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Abstract

The dissertation consists of two projects on the regularity of the three-dimensional
incompressible Navier—Stokes equations. In the first project, we study Navier—Stokes
regularity on the half-space. The existence of minimal blowup-generating initial data,
under the assumption that there exists an initial data leading to finite-time singularity,
has been studied by Rusin and Sverak (2011), Jia and Sverdk (2013), and Gallagher,
Koch and Planchon (2013, 2016) in several critical spaces on the whole space. Our aim
is to study the influence of the boundary on the existence of minimal blowup data. We
introduce a type of weighted critical spaces for the external force that is better-suited
for our analysis than the usual Lebesgue spaces. We reestablish regularity theory for
the Stokes equations and local-in-time regularity for the Navier—Stokes equations. Our
main tools to treat regularity near the boundary are the notion of “split” weak solutions
introduced by Seregin and Sverdk (2017), the boundary regularity criteria and special
decomposition of the pressure near the boundary due to Seregin (2002). Our method
works well for both the half-space and the whole space. Our second project is motivated
by the work of Li (2014). He introduces a hypothetical relation between the mesh
size and the size of the corresponding numerical solution which guarantees the global
existence of the exact solution. We formulate this problem for a continuous setting and

identify some key difficulties.
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Chapter 1

Introduction

1.1 Statement of the problems

The dissertation consists of two projects: one on Navier—Stokes regularity near the
boundary, the other on a type of quantitative criteria for the existence of global strong
solutions. In the first project, we study the initial-boundary value problem of the

incompressible Navier-Stokes equations on a domain 2 C R3

ou—Au+u-Vu+Vp = f,
divu = 0,
(NSE)q :
ulpo = 0,
u(-,0) = wuo.

There are a number of ways to define a solution. Two general tools used to construct
solutions are the perturbation theory and energy estimates. Mild (or strong) solutions
are those coming from the perturbation of the linear Stokes equations, i.e. the Navier—
Stokes equations without the nonlinear term. For quite general domains, mild solutions
are known to exist and regular at least over a short period of time. For example,
Geissert et al. [24] show the local-wellposedness of the Navier-Stokes problem for f =0

and ug € L"(Q), r > 3, in any smooth domain {2 that admits Helmholtz decomposition



in L". If Q) is the whole space or half-space, the system has scaling symmetry

u(w,t) — du(Ax), \%t),
p(x,t) = N2p(Az, A2, (L1)
flz,t) — N3 f(x, \%t),

up(x) = Aug(Ax).

A function space for a quantity £ (velocity, pressure, energy,...) is called critical if
the corresponding norm is invariant under the scaling (1.1). Critical spaces play an
important role in the regularity theory. For example, the smallness of data (i.e. initial
condition and external force) in many critical spaces implies that the Navier—Stokes
problem has a global-in-time mild solution. The existence of global mild solutions given
arbitrary data is still not known for any domain, with or without boundaries.

Let X be a critical space of the initial condition ug, and Y be a critical space of the
external force f. Denote by pf... the supremum of all p > 0 such that (NSE)q, is globally
well-posed for every (uo, f) with ||(uo, f)||xxy < p- For Q@ = R3 and Y = {0}, whether
pSl.. is finite is essentially the millennium problem of fluid dynamics [18]. Although the
global well-posedness is not known, we are interested in the hypothetical situation when

pil.. is finite. In particular, we are interested in the following question:

(Q1) If p.. is finite, does there exist a data (ug, f) € X xY with ||(uo, f)| =
such that the mild solution u of the system (NSE)q blows up in finite

Q
Pmax>

time?

We call such data a minimal blowup-generating data, or simply minimal blowup data.
This question has been addressed in several settings of the initial conditions (with zero
force). Affirmative answers are given for X = H'/2(R3) in [76], for X = L3(R?) in [32]
and [21], and for X = B;;+3/p(R3), 3 < p,q < ooin [22]. Our aim is to study the
effects of boundaries on this issue.

Physical boundaries are known to complicate the regularity theory. For example,
the harmonic pressure may not be smooth near the boundary, thus requiring a careful
treatment. Seregin establishes e-regularity criteria near the boundary using a different
decomposition of the pressure [80]. Thus, it is natural to ask if the answer to the

above question is still affirmative in the presence of boundaries. We will study the



above problem in the half-space, which is the simplest domain with boundary where
the natural scaling still holds. Let us simply write (NSE) and ppyax when Q = R3 and
(NSE)+ and p;f,, when Q = R3. For simplicity, we will consider the case ug = 0, so
that our data are only represented by f. This situation contains the key difficulties.

The generalization to ug # 0 is quite routine. We aim for the following results:

1) If pmax < oo then there exists a minimal blowup data for (NSE).

2) Prhax < Pmax-

3) If pif .« < pmax then there exists a minimal blowup data for (NSE)..
4) If pit. . = pmax then there does not exist a blowup data for (NSE).

Our introduction of the right hand side make the definition of p{.., the threshold of
global well-posedness, more stable under the change of equations or domains. The most
natural critical space for the force term seems to be Lif’. However, this space is not
suitable for the persistence of singularities, which is a key step in our analysis. We refer
to Section 6.1 for detail. It turns out that it is better to work with certain weighted

critical spaces. The spaces we consider in this thesis are of the form
Y, ={f:Qx(0,00) = R>: 9 f € L9(Q x (0,00))}

with
3 5

e e R e T

The main result in this project is the following.
Theorem 1.1. ForY =Y, with 5/2 < q < 3, the statements 1), 2), and 3) hold true.

The first statement is consistent with the conclusions in [76, 32, 21, 22] where the
force term is assumed to be zero. When pif. . < pmax, the boundary “helps” the blowup:
all singularities (i.e. points (x,t) around which u is unbounded) stay close to the bound-
ary. The main new difficulty (in comparison with previous works on minimal blowup
data) is that the presence of the boundary complicates the partial regularity theory

which is needed for our proofs. Our main tools in this respect are an adaptation of the

notion of “split” weak solutions in [83] to the new setting f € Y, and an adaptation



of the results of [80] and [79] where the partial regularity theory near the boundary
is developed. The case pl .. = pmax happens only when the singularities move away
from the boundary. In this situation, the boundary seems to obstruct the existence of
minimal blowup data.

In the second project, we consider the initial value problem for the mollified

Navier—Stokes equations in the whole space

Ou— Au+ (u*n.)-Vu+Vp=0 in R3x (0,00),
(NSE). : divu=0 in R?x (0,00),

u(-,0) =up in R3

where n.(x) = e73n(x/e) is the standard mollifier in R®. Denote by (NSE) the exact
Navier-Stokes system. Suppose that the initial condition ug belongs to L2N L. A nat-
ural class of solutions in this setting is the so-called strong solutions (or mild solutions),
defined in the space Lg3,.

In the pioneering work [48], Leray shows that (NSE) is locally well-posed, and (NSE).
is globally well-posed for each £ > 0 (see also [71, Thm. 4.2]). The global well-posedness
of (NSE) is still not known. Heuristically, solution u. of (NSE). is more regular than
solution u of (NSE) because the mollified nonlinear convection term is dominated by
the linear diffusion term. By a careful limit process, Leray constructs a global weak
solution to (NSE) as a limit of u.. However, the uniqueness of Leray’s weak solutions is
not known due to possible lack of regularity of this class of solutions (see [18]).

Leray’s construction is purely qualitative (using limit, compactness, etc). Without
a sufficiently strong a priori estimate, many regularity properties are lost in the limit
e — 0. All a priori estimates that have been known so far can be traced back to the
energy estimate, which is not strong enough to preserve the boundedness of solutions in
the limit process (see [98, Sec. 3.4]). This motivates us to find a reasonable quantitative
assumption on u. that will imply the existence of a global strong solution. Specifically,

we are interested in the question:

(Q2) For M > 0, how large € can we take so that the following is true: “If
u. is bounded in R3 x (0,00) by M then (NSE) has a global strong solution
u which is bounded in R? x (0,00) by 2M”?



This question is addressed in part by Li [50] from a numerical perspective. Consid-
ering a discretized Navier—Stokes system on a polyhedron, he introduces a hypothetical
relation between the mesh size and the size of the corresponding numerical solution
which guarantees the global existence of the exact solution. He essentially suggests
that ¢ < exp(—M?2%). Although question (Q2) can be formulated for domains with
boundaries, system (NSE). seems to be a more natural model to study because of the

scaling symmetry and the absence of boundaries. The *

‘resolution” e of approximation
is analogous to the mesh size. This setting already contains some key difficulties. Like

the exact Navier—-Stokes system, (NSE). has scaling symmetry:

u(z,t) — ux(z,t) = du(Az, \%t),
p(z,t) — palz,t) = N2p(Az, \°t),

e — 8>\:)\*15.

We are interested in obtaining a bound for € that has the same scaling as €. In the
terminology of Caffarelli-Kohn—Nirenberg [12], each quantity in (NSE). can be assigned
a dimension. The bound ||uc||f== < M provides a natural length scale for the problem,
which is M ~!. The number ¢ also has dimension length, so the ideal bound for ¢ would

be ¢ < M~ Our goal is to investigate the following conjecture.

Conjecture 1.2. Let M > 0 and ug € L> N L™. There exists a constant C > 0
independent of M, possibly dependent on ||ug||zs or other scaling-invariant quantities
involving ug, such that the following is true: Suppose for some 0 < ¢ < CM~!, the
solution ue of (NSE)e is bounded by M. Then (NSE) has a global strong solution bounded
by 2M .

We obtain a partial result that ¢ < F(M) where F(M) has the same scaling as ¢
and decays as exp(—M?3) as M — oo, improving the results of Li [50]. We believe that
proving a power decay F' (M) ~ M~ for some o > 0, would already be significant. One
strategy is to choose a different approximate Navier—Stokes system. The key difficulty,
however, is that “naive” estimates at global scale, as in our analysis, seems not strong
enough to achieve a power decay. A treatment at local scale is perhaps needed to access

the strength of the local regularity theory.



1.2 Chapter summaries

The first project is addressed in Chapter 2,3,4,5,6. The second project is addressed in
Chapter 7.

In Chapter 2, we review two ingredients needed for the formulation of solutions to
the Stokes system: the Helmholtz decomposition and Stokes semigroup. We summarize
(1) several well-known results on Helmholtz decomposition, which is an important tool
to formulate strong solutions to the Stokes system and Navier—Stokes system, and (2)
a priori estimates of the Stokes semigroup e*®. These results have been known for
smooth domains with compact boundaries, the half-space and whole space. We present
here elementary proofs for the case of half-space and whole space (Proposition 2.5) based
on pointwise estimates of Green’s matrix due to Solonnikov [91], [92].

In Chapter 3, we study the Stokes system with force term in the critical space
Y,. We obtain a priori estimates of the solution in various critical spaces (Propo-
sition 3.1), Solonnikov’s coercive estimates (Proposition 3.5), local energy estimates
(Proposition 3.7), uniqueness of weak solutions (Proposition 3.8) and compactness the-
orem (Proposition 3.12). These results are consistent with known results in the setting
feLrLyrt.

In Chapter 4, we study mild solutions to the Navier—Stokes system with force term
in Y;,. We obtain short-time regularity and characterization of blowup (Proposition 4.2)
which are consistent with known results in the setting f € L} LY. By a splitting argument
due to Seregin and Sverak [83], we show that mild solutions belong to the local energy
class (Proposition 4.6). As a consequence, they belong to a class of weak solutions called
sw-solutions at blowup times.

In Chapter 5, we study the class of sw-solutions. Here s stands for strong/Stokes/split,
and w for weak. This type of weak solutions is introduced by Seregin and Sverak [83] in
the setting up € L3(R3) and f = 0 to simplify the proofs of compactness theorem, weak-
strong uniqueness, persistence of singularities, etc. and to better adapt with unbounded
domains other than the whole space. We present here an adaptation of their treatments
to the setting up = 0 and f € Y, in the whole space and half-space. We obtain similar

results: the the compactness theorem (Proposition 5.7), weak-strong uniqueness (Propo-



sition 5.9), e- regularity criteria (Proposition 5.11 and Proposition 5.14), and persistence
of singularities under weak convergence of the data (Proposition 5.21). The key idea to
show the persistence of singularities is to apply Seregin’s pressure decomposition near
the boundary. We notice that sw-solutions are well-suited for boundary regularity and
help simplify our regularity-bootstrapping procedure (Proposition 5.18).

In Chapter 6, we treat the problem posed in the introduction. We explain why the
critical space Li{pg of the force term is not suitable for the persistence of singularities,
and why (%,3) is a natural range for ¢. The main theorems are Proposition 6.3 and
Proposition 6.5. Theorem 1.1 is proved by Corollary 6.4 and Proposition 6.5.

In Chapter 7, we give a partial result on Conjecture 1.2 and identify some difficulties.
The main theorem is Proposition 7.5.

Appendix A is a collection of several canonical tools in PDE with selective insights
apt for this dissertation. These include Young—O’Neil inequality, fractional inequality,
anisotropic Sobolev embeddings, Calderén—Zygmund operators, and Fourier multiplier

theorems.

1.3 General setup and notations

Let © be a domain in R3, and consider the initial-boundary value problem of the Navier—

Stokes equations

(8tu—Au—|—u-Vu+Vp = f,
divu = 0,
(NSE)q :
ulpgo = 0,
{ u(0) = wup.

There are a number of ways to define a solution. Most of the available methods come
from either the perturbation theory or the energy methods. The perturbation of the

linear Stokes equations gives rise to a class of solutions called mild solutions, formally



obtained as follows. First, consider the Stokes system

( Oou—Au+Vp = f,
divu = 0.
(SE)q :
ulpgo = 0,
u(0) = wup.

(
Applying Helmholtz decomposition (Section 2.1) and denoting the Stokes operator A =

PA, we get an evolution system
Oou—Au = Pf,
u(0) =y,
By Duhamel’s Principle,

t
u(t) = e"ug +/ "IAPf(s)ds Yt > 0. (1.2)
0

We now replace f in the Stokes system by (f—u-Vu) to obtain an implicit representation
for the solution of the Navier—Stokes system

t t
u(t) = e up + / TIPS (s)ds — / =P div(u © u)(s)ds. (1.3)
0 0

The pressure is contributed by the diffusion term Aw, the convection term u - Vu, and

the external force f through Helmholtz decomposition: p = pg — p + pe Where

Au = PAu+ Vp,
u-Vu = P(u-Vu)+ Vpe, (1.4)
f = Pf+ Vp..

Note that the pressure is only defined up to a function of t. For estimation purposes,
it is often necessary to replace p by p — [p]p, where [p|p denotes the average of p over
some spatial domain D. The component py is also called harmonic pressure or boundary
pressure because it is a harmonic function satisfying a Neumann boundary condition

Apgs =0 in €,

Opa
o = (Au)-n on OS.

When it comes to boundary regularity, this component is most difficult to deal with
because it involves second-order derivatives of u. To avoid this issue, a different de-

composition of the pressure is needed. It is introduced by Seregin (see Section 5.4).



Denote

t t
U(t) = emuo, F(t)= / e(t_S)AIP’f(s)ds, B(u,v) = —/ e(t=s)Ap div(u ® v)(s)ds.
0 0

Then uw = U + F + B(u,u). This is the problem of finding a fixed point. The following

abstract lemma is used to obtain a short-time solution (or local solution).

Lemma 1.3. Let 2" be a Banach space and B : & x Z — 2 be a continuous bilinear

form with || B(z,y)| < v|lz|/|ly||. Fora e 2, consider the equation
x =a+ B(z,x). (1.5)

If |la|| < 1/(4y) and 0 < ry < ro are two roots of the equation r = |la|| + vyr?, then

(1.5) has a solution T satisfying ||Z|| < ri. Moreover, the solution is unique in the ball

{x e X :||z|| <re}.

The proof is a direct application of the Picard’s contraction mapping principle (see

e.g. [95, p. 215]). The solution is obtained as the limit of the sequence

o =a
Tpy1 =a+ B(xp,z,) ¥ n>0.

We define mild solutions as solutions obtained through the iterative process

WO =U+F
Wt — U L F 4 B(u("),u(")) Y n>0.

Condition ||U + F||2 < 1/(47v) often amounts to a short-time condition or a small-
ness condition on the data (ug, f) in a critical space X x Y. The latter situation re-
sults in a global-in-time solution (or global solution). The scaling symmetry classifies
function spaces into three types: critical, subcritical and supercritical. Caffarelli-KKohn—
Nirenberg’s notion of dimension [12] provides a simple way to describe these types as
follows. To each quantity in the Navier-Stokes equations we assign a number called

dimension based on how it is scaled in (1.1):
[2] =1, [t] =2, [u] =1, [p] = -2, [f] = =3, [u] = -1

A space X is called critical/ subcritical/ supercritical for a quantity ¢ if the corresponding

norm |[{]|x is of zero/negative/ positive dimension, respectively. A useful fact is as



follows. Suppose ¢ has dimension d and belongs to a mixed-norm Lebesgue space L} L

(1 <r,q <o0). Then L} L is a critical (respectively subcritical, supercritical) space for
& if
2 3

-+ —=—d (respectively < —d, > —d)
r q

By computing dimension, one can also check that Lif’ and Y, previously defined are
indeed critical spaces for the force term.

The so-called sw-solutions defined in Chapter 5 comes from a mixed point of view of
perturbation theory and the energy method. In particular, an sw-solution u is defined as
the sum v+w where v solves (SE)q with the same force term. In this manner, (NSE)q is
decoupled into two systems: one is globally well-posed in critical spaces, the other yields
weak solutions in the energy class, which is a supercritical space. Most known a priori
estimates for solutions of (NSE)q come from the energy (or local energy) estimates. In
2-dimensional Navier—Stokes problem, energy inequality is sufficient to induce regularity

of weak solutions at all times (see e.g. [49, 43, 53]). Unfortunately, this is not the case

in 3-dimension.

Notations. Throughout the thesis, we denote by A any positive absolute constant
whose value we are not interested to specify. Similarly, C,, denotes any positive con-
stant only depending on ¢ and r. In so doing, we adopt such operations as A+ A= A
and 2C;, = Cy,. We will use the notation LP(€) for both LP(Q,R) and LP(2,R"), and
use the term “function” and “vector field” interchangeably in case there is no ambiguity.

The fundamental solution to the Laplace equation is denoted by ®(z). The funda-
mental solution to the heat equation is denoted by I'(x,t). We reserve symbol ¥ for
the function introduced in Proposition 4.6. We will use Einstein summation convention.
That is to write a;b; instead of X1, a;b;.

A function u = u(x,t) is often regarded as a Banach space-valued function of time
u = u(t). The symbols V, div, A, ™ denote the gradient, divergence, Laplacian, Fourier
transform with respect to spatial variables. We denote by V™u the m-tensor of all
partial derivatives (with respect to spatial variables) of order m. Other notations are

listed in the following chart.

10



Notation

Definition

log, « max{log a, 0}
r! Holder conjugate of r, i.e. 1/r +1/r" =1
Qs 52
a®b, divF | Matrix (a;b;), vector (Ej; ;)
O u OF10k20k3y where k = (k1, ka, k3)
F :Vu Fjui
r= (2", 2n) | o' = (z1,20,...,Tn1)
z* (2', —xy,), reflection point of x with respect to the plane {z,, = 0}
P Helmbholtz projection operator
A PA (the Stokes operator)
X* fF Dual space of X and dual map of f respectively
[flp Average of f over domain D, i.e. ﬁ(D) fD fdx
Is, Iz,>0 Indicator (or characteristic) functions of sets S and {x : z, > 0}
€, € Extension operators by even and odd reflection respectively
L Ly Mixed-norm Lebesgue space. Also written as Lj", if m = n.
5o () Space of smooth functions compactly supported in 2
C6o(82) Subspace of C§°(£2) consisting of divergence-free functions
Wmp(Q) Sobolev space with norm [[ul[yym.»q) = |a|2<:m [0%ul| 1 ()
W) Completion of C§°(€2) in || - ||jm»-norm, or equivalently the closure
of C§°(Q2) in W™P(Q)
W=m#(Q) | Dual space of WP ()
H™ () Wm™2(Q) where m € Z
Hg"(€) W2(Q)
Duality between f and g, for example when f € W13 and ¢ €
o W01’3/2. It is equal to fQ fgdx if the integral is well-defined.
Ly (S2) Subspace of L"(2) consisting of divergence-free fields (in weak sense)
L7.(2) Subspace of L"(€2) consisting of (generalized) gradient fields

Table 1.1: Chart of notations.
11



Chapter 2

Background

2.1 Helmholtz decomposition

It is well-known that any smooth vector field in R™, n > 2, with fast decay at infinity can
be expressed as the sum of a divergence-free field and a potential field, i.e. the gradient
field of a scalar function. This is known as Helmholtz decomposition. A formulation of
this decomposition for general domains and non-smooth vector fields is as follows.

Let Q be a domain in R". Denote by C§%, (©2) the space of all smooth divergence-free
vector fields ¢ : Q@ — R™ compactly supported in Q. For 1 < r < oo, let L] () be the
closure of CF%,(22) in L"(€2) and

L(Q)={Vpe L'(Q): pe Li,.(}.

Whenever the topological direct sum L"(Q2) = LL(Q) @ L7(Q) holds, we say that
Helmbholtz decomposition holds in L"(€2). The operator P, projecting L"(£2) onto L/ (€2)
is called Helmholtz projection. Put A, = P,A. We see that A, and P, commute with
each other. Indeed, let f = v 4+ V¢ be Helmholtz decomposition in L" of a function
f e C5e(2). Then

PA f = P.P.(Av+ AVe) =P, Av+P,.VAp =P, Av,

APf = Aw=P.Av.
From a PDE perspective, decomposing a function f € L"(f2) as
f=v+Ve, vely(Q), Vée L (Q) (2.1)

12



is equivalent to solving a Neumann problem

Ap=divf in Q,

(NP): 9o
—=f-n on 00
on

(see e.g. [20, Lem. III1.1.2]). The L"-theory of Neumann problem (NP) can be found in
[54, 55, 101, 37, 87], [24, Sec. 7]. For r = 2, (NP) has a unique weak solution in L2 ()
for any f € L?(Q2) and for domain Q (see e.g. [88, Ch. II, §2.5] and [20, Thm. II1.1.1]).
In fact, L2(2) and L2(f2) are orthogonal complements of each other in the Hilbert space
L?(Q). For r # 2, Helmholtz decomposition may not hold in L"(2). Bogovskii and
Maslennikova [61] give a counterexample: they construct a function f € L™ (§),) where

Q, is a 2-dimensional obtuse sector
Qo ={(pcosh, psinf): p>0, 0<6<al,

where
2

1+Z
«

T<a<2r and r,=

such that (NP) has no weak solutions in L7*(€,). Nevertheless, Helmholtz decomposi-

tion holds in L"(Q2) for any 1 < r < oo if
e QO =R" n > 2: Proposition 2.2,
e O =R", n>2:[63, Lem. A.1], Proposition 2.3,
e () is a smooth bounded or exterior domain: [87], [19].

We refer to [30, Sec. 2.2] for a more adequate survey on the domains for which Helmholtz

decomposition holds.

Proposition 2.1. [19], [20, Thm. II1.1.2] Let Q C R™, n > 2, be either a bounded or

exterior domain of class C%, or the whole space, or the half-space.
() I = L5 oL,
(i) (Ly)* =Ly,

(iii) Pt =P,
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(Z"U) A: = A,

On such domains, each L"-function admits a unique Helmholtz decomposition deter-
mined by (NP). Thus, P, coincides P, on L" N LY. For this reason, it is safe to drop the
subscript from P,.. Since A, = P,.A, we can also drop the subscript from A,. Helmholtz
decomposition on certain domains can be computed explicitly. In the following, we give
explicit formula of the Helmholtz projection operators P on the whole space and half-
space, emphasizing the fact that they can be written as convolutions. Recall that the

fundamental solution of the Laplace equation in R? is

1 .
s=log|z| if n=2,
o) =) 7 g ||

—lx‘cﬁ if n>3.

Proposition 2.2. The Helmholtz decomposition on R™, n > 3, is given by
Pf = f—V2®x f = (61, — V?®) x f,

or in terms of Fourier multiplier

) o

Proof. For f € Cg°(R™), write f = v+ V¢ where div v = 0. Taking the divergence of
both sides, we get A¢ = div f. Thus, ¢ = ®xdiv f = 0;® * f;. Then O ¢ = 0,,0;P * f;.

Pf(€) = (Hd -

In other words, V¢ = V2® % f. The convolution kernel satisfies that size condition,
smoothness condition and cancellation condition (A.6)-(A.8), thus defining a bounded
linear map from LP(R™) to itself for every p € (1,00). The Fourier transform of V2® is

obtained from the Fourier transform of ®, which is ®(¢) = C,,|¢| 2. O

The Helmholtz decomposition on the half-space involves extensions of functions to

the whole space. We introduce the following notations.

e Restriction: 7(f) = f[grn.

e Even reflection:

f(z) if z, >0,
!

fl@,—x,) if x, <O0.

14



e (Odd reflection:

o) = f(x) if x, >0,
—fa,—x,) if x, <O0.
e Zero extension:
o(f) = f(z) if x>0,

0 it =z, <O0.

Proposition 2.3. The Helmholtz decomposition on Ry, n > 3, is given by
Pf=f— (V@ f)|gn = r((dlg — V?®) % f),
where f is the following extension of f to R™.

o f(z) if an >0,
(€(f)(@), ., e(fa1)(@), €(fn)(@)) if xn <O,
Proof. For f € Cg°(RY), write f = v 4 V¢ where divv = 0 and v-n = 0 on IR’}
Taking the divergence of both sides, we get
A¢p =div f in R%,

oo,

By the definition of f, the extension by even reflection of div f is exactly div f. Then
Y = &(¢) satisfies a Poisson equation on the whole space Ay = div f. We get Vi =
V20« f, the restriction of which on R" gives Vo = (V2®x f) [rn . This formula also holds
for any function f € LP(R%), 1 < p < oo, because the kernel is a Calderén-Zygmund

operator. U

2.2 Estimates for Stokes system when f =0

The function U(t) = e uq solves the Stokes problem (SE)q if ug € LL(Q) for some
1 <r < oo. If up only belongs to L"(2), U solves (SE)q only in a certain sense. For
example, when Q = R? the first three equations of (SE)q are satisfied for all ¢ > 0
(where f = 0), but U(t) fails to converge to ug in L"(Q2) as t — 0 (see [100, Remark
1.4, 1.5]). Nevertheless, one can still study e** as a map between Lebesgue spaces L"(2)

and LP(§2). We are interested in estimates of the form

Lok et < —l—@—%(%—%>
H 10t UOHLP(Q) < Cugrpl [uoll 2 () (2.2)
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for I,|k] = 0,1,2,...and 1 < r < p < co. For @ = R3 A = A and ¢** is the heat
operator. Estimate (2.2) is well-known.

For Q = Ri, most published works only address the case [ = 0, |k| < 1, which is
sufficient for many practical purposes. The case 1 < r < p < oo is studied by Ukai [100].

