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Abstract

This dissertation explores the integration of topological awareness into deep learning
frameworks for spatial image segmentation and generation. Addressing the critical
need for topological consistency, the research develops novel methods to enhance the
accuracy and reliability of segmentation outputs in geospatial and dendrological contexts.
Key contributions include the introduction of TopoSinGAN, a topology-aware generative
adversarial network, and TopoSegNet, a scalable segmentation model that incorporates
topology-preserving loss functions. These models are evaluated across diverse datasets,
including ultra-high-resolution tree-ring images and agricultural field boundaries. Building
on the individual contributions of TopoSinGAN and TopoSegNet, the dissertation
implements a comprehensive workflow that combines these models. TopoSinGAN is
used to generate topologically consistent synthetic datasets, which are then employed to
improve the training and accuracy of TopoSegNet. This integrated approach demonstrates
significant advancements in segmentation performance, emphasizing the synergy between
synthetic data generation and topological enhancement. The dissertation’s findings
establish a robust foundation for applying topological principles in deep learning, with
implications for geospatial analysis, dendrochronology, and other domains requiring precise
spatial delineation. By leveraging topology-aware techniques, this work advances the
state-of-the-art in deep learning for image analysis, ensuring both geometric and structural
fidelity in challenging applications.
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Chapter 1

Introduction

1.1 Problem Statement and Motivation

The increasing sophistication of digital imaging technologies, from satellite-based remote
sensing to ultra-high-resolution microscopic imaging systems, has revolutionized our ability
to observe and analyze complex spatial phenomena across diverse scales [8, 9]. These
advances have driven rapid progress in computer vision tasks, particularly in image
generation - the task of creating new synthetic images from text descriptions or other inputs
[10], and image segmentation - the process of partitioning an image into multiple segments
by assigning a label to each pixel [11, 12]. However, despite impressive achievements in
both domainswith image generation models creating visually appealing synthetic images,
and segmentation models achieving high pixel-level accuracy (the percentage of correctly
classified pixels compared to ground truth), current deep learning methods still struggle
with fundamental errors. In image generation, models often produce outputs with
physically impossible structures or inconsistent spatial relationships[13]. Similarly, in image
segmentation, while models can achieve high accuracy in classifying individual pixels into
their respective categories, they frequently fail to maintain the continuity and connectivity
of important features such as linear boundaries or loops[14, 7]. These inaccuracies in both
domains are often referred to as a lack of "topological accuracy."

The concept of topological accuracy varies depending on the field of study. In image
generation, where new images are created rather than processing existing ones, topological

1
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accuracy is primarily assessed through connectivity, specifically, whether features that
should form continuous structures (e.g., field boundaries) maintain proper connections
in the generated output, rather than appearing fragmented or disconnected [15, 16].
This slightly differs from semantic segmentation in image processing, where topological
accuracy typically means maintaining the topological structure between original images and
their corresponding segmentation predictions [17, 18]. Despite these different definitions,
both approaches can leverage sophisticated mathematical tools for quantifying topological
errors, including topological data analysis (TDA) (detailed in Section 4.3.4) and persistent
homology (detailed in Section 2.1.4). These methods provide rigorous frameworks for
measuring and comparing topological features (e.g. loops and connected components)
across different scales, enabling precise evaluation of topological accuracy in both generated
and segmented images [15, 16, 17, 18].

Topological accuracy differs from pixel-level accuracy in image segmentation, which
measures how correctly individual pixels are classified without considering their relationships
to neighboring pixels [19, 20]. In the case of image generation, topological accuracy
is also different than the common image generation evaluation techniques such as FID
(Section 3.3.2) which compare visual patterns such as textures, shapes, and colors between
generated and real images [21]. While FID captures overall visual similarity and image
quality by measuring how close the generated images’ characteristics are to those of real
images, it does not specifically assess whether topological properties are preserved in the
generated outputs.

Therefore, topological accuracy persists as a critical challenge in both image generation
and segmentation fields [22, 23, 7, 19, 24]. This limitation is particularly evident in practical
applications across various domains. For instance, in synthetic image generation, even
state-of-the-art models can produce structurally inconsistent results, as demonstrated by
the AI-generated image produced by DALL-E 2, OpenAI [1] in response to the prompt
in ChatGPT, OpenAI, Version GPT-4 as "generate an image of a bicycle wheel with no
dangling spoke" in November 2024 (Figure 1.1). In Figure 1.1, the spokes highlighted in
red appear disconnected which is a physical impossibility that violates the basic topological
requirements of the object. Similarly, in delineating linear boundaries of objects of interest
from remote sensing images (Figure 1.2), current segmentation models often produce
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fragmented or disconnected boundaries, signifying topological errors in the field delineation
task [12].

Figure 1.1: An example of topological errors in an image generated by DALL-E 2 [1], based
on a textual description of "generate an image of a bicycle wheel with no dangling spoke"
in ChatGPT, OpenAI, Version GPT-4 in November 2024.

Figure 1.2: An example of topological errors in image segmentation.
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Topological accuracy in image segmentation is essential across various domains such as

remote sensing [25], urban planning [26], medical imaging [11], and neuroscience [27].
In remote sensing, topological accuracy is critical for the segmentation of natural

and man-made environments. For example, accurately delineating water bodies and
land cover is essential for reliable environmental assessments and resource management.
Fragmented or imprecise boundaries can lead to substantial errors in applications such as
flood modeling or ecosystem monitoring [28, 25, 12]. Studies have extensively demonstrated
how topological errors in environmental and geospatial analyses can significantly impact
the accuracy of resource management and urban planning decisions [28, 25, 12, 10, 29,
30, 31, 32]. Similarly, the segmentation of road networks in aerial imagery is heavily
dependent on topological accuracy, as errors can disrupt the connectivity and coherence
of mapped networks, adversely affecting urban planning and infrastructure development
[33, 34, 25, 26, 35, 29].

In urban planning, the role of topological accuracy extends to understanding structural
layouts and inter-object relationships. Mapping transportation networks, delineating
building footprints, and modeling urban environments rely on maintaining continuity and
connectivity. Errors in topological representation can result in misinterpretations that
impact zoning, construction, and city planning initiatives. Studies emphasize the need for
topology-preserving segmentation in these contexts to prevent misrepresentation of critical
urban infrastructure [19, 36].

In medical imaging, the stakes for topological accuracy are perhaps the highest.
Accurate segmentation of anatomical structures such as blood vessels, organs, and neural
pathways is paramount, as these structures’ topological integrity directly influences patient
diagnoses and treatment outcomes. For instance, topology-preserving approaches in MRI
segmentation help ensure the continuity of brain structures, a necessity for neurosurgical
planning and neurological assessments [37, 24, 38, 39, 20, 40, 41, 42, 43, 44]. Similarly,
accurate delineation of skin lesions or lung abnormalities (i.e., precise identification and
marking of boundaries between different tissue types) enables differentiation between
benign and malignant conditions, which is critical for effective clinical decision-making
[36]. In neuroscience, the segmentation of fine-scale neuronal connections from electron
microscopy images further highlights the importance of topological accuracy. Neural



5
connectivity maps rely on preserving the structure and continuity of segmented features, as
inaccuracies can obscure critical pathways essential for understanding brain function and
disease pathology. Studies in this domain underscore the necessity of topology-preserving
segmentation to maintain the accuracy and interpretability of neural network models
[27, 42].

Existing models commonly incorporate topological awareness through persistence
homology (PH) - a mathematical method that tracks how topological features evolve as a
shape or dataset is analyzed at different resolutions [45]. For example, when analyzing an
image at different thresholds, PH measures how long features such as holes or connected
regions persist - features that quickly disappear might be noise, while those that persist
across many thresholds are likely to be meaningful structural characteristics [45]. PH
is explored further in Sections 2.1.4 and 4.3.4. PH-based methods face two significant
limitations. First, these methods primarily focus on identifying and analyzing loops (i.e.,
closed regions or polygons) as the key topological feature [45]. While loops are important
topological elements, this focus on computing and tracking them makes these methods
computationally intensive and difficult to apply to large-scale datasets [7, 37]. Second,
their emphasis on loops means they often overlook other important topological features,
particularly terminal nodes or endpoints of lines that do not form complete loops (hanging
lines) in binary masks. These hanging lines are crucial indicators of topological errors in
many real-world applications, such as detecting disconnected road segments [46] or broken
field boundaries [30]. This dissertation addresses these limitations by introducing novel
approaches to integrate scalable topological constraints into deep learning frameworks for
both image generation and segmentation tasks, with particular attention to capturing a
broader range of topological features beyond just loops.

1.2 Digital Image Representation and Spatial Topology

Digital images are represented as discrete two-dimensional arrays of pixels, where each pixel
contains numerical values representing color or intensity information [47]. For grayscale
images, each pixel typically holds a single value ranging from 0 (black) to 255 (white),
while color images often use three channels (Red, Green, Blue) to represent the full-color
spectrum. In image segmentation tasks, binary masks are commonly used to represent the
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presence or absence of specific features, where pixels are assigned values of 1 to indicate
the presence of a feature and 0 for the background [48]. For instance, in agricultural field
boundary detection, a binary mask would have white pixels (value 1) marking the field
boundaries and black pixels (value 0) for non-boundary regions. This mask effectively
transforms the complex visual information of the field edges in the original image into a
simplified binary representation that highlights the topological structure of the boundaries.
This discrete representation transforms continuous real-world scenes into a finite grid of
numerical values that computers can process and analyze [49]. Figure 1.3 illustrates the
representation of a color image of agricultural fields along with the mask channel in a
two-dimensional space.

Figure 1.3: Digital image representation in two-dimensional space.

In the context of spatial imaging, this representation takes on additional significance.
By spatial images, we refer to any image where the location of objects and their spatial
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relationships can be described using a reference coordinate system, regardless of scale or
subject matter [48, 47]. This encompasses everything from microscopic images of cellular
structures to medical imaging and conventional Earth-based remote sensing data. In remote
sensing applications, the spatial resolution determines the ground sampling distance (GSD),
which represents the real-world size of each pixel [49]. For instance, a 10-meter resolution
satellite image means that each pixel represents a 10x10 m2 area on the ground. Similar
principles apply to any spatial imaging context, though the scale and reference systems
vary based on the subject being observed [48]. This relationship between pixel space
and physical space is maintained through appropriate spatial reference systems, whether
georeferencing for Earth observation imagery or local coordinate systems for microscopic
imaging, which enables the analysis of coherent features such as agricultural fields, urban
areas, or xylem cells in microscopic images of tree rings [48].

Topology in the two-dimensional digital space differs from classical mathematical
topology in a key aspect. While mathematical topology deals with continuous spaces
and transformations, digital topology operates on discrete pixel grids where connectivity
and neighborhood relationships become fundamental [50]. In digital images, topological
properties are typically defined through pixel adjacency and connectivity rules [51, 50].
The most common connectivity patterns are 4-connectivity (considering only orthogonal
neighbors) and 8-connectivity (including diagonal neighbors), which determine how
features are connected and how boundaries are defined [51]. The topological characteristics
of features in spatial images include [51]:

1. Connectivity: How pixels belonging to the same feature are connected, forming
continuous regions or networks.

2. Holes and Enclosures: The presence of complete boundaries that separate internal
regions from their surroundings.

3. Adjacency Relationships: How different features share boundaries or interact
spatially.

These topological characteristics are particularly important in remote sensing applications
where the accurate representation of spatial relationships is crucial [25]. For instance, in



8
agricultural field mapping, maintaining the connectivity of field boundaries and preserving
their relationships is essential for accurate area calculations and crop monitoring [28, 25].
Similarly, in urban feature extraction, the proper connectivity of road networks and
building footprints is vital for transportation planning and urban development analysis
[26].

The preservation of topological properties in digital image processing presents
unique challenges due to the discrete nature of pixel-based representation [51]. While
continuous topological transformations in mathematical topology preserve properties such
as connectivity and the number of holes, discrete operations on pixel grids must carefully
maintain these properties through specific algorithms and constraints. This becomes
particularly challenging in tasks such as image segmentation and feature extraction, where
the goal is to identify and delineate continuous features from discrete pixel data while
preserving their topological characteristics [51].

1.3 Topology and Image Analysis

Topology is a branch of mathematics that studies properties of geometric objects that
remain unchanged under continuous deformations such as stretching, bending, and twisting,
but not tearing or gluing [52]. This concept is elegantly illustrated in Figure 1.4, which
shows the topological equivalence between a coffee mug and a doughnut (torus) [3].
The sequence demonstrates the gradual deformation (function f) of a coffee mug into
a doughnut shape, and its reverse transformation (function g) back to a mug. From a
topological perspective, both objects are equivalent because they each have exactly one hole
- the handle of the mug corresponds to the hole in the doughnut. This property, known as
the genus of the surface, remains invariant throughout the transformation [3]. This famous
"mug-to-doughnut" transformation demonstrates one of topology’s fundamental concepts:
it is not the exact shape (geometry) that matters, but rather the fundamental structural
properties that persist under continuous deformation [52, 50, 3].
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Figure 1.4: Persistence of topological features under continuous deformation showing
topological equivalence between a coffee mug and a torus [2, 3].

In the context of image analysis, topology provides a framework for understanding
and preserving the structural relationships between different parts of an image, such as
connectivity, holes, and boundaries [53, 54]. These topological features are essential for
maintaining the integrity of segmented structures and generated images, particularly in
applications where accurate representation of spatial relationships is crucial [45].

Topological accuracy in image generation and segmentation

Topological accuracy varies in definition depending on the field, such as graph theory or
computer science. In models for image semantic segmentation, it typically denotes the
maintenance of topological relationships between the original image and its segmented
output [17, 18, 55]. Figure 1.2 illustrates this concept in the context of agricultural field
boundary segmentation, where a satellite image is processed to extract field boundaries.
The comparison between the ground truth mask and predicted mask demonstrates
how segmentation models must preserve the topological structure of field boundaries,
maintaining proper connectivity and avoiding breaks or discontinuities in the boundary
lines.

On the other hand, in the realm of image generation where there is no actual image to
compare with each synthetic output, topological accuracy primarily concerns connectivity.
This means it is crucial to ensure that elements expected to be continuous, such as roads
or borders of agricultural fields, remain uninterrupted in the synthesized data [15, 16, 56].
In the ChatGPT example shown in Figure 1.1, while the overall visual appearance of the
wheel is realistic, several spokes (highlighted in red circles) appear disconnected or dangling.



10
These topological errors in the spoke connections violate the structural integrity expected
in a real bicycle wheel, where all spokes should form continuous connections between the
hub and rim, demonstrating how even visually appealing generated images can contain
fundamental structural inconsistencies. The importance of topology in image generation
and segmentation tasks can be understood from several perspectives:

1. Structural Preservation: Topological features help maintain the structural
integrity of generated or segmented images, ensuring that critical relationships
between different parts of the image are preserved [57, 4].

2. Scale Invariance: Topological properties remain consistent across different scales,
making them particularly valuable for analyzing complex structures in medical
imaging, remote sensing, and other domains where features may appear at multiple
scales [24, 38].

3. Robustness to Noise: Topological methods can distinguish between significant
structural features and noise, helping to produce more reliable segmentation results
and higher-quality synthetic images [43, 58].

4. Quality Assessment: Topological metrics provide meaningful measures for
evaluating the quality of generated images and segmentation results, particularly
in cases where traditional pixel-based metrics may not capture important structural
properties [4, 59].

The integration of topological constraints into deep learning models represents a
significant advancement in computer vision, enabling more accurate and structurally
consistent results in both image generation and segmentation tasks. This is particularly
relevant in applications such as medical imaging, where preserving the connectivity of
anatomical structures is crucial, and in remote sensing, where maintaining the integrity of
geographic features is essential for accurate analysis [40, 41, 42].

1.4 Background

Image semantic segmentation, also referred to as image segmentation in this proposal,
involves separating an image into non-overlapping regions that completely comprise the
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image, enabling boundary delineation and identification of areas of interest critical for
downstream processing [60]. Prior to the advent of deep learning, traditional machine
learning methodologies demonstrated commendable accuracy in image segmentation tasks
[61, 62, 63, 64]. These methods, however, necessitated extensive feature engineering,
which involves the process of selecting, modifying, and creating relevant features from
raw data to enhance the performance of machine learning algorithms, making it complex
and task-specific [65]. In contrast, deep convolutional neural networks, such as Fully
Convolutional Networks (FCN), have the capability to autonomously learn hierarchical
features directly from the data, thereby eliminating the need for manual feature engineering
[11]. This shift has been propelled by advancements in computational power and the
increased availability of large training datasets [11]. Consequently, these deep learning
approaches have gained widespread popularity and have been recognized for delivering
marked improvements in accuracy across a variety of segmentation tasks, surpassing the
performance of previous conventional methods [66, 67].

Advances in computer vision and the pivotal role of image segmentation have paved
the way for breakthroughs across various scientific domains in areas as diverse as robotics
[68, 69], remote sensing [12, 10, 70], and biomedical imaging [71, 72]. However, accurately
partitioning images into distinct segments or classes remains a considerable challenge [73].
Difficulties are especially evident for significantly class-imbalanced data where minority
classes, such as boundary pixels in remote sensing, are disproportionately penalized for
misalignments [73].

Current segmentation models are often trained using loss functions that compare ground
truth and prediction images via metrics such as Dice score and Intersection over Union
(IOU). These may inadequately capture the topological properties of image features. A
slight shift for a linear feature gets fully counted as false positives, significantly reducing
accuracy. Incorporating topological relationships into loss functions could alleviate
limitations for imbalanced data. This represents an area requiring further investigation
[73].

Topology is a field in mathematics focused on preserving geometric relationships
between objects under continuous deformations, rather than specific metric distances or
dimensions [53]. Independent of precise metrics, topology shares conceptual links with
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spatial descriptions in language and geography that rarely reference exact magnitudes or
directions [54]. In GIS, topology refers to the spatial relationships and rules that govern how
points, lines, and polygons share coincident geometry within geospatial data [53]. While
geometry deals with continuous coordinate-based representations, topological approaches
in GIS facilitate efficient modeling and analysis of spatial entities based on their connections
and adjacencies rather than precise size or shape [74].

Incorporating topological constraints and relationships into image segmentation
frameworks could enable more robust learning for tasks such as delineating linear features
by preserving the notion of adjacency instead of strictly penalizing minor localization
errors. This provides scope for significant improvements in accuracy, especially for minority
imbalanced classes [75, 7, 73, 4]. However, the challenges of intricate structures, whether
it be the delicate weave of human cell membranes, xylem cells, or the intricate sprawl
of urban roadways and interwoven structure of agricultural fields in the Middle East,
expose the limitations of contemporary methods [76, 77]. This dissertation delves into
the intricate balance between geometric precision (how accurately the predicted shapes
and their size and area align with the true object [78]) and topological accuracy of image
segmentation, aiming to enhance the overall efficacy of deep learning models. Building upon
this foundation, the following research questions guide the investigations in this proposal:

1.5 Research Questions

1. How can topological constraints be integrated into deep learning models to enhance
spatial image generation and segmentation?

2. To what extent can a topologically enhanced deep learning model impact spatial
and topological attributes when generating synthetic images of irregularly shaped
agricultural fields in Iran?

3. To what extent can a topologically enhanced deep learning model impact spatial
and topological attributes when delineating vessels in ultra-high-resolution tree-ring
dendrology images?
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1.6 Significance and Contributions

This research addresses critical gaps in image generation and segmentation tasks by
integrating topological constraints to improve the spatial coherence and structural integrity
of outputs. While deep learning models have significantly advanced segmentation and
generation accuracy, they often fail to preserve topological properties that are essential
for practical applications [15, 16, 17, 18]. This limitation impacts a wide range
of fields, including environmental monitoring, urban planning, medical imaging, and
dendrochronology, where fragmented boundaries and misaligned features can undermine
analysis and decision-making [28, 25, 12]. By incorporating topology-preserving methods,
the research aims to address topological accuracy in tasks with complex structures in
image generation and semantic segmentation tasks. The expected contributions of this
work include the development of novel methodologies that embed topological constraints
into deep learning models, striking a balance between geometric and topological accuracy.
These methods will be evaluated through a comprehensive framework that measures both
segmentation accuracy and the preservation of topological properties, offering a holistic
view of model performance. The tools and techniques developed will be applicable
across various domains, facilitating advancements in tasks such as remote sensing, medical
imaging, and climate studies through dendrochronology. By demonstrating the broad
applicability and transformative potential of topology-enhanced segmentation, this research
will not only advance the state of the art but also provide practical solutions to longstanding
challenges across interdisciplinary fields.

Research question 1, which addresses the incorporation of topological constraints,
comprises two main components in image generation and segmentation domains (Figure 1.5,
Section 1.5). The first component of research question 1, concerning topological constraints
in image generation models, is addressed in Chapter 3 through the development of
TopoSinGAN, a novel topology-aware generative architecture. Research question 2,
investigating agricultural field synthesis through topology-aware modeling, is also resolved
in Chapter 3 through experimental validation of TopoSinGAN.

The second component of research question 1, focusing on the implementation of
topological constraints in image segmentation models, is addressed in Chapter 4 with the
development of TopoSegNet, a scalable topology-aware segmentation framework. Research
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question 3, examining the segmentation of ultra-high-resolution tree-ring dendrology
images, is also addressed in Chapter 4 through the implementation of TopoSegNet.

Research questions 2 and 3 are further investigated in Chapter 5 through the
integration of TopoSinGAN and TopoSegNet methodologies. This synthesis enabled the
generation of synthetic training data to augment datasets for both agricultural field and
dendrology experiments. The augmented datasets facilitated additional validation of
findings through comprehensive experimentation, thereby strengthening the conclusions
for research questions 2 and 3.

Figure 1.5: An overview of the dissertation structure.



Chapter 2

Literature Review

2.1 Background & Literature Review

2.1.1 Integration of Image Semantic Segmentation and Generation

Image semantic segmentation and synthetic image generation stand as distinct yet
interrelated fields of study that underpin the practical applications of computer vision.
They encompass the techniques and methodologies necessary for the processing, analysis,
and synthesis of visual data (i.e., images) [79]. While distinct in objectives, these fields
have notable interplay. Segmentation models, being data-driven, rely extensively on dataset
availability and variability [80]. Synthetic data can thus boost segmentation accuracy by
providing abundant additional fake training images [80]. Further, synthetic images, being
perfectly labeled, allow for more control over data variability and domain generalization
with reduced labeling effort unlike real-world datasets [81]. However, synthetic images
often lack topological consistencies, as evidenced by discontinuities along generated region
boundaries, which can limit their utility [4]. Enhancing topology preservation within
synthetic data generation itself can alleviate this limitation [7, 26, 4].

Additionally, segmentation frameworks face difficulties fully separating fine-grained
spatial boundaries and patterns, especially in remotely sensed imagery covering vast regions
[75, 7, 26]. Incorporating topological constraints directly within segmentation models,
ensuring contiguity along detected edges, can improve boundary delineation without
requiring greater training data [75, 7].

15
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2.1.2 Image Semantic Segmentation

The field of semantic segmentation has greatly advanced with CNNs surpassing older
methods such as random forests and unsupervised algorithms in classifying image pixels.
The FCN [67] and the U-Net [6] have been particularly transformative. FCNs allowed
end-to-end training with significant performance boosts, while U-Net’s dual-path structure
became crucial in biomedical imaging, merging context learning with spatial detail
preservation. Subsequent models such as ResNet [82], SegNet [66], DeepLab [83] further
evolved the landscape of semantic segmentation, setting the stage for sophisticated
applications such as the precise delineation of agricultural fields from satellite imagery.

