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AN ERROR ESTIMATE FOR FINITE ELEMENT
METHODS FOR SCALAR CONSERVATION LAWS

BERNARDO COCKBURN* AND PIERRE-ALAIN GREMAUD{

ABSTRACT. In this paper, the Shock-Capturing Streamline Diffusion method and
the Shock-Capturing Discontinuous Galerkin method for scalar conservation laws are
proven to converge to the entropy solution with a rate of at least h1/8 in the L>°(L!)-
norm. The triangulations are made of general acute simplexes and the approximate
solution is taken to be piecewise a polynomial of degree k. The result is independent
of the dimension of the space.

1. Introduction. In this paper, we consider the problem of estimating the differ-
ence between the entropy solution of the initial value problem, [7],

dyu+ div f(u) =0 in (0,Ts) x R, (1.1)
u(0) = ug on RY, (1.2)

and the approximate solution given by the so-called Shock-Capturing Streamline
Diffusion (SCSD) method, see [3], [9], [10] and the references therein, or given
by the so-called Shock-Capturing Discontinuous Galerkin (SCDG) method, see [5]
and [4]. More precisely, we prove that the L°(L!)-norm of the above mentioned
difference goes to zero at least as h!/® as the discretization parameter h goes to
zero. We assume the flux function f : R —» R%to be smooth and take the compactly
supported initial data ug in the space L=°(R¢)NBV(R¢) of bounded functions of
bounded variation in R¢.

Convergence of the SCSD method was first obtained by Szepessy [9]. By using
the DiPerna theory [2] of measure-valued solutions for (1.1), (1.2), Szepessy proved
that the piecewise-linear approximate solution given by the SCSD method converges
in LY ((0,T) x R?) to the entropy solution of (1.1), (1.2), for any p € [1,00). Later,
Szepessy [10] extended this result to the case of a general scalar conservation law
in several space dimensions with boundary conditions and an approximate solution
which is piecewise polynomial of degree k.
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2 COCKBURN AND GREMAUD

To obtain convergence results in the framework of measure-valued solutions for
(1.1), (1.2), [2], the approximate solution must

(i) be bounded in the L°((0, T ) x R%)-norm,
(ii) be weakly consistent with all entropy inequalities,
(iii) be strongly consistent with the initial condition.

Recently, Jaffré, Johnson, and Szepessy, [4], proved that the SCDG method con-
verges to the entropy solution of problem (1.1), (1.2) by using an extension of the
measure-value convergence theory of DiPerna [2] obtained by Szepessy [11] which
allows to replace in (i), the L=°((0, T ) x R%)-norm by the L>(0, Too; L2(R¢))-norm.
In this paper, we consider the case of piecewise polynomial approximations of de-
gree k and show how to obtain, not only convergence, but error estimates with only
a suitable version of (ii); the properties (i) and (iii) do not need to be obtained.
The basic idea is to combine the estimates of the entropy dissipation, needed in
(ii), with a modification of the Kuznetsov approximation theory [8] obtained by
Cockburn, Coquel and LeFloch in [1].

The paper is organized as follows. In §2, we display the SCSD and SCDG meth-
ods and state and briefly discuss our main result, Theorem 2.1. The remaining of
the paper is devoted to prove Theorem 2.1. In §3, we recall the basic approximation
inequality obtained in [1]. This inequality states that, in order to obtain error esti-
mates, only an estimate of the entropy dissipation is required. Such an estimate is
obtained in §5 by using an a prior: estimate and some very simple auxiliary results
derived in §4. In §6, we end the proof of Theorem 2.1.

2. The main result. In this section, we describe the SCSD and SCDG finite
element methods and state and briefly discuss the main result, Theorem 2.1.

The methods we have in mind being essentially implicit, we first decompose our
domain into “slabs”. More precisely, let 0 =ty < t; < t3 < --- <ty = T be a
sequence of time levels. We set

Sn: (tn,tn+1) XRd, n = 0,...,N—1,
R¢ = {t,} x R, n=0,...,N.

