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Abstract

We explore the intersections between classical gravity and quantum information via holo-
graphic dualities. Such dualities provide a sophisticated mathematical dictionary which
encodes information from a d-dimensional quantum theory onto a (d + 1)-dimensional
theory of gravity via equivalence of their partition functions.

In this dissertation, we bridge classical geometry and quantum information in three parts.
In Part I, we elucidate the connection between geometry and thermodynamics. Using the
laws of black hole thermodynamics, we prove the existence of novel liquid-gas phase tran-
sitions in the phase diagram for lower dimensional AdS black holes. We further establish
a proof that thermodynamic instabilities for AdS uniform black strings are correlated
with classical gravitational instabilities.

In Part II, we connect quantum statistical systems and equilibrium gravitational systems.
Specifically, we study applications of holographic quantum/classical dualities and ana-
lyze putative gravitational duals to 4d SU(Nc) Yang-Mills under various deformations.
First, we demonstrate that deforming the bulk gravity dual with codimension one branes
yields a scalar mass spectra concordant with lattice data at zero temperature. Next, at
finite temperature, we show the presence of branes imposes an upper bound on the ther-
mal Bekenstein-Hawking entropy. We further prove that deforming the R-charge for 4d
N = 4 Super Yang-Mills on S1

β×S3
R avoids the deconfinement/Hagedorn phase transition

at weak coupling and the Hawking/Page phase transition at strong coupling.

In Part III, we link quantum information and classical geometry holographically. Using
geometric flows of extremal surfaces in asymptotically AdS spacetimes, we prove novel
speed limits on the growth of entanglement entropy, equal time correlators, and space-
like Wilson loops for strongly coupled, far from equilibrium quantum systems admitting
holographic duals. Our results imply new bounds on the entanglement velocity, prove
the entanglement tsunami conjecture for a large class of states in 2d, and uncover a new
momentum-entanglement correspondence, proving that entanglement growth is directly
related to the momentum flux crossing an extremal surface.
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Chapter 1

Introduction

Black holes evaporate.

This discovery lies at the heart of modern theoretical physics and unifies the disparate
fields of gravitational, statistical mechanics, quantum field theory, quantum information,
and string theory [1–9]. Over the last century, gravity has enjoyed a special status among
other fundamental forces of Nature in that it is a classical field theory [10, 11]. The
other forces of Nature are described by quantum field theories for which the fundamental
problem is to understand their density matrix in order to systematically probe quantum
phenomena. Gravity, on the other hand, has thus far has avoided a renormalizable
quantum description as a quantum field theory. In the mid 1900s, Bekenstein, and later
Hawking, proposed a major advance in understanding the microcanonical states of gravity
by ascribing a thermal entropy to geometry [1, 2, 5]

SBH = kBc
3

ℏ
AH

4GN

, (1.1)

where AH is the area of the horizon and henceforth kB = c = ℏ = 1. The discovery
that the Bekenstein-Hawking entropy obeys an area law leads immediately to two sharp
consequences; black holes are holographic objects and spacetime is a statistical arena.
The former emerges from the observation that black holes encode the information stored
within their interior onto its horizon area (see Fig. 1.1). The latter consequence follows
from noting that black holes are solutions to Einstein’s equations and therefore gravity is
not exempt from the laws of thermodynamics. However, Hawking’s calculations presented
a great challenge to the reconciliation of gravity and quantum field theory. After a black
hole forms from collapse, quantum effects near the horizon lead a stream of Hawking
radiation to escape from the black hole [5]. Over time, the black hole loses mass-energy
and evaporates away thereby destroying the quantum information residing within the
interior [12] (see Fig. 1.3). As black holes are classical objects without a density matrix,
information was believed to be lost violating the laws of quantum mechanics.
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Black 
Hole

Figure 1.1: A quantum state Ψ hidden behind the horizon H. Holographically, the black hole
encodes the quantum microstates into the horizon.

Maldacena provided the last conceptual leap required to reconcile gravity and quan-
tum mechanics in the late 1990s [13]. Maldacena discovered the gauge/gravity duality,
a sophisticated mathematical tool which rests on the holographic principle. This duality
encoded the density matrix of a d-dimensional boundary quantum theory into the ge-
ometry of a bulk (d + 1)-dimensional gravitational theory. In doing so, the holographic
duality rescues unitarity and provides gravity with a density matrix to store the trapped
information. Equipped with a density matrix, calculations indicated that the quantum
information within black hole interiors are encoded in the outgoing Hawking radiation
[14, 15]. But precisely how does the quantum information become encoded holographi-
cally in classical geometry? That is the primary focus of this dissertation.

In this introductory chapter, we review in more detail the thermodynamics of classical
geometries. We begin by demonstrating that observers in accelerated frames view vacuum
states of quantum fields in flat spacetimes as thermal states. Via the equivalence prin-
ciple, such thermal vacuum states also appear for quantum fields propagating in curved
spacetimes. Near a horizon, ingoing and outgoing modes of a quantum field naturally
lead an asymptotic observer to view the apparent horizon as a radiating body. We then
show that when these effects are applied in the vicinity of black hole horizons, and in
conjunction with the laws of black hole mechanics, one obtains a concrete prescription for
a thermodynamic description of classical geometries. Once this has been established, we
can use Euclidean methods to confirm this description and study finer phase structures
in the thermodynamics of black holes.

For our purposes, we restrict ourselves to studying scalar fields in flat/curved back-
grounds in four spacetime dimensions. When discussing the Euclidean gravitational path
integral, we study vacuum black hole solutions to Einstein’s equations in general dimen-
sions. For a full treatment of quantum field theory and general relativity, we refer to the
canonical texts on the subjects [16–19].
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1.1 Quantum Fields in Curved Spacetimes
In order to motivate the thermodynamics of curved spacetimes, we will first consider
the case of an accelerated detector moving through a quantized scalar field theory on a
standard four-dimensional Minkowskian background.

We introduce a flat four dimensional Minkowski spacetime R3,1 with three spatial
dimensions. We denote by xµ the points of Minkowski spacetime with x0 = t being the
time direction and xi = x being the spatial directions. In this system, the Minkowski
metric is given by

ds2 = −dt2 + dx · dx = ηµνdxµdxν . (1.2)

On such a background a massless scalar field, Ψ(x) ≡ Ψ(x, t), freely propagates according
to the wave equation,

□Ψ(x, t) ≡
(
∂2

∂t2
− ∆x

)
Ψ(x, t) = 0 (1.3)

where ∆x is the spatial Laplacian of the scalar field. If we wish to quantize the theory, the
scalar field is promoted to an operator Ψ̂(x, t) satisfying the wave equation and admits
a plane wave mode representation

Ψ̂(x, t) =
∫ d3k

(2π)3
1√
2ω
{
a†

ke
i(ωt−k·x) + a†

ke
−i(ωt−k·x)

}
. (1.4)

with operators satisfying the commutation algebra [a†
k, a

†
k′ ] = (2π)3δ3(k−k′). These com-

mutation relations are similar to the quantum harmonic oscillator, therefore we interpret
the operators as the annihilation, a†

k |0⟩ = |0⟩, and creation, a†
k |0⟩ = |k⟩, operators

of particles with momentum k respectively. The vacuum state, the state for which no
particles are present, is given by |0⟩.

Now, let us consider an accelerated observer on this flat background. The simplest case
is of observers with constant acceleration, a, moving along the (t, x) plane in Minkowski
spacetime,

x2 = x3 = 0, x1 = +
√
t2 + a−2, t(τ) = 1

a
sinh(aτ) (1.5)

where τ is the proper time of the observer. Under these transformations, the wave
equation and the mode decomposition for the scalar wave change accordingly in the
rest frame of the observer. For our purposes, it is more instructive to understand the
corresponding change in the symmetrized Wightman function which takes on the form

G+
A(x′, x) = −

[
4π
a

sinh
(
as(x′, x)

2

)]−2

(1.6)

where s[x(τ ′), x(τ)] = τ ′ − τ is the proper distance [19]. Along any trajectory, one can
choose to couple their motion to a particle detector. The detector in the rest frame of
the observer would observe an absorption of quanta at the rate of

Γ ∝
∫

d∆τ e−i(E−Eg)(τ ′−τ)G+(x′, x), (1.7)
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where E > Eg is the energy of the excited state and Eg is the ground state energy [19].
Using the Wightman function Eqn. (1.6) of a uniformly accelerating observer in a flat
background one finds an absorption rate of

ΓA ∝ 1
e2π(E−Eg)/a − 1 . (1.8)

The appearance of the Planck factor e2π(E−Eg)/a − 1 in the absorption rate indicates that
an accelerated detector in equilibrium with a quantized scalar field in the vacuum state |0⟩
is equivalent to an unaccelerated detector in equilibrium with a bath of thermal radiation
at a temperature

T = a

2π . (1.9)

This is the Unruh effect [20] (see [21] for a more general procedure). Though the field
is in its vacuum state, in the rest frame of the accelerated observer the field appears to
emit a steady rate of radiation. Observe that if the observer stopped accelerating, then
the absorption rate vanishes ΓA → 0 as our vacuum and the vacuum of the scalar field
are the same. Hence, two observers, one accelerated and one inertial, will disagree on the
vacuum state of an ambient quantum field.

This is not special to Minkowski spacetime. Indeed, when gravitational fields are
present, inertial observers become free-falling observers via the equivalence principle.
Hence, even in more general curved spacetimes with standard fields and accelerated ob-
servers, the Unruh effect is present [22, 23]. This observation lies at the heart of pre-
scribing thermal properties to geometry. In the next section, we consider quantum fields
just outside a horizon and show that an inertial observer at asymptotic infinity views the
horizon radiating with a Hawking temperature.

1.2 Horizons and Hawking Radiation
Suppose instead of the flat Minkowski spacetime we considered earlier, we now are in-
terested in a general, spherically symmetric, time-dependent geometry. Such a geometry
can be expressed in Painlevé–Gulstrand coordinates [24],

ds2 = −(A(r, t)2 −B(r, t)2)dt2 − 2B(r, t)drdt+ dr2 + r2(dθ2 + sin2(θ)dϕ2). (1.10)

This geometry contains an apparent horizon A located at A(r, t) = |B(r, t)| but the
metric remains non-singular at the horizon. Now, rather than an observer who is on an
accelerated trajectory, the geometry is naturally curved and any inertial observer would
experience free-fall towards the apparent horizon. Hence, we only need to focus on the
curved geometry and on a quantum field existing outside the apparent horizon.

One can repeat the above analysis in this context. This involves employing the eikonal
approximation, assuming that the background geometry evolves slower than the natural
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 Black Hole

Figure 1.2: A black hole in thermal contact with a gas of particles. Classically, the black hole
has no temperature. Hence, the system never reaches thermal equilibrium at finite temperature
as the black hole is classically prevented from heating. Semi-classically, black holes are in
equilibrium with a thermal bath radiating at a temperature TH = κ/2π.

timescale of the scalar field, and solving the wave equation near the apparent horizon and
at asymptotic infinity. These calculations are quite involved, we refer the reader to [25]
for details. A careful analysis shows that there is an outgoing flux of quanta at a rate

Γ(t) ∝ 1
e2π∆E/a(t) − 1 (1.11)

where κ(t) refers to the surface gravity, or acceleration, felt by an object kept at the
apparent horizon and is given by

κ(t) = d
dr (A(r, t) − |B(r, t)|)

∣∣∣∣
A
. (1.12)

Hence, an outside observer at asymptotic infinity would view a stream of particles em-
anating from the apparent horizon. As the apparent horizon converges onto its event
horizon in the infinite future and the geometry stops evolving, an asymptotic observer
would view the event horizon as being in equilibrium with a thermal bath at temperature

T = κ(t∞)
2π = 1

2π
d
dr (A(r, t∞) − |B(r, t∞)|). (1.13)

For a local observer at the apparent horizon, they see no thermal bath. Indeed, the
freely falling observer should not see anything special at the event horizon according to
the equivalence principle and thus the preferred vacuum state is that which the inertial
observer experiences at the horizon. The vacuum of the asymptotic observer, however,
registers a thermal bath purely from the geometry around the apparent horizon.

This outgoing flux is Hawking radiation [5]. Indeed, if we were to express the
Schwarzchild metric of a black hole with mass M (justified below) in Painlevé–Gulstrand
coordinates

ds2 = −
(

1 − 2GNM

r

)
dt2 + 2

√
2GNM

r
dtdr + dr2 + r2(dθ2 + sin2(θ)dϕ2), (1.14)
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then a straightforward calculation would recover Hawking’s celebrated result; black holes
are in equilibrium with a thermal bath radiating with a temperature

TH = κ

2π = 1
8πGNM

. (1.15)

That black holes, and other objects with apparent horizons, in conjunction with quan-
tum fields propagating outside their horizons leads to Planckian distributions is a pro-
found connection between geometry and thermodynamics. In the next section, we use
the laws of black hole mechanics and the fact that black holes radiate analogous to black
bodies to formalize this relationship.

1.3 The Laws of Black Hole Mechanics
A gravitationally collapsing body gives rise to a black hole that is classically characterized
by three parameters; the mass M , charge Q, and angular momentum J . Provided the
final state of gravitational collapse is a stationary state, the mass, charge, and angular
momentum are conserved quantities. Other information, such as the various quantum
numbers, are not expected to be preserved by classical black holes [26, 27]. Furthermore,
geometric information, such as the horizon area AH, can be expressed purely in terms
of these conserved quantities. Indeed, these quantities (M,Q, J,A) are not independent.
Even in the simplest case of a non-rotating, uncharged black hole, throwing in a finite-
sized object will change both the area and the mass of the final black hole. These
observations lead us to the first law of black hole mechanics [3]:

Theorem 1 (The 1st Law). For a differential change in a stationary black hole, the
change of the internal mass-energy M is related to a change in the area, charge, and
angular momentum by

dM = κ

8πGN
dAH + ΦdQ+ ΩdJ, (1.16)

where the surface gravity κ, the electrostatic potential Φ, and the angular velocity Ω are
the corresponding chemical potentials to the area AH, charge Q, and angular momentum
J respectively.

While certainly the form of the first law of black hole mechanics is reminiscent of
the first law of thermodynamics, the first term proportional to κdAH lacks a thermal
interpretation at first glance. In order to provide this interpretation, we turn to the
second and third laws of black hole mechanics:

Theorem 2 (The 2nd Law). The horizon area AH is non-decreasing

dAH ≥ 0 (1.17)

provided the weak energy condition holds.
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Black 
Hole

Figure 1.3: Left: A black box with entropy SA falling into a black hole. The energy absorbed
by the black hole causes the horizon to grow from H → H′. Right: Hawking radiation emanating
from a black hole. The quantum state on the interior are encoded in the outgoing Hawking
radiation. The horizon shrinks are the information escapes.

Theorem 3 (The 3rd Law). The surface gravity κ of the horizon cannot be reduced to
zero in a finite number of steps.

This second law is the statement of Hawking’s area theorem [28]. Analogous to the sec-
ond law of thermodynamics in which the entropy of an isolated system is non-decreasing,
a black hole’s area is also non-decreasing under a differential change. Furthermore, reduc-
ing the surface gravity to zero would require infinite energy as κ = (4GNM)−1 is directly
analogous to the infinite number of operations required to reduce the temperature of a
closed system to zero. The proviso that the weak energy condition holds places a restric-
tion on contribution from fields outside the horizon. Indeed, classical matter fields obey
the weak energy condition, which stipulates that timelike observers see a non-negative
energy density, or Hamiltonian density. Even in the simplest case of quantized scalar field
theory, Casimir contributions need to be regulated before one has a meaningful positive
definite Hamiltonian operator. As such, quantum fields generally violate this condition.

While these observations are suggestive of a connection, it is precisely in the arena
where quantum fields and classical black holes coexist that geometry obtains a thermo-
dynamic interpretation. Using Hawking’s celebrated result [5] that black holes radiate at
a temperature TH = κ

2π , one can write the first law as

dM = THd
(
AH

4GN

)
+ ΦdQ+ ΩdJ. (1.18)

Observe that since quantum fields do not obey the weak energy condition, the second law
of black hole mechanics is violated and the horizon area can decrease dAH < 0. Since
the surface gravity is always positive, an uncharged, non-rotating black hole would then
lose mass dM ≤ 0 under a differential process. However, this is precisely consistent with
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the phenomena of Hawking radiation. An asymptotic observer views the black hole at a
temperature TH evaporating away by an outgoing flux of Hawking radiation.

In order to maintain equilibrium, the outgoing flux of Hawking radiation would have
to be balanced by an ingoing flux of energy. The simplest scenario is to consider placing
the black hole in a geometry where the outgoing Hawking radiation is reflected at some
potential barrier and falls back into the horizon, i.e., anti-de Sitter spacetime. In doing
so, we recover a stationary system in which an evaporating classical black hole is in
equilibrium with infalling Hawking radiation. Thus, the second law holds once again.
This equilibrium naturally leads us to identifying an area-entropy law for a black hole

SBH = AH

4GN
. (1.19)

This is the Bekenstein-Hawking entropy of a black hole. Bekenstein was the first to
propose that black holes, and generally objects with horizons, carry entropy proportional
to their areas SBH ∝ AH/GN [1, 2]. Later, Hawking formulated a precise characteriza-
tion of quantum fields in curved backgrounds and obtained a formula for the black hole
temperature [4, 5]. Combining their tour de force calculations lead us inevitably to the
realization that the laws of black hole mechanics are laws of thermodynamics applied to
classical geometry.

In the next section, we demonstrate that the thermodynamics of classical geometries
may be computed directly from the Euclidean gravitational path integral.

1.4 The Euclidean Gravitational Path Integral
The thermodynamics of classical geometries may be understood by studying the Eu-
clidean path integral for gravity [8, 29, 30]. The canonical partition function for gravity
at temperature T = 1/β is given by

Z(β) =
∫

[Dg][DΨi]e−I[g,Ψi] (1.20)

where the integral is performed over all Riemannian metrics, and quantum fields, satis-
fying certain asymptotic fall-off conditions. The right-hand side also depends on β via
the asymptotic periodicity which has to be satisfied by all geometries. In practice, the
above partition function is difficult to evaluate in general. Instead, we may approximate
the partition function using its classical saddle points as

Z(β) ≃ e−
∑

j
Ij [g∗,Ψ∗

i ]. (1.21)

The saddle point geometries Ij are solutions of the classical equations of motion of the ac-
tion and are required to be regular. We denote I∗ = Ij[g∗,Ψ∗

i ] as the normalized value of
the classical action for j saddle point geometries and background matter fields. Given the
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partition function, we can then calculate thermodynamic quantities using the standard
definitions. In this introduction, we demonstrate how to find such saddle points, the com-
putation of the thermodynamics, and phase transitions. This will serve as background
to the two chapters in the part.

1.4.1 Gravitational Saddle Points
Here, we review the purely gravitational saddle points allowed for a (d+ 2)-dimensional,
maximally symmetric, Lorentzian spacetime. Let X be a Lorentzian manifold and ∂X a
codimension one boundary. We consider the theory

I = − 1
8πGd+2

× [SX + S∂X ] (1.22)

where the bulk and the boundary actions are respectively

SX =1
2

∫
X

dd+2x
√

−g[R − 2Λ], (1.23)

S∂X =
∫
∂X

dd+1x
√

−h
[
K + d+ 1

ℓ2 + c1(d)R (1.24)

+ c2(d)
(
RabRab − c3(d)R2

)
+ · · ·

]
.

The boundary action is comprised of the canonical Gibbons-Hawking term [29] and addi-
tional counterterms [31]. The first is necessary for a well-posed variational principle and
the second is requried to regularize the bulk action. Here Λ = ±d(d+ 1)/2ℓ2, R(g) is the
scalar curvature, and K and R are the extrinsic and scalar curvatures of the boundary
metric h respectively. Note that higher curvature corrections to the boundary action ap-
pear in d ≥ 6 and the coefficients ci(d) are sensitive to the dimension and the symmetries
of the bulk spacetime. The equations of motion for the above action and the respective
trace yield

Rab − 1
2gabR + Λgab = 0 (1.25)
d

2R − (d+ 2)Λ = 0 (1.26)

from which the on-shell bulk action then simplifies considerably to a single volume integral

SX = 1
2

∫
X

dd+2x
√

−g
(

4Λ
d

)
= 2Λ

d
Vol(X ). (1.27)

Hence, the bulk contribution to the gravitational path integral is a given by divergent
volume factor. There are two distinct divergent contributions. The first is purely topo-
logical, e.g., if the maximally symmetric spacetime has flat or hyperbolic directions. The
second, more universal contribution, is integrating the time direction from its initial data

10



to the infinite future. While the boundary action S∂X regulates the spatial divergence,
the temporal divergence will have to be controlled via analytic continuation as shown
below.

Let us now compute the action I along its time independent saddle points. The
(d+ 2)-dimensional, maximally symmetric, static general solutions are

ds2 = −f(r)dt2 + dr2

f(r) + r2

ℓ2 dΣ2
d,k (1.28)

f(r) = k − m

r(d−1) ∓ r2

ℓ2 . (1.29)

The upper branch of Eqn. (1.29) corresponds to Anti-de Sitter (AdS) spacetime, a max-
imally symmetric, static solution with negative cosmological constant Λ < 0. Whereas,
the lower branch corresponds to a de Sitter (dS) spacetime with a postive cosmological
constant. In the ℓ → ∞ limit (Λ → 0), both spacetimes converge onto the familiar
asymptotically flat, Minkowski solution.

Furthermore, there are two relevant parameters m and k. Here, k denotes the various
topologies which are consistent with the isometries of (A)dSd+2 or Minkd+2 spacetime. In
particular,

dΣ2
d,k =


ℓ2dΩ2

d for k = 1,
d∑
i=1

dx2
i for k = 0,

ℓ2dΞ2
d for k = −1,

(1.30)

where dΩ2
d and dΞ2

d are the unit metrics on Sd and Hd. Thus k = {+1, 0,−1} represents
spherical, planar, and hyperbolic topologies respectively.

To understand m, we first denote by r+ the outer horizon which is located at the
largest positive root of f(r+) = 0. Then the parameter m is given by

m = rd−1
+

(
k ∓

r2
+
ℓ2

)
(1.31)

and may be dentified with the ADM mass of the spacetime

MADM = d σd,k
16πGd+2

m (1.32)

where σd,k is the unit-volume of the codimension two base space. For physically relevant
static saddle points, the ADM mass should be non-negative MADM ≥ 0 and hence m ≥ 0.
This restriction on the saddle points eliminates several candidates solutions. In particular,
since k ∓ r2

+/ℓ
2 ≥ 0, solutions with hyperbolic symmetry are not allowed in Minkd+2.

Similarly, solutions without spherical symmetry in dSd+2 are eliminated as vaiable on-shell
contributions to the gravitational path integral. However, all topologies are permitted in
AdSd+2 provided r2

+/ℓ
2 ≥ −k.
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Henceforth, in much of the following dissertation, we will focus on AdSd+2 spacetimes.
We refer to solutions with m > 0 as Schwarzschild-AdSd+2 (SAdSd+2) black holes or, in
the case where ℓ → ∞, Schwarzchildd+2 (Schd+2) black holes.

1.4.2 Euclidean AdS Gravity and Thermodynamics
Now, we turn to computing the thermodynamic properties of SAdSd+2 black holes. To do
so, we perform an analytic continuation of time into the Euclidean section t → iτ . This
serves two purposes. First, it resolves the issue of the divergent time integral in Vol(X )
as now the “Euclidean” time coordinate is periodic τ ∼ τ + β with period β. Secondly,
this procedure identifies the temperature via β = 1/T . Observe, using f(r+) = 0, we
may expand the metric near the horizon to find

ds2 = f ′(r+)(r − r+)dτ 2 + dr2

f ′(r+)(r − r+) + · · · (1.33)

= R2dϕ2 + dR2 + · · · (1.34)

where we have omitted the symmetric base and have transformed coordinates to

R2 = 4(r − r+)
f ′(r+) , ϕ = f ′(r+)

2 τ. (1.35)

In order to aviod a conical singularity in the Euclidean section, ϕ must be periodic with
period 2π, i.e., ϕ(τ) ∼ ϕ(τ+2π). Thus, we must have τ ∼ τ+ 4π

f ′(r+) . Hence, this Euclidean
trick yields the temperature

β−1 = T = f ′(r+)
4π = (d− 1)k

4πr+
+ (d+ 1)r+

4πℓ2 . (1.36)

The remaining thermodynamic quantities are

I∗ = β
σd,k

16πGd+2

[
rd−1

+

(
k −

r2
+
ℓ2

)]
− I0

k , (1.37)

E = ∂I
∂β

= d σd,k
16πGd+2

m− E0
k = MADM − E0

k , (1.38)

S = A(H)
4Gd+2

= σd,kr
d
+

4Gd+2
(1.39)

Hence, we see that the ADM mass of the black hole is indeed the energy of the spacetime.
Here, we have evaluated the action on-shell using the metric Eqn. (1.28) and have used
the Bekenstein-Hawking formula.

For k = +1, 0, the thermodynamics and the on-shell Euclidean action can either be
calculated with the usual counterterm method [31] or through a background subtraction
technique. The background subtraction identifies the locally AdSd space, i.e., m = 0, as
the reference ground state in which case r+,k = 0. However, with k = −1, the locally AdSd
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solution contains a bifurcate Killing horizon at rc = ℓ at a fixed temperature. In this
case, performing either a background subtraction or utilizing the counterterm method
introduces a conical singularity. These singularities are removed when one subtracts an
extremal saddle leading to the corrections I0

k .

1.4.3 Hawking-Page Phase Transitions in AdS
The classical and thermodynamic stability of these solutions have been rigorously ex-
plored in Refs. [32–34]. The heat capacity for these solutions is

C = dσd,k
4Gd+2

rd+

(
(d+ 1)r2

+ + (d− 1)kℓ2

(d+ 1)r2
+ − (d− 1)kℓ2

)
. (1.40)

We see that, for non-positive k, the heat capacity is always non-negative indicating planar,
and hyperbolic black holes are thermodynamically stable. For k = −1, the heat capacity
vanishes precisely when r+,c =

√
(d− 1)/(d+ 1)ℓ. For k = 1, the SAdSd+2 black hole

competes with thermal AdSd+2 saddle and undergoes a phase transition precisely when
the free energy F = I/β = 0, i.e., when r+,c = ℓ, Tc ≡ T (r+,c).

This completes the background on the thermodynamics of classical gravity. In the
following chapters, I explain my findings on exotic liquid-gas phase transitions for gravity
in lower dimensions and demonstrate that thermodynamic instabilities are related to
classical instabilities for SAdS black holes with planar directions.
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Chapter 2

Criticality of Lower Dimensional AdSd
Black Holes

This chapter is a faithful reproduction of the published work A. Dhumuntarao and R.
Mann, Phys. Rev. D 104, 064006 (2021) with minor edits [35].

Abstract

In lower dimensions, charged AdS black holes in an extended phase space, where the cos-
mological constant is interpreted as the thermodynamic pressure, are typically absent of
liquid/gas phase transitions. We investigate the criticality of lower dimensional charged,
dilatonic, asymptotically AdS (CDAdSd) black holes generated from consistent trunca-
tions of RNAdSd+2 black objects. We demonstrate that CDAdSd black holes in d < 4 can
exhibit rich van der Waals behavior and confirm that the associated critical exponents
match those expected from mean field theory.

2.1 Introduction
In recent years, black hole chemistry has substantially sharpened the connection between
the thermodynamics of AdS black holes and ordinary fluid systems. For rotating, charged
black holes with mass M , angular momentum J , and charge Q, it is well known that the
first law of black hole mechanics

dM = κ

8πdA+ ΩdJ + ΦdQ (2.1)

is identical to the first law of thermodynamics provided one makes the identifications
and temperature T = κ/2π, between surface gravity κ and temperature T , and S = A/4
between horizon area A and entropy S [1, 2, 4, 5]. However, a notable omission in
the first law of black hole thermodynamics is a pressure-volume term, which canonically
lacks a gravitational interpretation in spacetimes without a cosmological constant Λ. The
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fundamental idea of black hole chemistry is to extend the thermodynamic phase space
by promoting the cosmological constant of AdS spacetimes to a thermodynamic variable

P = − Λ
8π (2.2)

with a corresponding conjugate volume, V [36–40].
The motivation for this identification is twofold. First, it was observed that the Smarr

relation [41] is no longer satisfied in spacetimes with a cosmological constant [37, 42]. By
extending the thermodynamic phase space, the resulting pressure-volume term was found
to saturate the Smarr relation. Secondly, the phase diagram of Einstein-Maxwell-AdSd
theory has long been known to contain classic swallowtail and cusp behavior suggestive
of a van der Waals liquid-gas phase transition for d ≥ 4 [32, 33]. The program of
black hole chemistry has completed this analogy by demonstrating that the equation
of state for charged Reissner-Nördstrom AdSd (RN-AdSd) black holes shares identical
critical behavior at the second order transition point and universal compressibility ratio
in d = 4 to a van der Waals fluid [43, 44]. To date, the correspondence between black hole
chemistry and real world fluid systems has yielded an interesting array of thermodynamic
features in d ≥ 4, including reentrant phase transitions [44, 45], and tricritical points
analogous to triple points in the phase diagram of water [46].

In contrast to the numerous explorations in d ≥ 4, black hole chemistry in lower
dimensions is not as thermodynamically rich. Indeed, the phase diagram of Einstein-
Maxwell-AdSd revealed that charged black holes in d < 4 have ideal gas like behavior
[44, 47, 48]. In d = 3, the charged BTZ3 black hole solution was observed to be absent of
critical behavior [44] and shown to violate the Smarr relation unless additional thermo-
dynamic work terms are introduced [49]. Furthermore, in d = 2, the lack of an area also
significantly impacts the canonical definitions of entropy, and thermodynamic volume
[49]. In general, pure gravity in lower dimensions is topological and lacks the necessary
degrees of freedom to support critical behavior. Hence, an outstanding challenge is to
find lower dimensional black holes that support non-trivial van der Waals behavior and
obey canonical Smarr scalings.

In this paper, we resolve this tension by identifying thermodynamically rich, charged,
dilatonic, asymptotically AdS black hole solutions to the action

I = −
∫ [

1
2(∇ψ)2 + ψ2

4 (R − 2Λ − L) + λ

4

]
√

−gddx

in d < 4. In Section II, we first review criticality of charged black holes in d ≥ 4 pay-
ing close attention to the emergent van der Waals behavior. In Section III, we consider
consistent truncations of higher dimensional gravity theories admitting RNAdSd+2 black
objects and search for black hole solutions to the effective action in d < 4. Using lower
dimensional techniques in conjunction with Euclidean methods, we explore the thermo-
dynamics of these solutions in the extended phase space. We confirm that the Smarr
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relation is satisfied in each case and that the equations of state contain local minima
indicative of a van der Waals phase transition.

2.2 PV Criticality of Charged AdSd Black Holes in d ≥ 4
To set the stage for studying black hole chemistry in lower dimensions, we review some
salient features of the Reissener-Nördstrom solution to Einstein-Maxwell-AdSd theory in
the extended phase space. We describe the thermodynamics in d ≥ 4 and study the
corresponding equation of state. We then conclude by remarking on the critical behavior
and exponents.

2.2.1 Criticality of RN-AdSd Black Holes in d ≥ 4
To demonstrate criticality of charged black holes, the natural starting point is to study
the thermodynamics of Einstein-Maxwell-AdSd theory in d ≥ 4. This theory has been
thoroughly analyzed in diverse dimensions with the on-shell regularized Euclidean action
first calculated in [32, 33]. Explorations of these black holes in an extended phase space
were considered in [44, 50]. The bulk action in d-dimensions reads

I = − 1
16π

∫ [
R − 2Λ − F 2

]
ddx

√
−g (2.3)

with Λ = −(d − 2)(d − 1)/2ℓ2 being the cosmological constant. The RN-AdSd solution,
in static coordinates, and the purely electric U(1) gauge field are then

ds2 = −f(r)dt2 + dr2

f(r) + r2dΩ2
d−2 (2.4)

F = dA, A = 1
c

q

rd−3 dt (2.5)

where dΩ2
n indicates the metric on the n-dimensional sphere, c =

√
2(d− 3)/(d− 2), and

the metric function has the form

f(r) = 1 − m

r(d−3) + q2

r2(d−3) + r2

ℓ2 . (2.6)

Here, the outer horizon r+ is located at the largest positive root of f(r+) = 0. The
parameters m and q appearing in the metric function are related to the ADM mass and
the total charge [32] of the black hole

M = (d− 2)ωd−2

16π m, (2.7)

Q =
√

2(d− 2)(d− 3)ωd−2

8π q, (2.8)
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where ωn is the volume of the unit n-dimensional sphere,

ωn = 2π n+1
2

Γ(n+1
2 ) . (2.9)

The standard thermodynamic quantities are then

T = f ′(r+)
4π = d− 3

4πr+
+ (d− 1)r+

4πℓ2 − (d− 3)q2

4πr2d−5
+

(2.10)

S = A(H)
4 = ωd−2r

d−2
+

4 Φ = 1
c

q

rd−3
+

. (2.11)

In the formalism of the extended phase space [43, 44, 50], the cosmological constant Λ is
identified with the thermodynamic pressure of the system via

P = − Λ
8π = (d− 2)(d− 1)

16πℓ2 . (2.12)

It is then natural to reinterpret the black hole mass as the enthalpy rather than the
internal energy and consider a thermodynamic volume conjugate to the pressure

V = ∂M

∂P

∣∣∣∣
S,Q

= ωd−2r
d−1
+

d− 1 . (2.13)

In d > 4, these quantities satisfy the Smarr formula as well as the (extended phase-space)
1st law of black hole thermodynamics

M = d− 2
d− 3TS + ΦQ− 2

d− 3V P (2.14)

dM = T dS + Φ dQ+ V dP. (2.15)

The identification of a pressure term invites a reintrepretation of the black hole tem-
perature, Eqn. (2.10), as an equation of state [44]

P = (d− 2)T
4r+

− (d− 3)(d− 2)
16πr2

+
+ (d− 3)(d− 2)q2

16πr2(d−2)
+

(2.16)

where we have used Eqn. (2.12). To make contact with the van der Waals equation of
state, one must identify the specific volume of the corresponding fluid [43]. In the context
of black hole chemistry, the specific volume v is defined by the total volume of the black
hole via [44, 50]

V = ωd−2

d− 1

(
d− 2

4

)d−1

vd−1. (2.17)

Hence, by employing the definitions of P , T , and v, one finds an equation of state for
charged black holes

P = T

v
− (d− 3)

(d− 2)πv2 + (d− 3)q2

4πv2(d−2)κ2d−5 (2.18)
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where κ = (d− 2)/4 [44]. The liquid/gas phase transition experienced by van der Waals
fluids is now mapped onto a small-large black hole phase transition in the system for
temperatures T < Tc for all d ≥ 4. The critical points in the equation of state occur at
stationary points of inflection in the P − v diagram given by

∂P

∂v
= 0, ∂2P

∂v2 = 0. (2.19)

The critical triple (Pc, Tc, vc) have the values

Tc = (d− 1)2

πκvc(2d− 1) , Pc = (d− 1)2

16πκ2v2
c

,

vc = 1
κ

[
q2d(2d− 1)

] 1
2(d−1) . (2.20)

Analogous to the construction of the universal ratio found for van der Waals fluids, the
above triple yields

Pcvc
Tc

= 2d− 5
4d− 8 . (2.21)

For RN-AdS4, i.e., when d = 4, one recovers the canonical result of the van der Waals
compressibility ratio Pcvc/Tc = 3/8.

2.2.2 Critical Exponents
Given that the equation of state not only reproduces van der Waals behavior but also the
universal compressibility ratio, it is natural to consider the critical exponents calculated
in the vicinity of the critical point. To compute critical exponents, we define

p = P

Pc
, ν = v

vc
τ = T

Tc
(2.22)

which translates the equation of state into a ‘law of corresponding states’ analogous to
the same function appearing in van der Waals theory, we have [44]

p = 4(d− 2)
(2d− 5)

τ

ν
− (d− 2)

(d− 3)ν2 + ν−2(d−2)

(d− 3)(2d− 5) . (2.23)

Note that the only functional dependence on the dimension appears in the last term.
As we will demonstrate shortly, the critical exponents are independent of the dimension
in d ≥ 4. This is analogous to the situation in mean field theory where the critical
exponents are again independent of the dimension above the upper critical dimension. In
this context, this suggests that any equation of state which admits a ‘law of corresponding
states’ of the above form will have critical exponents consistent with mean field theory.

To observe this, we may consider an expansion of this equation near the critical point

τ = 1 + t, ν = (1 + ω)1/z (2.24)
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where z = d− 1 > 0. It may be shown that the pressure admits the following expansion

p = 1 + Adt−Bdtω − Cdω
3 + O(tω2, ω4). (2.25)

where the coefficients satisfy Ad, Bd, Cd > 0 and depend on the dimension in the following
way

Ad = 4d− 8
2d− 5 , Bd = 4d− 8

(2d− 5)(d− 3) , Cd = 2d− 4
3(d− 1)3 . (2.26)

Differentiating the series at a fixed t < 0, we obtain the following differential of the
pressure

dp
dω = −(Bdt+ 3Cdω2). (2.27)

Then employing Maxwell’s equal area law, see [43], the following system of equations
emerge for the ‘volume’ of small and large black holes, ωs and ωl respectively,

p = 1 + Adt−Bdtωl − Cdω
3
l = 1 + Adt−Bdtωs − Cdω

3
s

0 = −
∫ ωs

ωl

ω(Bdt+ 3Cdω2)dω (2.28)

The unique solution relates the two volumes via

ωs = −ωl =
√
Bd|t|
Cd

. (2.29)

Given these definitions, we are now in a position to define the critical exponents
α, β, γ, and δ. The exponent α describes the behavior of the specific heat at constant
volume via

Cv = T
∂S

∂T

∣∣∣∣
v

∝ |t|−α. (2.30)

Using the volume, Eqn. (2.13), in conjunction with the entropy S ≡ S(T, V ), Eqn. (2.11),
we have

S(T, V ) = ω
1

d−1
d−2 [(d− 1)V ]

(d−2)
(d−1) (2.31)

which sets α = 0 as the entropy is independent of the temperature in the canonical
ensemble. Next, β describes the behavior of the order parameter η, which is the difference
of the volume of the gas vg phase and the volume of the liquid phase vl, on a given isotherm

η = Vc(ωl − ωs) ∝ |t|β =⇒ β = 1
2 . (2.32)

Using Eqn. (2.29), we have η = 2Vcωl ∝
√

|t| thereby setting β = (1/2). Next, the
exponent γ determines the behavior of the isothermal compressibility defined by

κT = − 1
V

∂V

∂p

∣∣∣∣
T

∝ |t|−γ (2.33)
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which yields γ = 1 after a direct computation using Eqn. (2.27). Lastly, δ governs the
behavior of the critical isotherm via

|p− 1| ∝ |v − vc|δ. (2.34)

The ‘shape of the critical isotherm’ is then straightforward to obtain by evaluating the
series, Eqn. (2.25), at t = 0 yielding δ = 3. Collecting our results, we see that RN-AdSd
black holes have the critical exponents

α = 0, β = 1
2 , γ = 1, δ = 3 (2.35)

matching precisely with a mean field theory analysis of a van der Waals fluid. This
behavior may also be extended to include rotations [44].

2.3 PV Criticality in Lower Dimensions
PV criticality is sensitive to the horizon topology. To make this observation sharp, con-
sider the equation of state for RN-AdSd black holes with maximally symmetric horizons
in d ≥ 4

P = T

v
− (d− 3)k̂

(d− 2)πv2 + (d− 3)q2

4πv2(d−2)κ2d−5 . (2.36)

For non-spherically symmetric horizons (k̂ ̸= 1), the equation of state no longer contains
a local minimum [43] in which case these black hole solutions do not satisfy the condition
Eqn. (2.19) thereby precluding critical behavior.

In lower dimensions, Einstein-Maxwell-AdSd gravity has insufficient spherical sym-
metry to support PV criticality. In d = 3, for example, the theory admits the charged
BTZ black hole solution [47, 48] with a planar horizon topology, k̂ = 0, which may be
compactified onto an S1 by coordinate transformations. Indeed, studies of the charged
BTZ equation of state [44], and its rotating generalization [49], confirms the lack of
critical behavior is tied to the horizon topology rather than the logrithmic behavior of
electromagnetism. In d = 2, Einstein-Maxwell-AdSd gravity is purely topological as the
Einstein-Hilbert term in the action, Eqn. (2.3), is related to the Euler characteristic of
the spacetime and the metric is conformally flat without a black hole present. Therefore
the theory is not as thermodynamically rich, and it becomes necessary to study dilaton
gravity models to source black holes in d = 2. A general class of dilaton-gravity actions
coupled to additional scalar fields ΦM fall within the category [51, 52]

I = −
∫ [

H(ψ)(∇ψ)2 +D(ψ)R + V (g, ψ,ΦM)
]√

−gd2x. (2.37)

Presently, the dilaton-gravity model with H(ψ) = (1/2), D(ψ) = ψ, and V (ψ,ΦM)
= −2Λ is the only known example to us to be studied in the context of black hole
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chemistry [49]. Although this model was observed to admit asymptotically AdSd black
holes with constant charge, the pressure equation of state was nonetheless absent of
critical behavior due to the point-like structure of the horizon.

Clearly, gravity in lower dimensions requires, at a minimum, additional degrees of
freedom equal to those provided by an S2 to support non-trivial van der Waals behavior.
One natural way that lower dimensional gravity can inherit such degrees of freedom
is through consistent truncations of higher dimensional gravity theories. Consider the
simplest theory of Einstein-AdSd+2 gravity coupled to a matter Lagrangian

I = − 1
16π

∫ [
R̃ − 2Λ − L

]√
−g̃dd+2x (2.38)

where Λ = −d(d + 1)/2ℓ2, g̃MN is the metric, and R̃ is the Ricci scalar. We assume the
above action admits spacetimes that fiber into Md × S2 according to the ansatz

ds2
d+2 = g̃MNdxMdxN = gabdxadxb + ψ2(xa)dΩ2

2 (2.39)

with matter fields taking values on Md. Integrating out the spherical directions, the
truncated theory is (App. A.1)

I = −
∫ [

1
2(∇ψ)2 + ψ2

4 (R − 2Λ − L) + λ

2

]
√

−gddx. (2.40)

The spherical directions now descend into lower dimensions via dilaton-gravity couplings.
Here, λ = RS2/2, where the RS2 is the scalar curvature of the round unit two-sphere and
henceforth, we set λ = 1. Clearly, this action is a special case of Eqn. (2.37) extended
to d-dimensions. The quadratic mass term ∼ ψ2(R − 2Λ − L) preserves the transverse
spherical degrees of freedom allowing for metric and gauge fields to have a leading order
fall off as O(1/rd−1) akin to RN-AdSd+2 black holes.

In what follows, we will concentrate on the action Eqn. (2.40) in d = 2, 3 and search for
charged, dilatonic, asymptotically AdSd (CDAdSd) solutions to the equations of motion,

0 = □ψ − ψ

2 (R − 2Λ − L), (2.41)

0 = ψ2

4 Gab − Tab (2.42)

where Gab = Rab − (R/2)gab is the Einstein tensor and the stress-energy tensor is

Tab = − 1
2

(
∇aψ∇bψ − 1

2gab[(∇ψ)2 − Λψ2]
)

(2.43)

+ 1
4
[
∇a∇bψ

2 − gab□ψ
2
]

+ ψ2

2 TL
ab + 1

4gab.

We compute the thermodynamics using a combination of lower dimensional techniques
and the on-shell Euclidean action. Using the extended phase space, we demonstrate that
CDAdSd black holes admit PV criticality and have critical exponents which match those
expected from mean field theory.
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2.3.1 Van der Walls Behavior in d = 2
Here, we consider an Einstein-Maxwell-Dilaton-AdS action with L = F 2 in d = 2. The
uplift of this theory to 4d corresponds to Eqn. (2.3) for which the RN-AdS4 black hole,
Eqn. (2.4), is a solution. We search for the consistently truncated black hole solution
in d = 2 and concentrate on static, purely electric, and radial solutions to the field
equations (2.41)-(2.43) with the ansatz

ds2 = gabdxadxb = −f(r)dt2 + f(r)−1dr2, (2.44)
A ≡ A(r)dt ψ ≡ ψ(r). (2.45)

For the Maxwell Lagrangian, the stress-energy contribution and equation of motion are

TL
ab = FacFb

c − 1
4gabF

2, ∇a(ψ2F ab) = 0. (2.46)

Given this ansatz, the general solution reads

f(r) = 1 − Λr2

3 − µ

r
+ ρ2

r2 , (2.47)

F = dA, A = −ρ

r
dt, ψ(r) = r. (2.48)

Inserting Λ = −3/ℓ2, the horizon is given by the largest, real, positive root of

f(r+) = 1 + r2
+
ℓ2 − µ

r+
+ ρ2

r2
+

= 0. (2.49)

which imposes µ > 0.
In lower dimensions, computing the thermodynamics requires some care. We follow

the procedure outlined in [51, 52] to determine the mass and charge in terms of µ and ρ in
d = 2. The chemical potential may be computed using standard holographic arguments
[32]. The entropy is more subtle, as the area of the horizon is reduced to a point. We use
the prescription outlined by Wald which may be formally applied in any dimension d ≥ 2
[53, 54]. We compare these quantities against an on-shell evaluation of the Euclidean
action to confirm their interpretation and then study PV criticality.