Deep learning has significantly advanced the delineation of agricultural fields from
satellite imagery. A fully convolutional network was utilized for the upscaling of field
boundaries from Sentinel 2 imagery, enhancing the resolution from 10 meters to 5 meters
in the Dutch landscapes [84]. A U-Net architecture was successfully implemented for
the separate demarcation of field areas and boundaries [85]. The cutting-edge field
boundary detection largely incorporates variations of U-Net integrated with advanced
features evidenced by the ResUNet-a used in [30], application of ResU-Net in [86], the
R2U-Net utilized by [87], and the DSCUnet developed by [88]. Further advancements in the
field have seen the integration of dilated or atrous convolutions, as explored by [89] and [90]
to gather multi-scale contextual information without compromising resolution. Attention
mechanisms, which model spatial dependencies and feature map channel interdependencies,
have also become critical. Models such as EncNet [91] and DANet [92] showcase the
effectiveness of attention in scene understanding. Concurrent developments include
employing graph neural networks for relational reasoning [93], multiple loss functions
for better supervision [94], and the fusion of multi-scale features [95]. Despite these
significant advancements, challenges remain in the field of semantic segmentation. These
include discontinuities in the boundaries generated by these networks [96]. Additionally,
Transformer-based models including the Vision Transformer (ViT) have revolutionized the
approach to image processing. ViT, employing Multi-head Self-Attention (MSA) blocks,
marks a departure from traditional CNNs but struggles in capturing high-frequency image
components [97, 98]. This limitation arises from ViT’s method of processing images, which
is less effective than CNNs in extracting local features. Integrated models combining CNN
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and ViT features, such as TransUNet [99] and HiFormer [100], have been proposed to
address this. However, these models face their own limitations, including computational
inefficiency and inadequacies in multi-scale information processing, often leading to less
effective network learning in applications such as remotely sensed image segmentation
[97, 101, 98].

2.1.3 Generative Adversarial Networks

Generative Adversarial Networks (GANs), introduced by [102], have significantly impacted
image synthesis, employing two convolutional networks, the generator and the discriminator,
in an adversarial process to produce fake images nearly indistinguishable from the real ones.
This capability has been leveraged for tasks such as image inpainting [103], image-to-image
translation [104], and generating synthetic training images to mitigate the shortage of
extensive datasets, particularly in image semantic segmentation [105].

Subsequent studies have incorporated GANs to enhance training for segmentation
models. For instance, synthetic medical images were generated using GANs for transfer
learning-based segmentation [106]. In another study, synthetic sky scenes for statistical
ground-truth mapping were produced using GANs [107]. In a study by [80] Segmentation
detail was significantly improved with a GAN framework, surpassing previous methods.
GANs with transfer learning and data augmentation have been employed for segmenting
microscopy images of iRPE1 stem cells, illustrating the diverse applications of GANs in
this domain [108]. Recently, a single-image-based synthetic data generator, SinGAN-Seg,
has been proposed to effectively produce medical image datasets, demonstrating its utility
in improving segmentation models where data is limited or sensitive [109]. Challenges in
synthesizing remote sensing images, which demand high visual fidelity and diversity due
to semantic similarity and data imbalance, have been addressed through a novel method,
CSEBGAN, which enhances the synthesis of remote sensing images by decoupling semantic
classes and employing a tripartite adversarial training scheme, proving effective in data
augmentation for image segmentation tasks [110].

1 Human induced pluripotent Retinal Pigment Epithelial
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2.1.4 Topological Integrity

Topological discrepancies in synthetically augmented training sets can compromise
segmentation model performance. This is particularly critical in fields requiring detailed
and accurate structural mappings, such as cartographic representation, intricate medical
imaging, and precision in robotic pathfinding. The high-stakes nature of these areas,
from the fine-tuned requirements of robotic movements to the faithful representation of
anatomical structures in medical imaging, underscores the need for flawless topological
consistency [4].

Persistent Homology

Persistent Homology (PH) techniques are esteemed for their precision in preserving
topological features of data, capturing essential attributes such as shape and connectivity.
These characteristics are crucial for the analysis of complex data structures. The
methodology systematically identifies consistent topological elements throughout various
spatial resolutions [45]. Studies, including the work by [7], have leveraged PH to
refine features such as loopiness in generated imagery. Yet, a notable drawback of PH
is its computational intensity. The approach necessitates multifaceted analysis across
numerous scales and dimensions, which can lead to extensive processing times. In the
worst-case scenarios, the computational complexity of PH algorithms may escalate to a
cubic proportion relative to the dataset’s size, symbolized as O(n3), where n represents
the quantity of data points or simplices being processed. Consequently, as the size of
the dataset grows, the time required for computation increases dramatically, potentially
making PH impractical for very large datasets [75, 4].

Other Topology Enhancement Endeavors

A layered approach to feature extraction was adopted, leveraging the strengths of a
ResNet50 architecture [26]. This system is uniquely tailored with a directional connectivity
label transformation that aims to fortify the integrity of topological representation. While
this approach marks a significant advancement, it also highlights a persistent gap in
achieving the dual goals of accurate segmentation and robust topological consistency.
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Separately, an innovative approach combining deep learning with heuristic search

strategies has been taken, exemplified by the incorporation of the A∗ algorithm to refine
topological anomalies [35]. This hybrid technique suggests a new direction for enhancing
topological accuracy through the synergy of AI and classical algorithmic approaches.
Further, Guo and Zhou (2023) have underscored the importance of data augmentation
in addressing topological challenges, such as the continuity of road networks obscured
by occlusions [56]. Their findings advocate for the adoption of data augmentation as a
strategy to strengthen the topological accuracy of segmentation models, particularly in
environments constrained by incomplete or obscured datasets.

2.2 Case Studies

This dissertation focuses on two primary case studies that address research questions 2
and 3: agricultural fields in Tehran Province, Iran, and gigapixel dendrological tree rings
(GMP) [111]. The agricultural fields dataset, addressing research question 2, presents
challenges in segmenting irregularly shaped field boundaries from satellite imagery in Iran.
The GMP dataset, addressing research question 3, provides ultra-high-resolution tree-ring
imagery to evaluate the effectiveness of our topology-aware approach in delineating
complex vessel structures in dendrology. These diverse case studies demonstrate the
broad applicability of our topologically-enhanced methods (further details in Section 4.6.1).
In Chapter 4, the evaluation is extended using CREMI-B [112] and DRIVE [113],
well-established benchmark datasets, to further assess segmentation performance on varied
and complex tasks, supporting the findings from both research questions through additional
validation.

2.3 Agricultural Fields

This case study utilizes a shapefile of agricultural field boundaries derived from precise
land surveys conducted with Total Station equipment in Tehran Province, Iran, situated
in the Middle East’s diverse landscape. The study area spans a geographic extent from
50◦25′10′′ W to 52◦27′5′′ E and 35◦43′38′′ N to 35◦0′12′′ S, encompassing approximately
19,500 km2. For the RGB imagery, 10-meter resolution remote sensing data from Sentinel-2
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was employed. The segmentation task in this region poses significant challenges due to the
irregular geometries and distinct topological layouts of the agricultural fields. These fields
feature heterogeneous patterns and thicker, uniformly distributed line features compared
to other datasets, adding to the complexity of satellite image segmentation. The dataset
consists of 447 images, each measuring 250 × 250 pixels with four channels, where the
fourth channel is a rasterized mask layer representing the boundaries of the agricultural
plots. This case study provides a robust testbed for evaluating the topological accuracy of
segmentation models in real-world agricultural applications.

2.4 Tree Ring Gigapixel Macro Photography (GMP)

The second case study involves a gigapixel macro photography (GMP) dataset, a subset of
the dataset collected by [111] which includes 1,000 high-resolution images measuring 175
× 240 pixels each. Captured at an ultra-high resolution of 19,812 dpi, the dataset was
manually cropped and annotated to include four channels: RGB and an annotated mask
layer that highlights xylem vessels in hardwood samples. With approximately 750 vessels
per 1 mm2, the complexity and density of these features make manual annotation arduous,
underscoring the need for automated deep learning solutions to advance dendrological
analysis. The line features in this dataset exhibit significant variation in thickness,
presenting additional challenges for segmentation models. By addressing these variations
and improving segmentation precision, this case study highlights the potential for deep
learning techniques to streamline the analysis of tree-ring data for applications in climate
science and forestry.

2.5 Evaluation Metrics

Figure 2.1 and Table 2.1 present an overview of the existing evaluation metrics for image
semantic segmentation and generation models utilized in this dissertation. Given the
limitations of these metrics in addressing specific use cases and objectives, this dissertation
introduces novel evaluation methods that are not included here but are detailed in
subsequent chapters.
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Figure 2.1: An overview of the existing evaluation metrics and baseline models (*: [4], **:
[5], †: [6], ††: [7]) used in this research and detailed in Table 2.1. Notably, quality metrics
for image generation differ fundamentally from those used in image segmentation tasks, as
generated images cannot be evaluated through pixel-wise comparison with ground truth
images, which are absent in generative frameworks.
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Table 2.1: The existing evaluation metrics used in this dissertation.

Metric Definition Use Case Limitations

Accuracy Ratio of correctly
classified pixels to
total pixels.

General performance
assessment in
balanced datasets.

Misleading for
imbalanced datasets;
doesn’t account for
spatial relationships.

Precision Ratio of true positives
to all positive
predictions.

Applications where
false positives are
costly (e.g., medical
diagnosis).

Doesn’t consider false
negatives; sensitive to
class imbalance.

Recall Ratio of true positives
to all actual positives.

Applications where
missing positive cases
is costly (e.g., tumor
detection).

Doesn’t consider false
positives; can be high
even with poor
precision.

IoU Area of intersection
divided by area of
union between
predicted and ground
truth segmentation.

Object detection and
segmentation
evaluation; standard
in computer vision.

May not capture fine
structural details;
sensitive to small
deviations in
boundary.

Dice 2× IoU/(1 + IoU). Medical image
segmentation; widely
used in healthcare
applications.

Similar limitations to
IoU; doesn’t account
for topological
correctness.

MMD Average minimum
distance between
points in two
distributions.

Comparing shape
distributions;
evaluating generated
vs. real data.

Computationally
expensive; may miss
global structural
differences.

Continued on next page
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Table 2.1 continued

Metric Definition Use Case Limitations

Betti-0 (β0) Number of connected
components in
segmentation.

Evaluating topological
correctness; ensuring
connectivity
preservation.

Only captures
component count;
doesn’t assess shape
or size accuracy;
sensitive to noise.

Betti-1 (β1) Number of loops in
segmentation.

Assessing preservation
of circular structures
and holes.

Doesn’t capture
higher-dimensional
topological features;
sensitive to noise.

FID Measure of similarity
between feature
distributions of real
and generated images
(used for GANs).

Evaluating quality of
generated synthetic
images (style transfer
assessment).

Requires pre-trained
network; may not
capture
domain-specific
features.



Chapter 3

TopoSinGAN: Learning a
Topology-Aware Generative Model
from a Single Image

3.1 Abstract

Generative adversarial networks (GANs) have significantly advanced synthetic image
generation, yet ensuring topological coherence remains a challenge. This paper introduces
TopoSinGAN, a topology-aware extension of the SinGAN framework, designed to enhance
the topological accuracy of generated images. TopoSinGAN incorporates a novel,
differentiable topology loss function that minimizes terminal node counts along predicted
segmentation boundaries, thereby addressing topological anomalies not captured by
traditional losses. We evaluate TopoSinGAN using agricultural and dendrological case
studies, demonstrating its capability to maintain boundary continuity and reduce undesired
loop openness. A novel evaluation metric, Node Topology Clustering (NTC), is proposed
to assess topological attributes independently of geometric variations. TopoSinGAN
significantly improves topological accuracy, reducing NTC index values from 15.15 to
3.94 for agriculture and 14.55 to 2.44 for dendrology, compared to the baseline SinGAN.
Modified FID evaluations also show improved realism, with lower FID scores: 0.1914
for agricultural fields compared to 0.2485 for SinGAN, and 0.0013 versus 0.0014 for

24
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dendrology. The topology loss enables end-to-end training with direct topological feedback.
This new framework advances the generation of topologically accurate synthetic images,
with applications in fields requiring precise structural representations, such as geographic
information systems (GIS) and medical imaging.

3.2 Introduction

Since its inception by [102], Generative Adversarial Networks (GANs) have revolutionized
image generation. At the core of GANs are two neural networks, a generator and a
discriminator, which are trained concurrently using a game theory strategy. This innovative
structure enables GANs to produce synthetic images that are nearly indistinguishable
from real ones. GANs have been applied in various domains, including unconditional
and conditional image synthesis [105], image inpainting [103], and image-to-image
translation [104]. They have been particularly valuable in generating training images to
address the scarcity of comprehensive datasets in image processing [105, 106, 107, 80, 108,
109]. However, dealing with diverse datasets that include multiple object classes, such as
ImageNet [114], remains challenging. This often requires training models tailored to specific
tasks, such as super resolution [115], inpainting [103], and retargeting [116]. Training GANs
typically demands large datasets, which can be resource-intensive. As a result, the focus
can shift to training generative models on a limited number of images, or even a single
image to capture unique characteristics and address data scarcity [5].

The innovative SinGAN [5] provides a unique approach by training a GAN on a
single image, focusing on unconditional image generation and harmonization. SinGAN
uses a multitiered and multiresolution method, beginning with training at low resolutions
such as 26 × 35 pixels. As training progresses through various scales, the generator’s
complexity increases, and the image resolution is enhanced. Each new scale builds on
the training from previous scales, with only the newly introduced layers being trained.
This multiscale architecture is illustrated in Figure 3.1. Building on this concept, the
SinGAN-Seg model [109] was developed to enhance SinGAN by adding a mask channel
to the conventional RGB channels. This modification has proven effective, particularly in
creating annotated images for medical segmentation tasks.
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Figure 3.1: ToposInGAN’s multiresolution architecture.

Despite their success in generating visually convincing images, these models struggle
with ensuring topological integrity in their predictions, which is crucial for applications
such as agricultural fields, detailed medical delineations, and robotics. The precise nature
of these tasks, whether they involve accurate robotic movements or detailed vascular
representations in medical imaging, requires high topological accuracy [76, 77].

To address this issue, we introduce TopoSinGAN. This model builds on the SinGAN
framework and incorporates a novel differentiable topology loss function. The core of this
loss function is its ability to identify and count terminals within the generated boundary
mask, where a terminal is defined as a boundary pixel with only one neighboring boundary
pixel. By reducing the number of these terminal nodes, TopoSinGAN aims to improve
topological accuracy. We further validate that this approach is differentiable, making it
suitable for optimization through backpropagation.
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3.2.1 SinGAN

The original SinGAN architecture, as referenced in [5], is notable for its ability to generate
synthetic data using a GAN model trained on a single image. The training process in
SinGAN employs an image pyramid, which consists of differently scaled versions of the
same input image, progressing from low to high resolution. In this hierarchical structure,
SinGAN creates a GAN pyramid, where each level corresponds to an image from the
image pyramid and undergoes training. SinGAN can input a three-channel RGB image
and generate a three-channel RGB output. The use of multiple scales enables the creation
of various synthetic versions of the input image across different resolutions. The number of
scales is determined by the dimensions of the input image. This approach allows SinGAN
to produce multiple synthetic variations from a single real image, illustrated in Figure 3.1
as a 1:N generation, where N represents the number of layers in the GAN pyramid.

Additionally, the intrinsic design and training mechanism of the SinGAN model
provide it with versatility, which has been utilized and modified in studies such as
SinGAN-Seg [109]. While SinGAN-Seg introduces modifications such as expanding to
four channels (RGB plus a segmentation mask), the core architecture and the image
pyramid-based training of the original SinGAN remain fundamental to its operation.
SinGAN relies on two central loss functions. The adversarial loss Ladv measures the
differences between patch distributions in the original image and the generated images.
It uses a Markovian discriminator, DN , that classifies patches as real or fake, similar to
patch-based GANs. This adversarial method employs the WGAN-GP loss, known for
its training stability, and focuses on the entire image, facilitating the learning of boundary
conditions [117]. Meanwhile, the reconstruction loss Lrec ensures the model can recreate the
original image using specific noise maps, with variations based on the scale to emphasize
the pixel-wise similarity between the original and generated images. The reconstructed
image further aids in determining the noises standard deviation across scales. While Ladv

and Lrec are effective at capturing visual details, they may neglect topological nuances,
which can present challenges in applications that require precise topological accuracy.
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3.2.2 The Need for Topological Accuracy

Topological accuracy can have different meanings across fields such as graph theory and
computer science. In image semantic segmentation models, it often refers to preserving
the topological relationships between the input image and the predicted mask [17, 18, 55].
However, in the context of GANs, where there is no real image corresponding to each
generated image for direct comparison, topological accuracy is generally defined by
connectivity. This involves ensuring that objects expected to be connected, such as
roads or agricultural field boundaries, do not display disconnections in the generated
datasets [15, 16, 56]. Similarly, in this study, we define topological accuracy as minimizing
open loops in the generated images. The case studies presented here, agricultural fields
and dendrology data, involve scenarios where the generated masks should consist entirely
of closed loops, as both agricultural fields and xylem cells in dendrology images are
expected to appear as fully enclosed regions. Thus, our research focuses on reducing these
discontinuities and enhancing the topological integrity of the generated masks.

Ensuring topological accuracy is crucial in GAN applications across various domains.
While GANs are highly effective at generating visually compelling outputs, they may
overlook the intrinsic structure and connectivity of linear features that define the topology.
This distinction from geometric representations is critical. In contexts such as road network
mapping or medical imaging, maintaining topological accuracy in GAN outputs is essential
to prevent the misrepresentation of crucial structures. For instance, an inaccurately
depicted road junction in an autonomous driving map or an incorrect representation of
a neuronal pathway in a medical image can have serious consequences [59]. Therefore,
maintaining topological accuracy in GAN outputs not only preserves the interconnected
nature of the data but also enhances the reliability and practical utility of the models in
real-world applications.

Attempts to improve the structural coherence of generated images began soon after
the introduction of GANs. The work by Arjovsky and colleagues [118], introducing
Wasserstein GAN (WGAN), was an early example of this direction. WGAN aimed to
improve training stability and address issues such as mode collapse by minimizing the
Earth Mover (Wasserstein) distance, offering a more stable optimization process compared
to traditional GANs. In the domain of GANs that emphasize geometry, several models
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have been developed to capture and utilize geometric nuances from images. For example,
geometricGAN [119] integrates the expansive margin principle from SVMs to guide both
discriminator and generator training. Similarly, Localized GAN (LGAN) [120] utilizes local
coordinates to focus on the specific geometry of the data manifold. GAGAN [121] is notable
for its application to facial image generation, drawing on established facial geometries.
Meanwhile, GcGAN [122] enforces geometry-consistency regulation to preserve the inherent
semantics of images, limiting geometric modifications to simple rotations and flips.

Recent advancements further highlight the integration of topological features in GAN
models to enhance their application across different fields. The TR-GAN framework,
for instance, improves retinal artery/vein (A/V) classification by employing a topology
ranking discriminator and triplet loss, which significantly enhances vessel connectivity,
outperforming conventional methods on the AV-DRIVE dataset [123]. TW-GAN further
advances A/V classification by incorporating both topology and vessel width awareness,
markedly improving performance on datasets such as AV-DRIVE, which is crucial for
diagnosing conditions such as hypertension and diabetes [124]. Similarly, Liu and
colleagues [125] employed a hierarchical architecture to extract and preserve both local
and global graph features, leading to more accurate graph reconstruction.

Recently, the application of persistence homology (PH) in learning topology-aware
studies has gained attention [4, 7, 75]. TopoGAN has recently been proposed by [4].
TopoGAN is the pioneering GAN model that explicitly learns the topology of real images,
such as connectedness and loops, by introducing a novel topological loss function based
on PH. Their approach showed improvements in preserving the topological integrity of
generated images [4]. In another study, the authors developed PHGAN that enhances image
generation by incorporating topological features from PH into a GAN. These topological
features capture global structural information, which is combined with convolutional
features in the discriminator. The topological features extracted by a PH module transform
into vectors that are fed into the network [126].

Although PH is a significant tool in topological data analysis (TDA) for addressing
inaccuracies in GANs, its integration presents challenges. PH-based methods focus
primarily on features such as connected components and loops, often overlooking other
crucial aspects such as terminal nodes or disconnections in the generated masks. An
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example is a bicycle wheel with a missing spoke compared to one with a dangling spoke. In
terms of TDA and PH, these configurations are treated as topologically identical because
they present the same connected components and loops. However, from our perspective,
the presence of a dangling spoke (i.e., a terminal node) is a critical difference that indicates
an issue embedded in the structure. This limitation makes the application of PH in
GANs less appropriate for certain cases where disconnections are considered important.
In addition, the computational demands of PH can be substantial, especially with large
datasets, potentially reaching O(n3) in complexity [4, 7, 75].

3.3 Materials and Methods

3.3.1 Topology Loss Algorithm

A differentiable topology loss was developed to evaluate the number of terminal nodes
present in the generated boundary mask. This loss was integrated into the SinGAN
architecture as an auxiliary loss term, Ltopo for the generator. Equation (3.1) shows all
three terms of the loss function. In this equation, λ1, λ2, and λ3 represent the coefficients
of the loss terms, which can be adjusted manually:

Loss = λ1Ladv + λ2Lrec + λ3Ltopo (3.1)

We propose Ltopo that primarily focuses on minimizing the presence of terminal nodes
in the generated mask. The algorithm consists of three components as follows.

I Soft Thresholding with Sigmoid Function (σ(x))

To detect terminals, the input mask (M) undergoes a custom sigmoid function σ(x),
resulting in a soft binarization of the tensor. σ(x) acts as a soft thresholding
mechanism ensuring continuity across the entire domain. The mathematical
representation is as follows:

σ(x) =
1

1 + eα(β−x)
(3.2)
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lim
x→∞,α>0

σ(x) =


1, x > β

0.5, x = β

0, x < β

(3.3)

lim
x→∞,α<0

σ(x) =


0, x > β

0.5, x = β

1, x < β

(3.4)

where β is the threshold point and α is the thresholding slope. The sigmoid function
is smooth and differentiable across its entire domain, ensuring that its gradient can
be computed. Specifically, the derivative of σ(x) with respect to x is given by:

dσ(x)

dx
= α · σ(x) · (1− σ(x)) (3.5)

II Detection of Terminal Nodes via Convolution

After applying the sigmoid function, the soft-binarized mask M ′ = σ(M) is
convolved with a set of eight fixed kernels, K1,K2, . . . ,K8, which are depicted in
Figure 3.2. These kernels are specifically designed to target the eight main cardinal
and intercardinal directions in a 2D space (north, northeast, east, southeast, south,
southwest, west, northwest). Empirically, the use of these kernels has proven effective
in identifying discontinuities, thereby enhancing the model’s ability to evaluate
topological performance. This evaluation is integral to the core of the developed
loss function, enabling the application of corrective penalties during the training
phase for improved topological accuracy.

Ci(M
′) = M ′ ⊗Ki (3.6)

where ⊗ denotes the convolution operator. The convolution operation is differentiable,
and thus, gradients can be propagated through this layer.

III Loss Computation

The topology loss is computed as:

Ltopo =
1

8

8∑
i=1

∑
(x,y)

Ci(M
′)x,y (3.7)
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where Ci(M

′)x,y represents the value of the convolution output at position (x, y).
Since convolution and summation are linear operations, Ltopo remains differentiable
with respect to M ′. For each convolution operation, the gradient of the loss Ltopo

with respect to M ′ is computed using the chain rule:

∂Ltopo
∂M ′ =

8∑
i=1

Ki ⊗
∂Ltopo
∂Ci(M ′)

(3.8)

The final gradient of the topology loss with respect to the original mask M is:

∂Ltopo
∂M

=
∂Ltopo
∂M ′ · ∂M

′

∂M
(3.9)

Since both components are differentiable, the overall gradient is well-defined, and the
optimization function can be represented as:

θ∗ = argmin
θ

Ltopo(θ) (3.10)

where θ represents the parameters of the model and θ∗ is the optimal set of parameters
that minimize the loss.