In each slab S, we define a triangulation 7}, ,, of (d+1)-simplexes. No compatibility
at t = t,, between the meshes of two consecutive slabs S, and S,4+1,n=0,...,N—-1,

is required. We only assume that the triangulations satisfy the following simple
conditions:

T is acute for all T € T}, , and n =0,--- ,N — 1, (2.1a)
h
L <o foral T€Thpn, andn=0,--- ,N —1, (2.1b)
pT
hr>¢h foral T €Ty p, andn=20,--- ,N —1, (2.1¢)

where hr is the diameter of T' € 7}, ,,, pr is the diameter of the biggest ball totally
included in T', b = max{h1,T € Th n,n =0,...,N—1}, and €is a positive constant.
The set of d-simplexes corresponding to the edges of 7 ,, is denoted 97} .
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Taking into account the fact that uo and (consequently) u(t,-), t € [0, ], have
compact support, we introduce the following spaces

Vin = {v;v|r € Pe(T),VT € Thn,v =0 for |z| > M},
Vi = {v:RT xR = R,v|(1, 10,1) € Vand
where M is a sufficiently large constant and Pj, stands for the space of polynomials
of degree k. We emphasize that no continuity requirements are imposed upon the
functions in V}. Following [10], we partition each (d + 1)-simplex T into k¢+!
congruent (d + 1)-simplexes, denoted by T, and introduce the spaces
Vh,n = {'U;'U|T'. € Pl(T’t)7z = 17' o 7kd+17VT € Th,n)v = 0 for Iml Z M}7
Vh = {v ‘Rt x Rd — R’”'(tmin-u) € Vh,n}-
For each v € V},, we define 9 to be the element of V}, that coincides with v on each
of the vertices of the (d + 1)-simplexes T}, for i = 1,--- ,k%*! and every T of 7} n,

forn=0,--- ,N — 1.
Finally, we define, foral T € 7 , and n = 0,--- ,N — 1,

Pu(v)|T |T| / vdzdt,

Ivla (62) = 7

and, for all e € 87}, and n =0,--- ,N — 1,

v llzz(T), for (t,z) €T,

PaoT)le = i| / o7 d),

v lle. (¢,2) = B Il,zllv Iz2(e) for (¢,2) € e,

where for p = (,z) € e\Oe, we have used the notation vT(p) = lim, o v(p — sn.,1),
ne T being the unit outer normal to T along its face e.

The approximate solution uj; given by the SCDG method is defined to be the
element of V}, such that

> / Alun)(v + 8A(up,v))dzdt + Y Y / ( Py, ule) - f(u{)-ne,T)deA

TETh,n TETh,n e€OT
+ Y /el(uh)]P’h(Vuh Véydedt + Y > /ez(uh)]l”h(v T . v.5T)dx =0,
TE€Th,n T€Th,n e€8T

V'UEVh’n, n=0,1,...,N —1,

(2.2)
where

d d
A) =0+ ) 8ifi(v),  Aw,v) =8w+ ) fi(w)d,
=1 =1
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V = (8;,8,,8,...,04), V. =(81,8,...,64), VT = V(vT|,),

and where vT¢(p) = lim, o v(p + sne 1), for p = (t,z) € e\Oe and e € OT. The
initial condition is defined as follows:

ul*(0,-) = ugn, for all e € 8750 NRE, (2.3)

uon being the standard L2-projection of uo into the space of functions which are
polynomials of degree k on e € 87,0 N RE.
We use throughout the paper the so-called Lax-Friedrichs flux

1 - -
Fer i uit) = S(F@i) + fi) -ner + CEF (ufl — ui), (2442)
where f(us) = (un, f(un)), CEF =1/2if n. 7 = (1,0,...,0). We assume that

CLF _ -;-|f'|,g,oo >, >0, fore€ £ (2.4b)
with |f'le.co = max{|f'(¢) - ner|,€ € [min{u],ul}, max{uT,u7*}]} and where
En denotes the subset of the edges 07}, whose intersection with R URZ, is of
measure zero. The condition (2.4b) ensures that the flux f'7(a,b) is a strictly
monotone flux, that is, an increasing function of a and a decreasing function of .

Finally, for T € Th n, n = 0,1,..., N — 1, the shock capturing terms €; and ¢,
are defined as follows

ACCD 4o
sl(v(.’.))|T _ { 61 ” Vi ”]Ph f ||v “]P’h 750,

0 if || Vo |p =0,
and
5 | i%(vT,vTe) - f(vT) : ne,T'
e2(vT)e = ¢ | VedT ||,

0 if || Ved™ [, =0,

if | VedT ||m, # 0,

for any v € V},. The parameters §, §;, and §, will be defined later.