& involving the heat operator for the half-space and several

He derives a formula for e
pseudo-differential operators of order zero. (Although Ukai only proves for r < p, his
proof is still valid for » = p. See also [10, Prop. 4.1].) McCracken [63] shows that
{e"}1>0 is a bounded analytic semigroup on LP(R?%) by studying the resolvent problem
of the Stokes equations. Then estimate (2.2) for |k| =0, 1 < r = p < oo follows as a
consequence. The same result for smooth bounded domains is then proved by Giga [26].
(Under what conditions of the domain is the Stokes semigroup bounded analytic is a
question of its own interest. See e.g. [1] and [23] for a survey on this topic.) For other
borderline cases, (2.2) is proved in [10] for |k| = 0, r = 1, p = oo, in [25] for |k| = 1,
r =p =1, and in [86] for |k| = 1, r = p = co. But the estimate does not hold for the
case |k| = 0, r = p = 1 as pointed out in [14, Sec. 5|. Recently, Maekawa, Miura and
Prange [58, Thm. 3] show a variation of (2.2) when the LP- and L"-norms are replaced

by the L, - and L", -norms.

uloc™ uloc”™

The conditions on (r,p) for which (2.2) holds may depend on the domain €. For
instance, if  is an exterior domain, (2.2) is not true for |k| =1, p > 3, r > 3/2 (see e.g.
[60, Thm. 1.2]). Geissert et al. show that (2.2) holds in appropriate range of r and p
depending on the domain for a class of smooth (not necessarily bounded) domains [24,

Prop. 3.1]. We refer to [30, Sec. 5] for a recent survey in this respect. If = R3 or ]Ri,

one can associate e'® with a Green’s matrix
eug(z / G(z,y, t)uo(y)dy. (2.3)
For Q =R"™ n > 2,

For Q@ =R%, n > 2, (see [91, p. 165-169], [90, Sec. 2], [92, Sec. 2.1])

Gij(x,y,t) = 85T (x e _y t))
i / A&n 1 ax,@wj (& = 2)l(z —y", t)dz. (2.5)
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Here
B(x) = = log|z| if n=2
—pe i n>3

is the fundamental solution of the Laplace equation in R"; and y* = (v, —y,) is the
reflection point of y = (v/,y,) with respect to the plane {x, = 0}. To derive (2.5)
and an explicit expression for the pressure, Solonnikov invokes Fourier transform in
' = (x1,...,2p—1) and Laplace transform in z, to the Stokes equations [91], [92, p.
337]. He obtains pointwise estimates for the Green’s matrix G = (Gyj), 4,5 =1,2,...,n
and its derivatives [92, Prop. 2.5]. Kang [33, Sec. 2] derives similar estimates by a
different approach. Using (2.3) with the Green’s matrix given by (2.5) as the definition

for eth

, we give an alternative proof for (2.2) without resorting to pseudo-differential
operators or semigroup theory (Proposition 2.5). We also describe suitable extensions
of ug to the whole space such that ¢** is given by a convolution in R (Equation 2.11).

Although our proof works well for any n > 3, we only consider n = 3 for simplicity.

Proposition 2.4. Let | > 0, multi-indices k = (k1, ko, k3) = (K, k3) and m = (m/, ms).
Denote |k| = |K'| + ks = k1 + k2 + k3. Then

(a) For Q = R3,

[kl+|m]| —
QI Gla,y,t)| < 3T oy (x y)
for some Oy, belonging to LY(R3) for all 1 < a < oc.

(b) For Q =R3,

ety to | < (o (252) 80 (221

where y* = (i, —ys). Here O, belong to LY(R3) for all 1 < a < oo, except for
the case (|k|,|m|,a) = (0,0,1). Also,

/3 |G(x,y,t)|dy < A Vxe]Ri, t>0 (2.6)

Ry

where A is an absolute constant.

Proof. (a) The estimates are obtained by noticing that

T'(z,t) = At=%/20, (\2) , (2.7)
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with ©g(z) = exp(—A|z|?).
(b) Consider Q = R*. Let G7; be the second term on the right hand side of (2.5).

Gl ) = /xg P (e -y 1) (2.8)
CARS B 0 R2 8I18$] v ' '
Solonniko [92, Prop. 2.5] shows that
my - 3| Avg
KRG (0,9,6)] < Cpnt ™= F (14 23) (2= P0) 2 e (29)

Because the exponential function grows faster than any polynomial functions, the fol-

lowing estimates hold

1+ (23 +y3)°

21—|—2 C ’?yg
< < eks s
1 % —( yS)_ k

_ —k3/2
which lead to (¢t + 23) Rsl2e-Ayi/t < O (t + (z3 + 93)2) " Substituting this esti-

mate into (2.9), we get

k3 3+ [k |4+ |m |
1 ok ym _j_m3 9\~ .2 _ m
9,050, G(:U,y,t)‘ < Oyt 2 <t+ (3 + y3) ) (|z —y*]* + 1) 2
; Ik +m| — —y*
= ey, (I ﬁy >7
~ _k3 _ 34K | +[m'| _
where O, () = Clk(l +x§) 2 (\x|2 + 1) 2 . The integrability of O, is

_ 34K 4 m/]
2

k
equivalent to that of O, () = (1 + :1:%)773 (|x\2 + 1) Since 0, € L, it

suffices to only investigate its L'-integrability. Consider three following cases.
o k| =|m|=0: Opn(z) = (2> +1)3/2 € L* for all 1 < a < .
o k3 =0, |K|+|m/|>1: Opp(z) < (Jz?+1)2€Lforall 1 <a < oco.

1 3

o kg >1: Oy (z) < (1+23) 2 (Jz]2+1) 2. By Young’s inequality,
1 3

lZP +1=a3+ |2/ +1> A(L+23)* (2> + 1) .

We obtain a new estimate for 0,

ool

Orm (z) < (1+ x?,)*% (J2/)* + 1) 5.

Then

& 1 _9
/ Ok m (x)dx < / (1+23) 8d1¢3/ (J2')* + 1) 8da’ < oo.
RS 0 R?

+
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Now we show (2.6). It suffices to show (2.6) for G’ instead of G. Thanks to the scaling
symmetry G(z,y,t) = t=3/2G" (xt=1/2,yt=1/2,1), we can assume t = 1. By Young’s

inequality,

1/4
]a:—y*IZ—i-l > A(‘l’l—y/’Q+1)3/4<<1’3—|—y3)2+1>

> A2 =P+ 1)3/4(y32 - 1)1/4.

Substituting this estimate into (2.9), we get

/3 |G (z,y,1)|dy < /3 (|$,—y'\2+ 1)_9/8(y32+ 1)—3/86—Ay§dy

+ Ry

= A/ (1P +1)" " ay /OO (ys2 + 1)y, = A,
R2 0
0

Proposition 2.5. For Q = R3, estimate (2.2) holds for all I, |k| = 0,1,2,... and
1<r<p<oco. For Q= Ri, the only excluded case is (|k|,r,p) = (0,1,1).

Proof. For Q = R3, (2.2) is a simple consequence of Part (a) of Proposition 2.4 and
Young’s inequality for convolution. Now consider 2 = R3. Part (b) of Proposition 2.4
together with Young’s inequality for convolution results in estimate (2.2) for 1 < r <
p <ooand r =p=o0. We also have (2.2) when |k| > 1 and 1 < r = p < co. The only
case that needs special concern is when |k| =0 and 1 < r = p < co. From (2.5), we
have

G2y, tuo(y)dy = /

[(x — y,t)é(uD)(y)dy+/ G'(z,y,t)Juo(y)dy, (2.10)
R3 Ri

R}
where J is the constant matrix
4 0 0
J=10 4 0
0 0O
Put
K(z,t) = (I;50V2®) * (., t).
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Then for z € R2,

z3
Gty = [ [ [ V=216 -y Duly)adzady

R% i
T3
= / V20(x — 2)tg(2)d2 dz3
0 JR2
= / (Iey>0V2®) (2 — 2)tig(2)dz = (1350 V2®) * 1o
]RS
where

io(r) = /RS L(z —y*, t)uo(y)dy = / [(z —y, t)ug(y)dy = T(.,t) * uj(x),

up(x) =

We can rewrite (2.10) as

G(z,y,t)uo(y)dy =T'(.,t) x é(ug) + K (., t) * Jug. (2.11)

3
R+

It suffices to show that K is a Fourier multiplier (Appendix A.7). By the scaling sym-
metry of K with respect to ¢, we can assume t = 1. We know that V/Q\q)(é’) =¢ERE/)E1%

fx3>0(f) = / e ey = (/ ei’”lgldm) (/ em&dwg) </ Ix3>oem3£3dx3>
RS R R R

—5@W@Qﬂ@+£)—ﬁ@—m&;

Then I,,-0 * V/Q\(ID(f) = WV/Q\@(E) —1Q(§) where

_ > <£I7<3)®(€Ivc3) 1
Q) =p.v. /_oo EP+E  &-G

Then K (€, 1) = 7V20T(,, 1) — iQ(€)T (., 1) = 7O(€) — iR(€), where R(€) = Q(€)e™ <.
We have @(f) — V2067, The first factor is a Fourier multiplier because V2@ is

dcs.

a Calderén—Zygmund kernel. The second factor is a Schwarz function. Thus, Ois a
multiplier. It remains to show that R({) is a multiplier. Since e ¢ is a Schwartz
function, it suffices to show that Q(&) is a multiplier. One can compute Q (&) explicitly

thanks to the following Hilbert transform pairs

1 At T A
W =0 <1+72> 14712 <1+72> 1+72

20




Specifically,

ASBES i k£ 3,
Qri(€) = Qi(€) = ¢~ 1
! ! —AYS i k=3

It is easy to check that each function satisfies the condition of Lizorkin multiplier theorem

(Proposition A.14). Thus, Q(&) is a multiplier. Note that Hormander-Mikhlin multiplier
theorem (Proposition A.13) is not applicable because the mixed derivative ¢, 0, Q12(&)
consists of a term of order |¢/|~1¢|~! which is not square-integrable in any spherical

shell. O

Remark 2.6. By Proposition 2.4, the constant Cj ., in (2.2) depends on 7 and p only
through the L®-norms of Oy, and Oy, with 1/a = 14+1/p—1/r. Since Oy, € LINL>,
|©1km || e is bounded by a constant independent of o.. Thus, for Q = R? the subscripts
(r,p) can be dropped from the constant. The same is true for 2 = ]Ri except in the case
|k| = |m| = 0. In fact, it can be seen from the proof of Proposition 2.5 that Ooo0 does not
belong to L! because its Fourier transform is discontinuous at the origin. Nevertheless,
©100 belongs to L for all 1 < § < co. In applications, when « is known to be bounded

from below by an absolute constant A > 1, the subscripts (r,p) can also be dropped.

An immediate consequence of Proposition 2.5 is the LP-estimates of the solution to

(SE)q with vanishing initial condition

F(x,t) = /Ot =P f(s)ds.

Corollary 2.7. For Q = R3 or Ri, the estimate
! C
k,B,p
L; S/0 M+§(1 1)”Pf(5)HL§d8

’ (t—s)2 25

B8 p
holds for all 1 < B < p < oo with the exception of (|k|,p) = (0,1) when Q = R3. If

Ok F(z, t))

1< B < oo, P can be dropped from the right hand side.

Remark 2.8. As noted in Remark 2.6, the subscripts (3,p) can be dropped from the
constant Cf, 5, in most situations. The only exception is when 2 = R3 and |k| = 0. If
one replaces Pf by f on the right hand side, the constant is rescaled by the operator

norm of P which depends on £.

For a matrix-valued function F = (f;;)1<i j<3, denote divF = (f;; ).
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Proposition 2.9. Let Q = R3 or Ri. Consider a vector-valued function ug and a

matriz-valued function F. For 1 <r < p < 0o, we have the following inequalities.

_3(1_1
(i) ([ Puol| o < Crat™ ¥ 2 ol
(ii) ||V e Pug|| gy < Crpt 3075 gl
(iii) || P divE]|, o) < Cr,pt‘%‘%(%‘%> IFl £ (-

Proof. As mentioned in Section 2.1, A and P commute. Hence, e/* and P also commute.
Recall that the Helmholtz projection P is a bounded linear operator from LP(2) to itself.

Part (i) and (ii) are simple consequences of Proposition 2.5:

|2
Lr(Q) —

1 _3(1_1 1_3(1_1
[vertpu| <t EC p)”puonmg@,},t =36 >||uo|rm

For Part (iii), if F has no generalized divergence then a priori ¥ = e*PdivF (regarded
as a function on € with ¢ > 0 being fixed) is not well-defined. However, one can show
that W is a bounded operator from (C5°(L2), || - ||zr) to L"(€2). Then it uniquely extends
to a bounded operator from LP to L". Indeed, for F € C§°(2)

e div F = /Gazy,)dlvF /VG:cy, 1 F(y)dy.

Applying Proposition 2.4 for (I, |k|,|m|,«) = (0,0,1,1) and Young’s inequality for con-

volution, we have

1)
Q) < Crpt IFll 2 (2)-
On the other hand,

HetA]P) div IF‘

- H]P’emdw IF‘

< Gyt div F|

LP(Q) LP(Q) LP(Q)
This proves (iii). One can also show (iii) by duality argument, as being done in [24,
Prop. 3.1] for general domains: first recall that P and A are self-adjoint operators in

sense of Proposition 2.1. Then for any ¢ € C5°(9),

(“Pdiv F,¢) = (Pdiv F,e'*g) = (div F,Pe'¢) = —(F,VPe's)
= — <F, VetA]P¢> .
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By Hoélder inequality and Part (ii),

1 1

1l _3(1_ 1
|(e*Pdiv F,6)| < |Fl,. || Vet Po| |, < Crpt ™2 )i ol

Hence, e!*Pdiv F is a bounded operator from L" to LP.
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Chapter 3

Stokes problem with f ¢ Y

3.1 Estimates for Stokes system when 1y =0

For 5/2 < g < 3, denote

3 9

=0 3.1
“=5" 5, (3.1)

and Y, = {f : @ x (0,00) — R3: t4f € L9(Q x (0,00))}. The solution to the Stokes

system (SE)q with vanishing initial condition is

t t
F(x,t) :/ eU=APf(s)ds :/ /G(x,y,t— s)Pf(s)dyds. (3.2)
0 0 Jo
Proposition 3.1. Let f € Y, for some 5/2 < q < 3, and F be given by (3.2). Then

(i) F e LYLE for all2/r +3/p=1, 3 < p < oo. Moreover, ”FHL;‘L’; < Cpyq

[ flly,-

(it) VtF € LgS,. Moreover,

VIF|| e < Cllfly, and lim VE|F(®)]]p = 0.
(iii) F € C([0,00), L%) and lim |[F(£)||13 = 0.
t—0t+ z

() t7*F € LYLE for all1 —2/¢g < a <1—1/q and 2/r +3/q = 1 + 2a. Moreover,

[#7Fll 19 < Cyallflly-

(v) VF € LiLE for all 2/r +3/p =2, ¢ < p < 3q/(5 — q). Moreover, HVF”L:LII) <
Coallf Iy,

(vi) VIVF € L LENCL3 with lim IVEVE(t)gs = 0 and [|VIVF| oo s < Collflly, -
t— z t
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Proof. The main tool for the proofs of (i) and (v) are Corollary 2.7 and Marcinkiewicz
Interpolation Theorem (Proposition A.15).
(i) Applying Corollary 2.7 for § = ¢, | = |k| = 0, and using the boundedness of

P: LY — L9, we have

tC
POl < [ G2 1 @lgds

t o e
_ /O(tmusq*f(s)HLgds:/p’qg(s)dssz(t)

—5)7 s o (t—s)7 st

where v = 3/(2q) — 3/(2p) and g(s) = ||s% f(s)[| 2. Our goal is to show that G € L".
Since g € L(0,T) for all T < oo, it follows that g € L(0,T) for all § < q. By Holder

inequality,
t 1 e !
G(t) < C,, /_,ds Il 10 = CogCat % gl La 3.3
(t { T } 1920y = CraCt Flglliaony  (3:3)
where
. . 1/q
c, - / et
0o [(1-0)0%]?
1 7 — 1 1 3 1 1
1 (7+q_l)q _1 3,1 1 (3.4)
R q 2 2p q ¢

If p = 3, we choose § = ¢ and conclude that G € L*. Consider the case p > 3, in
which x < co. By (3.3), the map S; assigning g to G is linear continuous from L7 to
the Lorentz space L. For any 1 < ¢ < ¢2 = q, denote by &1, k, k2,  the respective
numbers according to the relation (3.4). Note that ko = k = r. One can consider S; as
continuous maps from L% to LF1*°, and from L% to L*2**°. By Marcinkiewicz Interpo-
lation Theorem, S is also a continuous map from L7 to L* for all § < q. Moreover, the
norm of S7 is bounded by Cp,Cy . Since Cg — Cy as @1 — ¢, S1 is continuous from

L% to L". Hence, G = Si1g € L" = L" and ||G||zr < Cp4CyllgllLe = CpoCyll fllv,-

(i) In (3.3) we take p = oo and § = q. In this case, K = 2. Hence, v/tG(t) < 191l Lago,e) =

Oast— 07.
(iv) By Corollary 2.7, [|[F(t)|lps < Cq fot [f(s)l|pads. Put B =1-2/q € (0,a). By

25



Young’s inequality, t* > Cy o(t — 5)?s*78. Thus,

qu* s) g s F)leg
(03 q< o x .
O IF @) < o, / s < Cya / s (39)

where p = g, +a — € (0,1). Consider the map Sz : g — G

mw_éuﬂﬂw.

t—s)7sr
For ¢ > 1, by Hoélder inequality

¢ 1 Ve C
G t) < 7,,61 qg — q,iné
(1) < ( I ) ol = o

=—-——+;ta (3.6)

191l e

where

Note that 1/7 € (0,1) if g is close to q. Then G € L™ and Sy is a bounded operator
from L7 to L™>°. Let q1 < ¢ < go such that
1 11 11

¢ 2q 2¢
Let 71 and rg be 7 in (3.6) when ¢ is replaced by ¢; and go respectively. By Marcinkiewicz

interpolation theorem, S5 is a bounded operator from L? to L™ where

1
————4-ta=—+s+a

1 1 5 1 3
r q 2q 2 2qg 2

Take g(s) = [|s® f(s)||La € L?. By (3.5) we get t | F'(¢)||1rra < CgaS2g. Therefore,

(Ll

SQ!]”U < Cq,r’

LZL% S Cq,r gHLq = qu“f”Yb'

(v) Applying Corollary 2.7 for (|k|, B,p) = (1, ¢, p), we have

1) = VPOl < | (tfpz)gu Folgds = [ (tc_g)g)d

where § = 1/2—3/(3p)+3/(2¢). Our goal is to show that H € L". By Holder inequality,

(3.7)

1/q
t 1 _1 _
H(t) < Cpq{/ 0 d ds} ||9||Lé(0,t) = CpgCqt 7 ||g||L§(0,t) Va<q (38)
0 [(t—s)"s%]

)
where
1 1 1/q
o - {[—1 awb
0 [(1-0)00%]

1 0+ q)qd —1 3 1 1
L GUredr-1_ 3 1 1
] q 2p q q
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Note that the specified range for p guarantees that Cj is finite. By (3.8), the map Ss3
assigning ¢ to H is linear continuous from L7 to the Lorentz space L"*°. By similar
arguments as in Part (i), we conclude that Ss is also a continuous map from L? to L"

where 1/n=1-3/(2p) =1/r.

(iii) The fact that FF € L{°L3 and [F(t)|lzs — 0 as t — 0 is already proved in
Part (i). We only need show to continuity. Let 0 < t; < t3 < oo. By (3.2),
F(a:,tg) — F(w,tl) = I; + I where

t1
L = / / [G({L‘, Y,ta — 8) - G(.CL‘, Y, t1 — S)HP)f(yv s)dyds,
0 Q
to
b= [ [ Gyte— s s)dyds.
t1 Q

By Fubini’s theorem,

t1

|| = G(z,y,t — s)Pf(y, s)dtdyds

t1 tg
///!& (z,y,t — s)Pf(y, s)|dydtds.
t1

By Proposition 2.4 with (I, |k|, |m[ (1,0,0) and Young’s 1nequahty for convolution,

t1 to t1 to
dtd ——"—dtds
// 6 ggdids = // T

g(s)ds

IN

IN

Ile

p— 1 ((751 — 5)P e - (t2 — )" 15q*>

y o Ve
HOl<der Cyllgll La /It1 < 1 — 1 )q ds
- p—1 0 \(t; —s)" tsa  (ty —s)P Lsa

where p = 1/2 +3/(2q) € (1,11/10). To study the limit t5 | ¢1, we can set t; = 1 and

to =t > 1. The integrand of

/

1 1 1 q
/ < ——— — — ) ds
0 \(1—5)"""s% (t—s) g%

is less than (1 — s)~W"D9 s=4:¢' which is an Ll-integrable function over interval (0,1).

By Lebesgue’s Dominated Convergence Theorem, the integral converges to 0 as t | 1.
To study the limit £; 1 to, we can set to = 1 and t; = ¢ < 1. Using the change of variable

s = tT, we have

! 1 1 7 ! 1 $1/d —ax ¢
/ ( 1 4. -1 > ds :/ i — dr.
0 \(t—5)"st (1-s5)" s 0o \(1=5)P"lst (1—tr)’ 10
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The integrand is less than (1 — s)_(p_l)q/s_q*q/. The conclusion again follows from
Lebesgue’s Dominated Convergence Theorem. Next, we estimate Is. By Proposition 2.4

with (I, |k|,|m|) = (1,0,0) and Young’s inequality for convolution,

b2 C to C
H2llps < /qu(s)HLgds_/ _Cagls)
t1

(to — 8)5 t1 (to — 3)63‘1*

= [ Il
< o, as g
! to (2 — 8)6q 594 b

where § = 3/(2q) — 1/2. By the change of variable s = to7, the integral can be written
as

to 1 1 1
/ PR TP :/ PR L
t1 (to — 5)°7 s9+4 t1/ty (1 —7)°T 7=4

which tends to 0 as t; T t9 or to | t1.

(vi) In (3.8) we choose p = 3 and ¢ = q. In this case, 7 = 2. Hence, VtH (t) < 191l £ago,0)-
To show the continuity of vtV F, we repeat the arguments in Part (iii) with the fol-
lowing adjustments. Let 0 < t; < ta < co. By (3.2), VF(z,t2) — VF(z,t1) = J1 + Jo

where
t1
Jl - / / [VmG(x, Y, lo — 5) - VIG('% Y, t1 — S)HPf(ya S)dydsﬂ
0 Q
to
B — / / VaG(2,y,ts — s)Pf(y, s)dyds.
t1 Q
We have

/ 1/q
gl " 1 1 !
HJl”Lg < _Lil nu—1 - p—1 ds
1 0 \(t1—8)" 5% (t2—s)" st

where u =1+ 3/(2q) € (3/2,8/5). Note that (u — 1)¢’ < 1. The integral goes to 0 as
t1 Tty or to | t1. Similarly,

t 1 1/¢'
PP A T
A { T } Il

with v = 3/(2¢) and ¢’ < 1. The integral also goes to 0 as t; T t2 or to | t7. O

Remark 3.2. Proposition 3.1 with some modifications also holds in the setting f € L?Lﬁ
with 2/a + 3/ = 3. For example, Part (i) should be changed to

2 3
Fllgars V1€ (a,00), p € (B,00), —+—=3.

[Fllrre < Cap D
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The proof is an application of Young-O’Neil inequality (Proposition A.3) as follows.

tC
nmwwséﬁngm@@%

where 1/y = 3/(28) — 3/(2p). The right hand side is the convolution in R of |s|~%/7
and ¢(s) = [|f(s)ll s1(0,)(s). The former belongs to weak Lebesgue space L>°. By
Young-O’Neil inequality,

HF”L;LQ < Cpp

,1/
1517|1911z < Conllfll o roanon

3.2 Coercive and local energy estimates

It is known that the solution to the heat system

ou—Au=f in Qx(0,00)
ulogn =0
u(-,0) =0
on the whole space or half-space has maximal regularity in mixed-norm Lebesgue spaces

in the following sense ([39, Thm. 2.1], [75, Thm. D12], [44, Thm. 9.1])

10ull pypa + V2l g < Crgollfllgrps V1<r g<oo.

Conceptually, this is the best regularity result because u belongs to the minimal (and
most natural) regularity class with respect to the regularity of f. Consider the Stokes
system (SE)q with ug = 0 and f € L{LL. Solonnikov shows that the solution u given

by (1.2) also has maximal regularity in the following sense

|18l s + ||V 0l

prre TIVPlLrre < Crgollfllippry V1 <rg<oo (3.9)

if © is the half-space [91, Thm. 3.1], a bounded domain [92, Thm. 1.1] or an exterior
domain [92, Thm. 1.2]. When Q is the whole space, the Stokes system reduces to a
heat system after Helmholtz decomposition; thus, (3.9) holds. Estimates of form (3.9)
are often referred to as Solonnikov’s coercive estimates. Solonnikov’s proof is based on
layer potential theory, relying on estimates of the Green’s matrix and singular integrals.
Maximal regularity for more general domains is obtained in [24, Thm. 2.1], which we

rephrase as follows.
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Proposition 3.3. Let 1 < r,q < oo and f € LYLL(2 x (0,00)). Assume Q C R?
is a domain with uniform C3-boundary and that the Helmholtz decomposition exists
for LY(Q). Then the solution (u,p) of the Stokes problem (SE)q with ug = 0 has the

reqularity properties
we LiLAN LYW N LIW, !, dw e LILYL, Vpe LTLY
and satisfies (3.9). Here LE and L% are the subspaces of L1(Q) as defined in Section 2.1.

Remark 3.4. By standard Sobolev embedding arguments, one can show that the right
hand side of (3.9) is also an upper bound for u in L LE(Qx (0,T)), and Vu in L LL(Qx
(0,T)) where Qp = Q x (0,T) and T < oo. Indeed,

t
lu@)llzs < /OllatU(S)ngdSStl/r 10vull Ly e

1/2
LTLY

IN

Co l[ull 1 V2]

IVl por g

By parabolic Sobolev embeddings (Proposition A.10, [102, Thm. 1.4.1], [75, Appendix

D3, D4]), one can infer further regularity properties of u. For example,

o If2/r +n/q>2then u e LI"LE(Q2 x (0,00)) for all

2 n 2 n
r<m<oo, ¢<p<0o0, —4+—=7>4——-2
m p r q
e If 2/r 4+ n/q < 2 then u is locally parabolic-Holder continuous.

Seregin establishes the local versions of (3.9) in the interior [84, Prop. 6.7] and near
the boundary [81], [84, Prop. 7.10]. If the force term belongs to the weighted Lebesgue

space Y, coercive estimates also hold in the following sense.

Proposition 3.5. Let (u,p) be the solution to (SE)q with ug =0 and f € Y, for some
5/2 < q < 3. Denote Qp =Q x (0,T). Then

1£% Beull oy + 165 V2ul| Ly + 1E VPl Loy < Caallt™ fllLaar)-

Moreover, for any 1 <r < 2q/(3¢ —3) and T < oo,

2
HatuHLng(QT) + HV U‘ LILL(Qr) + HVP”L;Lg(QT) < Cr7q,T79‘|f||Lng(QT)'
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Proof. Multiply both sides of the equation dyu — Au + Vp = f by t%,
Oov—Av+Vr=g

where v = t%u, 7 = t%p and g = t f — q.t%'u. It is easy to see that div v = 0,
vlgo = 0 and v(-,0) = 0. Applying Part (iv) of Proposition 3.1 for &« = 1 — ¢, and
F = u, we get Ht‘l*_luHLq < Cyllflly,- Thus, [lglle < Cqllflly,- By Solonnikov’s

coercive estimate (Proposition 3.3),
0]l o + ([ V20 o + IVl 20 < Cyllgllza

which yields the first estimate. Now thanks to the range of r, || f(¢)| s = t~9[[t% f(t)| 1a €
L7((0,7)). Thus, [|fll1r1300) < Crarellflly,- The second inequality in Proposition 3.5

then follows from Solonnikov’s coercive estimate. O

Remark 3.6. According to Remark 3.4, Vv € L29L%(Qr). Hence, t*Vu € LXL%(Qr).