For dilaton-gravity theories of the form Eqn. (2.37), it was demonstrated that in
d = 2 the current Ja ≡ Tabξ

b is conserved regardless of whether the stress-energy is
conserved or if ξa is a Killing vector [51]. Such a conserved current exists provided
that ξa ≡ ϵab∇bF(D,H) is chosen to conserve Tab along its flow lines. Then, since a
divergenceless current is always dual to the gradient of a scalar, the black hole mass may
be computed via [51]

M =
∫
ϵabJ adxb =

∫
ϵabT

a
cξ
cdxb. (2.50)

For Eqn. (2.40), it is possible to show ξa = (1, 0). Then evaluating Eqn. (2.43) along
Eqn. (2.47), the mass reads

M = µ

2 . (2.51)
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Next, it has been shown [52] that for 2d dilaton-gravity theories that are coupled to
a U(1) gauge field, the total charge may be computed via

Q = ψ2
√

−g
F10 = ρ (2.52)

The corresponding chemical potential is then given by considering the electrostatic po-
tential difference between the horizon and infinity via [32]

Φ =
∫ ∞

r+
drF10 = ρ

r+
. (2.53)

Finally, it is well known that an entropy can be associated with 2d black holes by
considering an ‘area’ associated with the codimension two surface to the t − r disk [49].
A collapsing fluid in 2d contains a single point as its boundary on the half line r > 0;
analogously the codimension two boundary of a black hole corresponds to an horizon-
point, r+, which has area unity. The Bekenstein-Hawking entropy of the horizon-point is
SBH = (1/4). However, this entropy conflicts with the one obtained from the Euclidean
action.

An alternative definition of the entropy may be provided by the Wald formula [53].
In 2d, the Wald entropy may formally be computed on the codimension two surface to
the t− r disk [54], i.e., the horizon. We find

SWald = −2π δI
δRabcd

ϵacϵbd

∣∣∣∣
r+

= πr2
+. (2.54)

In order to confirm the interpretation of these quantities, we consider the on-shell
Euclidean action in the canonical ensemble. Rotating the solution into the Euclidean
section, t → iτ , we find that the counterterm method yields the on-shell Euclidean action
(see App.A.1)

Ī = β

4

(
r+ −

r3
+
ℓ2 + 3 ρ

2

r+

)
(2.55)

where β denotes the period the Euclidean section

β = 4π
∂rf

∣∣∣∣
r=r+

= 4πr3
+ℓ

2

(r2
+ − ρ2)ℓ2 + 3r4

+
. (2.56)

The corresponding thermodynamic quantities are

M = ∂Ī
∂β

∣∣∣∣
Q

= µ

2 , (2.57)

Φ = 1
β

∂Ī
∂Q

∣∣∣∣
β

= ρ

r+
, (2.58)

S = ∂Ī
∂β

∣∣∣∣
Q

− Ī = πr2
+ (2.59)
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precisely matching Eqns (2.51)–(2.54).
This completes the identification of the standard thermodynamic parameters in 2d.

We now turn our attention to the extended phase space. Asymptotically, f → r2

ℓ2
, and

hence the spacetime is AdS2 with the characteristic length scale ℓ. According to the
definitions of the extended phase space, we interpret the pressure as

P = − Λ
8π = 3

8πℓ2 . (2.60)

Correspondingly, the conjugate volume may be computed from

V = ∂M

∂P

∣∣∣∣
β,Q

= 4π
3 r3

+. (2.61)

It is then straightforward to check that the first law and the following Smarr relation
hold

dM = TdS + ΦdQ+ V dP, (2.62)
M = 2(TS − V P ) + ΦQ. (2.63)

The Smarr scaling may be understood by considering the length dimension of mass.
From Eqn. (2.47), the mass has dimension [M ] = L due to the quadratic dilaton-gravity
couplings in the action. This mass dimension is identical to the RN-AdS4 black hole
solution and hence the d = 2 theory has a similar Smarr scaling.

The PV equation of state is obtained from expressing the Euclidean period, Eqn. (2.56),
in terms of temperature and pressure. In this case, the fluid volume is related to the hori-
zon via v = 2r+ and hence the d = 2 equation of state reads

P (T, v) = T

v
− 1

2πv2 + 2ρ2

πv4 (2.64)

which has the critical point

Pc = 1
96πρ2 Tc = 1

3
√

6πρ
vc = 2

√
6ρ. (2.65)

The ratio (Pcvc/Tc) = (3/8) precisely coincides with the universal van der Waals ratio,
analogous to the RN-AdS4 case. Hence, we have determined a class of 2d charged, black
hole solutions to the dilaton-gravity model, Eqn. (2.40), which supports non-trivial van
der Waals behavior.

Using the definitions p = P
Pc
, ν = v

vc
, and τ = T

Tc
, we have the ‘law of corresponding

states’
p(τ, ν) = 8

3
τ

ν
− 2
ν2 + 1

3ν4 . (2.66)

Following the analysis given above, it is straightforward to conclude that the critical
exponents are those of mean field theory;

α = 0, β = 1
2 , γ = 1, δ = 3. (2.67)

24



2.3.2 Van der Walls Behavior in d = 3
We now turn our attention to 3d black hole solutions that result from consistent trun-
cations of the bulk action in 5d, Eqn. (2.38). It was shown in [55] that homogeneous
uncharged, AdSd black strings are permissible geometries that solve the field equations
of the action (2.38) with L = (∇Σ)2. The massless scalar field modifies the cosmological
constant to support the black string along flat directions. Here, we construct charged,
dilatonic, AdS3 planar black holes using L = F 2 + (∇Σ)2. The uplift of this solution
to d = 5 dimensions corresponds to charged AdS5 black strings with horizon topologies
S2 × R1.

We search for planar 3d black hole solutions with purely electric solutions to the field
equations (2.41)–(2.43) with the ansatz

ds2
3 = −f(r)dt2 + f(r)−1dr2 + h(r)2dx2 (2.68)
A ≡ A(r)dt ψ ≡ ψ(r) Σ ≡ Σ(x) (2.69)

In this case, the equations of motion for the gauge and scalar fields are

∇a(ψ2F ab) = 0, ∇a(ψ2∇aΣ) = 0 (2.70)

and the corresponding stress-energy contribution is

TL
ab = FacFb

c − 1
4gabF

2 − ∇aΣ∇bΣ + 1
2gab(∇Σ)2. (2.71)

Given this ansatz, it is straightforward to demonstrate that the equations of motion are
satisfied for the solution

f(r) = 1
2φ2 − Λr2

6 − µ

r2 + ρ2

r4 , (2.72)

ψ(r) = φr, h(r) = r, (2.73)

A = −
√

3
4
ρ

r2 dt, Σ(x) = x√
2φ
. (2.74)

Here, the horizon is given by the largest positive root of

f(r+) = 1
2φ2 + r2

+
ℓ2 − µ

r2
+

+ ρ2

r4
+

= 0 (2.75)

where we have used Λ = −6/ℓ2. Note that for a real root, the bound µ > 0 must be
saturated. The free parameter is set by demanding 2φ2 = 1.

As we will demonstrate, the parameters µ and ρ are again respectively related to
the black hole mass and charge. When computing the thermodynamics, the presence
of a planar horizon leads to infinities. To circumvent this, we consider thermodynamic
densities with respect to the planar direction.
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We first compute the ADM mass using the the background subtraction procedure
outlined in [30, 56]. The total charge is given by the weighted flux across the planar
horizon and the chemical potential is determined by considering the electrostatic potential
difference from the horizon and infinity [32]. In 3d, the spherically symmetric horizon
allows for a direct computation of both the Bekenstein-Hawking and Wald entropies.
We check these quantities against the on-shell Euclidean action and identify the correct
entropy before studying the PV behavior.

To determine the ADM mass, we use the background subtraction procedure outlined
in [30, 56]. In 3d, the mass function reads

M(r) = 2
√
f
(√

fref −
√
f
) d

dr

(
ψ2

4 A
)

(2.76)

where A = x r is the area function of planar horizon. In this case, the reference spacetime

ds2
ref = −

(
1 + r2

ℓ2

)
dt2 + dr2(

1 + r2

ℓ2

) + r2dx2 (2.77)

is simply the asymptotically1 AdS3 solution obtained by µ = ρ = 0. The ADM mass
density, computed at the radial boundary, is

m = lim
r→∞

1
x

M(r) = 3µ
8 . (2.78)

For our purposes, it is important to compute the total charge using a weighted flux
across the planar horizon. To motivate this calculation, we consider the charge of the
uplifted solution. In 5d, the electric flux across the S2 × R horizon determines the total
charge of an RN-AdS5 black string. Inserting Eqn. (2.68) into Eqn. (2.39), the total
charge reads

Q = 1
4π

∫
⋆F = 1

4π

∫
F10(ψ2h)dΩdx. (2.79)

Integrating out the spherical directions, we interpret the charge density in 3d as

q = 1
x

∫
⋆(ψ2F ) =

√
3

2 ρ. (2.80)

The corresponding chemical potential follows the standard definition [32],

Φ =
∫ ∞

r+
drF10 =

√
3
4
ρ

r2
+
. (2.81)

In 3d, we have the freedom to either consider the Bekenstein-Hawking entropy or the
Wald entropy. Using the standard formulas, one has the entropy densities

sBH = 1
x

A
4 = r+

4 , (2.82)

sWald = 2π
x

∫ (
δI

δRabcd
ϵacϵbd

)
dx = πr3

+
2 . (2.83)

1Provided the toroidal identification x ∼ x + 2π, the space is locally AdS3 at the expense of a
discontinuity in Σ(x).
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To single out the correct thermal entropy, once again we can appeal to the on-shell
Euclidean action. Using the counterterm subtraction method [31], the on-shell Euclidean
action in the canonical ensemble reads

Ī = βx

8ℓ2

(
r4

+ℓ
2 − r6

+ + 5ρ2ℓ2

r2
+

)
(2.84)

where β denotes the period of the Euclidean section

β = 4π
∂rf

∣∣∣∣
r=r+

= 2πr5
+ℓ

2

(r4
+ − ρ2)ℓ2 + 2r6

+
. (2.85)

In the fixed charge ensemble, the mass, chemical potential, and entropy are straightfor-
ward to compute

m = ∂ī

∂β

∣∣∣∣
Q

= 3µ
8 , (2.86)

Φ = 1
β

∂ī

∂Q

∣∣∣∣
β

=
√

3
4
ρ

r2
+
, (2.87)

s = ∂ī

∂β

∣∣∣∣
Q

− ī = πr3
+

2π , (2.88)

where we have used the action density ī = (Ī/x). Comparing these quantities against
Eqn. (2.78), Eqn. (2.81), and Eqn. (2.83) respectively confirms the interpretation of the
charge and selects the Wald entropy as the correct thermodynamic entropy.

We are now in the position to study PV criticality. Clearly, the spacetime is asymp-
totically AdS3 with respect to the length scale ℓ, and hence the pressure in the extended
phase space formalism may be identified with

P = − Λ
8π = 3

4πℓ2 . (2.89)

In the fixed charge ensemble, this invites a reinterpretation of the ADM mass as the
enthalpy m ≡ m(P, S) and we can compute the thermodynamic volume

V = ∂m

∂P

∣∣∣∣
S,Q

= π2r4
+. (2.90)

One can check that the first law and Smarr relation

dM = TdS + ΦdQ+ V dP (2.91)

M = 3
2TS − V P + ΦQ. (2.92)

hold with these identifications. The corresponding equation of state may be found from
inverting the periodicity, Eqn. (2.85), and using the definition of the fluid volume. In this
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case, the fluid volume is related to the horizon via v = 4r+ℓp/3 resulting in the equation
of state

P (T, v) = T

v
− 2

3πv2 + 512ρ2

243πv6 (2.93)

where we have set ℓp = 1. The critical point of the equation of state yields the triple

Pc = 1
4
√

15πρ
, Tc = 4

5π(15ρ2) 1
4
, vc = 4

(
5ρ2/3

) 1
4 . (2.94)

and satisfies the ratio Pcvc/Tc = 5/12. Note that this ratio is also shared by RN-AdS5

black holes, Eqn. (2.21). This suggests that the charged AdS5 black string uplift of
CDAdS3 black holes belongs in the same universality class as RN-AdS5 black holes.

Constructing the law of corresponding states follows the same procedure as in higher
dimensions. Employing the definitions p = P

Pc
, ν = v

vc
, and τ = T

Tc
, the law of correspond-

ing states can be written as
p = 12τ

5ν − 3
2ν2 + 1

10v6 (2.95)

which coincides precisely Eqn. (2.23) for d = 5. Hence, we conclude that the critical
exponents are again consistent with mean field theory and this completes the identification
of lower dimensional black holes demonstrating critical behavior.

2.4 Conclusions
Given the lack of lower dimensional charged black hole solutions admitting van der Waals
behavior, we constructed gravity theories in d = 2, 3 via consistent truncations and ex-
plored the extended phase space of black hole solutions using lower dimensional techniques
and Euclidean methods. We have found classic van der Waals structures in the equation
of state of charged, dilatonic, asymptotically AdS black hole solutions in d = 2, 3 and
confirmed that the critical exponents match those expected from mean field theory.

In d = 2, the mass and charge of the CDAdS2 solution, Eqn. (2.47), were computed
with lower dimensional methods outlined in [51, 52]. We found, rather than the standard
definition of Bekenstein-Hawking entropy, the Wald entropy yields an expression that
agrees with the entropy calculated from the on-shell Euclidean action. Furthermore, this
solution has several features reminiscent of RN-AdS4 black hole solutions of Einstein-
Maxwell-AdS4 theory, especially the similarity between the respective equations of state
and the coincident van der Waals ratios. The CDAdS2 solution, however, does not satisfy
the canonical Smarr relation in d = 2 but instead saturates the formula with d = 4.
This is due to the quadratic dilaton-gravity coupling in the action, which raises the mass
dimension of the black hole to that of 4d.

In d = 3, searching for black hole solutions required some care. We performed consis-
tent truncations of theories admitting charged AdS5 black strings with horizon topologies
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S2 × R along the spherical directions. The dimensionally reduced theory had an addi-
tional scalar field that supported planar charged, asymptotically AdS black strings in
d = 3. To regulate infinites arising from the planar direction, we computed the ther-
modynamic densities and confirmed that the mass and charge density have a standard
interpretation. Again, the Wald entropy density matches the entropy density computed
from the on-shell Euclidean action, confirming that the Wald entropy, rather than the
Bekenstein-Hawking entropy, is the correct thermal entropy. Similar to the case in d = 2,
the canonical Smarr relation was not satisfied with d = 3. Instead, the scaling properties
of these black hole solutions were identical to RN-AdS5 black strings. The Smarr scaling
in our work contrasts an earlier analysis [49] where new work terms were required to
satisfy Smarr laws for Einstein-Maxwell-AdS3 theory without additional scalar fields. We
confirmed that the equation of state contains critical phenomena and the van der Waals
ratio is identical to that of RN-AdS5 black holes. The latter observation suggests that
compactification of black objects with various horizon topologies preserves the van der
Waals universality class.

There are several interesting directions to pursue. We were here primarily concerned
with searching for rich van der Waals behavior in lower dimensions with a dynamical
scalar field. However other phase transitions may be available. Indeed by imposing a
constant scalar field, the action reduces to

I[ψ0] = −
∫ [

ψ2
0

4 (R − 2Λ − L) + λ

2

]
√

−gddx (2.96)

with an effective cosmological constant Λeff = ψ2
0

4 Λ + −λ
4 . The action in d = 3 has known

black hole solutions, namely the charged BTZ solution with a planar horizon. Hence the
scalar behaves analogous to an order parameter that supports the CDAdS3 string phase
with pressure corresponding to Λ, or to the charged BTZ3 string phase with pressure
given by Λeff. It would be fruitful to explore an ensemble which allows for such Landau-
Ginzburg phase transitions and study if the CDAdS3 solution lies within the BTZ mass
gap.

Similar arguments can be made for the action in d = 2. In this case, it is convenient
to recall that the near horizon extremal geometry of an RN-AdS4 black hole fibers into
AdS2 × S2

ψ0 , i.e, the Robinson-Bertolli spacetime. Upon compactification, this spacetime
should appear as a classical solution to the above action if one treats ψ0 as a Lagrange
multiplier. Again the dynamics of the scalar provides access to different black hole phases
of the theory. It would be very interesting to precisely chart out the complete phase space
of solutions to the general compactified action (2.40).

Finally, another possible direction is to consider our approach in d > 3. Here several
new features are available, such as magnetic black hole solutions, p-form electromag-
netism, Gauss-Bonnet and Lovelock sectors of gravity, and novel phase transitions in
addition to van der Waals.
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Chapter 3

Gravitational Instabilities of Uniform
Black Strings in AdSd

This chapter is a faithful reproduction of the published work A. Dhumuntarao and R.
Mahbub, Phys. Rev. D, 105, L041501 (2022) with minor edits [57].

Abstract

Locally AdSd−1 ×R uniform black strings (UBS) in the presence of a massless scalar field
are believed to avoid the onset of the Gregory-Laflamme (GL) instability in d ≥ 4 as
no tachyonic modes exist in the spectrum of the Laplace-Beltrami operator. We present
analytic and numerical evidence of GL modes in the Lichnerowicz spectrum indicating
that AdSd−1 UBSs are classically and thermodynamically unstable at the linear level in
d > 4. In d = 4, we confirm that uniform BTZ3 strings are indeed stable as previously
suggested. We propose that linear instabilities of black strings are triggered if and only if
a tachyonic mode exists in the Lichnerowicz spectrum. At the end state of the instability,
AdSd−1 UBSs of finite length may tunnel to a SAdSd black hole or converge onto a novel
non-uniform AdSd black string. We conjecture that weak cosmic censorship is violated if
the non-uniform solution is an exact AdSd black funnel and compute entropy estimates
in d > 4 as evidence.

3.1 Introduction
Black objects with translationally invariant horizons suffer from classical instabilities.
A famous example is the Gregory-Laflamme (GL) instability of Ricci-flat black strings
in d > 4, with horizon topologies Sd−3 × S1, where tachyonic modes develop in the
Lichnerowicz operator spectrum (∆L) under generic long wavelength perturbations [58–
61]. These classical instabilities persist to four spacetime dimensions and higher [62–
65, 65–78] for black strings with asymptotics that are conformal to AdSd−1 × R. There
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is strong numerical evidence that GL modes lead to the horizon developing a finite time
pinch-off – constituting a violation of weak cosmic censorship [79]. For black strings
with non-trivial matter configurations, tachyonic modes are also observed in the Laplace-
Beltrami operator (□) (see [75–78]). It is generally believed that the spectra of scalar
operators on black string backgrounds are correlated. Thus finding tachyonic modes in
the matter sector is a necessary and sufficient condition for classical instability and indeed,
several numerical and analytic situations exist where such instabilities were sourced from
Spec(□) only [76–78].

These linear instabilities are correlated to local thermodynamic instabilities. In its
modern form, correlated stability states, for black strings with mass M and conserved
charges QA, classical instabilities are triggered precisely when a positive eigenvalue exists
in the Hessian of the microcanonical entropy S(M,QA) [76, 77]. For unique black strings
with conserved charges, correlated stability has demonstrated that tachyonic modes de-
velop in the spectrum of scalar operators precisely when the heat capacity becomes neg-
ative [63–66, 70, 80–84], and enjoys a general proof for asymptotically flat spacetimes
[85].

Recently, a new class of locally AdSd−1 × R uniform black string (AdSd−1 UBS) so-
lutions in the presence of a massless scalar field has furnished two interesting questions
[55, 86]. First, no such tachyonic modes were identified in Spec(□) leading to the con-
jecture that these solutions are linearly stable in four spacetime dimensions and higher
[55]. This result is clearly in tension with earlier studies which have numerically and an-
alytically confirmed a tachyonic mode in ∆L for black strings which are locally conformal
to AdSd−1 × R [60–75]. As the stability analysis performed in [55, 86] primarily focused
on Spec(□), it is natural to ask does a GL mode persist in Spec(∆L) in four spacetime
dimensions and higher?

Secondly, the AdSd−1 UBS is thermodynamically unstable when the radius of the
string is sufficiently thin but remains classically stable in this regime. It is well known
that non-unique black brane configurations with exotic scalar charge are counterexamples
to correlated stability [69]. However, the AdSd−1 UBS is a unique configuration without
a conserved charge associated with the massless scalar [55, 86], naturally raising the
question are these solutions a new counterexample to the stronger form of correlated
stability?

In this Letter, we present an analytic and numerical study of the classical and ther-
modynamic instability of locally AdSd−1 ×R uniform black strings coupled to a massless
scalar. In concordance with the study initiated in [55], we confirm that no GL modes exist
in the Spec(□). However, we find evidence of tachyonic modes in Spec(∆L) in d > 4 sug-
gesting that the AdSd−1×R UBS is classically unstable. We also find a positive eigenvalue
in Hess(S) which, together with the GL modes in ∆L, is sufficient to rescue correlated
stability in d > 4. The reason the scalar operator spectra are uncorrelated may be under-
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stood by performing Kaluza-Klein (KK) compactifications along the flat direction. The
resulting tower of masses for the scalar fluctuations satisfy the Breitenlöhner-Freedman
bound on the locally AdSd−1 background [87, 88]. Hence deformations from the matter
sector do not grow sufficiently fast to trigger an instability, whereas the same is not true
for propagating tensor modes in Spec(∆L). To our knowledge, this is the first exam-
ple where the spectra of scalar operators are uncorrelated for AdS black strings in the
presence of non-trivial matter. This suggests tachyonic modes in Spec(□) are sufficient,
but not necessary as previously thought, to generate classical instabilities, and supports
earlier studies that linear black string instabilities are triggered only if tachyonic modes
exist in Spec(∆L).

3.2 The Model
We parameterize the AdSd−1 UBS solution by

S = 1
16πGd

∫ [
R − 2Λbulk − 1

2(∂σ)2
]√

−gddx, (3.1)

ds2 = (d− 2)
(d− 1)

L2
d

ℓ2
d−1

[
dz2 − V (r)dt2 + dr2

V (r) + r2ds2
Sd−3

]
,

V (r) = 1 −mr4−d + r2ℓ−2
d−1, σ(z) =

√
2(d− 2)(z/ℓd−1).

The bulk and boundary AdS length scales are set via Λbulk = − (d−1)(d−2)
2L2

d
and Λbdy =

− (d−2)(d−3)
2ℓ2

d−1
. We consider a finite string with z ∈ I = [−πLz/2, πLz/2] and restrict our

attention to d ≥ 4. The UBS is a solution to the equations

Rab = 2Λbulk

d− 2 gab + 1
2∂aσ∂bσ □σ = 0 (3.2)

provided the massless scalar σ satisfies Neumann boundary conditions. Clearly, the scalar
modifies Λbulk along the z direction and additional flat directions xi may be appended at
the expense of adding scalars σi with identical asymptotics. Henceforth, the volume of
the space transverse to the UBS horizon is unity, (16πGd)−1 ∫

Sd−3×I
√
γ = 11.

3.3 Correlated Stability
On constant z hypersurfaces, the geometry describes an SAdSd−1 BH where the largest
positive root of V (r+) = 0 designates the horizon. The mass and entropy may then be

1This yields the normalization

Gd = ωd−3Lz

8

(
d − 2
d − 1

) 1
2 (d−2)(

Ld

ℓd−1

)d−2
(3.3)

which is convenient to use when computing the thermodynamics
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directly computed using standard formulas on the codimension one surface

M = (d− 3)rd−4
+

[
ESd−3 + r2

+
ℓ2
d−1

]
, S = 4πrd−3

+ (3.4)

where ESd−3 is the energy of the sphere which vanishes in d = 4 and is unity other-
wise. As noted in [55], there is no conserved charge associated with the scalar. Hence,
the thermodynamic potential is simply S ≡ S(M) in the microcanonical ensemble and
searching for positive eigenvalues in Hess(S) is equivalent to identifying a regime where
S(M) is convex. However, for AdS black objects, there is no simple expression for the
entropy [76, 77]. Rather, assuming strictly positive temperatures (which is reasonable for
SAdSd−1 black strings), the stability requirement may be rephrased in terms of finding
negative eigenvalues in the Hessian of M(S) which is simply the statement that the heat
capacity becomes negative. We find in d = 4, M(S) = (S/4πℓd−1)2 and in d > 4,

M(S) = (d− 3)
(
S

4π

) d−4
d−3

1 + (S/4π)
2

d−3

ℓ2
d−1

. (3.5)

A routine computation of the heat capacity C = T (∂2
SM)−1 where T = V ′(r+)/4π, shows

that M(S) is concave in d > 4 for r+ < rc+ =
√

(d− 4)/(d− 2)ℓd−1. Hence, sufficiently
thin UBSs with S(r+) < S(rc+) = 4πrc+ are thermodynamically unstable in d > 4. In
d = 4, the solution is a uniform BTZ3 string with a mass gap M ≥ 0 separating the black
string from the AdS3 (M = −1) background which has a strictly positive heat capacity
[47, 49]. Via correlated stability, this naively suggests tachyonic modes condense in
Spec(□,∆L) for horizons r+ < rc+ in d > 4 whereas the BTZ3 UBS is stable regardless
of the horizon size. Hence, the GL instability should have a lower critical dimension
of d = 5. Some evidence of this is observed for BTZ3 black strings which are locally
conformal to AdS3 ×R [64–66]. In 4 ≥ d, Einstein-(A)dSd−1 gravity is topological. Thus
metric perturbations will not contain propagating degrees of freedom and should reduce to
a pure gauge transformation. We study these expectations analytically and numerically
shortly.

3.4 Classical Stability Analysis
We show that tachyonic modes in Spec(□,∆L) are uncorrelated on the AdSd−1 UBS
background and the BTZ3 UBS is stable. We consider perturbing the metric and scalar
field around the background Eqn. (3.1)

gab(xa) = ḡab(xa) + ϵHab(xa) + O(ϵ2) (3.6)
σ(xa) = σ̄(z) + ϵΦ(xa) + O(ϵ2) (3.7)
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where (ḡab, σ̄) satisfies the equations of motion (3.2). To O(ϵ), the perturbations on the
AdSd−1 UBS background satisfy

□Φ ≡ − 1
V

∂2Φ
∂t2

+ 1
rd−3

∂

∂r

(
rd−3V

∂Φ
∂r

)
+ ∂2Φ
∂z2 = 0 (3.8)

∆LHab = − 4Λ
d− 2Hab + 2 ∂(aσ̄∂b)Φ (3.9)

where the Lichnerowicz operator in the transverse gauge is

∆LHab ≡ □Hab + 2R̄acbdH
cd − 2R̄c

(aH
c
b)c. (3.10)

Now, identifying tachyonic modes in Spec(□,∆L) is tantamount to finding regular solu-
tions (Hab,Φ) which have a growing mode instability [58–62]. As the UBS solution is
spherically symmetric and has a Killing isometry along the flat direction, we search for
growing modes in the s-wave gauge with the expansion

Φ(xa) = eimnz+Ωtϕ(r), (3.11)

Hab(xa) = eimnz+Ωt


htt htr htz 0
htr hrr hrz 0
htz hrz hzz 0
0 0 0 hij

. (3.12)

Here mn = (n/Lz), hijdθidθj ≡ K(r)ds2
Sd−3 , and hµν ≡ hµν(r) along the directions

transverse to Sd−3. In the presence of matter, we are allowed to work in the transverse
gauge Hab

;b = 1
2H

;a where H = ḡabHab. Lastly, in order for the initial value problem to
be well posed, the domain of dependence will include I + on the conformal boundary of
the SAdSd−1 BH when prescribing data [58, 59, 62].

3.4.1 Matter Perturbations.
It is straightforward to show that no tachyonic modes may be found in Spec(□) obeying
regularity conditions near horizon r ≈ r+ and asymptotically r → ∞ [55]. Evaluating
Eqn. (3.8) on the ansatz Eqn. (3.11), one finds

V ϕ′′ +
[
d− 3
r

V + V ′
]
ϕ′ −

[
m2
n + ω2

V

]
ϕ = 0. (3.13)

Regularity conditions enforce the behavior ϕ ∼ (r − r+)α near horizon and ϕ ∼ r−β

asymptotically with α, β ∈ R+ [89]. As a result, the only way to achieve this behavior
is if ϕ(r) possesses a maximum at some radial position r⋆ > r+. At the turning point,
ϕ′(r⋆) = 0 and hence we have

V (r⋆)ϕ′′(r⋆) =
[
m2
n + ω2

V (r⋆)

]
ϕ(r⋆). (3.14)
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Figure 3.1: Top: Plot of (mn, Ω) with r+ = 2.0 and ℓ = 50 for which the ratio R changes sign
in 9 ≤ d ≤ 5. The points correspond to values calculated numerically indicating an instability.
The lines are polynomial fits to illustrate the trend. Bottom: The instability in d = 10 for
various values of ℓ. As µ+ ∼ µc+, the instability is terminated.
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However, for this to be a maximum V (r⋆)ϕ′′(r⋆) < 0 but no maximum may exist as
V (r⋆) > 0 for r⋆ > r+.

We generalize the stability argument given in [55] by performing a KK compactifica-
tion of the flat direction. One would then find a tower of masses (□SAdSd−1 − m2

n)Φ = 0
from which it is direct to see the Breitenlöhner-Freedman stability condition m2

n =
(n/Lz)2 > − (d−2)2

4ℓ2
d−1

is satisfied [87, 88]. Hence, the AdSd−1 UBS solution is indeed sta-
ble to scalar perturbations in d ≥ 4 independent of the coordinate gauge. As such, we
eliminate this perturbation in our search for an instability [59].

3.4.2 Metric Perturbations
The metric perturbations are quite involved. Nonetheless, it is possible to present the
salient arguments, detailed in the supplementary files, which identify the growing mode in-
stability. As the scalar perturbation decouples, the metric perturbations become tracefree
ḡabHab = 0. Then gauge conditions, in conjunction with eliminating stable perturbations,
can be used to reduce Eqn. (3.9) to a single ODE

Amn,Ω(r)h′′
tr(r) +Bmn,Ω(r)h′

tr(r) + Cmn,Ω(r)htr(r) = 0. (3.15)

The conditions on the radial boundary and the horizon are sensitive to the dimension
and on Λbdy. The qualitative difference between d = 4 and d > 4 is best understood in the
limit (Λbulk,Λbdy) → 0 where one is supposed to recover the instability of Schwarzschildd−1

uniform black strings 2. In d = 4, no Schwarzschild3 UBS exist in the spectrum of
Einstein gravity, where as the same is not true in d > 4. Next, the dependence of the
regularity condition on Λbdy may be inferred in terms of the control parameter µ+ =
r+/ℓd−1. For µ+ ≫ 1, the radius of the AdSd−1 UBS is large and requires sharply
growing regular perturbations to destabilize the solution where as µ+ ≪ 1 correspond
to thin UBS solutions which are easier to perturb. We perform the parameter search
in the latter regime in order to make contact with correlated stability. The conditions
on the horizon and radial boundary may be found by solving Eqn. (3.15) on the various
asymptotics. We find

r → r+ :


A±(mn)(r − r+)−1± r+Ω

d−4
√

1−ε, d > 4

C±(mn)(r − r+)
−1± r+Ω

2µ2
+ , d = 4

(3.16)

r → ∞ :

B±(mn)e±m2
nr/

√
m2

n−Ω2
, d > 4

D±(mn)e± im2
nr/

√
µ2

+m
2
n+Ω2

, d = 4
(3.17)

where ε = (d−2)
(d−4)µ

2
+. In d > 4, the near horizon condition suggests a real regular solution

exists provided ε < 1 and Ω < (d− 4)/r+
√

1 − ε. The condition on ε is analytic evidence
2We thank Matthew Headrick for bringing this to our attention
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of correlated stability as the control parameter is bounded above precisely by the ther-
modynamic instability µ2

+ < (d−4)
(d−2) ≡ (rc+/ℓd−1)2. Near horizon, one recovers the familiar

Schwarzschildd−1 UBS behavior when µ+ = 0 [58, 59]. In the far horizon, the solution
differs due to the conformal structure on the asymptotically AdSd−1 surface.

In d = 4, it is evident the perturbation is pure gauge – the asymptotic solutions are
oscillatory rather than smoothly damped. Near horizon, instabilities are exponentially
damped out from the spectrum as regular solutions require Ω <

2µ2
+

r+
≪ 1. We believe

this behavior to be related to the lack of propagating gravitational degrees of freedom
in lower dimensions. It is natural to understand this as analytic evidence suggesting
the classical stability of BTZ3 UBSs which agrees with the expectations provided from
correlated stability.

The goal is now to perform a parameter search on (mn,Ω) which yields regular solu-
tions, i.e., tachyonic modes in Spec(∆L). We numerically integrate Eqn. (3.15) (see the
supplementary files) to compute the instability pairs (mn,Ω) using an adaptive Runge-
Kutta-Fehlberg (RK45) routine in Mathematica. A backwards integration is carried out
between r1 = 200.0 and r2 = r+ + 10−5 with the seed solution set by the decaying branch
htr ∼ e−m2

nr/
√
m2

n−Ω2 . The existence of an instability is detected with a sign change in
the ratio R = A−/A+ [58, 59] where

R =

(
r+Ω
d−4

√
1 − ε− 1

)
htr − (r − r+)h′

tr(
r+Ω
d−4

√
1 − ε− 1

)
htr + (r − r+)h′

tr

(r − r+)
2r+Ω
d−4

√
1−ε. (3.18)

We confirm the AdSd−1 UBS solution is indeed unstable in 10 ≥ d ≥ 5, and in d = 10
we studied the threshold of this instability for various control parameters. We found no
such instability in d = 4 or beyond rc+/ℓd−1; the results are summarized in Fig. [3.1].

3.5 Comments on Weak Cosmic Censorship Violation
Naturally, one may ask which geometry arises at the end state of this instability, an
Schwarzschild-AdSd black hole (SAdSd BH) or a novel non-uniform AdSd black string
(AdSd nUBS) configuration, and if a violation of weak cosmic censorship occurs during
the transition, especially in d = 4. As it turns out, the existence of a GL mode is
insufficient to provide a violation of weak cosmic censorship 3 (see [71, 72] where GL
points exist but a tunneling event is not expected to occur). One is further required to
compute the entropy of the nUBS solution and determine its dominance in the phase
diagram. It is then reasonable to conjecture that weak cosmic censorship is violated,
if (i) a GL mode exists, and (ii) the non-uniform solution has a subdominant entropy
relative to the uniform solution (SnUBS < SUBS).

3We would like to thank Jorge Santos for valuable communications on this matter.
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In the absence of a dynamical scalar, a suggestive set of non-uniform saddles can be
constructed by foliating AdSd in terms of AdSd−1 slices and then replacing each slice with
SAdSd−1 black holes (BH). The resulting solutions to Eqn. (3.1) are exact AdSd black
funnels (BF) [73, 74]

ds2
BF = (Ld/ℓd−1)2

cos(z/ℓd−1)2

[
dz2 − V (r̂)dt̂2 + dr̂2

V (r̂) + r̂2ds2
Sd−3

]
,

V (r̂) = 1 − m̂r̂4−d − r̂2ℓ2
d−1, σ(z) = σ0 (3.19)

which are locally conformal to AdSd−1×R. The phase diagram now contains (at least [71])
three black objects with distinct horizon topologies H and scalar minima; SAdSd BH with
(σ = σ0,H = Sd−2), AdSd BF with (σ = σ0,H = Ω2

z(Sd−3 × R)), and AdSd−1 UBS with
(σ ∝ z,H = Sd−3×R). On thermodynamic grounds, transitions between these geometries
is expected at a critical point M⋆ [71]. Clearly, a violation of weak cosmic censorship is
expected in any first order transition between black string and black hole phases, whereas
fragmentation does not occur during transitions between black string phases which share
conformally equivalent horizon topologies. If the BF phase is entropically dominant,
then an energy barrier will separate the UBS and BH phases. Hence, the statement of
weak cosmic censorship violation amounts to finding regimes where SBF < SUBS so that
transitions between black strings and black holes occur. Such a regime will depend on
the control parameter µz = Lz/ℓd−1. One should expect that area difference of the UBS
and BF strips, with length z ∈ [−πLz/2, πLz/2], should be negative for sufficiently small
µz (see Fig. 3.2). We confirm this via entropy estimates in d ≥ 5. The thermodynamics
read

MBF = (d− 3)r̂d−4
+

[
ESd−3 + r̂2

+
ℓ2
d−1

]
Id(µz), (3.20)

SBF = 4πr̂d−3
+ Id(µz), (3.21)

where Id(µz) = (2π)−1(d−1
d−2)(d−2)/2 ∫ π/2

−π/2 cos(µzx)2−ddx which is convergent for µz < 1 (see
Eqn. (3.3)). Along the line MBF = MUBS, the entropy difference may be estimated in the
stable regime (µ+, µ̂+) ≫ ESd−3 via

∆S(µz) = SUBS − SBF ≈ SUBS
(
1 − Id(µz)

1
d−2
)
. (3.22)

The UBS and BF phases exchange dominance when Id(µcz) = 1. Under these conditions,
it is reasonable to conjecture that weak cosmic censorship is violated provided the non-
uniform saddle corresponds to an exact AdSd black funnel geometry.

3.6 Conclusions
We find the spectra of scalar operators on Locally AdSd−1 ×R uniform black strings sup-
ported by a massless scalar [55, 86] are indeed uncorrelated in d ≥ 5, contrary to prior
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Figure 3.2: Left: Diagram of coincident UBS and BF geometries within the strip z ∈
[−πLz/2, πLz/2] at equal mass. Right: The UBS is entropically dominant over the BF so-
lution for µz < µcz. The BH entropy is observed to follow the above trend.

expectations [75–78], and this solution falls into the class of black strings covered by
correlated stability in d ≥ 4. Tachyonic modes in the Laplace-Beltrami spectrum appear
to be only sufficient to generate classical instabilities. This suggests that black string in-
stabilities are triggered only if there exist tachyonic modes in Spec(∆L). Lastly, we have
found a regime of intermediate AdSd−1 UBS solutions which are entropically favorable
over exact AdSd BF and compete directly with Schwarzschild-AdSd BHs. Although a
complete numerical study of the Einstein-Dilaton-AdSd model is needed to elucidate if
weak cosmic censorship is violated, the thermodynamic argument presents some prelim-
inary evidence that the instability can tunnel a UBS to a BH. In AdSd with a constant
scalar, it is well known that additional black objects, such as black droplets, exist in
the thermodynamic phase space [71]. These black objects do not change the qualitative
argument given here as the horizons in such cases are partitioned, and hence it is rea-
sonable to conjecture a violation of weak cosmic censorship in d ≥ 5. It is of interest to
understand which configuration the AdSd−1 UBS will ultimately converge onto.
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Chapter 4

A Primer on Dualities

Dualities are prevalent in the history of physics. The first well known classical duality was
the electromagnetic duality. Indeed, one can show that Maxwell’s equations remain in-
variant under a transformation in which the electric and magnetic fields are swapped [92].
As is often the case, the fundamental structure which permits this duality is spacetime
geometry and its isometries. In particular, for electromagnetism formulated on mani-
folds respecting Lorentz covariance, a Lorentz transformation on the electric field maps
it onto the magnetic field. In this way, the existence of the duality is predicated on the
underlying spacetime geometry and its isometry group.

Another duality, though often not discussed in this way, is the Fourier transform [93]
encountered in Sec. 1.1. Suppose we wished to solve a linear differential equation in the
form ∑

n

cn(∂x)nΦ(x) = 0

where the constants ci are unknown. Provided initial and boundary data, the theory
of ordinary differential equations guarantees the existence of a solution though it may
be hard to find. If, however, there exists a function ϕ(p) related to Φ(x) by a Fourier
transform, the problem of solving the above PDE is reduced to finding roots of the
complex polynomial equation ∑

n

cn(ip)n = 0

which is a much simpler. In this sense, we say that differential equations in Rx (and
more generally Rn

x) are dual to polynomial equations in Rp (similarly Rn
p ). Note, this

is only possible for manifolds which admit a well-defined notion of a Fourier transform,
i.e., manifolds with well-defined Poyntragin duals. Again we see that manifolds require
a high degree of symmetry which can be used to construct such dualities. We now turn
to dualities in general.

Dualities are mathematical correspondences; an isomorphism between two seemingly
disparate systems which share an underlying symmetry. Often, dualities translate hard
problems from one system into more tractable problems in another. Hence, by searching
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for dualities one can derive rich physical insights and possibly solve intractable problems.
In general, non-trivial dualities provide more information as one is able to both explore
known physical regimes and unknown landscapes of the theory space.

Here, we are primarily concerned with quantum/classical dualities. Such dualities are
quite powerful as they provide a sharp dictionary encoding observables, correlation func-
tions, and (non-)equilibrium quantum behavior into the equations of motion, geodesics,
and geometries in the dual classical theory.

In order to build intuition for such a duality, we focus on a simpler example. Here,
we first show how one can map the (d + 1)-dimensional classical Ising model onto a d-
dimensional qubit Ising model in an external magnetic field. Along the way, we will write
a formal statement of what justifies this duality, establish a dictionary between the two
systems (J̃ij ↔ (J, g)), and identify the physical insights one can draw when utilizing
dualities.

Once built, this intuition can then be applied to the gauge/gravity duality. In par-
ticular, we discuss the holographic gauge/gravity which offers a powerful description
of strongly coupled d-dimensional SU(Nc) gauge theories in terms of a weakly coupled
(d+1)-dimensional gravitational theory in AdS. We will then explore various applications
of the gauge/gravity duality to deformations of 4d SU(Nc) Yang-Mills theory.

4.1 Dualities of the Ising Model
The 2d Ising model is perhaps the most well recognized model in condensed matter and
statistical physics and described by the Hamiltonian

H = −
∑
⟨i,j⟩

J̃ijSiSj (4.1)

where classical spins Sk ∈ {−1, 1} rest on each lattice site i ∈ Λ2 and interact with their
nearest neighbors ⟨i, j⟩ with strength J̃ij. In this primer to dualities, we demonstrate that
the above Hamiltonian for the 2d classical Ising model is dual to the quantum transverse
field Ising chain (TFIC)

Ĥ = −J
[∑

⟨i,j⟩
ZiZj + g

∑
k

Xk

]
(4.2)

where g denotes the magnetic moment of the transverse magnetic field, J sets the overall
energy scale, and X,Z are the Pauli spin matrices in the denoted directions.

4.1.1 Encoding the 1d Classical Ising Model onto a Qubit
Let us consider this duality in one spatial dimension. The 1d classical Ising model is
either a line or chain of classical spins depending if one has free or periodic boundary
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conditions. Here, we assume periodic boundary conditions on a chain of N spins, denoted
by ⃝. This can be modeled by the Hamiltonian

H⃝ ≡ HIsing1d
= −J̃

N∑
i=1

SiSi+1 (4.3)

where the interaction strength has been assumed to be uniform J̃i,i+1 = J̃ . The 2N

configurations can be represented by the following partition function

Z⃝ ≡ ZIsing1d
=
∑
{S}

e−βIsingH(S) =
∑
{S}

exp
(
K

N∑
i=1

SiSi+1

)
(4.4)

where K = βIsingJ̃ . Now the goal is to show that the partition function is equivalent to
the partition function for a single qubit. Observe that the duality is at the level of the
partition functions, and not the individual Hamiltonians. This will come up again in the
holographic gauge/gravity duality.

To establish the equivalence, we employ the transfer matrix method. The trick is to
write Z⃝ as a trace over a matrix product. To facilitate this, we first complete the square

Z⃝ = eKN
∑
{S}

exp
(

−K

2

N∑
i=1

[Si − Si+1]2
)

= eKN
∑
{S}

N∏
i=1

e−L(i,i+1) (4.5)

where we have used that the residual term ∑
i(S2

i + S2
i+1) = 2N since each spin belongs

to Si ∈ {−1, 1}.
We now make a conceptual leap in logic. Imagine, rather than the spins lying on a

line, consider a single spin (say S1) evolving in Euclidean time τ . That is, we think of the
spatial circle instead as a time direction in Euclidean signature. If so, then the difference
of the spins may be treated as a time derivative, or a matrix operator, acting on S1 and
evolving it to a final state SN . This operator e−L(i,i+1) = T (i, i + 1) as a 2 × 2 matrix
repeated acting on S1. The matrix elements of the transfer matrix are determined by the
value of the spin at the lattice site. For Si = Si+1, one obtains T (i, i + 1) = 1 whereas
when Si = −Si+1, one obtains T (i, i+ 1) = e−2K . The upshot is then that

T (i, i+ 1) =
 1 e−2K

e−2K 1


i,i+1

= ⟨Si|T|Si+1⟩ (4.6)

where in the last equality, we identify T as an quantum operator acting on a two level
quantum system. Hence, one obtains

Z⃝ = eKN
∑
{S}

N∏
i=1

e−L(i,i+1) = eKN
∑
{S}

N∏
i=1

T (i, i+ 1)

= eKN
∑

S1=±1
· · ·

∑
SN =±1

⟨S1|T|S2⟩ · · · ⟨SN |T|SN+1⟩

=
∑

S1=±1
⟨S1|(eKT)N |SN+1⟩ = tr

(
tN
)
.
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The Qubit Hamiltonian

The last step to encode the classical Ising chain is to demand that tN is equal to the new
Hamiltonian Ĥ⊙ for a single qubit, denoted by ⊙, evolving in Euclidean time β = Nδτ

in a transverse field. First, note that t is Hermitian, hence

t = eK(I + e−2KX) (4.7)

where X is the Pauli matrix. This is possible as the Pauli matrices (I, X, Y, Z) form an
orthonormal basis in the vector space of 2 × 2 Hermitian matrices. Then we ask, under
what conditions can one construct a Hamiltonian Ĥ⊙ which satisfies

t = exp
(
−δτĤ⊙

)
? (4.8)

Since the Hamiltonian for an isolated qubit is also Hermitian, and since the Y and Z

operators do not appear in the transfer matrix, we can start with the ansatz

−δτĤ⊙ = aI + bX. (4.9)

Recalling that eaI = eaI and that ebX = (cosh(b)I + sinh(b)X), Eqn. (4.8) reads

eK(I + e−2KX) =
 eK e−K

e−K eK

 = ea(cosh(b)I + sinh(b)X)

which can be solved to set e−2K = tanh(b) and ea = 2 sinh(K) cosh(K). Hence we arrive
at the Hamiltonian

Ĥ⊙ = −EgI − ∆
2 X (4.10)

where Eg = a/δτ is identified as the ground state energy, ∆ = 2b/δτ is the energy gap,
and the magnetic moment is set by ∆ = 2Jg.