On the other hand, the SCSD method is the exact analog of SCDG but with
continuous approximations inside each slab S,,n = 0,1,..., N —1. Namely, instead
of Vj, n, one considers the space V}, », where

Vin = {v € C*(8,);v|r € Pr(T),VT € Thn,v =0 for |z| > M}.

The spaces Vj, fzh,n, V1, are also defined accordingly. Thus, the approximate solu-
tion up, given by the SCSD method is the element of V} such that

/A(uh)(v—{—&fi(uh,v))dwdt—i—/ (uh,+—uh,_)'v+dw+/ e1(un)Pr(Vig-Vo)dedt
Sa Re Sa

+ / e3P (un 4 )Py(Vatip 4 - Vody)de =0, Yo €Vhn, n=0,1,...,N -1,
R, (2.5)
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where

0r(tny) = vt ) oo -
5 ) i | Vs () 7 #0,
eSP(o(tn, Nl = 4 2 1| Vadr(tn) 1 () llz,

0 if || Vot (ta) Iz, = O,

for any v € V3, and where up + = lim,, 4o v(t + s,z) ). Instead of (2.3), the initial
condition is now given by

uh,—(0,+) = uoh. (2.8)
Notice that for both methods, u|s, is not coupled to unls,,,, » =0,...,N — 1,
as a consequence of the “slab structure” and of the upwinding in time used in both
numerical schemes.

Since the only relevant values of the nonlinear flux f are those in the range of the
entropy solution u, [a,b], we extend each of the components of f smoothly in such
a way that the extension is affine linear outside a fixed compact including [a,b]. We
use that extension, which we still call f, to define the above schemes. Existence of
a solution to (2.2), (2.3) (or (2.5), (2.6)) is well known and can be obtained by a
fixed point argument; see [9], [10] and the references quoted therein.

We can now state our main result.

Theorem 2.1. Let u be the unique weak entropy satisfying solution of (1.1), and
let up, be either a solution of (2.2) or of (2.5). Then, there exists a constant C, such
that, for § = O(h), § = O(h*/*), and §; = O(h3/%),

||uh(7-, ) — 'u,(T, ‘)HLI(]Rd) S C’(Hu()h - U()”Ll(]Rd) + h1/8> V’T € (O,Too].

The constant C depends on k,d,o,¢,c*, || uo || L2(me), and TV (uo).

Several versions of the SCSD and SCDG methods (i.e. several definitions of ;,
g2 or e50) can be found in the literature; see e.g. (3], [6], [9], [10], and [4]). If,
for instance, we do not divide by the gradient of the approximate solution in the
definition of €;, €3 or e5°, we obtain different methods which, nevertheless, can
be analyzed using the same technique as in this paper. The theoretical order of
convergence (with §, §;, and 8, of order h) is found to be the same as the one in
Theorem 2.1.

Since the proofs follow the same lines for both methods (with a few simplifications
due to the higher regularity of the approximate solution in the case of SCSD), we
will, from now on, exclusively concentrate our attention on the SCDG algorithm.
The proof of the above result relies on an approximation inequality obtained in [1]
by suitably modifying the Kuznetsov approximation result [8, Lemma 2]. According
to this new inequality, the error estimate follows from the estimate of the so-called
entropy dissipation form. This approximation result is recalled in the next section.

3. Kuznetsov approximation theory. We follow Kuznetsov [8]. We first in-
troduce the notation. Let w : R — R be a smooth nonnegative even function with
unit mass and support in [—1,1]. We set

d
0 =we,(t—1) Hwez(:ci - z}), (z,1),(2',t') € R x R,
i=1
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where ¢; and ¢, are two arbitrary positive numbers and wx(s) = w(s/A)/A for any
s ER, N =gy, €;.
For u and v right-continuous functions from (0,7 to L*(R¢%), we define

Ee"“"(v,u;‘r):// 0 (v,u;t, x) dedt
0 JRd
with
@i""”(v,c;t,a:):—// U(v(t',z') — c)0y p dz'dt’
0 JR
_ / / F(o(t',2'),¢) - Var g da' dt
0 JIR4
- / U(v-(0,2') — c) p(t,z,0,2') dz'
R4
+/ U(v(r,z') = ¢) p(t,z,,2") dz’,
Re

where U is an arbitrary even entropy and F its associated flux, i.e., 8, F(u,c) =
U'(u)f'(u), and v_(0,-) is the exterior trace of v at ¢ = 0. We recall that if u is the
entropy solution of (1.1), (1.2) and if we set u_(0,z) = uo(z), then E**°*(u,v;7) <
0 for any v.