Including Ltopo in the model’s training process is conditional on the scale belonging
to the second half of the GAN pyramid, which in our case studies corresponds to level
four and beyond, as we had a total of eight levels according to the dimensions of the
input image. This implementation strategy is based on empirical results indicating that
introducing the topology loss at earlier stages can disrupt the learning of foundational
features. By applying Ltopo starting from the second half of the pyramid, the model
has already developed basic structures, allowing Ltopo to effectively enhance topological
accuracy without impeding initial convergence. The architecture of the developed loss
function is depicted in Figure 3.3.
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(a) Terminal node detector
kernels.

(b) Detected terminal nodes overlaid with
binary mask.

Figure 3.2: (a) The eight 3 × 3 convolution kernels employed in the topology enhancer
loss. Dark pixels represent 1 s and 0 s otherwise. (b) The convolution kernels’ performance
for topology loss. The output of the kernel convolution (highlighted points) is overlaid on
the input tensor for better visualization.

Figure 3.3: The architecture of the developed loss function.
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3.3.2 Evaluation

Node Topology Clustering (NTC)

GAN evaluation metrics focusing on the topological structure of the synthetic images
are rare. Conventionally, pretrained CNN-based models [127] are used to evaluate the
quality of images generated by GANs. Inception score (IS) [128] and Frechet Inception
Distance (FID) [21] are common methods of this type. IS calculates the Kullback–Leibler
divergence between the conditional and marginal class distributions across the generated
data. Likewise, FID uses an Inception network pre-trained on ImageNet to map images into
a feature space [13]. These models are biased toward the Inception models feature space,
while the topological properties are not guaranteed to be preserved in the feature space [4].
Therefore, recent evaluation metrics have been developed to focus more on the topological
structure of the generated images to provide a more reliable quantitative description of the
model performance [59, 4]. These metrics are mostly based on topological data analysis
(TDA), which generally uses persistent homology (PH) to measure the similarity of the
distribution of persistence diagrams for real and generated images.

However, while PH-based metrics focusing on topology can provide reliable evaluations,
they have limitations. These metrics are typically based on the birth and death of holes and
simplices at different scales, forming the final barcodes. Consequently, the formation of
these barcodes is influenced not only by topological relationships but also by geometric
properties such as shape and size [129, 130]. In the context of GANs, the inherent
stochasticity produces diverse images, which may include both geometric and topological
variations. Moreover, TDA- and PH-based evaluation methods, such as Betti number
error, are not well-suited for assessing models like ours, which consider the presence of a
terminal node as a topological “error”. TDA primarily focuses on features such as connected
components and holes without explicitly accounting for terminal nodes, which we consider
critical in evaluating topological accuracy. Therefore, relying solely on TDA-based metrics
may not fully capture the quality and variability of the generated images. In this paper,
we propose Node Topology Clustering (NTC), a novel topology-aware metric to evaluate
the performance of GAN models focusing on topology and structural integrity.

The NTC calculation begins with converting the input binary mask into an undirected
graph. In this graph, nodes represent critical points such as terminals and junctions, and
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edges represent the connections between these points using straight lines. Nodes with a
degree of one, referred to as terminals, are of particular interest because they indicate
points of disconnectivity within the graph. Using these terminal nodes, we define a new
measure called Terminal Distance (TD), which captures the distance from each node to its
nearest terminal (Figure 3.4).

Definition 1 (Terminal Distance (TD)). The Terminal Distance (TD) quantifies the
geodesic distance [131] in a graph, derived from a binary image mask, between each node
and its nearest terminal node. Let G be an undirected graph constructed from a binary mask
M , where nodes represent critical points such as terminals and junctions. The Terminal
Distance TD(v) for a node vs. ∈ G is computed as:

TD(v) = min
t∈T

d(v, t) (3.11)

where T is the set of all terminal nodes and d(v, t) is the geodesic distance between nodes
v and t.

Figure 3.4: Illustration of defined terminal distance (TD) in a simple graph.

Using the TD values and the graph’s adjacency matrix, a local Moran’s I clustering
analysis, also known as Local Indicators of Spatial Association (LISA) [132], is conducted to
identify patterns and clusters based on topological relationships among nodes. This analysis
categorizes nodes into High-High (HH), Low-High (LH), Low-Low (LL), and High-Low
(HL) clusters, reflecting nodes with similar or contrasting TD values and their neighbors
with a significance level of 95%. Due to the nature of the TD metric, the input graphs must
have at least one terminal node. To ensure this, we randomly connected a single terminal
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node to each graph. In Appendix A.1, we demonstrate that the addition and position of
this terminal node do not significantly affect the functionality of the proposed evaluation
metric (Table A.1). Since the predicted masks may have different node counts, we normalize
cluster sizes into percentages. Finally, the NTC index is measured by calculating the
multidimensional Euclidean distance between the four LISA cluster values of the predicted
mask and the ground truth (GT) mask. This Euclidean distance reflects differences in the
LISA attributes in multidimensional space, not spatial features.

To evaluate the significance of our proposed NTC topological features, we created
graphs in seven groups of extreme cases based on the topological distribution of terminal
nodes in a two-dimensional grid of 15 by 15 nodes. These cases include random,
dispersed, clustered, clustered-star, clustered-web, isolated edges, and randomly split-edge
distributions, detailed in Appendix A.2, Figure A.1. We generated 1000 instances of each
group. We used Support Vector Machines (SVM) [133] with 10-fold cross-validation to
ensure consistency with previous studies that developed feature extraction methods for
graph structural clustering [134, 135]. We employed a suite of five network metrics including
network density, average clustering coefficient, transitivity, modularity, and assortativity,
as proposed by [134]. Network density measures the ratio of actual connections to possible
connections, indicating how interconnected the network is [136]. The average clustering
coefficient indicates the degree to which nodes cluster together, offering insights into tightly
connected groups [137]. Transitivity assesses the probability that adjacent nodes are
interconnected, indicating global clustering [138]. Modularity measures the strength of
division into communities, and assortativity evaluates the tendency of nodes to connect
with others of similar degrees, highlighting hierarchical structures [139].

Additionally, we calculated interval probabilities, known as Degree Distribution
Quantile Concentration (DDQC) features, to provide a detailed view of the degree
distribution within the network [134]. DDQC, by segmenting node degrees into specific
intervals based on statistical properties such as the mean and standard deviation,
generates a histogram quantifying the proportion of nodes in each interval. These interval
probabilities normalize the histogram values and offer a probabilistic perspective of how
node degrees are distributed across the network. Later in this paper, we use these graph
features to measure the similarity of graphs generated by GAN models.
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Modified Fréchet Inception Distance (FID)

In this work, we employed a modified version of the Fréchet Inception Distance (FID) [21]
to evaluate the quality of the images generated by TopoSinGAN compared to those from
the baseline SinGAN. This modification accounts for having only a single real input
image alongside multiple generated images. Feature representations were extracted using a
pre-trained InceptionV3 model for both the real and generated images, and the mean and
covariance of these activations were computed accordingly.

Next, we calculated the mean and covariance of the activations for both the real image
and the generated images. Since there was only one real image, its covariance matrix was
set as the identity matrix of appropriate dimensions to ensure a valid comparison. The
modified FID score was then computed by measuring the distance between the means
and covariances of the real and generated activations, incorporating the Fréchet distance
formulation. To handle numerical issues arising from the matrix square root calculation
in the covariance product, adjustments were made to work with real components only
if complex values appeared. This modified approach enabled us to evaluate the quality
and diversity of generated images relative to the single reference image in a statistically
meaningful manner.

3.3.3 Experimental Setup

For this research, we considered two experiments to showcase the practicality of the
developed model. These two experiments include an agricultural fields’ image, and the
second experiment uses a dendrology image. We also use the CREMI [111] dataset to
compare our model with TopoGAN [4] and WGAN.

Agricultural Fields

For this experiment, we used a 175 × 240 pixel 3-meter resolution XYZ tile downloaded
using QGIS 3.34.0 software from agricultural fields of Tehran province, Iran. This
image contains red, green, and blue (RGB) channels. We manually annotated the image
delineating agricultural fields in the image and appended it as the fourth channel to this
image. Notably, the agricultural plots within this region present considerable variation
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in shape and size, making them intricate subjects for accurate prediction. This study
area is especially challenging given the intrinsic differences in field geometries, topological
arrangements, irrigation systems, and the diverse range of crops.

Dendrology

In our research, we employed a single gigapixel macro photography (GMP) image,
measuring 175 × 240, as developed by [111]. This image, a part of a large dataset
featuring an ultra-high resolution of 19,812 dpi, was manually cropped and annotated. It
encompasses a four-channel composition, including RGB and an additional mask channel
that delineates cellular structures of xylem vessels in hardwood tree sections. In the
field of dendrology, such images are invaluable, offering insights ranging from tree age
to environmental adaptations, as discussed by [140]. A typical 1 mm2 area of a tree ring
contains approximately 750 vessels, presenting significant challenges in manual delineation.
This complexity underscores the necessity of leveraging deep learning methodologies for
efficient and accurate data synthesis in dendrology studies.

3.3.4 System Setup

System Configurations

In our study, we utilized the high-performance computing resources of the Minnesota
Supercomputing Institute (MSI). The computational backbone of our research was
supported by the NVIDIA A100 GPU (NVIDIA, Santa Clara, CA, USA) on the Agate
cluster, specifically within the a100-4 partition. For reproducibility purposes, detailed
documentation about the system configuration can be found at their website [141].

Training Procedure

Our training framework employs a multiscale approach. It starts at a base scale and
progressively refines through larger scales. This progression is parameter-controlled, which
defines the number of scales and when to stop refining. The Discriminator is trained
with both real and synthetically generated images, incorporating traditional adversarial
training steps and a gradient penalty for stability. The Generator is then trained to produce
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images that increasingly challenge the Discriminator’s detection capabilities. Additional
loss functions, such as topological and reconstruction losses, are applied conditionally based
on the scale and training parameters. Coefficients λ1, λ2, and λ3 in the loss function
(Equation (3.1)) were set to 10, 5, and 0.145, respectively, in our experiments. These values
were determined through extensive hyperparameter tuning, carefully balancing adversarial,
topological, and reconstruction components to preserve topological features and maintain
overall image quality, as reflected in improved NTC scores discussed in Section 3.4.2. In
Section 3.4.5, we provide a more detailed discussion on the hyperparameter tuning process
for λ3.

3.4 Results

3.4.1 NTC-Based Graph Classification

The graph classification results, as depicted in Figure 3.5, illustrate the performance of
different feature sets in categorizing graph structures using a Support Vector Machine
(SVM) classifier. The “Features” set, which includes basic network attributes, achieved an
accuracy of 71.35%. The addition of Degree Distribution Quantile Concentration (DDQC)
features, labeled as “Features + DDQC”, significantly improved the classification accuracy
to 94.73%. The addition of Node Topology Clustering (NTC) features shown as “Features
+ DDQC + NTC” achieved the highest accuracy of 98.39%. These results suggest that
incorporating NTC graph features enhances the model’s ability to distinguish between
different graph categories with disparate topological structures.
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Figure 3.5: The result of SVM graph classification using different feature sets.

3.4.2 TopoSinGAN Performance Evaluation Using NTC

The qualitative evaluation of synthetic images generated by SinGAN and TopoSinGAN
reveals notable differences, as illustrated in Figure 3.6. While SinGAN outputs visually
resemble the input images, they exhibit topological inaccuracies upon closer inspection.
These inaccuracies include discontinuities along field boundaries and isolated line segments
within the generated masks. Such anomalies pose a risk to applications that depend on
precise topological structures.

In contrast, TopoSinGAN demonstrates improved topological coherence. It maintains
the continuity of agricultural field boundaries without introducing unintended gaps.
Additionally, it minimized the number of abnormally isolated line segments within fields.
Quantitative assessment using the NTC metric reveals a substantial improvement in
accuracy with TopoSinGAN. Specifically, for agricultural and dendrology cases, the NTC
indexes between the GT and the 1000 generated images were 15.15 and 14.55, respectively,
for SinGAN. These distances are significantly reduced to 3.94 and 2.44 with TopoSinGAN.
Lower NTC values indicate higher topological accuracy, thereby demonstrating the
effectiveness of TopoSinGAN in enhancing topological coherence. The detailed NTC
evaluation results are summarized in Table 3.1.
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Table 3.1: Measured NTC indexes for 1000 synthetic images.

SinGAN TopoSinGAN
Mean STD Mean STD

Agricultural 15.15 3.41 3.94 1.81
Dendrology 14.55 3.07 2.44 1.35

Figure 3.6: The outputs of the SinGAN and TopoSinGAN models trained on a single real
image for agricultural fields and dendrology experiments. The red frame highlights the
TopoSinGAN results, emphasizing the improved topological accuracy in comparison with
SinGAN.

To further evaluate the performance of our model and facilitate comparison with
existing approaches, we conducted experiments using the CREMI dataset, assessing the
results through the NTC metric compared with the TopoGAN and WGAN models. The
comparative results are summarized in Table 3.2. Our model demonstrated improved NTC
scores, recording an NTC of 8.15, compared to TopoGAN, which achieved an NTC of 11.05.
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The WGAN and plain SinGAN models recorded similar NTC scores of 15.76 and 15.46,
respectively. Additionally, Figure 3.7 presents sample generated masks produced by each
model, visually comparing their performance.

Table 3.2: NTC evaluation of TopoSinGAN in comparison with other models on the
CREMI dataset.

SinGAN WGAN TopoGAN TopoSinGAN
Mean STD Mean STD Mean STD Mean STD

CREMI 15.46 2.86 15.76 2.77 11.05 2.80 8.15 2.01

Figure 3.7: Sample outputs generated by TopoSinGAN and other GAN models. The
single input used for the SinGAN and TopoSinGAN training is displayed on the left, while
WGAN and TopoGAN were trained using the CREMI dataset. The red frame highlights
the outputs of the TopoSinGAN model, showcasing its topological consistency relative to
other models.

3.4.3 Modified FID Evaluation

The experiments were performed on both case studies, dendrology, and agricultural fields,
with the TopoSinGAN and the baseline SinGAN models trained on each input image for 10
runs, generating 1000 synthetic images per experiment. The measured average FID values
were recorded in Table 3.3.
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Table 3.3: Average FID values over 10 runs for 1000 synthetic images per model for each
case study.

SinGAN TopoSinGAN
Mean STD Mean STD

Agricultural 0.2485 0.0086 0.1914 0.0083
Dendrology 0.0014 0.0013 0.0014 0.0018

As shown in Table 3.3, the average FID for the agricultural fields image, TopoSinGAN
achieved an average FID value of 0.1914, compared to 0.2485 for the baseline SinGAN.
The agricultural fields’ image is characterized by significant variations in color, texture,
and geometric patterns, leading to inherently higher FID values. The lower FID
score for TopoSinGAN suggests that the topologically improved model produced more
realistic images compared to SinGAN. Specifically, TopoSinGAN’s ability to preserve
topological structures while maintaining visual diversity led to a reduction of 0.0571 in FID,
demonstrating its effectiveness in generating images with enhanced topological accuracy
while retaining natural variation.

The average FID for the dendrology experiment with TopoSinGAN was 0.0013, while
the baseline SinGAN produced a similar value of 0.0014. Given the inherent similarity in
the structure and geometry of xylem cells in the dendrology image, small FID values are
expected. The similarity between the two models indicates that TopoSinGAN maintains
the structural fidelity of the generated xylem images.

3.4.4 Comparative Efficiency Analysis

To assess the efficiency of our method relative to the original SinGAN model, we conducted
experiments where the model processed input images of varying dimensions: 175 × 240,
350 × 400, and 500 × 500. The SinGAN models architecture, dictated by a scale factor
parameter set by default to 0.75, generated 8, 11, and 12 scales for the respective image
dimensions. At each scale of the pyramid, the training process ran for 1000 iterations.
In all three experimental setups, topology loss was deliberately excluded during the first
four scales to allow the model to form basic topological features without constraints. It
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was then introduced at finer scales (5–12) to refine the details while preserving structural
integrity. All other configurations and parameters remained consistent with those detailed
in Section 3.2.1. The experiment involved running the model on each image size ten times.
Table 3.4 outlines the average recorded execution times for each configuration. On average,
our TopoSinGAN model demonstrated an approximate 9.41%, 7.29%, and 5.98% increase
in training time compared to the baseline SinGAN model for 175 × 240, 350 × 400, and
500 × 500 dimensions, respectively.

Table 3.4: The results of comparative performance analysis.

Input
Dimensions

Pyramid Scales SinGAN
(minutes)

TopoSinGAN
(minutes)

175 × 240 × 4 8 20.93 22.90
350 × 400 × 4 11 65.13 69.88
500 × 500 × 4 12 108.11 114.58

3.4.5 Hyperparameter Tuning of λ3 for CREMI Experiment

According to our experiments, the value of λ3, the coefficient of Ltopo in Equation (3.1),
depends on factors such as input image dimensions and the density of line features in the
real mask. Therefore, hyperparameter tuning is crucial for each case study. Figure 3.8
shows the tuning process of the λ3 parameter for the CREMI experiment. In this
experiment, we gradually increased λ3 by 0.2, starting from 0 (baseline SinGAN), while
keeping the other two hyperparameters constant, and recorded the average FID and NTC
values for each trial.

In Figure 3.8, the blue line represents FID scores, which are initially low for SinGAN.
As λ3 increases to 0.2, the FID worsens to 0.1801, while the NTC slightly improves to 14.9.
The best balance of FID and NTC occurs at λ3 = 0.4, with FID at 0.1127 and NTC at
8.15. When λ3 is further increased to 0.6, NTC decreases to 6.91, but the FID jumps to
0.15, indicating a negative impact on the realism of the generated contexts. At λ3 = 0.8,
this trend continues, with NTC dropping to 6.02 and FID rising sharply to 0.21. It is
important to note that higher values of λ3 lead to model divergence.
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Figure 3.8: Tuning of the λ3 parameter for the CREMI experiment, showing its impact on
FID (blue line) and NTC (red line). The best balance between FID and NTC is achieved
at λ3 = 0.4 for this experiment.

3.5 Discussion

The research presented demonstrates the effectiveness of TopoSinGAN in enhancing
topological accuracy through its integrated topology loss function. Unlike conventional
losses, such as adversarial or reconstruction losses [5, 142], the topology loss optimizes
for lower terminal counts using its specialized convolutional kernels. This approach allows
TopoSinGAN to minimize topological anomalies that could otherwise go unnoticed, thereby
addressing a critical need in applications requiring high topological integrity. While
SinGAN retains visual similarities, structural discrepancies can arise without dedicated
topological supervision, which TopoSinGAN successfully mitigates by penalizing these
errors.

A key feature of the topology loss function is its full differentiability, which facilitates
end-to-end training via backpropagation. This seamless integration within the training
cycle enables direct optimizations based on topological feedback, surpassing methods that
rely solely on post-processing. The end-to-end nature of this approach ensures that
topological feedback is continually refined throughout the training process, leading to more
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robust and accurate models. Furthermore, our study introduces a novel GAN evaluation
metric focused purely on the topological attributes of the images, excluding geometric
variations. This metric, termed the NTC score, provides a more realistic judgment of
GAN models by quantifying topological integrity. Consistent improvements in NTC scores
indicate the quantitative effectiveness of TopoSinGAN, as lower NTC values correspond
to reduced loop openness and fewer topological anomalies. Importantly, these lower NTC
scores denote higher topological accuracy, not merely structural similarity. Improved NTC
scores reported in the comparative evaluation of TopoSinGAN with plain SinGAN, WGAN,
and TopoGAN further highlight TopoSinGAN’s effectiveness in generating topologically
enhanced images. According to Table 3.3, SinGAN and WGAN recorded similar NTC
scores as they both use similar adversarial losses [5].

In Appendix A.3, we use the common graph metrics to demonstrate that our proposed
topology loss has no significant negative impact on the learning flow of the generator
compared to the original SinGAN (Table 3.1). The high similarity of common graph
metrics for SinGAN and TopoSinGAN outputs suggests two observations. First, both
models effectively replicate the general structure of real input images. This signifies
that our topology loss has not significantly affected the realism of the generated image
contexts which aligns with the result of modified FID evaluation. Second, it also reveals
a limitation of common graph metrics to capture the topological inaccuracies within mask
graphs. The NTC metric addresses this gap by focusing on a graph’s topological structure,
offering a more nuanced evaluation of topological accuracy. Unlike traditional metrics that
compare graphs or graphlets for similarity [143, 143, 144, 145], the NTC metric emphasizes
topological integrity, making it a specialized tool for assessing the precision of topological
features in a graph.

Additionally, the topological loss function in TopoSinGAN is uniquely characterized
by its standalone application, assessing the models topological loss based solely on the
generated mask channel. This approach penalizes the model for topological inaccuracies
without comparing the generated masks to real inputs, focusing on minimizing the
occurrence of terminal nodes. Despite the modest additional computational cost, its
benefits in preserving the integrity of topological features make it a valuable tool for various
applications demanding precise structural fidelity.
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Nevertheless, TopoSinGAN has certain limitations that should be considered. Its

treatment of hanging lines as anomalies makes it particularly suitable for applications
requiring closed loops, such as agricultural field delineation or membrane cell segmentation.
However, for applications where hanging lines are expected, such as in road network
analysis, TopoSinGAN may not be the optimal choice. This specificity underscores the
importance of context in applying any approach including TopoSinGAN, highlighting its
potential limitations in certain scenarios. This limitation is due to the design of the
current optimization function (Equation (3.10)), which is designed to minimize the number
of terminal nodes in the generated mask. To extend the applicability of our method
to scenarios where hanging lines are expected, a possible adaptation could modify the
optimization function to minimize the difference between the number of terminal nodes in
the real input mask and those in the generated mask. For example, an adaptation of the
optimization function (Equation (3.10)) could be expressed as:

θ∗ = argmin
θ

(
LReal

topo(θ)− LGenerated
topo (θ)

)
(3.12)

This approach could allow the model to preserve a desired number of terminal
nodes rather than eliminating them entirely. However, implementing and validating this
adaptation is beyond the scope of the current research, but could be addressed in future
work. Another limitation of TopoSinGAN relates to the thickness of the boundary mask
in the input real image. Our loss function uses fixed 3 × 3 terminal detector kernels,
which are sensitive to boundary thickness, potentially leading to suboptimal performance in
certain cases. Two potential adaptations could be to convert the mask layer to a centerline
(skeletonized) binary mask or introduce larger versions of the kernels, such as 4 × 4 or
5 × 5. Developing a version of TopoSinGAN that is robust to mask thickness will also be
a focus of future work.

3.6 Conclusions

In this study, we introduced TopoSinGAN, an extension of SinGAN that incorporates a
differentiable topology loss function to enhance topological accuracy in synthetic image
generation. By minimizing terminal nodes, TopoSinGAN effectively addresses topological
anomalies that conventional GAN losses often overlook, without significantly increasing
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computational complexity. Another contribution of this work is the proposal of the Node
Topology Clustering (NTC) metric, which focuses on evaluating topological integrity rather
than just geometric similarity. Our experiments, involving agricultural and dendrological
images, demonstrated that TopoSinGAN achieves significantly better topological fidelity
than SinGAN, as evidenced by lower NTC indexes. This indicates fewer instances of
loop openness and isolated line segments, which are crucial for applications requiring
precise topological features. While TopoSinGAN excels in preserving topological integrity,
it may not be ideal for contexts where open structures are expected. Nevertheless, it
represents a crucial advancement in generating topologically accurate synthetic data,
with potential applications in GIS, medical imaging, and other fields where topological
accuracy is essential. Future work will focus on refining the topology loss function and
extending its application to a broader range of tasks, such as image semantic segmentation.
Additionally, we plan to adapt the proposed model to overcome the limitations outlined
in Section 3.5. Moreover, the development of more sophisticated evaluation metrics
for topological accuracy will remain a priority, aiming to enhance the robustness and
applicability of generative models across diverse fields. The code and data for this study
are available in the projects GitHub repository [146].