Before proceeding to some applications of Solonnikov’s coercive estimates, we com-
ment on the case f = 0 and ug # 0. If uy only belongs to LP(Q2) for some 1 < p < oo,
one cannot expect that U(t) = e uq satisfies V2U € L¥L5 for some «, # > 1. This can
be seen even in the heat equation on the whole space. Indeed, the solution of the heat
equation is U(t) = e®ug = T'(t) x ug. Suppose ug is the characteristic function of the
unit ball. Then AU(t) = 0,U(t) = (O,I') * up. By simple calculations, one can check
that [|AU(#)]|11(p,) = Cnt™! which is not integrable in ¢ € (0,1). The pathology can
be overcome if 4y has some amount of differentiability. For example, Krylov [39] shows
that

Iv2u]

LTL] = Cn,p,q,T,s ||U0HH3+E_2/T

where o > 0 and HJ denotes the Bessel potential space (Id — A)=/2L4. Also, it is
shown in [44, Thm. 9.1] that

[V2U | o < Crg luollya—2/aa
and in [92, Sec. 1] that

VU]

< Cn,r,q

LTLd ’u0‘|33;2/T :
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Note that the fractional Sobolev space W?2~%/%9 coincides the Besov space qu2/ "(Q)

when g =r. B2 2/ "(Q) is the trace space at t = 0 of functions u in the regularity class
W;’TI(QT) = {u: O, u, Vu, Vu € LiLL(Qr)}

(see [11, Thm. 4]). This is a natural space of ug coming from the abstract theory of
parabolic evolution operators (see e.g. [4, Ch. III, §1, §4.10] for detail). The general
idea is as follows. Suppose Ey and E7 are Banach spaces such that E7 is densely injected
into Ey. Let o/ : F1 — Ej be a linear operator (not necessarily bounded) such that
{et“‘{}tzo is a bounded analytic semigroup. From PDE perspective, o is a differential

operator encoding all boundary conditions if there are any. Put
Eo = L"((0,7), Eo), Ei1=W"((0,T),E0) N L"((0,T), Er).

One can formulate maximal regularity property for the system

W —du=f, te(0,T)
u(0) =0

in the setting f € Eg and ug € yE;. The latter is called trace space, defined as the image
of the trace map vy : E; — Eo, yu = u(0), equipped with norm ||ug||,g, = inf{||v||g, : v €
E1, yv = uo}. It turns out that vE; = (Eo, F1)1_1/,, ,, areal interpolation space between

Eo and E; (see [4, Thm. 4.10.2]). For & = A, Ey = L? and E; = W24,
vE, = (Lq’ W27q)1—1/r7r — (W(LQ’ W2,q)1—1/r,r — 32;2/7"

The Stokes system corresponds to .« = A, Eg = LL(Q) and E; = W24(Q) N Wy 4(Q) N
LLI(Q). A consequence of maximal regularity is that solutions to Stokes system belong

to local energy class. Specifically, we have

Proposition 3.7. Let (u,p) be the solution to (SE)q with ug =0 and f € Y, for some
5/2 < q < 3.

(i) For each bounded set D C ,

[[u]]D>< 0,00) = €55 sup/ lu(z,t)|>dz —|—/ / |Vu(z, t)|?dedt < C’D,q||f||%q.
D

te(0,00
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(i1) For any ¢ € C§°(Q x (0,00)),

/Q|u(:x,t)|2¢d:c + 2/;/Q Vul2pdeds =
t
- /0 /Q UU|2 (Orp + AP) + (|ul® + 2p)uVe + Quf¢] dads.

Proof. (i) We know from Proposition 3.1 that w € L¥°L3 and Vu € L?L3. Put Do, =
D x (0,00). Then

2 2 2 2 2 2
[[“]]Dw = HUHL?"L%(DOO)+||vu||Lf!I(Doo) <Cp ||u|’L§°Lg(Dw)+CD ||VUHL§L§(DOO) <Cpg ||f||Yq

(ii) Multiplying both sides of the equation dyu — Au + Vp = f by u¢ and integrating

both sides over €2, we get

/Q (D) - updz — /Q (Au) - upds + /ﬂ (Vp) - uddz — /Q [ - uods. (3.10)

Each integral is well-defined because u € LPL3 and du, Au, Vp, f € LiLE with
1 <r < 2q/(3q — 3). By Poincaré inequality, p € Ly L%(D x (0,T)) for any finite T’ and
bounded D C €). Thus, one can perform integration by part on the second and third

terms on the left hand side of (3.10) to obtain the local energy identity. O

3.3 Weak solutions of Stokes system

The definition, existence and uniqueness of weak solutions to the Cauchy problem of the
Stokes equations in the setting ug € L2 and f € L?H_ ' are given in [99, Ch. III, §1] and
[88, Ch. IV, §2]|. Here we give an adaptation of the so-called weak-strong uniqueness in
critical setting ug = 0 and f € Y,. A function u : Q x (0,7) — R3, T < oo, is said to be

a weak solution to (SE)q with up = 0 if it satisfies three following conditions.
(a) w e LPL2 N L2W,2(2 x (0,T)).
(b) flu(®)ll2 — 0ast — 0F.

(c) For each t € (0,T") and vector field ¢ € C§°(Q x (0,T")) with div ¢ = 0,

/Qu(m,t)qb(x,t)d:v+/Ot/QVquﬁd:rds—/Ot/ﬂ(uat¢—|—f¢)dxds.
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Proposition 3.8. Let ug = 0, f € Y, N L?Ly'" for some 5/2 < q < 3, and u be the

solution to (SE)q defined via Stokes operator. Then u is a weak solution. Moreover, it

1s the only weak solution.

Proof. Put X = LtzLiﬂ(Q x (0,7)). By Solonnikov’s coercive estimates, [|0yu x,
IV2ullx < Al|f|lx. Then

t
e < [ 10kl s < O210(5)] 3 < A2l
By interpolation inequality of derivatives [2, Thm. 4.17],
1/2 1/2 1/2 1/2
19u(®)l 72 < Al 1920 2 < A [T
For all 0 < s <'t,

1/2 1/2
V()| 330 < AL [F20l) 500 < AL/

By Part (v) of Proposition 3.1, [[Vul ;213 < Cql|f|ly,. By interpolation,

1/2 1/2 1/2 1/2
V() 373, < IVl 2are I0(3) g < Cat LA NI

By interpolation,
1/2 1/2 1/2 1/2
lu()llz < T @I < Cot* 1A 14117 (3.11)

Hence,
/ Ju(z, )| 2da + / / VulPdads < Cov/E | £ 11
Conditions (a) and (b) are satisfied. To verify (c), we multiply both sides of the Stokes
equation dyu—Au+Vp = f by ¢ and integrate both sides over x (0, 7). The regularity
of w in Proposition 3.1 and (a) allows us to perform integration by parts.
Let v be an arbitrary weak solution to (SE)q. The weak form of the Stokes equations

can be rewritten as

t t
/QU(:U,t)(b(w,t)d:L‘—/o /Qvﬁtqbdacds:/o /Q(—VUVQS—Ff@dxds. (3.12)

Let V be the subspace of H} () consisting of all divergence-free vector fields, and denote
be V' its dual space. Regard v as a function from (0,7") to V. It follows from (3.12)

that for a.e. t € (0,7, the weak derivative v/ = dv is given by
(Opv, 1) :/ (=VoVy + fip)dxds Y ip e V.
Q
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Because H{(Q) is embedded into L3(Q2), taking the duality of each space gives the
embedding L3/2(Q) — H-1(Q) < V'. Thus, ||f||z2y+ < Callfll,»,3/2. Then dv € L2V’
and ||0tv|\L?V/ < ||Vv||L§m + Callfll For each t € (0,T),

L2L;

L2ri/*
(O, v —uy = / [—VuV(v—u)+ f(v—u)|dz,
Q
(Opu,v —u) = / [-VoV (v —u) + f(v—u)]dz.
Q
Put w = v — u. Then
(Opw, w) / \Vw|*d. (3.13)

We show that the left hand side is equal to 4 fQ |w(z,t)|?dx for a.e. t € (0,T). As a

Banach space-valued function on (0,7"), w satisfies

w e L?((0,7),V)NL>®((0,T), H),

8tw € LQ((O7 T)7 Vl)?

where H = L2(Q), i.e. the subspace of L?(f2) consisting of all divergence-free vector
fields. Extend w by 0 outside of the interval (0,7") and denote the extension by w. Let

7e : R — R be mollifiers in R. Put w. = w *7.. Then w, is a smooth function on R and

We — W in L2((t17t2)7V)mLOO<(t1,t2),H),

Oywe — Opw in L*((ty,t2), V")
uniformly on each interval [t1,¢2] C (0,7). As a consequence, wq(s) — w(s) in H
for a.e. s € (0,7). By the smoothness of w. with respect to ¢t and the fact that
dywe € L*(R, L*(Q2)),
d [ |we(®)

(Opwe, we) = /Q (Oywe)wedr = o . 2 dx.
Letting ¢ — 0, we obtain
(Orw, w) = th/ lw(z,t)*dz  a.e. t € (0,T), (3.14)

where the right hand side is interpreted as weak derivative of a single-variable function.

Together with (3.13), we get

2dt/\wwt2dx— /Vw]dx
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The right hand side is an integrable function. Hence, there exists a constant ¢ € R such

that
1 t
/ |w(m,t)|2d:v+/ /|Vw|2d:nds:c a.e. t € (0,7).
2 Ja 0 Ja

As t — 0,one gets ¢ = 0. Therefore, w =0 a.e. t € (0,7). O

Remark 3.9. The smoothing technique in the proof is due to Temam [99, p. 261-264]. It
can be used to show that (3.14) is true for more general Hilbert spaces V, H, V' (see the
same reference for formulation). Another approximation method is using an orthogonal

basis of Hilbert spaces. This is done in [84, Thm. 2.1, 2.2].

Remark 3.10. The weak-strong uniqueness is used to show that the sw-solution intro-
duced in Section 5.1 admits a certain decomposition (Proposition 5.5).

Corollary 3.11. Under the same assumptions as in Proposition 3.8, u belongs to the
Hélder space CY/*([0,T], L*(Q)).

Proof. Similarly to (3.11),

lu(tz) — u(tr)ll 2 < Colta — t0)* A1 £ 1327

forall 0<t; <ty <T. O

3.4 Compactness theorem

We show another smoothing effect of the Stokes operator: weak convergence of the force

terms in Y, implies strong convergence of the solutions in supercritical spaces.

Proposition 3.12. Suppose f,, — f in Y, for some 5/2 < q < 3. Let (um,pm) and
(u,p) be the solutions to the Stokes system (SE)q with ug = 0 and forcing equal to f,
and f respectively. Then for a fized 1 < r < 2q/(3q — 3), the sequence (Um,pm) has a
subsequence, which is still denoted by (tm,pm), such that for all T < oo and bounded
set D C Q)

U, — U in LYLE(D x (0,T)) V2/a+3/8>1, 1<a,B < o,

Vg = Vu in LELY(D x (0,T))

Vpm — Vp in LiLL(D x (0,

V2/a+3/6>2 1<a<q, 1<8<q,
1)),
where q1 = 2q/(2q — 3) and g2 = 3¢/(5 — q).
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Proof of Proposition 3.12. Tt suffices to show that for each fixed time 7" and bounded
subset D of Q, there exists a subsequence with the above property (since the rest of
the proof follows by Cantor’s diagonal argument). The weak convergence of (Vp,,) is
due to the coercive estimate (Proposition 3.5). By Proposition 3.5 and Parts (i), (v) of

Proposition 3.1,

(Up,) and (Vuy,) are bounded in L2((0,T), LY(D)),
(Osum), (V2un), (Vpm) are bounded in L7((0,T),L4(D)).

Thus, () is bounded in L?((0,T), W14(D)). Applying Aubin-Lions lemma (Propo-
sition A.4) for Wh4(D) « L?(D) — L*(D) and ag = 2, a; = r, we conclude that
(um) has a convergent subsequence in L?(D x (0, 7)), which we still denote by (u,). In
particular, (u,,) converges strongly in L*(D x (0,T)). For «, 8 such that 2/a+3/8 > 1
and 1 < o, 8 < oo, there exist v > a and xk > [ such that 2/y +3/k = 1. By Part (i)
of Proposition 3.1, (u,) is bounded in L] L%(D x (0,T)). Then by Lemma A.5, (u;,)
converges strongly in L?Lg (D % (0,7)). On the other hand, we know that the map that
maps force term to the solution of Stokes system is a continuous function from Y, to
L? . This implies uy, — u in L°(D x (0,T)). Therefore, the strong limit of (u;,) must
be equal to u.

By coercive estimates (Proposition 3.5), we know that (Vau,,), (V3uy), (Vpy,) and
(fm) are bounded in L"((0,T), L4(D)). For each ¢ € C5°(D),

<VAum7¢> = _/DAumvﬁbdx < HVQUmHLq(D)||V¢HLq’(D) = HVQUmHLq(D)HngWOLq’(D)a

(Y, 8) = — /D VP Véds < VPl o) IV8l 1o (o) = VPl oo 19l

(Vfm: ¢) = —/Dfmvﬁbdx < ”fm||Lq(D)||V¢||Lq’(D) = ||fm||Lq(D)||¢Hwol,q’(D)-

Thus, 9,V = VAU, — VVpy, + V fr is bounded in L7((0,T), W~44(D)). By Aubin-
Lions lemma for W14(D) < L4(D) — W~14(D) and ap = a1 = 7, we conclude that up
to a subsequence (Vu,,) converges strongly in L"((0,7), L4(D)). In particular, (Vu,,)
converges strongly in L'(D x (0,T)). For a, 3 such that 2/a +3/3 > 2,1 < a < qi,
1 < B < go, there exist a < v < ¢; and 8 < k < g2 such that 2/y + 3/k = 2. By Part
(v) of Proposition 3.1, the sequence (Vuy,) is bounded in L] L%(D x (0,T)). Then by
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Lemma A.5, (Vu,,) converges in L?Lg (Dx(0,T)). We know that the map mapping the
force term to the gradient of the solution of the Stokes system is a continuous function
from Y, to L?L3. This implies Vu,, — Vu in L?L3. Therefore, the strong limit of

(Vuy,) must be equal to Vu. O
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Chapter 4

Mild solutions with f ¢ Y,

4.1 Estimates for the bilinear map B(u,v)

Put
t
B(u,v) = —/ e=IAP div(u @ v)(s)ds. (4.1)
0

This is the solution to the Stokes system (SE)q with zero initial condition and force
term —u - Vu. Note that B(u,v) is well-defined even if v and v are not differentiable.
The interpretation of B(u,v) in this case is mentioned in Part (iii) of Proposition 2.9.

For 0 < T < o0 and 3 < p < oo, denote

Xr = {w:Q9x(0,T)=R3: we L;:’,x, w(t) € LY for a.e t € (0,T)},
B, = {w:Qx(0,T) > R: t2 %we LCLP, w(t) € L2, 11%1+t%*%uw(t)um = 0}.
t—

Then X7 and E, are Banach spaces with respective norms

T 1/5
iy, = ([ [ wbasde) ol =]

The space E = {w € Xy : t'/3Vw ¢ Lf/?’Lf’U} has a semi-norm [w]p = Htl/SVwHLg/gLS.
t T

1_3
t2 2pw‘

L LY (2(0,1))

Proposition 4.1. The following statements are true.
(i) [1B(w,v)lzrre < Allullxlvllx, for all u,v € Xr and 2/r +3/p=1, 3 <p <15.
(i) || B(u,v)| g, < Allul|x,[v]e for allu e X7, ve E, 3<p<4.

(i) HB(u,v)HEp < C’InguHEﬁHvHEﬁ for allu,v € E;, 3<p, p<oo,1/p>2/p—1/3.
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(iv) B(u,v) € C([0,T),L3) for allu € Eoy, v € E.
(v) [|[VtVB(u, V)|[eers < Allullg,[v]E for allu € Ey, v € E, 15 <p < oo.

Proof. (i) By Part (iii) of Proposition 2.9,

tllu@v(s) 5
— 10

5 T 2p

The specified range for p guarantees that 0 < 1/r < 2/5. This allows the use of the

fractional inequality (Proposition A.16), which yields

18w, 0)ll e < Allu @l 572 < Ajullx[[v]lx-

(ii) By Corollary 2.7,

t||u- Vo(s)]| 10/8 Hu sl/SVU HLL)/8
1Bl < A f S ca [ ds
0 (t—s)5 i t—s g3
17/40
1/8 ! 1
< AHu.S VU(S)‘L4O/23L15/8 / YRR 14Ods
t T 0 (t o S)(ﬁ‘ﬂ)ﬁsg.ﬁ
1
< Gyllullyg ||s"*Vu(s) T
’ th 2p

Note that the condition 3 < p < 4 guarantees that the constant C), is finite.

(iii) By Part (iii) of Proposition 2.9,

tu@v(s)] o2 ull 1o [l
Bl <4 [ T gy g [T,
: 0 (t—s)’ 2 0 (t—s)?
where 1/a =1 —2/p+ 1/p. Therefore,
t
ds [ull g, vl g,
B0z <€ Al ol | —— e = Gy,
0 (t_s)ﬁi(%*;)g—% £ %

(iv) Put f =div(u ®v) = u- Vv and



Then
10 f = (t7/1%) - (1/3V0) € LY = LT .
—— N—— ’ ’
LELzt 333
Applying Part (iii) of Proposition 3.1 for F' = B(u,v), we conclude that B(u,v) €
c((0,T),L%).

(v) For 12 < p < o0, the constant C), is finite. Put f = «- Vv and p = 3p/(3 + p). Note
that p € (5/2,3) for p > 15. Then for any 71 < T', T1 < o0,

1 f = 2175 (127 2q) - (£/3V0) € LYPLP ¢ IP_(Q x (0,T1)).
—— N—— ’

Thus, f € Y;7,. By Part (vi) of Proposition 3.1, VtVB(u,v) € C¢tL3(Q x [0,T1]). O

4.2 Mild solutions

In the subcritical setting f = 0 and ug € L"(f2) for some r > 3, it is known that mild
solutions exist for any domain €2 with uniform C3-boundary that admits Helmholtz
decomposition for L"(2) (see [24, Thm. 3.2], [77]). In this section, we show the existence,
uniqueness, and several regularity properties of mild solutions in the critical setting
f €Y, and up = 0 for @ = R} or R®. Mild solution u of the (NSE)q is given by
u = F + B(u,u) where F is given by (3.2) and B given by (4.1).

Proposition 4.2. Let f € Y, for some 5/2 < q < 3. There exists T € (0,00) such that

(NSE)q has a unique mild solution u € Xp. Moreover,
(i) we LyLE(Q2 x (0,T)) for all2/r+3/p=1, 3 <p<15.
(ii) t1/8vu e L2 L3(Q x (0,T)).
(iii) u € E, for all 3 < p < oo. Moreover, u € C([0,T], L?).
(iv) Vu € LYLE(Q x (0,T)) for all2/r+3/p=2, ¢ <p<3q/(5—q).

(v) VtVu € LLLE N CL3(Q x [0,T)) and \/EHVUHLQ —0ast—0t.
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(vi) u can be extended via Picard’s iterative process to a mazimal time interval (0,T%).
The properties (i)-(v) hold for any T < Ty. Moreover, if Ty is finite then ||ul|x, —

ocasT —T, .

Proof. Denote Y, 7 = {f Q% (0,T) = R3: % f € Lg’m}. By Part (i) of Proposition 3.1,

1Flx,. < Callflly, » = Callt™ fll Lagax 0,1y (4.3)

By Part (i) of Proposition 4.1, ||B(u,v)||x, < Allulx,||v|x,. By Lemma 1.3, the
equation u = F + B(u,u) has a unique solution in Xp provided that ||F| x, is less
than an constant depending on ¢. Thanks to (4.3), this condition is satisfied when T
is sufficiently small. To show the properties of u, we first show that (i)-(iv) hold for
the Stokes equations, i.e. when u is substituted by F. In this situation, Part (i) and
(iv) are already proved in Proposition 3.1. Part (ii) and (iii) are consequences of the

interpolation inequalities. Indeed,

1
. Holder 1
/\tl/SVFde:/ 2 E R e < {/ |t1/2VF\3da:}4{/ \VF\3dm}4.
Q Q Q Q

1/4

Thus, [|t/3VF|| s, < VIV 1y IVFIIZ5, < Collflly, - Similaly,

L2L3 =

Ht1/273/(2p)F‘ < H\/iFHl_g/pHFHS/p SC’qufHYT-

= 3
LLE LS, Lo Ly

(i) This is a consequence of Part (i) of Proposition 4.1.

(ii) Suppose T is sufficiently small such that the mild solution w obtained by the it-

erative process
w0 = F

ut) = F 4+ B(u™,u™) ¥n>o0.
satisfies ||u||x, < €, where € > 0 is an absolute constant to be chosen later.

t/2 t
VB(u,v) = _/o e APdiv (u(s) © v(s))ds — /t/2 eU=DAPdiv(u(s) @ v(s))ds.

By Corollary 2.7 and Part (iii) of Proposition 2.9,

/t/2 AHu(n)(s)Higd /t A|[Tu | o]
. S
0 t

(n) 4, :
HVB(U U )‘Li (t — 5)11/10 /2 (t — 5)'/5 ds.
a Ol a8 e )]
751/8/0 (t— sy tl/f‘/t/z (t— )75
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Applying the fractional inequality (Proposition A.16) after multiplying both sides by
1/ 8, we get

<A,
T

1/8x7,,(n)
Lf/3L§ < s/°Vu

Htl/SVB(u(”), u(”))‘

Xr L8313’

Put a, = |[t"/5Vu™| s, ,. Then
t T

1 = Htl/BVu("H))

tl/BVF‘

- Htl/SVB<u<n>, u<n>>(

— ,
L83y L¥*L
< ag+ A + Acay,.

L33

Choose ¢ > 0 such that Ae, Ae? < 1/2. Then a,, < 2(ag+1) for all n € N. The sequence

t1/8Vu(™ converges weakly in Lf/gLi. Therefore, t'/8Vu € Lf/gLi.

(iii) For 3 < p < 4, by Part (ii) of Proposition 4.1,

1B, w5, < Allull||s'/*V

L3Prs’

Hence, w = F + B(u,u) € E,. Applying Part (iii) of Proposition 4.1 for p = 15/4, we
get u € E, for all 3 < p < 5. We then can take p = 9/2, and obtain u € E, for all
3 <p<9. With p =8, we have u € E, for all 3 < p < 0.

(iv) Put o = 3¢/(3 — q) > 15. Because u € E, N E, we have u - Vu € Y, by the
argument in the proof of Part (v) of Proposition 4.1. Then by Part (v) of Proposi-
tion 3.1, we have VB(u,u) € LT LL. Then Vu = VF + VB(u,u) € LT L%.

(v) Similarly to Part (iv), we have u - Vu € Y;. Then by Part (vi) of Proposition 3.1,
VtVB(u,u) € LL3 N C L2, Then v/tVu = VtVF + VtVB(u,u) € LL3 N C,L3.

(vi) Regard T as the starting time. Put g(z,t) = f(z,t +T) and vo(z) = u(z,T).
Then g € L{, and vy € Y/VO1 3(Q) by Part (iii) and (v). Consider the Navier-Stokes

problem with initial condition vy and external force g

ov—Av+v-Vo+Vmr = g,
dive = 0,
(S):
vlogo = 0,
v(+,0) = .
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For extension purpose, it suffices to show that (S) has a short-time mild solution in
the setting L;Zl,. However, for the continuation of regularity we show that (S) has a

short-time mild solution in a more regular space Z, defined as follows.
Zr = {U = L?LZ(Q x(0,7)): Vv e LtooLi}a HUHZT = ||U||Lt°°Lg + HU||Lt°°Lg~

This is a subcritical setting. Put V(x,t) = et®vy and Go(z,t) = fg e(=94Pg(s). We
first show that V', Gy € Z; for any 7 < co. By Corollary 2.7,

t—s)2 0

t C ¢ _(A_i)q/ 1/q'
IGa(t)lss < | g loe s < e [ = G ask gl
: ,
which is finite for all ¢ > 0 because (2% - %)q’ < 1. By Corollary 2.7,

C : L e
e lg(olsgds < & [0 — ) B ash gl

(t — s)2a

t
IVGo(t)ls < /0

which is also finite for all ¢ > 0 because Q%q’ < 1. Since vy € WOI’S(Q) < L?, we have

IV(O)llLz < Allvoll s for all ¢ > 0. For Q = R3, V(t) = I'(t) * vp and
IVV(O)ll s < IT@) * Vool gz < AllVwollps vE>0.

For Q2 = Ri, we obtain in the proof of Proposition 2.5 that modulo proper extensions

of vy to the whole space, V(z,t) is given by a convolution. Specifically, we derived that

V(t) = ey = G(z,y,t)vo(y)dy = T'(.,t) x é(vo) + K(.,t) * Jvg,

3
R+

where é(vp) is the extension of vy by odd reflection

N 0 if x3>0,
vp(x) = )
vo(a!, —xg) if x3 <0,

K(z,t) = (I;50V2®) * (., 1),

and J is a constant 3 x 3 matrix. Because vg € W&’S(Ri), both é(vp) and vj belong to
WH3(R3). Then
VV(t) =T(.,t)*é(vg) + K(.,t) * JVvg.

Note that K has a scaling property K(z,t) = t*3/2K(%, 1). As shown in the proof

of Proposition 2.5, K(.,1) is a Fourier multiplier. Hence, ||VV (¢)|;s < A||Vuvo|l s for
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all t > 0. We have showed that V, Gy € Z; for all 7 < oo. For any v,w € Z,, by
Corollary 2.7

t o Vwll, 15/ [oll gz [Vl s
B(v,w S/ALI S/Amd < A2y wl||, ,
1B(v, w15 ; (o) ; TESE [v]l 2, [lwll 7,
t o Vwll 158 [oll s [Vl s
VB(v,w §/ A Lo’ S/ A—“””d < At /514 w|, .
IVB(v,w)| s ; o) ; (o) o]l 2, [lwllZ,

This shows that B : Z, x Z, — Z, is a continuous bilinear map. Moreover, || B|| < A7/
provided that 7 < 1. By Lemma 1.3, if A7'/5(|jvg|l s + |Vvollzs + llgllze) < 1/4 then
the problem (S) has a mild solution in Z, defined by Picard’s iterative process. This
solution clearly belongs to Lim. Thus, we can extend mild solution (u, p) to the interval
(0,7 + 7] by defining u(z, T 4+ t) = v(z,t) and p(z,T +t) = w(z,t) for all t € [0, 7].
Property (ii) holds for the extended solution because Vv € L L3. Properties (iii), (iv),
(v) are consequences of (ii).

This extension method can be repeated as long as u remains in Lf’x. It ceases at

some finite time T only if [lul| 15 x(0,7)) — 00 as t — T . O

Proposition 4.3. Let 5/2 < q < 3. There exists g > 0, possibly depending on q, such
that for f € Yy satisfying || flly, < €0, (NSE)q has a unique global solution u € X
Moreover, Parts (i)-(v) of Proposition 4.2 hold for T = cc.

Proof. By Proposition 3.1, |[F||x., < Cyllflly, < C4co. Applying Lemma 1.3 for X =
X, we conclude that there exists a unique solution u € X, to the equation u =
F + B(u,u) if g¢ is sufficiently small. The proof of Part (i) of Proposition 4.2 is still
valid for T' = co. The proof of Part (ii) shows that t'/8Vu € Lf/ng(Q x (0,7)) for all

0<7<o00. For 0 <21 <t <m < o0,

IVB(u, u)l[pg <

S.

A /t/Q lu(s)[175 A /t /5| g l1ull g Ly 72) (5)

1178 (t — 5)P/0 ds + 078 Jy s (t— 5)'

By the fractional inequality,

H51/8VB(U, u)}

< Al +Allull s mp |57V

8/3 8/3

L3(Qx(11,72)) L3(Qx(r1,m2))

If 71 and 7 are sufficiently large, [|u[| ;5 (7 7)) < 1/2. In this case,

a4

2
8/3L3 QX(Tl 2)) < Cq”f”Yq + A HUHXOO .

45



By letting 7 — 0o, we obtain s'/8Vu € Li/gLi(Q x (0,00)). Parts (iii)-(v) are conse-

quences of Part (ii). O

A useful consequence of Proposition 4.2 is the regularity of the nonlinear convection

term u - Vu in critical spaces.

Corollary 4.4. Let f, T, u be as in Proposition 4.2, except that T is now allowed to
be co. Then

(i) w-VueY,r,

(ii) w-Vu € Ly LE(Q x (0,T)) for all 2/r + 3/p = 3 with

9 4<1<1+1
3g 15 "p q¢ 3

Proof. (i) Pick § € (%, 5 g) Then
]tq*u . Vu\ < \t’3Vu|]t1/2ul2q*726\u|1+25*2q*.