We started with the 1D Ising model and claimed that we can map it onto a Hamil-
tonian for a single qubit. If so, then there should be no ZiZi+1 interaction terms in the
quantum Hamiltonian as there are no other qubits. Therefore, all on-site interactions
are self interactions which contribute to the ground state energy. We can identify the
ground state energy using the Ising temperature K = βIsingJ̃ . By sending, K → ∞
(βIsing = (TIsing)−1 → ∞), one sends b → 0 and a → ∞ in which case we have

Ĥ⊙ ≈ −EgI. (4.11)

Hence, at zero Ising temperature, we see that Eg must be the correct ground state energy
and there is no magnetic field. In the presence of a magnetic field, i.e., finite Ising
temperature, there is an energy gap set by ∆. The absence of any finite Ising temperature
phase transition for the qubit is clearly related to the lack of a transition for the 1d Ising
model.
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Thus, we have a precise statement of the duality between the 1d Classical Ising chain
and the 0d single qubit evolving in Euclidean time, namely

Z⃝ = Tr(tN) = Tr(e−βĤ
⊙

) ≡ Z
⊙

e−2K = tanh(Jgδτ)

Furthermore, it is straightforward to evaluate the partition function in this case by diag-
onalizing t and using the cylicity of the trace:

Tr(tN) = λN+ + λN− = 2N
(
cosh(K)N + sinh(K)N

)
. (4.12)

4.1.2 Encoding the 2d Classical Ising Model onto Qubit Chains
The calculations for the 2d/1d are somewhat involved but are quite similar in spirit. We
sketch the duality heuristically here (see McGreevy’s lecture notes for detailed calculations
and Tim Hsieh’s high level exposition, which discusses other lattice dualities). Essentially,
the argument is as follows. Starting with the 2d Ising Hamiltonian, where i, j span the
τ, x directions respectively,

H2d Ising =
∑
⟨i,j⟩

KxSj(i)Sj+1(i) +KτSj(i)Sj(i+ 1) (4.13)

suppose we partitioned the 2d n× n lattice, say verticially, into several chains which are
weakly interacting spatially Kx ≪ 1. We can then treat each vertical line of spins as a
Euclidean timeline for a single spin. Once again, we construct a 2n × 2n transfer matrix
T between any two successive time slices defined by

T x,xτ,τ+1 = exp(−L(τ, x; τ + 1, x))

which takes a spin at site x at Euclidean time τ to τ + 1. Here L is shifted by a
constant from H2dIsing upon completing the square as above. Applying the transfer matrix
successively to each spin site x = 1, 2, . . . , n one can show that

Z2d Ising =
∑
S

e−H2d Ising =
∑
S

n∏
τ=1

T x,xτ,τ+1 = trH(t)

where the Hilbert space consists of a two-state system at every site H = ⊗
j Hj. Next,

we suppose that there exists a quantum Hamiltonian Ĥ on each site for which

t = exp
(
−δτĤ

)
.

This time, however, appealing to the Hermiticity is not enough to determine the relation
between parameters in Ĥ and H2d Ising. Rather, we will have to expand assuming δτ ≪ 1.
In the approximation, one would find the relations Kx ∼ δτ and e−2Kτ ∼ δτ and hence,
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there exists a fixed ratio g = e−2Kτ/Kx which can be used to study the transfer matrix
perturbately. Using these relations, we may write the Hamiltonian ansatz for a 1d qubit
chain as

Ĥ ≡ Ĥ1d QC = −J
(∑

i

ZiZi+1 + g
∑
i

Xi

)
. (4.14)

Repeating the calculation from the quantum to classical side fixes the precise relations
as

Kx = Jδτ e−2Kτ = tanh(gKx) (4.15)

and thus we arrive at the statement of the equivalence of partition functions

Z2d Ising = Z1d QC. (4.16)

The duality is established again at the level of the partition function. Furthermore,
the duality provides a mapping between a statistical system that is one spatial dimension
higher than the quantum system. However, the total number of dimensions have not
changed, one spatial dimension in the Ising model has been repurposed as a Euclidean
time direction. Lastly, observe that the duality holds along a special curve in the moduli
space of (Kτ , Kx). Specifically, (Kτ , Kx) are not free parameters since e−2Kτ = tanh(gKx)
for some g.

Phase Transitions

Let us check the robustness of the duality by studying the thermal behavior of both
theories. For a square lattice, Onsager found the mean magnetization for the 2d Ising
model to be

M = (1 − [sinh(2Kτ ) sinh(2Kx)]−2)1/8 (4.17)

With the phase transition occurring at sinh(2Kτ ) sinh(2Kx) = 1. If the duality written
above is to be believed, then we can compute the free energy of the 1d qubit chain as

F1d QC = − log(Z1d QC) = − log(Z2d Ising)

and hence any phase transitions in Z2d Ising should also be present in Z1d QC in the ther-
modynamic limit n → ∞. We can check this by studying the mean magnetization for
finite sized qubit chains

MQ = 1
N

⟨gs|M̂ |gs⟩ (4.18)

where M̂ is the magnetization operator and |gs⟩ refers to the ground state of the spin
chain. From the duality, since Kτ = −1

2 log(tanh(gKx)) the phase transition should occur
when sinh(2Kx)csch(2gKx) = 1, i.e., g = 1.

As can be checked from my code here, there appears to be a phase transition around
g ≈ 1. For small coupling values, the spins are all anti-aligned with the external magnetic
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Figure 4.1: The mean magnetization as a function of coupling g.

field hence MQ ≈ 1. At larger couplings, the spins flip to be aligned with the external
field thereby becoming paramagnetic with MQ → 0 in the large N limit. The trend can
be confirmed for larger qubit chains, but the computational time is prohibitive.

4.1.3 Generalizing the Classical/Quantum Correspondence
The dualities discussed above can be generalized into higher dimensions via the following
protocol:

1. Absorb the thermodynamic temperature βIsing of the Ising model into the interac-
tion strengths J̃ij. Assume that the interaction strenths are uniform along their
respective axis.

2. Denote one of the (d+ 1) spatial directions as Euclidean time, τ , and consider the
partition Nδτ = β as the quantum temperature.

3. Apply the transfer matrix to convert the partition function of a statistical system
into the partition of a quantum system evolving in Euclidean time.

4. Perform a perturbative analysis to establish a dictionary between the coupling pa-
rameters of both systems.

Obviously, the third step is the tricky leap in intution, but in the cases where this can be
applied, we arrive at the formal equivalence between the partition functions of the two
systems:

Z(d+1) Ising(Kτ , Kxd) = Zd TFIC(Jxd , g) (4.19)
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where Kτ is the interaction strength along the Euclidean time direction and Kxd in the
remaining spatial directions. The precise map between these parameters and those in the
TFIC are given by the following dictionary.

Classical Quantum
(d+ 1) spatial dimensions d spatial dimensions, 1 time dimension

Transfer Matrix t Euclidean-time Propagator e−∆τH

Ising Temperature βIsing Lattice Couplings Strengths (Jxd , g)
Periodicity of Euclidean time τ Quantum Temperature: β = δτN

Equilibrium State Ground State

Table 4.1: The dictionary between the (d + 1)-dimensional Ising model and the d-dimensional
quantum transverse field Ising chain.

Building A Dictionary for Dualities

When mapping the 1d Ising model onto a qubit, we found that the coupling constant
K = βIsingJ̃ was related to the parameters (J, g) via e−2K = e−2βIsingJ̃ = tanh(Jgδτ). Since
in the 1d Ising model, there are no other spatial directions, we must have that K = Kτ in
the notation above. In higher dimensions (J → Jxd), this still holds true so K = Kτ and
the remaining spatial lattice parameters can be shown to satisfy Kxd = Jxdδτ . Finally,
the duality only holds along the line in moduli space Kτ = −1

2 log(tanh(gKxd)) (see these
notes for details).

4.2 The Gauge/Gravity Duality
In exploring the Ising model, we learned several features of quantum/classical dualities.
Broadly, such dualities have a classical theory in one spatial dimension higher than the
quantum theorem, display an equivalence between the partition functions of each theory,
and contains a dictionary providing a precise map between parameters. In the next step
towards exploring the intersections between classical gravity and quantum information,
we discuss briefly the gauge/gravity duality. For a comprehensive review of the duality,
see [94].

The gauge/gravity duality is a holographic duality which offers a powerful window
into the physics of certain quantum field theories at finite temperature with the thermo-
dynamics of classical geometry (see Part I). Specifically, we are interested in using the
gauge/gravity duality to study strongly coupled SU(N) gauge theories at finite temper-
ature. For these theories, the partition function, ZGT, cannot be analytically computed
using perturbative methods. Rather, the duality provides a framework for asking sharp
questions about the behavior of gauge theories at strong coupling and finite temperature
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by encoding these properties into the partition function of certain quantum gravity the-
ories, ZQG, at weak coupling. This strong-weak relationship between the parameters is
analogous to anisotropic couplings found in the Ising model duality.

Akin to the quantum/classical duality of the Ising model, the gauge/gravity duality
rests on the holographic principle which asserts that the information stored in a volume
Vd+1 is encoded in its boundary area Ad. Hence, we can think of a strongly coupled gauge
theory as living on the codimension one boundary of a weakly coupled quantum gravity
theory in a bulk and relates ZGT = ZQG. To be more precise, the strongest form of the
gauge/gravity duality states that

N = 4 Super Yang-Mills (SYM) theory with gauge group SU(N) and Yang-Mills
coupling constant gYM

is dynamically equivalent to
type IIB superstring theory with string length ℓS =

√
α′ and coupling constant gs on

AdS5 × S5 with radius of curvature L and N units of F(5) flux on S5.

The two free parameters on the field theory side, gYM and N , are mapped to the free
parameters gs and L/

√
α′ on the string theory side by g2

YM = 2πgs and 2g2
YMN = L4/(α′)2.

More compactly, the partition functions of both theories satisfy [13, 95, 96]

ZN =4 = ZIIB (4.20)

for arbitrary couplings. Although the strongest form of the gauge/gravity duality is
conceptually interesting, it remains difficult to perform explicit calculations with arbitrary
values of the parameters. However, in the ’t Hooft limit, which isN → ∞, gs ≪ 1, gYM ≪
1, and g2

YMN fixed, the gauge theory is strongly coupled, and the dual gravity theory
may be treated as classical and weakly curved. In this regime, otherwise intractable
non-perturbative analyses at strong coupling and finite temperature becomes tractable
calculations of the thermodynamics of classical saddle points, i.e., tree level contributions,
of the IIB action to the partition function. The duality has passed several nontrivial
consistency checks, and provided some motivation that the QGP phase behaves as a
perfect fluid rather than a free gas.

The most promising application of the duality lies in the identification of a gravita-
tional model which replicates features of QCD at strong coupling. There are two ways
to approach this problem; bottom-up or top-down. In a bottom-up approach, one builds
a particular gravity model by introducing 3-branes in conjunction with additional bulk
fields thereby deforming the boundary gauge theory towards QCD. These AdS/QCD
models faithfully reproduce certain phenomenological features such as electroweak or chi-
ral symmetry breaking, bulk/shear viscosities, and dynamical confinement. In a top-down
approach, one uses the facts that Yang-Mills is a closely related cousin of QCD, and that
the ’t Hooft limit behaves as a thermodynamic limit when the boundary gauge theory
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lives on the compact manifold Sd in order to study thermal aspects of QCD such as the
deconfinement/confinement phase transition. Both approaches provide valuable informa-
tion and insight into the strong coupling, finite temperature properties of gauge theories.
In the following chapters, we explore applications of holographic quantum/classical du-
alities to deformations of 4d SU(Nc) Yang-Mills (a closely related cousin of QCD).
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Chapter 5

Dynamical AdS/Yang-Mills

This chapter is a faithful reproduction of the published work S. P. Bartz, A. Dhu-
muntarao, and J. I. Kapusta, Phys. Rev. D, 98(2), 0236019, (2018) with minor
edits [97].

Abstract

The AdS/CFT correspondence has provided new and useful insights into the nonpertur-
bative regime of strongly coupled gauge theories. We construct a class of models meant
to mimic Yang-Mills theory using the superpotential method. This method allows us
to efficiently address the problem of solving all the equations of motion. The conformal
symmetry is broken in the infrared by a dilaton field. Using a five-dimensional action
we calculate the mass spectrum of scalar glueballs. This spectrum contains a tachyon,
indicating an instability in the theory. We stabilize the theory by introducing a cosmo-
logical constant in the bulk and a pair of 3-branes, as in the Randall-Sundrum model.
The scalar glueball masses computed by lattice gauge theory are then described very well
by just a few parameters. Prospects for extending the model to other spins and parities
and to finite temperature are considered.

5.1 Introduction
The AdS/CFT correspondence has proven to be a useful mathematical tool for the anal-
ysis of certain strongly coupled gauge theories. This correspondence establishes a con-
nection between a d-dimensional super-Yang Mills (SYM) theory and a weakly coupled
gravitational theory in d+1 dimensions [13, 95, 96]. Perturbation theory can be used to
solve SYM at small coupling but it fails at large coupling, whereas the reverse is true in
the gravity dual. QCD is a strongly-coupled gauge theory at hadronic scales, making it
a prime candidate for the application of the gauge/gravity correspondence. However, it
is still not known whether a gravitational dual to QCD exists. The so-called bottom-up
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approach assumes the existence of such a dual, modeling features of QCD by an effec-
tive five-dimensional gravity theory. Linear confinement in QCD provides a scale that is
embodied in an IR cut-off of the fifth dimension in the AdS/QCD model [98, 99]; these
are referred to as hard-wall models. Soft-wall models use a dilaton field as an effective
IR cutoff [100]. The simplest of these uses a dilaton quadratic in the fifth dimensional
coordinate to provide linear radial Regge trajectories. Others modify the UV behavior of
the dilaton to more accurately model the ground state masses as well [101–104].

Typically, soft-wall models of QCD use parametrizations for the background dilaton
and chiral fields that are not derived as the solution to any equations of motion. The
problem is that there is always one more equation than there are independent fields, caus-
ing a severe self-consistency condition on the potential. Previously, two of us expanded
upon previous work [105–112] to find a suitable potential for the background fields of a
soft-wall AdS/QCD model [113]. A glueball field was added, and a potential was con-
structed which led to a dynamical dilaton and a good description of the mass spectra of
vector, axial-vector, and pseudoscalar mesons. A shortfall of that approach was that there
was a special term in the potential, dependent on the dilaton field, that could only be
determined numerically a posteriori and that did not appear to have a natural functional
form. It remains an open problem to find a well-defined, natural action that provides a
set of background equations from which these fields can be derived. A solution to that
problem may suggest how it can be derived from a top-down approach. A well-defined
action with good phenomenology is necessary to provide access to the thermal properties
of the model through perturbation of the geometry [108, 114, 115].

Our goal is to find a relatively simple analytic potential for Yang-Mills theory which
is self-consistent, which satisfies the basic requirements of the gauge/gravity correspon-
dence, and which reproduces the scalar glueball mass spectrum as computed in lattice
gauge theory. This would be useful not only for hadron phenomenology but might point
towards a ten-dimensional string model from which it arises. In addition, an analytic
potential would greatly simplify the task of applying the model at finite temperature,
such as the equation of state and the transport coefficients. This task suggests using the
tools of supersymmetry. We will therefore follow Ref. [105] which used two fields and a
superpotential method. In what follows one of the fields is the dilaton and the other is a
scalar glueball.

We can illustrate the enduring interest in the relationship between Yang-Mills theory
and the gauge/gravity correspondence with two papers separated by two decades. Csáki
et al. [116] calculated the scalar glueball masses by solving supergravity wave equations
in a black hole geometry and compared the results to the then-available lattice calcula-
tions. Ballon-Bayona et al. [117] investigated effective holographic models for QCD and
proposed semianalytic interpolations between the UV and the IR to obtain a spectrum
for scalar and tensor glueballs consistent with current lattice QCD calculations. In that
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approach the dilaton was identified as the glueball. A UV cutoff has been a persistent
issue, which we will address directly in our paper.

The outline of our paper is as follows. In Sec. 5.2 we review the results for scalar
glueball masses computed in lattice gauge theory. In Sec. 5.3 we give the basic setup
for the five-dimensional action. Some possible potentials which incorporate the proper
behavior are given in Sec. 5.4. A specific example is worked out in detail in Sec. 5.5.
We solve a Schrödinger equation for the glueball mass spectrum in Sec. 5.6 where it is
found that the lowest state is a tachyon, which seems to be a generic result. In order to
stabilize the theory we consider the Randall-Sundrum model, which is briefly reviewed
in Sec. 5.7. The dilaton and glueball fields are added to the Randall-Sundrum model in
Sec. 5.8 and the glueball mass spectrum is recalculated in Sec. 5.9 with excellent results.
Our summary and conclusion is presented in Sec. 5.10.

5.2 Lattice Results
The 0++ glueball mass spectrum, as calculated by lattice gauge theory [118, 119], is shown
in Fig. 5.1. The radial quantum number is n and the masses are expressed in terms of
the string tension σ = (440 MeV)2. The error bars include statistical uncertainties only.
It is apparent that the spectrum is linear at large n. A linear fit to the states n = 2, 3, 4
of the form m2

n/σ = an+ b results in a = 20.37 ± 1.142 and b = −1.666 ± 2.713. For later
use we express this as

m2
n = 8λ(n− 0.082 ± 0.133) (5.1)

with
√
λ = 702 MeV. Here we are not interested in the small uncertainty in the slope,

only the intercept which is consistent with zero.
We can also make a linear fit to all states including n = 1 as shown in Fig. 5.2. The

form m2
n/σ = an+ b results in a = 25.178 ± 1.483 and b = −13.859 ± 1.703. Then

m2
n = 8λ(n− 0.550 ± 0.075) (5.2)

with
√
λ = 781 MeV. In this fit the intercept is clearly negative and the fit is not nearly

as good.

5.3 Setup
We assume that the four-dimensional strongly coupled field theory can be modeled by
the following five-dimensional action, written in the string frame:

S = 1
16πG5

∫
d5x

√
ge−2Φ

R + 4gMN∂MΦ∂NΦ − 1
2g

MN∂MG∂NG− V (Φ, G)
 . (5.3)
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Figure 5.1: The scalar glueball mass spectrum as computed on the lattice in pure SU(3) gauge
theory. The linear fit includes n ≥ 2.
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Figure 5.2: The scalar glueball mass spectrum as computed on the lattice in pure SU(3) gauge
theory. The linear fit includes n ≥ 1.
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Here Φ is the dilaton and G is the glueball field; these fields are dimensionless. The
metric is pure anti-de Sitter (AdS), gMN = (l/z)2ηMN with AdS curvature R = −30/l2

and g = − det gMN .
It is easier to search for the background fields in the Einstein frame, which is obtained

from the string frame via the conformal transformation

gMN = e4Φ/3g̃MN . (5.4)

where the tilde distinguishes the two frames. Rescaling the dilaton by ϕ =
√

8/3Φ puts
the vacuum action in canonical form

SE = 1
16πG5

∫
d5x

√
g̃
(
R̃ − 1

2 g̃
MN∂Mϕ∂Nϕ− 1

2 g̃
MN∂MG∂NG− Ṽ (ϕ,G)

)
, (5.5)

with Ṽ = e4Φ/3V = e2ϕ/
√

6V .
To apply the superpotential method [120, 121] requires switching from (xµ, z) to (xµ, y)

coordinates such that
ds2 = e−2A(y)dx2 + dy2 . (5.6)

We look for a background solution with ϕ = ϕ(y) and G = G(y). The equations of motion
are

3A′′ − 6A′2 = 1
4ϕ

′2 + 1
4G

′2 + 1
2 Ṽ , (5.7)

6A′2 = 1
4ϕ

′2 + 1
4G

′2 − 1
2 Ṽ , (5.8)

ϕ′′ − 4A′ϕ′ = ∂Ṽ

∂ϕ
, (5.9)

G′′ − 4A′G′ = ∂Ṽ

∂G
. (5.10)

Here a prime means differentiation with respect to y. Since there is one more equation
than there are independent fields, these equations would not have a solution for an ar-
bitrarily chosen potential Ṽ (ϕ,G). To solve these equations we convert them to a set of
first order differential equations by use of a “superpotential” W (ϕ,G) such that

A′ = W , (5.11)

ϕ′ = 6∂W
∂ϕ

, (5.12)

G′ = 6∂W
∂G

. (5.13)

Then the original set of equations is satisfied when

Ṽ = 18
(∂W

∂ϕ

)2

+
(
∂W

∂G

)2
− 12W 2 . (5.14)
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The challenge is to find a function W (ϕ,G) which gives the desired behavior of the fields.
But it must be emphasized that any appropriately smooth function W will allow for all
the original differential equations to be satisfied, which is our goal.

As discussed above, good hadron phenomenology suggests that A, ϕ, y and z are
related in the following ways.

e−A = l

z
e−aϕ (5.15)

dy = l

z
e−aϕ dz (5.16)

Here a is an arbitrary constant. From the first of these equations we clearly have A =
ln(z/l) + aϕ. Now the differential equation for A becomes

A′ = 1
z

dz

dy
+ aϕ′ = W . (5.17)

Using the relationship between y and z and the differential equation for ϕ we get a
differential equation for W .

∂W

∂ϕ
= 1

6a

(
W − 1

l
eaϕ
)

(5.18)

As we know from previous studies [106] the constant a = 1/
√

6 in order to have linear
radial Regge trajectories; we shall henceforth fix it at that value. Then the most general
solution to the differential equation for W is

W (ϕ,G) = 1
l

[
U(G) + 1 − ϕ√

6

]
eϕ/

√
6 . (5.19)

Here U is any function of G; the +1 is added for future convenience. The resulting
differential equations can be written simply as

z
dG

dz
= 6dU

dG
, (5.20)

d

dz
(zϕ) =

√
6U . (5.21)

Alternatively the first equation can be inserted in the second to obtain

6dU
dG

dϕ

dG
+ ϕ =

√
6U . (5.22)

This is a remarkable simplification from previous studies of phenomenologically relevant
AdS-inspired approaches.

The potential resulting from this analysis is

l2V (ϕ,G) = −12 + 4
√

6ϕ− 3
2ϕ

2 + 3
√

6ϕU − 24U − 9U2 + 18
(
dU

dG

)2

. (5.23)
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One might wonder about the term linear in ϕ, but really it should be viewed in the
Einstein frame. Assuming that U has no constant terms

l2Ṽ = −12 + 5
2ϕ

2 + · · · . (5.24)

The first term is just the usual negative cosmological constant, while the second term
suggests that the mass of the dilaton is m2

ϕl
2 = 5. If one wants to relate this to an

operator it would have dimension 5. However, as pointed out in [106], the AdS/CFT
correspondence between dimension of the operator and mass of the field does not generally
apply to the dilaton field for the reasons presented there.

5.4 Possible Potentials
The AdS/CFT dictionary sets the mass for the fields according to the dimension ∆ of
the dual operator,

m2l2 = ∆(∆ − 4) , (5.25)

where l is related to the AdS curvature. The glueball mass is 0 since the dimension of
the gluon condensate is 4. The dilaton mass is undetermined and is not connected to the
dimension of the corresponding operator, as discussed in [106].

In the UV limit, z → 0, the glueball field is proportional to z4. In the IR limit,
z → ∞, the glueball field must be proportional to z in order that the dilaton field
be proportional to z2 so that the mesons have linear radial Regge trajectories. As a
consequence U → 1

12G
2 in the IR limit. In the UV limit U → 1

3G
2.

One possible potential which yields the correct UV and IR behavior is

U = 1
12G

2
[
1 + 3e−γG2]

. (5.26)

Here the only free parameter is γ which controls the transitional behavior of G between
the IR and the UV.

A second possible potential is

U = 1
12G

2
[
4 − 3 tanh γG2

]
. (5.27)

The free parameter γ controls the transitional behavior.
A third possible potential is

U = 1
12G

2 + 1
4γ ln

(
1 + γG2

)
. (5.28)

Again the transitional behavior is fixed by the numerical value of γ.
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5.5 Log Potential
Let us focus on the logarithmic potential because we can find some analytical results
straightaway. The differential equation for G

z
dG

dz
= 6dU

dG
= γG2 + 4
γG2 + 1 G (5.29)

has the solution
G2

(
γG2 + 4

)3
=
(
z

z0

)8
. (5.30)

Here z0 is a constant of integration. In the large z limit the solution is

γG2 = γ1/4
(
z

z0

)2
− 3 + · · · . (5.31)

In the small z limit the solution is

G = 1
8

(
z

z0

)4
− 3γ

(
z

2z0

)12
+ · · · . (5.32)

The field is plotted as a function of z in Fig. 5.3 (see Eq. (5.38) for the relationship
among z0, γ and λ). The power-law behavior in the UV and IR limits is evident.

√
λz
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G
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101
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IR Limit
Glueball Field

Figure 5.3: The glueball field as a function of the dimensionless variable
√

λz. Plotted this
way it only depends on the parameter γ which here is chosen to be 1/2.

We have not found a solution ϕ(G) in terms of elementary functions. The solution
can be expressed in terms of an integral with the proper boundary conditions as

ϕ(G) =
√

6
{
U(G) − z0

z(G)

∫ G

0

z(G′)
z0

dU

dG′dG
′
}

(5.33)
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where
dU

dG
= G

6
4 + γG2

1 + γG2 (5.34)

and z/z0 is given by Eq. (5.30). It is straightforward to find the limits as G → ∞

ϕ =
√

6
[

1
36G

2 + 1
4γ ln γG2 − 2

3γ + · · ·
]

=
√

6
[

1
36γ3/4

(
z

z0

)2
+ 1

4γ ln
(
z

z0

)2
+ 1

16γ ln γ − 3
4γ + · · ·

]
(5.35)

and as G → 0

ϕ =
√

6
9

[1
3G

2 + 7
136γG

4 + · · ·
]

= 2
√

6
9

[
2
3

(
z

2z0

)8
− 27γ

17

(
z

2z0

)16
· ··
]
. (5.36)

The requirement of linear confinement requires a solution in the large z limit of the form

ϕ =
√

8
3λz

2 . (5.37)

Using the above limiting forms we find that the constant of integration in the differential
equation for G(z) is

1
z2

0
= 24γ3/4λ . (5.38)

This also determines the magnitude of the gluon condensate, defined by G = G4z
4, to be

G4 = 72γ3/2λ2 . (5.39)

Only γ remains as an undetermined parameter. The field is plotted as a function of z in
Fig. 5.4. The power-law behavior in the UV and IR limits is evident.

5.6 Glueball Mass Spectrum
Suppose that the metric has the form

ds2 = b2(z)
(
−dt2 + dx2 + dz2

)
(5.40)

and that the action has the canonical form of Eq. (5.5). The equation of motion which
determines the mass spectrum for the field G = G(z) + ∆G(z, x) is

−b3ηµν∂µ∂ν∆G− ∂z(b3∂z∆G) + b5∂
2Ṽ

∂G2 ∆G = 0 . (5.41)
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Figure 5.4: The dilaton field as a function of the dimensionless variable
√

λz. Plotted this
way it only depends on the parameter γ which here is chosen to be 1/2.

Here ∆G(z, x) = ∆Gn(z)eip·x so that ηµν∂µ∂ν → m2. This leads to the eigenvalue
equation

−∂2
z∆Gn(z) − b−3

(
∂zb

3
)
∂z∆Gn(z) + b2∂

2Ṽ

∂G2 ∆Gn(z) = m2
n∆Gn(z) . (5.42)

It can be put in the form of the Schrödinger equation by the transformation ∆Gn =
eωs/2Hn with ωs = −3 ln b. Hence

−Ḧn +
[

1
4 ω̇s

2 − 1
2 ω̈s + l2

z2
∂2V

∂G2

]
Hn = m2

nHn (5.43)

where a dot means differentiation with respect to z.
In the present case ωs =

√
3
2ϕ+ 3 ln z. From the equations of motion one can write

zϕ̇ =
√

6U − ϕ

z2ϕ̈ = 2ϕ− 2
√

6U + 6
√

6
(
∂U

∂G

)2

. (5.44)

These can be used in

ω̇s = 1
z

3 +
√

3
2zϕ̇

 (5.45)

and in

ω̈s = 1
z2

−3 +
√

3
2z

2ϕ̈

 (5.46)
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without having to numerically calculate the first or second derivatives of ϕ with respect
to z. This combines to give

1
4 ω̇s

2 − 1
2 ω̈s = 1

z2

15
4 − 5

4
√

6ϕ+ 15
2 U + 9

4U
2 − 3

4
√

6ϕU + 3
8ϕ

2 − 9
(
dU

dG

)2
 . (5.47)

The potential in Eq. (5.23) gives

l2
∂2V

∂G2 = 3
√

6ϕd
2U

dG2 − 24d
2U

dG2 − 18U d
2U

dG2 − 18
(
dU

dG

)2

+ 36
(
d2U

dG2

)2

+ 36dU
dG

d3U

dG3 (5.48)

which does not specify the function U(G).
For the specific example of the logarithmic form of U we find

dU

dG
= G

6

[
γG2 + 4
γG2 + 1

]
(5.49)

d2U

dG2 = 1
6

[
(γG2)2 − γG2 + 4

(γG2 + 1)2

]
(5.50)

d3U

dG3 = γG(γG2 − 3)
(γG2 + 1)3 . (5.51)

The Schrödinger equation can be put in dimensionless form by changing to the dimen-
sionless variable x =

√
2λz. Then

−d2Hn

dx2 + VH (ϕ(x), G(x))Hn = m2
n

2λ Hn . (5.52)

where

VH = 1
x2

15
4 − 5

4
√

6ϕ+ 15
2 U + 9

4U
2 − 3

4
√

6ϕU + 3
8ϕ

2 − 9
(
dU

dG

)2

+ l2
∂2V

∂G2

 . (5.53)

It is straightforward to compute the limits of VH in the UV and IR limits. In the IR
VH → x2 and in the UV VH → 15/4x2. These are independent of the parameter γ.

Now the parameter γ should be used to obtain the best fit to the glueball mass
spectrum. Some results are plotted in Fig. 5.5 for a representative range of γ. It shows
the existence of a tachyon when n = 1. Very similar results are obtained with the other
forms of U discussed in Sec. 5.4.

In fact this can be anticipated analytically by consideration of the limit γ >> 1. Then
the mass spectrum is obtained from

−d2Hn′

dx2 +
[
x2 − 6 + 3

4x2

]
Hn′ = m2

n′

2λ Hn′ . (5.54)

This may be compared to the radial equation for the harmonic oscillator in the form

−d2Hn′

dx2 +
[
x2 + l2 − 1/4

x2

]
Hn′ = 2En′

ℏω
Hn′ (5.55)
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Figure 5.5: The mass spectra with
√

λ = 700 MeV for several values of the parameter γ.

with radial quantum number n′ = 0, 1, 2...., l = 1
2 ,

3
2 , ... and energy eigenvalue

En′ = ℏω [2n′ + l + 1] . (5.56)

Switching to the radial quantum number n = n′ + 1 to be consistent with the notation
used earlier results in

m2
n = 8λ

[
n− 3

2

]
. (5.57)

This has exactly one tachyonic state.

5.7 Randall-Sundrum Model
There is a tachyon in the versions of the AdS model considered above which indicates
an instability. In an attempt at stabilization we turn to the Randall-Sundrum model
[122]. The goal of Ref. [122] was to obtain a more natural explanation of the hierarchy
between the weak scale and the fundamental scale of gravity. Here we have more mundane
considerations.

The Randall-Sundrum model introduces a cosmological constant Λ in the bulk and
two 3-branes, one located at y = 0 and the other at y = L. The 3-branes have constant
energy densities V0 and VL, respectively. There is an assumed symmetry y → −y so that
only positive values of y are needed. The action is

S = 2M3
∫
d4xdy

√
g

(
R + Λ

2M3

)
−
∫
d4x

√
g(y = 0)V0 −

∫
d4x

√
g(y = L)VL . (5.58)

Here M is the five-dimensional gravity scale (M3 = 1/32πG5). The metric has the form

ds2 = e−2A(y)(−dt2 + dx2) + dy2 , (5.59)
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with indices running from 0 through 4, 4 representing the fifth dimension y. Note that
we have dropped the tildes in this section even though we are working in the Einstein
frame. The sign in front of Λ in the action is chosen so that in this model it turns out
positive. The formulas for the components of the Ricci tensor are given in the Appendix.
For this metric they are

R00 = −(A′′ − 4A′2)e−2A = −Rii (5.60)

with no sum on i = 1,2,3 and
Ryy = 4A′′ − 4A′2 . (5.61)

The scalar curvature is
R = 8A′′ − 20A′2 . (5.62)

Einstein’s equations give the following pair of scalar equations.

A′2 = Λ
24M3 ≡ k2 (5.63)

A′′ − 2A′2 = − Λ
12M3 + V0

12M3 δ(y) + VL
12M3 δ(y − L) (5.64)

The solution to Eq. (5.63) is simply

A(y) = k|y|θ(L− |y|) (5.65)

when making using of the symmetry y → −y. Also from Eq. (5.63) we have

A′ = k [θ(y)θ(L− y) − θ(−y)θ(L+ y)] . (5.66)

Differentiating this expression, using the symmetry, and comparing to Eq. (5.64), we
find the requirements that V0 =

√
24M3Λ and VL = −

√
24M3Λ. These requirements are

equivalent to demanding that the four-dimensional cosmological constant be zero. For
this, we need ∫ L

−L
dy
√
g(y) = 1

2k
(
1 − e−4kL

)
,∫ L

−L
dy
√
g(y = 0) = 1

2k ,∫ L

−L
dy
√
g(y = L) = 1

2k e−4kL ,∫ L

−L
dy
√
g(y) R(y) = −6k

(
1 − e−4kL

)
. (5.67)

Then the four-dimensional action is∫
d4x

[
12M3k

(
1 − e−4kL

)
+ Λ

2k
(
1 − e−4kL

)
−
(
V0 + VLe−4kL

)]
(5.68)

which is zero if V0 and VL take on the values mentioned above.
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5.8 Randall-Sundrum Model with Scalar Fields
Now we add the scalar fields ϕ and G as in Sec. III. We assume that VL = −V0 but V0,
Λ, and M are unrelated; k is still defined as

√
Λ/24M3. The equations of motion are

3A′′ − 6A′2 + Λ
4M3 = 1

4ϕ
′2 + 1

4G
′2 + 1

2 Ṽ + V0

4M3 [δ(y) − δ(y − L)] , (5.69)

6A′2 − Λ
4M3 = 1

4ϕ
′2 + 1

4G
′2 − 1

2 Ṽ , (5.70)

ϕ′′ − 4A′ϕ′ = ∂Ṽ

∂ϕ
, (5.71)

G′′ − 4A′G′ = ∂Ṽ

∂G
. (5.72)

Based on previous results we look for a solution of the following form:

A′ = W + k [θ(y)θ(L− y) − θ(−y)θ(L+ y)] , (5.73)

ϕ′ = 6∂W
∂ϕ

, (5.74)

G′ = 6∂W
∂G

. (5.75)

Then the original set of equations are satisfied when

Ṽ = 18
(∂W

∂ϕ

)2

+
(
∂W

∂G

)2
− 12W 2 − 24k [θ(y)θ(L− y) − θ(−y)θ(L+ y)]W , (5.76)

and V0 =
√

24M3Λ, as before.

5.8.1 Change of coordinate
Reference [123] studied tensor fluctuations in the absence of scalar fields. The authors
found it convenient to make the change of variables from y to z via

z = sign(y)
[
ek|y| − 1

]
/k . (5.77)

With the inclusion of scalar fields it suggests that we choose

A(y) = ln (k|z| + 1) + aϕ(|z|) , (5.78)

valid for both positive and negative values of z including z = 0. Then y = 0 corresponds
to z = 0. Along with this we assume that

dy = e−aϕ(|z|)

k|z| + 1dz . (5.79)
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This gives the metric

ds2 = e−2aϕ(|z|)

(k|z| + 1)2

(
−dt2 + dx2 + dz2

)
. (5.80)

The equation for A is now

A′ = sign(z)
|z| + l

dz

dy
+ aϕ′ = W + k sign(z) . (5.81)

Unless otherwise stated we shall assume that L becomes arbitrarily large so that we may
ignore any singularities at y = ±L in the equations of motion.

Using the equations above we can readily find a differential equation which determines
the ϕ dependence of W .

6a∂W
∂ϕ

= W + k sign(z)
(
1 − eaϕ

)
(5.82)

The solution is
W = k sign(z)

{
[U(G) + 1 − aϕ] eaϕ − 1

}
. (5.83)

Compare this to Eq. (5.19). Therefore we can write the potential Ṽ as

Ṽ = 18
(∂W

∂ϕ

)2

+
(
∂W

∂G

)2
− 12W 2 − 24k|W | . (5.84)

The potential V for non-negative values of z is nearly the same as before.

V (ϕ,G)/k2 = −12
(
1 − e−2aϕ

)
+ 4

√
6ϕ− 3

2ϕ
2 + 3

√
6ϕU − 24U − 9U2 + 18

(
dU

dG

)2

(5.85)

The only difference is the term proportional to e−2aϕ which arises on account of the brane
at z = 0.

In terms of the z coordinate the equations for the fields are now (z ≥ 0)

(z + l)dG
dz

= 6 dU
dG

(5.86)

(z + l)dϕ
dz

+ ϕ =
√

6U . (5.87)

The l acts as a UV cutoff. Compare these to Eqs. (5.20) and (5.21). The solutions with
the 3-brane, G(z, l) and ϕ(z, l), can be obtained from the solutions without the 3-brane,
G(z, 0) and ϕ(z, 0), simply by shifting the coordinate, specifically G(z, l) = G(z + l, 0)
and ϕ(z, l) = ϕ(z + l, 0).
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5.8.2 Vacuum energy density in four dimensions with scalar fields
Let us calculate the vacuum energy density in four dimensions with the inclusion of the
fields ϕ and G. The action is now a combination of Eqs. (5.5) and (5.58) with

L̃ = −1
2 g̃

MN∂Mϕ∂Nϕ− 1
2 g̃

MN∂MG∂NG− Ṽ (ϕ,G) (5.88)

and
R̃ = 8A′′ − 20A′2 . (5.89)

From Eqs. (5.69) and (5.70) we may infer that

L̃ = −6A′′ + 12A′2 − Λ
2M3 + V0

2M3 [δ(y) − δ(y − L)] (5.90)

when the solutions are plugged back into the Lagrangian. Then the action is

SE = 4M3
∫
d4x

∫
dy e−4A(A′′ − 4A′2) . (5.91)

Again using the same equations we have

A′′ − 4A′2 = 1
3 Ṽ − 4k2 + V0

12M3 [δ(y) − δ(y − L)] . (5.92)

The last pair of terms integrates to zero leaving

SE = 4
3M

3
∫
d4x

∫
dy e−4AṼ . (5.93)

Is this action finite? Switching from y to z involves the change

dy e−4A = dz
e−5aϕ

(k|z| + 1)5 . (5.94)

The action is thus proportional to∫ ∞

0

dz

(kz + 1)5 e−3aϕ V (5.95)

In the IR, V → −6ϕ2(z), while in the UV, V → constant. Hence the action is finite and
so is the four-dimensional vacuum energy density. This is due to the UV cutoff k in the
Randall-Sundrum model.

5.9 Glueball Mass Spectrum Revisited
In this section we calculate the glueball mass spectrum with the Randall-Sundrum mod-
ified action described above. From Eqs. (5.40)-(5.42) we find the Schrödinger equation

−Ḧn +
[

1
4 ω̇s

2 − 1
2 ω̈s + 1

(k|z| + 1)2
∂2V

∂G2

]
Hn = m2

nHn (5.96)
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where

ωs = 3 ln (k|z| + 1) +
√

3
2ϕ(|z|)

ω̇s =

 3k
k|z| + 1 +

√
3
2
d

d|z|
ϕ(|z|)

 sign(z)

ω̈s = − 3k2

(k|z| + 1)2 +
√

3
2 ϕ̈+ 6kδ(z) . (5.97)

Restricting z to positive values only results in the following equation.

Ḧn =
15

4
k2

(kz + 1)2 + 3
2

√
3
2

kϕ̇

kz + 1 + 3
8 ϕ̇

2 − 1
2

√
3
2 ϕ̈− 3

2kδ(z) + 1
(kz + 1)2

∂2V

∂G2

Hn

−m2
nHn (5.98)

Note the appearance of an attractive δ-function potential. Its coefficient is 3/2 instead
of 3 because we are restricting the space to non-negative values of z. We can express ϕ̇
and ϕ̈ in terms of the background fields and z as before using Eq. (5.44)

−Ḧn + VHHn = m2
nHn (5.99)

where now

VH = k2

(kz + 1)2

15
4 + 15

2 (U − aϕ) + 9
4(U − aϕ)2 − 9

(
dU

dG

)2

+ 1
k2
∂2V

∂G2

− 3
2kδ(z) .

(5.100)
The Schrödinger equation may be solved for positive values of z by neglecting the Dirac
δ-function but imposing the boundary condition Ḣn(ϵ) = −3

2kHn(0) with ϵ → 0+. This
condition follows in the usual way; see the Appendix.

The original AdS/Yang-Mills (YM) model contained three parameters: l, a physically
irrelevant parameter representing the AdS curvature; λ, representing the slope of the mass
spectrum; and γ, representing the transition from the UV to the IR behavior. None of the
results depended upon l. The lack of a UV cutoff in that model resulted in an instability
manifested by an infinite action and a tachyon. The AdS/YM model which includes the
Randall-Sundrum 3-branes replaces the parameter l with the parameter l = 1/k which
is relevant: it shifts the variable z by an amount l, and it enters into the Schrödinger
equation for the glueball mass spectrum. It is related to the tension on the 3-branes. It
also renders the action finite, hence we do not expect a tachyon.

Figure 6 shows a best fit to the glueball mass spectrum as calculated on the lattice.
The best-fit parameters are:

√
λ = 581.8 MeV, k = 0.951

√
λ, and γ = 0.2725. Not only

is the linearity achieved at large n but also the departure from linearity for the ground
state n = 1. The potential entering the Schrödinger equation with these parameters is
shown in Fig. 7. Note that it does not have the 1/x2 behavior exhibited in Eqs. (5.53)
and (5.54) as x → 0 because of the UV cutoff l = 1/k.
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Figure 5.6: Glueball mass spectrum calculated with the AdS/YM model including the Randall-
Sundrum 3-brane. The best-fit parameters are given in the text.

5.10 Conclusion
Our goal in this paper was to construct a fully dynamical AdS-type model that could
reproduce the scalar glueball mass spectrum as calculated by lattice gauge theory. The
model should respect the gauge/gravity duality correspondence. The first hurdle in doing
so is the fact that there is always one more equation of motion for the background fields
than there are independent fields. This hurdle was overcome by using the superpotential
method, whereby one function U(G) determines the full potential V (ϕ,G) in the La-
grangian. Then it is straightforward to parametrize U(G) such that the correspondence
is satisfied and that the scalar glueball spectrum has a linear trajectory for the radial
excitations. The theory has two parameters: λ, which arises as a constant of integration
in the differential equations determining the background fields and which introduces an
overall energy scale (there is no such scale in the Lagrangian), and a dimensionless pa-
rameter γ which determines the scale at which the theory switches from the IR to the UV
behavior. Unfortunately any such theory has a tachyon, which indicates an instability.

The model is stabilized by merging the AdS approach with the Randall-Sundrum
model. In that model a cosmological constant is introduced in the bulk and 3-branes
are introduced at y = 0 and y = L. The length L can be taken as large as desired and
hence is an irrelevant parameter. It introduces one new parameter, k, with dimensions
of energy which provides a UV cutoff and renders the action finite. This eliminates the
tachyon. An excellent fit to the 4 scalar glueball states calculated by lattice gauge theory
is obtained.

The next step in our program is to study the theory at finite temperature. Nonzero
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Figure 5.7: The Schrödinger potential for the AdS/YM model including the Randall-Sundrum
3-brane.

temperature will modify the background fields ϕ(z) and G(z). The outcome would be
the equation of state and the transport coefficients, such as the shear and bulk viscosities
and various relaxation times that appear in higher order viscous fluid dynamics. One can
also study the spectra of the JPC = 0−+, 1+− and 1−− states. Finally, one may consider
applying this approach to the full bottom-up AdS/QCD phenomenology. There is much
work yet to be done!
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Chapter 6

RS Branes at Finite Temperature

This chapter is a faithful reproduction of the published work A. Dhumuntarao, J. I.
Kapusta, and C. Plumberg, Phys. Rev. D, 101, 066023, (2020) with minor edits
[124].

Abstract

We find exact finite temperature solutions to d = 5 Einstein-dilaton gravity with black
branes and a Randall–Sundrum 3-brane. We show that there exists a unique generating
superpotential for these models. The location of the black brane and the associated
Hawking temperature depend on the value of the 3-brane tension while other parameters
are held fixed. The thermodynamics of these solutions are presented, from which we
show that the entropy satisfies S < Vol(R3)/4G5. We demonstrate that in a certain limit
the gauge dual of this theory effectively reduces to N = 4 SYM at finite temperature on
S1 × R3.

6.1 Introduction
The gauge/gravity conjecture has provided insights into the phenomenology of large Nc,
strongly coupled gauge theories at finite temperature [13, 95, 125]. The holographic
duality encodes finite temperature properties of d-dimensional gauge theories on S1 ×
Rd (or Sd) into the thermodynamics of (d + 1)-dimensional gravitational theories. In
these non-perturbative regimes, the behavior of the strongly coupled plasma state may
be inferred by calculating geometric properties of black brane (hole) solutions in the
gravitational dual.

