1658 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 43, NO. 11, NOVEMBER 1998

[8] —, “Canonical representation of nonlinear discrete-time systems,” gounterexample is given to show the nonexistence of the induced

System Mod. and Feedback Theory and Applicatiéndsidori and T.  system norm of the map fromi? input to £* output.
J. Tarn, Eds. Boston, MA: Birkhauser, pp. 153-168, 1992. It is well known that the Hankel norm mappingf -past inputs to

[9] ——, Aunifying representation for nonlinear discrete-time and sampledq., . . .
dynamics,"J. Math. Syst. Est. Contrvol. 5, no. 1, pp. 103-105, 1995, &~ -future outputs plays an important role in system model reduction.

[10] —__, “On the conditions of passivity and losslessness in discrete timeé®ther applications of the Hankel norms include estimation of the
in Proc. ECC Bruxelles, Belgium, 1997. effect of the past inputs on the future outputs in an operator-theoretic
[11] —, “Geometric properties of a class of nonlinear discrete-timﬁ,ay. see, e.g., [6], where a so-called “mixed induced norm” is
dynamics,” inProc. ECG Bruxelles, Belgium, 1997. defined, which is the Hankel norm frof-past inputs toZ'-future
outputs.

Il. PRELIMINARIES

Let R denote the field of real number®&®*™ denotes the set
{t € R : t > 0}; andR" denotes the set af x 1 vectors with
elements inR.

For anyu: R — R" andt € R*, P,u denotes the element-by-
element projection operator

A Comparison Between Hankel Norms
and Induced System Norms

Wayne W. Lu and Gary J. Balas

Abstract—A general definition is formulated for the Hankel norms as
the induced norms of a strictly proper stable linear time-invariant (LTIV)
system mapping vector-valuedC?-past inputs to vector-valued£?-future Define sgn(u) : R® — R™ as the element-by-element sign
outputs. Some Hankel norms are derived by the maximum principle and  gperator
duality. A property termed the system integral invariance is introduced

by the derivation of those Hankel norms. Furthermore, the norm-induced 1, u; >0
initial conditions and the comparison between the Hankel norms and the sgu(u); := <0, u; =0
induced system norms are also presented. —1, wu;<O.

Index Terms—Hankel norm, LTIV system, norm-induced initial condi-

P - .
tion, system integral invariance. Let £?, p € [1,oc] denote the spaces of measurable functions,

u : R — R, such that

o0 1/p
I. INTRODUCTION lullce := </ [u(t) clt) < oo, 1<p<oo
The Hankel norm is defined as the induced norm of a strictly proper - ;
:= ess sup |u(t)| < oo, p = oc.

causal (or anticausal) linear time-invariant (LTIV) system mapping
vector-valued £%-past inputs to vector-valued:*-future outputs. -

Reference [8] extended this concept to the map from vector-valusgt ¢ " € [1, 0] denote the spaces of vectorsTf such that
£'-past inputs to vector-valued®-future outputs and from vector- 1/r

valued£?-past inputs to vector-valueg -future outputs. This paper le]ler := Z i |” , 1<r<o

gives a general definition of the Hankel norms as the induced norms i=1

R

of a strictly proper stable LTIV system mapping vector-valu&t = max il r=00.

past inputs to vector-valued?-future outputs. Some Hankel norms -~

are presented for the usual casegpof being 1,2, cc. Furthermore, letZ”", p,r € [1,oc] denote the spaces of vector-
The Hankel operator can be interpreted as the mapping from tf@lued measurable functiong,: R — R", such that

past input to the future output via the state at timet = 0. The 00 1/p

states termed the norm-induced states, or the norm-induced initial ||u||cr. := </ [lu ()17 dt) <oo, 1<p<oo

conditions, are also presented in this paper. Some implicit functions >

for solving the norm-induced initial conditions exhibit a property = Csfejyp||"(f)||” <00, p=oo