Chapter 4

TopoSegNet: Scalable Topology
Preservation in Image
Segmentation via Critical Points

4.1 Abstract

Image segmentation is crucial in computer vision, with applications in various fields.
Despite advancements in deep learning techniques, maintaining topological consistency in
segmented outputs remains a significant challenge. Traditional topology-aware methods,
such as those using persistent homology (PH), preserve topological features such as loops
and connected components but are often computationally expensive. We introduce a new
approach that shifts focus from topological features like loops and connected components
to points. We term points that play a crucial role in topology, topologically critical points
(TCPs) such as junctions and terminal nodes that form these topological features. Focusing
attention on points reduces computational overhead while preserving the key topological
structures of the segmented outputs. We propose TopoSegNet, a novel topology-aware loss
function for image segmentation that emphasizes the preservation of TCPs to maintain
topological integrity without the computational complexity of traditional approaches.
Evaluated on datasets such as DRIVE, CREMI-B, GMP for Tree Rings, and satellite
imagery of agricultural fields, TopoSegNet consistently outperforms existing methods on
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both pixel-wise accuracy and topology-focused metrics demonstrating TopoSegNet as a
scalable and efficient approach for topology-aware image segmentation.

4.2 Introduction

In recent years, image semantic segmentation has become a fundamental task in
computer vision with applications spanning medical imaging, autonomous driving, robotics,
and geographic information systems (GIS). The objective of image segmentation is
to partition an image into meaningful segments by assigning a label to each pixel,
thus enabling the extraction of object boundaries, structures, or regions of interest.
While deep learning techniques, particularly convolutional neural networks (CNNs), have
revolutionized segmentation tasks by achieving remarkable pixel-wise accuracy, challenges
remain, particularly in maintaining structural and topological consistency in the segmented
output [41, 58, 43].

The preservation of topological features is particularly important when dealing with
fine-scale, curvilinear structures such as xylem cells in gigapixel images of tree cross-sections
(GMP Images) [111], irregular agricultural fields in the Middle East, road networks in
satellite imagery, blood vessels in medical imaging, and neurons in microscopy. Small
topological errors such as missing connections, broken branches, or merged structures
can have a significant impact on the functional interpretation of segmentation results.
While these errors may contribute only marginally to pixel-wise metrics such as accuracy
or precision, they can lead to serious issues in practical applications [7]. For example,
in medical imaging, topological mistakes in vessel segmentation can result in incorrect
diagnoses or treatment plans, and in GIS, topological errors in road networks can disrupt
navigation and transportation planning systems.

To address these challenges, this research introduces a novel topology-aware loss
function specifically designed for image semantic segmentation. The proposed loss function
offers two key advantages: first, it is computationally efficient, especially in comparison to
methods that rely on persistent homology; second, it significantly enhances segmentation
performance, particularly in terms of Dice and Intersection over Union (IoU) metrics.
These metrics are widely recognized for evaluating image segmentation tasks, especially
when dealing with imbalanced class distributions. The improvement becomes even
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more pronounced when using topology-based evaluation metrics such as Betti numbers
and maximum mean discrepancy (MMD). By integrating topological constraints into
the segmentation process, our approach not only enhances the structural integrity of
segmentation outputs but also maintains high accuracy across various benchmarks.

4.3 Background and Related Work

4.3.1 Image segmentation challenges

Image segmentation is a fundamental task across various domains that require detailed
image analysis, such as biomedical imaging and satellite imagery. While traditional
segmentation methods have been successful in delineating coarse structures, they often
struggle with capturing fine, intricate topological features such as thin connections, small
parts, or elongated structures [14, 147]. These limitations are particularly pronounced in
applications such as blood vessel segmentation or neuron mapping, where structural errors,
such as broken connections or missing branches, can significantly affect downstream tasks
such as disease diagnosis or neuroanatomical analysis [147, 38].

Modern deep learning models, such as U-Net [6], Mask R-CNN [148], and segment
anything model (SAM) [76] have significantly improved pixel-wise segmentation accuracy.
However, despite their success, these models often fail to preserve the topological integrity
of fine-scale structures. This failure arises because traditional segmentation techniques
typically optimize pixel-wise loss functions, such as cross-entropy or Dice loss, which do
not account for topological correctness [7, 18]. These limitations have led to the exploration
of new methods, such as uncertainty quantification (UQ), Discrete Morse theory (DMT),
and topology-aware approaches, aimed at addressing the gaps in preserving structural
consistency.

4.3.2 Uncertainty quantification

Uncertainty Quantification (UQ) refers to the process of estimating the confidence or
uncertainty associated with predictions made by machine learning models. In segmentation
tasks, UQ helps to identify areas where the model is less certain, which is critical for making
reliable decisions in high-stakes applications such as medical imaging [149, 150]. In recent
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years, significant advancements have been made in the field of uncertainty quantification
(UQ) for deep neural networks, particularly in semantic segmentation tasks [149, 151, 152].
Since semantic segmentation involves per-pixel classification, most UQ techniques focus on
estimating uncertainty at the pixel level. For instance, a Bayesian framework using Monte
Carlo (MC) dropout [153] combined with a learned loss attenuation is proposed in [154]
to capture both model and data uncertainty. Other recent approaches use generative
models to produce multiple segmentation hypotheses, with the per-pixel variance across
these hypotheses treated as uncertainty. Examples include ensemble methods with multiple
networks [155], single networks with multiple heads [156], Prob.-UNet [157], and PHiSeg
[158]. Prob.-UNet integrates a conditional variational autoencoder [159] with UNet,
generating multiple hypotheses via latent variable sampling, while PHiSeg introduces latent
variables at every level of the UNet to increase the diversity of generated samples.

4.3.3 Discrete morse theory

Discrete Morse theory (DMT) has also emerged as a valuable tool for improving the
topological fidelity of image segmentation [14, 160, 34, 161, 162, 163]. DMT identifies
critical topological structures such as ridges and valleys in the likelihood maps of predicted
segmentation and incorporates these structures into a loss function that penalizes errors
at key topological locations. This approach helps mitigate segmentation errors in regions
where the topology is most fragile, such as near-thin connections or blurred boundaries
[14, 147]. A notable method integrating DMT, proposed by [14], leverages this theory to
improve both pixel-wise and topological accuracy by focusing on critical structures such
as neuron membranes and vessel connections. Furthermore, probabilistic DMT has been
used to model uncertainty in segmentation, allowing for more accurate human-in-the-loop
proofreading by highlighting error-prone regions based on their topological uncertainty
[147].

4.3.4 Topological data analysis

Topological Data Analysis (TDA) through persistence homology (PH) offers a promising
approach to address the challenges of preserving topological structures through deep
learning [7, 24]. Topology, in the context of TDA, refers to the characteristics of an object



53
that remain unchanged under continuous deformations, such as the number of connected
components and loops, commonly quantified using Betti numbers [45]. Ensuring that these
topological features are preserved in segmentation outputs helps ensure that fine-scale
structural integrity is maintained [14]. PH provides a powerful framework for capturing
topological features across multiple scales by tracking the birth and death of topological
structures such as connected components, holes, and voids throughout the segmentation
process. By analyzing the evolution of these structures across different intensity or
confidence thresholds, PH enables a detailed, multi-scale analysis of the segmentation’s
topology [147, 164].

As an emerging analytical framework, TDA is particularly useful for studying data
shapes by identifying and quantifying their topological features, including connected
components, loops, and voids. This approach holds significant value in data-intensive
domains where the structural characteristics of data are critical such as in image
segmentation, where maintaining connectivity and structural integrity is essential [7, 165].
By constructing mathematical structures that represent the underlying topology of data,
TDA allows for insights into connectivity, clustering, and continuity at various scales,
ultimately aiding in more robust segmentation and structural analysis.

Simplices and Topological Structures in TDA

In TDA, simplices serve as the basic building blocks. These geometrical constructs describe
the relationships between data points and help form complex structures called simplicial
complexes:

0-Simplex (Point): A single point in space, representing an individual data element.

1-Simplex (Line Segment): Created by connecting two points, forming a line or edge.

2-Simplex (Triangle): Generated by linking three points in a triangular shape.

3-Simplex (Tetrahedron): Constructed by joining four points, forming a three-dimensional
solid.
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Each k-dimensional simplex represents a multi-point connection that builds up the

data structure. A collection of simplices forms a simplicial complex, which organizes these
elements into a topological space [166]. In TDA, simplicial complexes are analyzed through
the concept of persistent homology (PH), which tracks the birth and death of features as the
data structure evolves across multiple scales, ultimately capturing connected components,
cycles, and voids within data structures.

Persistent Homology

Persistent homology (PH) provides a framework for understanding how features within
data, such as connected components or loops, persist across scales, an essential factor
for analyzing topological properties in segmentation tasks [167]. PH employs filtration
processes, progressively adding simplices to form higher-dimensional complexes. Through
this, features such as 0-dimensional connected components, 1-dimensional loops, and
2-dimensional voids are quantified in a way that allows segmentation tasks to prioritize
robust, scale-invariant structures [168]. The use of persistence diagrams and Betti numbers
allows for the quantification of these features, providing a means to measure topological
stability across the data.

Role of 0-Simplices in Image Processing

0-simplices (i.e., points or pixels in 2D-images) are the simplest and most fundamental
structures in TDA, representing isolated components within data. In segmentation
applications, 0-simplices serve as the essential units for connected component analysis.
By examining points in this manner, segmentation tasks can: Identify individual data
regions before more complex structures are introduced. Establish connectivity between
data points, ensuring that distinct regions are accurately preserved. Create a foundation
for higher-order relationships, such as edges and loops, essential for preserving continuity
and avoiding fragmentation in segmentation models [165]. The significance of 0-simplices
is underscored in PH as they form the baseline connected components (Betti-0 features),
which are crucial for establishing structural consistency within segmentation tasks,
especially in image analysis where connectivity errors can severely affect the accuracy
of object boundaries [165, 168]. Literature employing PH for image processing tasks
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[7, 75, 169, 170, 171] typically emphasizes 1-dimensional features (i.e., loops) as critical
topological features.

4.3.5 Topology-aware loss functions

Most studies in these fields incorporate topological constraints through custom loss
functions, with recent efforts integrating topological information directly into segmentation
model training [7, 18, 75, 40, 172, 173, 55]. Topology-aware loss functions enforce
per-pixel constraints to enhance the preservation of topological integrity. One of the
earliest approaches, proposed by [18], introduced a topology-aware loss function designed
to preserve elongated and thin structures, such as blood vessels, by using feature maps from
pre-trained CNNs. Although this method improved the preservation of these structures,
it did not explicitly enforce topological invariants such as Betti numbers, leading to
suboptimal results in more complex topological scenarios [38].

Hu and colleagues [7] introduced a persistent homology-based loss function that
directly integrates topological information into the training of deep neural networks for
image segmentation. Their method achieved impressive results in ensuring topological
correctness, particularly in biomedical datasets with fine structures such as neuron
membranes [7]. This approach serves as one of the baselines against which we evaluate our
proposed method. In another study, [75] developed a method to integrate prior topological
knowledge into neural network training for image and volume segmentation. Using PH,
they specified topological features such as Betti numbers to guide the segmentation
process without requiring ground-truth labels. Demonstrated across various datasets,
their approach improved performance in challenging tasks, showing that topological priors
can enhance segmentation accuracy in both semi-supervised and post-processing contexts
[75]. Another notable approach is the topology-aware focal loss (TAFL), which combines
focal loss with a topological constraint based on the Wasserstein distance between the
persistence diagrams of predicted and ground truth masks.This approach has shown
promise in resolving common topological errors such as disconnected regions and broken
boundaries, particularly in 3D medical image segmentation [24]. Another example is
TopoSeg, which applies PH to guide the learning process for nuclear instance segmentation,
ensuring topological correctness by focusing on the persistence of structural features in the
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segmentation probability maps [38].

Homotopy theory has also been employed to develop loss functions that explicitly
target the preservation of topological consistency between predicted and ground truth
segmentations [55]. The homotopy warping loss, for instance, focuses on identifying and
correcting topologically critical pixels by transforming the predicted mask towards the
ground truth without altering its topology. This method has shown significant promise
in applications such as satellite and neuron image segmentation, where maintaining the
topology of fine structures is essential [55].

4.4 Identified Gaps

Despite the promise of topology-aware segmentation methods, several challenges remain.
The computational complexity of tools such as PH makes these methods difficult to
apply in large-scale settings. Efficient computation of PHs and critical points remains a
bottleneck for the widespread adoption of these methods in practical applications [14, 147].
These methods often necessitate the use of smaller patches (e.g., 65 × 65) as they are
computationally expensive with respect to the input patch dimensions, with complexity
up to O(n3) [4]. For instance, Hu et al.’s method leverages persistent homology, where the
matching of persistence diagrams requires O(n log n) and can reach O

(
n3/2

)
in some cases,

depending on the complexity of the structures being analyzed [7]. The computation of
persistence diagrams, which captures topological features across multiple scales, can involve
cubic complexity O(n3) in certain steps, particularly when handling high-dimensional data
[4]. While this method excels in capturing detailed topological information, it can be
computationally intensive, specifically for large-scale datasets. Recent advances, such as the
use of the Sinkhorn-Knopp algorithm to approximate Wasserstein distances in topological
loss functions, have made strides in alleviating some of these computational challenges
[24, 55, 174], but further optimization is needed to scale these techniques effectively.

Moreover, PH-based methods emphasize 1-dimensional features (i.e., loops) in the
feature space and therefore primarily capture topological features such as loops and
connected components but often overlook terminal nodes (i.e., dangling lines), which can be
critical for certain applications. A bicycle wheel provides a useful analogy where one with a
missing spoke is considered identical to one with a dangling spoke in PH-based methods, as
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both configurations share the same number of connected components and loops. However,
from a structural perspective, the dangling spoke represents a crucial difference. This
limitation of PH makes it less suitable for applications where disconnections, such as
terminal nodes, are important. For instance, in datasets such as DRIVE [113] thin vessels
often appear as dangling lines, not part of any loop, and thus receive less emphasis in
PH-based methods.

In this paper, we focus on 0-simplices, the foundational elements of topological
structures, and implement a workflow that preserves key connectivity and segmentation
details without the computational burden of persistent homology (PH) computation,
making it suitable for large-scale datasets [166]. To address the limitations of PH-based
approaches, we introduce a novel, fast topology-aware loss function that provides a
computationally efficient alternative to PH while enhancing segmentation performance.
By focusing on convolution operations and iterative erosion, TopoSegNet achieves a more
manageable time complexity of O(kn2), where k is the number of erosion iterations.
This linear scaling ensures that our model remains computationally efficient, even for
large datasets, without compromising performance. Our approach enforces topological
consistency during training, ensuring that the segmented structures closely match the
topology of the ground truth. Notably, our method is significantly faster than traditional
PH methods, making it ideal for large datasets. Additionally, we propose a new
evaluation metric, the Centroid Displacement Measure (CDM), which assesses topological
and geometric similarity between predicted and ground truth masks, further validating the
effectiveness of our approach.

4.5 Methods

4.5.1 Design

Building on the success of TopoSinGAN [175] in embedding topological awareness
within GAN-based generative models, which underscores the importance of structural
consistency in computer vision, we extend this topological focus to image segmentation with
TopoSegNet. Unlike generative models, where topological awareness ensures connectivity
and loop closeness in generated images, segmentation tasks benefit from the targeted
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preservation of structural features essential for accurately representing segmented objects.
Our approach introduces a novel method for estimating the topological structure of binary
masks, based on the observation that "not all pixels in a binary mask are equally important"
for preserving topology. We define these essential pixels as topologically critical points
(TCPs) including terminal nodes, junction points, and thinner regions of line features, all
of which are prone to errors that can disrupt the mask’s topology. We introduce a loss
function designed to preserve these TCPs in predicted segmentation masks by aligning
them with those of the ground truth.

Definition 2 (Topologically Critical Point). Let B be a binary mask representing a
segmented structure, and let f : R2 → {0, 1} be the function mapping the image domain to
the binary mask, where 1 represents the foreground and 0 represents the background. Define
a set of critical pixels C ⊂ B such that p ∈ C if and only if the removal of p results in a
topological change in the structure of B, such as the birth or death of connected components
and loops. These points include terminal nodes, junction points, and thin regions of line
features. The TCP set C can be mathematically formalized by identifying pixels p where:

C = {p ∈ B | removal of p changes the Betti numbers of B}

Here, Betti numbers refer to the number of connected components (Betti 0) and the number
of loops or holes (Betti 1).

In other words, we shift our focus from traditional topological features, such as loops
and connected components, to the TCPs, where the presence or absence of these points
leads to the creation or elimination of such topological features. Figure 4.1 illustrates how
the removal of each of these TCPs under the prediction function f can lead to a change
in the original topological structure in three sample cases: the left panel shows a junction
TCP, the middle panel demonstrates thin TCPs and the right panel presents a terminal
TCP, all highlighted in red.
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Figure 4.1: Illustration of topologically critical points (TCPs) and their impact on the
topological structure through the prediction function f . The figure demonstrates three
sample cases of TCPs, all highlighted in red: (Left) a junction TCP, (Middle) thin TCPs,
and (Right) a terminal TCP. These TCPs represent key structural points where their
presence or absence can result in significant changes to the topological features.

4.5.2 TCP extraction and erosion process

Our method employs eight distinct 3 × 3 kernels (Figure 4.2) to detect terminal nodes,
thin regions, and junction points. These kernels are specifically designed to target the
eight main cardinal and inter-cardinal directions in a 2D space (north, northeast, east,
southeast, south, southwest, west, and northwest). Empirically, the use of these kernels
has proven effective in identifying discontinuities, thereby enhancing the models ability to
evaluate topological performance. This evaluation is integral to the core of the developed
loss function, enabling the application of corrective penalties during the training phase for
improved topological accuracy.

As illustrated in Figure 4.3, after convolving the binary mask T with each kernel, the
resulting output T ′ is shifted and scaled by applying parameters γ = 10 and δ = 1 to
enhance feature detection. The shifted output T ′′ is then clamped to an upper bound
U = 10, producing a clamped map C. This clamping is achieved using PyTorchs
"clamp" function, which ensures that values exceeding U are restricted to this bound.
Importantly, the "clamp" function is differentiable almost everywhere, allowing gradients
to propagate during backpropagation, except at the boundaries where gradients are set
to zero for values at the clamp limit [176]. Consequently, this clamping step integrates
smoothly with gradient-based optimization techniques. Subsequently, C undergoes a
sigmoid transformation to produce C ′, which is element-wise multiplied with the original
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mask T , yielding a TCP map specific to each kernel. Finally, these individual TCP maps are
aggregated into a single comprehensive TCP map, which will then be used for computing
topology loss for each prediction.

The TCP detection process consists of two phases: forward and inverted. In the forward
phase, the binary mask directly goes through the TCP detection process for detecting
endpoints and thin features. In the inverted phase, the binary mask is inverted, and the
same TCP detection process is applied again, effectively detecting junction points that may
not have been identified in the forward phase. By inverting the input mask (i.e., subtracting
each pixels value from the masks maximum value), the junctions in the original mask form
sharp edges, making them detectable by the TCP detection kernels. Each TCP map is then
compared to both the ground truth (GT) and predicted maps and the loss is calculated by
aggregating the computed loss per image. Additionally, after the convolution of the mask
with the 3 × 3 erosion filter, junction points that may not be visible in one binary mask
can be identified in the binary mask of the inverse structure.

Figure 4.2: The visualization of the 3x3 TCP mapper kernels and the soft erosion filter.
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Figure 4.3: Illustration of the TCP mapping process for input mask T using kernel 1 in
Figure 4.2 (k1). T ′ is the result of the convolution of T and k1. T ′′ is obtained by shifting
and scaling T ′ with parameters γ = 10 and δ = 1. C is the clamped version of T ′′ with
an upper bound U = 10. C ′ is the sigmoid-transformed C, and TCPk1 is the result of
element-wise multiplication of C ′ and the original mask T .

4.5.3 Loss function

We applied the erosion operation across three levels, with TCPs extracted at each level to
enable the model to learn the topological structure at multiple granularities illustrated in
Figure 4.5. The choice of three levels of erosion was based on our experimental results,
and the number of iterations was adjusted according to the intrinsic characteristics of
the label mask, such as the thickness of linear features. To assess the impact on model
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performance, we conducted experiments using both three and six levels of erosion across
various datasets. Following the soft erosion process, the outputs need to be binarized
before proceeding to the TCP detection stage. To ensure smooth integration into the
computational graph while maintaining differentiability, we employed a soft binarization
technique using a custom sigmoid function (Equation 4.1). This function, with a steep
slope (α = 10) and a threshold of β = 0.5, allows for precise separation of key features,
ensuring the binarization process remains differentiable.

σ(x) =
1

1 + eα(β−x)
(4.1)

Figure 4.4: The overview of the proposed method.

The whole topological loss is differentiable and remains connected to the network’s
computational graph, allowing for end-to-end training of deep neural networks. Equations
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4.1- 4.10 present the mathematical formulas for calculating this loss, where operations
such as erosion and TCP detection are applied to both the ground truth and predicted
masks. The workflow of the proposed method is depicted in Figure 4.4. In these equations
GTE0 and PredE0 represent the original ground truth and predicted tensors, and GTEi and
PredEi represent the i-th level of erosion of ground truth and predicted mask, respectively.
Also, EF represents the erosion filter, and Ki are the TCP detector kernels shown in
Figure 4.2, and Inv_GTEi and Inv_PredEi are the i-th level of erosion of inverted ground
truth and predicted mask, respectively.

PredEi = σ(EF ⊗ PredEi−1), GTEi = σ(EF ⊗GTEi−1) (4.2)

Inv_PredE0 = Max(PredE0)− PredE0 , Inv_GTE0 = Max(GTE0)−GTE0 (4.3)

Inv_PredEi = σ(EF ⊗ Inv_PredEi−1), Inv_GTEi = σ(EF ⊗ Inv_GTEi−1) (4.4)

TCPPred =

8∑
i=0

3∑
j=0

(
C ′
i,j ⊙ PredEj

)
,

and C ′
i,j = σ

(
clamp

(
−γ · (Ki ⊗ PredEj − δ),−U,U

))
(4.5)

TCPGT =
8∑

i=0

3∑
j=0

(
C ′
i,j ⊙GTEj

)
, and C ′

i,j = σ
(
clamp

(
−γ · (Ki ⊗GTEj − δ),−U,U

))
(4.6)

Inv_TCPPred =
8∑

i=0

3∑
j=0

(
C ′
i,j ⊙ Inv_PredEj

)
,

and C ′
i,j = σ

(
clamp

(
−γ · (Ki ⊗ Inv_PredEj − δ),−U,U

))
(4.7)
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Inv_TCPGT =

8∑
i=0

3∑
j=0

(
C ′
i,j ⊙ Inv_GTEj

)
,

and C ′
i,j = σ

(
clamp

(
−γ · (Ki ⊗ Inv_GTEj − δ),−U,U

))
(4.8)

TopoLoss =
∑

(TCPPred − TCPGT )
2+

∑
(Inv_TCPPred − Inv_TCPGT )

2 (4.9)

In Equations 4.5- 4.8, U is the limiting bound for the clamping operation that is set
to 10. Also, γ and δ are scale and shift arguments that are set to 10 and 1, respectively.
Finally, we add the calculated TopoLoss to the binary cross entropy loss with tunable
hyperparameters λ1 and λ2 as shown below.