The identification of a gravitational dual to Quantum Chromodynamics (QCD), the
standard model, or extensions of the standard model would be a novel application of the
conjecture and remains an open problem. A bottom-up approach to realize the holo-
graphic construction, known as AdS/QCD [98, 100, 126], deforms the boundary Con-
formal Field Theory (CFT) towards QCD by introducing 3-branes in conjunction with
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additional bulk fields. These “soft wall” AdS/QCD models are used to reproduce certain
phenomenological features such as electroweak or chiral symmetry breaking [99, 101, 127],
bulk/shear viscosities [128–131], and dynamical confinement [105].

Recently two of us proposed a dynamical two field model in order to reproduce the
scalar glueball mass spectrum determined by lattice calculations at zero temperature [118,
132]. After incorporating backreactions, we found a tachyonic mode in the spectrum. To
remove this mode, we introduced a Randall–Sundrum (RS) 3-brane with nonzero tension
which acted as a mode cutoff in the putative dual field theory [122, 123, 133, 134]. The
junction conditions at the brane regularized this mode and allowed for a good description
of the scalar glueball mass spectrum.

At finite temperature, few extensions to the canonical AdS5/CFT4 program are an-
alytically tractable. A certain subset, referred to as Einstein-dilaton models, permits a
single bulk scalar field, making it amenable to analytically extract rich thermodynamic
behavior [135–139]. In these models, the finite temperature supergravity background is
often fixed to be SAdS5 or thermal AdS, and the spectrum of bulk matter is calculated in
the absence of backreactions. The aim of this work is to provide an analytically tractable,
solvable model which incorporates changes induced by a codimension one 3-brane and a
bulk scalar field on the thermodynamics of bulk gravity at finite temperature.

We study Einstein-dilaton gravity with a bulk RS 3-brane situated at the R/Z2 orb-
ifold fixed point with finite tension. The tension of the codimension one brane combined
with the dilaton provides a rich structure. In Sec. 6.2 we show that this model is suffi-
ciently constrained to provide a unique generating superpotential. We solve the resulting
nonlinear coupled equations of motion exactly in Sec. 6.3. We identify the range of pa-
rameters which admit stable black brane formation in Sec. 6.4. We find the formation of
black branes is contingent upon a simple lower bound

ω = 3
4π

k

σG5
> 1 (6.1)

where σ > 0 refers to the brane tension, k2 is proportional to the bulk cosmological
constant Λ, G5 is the bulk gravitational constant. When the bound is satisfied, black
branes simultaneously form on either side of the RS 3-brane. When the parameter λ (to be
defined later) takes the value 0, the scalar field decouples and the pure Randall–Sundrum
model is recovered. When λ = ±1 the scalar field may be identified as a tachyon, and
black branes exist only above a certain minimum temperature.

In Sec. 6.5 we explore the thermodynamics of these finite temperature solutions. We
find that, as long as the RS 3-brane is present, the black brane entropy is bounded above
by

0 ≤ S <
V3

4G5
(6.2)

where V3 = Vol(R3). The upper bound is saturated only in the limit of a vanishing brane
tension, σ → 0. Examples of other systems which have a limiting entropy are recalled
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in Sec. 6.6. As shown in Sec. 6.7, carefully taking the limit of vanishingly small tension
and cosmological constant effectively reduces the model to Type IIB string theory on
AdS5 × S5 of which the conjectured dual field theory is N = 4 SYM on S1 ×R3 at finite
temperature with broken supersymmetry.

Our conclusions are presented in Sec. 6.8. The results presented in this paper may
have applications in holographic QCD, physics beyond the standard model, and models
of the early universe.

6.2 Action and Generating Superpotential
We will study the following 5d Einstein-Hilbert action minimally coupled to a single
dimensionless bulk scalar field,

S = 2M3
∫
d5x

√
|g|
[
R + 12k2 − 1

2(∂ϕ)2 − V (ϕ)
]
. (6.3)

The (negative) cosmological constant is Λ = −6k2, 2M3 = (16πG5)−1 with G5 being
the bulk gravitational constant, and (∂ϕ)2 = gMN(∂Mϕ)(∂Nϕ). Conformal invariance is
broken by the scalar field.

In addition to the bulk action, we introduce an RS 3-brane Σ with tension σ in the
following way. We extend the compactification radius of the S1

rc
/Z2 orbifold to the real

line [122]. The RS 3-brane is then situated at the orbifold fixed point of R/Z2, and we
expect to recover 4d Poincaré invariance at Σ. Let γ = gΣ be the induced metric; then
we work with the boundary action

S∂ = SGHY −
∫

Σ
d4x

√
|γ|σ. (6.4)

where SGHY is the Gibbons-Hawking-York boundary term which is required for a well-
posed variational principle. Often the background needs to be identified and subtracted
in order to render the total action finite. Here the presence of the RS brane provides a
natural counterterm which, as noted in [31], we identify as the surface term responsible
for yielding a finite action.

To search for static black brane/thermal solutions, we employ the domain wall ansatz
for the bulk metric

ds2 = e−2A(y)
[
−f(y)dt2 + dx2

]
+ dy2

f(y) . (6.5)

Here f(y) is the blackening function whose zero indicates a horizon and A(y) is the warp
function. In these coordinates, Σ is located at y = 0, and junction conditions on A(y)
and f(y) will have to be imposed. See Fig. 6.1. Note that in the special case where the
RS brane is absent and f(y) = 1, this metric arises from considering the near horizon
asymptotics of Nc coincident D3 branes and is equivalent to a warped AdS5 with the deep
IR located at y → ∞ (see [95, 100, 101, 131, 132] for motivations and references therein).
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Figure 6.1: The setup: two horizons form equidistantly on either side of Σ when the tension
σ satisfies the bound ω > 1.

At zero temperature, the RS brane exhibits a Z2 orbifold symmetry which is expected
to be preserved at finite temperature [140]1. We search for solutions which respect the
orbifold symmetry. A straightforward calculation of the Ricci tensor and the Ricci scalar
yields

Rtt = f
[1
2f

′′ − fA′′ + 4fA′2 − 3f ′A′
]
e−2A

Rxx =
[
f ′A′ − 4fA′2 + fA′′

]
e−2A

Ryy = 4A′′ − 4A′2 + 3f ′

f
A′ − f ′′

2f
R = 8fA′′ − 20fA′2 + 9f ′A′ − f ′′ (6.6)

where the prime notation denotes a derivative with respect to y. The resulting linearly
independent equations of motion are

6A′′ = ϕ′2 + 12qδ(y) (6.7)

12fA′2 − 3f ′A′ = f

2ϕ
′2 + 12k2 − V (6.8)

(f ϕ′)′ − 4fA′ϕ′ = dV

dϕ
. (6.9)

where q ≡ σ/24M3. In the Randall-Sundrum model the vacuum solution requires q = k.
The first equation may be solved provided that there exists a continuous function B(y)

1In Ref. [141] a perturbative analysis suggested an explicit breaking. However, the equations of
motion are not linearly independent as the authors have claimed. Thus their analysis of the orbifold
symmetry breaking is suspect.
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satisfying the following system of differential equations

A′ = B + q[θ(y) − θ(−y)] (6.10)

B′ = 1
6ϕ

′2 . (6.11)

The Heaviside functions appear as a consequence of respecting the orbifold symmetry.
Moreover, the delta function may be interpreted as a domain wall in the gravitational
theory or, equivalently, as a mode cutoff in the putative dual field theory.

In the rest of this work we look for solutions to the following coupled nonlinear dif-
ferential equations,

B′ = 1
6ϕ

′2 (6.12)

V − 12k2 = 3 [f(B + q)]′ − 12f(B + q)2 (6.13)
dV

dϕ
= (fϕ′)′ − 4f(B + q)ϕ′ (6.14)

where we have eliminated the warp function in favor of B(y). Although we have restricted
to y > 0, the deformation y → |y| and q → qΘ(y), where Θ(y) ≡ θ(y) − θ(−y), recovers
the orbifold symmetry. We still need to find the junction conditions for these functions
on Σ.

A common issue with Einstein-dilaton theories is the internal consistency of the non-
linear differential equations. To remedy this issue, we construct the following algorithm
which solves the system uniquely up to boundary conditions on the 3-brane.

1. Introduce W (ϕ) as a superpotential [120, 121] which generates the potential V (ϕ).

2. Promote the metric function B(y) to B(ϕ).

3. Introduce a function D(ϕ) ≡ e−aϕ [B(ϕ) + q].

4. Transform the coordinates via du = eaϕ(y)dy.

5. Impose consistency on Eqs. (6.13) and (6.14).

Superpotential methods are often used to introduce a holographic RG flow from the
UV to the IR along the bulk direction and reduce the order of the differential equations
[135, 142]. These auxiliary superpotentials are tasked to generate the potential at zero
temperature by a first order gradient flow along ϕ via

V (ϕ) = 18
(
dW

dϕ

)2

− 12W 2 − 24kWΘ(y) , (6.15)

where the discontinuity Θ(y) arises from the junction condition [132]. At zero tempera-
ture, the superpotential is identified with the metric function B(y). At finite temperature,
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the situation is more subtle. Though the relation (6.15) holds at finite temperature since
the potential should be temperature independent, the coupling between f and B via
Eqs. (6.12) to (6.14) breaks the identification between W (ϕ) and B(ϕ). In this case,
W (ϕ) ∝ B(ϕ) with the factor being set by the brane tension σ and the bulk constants Λ
and G5.

While the superpotential W (ϕ) uniquely generates the potential V (ϕ), the function
B(ϕ) reduces the non-linear equation (6.12) to a first order gradient flow along ϕ

dB

dϕ
= 1

6
dϕ

dy
, (6.16)

provided that ϕ′ has no critical points in the bulk. A unique solution for the dilaton may
be constructed from

dD

dϕ
+ aD = 1

6
dϕ

du
. (6.17)

We henceforth set the parameter a = 1/
√

6. This value is determined by the conformal
transformation from the string to Einstein frame in order to obtain a canonical kinetic
term [105] and separately was found to give rise to linear Regge trajectories in certain
AdS/QCD contexts [98, 118].

Next, note that both Eqs. (6.13) and (6.14) are differential equations containing f

and f ′. Steps 3 and 4 of the algorithm reduce to

18D
[
dD

dϕ
+ aD

]
df

dϕ
+ 9

2
(
dD

dϕ

)2

+ 4aDdD
dϕ

−D2

 f =
(
V − 12k2

)
e−2aϕ (6.18)

and

36
[
dD

dϕ
+ aD

]2
df

dϕ
+ 18

[
dD

dϕ
+ aD

] [
2d

2D

dϕ2 + 4adD
dϕ

−D

]
f = dV

dϕ
e−2aϕ . (6.19)

One may ask whether these two equations are consistent with each other. These can be
put in the form

f + P1
df

dϕ
= Q1

f + P2
df

dϕ
= Q2 . (6.20)

Then P1 = P1 results in the differential equation

D
d2D

dϕ2 =
(
dD

dϕ

)2

(6.21)

whose only solution is
D = D0 exp((λ− 1)aϕ) (6.22)
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where D0 and λ are any real constants. Setting Q1 = Q2 results in

d

dϕ

(
V − 12k2

)
= 2λa

(
V − 12k2

)
(6.23)

with solution
V − 12k2 = V0 e

2λaϕ (6.24)

We may conclude that expression (6.24) is the only potential for a single scalar field that
admits a black brane. Note however that a constant blackening function f = 1 places no
restrictions on the potential because, after multiplication by e2aϕ, Eq. (6.19) just becomes
the derivative with respect to ϕ of Eq. (6.18).

The superpotential which generates this V and satisfies the junction condition is

W = k
(
eλaϕ − 1

)
Θ(y) (6.25)

where we used the fact that Θ2(y) is continuous at y = 0. It follows that V0 = 3(λ2 −4)k2.
It also follows that

B = q
(
eλaϕ − 1

)
Θ(y) (6.26)

so that W = ωB where ω ≡ k/q.

6.3 Exact Solutions
Using the solutions D(ϕ) and V (ϕ) found in the previous section, the functions P (ϕ) and
Q(ϕ) reduce to constants

P = − 6aλ
4 − λ2

Q = k2

q2 = ω2 . (6.27)

Then the differential equation for the blackening function has a simple closed form

f(ϕ) = ω2 −
(
ω2 − 1

)
e−ϕ/P . (6.28)

The dilaton profile may be obtained from Eq. (6.17). The solution in the original y
coordinate is

ϕ(y) = − 1
aλ

ln
(
1 − qλ2|y|

)
. (6.29)

Equipped with the profile ϕ(y), the functions f , V B, and by extension A, obtain analytic
forms in terms of y. Thus we have uniquely solved the system of Eqs. (6.12) to (6.14)
incorporating the backreactions of the scalar field and the codimension one hypersurface
on the background geometry.
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In order to facilitate the analysis of the parameter space of solutions, we perform a
coordinate transformation dy = e−A(y(z))dz where

A(y) = − 1
λ2 ln

(
1 − qλ2|y|

)
(6.30)

is the solution to Eq. (6.10). The metric then takes the canonical thermal form with an
overall conformal (warp) factor

ds2 = e−2A(y(z))
[
−f(z)dt2 + dx2 + dz2

f(z)

]
(6.31)

with the coordinates related by

1 − λ2q|y(z)| =
[
1 + (1 − λ2)q|z|

]−λ2/(1−λ2)
. (6.32)

In these coordinates the functions respecting the orbifold symmetry are

f(z) = ω2 − (ω2 − 1)
[
1 + (1 − λ2)q|z|

](4−λ2)/(1−λ2)
(6.33)

A(z) = 1
1 − λ2 ln

[
1 + (1 − λ2)q|z|

]
(6.34)

ϕ(z) = λ

a(1 − λ2) ln
[
1 + (1 − λ2)q|z|

]
(6.35)

V (z) = 12k2 − 3(4 − λ2)k2
[
1 + (1 − λ2)q|z|

]2λ2/(1−λ2)
. (6.36)

6.4 Parameter Space Constraints
We now consider the conditions in which a horizon forms and study the parameter space
of finite temperature solutions. Heuristically, λ characterizes the dilaton content while
ω parameterizes the metric content of the theory. We will study the parameter space
generated by (λ, ω) and illustrate certain extremal values in preparation for a finite tem-
perature analysis.

To constrain λ, note that the dilaton profile contains a logarithmic singularity at finite
z when |λ| > 1. To prevent this, the relevant domain which provides nonsingular ϕ and
real V (ϕ) for all z is given by −1 ≤ λ ≤ 1. Though the edge cases of the parameter
domain of λ have to be studied with care, the limits of the functions f, A, ϕ and V exist
and respect the orbifold symmetry.

First, consider the limit λ → 0 when the dilaton decouples

ϕ(z) = 0
V (z) = 0
A(z) = log(1 + q|z|)
f(z) = ω2 − (ω2 − 1)(1 + q|z|)4 , (6.37)
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so that only the metric degrees of freedom remain. In this case, we see that the action
reduces to an Einstein-Hilbert action with a cosmological constant and a boundary term
from the brane tension. This limit will provide useful thermodynamic consistency checks
between this spacetime and AdS5.

Alternatively, consider the limits λ → ±1

ϕ(z) = ±
√

6q|z|
V (z) = 3k2(4 − 3e2q|z|)
A(z) = q|z|
f(z) = ω2 − (ω2 − 1)e3q|z| . (6.38)

In these limits the dilaton profiles actually match the tachyonic profiles considered in Ref.
[105].

For a tension σ > 0, the first constraint we may impose is ω > 0. The coefficient 1−ω2

in Eq. (6.33) then determines the existence of a black brane. For 0 < ω < 1 (ω > 1),
f(z) is a monotonically increasing (decreasing) function with respect to |z|. Hence, for
a real solution to f(zh) = 0 at some |zh| > 0 to exist, the tension must satisfy ω > 1.
As a consequence of the orbifold symmetry, when this condition is satisfied, two black
branes surrounding the 3-brane form. Alternatively, this bound may be interpreted as
the necessary condition2 for the system to be in equilibrium. Furthermore, one can check
that the Kretschmann invariant RabcdR

abcd is finite at |zh|. See Figs. 6.2 and 6.3.
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Figure 6.2: The scalar field as a function of the dimensionless variable qz for representative
values of −1 ≤ λ ≤ 1.

The second set of solutions are extremal, i.e., when the tension of the 3-brane is such
that q = k. As q → k from below, the horizons Hz<0 and Hz>0 are pushed to their

2We thank Robert Myers for bringing this to our attention.
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Figure 6.3: The blackening function f as a function of the dimensionless variable qz for
representative values of λ.

respective asymptotics, and black brane formation is prohibited when the equality holds.
As we will subsequently show, in the extremal case T = 0, and these solutions are similar
to AdS in Poincaré coordinates with the Killing horizon replaced with the 3-brane.

Lastly, we remark that solutions with ω < 1 are forbidden as valid thermodynamic
solutions. In these cases, f diverges as |z| → ∞. Without a horizon to contain these
singularities, these spacetimes are wormhole–like solutions and thus are excluded from
our finite temperature study.

6.5 Thermodynamics
In this section the entropy is calculated from the Bekenstein-Hawking formula with the
temperature identified from the periodicity of Euclidean time [2, 8, 143].

We begin by deriving the Hawking temperature associated with the metric in z coor-
dinates Eq. (6.31). We initially focus on theories which are non-tachyonic, i.e., |λ| < 1.
Since ω > 1 in order for black branes to exist, it is convenient to solve f(zh) = 0, Eq.
(6.33), for zh and relate it to the tension via

[
1 + (1 − λ2)q|zh|

](4−λ2)/(1−λ2)
= ω2

ω2 − 1 =
[
1 − q2/k2

]−1
(6.39)

where we have used the definition of ω. Note that as q → k from below, the location
of the horizons are taken to their respective asymptotics, |zh| → ∞. This justifies the
explanation given earlier. Further, note that black brane formation is prohibited in the
extremal case ω = 1 since f(z) = 1.
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From the periodicity in Euclidean time, the Hawking temperature reads

T = − 1
4π ḟ(zh) = k

4π (4 − λ2)
(
ω2 − 1
ω

)(
ω2

ω2 − 1

)3/(4−λ2)

(6.40)

Note that the extremal case q = k precisely corresponds to T = 0 unless the theory has
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Figure 6.4: The temperature in units of k as a function of the dimensionless variable ω for
several values of λ. It depends only on |λ| and not on its sign. For |λ| = 1 there is a minimum
temperature below which a black brane solution emerges.

tachyonic scalars, in which a minimum temperature develops at Tmin = 3k/4π. See Fig.
6.4.

The entropy can be found from the Bekenstein-Hawking area law S = Area(H)/4G5

[2, 8]. For the area of the horizon we have dt = dz = 0. The area is computed from
Area(H) =

∫ √
g3(zh) d3x, where g3 is the determinant of the metric for the 3-dimensional

space. It is

g3(zh) = e−6A(zh) =
(

1 − q2

k2

)6/(4−λ2)

(6.41)

The entropy density is therefore

s = 8πM3
(
ω2 − 1
ω2

)3/(4−λ2)

(6.42)

Interestingly, the entropy density is bounded from above: 0 ≤ T < ∞ and 0 ≤ s < 8πM3.
See Fig. 6.5. In the low temperature limit the entropy grows like s ∼ M3(T/k)3/(1−λ2).

6.6 Examples of Systems with Limited Entropy
One may wonder how unusual it is for a system to have a limiting entropy with increasing
temperature. It typically happens when two conditions are met: There is a restriction on
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Figure 6.5: The entropy density, in units of 8πM3, as a function of the temperature, in units
of k, for several values of λ. It depends only on |λ| and not on its sign. For |λ| = 1 the entropy
goes to zero at a non-zero temperature.

the allowed phase space, and there is a relevant energy scale apart from the temperature.
We will illustrate this with two examples. The first involves a restriction on the allowed
energies, and the second involves a restriction on the volume available to a gas of extended
particles.

6.6.1 Two level system of fermions
Consider a system of N noninteracting fermions, each of which can be in a state with
zero energy or energy E0. The partition function is

lnZ = N ln
(
1 + e−E0/T

)
. (6.43)

The total entropy is

S = d

dT
(T lnZ) = lnZ +N

E0/T

eE0/T + 1 . (6.44)

When T/E0 → ∞, S → N ln 2. This is well known. Since the entropy is the logarithm
of the number of available states, and at high temperature the two states are equally
occupied, one obtains the ln 2.

Next, consider a gas of massless, noninteracting spin 1
2 fermions (including anti-

particles) which have a maximum allowed momentum p0. This is analogous to a gas
of phonons in a solid. The entropy density is

s = 2T 3

π2

∫ p0/T

0
dx x2 [−n lnn− (1 − n) ln(1 − n)] (6.45)

where the occupation number is n = 1/(ex + 1). When T ≪ p0 the entropy density goes
to s → (7π2/45)T 3. When T ≫ p0 it goes to s → p3

0 (2 ln 2)/(3π2).
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When bosons are considered instead of fermions, the entropy grows logarithmically
as ln(E0/T ) and ln(p0/T ), respectively. The difference, of course, is the fact that an
arbitrary number of bosons can occupy any given quantum state.

6.6.2 Excluded volume model of a hadron gas
Another example is a Van der Waals type of excluded volume model for a hadron gas. In
one version of the model, the volume occupied by a hadron is approximated by E(p)/ϵ0,
where E(p) is the energy of the hadron with momentum p and ϵ0 is a constant with units
of energy/volume [144, 145]. The equation of state is expressed in parametric form.

P (T ) = Ppt(T∗)
1 − Ppt(T∗)/ϵ0

s(T ) = spt(T∗)
1 + ϵpt(T∗)/ϵ0

ϵ(T ) = ϵpt(T∗)
1 + ϵpt(T∗)/ϵ0

(6.46)

The subscript “pt” refers to the pressure, entropy, or energy density of a gas of hadrons
treated as point particles. The temperature is obtained from the parameter T∗ by the
formula

T = T∗

1 − Ppt(T∗)/ϵ0
. (6.47)

It can be readily verified that the thermodynamic identities s = dP/dT and ϵ = −P +Ts

are satisifed.
The temperature T → ∞ at a finite value of T∗ determined by Ppt(T∗max) = ϵ0. The

pressure P is unbounded but the entropy and energy densities have finite upper limits.
Consider, for example, a gas of massless bosons and fermions with the equation of state
Ppt(T∗) = cT 4

∗ . Then, when the excluded volumes are taken into account, the entropy
density is

s(T ) = 4cT 3
∗

1 + 3cT 4
∗ /ϵ0

(6.48)

with
T = T∗

1 − cT 4
∗ /ϵ0

. (6.49)

Thus T∗max = (ϵ0/c)1/4 and
s(T ) < c(ϵ0/c)3/4 . (6.50)

On the other hand, when T ≪ T∗max, the entropy density is unaffected by the excluded
volume, and s → 4cT 3. The reason for an upper limit on the entropy in this excluded
volume model is the restriction in coordinate space, not momentum space.
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6.7 Recovering AdS/CFT
In order to make comparison with SAdS5 black branes, we write the metric in the form

ds2 = H−1/2(r)
[
−f(r)dt2 + dx2

]
+H1/2(r) dr

2

f(r) . (6.51)

There is no scalar field so λ = 0. The z and r coordinates are related by

H = 1 + L4

r4 = (1 + qz)4 . (6.52)

In the far IR (z → ∞, r → 0) we identify L = 1/q. The blackening and warp functions
become

f(r) = 1 −
(
rh
r

)4
(6.53)

A(r) = 1
4 ln

(
1 + L4

r4

)
(6.54)

where the warp function may be identified as an overall conformal factor. The horizon is
given by

rh
L

=
(
ω2 − 1
ω2

)1/4

. (6.55)

In the near horizon limit the metric takes the form

ds2 =
(
r

L

)2
[
−f(r)dt2 + dx2 +

(
L

r

)4 dr2

f(r)

]
. (6.56)

The finite temperature AdS/CFT result is obtained by taking the limit ω → 1 with rh

held fixed. In a sense this is a low temperature limit because, with L = 1/q → ∞, we
have rh/L → πTL → (ω2 − 1)1/4. The AdS/CFT dictionary says that

8πM3 = 1
4G5

≡ N2
c

2πL3 (6.57)

where Nc is the number of colors of the gauge field. Hence the entropy density becomes

s = π2N2
c

2 T 3 (6.58)

which is the canonical result.

6.8 Conclusion
In this paper we studied Einstein-dilaton gravity with a bulk Randall–Sundrum 3-brane
situated at the R/Z2 orbifold fixed point. We looked for solutions to the equations of
motion which incorporated a black brane, including backreaction of the dilaton field on
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the metric. A black brane can only form if the potential has a particular functional
form. With this potential we discovered exact solutions to the equations of motion.
The temperature and entropy density are readily determined from these solutions. The
temperature is controlled by varying the tension on the RS 3-brane. It turns out that the
entropy has an upper bound given simply by Vol(R3)/4G5. Examples of other systems
which also have a limiting entropy were provided. Typically they require some restriction
in the allowed phase space along with a relevant dimensional parameter, apart from the
temperature, to provide a scale.

Further lines of inquiry naturally present themselves. Why is it that the functional
form of the potential is restricted in order that a black brane can be formed? Formation of
a black brane and its associated Hawking temperature and Bekenstein entropy, following
from the area law, are the usual means to study such theories. There is no analogous
restriction at zero temperature.

Extensions of the model to include more scalar fields, such as glueball and chiral
fields, might provide better descriptions of pure Yang–Mills theory and QCD. Extensions
to include physics beyond the standard model of particle physics and general relativity
might be very relevant to the physics of the early universe.
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Chapter 7

Confinement and Graded Partition
Functions for N = 4 SYM

This chapter is a faithful reproduction of the published work A. Cherman and A.
Dhumuntarao, Phys. Rev. D 103, 066013 (2021) with minor edits [146].

Abstract

Gauge theories with confining phases at low temperatures tend to deconfine at high
temperatures. In some cases, for example in supersymmetric theories, confinement can
persist for all temperatures provided the partition function includes a grading by (−1)F .
When it is possible to define partition functions which smoothly interpolate between
no grading and (−1)F grading, it is natural to ask if there are other choices of grading
that have the same effect as (−1)F on confinement. We explore how this works for
N = 4 SYM on S1 × S3 in the large N limit at both small and large coupling. We find
evidence for a continuous range of grading parameters that preserve confinement for all
temperatures at large coupling, while at small coupling only a discrete set of gradings
preserves confinement.

7.1 Introduction
Gauge theories tend to deconfine at high temperatures. This statement can be made
precise in theories that have a center symmetry, such as SU(N) Yang-Mills theory, see
e.g. [147, 148]. Studying the properties of a 4d theory on a spatial manifold M3 at finite
temperature is equivalent to asking about the behavior of the Euclidean path integral
on M3 × S1

β with periodic boundary conditions for bosons and anti-periodic boundary
conditions for fermions. This path integral gives the thermodynamic partition function

Z(β) = tr e−βH (7.1)
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where β = 1/T . Wilson loops that wind around the thermal circle, tr Ω = Pei
∫

S1 A

transform by a ZN phase under center symmetry, tr Ω → e2πi/N tr Ω. In pure SU(N) YM
theory, it is known that ⟨tr Ω⟩ = 0 at low temperatures, see e.g. [149], but it is non-zero
at high temperatures [147]. This implies that the high and low temperature regimes are
separated by a phase transition in the thermodynamic limit. Note however that there
are actually two physically distinct ways to take the thermodynamic limit for SU(N)
YM theory. The standard way is take the volume of M3 to infinity. Alternatively, one
can take N → ∞ with the ’t Hooft coupling λ = g2

YMN and other parameters such as
the spatial volume held fixed [150–152]. There is a temperature-driven deconfinement
transition in both of these two thermodynamic limits. In this paper we will discuss the
deconfinement phase transition in the the large N thermodynamic limit.

The deconfinement phase transition is rather difficult to evade by, e.g., varying pa-
rameters controlling the matter content. Indeed, in the large N limit, the deconfinement
transition is forced by the fact that the confining phase features a Hagedorn density of
states. This means that the density of states, ρ(E), grows exponentially with the energy
ρ(E) ∼ e+βHE, where it is assumed that E ∼ N0 is large compared to the characteristic
mass scale of the theory, and βH > 0, the Hagedorn temperature, depends on the matter
content of the theory, but can be estimated as βH ∼ min(Λ−1, R) where Λ is the large
scale and R is the characteristic size of the spatial box. Given this density of states, the
thermodynamic partition function cannot be analytic at β = βH . Thus the theory must
have deconfinement transition at some βc ≥ βH at large N .

However, the deconfinement phase transition can be evaded if one considers some
graded partition functions. The most famous example is

Z̃(β) = tr(−1)F e−βH (7.2)

where F is fermion parity. This partition function is calculated by a path integral with pe-
riodic boundary conditions for all fields on S1

β. If the distribution of bosonic and fermionic
states are uncorrelated, a (−1)F -graded partition function will also exhibit phase transi-
tions as a function of β in the thermodynamic limit. However, if the spectra of bosonic
and fermionic states are related in a sufficiently precise way, there will be large cancel-
lations and the graded density of states ρ̃(E) can have sub-exponential growth at large
E at arbitrary β. Then Z̃(β) can avoid the Hagedorn instability and the deconfinement
phase transition.

This naturally occurs in supersymmetric gauge theories, where the bosonic and fermionic
states with energies E > 0 necessarily come in degenerate multiplets in the infinite-
volume limit. Surprisingly, deconfinement phase transitions of (7.2) can sometimes be
avoided even without supersymmetry. Indeed, this is the case for adjoint QCD, YM
theory coupled to Nf > 1 adjoint fermions [153–157], and even in some theories with
fundamental fermions, which require more complicated gradings [158]. In such theories,
Z̃(β) is smooth, and hence the theory remains confining at all temperatures.
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In this paper, we want to study what happens to deconfinement transition in theories
where it is possible to smoothly interpolate between (7.1) and (7.2), both at large and
small ’t Hooft coupling. This is most easily done for the large N limit of 4d N = 4
super Yang-Mills theory, formulated in Euclidean signature on S3

R × S1
β, where R is the

radius of S3. Indeed, it is known that without any grading, large N , N = 4 SYM
has a deconfinement as a function of β/R, and the critical value of β/R is known both
at small [150–152] and large [13, 95, 96, 125] ’t Hooft coupling1 due to the AdS/CFT
correspondence. Supersymmetry suggests that the theory should be in a confined phase
for all β/R if the partition function includes a grading by (−1)F , and indeed this has been
verified at large coupling in Ref. [125]. Finally, N = 4 SYM has a continuous internal
global symmetry, SO(6)R, which, as we will show, can be used to define a grading that
smoothly interpolates between (7.1) and (7.2). We define this grading below and study
the resulting phase structure at small and large ’t Hooft coupling.

7.2 Graded partition functions
In a conformal field theory (such as N = 4 SYM) on S3

R × S1
β, the partition function can

be viewed as Z(β/R) = ∑
∆ e

−∆β/R, where the sum runs over the scaling dimensions of
local operators, so that the Hamiltonian is related to the dilation operator H = D/R.
In theories with global symmetries it is also possible to turn on chemical potentials µi
associated to conserved charges Qi, yielding

Z(β, µi) = tr eβ
∑

i
µiQie−βH . (7.3)

In the specific case of N = 4 SYM, there is an SO(6) R-symmetry, and so one can turn
on three independent chemical potentials associated with the three Cartan generators of
SO(6)R. We can consider N = 4 SYM as N = 1 SYM coupled to three adjoint chiral
supermultiplets, then the three complex scalar fields ϕ1, ϕ2, ϕ3 in N = 4 SYM are the
lowest components of the three chiral supermultiplets. The three scalars transform in the
6 representation of SO(6)R, and following the conventions of Ref. [161], we assemble the
three scalars into a six-dimensional vector (ϕ1, ϕ

∗
1, ϕ2, ϕ

∗
2, ϕ3, ϕ

∗
3)T , and write the Cartan

generators in the 6 representation as

Q6
1 = diag(+1,−1, 0, 0, 0, 0) (7.4)

Q6
2 = diag(0, 0,+1,−1, 0, 0) (7.5)

Q6
2 = diag(0, 0, 0, 0,+1,−1) , (7.6)

Then 2Q6
i acts with charge 2 on ϕi, and the superconformal R-charge r can be written

as r = 2
3(Q1 +Q2 +Q3), see e.g. [162]. We will set µ1 = µ2 = µ3 = 2iθ/β and study the

1More generally, the critical value of β/R is bounded from below by the Hagedorn temperature, which
is known for all λ [159, 160].
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Figure 7.1: Large N phase diagram of N = 4 SYM theory on S3
R for λ → 0 as a function of

inverse temperature β and grading θ. The theory is in a confined phase in the white region, and
is partially confined in the colored regions. In between θ = π/3 and θ = 5π/3 center symmetry
is only partially broken, with the unbroken subgroup of ZN indicated by the color scheme in
the legend. The theory confines at all β/R when θ = π/3, π, 5π/3.

partition function

Z(β, θ) = tr e2iθ
∑3

i=1 Qie−βH = tr e3iθre−βH . (7.7)

This graded partition function is periodic in θ with period 2π. It implements a simple
interpolation from (7.1) at θ = 0 to (7.2) at θ = π, thanks to the fact that in N = 4
SYM there is a spin-charge relation e3πir = (−1)F , see e.g. [163]. Charge conjugation
symmetry further relates r to −r, so that the θ periodicity is reduced to θ ≃ θ + π.

As we already mentioned, N = 4 SYM confines for all β/R when θ = π, which is
natural since this corresponds to working with a (−1)F = e3πir graded partition function
in a supersymmetric theory. However, it is also true that in any supermultiplet, the r
charge of the bosons and fermions differs by 1. This means that grading by eiπr should
produce cancellations that are as strong as with (−1)F , and one should expect to find
confinement for all β/R when θ = π/3, 5π/3. The calculations below show that these
expectations are satisfied.
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7.3 Zero Coupling Analysis
Let us determine the β and θ dependence of Z in (7.7) in the zero coupling limit λ → 0, at
large N . The partition function is given by a matrix integral which can be interpreted as
an integral over the holonomy Ω [151], which implements the Gauss law constraint [147].
The matrix integral can be reduced to an integral over the eigenvalues of the holonomy

Z(β/R, {µi}) =
∫ (∏

k

dλk

)
e−Seff(λk; β

R
,{µi}) (7.8)

where λk are the eigenvalues, {µi} are the three independent chemical potentials for
mutually commuting charges in SO(6)R, and Seff is an effective action. The holonomy
eigenvalues take values on a circle, and the effective action can be written in terms of
Fourier coefficients ρn of the eigenvalue distribution ρ

Seff = N2
c

∞∑
n=1

Vnρ
2
n (7.9)

where ρn ≡
∫ π

−π dαρ(α) cos(nα) and the Vn coefficients are given by

Vn ≡ 1
n

(1 − zB(xn, {µi}) + (−1)nzF (xn, {µi})]) . (7.10)

The parameter x = e−β/R, and the functions zB = zV + zS, zF are related to the single-
particle partition functions for the massless vector, scalar, and fermion fields of N = 4
SYM on S3 [161]:

zV (x) = 6x2 − 2x3

(1 − x)3 , (7.11)

zS(x, {µi}) = x+ x2

(1 − x)3

3∑
a=1

(xRµi + x−Rµi) , (7.12)

zF (x, {µi}) = 2x3/2

(1 − x)3

3∏
a=1

(x 1
2Rµi + x− 1

2Rµi) . (7.13)

We now set µi = 2iθ
β

, so that

zS = 6 x+ x2

(1 − x)3 · [cos(2θ)] , (7.14a)

zF = 16 x3/2

(1 − x)3 · [cos(θ)]3 . (7.14b)

So long as all of the coefficients Vn are positive, the matrix integral is dominated
by the center-symmetric ρn = 0 minimum. When there is value of n for which Vn

becomes negative there is a phase transition. We can interpret these phase transitions as
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center-breaking phase transitions where ZN is spontaneously broken to an (approximate)
subgroup Zn. (For an early discussion of partial deconfinement see e.g. [164].) For large
β/R, corresponding to x ≪ 1, it is easy to verify that Vn > 0 for all n, but for small
β/R some Vn generically become negative. Figure 7.1 is a plot of the phase diagram as
a function of θ and β/R. Center symmetry is preserved above the black curve, and is
broken either completely or to a subgroup of ZN below the black curve.

There are two interesting features in Fig. 7.1. First, the lack of deconfinement for any
β at θ = π is consistent with our original expectations: it amounts to working with a
(−1)F graded partition function. Second, the theory also remains confining for all β/R
if θ = π/3, 5π/3. In the region (π/3, π) ∪ (π, 5π/3) the system is in a (partially) center-
broken phase for sufficiently small values of β/R. The dependence of the deconfinement
temperature on θ is highly non-monotonic.

What should we expect as λ is increased from zero? At a heuristic level, increasing
the coupling λ should increase the fluctuations of the Polyakov loop eigenvalues, and it is
natural to expect such fluctuations to increase the range of β/R values where all traces
of powers of the Polyakov loop vanish. It would be interesting but challenging to directly
compute corrections to our results in powers of λ, see e.g. [152, 165] for the challenges
that arise already in pure YM theory. However, one of the special features of N = 4 SYM
is that the λ → ∞, N → ∞ limit is just as calculable as the λ → 0, N → ∞ limit thanks
to the AdS/CFT correspondence [13, 95, 96, 125]. In what follows, we take advantage of
AdS/CFT and study the θ dependence of the phase diagram at large ’t Hooft coupling.

7.4 Infinite coupling
At large N and λ, N = 4 SU(N) SYM is believed to have a dual gravitational descrip-
tion [13, 95, 96, 125]. The dependence of the theory on R-charge chemical potentials has
been extensively explored in the literature, see e.g. [32, 33, 96, 125, 161]. The AdS/CFT
dictionary for conserved charges implies that to study N = 4 SYM with chemical po-
tentials for R symmetry, we should consider the truncation of Type IIB supergravity
on AdS5 × S5 to a 5d Einstein gravity theory coupled to three U(1) gauge fields (AI),
I = 1, 2, 3, associated with the U(1)3 Cartan subgroup of SO(6)R [166–170]:

I = − 1
2κ2

∫
d5x

√
−g

[
R + 12

ℓ2 − ℓ2

4

3∑
I=1

(FI)2
]

(7.15)

where (FI)MN = ∂M(AI)N − ∂N(AI)M are the field strengths of the three gauge fields,
M,N = 1, . . . , 5, κ is related to the 5d Newton constant G5 via κ = 8πG5, and the
cosmological constant is Λ = −6/ℓ2.

The boundary values of bulk gauge fields act as sources for conserved currents in the
boundary theory, and our goal is to turn on equal chemical potentials for each of the
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three Cartan charges. For this purpose we can simply set AI = A above, and then the
bulk action reduces to an Einstein-Maxwell-AdS5 theory

I = − 1
2κ2

∫
d5x

√
−g

[
R + 12

ℓ2 − 3ℓ2

4 FMNF
MN

]
. (7.16)

The Einstein-Maxwell-AdS5 system has been extensively explored in [32, 33], and
has Reissner-Nordstrom-AdS5 black hole solutions2 with parameters (Lm, Lq) which are
related to the ADM mass and the charge density respectively. The charged black hole
solution reads

ds2 = −f(r)dt2 + dr2

f(r) + r2dΩ2
3, (7.17)

f(r) = 1 + r2

ℓ2 − L2
m

r2 +
L4
q

r4 , (7.18)

At(r) =
(
µ−

L2
q

ℓr2

)
. (7.19)

This non-supersymmetric family of non-rotating solutions is expected to correspond to
spatially-homogeneous equilibrium states of the dual field theory.

We briefly review how the thermodynamic parameters of the bulk solution, i.e., the
inverse temperature and chemical potential, map to the corresponding field theory param-
eters. First, we recall that ℓ can be identified with the radius of the S3 spatial manifold
in the dual field theory [161]. To identify β, we pass to Euclidean signature t → iτ , and
recall that the metric is free of conical singularities provided τ is periodic with period

β = 4π
∂rf(r)

∣∣∣∣
r+

= 2πℓ2r+

ℓ2(1 − (Lq/r+)4) + 2r2
+

(7.20)

where r+ is the outer horizon corresponding to the largest positive root of f(r+) = 0.
The Hawking temperature T = 1/β is then identified with the temperature of the dual
field theory. Next, the chemical potential is determined by the asymptotic value of the
field strength along the τ − r disk, D2:∫

D2
F =

∫ β

0
dτ
∫ ∞

r+
dr Frτ = iβµ. (7.21)

The gauge field must be regular at r+, meaning that Aτ (r+) = 0, which yields the
identification

µ =
L2
q

ℓr2
+
. (7.22)

The confinement/deconfinement phase transition is mapped onto a gravitational phase
transition in the following way. The solution with Lm = Lq = 0 should be thought of

2Our normalization convention is different from [32, 33], so that Athere =
√

4/3ℓ2Ahere.
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as thermal AdS5, and is dual to the confining phase of the dual gauge theory, whereas
solutions with L2

m ∈ R+ are dual to the deconfined phase [125]. The difference of the free
energies of these two phases is [31–33]

Fdeconfined − Fconfined = πr2
+

8G5

(
1 − (ℓµ)2 −

r2
+
ℓ2

)
. (7.23)

When this quantity changes sign, there is a deconfinement phase transition from the point
of view of the field theory [96, 125], which is realized as a Hawking-page phase transition
in the gravitational theory [171].

To map out the dependence of the phase transition temperature on the parameter θ
in (7.7), we study how (7.23) behaves as a function of an appropriate imaginary chemical
potential. We take µ → iµ̃ = 2iθ

β
while keeping r+, which requires sending L2

q → iL̃2
q.

Then Aτ is real and continues to satisfy Aτ (r+) = 0. The on-shell Euclidean action
becomes

Fdeconfined − Fconfined = πr2
+

8G5

1 +
(

2ℓθ
β

)2

−
r2

+
ℓ2

. (7.24)

This expression is manifestly invariant under θ → −θ. In addition, we should understand
the θ dependence in this formula and the ones that follow mod 2π. In field theory, this
basic fact follows from charge quantization. To see how this is matched in the bulk, we
recall that Type IIB string theory has an NS-NS two-form gauge field B. One can turn
on a flat B potential (that is, obeying dB = 0) in the solutions discussed above at no
cost in energy, with an arbitrary value of the 2π periodic parameter α [125, 172, 173]:

α =
∫
D2
B. (7.25)

The periodicity of the chemical potential under shifts of 2πi/β is ensured by the shift
freedom of α → α + 2π.

It is now straightforward to determine the phase transition temperature as a function
of θ. The critical temperature, Tc, is determined by the solution of Fdeconfined −Fconfined =
0, which reduces to

1 = ℓ2

r2
+

1 +
(

2ℓθ
βc

)2
. (7.26)

Using (7.20), we may trade r+ for βc, replace ℓ by R, and find the transition temperature
in field theory variables

βc(θ) = 2πR
3

√√√√1 −
(

θ

π/3

)2

. (7.27)

When θ = 0, corresponding to conventional thermal field theory we recover the standard
Hawking-Page phase transition for uncharged SAdS5 black holes βc = 2πR/3 [171]. As
θ is increased the deconfinement temperature decreases. At θ = π/3 mod 2π the critical
temperature becomes infinite, and there are no sensible Reissner-Nordstrom-AdS5 black
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Figure 7.2: Large N phase diagram of N = 4 SYM theory on S3
R as a function of inverse

temperature β and grading θ at zero and infinite ’t Hooft coupling λ. The grading θ interpo-
lates between the thermal and (−1)F graded partition functions. At λ = 0 the theory has a
deconfinement phase transition along the black curve, and has at least partially broken cen-
ter symmetry everywhere in the colored regions. The analogous phase transition curve due to
known bulk solutions at large coupling λ → ∞ is shown in blue, with center symmetry broken
everywhere in the hatched region. Note that the deconfined region at large-coupling is a subset
of the deconfined region at zero coupling.

hole solutions because βc becomes complex. The fact that N = 4 SYM is confined for
all β when θ = π, corresponding to (−1)F graded partition function, has been known
since Ref. [125]. But our analysis here suggests that there is actually a whole window of
θ values, namely

θ ∈
[
π

3 ,
5π
3

]
(7.28)

where N = 4 SU(N) SYM apparently remains confined for all values of β/R at large λ.
We compare the zero and large coupling phase diagrams in Fig. 7.2.

We should emphasize that to reach (7.27) we have only studied the known (analytically-
continued) solutions that correspond to homogeneous equilibrium states in the dual field
theory. It would be very interesting to see whether there might be some sort of previ-
ously unknown (perhaps multi-center) black objects which would be associated to the
partially-confined phases3 we saw at small coupling, see e.g. [181] for a discussion in the
context of the superconformal index.

3There is another notion of ‘partial deconfinement/sub-matrix deconfinement’ recently discussed in
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7.5 Conclusions
In N = 4 SYM theory, it is possible to smoothly interpolate from the standard thermody-
namic partition function to a (−1)F -graded partition function by taking advantage of the
SO(6) R-symmetry. We studied the simplest such generalized partition function, where
the grading factor is e3iθ r uses the superconformal R-charge r. We found that the large
N theory is in the confined phase on S3

R × S1
β when θ = π/3, π, 5π/3 both at small and

large coupling. The result for e3πir = (−1)F was already known. The other two points
with complete confinement for all temperatures at both small and large ’t Hooft coupling
correspond to the more complicated grading (−1)F e±2πir. The small coupling and large
coupling corners of parameter space differ in the behavior for θ ∈ (π/3, π)∪ (π, 5π/3). At
small coupling, the phase transition temperature depends non-monotonically on θ in the
region θ ∈ (π/3, π) ∪ (π, 5π/3), with center symmetry partially broken for high enough
temperatures, with the critical temperature diverging as θ → π. At large coupling, on
the other hand, we found no evidence of such rich behavior: the theory appears to be in
the confined phase for all temperatures for θ ∈ [π/3, 5π/3].