Write [tPVu| = [t/2Vul?|tY/$Vu|' =% where § = (88 — 1)/3 € (0,1). By Part (ii) and

(v) of Proposition 4.2 and Holder inequality, t°Vu € L}'L3 where v, = % Put

1—
A=1+28—2¢" and é =5 % The range of 5 guarantees that aX € (3,15). By Part

(i) of Proposition 4.2, |u|* € L} LY where % + 3 = \. By Hélder inequality,

2q«—2
(19 - V| < [0V [12a" 7 ] e LrL
—— —— ~—
RO LPLs

where

Therefore, t%u - Vu € L{ ,.

(i) By Part (i) and (iv) of Proposition 4.2, u € L{*LE* for all 2/r1 + 3/p1 = 1 with

1_1_1
15 P1 37

Vu € Ly2LE? for all 2/ry + 3/ps = 2 with



By Holder inequality, v - Vu € LYLE where 1/p = 1/p1 + 1/ps takes all values strictly

1 4 5=q 1,1
between s+ 3 and 3t g O

Remark 4.5. Due to Part (i), u solves the Stokes system (SE)q with zero initial condition
and force term f —u-Vu € Y, p. By Proposition 3.5, (u, p) has maximal regularity, i.e.

owu, VZu, Vp € Y1

4.3 Decomposition of mild solutions

For D x (a,b) C 2x(0,T), a function u is said to belong to the energy class on D X (a,b)
if
[u] s a0y = ©58 Sup/ u(z, t)| dm+/ / (Vu(z, t)|?dzedt < co. (4.4)

te(a,b)

It is said to belong to the local energy class on € x (0,T) if [u] py (4 < 0o for every
bounded subset D x (a,b) C 2% (0,7T). Any inequality of form (4.4) is generally referred
to as energy inequality or local energy inequality (depending on whether D x (a,b) =
Q2 x (0,7)). As a rule of thumb, the mild solution of (NSE)q blows up after finite time
if and only if one of its critical norms blows up. On the other hand, blowup solutions
typically remain in the local energy class near the blowup time. This is because under
very weak assumptions on the regularity of solutions one can obtain a priori local energy
estimates.

Global energy inequalities impose certain restrictions on the data (ug, f); for exam-
ple, up € L2(Q) and f € L2H*(Q x (0,T)) is the required setting to define Leray-Hopf
solutions [48, Para. 26-31], [31], [71, Sec. 4.2]. These spaces are supercritical with
respect to scaling, and are preferred in physics since the solutions have finite kinetic
and dissipation of energy. A Hilbert-space framework for Leray-Hopf solutions can be
found in [99]. However, local energy inequalities are available for a much larger class of
data (ug, f); for example, ug is required to be only locally square-integrable. Scheffer
[78] introduces the concept of local energy solutions. That is a type of weak solutions

satisfying

T T
2/0 /Q|Vu|2¢d:rdt§/o /Q[|u\2(at¢+A¢)+(u|2+2p)uv¢+2uf¢] drdt (4.5)
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for all smooth compactly supported ¢ = ¢(z,t) > 0. Later, Caffarelli-Kohn—Nirenberg
[12] show several local regularity criteria, known as e-regularity criteria, which play an
important role in local regularity theory. Results in this theory include: (1) estimates
on the size of the set of singularities (called partial reqularity) in the interior in [12, 45,
41], on the boundary of a 3-dimensional domain in [82, 64], 4-dimensional domain in
[15], 5-dimensional domain (steady-state) in [34], 6-dimensional domain (steady-state)
in [16, 15], (2) weak-strong uniqueness, i.e. the fact that weak solutions coincide the
mild solution up to the blowup time, [47, Thm. 14.7, 15.3, 15.7] and (3) the existence
of singularities of mild solutions at blowup time [76, 32].

For © = R3 or a bounded domain, Caffarelli-Kohn-Nirenberg construct a local
energy solution with ug € L2(Q) and f € L?H; 1 (2 x (0,7T)) that exists globally in time
[12, Thm. A.1]. For 2 = R3, Lemarié-Rieusset constructs a global-in-time local energy
solution with f = 0 and up € L% . [46, Thm. 33.1]. A global-in-time local energy
solution on the half-space is recently constructed by Maekawa, Miura and Prange [58,
73].

Seregin and Sverdk [83] split the mild solution into two parts: one solves the linear
Stokes system and belongs to local energy class, the other solves a nonlinear system and

belongs to the energy class. Specifically, u = v + w and p = p1 + p2 where

Oww—Av+Vp = f,
diveo = 0.
(@) :

vga = 0,

\ v(0) = 0.
dw—Aw+ Vpy, = —u-Vu,
divw = 0.

(IT) :

wlag = 0,
w(0) = 0.

For ) = R3, they show that w exists globally in weak sense, thus obtain a global weak
solution © = v + w. We will refer to this type of solutions as sw-solutions, where
s stands for strong/Stokes/ split, and w for weak. Since sw-solutions are also local

energy solutions, e-regularity criteria hold. This class of solutions has a number of good
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properties, for example the weak-strong uniqueness and compactness theorem [83, Prop.
1.7, 1.8]. It works well with domains with boundaries because the boundary condition is
treated separately in the Stokes system. Although Seregin and Sverdk only consider the
critical setting ug € L3, f = 0, their treatments can be adapted to the setting ug = 0,
f €Y, (Proposition 5.7 and Proposition 5.9).

Because v is global and solves the linearized problem, solutions u of (NSE)q and w
of (II) have essentially the same regularity up to blowup time. However, system (II) is
more convenient to deal with because the forcing —u-Vu belongs to more diverse critical
spaces (Corollary 4.4) compare to the forcing f of (NSE)qg. Whether a global-in-time
sw-solution exists on the half-space is an interesting question which we will not address
in this thesis. Precise definition for sw-solutions in the half-space will be given in the
next chapter. In the following, we show that mild solutions admit a decomposition
u = v+ w as mentioned. Hence, we can at least conclude that sw-solutions exist locally
in time.

Consider Q =R3 or R®. Let u € L?(2x (0, 7)) be the mild solution to (NSE)q with
up = 0 and f € Y, for some 5/2 < ¢ < 3. Decompose (u,p) = (v,p1) + (w, p2) where
(v,p1) solves (I) and (w, p2) solves (II).

Proposition 4.6. The following estimates hold.
(i) For allt € (0,T),
1 t t
/ lw(z,t)>da —l—/ / |Vw|*dzds = / / v®u: Vwdrds. (4.6)
2 Jo 0 Jo 0 Jo
(it) For allt € (0,T),
t
/Q\w(a:,t)IZd:z:—i—/O /Q\Vw(a;,t)lzdscds < VtWy(q, I1flv,) (4.7)
where Wo(q, ) = Cyrtexp(Cy79).
(iii) For any function ¢ € C§°(R? x R),

t
/ch(x,t)|w(:r,t)2dx+2/0 /Q¢|Vw|2d:cds:

t
/ / [20 @ u: ¢Vw + |w|*(Ad + 4d) + u - Vo(|w|* + 2g + 20 - w)] dzds.
0 Ja
(4.8)
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Proof. (i) By the regularity of v and v in Proposition 3.1 and Proposition 4.2, w = u—v
satisfies w € C([0,7T], L?), Vw € L?L2, \/tVw € LL3. By Part (ii) of Corollary 4.4, u-
Vu € L2L§/2. By the coercive estimate (Proposition 3.3), dyw, V2w, Vpy € L%Li/Q(Q X
(0,T)). By Poincaré-Sobolev inequality, p, € L*((0,7), L3 (Q)). The right hand side

of (4.6) is well-defined because

t t
| [wou:vulduds < [ jolglelgl Tulds
0 JO 0 ’ ’ ’

< ollpgers lull pers

/ tds <
— <
= Jo Vs

For each i = 1,2, 3, w; satisfies the differential equation

Orw; — Aw; + UV + ujw; j + p2; = 0. (4.9)

Let ¢ : R? — R be a nonnegative smooth function supported in Bo(0) and equal to 1 in
Bi(0). For each R > 0, define ¢pp(z) = ¢ (%). Multiplying both sides of (4.9) by wipr

and integrating over Q x (0,t), we get

5 [ Pondz+ [ [ [VuPondeas
//|w|2A¢Rda:ds+// pow - Vorduds
+ //<v w+)u-V¢Rd$d8+/0/Qv®u:Vw(;SRdxd8. (4.10)

The first and third term on the right hand side approach 0 as R — co. Let py be the

average of py over the ball Byg. Then

pow - Voprdrds (p2 — p2)w - Vordzrds
Q Q

t
< / Ip2 — Bl aszlle] o |Vl e s
0 ® ’

We have ||[Vop|re < AR™" and [[p2 — p2l| 32 < AR||Vpal| 32 (Poincaré-Sobolev in-

equality). Hence,

t
<A /O () sy @5 < A3l s s w0

pow - Vordrds
Q

which converges to 0 as R — co. As R — oo, (4.10) becomes (4.6).
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(ii) By Schwarz inequality,

t t
//v@v:demds < /HU||%4 |Vwl|| 2ds
0 Ja 0 i “
¢ 4 1 2
< 4lvllps + 7 IVwllzs ) ds
0 x 4 x
4 1 ! 2
< Vil + g [ IVelfds @
x 0 x
By Holder inequality,
t t
//v@w:dea:ds < /”UHL5 [wl] 1073 ]| Vwl[ 2 ds
0 Jo 0 ‘ e ’
t
2/5 1 113/5
< /O [l Il ]38 [Vl 2ds.  (4.12)

By Part (ii) of Corollary 4.4, u - Vu € Lf‘/gLi. This is the forcing term in system (II).
By the coercive estimate (Proposition 3.3), w € Lf/ 3W01 2 By Gargliardo-Nirenberg

inequality, ||w(s)||; s < A||Vw(s)|| 2. Substituting this estimate into (4.12), we get

t
//U®w:dea;ds
0 JQ

IN

t
2/5 8/5
| Wl el 19l s
t

1
(a1 iy + 10wl ) as. (3

IN

Summing (4.11) and (4.13), we get
! 4 LS 2 L[ 2
/ / v®@u: Vwdrds < 8ﬁ\\v|]L§L4 +4/ llvll75 lwl|72 ds + 2/ |Vw||72 ds

By Part (i) of Proposition 3.1, Hv||L§L% < Cqllflly,- Then (4.6) implies

t t
[ tweopar+ [ ] [wufdeds < vic, i1y, +5 [ ol ol as @

for all t € (0,7T). By Gronwall inequality,

t
lw(®)l72 < CovVE 1711, exp (8 / rv<s>uigds) < CVRlfIy, e (CallfIR,) -

Substituting this estimate into (4.14), we obtain (4.7).

(i) Let ¢ € CF(Q2 x (0,7)). Identity (4.8) is obtained by multiplying both sides

of (4.9) by w;¢, integrating over  x (0,t), and using integration by part. O
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We further decompose

(4.15)

D2 — p(l) + p(2) _|_ p(?’) + p(4)

where (w’,p’) is the solution of the Stokes system

(9w — Awd +vpl) = f0),
(III)j: divlw(j) = 0.
wW s = 0,

wd(0) = 0.

where

V= —w-vw, [f®=—w- Vo,
f(?’) = —v - Vw, f(4) = —v-Vo.

Proposition 4.7. Letu € L>(2x (0,T)) be a mild solution to the Navier—Stokes system

with ug = 0 and f € Y, for some 5/2 < g < 3. We have the following a priori estimates.
(i) For all2/a+3/8 =4 with 1 < 3 < 3/2,

o

+ vaw\

+||vr| . < CapVTRla. 1£1;).
t Hx

LeL? LpL?

(ii) For all 2/a+3/8 =7/2 with 2q/(2+ q) < 8 < 6q/(10 — q),

Hatw@)‘ < Gy s T Wo(q, |1 flv,)-

+ Hv2w<2>y

st

rer? Lerf HL Le

(111) For all2/a+ 3/ =7/2 with 6/5 < B <2,

Hatw(:”‘ < Co s T W0(q, |1 f,)-

o

o

LeLf reLf HL arh

(iv) For all 2/a+3/B =3 with 3¢/(3+q) < B <3q/(5—q),

o

+ HW

i)

LeLy rerf H LaLﬁ -

(v) For any bounded set D C Q, put Dy = D x (0,T). Then
[0vwll, 3721978 ), +HV “’HL3/2 9/8ppy TIVP2I 3721978 py < Co.0,7 %0 (¢ 1f1ly,) -
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Proof. By Part (i) and (v) of Proposition 3.1,
||U||L?1L§1 SCfﬁleHYq v2/(J£1—|_3/ﬁ1 :17 3§B§OO,

IVOll oz o2 < Capllflly, ¥ 2/02+3/62=2, <5 <3¢/(5~q)

By Part (ii) of Proposition 4.6 and the Sobolev embedding WO1 2oy LS,
kuistfs < Cﬂsﬁmo(% Hf”Yq) v 2/043 + 3//83 = 3/27 2< B <6,

IVwlz; < VT(q.lIf]ly,).

By Holder inequality, we get the bounds for each f() in mixed-norm Lebesgue spaces.
The estimates in Parts (i)-(iv) follow from Solonnikov’s coercive theorem (Proposi-

tion 3.3). As a consequence,

[ [

()’

o)

744

Lf/ng/zs? L?/QL;S/MN )VP Lf/QLCICS/B’ ’ Lf/ng/s < Cq‘IJO(Qa ||f||Yq)

This leads to Part (v). O
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Chapter 5

Sw-solutions

5.1 Definition

The concept of sw-solutions has been mentioned in Section 4.3. We now give a precise
definition. Let ug =0, f € Y, for some 5/2 < ¢ < 3, and (v, p1) be the mild solution of
the Stokes system (SE)q.

Definition 5.1 (sw-solution). A function u defined in Qp = Q x (0,7), T < oo, is
called a sw-solution if uw = v + w and p = p; + p2 where (w, p2) satisfies five following

properties.
(a) They have regularity properties

we LPL2 N LW, 2 (Qr),

drw, V2w, Vps € L32((0,T), L3 (9)).
(b) They satisfy the equations

ow—Aw+Vpy=—w-Vw—w-Vv—v-Vw—v-Vv
w(-,0) =0

in sense of distribution in € x [0,7"). That is, for any vector field ¢ € C§°(Qr),
t
/w(:z:,t)¢(:z:,t)dx+/ /Vw : Vodrds =
Q 0 JQ
t
:/ /[wat¢—p2 dive + (v +w) ® (v + w) : V] dads. (5.1)
0 JQ
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(c) They satisfy a local energy inequality: for any nonnegative function ¢ € C§°(R3 x R)
and t € (0,7),

t
/ng(x,t)|w(x,t)]2dx+2/o /Q¢|Vw|2dxdsg

t
< / / [20®@ u: ¢V + [w|*(Ad + 9y8) + u - Vo(|w|® + 2ps + 2v - w)| dzds.
0 Jo 52)

(d) For any ¢ € L*(Q), the map ¢ — [, w(z,t)¢(x)dz is continuous on [0,T). Moreover,

lw(t)]| 20y = 0 as t — OF.

(e) For all t € (0,7),

1 t t
/ lw(z,t)|*dx —|—/ / |Vw|*dzds < / / v®u: Vwdrds. (5.3)
2 Jo 0 Jo 0 Jo

Remark 5.2. The right hand side of (5.2) is well-defined because v € L?OL‘%O/ ‘NI

t,x
we LY, Vw e L2, and ps € L3/2((0,T), L2 ().

» Hloc
Remark 5.3. Conditions (d) and (e) can be dropped from the definition because they
are consequences of (a), (b), (c). Indeed, one can derive the first part of (d) from (a) as

follows. For ¢ € C§°(Q2) and D = supp ¢,

/D w(z, )p(z)da = /D /0 tﬁtw(m,s)qﬁ(m)dsdx.

This is a continuous function of ¢ because the integrand (dyw)¢ is an L'-function in
D x (0,T). Condition (e) can be derived from (c) as follows. Choose test functions of
the form ¢(x,t) = ¥r(z)pr(t) where pr is a smooth function supported in (—1,7 + 1),
equal to 1 in (0,7), and g is supported in the ball of radius 2R, equal to 1 in the ball
of radius R, having decay derivatives as R — oo. Then take the limit of both sides of

(5.2) as R — oo. Finally, the second part of Condition (d) is a consequence of (e).

Remark 5.4. By Proposition 4.6 and Part (i) of Proposition 4.7, the mild solution to

the Navier—Stokes system is also an sw-solution.

Proposition 5.5. Let u = v + w be an sw-solution to (NSE)q with ug = 0. Then w

and pe satisfy a priori estimates
t
/ ]w(x,t)|2dx+/ / \Vw(z, t)Pdzds < VtUo(q, || flly,), (5.4)
Q 0 JQ
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HathL?ng/B(DT)+”v2wHL?/2LZ/8(DT)+HVPQHL%’&L?E/S(DT) < Cy.n,17%¥0 (q, ||f”yq) (5.5)

for all bounded D C Q. Here Dy = Dx(0,T'). Moreover, (w,p2) admits a decomposition
(4.15) where each (w9, pD) is the solution to (III); given by Stokes operator as in (1.2).

They satisfy the estimates in Proposition 4.7.

Proof. The proof of (4.7) in Proposition 4.6 is still valid for any w satisfying Conditions
(a) and (e) in Definition 5.1. The proofs of Parts (i)-(v) in Proposition 4.7 are still valid
because we only use the energy norm of w in the estimates. Put w = w—w® —w@ =G,
Then @ is a weak solution to the system (SE)q with force term f*) = —v . Vo. By

Corollary 4.4, f® ¢ Y, N L%L?gm. By Proposition 3.8, @ = w®. O

Combining the a priori local energy estimates for v and w, we obtain a priori local

energy estimate for sw-solutions.

Corollary 5.6. Let (u,p) be an sw-solution to (NSE)q with ug = 0 and f € Yy for some
5/2 < q < 3. Then for any bounded set D C Q and t € (0,T),

t
[ tuta.ds+ [ [ (VuPdads < Gl iy, +Vita(a. I ;)

Proof. This is a direct consequence of Proposition 3.7 and Proposition 5.5. O

5.2 Compactness theorem

Let f,, — fin Y, for some 5/2 < ¢ < 3. Suppose (um, pm) defined on 2 x (0,7, T' < oo,
be an sw-solution to (NSE)q with ug = 0 and force term f,. Let u,, = vy, + wy, be the

decomposition of u,, according to Definition 5.1.
Proposition 5.7. (u,,) has a subsequence, which is still denoted by (uy,), such that
Uy — u, Vg — Vu in L2(Q x (0,T)),
Wy, — w in LELE(D x (0,T)) V1< B<6, 2/a+3/8>3/2
Vw, = Vw in L7(D x (0,T)) V1<~y<2,

Vpam — Vs in LY*LY3(D x (0,T))
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for all bounded set D C Q, where u is an sw-solution to (NSE)q with force form f, and
w is the second component of u according to Definition 5.1. Moreover, (vy,) converges

to the first component v in the spaces described in Proposition 3.12.

Remark 5.8. Statements of this type are sometimes referred to as compactness theorems
because the weak convergence of the data implies strong convergence of the solutions.
Our proof uses Aubin-Lions lemma (Proposition A.4), following the idea of Lin [52,

Thm. 2.2].

Proof of Proposition 5.7. The proof is twofold. First we show that there exists a sub-
sequence of (u,,) such that u,,, Vi, wn,, Vw, converge in certain spaces. Then we
show that the limit v must be an sw-solution.

To show the convergence, it suffices to show that there exists a convergent subse-
quence for each fixed bounded subset D of 2. The rest of the proof would follow by
Cantor’s diagonal argument. By Corollary 5.6, the sequence (u,,) is bounded in the
local energy space L{°L2 N L2H}(Dr). This implies that up to a subsequence, u,, and
Vi, converge weakly in L?(Dr). By (5.4), the energy norm of w,, is bounded. Up to
a subsequence wy, converges weakly in the energy space L{°L2 N LZHL(Qr). Then w,,

and Vw,, converge weakly in L?(Qr). Together with the estimate (5.5), we have

(w,)  is bounded in  L32((0,T), WH9/8(D)),
(ywy) is bounded in  L3/2((0,T), L¥(D)).

Applying Aubin-Lions lemma for W19/8(D) — L32%(D) — L%8(D) and a9 = a1 =
3/2, we conclude that up to a subsequence (wy,) converges strongly in L*2(Dr). In
particular, (wy,) converges strongly in L'(Dr). For a, 8 such that 2/a + 3/8 > 3/2,
1 < B < 6, there exist # > « and f < kK < 6 such that 2/0 + 3/x = 3/2. By
the embedding L{°L2 N L2LS — LYLY, the sequence (wy,) is bounded in L{L%(Dr).

Therefore, by Lemma A.5 it converges strongly in L¥L?(Dr). For each ¢ € C$°(D),

(VAW, ¢) = — /D AwnVods < ||V2wm || Loss o) VOl o0y < [V wm || possll0lly2,

(VT Pam, 6) = — /D Vp2.mVéd < [Vpsmllyoss oIV 6ll15(0) < VD2l 076Dz,
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IN

(Vdiv(um @ um), ¢) = / Um & umv2¢dx ”um”iw‘l(D) Hv2¢HL9(D)

D

IN

”um”ig/‘l(D)||¢||W0279(D)-

Note that u,, = v, +wy, is bounded in L10/3(DT). Thus, 0;Vwy, = VAw, —VVps , —
Vdiv (ty, @ ty,) is bounded in L¥2((0,T), W=29(D)). Applying Aubin-Lions lemma, for
W9/8(D) — L3%(D) — W=29D) and ag = a; = 3/2, we conclude that up to a
subsequence (Vw,,) converges strongly in L32(Dr). Because the sequence (Vw,,) is
bounded in L?(Dr), it converges strongly in LY (D7) for all 1 <y < 2.

Now we show that the limit function u is indeed an sw-solution to (NSE)qo with
forcing term f. We do so by verifying each condition in Definition 5.1. By Remark 5.3,
it suffices to check Conditions (a), (b), (c). Since wuy, = vy, + wy, for all m, it follows
that v = v + w. Because w,, € L°L2 N L%WOLQ(QT) and w,, — w in the energy space
LPL2 N LEHL(Q7), w also belongs to wy, € Li°L2 N LW, (2 x (0,T)). Condition (a)
holds.

For each vector field ¢ € C§°(Q2 x (0,T)),

t
/ W (z,t)p(x, t)dr = / / [Win (AP + 01) — D2, iV @ + Uy, @ Uy, : V| dads.
Q 0 JQ

The limit of each term as m — oo is attained because of the strong convergence of ()

s 3
in Ly,

now verify Condition (c). Let ¢ € C°(R? x R).

(1) and weak convergence of (wy,) in L{°L2. Hence, Condition (b) holds. We

t
2 2
/ng(x,t)|wm(:v,t)| d:U—I—Q/O /Q(;S\Vwm] drds <

¢
< / / [2Um ® Uy OV Wy, + ‘wm|2(A¢+ 8t¢) +
0 JQ
- VO[] + 2p2,m + 20 - Wy )] dads. (5.6)
The left hand side shrinks though the limit due to weak convergence of wy, in the energy
space. We only need to show that each term on the right hand side converges to the
corresponding term without index m. Put S = Q Nsupp ¢. Other than the first term,

the convergence of other term can be seen as a result of strong convergence of vy, W,

Uy, and their derivatives. Indeed, because wy, — w in L?(S),
t t
/ / (wim|*(A¢ + Orp)dads —>/ / [w|?(A¢ + Oy¢)dxds.
0 JQ 0 JQ
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Because vy, — U, Wy, — W, Uy, — u in L3(S), and g2,m — @2 in L3/2(S),

t ¢
/ / Wi | U, - VPlwp|?dads — / / Wi |* U - V| wim|?dads.
0 JQ 0 JQ

//qgmum qudxds%/ /qgmum Vodzxds.

/ (U, - V&) (U - wm)dxds—>/ U, » V) (U - Wiy )ddss.

0

The first term on RHS (5.6) is treated by integration by part and using the divergence-
free property

t |wm|2

t ¢
/ U @ Uy : QVWdrds = —/ U @ U : GV Wy drds + / m * Vodrds
0 0 0
t
- / U @ Uy, = (V) @ wpdxds. (5.7)
0

The convergence of the first term on RHS (5.7) is due to v, — v in L*(S). The
convergence of the second and third term is due to v,, — v, wy, — w, Uy — u in

L3(S). O

5.3 Weak—strong uniqueness

Proposition 5.9. Let u, @ : Qx (0,T) — R? be two sw-solutions to (NSE)q with ug = 0

and f €Yy for some 5/2 < q < 3. Suppose u is a mild solution. Then @ = u.

Proof. Let u = v+ w and & = v + W be the decomposition of u and @ according to

Definition 5.1. Denote

V = {¢€H{Q):divy =0},
= {¥ € L*(Q):divy =0},
o= {vewy?@):divy =0}

Let V' and V] be the dual spaces of V and V; respectively. It follows from the weak
form (5.1) of (NSE)q that for a.e. t € (0,7),

(Opw, ) = / (—Vw+u®u): Vipde VeV, (5.8)
Q

(O, ) = /(—vw+a®a):wdx VeV (5.9)
Q
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Since u is a mild solution, u € L{ L% by Part (i) of Proposition 4.2. Then u®u € L}L2.
It follows from (5.8) that dyw € L2((0,T), V') with

2 49,112
0wl v < I9wllzs + iy < IVwle + TV fulZyy
Thus, for a.e. T € (0,7,

(Opw, w) = / (—Vw+u®u): Vdz.
Q

Because v € LYL3 N Lg’,x and w € Lz

Pri,
IQU=v@Vv+v@D+I®v+dRWE LI, + LILY™
Hence, 0y € L?((0,T), V') + L?((0,T), V{) with
10l v oy < IVwlgz + T [ollgsss + lollgs @]z + @7 -
Note that w € L2((0,T),V) N L%((0,T),V1). By (5.9),
(O, w) = /Q (Vo +a®a): Vwdz.

Therefore,

(Opw, ) + (O, w) = /Q [(-Vw4+u®u): Vo+ (-Vo+a®a): Vwlde. (5.10)

By regularizing w and @ by mollifiers in R as in the proof of Proposition 3.8, we have
the identity
d

(Opw, W) + (O, w) = o7 (w, )

where the right hand side is understood as weak derivative of a single-variable function.

Because the right hand side of (5.10) is integrable with respect to ¢ and that
(w,w) = / w(z, t)w(z,t)de — 0 ast — 0,
Q
we obtain

/Qw(as,t)ﬁ)(x,t)dx = /Ot/Q [(-Vw+u®u): Vo + (-Vo+1a®a): Vw]drds.
(5.11)
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By Condition (e) of Definition 5.1,

/|wa:t|dm~|—/ /|Vw| dxds
/|wa:t|dm+/ /|Vw| dxds

By (5.11), (5.12), (5.13), we get

1 t t
/ ]w(x,t)|2dx+/ /]Vw|2dxds§/ /[v@w:Vw—w@v:Vﬁ)
2 Ja 0 Jo 0 Jo

—w@uw: Vo —w®v:Vw—10®uw: Vwldeds  (5.14)

IN

v®u: Vwdzds (5.12)

IN

v®u: Vdzds. (5.13)

I
!