Loss = λ1 ×BCELoss+ λ2 × TopoLoss (4.10)
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Figure 4.5: Visualization of tensors in the TCP mapping process. The first row shows the
original tensor (Level 0) followed by three iterations of erosion. The second column presents
the TCP maps generated from the convolution of the eight TCP detector kernels. The third
row illustrates the TCP maps obtained from convolutions applied to the reversed masks. In
this figure, the TCP maps are overlaid with the original mask for enhanced visualization,
where bright pixels represent the detected TCPs.
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4.6 Experiments

4.6.1 Datasets

We evaluate our method on four datasets: DRIVE [113], CREMI-B [112], GMP Tree rings
[111], and agricultural fields in Tehran, Iran.

The DRIVE (Digital Retinal Images for Vessel Extraction) dataset is a benchmark
dataset commonly used for evaluating the performance of retinal vessel segmentation
methods [113]. The primary features of interest in the dataset are blood vessels, rather
than loops or network-like structures. While there are some loops present, they are not
the dominant characteristic of this dataset. Unlike PH-based methods that focus on loops,
this provides an opportunity to assess how well our model performs on elongated vessel
structures without significant emphasis on loops. In addition, this dataset includes line
features with varying thicknesses which makes it a challenging dataset for accurately
delineating the thinner parts through the learning process.

The CREMI-B dataset (Circuit Reconstruction from Electron Microscopy Images), part
of the CREMI challenge for neuron segmentation in electron microscopy volumes, consists
of 125 images captured from the adult Drosophila brain at a resolution of 4× 4× 40 nm,
with a physical size of 1250× 1250× 125 pixels (5× 5× 5 µm3). CREMI-B is particularly
challenging due to its obscure cell boundaries and significant variations in cell size and
shape, making it ideal for evaluating models on complex neuron structures. We selected
CREMI-B for this study to push our model’s ability to handle diverse geometric shapes
and varying foreground feature areas. Also, this dataset contains line features with mostly
constant thicknesses making it an appropriate case study for evaluating our model in which
the thickness of the boundaries is considered an influential factor on the performance of
our model.

We used a gigapixel macro photography (GMP) dataset consisting of 1,000 images,
each measuring 175 × 240, from a larger collection by [111]. This ultra-high-resolution
dataset (19,812 dpi) was manually cropped and annotated, with each image containing four
channels: RGB and an annotated mask highlighting the xylem vessels in hardwood. These
high-resolution dendrological images are crucial for studying tree age and environmental
adaptations [177]. With around 750 vessels per 1 mm2 of tree ring, manual annotation is
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difficult, highlighting the need for deep learning to streamline dendrology analysis. This
dataset also contains line features with significant variations in terms of their thickness
making it a good case study for evaluating our model.

Lastly, we utilized a shapefile of agricultural field boundaries, created through precise
land surveys using Total Station equipment in Tehran province, located in the diverse
landscape of Irans Middle East region. The study area spans from 50◦25′10′′ W to
52◦27′5′′ E and 35◦43′38′′ N to 35◦0′12′′ S, covering approximately 19,500 km2. For the
RGB channels, we employed 10-meter resolution remote sensing imagery from Sentinel-2.
Segmentation analysis in this region is particularly challenging due to the distinct and
irregular agricultural layouts. This heterogeneity in the geometrical and topological
structure, coupled with the presence of uniformly thicker line features compared to the
other datasets, adds complexity to the satellite image segmentation task. The dataset
comprises 447 images, each sized 250 × 250 pixels with four channels, where the fourth
channel represents a rasterized mask layer. Figure 4.6 provides a snapshot of the study
area. For all case studies, we randomly selected 70% of the data for training, 15% for
validation, and 15% for testing.
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Figure 4.6: The study area of Tehran, Iran, and the field mask data in multiple scales.

4.6.2 Baselines and comparative models

We use UNet as the baseline model and implement our custom loss function within this
framework. We deliberately chose UNet as our base architecture for several reasons.
First, its encoder-decoder structure with skip connections provides a clear, interpretable
framework that allows us to systematically demonstrate the impact of our topological
innovations. Second, unlike more complex architectures, UNet’s straightforward design
enables us to isolate and evaluate the specific contributions of our topology-aware
components. This methodological clarity is essential, as our primary goal is not to
achieve state-of-the-art performance through architectural sophistication, but rather to
demonstrate how topological awareness can enhance segmentation performance regardless
of the underlying architecture. Finally, UNet’s widespread use and well-understood
behavior also makes it an ideal platform for showcasing our methodological innovations
in topology preservation.

Additionally, we implement the topology loss function developed by Hu et al. (2019)
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in the same UNet model [14]. For comparison, we evaluate three versions: the plain UNet,
the UNet with Hu et al.’s topology loss, and our UNet model with the newly designed loss
function with three levels of erosions. We also provide an additional experiment of the
same model with 8 erosions to test the impact of the number of erosions in the developed
algorithm. For reproducibility, all code is made available in our GitHub repository at
https://github.com/mohsenumn/TopoSegNet.git.

4.6.3 Evaluation

Pixel-wise metrics

We employ standard evaluation metrics such as accuracy, precision, dice, recall, and
Intersection over Union (IoU). While these metrics are widely used in image segmentation
tasks, they rely on pixel-wise comparisons between the ground truth (GT) and predictions,
which can be misleading in cases of significant class imbalance, such as the segmentation
of retinal veins or thin linear structures [178]. The challenge arises because deep learning
models may produce varying thicknesses and positions for these features, depending on the
loss function, and often fail to align perfectly.

Topology-focused metrics

In datasets with class imbalance, such as in medical image segmentation or the delineation
of agricultural fields from satellite imagery, the number of true positives is typically much
smaller than true negatives. This can lead to inflated performance scores for metrics that
heavily rely on true negatives, even if the model struggles with accurately segmenting the
minority class [178]. To address this, there is a need for evaluation metrics that are less
sensitive to class imbalance and more focused on structural accuracy. In our study, we
incorporate Maximum Mean Discrepancy (MMD) [4] and Betti numbers to emphasize the
topological properties of the segmentation masks. Betti 0 measures the difference in the
number of connected components between the ground truth and predicted masks, which
a negative Betti 0 indicates more connected components in the predicted mask. Betti 1
measures the difference in the number of loops between the ground truth and predictions,
with a negative value indicating more loops in the predictions, suggesting a potential

https://github.com/mohsenumn/TopoSegNet.git
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over-segmentation. Additionally, we introduce a new metric, the Centroid Displacement
Measure (CDM), which evaluates both topological and geometric properties to provide a
more nuanced assessment of how accurately the predicted structures align with the ground
truth.

Centroid displacement measure (CDM) We introduce a new evaluation metric
called the Centroid Displacement Measure (CDM), which evaluates segmented objects by
considering both their geometric and topological features. CDM transforms a binary mask
into a representation where loops are modeled as convex polygons and then calculates the
centroid of each polygon. For each centroid in the ground truth mask, the distance to
the nearest centroid in the predicted mask is measured. This process is repeated for all
centroids, and the average of these distances serves as the evaluation metric. A lower
CDM indicates higher segmentation accuracy. Figure 4.7 illustrates the application of
CDM on two predictions of a GT GMP instance. CDM is particularly robust to variations
in boundary thickness, as the centroid of a loop remains consistent when the thickness
changes uniformly throughout the loop. During the polygonization stage, if there is an
undesired break or opening in a loop within the predicted feature (indicating an error),
the feature is merged with the nearest neighboring loop to form a convex shape. This
merging process shifts the centroid of that feature away from its true position, resulting in a
higher CDM, thus effectively penalizing inaccuracies. However, CDM has a limitation in its
sensitivity to over-segmentation. When a prediction is heavily over-segmented and contains
an excessive number of loops, there will likely be at least one centroid close to the primary
centroid in the original ground truth. This proximity can result in a lower CDM, as the
average displacement is reduced, giving a potentially misleading impression of segmentation
accuracy. To address this sensitivity, CDM should be used in conjunction with Betti 1,
which evaluates the number of loops in the prediction. This combined approach provides
a more reliable assessment of segmentation quality.
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Figure 4.7: The illustration of the developed centroid displacement measure (CDM).

Maximum mean discrepancy Maximum Mean Discrepancy (MMD) evaluation metric
is employed to measure the topological differences between GT and predicted masks
in terms of their structural features [4]. MMD computes the distance between two
distributions, in this case, the persistence diagrams of GT and predicted masks, by
embedding them in a reproducing kernel Hilbert space. The goal is to assess how closely
the predicted masks match the topological structure of the GT masks. Prior research
indicates that sample-based MMD closely approximates its continuous counterpart [179].
For persistence diagrams, various kernels have been used in the literature [180]; here, we
used the Gaussian kernel, predicated on the 1-Wasserstein distance as follows.

kw1(dgmi, dgmj) = exp

(
−w1(dgmi, dgmj)

σ2

)
(4.11)

In this equation, dgmi is the persistence diagram for mask i and w1 is the 1-Wasserstein
distance function.
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4.7 Results

The results of the experiments across four datasets of GMP, CREMI, DRIVE, and Fields
are summarized in Table 4.1, comparing three models: a plain UNet, the model by [7], and
our proposed model. The metrics evaluated include standard segmentation metrics such
as accuracy, precision, recall, Dice, IoU, as well as more topology-focused metrics such as
MMD, Betti numbers (Betti 0 and Betti 1), and the newly proposed CDM. The training
times for each model are also reported. The sample outputs for the models are provided
in Figure 4.8.

On the GMP dataset, our model achieved the highest scores across most metrics.
Specifically, it improved accuracy to 97.03%, surpassing Hu et al.’s model (95.74%) and the
plain UNet (94.07%). Precision, recall, Dice, and IoU also saw substantial improvements,
with the Dice coefficient reaching 93.24%, significantly higher than both Hu et al.’s (89.3%)
and the plain UNet (86.94%). For topology-based metrics, our model outperformed in
MMD (0.34 ± 0.38 vs. 0.42 ± 0.26 for Hu et al.) and slightly improved CDM, reducing it
to 1.09 ± 0.93 from Hu et al.’s 1.32 ± 1.01. Regarding Betti numbers, our model showed
smaller Betti 0 values compared to the plain UNet (-11.68 ± 10.59 vs. -10.01 ± 33.05),
while Hus model showed a much higher value (30.24 ± 13.49). For Betti 1, our model
improved over the plain UNet (-1.15 ± 4.15 vs. 4.61 ± 17.66), though Hus model achieved
the best score (0.32 ± 6.67). In terms of training time, our model completed training in
3 hours and 23 minutes, much faster than Hu et al.’s model (21 hours and 51 minutes),
though slightly longer than the plain UNet (2 hours and 15 minutes).

For the CREMI dataset, our model also demonstrated competitive performance,
achieving an accuracy of 98.51%, slightly better than Hu et al. (98.32%) and the plain
UNet (98.48%). It performed better in recall (76.35%), Dice (78.46%), and IoU (64.73%),
improving upon both the baseline and Hu et al.’s results. Our model significantly reduced
the MMD score to 0.37 ± 0.26, indicating tighter alignment with ground truth topological
features compared to Hu et al. (0.44 ± 0.19) and the plain UNet (0.43 ± 0.2). Similarly,
CDM dropped to 22.38 ± 11.95, indicating better structural consistency. In terms of
Betti numbers, our model performed slightly better in Betti 1 (44.22 ± 23.18), showing
better handling of loops, while maintaining similar Betti 0 results. Importantly, our model
required only 38 minutes to train, a significant reduction compared to Hu et al.’s training
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time (1 hour and 25 minutes).

On the DRIVE dataset, our model achieved an accuracy of 95%, a slight improvement
over the plain UNet (94.69%) and Hu et al. (93.81%). Both precision and recall saw
balanced improvements, with recall reaching 62.61%, compared to 58.1% for Hu et al. and
58.6% for the plain UNet. The Dice score of 75.24% and IoU of 60.39% were also higher
than those of the competing models. Regarding topology-based metrics, our model had a
lower CDM (21.41 ± 7.46) and better MMD performance (0.47 ± 0.09) than both Hu et al.
and the plain UNet. The Betti 1 score was 14.87 ± 6.16, better representing topological
loops compared to the plain UNet (17 ± 6.63) and comparable to Hu et al. (13.93 ± 9).
Training time was also reduced to 25 minutes, faster than Hu et al. (51 minutes) and
competitive with the plain UNet (15 minutes).

On the Fields dataset, which posed more challenging segmentation conditions, our
model performed similarly to Hus model but showed significant improvements over the
plain UNet. Our model achieved similar values to Hus in accuracy (82.17%), precision
(40.86%), recall (46.69%), Dice (42.72%), and IoU (28.69%), with Hus model recording
82.19%, 41.12%, 46.9%, 42.74%, and 28.61%, respectively. In contrast, the plain UNet
performed worse, with lower recall (37.27%), Dice (39.23%), and IoU (25.73%), though
it had slightly higher accuracy (83.12%) and precision (44.66%). For topological metrics,
although Hus model showed the best CDM (18.75 ± 21.91) and MMD (5.49 ± 9.05),
our model recorded similar but slightly lower values (20.46 ± 25.75 for CDM and 5.95 ±
13.14 for MMD), still significantly outperforming the plain UNet (CDM 26.86 ± 28.28 and
MMD 6.48 ± 9.74). Regarding Betti numbers, Hus model had the smallest difference in the
number of components and loops (Betti 0: -2.1 ± 20.7, Betti 1: -3.13 ± 15.56), compared
to our model (Betti 0: -25.67 ± 24.17, Betti 1: -6.82 ± 17.01) and the plain UNet (Betti
0: -64.15 ± 35.58, Betti 1: 8.03 ± 17.75). Our models training time of 35 minutes was a
significant improvement over Hu et al.s 2 hours and 38 minutes.

We also evaluated the impact of increasing the number of erosions by doubling it to
six levels across all datasets, with the results summarized in Table 4.2. Doubling the
erosions caused model divergence in the CREMI dataset, but improved most of the standard
pixel-wise metrics for the other datasets. In the GMP experiment, metrics such as accuracy,
precision, recall, Dice, and IoU showed slight improvements, reaching 97%, 93.1%, 93.6%,
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93.4%, and 87.71%, respectively. However, topological metrics declined, with CDM and
MMD dropping to 1.34 and 0.37, respectively. The DRIVE dataset exhibited a similar
trend, with pixel-wise metrics improving to 95.4%, 94.5%, 66%, 77.7%, and 63.59%, while
CDM and MMD decreased to 22.64 and 0.61. For the Fields dataset, although accuracy and
precision dropped to 80.5% and 38.3%, the IoU remained relatively stable at 28.63%, and
both topological metrics of CDM and MMD improved, reaching 14.16 and 5.1, respectively.
Interestingly, the average absolute number of connected components across all datasets also
decreased (GMP: 0.62, DRIVE: 17.44, Fields: 74.54), suggesting a trend toward better
topological consistency at the cost of some pixel-wise performance.
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Table 4.1: Performance comparison of TopoSegNet vs. Hu et al. (2019), and Plain U-Net
Models Across Datasets.

Acc. Prec. Recall Dice IoU CDM MMD×100 Betti 0 Betti 1

GMP
Simple 94.07 84.86 91.33 86.94 77.46 2.6±4.01 0.56±0.55 -2.57±7.26 3.54±14.21
Hu et al., 2019 95.74 85.51 93.58 89.3 80.7 1.32±1.01 0.42±0.26 1.59±1.38 2.89±7.01
Ours 97.03 93.11 93.41 93.24 87.41 1.09±0.93 0.34±0.38 -0.11±1.26 -0.27±6.24

CREMI
Simple 98.48 81.76 73.6 77.39 63.25 40.23±21.85 0.43±0.2 -120.28±61.59 73.89±19.36
Hu et al., 2019 98.32 77.32 74.7 75.86 61.3 26.26±15.47 0.44±0.19 -25.0±13.73 38.67±23.1
Ours 98.51 80.72 76.35 78.46 64.73 22.38±11.95 0.37±0.26 -86.22±51.69 39.83±18.42

DRIVE
Simple 94.69 96.28 58.6 72.81 57.3 25.98±11.01 0.51±0.14 -102.93±15.89 17±6.63
Hu et al., 2019 93.81 87.94 58.1 69.83 53.73 26.49±7.84 0.9±0.32 -22.5±15.4 13.93±9
Ours 95 94.38 62.61 75.24 60.39 21.41±7.46 0.47±0.09 -59.8±8.57 14.87±6.16

Fields
Simple 83.12 44.66 37.27 39.23 25.73 26.86±28.28 6.48±9.74 -80.45±94.99 107.04±149.54
Hu et al., 2019 82.19 41.12 46.9 42.74 28.61 18.75±21.91 5.49±9.05 9.16±86.02 56.55±128.02
Ours 82.17 40.86 46.69 42.72 28.69 20.46±25.75 5.95±13.14 -21.51±85.56 52.48±126.02

Table 4.2: The performance of the TopoSegNet with doubling the number of erosion levels
to 6.

Acc. Prec. Recall Dice IoU CDM MMD× 100 Betti 0 Betti 1

GMP 97.0↑ 93.1↑ 93.6↑ 93.4↑ 87.71↑ 1.34±1.21↓ 0.37±0.87↓ -0.62±1.57↓ 1.77±7.43↓

DRIVE 95.4↑ 94.5↑ 66↑ 77.7↑ 63.59↑ 22.64±5.61↓ 0.61±0.2↓ -17.44±4.7↓ 17.62±11.76↓

Fields 80.5↓ 38.3↓ 51.4↑ 42.8↑ 28.63↓ 14.16±12.5↓ 5.1±8.18↑ -74.54±90.47↓ 40.01±122.92↑

CREMI – – – – – Divergence – – –
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Figure 4.8: Performance comparison of our model against the baseline UNet and Hu et al.
(2019) models on the test datasets.
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4.8 Discussion

The objective of this research was to improve image segmentation by developing and
evaluating a novel topology-aware loss function that focused on topological properties in
binary masks while maintaining computational efficiency. Through extensive experiments
across diverse datasets, including DRIVE, CREMI-B, GMP, and agricultural fields in
Tehran, our proposed method consistently outperformed traditional models. Specifically,
it showed improvements in both pixel-wise accuracy and topological consistency. The
foundation of our approach lies in the integration of erosions and convolutions combined
with the detection of topologically critical points (TCPs). We introduced a three-level
soft-erosion strategy followed by TCP detection. The rationale behind using multiple
erosion levels is to highlight the most “important” pixels in the binary mask. By focusing
on these pixels at various erosion levels, the model gains insights into the persistence of the
mask’s topological structure under gradual transformations. This multi-level approach
enables the model to identify critical points that play a crucial role in defining the
topological features of the binary mask. As thinner parts of the mask erode, the model
learns about the shifts in topological structures, allowing for a more nuanced understanding
of the segmentation task.

Current deep learning-based segmentation methods with a topological focus typically
rely on persistent homology (PH)–based losses. While these methods are effective at
capturing topological features, they are often computationally expensive and difficult to
scale [14, 147]. Consequently, our objective was twofold: first, to enhance segmentation
accuracy, and second, to reduce computational complexity. While PH-based methods
effectively capture the topological structure of binary masks, they have two key limitations
that our method addresses. First, these methods are computationally intensive. The
balance between computational efficiency and topological precision makes TopoSegNet
highly suitable for real-time applications and large-scale image segmentation tasks, offering
a practical and scalable alternative while maintaining competitive performance across
various benchmarks. Second, While PH-based methods excel at capturing topological
features, they tend to overlook critical elements such as terminal nodes. This limitation
can be problematic in applications where disconnections or endpoints are important. Our
approach effectively captures these subtleties, as evidenced by our experiments on the GMP
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and DRIVE datasets.

Uneven thickness in line features can present significant challenges in segmentation
methods, as variations in thickness can lead to inconsistencies in how features are detected
and preserved. The GMP and DRIVE datasets, for example, exhibit such challenges due
to the uneven thickness of line features within their binary masks. In these cases, thin
features are more likely to be missed in predictions. The DRIVE dataset, in particular,
has a high number of terminal nodes (e.g., retinal vein endpoints) compared to loops,
making PH-based methods less effective. As demonstrated in the results, our method
uses three levels of erosion that successfully capture these thin features. In contrast, Hu’s
PH-based model performed better on the agricultural fields and CREMI datasets but
struggled with GMP and DRIVE, where thin features are more prevalent. Referring to the
average Betti 0 numbers reported in Table 4.1, Hus model often yielded positive values,
indicating fewer connected components in the predictions compared to the ground truth
masks. Our model, however, consistently produced negative values. Coupled with improved
pixel-wise metrics, this suggests our approach was better at detecting thinner features, even
when they appeared disconnected. Furthermore, our model improved the absolute value
of Betti 0 compared to the plain U-Net, demonstrating improved connectivity of linear
features and topological structures.

To assess the impact of erosion iterations, we doubled the number of erosion levels to
six across all datasets. The results, presented in Table 4.2, reveal some important trends.
While our model diverged on the CREMI dataset, performance on the other datasets
generally improved in terms of pixel-wise metrics. However, topological accuracy decreased
for the GMP and DRIVE datasets, while the Fields dataset showed improvements.
These results are consistent with the characteristics of the datasets. GMP and DRIVE
contain thin edges that quickly disappear after the earlier erosion levels, leading to poorer
performance. In contrast, the agricultural fields dataset contains thicker, more uniform
boundaries, where additional erosions helped in detecting TCPs more effectively. An
added complexity arises when computing the loss over multiple iterations of erosion.
With six erosion levels, our method calculates the loss at each level, both forward and
reverse, resulting in 14 losses per image (6×2 for the eroded masks, plus two for the
original mask). As the erosion levels increase, the weight assigned to the TCPs diminishes,
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reducing emphasis on thinner structures and shifting the focus to thicker ones that persist
through the later stages of erosion. The improvement in pixel-wise metrics during the
six-erosion experiments can be attributed to this focus on the thicker, more persistent
features. Figure 4.9 illustrates a sample prediction for a DRIVE image, comparing results
from three and six erosion levels. This pattern is further reflected in the absolute Betti 0
values, which consistently decreased across all experiments, indicating that thinner features
were often missed as the number of erosions increased. The CREMI datasets divergence
further supports this observation, as its uniformly thin boundaries were lost during the
earlier erosion stages, leading to training instability.

Figure 4.9: A sample test prediction with 3 and 6 erosion iterations.

Our results highlight an important trade-off between commonly used metrics such as
Dice and IoU, and other metrics including precision and accuracy, especially in cases with
class imbalance or fine, intricate structures. Dice and IoU prioritize overlap between
predicted and ground truth regions, often favoring recall at the expense of precision.
This tendency can lead to more false positives, especially in scenarios where the predicted
regions extend beyond the true class boundaries. Consequently, while Dice and IoU may
improve, precision and accuracy can suffer. This phenomenon was particularly evident in
our experiments with topology-aware losses. By emphasizing connectivity and structural
correctness, the model sometimes overestimated the thickness of linear features, leading to
a higher false positive rate and, in turn, lower precision and accuracy scores. This trade-off
was especially noticeable in Hus model and our model when we increased the erosion levels.
These findings also underscore the limitations of traditional pixel-wise metrics and highlight
the importance of incorporating topological evaluation metrics, such as CDM and MMD,
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for a more comprehensive assessment.