It is interesting to connect our results to some recent studies of deconfinement in the
superconformal index of N = 4 SYM. At the outset, however, we should stress that our
graded partition function is quite different from the superconformal index of N = 4 SYM
[182], see e.g. Refs. [183, 184] for recent reviews. The partition function we focus on here
receives contributions from all of the states in the theory and depends non-trivially on
the ’t Hooft coupling. On the other hand, the superconformal index is a special S3

R × S1
β

partition function which is designed to only receive contributions from 1/4 BPS states (in
N = 1 language). It is independent of the ’t Hooft coupling, so that its exact form for all
values of λ and N can be determined in terms of a matrix integral. The superconformal
index involves two chemical potentials (and corresponding fugacities p, q) built out of
appropriate combinations of ∆ R-charge r and the left and right moving angular momenta
j1, j2. When the fugacities are real, the superconformal index I is always in the ‘confining
phase’, meaning that log I ∼ O(1) [182]. It was recently discovered that log I can become
O(N2) if the fugacities are rotated into the complex plane, so that the superconformal
index can be used to study deconfinement and black holes, see Ref. [162, 163, 181, 185–
204]. While the superconformal index and our partition functions are distinct, they do
share an interesting parallel: the grading (−1)F e±2πir plays the same role in both cases
as being on the boundary between deconfinement for some β/R and confinement for all
β/R. This was recently shown in Ref. [163], which studied the superconformal index as
a function of p = q = yeiψ, finding a deconfined region for ψ ∈ (−4π,−3π) ∪ (−3π,−2π),
with e.g. ψ = −2π corresponding to a grading by (−1)F e−2πir.

Our large-coupling results are less complete than our results at small coupling, be-

Refs. [174–180].
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cause we do not know how to exclude the possibility that there are some presently un-
known black objects which correspond to partially confined phases at large coupling. One
might guess that increasing the ’t Hooft coupling should increase eigenvalue fluctuations,
and heuristically this could be expected to increase the deconfinement temperature and
(naively) wipe out partially confined phases. This simple picture is consistent with our
results. However, Ref. [181] recently also found evidence for partially-confined phases
within the superconformal index, which is independent of the ’t Hooft coupling. So, from
the viewpoint of field theory, partially confined phases appear to be fairly ubiquitous. It
would be very interesting to find new black objects dual to partially-confined phases, or
to prove that none exist at least within the supergravity approximation.
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Part III

Quantum Information and Geometric
Flows
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Chapter 8

Aspects of Information, Geometry, and
Entanglement

In Part I, we established the connection between classical geometry and thermodynam-
ics. This connection hinged on the behavior of ingoing and outgoing modes of quantum
fields residing on an ambient curved spacetime geometry, often near a horizon. When
the ambient spacetime is anti-de Sitter, a black hole deep in the interior can be in ther-
mal equilibrium with its outgoing Hawking radiation. Hence, spacetime geometry can
be understood as a thermodynamic system and is capable of rich behavior, including
van der Waals phase transitions, existence of non-trivial topological configurations, and
thermodynamic instabilities.

In Part II, we explored applications of holographic dualities. Such dualities provide a
concrete mathematical map between a quantum field theory and a gravitational theory
in one higher spatial dimension. Specifically, holographic dualities encode the thermo-
dynamics of strongly coupled gauge theories into the thermodynamics of weakly coupled
gravitational theories – a feat not possible if classical geometry and thermodynamics were
not connected.

These parts served to form the first links between geometry, entropy, and quantum
thermodynamic systems. These links rest on a fundamental observation; the Bekenstein-
Hawking entropy for black hole geometries scales with the area of the horizon. Holo-
graphic dualities utilize the Bekenstein-Hawking area law to match the entropy of hori-
zon geometries with the usual volume law scaling of thermodynamic entropy observed in
quantum field theories. However, a microscopic origin of Bekenstein-Hawking area law
from counting black hole microstates in the microcanonical ensemble is not well under-
stood, except in special cases [205].

Another type of entropy measure, important in quantum information theory, which
obeys an area law is the entanglement (or von Neumann) entropy. Given an arbitrary
quantum state |Ψ⟩ over a bipartite system, the entanglement entropy SEE provides a
measure of how far the state is from a pure state. This entropy computes the amount
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of entanglement between degrees of freedom across the partition and is known to scale
with an area law when the states considered are ground states of CFTs and gapped many-
body quantum systems [206]. Since holographic dualities relate CFTs, which have discrete
eigenstates, to gravitational theories in one higher dimension, it is natural to wonder if
the Bekenstein-Hawking entropy for black holes may be understood as an entanglement
entropy for CFTs.

In this part, we finalize the relationship between quantum information and classical
geometry via holographic dualities. In the following chapter, we first provide a primer
on entanglement entropy, focusing on generalized Bell states and the thermofield double
state. We then discuss area-law entanglement in continuum quantum systems, specifically
in massive scalar field theories and briefly return to the Ising duality discussed in Sec. 4.1.
We conclude this chapter with a review of the Ryu-Takayanagi conjecture [207–209] which
asserts that the entanglement entropy, or quantum information, in a reduced quantum
system can be holographic encoded into the area of classical extremal surfaces in AdS
spacetime.

In the following chapter, we use this conjecture to prove novel bounds on the growth
rate of entanglement entropy.

8.1 An Introduction to Entanglement Entropy
The entanglement entropy is a measure of how quantum information is stored in a quan-
tum state. In particular, the entanglement entropy measures the amount of entanglement
between two subsystems of a composite quantum system. Here, we provide an overview
of the entanglement entropy focusing primarily on generalized Bell states. For a compre-
hensive review, see [210].

Consider a bipartite system with regions A and B, see Fig. 8.1 below reproduced from
[210]. The system Σ is said to be bipartite if its Hilbert space HΣ can be expressed by
the tensor product HΣ = HI ⊗HIc over the individual subsystems where I = A or B. To
see if the two subsystems are entangled, we need further technologies: a density matrix
ρΣ and an operation trI which isolates a subsystem. The first is easy, the density matrix,
by definition, is constructed from the (pure) quantum state |Ψ⟩ ∈ HΣ of the system

ρΣ = |Ψ⟩ ⟨Ψ| . (8.1)

For the second, let {|i⟩I , i = 1, 2, · · · , dim(HI)} be an orthonormal basis for HI . The
partial trace trI of an operator O is then defined by

trI(O) ≡
∑
i

I ⟨i| O |i⟩I . (8.2)

The partial trace can be used to isolate a subsystem I by “tracing out” the complement
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A B

(a)

A

B

(b)

Figure 8.1: A bipartite system with subsystems A, shown in blue, and complement B. (a)
Two discrete spin systems. The subsystems are the left and right spins. (b) A continuum
quantum field theory. At a given timeslice, the spatial continuum is split into the subsystems
A and B whose common boundary ∂A = ∂B is always a codimension-two hypersurface.

Ic. To be concrete, the reduced density matrix of the subsystem I is obtained via

ρI ≡ trIc(ρΣ). (8.3)

We now have the necessary ingredients to compute the entropy stored in the entanglement
between I and Ic. The entanglement entropy of the subsystem I is computed by

SI = − trI [ρI log(ρI)]. (8.4)

This entropy satisfies the following statements:

1. The entanglement entropy is non-zero only if the complement of the subsystem is
non-empty. In other words, SI = 0 when Area(Ic) = 0. To see this, first note that
Area(Ic) = 0 is the same as saying Ic = ∅. Next, we have Σ = I ∪ Ic = I ∪ ∅ = I.
And finally, it is well known that the entanglement entropy of the total system
always vanishes for a pure state. Proof:

SI = − trI [ρI log(ρI)] = − trΣ[ρΣ log(ρΣ)] = − trΣ[ODO−1 log
(
ODO−1

)
] (8.5)

= − trΣ[D log(D)] = 0 (8.6)

where we have used that the density matrix (i) can be diagonalized, i.e., ρΣ =
ODO−1 and (ii) the ground state is pure so ρΣ = (ρΣ)2 implying that the eigenvalues
λi ∈ {0, 1}.

2. The entanglement entropy is finite for finite-dimensional quantum systems, such
as on a lattice. However, SI suffers from UV divergences in quantum field theory
(necessarily infinite dimensional) due to short range interactions near the boundary
of I, denoted ∂I.

3. It is possible to show that the entanglement entropy vanishes only if the pure ground
state is separable which means that the quantum state admits the decomposition
|Ψ⟩ = |Ψ⟩I ⊗ |Ψ⟩Ic . In the case where Area(Ic) = 0, there exists no states in HIc

and hence the bipartition is simple |Ψ⟩ = |Ψ⟩I ⊗ 1 = |Ψ⟩Σ.
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8.1.1 Entanglement in Generalized Bell States
Let us now turn to computing the entanglement entropy. The simplest example is the
two spin system (see Fig. 1(a)). Let A and B be two particles with spin s = 1/2. Each
particle has two states in their respective Hilbert spaces HI = span({|↑⟩I , |↓⟩I}) where
I = A or B and the bases are orthonormal ⟨i|j⟩ = δij for i, j ∈ {↑, ↓}. The total Hilbert
space is then straightforward to build

HΣ = HI ⊗ HIc = {|↓↓⟩ , |↓↑⟩ , |↑↓⟩ , |↑↑⟩} (8.7)

where |ij⟩ ≡ |i⟩I ⊗ |j⟩Ic . Now, suppose the ground state is given as |Ψ⟩ = 1√
2(|↓↑⟩ + |↑↓⟩)

then the density matrix of the total system reads

ρΣ = |Ψ⟩ ⟨Ψ| = 1
2(|↓↑⟩ + |↑↓⟩)2. (8.8)

Tracing out, say Ic = B, we arrive at the reduced density matrix for I = A

ρA = 1
2(|↓⟩ AA ⟨↓| + |↑⟩ AA ⟨↑|) =

1/2 0
0 1/2

 . (8.9)

As the logarithm of a diagonal matrix is the same as a matrix formed from the logarithm
of each diagonal element, the entropy of entanglement for the ground state |Ψ⟩ is

SA = − trA

1/2 0
0 1/2

 ·

log(1/2) 0
0 log(1/2)


= log(2) (8.10)

This value is in fact the maximum amount of quantum information stored between two
entangled particles. To prove this statement, let us consider a more general Bell state

|Ψ⟩ = cos(θ) |↓↑⟩ − sin(θ) |↑↓⟩ . (8.11)

A routine computation then shows the entanglement entropy stored in the generalized
entangled state is

SA(θ) = −2
[
cos(θ)2 log(cos(θ)) + sin(θ)2 log(sin(θ))

]
. (8.12)

The entanglement entropy is clearly maximized at θc = (π/4) which yields SA(θc) = log(2)
justifying the earlier claim. The states for which θ = 0, π/2 are pure product states as
the entanglement entropy vanishes.

8.1.2 Entanglement in the Thermofield Double State
Here, we consider a more nontrivial example; the thermofield double state. The purpose
of this example is to highlight how the entanglement entropy can be a measure fo the
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thermal entropy for a subsystem A. The thermofield double state |Ψ⟩ is an entangled
state defined by

|Ψ⟩ = 1√
Z
∑
n

e−βEn/2|n⟩A ⊗ |n⟩B, (8.13)

where the state is normalized by the partition function Z = ∑
n e

−βEn . Consider the
partial trace of the density matrix ρΣ over the subsystem B. The reduced density matrix
of A is

ρA = 1
Z

∑
n

e−βEn|n⟩AA⟨n|,

= 1
Z
e−βHA .

(8.14)

Clearly, we can interpret the reduced density matrix as one that is constructed for a
Gibbs state with an inverse temperature β and a (modular) Hamiltonian HA satisfying
HA|n⟩A = En|n⟩A.

One additional peculiarity of the thermofield double state is that one can purify the
thermal system A by extending the Hilbert space to HA ⊗ HB. In doing so, one copies
the state vectors {|n⟩B} from HA to HB and assigning Boltzmann weights pi = e−β Ei/Z
to the state vector

|Φ⟩ ≡
∑
i

√
pi |i⟩ A ⊗ |i⟩ B (8.15)

In doing so, expectation values of local operators belonging to the subsystem A are
thereby promoted to operators in thermofield double state Eqn. (8.13) over the enlarged
system. Again, a routine computation of the entanglement entropy shows

SA = − trA [ρA (−βHA − logZ)] ,
= β (⟨HA⟩ − F ),

(8.16)

where in the last line we have used that βF = − log(Z). Clearly, the entanglement
entropy and the thermal entropy for the subsystem A are identical.

8.2 Entanglement Entropy and Area Laws
In this section, we present an overview of the area law behavior exhibited by the entangle-
ment entropy of continuum quantum systems. Specifically, we broadly study the area law
entanglement exhibited by massive scalar field theory, discussed earlier Sec. 1.1. We use
these results to motivate numerical calculations of the entanglement entropy for the Ising
chains discussed in Sec. 4.1. We show that quantum/classical dualities indeed preserve
the entanglement structure non-trivally by encoding the entanglement into correlations.
This overview largely follows the excellent discussion in [210] and we will henceforth leave
out the technical details.
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For continuum quantum systems, computing the entanglement entropy is quite non-
trivial. One useful technique, known as the replica trick, allows one to reliably compute
the entanglement entropy so long as one knows the reduced density matrix of a subsystem
to its higher moments:

SA = − lim
n→1

∂n log trA(ρnA). (8.17)

To understand this expression, consider a partition function Z of a manifold M with a
punctured region A. The idea is to construct a new spacetime by stitching together these
spacetimes n-times. These spacetimes are glued together in such a way that operators to
the left and right of the puncture form a cyclic ladder. This last step essentially amounts
to repeated insertions of identity operators for the density matrix of the spacetime stack.
It follows that trA(ρnA) can be expressed by the partition function on the n-fold cover Mn

with a cut along A [206, 211]. To be clear, see the following figure reproduced from [210]

trA(ρnA) = 1
(Z)n

ϕA1

ϕA2

ϕA2

ϕA3

ϕAn

ϕA1

n copies ≡ Zn

= Zn

(Z)n ,

(8.18)

where Zn denotes the partition function on Mn. Performing this replica yields an alter-
native definition for the entropy of entanglement

SA = − lim
n→1

∂n(log Zn − n log Z) . (8.19)

Observe that the stack of spacetimes are glued together at A and hence the punctured
region, or entangling surface, is a codimension-two surface Σ = ∂A with a deficit angle
of 2π(1 − n).

We can directly apply this form of the entanglement entropy to consider continuum
field theories, specifically for a massive scalar field theory. Consider the Euclidean action
for a free massive scalar field

IE = 1
2

∫
ddx

[
(∂µϕ)2 +m2ϕ2

]
, (8.20)

where the space and Euclidean time coordinates are xi (i = 1, · · · , d− 1) and x0 respec-
tively. Take A and B to be the regions in x1 > 0 and x1 ≤ 0. We choose the entangling
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surface Σ to a codimension two hyperplane located at x1 = 0: Σ = {(x0, xi)|x0 = x1 = 0}.
On the manifold Mn, we can install the following metric

ds2 = dx2
0 + dx2

1 +
d−1∑
i=2

dx2
i ,

= dr2 + r2dτ 2 +
d−1∑
i=2

dx2
i ,

(8.21)

where polar coordinates were used for the (x0, x1) plane, 0 ≤ r, and 0 ≤ τ ≤ 2π. Observe
that the manifold stack is decomposable as a direction product of a 2d cone Cn and Rd−2.
This makes the calculations of the partition function much easier. For the partition
function Zn on Mn, we can compute the one-loop determinant of a massive scalar field
in the standard way using the Schwinger representation

log Zn = −1
2 log det

(
−∇2 +m2

)
,

= −1
2 tr log

(
−∇2 +m2

)
,

= 1
2

∫ ∞

ϵ2

ds
s

tr
[
e−s(−∇2+m2) − e−s

]
,

= 1
2

∫ ∞

ϵ2

ds
s

×
[

Vol(Rd−2)
12n

e−sm2

(4πs)(d−2)/2 − tr
[
e−s

]]
,

(8.22)

where the covariant derivative ∇ is over Mn and the last step was performed by appealing
to the decomposition of the Laplacian into ∇2 = ∇2

Cn
+ ∇2

Rd−2 and solving the eigenvalue
problem on each space. Observe that the n-fold dependence is localized entirely on the
conical base, and therefore we can directly compute the partition function of a single
spacetime as

log Z = lim
n→1

log Zn. (8.23)

Hence, we can directly calculate the entanglement entropy across the entangling region
for the massive scalar field. Inserting these expressions into Eqn. (8.19) and expanding
around ϵ ≈ 0 leaves us with

SA = πVol(Rd−2)
3

∫ ∞

ϵ2
ds e−sm2

(4πs)d/2

= Vol(Rd−2)
6(4π)d−1

[
1

(d− 2)ϵd−2 − m2

(d− 4)ϵd−4 + · · ·
]
. (8.24)

The leading term scales as Vol(Rd−2)/ϵd−2 which is precisely a dimensional factor going
as the area of the entangling surface Σ = Rd−2. This completes our calculation of the
area law of entanglement entropy. For d = 2, the entanglement entropy is actually
logarithmically divergent. In the next section, we quote the logarithmic divergence for
2d CFTs and refer to a numerical calculation checking the entanglement entropy.
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8.2.1 Ising Dualities and Entanglement in Qubit Chains
One of the most important tests for any duality is to be able to recover the entanglement
entropy from calculations on both sides. At its critical point g = 1, the 2d Ising model
belongs to the same universality class of a 2d conformal field theories with central charge
c = 1/2 [212]. The entanglement entropy for such theories is [206],

S2d CFT = A+ c

3 log
(
N

π
sin

(
πx

N

))
. (8.25)

Furthermore, one can compute the entanglement entropy of a qubit chain by first
finding the ground state of the chain, tracing out a subsystem containing some number
of qubits, and using the reduced density matrix to calculate the ordinary entanglement
entropy:

SI = − trI [ρI log(ρI)]. (8.26)

Via the quantum/classical duality, the 2d Ising model is dual to the 1d qubit chain
(see Sec. 4.1). Hence, the goal here is to explore if we can recover a central charge of
c = 1/2 purely by numerically finding the ground state of the qubit chain at the g = 1
critical point. The arbitrary normalization A in the entanglement entropy of 2d CFTs
will have to be calibrated against the numerical calculations.

0 2 4 6 8 10 12
0.0

0.1

0.2

0.3

0.4

0.5

0.6

x

S E
E
(x
)

N-Qubit Entanglement Entropy with g=1

N = 4

N = 5

N = 6

N = 7

N = 8

N = 9

N = 10

N = 11

N = 12

Figure 8.2: The entanglement entropy as a function of ”temperature”.

In the above, we plot the entanglement entropy for 2d CFTs and compare this against
numerical calculations performing partial traces at locations x on a qubit chain in its
ground state. After calibrating the shift, we see that the CFT result matches precisely
with the entanglement entropy calculated for g = 1. For short qubit chains of length
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Figure 8.3: A 2d CFT with periodic boundary condition and a 2d Ising model. In the near
critical limit, the 2d Ising model becomes conformally invariant and the lattice spacing shrinks
simulating a continuum.

N = 4, 5, the numerical central charge differed moderately from the predicted value
sitting around c ≈ .578. However, in the large qubit limit, the central charge approached
the expected CFT result and was calculated to be c ≈ .518 at N = 12 qubits.

Though larger chains are expensive to simulate, this examples presents an interest-
ing observation and experimental opportunity. The first check is that dualities indeed
preserve the entanglement structure. In this case, the entanglement in qubit chain is
encoded into the 2d Ising model at its critical point. The entanglement of the qubit
chain is stored classically in the correlations between spins across the entangling surface
or quantum mechanically in the CFT degrees of freedom across the fiducial barrier. From
either perspective, entanglement is preserved. The second opportunity presented by this
example is an experimental test of holography. That both the CFT entanglement entropy
and the von Neumann entropy of qubit chains are the same presents a unique opportu-
nity to test if modern quantum computers can reproduce the same phenomena under
similar conditions of criticality. The difficult but rewarding challenge is to understand
how to directly measure entanglement in a quantum system. Understanding to what
extent quantum entanglement can be a resource for computational purposes remains an
outstanding challenge.

8.3 Holographic Entanglement Entropy
The road to understanding a holographic dual of entanglement entropy begins with un-
derstanding the thermal aspect of black hole as an entanglement entropy for fields across
the horizon. Returning to the metric used in the calculation of the entanglement entropy
for massive scalar field theory, an analytic continuation on the manifold M yields

ds2 = −r2dη2 + dr2 +
d−1∑
i=2

dx2
i , (8.27)
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with the new time η = −iτ ranging −∞ < η < ∞. Observe that we are not considering
the n-fold manifold but instead a single copy. The above spacetime is the Minkowski
spacetime encountered in Sec. 1.1. We can restrict further to the Rindler wedge which
covers the portion x1 ≥ |T | (see Fig. 8.4 from [210] below),

ds2 = −dT 2 + dx2
1 +

d−1∑
i=2

dx2
i , (8.28)

as seen from the coordinate transformation

T = r sinh η , x1 = r cosh η . (8.29)

This is precisely the same transformation which transforms an inertial observer in Rindler
to an accelerated observer in Minkowski spacetime in the presence of a horizon at r = 0.
The Rindler horizon leads an observer to encounter the Unruh effect discussed earlier.

From the perspective of entanglement entropy, the Unruh effect is a manifestation of
an observer confined to region A with a reduced density matrix ρA which is in a mixed
thermal ensemble at temperature β = 2π though the system A∪B is in a pure state. The
reduced density matrix is thermal in the same sense as in the thermofield double state
Eqn. (8.13). Hence, the entanglement entropy is precisely equal to the thermal entropy
for a Rindler observer.

x1
AB

T

r
=

0

η
=

∞

r =
0

η =
−∞

η =const

r =const

Figure 8.4: Inertial observers in the Rindler wedge (shaded region) see a thermal state.
Whereas inertial observers in Minkowski spacetime see a pure state. Relative to the observers
in Minkowski spacetime, the Rindler observers are accelerating.

As discussed in Sec. 1.1, the Unruh and Hawking effects are deeply intertwined with
the presence of accelerated or apparent horizons. This suggests that the thermal aspects
of black holes can instead be thought of in terms of the entanglement. If we consider
a black hole event horizon as an entangling surface, then the Hawking temperature is
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simply the temperature observed by an accelerated observer. In general, inertial observers
in black hole geometries are infalling and hence the accelerated observer must be at
the asymptotic boundary (in agreement with the flux of Hawking radiation approaching
asymptotic infinity). Secondly, and more importantly, the entanglement entropy must
be related to the thermal entropy of the black hole. From a holographic perspective, the
thermal entropy of black hole geometries must be related to the entanglement entropy of
codimension one CFTs. These observations lead us to the Ryu-Takayanagi conjecture.

8.3.1 The Ruy-Takayanagi Conjecture
In their paper, Ryu and Takayani proposed a conjecture deeply connecting quantum
information science with classical gravity via holography [207–209]. The conjecture pro-
vides a concrete description for calculating the entanglement entropy in conformal field
theories by utilizing special surfaces in ambient AdS geometries. Their theorem, along
with suitable covariant generalizations, is as follows;

Theorem 4. Consider a spatial slice Σ of an AdS spacetime on whose boundary we define
the dual CFT. Define the entanglement entropy SA in a CFT on Rd,1 (or R × Sd) for a
subsystem A that has an arbitrary d− 1 dimensional boundary ∂A ∈ Rd (or Sd). Let γA
be a surface satisfying

• γA has the same boundary as A.

• γA is homologous to A.

• γA is a stationary point of the area functional, i.e., extremal.

Then, the entanglement entropy for the subsystem A is given by

SA = − tr[ρA log(ρA)] = Area[γA]
4GN

. (8.30)

Thus far, this conjecture has passed several non-trivial consistency checks and has mo-
tivated deep connections between gravity, thermodynamics and entanglement (explored
below shortly). One immediate connection is the similarity to the Bekenstein-Hawking
entropy. Indeed, when the extremal surface γA is the black hole horizon, the holographic
entanglement entropy recovers the Bekenstein-Hawking entropy. Following this trail of
discoveries, we are lead to a profound realization that spacetime emerges from entangle-
ment [213] and that classical gravity and quantum information science are holographically
equivalent.

In the following chapter, we explore the holographic entanglement entropy, derive
novel bounds on the growth of entanglement in time-evolving conformal field theories,
and find an interesting Bekenstein bound on entanglement itself.
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Chapter 9

Maximal Entangling Rates from
Holography

This chapter is a faithful reproduction of the submitted work Å. Folkestad and A.
Dhumuntarao, arxiv:2211.07654 (2022). One distinguishing feature of this chapter
which is not included in the submitted work [214] is the inclusion of the novel results in
9.5.

Abstract

We prove novel speed limits on the growth of entanglement, equal time correlators, and
spacelike Wilson loops in spatially uniform time-evolving states in strongly coupled CFTs
with holographic duals. These bounds can also be viewed as quantum weak energy condi-
tions. Several of the speed limits are valid for regions of arbitrary size and with multiple
connected components, and our findings imply new bounds on the effective entanglement
velocity of small subregions. In 2d CFT, our results prove a conjecture by Liu and Suh
for a large class of states. We also bound spatial derivatives of entanglement and corre-
lators. Key to our findings is a momentum-entanglement correspondence, showing that
entanglement growth is computed by the momentum crossing the HRT surface. In our
setup, we prove a number of general features of boundary-anchored extremal surfaces,
such as a sharp bound on the smallest radius that a surface can probe, and that the tips
of extremal surfaces cannot lie in trapped regions. Our methods rely on novel global GR
techniques, including a delicate interplay between Lorentzian and Riemannian Hawking
masses. While our proofs assume the dominant energy condition in the bulk, we provide
numerical evidence that our bounds are true under less restrictive assumptions.

9.1 Introduction
Entanglement is one of the key features unique to quantum mechanics, and its effects
are ubiquitous in modern physics. It is now clear that entanglement and entanglement
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entropy is a central quantity across a diverse range of fields, such as quantum many-body
physics [215–217], quantum information theory [218–220], quantum gravity [6, 14, 15,
207, 209, 213, 221–229], and quantum field theories and their RG flows [212, 230–237].

A central question relevant to all of the above subjects is how entanglement behaves
dynamically. In this paper, we address the following questions: are there general bounds
on the entanglement entropy in time-dependent states? Does there exist speed limits
on how fast it can grow? The latter question is relevant to understanding how rapidly
quantum information can propagate, how long it takes a many-body system to thermalize,
or, in quantum gravity, for constraining the dynamics of spacetime itself.

While calculating entanglement entropies is notoriously hard, many lessons have been
learned over the last two decades. Quantum quenches in particular have received consid-
erable interest. In a quantum quench, the Hamiltonian is abruptly changed, or a source
is turned on over a small time interval δt. In either case, there is an abrupt injection of
energy into the system, kicking the state out of equilibrium. The subsequent approach to
equilibrium can then be computed in various setups. In the seminal paper by Calabrese
and Cardy [212], the entanglement entropy SR of an interval R of length ℓ in a (1 + 1)-
dimensional conformal field theory (CFT) after a uniform quench was computed, and for
large times and interval lengths, it was found to behave as

SR(t) − SR(t = 0) =

2stht t < ℓ/2
sthℓ t ≥ ℓ/2

, (9.1)

where sth the thermal entropy density of the final state. Linear growth of entanglement
for large regions R after uniform quenches has also been found in higher dimensional
holographic CFTs [238–241]. In particular, after local equilibration and before late time
saturation, the entanglement entropy of a region R after a quench was found to behave
as [240, 241]

SR(t) − SR(t = 0) = vEsthArea[∂R]t+ . . . (9.2)

with vE the so-called entanglement velocity, which satisfies vE ≤ 1.
While quenches provide useful insights on entanglement dynamics, they do not cover

all kinds of states, and it would be useful to have more general constraints. Some such
results do exist. Consider two quantum systems A∪a and B∪b coupled by an interaction
Hamiltonian H acting only on A and B. In [242] (building on [243]) it was proven that∣∣∣∣dSA∪a

dt

∣∣∣∣ ≤ η∥H∥ log d, (9.3)

where d = min{dimA, dimB}, and where η is an order 1 constant. While this bound has
broad generality for finite-dimensional systems, it is not useful in QFT, where d is infinite.
Even if we UV-regulate to make d finite, ∥H∥ is infeasible to compute. Furthermore, the
bound is state-independent, and it is natural to suspect there exists stronger bounds that
depend on the conserved charges of the state.
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A bound more useful in QFT was conjectured [240, 241], based on the findings in
holographic quenches. It was proposed that a normalized instantaneous entanglement
growth R in relativistic quantum field theory satisfies the bound

R ≡ 1
Area[∂R]sth

∣∣∣∣dSRdt

∣∣∣∣ ≤ 1. (9.4)

In [244] relativistic QFT was used to prove that R ≤ 1 for large convex regions R

in spatially uniform states, neglecting contributions to SR not scaling with volume.1

However, it was found in [241] that the largest values for R were obtained for intermediate
sized regions, where it could exceed vE (for d > 2), and where existing proofs of R ≤ 1
do not apply. Thus, the validity of (9.4) for general regions is still an open question.2

In this work, for holographic CFTs with large coupling and large−N (large effective
central charge), we prove novel bounds that imply R ≤ 1 for a large class of situations
not covered by [244, 245]. We also prove several bounds that to our knowledge have not
been previously discussed, including growth bounds on correlators and Wilson loops. We
will see that our growth bounds can be seen as new types of quantum energy conditions,
valid for uniform states. We also derive absolute bounds on entanglement entropy and
equal time correlators.

Let us now summarize our results. Consider first a 2d CFT on S1 × R or Minkowski
space in a homogeneous and isotropic state undergoing time-evolution. Let t label the
timeslices on which the state is uniform. Let R be a union of n finite intervals of any
size. Assuming an energy condition and certain falloff conditions on the matter fields in
the bulk, which we assume for all bounds presented in the following, we prove that

∣∣∣∣dSRdt

∣∣∣∣ ≤ n

√
8πc
3
(

⟨Ttt⟩ − ⟨Ttt⟩vacuum

)
, (9.5)

where c is the central charge and ⟨Ttt⟩ the CFT energy density one-point function, which
is the same everywhere in a uniform state. If we work with uncharged states, (9.5) implies
that R ≤ 1. Thus, for the 2d theories under consideration, we have given a proof of R ≤ 1
to regions of arbitrary finite size and with any number of connected components.3

Next, consider d ≥ 2-dimensional holographic CFTs on Minkowski space, again in a
time-evolving uniform state. Taking R to be either a single ball or strip of characteristic

1A proof was also given in [245] for half-planes, taking linear growth of entanglement as an assumption.
For quenches, it was proven for large regions holographically in [246], together with many other properties
of quenches.

2In fact, since generic QFTs can have state-dependent divergences in SR [247], ∂tSR can be divergent
in some theories, and so (9.4) cannot be true in all relativistic QFTs. This means that a generalization of
the proofs of [244, 245] to include contributions not scaling with volume impossible without more input
on the theories under consideration.

3For holographic CFTs, (9.5) also improves on a bound proven for single intervals of any size in all

2d CFTs by [244], which can be written as R ≤ coth
(

πℓ
√

πc
6⟨Ttt⟩

)
.
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size ℓ, we prove that ∣∣∣∣dSRdt

∣∣∣∣ ≤ κVol[R] ⟨Ttt⟩
[
1 + O

(
ℓd ⟨Ttt⟩
ceff

)]
, (9.6)

where κ is an O(1) numerical constant given in (9.31), and which depends on d and the
shape of R. ceff is the effective central charge, to be defined in the following. For small
regions this bound is much stronger than R ≤ 1.4 If β is the effective inverse temperature
at which the thermal energy density equals ⟨Ttt⟩, we get

R ≤ O(ℓ/β) ≪ 1. (9.7)

We also prove a higher-dimensional analogue of (9.5), although the proof is more
limited. We prove for states that are somewhat more general than quench states that∣∣∣∣dSRdt

∣∣∣∣ ≤ 1
4Area[∂R]ceff

[
16π

(d− 1)ceff
⟨Ttt⟩

] d−1
d

, (9.8)

where R either is a single ball, or the union of any number of strips. Considering a
neutral state, (9.8) translates into R ≤ 1. While our proof of (9.8) applies to a smaller
class of states, we give substantial numerical evidence that (9.8) holds more generally for
all uniform states.

For strips, we also prove bounds on the entanglement entropy itself. For Rℓ a strip of
width ℓ at fixed time t, we prove that the vacuum subtracted entropy ∆S(ℓ) satisfies

∂ℓ∆S(ℓ) ≥ 0, (9.9)

which in particular implies ∆S ≥ 0.
In the special dimensions of d = 2, 3, 4, we prove additional bounds. Assuming the

geodesic approximation for correlators [249], we prove that the equal time two-point
function of a scalar operator O of large scaling dimension ∆ in d = 2 satisfies∣∣∣∣ d

dt log ⟨O(x)O(0)⟩ρ(t)

∣∣∣∣ ≤
√

96π∆2

c

(
⟨Ttt⟩ − ⟨Ttt⟩vac

)
, (9.10)

where ρ(t) is the state under consideration. This bound is saturated in the global CFT2

quenches studied in [250, 251] (for any ∆). We also prove a tighter bound when x is
small: ∣∣∣∣ d

dt log ⟨O(x)O(0)⟩ρ(t)

∣∣∣∣ ≤ 12π∆|x|
c

(
⟨Ttt⟩ − ⟨Ttt⟩vac

)
[1 + . . .] , (9.11)

where dots indicate O (x2 ⟨Ttt⟩ /c) corrections. We furthermore prove a bound on the
correlator itself. Letting x > 0, we have

d
dx ln ⟨O(x)O(0)⟩ρ(t) ≤ d

dx ln ⟨O(x)O(0)⟩vacuum = −2∆
x
, (9.12)

4See [248] for a discussion of a different definition of R, where sth is replaced by the vacuum-subtracted
entanglement entropy per volume in the final state. With this definition, R is O(1) for small subregions,
but it can exceed 1.
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which shows that for the states covered by our assumptions, correlations between heavy
scalars must die off faster than in the vacuum.

When d = 3, 4, we prove bounds on Wilson loops W(C) of spacelike circles C, assum-
ing we can compute these using classical worldsheets in the bulk. Assuming N = 4 SYM
with gauge group SU(N) and ’t Hooft coupling λ on the boundary, we show that5

∣∣∣∣ d
dt log ⟨W(C)⟩ρ(t)

∣∣∣∣ ≤ Length[C]
√

2λ
3N2 ⟨Ttt⟩, d = 4. (9.13)

In d = 3, we prove a similar result, but for the more restricted set of states which includes
global quenches (see (9.131)). For small Wilson loops, we also have stricter bounds, which
we give in the main text (see (9.126)).

How are these bounds proven? Let us give the broad picture, restricting to the
time-derivative of the entanglement entropy of a strip for concreteness. For CFTs dual
to classical Einstein gravity, the von Neumann entropy of the reduced state ρR on a
subregion R is given by the HRT formula [207–209], which says that

SR = Area[X]
4GN

, (9.14)

where X is the HRT surface, which roughly means a codimension 2 spacelike surface that
has stationary area under perturbations of X in the bulk interior. Bounding ∂tSR in uni-
form states now corresponds to bounding ∂tArea[Xt], where Xt is a one-parameter family
of HRT surfaces living in general time-dependent spacetimes with planar symmetry. Key
to our proofs then is carrying out the analysis locally on a planar symmetric spatial slice
Σ that contains Xt. We then show that the change in entanglement entropy is given by

dSR
dt =

∫
X
GP, (9.15)

where P is the matter momentum density in a direction orthogonal to HRT surface, and
G essentially a propagator that only depends on the smallest radius probed by X, and
not any other details of the spacetime. We thus see that the flux of matter falling out of
the entanglement wedge is directly responsible for the increase of entanglement entropy.
The formula (9.15) can be seen as momentum-entanglement correspondence, analogue to
the momentum-complexity correspondence proposed in [252] and given a precise form in
[253–255]. To further leverage this formula to get our proofs, we study two quasilocal
masses and find in certain dimensions the integral in (9.15) is exactly encoded in the
difference between these two quasilocal masses at infinity. A detailed analysis of the
monotonicity properties of these masses under various flows then lets us prove our final
bounds, essentially using a combination of Lorentzian and Riemannian inverse mean

5For other potential d = 4 holographic CFTs, our result can be written in terms of the effective central
charge and effective coupling – see main text.
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curvature flows. We emphasize that beyond our assumed symmetries, we do not need to
assume a particular form of the spacetimes we are considering, and we are certainly not
restricted to quenches.

Along the way we derive various general properties of the HRT surfaces of strips and
spheres in planar symmetric spacetimes. For example, for d = 2 we prove that the radius
r0 of the tip of the HRT surface of a strip of width ℓ satisfies

r0 ≥ 2L2

ℓ
, (9.16)

where L the AdS radius. We prove similar bounds in higher dimensions. We also prove
that the tip of an HRT surface of a sphere or a strip can never lie in a trapped region
in spacetime. The same is shown for boundary anchored extremal surfaces of dimension
q + 1 anchored at q-spheres.

This paper is organized as follows. In Sec. 9.2 we set up our assumptions and prove
all our entanglement growth bounds for strip subregions R. In Sec. 9.3 we prove the
entanglement growth bounds for ball shaped regions R and furthermore derive general
properties (q + 1)-dimensional extremal surfaces anchored at q-dimensional spheres on
the boundary, leading to our results for correlators and Wilson lines. In Sec. 9.4 we
prove bounds on spatial derivatives of the entanglement entropy of strips and equal
time two-point correlators in d = 2. In Sec. 9.6, for a subset of our bounds, we give
significant numerical evidence that the dominant energy condition, which was assumed
for our proofs, can be replaced by less restrictive assumptions. Finally, in Sec. 9.7,
we conclude with a discussion of the implications of our findings, together with future
directions. For a reader only wanting to understand the results without getting into the
details of the proofs, it is possible to only read sections 9.2.1, 9.3.1, 9.4, 9.6, and 9.7.

Note added in v3: In previous versions of this paper, stronger growth bounds were
given for strips in the case when S−Svac ≤ 0. However, these bounds were vacuous, since
for strips, we now have a proof that S − Svac ≥ 0 under our assumptions. Furthermore,
the bounds (9.9), and (9.12) were added in v3.

9.2 Maximal Entanglement Rates for Strips

9.2.1 Setup and summary of results
Consider a d-dimensional holographic CFT in Minkowski space dual to classical Einstein
gravity. Consider now some general time-evolving state ρ(t) possessing a geometric dual,
and having spatially homogeneous and isotropic one-point functions for local operators
dual to bulk fields, such as the CFT stress tensor Tij. Homogeneity and isotropy ensures
that the dual asymptotically AdSd+1 spacetime (M, g) has planar symmetry. We allow
ρ(t) to live on either one or two copies of Minkowski space, so that the dual spacetime
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can have either one or two asymptotic boundaries. For a single system, we allow ρ(t) to
be mixed.6

Our goal in this section is to use the HRT entropy formula in this setup to derive a
speed limit on the growth of the entanglement for a strip, and in some cases the union
of any number of strips, provided they all live on the same connected component of the
conformal boundary. In Sec. 9.3 we will generalize to spherical subregions, and to Wilson
lines and two-point correlators. However, we will present the results on entanglement
growth for spherical regions in this section, since they naturally are presented together
with the results for strips.

Before presenting our results, let us set up our assumptions. We will assume that
our spacetimes are AdS-hyperbolic, meaning that we can foliate (M, gab) with spacelike
hypersurfaces Σt that all have the same topology and are geodesically complete as Rie-
mannian manifolds. These represent moments of time. Next, letting L be the asymptotic
AdS radius, we assume that (M, gab) satisfies the Einstein equations

Rab − 1
2gabR − d(d− 1)

2L2 gab = 8πGNTab, (9.17)

and that the dominant energy condition (DEC) holds for the bulk stress tensor Tab,
meaning that

Tabuavb ≥ 0 for all timelike ua, vb. (9.18)

Next, we assume that the Balasubramanian-Kraus [257] boundary stress tensor ⟨Tij⟩
is finite. When it is finite, it corresponds to the one-point function of the CFT stress
tensor. To specify falloff assumptions more explicitly, let Ω be any defining function,
meaning any function on the conformal compactification of M such that the pullback of
Ω2gab|∂M to the conformal boundary is a Lorentzian metric. We then require that the
bulk stress tensor satisfies

Tabuavb ∼ o
(
Ωd
)
, ∀ unit vectors va, ua, (9.19)

near the conformal boundary ∂M. In the radial coordinate r introduced below, this
means the stress tensor in an orthonormal basis falls off as o(r−d). Matter fields with
falloffs sufficiently slow to require modifications of the definition of the spacetime mass
are not covered by our results.7 To avoid having to repeat the same assumptions in every
theorem, let us define the following:

Definition 1. We say that an AAdSd+1 spacetime (M, gab) is regular if it is AdS-
hyperbolic, has falloffs (9.19), and gab is C2.

6Allowing two-sided spacetimes means that automatically allow mixed states on a single CFT, since
we can always find a purification dual to a wormhole, simply by gluing a second CPT-conjugate copy of
the spacetime to itself along the HRT surface [256].

7In this case, depending on how slow the falloffs are, subleading divergences in the entropy might
become state dependent [247], in which case R ≤ 1 cannot remain true. See discussion in Sec. 9.7.
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For index conventions, we will take a, b, . . . to be abstract spacetime indices, and
α, β, . . . to be abstract indices on spacelike hypersurfaces Σ. We take µ, ν, . . . to be
coordinate indices on Σ. Other indices should be clear in the context. Furthermore,
whenever intrinsic tensors on submanifolds are written with spacetime indices, we mean
the pushforward/pullback to spacetime using the embedding map.

To describe the boundary regions covered by our results, we select a Minkowski con-
formal frame on the conformal boundary with coordinates

ds2|∂M = −dt2 + L2(dϕ2 + dx2), ϕ ∈ R, x ∈ Rd−2, (9.20)

where the constant t-slices are the ones on which we have uniform one-point functions
for local operators. For d = 2 we can allow ϕ to be periodically identified, in which case
we say that M has spherical symmetry. If ∂M has two connected components, we focus
on a particular one. We define Rt′ to be the one-parameter family of boundary regions
given by

− ℓ

2L ≤ ϕ ≤ ℓ

2L, t = t′, (9.21)

which just corresponds to a strip or interval of length ℓ at time t′. In this section, when
we talk about strips or refer to a one-parameter family, we always mean the family (9.21).
We will abbreviate Rt=0 ≡ R, and define

Area[∂Rt] = Area[∂R] = Ld−2
∫
Rd−2

dd−2x, d > 2, (9.22)

while for d = 2, we have Area[∂R] = 2. For d > 2 this is of course divergent, but since it
always appears as an overall prefactor it causes no difficulties.

Next, the HRT formula [207–209] states that the von Neumann entropy of the reduced
CFT state on Rt, ρR(t) ≡ trRc ρ(t), is given by

SR(t) = − tr [ρR(t) ln ρR(t)] = Area[Xt]
4GN

, (9.23)

where Xt is the minimal codimension-2 spacelike surface in (M, gab) that is (1) a station-
ary point of the area functional (i.e. extremal), (2) anchored at ∂Rt on the conformal
boundary (∂Xt = ∂Rt), and (3) homologous to Rt. The latter means that there exists
spacelike hypersurface Σ with ∂Σ = Xt ∪ Rt, where we here mean the boundary in the
conformal completion. We will use the gravitational description to derive an upper bound
on ∣∣∣∣∣ d

dt

(
Area[Xt]

4GN

)∣∣∣∣∣ (9.24)

purely in terms of quantities that have a known interpretation in the CFT. While Area[Xt]
is formally divergent, since we (1) work with spacetimes with falloffs (9.19) and (2)
Area[∂Rt] is time-independent, (9.24) is in fact finite up to the Area[∂R] prefactor.

117



Let us now summarize our main results, which are broadly divided into two categories.
The first class of bounds scales like Area[∂R], and they are strongest when R is large.
The second class of bounds scales like Vol[R], and they are consequently the strongest
for small subregions. For intermediate sized regions, where the entanglement entropy is
about the enter the volume-scaling regime, we expect the two types of upper bounds to
be roughly comparable.

First, for a three-dimensional bulk, we obtain the following

Theorem 5. Let (M, gab) be a regular asymptotically AdS3 spacetime with planar or
spherical symmetry satisfying the DEC. Assume that Xt is the HRT surface of a finite
interval Rt. Then ∣∣∣∣∣ d

dt

(
Area[Xt]

4GN

)∣∣∣∣∣ ≤
√

8πc
3
(

⟨Ttt⟩ − ⟨Ttt⟩vac

)
, (9.25)

where c = 3L
2GN

.

Since the HRT surface of a union of strips is just the union of HRT surfaces of a collection
of individual strips, this bound immediately implies that if R is a union of n intervals
contained in a single moment of time on one of the connected components of ∂M, then∣∣∣∣∣ d

dtSR
∣∣∣∣∣ ≤ n

√
8πc
3
(

⟨Ttt⟩ − ⟨Ttt⟩vac

)
. (9.26)

While we are not able to give a general proof of the analogue of Theorem 5 in higher
dimensions, we prove a generalization in thin-shell spacetimes:

Theorem 6. Let (M, g) be an asymptotically AdSd+1≥3 spacetime with planar symmetry
satisfying the DEC. Assume that Xt is the HRT surface of a region Rt corresponding to
either a finite width strip or a ball. Assume that the bulk matter consists of U(1) gauge
fields and a thin shell of matter:

Tab = T shell
ab + T Maxwell

ab , (9.27)

where T shell
ab has delta function support on a codimension−1 worldvolume that is timelike

or null, and with T shell
ab separately satisfying the DEC. Assume (M, gab) is regular, except

we do not require g to be C2 at the shell. Then∣∣∣∣∣ d
dt

(
Area[Xt]

4GN

)∣∣∣∣∣ ≤ 1
4Area[∂R]ceff

[
16π

(d− 1)ceff
⟨Ttt⟩

] d−1
d

, (9.28)

where ceff = Ld−1/GN .