\\

where w = w — w. By the divergence-free properties,

/w®vszdx:—/w®v:dex, /w@w:Vﬁ)daz:—/w@)w:dex,
Q Q Q Q

/ﬁ)@@:dea::—/u?@U:dea:, /@@@:dex:—/w@)w:deaj.
Q Q Q Q

Substituting these identities into the right hand side of (5.14), we get
1 t t
- / |w(z,t)|*dx + / / |Vw|*deds < / / (VRW+ v+ w®Ww): Vidrds
2 Jo o Ja o Ja

t
= //u@ﬂjszda:ds.
0 JO

The rest of the proof follows the same techniques we employ to verify Part (ii) of Propo-

sition 4.6. Specifically, the right hand side of the above inequality is estimated as follows.
t
/ /u®w . Vwdads / lull 5 1017 19175 ds
0 JO

< /0 (4uuuLs lal2, + ||Vw||Lz)

t t
/\w(a;,t)]de—l—/ / Vdexdsgg/ lull2s 2. ds.
Q 0 JQ 0 * z

By Grénwall inequality, [[w(t)||rz = 0 a.e. ¢t € (0,7). Therefore, w = 0 a.e. in
Q2 x(0,7). O

This implies
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5.4 e-regularity criteria and applications
For wg € Q, tg > 0, 20 = (0,tp) and 7 > 0, denote

By(zg) = {we€ R3: |z — 20| < r}, B (z0) = B, (z0) N Q,

Qr(20) = Br(o) x (to— 1% t0),  Q)(20) = By (o) x (to — r?, to).

Suppose u is a function defined on Q x (0,T). We call 29 € Q x (0,T] a singular point,
or singularity, if u is unbounded in any parabolic neighborhood of zy. That is,

sup ul| =00 VY r>0.

Qs
If zp is not a singular point, it is called a regular point. Caffarelli, Kohn and Nirenberg
[12] establish two criteria of regularity, known as e-regularity, for suitable weak solutions.
These are a type of weak solutions defined locally in space and time and satisfying a

local energy inequality.

Definition 5.10 (Suitable weak solution). [12], [52] Consider D C R? and an interval
I C R. A pair (u,p) is called suitable weak solution on D x I to the Navier—Stokes

problem with force term f if they satisfy the following conditions.
(a) They have regularity properties u € L°L2 N L}HL(D x I) and p € L3/?(D x I).

(b) They satisfy the equation dyu — Au + u - Vu + Vp = f in sense of distribution on
D x1I.

(c) They satisfy a local energy inequality: for all t € I and 0 < ¢ € C5°(D x I),

¢
/\u(w,t)|2¢d:c—{—2/ /|Vu|2qbdacds§
Q 0 JQ

t
S/ / [[ul? (O + Ag) + (Ju]* + 2p)uVe + 2uf¢] dzds.
0 JQ

To study the interior regularity of a solution to the Navier—Stokes problem with
initial-boundary conditions, one can regard it as a local solution. For each xy € €,
there exists r > 0 such that B,(zg) C Q. If the solution is a suitable weak solution in

Qr(xo,to), one can apply the following regularity criterion.
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Proposition 5.11 (First interior e-regularity). [12, Prop. 1], [52, Thm. 3.1], [45,
Prop. 2.6] There are absolute constants 1, C1 > 0 and a constant e2(q) > 0 with the

following property. Suppose (u,p) is a suitable weak solution on Q,(zo) with force term

f € LYQr(20)), for some q > 5/2. Suppose further that

1

Sl e = (Bl )iz < 21 (5.15)

Qr (20

and

r3’1—5/ |f|9dz < 5. (5.16)
Qr(ZO)

Here [p]p,(zy) denotes the average of p over the ball By(xo). Then |u(z,t)] < Cir—t

almost everywhere in Q,/2(20). In particular, u is regular in Q;/2(20)-

The lower bound 5/2 of g is sharp: if f only belongs to Lj! . for o < 5/2, the solution

o0

. This phenomenon can be seen even in the heat

does not necessarily belong to L

equation: suppose g is the source term of the heat equation in R"”

ov—Av = g,
v(-,0) = 0.

It is natural to expect an a priori estimate of the form ||UHL;1L§ < Copmrllgllopry. In

order for this estimate to be invariant under the natural scaling
v(z,t) = vz, A%t),  g(z,t) = Mgz, \*t)

it is necessary that

2 n 2 n
S —= -2
q D m r

This is also the relation required by the fractional inequality (Proposition A.16, see also
[75, Appendix D3]). For ¢ = p = oo and m = r, one gets m = r = (2 + n)/2, which
is equal to 5/2 when n = 3. Thus, 5/2 is a natural threshold coming from the scaling
symmetry of the system. If m and r are under this threshold, one can construct a
counterexample of the form v(z,t) = (|z|> +)"“x(z,t), where 0 < a < 1 and x is a
smooth cutoff function.

8

Return to Proposition 5.11. Seregin and Ladyzhenskaya [45] show that u is Holder

continuous when the force term belongs to parabolic Morrey spaces (the spaces L? with
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q > 5/2 are particular cases). Kukavica [40, Thm. 2.7], [41, Thm. 6.3.3, 6.4.1] gives a
version of this criterion when f € L? with ¢ > 5/3. The case ¢ = 5/3 is particularly
interesting because Liécg is a critical space for the force term. However, one cannot
conclude that u € L*°(Q,/2(20)), only u € L5(Q,./2(z0)). If f = 0, the regularity of
u can bootstrap itself. For example, Necas et al. [67, Prop. 2.1] show that u and its
spatial derivatives are bounded. Note that Condition (5.16) is satisfied whenever r is
sufficiently small. Thanks to the local energy inequality, one can obtain a sufficient

condition for (5.15) that is free of pressure as follows.

Proposition 5.12 (Second interior e-regularity). There exists an absolute constant

g3 > 0 such that if a suitable weak solution (u,p) satisfies

r—0 T

1
lim sup / |Vu\2dz < g3
Q7-(Z())
then

hl;n—}(?f T’% /Qr(zo) (|U’3 Flp- [p]BT(IO)‘?’ﬂ)d'Z = %

For a proof, see e.g. [12, Prop. 2], [52, Thm. 3.3], [84, Thm. 1.4], [45, Prop. 2.9].
By Proposition 5.12 and Vitali covering lemma, Caffarelli, Kohn and Nirenberg show
that the set of interior singular points of a suitable weak solution has one-dimensional
Hausdorff measure zero [12, p. 777, 807].

Local boundary regularity is studied by Seregin [79, 80] for flat boundaries, and

Mikhailov [64, 65] for curved C2-boundaries. They define suitable weak solutions near

a portion of the boundary as follows.

Definition 5.13 (Suitable weak solution near the boundary). [80] Consider D C R3,
I' C D and an interval I C R. A pair (u,p) is called a suitable weak solution on D x [
near the boundary I' x I to the Navier—Stokes problem with force term f if they satisfy

the following conditions.

(a) They have regularity properties

we LPLENL2HYD x I), pe L3¥2(D x 1), Vu, Vpe LY*LY3(D x I).

(b) The equation dyu — Au + u - Vu + Vp = [ is satisfied in sense of distribution on

D x I, with u vanishing on I' x I in sense of trace. That is, for all ¢ € C§°(R? x I)
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vanishing in a neighborhood of (0D\I") x I,
t
/ w(x,t)qb(m,t)dw+/ / Vw : Vodrds =
D a JD
t
= / / [Wop — pdive + u @ u : V| dxds,
a JD
where a is the left endpoint of I.

(c) They satisfy a local energy inequality: for all t € T and 0 < ¢ € CP(R? x I)
vanishing in a neighborhood of (OD\T") x I,

t
2 2
/DIU(x,t)I ¢>d:c+2/a /D|Vu| pdads <
t
< / / [[ul® (0 + AB) + (|ul® + 2p)uVe + 2ufp| dzds.
a JD

The main difficulty with boundary regularity is to obtain local estimates for the
harmonic pressure near the boundary. Instead of decomposing p = pg — pc + pe as
n (1.4), Seregin [80, Lem. 7.2] splits the pressure into two parts: one is the pressure
coming from a Stokes system on a local domain with the right hand side —u - Vu; the
other comes from a Stokes system with zero forcing. Specifically, v = v + «(? and

p =70 4+ 72 where

(9 — Au®) 1 V2 = —u.Vu  onDxI,
divu® = 0,
(5.17)
u(1)|3D = 07
uM(0) = 0.
o — Au® 4+ vr® = o onD x I,
divu® = 0, (5.18)

uPlp = 0.
Here D is a smooth, local domain contained in € such that I' ¢ dD. Pressure 7(!)
can be estimated in D x I via Solonnikov’s coercive estimates. Pressure 7(?) has better
integrability on any subdomain D’ x I’ CC D x I than on D x I. An analog of this idea
for the heat equation is well-known: if v satisfies
Ov—Av =0 in Qf

U‘FZO
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r
Figure 5.1: The half-balls.

: : + .
where I' is the flat portion of 0B7", then HUHLO@(Qf/Q) < C”UHLl(Qj) (see e.g. [51, Lem.

4.12]). The precise statement for 7(?) is given in Lemma 5.22. Seregin obtains boundary

e-regularity criteria analogous to the interior regularity criteria as follows.

Proposition 5.14 (First boundary e-regularity). [79], [80, Prop. 2.4] There are abso-
lute constants 4, Co > 0 and a constant £5(q) > 0 with the following property. Suppose
(u, p) is a suitable weak solution on BS(zy) x I near the boundary T' x I, where T is the
flat portion of the boundary of BSt(xq) and zo = (x0,t0), xo € T, to € I, with force term
f € LUQ%X2p)), for some q > 5/2. Suppose further that

1
72

e (0l b= Bl )0z <24 (519)
and

345 /QQ(zo) |fl9dz < e5. (5.20)
Then |u(z,t)| < Cor~! almost everywhere in Q?/Q(zo). In particular, u is regular in

Q?/Q(z())

Proposition 5.15 (Second boundary e-regularity). [80, Prop. 2.7] There exists an
absolute constant eg > 0 such that if a suitable weak solution (u,p) near the boundary

satisfies

r—0 T

1
lim sup / |Vul?dz < g6
Q7 (20)

then

e ] 3 3/2 €4
P — < =
lim inf - /%0) (lul” + Ip = [Pl o (ap) | ) dz < 5

Proposition 5.16. FEvery sw-solution is locally a suitable weak solution in sense of

Definition 5.10 and Definition 5.13.
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Proof. Let u = v+ w be an sw-solution. The only property we need to check is the local
energy inequality of u. Note that v satisfies a local energy identity (Proposition 3.7) and
w satisfies a local energy inequality (by the definition of sw-solutions). Adding them

together, we get the local energy inequality that u satisfies. O

Proposition 5.17. Let (u,p) be an sw-solution on 2 x (0,T"). There exists R > 0 such
that u € L®(Q\BS x (1,T)) for all 7 € (0,T).

Proof. We assume T' = 5 for simplicity. By the weak-strong uniqueness theorem (Propo-
sition 5.9), u coincides the mild solution @ of the Navier—Stokes system on a short period
of time, which we assume to be (0,4). By Part (iii) of Proposition 4.2, u € L*>(Q x (7, 4])
for all 0 < 7 < 4. It suffices to find R > 0 such that u € L®(Q\BY x (4,5)). Let
uw=v4+w=v+w®+w? +w® +1w® be the decomposition of u as an sw-solution. Be-
cause v € L°L3 and w € LPLE2NLZHY, u=v+w € L3(2x (0,1)). Let € = min{eq, e4}
where £; and €4 are the constants in Proposition 5.11 and Proposition 5.14. For each
r > 0 and zg € Q, let us simplify the notation by denoting B,(z¢) = B(x¢) and
Qr(20) = Q% (x0,5) = B (xg) x (5 —172,5). For each § > 0, there exists Ry = R1(J) > 0
such that

ull13(Qa(z0)) <OV o € Q, |xo] > Ry. (5.21)

1), @2 (3)

Now we estimate the pressure p = p1 +p2 =p1+ps +py +py (4

+ Dy
estimate (Proposition 3.5), t%Vp; € L9(2 x (0,5)). There exists Ry = R2(d) > 0 such
that Vo1l (e < 0 for all zg € Q with |zg| > Ro. By Proposition 5.5, Vp}'
belongs to L§/2Lg/8((2 x (0,5)), Vng) and Vpgg) belong to Lf/QLglgg/lg(Q x (0,5)), and
Vpgl) belongs to L?/QLZ/E’(Q x (0,5)). There exists R3 = R3(d) > 0 such that

(3) ‘
3 18 IV
ng ng (Q2(20)) H P2

), By the coercive

3 9 <

Vv
3 9 2 LZ L3 (Q2(20))

HVPS)’ LZL3 (Qa(z0)) H

(2) ‘

Vp§4) ’

-
L7 Lg? (Q2(20))
for all 29 € Q with |zg| > R3. Before using Poincaré-Sobolev inequality, it is important

to note that both the whole space and half-space satisfy
(diam BQ(Q}O))S S A ‘BQ($0)| W xo € Q

where A does not depend on zg. Thus, the Poincaré constant of By(z¢) is independent of
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xo (see Proposition A.2 and the remark preceding it). By Poincaré—Sobolev inequality,

Hp — [PlBy (o) < AlVpl a2 o

L3/2(Qa(z0)) (Q2(z0))

4
()
<
< ANVPillgarepys gy Az; HVP? ‘ L2 LY/%(Qa(20)
J:

< Al
Put R = max{Ry, Ra, R3}. Together with (5.21), we have

/ (Jul]® + |p — [p]B2(x0)|3/2)dz < A§ Vzp€Q, |z0| > R.
Q@2(20)

By choosing § such that 440 < e and using e-regularity criteria (Proposition 5.11 and
Proposition 5.14), we conclude that u is bounded in Q1 (zp) by a constant C', independent

of g, for all zg € Q, |z > R. a

Proposition 5.18. Suppose Q = R3. Let f € Y, and (u,p) be an sw-solution of the
Navier—Stokes problem on R3 x (0,T). Then there exists R > 0 such that

(i) Vu € L'9/3(R3\Bg x (7,T)) for all 7 € (0,T).
(ii) Oyu, V?u, Vp € LY(R3\Bg x (1,T)) for all T € (0,T).

Proof. Assume T = 3. Let Ry > 0 be the number found in Proposition 5.17. We show
that R can be chosen as 6 Ry.

(i) Take 7 = 2 for simplicity. Let (u,p) = (v,p1)+ (w, p2) be the decomposition of (u,p)
as an sw-solution. Let n = n(t) be a smooth function equal to 0 on [0, 1], and equal to

1 on [2,3]. Put o = vn and p; = p1n. Then (v, p1) solves the Stokes system
Ot —AV+Vh = fn+or,
divo = 0,
5(0) = 0.
By Remark 3.4, we know that v € L{°L{. Thus, the new force term belongs to L{ ,. By
Solonnikov’s coercive estimates (Proposition 3.3), Vp; € Lg’m. Put g = fn+vn —Vp, €

L{,. Then ¥ solves the heat equation

8t17—A17 = g,
o(0) = 0,
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having an explicit form
t
o(t) = / (t — s) * g(s)ds.
0

By the fractional inequality (Proposition A.16), Vv € LPLY for all ¢ < n,m < oo such
that
2 3 5

-4+ —=--1.
n m q

In particular, V& € L'/3(R3 x (0,3)). Therefore, Vv € L'%3(R3 x (1,3)). We now

consider w, which solves the equation
Ow — Aw + Vpy = —u - Vu. (5.22)

By the choice of Ry, u € L>®(R3*\Bg, x (1,3)). Let x : R® — R be smooth function
equal to 0 inside the ball Bsg, and equal to 1 outside the ball Bgg,. Put @ = wx/(x)n(t)

and pa = pax(x)n(t). Then

O — AW + Vg = —u - Vuxn +wxn — VwVxn —wAxn —paVxn. (5.23)
——— N N N N
{1} {2} {3} {4} {5}

We show that each term on the right hand side belongs to L?(R3 x (0,3)). We have v €
L¥L3 C L}, and w € L{L3 C L}, Thus, u € L3(R*x(0,3)). Put & = R*\ Bg, x (1, 3).
The boundedness of u on ¢ implies that u € L?(&). Then u- Vv € L?(0) because
Vv € L'93(0) as shown earlier. Also, u - Vw € L?*(0) because u € L® and Vuw € L?.
Therefore, {1} € L?. The terms {2}, {3}, {4} belong to L7, because w and Vw belong
to L7 ,. Taking the divergence of both sides of (5.22), we get

Apy = —div div (u ® u).
Let ®(z) = —A|z|~! be the fundamental solution to the Laplace equation in R3. Then
pe = —® xdivdiv(u @ u) = —V2® x (u ® u).

For estimation purposes, it is convenient for us to denote V(u®u) by uVu. Taking gra-

dient of the above equation, we get Vps = —V2®* (uVu). The kernel of the convolution
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is k: R3\{0} — RY, k(z) = —V2®(z). Tt follows that |k(x)| < A|z|~3. We have

Vs = /IR M~ y)uVuly)dy = /| b Ty

{6}
+ / k(x —y)uVu(y)dy .
ly|>Ro
{7}
For |z| > 3Ry,
uVu(y _
o< [ Al <oarg [ vaia
lyl<Ro Yy lyl<Ro
<

ARG ull 25 IVl 2B )

Denote by D the spherical shell with inner radius 3Ry and outer radius 6 y. Then

—-3/2
||{6}||L2(D><(0,3)) < AR, / HUHLgOLg(BROx(0,3))HVUHLz(BRUx(o,:s)) < 0.

Because & is a Calderon—Zygmund kernel, [{7}] 2(gs) < A||ulys gy VUHL% (B9 where I

denotes the characteristic function of a set E. Since {1} € L?(0),

I{TH L2 mex(1,3)) < AHUI|Z/\>ROVUHL2(6’) < 0.

Replace ps by pa — [p2] p. By Poincaré inequality and the fact that Vpy = {6} + {7}, we
get

{5} 20y < Allp2 = [P2]Dll L2 (Dx(1,3)) < ARolIVP2ll 2k (1,3)) < 00

Let § be the right hand side of (5.23). We have showed that g € L2(R? x (0, 3)). Pro-
jecting both sides of (5.23) onto the divergence-free vector fields, we get Oy — Aw =
Pg € Lf,. By the theory of heat equations (see e.g. [17, Sec. 7.1.3]), we have
w € LPHI N L?H2(R? x (0,3)). This implies Vio € L°L?2 N L?H}. By interpola-
10/3
T

tion, Vw € L; ;~. Note that the power 10 /3 can be seen from the fractional inequality

as in our proof for Vo € Lifi/g. Therefore, Vu = Vo + Vw € L'/3(R3\Bg x (2,3)) with

R = 6Ry.

(ii) By Part (i), Vu € L'/3(R3\ Bg x (7, 3)) for all 7 € (0,3). With the same cutoff func-
tions y and 7, we show that the right hand side of (5.23) belongs to L'%/3(R?) x (0, 3).
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It is straightforward that the first four terms belong to L'%/3(IR3) x (0,3). We refine the
estimate of the fifth term (involving pressure) as follows. Let p be a smooth function

supported in Bog, and equal to 1 in Bg, with ||[Vp|/pe < ARy

3

Vpsy = /Rs k(z —y)p(y)V(u @ u)(y)dy +/R k(z —y)(1 = p(y))V(u@u)(y)dy .

{8} {9}
Term {9} is treated similarly to term {7} in Part (i): since k is a Calderén-Zygmund

kernel, H{9}HL}EO/3 ) < Allu(l — p)quLiO/S(RS)‘ Then

(B3
{9} | 1oss(max (1,3)) < Allull oo () [VUll 10736y < 0. (5.24)

By integration by parts, term {8} is split as follows.

{8} = /RS Vk(z — y)p(y)u @ u(y)dy — / k(x —y)u @ u(y)Vp(y)dy .

-
{11} {12}
For |z| > 3Ry,
{11}] < /|y<2R0 Amdy < ARy* /|y|<zRo [u(y)Pdy = ARy ul 72 (5, ) -
12y < /|R AR sy < ARG Nl -
Hence,
148 o x03) < ARG ™l Fe 12 (Bany x 03 < 5 (5.25)

By (5.24) and (5.25), Vpy € L'%3(6). Replace py by ps — [p2]p. By Poincaré inequality,

||{5}||L10/3(ﬁ) < Allpz — [pQ]DHL10/3(D><(1,3)) < AROHVP2HL10/3(Dx(1,3)) < 0.

Now for simplicity we show Part (ii) for 7 = 2. Because the right hand side of (5.23)
belongs to L'%/3(R? x (0, 3)), we have 9y, V2w, Vs € L/3(R3x(0,3)) by Solonnikov’s
coercive estimates (Proposition 3.3). Hence, dw, V2w, Vpy € L'/3(6) with 6 =
R3\Bgr x (2,3). In the proof of Part (i), we showed that these terms also belong to
L?(0). By interpolation, they belong to LI(&). On the other hand, by coercive estimate
(Proposition 3.5), d,v, Vv, Vp; € LI(R3 x (2,3)). Therefore, d,u, VZu, Vp € L1(0).

O
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Remark 5.19. By parabolic Sobolev embedding theorem (see e.g. Proposition A.10,
[102, Thm. 1.4.1] and [75, Appendix D3, D4]), u belongs to the parabolic Holder space
C’lc(“)’cam(R:%\BR x (1,T)) with @ = 1/2. If f has better regularity, one can continue to
bootstrap the regularity of the right hand side of (5.23).

We know from Proposition 4.2 that a mild solution always exists locally in time, and
that it blows up after finite time if and only if its L-norm (in space and time) blows up.
Before the blowup time, the solution has no singular points since it is bounded (Part
(iii) of Proposition 4.2). The following is an application of e-regularity criteria to show
that the blowup of a mild solution is only caused by the formation of a singular point

in finite time. This result is known in the setting ugp € L3(R3), f = 0 [32, Lem. 3.1],
and ug € HY/2(R3), f =0 [76, p. 886]. Here we follow their techniques of proof.

Proposition 5.20. Let u be a mild solution to (NSE)q with uyp = 0 and f € Yy for
some 5/2 < q < 3. Suppose the maximal time of existence is Ty < co. Then there exists

xg € Q such that zy = (z0,T:) is a singular point of u.

Proof. Assume T, = 1 for simplicity. By Proposition 5.17, there exists R > 0 such that
u € L®(Q\B% x (1/2,1)). Suppose by contradiction that u has no singular points in
Q x {1}. Then each zg = (¢, 1) with |zg| < R is a regular point of u. In other words,
u is bounded in a parabolic cylinder centered at zy. By compactness, u is bounded in
BY x (T1,1) for some Ty € (3/4,1). Therefore, u is bounded in Q x (T%,1). By the fact
that u € L3(Q x (0,1)), we get u € L>(Q x (T1,1)). Then u € L3(Q x (0,1)). This is a

contradiction because u blows up at T} = 1. O

5.5 Persistence of singularities

Let f,, — fin Y, for some 5/2 < ¢ < 3. Suppose (um, prm) defined on 2 x (0,7, T' < oo,
be an sw-solution to (NSE)q with uy = 0 and force term f,,,. We know that (wm,, pm)
converges to (u,p), an sw-solution to (NSE)q with ug = 0 and force term f, in the sense

described in Proposition 5.7.

Proposition 5.21. Suppose each u,, has a singularity at z, = (vm, T1), with T, € Q,

Ty € (0,T], and that the sequence (zp,) converges to zg = (xg,11). Then zy is a singular
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point of u.

Proof. We assume T1 = 5 for simplicity. Put M = sup || f|y, < co. By e-regularity
m

criteria, there exists € > 0 and § = §(M) > 0 such that

/;Q( : (|um|3 + ‘pm - [Pm]Bg(wm)P/Q)dz > YVmeN, Vre (0,5) (526)

The goal is to be able to pass through the limit as m — co. By the compactness theorem

(Proposition 5.7), um, — u in L(Q$(20)). For every r € (0,1), we have

/ |t [Pdz — / lulldz as m — oco. (5.27)
QP (zm) Q7 (20)

Similar convergence of the pressure term is not obvious, probably not true, because
Pm only converges weakly to p. In the following, we distinguish the cases xg € €2 and
xo € 0N to apply different decompositions of the pressure. As shown below, if 2y € ©
the decomposition p = pg — pc + pe as mention in (1.4) works well. The harmonic
pressure pg enjoys rich regularity away from the boundary (see estimate (5.36)). This is
the decomposition used in [76] and [32]. With regard to the decoupling p = p; + p2 of an
sw-solution, one can see that p; = p. and py = pg — pe. If g € 01, the decomposition
P2 = pg — Pe is replaced by py = 7)) + 72 as in (5.17) and (5.18).

In the rest of the proof, we assume x,, = zo for all m. The method itself is not
affected by this assumption. Put zp = (z¢, 5).To simplify the notation, we write B, for
B$(xg), and Q.. for Q%(zp) when z¢ € Q, and write B, for B (x¢), and Q;F for Q% (z0)
when xy € 0). To any function g, denote

_i 3 _i o 3/2
Cro) = ol D= [l ol

It is easy to check that
Cr(g+h) <4(Cr(g) + Cr(h),  Dy(g+h) < vV2(D,(g) + Dr(R)).

Because our method is mainly qualitative, absolute constants such as 4 and /2 will not
be specified. We also denote by § an unspecified number such that certain estimates are
valid for all r € (0,9), or “for all sufficiently small 7. With these notations, (5.26) and
(5.27) become

Cr(um) + Dr(pm) > YmeN, Vre(0,0). (5.28)
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lim Cy(up)=Cr(u) Vre(0,6). (5.29)

m—0o0
Let (tm,Pm) = (Um,P1,m) + (Wm, p2.m) and (u, p) = (v,p1) + (w, p2) be the decoupling
of sw-solutions. By (5.28),

Cr(um) + Dyr(p1,m) + Dy(p2m) > Ae VmeN, Vre(0,6). (5.30)
By the coercive estimates of the Stokes system (Proposition 3.5),
‘|VP1,mHLq(Q><(4,5)) < CHfm”Yq <CM.

By Poincaré—Sobolev inequality (Proposition A.2),

< AT373/q||Vp1,mHLq(B§})-

le,m - [pl,m]Bﬁ L3/2(B9)

Taking into account the integral over time, we get
9_15
Dy(p1m) < Cyr2 2 VmeN. (5.31)

As r — 0, this term contributes insignificantly to the left hand side of (5.30). Note
that the positive power of r is due to the fact that the force terms f,, are bounded in
a subcritical space Lg}w. This is not the case for D;(p2,,). The force term —up, - Vu,
of w,, is only bounded in a supercritical space, for example Li{f. Nevertheless, an
upper bound for ps ., in L3/ 2(Q1) can be obtained as follows. First, replace ps,, by
P2,m — [P2,m|B,- (Note that pressures are determined up to a quantity only depending

on t.) Then [ps,,]p, = 0. Thanks to Poincaré-Sobolev inequality and Proposition 5.5,
”P2,m||L3/2(Q1) < CHVp?,mHLf/?Lg/S <Cum VmeN. (5.32)

Consider the case zg € ().

There is no need to distinguish © from R?® because (um,pm) and (u,p) are interior
suitable weak solutions in the parabolic cylinders @, in R? x (0,00) as long as 7 is
sufficiently small (see Proposition 5.16). The interior regularity of the pressure is already
treated in [76, Lem. 2.1]. We explain it here for a self-contained proof. Suppose by
contradiction that zy = (x,5) is a regular point of u. We assume that u is bounded in

@1 for simplicity. Recall that (w, ps) satisfies the equation
Ow — Aw + Vps = —u - Vu
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in sense of distribution in );. Taking the divergence of both sides, we get Apy, =
—8;0j(uju;). Let x : R3 — R be a smooth function supported in By and equal to 1 in
B /5. Then py is decomposed at pa = p3 + h where

ps = —RiRj(uiu;ix),

Ri, Ry, R3 are Riesz operators in R?, and h is a harmonic function on B; /2. We see
that ps is the pressure caused by local convection; and h is caused by the boundary and

convection elsewhere. The pressure pa ,, is decomposed likewise. Then (5.30) implies
Cyr(um) + Dyr(prm) + Dr(p3m) + Dr(hm) > Ae YVm €N, Vr € (0,6). (5.33)

Because (u,) converges strongly in L3(Q1), the sequence (p3 ) converges strongly in
L*/2(Qy). Thus,
lim D,(p3m) = Dr(ps) Vre(0,0). (5.34)
m—r0o0

By the boundedness of Riesz operators in L3/2,
IP3mll 520y < llumllzsgy < Cn ¥ meN. (5.35)

By (5.32) and (5.35), (hm) is bounded in L%/2(Q1). It follows from the theory of har-

monic functions that for all r < 1/4,

[ — (] g,

L3/2(B,) < ATS”hmHLfi/?(BQT.) < Cur®. (5.36)

This implies
D,(hy) < Cyr® YVmeN, Ve (0,6). (5.37)

For small r, by (5.31) and (5.37) the terms involving p; ,, and hy, can be dropped from
the left hand side of (5.33). Then with m — oo, we get

Cr(u)+ D,(p3) > Ae YV r € (0,9). (5.38)

So far, we have not used the assumption by contradiction that u is bounded in (1. This
leads to Cr.(u) < Cr3. Although p3 is not necessary bounded (since the Riesz operators
are not defined from L to L), it is L®-integrable with respect to the spatial variables

for any a < oco. In particular, p3 € LfﬂLg(R3 x (4,5)). Then D,(p3) < Cr'/*. This
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contradicts (5.38).