termed the system integral invariance in this paper. o 5
A comparison between the Hankel norms and the induced systen>iMilarly, £ (—occ, 0) denotes the spaces of vector-valued mea-
norms is also presented in this paper. First it presents a gendi4jable functions of ¢ over half of the real ling—oc, 0). £77(0, oc)
relationship between the Hankel norm and the induced system noffhdefined n the same manner. . o
Then it is shown that both norms are identical in some casest®t(£”")" denote the dual of”". Then(L"")" can be identified
in terms of the system property of being linear time-invariant. AVith £* where
1—1—1:1 and 1-1—1:1.
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let G(¢) denote the associated impulse response. Thenapsu to Proof: Givenu € L7 (—00,0)
y as defined by the convolution
. |Gullo2(0,00) < |G|l aws
v = (G0 = [ Gl = n < NGy« lullcnr
The causality means thék(t) = 0 for ¢ < 0. It implies||g;; || co.r = = Gl llullers(—oo.0)- B
lgisllcrro,00), WhereG(t) = {gi;(t)}, 1 < i <p, 1 < j<m.

\ In fact, an equality holds in certain cases. In the following theorem,
In the frequency domain

|| - ||Z:3 denotes both the Hankel norms and induced system norms.

iw) = Glw)aljw). Theorem 2: Given G € S, the Hankel norms are identical to the
induced system norms for the following indicated valueg.of, ¢,
Given G € S, the induced system norm is defined as and s:
Gul|lza.s 5
Gl g = sup Lullers IGIZE = X2 (R) ©)
0 T eere Tlullers :
e IG115%% = X2 (09) ()
= sup ||Gu||ges < o0 29 1/2
llull gpr <t G177 = dm ™ (R) @)
wherep,q,r, s € [1,o<]. G125 = dvln/z(s) (8)
Define [8] o oo P
- G = max [ S las (0] de (©)
R:= / GT(HG(t)dt L
_ 508 G = max [ S law (0] dt (10)
K 0 —
oo ) g=1
si= [ e’ ar IG5 = ma sup gy (D). (1)
oo % B
=cpct

The induced norms and equality relations in (5)—(8) were derived

where P and ) are the controllability and observability gramiansin [8]. The induced system norms in (9) and (10) are shown in [1].
respectively. Lef\,, ( R) andd,..(R) denote the maximum eigenvalue The same techniques can be used to extend those results to the Hankel

and maximum diagonal entry dt, respectively. norms. The proof of (11) is quite straightforward. Hence the proofs
Let G € S. The well-known Hankel norm is defined as of Theorem 2 are omitted. Note that (5) and (6), (7) and (8), (9) and
llyll» (10), and (11) itself are dual in their input—output spaces.
Gl :=  sup  —oNE2(O0) Theorem 3:Given G € S
w€ L2(—00,0) ||'”’||£2(7>c,0)
u#0
_ )\#{Z(PQ) @ |G||h1‘ / Z|Lﬁi6At.[’o|dt (12)
=1

while the H* norm is

|Gl3e = sup 7[G(jw)] )
wER

where

4 T AT 0 ATy T
) ) ATy
Ty :/ e TBsgn|:B e T/ e 'C
0 0

wherea denotes the maximum singular value.
X sgn(CeAt;L'o)dt:| dr.  (13)
I1l. HANKEL NORMS AND INDUCED SYSTEM NORMS

_ (T 1/2
Definition 1: SupposeG’ € S andp,q,7,s € [1,00]. Then the 1G22 = (w0 Qo) (14)
Hankel norm is defined as

where
[|Gullzas(0,00
IGllags = sup o) 3 L _—
’ ueﬁp;’;ngo) lullzpr(—c0,0) Lo = / e’ Bsgn(B e QJm) dt. (15)
0
In words,||G]| 5.+ denotes the induced norm frofit " -past inputs 1G]l = (;,,»;{pwo)l/z (16)
to £L%°-future outputs. As a special cageg, r, s being equal to two 22
leads to the well-known Hankel norm. where
The definition (3) has the equivalent forms .
o ATt ~T At p, .
”G”hg’i _ sup 1Gull £ar5(0.00) o = /0 e” "C" sgn(Ce”™" Pu,) dt. a7)
’ Tl gpor(—oo,0y <1
= sup |Gull 2aws(0,00) Note that (12) itself, and (14) and (16) are dual in their input—output
llull £por(—co.0y=1 spaces. The proof of the above theorem is presented in the Appendix.

since the Hankel operator is bounded and linear. The induced system norms correspondmgﬂﬁ|h1 - do not exist.