This theorem applies to thin-shell Vaidya spacetimes and charged generalizations. These
spacetimes (and related setups) have been studied extensively [238–241, 246, 248, 258–
298] as holographic models CFT quenches. However, more general cases than Vaidya are
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allowed, where the shell might correspond to some brane in the bulk, propagating in a
timelike direction. Using the duality between radius and scale in the CFT, thin shell
spacetimes correspond to CFT states where all dynamics is happening at a single scale
(that evolves with time). We also should note that (9.28) holds if R is a union of any
number of strips on the same conformal boundary, due to the fact that the HRT surface
of n strips is just equal to n HRT surfaces of n (generally different) strips. One can
hope that this might also be true for multiple spheres, but this does not follow from our
current analysis. Also, while we do not have a proof, we conjecture that (9.28) is valid in
all DEC respecting regular planar symmetric AAdSd+1 spacetimes, and we provide strong
numerical evidence for this in Sec. 9.6.

Also, note that ceff can be defined purely in CFT in terms of a universal prefactor
of the sphere vacuum entanglement entropy [207, 208], or in terms of the renormalized
entanglement entropy [299, 300]. So our final bounds on |∂tS| make no reference to the
bulk.

The previous two results give upper bounds scaling like Area[∂R]. Now let us turn to
bounds scaling like Vol[R]. We prove the following bound on small regions, valid for all
d ≥ 2:

Theorem 7. Let (M, gab) be a regular asymptotically AdSd+1≥3 spacetime with planar
symmetry satisfying the DEC. Assume that Xt is the HRT surface of a region Rt corre-
sponding to either a strip or a ball. Let ℓ be either the strip width or ball radius, and
assume that

ℓd ⟨Ttt⟩
ceff

≪ 1. (9.29)

Then ∣∣∣∣∣ d
dt

(
Area[Xt]

4GN

)∣∣∣∣∣ ≤ κdVol[R] ⟨Ttt⟩
[
1 + O

(
⟨Ttt⟩ ℓd

ceff

)]
. (9.30)

where

κd =
Γ
(

1
2(d−1)

)
Γ
(

d
2(d−1)

)


2π R is an interval and d = 2,
√
π

d−1 R is a strip and d > 2,
2
√
π R is a ball and d > 2.

(9.31)

Next, for thin shell spacetimes, volume-type bounds can be proven exactly for subregions
of any size, at the cost of a slightly larger prefactor:

Theorem 8. Consider the same setup as in Theorem 6. Then∣∣∣∣∣ d
dt

(
Area[Xt]

4GN

)∣∣∣∣∣ ≤ κ′
dVol[R] ⟨Ttt⟩ , (9.32)

with

κ′
d = d− d

2(d−1)
Γ
(

1
2(d−1)

)
Γ
(

d
2(d−1)

)


2π R is an interval and d = 2,√
4π

(d−1) R is a strip and d > 2,√
16π(d− 1) R is a ball and d > 2.

(9.33)
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We will now outline the strategy used to obtain these bounds. First, we observe that
there exists exactly one homology hypersurface Σt that both contains Xt, and which
respects the planar symmetry of (M, gab). Then we show that the location of Xt on Σt

can be solved for exactly in terms of the intrinsic geometry on Σt. Together with the
DEC, this fact allows us to lower bound the radius of the tip of the HRT surface. Next,
we use the fact that since Xt is extremal, the first order variation of its area is a pure
boundary term located at ∂Xt [301], and we show that this boundary term is simply
given by a particular component of the extrinsic curvature of Σt as r → ∞. Then we
work out the form of Einstein constraint equations on Σt, and show that the relevant
extrinsic curvature component can be written as an integral of the matter flux over the
HRT surface. Finally, essentially relying on inverse mean curvature flow of Lorentzian
and Riemannian Hawking masses, and their monotonicity properties under these flows,
we bound the integrated matter flux across the HRT surface from above in terms of the
mass of the spacetime.

Now, before we dive in, we should clarify the meaning of radii in planar symmetric
spacetimes. Since we have planar symmetry, spacetime has a two-parameter foliation
where each leaf is a codimension−2 spacelike plane that has the usual flat intrinsic metric.
When we talk about a plane, we always mean one of these leafs. These planes can all be
assigned an “area radius” r, and it is possible to view r as a scalar function on spacetime
which is not tied to any coordinate. Nevertheless, unlike in spherical symmetry, there is an
overall scaling ambiguity in this function, since the non-compactness of the planes means
we cannot normalize r to some area – there is no “unit plane”. However, if we choose
some Minkowski conformal frame on the boundary, we can fix the overall normalization
of r by demanding that the defining function Ω that takes us to the chosen conformal
frame is Ω = r/L. We will implicitly assume such a choice, and refer to the radius of a
plane.

9.2.2 An explicit solution for the HRT surface location
Without loss of generality, we will bound the time-derivative at t = 0 and use the short-
hands Xt=0 = X and Rt=0 = R. Since R is a strip contained in a canonical time slice of
Minkowski, and since the ambient spacetime has planar symmetry, there exists a homol-
ogy hypersurface Σ̂ of X respecting the planar symmetry – see Figure 9.1. We can pick
coordinates on Σ̂ so that its induced metric Hαβ reads

Hµνdyµdyν = B(r)dr2 + r2(dϕ2 + dx2), r ∈ [r0,∞), ϕ ∈ [−Φ(r),Φ(r)], (9.34)

where ϕ = Φ(r) is the coordinate embedding function of (half of) the HRT surface in
Σ̂, as illustrated in Figure 9.1. r0 is the smallest value of r probed by the HRT surface,
corresponding to its tip. Σ̂ can naturally be extended to include all ϕ ∈ R by planar
symmetry, and this choice turns out to be convenient for us. We denote the corresponding
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r = ∞R

X

r

ϕ

r0

r = 0

Σ

Σ̂ ϕ = Φ(r)ϕ = −Φ(r)

r = 0

Σ′

Σ

θ+, θ− < 0

∂M

Rt

Rt′

r0

r′0

Figure 9.1: Left: the planar symmetric homology hypersurface Σ̂ with respect to the HRT
surface X. Σ is the extended homology hypersurface, whose boundary is the plane at r = r0.
Dashed lines are planes – i.e. constant r surfaces. Right: example conformal diagram indicating
possible embeddings of two extended homology hypersurfaces Σ and Σ′. The grey line is an
apparent horizon, with vanishing outwards null expansion, θ+ = 0.

hypersurface as Σ, and refer to it as the extended homology hypersurface.8 See Figure
9.1. The boundary of Σ (in the bulk proper) is a plane of radius r0.

Relying on the formulas derived in the remainder of this section, we prove the following
Lemma in appendix A.3.5:

Lemma 1. Let Σ be the extended homology hypersurface of an HRT surface X anchored
at a strip region given by (9.21). Then a single coordinate system of the form

ds2 = B(r)dr2 + r2dx2 (9.35)

is enough to cover all of Σ. Furthermore, X has only one turning point, meaning that
embedding function r(ϕ) is monotonically increasing for ϕ ≥ 0.

This means one function Φ(r) contains all the information about the embedding of X
in Σ – we do not need multiple branches. It also means that Σ cannot have any locally
stationary planes – that is – no planes of vanishing mean curvature, where B(r) would
blow up. The means we never need to worry about patching across coordinate systems
when working on Σ. Geometrically, it implies that Σ has no “throats”.

Now, taking (r,x) to be coordinates on X, the induced metric on X reads

ds2|X =
[
B(r) + r2Φ′(r)2

]
dr2 + r2dx2. (9.36)

8Σ̂ and Σ are unique. Planar symmetry means that (M, gab) can be foliated by planes, and every
point p ∈ X lies in some plane in this foliation. Demanding planar symmetry of Σ requires that the full
leaf intersected by p is included in Σ, and so we have a one-parameter family of codimension−2 surfaces
picked out by X, which thus fully specifies Σ, and similarly for Σ̂.
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Since X is an extremal surface, its area is stationary under all variations, including under
variations within Σ. Enforcing this gives an ODE for Φ(r) in terms of B(r). To find it,
we compute the mean curvature K of X viwed as a submanifold of Σ and demand it to
be zero. This gives the equation (see appendix A.3.1 for a computation)

rBΦ′′ + (d− 1)r2 (Φ′)3 + Φ′
(
dB − r

2B
′
)

= 0. (9.37)

The relevant boundary conditions are

Φ′(r0) = ∞, Φ(r0) = 0, (9.38)

where the former says that r0 is the radius of the plane tangent to the tip of the HRT
surface (i.e. where dr

dϕ = 0), while the latter implements that ϕ = 0 corresponds to the
center of the strip. It turns out that equation (9.37) can be integrated, and the solution
with the correct boundary condition is

Φ(r) =
∫ r

r0
dρ

√
B(ρ)

ρ
√

(ρ/r0)2d−2 − 1
. (9.39)

This gives the location of the HRT surface within Σ explicitly in terms of the geometry
of Σ. We now use this solution to determine the Einstein constraint equations on Σ, and
to derive a formula for the rate of change of the entanglement growth.

9.2.3 A momentum-entanglement correspondence
Since Xt is extremal, its first order variation reduces to a pure boundary term given by
(see for example the appendix of [301, 302]):

dArea[Xt]
dt

∣∣∣∣
t=0

=
∫
∂X
Naηa, (9.40)

where ηa is the translation vector generating the flow of ∂Xt at conformal infinity at
t = 0, while Na is the normal to ∂X that is also tangent to X, and that points towards
the conformal boundary. In writing this formula, we implicitly assume that it is evaluated
with some near-boundary cutoff that is subsequently removed. As is well known, given
some choice of boundary conformal frame, a canonical choice of cutoff exists [303–305],
which in our case reduces to a cutoff in the radial coordinate r. With a cutoff adapted
to the Minkowski conformal frame and the falloffs (9.19), (9.40) is finite, even though
Area[Xt] diverges.

Now we write (9.40) in a more useful form. We will give all the main steps, but
relegate tedious but straight forward computations to the appendix.

Using the planar symmetry of Σ, the extrinsic curvature Kαβ of Σ is given by

Kµνdyµdyν = Krr(r)dr2 +Kϕϕ(r)
[
dϕ2 + dx2

]
, (9.41)
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where we take the extrinsic curvature to be defined with respect to the future directed
normal. Using this, we show in appendix (A.3.3), retracing the steps of [306], that

dArea[Xt]
dt

∣∣∣∣
t=0

= −Area[∂R]
Ld−2 lim

r→∞
rd−3Kϕϕ. (9.42)

Physically, limr→∞ rd−3Kϕϕ measures the boost angle at which X hits the conformal
boundary, or rather, the subleading part of the angle, since extremality implies that X
hits ∂M orthogonally. This can be seen by studying extremal surfaces in a near-boundary
expansion. Thus, we see that the entanglement growth is, up to a factor, identically given
by the (subleading) boost angle at which the HRT surface hits the boundary. The same
was found for maximal volume slices in [306].

Next we want to find a more explicit expression for limr→∞ rd−3Kϕϕ. To do this, we
need to use the Einstein constraint equations, which read

R +K2 −KαβKαβ + d(d− 1)
L2 = 16πGNTabtatb,

DαK
α
β −DβK = 8πGNTabtaebβ,

(9.43)

where R is the Ricci scalar of the metric on Σ, ta the future unit normal to Σ, K =
HαβKαβ, and eaα a set of tangent vectors to Σ. To write these equations in coordinate
form, it is convenient to introduce the function ω(r) as

B(r) = 1
r2

L2 − ω(r)
rd−2

. (9.44)

We will call ω(r) the Riemannian Hawking mass.9 It will play a central role in our work.
Whether or not ω(∞) is proportional to the spacetime mass for some general spacelike
hypersurface Σ depends on the behavior of the extrinsic curvature Σ at large r. It turns
out that for d ≥ 3, and with Σ being the extended homology hypersurface of an HRT
surface, it has the property that it is proportional to the CFT energy density:

⟨Ttt⟩ = d− 1
16πGNLd−1ω(∞), d ≥ 3. (9.45)

For d = 2, the right hand side is a lower bound on ⟨Ttt⟩ − ⟨Ttt⟩vac, where the vacuum
energy must be subtracted when we allow ϕ to be periodic. We will explain these facts
in Sec. 9.2.5.

It is also convenient to redefine Krr(r) in terms of a function F (r) which is the rr-
component of the extrinsic curvature in an orthonormal basis

Krr(r) ≡ B(r)F (r). (9.46)

9For d = 3 it is also known as the Geroch-Hawking mass [307–310], and its was used to prove the
Riemannian Penrose inequality [310].
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In terms of these functions, the constraint equations in coordinate form read

(d− 1)ω
′(r)
rd−1 = 2E(r) − (d2 − 3d+ 2)

r4 Kϕϕ(r)2 − 2(d− 1)
r2 F (r)Kϕϕ(r), (9.47)

K ′
ϕϕ(r) − Kϕϕ(r)

r
= rF (r) − r2

d− 1J (r), (9.48)

where we introduced the notation

E = 8πGNTabtatb,
J = 8πGNTab(∂r)atb.

(9.49)

These are (proportional to) the energy density and radial momentum density of the
matter with respect to the frame ta. J > 0 corresponds to matter falling into the bulk
towards smaller r. From (9.19) and the fact that B(r) ∼ O(r−1), we find that

E ∼ o
(
1/rd

)
, J ∼ o

(
1/rd+1

)
, (9.50)

where we use that 1√
B

(∂r)a is a unit vector.
To turn (9.47) and (9.48) into a closed system, we will eliminate F (r). We do this

by imposing extremality of X in the direction of ta. To do this, note that the inwards
(outwards) null expansion θ+ (θ−) of X can be written as (see for example the appendix
of [306]) √

2θ±[X] = ±K[X] +K − nαnβKαβ, (9.51)

where nα is the outwards normal to X within Σ,10 and where we remind that K[X] is
the mean curvature of X within Σ. Extremality means θ+ = θ− = 0, which implies that
K = 0 and

K|X = nαnβKαβ|X . (9.52)

This equation holds at ϕ = Φ(r), which by planar symmetry means it holds everywhere
on Σ. Writing out this equation in coordinates, carried out in appendix A.3.2, we find

F + (d− 2)Kϕϕ

r2 + (d− 1)Kϕϕ
(Φ′)2

B
= 0. (9.53)

Plugging in the solution for Φ(r), given in (9.39), we get that

F (r) = −Kϕϕ(r)
r2

(
(d− 2)r2d−2 + r2d−2

0

r2d−2 − r2d−2
0

)
, (9.54)

which upon insertion into the constraints, gives a closed system of ODEs

ω′(r)
rd−1 = 2

d− 1E(r) +
K2
ϕϕ

r4 h1(r), (9.55)

K ′
ϕϕ(r) + Kϕϕ

r
h2(r) = − r2

d− 1J (r), (9.56)

10We have here taken the outwards and inwards null vectors, ka
+ and ka

−, respectively, to be ka
± =

2−1/2(ta ± na).
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where

h1(r) = (d− 2) (r/r0)2d−2 + d

(r/r0)2d−2 − 1
, h2(r) = (d− 3) (r/r0)2d−2 + 2

(r/r0)2d−2 − 1
. (9.57)

Now, F (r) is a component of the extrinsic curvature in an orthonormal basis, so it must
be finite at r0. Using this to fix an integration constant, we find that the solutions of
(9.55) and (9.56) are

Kϕϕ(r) = − r2

(d− 1)
√

(r/r0)2d−2 − 1

∫ r

r0
dρJ (ρ)

√
(ρ/r0)2d−2 − 1, (9.58)

ω(r) = ω(r0) +
∫ r

r0
dρ
[
ρd−5h1(ρ)Kϕϕ(ρ)2 + 2ρd−1

d− 1 E(ρ)
]
, (9.59)

where Kϕϕ(r0) = 0 since J (ρ) must be bounded.11 Inserting (9.58) into (9.42) and
multiplying by (4GN)−1, we get that

dSR
dt

∣∣∣∣
t=0

= Area[∂R]
4GNLd−2(d− 1)

∫ ∞

r0
drJ (r)

√
r2d−2 − r2d−2

0 . (9.60)

Since J > 0 corresponds to a flux of energy density towards decreasing r, we see that
matter falling out of the entanglement wedge and deeper into the bulk is directly re-
sponsible for the increase of entanglement. Conversely, outgoing matter is responsible
for decrease in entanglement. We can also rewrite this formula in a covariant way. In
appendix A.3.3 we show that

dSR
dt

∣∣∣∣
t=0

=
∫
X
GTabnata (9.61)

where na is the outwards unit normal to X that is tangent to Σ, and

G(r) = 2πrd

(d− 1)rd−1
0

. (9.62)

The formulas (9.42), (9.58)–(9.62) are the main results of this section. These results
together with the theorems proven in the following section are crucial pieces to our proven
bounds.

9.2.4 Geometric constraints on the HRT surface
In this section, we prove the following

11For thin-shell spacetimes J (ρ) can be a delta function, but we can safely assume this delta function
does not have support exactly at r = r0.
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Theorem 9. Let (M, gab) be a regular asymptotically AdSd+1≥3 spacetime with planar
symmetry satisfying the DEC. Let X be the HRT surface of a strip R of width ℓ, and let
be r0 be the smallest radius probed by X. Then

L2

r0
≤

Γ
(

1
2(d−1)

)
2
√
πΓ

(
d

2(d−1)

)ℓ. (9.63)

Furthermore, if r0,vac is the smallest radius probed by the HRT surface X0 of a strip of
width ℓ in pure AdSd+1, then

r0 ≥ r0,vac. (9.64)

We now give the proof assuming that ω(r0) ≥ 0, and then we will spend most of the rest
of this section proving this assertion.

Proof. By Lemma 3, proven below, we have that ω(r0) ≥ 0. Furthermore, the DEC
implies that E is positive. Hence, (9.59) gives that ω(r) is everywhere positive. But this
means that

B(r) = 1
r2

L2 − ω(r)
rd−2

≥ L2

r2 , (9.65)

which allows us to lower bound the strip width as follows:

ℓ = 2LΦ(∞) = 2L
∫ ∞

r0
dρ

√
B(ρ)

ρ
√

(ρ/r0)2d−2 − 1

≥ 2L2
∫ ∞

r0
dρ 1
ρ2
√

(ρ/r0)2d−2 − 1

= 2L2

r0

√
πΓ

(
d

2(d−1)

)
Γ
(

1
2(d−1)

) .

(9.66)

Finally, if we are in pure AdS, we must have have that the spacetime mass is vanishing,
implying that ω(∞) = 0, and so by ω′(r) ≥ 0 and the fact that ω(r0) ≥ 0, we must
have ω(r) = 0 everywhere. But that means that the above inequalities become equalities,
giving L2

r0
≥ L2

r0,vac
, which implies (9.64).

Now we turn to proving that ω(r0) is non-negative. The crucial tool is a planar-symmetric
AdSd+1 version of the Lorentzian Hawking mass [311], which we define for a planar surface
σ as

µ[σ] = rd

L2 − 2rdθ+θ−

k+ · k−(d− 1)2 , (9.67)

where k+ and k− are the outwards and inwards null vectors orthogonal to σ, respectively,
and θ± the corresponding null expansions. In [312], generalizing the results of [313] to
planar symmetry and AAdSd+1 spacetimes, it was shown that the DEC implies that µ[σ]
is monotonically non-decreasing when σ is moving in an outwards spacelike direction,
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Figure 9.2: Example of two complete hypersurfaces Γ and Γ′. The Lorentzian Hawking mass is
vanishing at r = 0 and positive at marginally trapped surfaces, given by the planes contained in
the gray line. µ is monotonically non-decreasing along spacelike outwards flows in the untrapped
region, where θ+ ≥ 0, θ− ≤ 0. At the boundary σ of the extended homology hypersurface Σ,
the Riemannian Hawking mass ω with respect to Σ agrees with the Lorentzian Hawking mass
µ.

provided we are in a normal region of spacetime, meaning that θ+ ≥ 0, θ− ≤ 0 when we
take ka+ and ka− to be future directed.12

Furthermore, it is useful to rewrite the Riemannian Hawking mass ω(r) in a different
way. ω can be thought of as a function of a planar surface σ together with a hypersurface
Σ containing it, and in [306] it is shown that we can write ω as

ω[σ,Σ] = rd

L2 − K[σ]2
(d− 1)2 , (9.68)

where K is the mean curvature of σ in Σ. Using (9.51), which assumes the normalization
k+ · k− = −1, we see that 2θ+θ− = (K − nαnβKαβ)2 − K2, and so we get the following
relation between the Hawking masses

µ[σ] = ω[σ,Σ] + rd

(d− 1)2 (K − nαnβKαβ)2. (9.69)

With this in hand, we prove the following Lemma.

Lemma 2. Let Γ be a complete planar symmetric hypersurface with one conformal bound-
ary. Let σr be a one-parameter family of planes in Γ with radius r, and with r ∈ (0, ϵ]
for any ϵ > 0. Then

lim
r→0

µ[σr] ≥ 0. (9.70)
12This monotonicity is a planar-symmetric Lorentzian version of the monotonicity the Riemannian

Hawking mass under inverse mean curvature flow, which has been used to prove Riemannian Penrose
inequalities [307–310]. A Lorentzian flow with a monotonic Lorentzian Hawking mass for compact
surfaces in three dimensions, without any symmetry assumptions, was studied in [314].
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Proof. Let us pick coordinates

ds2|Γ =
[
r2

L2 − ω(r)
rd−2

]−1

dr2 + r2dx2 (9.71)

on Γ in a neighborhood of r = 0. Since Γ is complete and we only have one conformal
boundary, arbitrarily small r must be part of Γ. Since Γ is spacelike, we must have
ω(r) ≤ rd/L2, which means that ω(r) ∼ O(rd) at small r. Now, from (9.69) we see that
µ[σr] ≥ ω[σr,Γ] and so

µ[σr] ≥ O(rd). (9.72)

Taking r → 0 proves our assertion.

Now we are ready to prove that ω(r0) ≥ 0, together with the fact that the tip of the HRT
surface cannot lie in a trapped region.

Lemma 3. Let (M, gab) be a planar-symmetric regular asymptotically AdSd+1 spacetime.
Let X be the HRT surface of a strip. Then the tip of X lies in an untrapped region of
spacetime, meaning the future null expansions of the plane σ tangent to X at the tip
satisfies

θ+[σ] ≥ 0, θ−[σ] ≤ 0. (9.73)

Furthermore, if the DEC holds and (M, g) is regular, the Riemannian Hawking mass of
σ is non-negative:

ω[σ,Σ] = ω(r0) ≥ 0. (9.74)

Proof. Let Σ be the unique planar symmetric extended homology hypersurface containing
X. Let σ be the boundary of Σ in the bulk, having radius r0. Its null expansion is

√
2θ±[σ] = ±K[σ] +K − rαrβKαβ, (9.75)

where rα = 1√
B

(∂r)α. An explicit computation gives

K[σ] = d− 1
r0

√
B(r0)

,

K = 1
B
Krr + Kϕϕ(d− 1)

r2 ,

(9.76)

and so we find √
2θ±[σ] = ± d− 1

r0

√
B(r0)

− Kϕϕ(r0)(d− 1)
r2

0
. (9.77)

From (9.58) we have that Kϕϕ(r0) = 0, and so we get that

±θ± ≥ 0, (9.78)

proving the first assertion.
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Next, since Kϕϕ(r0) = 0 we see that 2θ+θ−|σ = −K2|σ, implying that µ[σ] = ω[σ,Σ].
Now, since our spacetime is AdS-hyperbolic, we can embed σ in a complete hypersurface
with planar symmetry Γ, see Figure 9.2. Since σ lies in an untrapped region of spacetime,
and since Γ is spacelike, µ[σ] is monotonically non-increasing as we deform σ in inwards
along Γ while preserving its planar symmetry. Since the gab is C2, θ± are continuous, and
so as we deform σ inwards, one of two things happen. Either we hit a marginally trapped
surface, where θ+θ− = 0 and where µ is manifestly positive, or we approach r = 0, where
we again have that µ is non-negative by Lemma 2. See Figure 9.2. But since µ is non-
increasing along this deformation, and since it ends up somewhere non-negative, we must
have µ[σ] ≥ 0. But µ[σ] = ω[σ,Σ], completing the proof.

We have illustrated the fact that the tip cannot lie in a trapped region of spacetime
in Figure 9.1 – the tip cannot lie behind the gray line. Note that the proof of this fact
does not rely on the DEC. This result improves on the findings of [315] in the special
case where we have planar symmetry. In [315], they showed without any symmetry
assumptions that the tip of an HRT surface in a (2+1)–dimensional spacetime can never
lie in the so-called umbral region, which is a special subset of the trapped region that lies
behind regular holographic screens [315, 316]. They also showed this result with planar
symmetry in all dimensions. Here we extend this result to show that the whole trapped
region is forbidden, although our result is more limited in that it always requires planar
symmetry and a strip (or spherical) boundary region. Note also that this result does not
forbid X to probe inside trapped regions – it is only the tip that is forbidden to lie there
(see Figure 9.1). For example, for early times after a quench, the HRT surface will have
portions threading through the trapped region [240, 241].

9.2.5 Proofs
Proof of d = 2 bound

We are now ready to prove Theorem 5. Evaluating the Lorentzian Hawking mass on a
sphere at large r in a planar symmetric AAdSd+1 spacetime with falloffs (9.19), we get
that

⟨Ttt⟩ = d− 1
16πGNLd−1µ(∞). (9.79)

This is valid also for d = 2, except if ϕ is periodically identified, we must replace the left
hand side with ⟨Ttt⟩ − ⟨Ttt⟩vac. It can be seen to be true by evaluating µ(∞) near the
boundary in the usual Fefferman-Graham expansion [303–305]. Now, from (9.69) and
(9.76) we have that

µ(r) = ω(r) + rd−4Kϕϕ(r)2. (9.80)
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From (9.58), we see that Kϕϕ has asymptotic falloff Kϕϕ ∼ O(r3−d). Thus, we get that
for d ≥ 3, µ(∞) = ω(∞), while for d = 2, we have

µ(∞) = ω(∞) +
(

lim
r→∞

r−1Kϕϕ

)2
. (9.81)

Since ω(∞) ≥ 0 by the DEC, when d = 2 we obtain∣∣∣∣ lim
r→∞

r−1Kϕϕ

∣∣∣∣ ≤
√
µ(∞) =

√
16πGNL ⟨Ttt⟩. (9.82)

Using that Area[∂Rt] = 2, and combining (9.82) and (9.42) then yields
∣∣∣∣dSRdt

∣∣∣∣
t=0

≤ 1
2GN

√
16πGNL ⟨Ttt⟩ =

√
8πc
3 ⟨Ttt⟩, (9.83)

where we used the known Brown-Henneaux expression for the central charge: c = 3L
2GN

[317]. This proves Theorem 5.

Proof of bound for small ℓ

Now let us consider the result for small subregions, given by Theorem 7. The following
Lemma is what we need:

Lemma 4. Let (M, gab) be a regular asymptotically AdSd+1≥3 spacetime with planar
symmetry satisfying the DEC. Let X be the HRT surface of a strip R of width ℓ, and let
be r0 be the smallest radius probed by X. Assume that

ℓd ⟨Ttt⟩
ceff

≪ 1. (9.84)

Then ∣∣∣∣ lim
r→∞

rd−3Kϕϕ

∣∣∣∣ ≤ L

2r0
ω(∞)

[
1 + O

(
ℓd ⟨Ttt⟩
ceff

)]
. (9.85)

Proof. Let us for convenience define W = − limr→∞ rd−3Kϕϕ, and assume without loss of
generality that W > 0 (otherwise, just reverse the time direction). Using the solutions
(9.58) and (9.59), we have that

W

ω(∞) = 1
d− 1

∫∞
r0

drJ (r)
√
r2d−2 − r2d−2

0

ω(r0) +
∫∞
r0

dr
[
rd−5h1(r)Kϕϕ(r)2 + 2rd−1

d−1 E(r)
]

≤
∫∞
r0

drrd−1J (r)
2
∫∞
r0

drrd−1E(ρ) .

(9.86)

The DEC requires that

0 ≤ 8πGNTab
[
ta ± 1√

B
(∂r)a

]
tb = E ± 1√

B
J , (9.87)
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and so we have that
E ≥ 1√

B
|J |. (9.88)

Writing B in terms of ω, and enforcing the DEC, we get

W

ω(∞) ≤
∫∞
r0

drrd−1J (r)
2
L

∫∞
r0

drrd
√

1 − ω(r)L2

rd |J (r)|
. (9.89)

Let us now for a moment assume that we are perturbatively close to the vacuum, where
ϵ is a perturbative parameter parametrizing the magnitude of ω(∞). By monotonicity
and positivity of ω(r), ω(r) ∼ O(ϵ) as well, and so the ω(r) appearing in the square root
gives higher order contributions:

W

ω(∞) ≤
∫∞
r0

drrd−1|J (r)|
2
L

[∫∞
r0

drrd|J (r)| − L2

2
∫∞
r0

drω(r)|J (r)| + . . .
]

= L

2

∫∞
r0

drrd−1|J (r)|∫∞
r0

drrd|J (r)|

[
1 + L2

2

∫∞
r0

drω(r)|J |∫∞
r0

drrd|J |
+ . . .

]

≤ L

2r0

[
1 + L2

rd0
ω(∞) + . . .

]

≤ L

2r0

[
1 + L2d

rd0

µ(∞)
L2d−2 + . . .

]

= L

2r0

[
1 + 16πηd

d− 1
ℓd ⟨Ttt⟩
ceff

+ . . .

]

(9.90)

where ηd is the O(1) number coming from using (9.63). We see that the effective expansion
parameter is the dimensionless quantity ℓd⟨Ttt⟩

ceff
. So the expansion is not really in small

mass, which is dimensionful, but in small strip width relative to the inverse energy density
per CFT degree of freedom.

From (9.42) and (9.63), we get, up to the perturbative corrections,

∣∣∣∣dSRdt

∣∣∣∣ ≤ Area[∂R]
4GNLd−2

L

2r0
ω(∞) ≤

√
π

d− 1
Γ
(

1
2(d−1)

)
Γ
(

d
2(d−1)

)ℓArea[∂R] ⟨Ttt⟩

= Vol[R] ⟨Ttt⟩


2π d = 2
√
π

d−1
Γ( 1

2(d−1))
Γ( d

2(d−1))
d > 2

,

(9.91)

where we used (9.63) and (9.45) in the second inequality. This also holds for d = 2, since
ω(∞) ≤ µ(∞), provided we replace ⟨Ttt⟩ → ⟨Ttt⟩ − ⟨Ttt⟩vac if ϕ is compact. Also, note
that for d = 2 we have that ℓArea[∂R] = 2Vol[R]. This completes the proof of Theorem 7
for strip regions.
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r = 0

r̂ Σ

∂M

R
r0

r = 0

Σr̂

∂M

R
r0

Figure 9.3: Examples of thin-shell spacetimes, where the blue lines correspond to the shells.
The left space is dual to a uniform quench, where matter is thrown in from the boundary, while
the right is a spacetime with a brane in the bulk interior.

Proof of bounds in thin-shell spacetimes

We now turn our attention to thin-shell spacetimes, where we will be able to establish
that a bound of the form |∂tS| ≤ #Vol[R] ⟨Ttt⟩ holds for any ℓ. Furthermore, in this class
of spacetimes we will prove our conjectured generalization of Theorem 5 to d > 2, i.e.
Theorem 6.

Consider a spacetime where the matter consists of a single thin shell of matter that
separately satisfies the DEC, together with a possible contribution from any number of
U(1) gauge fields:

E = κδ(r − r̂) + EMaxwell,

J = ηδ(r − r̂),
(9.92)

for some η, κ, r̂ > r0. See Figure 9.3. Here we used that in planar symmetry, Maxwell
fields give no contribution to the radial momentum density J (see for example Sec. 3
of [306]). In fact, we can add to the U(1) gauge fields any matter that has a positive
contribution to E but no contribution to J .

The DEC, through (9.88), imposes that J only can have support at r̂. Without loss
of generality, we take η > 0. Let us in this section also use our scaling freedom in r to
set r0 = L and choice of units to set L = 1.

Define again W = − limr→∞ rd−3Kϕϕ. Plugging (9.92) into (9.58), the solution for
Kϕϕ is

Kϕϕ(r) = − r2

d− 1η
√
r̂2d−2 − 1
r2d−2 − 1θ(r − r̂), (9.93)

and so
η = (d− 1)W√

r̂2d−2 − 1
, (9.94)
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which gives
Kϕϕ(r) = − r2W√

r2d−2 − 1
θ(r − r̂). (9.95)

Next, let us solve for the contribution to ω(r) from the squared extrinsic curvature term
in (9.59):

Q(r) ≡
∫ r

1
dρρd−5Kϕϕ(ρ)2h1(ρ)

= θ(r − r̂)W 2
∫ r

r̂
dρρd−1 h1(ρ)

[ρ2d−2 − 1]

= W 2θ(r − r̂)
[

r̂d

r̂2d−2 − 1 − rd

r2d−2 − 1

]
.

(9.96)

To proceed, we need to understand what happens to ω as we cross the shock. Restricting
attention to a small neighborhood of r̂, where we can treat explicit occurrences of r not
appearing in delta functions as constant, the equation for ω reads

(d− 1)ω
′(r)
r̂d−1 = 2E shell + . . . , (9.97)

where the terms indicated with dots will make no contribution to the discontinuity. Re-
membering that the DEC implies that

√
BE ≥ |J |, imposing the DEC on the shell means

that

E shell ≥
√
r̂2 − ω(r)

r̂d−2 ηδ(r − r̂). (9.98)

Inserting (9.98) into (9.97), dividing by the prefactor of the delta function, and integrating
from r̂ − ε to r̂ + ε for some small positive ε, we find√

r̂2 − ω−

r̂d−2 −
√
r̂2 − ω+

r̂d−2 ≥ r̂

d− 1η + O(ε), (9.99)

where we defined ω± = ω(r̂± ε). We only have a sensible solution when B(r) is real and
positive everywhere, which requires

1
d− 1η ≤

√
1 − ω−

r̂d
. (9.100)

Solving for ω− from (9.99) and inserting our expression for η, we get that

ω+ ≥ ω− + r̂d√
r̂2d−2 − 1

W

[√
1 − ω−

r̂d
− W√

r̂2d−2 − 1

]
. (9.101)

Using this and (9.80), the Lorentzian Hawking mass at infinity has the lower bound

µ(∞) = ω(∞) + δd2W
2

≥ ω− + r̂d√
r̂2d−2 − 1

W

[√
1 − ω−

r̂d
− W√

r̂2d−2 − 1

]
+Q(∞) + δd2W

2

= ω− + r̂d√
r̂2d−2 − 1

W

√
1 − ω−

r̂d
,

(9.102)
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where δij is the Kronecker delta. Thus, for any real n, we have that
W n

µ(∞) ≤ W n

ω− + r̂d√
r̂2d−2−1

W
√

1 − ω−
r̂d

≡ Un, (9.103)

together with the constraints

0 ≤ ω− ≤ r̂d, (9.104)

W ≤
√
r̂2d−2 − 1

√
1 − ω−

r̂d
. (9.105)

Our goal will now be to upper bound Un for all legal triplets (W, r̂, ω−) for n = 1 and
n = d

d−1 , which turns out to be values that will give interesting growth bounds.
Note first that we have

∂2
ω−Un ≥ 0, (9.106)

so any local extremum of Un with respect to ω− is a minimum. Thus, for any given W

and r̂, Un is maximized when ω− is on the boundary of its domain. First, take ω− = 0.
Then, assuming that 1 ≤ n ≤ d

d−1 ,

Un = W n−1
√
r̂2d−2 − 1
r̂d

≤

[
r̂2d−2 − 1

]n
2

r̂d
≤ r̂n(d−1)

r̂d
≤ 1, (9.107)

where we used (9.105) in the second inequality. For n = 1, we get the stronger bound

U1 ≤
√
r̂2d−2 − 1
r̂d

≤
√
d− 1
d

d
d−1

≡ αd, (9.108)

where the upper bound is found by maximizing with respect to r̂. Next, let us look at
the maximal value for ω−, where we have the equality

W =
√
r̂2d−2 − 1

√
1 − ω−

r̂d
. (9.109)

Neglecting the first ω− in the denominator of Un and using W ≤
√
r̂2d−2 − 1, we get

Un ≤

[
r̂2d−2 − 1

]n/2

r̂d
. (9.110)

But this is just the expression bounded earlier, and so (9.107) and (9.108) holds generally.
Restoring factors of L, r0, we have the following true bounds

W ≤ L
d−2

d ω(∞) d−1
d , (9.111)

W ≤ αd
L

r0
ω(∞). (9.112)

Redoing the steps in (9.91) with the numerical factor from in (9.112), we get Theo-
rem 8 for strip regions. Next, inserting (9.111) into (9.42), we find∣∣∣∣dSRdt

∣∣∣∣ ≤ Area[∂R]
4GNLd−2L

d−2
d

[
16πGNL

d−1

d− 1 ⟨Ttt⟩
] d−1

d

= 1
4Area[∂R]ceff

[
16π

(d− 1)ceff
⟨Ttt⟩

] d−1
d

,

(9.113)
proving Theorem 6 for strip regions.
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Figure 9.4: Possible HRT surfaces X and X ′ of the region R1 ∪R3, projected onto a timeslice.

9.2.6 Multiple strips and mutual information
Our results not scaling with Vol[R] can be generalized to regions R consisting of n disjoint
finite strips by simply applying the same argument to each connected component of the
HRT surface separately. For d = 2 this results in∣∣∣∣∣dSRdt

∣∣∣∣∣ ≤ n

√
8πc
3 ⟨Ttt⟩. (9.114)

It is easy to see that (9.113) also holds true for n strips. No modification is needed, since
Area[∂R] implicitly contains the factor of n present in the d = 2 case.

For the bounds scaling like volume, the behavior is different, since the upper bound
depends on the connectivity properties of the entanglement wedge. Consider for example
d = 2 and the three intervals R1, R2, R3 in Figure 9.4, and let R = R1 ∪R3 be the region
under consideration. We then see that

∣∣∣∣dSRdt

∣∣∣∣ ≤ κ ⟨Ttt⟩

Vol[R] the entanglement wedge is disconnected,
Vol[R] + 2Vol[R2] the entanglement wedge is connected,

(9.115)

where κ is the relevant numerical prefactor of either Theorem 7 or 8. We get this result by
adding the different volume factors from each connected component of the HRT surface.
Similar games can be played for n strips in d dimensions.

Next, lets us consider d = 2 and the mutual information between two subsystems R1

and R2 consisting of n1 and n2 finite intervals, respectively. We then have∣∣∣∣∂tI(R1, R2)
∣∣∣∣ = |∂tSR1 + ∂tSR2 − ∂tSR1R2 | ≤ |∂tSR1 | + |∂tSR2| + |∂tSR1R2|

≤ (2n1 + 2n2)
√

8πc
3 ⟨Ttt⟩.

(9.116)

Using (9.28), the generalization to higher d is obvious.
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9.3 Maximal rates for Balls, Wilson Loops and Correla-
tors

9.3.1 Setup and summary of results
In this section we will consider extremal surfaces Xt of dimension q + 1 anchored at
q-dimensional spheres ∂Rt at time t on the conformal boundary, where extremal means
that all the mean curvatures of Xt are zero.13 We take the spheres to have radius R. For
q = 0, ∂Rt just consists of two points, and Xt is a one-parameter family of geodesics. For
q = d− 2, Xt is a one-parameter family of HRT surfaces anchored at spheres. For q = 1,
Xt are two-dimensional spacelike worldsheets anchored at circles.

As before we are working with planar symmetric spacetimes, subject to the same
assumptions described in Sec. 9.2.1. The logical steps will be mostly identical to Sec. 9.2,
but with extra technicalities coming from the curvature of ∂Rt. Note that since we
now have submanifolds of varying dimensions, we will use the symbol ∥·∥ to indicate
the measure of the surface in the natural induced volume form. For quantities on the
conformal boundary, ∥·∥ means with respect to the induced metric from the Minkowski
conformal frame. We will use Length[], Area[] and Vol[] to refer to the measure of surfaces
of dimension 1, codimension 2, and codimension 1, respectively.

To describe the relevant subregions in our results, let z be Cartesian coordinates in
the direction transverse to the sphere ∂Rt. We now choose coordinates for our Minkowski
conformal frame on the boundary to be

ds2 = −dt2 + L2
(
dϕ2 + ϕ2dΩ2

q + dz2
)
, (9.117)

with dΩ2
q the metric of a round unit q-sphere, and with the constant−t slices the ones on

which one-point functions of local operators are constant. For q = 0 there is no dΩ2
q–term,

while for q = d − 2 there is no dz2 term. ϕ is a dimensionless radial coordinate on the
boundary, and Rt′ is given by

0 ≤ ϕ ≤ R
L
, t = t′, z = 0. (9.118)

We now have
∥∂Rt∥ = ∥∂R∥ = ΩqRq, (9.119)

where Ωq is the volume of a unit q-sphere.
Let us now summarize the results proven in this section. For entanglement entropy,

we will prove the parts Theorems 6, 7 and 8 that refer to spherical ∂R. For extremal
surfaces of other dimensionalities, the following theorem applies to the most general class
of spacetimes and subregions:

13This means that the generalized volume of Xt is stationary under perturbations with compact sup-
port.
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Theorem 10. Let (M, gab) be a regular asymptotically AdSd+1 spacetime with planar
symmetry satisfying the DEC. Assume that d is even, and let be Xt be an extremal surface
of dimension d/2, anchored on the conformal boundary at the sphere ∂Rt. Then∣∣∣∣∣ d

dt∥Xt∥
∣∣∣∣∣ ≤ ∥∂R∥L

d
2

√
16π

ceff(d− 1) ⟨Ttt⟩. (9.120)

Of course, for d = 2, this just reduces to Theorem 5. For d = 4 this can be converted
to the growth bound on circular Wilson loops, given by (9.13). Next, for surfaces Xt

anchored at small spheres on the boundary, we get the following:

Theorem 11. Let (M, gab) be a regular asymptotically AdSd+1 spacetime with planar
symmetry satisfying the DEC. Let be Xt be an extremal surface of dimension q + 1,
anchored on the conformal boundary at the sphere ∂Rt having radius R. Assume that

q ≥ d− 2
2

(9.121)

and
Rd ⟨Ttt⟩
ceff

≪ 1. (9.122)

Then ∣∣∣∣∣ d
dt∥Xt∥

∣∣∣∣∣ ≤ ηd,q∥∂R∥Lq+1Rd−q−1 ⟨Ttt⟩
ceff

[
1 + O

(
Rd ⟨Ttt⟩
ceff

)]
, (9.123)

where

ηd,q = 8π
d− 1

 Γ
(

1
2(q+1)

)
√
πΓ

(
q+2

2(q+1)

)
d−q−1

. (9.124)

Using well known dictionary entries, described in Sec. 9.3.6, this converts to growth
bounds on the entanglement of small balls, small circular Wilson loops, and heavy two-
point functions at small separations. Specifically, for the latter two, we get∣∣∣∣ d

dt log | ⟨O(x)O(0)⟩ρ(t) |
∣∣∣∣ ≤ 8π∆

ceff
|x| ⟨Ttt⟩

[
1 + O

(
|x|2 ⟨Ttt⟩
ceff

)]
, d = 2, (9.125)

and∣∣∣∣ d
dt log | ⟨W(C)⟩ρ(t) |

∣∣∣∣ ≤ 8π
√
λeff

(d− 1)ceff
ηd,1Rd−1 ⟨Ttt⟩

[
1 + O

(
Rd ⟨Ttt⟩
ceff

)]
, d ∈ {3, 4},

(9.126)
where

√
λeff = L2/ℓ2

string is the effective ’t Hooft coupling, and ℓstring the bulk string
length. Finally, for thin-shell spacetimes, we prove the following:

Theorem 12. Let (M, gab) be an asymptotically AdSd+1 spacetime with planar symmetry
satisfying the DEC. Assume that Xt is an extremal surface anchored at a boundary sphere
of dimension

q ≥ d− 2
2 . (9.127)
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Next, assume that the bulk matter consists of U(1) gauge fields and a thin shell of matter:

Tab = T shell
ab + T Maxwell

ab , (9.128)

where T shell
ab has delta function support on a codimension−1 worldvolume that is timelike

or null, and that separately satisfies the DEC. Assume (M, g) is regular, except we do
not require gab to be C2 at the shell. Then

∣∣∣∣ d
dt∥Xt∥

∣∣∣∣ ≤ ∥∂R∥Lq+1
[

16π
(d− 1)ceff

⟨Ttt⟩
] q+1

d

(9.129)

and ∣∣∣∣∣ d
dt∥Xt∥

∣∣∣∣∣ ≤ κd,q∥∂R∥Lq+1Rd−q−1 ⟨Ttt⟩
ceff

(9.130)

with κd,q given by (9.191).

The main application of (9.129) is to bound Wilson loops in d = 3, where we get
∣∣∣∣ d
dt log | ⟨W(C)⟩ρ(t) |

∣∣∣∣ ≤
√
λeffLength[C]

2π

[ 8π
ceff

⟨Ttt⟩
]2/3

. (9.131)

Let us now turn to the proofs.