Consider the case xy € 01.

For simplicity, assume xy = 0. Suppose by contradiction that zy = (x¢,5) = (0,5) is a
regular point of u. We can assume u is bounded in Q3 = Bj x (1,5) without loss of
generality. Let B be a smooth domain such that Bf CBcC B;r , and let I' be the flat
portion of the boundary of B on 9. We decompose w = u™) +u®? and py = 7(V) 472
such that

o — Au®M 4+ vr) = —4.Vu  in Bx(0,5),
div u® = 0,
1 (5.39)
uM|,5 = 0,

uM(0) = 0.

ou® — Au® +vr@ = 0
divu® = 0

uPlp = 0,

u@0) = 0

(5.40)

\

The functions wy, and ps,, are decomposed likewise. Then (5.30) implies
Cr(tm) + Dy(prom) + Dr(7lD)) + D (nP) > Ae YmeN, Vre(0,6). (5.41)

Put Q = B x (0,5). By the compactness theorem (Proposition 5.7), Vu,, — Vu in
LY/3(Q) and u,, — u in L'(Q). Because (uy,) is bounded energy norm on @ (Corol-

lary 5.6), it is bounded in L?Lizw(()). By Lemma A.5, u,, — w in L25/2Lg/4(6~2). Thus,
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U - VU, — U - Vu in L?/ZLi5/44(Q). Replace m(,p by 71'%) - [WT(%)]B. By Solonnikov’s

coercive estimates (Proposition 3.3),

HVTQ(,P - VT['(I)‘

_ < Allty, - Vo, — u - V|| . 3/2, 45/44, ~
L?/QL;LS/M(Q)— H m m ||Lt/ Lz/ @)

which goes to 0 as m — oco. By Poincaré—Sobolev inequality,

1 1 1 1
Hﬂﬁn) — 7l )’ 820G = HVWﬁn) — V! )‘ L3725/ —0 asm — oo.
Hence,
lim D, (7)) = D, (zM) vV r e (0,6). (5.42)

To estimate 7, we need Lemma 5.22 due to Seregin. Some estimates of m(ﬁ) can be

found through Solonnikov’s coercive estimates of 77%). Indeed, the force term —u,, - Vg,
of the system (5.39) is bounded in Li/QLg/S(Q) (by Proposition 5.5).
It - VumHL?/ng/s(Q) <Cyq VmeN.

By coercive estimates, the sequences 8tu£,11) , u%), Vu%), V2u$,11) , Vm(;) are bounded in

L?;/QLZ/S(Q). Hence, (ug),wg)) = (W, D2,m) — (uﬁ,lﬂ, nﬁi)) satisfies

o]

Vu?) H

] 7], <

ug)Hx’ X

x’ x’
where X = L§/2Lg/8(c~2). Replace w) by mP [777(3)]3. Then ||7r7(n,3)\| < Cjs by Poincaré—

Sobolev inequality. Therefore, we can apply Lemma 5.22 for « = 3/2, 5 =9/8, v = 2,

and get vﬁ?)‘ 3/2 < C)yy for all m € N. By Poincaré—Sobolev inequality,
Ly L2(QF )
(2 _ .2 3/2 (2) 3/2
me T L3/2(Q7) =T vam ‘ LY?L2(Q1) < Cur™.
Hence,
D.(z@®) <rt/*Cy YmeN, Vre(0,6). (5.43)

For small r, by (5.31) and (5.43) the terms involving p ,, and W,(?%) can be dropped from

the left hand side of (5.41). Then with m — oo, we get

Cr(w) + Dp(xM) > Ae V7 € (0,0). (5.44)
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So far, we have not used the assumption by contradiction that u is bounded in Q; This
leads to C,(u) < Cr3. Let n = n(t) be a smooth function equal to 0 on [0,1] and equal
to 1 on [2,00). Put u® = uMy and 73 = 7y, Then (u®, 7(3)) solves the system

ou® — Au® 4+ vr® = —pu-Vu+uBy  in Q=Bx(0,5),
divu® = 0, (5.45)
u(3)\a}§ = 0,
The new force term is g = g1 + g2 where g1 = —nu - Vu and go = u(M1. Because u is

bounded in QF and Vu € L*(Q), g1 € L*(Q). As mentioned earlier, du™) and V?u)

belong to Li’/ 2Lg/ 8(Q). By the Sobolev embedding argument mentioned in Remark 3.4,

vul) € L?Lg/ég(@). Then by the embedding Wol’g/g(é) — LY5(B), we get u(V) €

L?Lg/ 5(@) Hence, g = g1 + g2 € L%Lg/ 5(@) By Solonnikov’s coercive estimates,

v ¢ L?Lg/ 5(@) By Poincaré-Sobolev inequality,

Do (M) = D, (=) < rl/QHVW(g)’ <cr'’? vre(0,6).

L2LY° Q)

This contradicts (5.44). O

Lemma 5.22. [81, Prop. 2] Denote Qf = Bf x (5—12,5), and let I' be the flat portion

of OB . Let1 < a,8<2, B<v<oo. Suppose (u,p) is a solution to the system

Ou—Au+Vp = 0 in Qf’,
divu = 0,

ulp = 0,

with regularity properties Oyu, u, Vu, V?u, p, Vp € X = L?Lg(@f). Then these
siz functions also belong to Y = L¥LJ( 1+/2). Their norms in Y are bounded by

Capy(lullx + IVulx +llplx)-
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Chapter 6

Minimal blowup data for
potential Navier—Stokes

singularities

6.1 Formulation of the problem

Consider the Navier—Stokes system with initial condition in a critical space X and force
term in a critical space Y. We refer to the pair (ug, f) as the data of (NSE)q. The
product space X x Y equipped with norm ||(uo, f)||xxy = [Juollx + || f]|ly is a critical
space of the data with respect to the scaling transformation (1.1). It is known as a rule
of thumb that if the data is sufficiently small in a critical space then (NSE)q has a global
mild solution. The idea that the smallness of a scale-invariant quantity implies global
regularity traces back to the pioneering work of Leray in 1934 [48, Para. 21], in which he
proves global regularity given the smallness of |lug||ze|luol|22 or |[uo||z2||Vuol| 2. Since
then, the local and global existence of mild solutions have been studied in a number of

critical spaces, for example
e up € L? f=01in [35],
e up € L3, t%f € L¥°LE, 1 < p < 3in [47, Thm. 7.5],

o up=HY2 fe L2H; " in [5, Thm. 5.6], [47, Thm. 7.4],
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e uy € MP* (Morrey spaces) in [36], [103],

® Uy € B];;;r‘g/p (homegeneous Besov spaces) in [13], [72],

e up € BMO~!in [38], [47, Ch. 9)].

The common tool is Picard’s contraction mapping principle (Lemma 1.3). The task
is to select critical spaces for ug, f, and u (the mild solution) so that the contraction
mapping principle is applicable. In this light, Lemarié-Rieusset gives quite general
choices for (X,Y) such as X = E, Y = L} E where E satisfies several reasonably weak
premises. Among admissible choices for E are L3, L3 and critical Morrey spaces [47,
p. 163-175], [46, Ch. 1, §2], [46, Ch. 15, §1].

Denote by pf.. the supremum of all p > 0 such that (NSE)q is globally well-posed
for every (ug, f) with ||(uo, f)||xxy < p. For @ = R3 and Y = {0}, whether p{},. is finite
is essentially the millennium problem of fluid dynamics [18]. The global well-posedness
in any other domain, with or without boundaries, is still not known. However, we are
interested in the hypothetical situation when pﬁax is finite. In particular, we consider

the following question:

(Q1) If p.. is finite, does there exist a data (ug, f) € X xY with ||(uo, f)| =

pil.., such that the solution u of the system (NSE)q blows up in finite time?

We call such data a minimal blowup-generating data, or simply minimal blowup data.
This question is already addressed in several settings of the initial conditions (with zero
force). Affirmative answers are established for X = HY/2(R3) in [76], for X = L3(R?)
in [32] and [21], for X = B;;H/ID(R?)), 3 < p,q < ooin [22]. The global existence of
mild solutions for small ug € By, Lrsle (R3) is known, but the local existence for large ug
is not known. The difficulty lies in the fact that one cannot make function in L$® small

by reducing the time interval. Albritton and Barker [3] reformulate question (Q1) for

global weak Besov solutions with initial data in suitable subspaces of Bgofoo, including
Bp_,i;rg/p(Rg) with 3 < p < 00, and force term of the form
f=div F, t*F e L¥LL, for3 < q<oo. (6.1)

Using a treatment similar to [76, 32], they also obtain a positive answer.
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Physical boundaries are known to complicate the regularity theory. For example, the
proof the e-regularity criteria near the boundary requires a different decomposition of
the pressure [80, Lem. 7.2]. The same decomposition is needed to prove the persistence
of singularities of sw-solutions (Proposition 5.21), which is a key step to construct a
minimal blowup data in the half-space (under certain assumptions). Our introduction
of the right hand side enables us to overcome stability issues when passing from one
domain to another. In particular, one can obtain a blowup solution on the half-space
from a blowup solution on the whole space via cutting off and Bogovskii correction.

The most natural critical space for the force term is perhaps Li/;’. However, this
space does not sustain the persistence of singularities. Indeed, consider the Navier—
Stokes system in the whole space with ug = 0 and f € C§°(R® x R) supported in
Q1(0) = B1(0) x (1,2). Suppose the mild solution (u,p) has finite-time singularity at

z0 = (0,2). For A > 0, put

iz, t) = Nf <)\:c,)\2 <t+)\22 — >> ,
ux(z,t) = Au <)\x,)\2 (t + % - 2> , (6.2)

2
pa(z,t) = Ap ()\a:,)\2 <t+ Vi 2)) .

Then (uy,py) solves the Navier—Stokes system with force term f) and has singularity

at zp. Thus, (f\) is a family of blowup-generating forces with the same norm in Lif’.

We have

I£allze, = X5 £l g,
which tends to zero as A — oo for any a > 5/3. This implies f) converges weakly
to 0 in L%3(R3 x R). We see that the limit corresponds to the zero solution, which
has no singularities. The failure to preserve singularities in the limit is due to the fact
that the L?f—norm is invariant not only under the scaling but also under time-shift
transformation f(z,t) — f(x,t+ 7). The two are coupled in (6.2). One way to exclude

the time-shift symmetry is to consider time-weighted critical spaces, for example
Y, = {f:R®x (0,00) = R3: 1% f € LYR? x (0,00))}
with

3 5

— qx —
Il =10 Pl =S 2
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It can be seen from (6.1) that Albritton and Barker [3] choose a type of time-weighted
critical space for f. Next, we discuss the range for ¢. If the force term f is divergence-
free, the solution to the Stokes equations is exactly the solution to the heat equation,
which is

t
| [ r= vt =9 s)dds.
0 JR3

For this function to be well-defined, it is reasonable to require f € Llloc. By Holder
inequality,

1/q' 1/q

/ 1 /| 1S5y < 17 ( / 1 ) ( / 1 / \sq*f\qdyds) ,

which is finite if and only if ¢.¢’ < 1. This leads to ¢ < 3. On the other hand, to be
able to apply e-regularity criteria, we need that, away form ¢ = 0, f is locally in Ly, for

some « > 5/2. As discussed in Section 5.4, the exponent 5/2 cannot be lowered without

losing the local L*°-estimate for the solution. Therefore, (%, 3) is quite a natural range
for q.

In the sequel, we will use the following notations. For Q = R3 or Ri and 5/2 < ¢ < 3,
put

Y ={f:Qx(0,00) > R*: % f € LYQ x (0,00))}.

Denote by pf.. the supremum of all p > 0 such that (NSE)q with ug = 0 has a global
mild solution for every f &€ YqQ with || f ||an < p. For simplicity, let us denote these
objects by (NSE), Y, and pmax for @ = R3, and (NSE), Y,* and pjf,,, for @ = R3.

6.2 Bogovskil localization

To localize a divergence-free field v on R™, we multiply it by a smooth cutoff function
x and add a correction term ¢ such that v = uyx + ¢ is divergence free. The correction
term satisfies

div ¢ = —u - Vy. (6.3)

Consider a more general problem

div ¢ = g. (6.4)
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If ¢ is not subjected to any boundary conditions, (6.3) is simple to solve: for g € C§°(R"),
we choose ¢ = V. Function 1 solves the Poisson equation Ay = g. The only solution
that decays at infinity is ¥ = ® x g, where ® is the fundamental solution of the Laplace

equation in R™. Then a solution to (6.3) is
¢ =Vdxg. (6.5)

Because V2@ is a Calderén-Zygmund kernel, we have the a priori estimates || V| pprny <
CrpllgllLr@ny for all p € (1,00). Now go back to Equation 6.3. Suppose X is supported
in the ball of radius 2 and equal to one on the ball of radius 1. Then V is supported in
a spherical shell which we denote by S12. Then g = —u - V¢ is supported in S7 2. It is
natural to ask the following question: for g € C3°(S1,2), does there exist ¢ € C§°(S1,2)
such that div ¢ = g and ||[V||prwny < Cnp

9]l e (rny for all p € (1,00)7
The choice at (6.5) fails to have a compact support. In fact, the gradient form

¢ = Vp does not work because it would lead to an overdetermined system

Ap = g.
(V,O)|3SL2 =

Bogovskil [8, 9] gives an affirmative answer provided that

lol51, = /S g()dz = 0. (6.6)

This is simply a compatibility condition on g. It is automatically satisfied by the right
hand side of (6.3) because u is divergence free. In star-shaped domains, Bogovskil
constructs an explicit formula for ¢. To treat a domain of more general shapes, he
partitions it into star-shaped domains. A map By : g — ¢ obtained by this construction
is called Bogowskii’s operator. The properties of By can be summarized as follows.

Denote C5°(Q) = {g € C(Q) : [g]a = 0}.

Proposition 6.1. [20, Thm. III.3.3] Let Q C R™, n > 2, be a bounded and locally
Lipschitz domain. There exists a linear map By : C§°(Q) — C5°(Q) such that divByg =
g and

V™' Bogl| , < Crmp Vgl Vm >0, 1<p< oo (6.7)
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Remark 6.2. By density arguments, one can extend By to a bounded linear map from
WyP(Q) to W§P(Q), where WJP(Q) is the subspace of WJ"P(Q) consisting of all

functions with zero average.

In general, the moduli of continuity of a Bogovskii’s operator depend not only on
the domain itself but also on how it is partitioned into star-shaped domains. For certain
family of shapes, however, these constants can be chosen to be independent of the

domain. For example, let {2z} r~0 be the dilations of
Qr=RQ:={y=Rzx: x€Q}.

The problem
div ¢ =g in Qp
¢=0 on 00g
has a solution ¢(z) = R~ 'Bog®)(z) where g(®)(z) = g(Rx) and By is a Bogovskii’s
operator of 2. Then

Biig(x) = R(Bog™) () (6.8)

is a Bogovskif’s operator of Qg. By changing variables z — Rz or z — R~ 'z in
evaluating integrals, we see that the moduli of continuity C,, ,, 0, do not depend on
R, only on the original domain ).

To localize the Navier—Stokes equations, we will be working with spherical shells
Qr = Sr2r. The moduli of continuity do not depend on R. Note that function g =
—u-Vx depends also on time parameter. Thanks to the linearity of By and the estimates

(6.7), we have
||Vm+13t¢HLP(QR) < Comp2 V"0 Lo )

for m > 0 and 1 < p < oo, provided that the right hand side is well-defined and finite.

6.3 Transition from the whole space to half-space
Recall that

Y, = {f:R®x(0,00) —R*: 4 f € LYR> x (0,00))},

V;E o= {f:RY x(0,00) > R*: % f e LYR3 x (0,00))}.
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and
oy —Au+u-Vu+Vp = f,

(NSE) : divu = 0,
u(0) = 0.
ou —Au+u-Vu+Vp = f,
divu = 0,

(NSE)+ .
u|8R§”~_ = 0,
u(0) = 0.

The main statement in this section is the following.

Proposition 6.3. Suppose that for some f € Y,, the mild solution to (NSE) with force
f blows up. Then there exists a sequence (f,) in Y," with an||Yq+ — || flly, such that

the mild solution to (NSE)y with force f, also blows up.

The strategy of proof is to cutoff the blowup solution of (NSE) by a smooth function
Xr supported in Bsgr and equal to 1 in Bpg, taking into account Bogovskil correction,
to obtain a blowup solution to (NSE);. The right hand side of (NSE)y is then a
perturbation of f. The error terms can be estimated thanks to the regularity of u, Vu,
Oyu, V2u and Vp when |z| is large. The boundedness of u is given in Proposition 5.17 as
an application of e-regularity criteria. The integrability of Vu, dyu, V?u and Vp is given

in Proposition 5.18 as a consequence of regularity bootstrapping of parabolic equations.

x,=-3R

Figure 6.1: Localization of blowup solution on the whole space.
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Proof of Proposition 6.3. Let (u,p) be a mild solution to (NSE) with force f € Y.
Assume that u blows up at time ¢ = 2 and has a singular point at zp = (0,2). Let

p: R? = R be a smooth function supported in By and equal to 1 in By. For each R > 0,
put xr(z) = p(F). Then

IV™ Rl < CuRF™™ ¥Ym >0, 1< 7 < oo,

We localize u and p in space by setting tgr = uxr+¢r and pr = pxr, where ¢ satisfies
divgg = -—u-Vxg,
supp ¢r  C  SR2R-

Let By be a Bogovskii’s operator of S; 2 and BE be the Bogovskii’s operator of Sgar

given by (6.8). As discussed in Section 6.2, the moduli of continuity of BépL do not depend

on R. Functions up and pg satisfy a differential equation of the form
Oiup — Aur +ugr - Vug + Vpr = fXr + 9R,

where gp is a residue term supported in Sgaor % [0,00). Suppose gr is negligible as

R — o0 in the following sense:

th*gR|’Lq(R3><(072)) =0. (6.9)

i
Put fr = fxr + grl02)(t). Then fr — f in Y, as R — oo. Put

ug(xz,t) = ag(x’,xs—3R,t),

pr(z,t) = pr(z', 23 — 3R, 1),

fr(z,t) = fr(z',23 — 3R, 1).
Then (g, pr) solves the problem (NSE), with force fr. Function @g has a singularity

at ((0,0,3R),2). Moreover,

||fRqu+ = HfRHYq — Hf”yq as R — oc.

Therefore, we only need to show (6.9). By simple calculations, we obtain an expression

for gg as follows. (To simplify the notations, we drop subscript R.)

g = —x(1—=x)uVu+ 0ip — VuVx+uuxVyx+ opuVy
———— T e e — N~
{1} {2} {3} {4} {5}

4+ pVx+oxVu+uxVeo—uldx — Ao +¢Vo.
—~ M= M M~ =~
{6} {7} {8} {9y {10} {11}

86



Each term is estimated on the time intervals (0,1) and (1,2) differently. On ) =
R? x (0, 1), critical norms of u are finite. On 0 = R3\Bg, x (1,2) with Ry > 0 given
by Proposition 5.17 and Proposition 5.18, v € L™, Vu € L'9/3, and d,u, V?u, Vp € L4.
In the following, we only consider R > Ry.

Next, we observe that by Proposition 6.1, for any 1 < r < o

1960 1 (5p0m < ClUVX N 1 (pam < Cr B Nl (s pamy (6.10)
By Poincaré inequality,
18l L (spar) < CrBINGl r(sp 00 < Crllull prispom- (6.11)

Estimate (6.11) indicates that for estimation purposes ¢ plays essentially the same role
as u. In particular, terms {5}, {7}, {11} can be treated similarly to terms {4}, {1}, {8}

respectively.

o Term {1}.
By Corollary 4.4, |[t%uVu||re(g,) < co. Thus,

th*uquLq(SR’QRX(O,l)) —0 as R — oo.

Put r = 10g/(10 — 3¢) € (10,30). Since u = v +w € L3(03) and u € L>(0,), we have
u € L"(0%). By Holder inequality, uVu € LI(0%). Therefore,

HUVUHLq(S’RQRX(LQ)) —0 as R — oo.

o Term {2}.
By the coercive estimate (Proposition 3.5), t%0yu € L4(01). We have 0,¢ = 0;Bo(—uVy) =
By(—0uV). By Proposition 6.1,

VOl La(sp0m) < AllOruVX|| g < AR™(|0pul 1,
(Srzn) ( (

SR,2R) SR,2R)"

By Poincaré inequality (Proposition A.2), ||0:0]| ;4 < AR||VO:9| 14 . Thus,
Li(SRr,2r) Ly(

SR,2R)
HathHLq(SR’zR) < AHatUHLq(sR,ZR)-

This leads to

IN

167 04l a5 0 (0,1) Al[t% Opul| oy, 55 (0,1))

N

”BtQZ)HLq(SRQRx(l,Q)) > A”BtUHLq(SR,QRx(m))v
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which tend to zero as R — oo. Therefore, [|0;¢|| 1a(s), ,5x(0,2)) = 0 as B — oo.

o Term {3}.
By Remark 4.5 and Remark 3.6, t9*Vu € L LL(6)). Thus,

[t VuV Xl La(g,) < AR—1‘|tq»«Vu||L?ng(ﬁl) —0 as R — oo.
Put r = 10¢/(10 — 3¢q) € (10,30). Then 1/r + 3/10 = 1/q. By Holder inequality,

VUV x|l o < IVull pro/s sy IVXI 1 < ARg/T*lHVUHLlO/S(

SR,2R) SR,2R)"

Thus,
IVuV X La(sp0rx1,2)) < AR3/T1 IVull 1035 55 (1,2))

which tends to zero as R — oo.

o Term {4}.
Put g = %—4—?; > 0. Note that 2¢ < g, since ¢ € (5/2,3). By Part (iii) of Proposition 4.2,
tiy € L°L29(01). Then
tyy = 1972 9y )( tu ) € LY(0y).
LgoL2Y  [3o2°
Thus, [[t*uux Vx|l La(gy) < AR*IHt‘]*uuHLq(ﬁl) which converges to zero as R — co. On

the other hand, since u € L3 N L>(0%), we have u € L?1(03) by interpolation. Then

luux VXl pa(gy,) < AR ||U”i2q(ﬁ2) which tends to zero as R — oo.

o Term {5}.

Thanks to (6.11), this term is treated similarly to term {4}.

o Term {6}.

For each R, we replace p by p — [p] before estimating term {6}. By Poincaré

SR.2R

inequality and the coercive estimate (Proposition 3.5),

* —1 "
th (p— [p]SR*QR)vXHLq(ﬁI) < AR |[t*Vpll o) =0 as R — oo
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By Poincaré inequality,

|0~ Blsa) VX, ) < AR VPl 20 a8 R oc.

o Term {7}.
Thanks to (6.11), this term is treated similarly to term {1}.

o Term {8}.
Denote g as in the estimate of term {4}. By (6.10),

. q q —1|44,,]|2
[E7uX V| oy o) < AthuHLQ‘I(SRQR)thVgﬁHLQ‘Z(S’&gR) < AR th“HL%(sR,m)'
Thus,

1 (G 112
[t ux VSl pa(spapx01)) < AR th“HL;mLiq(ﬁl) —0 as R— oo
On the other hand, since u € L3N L*(05), we have u € L?1(0,) by interpolation. Then
HUXV(ZSHL‘I(SRQRX(LQ)) < CQHUHLmI(ﬁg)HvﬁbHLQ‘I(SRQRX(l,Q)) < Cqul HUH%%(@) )

which tends to zero as R — oo.

o Term {9}.
By Remark 4.5 and Proposition 3.5, u € L°LL(0}). Then

th*uVQ)(HLq(ﬁl) < H“HLfoLg(ﬁl)HV2XHLoo < AR_2HUHL;§°L3(01) —0 as R — oc.
Put r = 3¢/(3 — ¢). By Hélder inequality,

3_3
o < CqRe 7 ullpsg,) = 0 as R — oo

VX ay < Tullzagan VX
e Term {10}.

By Proposition 6.1, for any 1 < r < oo

(a

CTHV(UVX)HLT( ) < CrHVUVXHLr( +C'7~Huv2x‘

L"(Sgr,2R) = SR2R SR,2R) L"(Sr2Rr)"
Hence, the estimating of term {10} can be split into estimating terms {3} and {9}.

These terms have already been treated.

o Term {11}.
Thanks to (6.11), this term is treated similarly to term {8}. O
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Corollary 6.4. p! .. < pmax-

Proof. If pmax = 00, the inequality is true. Suppose pmax < 00. For each € > 0, let
fe € Y, be a blowup data of (NSE) with || fc|ly, < pmax + €. By Proposition 6.3, there
exists a blowup data g. € Y," of (NSE) such that ||gsqu+ < || felly, + € < pmax + 2¢.

Thus, pf. < pPmax + 2¢. Since € > 0 is arbitrary, pf .. < pmax- O

6.4 Transition from the half-space to whole space

Proposition 6.5. We have the following statements.
(1) If pmax < 00 then there exists a minimal blowup data f € Y, for (NSE).
(i) If plhax < Pmax then there exists a minimal blowup data f € Y;* for (NSE),.

Proof. For the proof of Part (i), we follow the procedure given in [76] and [32].

(i) Let fx € Y, be a sequence of blowup-generating data such that || fi|ly, — pmax as
k — oo. Let (ug,pr) be the corresponding mild solutions. By Proposition 4.6, (ug, p)
is an sw-solution on its maximal time-interval of existence. By Proposition 5.20, u; has

a singular point at the blowup time, say zx = (zy,t;). By the scaling symmetry

fr — ti/ka(tllgmx,tkt),

ue = 6 Pug(ty z, ),
1/2
Pk — tkpk(tk-/ T, tyt),
we can assume tp = 1 for all k. That is, blowup solutions u; have singularities at the

same time. The whole space is also invariant under translation (in arbitrary directions).

By the translation symmetry

fk — fk(x—l’k,t),

up —  ug(z —xg,t),

Pk — pk(x_xkvt)a

we can assume zp = 0 for all k. In other words, by scaling and translation we can assume

that solutions uy are singular at the same point zg = (0,1). The norm of f; remains
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unchanged in these transformations. We can localize the time interval by replacing fi
with fi(z,t) = fi(z, t)X[0,1)(t) if necessary. Note that after this replacement, (fi) is still

a minimizing sequence because

Pmax < Hf~k”Yq < ”kaYq'

Up to a subsequence, f; converges weakly to some f € Y,. By the compactness theorem
(Proposition 5.7), up to a subsequence uj converges to some u, and pj converges to
some p in the sense described therein. Moreover, (u,p) is an sw-solution to (NSE) with
force f. By the persistence of singularity (Proposition 5.21), 2 is a singular point of
u. By the weak-strong uniqueness (Proposition 5.9), u coincides the mild solution @ of
(NSE) with force f as long as @ remains in the critical space L;:’,z. We see that @ cannot
remain in ng at time ¢ = 1 because u has a singular point at this time. Hence, & must
blowup either before or at time ¢t = 1. Then || f||y, > pmax by the definition of ppmax. By

the weak convergence fr — f,

I£ll, < timint | felly, = P

This implies || f|ly, = pmax. In other words, f is a minimal blowup data for (NSE).