We restrict our attention to one particular family of entropies. Let G : R — R¥
be a smooth even function such that

1 fz>1

G" >o0. 3.1
-1 fz<-1" - (3-1)

G(0) =0, G'(z)= {

For any ¢ € R, we define,

) and  Fe.i(u) = / GLN)fiNdN  i=1,--,d.

Our main result is based on the following basic approximation inequality.

Lemma 3.1 (Basic approximation inequality, [1]). Let u be the entropy solution
of (1.1). We have

/ U(v(Teo,2') — u(Too,z')) dz’ < \/E/ U(v—(0,z") — uo(z'))dz’
Re Rd

+ C(Tooe + €2 + €¢)TV(ug) + 2v/e sup E®*=(v,u;1),
0<7<T

where C is a constant independent of €,¢,, and ;.

If we take v_(0,z) = uop and set v equal to the right-continuous function that
coincides with u;, on each interval of the form (¢,,%,+1), we see that to obtain our
error estimates, we only have to estimate the entropy dissipation E®*¢=(vy,u;T).
From now on, we will not distinguish between v;, and up.
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We devote the remaining part of this section to the rewriting of the entropy
dissipation E°t®=(u},u;7) as the sum of nine terms, which will then be estimated
in §5. For the sake of clarity, we use, from now on, the following simplified notation:

up = up(t',z'), u=u(t,z),
ul =l (t,2), ufe = ufe(t',:c'),

Y= (,o(t,:c,t',:c'), ‘P(ti,Pi) = ‘P(taw,ti,pi)-

(We recall that u7 and u:,l:‘ refer to the internal and external traces of uj on the
boundary of the simplex T'.) Furthermore, we will put a prime as a superscript in
an operator when we want to emphasize the fact that such an operator is considered
to be acting on the ‘primed’ variables only.

Using the definitions of the form ©%t** and of the function F, we obtain, after
a simple integration by parts,

N, -1
O = (up,ust,z) = Z E /Al(uh)Ul(uh_u)‘Pdmldt,
T

n=0 TET .

RS / (ﬁ(u{,u) - ﬁ(u;{e,u)) e pdY,

n=0 e€07Tp n e

where 7,0 < 7 < T, is supposed to be such that there exists N, 0 < N, < N, with
tn, = 7, and where F(up,u) = (U(up—u), F(up,u)) is the “extended” entropy flux.
Following [9], we introduce the classical nodal interpolation operator II}, (which acts
only on the variables ¢’ and z') and rewrite ©%°= as follows:

N,—1
07 (up,ujt,z) = Z Z /Al(uh)HIh(U/(uh_u)‘P)dwldt/
T

n=0 TE€T
N,;-1
+>) /A'(uh) (U’(uh — ) — I} (U' (up —u)(,o)) dz'dt'
n=0 T€Th,n* 7T
N,-1

S (ﬁ(u;-f,u)_ﬁ(u’—,fe,u)) ez pdN.

n=0 e€dTh "€

By inserting the definition of u), and setting v = II} (U'(up — u) ¢) in (2.2), we
get
O = (up,ujt,z) =
N,-1

sy ¥

A'(up) A' (uh, O, [U' (un — u) Lp]) dz'dt'
n=0 T€Ty , T

N,-1

- T T (7Tl - ol e ) 10 GE -0 play

n=0 T€T, » e€dT €
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N,-1

Y Z / e PLVea] - VLI [0 (] — ) p]) aX
n=0 TE€Ty, , e€T
N,-1

+ Z E /A'(“h)(U (ur —u)p — I [U'(u h—u)(,O]) dz'dt'
n=0 T€Th
N,-1

B Z Z /(F(“fff’u) F(ule ,u)) ‘ner@d\.

