5)2] ds
0
Unt€  [unte
_ 2y2n2ﬁ(M3)2€()\k2)\]M)(Un+€)/ / E [Xp_1(8) Xp_1(y)] e Entes79) gs dy
0 0
Un+€ [Unte
+ 12 2B(M=3)=2 2(Ak=An) (vn+e) / / E[Xp_1(s) Xp_1(y)] e ) ds dy
0 0
Unt€  [unte
— 12 2B(M=3)=2 . 2(Ax—An) (vnte) / / E[Xp_1(s)Xp_1(y)] e ) ds dy
0 0
Un+€ _
+ vnfRM=5) =2 =2 (vnte) / E[X_1(s)] E [Xk(vn +e— 5)2] ds
0
Unt€  runte
— ek [T TR X () X)) dsdy
0 0
Un+€ [Unte
+ 12 2B(M=3)=2 2\ =) (vn+e) / / E [Xp_1(8) Xp_1(y)] e 6T dsdy
0 0

Un+E€

_ Vn5(2M5)262)\M(vn+e)/

E[X;_1(s)] E [Xk(vn e 5)2} ds.
0

Note that

E[Xp_1(s)] = /30t =F=38(_1)k=1g, 1 (s),

E [Xk(vn +e— 8)2 —_ 2362)\19(1)714’6*8) o MeAk(UnJrG*S)‘
>\k Ak

Substituting these into the above expression yields
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E

(nﬁ(M2)+AMvI(E)/A21Xk(Un +¢€)

2
Vn+E€
_ Vnﬁ(M3)+(M’f)merf(6)/>\21/ Xk,l(s)efA’“S ds) ]
0

B(2M—5)—2e—2)\M(vn+e) .

=n
Unte€ 2 d
/ Vk—3n1—(k—3)[3(_1)k—1sk_1(S) <;kezxk(vn+e—s) _ Tk;F ke)\k(vn+€—s)> ds
0 k k
vpte k=1 i— s
— k2 BEM—k=2)=1~2hns (v 1)k 27%62)\;6(1)”-&-6)/ + e (i—2X0) o
Ak 0 — Pk
Up+e€ k-1 Ai—Ak)s
U WO / )
Ak 0 = Pk
_ Vk72n6(2M7k72)71(_1)k71672)\M(vn+e)>\i'
k
k—1 2?”k (e)\i(anre) o 62)\k(vn+e)) (Tk: + dk) (e)\i(vn+e) _ eAk(anre))
pat (Ai = 220) P 1 (N = M) Pt

Now note that

2 (eAi('Un‘f'f) — 62/\k(vn+6)) (7 + dy) (e/\i(vn+€) — ekk(vn-*-ﬁ))
(N —2\)Pigr (N — M) Pk
2N = Ap) (N0t — 2l t9) — (- dg) (N — 22) (X — Anlenta)
B (Ai = M) (Ni = 200) Pig—1
Ak (i 2dy) Mt (4 dy) (N — 20g) €M T 25 (A — ) e2e(0nte)
(Ai — Ak) (N — 20) Py o1 '

Substituting this back in, we get
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E ( B(M—=2)+Anv; (€)/A2— 1Xk(v +e)
Un+e€ 2
— M =3)+(M— kymuit (€)/Xa— 1/ Xk,l(s)efA’“S ds) ]
0
_ Vk_2n’8(2M_k_2)_1(—1)k_1€_2>\M(v"+6)%'
k
’“Zl Ak (i 2dy) €Mt (4 dy) (N — 20p) €M T 2 (A — N) e2k(0nte)
i=2 (Xi — )‘k)()\ —2>\k) i,k—1
kaZn,B(2Mfk72)fl(_1)k71672)\]v1(vn+6)
et = M) ko1 — 200 Pr_1 et
[(T’k + dk)()\]g,1 — QAk)eAk(vn+6) + 27”]@()\]{ — )\k,l)ew‘k(anre)] .
Since v, = Upty, = )\—" log n,

E

( B(M—2)+Aprvit (€)/ A2 — 1Xk('U —i—e)

2
Un+e€
_ Vnﬁ(M—B)—&—(M—k)mvf{(e)/>\2—1/ Xy (s)e= s ds) ]
0

ka2n,3(2Mfk72)fl(_1)k71672>\M€e2)\§25 logn
Me(Ak—1 = M) (Ap—1 — QAk)Pk Lk—1
[(Tk -+ dk)()\k—l — 2)\k)€>\ke *)‘2 , logn + 27"1@()\19 — )‘k—l) 2)"“66 *Az 1Ogn:|

Vk—z(_l)k—le—z)qwe

- A (Ak—1 — Ag) (A1 — 2)\k)Pk71,k71.
[(Tk ) er — QAk)eAken5(2M7kf2)71+(2)\Mf)\k)f)n/)\z

+ QTk()\k — )\k_l)eQAkEn/B(QM_k_2)_1+2(>\JVI—>\k)17n/)\2] )

Note that
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20 — Ak _ 20+ (M —=2)m) — (A2 + (k—2)m)

/\2 N )\2
2M — k-2
_14 ),
A2
Therefore,
hm nﬁ(QM—k—Q)—1+(2)\M—)\k)’5n/>\2 — hm nﬁ(QM_k_Q)_l‘Fﬂn‘f'%;k%ﬁn
n—o0 n—oo
~ fim e[ﬁ(zM—k—Q)—1+ﬁn+m<2MA7;k*2)ﬁn} logn.
n—0o0

Then, since

lim B(ZM—k—Z)—1+6n+m(2M)\_k_2)f;n]
n—o00 2
A —k—2) A
:5(2M—k—2)—1—)\;{B(M—Q)—m@M)\Q )MiB(M—Q)
:5(2M—k—2)<1—M/\];2AA]‘2:;2>—1—;]\245(M—2)

— >\2
= LB — k) ~1

< 0,
by Proposition [3] we have that

lim nf@EM=k=2)=1+(2xn = )on/A2 _ (.
n—o0

Similarly, note that

AM — Ak ()\2 + (M — 2)m) — ()\2 + (k‘ — 2)m)
2 =2
)\2 >\2
M-k
Ao

=2m




Therefore,
lim nBCM—k=2)=1+20—A)Fn/A2 — iy nB(QM—k—2)—1+2m]‘§;’“ﬁn
n—oo n—oo
— fim e[ﬂ(gM—k—z)—Hsz‘ﬂ;’“ﬁn] logn
n—oo '
We also have that
M —
lim |B2M —k—2)— 1+ 2m L= F5)
n—00 A9
M —
=B2M —k—-2)—1-2m 3 k;\—Qﬁ(M — 2) by Proposition 3]
2 AM
A
=B(M —2)+3(M—k)—1-28 <1—A2> (M — k)
M

=B(M —2)—1+B(M —k) (2;‘2—1>.

M
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Since B(M — k)(2Aa/Ap — 1) <0 and 8 < 1/(M — 2), the above limit is negative, and

hence

lim nA@M—k=2)=1+2(Am—X)n /X2 _ ()
n—oo

So we are done.
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