9.3.2 An implicit solution for the extremal surface location
As earlier, let Σ be the extended planar symmetric homology hypersurface containing X.
For the exact same reason as earlier, there is a unique choice of Σ. We can now pick
coordinates on Σ given by

ds2|Σ = Hµνdyµdyν = B(r)dr2 + r2
(
dϕ2 + ϕ2dΩ2

q + dz2
)
. (9.132)

Again, one such coordinate system covers all of Σ, as shown in appendix A.3.5.
We take our intrinsic coordinates on X to be (r,Ωi), where Ωi are coordinates on the

sphere. The embedding coordinates of X in Σ reads

Xµ = (r, ϕ = Φ(r),Ωi, z = 0), (9.133)

where the symmetries of the problem dictate z = 0. The induced metric on X is

ds2|X =
[
B(r) + r2Φ′(r)2

]
dr2 + r2Φ(r)2dΩ2

q. (9.134)

Now we must implement the condition that X is extremal, which requires us to compute
all its mean curvatures and demand them to be vanishing. To do this, let nIa be an
orthonormal basis of normal forms to X that are tangent to Σ, labeled by I. Let ta be
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the future timelike normal orthogonal to Σ. A complete basis of mean curvatures of X
now is

KI = hab∇an
I
b ,

K0 = hab∇atb,
(9.135)

where hab = gab+ tatb− δIJnaIn
b
J . All of these quantities must vanish. Considering the KI

corresponding the z directions, we just get 0 by our symmetries. Letting I = n denote
the remaining normal direction in Σ, we get by direct computation that (see appendix
(A.3.6) for some of the required ingredients)

Kn = 1
r
√
B [B + r2(Φ′)2]3/2

r2BΦ′′ + (q + 1)r3(Φ′)3

+
(

(q + 2)B − 1
2rB

′
)
rΦ′ − qB

Φ
(
B + r2(Φ′)2

) .
(9.136)

If it was not for the last term, we would reproduce (9.37) by setting q = d− 2. The new
term is caused by the curvature of ∂R. Now, with this last term, we no longer have an
explicit analytical solution (when q > 0). However, we can find an implicit solution that
lets us proceed. Define

χ(r) = qB

ΦΦ′

(
B

Φ′2 + r2
)
, (9.137)

so that our equation for extremality reads

(q + 1)r3(Φ′)3 +
(

(q + 2)B − 1
2rB

′
)
rΦ′ + r2BΦ′′ − (Φ′)3χ(r) = 0. (9.138)

Imposing Φ(r0) = 0, where r0 is the tip of the extremal surface, we have the implicit
solution

Φ(r) =
∫ r

r0
dρ

√
B(ρ)

ρ
√

Cρ2q+2h(ρ) − 1
, (9.139)

where
h(r) = 1 − 2

C

∫ r

r0
dρχ(ρ)ρ−6−2q, (9.140)

for some C that is fixed by imposing Φ′(r0) = ∞. Assuming h(r0) is finite, we get that
C = r−2q−2

0 . This is indeed correct, even though χ(r0) looks superficially divergent. Since
we are near a minimum of r(Φ) we have that r = r0 + O(Φ2) near r0, and so for r close
to r0 we get Φ = α

√
r − r0 for some α. Even though Φ goes to zero at r0 we find that

χ(r) ∼ O(1) (9.141)

near r0, and so h(r0) = 1. Next, reality of Φ(r) demands that h(ρ) ≥ (r0/r)2q+2, while
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positivity of Φ and Φ′ ensures that h(r) ≤ 1, and so in total we know that14

Φ(r) =
∫ r

r0
dρ

√
B(ρ)

ρ
√

(ρ/r0)2q+2h(ρ) − 1
, 0 < (r0/r)2q+2 < h(r) ≤ 1. (9.142)

9.3.3 The relation between the Hawking masses
Take Kαβ to be the extrinsic curvature of the extended homology hypersurface. Like in
the case of the strip, we have that

µ(r) = ω(r) + rd−4Kϕϕ(r)2, (9.143)

which follows from the same computation as in the previous section, together with (A.54)
in appendix A.3.6. We have that Kϕϕ ∼ O(1/rq−1), as becomes clear in the next section.
Thus, at large r we have

µ(r) = ω(r) + O
(
rd−2−2q

)
. (9.144)

Consequently, ω(∞) is proportional to spacetime mass if and only if

q >
d− 2

2 . (9.145)

If 2q = d− 2, ω(∞) is smaller than µ(∞) by some finite number. For 2q < d− 2, we get
ω(∞) = −∞ by (9.144) and the fact that µ(∞) is finite and positive. We will see below
that this comes out of the constraint equations, since exactly when 2q < d − 2, ω(r) is
neither positive nor monotonically increasing. We will not be able to say anything about
the case 2q < d− 2.

9.3.4 ∂t∥Xt∥ ≤ momentum on Xt

The time-derivative of the generalized volume satisfies [301, 302]

d
dt∥Xt∥ =

∫
∂Xt

Naηa, (9.146)

where ηa = (∂t)a generates the deformation of ∂Xt, while Na is the unit vector that is (1)
tangent to Xt, (2) orthogonal to ∂Xt, and (3) pointing towards the conformal boundary.
A computation in appendix A.3.4 shows that (9.146) can be written as

d
dt∥Xt∥

∣∣∣∣
t=0

= ∥∂R∥
Lq

lim
r→∞

rq−1Kϕϕ(r). (9.147)

Now we again reach the stage where we must write the Einstein constraint equations as
a closed system, which requires us to impose extremality in the timelike direction.

14By the same kind of analysis as in appendix A.3.5, we cannot have additional turning points where
Φ′(r) diverges, and so we have strict inequality in the lower bound.
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First, note that from the planar symmetry of Σ, if x are Cartesian coordinates on the
plane containing R, then we have that the extrinsic curvature of Σ reads

Kµνdyµdyν = Krr(r)dr2 +Kϕϕ(r)
(
dx2 + dz2

)
= Krr(r)dr2 +Kϕϕ(r)

(
dϕ2 + ϕ2dΩ2

q + dz2
)
.

(9.148)

Thus, the components of the extrinsic curvature with indices in the sphere directions
reads

Kij = Kϕϕ(r)ϕ2wij, (9.149)

where wij is the unit metric on the q-sphere. Define again F (r) through the relation
Krr(r) = F (r)B(r). Computing K0 = 0, using (9.149), and solving for F (r) (see Ap-
pendix A.3.6), we get, after substituting our expression for Φ(r), that

F (r) = −Kϕϕ(r)
r2 H(r), (9.150)

where we for convenience defined the function

H(r) = q(r/r0)2q+2h(r) + 1
(r/r0)2q+2h(r) − 1 .

(9.151)

Since ∂hH < 0 and h(r) ≤ 1, we get the lower bound

H(r) ≥ q(r/r0)2q+2 + 1
(r/r0)2q+2 − 1 ≡ HL(r). (9.152)

The constraint equations (9.47) and (9.48) are unchanged, except now the expression for
F (r) is different. Plugging it in we get

(d− 1)ω
′(r)
rd−1 = 2E + (d− 1)

r4 Kϕϕ(r)2 [2H(r) − d+ 2] , (9.153)

K ′
ϕϕ + [H(r) − 1] Kϕϕ

r
= − r2

d− 1J (r). (9.154)

Now, using the lower bound HL(r), let us note the following:

2H(r) − d+ 2 ≥ (2q − d+ 2)(r/r0)2q+2 + d− 1
(r/r0)2q+2 − 1 . (9.155)

This is positive definite for all r only when q ≥ d−2
2 , so for geodesics (q = 0), we only have

monotonicity of ω(r) when d = 2. But this is just the case studied in the previous section.
For (q = 1), which is the relevant case for Wilson loops, we have monotonicity of ω(r)
only for d ≤ 4. For an HRT surface we have q = d−2, and so we have monotonicity in all
dimensions. It is in fact quite surprising that we have monotonicity for any q whatsoever,
since when looking at the Einstein constraint equations in covariant form, monotonicity
of the Riemannian Hawking mass is only manifest on hypersurfaces that have vanishing
mean curvature.
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Let us assume 2q ≥ d − 2 going forward, and let us bound Kϕϕ and µ at infinity.
Fixing an integration constant by demanding that F (r0) = finite, the solution to the
momentum constraint is

Kϕϕ(r) = − 1
d− 1

∫ r

r0
dρρ2J (ρ)e−

∫ r

ρ
d 1

z
(H(z)−1)

. (9.156)

We have that

|Kϕϕ(r)| ≤ 1
d− 1

∫ r

r0
dρρ2|J (ρ)|e−

∫ r

ρ
d 1

z
(HL(z)−1)

= r2

(d− 1)
√

(r/r0)2q+2 − 1

∫ r

r0
dρ|J (ρ)|

√
(ρ/r0)2q+2 − 1.

(9.157)

We see from this expression that Kϕϕ ∼ O(1/rq−1). Also, in this last expression, if we
replace |J | → −J , we just get the solution of (9.154) with H(r) replaced by HL(r). We
will use this fact later.

Inserting (9.157) in (9.147), we finally get∣∣∣∣ d
dt∥Xt∥

∣∣∣∣ ≤ (d− 1)∥∂R∥
Lq

∫ ∞

r0
dρ|J (ρ)|

√
ρ2q+2 − r2q+2

0 . (9.158)

Unlike for an HRT surface anchored at a strip, we are here only able to write an inequality.
Next, let us turn to the second ingredient: the mass. Rewriting (9.153) in terms of

µ(r), we get

(d− 1)µ
′(r)
rd−1 = 2E + (d− 1)

r4 Kϕϕ(r)2 [2H(r) + d− 6] + 2(d− 1)
r3

d
drK

2
ϕϕ. (9.159)

After an integration by parts and using H(r) ≥ HL(r), we get that

µ(∞) ≥ µ(r0) + 2
d− 1

∫ ∞

r0
dρρd−1E(ρ) +

∫ ∞

r0
dρρd−5Kϕϕ(r)2 [2HL(r) + d] (9.160)

where
2HL(r) + d = (d+ 2q)(r/r0)2q+2 + (d− 2)

(r/r0)2q+2 − 1 ≥ 0. (9.161)

Possessing now an upper bound on ∂t∥Xt∥ and a lower bound on mass, we next need
an upper bound on L2/r0.

9.3.5 Constraints on boundary anchored extremal surfaces
It turns out that generalizations of Lemmata 2 and 3 remain true for the surfaces con-
sidered in this section. The proof of Lemma 2 is unchanged, while from the discussion
in appendix A.3.5 and A.3.6, together with the proof of Lemma 3, we get the following
constraints on the tip of X:
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Lemma 5. Let (M, gab) be an asymptotically AdSd+1≥3 spacetime with planar symmetry.
Let X be a (q+ 1)-dimensional extremal surface anchored at a q-sphere on the conformal
boundary. Then the tip of X lies in an untrapped region. Furthermore, if (M, gab) is
regular and satisfies the DEC, then ω(r0) ≥ 0, where r0 is the radius of the tip of X.

With this in hand, we readily obtain the spherical dimension–(q + 1) version of The-
orem 9:

Theorem 13. Let (M, gab) be a regular planar-symmetric asymptotically AdSd+1≥3 space-
time satisfying the DEC. Let X be a dimension q+1 extremal surface anchored at a sphere
of radius R. Let be r0 be the radius of the plane tangent to the tip of X. Then if

q ≥ d− 2
2 , (9.162)

we have
L2

r0
≤

Γ
(

1
2(q+1)

)
√
πΓ

(
q+2

2(q+1)

)R. (9.163)

Proof. For 2q ≥ d − 2, (9.153) implies ω′(r) ≥ 0. Combining with ω(r0) ≥ 0, we get
ω(r) ≥ 0. Using now h(r) < 1 and that ω(r) ≥ 0 implies B(r) ≥ L/r, we get

R = LΦ(∞) = L
∫ ∞

r0
dr

√
B(r)

r
√

(r/r0)2q+2h(r) − 1

≥ L2
∫ ∞

r0
dr 1
r2
√

(r/r0)2q+2 − 1
= L2

r0

√
πΓ

(
q+2

2(q+1)

)
Γ
(

1
2(q+1)

) .

(9.164)

9.3.6 Proofs
Proof of bounds in d = 2 and d = 4

Consider the special dimension
q = d− 2

2 , (9.165)

which can only happen when d is even. As seen previously, we have that ω(r) ≥ 0 in this
case. Furthermore, (9.143) becomes

µ(∞) = ω(∞) +
[

lim
r→∞

rq−1Kϕϕ

]2
, (9.166)

and so ∣∣∣∣ lim
r→∞

rq−1Kϕϕ(∞)
∣∣∣∣ ≤

√
µ(∞), (9.167)
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which gives ∣∣∣∣ d
dt∥Xt∥

∣∣∣∣
t=0

≤ ∥∂R∥
Lq

√
µ(∞) = ∥∂R∥Lq+1

√
16π

ceff(d− 1) ⟨Ttt⟩. (9.168)

This proves Theorem 10. For q = 0, d = 2, this is just the formula we used to derive
(9.25).

The above result implies a bound on correlators that can be computed using the
geodesic approximation. The geodesic approximation says that the two-point function of
a CFT scalar operator O of large scaling dimension ∆ ≫ 1 can be computed as

⟨O(x)O(0)⟩ρ(t) = ηe− ∆
L

∥Xt∥reg , (9.169)

where η is some constant, and ∥Xt∥reg is the regularized distance of a geodesic anchored at
the points (t,x) and (t, 0) on the conformal boundary. We here adopted the Schrödinger
picture. Combining (9.168) and (9.169) and taking d = 2, we get15

∣∣∣∣ d
dt log ⟨O(x)O(0)⟩ρ(t)

∣∣∣∣ ≤
√

96π∆2

c
⟨Ttt⟩, d = 2. (9.170)

Next, for d = 4, (9.168) holds for q = 1, where the Xt are two-dimensional worldsheets
anchored at circles on the boundary. If W(C) is a Wilson loop of a circle C = S1, we
have that [318, 319]

⟨W(C)⟩ρ(t) = ηe− 1
2πα′ ∥Xt∥, (9.171)

where α′ = ℓ2
string and η again some constant. Combining (9.168) and (9.171) we get

∣∣∣∣ d
dt log ⟨W(C)⟩ρ(t)

∣∣∣∣ ≤ Length[C]
√

4λeff

3πceff
⟨Ttt⟩, d = 4, (9.172)

where Length[C] = 2πR. With the precise dictionary for the duality between type IIB
supergravity on AdS5 ×S5 and N = 4 super Yang-Mills with gauge group SU(N) and ’t
Hooft coupling λ, given by

GN

R3 = π

2N2 ,
√
λ = L2

α′ ,
(9.173)

(9.172) can be written as (9.13).

Proof of bounds for small R

Next we prove bounds that are strong at small radii R. We have:

Lemma 6. Consider the same assumptions as in Theorem 13. Assume furthermore that
Rd ⟨Ttt⟩ /ceff ≪ 1 and 2q ≥ d− 2. Then∣∣∣∣ lim

r→∞
rd−3Kϕϕ

∣∣∣∣ ≤ L

2rd−q−1
0

ω(∞)
[
1 + O

(
Rd ⟨Ttt⟩
ceff

)]
. (9.174)

15Of course, we could have derived this in Sec. 9.2, given that that geodesics coincide with the HRT
surface when d = 2.
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Proof. Define W = − limr→∞ rq−1Kϕϕ, and assume without loss of generality that W > 0.
Using (9.58) and (9.153) and the exact same logic as in the proof of Lemma 4, we get

W

ω(∞) ≤
L
∫∞
r0

drrq+1|J (r)|
2
∫∞
r0

drrd
√

1 − ω(r)L2

rd |J (r)|

≤
L
∫∞
r0

drrq+1|J (r)|
2
∫∞
r0

drrd|J (r)|

[
1 + L2ω(∞)

2rd0
+ . . .

]

≤ L

2rd−q−1
0

[
1 + O

(
Rd ⟨Ttt⟩
ceff

)]
.

(9.175)

Inserting now (9.174) into (9.147), we get
∣∣∣∣ d
dt∥Xt∥

∣∣∣∣
t=0

≤ 8π∥∂R∥L1+q

(d− 1)ceff

L2(d−q−1)

rd−q−1
0

⟨Ttt⟩

≤ ∥∂R∥L1+q

ceff
ηd,qRd−q−1 ⟨Ttt⟩

(9.176)

where

ηd,q = 8π
d− 1

 Γ
(

1
2(q+1)

)
√
πΓ

(
q+2

2(q+1)

)
d−q−1

. (9.177)

We can convert this to bounds on two-point functions and circular Wilson loops. Com-
bining (9.176) with (9.169) and (9.171), we get the bounds (9.125) and (9.126).

Finally, with q = d − 2 and d > 2, the entanglement entropy of small spheres is
bounded as ∣∣∣∣dSRdt

∣∣∣∣ ≤
2
√
πΓ

(
1

2(d−1)

)
Γ
(

d
2(d−1)

) Vol[R] ⟨Ttt⟩ + . . . (9.178)

where we used that Vol[R] = Area[∂R]R/(d − 1). The proves the part of Theorem 7
where ∂R is a sphere.

Proof of bounds for thin-shell spacetimes

Finally, let us prove our thin-shell results valid all for R, assuming 2q ≥ d − 2. Since
we already have general bounds for two-point correlators in d = 2 and Wilson loops in
d = 4, this section is mostly relevant for entanglement in medium or large balls in general
d, and for medium and large Wilson loops in d = 3. We consider the same setup as in
Sec. 9.2.5, and use the same notation. Again, we choose r0 = L = 1.

Now, let us consider the solutions (9.153) and (9.154) with the replacement H(r) →
HL(r). As discussed in Sec. 9.3.4, this gives a smaller value for µ(∞) and larger value
for

∣∣∣∣ lim rq−1Kϕϕ

∣∣∣∣ if J has a fixed sign, which is the case here. Since we will consider
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bounds of the form lim rq−1Kϕϕ ≤ #µ(∞)n for n > 0, the bounds we obtain with this
replacement will be valid for the original spacetime.

Now, with a delta function shock, solution for Kϕϕ reads

Kϕϕ(r) = − r2

d− 1η
√
r̂2q+2 − 1
r2q+2 − 1θ(r − r̂) = − r2W√

r2q+2 − 1
θ(r − r̂). (9.179)

From (9.160) we get that the contribution to µ(∞) from the extrinsic curvature reads

Q(∞) ≡
∫ ∞

r0
dρρd−5Kϕϕ(r)2 (d+ 2q)r2q+2 + (d− 2)

r2q+2 − 1

= W 2 r̂d

r̂2q+2 − 1 .
(9.180)

The analysis of how the DEC changes across the shock is unchanged from the strip case,
except for a few exponents, and we find

ω+ = ω− + r̂d√
r̂2q+2 − 1

W

[√
1 − ω−

r̂d
− W√

r̂2q+2 − 1

]
. (9.181)

By the same logic as in Sec. 9.2.5 we get,

W n

µ(∞) ≤ W n

ω− +W r̂d√
r̂2q+2−1

√
1 − ω−

r̂d

≡ Un (9.182)

where

0 ≤ ω− ≤ r̂d, (9.183)

W ≤
√
r2q+2 − 1

√
1 − ω−

r̂d
. (9.184)

Again, it now suffices to take ω− at the boundary of its allowed domain. With ω− = 0
and 1 ≤ n ≤ d

q+1 we get

Un = W n−1√r̂2q−2 − 1
r̂d

≤ [r2q+2 − 1]n/2

r̂d
≤ 1, (9.185)

and for n = 1 we get the stronger bound

U1 ≤
√
q + 1
d

(
d

d− 1 − q

) q+1−d
2(q+1)

≡ αd,q. (9.186)

For saturation of (9.184), neglecting the first ω− in the denominator of Un and using that
W ≤

√
r̂2q+q − 1, we get

Un ≤ [r2q+2 − 1]n/2

r̂d
≤ 1. (9.187)
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Restoring factors of L, r0, we have the following general bounds

W ≤ αq,d
L

rd−q−1
0

ω(∞), (9.188)

W ≤ L
2q+2−d

d ω(∞)
q+1

d . (9.189)

Combining (9.188) with (9.147) and (9.162) now gives that∣∣∣∣ d
dt∥Xt∥

∣∣∣∣ ≤ κd,q∥∂R∥L1+qRd−q−1 ⟨Ttt⟩
ceff

, (9.190)

where

κd,q = 2αd,qηd,q = 16π
d− 1

√
q + 1
d

(
d

d− 1 − q

) q+1−d
2(q+1)

 Γ
(

1
2(q+1)

)
√
πΓ

(
q+2

2(q+1)

)
d−q−1

. (9.191)

This shows that the type of bounds derived in the small R limit holds in thin shell
spacetimes for all R, at price of a larger prefactor. For the entanglement entropy of balls,
we get ∣∣∣∣dSRdt

∣∣∣∣ ≤ 4

√√√√π(d− 1)
d

d
d−1

Γ
(

1
2(d−1)

)
Γ
(

d
2(d−1)

)Vol[R] ⟨Ttt⟩ . (9.192)

For Wilson loops we get

∣∣∣∣ d
dt log | ⟨W(C)⟩ρ(t) |

∣∣∣∣ ≤
√
λeff

ceff
Rd−1 ⟨Ttt⟩


√

128πΓ(1/4)
33/4Γ(3/4) ≈ 26 d = 3

8Γ(1/4)2

3Γ(3/4)2 ≈ 23 d = 4
. (9.193)

Next, consider (9.189). This gives us that

∣∣∣∣ d
dt∥Xt∥

∣∣∣∣
t=0

≤ ∥∂R∥Lq+1
[

16π
(d− 1)ceff

⟨Ttt⟩
] q+1

d

(9.194)

For q = d − 2, corresponding to entanglement for ball subregions, this just gives (9.28),
verifying that it holds for spheres as well, completing the proof of the part of Theorem 8
concerning spherical ∂R.

For q = 0, d = 2 and q = 1, d = 4 we just reproduce the bounds of Sec. 9.3.6, which
are anyway proven with weaker assumptions there. For q = 1, d = 3 we get a new bound
on Wilson loops, given by (9.131).

9.4 Bounding Spatial Derivatives
The technology we have developed to bound time derivatives also lets us bound spatial
derivatives of extremal surface areas for strips.
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Consider a one parameter family of strips Rℓ of variable width ℓ at some fixed time
boundary time, given by (9.21) with t′ now held fixed. Let Xℓ be the corresponding
one-parameter family of HRT surfaces. A computation in appendix A.3.3 gives that

d
dℓArea[Xℓ] = Area[∂R]

Ld−1 rd−1
0 . (9.195)

For a strip, we thus see that the depth of the HRT surface tip uniquely determines ∂ℓS.
Using our lower bound on r0 given by (9.63), we now immediately get the following:

Theorem 14. Let (M, gab) be a regular asymptotically AdSd+1≥3 spacetime with planar
symmetry satisfying the DEC. If Xℓ is the HRT surface of a strip Rℓ of width ℓ, then

d
dℓ

[
Area[Xℓ]

4GN

]
≥ ceff

4ℓd−1 Area[∂R]
2

√
πΓ

(
d

2(d−1)

)
Γ
(

1
2(d−1)

)
d−1

. (9.196)

The lower bound is equal to ∂ℓSvacuum, and so we get
d
dℓ∆S[ρRℓ

] ≥ 0 (9.197)

where ∆S is the vacuum subtracted entropy. Since we get the vacuum entanglement
entropy in the limit ℓ → 0, this implies that

∆S ≥ 0. (9.198)

It is easy to see that (9.197) and (9.198) applies to a subregion R corresponding to a
union of any number of finite width strips, with ∂ℓ now interpreted as the derivative with
respect to increasing width of one or more of the connected components.

For d = 2, we also get a bound on correlators of heavy scalar single trace primaries.
Working at a fixed moment of time with a homogeneous state ρ, the combination of
(9.195), (9.63) and (9.169) for x > 0 gives

d
dx ln ⟨O(x)O(0)⟩ρ ≤ d

dx ln ⟨O(x)O(0)⟩vacuum = −2∆
ℓ

(9.199)

which means that correlations must die of faster than the vacuum for the states and
operators covered by our assumptions. This in particular implies that

⟨O(x)O(0)⟩ρ ≤ ⟨O(x)O(0)⟩vacuum , (9.200)

since we just get the vacuum correlator as x → 0.

9.5 Bekenstein Bounds on Entanglement
In fact, much of the proof strategy use to establish Theorem. 7 can be adapted to prove a
Bekenstein-type bound on the holographic entanglement entropy for reduced CFT states
on small subregions. Here, we prove the following theorem, where we have left some
details to the appendix A.3.
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Theorem 15. Let (M, g) be a planar-symmetric asymptotically AdS spacetime that is
AdS hyperbolic and satisfying the DEC. Let X be the HRT surface of a strip R of width
ℓ, and let ρR be the reduced CFT density matrix on R as a functional of the Riemannian
mass ω. If ρR,vac is the reduced CFT density matrix for a vanishing Riemannian mass,
then the entanglement entropy is bounded above by

0 ≤ ∆S[ρR] = S[ρR] − S[ρR,vac]. (9.201)

Assume further that ℓd ⟨Ttt⟩ /ceff ≪ 1, then the entanglement difference is also bounded
above

0 ≤ ∆S ≤ ϵdℓ
2Area[∂R]Ttt + O

(
ℓd ⟨Ttt⟩
ceff

)
(9.202)

where ϵd is

ϵd =
√
πΓ

(
1 + 1

2(d−1)

)2
Γ
(

1
d−1

)
Γ
(

1
2 + 1

d−1

)
Γ
(

d
2(d−1)

)2 ≥ 0. (9.203)

Proof. (Lower Bound) By Lemma. 3 and the DEC, the Riemannian mass is non-negative
ω(r) ≥ 0 and consequently B(r) ≥ L/r = B(r, 0]. Furthermore, Lemma. ?? furnishes
a lower bound on the area functional γX for the HRT surface in a spacetime with non-
vanishing Riemannian mass. Hence, the entanglement difference is

∆S[ρR] = S[ρR] − S[ρR,vac]]

= Area[∂R]
4GNLd−2

∫ ∞

r0
(√γX − √

γX,vac) ≥ 0
(9.204)

which completes the proof of the first part of the theorem.

Now, we turn to proving the upper bound on the entanglement difference.

Proof. Let us first assume that we are perturbatively close to the vacuum, where ϵ is a
small parameter specifying the magnitude of ω(∞). Using that the Riemannian mass is
non-negative, and by monotonicity ω(∞) ≥ ω(r), we can perturbatively expand to find
an upper bound on B(r) via

L

r
+ L3ω(∞)

2rd+1 + O(ω2) ≥
√
B(r) ≈ L

r

(
1 + L2ω(r)

2rd + O(ω2)
)
. (9.205)

Now, we consider the vacuum subtracted entanglement entropy again to find (up to
quadratic corrections)

∆S[ρR(t)] ≤ Area[∂R]
4GNLd−2

∫ ∞

r0
rd−2

(
L3ω(∞)

2rd+1 + O(ω2)
)

(r/r0)d−1√
(r/r0)2d−2 − 1

dr

=
√
πΓ

(
1
d−1

)
4(d− 1)Γ

(
d

2(d−1)

)Area[∂R]
4GNLd−2

L3ω(∞)
r2

0
+ O(ω2)

=
√
πΓ

(
1
d−1

)
4(d− 1)Γ

(
d

2(d−1)

)Area[∂R]
4GNLd−2

L3

r2
0

(
16πGNL

d−1

d− 1 ⟨Ttt⟩
)

+ O(⟨Ttt⟩2)

(9.206)
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Finally, using Eqn. (9.45) in conjunction with Thm. 9, some algebra reveals that

∆S ≤ ϵdℓ
2Area[∂R]Ttt + O(ω(∞)2) = ϵdℓER + O((ℓER)2) (9.207)

where ϵd is

ϵd =
√
πΓ

(
1 + 1

2(d−1)

)2
Γ
(

1
d−1

)
Γ
(

1
2 + 1

d−1

)
Γ
(

d
2(d−1)

)2 ≥ 0. (9.208)

Hence, we see the effective expansion parameter is the dimensionless quantity ℓER so the
expansion is not exactly for small mass but for small strip length relative to the energy
of the CFT.

9.6 Evidence for Broader Validity of Bounds
In the previous sections, we have shown that the DEC allows us to prove several general
bounds on the growth of entanglement, correlators and Wilson loops. However, the
proofs crucially relied on the dominant energy condition. While the dominant energy
condition holds in type IIA, IIB and eleven-dimensional supergravity (see for example
the appendix of [320]), it is typically violated after dimensional reduction [321]. The
prototypical example is a scalar field dual to a relevant CFT operator. This field has
negative mass squared, leading to DEC violation.

Even though our proofs assumed the DEC, we will now provide strong evidence for
a subset of the bounds that they hold when the DEC is violated in reasonable ways.
That is, we provide evidence in scalar theories that violate the DEC, but which have
proven positive mass theorems [322, 323] (so pure AdS is stable) and respect the null
energy condition (NEC). This is evidence that our bounds are true even in CFTs with
DEC-violating bulks, since the NEC and a stable vacuum are both necessary conditions
for sensible bulk theories.16

In fact, we provide evidence not just that

R ≤ 1, (9.209)

but also that when d > 2,
R ≤ v

(SAdS)
E + δvE < 1 (9.210)

for some small δvE that seems to depend on the scalar potential. Here

v
(SAdS)
E =

√
d

d− 2

(
d− 2

2(d− 1)

) d−1
d

(9.211)

16If we choose completely arbitrary bulk scalar theories, we have no positive mass theorem, so we can
have ⟨Ttt⟩ < 0 in a homogeneous state, and the bounds are clearly violated. But in these situations there
is no sensible holographic dual.
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is the entanglement velocity computed in a quench in holography, with the final state
being neutral, dual to the AdS-Schwarzschild type black brane [240, 241].

The theories we will consider are neutral scalars minimally coupled to gravity,

8πGNL = 1
2R − d(d− 1)

2L2 − 1
2 |dϕ|2 − V (ϕ), (9.212)

where V is negative somewhere, leading to violation of the DEC (but not the NEC). These
theories are common in consistent truncations and dimensional reductions of type IIA,
IIB, and eleven-dimensional supergravity [324–327]. We consider these theories because,
for standard forms of minimally coupled bosonic matter, neutral scalars appear to pose
the biggest risk to our bounds. This is because gauge fields give no direct contribution
to J , and they have a manifestly positive contributions to the mass (they respect the
DEC).

For free theories where V = 1
2m

2ϕ2, in order to maximize the chance of violating our
bounds, we choose potentials that are close to “maximally negative”, meaning we pick
m2 just slightly above the Breitenlohner-Freedman [328, 329] bound:

m2L2 ≥ m2
BFL

2 ≡ −(d/2)2. (9.213)

It is known that if m2 < m2
BF, AdS is unstable, and so these theories cannot be dual to

CFTs with a Hamiltonian that is bounded from below. Additionally, to have an example
of an interacting potential, in d = 3 we consider a top down potential that becomes
exponentially negative for large |ϕ|.

The numerical method
Let us now explain our procedure. For a given V (ϕ) and spacetime dimension, we will
construct an n-parameter family of initial data, parametrized by coefficients {fi}ni=1. The
data will be provided on an extended homology hypersurface of some HRT surface. Then
we will define the function A ({fi}) to be equal to the ratio∣∣∣∣ limr→∞

rd−3Kϕϕ

∣∣∣∣ /µ(∞)
d−1

d (9.214)

in the initial dataset specified by parameters {fi}. Different initial datasets correspond
to different moments of time in different spacetimes (with different sizes of R). The value
of A in some particular initial dataset corresponds to the instantaneous entanglement
velocity R in that configuration, and we will do a numerical maximization of A with
respect to the parameters {fi}. If we find that A is upper bounded, and that the upper
bound is Amax, we have provided evidence that

∣∣∣∣∣dSRdt

∣∣∣∣∣ ≤ 1
4AmaxArea[∂R]ceff

[
16π

(d− 1)ceff
⟨Ttt⟩

] d−1
d

. (9.215)
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If A is not upper bounded, or if Amax > 1, we have a counterexample to R ≤ 1 in the
theory under consideration.

We will also evaluate the function B({fi}), which we define as the value of

|∂tSR|
Vol[R] ⟨Ttt⟩

= 4π
d− 1

L

ℓ

∣∣∣lim rd−3Kϕϕ

∣∣∣
µ(∞) ×

2 d = 2
1 d > 2

(9.216)

for any given initial dataset. By the same logic as earlier, if B is upper bounded by Bmax,
we have evidence that ∣∣∣∣∣ d

dtS[ρR(t)]
∣∣∣∣∣ ≤ BmaxVol[R] ⟨Ttt⟩ . (9.217)

If B is not upper bounded, then our volume-type bounds break without the DEC.
Assuming we work with strips R, for a single evaluation of A and B, we need to

numerically solve the ODEs given by (9.55) and (9.56). For simplicity we will restrict to
strips, since for spheres we cannot solve for Φ(r) analytically. In this case we would need
to solve a set of three coupled equations instead.

Let us now specify our family of initial data. An explicit computation gives that

E = 1
2 ϕ̇(r)2 + 1

2

(
r2

L2 − ω(r)
rd−2

)
ϕ′(r)2 + V (ϕ),

J = ϕ̇(r)ϕ(r),
(9.218)

where ϕ̇ = ta∇aϕ|Σ. Specifying an initial dataset now corresponds to specifying the two
profiles ϕ(r) and ϕ̇(r), together with the initial value of ω(r0). Letting

∆ = d/2 +
√

(d/2)2 +m2L2 (9.219)

be the scaling dimension of the CFT operator dual O to ϕ, the profiles we consider are

ϕ = f1 exp
−

(
r − f2

f3

)2
+ f4

r∆ + f5

r∆+2

ϕ̇ = f6 exp
−

(
r − f7

f8

)2
+ f9

r∆+1 + f10

r∆+3

(9.220)

which gives a ten-parameter family of initial data. The gaussians give localized lumps of
matter, while the power law falloffs ensures that we can turn on a VEV of O in the CFT,
with ⟨O⟩ ∝ f4 and ⟨∂tO⟩ ∝ f8. Note that the seemingly unusual 1/r∆+1 falloff in ϕ̇ is
just caused by the fact that the time derivative is with respect to a unit normal rather
than the more standard global time coordinate near the conformal boundary.

What remains is to pick ω(r0). To minimize the CFT energy, we want ω(r0) small.
When the DEC holds, we know that AdS hyperbolicity implies that ω(r0) ≥ 0, as proven
in Lemma 3. However, without the DEC we can have that ω(r0) is negative, but not
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arbitrarily negative. If we pick ω(r0) too negative, it will forbid an embedding of Σ in a
complete slice. The difficulty is that how negative ω(r0) can be depends on ϕ(r0), ϕ̇(r0),
and V (ϕ). We will thus restrict to ω(r0) = 0 and relegate a more complete study of the
future. Even with ω(r0) = 0, it is far from obvious if our results survive breaking of the
DEC, as we can easily obtain large regions of ω < 0 even with ω(r0) = 0.

Finally, we need to deal with invalid datasets. For a given scalar profile, it could be
that ω(r) overshoots rd/L2. In this case, the relevant solution does not correspond to a
spacelike hypersurface, and so it must be discarded. In this case we conventionally define
A = B = 0. Consequently, the functions we are maximizing will have discontinuities.

We are now ready to proceed to the numerical results.

d = 2
We now consider a free massive scalar field with mass

m2L2 = 0.9m2
BFL

2 = −0.9, (9.221)

dual to a relevant operator with ∆ ≈ 1.32. We do not consider saturation of the BF
bound, since this requires modification of the mass formula, and additionally causes |∂tS|
to be divergent (for any d). Furthermore, we do not want to go too close to the BF
bound, since then ω(r) converges slowly at large r, and so the numerical maximization
procedure becomes prohibitively expensive.

Using now Mathematica’s built in NMaximize function, trying all methods for non-
convex optimization implemented in Mathematica and picking the best result, we find
that

Amax ≈ 0.999 ≤ vE|d=2 = 1. (9.222)
Thus, in d = 2 we have evidence that (9.25) holds without the DEC – at least in free
tachyonic scalar theories.

Next, maximizing B, we find that

Bmax ≈ 3.29 ≤ κd=2 = 2π. (9.223)

This provides evidence that (9.32) holds when the DEC is violated, and that the O
(
ℓd ⟨Ttt⟩ /ceff

)
corrections are not needed, even though we could not prove their absence outside thin
shell spacetimes. In fact, given the large gap between Bmax and κd=2, the numerical
results suggest that our proofs might possibly be sharpened.

d = 3
Now we consider two potentials:

VI(ϕ) = 1
2
(
0.9m2

BF

)
ϕ2,

VII(ϕ) = 1 − cosh
√

2ϕ,
(9.224)
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with ϕ dual to operators with scaling dimensions ∆I ≈ 1.97 and ∆II = 2, respectively.
The potential VII comes from a consistent truncation and dimensional reduction of eleven-
dimensional SUGRA on AdS4 × S7 [324]. We find

AI,max ≈ 0.693,
AII,max ≈ 0.702.

(9.225)

In both cases Amax < 1, and so we have evidence that the conjectured bound (9.28) is
true – even without the DEC and outside thin-shell spacetimes.

Now, we have that

v
(SAdS)
E =

√
3

24/3 = 0.687 . . .

In both cases Amax is close to v(SAdS)
E , although it is slightly larger. It seems possible that

a stronger bound
R ≤ v

(SAdS)
E + δvE (9.226)

is true for some small δvE that potentially depends on the scalar potential.
For B we find

BI,max ≈ 1.71 ≤ κd=3 ≈ 2.62,
BII,max ≈ 1.72.

(9.227)

Again, there is a significant gap, with the implications being the same as for d = 2.

d = 4
We now consider

V (ϕ) = 1
2
(
0.9m2

BF

)
ϕ2. (9.228)

and find
Amax ≈ 0.643. (9.229)

Again we find evidence that (9.8) is true without the DEC or outside thin-shell spacetimes.
We have

v
(SAdS)
E =

√
2

33/4 = 0.620 . . . , (9.230)

and so that the instantaneous growth can be above v(SAdS)
E , but possibly only slightly so.

We also find
Bmax = 1.91 ≤ κd=4 ≈ 2.43. (9.231)

Again, there is a significant gap, with the implications being the same as for d = 2.
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Table 9.1: Proven bounds on entanglement, spatial Wilson loops and equal-time correla-
tors. We suppress O(1) numerical constants in the table. Dots mean corrections scaling as
O(ℓd ⟨Ttt⟩ /c) where ℓ is the relevant characteristic length scale, corresponding to strip width of
ball radius. We abbreviate the effective central charge and ’t Hooft coupling as c and λ, respec-
tively. For proof validity equal to quench+, we mean proofs valid for states dual to spacetimes
with thin-shell matter, which includes quenches as a subset.

∂tS ≤ d Region R Proof validity Eq.√
⟨Ttt⟩ /c 2 n intervals general (9.25)

Vol[R] ⟨Ttt⟩ + . . . ≥ 2 small strip or ball general (9.30)
Area[∂R][⟨Ttt⟩ /c](d−1)/d ≥ 2 n strips quench+ (9.28)
Area[∂R][⟨Ttt⟩ /c](d−1)/d ≥ 2 ball quench+ (9.28)
Vol[R] ⟨Ttt⟩ ≥ 2 strip/ball quench+ (9.32)
∂ℓS ≥
∂ℓSvacuum ≥ 2 n strips general (9.196)
∂t ln ⟨W(C)⟩ ≤ Length[C]√
λLength[C] [⟨Ttt⟩ /c]1/2 4 any general (9.172)√
λLength[C]d−1 ⟨Ttt⟩ + . . . 3, 4 small general (9.126)√
λLength[C] [⟨Ttt⟩ /c]2/3 3 any quench+ (9.131)

∂t ln ⟨O(x)O(0)⟩ ≤ |x|
∆
√

⟨Ttt⟩ /c 2 any general (9.170)
∆|x| ⟨Ttt⟩ /c+ . . . 2 small general (9.125)
∂x ln ⟨O(x)O(0)⟩ ≤
∂x ln ⟨O(x)O(0)⟩vacuum 2 any general (9.199)

9.7 Discussion
In this work we have proven several new upper bounds on the rate of change of entan-
glement entropy, spacelike Wilson loops, and equal-time two-point functions of heavy
operators. The proofs apply for spatially homogeneous and isotropic states in strongly
coupled CFTs with a holographic dual. We summarize our bounds in table 9.1. We have
also provided numerical evidence that the bounds have broader validity than our proofs.
We will now discuss our findings and possible future directions.

A 2d QWEC: The bound (9.5) can also be seen as a quantum weak energy condition
(QWEC). Let S be the entropy of be a single interval as a function of one of the endpoints
p, so that ∂tS now refers to the change of S under the perturbation of this single interval
endpoint, rather than both. Then we have

⟨Ttt⟩ ≥ ⟨Ttt⟩vac + 3
2πc (∂tS)2 , (9.232)

while the classical weak energy condition implies that Ttt ≥ 0. Equation (9.232) closely
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resembles the conformal quantum null energy condition (QNEC) [229, 330–334] in two
dimensions.17 Consider 2d Minkowski space, where ⟨Ttt⟩vac = 0. Letting x± be null
coordinates, the conformal QNEC says that [330, 333]

⟨T++⟩ |p ≥ 1
2π∂

2
+S + 3

πc
(∂+S)2 . (9.233)

The structural similarity between (9.232) and (9.233) is obvious. While (9.232) does not
contain a second derivative, it is in principle possible that (9.232) could be true also for
inhomogeneous states, provided we include a term a∂2

t S to the right hand side for some
fixed constant a. In fact, the conformal QNEC suggests that a = (4π)−1, since in the
special case of a half-space in a homogeneous state, where ∂xS = 0, the conformal QNEC
and T µ

µ = 0 implies

⟨Ttt⟩ |p ≥ 1
4π∂

2
t S + 3

2πc (∂tS)2 . (9.234)

Why do things fall? In [252] it was proposed that the process of gravitational
attraction is dual to the increase of complexity in the CFT. Assuming the complex-
ity=volume conjecture [274], this was given a precise realization in [253–255] (see also
[306]), where it was shown that the rate of change of the volume of a maximal volume
slice is given by the momentum integrated on the slice. However, our formula

dSR
dt =

∫
X
GtanbTab (9.235)

shows that change in entanglement can also be seen as directly responsible for the radial
momentum of matter. Thus, at present, “the increase of entanglement” seems like an
equally good explanation for why things fall.

Relevant scalars, compact dimensions, and DEC breaking: Our proofs rely
critically on the dominant energy condition – almost all steps of the proofs break without
it. This rules out having scalars with negative squared mass, which are dual to relevant
operators in the CFT. Nevertheless, we found numerical evidence that the bounds hold
true without the DEC, as long as the scalar theories we consider allow a positive mass
theorem, so that AdS is stable and ⟨Ttt⟩ is guaranteed to be positive.

However, there are other reasons to believe that our bounds remain true for these
theories beyond our numerical findings – at least when working with top-down theories.
Consider working with a theory that is a dimensional reduction and consistent truncation
of type IIA, IIB, or eleven-dimensional SUGRA, so that any solution can be lifted to
solutions on asymptotically AdSd+1 ×K spacetimes for some compact manifold K. These
solutions will typically be warped products rather than direct products, but there exists
significant evidence [336] that the entropy computed by the HRT formula in the uplifted
spacetime agrees with the one computed in the dimensionally reduced spacetime – even
when the product is not direct. But in the uplifted spacetime the DEC holds, since it

17See [335] for a study on how the QNEC constrains entanglement growth.
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holds for type II and eleven-dimensional SUGRA. Thus, if our methods can be generalized
to work for warped compactifications over spherically symmetric AAdSd+1 bases, this
appears to be an avenue to prove our bounds even with relevant scalars turned on. The
drawback is that the proofs might have to be carried out separately for each family of
compactifications.

Strengthened bounds: Our proof that

∣∣∣∣dSRdt

∣∣∣∣ ≤ 1
4Area[∂R]ceff

[
16π

(d− 1)ceff
⟨Ttt⟩

] d−1
d

, (9.236)

which implies that R ≤ 1 in neutral states, only applied to thin-shell spacetimes, which
are dual to CFT states where all dynamics happen at a single energy scale (that evolves
with time). However, we gave numerical evidence that this bound also holds in general
planar symmetric spacetimes with extended matter profiles. A natural extension of this
work is trying to generalize the proof to include this. This will likely require a better
understanding of non-linearities of the Einstein constraint equations.

Next, we found that in our numerical maximization of R over a ten-parameter family
of initial datasets in d = 3, 4, that

R ≤ v
(SAdS)
E + δvE, (9.237)

where

v
(SAdS)
E =

√
d

d− 2

(
d− 2

2(d− 1)

) d−1
d

(9.238)

is the entanglement velocity computed in a holographic quench having a neutral final
state, and δvE a small correction that seemed to depend on the scalar potential, but
which was always small for the theories we studied (less than 0.03). This hints that it
might be possible to strengthen the prefactor in (9.236). Similarly, our numerics suggested
that the prefactors of (9.6) could be strengthened, and furthermore that this bound is
true without O

(
ℓd ⟨Ttt⟩ /ceff

)
corrections.

1/N corrections: It seems quite likely that R ≤ 1 remains true with perturbative
1/N corrections. In fact, the pure QFT proofs of R ≤ 1 for large subregions [244, 245]
made no assumption about large-N , so only intermediate and small subregions could be
sources violation. But for small subregions we showed that R ≤ O(ℓ/β) ≪ 1 for β the
effective inverse temperature, which means perturbative 1/N corrections are unlikely to
pose a of danger.18 For intermediate sized regions things are less clear, but for d = 3, 4
we numerically did not manage to push R close to 1, hinting that 1/N corrections do not
pose a danger in these dimensions.

18The discovery of quantum extremal surfaces (QES) [228] far from classical extremal surfaces [14, 15]
might make this argument somewhat less convincing, but it seems unlikely that these dominate/exist for
small subregions, whose QES reside close to the conformal boundary.
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Disentangling the vacuum: Under our assumptions, we have proven for strips that
the vacuum-subtracted entanglement is positive. Thus it is impossible to disentangle the
vacuum in a spatially uniform way without either breaking the existence of a holographic
dual, or turning on operators dual to fields that violate the DEC in the bulk. In the
scenario where classical DEC violation is caused by tachyonic scalars only, this implies
that all uniform states with less entanglement than the vacuum must have non-zero VEV
for some relevant scalar single trace primaries.