(ii) We repeat as much as possible the proof of Part (i), which is for the whole space,
for the half-space. Let fi € Yq+ be a sequence of blowup-generating data such that
[ fxlly — Phax s k — oo. Let (ug,px) be the corresponding mild solutions. By
Proposition 4.6, (ug, pg) is an sw-solution on its maximal time-interval of existence. By
Proposition 5.20, u has a singular point at the blowup time, say zp = (z,tx). By the
scaling symmetry
fo = 8 R e n),
1/2 1/2

ur, — b Tup(ty T, tet),

P — tkpk(tllf/zﬂ?,tkt),
we can assume tp = 1 for all k. That is, blowup solutions wu; have singularities at
the same time. The half-space is only invariant under horizontal translation, i.e. in
directions a = (a1, az,0). Write xx = Zx + (0,0, d)) where di > 0 and & has zero third

component. By the horizontal translation symmetry
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X, - X,

Figure 6.2: Horizontal shifting of singular points.

fk — fk(l'—if‘k,t),

ug — Uk(l' - jkvt)a
Pe — Pr(T — Tg, t),

we can assume that xp = (0,0, dy) for all k. Replacing dj, by a subsequence if necessary,

we see that there are three scenarios:
e dp —»d>0,
e dip — 0,
e d; — 0.

In the first and second cases, the sequence of singular points has an accumulation point
zZp € @ By the persistence of singularity (Proposition 5.21), zg is a singular point of
the limit function u. As discussed in Section 5.5, the persistence of singularity in the
first case is proved in [76]. In the second case, it is proved by using a different technique
of decomposing the pressure near the boundary due to Seregin [80]. In these two cases,
a minimal blowup data for (NSE), exists by the same arguments as in Part (i).

Now consider the third case. We show that if this case happens then pl .. > pmax,
which would be a contraction. The idea is to shift the half-space by vertical vector
(0,0, —dj) to bring singular points to zp = (0,1). The limit solution is expected to be a

sw-solution in the whole space which is singular at zg. Put

Jr(@' xg +dg, t) if z3> —dg,
gk(xat) =
0 if x3 < —dj.
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Figure 6.3: Vertical shifting of singular points.

( t) uk(a?/,mg, + dk,t) if x3> —dg,
Ve\T, =
0 if x3 < —dg.

pk(l‘/a 3 + dka t) if r3 > _dk’a
T (z, t) =
0 if x3 < —dp.

Then (v, px) satisfies the Navier—Stokes system

O, — Avg + v, - Vo + V. = g,
div VE = 0,
ve(-,0) = 0.

in 0 = R? x (—dg,0) x (0,1). The compactness theorem (Proposition 5.7) can be
adapted to this situation. Up to a subsequence, g; converges weakly to some g € Y.
The limit function satisfies all properties of an sw-solution because these properties are

local. Thus, g generates a blowup mild solution for (NSE). Then

Pmax < ”g”Yq < hkn_lérolf HngYq = thr_l>£f ”kaYqu = prtlax'

This is a contradiction. O

93



Chapter 7

A quantitative criterion for global

strong solutions

7.1 Formulation of the problem

We consider the initial value problem for the mollified Navier—Stokes equations in the

three-dimensional space

O —Au+ (u*n.)-Vu+Vp=0 in R3 x (0,00),
(NSE). : divu=0 in R?®x (0,00),

u(-,0) =up in R3

where (1:):>0 is a mollifier in R3, e.g. n.(x) = e 3n(z/e) where

Aexp (\m|2171) if |z| < 1,
0 if |z| > 1.

n(z) =

Denote by (NSE) the exact Navier-Stokes system. Assume that the initial condition ug
belongs to L2 N L. A natural class of solutions in this setting is mild solutions (called
strong solutions by Leray), defined in the space Ly

In the pioneering work [48], Leray shows that (NSE) is locally well-posed. Specif-
ically, if T' < AHUQ”E;O for some absolute constant A then (NSE) has a unique mild
solution in X7 = L®(R3 x (0,7)) [48, Para. 19]. Moreover, u € C([0,T], L) (see e.g.
[95, Lecture 61] and [71, Thm. 3.2]). The global well-posedness of (NSE) is still not
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known. Heuristically, solution u. of (NSE). is more regular than solution u of (NSE)
because the mollified nonlinear term (ug *7;) - Vue is dominated by the linear term Auw,.
In fact, (NSE). is globally well-posed for each ¢ > 0 (see [48, Para. 26] and [71, Thm.

4.2]). Moreover, u. solves (NSE)_ in classical sense and satisfies the energy identity
t
uc®ls +2 [ [Vu(o)liyds = ol e, = >0,
0

This uniform bound allows one to take the limit as ¢ — 0 to obtain a global weak
solution. However, the uniqueness of Leray’s weak solutions is not known due to possible
lack of regularity of this class of solutions. Since the Stokes operator on the whole space

is equal to the Laplacian, by (1.3) mild solutions u and u. are given implicitly by
t
u(t) = T(t)*xug+ / K'(t — s) x (u(s) @ u(s))ds, (7.1)
0
t
w(®) = LOxwt [ K9 () s oulds, (72
0

where K’ = VPI'. Leray’s construction of weak solutions is purely qualitative (using
limit, compactness, etc). Without a sufficiently strong a priori estimate, many regularity
properties are lost in the limit € — 0. All a priori estimates that have been known so
far can trace back to the energy estimate, which is not strong enough to preserve the
boundedness of solutions in the limit process (see [98, Sec. 3.4]). In this light, it is
reasonable to find a quantitative assumption on u. that can retain sufficient regularity

in the limit process. Specifically, we are interested in the question:

(Q2) For M > 0, how large € can we take so that the following is true: “If
u. is bounded in R3 x (0,00) by M then (NSE) has a global strong solution
u which is bounded in R3 x (0, 00) by 2M”?

This question is addressed by Li [50] from a numerical perspective. Considering a
discretized Navier—Stokes system on a polyhedron, he introduces a hypothetical rela-
tion between the mesh size and the size of the corresponding numerical solution which
guarantees the global existence of the exact solutions. Li essentially suggests that
e < exp(—M?*). We formulate this problem for the continuous setting (NSE)., in

which e, the resolution of the approximation, is analogous to the mesh size. Although

question (Q2) can be formulated for domains with boundaries, system (NSE). seems to
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be a more natural model to study because of the scaling symmetry and the absence of
boundaries. This setting already contains some key difficulties. Like the exact Navier—

Stokes system, (NSE). has scaling symmetry:

u(z,t) —  ux(z,t) = du(dz, \%t),
p(z,t) — palz,t) = N2p(Az, 1),

e — EA:)\*IE.

We are interested in obtaining a bound for € that has the same scaling as €. The
bound ||ug||p~ < M gives the Navier-Stokes problem a natural length scale, which is
M~!. The “resolution” ¢ also has dimension length, so the ideal bound for ¢ would be

e < M~ Our goal is to investigate the following conjecture.

Let M > 0 and ug € L? N L. There exists a constant C' > 0 indepen-
dent of M, possibly dependent on [lug| 13, |Juol/32|luol|z or other scaling-
invariant quantities involving ug, such that the following is true: Suppose
for some 0 < ¢ < CM~!, the solution u. of (NSE). is bounded by M. Then
(NSE) has a global strong solution bounded by 2M.

We obtain a partial result that ¢ < F'(M) where F'(M) has the same scaling as ¢ decays
as exp(—M3) as M — oo, improving the results of Li [50]. One strategy to improve the
decay of F(M) is to choose a different approximate Navier—Stokes system which may
result in a decay better than exponential. In fact, proving a decay F(M) ~ M~ for
some « > 0 would already be significant. The key difficulty is that the “naive” estimates
at global scale by Gronwall inequality seems not sufficiently strong. A treatment at local

scale is perhaps needed to access the strength of the local regularity theory.
7.2 Estimate of u. xn. — u.

By Proposition 2.4 and Proposition 2.2, K’ is a smooth function in R? x (0, 00) satisfying

K'(Ax,\t) = MN1K'(z,t) YA>0 (7.3)

KO, < Cltn™? vi<g<oo, (7.4)

IN
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By simple calculation, one can check that

A

K'(-z,7)-K'(a—2,7)<—"rx
| K (—z,7) ( )| e

(7.5)

for all a, z € R® with |a| = 1 and 7 > 1 (see [95, Lectures 59, 60]). For each a > 0,
denote log, v = max{log v, 0}. Put X7 = L®(R3 x (0,7T)).
Proposition 7.1. Let T, ¢ > 0. Suppose (NSE)_ has solution u. € X7. Then

Aeuol| oo

Vi

Proof. The proof follows from [95, Lecture 60]. We have

t 2
Jus(t) e = e8] < e (14108, 5 ) Jucli, e 0.,

w®rn—wl®) = [l -0 - wle ] nl)dy
R3
Zoule / [ue(z — ez,t) — u:(x, )] n(z)dz
R3
= / [ue(z —ez,t) — us(z, t)| n(z)dz.
By
Thus,
|ue(t) x e —ue(t)] < sup |us(x —ez,t) — us(z,t)] /n(z)dz
|z|<1 4
= |51‘1<p1 lue(z — ez,t) — us(x,t)|. (7.6)
By (7.2),
us(r —ez,t) = Iz —ez—y,t)uo(y)dy

K'(x — ez = y,t — 5)[(uc(y, 8) * ne) @ ue(y, s)]dyds,

+
<:\?F %

]R3

t

ez, 1) = / P(@ — y, t)uo(y)dy + / / K'(z =yt — 5){(ue(y, 8) * 1) ® ue(y, )] dyds.
R3 0 R3
Put

{1} = / T(a — &2 — 1) - T(x — y,1)] uo(y)dy,
R3
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{2} = / / K'(2— 2 — gyt —5) — K'(x — 1t — )][(ue(y, ) % 1) © ue(y, )| dyds.
0 R3

Then

|ue(x —e2,t) —ue(z, )] < [{1} + [{2}].

For |z| < 1, we have

{1}

where

Thus,

We have

{2}

IA

IN

<

IN

IN

t

ol o / D(e — ez — 1) - D(w — y, 8)|dy
R3

1
ol [ 1ozl [ 192G 522 = y.t)ldsdy

R3 0
1 | ?
1 T —Sez—Y
el|uol| oo//|x—3e€z — y|exp (—)dsdy
B2 ) ot(amt)3? 4t
R3 0
1 2
Ast_5/2\|uo||Loo //|x — sez — y| exp <|:U_sz_y|>dyds
0 R3
1
Afft_5/2\UOIILoo//tQ\y’!exp (—1y'1%) dyds,
0 R3
, T —sez—y
Y =—"7
2Vt
Ae||ugl| oo
1H < ——F—.
{1} < N

(7.7)

(7.8)

/ / K@ — e — ot — 5) = K'(5 = y,t — 8)| () % 1l oo 1(5) | .yl

0 R3

t

el / / K'(2— ez — gt — ) — K'(z — y,t — 5)|dyds.

0 R3

I

Changing variables y — x — y and s — t — s, we get

t

I= // IK'(y — 2, 5) — K'(y, s)|dyds.

0 R3
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For z =0, I = 0. Consider the case 0 < |z] < 1. Put A =¢|z|. By (7.3),

roa [ [ (22 ke (L) s

0 R3

Changing variables y — ¥ and s — sz, we get

=
:)\//‘K’(y—a,s)—K’(y,s)‘dyds

0 R3

where a = % If t < A2 then

A/l/}K’(y—a,s)—K’(y,s)}dyds

I <
0 R3
1 1
< )\//}K’(y—a,s)‘dyds%—k//‘K’(y,s)‘dyds
0 R3 0 R3

1
= 2)\/HK/(5)HL;ds
0
1

(24) AN 1 d
= / Vs
0

= A

If t > A\? then

t
A2
//‘K' —a,s)— K'(y,s ‘dyds—l— //‘K’ —a,s)— K'(y,s ‘dyds
1 R3

0 R3

t
A2

/|K’ —a,s) — K'(y,s)| dyds
R3

ﬁH\

) AN i A
< + // yas.
[ P+ 92

Changing variable y — y+/s, we get

t

A ¢
ISA/\+/\/A2 “ds = A\ + AXlog 1.
1 S

99



Combining two cases, we get
t
1< Amax{)\, A+ Alog )\2} .

Because 0 < A < ¢,

IgAmax{s, sup f()\)}a

A€(0,e)
where
FOO) = A+ Alog %
A 0 \ﬁ Vi
') + 0 -
AVt
ey / \

If e > /L then sup f(\) = AVt < Ae.
A€(0,e)

If e < /L then sup f(A)=f(e)=c+elogh.
A€(0,e)
Combining two cases, we get

t
I < Ae <1+10g+€2>.

Substitute this estimate into (7.9),

t
23 < e (1410, 5 ) el (7.10)

Substitute (7.8) and (7.10) into (7.7),

Aelluoll oo

t
et —2,0) et 0] < 2L e (1 v0g, 5 o,

From (7.6), we obtain

AE U || 700 t
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7.3 Estimate of u. —u

Proposition 7.2. Let M, T, e > 0 and ug € L* N L™, |jug||p~ < M. Suppose (NSE)
has a mild solution u on a maximal interval (0,T%). Suppose (NSE)_ has a mild solution

ue satisfying ||uel|x, < M. Then

T
o)~z < A (M 4200 4 2T (14008, T ) )

X exp AT32 | M3 + sup ||u(s)Hioo
s€(0,t) v
for all 0 <t < min{T,T.}.

Proof. Let 0 < T’ < min{T, T*}. Define a bilinear form B : X7v x X — Xqv,
t
B(v, w)(z,t) = / K'(t — 5) * (v(s) ® w(s))ds.
0

Then

t
Bl < [ K= 95 00 © w(e)] s

t
= /0 15/t = 8)| 1 lv(s) © w(s)ll e ds
(7.4) t A
< | el s s (7.11)
We know that u,u. € X7/ and
Us(t) = F(t)*UO"‘B(Us*??g,UE),

u(t) = T(t)*uo+ B(u,u).

Then
Jue(t) — u(t)HLgo = [|B(ue *ne, ue) — B(“»“)HL;@
= |[[B(ue * e — te, uc) + B(ue — u,uc) + B(u,ue — u)l| o0
< [1B(ue * e = tey e[| poo + || Bue = u, ue) || o + [ B(u; e = u)| oo - (7.12)

{1} {2} {3}
Thanks to Proposition 7.1, for ¢ € (0,7") we have

(7.11) t4
W2 [ el e = o) e o) e

Aeuol| oo

t A s 9
< [ [ e (10, 5 | Bl
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LA [AeM 9 s
< -
(1} < /0 t_s[ \/5 + AeM (1+log+€2>]Mds

Because [|ugl| o, ”Ua”XT < M,

t
1
— _ds+AeM?3 /
0 t—s

AsMQ/
0o Vt— 3\[
{4} {5}

We have

t 1

{4} = /t/2 éds + ——ds
0 Vit — Sf t/2 \/m\/g

t/2 t
T
t t/2 t—s
2 t 2 t

5} = /

If t < e? then
d3:2\f< 2.

If t > &2 then

g2 t
1 1 s
5} /0 m”@m( +°g52> s

2

</€1d+1+1t/t1d
S og — S
- 0 N g€2 e2 t—s
t
= 2E+2<1+log2> Vit —e?
€

T
26+2ﬁ<1+log2>.
€

IN

Combining two cases, we get
T !
(5} < Ae + AVT (1 + log, =5 | Vte(0,T).
Substitute (7.14) and (7.15) into (7.13),

T
{1} < AeM? 4+ A M3 + AeM3V'T (1 + log+62> .

102

(1 + log+§2) ds.

(7.13)

(7.14)

(7.15)

(7.16)



‘We have

@ A o) (o) e e
2 < U (S) — U(S)|| 700 ||U(S)] 70 dS
0 t L:c Lz
t
1
< AM t7||ug(s) — u(s)]| oo ds. (7.17)
0 - ¢

(7.11) t A
@ 2 [ Al uels) (o) s

t
1
< A sup Ju(s oo/ ——||uc(s) — u(s)|| pocds. 7.18
s o)z || lels) —u(ol (7.18)
Substituting (7.16), (7.17), (7.18) into (7.12), we get

T
luc(t) —u(®)|lpe < AeM?+ A M? + AeMPVT <1 + log_|_62>

+ A <M+821(101?t) Hu(s)HLgo) / \/tfHUa( s) — (S)HLgod3~

Put
2 21 r3 3 T
a = eM " +e"M°+eM \/T<1+log+2>,
€
B = M+ sup [u(s)| e,
s€(0,¢)
o(s) = |ue(s) = u(s)| pee-
Then

ot) < A+ AB() /m

/Ot @_18)3/4(53] 3 (/Ot <p(s)3ds> ’
— Ao+ AB()/ ( /0 t cp(s)?’ds) ’

Aa + AB#)T/S < /0 t go(s)gds) .

Raise both sides to the third power,

A0 < A0® + APV [ (s)as
0

Holder
< Aa+ AB(t)

=

IN

Note that /3 is an increasing function. For each 7 € (0,7"),

o(t)? < Aa® + AB(T)Sﬁ/tcp(s)gds vVt e (0,7).
0
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By the same method of showing that the map t € (0,7%) — u(t) € L is continuous,
we can show that the map ¢ € (0,T) — u(t) € LS is also continuous. Thus, ¢ is a

bounded continuous function on (0,7”). By Gronwall inequality,
o(t)® < Aa® exp (AB(T)?’\/Tt) vt € (0,7).
Letting t — 77, we get
o(1)? < Aa® exp (A,B(T)S\/TT) < Ac® exp (ATg/Qﬂ(T)?’) .

Since 7 is chosen arbitrarily in (0,7),

IN

o(t) Aaexp (AT3/26(7§)3>

T
< A <5M2 + 2 M3 + eMPVT (1 +log+2>>
€

X

exp <AT3/2 <M3 + sup ||u(s)Higo>> vte (0,7).

s€(0,t)
7.4 Global existence of u indicated by suitable size of u.

Proposition 7.3. Let M, T > 0 and ug € L>N L, |jug||;« < M. Suppose there exists

€ > 0 such that
T
A (st +2M? 4+ eMAVT (1 + log+2>> exp <AT3/2M3> <1, (7.19)
e

and that (NSE), has mild solution u. satisfying ||uc| x, < M. Then (NSE) has a mild

solution u satisfying ||lul|x,. < 2M.

Remark 7.4. For fixed M, T € (0,00), Condition (7.19) is satisfied if ¢ is sufficiently
small. To respect the scaling symmetry, we need to make sure that two quantities to be

compared have the same dimension. Condition (7.19) can be written as

A|eM + (eM)? + (M)(VTM) (1 + 210g+‘/$”>] exp [A(ﬁMf’] <1.

Put C; = eM and Cy = VTM. These are dimensionless quantities. Condition (7.19)

becomes

A [Cl +C? + C1C, (1 + 2log+g2ﬂ exp (AC3) < 1. (7.20)
1
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Applying the inequality log, z < 2(y/z + 1), we have

C’1+012+C102 (5—#41/?)
1

AV/Cy (\/a-i‘ VO CiC + \/523) exp (AC3) .

LHS(7.20) < A exp (AC3)

IN

Provided that C7 < Cy,
LHS(7.20) < AV/C1 (VCa + Vo) exp (ACH) < AV/Cyexp (ACH).
Then (7.20) is satisfied if C1; < min {Aexp(—AC3), Co}. Thus, (7.19) is satisfied if
e < % min {Aexp(—AC’S), Cs}.
Proof of Proposition 7.3. Suppose that (NSE)has a mild solution v on an some interval

[0,T"]. By [48, p. 223], it has a mild solution on [0,7” + 7] with

; A
T = s
la(T) 25
sup [Ju(t)] o < 16]u(T”
te[T", T"+7']

For each 0 € (0,T), we show that (NSE) has a mild solution on [0,7" — §]. Set

M zee-

A
T = W
Divide the interval [0, — ¢] into subintervals [to, 1], [t1,t2], ..., [tN—1,tN], each having

length < 7. We prove by induction on k € {0,1,..., N} that (NSE) has a mild solution

w on [tg, t] satisfying sup ||u(t)]| 0 < 2M.
t€[to,t] ’
The claim is true for ¥ = 0. Suppose it is true for some k& € {0,1,...,N — 1}.

Because

A < A
T=—F5< ——75—,
M2 = ()| o

(NSE) has a mild solution on [t,tx+1]. Moreover,
sup [[u(®)l e < 16]ulte)] o < 320,
te[tk,thrl]
Thus,

sup |lu(t)|| o < 32M.
t€[0,th 1] ‘
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By Proposition 7.2, for any ¢ € (to, tp+1),

T
uc(t) = u(t)| e < A <5M2 + M3+ eM3VT (1 + 10g+€2>>

X exp (AT3/2 <M3+ sup Hu(s)nigo))

s€(0,t)
T
< MA (EM +2M? + eM?VT <1 + 10g+82>>
xexp (ATH2 (M 4 32°0%) )

T
= MA <€M +&2M? + eM*VT <1 + log+82>) exp (AT3/2M3>

IN

M.
Thus,
[l oo < lJue(t) = ul®)l oo + lue(®)l|poe < M+ M =2M Vit € (to, try1)-
Because [[u(t)l| e = [[uollpe < M and [ju(tesr)l o = Tim JJut)] g < M, we get
k1
[u(@)l[pge < 2M V€ [to, thsa]-
We have showed that (NSE) has a mild solution on [0,7 — ¢] satisfying
lu(@)llpee <2M Vit €[0,T —0].
Because § is arbitrarily small, u exists on [0, T) and [|u(t)|| 0. <2M forallt € [0,T). O

By Littlewood—Paley theory, T. Tao shows that the mild solution u of (NSE) satisfies

an a priori estimate called bounded total speed [96, Prop. 9.1]:
T
/ lu@ e dt < A (Jluoll 2T + Juoll72) - YT € (0,T2). (7.21)
0

If u blows up at finite time 7T, we have

vVt e (0,T%).

This is called by Leray the first characterization of irreqularities [48, p. 224]. Applying
this inequality to (7.21), we get

T*
Mi—/
0

T
1/4 2
[u()l| oo dt < A <HU0HL2T*/ + HUOHL2) :

Ldt <
VIi—1t
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We obtain an upper bound for T
T, < Alluol|z2 - (7.22)

In other words, if the mild solution to (NSE) blows up at a finite time, it must blow
up before the time Ty = A |Jug||72. This conclusion is consistent with the structure of
Leray’s weak solutions [48, Para. 34], which says that all weak solutions become regular

after a fixed time T' ~ [lug|7.. We obtain the following consequence of Proposition 7.3

Proposition 7.5. Let M > 0 and ug € L? N L™ be such that |[ug|/ - < M. Suppose

there exists € > 0 such that

e < min {j\iexp(—ATog/QMg), \/TO} (7.23)

and that (NSE),_ has mild solution u. with ||u5HXT0 < M. Then (NSE) has a global mild

solution u. Moreover, HuHXTO <2M.

Proof. By Proposition 7.3 and Remark 7.4, Condition (7.23) guarantees that (NSE) has
a mild solution u on the time interval (0,7p) and HuHXTO < 2M. Then u does not blow
up before Ty. Thus, it never blows up at any finite time. We conclude that (NSE) has

a global solution. O

7.5 Another approximate Navier—Stokes system

One can also approximate the Navier—Stokes system in the frequency domain. For 0 <
Kk < 00, let P<,. be a Fourier multiplier that preserves all frequencies £ with magnitude
< k and suppresses all with magnitude > 2x. One can take, for example, @({) =
?(&/K) f (¢) where ¢ : R? — R is a smooth function supported in the ball of radius 2 and

equal to one in the ball of radius 1. Consider the approximate system

Ou — Au+Pey(u-Vu)+Vp=0 in R3?x (0,00),
(NSE),, : divu=0 in R3x (0,00),
u(-,0) =up in R3.
We see that & gives the problem a natural length scale x~!, which plays the role as reso-

lution of the approximation. One can fix the length scale by setting x = 1. Suppose the
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initial condition belongs to L? and is compactly supported in the Fourier domain. Then
(NSE)<; is globally well-posed in the setting L{°H? for any s > 1/2 (Proposition 7.7).
Here H*® denotes the homogeneous Sobolev space with exponent s (see Appendix A.4).

The critical space in this scale is H'/2. Let v be the mild solution of (NSE)<;
¢
o(t) = T(t) % ug +/ Pey [K'(t — 5)] * (v(s) ® v(s))ds.
0
A variant of Conjecture 1.2 for system (NSE)<; is the following.

Conjecture 7.6. Let ug € L? with supp 1y C {£ : |¢| < 2}. For any s > 1/2 there
exists 6 = (s, ||uo|| g1/2) such that if |[v(t)] g < 6 for all t > 0 then (NSE) has a global

solution u with H“HLgoHs < 20.

Denote K';(t) = P<i[K'(t)]. We have an estimate for the m’th derivatives with

respect to the spatial coordinates.

C(m,
[V K@), = [PV K Ol < AV K @), < SimeP)

255
forall 1 < p < ooand m = 0,1,2,... Many properties of the Navier—Stokes equations
are still true for (NSE)<;, for example the local-in-time existence, blowup criterion,

regularity, and energy identity.
Proposition 7.7. We have the following statements.
(a) For 1 <p<oo and m=0,1,2,...
m g/ : Cm,p
HV Ksl(t)HLg Smln m, Cm,P Vt>0

t 2 2p

(b) (NSE)<; has a global solution v with
2
[0l Lee, < [luoll oo + Alluollzz -
(¢) For each 2 < p < 3, there exists C(p) > 0 such that if ||ugl/;, < e < C(p) then
[ull ooz < 2e

Proof. (a) The Fourier transform of K’ (t) is supported in {|¢| < 2}. By Bernstein’s

lemma [5, Lem. 2.1],
V"KL ()] < Cmp) [ Ky (8)]] -

108



It suffices to show that

K< @) < Clo)- (7.24)

By Proposition 2.2,

L] = [eeRme)]
Alp(©)]|Iel(; — € © €)1

< Alp(6)]|¢]|Tz — £ @ ¢
< Axjegl<2:
Then
K.l <a [ ac=2
el <4 f
gl<2
and

K] < AR @], =4

Using the interpolation inequality of Lebesgue spaces, to prove (7.24) for all 1 < p < o0
we only need to prove it for p = 1. That is to show HKISI(t)HLl < A. By the inequality

HKISI(t)HLglg < %, it suffices to show that
|KSy(t) — Ko (D], <A Vo<t<1

We have

R3
_ —tiel2 e\ e (. _ EB8 jiag
= 4 [0 (e - i (- ) e
R3
Denote .
1— e lé?
¢0(§)_T

This is a smooth function in R3 with bounded derivatives. Then

Ko(t) - Kq() = 4 / 6(©) (6P oo(€) — tlelPoo(VEe) ) i€ (ng—ﬂgf)ew&dg
RS

— A/Qb(f) (Qbo(f) - tqbo(\/ig)) i€ (|£|2]I3 —£® 5) ei$~§d€‘
R3
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By the integration by parts,

’gl(t) - %1(1) =

. ) iz
(HWRZ (1d— 2¢)* [0(6) (90(€) — too(VEE) ) i€ ([¢*Ts — € @ €) | e de.
Thus,
[Kea() ~ K],

ng%dl«g‘(m_&f [6(6) (60(6) — too(VEE) ) € (1¢Ts — € @ €) || de.

The integrand in the second integral is continuous,and is bounded by A(1 + )31, l€|<2-
Because ¢ < 1, the integral is bounded by an absolute constant A. Thus, [[{2}]|z1 < A.
We conclude that

< A.

| K0 = K, <

(b) We have .
v(t) =T(t) * ug + / K (t—s)* (v(s) @ v(s))ds.
0

Take the L3 -norm of both sides

POz < 00wl + [ 1K) (006) @ v(o))] s
< ol + /0 Kt = )| o 5) © u(s) | s
< ol + ATl [ i 0= )]s
< ol o + A Jluol 2 /OtHK’Sl(s)HLgods. (7.25)

Denote ¢ A1 = min {¢,1} and ¢t V1 = max {¢,1}. Because

: A
| K%1(6)] e < min {A, } |

t tAl tVv1
LIl s = [ IR s+ [0 e

tv1
< A(tA1)+/1 S—2ds

1
(i)
A.