While our model has demonstrated notable improvements, several limitations and
challenges remain. One key challenge is its sensitivity to the thickness of linear features
and the number of erosions used. As seen in the six-erosion experiments, using too many
erosions can lead to diminishing returns, with fine details being lost. This suggests that
there is an optimal number of erosions that balances pixel-wise accuracy and topological
performance. For datasets with varying feature thicknesses, careful selection of erosion
levels is critical. Another limitation is the model’s applicability to datasets where the
foreground consists of the areas inside the loops rather than the boundaries. A potential
remedy could be converting label masks to boundary representations using edge detection
techniques, but this approach is outside the scope of this study. Additionally, detecting
junction points remains a challenge, especially for rounded structures. Our method relies
on the inversion of masks for TCP detection, which may lead to missed junctions when
the mask structures are less sharp. Addressing these limitations will be the focus of future
research.

4.9 Conclusion

In this study, we introduced TopoSegNet, a novel topology-aware loss function designed to
enhance the accuracy and computational efficiency of image segmentation. We showed that
not all pixels in a binary mask are equally important for preserving topology. Our method
addresses the limitations of traditional pixel-wise loss functions, which often fail to capture
topological consistency, especially in applications involving thin, elongated, or complex
structures such as xylem cells, irregular agricultural fields, and blood vessels. To circumvent
the complexities associated with persistent homology (PH)-based methods, which focus
on topological features such as loops and connected components, we shift our attention
to topologically critical points (TCPs), such as junctions and terminal nodes, that are
crucial in forming these structures. By incorporating TCPs into the segmentation process
using a multi-level erosion strategy, TopoSegNet not only improves segmentation accuracy
but also preserves the structural integrity of the output. Through extensive experiments
across diverse datasets, including medical imaging, satellite imagery, and gigapixel macro
photography of tree rings, TopoSegNet demonstrated significant improvements in both
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standard segmentation metrics, such as Dice and IoU, and topology-focused metrics,
including MMD and the newly developed CDM. Our approach supports topological
correctness while remaining computationally efficient, making it suitable for large-scale
applications. Despite these promising results, TopoSegNet faces challenges, particularly in
its sensitivity to the thickness of line structures and the need for fine-tuning the number of
erosion levels for optimal performance. Future work will focus on refining the loss function
and addressing these limitations to further improve its robustness and versatility.



Chapter 5

Training Set Augmentation with
TopoSinGAN: Impact of Synthetic
Data on Image Segmentation

5.1 Abstract

Data scarcity remains a significant challenge in training image segmentation models,
particularly in fields such as medical imaging and remote sensing, where annotated
datasets are costly and difficult to acquire. Generative Adversarial Networks (GANs)
have emerged as a powerful tool for data augmentation, but their reliance on large
labeled datasets and potential for introducing artifacts limit their effectiveness. This study
explores the application of TopoSinGAN, a topology-aware generative model capable of
synthesizing structurally consistent images from a single source in data augmentation tasks.
By augmenting datasets for agricultural field segmentation and gigapixel dendrological
imagery, we demonstrate the impact of TopoSinGAN-generated data on improving the
performance of segmentation models, including UNet and the topology-aware TopoSegNet.
Our experiments reveal substantial gains in both pixel-wise and topology-aware metrics,
with Intersection over Union (IoU) improvements of up to 2%, emphasizing the models
ability to enhance segmentation accuracy while preserving structural integrity. This
approach offers a scalable, efficient solution for augmenting datasets in domains requiring
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topological precision.

5.2 Introduction

Image segmentation is a crucial task in various fields, such as medical imaging, remote
sensing, and environmental monitoring, where the accurate delineation of object boundaries
directly impacts downstream analyses and decision-making [178]. However, training
segmentation models require large, high-quality annotated datasets, a need that poses
significant challenges due to the labor-intensive and costly nature of data labeling. In
domains such as medical imaging, where patient privacy and expertise requirements further
constrain data availability [181], and in remote sensing, where diverse, high-resolution
images complicate annotation processes [182], innovative solutions are necessary to
overcome these limitations. Generative Adversarial Networks (GANs) have emerged as
a powerful tool for data augmentation in image segmentation tasks, addressing data
scarcity by synthesizing realistic images that expand the diversity and volume of training
datasets [183]. GANs, consisting of a generator and discriminator in competitive learning,
have been effectively applied to medical imaging for generating synthetic MRI, CT, and
ultrasound scans [184, 185], thereby enhancing segmentation model performance on limited
datasets. Similarly, in remote sensing, GANs have been used to generate high-resolution
synthetic satellite and aerial imagery [186, 187], improving model robustness in diverse
environments. By simulating variations in real-world scenes, GAN-augmented datasets
enable segmentation models to generalize better across a broader range of conditions
[188]. Despite their potential, conventional GAN models introduce challenges that limit
their effectiveness in certain applications [189]. GANs typically require a substantial
amount of labeled training data to generate high-quality synthetic images, creating a
paradox where data augmentation methods still depend on large annotated datasets.
Moreover, GAN-generated images may contain errors, including artifacts and topological
inaccuracies that compromise the quality of the synthetic data [183]. In segmentation
applications requiring topological precision, such as identifying vascular structures in
medical images [190] or extracting road networks from satellite data [46], even minor
topological errors in synthetic images can propagate into model training, degrading
segmentation performance in critical areas. To address these challenges, this study
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explores the application of the TopoSinGAN model [175], which synthesizes topologically
accurate images from a single source image, thereby alleviating the need for large labeled
datasets while ensuring topological integrity in the generated data. We further apply
TopoSinGAN-augmented datasets to train UNet and TopoSegNet, a topologically aware
segmentation model, to assess their performance in applications where topological accuracy
is essential. We chose UNet as the baseline architecture to maintain methodological
clarity. While more sophisticated architectures such as SAM [76] might achieve higher
absolute performance, our focus is on demonstrating the effectiveness of topological
constraints and data augmentation strategies. UNet’s transparent architecture allows us
to clearly isolate and measure these effects without the confounding factors introduced
by more complex models. This choice aligns with our research objective of advancing
methodological understanding rather than competing for state-of-the-art performance
metrics. By leveraging TopoSinGAN, we aim to bridge the gaps in current GAN-based
data augmentation approaches, providing a robust, scalable solution for high-precision
segmentation in data-constrained domains.

5.3 Background and Literature Review

The application of Generative Adversarial Networks (GANs) for expanding training
datasets in image segmentation has emerged as a transformative approach across various
fields [183, 189], notably medical imaging and remote sensing. Both domains face
significant challenges regarding limited annotated data, diverse imaging characteristics,
and high-dimensional information, which complicate the training of robust segmentation
models [181, 182]. GANs, composed of a generator and discriminator in a competitive
learning setup, have proven effective in generating synthetic images that closely resemble
real ones [184, 185]. These synthetic images serve as data augmentations, enriching the
training datasets and enhancing model performance in diverse applications, from medical
diagnostics [191, 192] to environmental monitoring [186, 188].
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5.3.1 Medical Imaging Applications of GANs

In medical imaging, GANs play a critical role in addressing the scarcity of annotated
datasets [183]. The demand for labeled data in medical fields is particularly challenging due
to the expertise required for accurate annotation and privacy concerns related to patient
data [181, 184]. GANs offer a viable solution by creating synthetic images that closely
resemble real medical scans [185]. These generated images expand the training datasets
and support model generalization [191], making models more adaptable to the variability
in medical imaging data, such as differences in imaging modalities, patient demographics,
and imaging equipment [190, 192].

One advantage of using GANs in medical image segmentation is their capacity to
generate high-fidelity synthetic images that help overcome the limited availability of
annotated medical data. [191] leveraged a conditional GAN (cGAN) to generate additional
samples for breast tumor segmentation in ultrasound images, which significantly improved
the models accuracy by incorporating EfficientUNet into the framework to enhance
spatial consistency. Similarly, [181] utilized a 2.5D patch-based GAN model to segment
multiple organs in thoracic CT images, illustrating the ability of GANs to handle intricate
anatomical structures and improve segmentation accuracy. GANs not only address the
issue of dataset scarcity but also enable model generalization across various imaging
modalities, as demonstrated by [185], who applied CycleGANs to enhance CT segmentation
tasks across different datasets and imaging conditions, effectively mitigating the adverse
effects of dataset shifts.

Beyond data augmentation, GANs also support ethical data sharing in medical research
[184] showed that GANs could generate synthetic radiographs for segmentation tasks,
enabling data sharing without compromising patient privacy. This ethical benefit is vital
in medical imaging, where concerns around data privacy often limit the availability of real
patient data. By generating synthetic datasets that can be shared and utilized without
privacy concerns, GANs contribute to advancing medical research while maintaining ethical
standards.

The flexibility of GANs extends across various imaging modalities, enabling segmentation
applications in specialized areas. For example, [190] employed GAN-based algorithms to
segment corneal subbasal nerves using confocal microscopy, showcasing the adaptability
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of GANs to different imaging techniques. The ability to train segmentation models
across different types of medical images, from CT and MRI to confocal microscopy,
demonstrates the robustness of GANs in handling diverse medical applications. Moreover,
[193] highlighted the ability of GANs to overcome challenges related to small datasets in
biomedical imaging. Their survey emphasized that GANs not only increase dataset size but
also enable the development of more sophisticated segmentation models that can achieve
high performance with limited annotated data.

GANs have also contributed to advancing segmentation model architectures by
integrating with other deep learning frameworks. [184] employed GAN-based synthetic
augmentation for liver lesion classification, where GAN-generated samples supported the
learning process of convolutional neural networks (CNNs), demonstrating a synergistic
approach that leverages the strengths of both GANs and CNNs for improved performance.
[192] introduced a GAN framework that simultaneously performed segmentation and image
synthesis, streamlining the training process and enhancing segmentation performance by
exploiting the complementary roles of generators and segments.

5.3.2 Remote Sensing Applications of GANs

The application of GANs in remote sensing is similarly promising, given the challenges
associated with limited labeled data and the complex, high-resolution nature of remote
sensing images [182, 188]. The need for robust segmentation models in this field is
driven by the variety of tasks that benefit from precise image segmentation, including
environmental monitoring, urban planning, and disaster response [46, 194]. GANs
address these challenges by creating synthetic images that simulate real-world scenarios
[186, 187], allowing segmentation models to generalize effectively across diverse remote
sensing environments [195, 196].

One of the main advantages of GANs in remote sensing is their capacity to produce
high-resolution synthetic images that enhance the diversity of training datasets. [186]
proposed the Relative Generation Adversarial Network (REL-SAGAN) to augment the
NWPU remote sensing image dataset, achieving a 3% improvement in classification
accuracy, a notable increase over traditional data augmentation techniques. Such findings
highlight the utility of GANs in enriching datasets for remote sensing tasks that require
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segmentation models to handle the complexity of natural and urban scenes.

GANs have also been effectively integrated with other deep-learning models to improve
segmentation accuracy in remote sensing. [182] developed a Wasserstein GAN-based
method for high-resolution remote sensing image segmentation, demonstrating GANs’
potential to refine CNNs’ feature extraction capabilities in complex environments with
diverse object appearances. This integration underscores the pivotal role of GANs
in enhancing segmentation performance, especially in remote sensing scenarios where
traditional augmentation methods may fall short. Specific segmentation tasks in remote
sensing also benefit from GANs. [46] employed a GAN framework to address road
network extraction, combining a generator to identify road structures with a discriminator
to differentiate between generated and actual labels, thereby improving segmentation
accuracy. This adaptability of GANs to task-specific challenges illustrates their versatility
in handling the diverse requirements of remote sensing segmentation applications.

GANs also support labeled data generation, which is crucial for training supervised
models in remote sensing. Ma and colleagues [195] introduced SiftingGAN to generate
labeled samples for remote sensing image classification, demonstrating that GANs can
effectively mitigate the issue of limited labeled data, a common bottleneck in model
training. In their work, they proposed a GAN and a Fully Convolutional Network
(FCN) framework that efficiently segments remote sensing images by generating additional
labeled data, aiding in data-scarce scenarios where labeling is costly and time-intensive[195]
introduced SiftingGAN, a model that generates and filters labeled samples to address the
challenge of limited labeled data in remote sensing, thereby improving classification model
performance[194] observed that neural network-based segmentation methods outperform
traditional unsupervised methods, especially when trained on large datasets. Using GANs
to augment these datasets exposes segmentation models to a broader range of scenarios,
enhancing generalization and accuracy.

Furthermore, the integration of attention mechanisms within GAN frameworks, such
as the Skip Attention GAN by [187], has shown improvements in capturing structural
features in remote sensing images, resulting in higher-quality synthetic images that
enhance segmentation tasks. In addition to supervised learning, GANs have facilitated
semi-supervised learning in remote sensing segmentation. [189] employed a semi-supervised
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GAN-based method for segmentation, using GAN-generated data to augment limited
labeled datasets and improve classification accuracy. This approach is particularly relevant
in remote sensing, where obtaining labeled data is often labor-intensive and costly.
The advancements in GAN architectures for remote sensing have also contributed to
their effectiveness. [188] developed the Deeply-supervised GAN (D-sGAN), designed to
augment remote sensing datasets by generating images rich in detail, supporting semantic
interpretation tasks critical to remote sensing analysis.

Despite the advantages of GANs in data augmentation for image segmentation, several
gaps remain in this field [183, 189]. Notably, GAN models themselves typically require
large, high-quality training datasets, which paradoxically reintroduces the challenge of
limited annotated data [184]. This dependency limits GAN applicability in data-scarce
environments. Additionally, GAN-generated images may contain errors, including
inaccuracies that could degrade model performance [185]. In applications demanding
topological accuracy, such as remote sensing [46, 182] and medical imaging [190, 191],
the presence of topological errors in synthetic images risks propagating these inaccuracies
into downstream tasks, potentially affecting the reliability of segmentation outputs [183].

In this study, we address these gaps by applying the TopoSinGAN model, which
requires only a single image to generate an arbitrary number of topologically accurate
synthetic images, ensuring topological correctness in the generated data. To further
improve segmentation performance, we integrate these images into training pipelines for
plain UNet and TopoSegNet, a model designed with topological awareness. This approach
mitigates the limitations of data scarcity and error propagation, advancing segmentation
accuracy in applications where topological precision is critical.

5.4 Methods

5.4.1 Synthetic Data Generation Using TopoSinGAN

TopoSinGAN [175] builds on the single-image generative capabilities of the SinGAN
framework but incorporates a topology-aware loss function to ensure the topological
coherence of generated images. The model is trained on a single base image using
a hierarchical multi-scale approach, progressively generating synthetic variations across
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increasing resolutions. This architecture allows for the creation of multiple synthetic
images from a single base image, while the topology loss ensures structural accuracy by
minimizing terminal node counts in generated boundaries. This is critical for applications
where maintaining connectivity and structural fidelity is essential, such as agricultural
field delineations and cellular structures in dendrology. TopoSinGAN has been validated
in prior studies, demonstrating significant improvements in topological accuracy through
its Node Topology Clustering (NTC) index and reduced Fréchet Inception Distance (FID)
scores compared to traditional SinGAN. The model was adapted for this study to generate
diverse synthetic datasets tailored to the segmentation tasks.

5.4.2 Segmentation Models

Two segmentation models were employed to evaluate the impact of synthetic data:

1. UNet [6]:
This model, widely used for semantic segmentation, follows an encoder-decoder
architecture with skip connections to preserve spatial information across layers. UNet
optimizes pixel-wise metrics such as accuracy and IoU but lacks mechanisms for
maintaining structural and topological consistency.

2. TopoSegNet (explained in Chapter 4):
Designed specifically for topology-aware segmentation, TopoSegNet incorporates a
novel loss function based on topologically critical points (TCPs). These points include
junctions, terminal nodes, and thin features, which are prone to errors that can
disrupt structural integrity. By explicitly preserving these features during training,
TopoSegNet achieves improved performance in both pixel-wise and topology-focused
metrics.

5.4.3 Study Design

This study evaluates the impact of synthetic data generated by TopoSinGAN on
the semantic segmentation performance of UNet and TopoSegNet across two datasets:
agricultural fields and gigapixel dendrological (GMP) images. The experimental design
involved systematically varying the proportion of synthetic data and the number of base
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images used to generate these synthetic datasets. The dataset proportions were set at 10%,
25%, 50%, and 75% synthetic data, with the total training dataset size fixed at 245 images
for GMP and 313 images for the agricultural dataset, excluding the validation and test
datasets. For both validation and testing, all real images not used for generating synthetic
data were employed, ensuring that only real data was used for model evaluation. Models
were trained using combinations of synthetic and real data, and their performance was
evaluated against baseline models trained exclusively on real data.

The size of the real dataset (R) was fixed, while the total dataset size (D) and the
number of synthetic images (F) varied based on the synthetic proportion (P). The total
dataset size (D) was determined as D = round(R / 1 - P), ensuring consistency with the
fixed size of the real dataset while rounding D to the nearest integer. The synthetic dataset
size (F) was then computed as F = D - R. The number of synthetic images generated per
base image (S) was calculated as S = round(F / B), where B represents the number of base
images. Table 5.1 illustrates the study design for GMP case study.

Table 5.1: The study design for GMP case study.

Base Image Count (B) Fake Dataset (F) Real Dataset (R) Total Size (D)

% Count % Count

0 0% 0 100% 245 245
1 10% 27 90% 245 272
1 25% 82 75% 245 327
1 50% 245 50% 245 490
1 75% 735 25% 245 980
2 10% 13× 2 = 26 90% 245 271
2 25% 41× 2 = 82 75% 245 327
... ... ... ... ... ...
9 50% 27× 9 = 243 50% 245 488
9 75% 82× 9 = 738 25% 245 983
10 10% 3× 10 = 30 90% 245 375

Continued on next page
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Table 5.1 continued

Base Image Count (B) Fake Dataset (F) Real Dataset (R) Total Size (D)

% Count % Count

10 25% 8× 10 = 80 75% 245 325
10 50% 24× 10 = 240 50% 245 485
10 75% 73× 10 = 730 25% 245 975

5.4.4 Datasets and Experimental Procedure

Two datasets were used for the experiments (further details in Section 4.6.1):

1. Agricultural Fields Dataset:
This dataset consisted of 10-meter resolution satellite imagery depicting agricultural
fields in Tehran Province, Iran. The images featured irregular field geometries,
making them challenging for segmentation. A manually annotated mask delineating
field boundaries was appended to each image as the ground truth.

2. Gigapixel Dendrological Dataset (GMP):
This dataset featured ultra-high-resolution gigapixel images of tree cross-sections,
with annotations highlighting cellular structures within xylem vessels. These complex
structures required precise segmentation to maintain fine-scale connectivity, posing
a unique challenge for the models [111].

For each configuration, synthetic images were generated using TopoSinGAN and
combined with real images as described in Table 5.1 to form the training dataset.
Models were trained using these datasets with consistent hyperparameters to ensure fair
comparisons. The test datasets, containing only real images, remained constant across all
configurations.

5.4.5 Evaluation Metrics

Performance was evaluated using a combination of pixel-wise and topology-aware metrics to
ensure a comprehensive assessment of the segmentation models. Pixel-wise metrics focused
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on the overlap between predicted and ground truth segmentations, while topology-aware
metrics captured the structural integrity and topological consistency of the predictions.

Pixel-Wise Metrics

Pixel-wise evaluation metrics for image segmentation tasks included precision, recall, and
Intersection over Union (IoU), which collectively provide a robust assessment of model
performance [178]. Precision measures the proportion of true positive pixels among all
pixels classified as positive, reflecting the model’s ability to minimize false positives. Recall
evaluates the proportion of true positive pixels among all actual positive pixels, indicating
the model’s capacity to capture relevant features [183]. IoU quantifies the overlap between
predicted and ground truth masks, defined as the ratio of their intersection to their union,
offering a balanced perspective on segmentation accuracy [178, 196]. However, in datasets
with class imbalances such as medical image segmentation or delineating agricultural fields
from satellite imagery, true positives are often greatly outnumbered by true negatives.
This imbalance can lead to inflated performance metrics that disproportionately reflect
true negatives, even when the model struggles to segment the minority class effectively.
Due to this limitation, accuracy was excluded from our evaluation metrics, as it could
provide misleading insights in such scenarios.

Topology-Aware Metrics

To capture the structural fidelity of the segmentation outputs, topology-aware metrics
were employed, evaluating the alignment of predicted masks with the ground truth in
terms of connected components and loops [26, 35]. Betti numbers were used as key
indicators of topological accuracy, with Betti0 measuring errors in connected components
by reflecting discrepancies in the number of distinct regions between the predicted and
ground truth masks, and Betti1 assessing errors in loops by indicating deviations in the
number of enclosed structures [98]. These metrics are critical for ensuring the topological
consistency of segmented outputs, particularly for datasets with fine-scale structures such
as dendrological vessels or agricultural boundaries.
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Centroid Displacement Measure (CDM)

The Centroid Displacement Measure (CDM) is a topology-aware metric specifically
designed to quantify the geometric and topological alignment of predicted masks with
ground truth masks by evaluating the spatial displacement of key structural features,
particularly the centroids of connected components. For each connected component in
both the predicted and ground truth masks, centroids are identified as the geometric
center of the region. The Euclidean distance between each centroid in the ground truth
mask and the nearest centroid in the predicted mask is then calculated, and the average
of these distances is used as the CDM value. Lower CDM values indicate enhanced
topological accuracy, reflecting minimal misalignment between predicted and ground truth
components. Unlike Betti numbers, which focus on errors in connected components
and loops, CDM provides a complementary geometric perspective by capturing the
spatial arrangement of structures, ensuring that predictions preserve not only topological
integrity but also spatial coherence. This metric complements Betti numbers by providing
a geometric perspective on topological consistency. For further details please see
Section 4.6.3.

5.4.6 Statistical Analysis

Effect Size of Synthetic Data Proportions

In machine learning research, effect sizes, such as Cohen’s d and eta-squared (η2), are
critical metrics for quantifying the strength of relationships or differences between groups.
To evaluate the impact of synthetic data on model performance, we calculated η2 effect sizes
for each metric across varying synthetic data proportions (10%, 25%, 50%, and 75%). η2

was derived using one-way ANOVA, representing the proportion of variance in performance
metrics attributable to changes in synthetic data proportions. This analysis was performed
separately for each combination of model (UNet, TopoSegNet) and dataset (Fields, GMP)
and included six key metrics of precision, recall, IoU, Betti0, Betti1 and CDM. Effect size
benchmarks vary across fields [197, 198, 199, 200]. In machine learning applications, η2

values less than 0.2, between 0.2 and 0.5, and greater than 0.5 are typically interpreted
as small, medium, and large effects, respectively [201, 198, 199]. This categorization
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provides researchers with a framework to assess the practical significance of their findings,
complementing traditional measures of statistical significance.

Performance Distribution Analysis

To visualize and analyze the impact of synthetic data proportions on model performance
across different datasets, we employed split violin plots combining box plot information with
kernel density estimation. For each metric, we compared the performance distributions
between UNet and TopoSegNet across four synthetic data proportions (10%, 25%, 50%,
75%). The violin plots were vertically segmented to simultaneously display performance on
Fields and GMP datasets. This visualization approach allows the examination of central
tendency, spread, and probability density of performance metrics across both datasets,
with the width of each segment indicating the probability density of observations at that
performance level.