Finite coupling: Our bounds were proven at strong coupling, but it seems possible
that our bounds survive for arbitrary coupling. In [245] it was found that the entan-
glement velocity of a free theory (for d > 2) is strictly smaller than the holographic
strong coupling result, suggesting that dialing up the coupling increases the capability of
generating entanglement.

Primaries close to the unitarity bound: In order to turn on bulk fields dual to
relevant CFT operators with scaling dimensions ∆ in the window

d− 2
2 ≤ ∆ <

d

2 ,
(9.239)

we must consider scalars with masses

m2
BF ≤ m2 < m2

BF + 1/L2, (9.240)

and turn on the slow falloffs rather than fast falloffs (see for example [337–340]). This
leads to violation of the falloff assumptions (9.19), and causes the ordinary definition of
the spacetime mass to be divergent. Then neither of the Hawking masses reduce to the
CFT energy at conformal infinity. Consequently, significant modifications of our proofs
would be required. The same holds if we turn on sources that perturb us away from a
CFT. Things can get even more challenging, given that for some falloffs ∂tS itself might
become divergent [247]. In this case we should only try to bound finite quantities, like
the mutual information or the renormalized entanglement entropy [299, 300], where these
divergences cancel.

Hartman-Maldacena surfaces and half-spaces: Our bounds are restricted to
subregions that lie in a single component of the conformal boundary. Our formalism can
however readily be modified to deal with HRT surfaces corresponding to a CFT region
R with connected components in different CFTs, so that the corresponding HRT surface
threads a wormhole, like those studied in [341].19 It would be interesting to see if the
bounds remain unchanged. We also only considered strips of finite width, but it is clear
that our formalism can also handle half-spaces, where ℓ = ∞. Since (9.5) and (9.8) do
not depend on ℓ, they almost certainly remain true for half-spaces.

End-of-the-world branes: Our bounds are proven with the assumption that the
Cauchy slices are complete manifolds, which rules out spacetimes with end-of-the-world

19See [342] for a discussion of speed limits for these surfaces in static black holes.
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(EOW) branes. However, for HRT surfaces that do not end on the EOW brane, our
proofs survive as long as we assume that the Hawking mass of the brane is positive,
which ensures that Lemma 3 remains true. In the case where the surfaces end on the
EOW brane, we expect the analysis to look similar to the analysis for HRT surfaces
threading a wormhole.

Vaidya has optimal entanglement growth: There is a sense in which Vaidya
spacetimes are maximizing the growth of entanglement for some given distribution of bulk
energy density E(r), within the class DEC respecting planar spacetimes. In (9.88), we
saw that the DEC imposed that the energy density at a point was lower bounded by the
momentum-density the same point (up to a factor). As is clear from our proofs, excess
energy density above the lower bound contributes to increasing the CFT energy without
increasing ∂tS, and so we see that spacetimes saturating the DEC have the greatest
∂tS compatible with their distribution of energy density. But a direct computation shows
that all Vaidya spacetimes saturate the DEC. This makes sense, since we have shown that
infalling matter leads to entanglement growth and outgoing matter gives entanglement
decrease, and in Vaidya no matter is wasted on being outgoing. While this is no proof,
it suggests that speed limits that hold in all Vaidya spacetimes also hold in other planar-
symmetric spacetimes respecting the DEC.

Inhomogeneous states: It would be interesting to prove bounds for inhomogeneous
states, but this appears to be a difficult task, given how crucial the bulk planar symmetry
was for our proofs. Furthermore, our bounds imply a strengthening of the positive mass
theorem (PMT) for planar symmetry, and if generalizations of our results exist without
the uniformity assumption, it appears likely that these result will strengthen the general
PMT for AAdS spacetimes. Given how challenging it was to prove the PMT [343, 344],
and how the Penrose inequality, which is the most famous strengthening of the PMT,
still does not have a general proof, this is a daunting task.

Bounds with charge: It is a persistent finding that U(1) gauge fields tend to
slow down the growth of extremal surfaces of various dimensions [240, 241, 246, 345].
It thus seems plausible that our bounds can be strengthened by taking into account
nonzero charges in the CFT. It is suggestive that, in spherical symmetry, U(1) gauge
fields contribute energy density, but they have no pure contribution to the momentum
density – that is – they only contribute to J through gauge covariant derivatives acting
on other matter fields.

Approximate bounds for large regions: To derive our bounds scaling with the
volume of the region R, we used the inequality

L2

r0
≤ ηdℓ, (9.241)

where ηd is a numerical constant. Assume now that we consider a state that has volume
law scaling for the entropy when ℓ is roughly above some length scale β. For ℓ ≫ β, as
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we increase ℓ, we expect r0 to saturate at some radius rbarrier, and so (9.241) becomes a
very poor bound. It seems likely that we can get stronger approximate bounds in this
limit, by relating rbarrier to an effective inverse temperature βeff , so that we effectively
get a bound like |∂tS| ≤ #Area[∂R]βeff ⟨Ttt⟩. This bound might or might not reduce to
(9.236).

A numerical laboratory: Our formalism makes it very easy to numerically compute
properties HRT surfaces in planar symmetric spacetimes and test various hypothesis
about their behavior without constructing full spacetimes and having to deal with the
evolution of the Einstein equations. We imagine this can be used as a laboratory to learn
more about the properties of HRT surfaces.

Other boundary geometries: Except for d = 2, our proofs always assumed
Minkowski space on the boundary. However, our bounds survive if we compactify on
a torus, so the boundary geometry is R × T d−1, provided we make a few additional as-
sumptions. For the bounds of the type |∂tS| ≤ κVol[R] ⟨Ttt⟩+ . . . (and the similar bounds
for Wilson loops), we should always consider regions less than half the system size – oth-
erwise Vol[R] should be replaced with the volume of the complement. For bounds with
multiple strips, if we have a torus, we need to make sure that the entangling surfaces are
all parallel, which happens automatically in Minkowski due to the parallel postulate.

Next, our proofs for single regions should imply growth bounds for CFTs on the static
cylinder R × Sd−1, as long as we take the regions to be very small compared to the
curvature radius of the boundary sphere. The results for balls will translate to results for
small caps, while the result for strips will translate to results for thin belts around the
equator.
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[138] R. Yaresko, J. Knaute, and B. Kämpfer, Cross-over versus first-order phase
transition in holographic gravity–single-dilaton models of QCD thermodynamics,
Eur. Phys. J. C 75 (2015), no. 6 295, [arXiv:1503.09065].
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[304] C. Graham and J. M. Lee, Einstein metrics with prescribed conformal infinity on
the ball, Advances in Mathematics 87 (1991), no. 2 186–225.

[305] C. R. Graham and E. Witten, Conformal anomaly of submanifold observables in
AdS / CFT correspondence, Nucl. Phys. B 546 (1999) 52–64, [hep-th/9901021].
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Appendix A

Appendix

A.1 Spherical Reduction
We review the dimensional reduction procedure we employ to obtain Eqn. (2.40) in detail.
Consider Einstein gravity coupled to a cosmological constant with additional matter
degrees of freedom. The bulk action is

Ibulk = − 1
16π

∫ [
R̃ − 2Λ − L

]√
−g̃dd+2x (A.1)

where L is the matter Lagrangian, Λ = −d(d+1)/2ℓ2 is the cosmological constant, and g̃
is the metric in (d+2)-dimensions with Ricci curvature R̃. Evaluating the action on-shell
leads to well known infinite volume divergences [31, 32, 43] and hence the theory must
be regulated with additional surface terms given by

I = Ibulk[g̃] + Isurf[h̃] − Ict[h̃] (A.2)

where the induced metric on the boundary is defined by h̃MN = g̃MN − ñM ñN with ñM

being the outward pointing unit normal. The remaining surface and counterterm actions
(up to d = 6) are defined on a spacelike hypersurface via

Isurf = − 1
8π

∫ [
K̃ + 2ñMFMNAN

]√
−h̃dd+1x (A.3)

Ict = − 1
8π

∫ [
d

ℓ
+ ℓc1(d)

2(d− 1)R̃ + ℓ3c2(d)
2(d− 1)2 × (A.4)(

R̃MNR̃MN − d+ 1
4d R̃2

)]√
−h̃dd+1x

where K̃MN = (1/2)ñ(M ;N) and R̃MN are the extrinsic and Ricci curvatures of the bound-
ary. The coefficients ci(d) are present to regulate Casimir contributions when computing
the on-shell action for black string geometries.

We will consider metrics of the form

ds2
d+2 = g̃MNdxMdxN = gabdxadxb + ψ(xa)2dΩ2

2 (A.5)
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and study compactifications of the round S2. Note that these metrics are solutions to
Eqn. (A.1). To see this, consider first d = 2 and L = F 2. Then the static, spherically
symmetric, charged black hole solution is the RN-AdS4 with ψ = r. Note that when d = 3,
the horizon has the topology S2 × S1 or S2 × R corresponding to a closed or extended
black string. Recently, homogeneous asymptotically AdSn × Rp black strings have been
stabilized using p minimally coupled scalar fields that depend on the extended p-directions
[55]. We consider here p = 1 in order to support inhomogeneous, asymptotically AdS,
charged black strings in d = 3 which admit horizon topologies S2 × R (or S1).

We are now in a position to perform a consistent truncation of the theory along the
S2 of the horizon to d-dimensions. To do so, one further requires the data

√
−g̃ = ψ2 det(Ω2)

√
−g, (A.6)

R̃ = R + 2
ψ2 − 4□ψ

ψ
− 2(∇ψ)2

ψ2 , (A.7)√
−h̃ = ψ2 det(Ω2)

√
−h, (A.8)

K̃ = K + 2
ψ

√
−g ña∇aψ, (A.9)

R̃MNR̃MN = 1
2R̃2 = 2

ψ4 . (A.10)

where the derivative operators are computed on the base gab, K = na;a, and ña = na.
Using this data, the spherical directions and the surface term in R̃ can be integrated
away. The effective bulk theory is

Ibulk = −
∫ [

1
2(∇ψ)2 + ψ2

4 (R − 2Λ − L) + λ

2

]
√

−gddx. (A.11)

where λ = 1 is related to the curvature of the round unit S2. The remaining surface and
counterterm actions

Isurf = −1
2

∫
ψ2
[
K + 2naF abAb

]√
−hdd−1x, (A.12)

Ict = −1
2

∫
ψ2
[
d

ℓ
+ ℓ

(d− 1)
c1(d)
ψ2 (A.13)

+ ℓ3

2d(d− 1)2
c2(d)
ψ4 ]

√
−hdd−1x.

guarantee that the total action is finite when computing the value on-shell. For d = 2, 3,
the coefficients take the form

c1(d) = d

2 , c2(d) = −
(
d− 2

2

)(
d

d− 1

)2

. (A.14)

This choice naturally eliminates any additional Casimir contributions along the non-
compact directions for d ≤ 6.
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A.2 Metric Perturbations
After the scalar perturbations decouple, the metric perturbation become trace free ḡabHab =
0 which we may use to set the function K(r). Performing the KK compactification allows
us to decompose the metric perturbations into a scalar part hzz, a vector part hµz, and
a tensor part hµν . It is straightforward to show that no unstable modes exist within the
scalar and vector sectors [59, 62] which meet the criteria of being well behaved at the
radial boundary and the future event horizon (see [60] for an indepth discussion). The
metric perturbations in Eqn. (8) then consists of linear, coupled, second order ODEs for
(htt, hrr, htr). By taking the combination h± = htt

V
± V hrr, we find an algebraic relation

for h+ and two first order linear ODEs for the perturbations (h−, htr)

h+
V

2

[
m2
n + (d− 4)(d− 3)(1 − V )

2r2 − (d+ 1)Λbdy

d− 3

]
= (A.15)

+h−

[
Ω2 + m2

nV

2 + (d− 4)
4r2

(
V 2 + (d− 5)V − (d− 4)

)
++ + Λbdy

(d− 3)

(
(d− 4) − Λbdyr

2

(d− 3) − (d+ 3)V
2

)]

+ htr
V

r

[
2(d− 4)Λbdy

(d− 3)Ω −
4Λ2

bdyr
2

(d− 3)2Ω + Λbdym
2
nr

2

(d− 3)Ω − 2(d− 2)ΛbdyV

(d− 3)Ω

+ + ++ − m2
n(−(d− 2)V + d− 4)

2Ω − (d− 3)Ω
]
.

h′
−(r) = htr

Ω

(
m2
n − 4Λbdy

d− 3

)
+ h−

2rV

(
(d− 4) + (5 − 2d)V − 2Λbdyr

2

d− 3

)
+ (d− 3)h+

2r
(A.16)

h′
tr = (h− + h+) Ω

2V − htr
rV

(
(d− 4) + V − 2Λbdyr

2

d− 3

)
(A.17)

As a consistency check, the limit where (Λbulk,Λbdy) → 0 reduces the system (h+, h−, htr)
to [59] and we are able to reproduce the classical instability of Schwarzschild black strings.
Via the scaling r → ℓd−1u, Ω → ℓ−1

d−1ω, mn → ℓ−1
d−1kn, and after some algebraic manipu-

lations, we find a single second order ODE for htr of the form

A(u)H ′′(u) + B(u)H
′′(u)
u

+ C(u) H(u)
u2V (u)2 = 0 (A.18)

where V (u) = 1 − (1 + u2
+)(u+/u)d−4 + u2, u+ ≪ 1 is used in the numerical simulation,

and the coefficient functions are

A(u) = (d− 4)2V (u)2 − 2V (u)
(
u2
(
d2 + 2k2

n − 4
)

+ (d− 4)2
)

+
(
(d− 2)u2 + d− 4

)2
− 4u2ω2
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B(u) =V (u)
(
u2
(
4(d− 5)k2

n + (d− 2)(d(3d− 14) − 4)
)

+ 3(d− 4)2V (u) + 3(d− 6)(d− 4)2
)

+ 4(2d− 9)u2ω2 −
(
(d− 2)u2 + d− 4

) (
u2
(
(d− 2)(6d+ 1) + 8k2

n

)
+ 3(d− 4)(2d− 9)

)
+ 3
V (u)

(
(d− 2)u2 + d− 4

) ((
(d− 2)u2 + d− 4

)2
− 4u2ω2

)

C(u) =V (u)
{
V (u)

(
V (u)

[
u2
((
d2 − 12

)
k2
n + (d− 2)(d((d− 5)d+ 14) − 28)

)
+ (d− 4)2V (u) + ((d− 5)d+ 2)(d− 4)2

]
+ u2

[
((44 − 5d)d− 92)ω2 − 2(d− 4)(d− 2)

(
d2 + k2

n − 11
)]

+ u4
(
−2(d− 8)(d− 2)k2

n − (d− 2)2(d(d+ 2) − 13) + 4k4
n

)
− (d− 4)2((d− 2)d− 9)

)
+ 2u2ω2

(
u2
(
(d− 2)(5d− 14) + 4k2

n

)
+ 5(d− 4)2

)
+
(
(d− 2)u2 + d− 4

)2 (
u2k2

n − (d− 7)
(
(d− 2)u2 + d− 4

))}

− 5u2ω2
(
(d− 2)u2 + d− 4

)2
+
(
(d− 2)u2 + d− 4

)4
+ 4u4ω4

A.3 Extremal Surfaces and Global Theorems

A.3.1 The mean curvature of X in Σ
Let now A,B, . . . be indices for tensors on X, and α, β, . . . be indices for tensors on Σ,
and consider intrinsic coordinates on Σ and X from Sec. 9.2.2. The induced metrics are

ds2|Σ = Hµνdxµdxν = B(r)dr2 + r2
[
dϕ2 + δijdxidxj

]
ds2|X = γABdyAdyB =

[
B(r) + r2Φ′(r)2

]
dr2 + r2δijdxidxj.

(A.19)

A basis of tangent vectors to X in Σ is {eαA}, with coordinate expressions

eµr = (1,Φ(r), 0),
eµi = (0, 0, δαi ).

(A.20)

The normal to X inside Σ reads

nµ =

√√√√ Br2

B + r2(Φ′)2 (Φ′(r),−1, 0) (A.21)

With this in hand, we can compute the mean curvature of X in Σ:
K = γABeµAe

ν
B∇µnν

= 1
r
√
B [B + r2(Φ′)2]3/2

[
(d− 1)r3Φ′(r)3 +

(
dB − 1

2rB
′
)
rΦ′ + r2BΦ′′

]
.

(A.22)
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A.3.2 Explicit form of K − nαnβKαβ

Noting that

nµ =

√√√√ Br2

B + r2(Φ′)2

(
Φ′(r)
B(r) ,−

1
r2 , 0

)
(A.23)

we get
K = HαβKαβ = 1

B
Krr + d− 1

r2 Kϕϕ,

Kαβn
αnβ = Br2

B + r2Φ′(r)2

[
Φ′(r)2

B2 Krr + 1
r4Kϕϕ

]
.

(A.24)

Inserting Krr(r) = B(r)F (r) and doing some algebra, K −nαnβKαβ = 0 becomes (9.53).

A.3.3 Deriving formulas for ∂tS and ∂ℓS

A formula for ∂tS

In this section, we show that the entropy growth is proportional to the infalling matter
flux. We will first need to prove that

dArea[Xt]
dt

∣∣∣∣
t=0

=
∫
∂X
Naηa = −Area[∂R]

Ld−2 lim
r→∞

rd−3Kϕϕ (A.25)

For the calculation, we will construct the vector ηa, which is tangent to the boundary
∂M, and Na, the outwards unit normal to ∂Σ = ∂M∩Σ in Σ, in a coordinate system. To
do so, introduce the ADM coordinates adapted to the extended homology hypersurface

ds2|M = −r2dτ 2 +Hµν(τ, x)dxνdxν , (A.26)

where we took the shift to be vanishing, and the lapse to be r. xµ = (r,x) are the
coordinates on Σ, and Hµν(τ = 0, x) its induced metric, given by (9.35). The extrinsic
curvature of Σ reads

Kαβ = 1
2r∂τHαβ|τ=0. (A.27)

Imagine now we have the coordinates zi = (t,x) on ∂M and take ∂Σ to be located
at (r = rc, t = τ = 0) with a temporary cutoff r = rc. We want to find embedding
coordinates (r(t), τ(t)) for ∂M such that the induced metric reads

ds2|∂M = hijdzidzj = r2
c

L2

[
−dt2 + L2dϕ2 + L2 dx2

]
(A.28)

The components of the induced metric then satisfy

htt = grrṙ
2 − r2τ̇ 2 = − r2

c

L2 , (A.29)

hϕϕ = gϕϕ = r2
c . (A.30)
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Taking the derivative of the second equation, and then setting t = 0 gives a system of
equations that is easily solved to give (see the appendix of [306])

τ̇(0) = 1
L
√

1 −BK2
ϕϕr

−2

∣∣∣∣
r=rc

, (A.31)

ṙ(0) = − Kϕϕ

L
√

1 −BK2
ϕϕr

−2

∣∣∣∣
r=rc

, (A.32)

where we have chosen the branch τ̇ > 0. Thus, ηa in our ADM coordinate system reads

ηa = (∂t)a = τ̇(0)(∂t)a + ṙ(0)(∂r)a. (A.33)

Now, the tangents to ∂X are tangent to ∂R, and the sole remaining tangent vector eαr in
(A.20) is then the normal to ∂Σ. Hence, up to a normalization C,

Nµ = Ceµr = C(1,Φ′, 0), (A.34)

which can be unit normalized and pushed forward to a spacetime vector yielding (in the
coordinates (A.26)),

Na = 1√
B(r) + r2

cΦ′(r)2
(0, 1,Φ′(r), 0)|r=rc . (A.35)

We can now compute the integral on the cutoff regulated ∂X:∫
∂X
ηaNa = − Kϕϕ

L
√

1 −B(rc)K2
ϕϕ/r

2
c

× B(rc)√
B(rc) + r2

c (∂rΦ)2
× rd−2

c

∫
dd−2x

= −
Kϕϕ

√
B(rc)

L
√

1 −B(rc)K2
ϕϕ/r

2
c

×
√

1 − (r0/rc)2 × rd−2
c

Area[∂R]
Ld−2 ,

(A.36)

where we have used the differential equation for the embedding function Φ(r). In the
large r limit, the asymptotic behaviors are

B(r) ∼ O(r−2), Kϕϕ ∼ O(r−(d−3)). (A.37)

Taking the cutoff to the boundary, one finds the area growth to be given by (9.42).

A covariant formula for ∂tS

Now let us write the integral formula for ∂tS in a covariant way. Letting ta be the future
unit normal to Σ and na the outwards normal to X tangent to Σ, we have for some
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function G on X that only depends on r:

8πGN

∫
X
G(r)tanbTab =

∫
dd−2x

∫ ∞

r0
drrd−2

√
B + r2(Φ′)2G(r)nrJ

= Area[∂R]
Ld−2

∫
drrd−2

√
Br

B + r2(Φ′)2 Φ′G(r)J

= Area[∂R]
Ld−2

∫
drrd−2

(
r0

r

)2d−2
G(r)J

√
(r/r0)2d−2 − 1

= Area[∂R]
Ld−2

∫
drr

d−1
0
rd

G(r)J
√
r2d−2 − r2d−2

0 ,

(A.38)

where we used (A.21) and (9.39). Letting

G(r) = 2πrd

(d− 1)rd−1
0

, (A.39)

we get a covariant formula for the entropy growth
dSR
dt =

∫
X
GtanbTab (A.40)

A formula for ∂ℓS

Consider a one-parameter family of HRT surfacesXℓ anchored at the strip regionRℓ, given
by (9.21), but letting now ℓ vary, holding t fixed. Taking the vector field ηa generating
the flow of ∂Xℓ to be ηa|∂M = 1

L
(∂ϕ)a, (9.40) becomes

d
dℓArea[Xℓ] = Area[∂R]

Ld−1 lim
r→∞

rd−2gϕϕN
ϕ. (A.41)

Using (A.35), (A.26), and (9.39), this evaluates to
d
dℓArea[Xℓ] = Area[∂R]

Ld−1 lim
r→∞

rd
Φ′√

B + r2(Φ′)2
= Area[∂R]

Ld−1 rd−1
0 . (A.42)

A.3.4 Expression for ∂t∥Xt∥

The derivation of (9.147) is almost identical to the derivation in Sec. A.3.3. Let us just
highlight what must be changed. First, we do not have an explicit formula for Φ′(r),
but this does not matter, since everything we need is its rate of falloff, which we can
read off to be Φ′(r) ∼ O (1/rq+2) from (9.142). Next, in (A.36), it is sufficient to replace
rd−2
c → rqc . After doing that, and taking into account that Kϕϕ now has falloff O(1/rq−1),

the rc → ∞ limit of (A.36) with these modifications gives (9.147).

A.3.5 Geometric properties of X and Σ
Let us now prove various properties of extended homology hypersurfaces. We give the
proof for HRT surfaces of strips and comment how the proofs are modified for (q + 1)-
dimension extremal surfaces anchored at spheres.
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Lemma 7. The extended homology hypersurface Σ of a strip region in a spacetime with
planar symmetry cannot have a throat in its interior, i.e., a radius where B(r) diverges.

Proof. Assume for contradiction that Σ has a throat T in its interior – if there are
multiple, take T to be the outermost one. Since Σ by definition terminates at the plane
tangent to the tip of X, this means that X must pass beyond the throat. But if X crosses
the throat, there must be a point on X ∩T where X is not tangent to T . Let now U ⊂ Σ
be the region outside T , which we can always cover with a coordinate system

ds2|U = B(r)dr2 + r2dx2, r ∈ [rT ,∞), B(rT ) = ∞, B(r > rT ) < ∞. (A.43)

where the throat is at r = rT . The fact that X is not tangent to T means that |Φ′(rT )| <
∞. But the solution for the extremal surface reads

Φ′(r)2 = B(r)
r2(r2d−2c− 1) (A.44)

for some constant c, and so |Φ′(rT )| = ∞, which is a contradiction. Hence T cannot exist
in the interior of Σ.

This proof goes through the case of X anchored at a dimension q sphere, as discussed
in Sec. 9.3, simply taking Φ′ to be computed from (9.142).

Next, we have the following:

Lemma 8. The HRT surface X of a strip region R can only have one turning point.

Proof. Assume for contradiction that X has multiple turning points. Then there must
be at least one turning point of X in the interior of Σ that is a local maximum of the
embedding function r(ϕ). Let ϕ = ϕt where this turning point occurs, and let us restrict
our attention to a neighbourhood ϕ ∈ Oϵ = (ϕt, ϕt + ϵ), where we can invert r(ϕ) to
get Φ(r), describing the embedding in Oϵ. We see that Φ′(r) < 0 and Φ′′(r) < 0 in this
neighbourhood. Now, the equation for the HRT surface in the neighbourhood Oϵ is

(d− 1)r3Φ′3 + r2BΦ′′ + rΦ′
(
dB − r

2B
′
)

= 0. (A.45)

Since we are in the interior of Σ, B is bounded on Oϵ by Lemma 7. Since Φ′ diverges at
the turning point, the equation for Φ′ near the turning point reads

r2BΦ′′ = −(d− 1)r3Φ′3
[
1 + O

(
1

(Φ′)2

)]
, (A.46)

where the correction can be neglected to arbitrarily good precision since B is bounded.
But this implies that Φ′′ and Φ′ must have opposite signs in Oϵ for sufficiently small ϵ,
which is a contradiction. Hence X can only have one turning point.
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We did not consider the case where r′(ϕt) = r′′(ϕt) = 0, but this was shown to be
ruled out by [315]. Also, note that this proof survives the case of spherical boundary
anchoring and a (q + 1)-dimensional extremal surface, since the new term (Φ′)3χ(r) in
the extremality equation (9.138) is subleading at the prospective turning point, since it
scales like χ ∼ 1/Φ′. Thus, (A.46) remains true (up to a numerical factor and an O(1/Φ′)
correction).

A.3.6 General extremality conditions
Let

Hab = gab + tatb (A.47)

be the induced metric on Σ. Then we have hab = Hab − δIJnaIn
b
J , and so

K0 = (Hab − δIJnaIn
b
J)∇atb

= K − δIJnaIn
b
J∇(atb)

= K − δIJnaIn
b
JKab

(A.48)

where we in the last line used that naInbJ is tangent to Σ, which projects out the difference
∇(atb) −Kab. Now, a collection of tangents eµI to X are

eµr = (1,Φ′(r), 0, 0),
eµi = (0, 0, δµi , 0),

(A.49)

where i runs over sphere directions. The second to last slot here runs over the sphere
directions, with the last slot runs over the z-directions. The unit normals to X (in Σ)
are

nrµ = (α, β, 0, 0),
niµ = (0, 0, 0, rδyi

µ ),
(A.50)

for some α, β we now work out, and where the coordinates are with respect to the index
µ on Σ. r, i should be view as indices in the orthonormal tangent basis labeled by I on
X. Now

0 = nrµe
µ
r = α + βΦ′(r),

1 = Hµνnrµn
r
ν = α2

B
+ β2

r2 .
(A.51)

Solving for α, β, we get

nrµ =

√√√√ Br2

B + r2(Φ′)2 (Φ′,−1, 0, 0) , nrµ =

√√√√ Br2

B + r2(Φ′)2

( 1
B

Φ′,− 1
r2 , 0, 0

)
. (A.52)

Now we want to impose
K0 = K − δIJnaIn

b
JKab = 0. (A.53)
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Explicitly we have

K = HµνKµν = 1
B
Krr + 1

r2Kϕϕ + wij

r2ϕ2 × ϕ2wijKϕϕ︸ ︷︷ ︸
Kij

+d− 2 − q

r2 Kϕϕ︸︷︷︸
Kzz

,

= 1
B
Krr + d− 1

r2 Kϕϕ,

(A.54)

and
δIJnaIn

b
JKab = (nrr)2Krr + (nrϕ)2Kϕϕ + (d− 2 − q) 1

r2Kϕϕ. (A.55)

Thus, with Krr = BF , condition (A.53) reads
[
1 −B(nrr)2

]
F +

[
q + 1
r2 − (nϕr )2

]
Kϕϕ = 0 (A.56)

Using the explicit formula for nrr, nϕr in (A.52), inserting the explicit formula for Φ(r)
from (9.142), and solving for F (r), we find (9.150).

Note also that thanks to (A.54), (9.77) is unchanged, and so the proof that ±θ±[∂Σ] ≥
0 for strips survive for dimension–q + 1 surfaces anchored at q-spheres.

A.4 Lorentzian Einstein Ricci Flows
The purpose of this note is to study the Ricci flow [346–349] for the Lorentzian Einstein-
Hilbert action

AL = 1
2κ

∫
M
R

√
−gddx (A.57)

where R is the scalar curvature for a d−dimensional manifold (M, g) without boundary
(d ≥ 3) and κ = 8πGd. Such geometric flows are interesting to consider as they connect
on-shell saddle points of the action via deformations off-shell. The simplest example con-
nects the four-dimensional Schwarzschild black hole to Minkowski spacetime in Euclidean
signature [350]. The transition between these geometries was shown to pass through a
singularity in finite time. The Ricci flow has been studied several times – originally in
the context of non-linear sigma models [351], and later as a geometrization of RG flows
in AdS/CFT [352–356].

A.4.1 The Ricci Flow
For a d-dimensional manifold equipped with a Riemannian metric (M, g), the Ricci flow
is a first order PDE in the space of Riemannian metrics G canonically given by

ġab(t) = −2Rab(t), gab(0) = giab. (A.58)

The parameter t appearing equation is an auxiliary time which characterizes the deforma-
tions of the metric along the flow. The Ricci flow is well-defined in Euclidean signature
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where the PDE is parabolic (up to diffeomorphism invariance). The flow deforms the
initial metric gi in the direction of its curvature and eventually terminates at t⋆ when the
metric gab(t⋆) is Ricci flat, Rab(t⋆) = 0. As a simple example, we can study the homoth-
etic evolution of Einstein spaces Rab(t) = 2Λ

d−2g
i
ab discussed earlier by Topping [349]. In

Lorentzian signature, this includes maximally symmetric spacetimes, Schwarzschild black
holes (Λ = 0), and (A)dS black hole solutions (Λ ̸= 0). A straightforward computation
shows

gab(t) =
(

1 − 4Λ
d− 2t

)
giab. (A.59)

Hence, spaces which are Ricci flat are fixed points whereas positively curved Einstein
spaces (Λ > 0) become singular in finite time tc = (d−2)

4Λ and negatively curved Einstein
spaces (Λ < 0) diverge homogeneously.

In general, the Ricci flow describes a modified heat equation for Riemannian metrics.
This is most easily seen for the flat space fixed point. First, consider a linearization of
the flow around Ricci-flat space, i.e., gab(t) = ḡab + ϵhab(t). Then, up to linear order in ϵ,
the flow reduces to

ḣab = −∆̄Lhab + 2∇̄(aξb) + O(ϵ2) (A.60)

where ξb = 1
2∇̄bh

c
c − ∇̄ch

c
b and ∆̄L is the Lichnerowicz operator ∆̄Lhab = −∇̄2hab −

2R̄a
c
b
dhcd computed using ḡab = gab(t⋆). When the background is Euclidean space,

ḡab = δab, one recovers a heat equation with an additional contribution in the form
of a diffeomorphism which vanishes for pure gauge perturbations, i.e., hab = ∂(aub). For
a non-trivial Ricci-flat fixed point, the flow may develop curvature singularities in finite
time as evidenced by a squashed sphere [349]. Perelman developed a rich set of methods
to surgically remove these singularities which eventually lead to the proof of the Poincaré
conjecture [347]. Further results establish the short-time existence of the flow which then
allows the geometry to be analytically or numerically evolved (see [349, 350, 354]).

A.4.2 Einstein-Ricci Flows
Just as the heat equation can be interpreted as a gradient flow problem for the Dirichlet
energy functional E[f ] = 1

2
∫

M |∇f |2√gddx with respect to the inner product ⟨fi, fj⟩ =∫
M fifj

√
gddx in Euclidean space, the Ricci flow, Eqn. (A.58), also admits a similar

formulation. In this work, we first review the Ricci flow for the Euclidean Einstein-Hilbert
functional. As discussed earlier in [347–350], the flow is ill-behaved for Riemannian
metrics. However, the main observation of this paper is to show that under a Wick
rotation of the Lorentzian Einstein-Hilbert action, Eqn. (A.57), the flow is well-behaved.
We will also generalize our discussion to include minimally-coupled1 matter contributions.

1In fact, the W and F entropy functionals considered by Perelman [347, 349] are examples of non-
minimally coupled matter configurations which reproduce the Ricci flow problem up to diffeomorphisms.
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Riemannian Einstein-Ricci Flows

To motivate the Ricci flow for Eqn. (A.57), consider the variation of the Einstein-Hilbert
action A[gab(t)] for Riemannian manifolds without boundary. Upon integrating a total
divergence, one finds

d
dtA[g(t)] = 1

2κ

∫
M

(Rab − (1/2)Rgab)ġab
√
g ddx. (A.61)

In order to understand this as a gradient flow, we consider A to be a Dirichlet energy
functional on the space of metrics with an inner product ⟨ġi, ġj⟩ =

∫
M ġabġ

ab. We wish to
find a flow such that the Dirichlet energy converges onto its stationary points. This can
be achieved for the Einstein-Ricci flow

ġab(t) = −2Rab(t) +R(t)gab(t), gab(0) = giab. (A.62)

Evaluating the action along this flow, one finds that the Dirichlet functional decreases

Ȧ[g(t)] = −
∫

M
ġabġ

ab√gddx ≤ 0 (A.63)

where we have set κ = 1. At the stationary points t⋆ of the Einstein-Ricci flow,
Eqn. (A.67), one recovers the Riemannian Einstein field equations Rab−(1/2)Rgab|t⋆ = 0.
Although the stationary points of the Ricci flow and the Einstein-Ricci flow are identical,
i.e., Ricci flat spaces, the Einstein-Ricci flow behaves badly from the perspective of PDE
theory. If we consider an analogous linearization around the Ricci flat fixed point, we
would find linear corrections of the form

ḣab = −∆̄Lhab + ḡab
(
∇̄c∇̄dh

cd − ∇̄2hc
c
)

+ 2∇̄(aξb). (A.64)

For Euclidean spaces ḡab = δab, the perturbations can be decomposed to parts where the
corrections from the scalar curvature vanish and a part with Weyl scalings hab(t) = f(t)δab
which can be shown to evolve with a diffusion constant (2 − d) [349, 350]. Hence, the
flow may then be expressed as ḟ = (2 − d)∇2f + · · · which is a backwards heat equation.
For the Einstein-Ricci flow to be well posed, one either must consider t → −t or change
the inner product in Riemannian signature to counteract the overall signature. Either
prescription causes the Riemannian Dirichlet functional to increase along the flow.

Lorentzian Einstein-Ricci Flows

As we have shown, the Einstein-Hilbert action for Riemannian manifolds2 has an ill-posed
Einstein-Ricci flow problem. We show the same is not true for Lorentzian spacetimes
which are brought over into the Euclidean section via Wick rotation. One may worry

2This statement holds even if the manifold has a boundary.
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that Lorentzian spacetimes must be static in order to have a well defined Euclidean sec-
tion. However, the procedure of performing complex deformations on Lorentzian metrics,
rather than on Lorentzian time, is now well understood (see [357] and references therein).
One starts with the path integral for the Lorentzian Einstein-Hilbert action

ZL =
∫
eiALDg =

∫
exp

( i
2

∫
M
RL

√
−gLddx

)
DgL (A.65)

where DgL is the measure on the space of Lorentzian metrics GL and M is time-orientable
with the Lorentzian volume form being √

−gLddx. In general, the path integral is not
positive definite and oscillates rapidly due to the phase eiAL . However, that M is time-
orientable is equivalent to the existence of a non-vanishing timelike vector field V [18, 357].
Hence, the Lorentzian path integral can be analytically continued into the Euclidean
section via deformations gε = g + iε(V ⊗ V/g(V, V )) as noted by Visser [357]. Choosing
a contour which avoids the degenerate pole at ε = i, one recovers the Euclidean path
integral (partition function)

Z =
∫
eADDg =

∫
exp

(
−1

2

∫
M
R

√
gddx

)
Dg. (A.66)

where we are once again in the space of Riemannian metrics G with measure Dg.
It is worth noting that the partition function is not bounded either above or below

as conformal fluctuations can be made arbitrarily large [7, 358–360]. However as the
semiclassical approximation, near the most dominant saddle point, does reproduce the
thermodynamics of black holes, the Euclidean path integral approach does have enough
merit to warrant consideration of the deformed Einstein-Hilbert action AD as a Dirichlet
functional. One may object that the Dirichlet functional should be positive definite for
a well defined variational problem, so we restrict our considerations to spaces with non-
positive scalar curvature R ≤ 0. This is quite natural to do from the perspective of black
hole thermodynamics in AdS and Minkowski spacetimes.

For our purposes, we consider AD as the Dirichlet functional for the Ricci flow prob-
lem. Upon first variation, we find

ȦD[g(t)] = −1
2

∫
M

(Rab − (1/2)Rgab)ġab
√
g ddx. (A.67)

Then using standard inner product norm ⟨ġi, ġj⟩ =
∫

M ġabġ
ab√gddx, the Dirichlet func-

tional decreases ȦD ≤ 0 along the flow

ġab(t) = 2Rab(t) −R(t)gab(t), gab(0) = giab. (A.68)

Henceforth, we refer to the PDE, Eqn. (A.68), as the Lorentzian Einstein-Ricci flow.
We observe (i) one recovers Einstein gravity at the fixed points of the flow, and (ii)
linearizations around the stationary point lead to

ḣab = ∆̄Lhab − ḡab
(
∇̄c∇̄dh

cd − ∇̄2hc
c
)

− 2∇̄(aξb) (A.69)
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yielding a positive diffusion constant ḟ = (d − 2)∇2f + · · · and a well-posed heat equa-
tion for Weyl scalings. To our knowledge, the Lorentzian Einstein-Ricci flow is the first
to simultaneously minimize the Euclidean gravity functional and remain well-posed in
forward flow time for Ricci-flat spaces.

As an example, consider the homothetic evolution of Einstein spaces Rab(t) = 2Λ
d−2 ḡab.

One can check that the exact solution to the Lorentzian Einstein-Ricci flow is

gab(t) =
[
(2/d) + (1 − (2/d))e− 2dΛ

d−2 t
]
ḡab. (A.70)

Again, Ricci flat spaces are fixed points which are unchanged along the evolution whereas
now negatively curved spaces (Λ < 0) expand exponentially. Although we consider only
non-positive scalar curvature, it is worth noting the finite time singularity of the Ricci
flow mentioned earlier is not observed for positively curved spaces (Λ > 0).

A.4.3 Generalizations
The Lorentzian Einstein-Ricci flow presented thus far is not unique. Indeed, we could
add terms which respect the contracted Bianchi identity ∇a(Rab − (1/2)Rgab) = 0 which
would only shift the fixed points structure of the flow [350]. Concretely, consider the
Lorentzian action

IL = 1
2

∫
M

(R − 2Λ − LM)
√

−gddx (A.71)

where we restrict the matter content LM ≡ LM(ΦI ,∇ΦI) to be well defined in the Eu-
clidean section and fixed along the flow Φ̇I = 0. We can construct a deformed Einstein-
Hilbert action ID via a Wick rotation. The Lorentzian Einstein-Ricci flow problem for
the Dirichlet functional ID may be formulated as follows; İD[g(t)] ≤ 0 on the standard
inner product norm ⟨ġi, ġj⟩ =

∫
M ġabġ

ab√gddx for the flow

ġab(t) = 2Rab(t) −R(t)gab(t) + 2Λgab(t) − 2Tab(g(t)),
gab(0) = ḡab, (A.72)

where the stress energy is Tab = (2/√g)∂(√gLM)/∂gab. A few comments are in order.
In the absence of matter, the fixed points are now Einstein spaces rather than Ricci-flat
spaces. Furthermore, the additional contribution from the cosmological constant respects
the diffusive nature of the flow under a linearization as no kinetic terms are added by Weyl
scalings, and the Bianchi identity is manifestly obeyed ∇a(Rab − (1/2)Rgab + Λgab) =
0. In the presence of matter, the flow reduces to Rab − (1/2)Rgab + Λgab|t⋆ = Tab|t⋆ ,
and thus imposes ∇aT

ab|t⋆ = 0. The conservation of stress-energy is equivalent to the
statement δID[g(t⋆),Φi]/δΦi|on-shell = 0. To understand the corrections from the stress-
energy, consider a linearization of the stress-energy and the flow around Λ = 0, ḡab = δab.

200



This yields

Tab(g(t)) =Tab(ḡ) + ϵ
∂Tab
∂gcd

∣∣∣∣
t⋆
hcd + O(ϵ2), (A.73)

ḣab =∆̄Lhab − ḡab
(
∇̄c∇̄dh

cd − ∇̄2hc
c
)

− 2∇̄(aξb)

+ 2Λhab − 2∂Tab
∂gcd

∣∣∣∣
t⋆
hcd. (A.74)

Hence a Weyl fluctuation, hab = f(t)δab, would satisfy ḟ = (d−2)∇2f−µf+· · · where µ =
2(∂Tab/∂gcd)|t⋆δcdδab.We can understand these fluctuations ∆Tab(t) = Tab(g(t))−Tab(ḡ) as
sources Qab(t) = ∆Tab(t) in the heat equation. In Euclidean space, matter contributions
will source exponential factors of the form e−µt which competes with diffusion if µ < 0 at
t ≫ 1. In general, the details depend on the stress-energy of LM in Lorentzian spacetime
and we expect the flow to converge only if µ is non-negative in Euclidean signature.

A.4.4 Einstein-Ricci Flows as RG Flows
The Ricci flow was originally motivated as an RG flow on the worldsheet for 2d non-linear
sigma models [350, 351]. In the context of entanglement entropy and AdS/CFT, shape
deformations of entanglement surfaces and geometric flows of Randall-Sundrum surfaces
have been shown to reproduce the Ricci flow up to corrections [353, 356].

In light of this, it is suggestive to consider the Lorentzian Einstein-Ricci flow as an
RG flow. We can understand the gradient flow as an RG process by identifying t as a
renormalization scale with cutoffs at t0 ≤ t ≤ t⋆. Then we may write the generalized
Lorentzian Einstein-Ricci flow somewhat suggestively as

Φ̇I = βI , (A.75)
ġab = βab + 2Λgab − 2Tab. (A.76)

where βab = 2Rab − Rgab and βI are the beta functions for the matter. As the flow
connects configurations [g(t0),ΦI(t0)] to [g(t⋆),ΦI(t⋆)], we construct an off-shell partition
function Zt[g,Φ] along the flow

Zt[g,Φ] =
∫

exp
(
Aeff
t [g,Φ]

)
DgDΦ

∣∣∣∣
t0≤t≤t⋆

(A.77)

where we have integrated out modes with Dirichlet energies outside of the domain of t.
As the first variation of the action may be written as

dAeff
t

dt =
(

Φ̇I δ

δΦI
+ ġab

δ

δgab

)
Aeff
t . (A.78)

One finds the relation, upon using Eqn. (A.75)–(A.76),

dZt
dt =

(
βI

δ

δΦI
+ (βab + 2Λgab − 2Tab)

δ

δgab

)
Zt = 0 (A.79)
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which takes the conventional Callan-Symanzik form. In a usual RG flow, one consider
the couplings of the theory to run with the scale. The situation here is qualitatively
different as we are considering the deformations of the metric and the matter content
along the flow. Essentially, this geometric RG flow deforms an initial metric gi from
the UV stating point to a smoother final configuration at the IR fixed point by virtue
of “coarse graining” inhomogeneities. This perspective has been espoused thoroughly in
the context of AdS/CFT subject to further geometric restrictions [353]. We suspect their
analysis can be extended to the generalized Lorentzian Einstein-Ricci flows considered
here.

A.4.5 Conclusions
We have presented an analysis of the Ricci flow problem for the Lorentzian Einstein-
Hilbert action and its generalization in Eqn. (A.72). This was done by an analytic
continuation into the Euclidean section and constructing a gradient flow problem for the
Dirichlet functional ID. For linearizations around Euclidean space and in the absence of
matter, the flow is well-posed converging onto Einstein spaces at the fixed points.

Several extensions of our analysis are available. One could include non-minimally
coupled, dynamical matter configurations to the Lorentzian action with higher order
curvature interaction and study the resulting flow equations. Furthermore, it may be
useful to study flows of Euclidean black hole spacetimes with conserved charges in the
Wald-Iyer formalism. In the context of AdS/CFT, the geometric flows considered here
should be dual to RG flows in the boundary CFT [355]. As such, it should be possible
to study the geometric flow of Euclidean AdS black holes with conserved R-charge as
a corresponding RG flow for N = 4 SYM at finite temperature on S3 with a U(1)
chemical potential. Two questions, which are related, pertain to the Hawking-Page phase
transition and the interpretation of the flow time as a spacetime dimension. In [355, 356],
the radial direction of AdS5 was argued as a flow time and identified with the RG scale.
The corresponding RG equations had a similar form to Eqn. (A.75)–(A.76) in the absence
of stress-energy. We know that the confinement/deconfinement phase transition in N = 4
is dual to a Hawking-Page phase transition in the bulk [125]. Hence placing strong RG
cutoffs in AdS will screen the black hole spectrum and thus keep the CFT confining.
It is natural to wonder how the confinement/deconfinement phase transition may be
evaded based on RG scalings and if the flow parameter may be related to thermodynamic
parameters. Recently, we have shown that evading the deconfinement/confinement phase
transition relied on deforming the R-charge to imaginary values [146]. In the context of
this paper, we suspect the flow parameter t may be related to the imaginary R-charge.
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