First, the relation between the Hankel norm and the induced syst¥¥e may take a simple counterexample@&) = e*f t > 0. Let

norm is given as follows. the input beu( y=1t/(1+t)% t > 0. Thenu € £2. But the output
Theorem 1: Suppose that the following induced system normg = —e ™+ 1/(1+1t), ¢ > 0 is not contained |r1€l
exists forG € S. Then Definition 2: SupposeG € S andp,q,r,s € [1,oc]. Then the
norm-induced initial condition is the set as in (18), shown at the
1Gllngs < 1Glig:s- ™ bottom of the next page.
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Theorem 4: By Definition 2, the norm-induced initial conditions fact that if z,, is a solution, it does not change its direction after the
corresponding to the above-discussed Hankel norms are shownindsgral operation. First we take some points for on half of the
follows: e, =0 --- 1 --- 0]F unit circle. Note that it is easy to verify that if, is a solution, so
is —z,, and that although, has both direction and magnitude, only

”G”hiﬁ: o = Buw (19 the direction plays a role in the operation of the sign function. Then
[T/ ——— PC’T(S)_l/Zw (20) Wecan calculate the right side of the implicit function and check the
hes ) difference between the phases of the giverand calculated,,. If the

[Gl2.2: &0 = Bex (21) phase difference goes smaller, and then larger for three consecutive
e A 0 1/2 pairs, there is a local extrema in the neighborhood of the second given
”G”hz,z’ T = PC e /dy(5) (22) z,. One can continue the same procedure by refining the points of
IGl,1.1: &, = Bex (23)  x, until the phase difference is smaller than a prespecified number.
1,1 . . . .. .
oo o The numerical computation shows that each implicit function draws
IGllpoce: &0 = / e Bsgn(B e 'C"ey) dt (24) an ellipsis when the given, are taken on the unit circle. The norm-
’ ~ 0 induced initial condition splits a little off from the long axis of the
”G”hfiw: To = Bek (25) e”lpSlS
IGll,1a @ &0 =, in (13) (26) The computation on (13) vyieldst, = [0.512 0.627]".
e : Then ||G]|,x. = 0.642. Furthermore, the other solution, =
Gll,22 ¢ ¥ =2, in (15 27 oo . . .
I ”hiﬁ,w ! v (15 27) [-0.277 0.378]", which is a local extrema and splits a little off
Gl 11z o= P;ljo/(l’g‘vp;po)1/27 x, in (17) (28) from the short axis of the ellipsis, results in the input-output gain
2 0.210.
N N By (15), #, = [0.532 0.597]" gives||G||,2 = 0.480. The other
Gl &0 = ) — T, (29) _ . ” 2=
2L Qu, solutionz, = [—0.229 0.439]" leads to the gain 0.137.

) ) o ] ) By (17), &» = [0.294 0.571]7 yields ||G||h% = (.480. The other
wherew in (19) is the unit eigenvector corresponding to the max'mu@olutionwo — [<0.0266 0.0314]" gives the gain 0.137.