Model Comparison Analysis

To evaluate the performance differences between UNet and TopoSegNet, we conducted
comprehensive statistical analyses across both Fields and GMP datasets. We performed
paired t-tests to compare the models across multiple metrics including accuracy, precision,
recall, IoU, CDM, and Betti number errors. For each metric, Cohen’s d effect sizes were
calculated to quantify the magnitude of the differences between the models. In line with
standard guidelines, d values of 0.2, 0.5, and 0.8 were used to represent small, medium, and
large effects, respectively [193, 202]. This provided a standardized measure to assess the
practical significance of the observed differences between the models. Statistical significance
was conservatively set at p < 0.01 for all statistical tests in this study. For metrics
where lower values indicate better performance (CDM, Betti0, and Betti1), we calculated
improvements as the absolute difference between the models’ mean values. For all other
metrics where higher values indicate better performance (accuracy, precision, recall, and
IoU), we directly compared the mean values. This statistical framework allowed us to
not only identify significant differences between the models but also quantify the practical
significance of these differences through effect size measurements.
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Statistical Analysis of Base Image Impact

To determine the optimal number of base images for synthetic data generation, we
conducted a comprehensive statistical analysis grouping base images into ranges (1-2,
3-5, 6-7, and 8-10 images) to ensure sufficient sample sizes for statistical testing. This
analysis was performed independently of the synthetic data proportions to provide a
generalized recommendation for the number of base images to use. For each metric we
employed the Kruskal-Wallis H-test, a non-parametric alternative to one-way ANOVA, to
evaluate whether there were statistically significant differences between base image ranges
per model-dataset combination [203, 204, 205]. This test was chosen over parametric
alternatives due to its robustness with small sample sizes and no assumption of normal
distribution. For each range of base images, we calculated descriptive statistics including
mean performance, standard deviation, and sample count. The optimal range was
determined based on the metric type, with lower values considered better for error-based
metrics (CDM, Betti0, and Betti1) and higher values better for pixel-wise metrics
(precision, recall, and IoU).

5.5 Results

This section presents the results of the experiments conducted on two datasets, Fields and
GMP, to evaluate the performance of UNet and TopoSegNet under varying configurations
of synthetic data proportions and the number of base images used to generate these
synthetic datasets. The performance of these models is compared not only across these
configurations but also against baseline models trained with 100% real data, represented as
blue horizontal dashed lines in Figures 5.1 and 5.2. This analysis spans pixel-wise metrics
such as precision, recall, and IoU, as well as topology-aware metrics such as Betti numbers
and CDM. The results highlight trends within each group (based on the number of base
images) and across proportions (10% synthetic: A, 25%: B, 50%: C, and 75%: D), with
a focus on identifying how synthetic data influences segmentation performance relative to
the real-data baseline. The results presented in Figures 5.1 and 5.2 demonstrate that data
augmentation significantly improved the IoU, a critical pixel-wise metric for imbalanced
datasets when compared to the baseline experiments with real datasets. Specifically, IoU
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increased from 25.51% to 27.19% (B-7) for UNet-Fields, from 26.22% to 28.00% (A-5)
for TopoSegNet-Fields, from 78.54% to 80.06% (B-2) for UNet-GMP, and from 79.91% to
81.25% for TopoSegNet-GMP.

5.5.1 Fields Dataset

The evaluation of UNet and TopoSegNet on the Fields dataset provides valuable insights
into their performance across varying proportions of synthetic data. In Group A (10%
synthetic data), UNet demonstrated higher fluctuations in precision and recall compared
to TopoSinGAN, particularly across base image groups. For Groups A and B, similar
precision values of 38.56% and 38.58% were recorded. However, as the proportion of
synthetic data increased, average precision dropped to 38.24% in Group C and 37.41%
in Group D. Compared to the baseline UNet performance with real images (precision:
39.40%), most experiments with synthetic datasets yielded lower values. Exceptions were
observed in Group A, where experiments such as A-4 and A-5 exceeded the baseline,
achieving precision values above 39.9%. In contrast, TopoSinGAN exhibited a more stable
trend in precision, with incremental improvements as synthetic data proportions and the
number of base images increased. The average precision for Groups A and B exceeded
the baseline (39.73% and 40.02% vs. 39.39%). Notably, TopoSinGAN achieved its highest
precision of 40.98% in Group A when using four base images, over 1% higher than the group
average of 39.73%. Group B (25% synthetic data) achieved the highest average precision
(40.02%), with all experiments involving more than four base images yielding precision
values above 40%. Although Groups C and D began with lower precision (36.76% and
34.86%), sharp improvements were observed, with Group D reaching 41.28% precision
when trained with six base images.

For recall, UNet displayed wider fluctuations, ranging from 48.09% (A-3) to 38.64%
(C-5), reflecting variability across experiments. While the global trend for recall across
proportions was declining, within-group trends showed improvement as the number of
base images increased. All group averages for UNet were above the baseline recall with real
images (40.63%), recording values of 42.85%, 43.40%, 42.56%, and 41.86% for Groups A, B,
C, and D, respectively. Conversely, TopoSegNet exhibited a steady within-group trend and
a gradual decline across proportion groups. TopoSegNets recall fluctuations widened with
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increasing synthetic data proportions. The highest average recall for TopoSegNet (46.23%)
was observed in Group A, while the lowest (39.32%) occurred in Group D, where 75% of
the data was synthetic. Comparing group averages to the baseline recall for TopoSegNet
(43.98%), Groups A, B, and C achieved higher recall values of 46.23%, 45.20%, and 45.05%,
respectively.

The IoU metric, which accounts for class imbalance and provides a realistic pixel-wise
evaluation, revealed a declining trend across synthetic data proportions for both UNet and
TopoSegNet. Within groups, both models demonstrated significant improvements in IoU
as the number of base images increased, except in Group A (10% synthetic data). For
UNet, the highest IoU was recorded in B-7 (25% synthetic data with seven base images) at
27.19%, significantly exceeding the baseline IoU of 25.52%. The average IoU for Groups A
and B (25.64% and 25.90%, respectively) was slightly higher than the baseline. In contrast,
TopoSegNet achieved its best IoU in Group A, reaching a maximum of 28.00% in A-5 (five
base images) and a group average of 27.41%. Group B followed closely with an average IoU
of 27.19%, while Group C recorded 26.58%. All these group averages exceeded the baseline
IoU of 26.20%, highlighting significant improvements in the first three groups, peaking in
Group A. TopoSegNets lowest IoU (24.15%) occurred in D-1 (75% synthetic data with one
base image). However, a sharp increase of 1.57% was observed when the number of base
images increased to two.

Betti0, a topology-aware metric evaluating connected components, showed mixed
trends. For UNet, only a few experiments in Groups A and B improved upon the baseline
Betti0 of 80. The lowest Betti0 (best performance) for UNet was observed in B-6 at
57.27. However, Betti0 values sharply worsened as synthetic data proportions increased,
peaking at 197.72 in D-3. For TopoSegNet, the Betti0 fluctuations were significantly
smaller, and substantial improvements were observed in Groups A and B. The lowest
Betti0 for TopoSegNet was recorded in A-6 at 22.15, substantially better than the baseline
Betti0 of 65. Like UNet, TopoSegNets Betti0 degraded with higher synthetic proportions,
particularly in Group D.

Betti1, which evaluates loops, showed an opposite trend for UNet compared to Betti0.
Group averages revealed improvements across proportions, with Group D recording the
best Betti1 (61.13), followed by Group C (63.12) and Group B (62.50). The best Betti1
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value (54.55) was achieved in C-6. For TopoSegNet, however, the highest average Betti1
was recorded in Group A (54.02), followed by Group C (54.80), which matched the baseline
Betti1 of 54.80. Fluctuations in Betti1 were significantly smaller for TopoSegNet compared
to UNet. The best Betti1 value for TopoSegNet was achieved in A-6 (50.01), highlighting
its ability to preserve loop structures.

The CDM metric, which assesses both topological and geometric consistency, showed
consistent improvement for UNet across all groups, with averages of 19.79, 19.12, 20.09,
and 18.05 for Groups A, B, C, and D, respectively. These values were better than the
baseline CDM of 21.7, with the lowest CDM observed in D-4 at 12.24. Conversely,
TopoSegNet showed a reversed trend, with worsening CDM as the proportion of synthetic
data increased. Group A recorded the lowest average CDM (14.85), followed by Group
B (15.16), while Groups C and D averaged 15.59 and 18.68, respectively. Groups A
and B demonstrated improvements compared to the baseline CDM of 15.61, reflecting
TopoSegNets advantage at lower synthetic proportions.
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Figure 5.1: Performance comparison between UNet (left) and TopoSegNet (right) on the
Fields dataset across different synthetic data proportions. Each plot shows a different
evaluation metric against base image configurations (x-axis). Blue dashed lines represent
baseline performance with no synthetic data. Results are grouped by synthetic data
proportions: A (10%), B (25%), C (50%), and D (75%) shown in distinct colors and
line styles.
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5.5.2 GMP Dataset

For the GMP dataset, both UNet and TopoSegNet demonstrated consistent improvements
across all metrics compared to the baseline experiment trained on 100% real data. The
baseline precision for UNet was recorded at 86.73%, which improved gradually across the
synthetic data proportion groups (A to D), culminating in an average precision of 89.07%
for Group D. Notably, nearly all experiments exceeded the baseline precision, highlighting
the effectiveness of synthetic data augmentation. TopoSegNet exhibited a similar upward
trend, achieving a maximum precision of 89.79% in experiments D-1, D-3, and D-10.
Interestingly, the group average precision for Groups A, B, and C remained relatively
stable, approximately 88.63%, while a notable increase was observed for Group D, which
recorded a group average of 89.45%. This suggests that a higher proportion of synthetic
data positively influenced precision for TopoSegNet, particularly in Group D.

Recall, on the other hand, exhibited more variability, particularly for UNet. Group
averages for recall showed a gradual decline across proportion groups, from 88.79% in Group
A to 88.32% in Group D, indicating a downward trend as the proportion of synthetic data
increased. However, within-group trends demonstrated an upward trajectory, suggesting
that increasing the number of base images used for data augmentation mitigated the
negative impact of higher synthetic proportions. In comparison, TopoSegNet demonstrated
more stable recall values, with group averages for Groups A, B, and C slightly surpassing
the baseline recall of 89.64%, achieving 89.78%, 89.79%, and 89.88%, respectively. The best
recall for TopoSegNet was recorded at 91.31% in experiment C-4, showcasing the model’s
ability to generalize effectively with moderate synthetic data augmentation.

The IoU metric revealed consistent improvements for both models across all experiments
compared to their respective baselines. For UNet, the baseline IoU was 78.58%, which
improved to 79.35% in Group A and decreased slightly to 79.09% in Group B. IoU then
recovered to 79.18% in Group C and rose sharply to 79.72% in Group D. The highest IoU
for UNet was observed in experiment D-2, which achieved 80.06%. TopoSegNet followed a
similar pattern but exhibited smaller standard deviations, reflecting greater consistency. Its
baseline IoU was 79.95%, with group averages of 80.53% for Groups A and B, increasing to
80.61% for Group C and peaking at 81.04% for Group D. The highest IoU for TopoSegNet
was recorded in experiment D-3 at 81.25%, emphasizing its capacity to benefit from higher
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proportions of synthetic data.

The Betti0 error, which measures errors in connected components, revealed an upward
trend for UNet as the proportion of synthetic data increased. The best group average for
UNet was observed in Group A at 20.20, with the minimum Betti0 recorded in experiment
A-10 at 17.56, significantly improving upon the baseline Betti0 of 25.01. For TopoSegNet,
Group D demonstrated the best performance, with a group average of 10.12 and a minimum
value below 9, reflecting substantial topological improvements. The other groups for
TopoSegNet exhibited similar average Betti0 values, indicating stable performance across
lower proportions of synthetic data.

For Betti1, UNet exhibited an arc-shaped trend, with the best performance observed
in Group D (75% synthetic data). This group achieved a significantly improved Betti1
of 40.89, compared to the baseline of 44.92. TopoSegNet showed smaller fluctuations and
significantly improved Betti1 values overall. Group D recorded the best performance for
TopoSegNet, with a group average of 14.71 and a minimum Betti1 of 13.29 in experiment
C-2. This represents a marked improvement compared to the baseline Betti1 of 20.00,
further highlighting TopoSegNets ability to preserve topological structures even at high
synthetic proportions.

The CDM metric, which evaluates both topological and geometric consistency,
displayed an upward trend for UNet across the proportion groups. The baseline CDM
for UNet was 2.96, which improved slightly to 2.67 in experiment A-5. For TopoSegNet,
however, there was no discernible trend, as the range of CDM values remained narrow.
The best CDM for TopoSegNet was recorded at 1.91 in experiment A-10, reflecting an
improvement over the baseline CDM of 2.09. The smaller variability in TopoSegNets
CDM values suggests that it consistently maintains geometric and topological coherence
regardless of the proportion of synthetic data.
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Figure 5.2: Performance comparison between UNet (left) and TopoSegNet (right) on the
GMP dataset across different synthetic data proportions. Each plot shows a different
evaluation metric against base image configurations (x-axis). Blue dashed lines represent
baseline performance with no synthetic data. Results are grouped by synthetic data
proportions: A (10%), B (25%), C (50%), and D (75%) shown in distinct colors and
line styles.
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5.5.3 Model Comparison Analysis

TopoSegNet demonstrated improved performance across all metrics in both datasets, with
all differences being statistically significant (p < 0.01). In the Fields dataset, as reported in
Table 5.2, TopoSegNet showed substantial improvements in topological metrics, reducing
Betti0 errors by 61.68 units (d = 2.22) and Betti1 errors by 7.02 units (d = 1.55).
Pixel-wise metrics showed moderate improvements, with increases in precision (1.27%,
d = -0.99), recall (2.06%, d = -0.83), and IoU (1.29%, d = -1.73). The performance
gap was more pronounced in the GMP dataset, where TopoSegNet achieved notably
larger effect sizes (Table 5.3). Topological improvements were particularly strong, with
substantial reductions in Betti0 (12.34 units, d = 5.14) and Betti1 (18.18 units, d =
5.37) errors. The model also demonstrated significant improvements in CDM (reduction
of 0.78, d = 6.70). Pixel-wise metrics showed consistent enhancements, with improved
precision (0.50%, d = -0.76), recall (1.15%, d = -2.45), and a substantial improvement in
IoU (1.34%, d = -4.07). As shown in Tables 5.2 and 5.3, the sign of Cohens d reflects
the direction of improvement. Negative d values for standard metrics (e.g., precision,
recall, IoU) indicate that TopoSegNet outperformed UNet, as higher values are better for
these metrics. Conversely, positive d values for topological metrics (e.g., Betti0, Betti1,
CDM), where lower values are better, similarly reflect improvements for TopoSegNet. The
magnitude of Cohen’s d values highlights the extent of performance differences, which were
most pronounced in the GMP dataset, particularly for topological metrics. This suggests
that TopoSegNet’s architectural design offers significant advantages, especially for complex
dendrological structures.

Table 5.2: Comparative analysis of UNet and TopoSegNet performance across the Fields dataset.

Metric Dataset UNet
Mean

TopoSegNet
Mean

Cohen’s d Better
Model

Improvement p_value

Precision Fields 38.23 39.50 -0.99 TopoSegNet 1.27 0.0001

Recall Fields 42.62 44.68 -0.83 TopoSegNet 2.06 0.0008

IoU Fields 25.45 26.74 -1.73 TopoSegNet 1.29 0.0000

CDM Fields 19.31 16.07 1.22 TopoSegNet 3.24 0.0000

Continued on next page
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Table 5.2 continued

Metric Dataset UNet
Mean

TopoSegNet
Mean

Cohen’s d Better
Model

Improvement p_value

Betti0 Fields 117.69 56.01 2.22 TopoSegNet 61.68 0.0000

Betti1 Fields 62.89 55.87 1.55 TopoSegNet 7.02 0.0000

Table 5.3: Comparative analysis of UNet and TopoSegNet performance across the GMP dataset.

Metric Dataset UNet
Mean

TopoSegNet
Mean

Cohen’s d Better
Model

Improvement p_value

precision GMP 88.30 88.81 -0.76 TopoSegNet 0.50 0.0005

recall GMP 88.60 89.75 -2.45 TopoSegNet 1.15 0.0000

iou GMP 79.32 80.65 -4.07 TopoSegNet 1.34 0.0000

CDM GMP 2.88 2.10 6.70 TopoSegNet 0.78 0.0000

Betti0 GMP 23.22 10.87 5.14 TopoSegNet 12.34 0.0000

Betti1 GMP 36.14 17.96 5.37 TopoSegNet 18.18 0.0000

5.5.4 Performance Distribution Analysis

The performance distribution analysis revealed distinct trends in segmentation metrics
for UNet and TopoSegNet across synthetic data proportions (10%, 25%, 50%, and
75%). Violin plots presented in Figure 5.3 and Figure 5.4 for Fields and GMP datasets,
respectively, highlighted how metrics such as precision, recall, IoU, and topological metrics
(Betti numbers and CDM) were distributed, offering insights into the central tendency,
variability, and overall reliability of the models in the Fields and GMP datasets. In
the Fields dataset, TopoSegNet showed narrower distributions and higher medians for
precision and recall at lower synthetic data proportions (10% and 25%), reflecting greater
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consistency and reliability. However, as synthetic data increased to 50% and 75%,
TopoSegNets performance became less consistent, with wider recall distributions. By 75%,
UNet surpassed TopoSegNets median recall, reversing the earlier trend of TopoSegNet
outperforming UNet.

For IoU, TopoSegNet consistently demonstrated narrower distributions and higher
medians across all synthetic proportions, particularly at 10%, 25%, and 50%, where it
displayed reliable performance in capturing overlaps between predictions and ground truth.
At 75%, while TopoSegNet maintained a higher median IoU than UNet, its distributions
became broader, reflecting increased variability. Topological metrics such as Betti0 and
Betti1 further underscored the differences between the models. TopoSegNet consistently
maintained lower error rates and tighter distributions, while UNet exhibited substantial
variability and pronounced degradation in these metrics, especially at higher synthetic
proportions (25% to 75%). The CDM distributions reinforced TopoSegNet’s advantages,
showing lower median values and compact distributions compared to UNet’s broader and
more variable performance. Overall, the analysis highlights TopoSegNet’s enhanced and
more reliable performance, particularly in preserving structural and topological integrity,
though its consistency diminishes slightly at the highest synthetic data proportions.

In the GMP dataset (Figure 5.4), TopoSegNet consistently outperformed UNet
across multiple metrics, demonstrating improved precision, recall, IoU, and topological
performance. For precision, TopoSegNet exhibited more compact distributions and
slightly higher median values across all synthetic data proportions. As synthetic data
increased to 75%, both models maintained stable precision, but TopoSegNet’s distributions
remained particularly concentrated around 89-90%, reflecting robust performance even
with high synthetic data usage. In terms of recall, both models maintained neutral trends,
but TopoSegNet consistently showed more compact distributions and higher medians
compared to UNet across most proportions. IoU measurements highlighted one of the
most notable differences, with TopoSegNet achieving consistently higher values (around
80-81%) and maintaining compact distributions across all synthetic data proportions.
Both models showed progressively improved IoU medians after the 25% synthetic data
proportion, though TopoSegNet displayed greater reliability. The topological metrics
further underscored TopoSegNet’s enhanced structural preservation capabilities in the
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GMP dataset. All three topological metrics demonstrated stable trends, with Betti1 values
slightly decreasing as synthetic data proportions increased, reflecting enhanced structural
precision in TopoSegNet’s predictions.

Figure 5.3: Performance distribution comparison between UNet and TopoSegNet across synthetic
data proportions (10-75%) for Fields dataset. Violin plots with embedded box plots show the
probability density of each metric.
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Figure 5.4: Performance distribution comparison between UNet (blue) and TopoSegNet (orange)
across synthetic data proportions (10-75%) for GMP dataset. Violin plots with embedded box plots
show the probability density of each metric.

5.5.5 Effect Size Analysis

The effect size analysis, as illustrated in Figure 5.5, highlights the influence of synthetic
data proportions on the performance metrics of UNet and TopoSegNet across the Fields
and GMP datasets. For precision, TopoSegNet demonstrates a medium effect in the GMP
dataset (η2 = 0.40) and a small effect in the Fields dataset (η2 = 0.09). UNet exhibits a
similar trend, with a medium effect in GMP (η2 = 0.40) and a small effect in Fields (η2
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= 0.16). In recall, TopoSegNet shows a medium effect in the Fields dataset (η2 = 0.32)
but a small effect in GMP (η2 = 0.08). Conversely, UNet achieves a small effect in GMP
(η2 = 0.13) and exhibits minimal sensitivity in the Fields dataset (η2 = 0.06). For IoU,
TopoSegNet outperforms UNet with consistently higher effect sizes in both datasets. In
GMP, TopoSegNet achieves a large effect (η2 = 0.66) compared to UNet’s medium effect
(η2 = 0.49). Similarly, in the Fields dataset, TopoSegNet reaches a large effect (η2 = 0.57),
while UNet shows a medium effect (η2 = 0.26). Topological metrics reveal distinct trends.
For Betti0, TopoSegNet maintains greater stability in the Fields dataset with a large effect
(η2 = 0.53), compared to UNet’s medium effect (η2 = 0.46). In GMP, TopoSegNet’s η2

drops to a small effect (η2 = 0.13), whereas UNet demonstrates a medium effect (η2 =
0.47). For Betti1, TopoSegNet achieves a large effect in GMP (η2 = 0.63), reflecting its
strong ability to preserve loops with synthetic data. UNet shows a slightly larger η2 in
GMP (η2 = 0.67), but this suggests greater dependence on synthetic data proportions,
potentially reflecting performance variability. In the Fields dataset, TopoSegNet achieves
a small effect (η2 = 0.22) compared to UNet’s minimal effect (η2 = 0.04). The CDM metric
emphasizes TopoSegNet’s enhanced geometric consistency, showing a medium effect in the
Fields dataset (η2 = 0.35). In GMP, the impact is minimal for TopoSegNet (η2 = 0.04).
UNet demonstrates a medium effect in GMP (η2 = 0.36) but only a small effect in Fields
(η2 = 0.08).
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Figure 5.5: Effect sizes (η2) plot, illustrating the impact of synthetic data proportions on
segmentation metrics for UNet and TopoSegNet across the Fields and GMP datasets. Higher
η2 values indicate greater sensitivity of a metric to changes in synthetic data proportions.

5.5.6 Statistical Analysis of Base Image Impact

The results of the Kruskal-Wallis H-test applied across different base image ranges with a
significance level of 95% for determining the optimal number of base images for synthetic
data generation are summarized in Table 5.4. This table highlights the statistically
significant results, including the H-statistic, p-value, and the optimal base image range for
each combination. For the UNet-Fields model, metrics such as Recall, CDM, and Betti1
consistently indicated the 810 base image range as optimal, with p-values below 0.05.
Similarly, for the TopoSegNet-Fields model, Precision showed a statistically significant
preference for the 810 range. These results suggest that for these datasets, larger numbers
of base images yield better performance for both pixel-wise and error-based metrics.
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Table 5.4: Statistically significant (p_value < 0.01) optimal base image ranges for each
model-dataset and metric combination based on the Kruskal-Wallis H-test.