IN
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Substituting this estimate into (7.25), we get |]v||L§?I < ol oo + Alluoll32.

(c) We have
@l < luoll + / Kyt = 8)] ., 0(s) ® vl s
< Juolly + / \/—H()Higzﬂdé’
2 92
< ol + [ —E= Ol )5 ds
2 92
< Nuolle + AVE[uoll s loll7 (7.26)

We show that the map ¢ € (0,00) — v(t) € LE(R3) is continuous. The proof is exactly

the same as for the Navier-Stokes equations. For ¢, t' > 0,

v(t") —v(t) = (T'() —T(t)) *up +/0 [Klgl(t/ —5)— Klgl(t — 5)] * (v(s) ®v(s))ds
{1}

{2}
+ t (" =) x (v(s) ®v(s))ds.

{3}
We show that {1},{2},{3} — 0in L} as ¢/ — ¢.

{1y < [P = T(@)| ol -

A |z|?
[(z,s) = 83/2exp< 4L )

<t/;3/z op (_4&‘/22)) =4 (”” 35) '

Because T’ ( ) € L., by the Dominated Convergence Theorem |[I'(#') — I'(¢)|| 1 — 0 as

Recall that

[(z,t) <

t" — t. Thus, [{1}[[zr — 0 as t’ —¢.

2Hisg < [ KA =) = Kot = 9l = uls) © (sl

, 2 92
< ([ IR =) = Kyt = )y ) ol ol
{4}
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We have
t
{4} - / / ‘K/<1(x7t/ - S) - /<1({11,t - 8)‘d13d8
o JR3 -

t

N // |EC (2,5 +1 —t) — Ky (2, 5)|dads
0o Jrs' h

= [[ESC+ 0. =) = KO 11 mogon):

This quantity will converge to 0 as t' — ¢ if K., € L'(R? x (0,T)) for all T > 0. It is

true because

T T A
/ ‘Kgl(x,s)‘dz:ds < / “—ds < AVT < .
0 R3 N 0 \/g

Therefore, [[{2}[|» — 0 as ' — .
t/
! /
{33l < /t [ K<t = )| 1 lv(s) @ v(s)|l ppds

2 _2
[[woll 72 llull Lo”

< /t' 4
S
o t \/t/ — S
2 92
AV — ||U0H£2 HUHL;{ )

which goes to 0 as t' — t. We have showed that the map ¢ € (0,00) +— v(t) € LL(R3) is

IN

continuous.
Denote f(s) = [|v(s)|[zz for all s > 0. Then f is continuous on (0,00). Suppose

|luo|lz»r < e < C(p) where C(p) > 0 is a constant to be determined. We have

t
f@&) = @l < lluoll e +/O [K<r(t=5)[| o llv(s) ® v(s)ll p/ds
t
< ol +4 [ K (= 5)] 5%
t
< Juollpr + A (/ HKlgl(s)HLp’d8> sup f(s)>. (7.27)
0 ¢ s€(0,t)
By Part (a),
) C
HKlgl(S)HLI;’ < min {CI(P)7 llfpi) } :
S22 2p

Then

t tA1 tv1
i HK/Sl(S)HLglds = /0 Hl{’gl(s)HL,g,ds+/1 HK’SI(S)HLg,dS

Al V1
C
C’l(p)ds—i—/ 1(p)

1 3
1 5273

ds

IN

0
Ca(p).

IN
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With this estimate, (7.27) implies
f@) < luollzr + Ca(p) S?Op)f(S)? (7.28)
se(0,t

By (7.26), there exists T} > 0 such that f(s) < 2e for all s € (0,71). Let T = sup{s >
0: f(s) <2¢}. Suppose T' < co. From (7.28) we get

F(T) < lluollpo + C2(p)(26)* < (1 + 4eCa(p)) < (1 +4C(p)Ca(p))-

If we choose
1

~ 8Ch(p)
then f(T) < 2e. By the continuity of f, there exists § > 0 such that f(T + §) < 2e.

C(p)

This contradicts the definition of T'. O
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Appendix A

Standard tools in PDE

A.1 Some inequalities

The following inequality is an interpolation version of the well-known Gagliardo-Nirenberg
inequality.

Proposition A.1 (Gagliardo-Nirenberg inequality). [97, Prop. A.3] Let 1 <p < q <
oo, k>1,0<0<1 be such that

1 1 ko
a p n
Then
1-6 k 0 k,p/mn
lulls < Cpaon Il 130 || V5[, v e whe@n).

By an approximation procedure, one can obtain a variation of Gagliardo-Nirenberg

inequality for appropriately regular domains € C R™ (not necessarily bounded):
[ull o= () < Cpmellullwizg) Vue WhP(Q)

where p* = np/(n —p) (see e.g. [17, p. 279], [2, Lem. 5.19]).
Let €2 be a bounded connected open subset in R™ with Lipschitz boundary. Denote

by [u]q the average value of u over Q. Then for 1 <p <n and 1 < ¢ < p*,
lu — [ulgll e < Ci(n,p,a, D[ Vull, ¥V ueWHP(Q), (A.1)

lull s < Co(n,p,a, V| Vull, ¥ ue WyP(Q). (A.2)

These are known as Poincaré-Sobolev inequalities [102, Rem. 1.3.5], [29, Lec. 4].

Inequalities (A.1) and (A.2) also hold for any 1 < p = ¢ < oo, which are known as
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Poincaré-Wirtinger inequalities [17, p. 280, 290]. If © is a convex domain and p = ¢,
one can choose

Cy = A diam(Q)

(See e.g. [94, Thm. 2].) For p < ¢ < p*, the Poincaré constants may depend non-
trivially on the volume of 2. This can be seen by a scaling argument: let 7' : R” — R"
be a bijective linear map. By changing variables in integration, one notices that the

constants C;, i = 1,2, are rescaled as
1_1
Ci(n,p,q,T(Q)) ~ [det T|«"# | T Ci(n, p, q, ).

It T acts as a squeezing operator in one direction, e.g. T'(x1,z2,...,2,) = (ex1, %2, ..., Tn),
leaving diam(Q) unchanged then C;(2.) ~ e/971/P — o0 as ¢ — 0. In fact, for  convex
and p < g < p* the authors in [66] derive a constant

diam(Q)l—m(l—i_%_%)

C’l = C(n7p7 Q) VOI(Q)

See also [42]. Nevertheless, for families of domains with similar shapes, including balls,
half-balls, cubics, regular tetrahedra,. . . the Poincaré constant depends only on diam(f2).
In particular, we have

Proposition A.2 (Poincaré—Sobolev inequality). Suppose Q be a bounded and connected
domain with unit diameter. Let {Q,},~o be dilations Q , i.e. Q. ={y=rz: z € Q}.
Then for 1 <p<mn and 1< q<p*=np/(n—p),

1_1
S C(n,p, Q)Tn(q p*) HVUHLP(QT) YV u S WLP(QT).

Ju = lulg, La(9,)

n(io1
lll gy < Cln s "G5 [Vl iy Y € WEP (),

A stronger version of Young’s inequality for convolution is the so-called Young—O’Neil
inequality, which applies for functions in weak Lebesgue spaces and Lorentz spaces. We
use it to verify regularity of the Stokes equations with force term in a mixed-norm
Lebesgue space (Remark 3.2). A list of several familiar inequalities on Lebesgue spaces
generalized to weak Lebesgue spaces can be found in [62].

Proposition A.3 (Young-O’Neil inequality). [7, Thm. 7.6], [28, Thm. 1.4.25] Let
1 < p,q,r < oo be such that 1 + 1/p = 1/q+ 1/r. Then for any f € LT?*>°(R"™) and
g € L"(R"),

1 * gllze < Cpgrllfllzacllgler
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A.2 Compactness theorem for Banach spaces

Aubin-Lions lemma is an abstract compactness theorem for Banach spaces. It is par-
ticularly useful in the theory of weak solutions of the Navier—Stokes equations (see
Section 5.2). The formulation of the lemma is as follows.

Let Xy, X, X; be Banach spaces such that
e Xy C X C X; where each injection is continuous,
e the injection Xy — X is compact.

Let 0 < T < oo and 1 < ap, a1 < co. Put

Y = {u e L%((0,T), Xo) : o = % € Lal((O,T),Xl)}.

It is a Banach space with norm [lully = [|ul| a0 (0.7, x0) + 1€l Lo (0.7, x1)-

Proposition A.4 (Aubin-Lions lemma). [99, p. 271], [85]
The injection % — L*((0,T), X) is compact.

Note that the original formulation by Aubin (1963) requires Xy and X; to be reflex-

ive. It turns out that this condition can be dropped (see [85]).

A.3 Mixed-norm Lebesgue spaces

The notion of mixed-norm Lebesgue spaces was introduced by Benedek and Panzone
[6]. For p'= (p1,p2,.-.,pn) and & = (a1,b1) X (ag,b2) X ... X (ap,b,) C R™, a function
v: 0 — R is said to belong to LP(0) if

< 0.
e

oo = |- otz -

Some basic properties of L are studied in [6], including the completeness, reflexivity
and characterization of dual space. In particular, if 1 < p; < oo for all 1 < j < n (which

we simply denote as 1 < ' < 00), then LP is reflexive.

Lemma A.5. Let Dy C R* and Dy C R™ be bounded sets. Put D = Dj x Ds.
Consider a bounded sequence (vy,) in a mized-norm Lebesque space LgLZ(D) for some

1 < a,b < co. Suppose that (v,) converges to v in LY(D). Then v, — v in LgLS(D)
foralll<a<aandl1 < g <b.
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Proof. For each 6 € (0,1), put

By Holder inequality,
0 1-6
l|vn — UHL;’_BLZG < lvn — UHL;EL}/”UH - U”Lng — 0.

Because 79 — a~ and kg — b~ as 6§ — 17, there exists § > 0 so that 1 < a < vy and
1 < B < ky. By the boundedness of D and Holder inequality, L° Ly?(D) is continuously

embedded into Lng(D). Therefore, v, — v in Lng(D). O
A.4 Homogeneous Sobolev spaces

Let s be a real number. The homogeneous Sobolev space H*(R?), or simply denoted by
H*, is defined as the space of all tempered distributions u over R? such that @ € LIIOC(R?’)

and

el o = / ePlae)de | < .

3

As a consequence of Holder inequality, the following inequality, so called “interpolation

inequality”, for homogeneous Sobolev spaces is satisfied:

1-0

0
Jll s < lluall o lleellggesy >

where sg < s < sy and s = (1 —0)sg+60s1. If s < 3 then H*(R3) is a Hilbert space with

the inner product

(F9)i = [ 16 F(©5TEde.
R3
Denote by . the Schwartz space. If |s| < 3 then the bilinear functional B : .%'x.% — C,

B(¢1,¢2) = /¢1($)¢2($)de
R3

can be extended to a continuous bilinear functional on H~* x H*. Moreover, if L is a
continuous linear functional on H* then there exists a unique tempered distribution u

in H—* such that HL||(H&)/ = ||u|| - and
Lé = B(u,$) VYo e HS.
For this reason, the space H™* can be considered as the dual space of H*.
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Proposition A.6. [5, Thm. 1.38]/We have the following embedding properties.
(a) If 0 < s < 3 then H*(R3) is continuously embedded in Lﬁ(RP’).

(b) If 1 < p <2 then LP(R3) is continuously embedded in H%_%(R?’).

A.5 Difference quotients

Proposition A.7. Letn > 2 and 1 < i < n. Consider a domain & C R" such that for

some § > 0,
O+ he; C O Yh e (0,9)

or O —he;C O he(0,6). (A.3)
Denote
Dho(z) = v(z + he}i) —v(x) (A4)
where e1, e, ...,e, are the standard basis vectors of R™.
(i) Suppose v and O;v belong to LP(O) for some 1 < p < oco. Then HD?UHLPW) <

HaiUHLP(ﬁ)'

(ii) Suppose v € Li (O) for some 1 < p < oo, and that there exists a constant C' > 0
such that || D} ’UHLP(/} < C for all h € (0,9). Then the weak derivative O;v exists

and [0 ooy < C.

Such relations between the difference quotients and weak derivatives are already
addressed in many texts (see e.g. [27, Sec. 7.11], [17, p. 292]). Typically, D'v and
;v are estimated only over a subset ¢’ away from the boundary 0¢. It turns out
that when & satisfies (A.3), which is the case for half-space, quadrant, octant, orthant,

infinite strip, semi-infinite strip,...the estimates hold for ¢’ = 0.

Proof. Let (n:)e>0 be an approximate of identity (or mollifiers) in R™. It suffices to only
consider the case & + he; C € for all h € (0,0).
(i) Consider the case where v is smooth. Then

1 1 p
/ |DMo(z)Pdz = — / |v(x + he;) — v(z)|Pdr = / Oiv(z + the;)dt| dx
o 0

Holder Fubini  [*
< / / |0jv(x + the;)|Pdtde ——= / / |0jv(z + the;)|Pdxdt
0 Jo

/ [ oyt = 1oi0l -

For general v € LP(0), approximate v by smooth functions v, = ¥ * 1. where v is the
extension of v to R" by zero. We have || D!v. < [|0ivel 1o (g~ Letting e — 0, we

get HDZhUHLP(ﬁ) < HaiUHLP([)’)-

o o)
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(ii) Because LP(0) is a reflexive space, there exists a sequence hy, | 0 such that (D?kv)
weakly converges to some w € LP(0). For ¢ € Z(0) and 0 < hy, < dist(supp ¢, 00),

/ﬁnglh’“vd:L‘ = hk(/qs :E—I—hkeld:c—/aﬁ )
= W (/¢y hiei)v(y)dy — /¢ >:—/ﬁvD;hk¢dx.

Note that D?’“gf) — 0;¢ pointwise and |vD£”“q§\ < |v|||0;¢]| L, which is an L!-function.
By Lebesgue’s Dominated Convergence Theorem,

/ﬁgbwd:p: —/ﬁv@igbdx.

Thus, w is the weak derivative d;u. Moreover, ||w||;, < likm inf HDZ’-”“U <C. O
—00

Lr
The following lemma is a variation Proposition A.7 for mixed-norm Lebesgue space.

Proposition A.8. Letn > 2,1 < i < nand 1 < p < oco. Consider a domain
O = (a1,b1) X (ag,b2) X ... X (an,by) C R™ with b; = o0

(i) Suppose v and djv belong to LP(0). Then || D! ) < 1050 La (o

(ii) Suppose v € Li (€) and that there exist 6,C > 0 such that HDh
all h € (0,6). Then the weak derivative d;v exists and ||0;0| 15y < C

<Cf07“

Proof. Without loss of generality, we assume ¢ = 1. The proofs are essentially the same
as in Proposition A.7.

1 (o9}

/ Dho@)Pde = — [ o+ her) — v(@)[P dz
al ai

hP1

1 0o
// |01v(y) [P dyrdt = (|01 75, -
0 ay Lyl

Thus, | Dfv||,;» < [|O1v]| e . By integrating both sides over the rest of the variables,
T z1

we get HD{LUHLﬁ(ﬁ) < 1010]| 15(p)- Thanks to the reflexivity of LP(0), the proof of Part
(ii) is the same as in Part (ii) of Proposition A.7. O

IN

A.6 Anisotropic Sobolev embeddings

Consider a function v : @ C R™ — R. Suppose that for some 1 < p < 0o and r €
{0,1,2,...}, u and all its generalized derivatives up to order r belong to LP(£2). Sobolev
embedding theorems (see e.g. [2, Thm. 5.4]) describe the values of g for which u € LI(Q).

These are called isotropic Sobolev embeddings because the coordinates 1, x2, ..., T, play
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the same role. There are situations when it is necessary to view coordinates as having

different scalings. A typical example is the heat system
Ou—Au=f in R" x(0,00)
u(+,0) = ug

which has scaling symmetry

u(z,t) — u(z, \%t),
fla,t) = MO, )%),
—

uo() uo(Az).

In this regard, the time variable is “worth” two spatial variables. Suppose f € Lf}x and
the solution belongs to the regularity class d;u, Vu € Lf’ .- 1t is natural to ask for what
values of ¢ does u belong to Lg’x. The question can be formulated more generally as

follows.

Let rq, 79,...,7, be nonnegative integers and 1 < p1, p2,...,p, < 00.
Suppose u € LP and Ojiu € LP* for all 1 < 4 < n. For what values of

1, G2, - -, qn do we have u € LI LE...LE" ?

This is answered by anisotropic Sobolev embeddings, which were first studied by Nikol’skii,
Solonnikov, Besov, Golovkin and others in 1950s and 1960s. In the following, we state
an embedding theorem for W and H classes due to Nikol’skii [69]. Let © be a domain
in R®. Forr=0,1,2,... and 1 < p < oo, the Sobolev space with respect to the i’th

direction is defined as
T _ . 1A
W () = {u €IPQ): duclP(Q)VI<I< 7“}
which is a Banach space with norm
el iy = D |
1=0

By the interpolation of intermediate derivatives (see e.g. [2, Thm. 4.14]), this norm is

[
O, u

Lr(Q)

equivalent to Hum‘/&p = |[ulltr() + 1107, ullLr(q)- For r > 0, not necessarily integral,
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write r =7+ a with7=20,1,2,... and 0 < a < 1. Given a function u, for 0 < a < 1

we denote _ _
M) = oy I8+ 160~ @)oo
. 0<|t|<é ’t’a
6>0

where e; is the i’th standard unit vector in R” and Q§ = {z € Q: x+te; € Qforall t €
(=4,0)}. For a =1, denote
MO = sup 0% w(z + te;) — 205 u(x) + 0 u(x — tei)HLp(Qg).

o 0<|t|<o ’t’
>0

Define the space H,, as
HT(Q) = {u eWr (Q): MU < oo}

which is a Banach space with norm ||U”H;ip(Q) = HUHW;ip(Q) + MQEZ)D We say that a
vector @ = (ay,...,a,) is nonnegative integral if each a; is a nonnegative integer, and
use the notation 1 < @ < oo if 1 < a; < oo for all ¢ = 1, 2, ...,n. Other notations
(e.g. @>0,a@ > b, ..) are understood in similar manner (i.e. componentwise). Define

anisotropic spaces of W and H classes as follows.

ﬂszz ) Nullwre) = Zuuuwn
ﬂHézpl o Nl = ZnuHHn

Although the definition of W; involves only unmixed partial derivatives, the integrability
of certain mixed derivatives can be deduced. Good guesses can be seen through scaling

—

arguments: take 2 = R?, 7 = (3,2) and § = (q,q) for example. Then W(i’QQ ={u €
LT : Ouyu, Opgeu € L7}. Let us consider a scaled version of u, namely wuy(x,t) =
w(A2z, A\3t). The quantities u, Oyu, Oppeu are scaled by A°, A6 A® respectively. Any
mixed derivative scaled by \¥ with 0 < k < 6, such as 9y, u, can possibly be bounded by
max{||u||ra, |0t La, ||Orzatt|Le} in L9-norm. One cannot expect the same for dy,u,

which is scaled by A”. In fact, it is shown in [56] and [89, Thm. 2] that if u € W; =

W(Z ) then 9% € L for all 5= (sy, s9,...,5,) satisfying

Y e (A.5)



Consequently, the space Wi := W:a™ coincides the usual isotropic Sobolev space
W™ If Condition (A.5) is not satisfied, 9°u may not belong to L7 (see e.g. [74, Sec.
5] for a counterexample).

Likewise, certain mixed derivatives of a function in HL := Hfooo are Holder
continuous: take 2 = R™ X R and v = u(z,t) for example. It is shown in [44, Lem.
3.1] that if u is Hoélder continuous with respect to ¢ with exponent a, and d,u is Holder
continuous with respect to x with exponent (3, then 0,u is Hdélder continuous with
respect to ¢ with exponent o3/(1+ ). See also [89, Thm. 2].

Using the idea of Parts (i) and (ii) of Proposition A.7, one can check that W; =H g
if 7 is positive integral and 1 < § < oo. The two spaces are not the same when = oo
(see [70, p. 271-273] for a counterexample). The following embedding theorem is due to
Nikol’skii.

Proposition A.9 (Anisotropic Sobolev embedding for class H). [68, Sec. 6.9] Let
Q C R™ be a domain with cone property, i.e. there exists a fixed finite cone € such that
if its vertex is placed at any point in , the cone itself can be swung so that it lies in ).
Let 7> 0 and 1 < p < q < 00. Suppose

n n

1 1\ 1 1 1\ 1

b qi -1

foralli=1,2,...,n. Puts; =r;7;/ki. Then we have a continuous embedding Hg(Q) —
H Q).

Strictly speaking, [68, Sec. 6.9] addresses the case 2 = R”, and [69, Thm. 6,7, 8] the
case ) equals the whole space or a rectangular parallelepiped. Since any domain with
cone property can be expressed as a union of translations of finitely many parallelepipeds
[2, Thm. 4.8], the embedding theorem extends to this case as well. We now state a useful
consequence of Proposition A.9 in regard to regularity of the heat equation. For  C R"”

and I C R, and a function u defined on QQ = Q x I, let us denote

U _ Al
iy = 5 Jorvig,
AT
<u>8) — esssup |U(I‘,t) U(x’t)LQ-
vareq (o — x|+ |t =t
tt'el

Proposition A.10 (Parabolic Sobolev embedding). [/4, Lem. 3.1], [102, Thm. 1.4.1],
[75, Appendiz D3, D4] Let Q be a domain in R™ with cone property, T € (0,00) and
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Qpr =Qx(0,T). Consider a function u € W;l’l(QT) = Wi{{j;g?j’l(QT). For nonnegative
integers r and s, and 0 < 0 < min{d, ﬁ} where d is the altitude of the cone, we have
the following statements.

(i) Ifp>q and 2l —m — (1/q — 1/p)(n + 2) > 0 with m = 2r + s then
s 20—m—(1-1)(n42 l —m—(2-1)(n+2
107 V30l gy < 08" RN @y (RO
(i) If p>q and 0 < A <2l —m — (n+2)/q then

rvrs, \ (A —m—nt2_ l —m—nt2_
OFViu)g) < CO™ I N W)+ 0o M | o).

Moreover, the inequality still holds for A = 2l —m — (n+2)/q if it is not an integer.

A.7 Singular integrals

An important tool in harmonic analysis and PDE is the Calderon—Zygmund’s theory of
singular integrals, an interest of which is the boundedness of operators T : LP(R"™) —

LP(R™) of the form

Tf(x) = - K(z,y)f(y)dy.

Under certain conditions on K such that T possesses a so-called Calderén—Zygmund
(C-Z) decomposition, T is called a C-Z operator, K the associated C-Z kernel. The two
terms may be used interchangeably when the context is clear. If the kernel is of the form
K(x —y), then T is said to be of convolution type. There are many available definitions
in literature for C-Z kernels. However, we will follow the definition in [28, Sec. 5.4]:

K = K(z) is said to be a C-Z kernel if it satisfies

(a) Size condition:

sup / |K(x)|de = A1 < o0, (A.6)
R>0 JR<|z|<2R
(b) Smoothness condition:
sup / |K(x —y) — K(x)|de = A2 < o0, (A.7)
y#0 Jlz|=2y|

(c) Cancellation condition:

sup = Az < oo. (A.8)

0<R1<R2<00

/ K(x)dx
Ri<|z|<R2
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A sufficient condition of (A.6) is [K(z)| < Clz|™". A sufficient condition of (A.7) is
K € CY(R™\{0}) and |VK(z)| < Clz|™"" %

If the size condition (A.6) and the boundedness of Fourier transform K € L°(R") hold,
then (A.8) also holds [28, Prop. 5.4.4]. In many applications, K is odd with respect to
at least one coordinate (as in case of the Hilbert transform and Riesz transform). In
such a case, (A.8) is satisfied with A3 = 0.

Proposition A.11 (Calderén-Zygmund). [28, Thm. 5.4.1] If a function K satisfies
(A.6), (A7), (A.8) then Tf = K x f defines a bounded linear operator from LP(R™) to
itself for all 1 < p < co. Moreover,

1
”THLP_>LP < O, max {p’pl} (Al + A, _|_A3)'

Remark A.12. The boundedness of T" from LP(R") to itself also holds if K satisfies the
smoothness condition and K € L*°(R"™) [75, Thm. B3]. Note that the size condition is
not required.

Another framework to study singular integrals is the Littlewood—Paley (L-P) theory.
We know that the kernel of an operator of convolution type acts as a multiplier in
the Fourier frequency domain. If an operator T'f = K * f is bounded from LP(R™)
to itself, then K is called a Fourier multiplier, or multiplier for short. As an abuse
of terminology, the operator T itself is sometimes called Fourier multiplier to avoid
reference to the kernel. L-P theory provides sufficient conditions for a bounded function
to be Fourier multiplier. Certain versions of L-P theorem can be proved by Calderén—
Zygmund theorem and vice versa. In many cases, L-P decomposition in the frequency
domain is able to extract subtle information about the kernel that is not easily seen
in the physical domain, for example the rate of decay of the Stokes kernel (see e.g.
[46, Prop. 11.1]). Well-known multiplier theorems include those of Mikhlin (1957),
Hormander (1960), and Lizorkin (1963). Their results have been improved over time
and are sometimes stated quite differently from their original versions. See e.g. [93] for
a history of multiplier theorems.

Proposition A.13 (Hormander-Mikhlin multiplier theorem). [28, Thm. 6.2.7] Let
m(§) be a complex-valued bounded function on R™\{0} such that

1/2
(/ |3‘“m(£)l2d€> < ARzl
R<[¢|<2R
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for all R > 0 and multi-indices |o| < [%] + 1. Then m is a Fourier multiplier with

1
flsssno < Comax {2 bl ) ¥ 1<p <o

Proposition A.14 (Lizorkin multiplier theorem). [28, Cor. 6.2.5], [57, Thm. 5]
Let m(§) be a complex-valued bounded function on R™\{0} such that for any distinct
J1592s - Jk € {1,2,...,n} we have

A
0j,...0; < — ¥ 0.

Then m is a Fourier multiplier with

1 6mn
[ o pp < Cnmax {Z% p—l} (A+|lm|l;0) V1<p<oo.

Marcinkiewicz interpolation theorem is a useful tool to study the boundedness of
linear operators from one Lebesgue space LP(X,u) to another L4(Y,v). There exist
many Marcinkiewicz-type theorems: the original one is for LP spaces (Marcinkiewicz
1939), the formulation for weak LP spaces, which coincide Lorentz spaces LP*°, due to
Zygmund (1956), the formulation for Lorentz spaces L due to Calderén (1966). See
e.g. [59] for a history of the development of this theorem. The following statement is

essentially due to Zygmund (1956).

Proposition A.15 (Marcinkiewicz interpolation theorem). [7, Thm. 4.13] Suppose
1<pr<pr<ooandl <q,q < oo withqu # qa2. Let 0 < 0 <1 and define p and g

such that
1 0 1—-6 1 0 1-6
+ + .

)
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Let T be simultaneously a bounded operator from LPY(X,u) to L™(Y,v), and from
LP2(X, p) to L2(Y,v). Then T is a bounded operator from LP(X, ) to LY(Y,v) with

C
I l50s 50 < 2 s (T gy s I s}

Marcinkiewicz interpolation theorem can be used to derive an important result in the
theory of singular integrals known as Hardy-Littlewood-Sobolev theorem for fractional

integration. We call it fractional inequality for short.

Proposition A.16 (Fractional inequality). [7, Thm. 4.18] If 1 < p < ¢ < oo and
0 < kK <n be such that é =1_ = then for any f € LP(R"), the function

p
L@ = [ A
Rn

is well-defined almost everywhere and lies in LY(R™). Moreover,

el pany < Clo, @, )| fll pomny YV f € LP(R™).
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