eigenvalue ofR; w in (20) is the unit eigenvector corresponding to
the maximum eigenvalue &f; % in (21) is any column number for
which the£?? norm of the individual columns af(t) is maximal;k V. REMARKS
in (22) is any row number for which th&%2 norm of the individual
rows of G(t) is maximal;% in (23) is any column number for which
the £"'' norm of the individual columns ofi(t) is maximal; % in as follows. Foru € £1", the extremizing inpus.(t), an impulse
(24) is any row number for which thé"' norm of the individual 5. _, g only takes the time: that can be arbitrarily small. For
rows of G(¢) is maximal;% in (25) is any column number for which y € £, given anyu € £P", one can define time = 0 at the
the £ norm of the individual column of(#) is maximal;z,  moment wheny achieves its peak value in terms of the fact that the
in (26)—(28) needs to be selected from multiple solutions of (13§ystem is linear time-invariant.
(15), and (17), respectively, to achieve the Hankel norms;.and " gach of the implicit functions in Section Il is the necessary
in (29) is the eigenvector corresponding to the maximum eigenvallgnition so that the norm-induced initial condition, if it exists, must
Am_of PQ. ) o . ) _satisfy this condition. On the other hand, the norm-induced initial
The above norm-induced initial conditions can be derived simplygition does exist since the Hankel norms are well-defined for a
by applying the extremizing unit norm past inputs obtained frofapje LTIV system. Hence the norm-induced initial condition can

the derivation of the Hankel norms into Definition 2. Note that fopg gelected from the solutions of the implicit function to achieve the
a multivariable system, the norm-induced initial condition can aximum gain from past inputs to future outputs.

nonunique since it is possible that, for instance, two columrG(f If we define each of the implicit functions as an integral operator
have the same length and both are maximal. I (nonlinear due to the sign operator) mappinge R" to z € R",
the mapping is smooth, or it has a continuous first derivative with
IV. AN EXAMPLE respect toc,. It can be easily proved by taking the derivative:of

For illustrative purposes, we take a second-order plant as followd:component form with respect te,, . _ _
For the integral operataf, =, defines one-dimensional subspace

The fact that the equalities hold between the Hankel norms and
induced system norms in Theorem 2 can be intuitively explained

& = —x1 + a2 V= {x | 2 = aw,, Yo € R} which is invariant to the operator
do = —1 — 20 +u I, or I-invariant. More preciselyyo € R, I{az,) = sgn(a)z,.
Y= The range is also contained ¥. This invariance is termed the
’ ' system integral invariance for a stable LTIV system. For the well-
The state transition matrix is known Hankel norm, the energy approach results in an eigenvector
¢ . invariance to a matrix, i.ePQz, = Az,.
At e cost e "sint . . .. . . .
= otnt e teost |’ t>0. The concept of the norm-induced initial condition is quite descrip-

tive and relevant to the Hankel norm singeplays a role in bridging
Since the states of the plant exhibit oscillation, we need to upast inputs to future outputs.
numerical computation to obtain the norm-induced initial conditions The well-known Hankel norm can be defined for the operator
shown in Theorem 3. The computational algorithm is based on thee £ in the frequency domain. However, only the strictly causal

0
Xo 1= {:i'o | Zo :/ e " Bu(r) dr, where ||ul|zp.r(—oo,0) = 1 and||G||hg;i = ||06At.f'o||£q,s(0’m)} (18)
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(or anti-causal) part of7 makes contribution to the Hankel norm. 2)
In the proof 3) in the Appendix, it is shown that the causal and
anticausal Hankel operators equipped with any input—output norms
have the identical induced norms.

We may define the Hankel norm as

||G/P,-u||£q,s(,_yx)

lull coompo, 7y

(30)

|G|lpas := sup sup
P rER+ ueLPT[0,00)

In fact, two definitions (3) and (30) are equivalent in terms of the
supremum in both definitions since takisgp .+ implies that one
can search for the norm-bounded extremizing past input over half
of the real line by the fact that the system is linear time-invariant.
Reference [6] defined a “mixed induced norm” fraffi”-past inputs
to £'-future outputs, which is a special case of (30).

APPENDIX
Proof: Proof of Theorem 3:
1) To show||Gl|,1.1 , define the performance index as

N 4
J ::/ coe L] dt
; ;| |
= () (31)
subject to
* = Az + Bu, z(—o0) =0
3)

and

||U,||L"oo,oo(_oo‘0) S 1.

We use the maximum principle to solve this problem. The
maximum principle states that the necessary conditionufor
to maximize the cosf is that the Hamiltonian function must
be maximized for allt € (—o0,00) and for all admissible
controls.