Model-Dataset Metric H-statistic p-value Optimal
Range

UNet-Fields Recall 9.8726 0.0197 8-10

UNet-Fields CDM 10.3451 0.0158 8-10

UNet-Fields Betti1 9.8983 0.0195 8-10

TopoSegNet-FieldsPrecision 10.7118 0.0134 8-10

5.6 Discussion

The results shown in Figures 5.1 and 5.2 suggest that using TopoSinGAN for
generating synthetic images for expanding the training datasets for agricultural fields
and dendrological (GMP ) case studies has been effective in improving the performance
of both UNet and TopoSegNet models significantly when evaluated by most pixel-wise
and topology metrics. Statistical analysis confirms TopoSegNet’s enhanced performance
over UNet across all metrics with particularly strong improvements in topological metrics
(Table 5.2 and 5.3). The magnitude of these improvements, quantified by Cohen’s d effect
sizes, varies between datasets and metrics. In the Fields dataset, TopoSegNet achieved
substantial improvements in topological metrics, with large effect sizes for Betti0 and
Betti1 errors, while showing moderate improvements in pixel-wise metrics. The GMP
dataset exhibited even more pronounced differences, with large effect sizes for topological
metrics and substantial improvements in pixel-wise metrics. These improvements are
not merely statistically significant but practically meaningful, particularly in the context
of topological preservation. The reduction in Betti number errors (61.68 for Betti0 in
Fields dataset) represents a substantial improvement in structural accuracy that could
significantly impact applications requiring precise feature connectivity, such as agricultural
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field boundary detection or cellular structure analysis.

The contrasting performance patterns between GMP and Fields datasets reveal
important insights about how dataset characteristics influence the effectiveness of synthetic
data augmentation. According to Figure 5.4, the GMP dataset, featuring more regular and
consistent structures, showed more stable improvements across synthetic data proportions,
with both models maintaining relatively consistent performance even at higher synthetic
ratios. This stability can be attributed to the more uniform nature of dendrological
structures, making them more amenable to synthetic reproduction.

Conversely, the Fields dataset, characterized by irregular agricultural boundaries and
variable structures, exhibited more volatile performance patterns, particularly at higher
synthetic proportions (Figure 5.3). This volatility suggests that complex, irregular
structures and geometric properties pose greater challenges for synthetic data generation
and subsequent segmentation. TopoSegNet’s enhanced performance in maintaining
structural consistency, especially in the Fields dataset, underscores the importance of
topology-aware approaches when dealing with irregular features.

The influence of the number of base images used for generating synthetic data on
segmentation performance was initially hypothesized to improve with an increasing number
of base images. To statistically evaluate this hypothesis, the Kruskal-Wallis H-test was
conducted across four bins of base image counts (12, 35, 67, and 810 images). The
results, summarized in Table 5.4, support this hypothesis for the Fields dataset at a 95%
significance level. Specifically, the test revealed a statistically significant optimal range of
810 base images for this dataset. However, no significant optimal ranges were detected for
other model-dataset combinations in the experiments.

Visual inspection of the experimental results in Figure 5.1 further underscores the
benefit of a higher number of base images for the Fields dataset. Each additional base
image appears to introduce novel configurations of features and contexts, which likely
enhance model generalization and segmentation performance. This aligns with the observed
statistical significance for this dataset. Conversely, for the GMP dataset, Figure 5.2 shows
less evidence of a clear improvement in segmentation performance as the number of base
images increases. This can be attributed to the relatively uniform and monotonic context
and structural configurations of xylem cells in the GMP images. In this case, the addition
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of new base images may not significantly increase the diversity of features presented to the
model, thereby resulting in a less pronounced impact on performance.

The effect size analysis (η2) presented in Figure 5.5 reveals distinct patterns in
how synthetic data proportions influence various performance metrics. TopoSegNet
demonstrated greater sensitivity to data augmentation proportions in both datasets,
indicating its capacity to leverage synthetic data more effectively but also its susceptibility
to overfitting when exposed to excessive synthetic data. This increased sensitivity can
be attributed to the introduction of more topological structures into the model as the
proportion of synthetic data grows. Metrics such as IoU and topological metrics (Betti0
and Betti1) were notably more sensitive to synthetic data proportions, while recall exhibited
the least responsiveness.

For UNet, which lacks topological awareness, the Fields dataset displayed small effect
sizes across most metrics, except for Betti0, where a large effect size was observed. This
indicates that synthetic data proportions significantly impact the number of connected
components (or noise) in the predictions. Conversely, when UNet was applied to the
GMP dataset, significantly higher effect sizes were observed for all metrics, suggesting
that the impact of data augmentation is greater in datasets with more homogeneous
topological structures. For applications like the Fields dataset, where the features exhibit
high topological variability, synthetic data augmentation has a more limited effect on
model performance. In contrast, for more homogeneous datasets like GMP, synthetic data
augmentation yields larger improvements in segmentation performance. Additionally, the
medium effect size for precision and small effect size for recall in the GMP dataset highlights
that homogeneous feature arrangements result in synthetic data proportions affecting false
positive rates more than false negatives.

For TopoSegNet, the effect size analysis demonstrated differing results between the two
datasets. In the Fields dataset, large effect sizes were observed for IoU and Betti0, while
medium effect sizes were found for recall, Betti1, and CDM. This indicates that when
a segmentation model incorporates topological awareness, synthetic data augmentation
has a substantially higher impact on most metrics, except for precision. The lower
sensitivity of precision suggests that false positive rates are less affected by synthetic data
proportions compared to UNet. The higher sensitivity of topological metrics, particularly
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Betti0, underscores that increasing the proportion of synthetic data introduces more diverse
topological configurations into the model, thereby enhancing its topological accuracy.
Additionally, the medium effect sizes for recall and IoU suggest that synthetic data
augmentation can significantly affect the model’s performance by increasing variations in
false negative rates, ultimately impacting IoU.

For GMP, TopoSegNet exhibited a different pattern. The sensitivity of precision and
recall remained similar to that of UNet, while IoU displayed higher sensitivity. Topological
metrics revealed that Betti0s sensitivity to synthetic data proportions was significantly
reduced, indicating improved stability in predicting the number of connected components.
However, a large effect size for Betti1 and a small effect size for CDM suggest that synthetic
data proportions primarily influence over-segmentation rates in the GMP dataset. This is
because CDM, by design, is less sensitive to over-segmentation. Additionally, the higher
effect sizes for IoU and precision suggest that variations in IoU may be driven by false
positives, supporting the over-segmentation scenario.

Our exploratory analysis of data augmentation using TopoSinGAN has several
limitations and caveats that should be considered. One primary limitation lies in the
number of base images used for training the TopoSinGAN model. In this study, we
restricted the number of base images to a maximum of 10 to ensure the feasibility of
completing all planned experiments within the constraints of the study. While this
limitation allowed for a manageable experimental design, it may have restricted the
diversity and robustness of the synthetic data generated. Another important caveat relates
to the selection of these base images. It is crucial to carefully curate base images to ensure
they represent diverse configurations, styles, and contexts. This diversity is essential
for reducing specificity and overfitting, as it broadens the models exposure to different
feature variations. A lack of such careful selection may diminish the effectiveness of data
augmentation.

Additionally, the study employed binning of synthetic data proportions into four
groups including 10%, 25%, 50%, and 75% synthetic data, due to practical constraints
on computational resources and time. While this binning strategy provided a structured
framework for analysis, finer-grained bins could potentially yield additional insights into
the relationship between synthetic data proportions and model performance. Another
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limitation stems from the choice of models used to evaluate the impact of data
augmentation. The analysis focused on two models, UNet and TopoSegNet, with the
latter utilizing a UNet backbone. While these models serve as strong baselines, exploring
other architectures with different backbones, such as Transformer-based models or those
incorporating ResNet, could provide a more comprehensive understanding of how data
augmentation influences various image segmentation frameworks. These limitations suggest
several avenues for future work.

5.7 Conclusion

This study highlights the potential of TopoSinGAN as an effective augmentation technique
for improving image segmentation performance, particularly in data-scarce environments
where topological accuracy is critical. Unlike conventional data augmentation methods,
TopoSinGAN generates topologically consistent synthetic images from as few as a single
base image, ensuring diversity and structural integrity in the augmented dataset. The
experiments conducted on the Fields and GMP datasets demonstrate that incorporating
TopoSinGAN-augmented data significantly enhances segmentation performance across
various metrics, including both pixel-wise measures such as IoU and topological metrics
such as Betti numbers and CDM. The augmentation approach proposed in this study
not only enriches datasets but also reduces overfitting by exposing models to novel
configurations and contexts, particularly evident in datasets with complex and irregular
structures like agricultural fields. For more homogeneous datasets, such as GMP, the
synthetic data further stabilizes model performance, showcasing its adaptability across
diverse segmentation challenges. By addressing common limitations in synthetic data
generation such as topological inaccuracies and the dependency on large annotated datasets
TopoSinGAN establishes itself as a scalable and robust solution for training segmentation
models in domains requiring high precision. These findings underscore the significant
role of topology-aware data augmentation in advancing segmentation capabilities, paving
the way for broader applications in fields such as medical imaging, remote sensing, and
geographic information science (GIS). Future work should explore the scalability of this
technique across other datasets and segmentation models to fully unlock its potential in
diverse domains.



Chapter 6

Discussion and Conclusion

6.1 Discussion

This dissertation explored how topological constraints can enhance deep learning models
for spatial image processing and generation, focusing on tasks where preserving topological
integrity is critical. It addressed the research questions by developing novel approaches that
bridge theoretical topology and its application in deep learning for image segmentation and
generation. Through these efforts, the study contributed to the advancement of geospatial
dendrological image analysis. The research questions were as follows:

1. How can topological constraints be integrated into deep learning models to enhance
spatial image generation and segmentation?

2. To what extent can a topologically enhanced deep learning model impact spatial
and topological attributes when generating synthetic images of irregularly shaped
agricultural fields in Iran?

3. To what extent can a topologically enhanced deep learning model impact spatial
and topological attributes when delineating vessels in ultra-high-resolution tree-ring
dendrology images?

These questions were addressed through the development and evaluation of two novel
models:

115
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• TopoSinGAN: A topology-aware generative adversarial network designed to

generate synthetic images with preserved topological structures from a single image.

• TopoSegNet: A topology-enhanced segmentation framework aimed at maintaining
structural fidelity in segmentation tasks at minimal computational complexity.

The dissertation systematically addressed the first research question by introducing
differentiable topology-aware loss functions. These functions were integrated into
generative and segmentation models, enabling the preservation of topological features such
as junctions, terminal nodes, continuity, and closed loops. Specifically, minimizing terminal
nodes, identified as key indicators of topological errors, allowed the models to overcome
structural inconsistencies often missed by traditional pixel-based loss metrics such as binary
cross entropy.

To further enhance segmentation tasks, TopoSegNet was developed with a focus
on topologically critical points (TCPs), including junctions and terminal nodes. By
incorporating a multi-level erosion strategy, TopoSegNet ensured the structural integrity
of complex and thin structures while maintaining computational efficiency. Unlike
conventional topology-aware methods relying on persistent homology, which focus on
2-simplices such as loops and connected components, TopoSegNet shifts its focus to
0-simplices, such as junctions and terminal nodes. This shift significantly reduces
computational complexity while maintaining topological correctness, making TopoSegNet
faster and more suitable for large-scale applications.

The second research question was examined through the segmentation and generation
of satellite imagery from Tehran Province. Agricultural fields in this region feature
irregular geometries, requiring models capable of handling diverse topological patterns.
TopoSinGAN successfully generated synthetic images with consistent field boundaries,
reducing open loops and isolated line segments. Similarly, TopoSegNet maintained
boundary continuity and outperformed baseline models on both topology-focused and
pixel-wise metrics. These advancements have practical implications for remote sensing
applications, enabling improved delineation of agricultural fields and other geospatial
features.

The third research question was addressed through the application of TopoSinGAN
and TopoSegNet to gigapixel dendrology images. These images present a complex task due
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to the intricate structure of tree-ring xylem vessels. The models demonstrated significant
improvements in delineating these vessels, maintaining topological continuity, and reducing
errors such as disconnections and boundary distortions.

By answering these research questions, this dissertation has advanced the field of
topology-aware deep learning through the development and validation of novel methods
for both image generation and segmentation tasks. The research progressed through three
main phases, each building upon the previous work to create a comprehensive framework
for topology-aware image processing. The systematic integration of topological constraints,
coupled with the development of new evaluation metrics and computational strategies,
has demonstrated significant improvements in both accuracy and efficiency compared to
existing approaches.

In Chapter 3, the introduction of TopoSinGAN represented a significant advancement
in topology-aware image generation. The model’s novel differentiable topology loss
function effectively minimized terminal nodes in generated images, addressing a critical
gap in existing GAN architectures. The development of the Node Topology Clustering
(NTC) metric provided a new way to evaluate topological accuracy in generated
images, independent of geometric variations. TopoSinGAN demonstrated substantial
improvements in both agricultural and dendrological applications, reducing NTC index
values from 15.15 to 3.94 for agricultural fields and 14.55 to 2.44 for dendrology, compared
to baseline SinGAN. These improvements were achieved while maintaining computational
efficiency, with only a 9.41% increase in training time compared to the baseline model.
However, TopoSinGAN faced several limitations. Its treatment of hanging lines as
anomalies made it particularly suited for applications requiring closed loops, such as
agricultural field delineation or membrane cell segmentation, but less optimal for scenarios
where hanging lines are expected, such as road network analysis which dead-end road
segments can be normal. The model also showed sensitivity to the thickness of boundary
masks in input images, as it relied on fixed 3×3 terminal detector kernels. This sensitivity
could lead to suboptimal performance when processing features with varying thicknesses.

Chapter 4 extended the topology-aware approach to image segmentation through
TopoSegNet. The model’s focus on topologically critical points (TCPs) represented a
paradigm shift from traditional persistent homology-based methods. By emphasizing
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0-simplices (points) rather than higher-dimensional features, TopoSegNet achieved
improved computational efficiency while maintaining high segmentation accuracy. The
model demonstrated consistent improvements across multiple datasets, with particular
success in preserving fine structural details in both agricultural field boundaries and
dendrological vessels. The introduction of the Centroid Displacement Measure (CDM)
provided a new metric for evaluating both geometric and topological accuracy in
segmentation tasks. However, TopoSegNet exhibited several key limitations in its
implementation and application. To overcome the sensitivity of the terminal node detection
process to the thickness of linear features in input masks, TopoSegNet implemented a
three-level erosion operation within the TCP detection workflow. Although this adaptation
made TopoSegNet less sensitive to line thickness, the selection of the number of erosion
levels remained a manual process. This highlighted the model’s sensitivity to erosion
levels, as demonstrated in the six-erosion experiments where fine details were often
lost with too many erosion iterations (Figure 4.9). This sensitivity necessitated careful
selection of erosion levels based on dataset characteristics, potentially limiting the model’s
generalizability. Another notable limitation was the model’s reduced applicability to
datasets where the foreground consists of areas inside loops rather than boundaries
themselves. While this could potentially be addressed through edge detection techniques,
it represented a constraint on the model’s versatility. Additionally, the detection of
junction points remained challenging, particularly for rounded structures, as the model
relied on mask inversion for TCP detection, which could lead to missed junctions when
mask structures lacked sharp features.

Chapter 5 brought these developments together by investigating the impact of
TopoSinGAN-generated synthetic data on segmentation performance. The study revealed
that augmenting training datasets with topologically-accurate synthetic images improved
segmentation performance for both UNet and TopoSegNet. The research demonstrated
that optimal results were achieved with moderate proportions of synthetic data (10-25%),
while higher proportions could lead to diminishing returns. The effect size analysis
revealed different patterns of improvement between the agricultural and dendrological
datasets, suggesting that the effectiveness of synthetic data augmentation varies with
dataset characteristics. However, several limitations in the experimental design warrant
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consideration. The random selection of base images, while providing a baseline for
evaluation, may not have captured the full range of topological variations present in the
datasets. A more systematic approach to base image selection could potentially enhance
the representation of predominant topological and contextual variations. Additionally,
the inherent complexity of features within each base image potentially limited the
generalizability of the synthetic data generated. The study was also constrained by
practical limitations in the number of base images used, being restricted to 10 images
due to computational and time constraints. A more comprehensive analysis with a larger
number of base images could provide deeper insights into the relationship between base
image quantity and augmentation effectiveness. Furthermore, the binning of synthetic data
proportions into four groups (10%, 25%, 50%, and 75%) while sufficient for demonstrating
general trends, may have missed more nuanced relationships between synthetic data
proportion and model performance that could be revealed through finer-grained analysis.

6.2 Conclusion

This dissertation advances the integration of topological awareness into deep learning
through novel approaches in image generation and segmentation. Through the development
of TopoSinGAN and TopoSegNet, the research demonstrates that incorporating topological
constraints can significantly enhance the accuracy and reliability of deep learning models
for spatial image processing. The developed frameworks introduce differentiable topology
loss functions that effectively preserve structural integrity while maintaining computational
efficiency, addressing a critical gap in existing approaches. The comprehensive evaluation
on complex spatial datasets, including agricultural fields and dendrological imagery,
validates these approaches’ effectiveness in real-world applications. The research makes
several key contributions to the field of topology-aware deep learning. First, it establishes
new methodologies for incorporating topological constraints into both generative and
segmentation models, demonstrating that structural accuracy can be maintained without
sacrificing computational efficiency. The introduction of two novel metrics - Node Topology
Clustering (NTC) for quantifying topological integrity in generated images, and Centroid
Displacement Measure (CDM) for assessing both geometric and topological accuracy
in segmentation tasks - provides essential tools for evaluating structural consistency in
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deep learning outputs. The success of TopoSinGAN in generating topologically accurate
synthetic images from a single source image represents a significant advancement in
data augmentation capabilities, particularly valuable in domains where annotated data
is scarce. The model’s ability to maintain structural consistency while generating diverse
variations demonstrates the potential for expanding limited datasets without compromising
topological integrity. Similarly, TopoSegNet’s focus on topologically critical points
introduces a more efficient approach to preserving structural features in segmentation tasks,
offering a practical alternative to computationally intensive persistent homology-based
methods. The practical applications demonstrated through agricultural field delineation
and dendrology analysis showcase the versatility and effectiveness of these approaches
across different domains. In agricultural applications, the improved boundary detection
and structural preservation capabilities contribute to more accurate field mapping and
monitoring. In dendrology, the enhanced ability to delineate complex vessel structures
advances the potential for automated analysis of tree-ring imagery, supporting research in
climate science and forest ecology. While the developed methods show limitations in certain
scenarios, such as handling open structures or varying feature thicknesses, they represent
significant progress toward more robust and topology-aware deep learning approaches. The
research establishes a foundation for future developments in topology-aware deep learning,
particularly in applications requiring precise structural preservation. The demonstrated
improvements in both computational efficiency and topological accuracy suggest promising
directions for further research and practical applications across various fields requiring
accurate structural analysis and representation. This work contributes to bridging the
gap between theoretical topology and practical deep learning applications, offering scalable
solutions for maintaining structural integrity in both generated and segmented images. The
successful implementation and validation of these approaches across different applications
establish a framework for future developments in topology-aware deep learning, potentially
impacting fields ranging from remote sensing and medical imaging to environmental
monitoring and beyond.
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6.3 Future Directions

The research presented in this dissertation opens several promising avenues for future
exploration:

Extension of Topology-Aware Generative Models The TopoSinGAN model could
be adapted to handle scenarios where open structures are expected, such as road networks
or branching patterns in medical imagery. This would involve modifying the topology
loss function to maintain a desired number of terminal nodes rather than minimizing
them entirely. Additionally, future work could focus on making the model more robust to
variations in boundary thickness, potentially through the development of adaptive kernels
or multi-scale topology detection approaches. Moreover, the novel topology loss function
introduced in Chapter 3 has been integrated into the multi-scale architecture of the original
SinGAN model, designed to learn from a single image. Future work could extend this
approach by incorporating the loss function into general adversarial frameworks trained on
a dataset of images.

Enhanced Segmentation Framework Future developments of TopoSegNet could
explore the integration of adaptive erosion levels based on the intrinsic characteristics
of input images. This could improve the model’s performance across datasets with
varying feature thicknesses and structural complexities. Another promising direction is the
development of methods to better handle datasets where the foreground consists of areas
inside loops rather than boundaries, potentially through automated boundary extraction
techniques.

Data Augmentation Strategies Further research could investigate optimal strategies
for synthetic data generation by focusing on several key areas. One critical direction is
determining the ideal ratios of synthetic to real data for different application domains,
as these ratios likely vary based on the complexity and characteristics of each field.
Additionally, developing methods to automatically select the most effective base images
for synthesis would streamline the data generation process and improve output quality.
This could be complemented by creating hybrid approaches that combine traditional
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augmentation techniques with topology-aware generation, potentially leading to more
robust and diverse training datasets.

Evaluation Metrics The Node Topology Clustering (NTC) and Centroid Displacement
Measure (CDM) metrics could be enhanced to address current limitations and expand
their applicability. A key improvement of CDM metric would be developing better
mechanisms for handling over-segmentation scenarios, where current metric may not fully
capture the complexity of structural errors. Additionally, extending these metrics to
incorporate three-dimensional structural analysis for volumetric data would broaden their
utility in medical imaging and materials science. Further development could also focus on
accounting for scale-dependent topological features, making these metrics more versatile
across different spatial scales and resolutions.

Application Domains The methods developed in this dissertation show promise for
extension into several new application areas, each presenting unique challenges and
opportunities. In urban planning, these techniques could enhance the analysis of
transportation networks and building footprints, while in neuroscience, they could improve
the mapping of neural pathways and connectivity patterns. In medical imaging, these
approaches could advance the segmentation of anatomical structures such as blood vessels
and organ boundaries, where topological accuracy is crucial for diagnosis and treatment
planning. Additionally, these methods could be particularly valuable for analyzing medical
scans across different modalities (CT, MRI, ultrasound), where preserving the structural
integrity of anatomical features is essential for clinical decision-making. Each of these
domains presents specific requirements that could drive further methodological advances
in topology-aware deep learning.

These future directions aim to address current limitations while expanding the
applicability and effectiveness of topology-aware deep learning methods across diverse fields
and applications. The continued development of these approaches will contribute to more
robust and accurate image analysis tools for both research and practical applications.
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Appendix A

TopoSinGAN Supplementary
Materials

A.1 Demonstration of Independence of NTC Metric on the
Placement of the Randomly Added Terminal Node

To verify that the addition of a terminal node does not significantly impact the proposed
topological evaluation metric, we randomly added a terminal node to both case study
graphs 1000 times and calculated the percentage of LISA clusters. The results from both
experiments, presented in Table A.1, indicate that the percentage of clusters remained
consistent, with a similar mean and a small standard deviation (STD).
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Table A.1: LISA cluster analysis results for 1000 iterations with randomly added terminal nodes.

Cluster Type
Agricultural Fields Dendrology

Mean STD Mean STD

HH 22.14 2.98 20.04 1.71

LL 18.91 1.84 18.76 1.78

LH 0.017 0.22 0 0

HL 0 0 0 0

A.2 Extreme Cases Considered for Graph Classification

Figure A.1 illustrates an instance of the seven extreme cases used to simulate various
topological structures of 2D graphs.



150

Figure A.1: The seven extreme topological distributions of terminal nodes in a 15 × 15 2D grid,
including random, dispersed, clustered, clustered-star, clustered-web, isolated edges, and randomly
split-edge distributions.

A.3 Demonstrating the Non-Disruptive Effect of Topology
Loss on SinGAN Learning

To ensure that our proposed TopoLoss does not negatively impact the learning process, we
first measure the common graph metrics specified in Section 3.3.2 (excluding NTC features).
We exclude the NTC features from the calculations here to evaluate the similarity of the



151
general attributes in the generated masks. Next, we use the cosine similarity metric to
measure the similarity between the GTs and synthetic images generated by both GAN
models. The results shown in Table A.2 indicate that SinGAN and TopoSinGAN exhibit
similar performance when NTC features are excluded from the evaluation, indicating
comparable efficacy in replicating common graph metrics.

Table A.2: Cosine similarity between GT and 1000 synthetic images for SinGAN and TopoSinGAN.

SinGAN TopoSinGAN

Mean STD Mean STD

Agricultural 0.9873 0.0023 0.9895 0.0001

Dendrology 0.9892 0.0011 0.9891 0.0004
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