The Hamiltonian function is

H = )" (Az + Bu)

where \ is termed the costate which satisfies

1661
To show||G||h(2)ézoo, define the performance index as
J =l Qu,
= (o) (37)
subject to
& = Az + Bu, z(—oc) =0
and
llull goeroe(—o0.0) < 1.
The Hamiltonian function is
H = )\"(Ax 4 Bu).
In the same way as before, one has
A=—HT =—-4T\, t<0 (38)
Xo =t = 2Qu, (39)
u=-sgn(B'\), t<0 (40)
Ty = /‘O e A" Bu(r)dr. (42)

The results of (14) and (15) follow from simple manipulations
on (37)—(41).
We use the duality [9] to shoWGl||,:.:. The dual of G :

2,2

L£7%7°(—00,0) — L£2(0,00) is the mapping
G*: (£72(0,00))" — (L7 (—00,0))*.
That is

G*: £%(0,00) — L' (=00,0).

To determine the form of:*, let x, € (* andy € £*%(0,0),
and define the mapping

Uy ? — £2%(0,00)
(Uyao)(t) := Ce™a,, > 0.

We have

N=—HT =—4"), <0 (32)
Ao =11, (33)
:/ ATt sgn(Ce™ ) dt. (34)

9]

Note that the order of the integral and partial derivative in

(33) can be interchanged since the integrand is exponentially

decaying for allxz, € R" and the partial derivative of the

integrand with respect ta, is uniformly continuous for all

t € [0,00), possibly except for the countable points due to the

absolute value which can be neglected in the integral.
Since H,., = 0,

u=sgn(BTN), t<0 (35)

maximizesH (x,u, A) on the boundary. Herg3™ X is a switch-
ing function.
By convolution

-0
v= [
—o0

We
By simple manipulations on (31)—(36), one can get the desired
results (12) and (13).

e T Bu(r) dr.

(36)

where the first duality bracket is fof*2(0,o0) and the second is
for ¢>. Then

(y, Vswo) = / yT(T)CeAT:EU dr
0

= |:/ eATTCTy(T)dT
0

"
To.

Hence

\Ifj-y:/ GATTC'Ty(T)dT. (42)
0

Letu € £5°°(—o0,0) and define the mapping

W, : L7 (=00,0) — £,

-0
T,u = / e~ Bu(t) dt.

have

(2o, Tpu) = (Vyzo, u).
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With the result obtained by this approach, a few steps of change of
variables are needed to show (16) and (17). It can be shown by this
approach that the implicit function is also a local sufficient condition
for x, to achieve a local extremal input—output gaiff,,.,, < 0).

Then and
<m(,,x1;,,u,>:/0 al e Bu(t) dt
o
:/ (BTe= " 2,) u(t) ar.
Hence
(Tz,)(t) =B e " ey, t<O. (43)
By (42) and (43)
(G"y)(t) = (L, ¥ 5y)(t)
- /m BLeATC 0T () e, t<0.  (44)
0
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{AT, T, BT, 0}.
Furthermore, the mappindg=*:£%?(0,00) — L£"'(—00,0)
(anticausal) is equivalent to the mappir@" : £**(—0c,0) —

£51(0,00) (causal) with the convolution "

@5 [

-0
(G™y)(t) = / Blve,AT(t*T)CTy(T) dr, t>0
wherey € £2%(—oc,0) since (45) can be obtained from (44) by [3]
change of variables, and vice versa. Obviously, this argument holds
for the Hankel operator equipped with any other input-output normgg)
Now consider the syster@™ as a mapping fromC*>>°(—oc, 0)
to £22(0, cc). Its norm can be calculated by (14) and (15) while thel5]
dual system{ 4, B, C,0} mapping£?*?(—oc,0) to £'(0,00) has 6]
the same Hankel norm. O
Note that the result in the proof 3) can also be derived by a
variational approach with the definition of the performance index [7]

oo P 8

J = / Z|ciemxo|dt (8]

0 =1 [9]

= 1#',1(!1'0) [10]

subject to [11]
+ = Ax + Bu, z(—oc) =0
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