n=0 eeaT,,,,. €

Noting that, by (2.4a),

X 2 / ( T (uf,uy f(u'ff)-ne,T> U'(ul — u)pd) d)

n—o TET) n e€dT
N,—1

-3 % [(-rHah i e - - U6 )

n=0 e€&,

N,.—1

+ F(ul)  ne U (uf —u) - f(u',l;e) . ne,TU'(u;";e — u)) ed\
+ Z / (ui —up*)U' (uf — u) pda,

and that, by definition of F‘(uh,u),

Z > /( (ujpyu) = F(uh,u))~ne,T<,odA'

n=0 e€d8Th n
Z Z /(F(uh’ F(uf‘l,u)) * Ne, T @d)

n=0 e€€&,
£ [ O ) D ) g
n=0 n

we obtain, after a few manipulations and rearrangements,

EFft = (uh,u't :l:) —

Z 2 /( ol ui ) (U (uf, —w) = U'(uye = ) + F(ui)  me,nU" (ufy — )

n=0 e€€,

~ FT) ne g0 (@ — ) — (F(uT, ) - Fl,u)) - neT) pd\
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+ ZMHMH \H,R Al?a —up)U' (uf —u) + Uluf —u) = U(y,," — :vv pdz'
2

- \. e1(up)PY(V'dp - V'TIL[U (up — u) P} p]) da'dt’
S.lo H..mxu.r n

Ty Y [ DRUTIAT - VLU0 — ) Py aY

n=0 TE€T;, , e€T

N,-1

S % [PV VI n —u)(p — Py de'a
n=0 TET, , T

N,-1

> Y Y [aGhrvial el -uie - Pl

n=0 TE€T n, e€ET

t MU MU \.EASLAQ (up —u)p — I [U’ T;I:viv de' dt'

n=0 m;m‘N‘# n
N,-1

- > > \A m%?w,:wTw?mv.:pev AES, — ) — I, [U' (uT l:s_vgx

n=0 T€Ty n e€dT

LMU MU\ (u) Aﬁ,:gqg|£iv%&

n=0 TETh n
9

= MU 0;"% (up,u; t, z).

i=1
Finally, by definition of E®t*=(u,u;T), we can write,

9

B ) = 3 B (i),

=1

where, for1=1,...,9,

ﬂ
MM?SA:?,:MJH\.\ 0;"** (up,u;t, ) dz dt.
0 Jme

This is the desired expression of the entropy dissipation form.

4. Regularity of the approximate solution and auxiliary results. To be
able to estimate the entropy dissipation form, we need (i) a priori estimates for the
approximate solution u, see Lemma 4.1, which could be considered as regularity
results for up, (i) suitable approximation results, see Lemma 4.4, that allow us to
use the a priori estimates in the estimation of the entropy dissipation form, and
(iii) ‘nonnegativity’ results, see Lemma 4.5, which reflect the nature of the so-called
shock-capturing terms used in the definition of the scheme. The a prior: estimates
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are essentially an L2-stability result that follows easily from the variational for-
mulation. The approximation result is a standard finite element result in which
the regularity of the triangulation, condition (2.1b), is essential, as expected. The

‘nonnegativity’ result holds because our simplexes are supposed to be acute, see
condition (2.1a)

Lemma 4.1 (A priori estimate). For any N,;,0 < N, < N, we have
1 , L N
T T T, \2
— up de+ — E u; —u;c)de
2/11&«;\, " +2n=0/mg,(h v

N,.-1 T
1 ¢ Uh _
+5 D E//T (ig(uf,ufe)—f(s)-ne,T)dsd,\
e uhe

n=0 ec€,

N.-1 N--1
Y /Tel(uh)nvahnﬁ,,h dedt+ Y. S S [ e Vil |3, dr

n=0 TE€Ty , n=0 TET, , e€dT €

N,-—1
“ 1
+6 > ), /TA(u,,)2 dedt < || ug 132 me)-

n=0 TET;,,,,

Proof. We consider only the non trivially positive terms in (2.2) when v is chosen
as up, namely,

d
P" — Z / (%atui + Z f;(uh)uh 8,"&},,) dzdt
TeTh,n T =1

b2 Y [(#EeTal) - Fad) ne o

TET, » e€dT "€

By introducing the auxiliary pair entropy-entropy flux F,(u) = (Us(u), Fa(u)),
where

Ua(u) = 30 and Fly(w) = f@)UL) = i §=1,0..,4,
the term ¥™ may be expressed as

o 3 [ hwsas Y [ (é’:i(u’-,f,u’fe)—f(u;-f)-nem)u;fdx

TeTh,n TETh,u e€dT €
n Te £ T
- 3 (Fa(u;‘:) e+ (G ) = Fd) - neuf )
TETh,»n e€0T €
After reordering, we get
1 1 2
" = 1 uf,l:fzdw + = (uf —ul)?de + = / uT dz
2 Rd 2 Rd

mﬁ 2 n n+1

> (“” s(uf) = Fa(u)) - mez + FER(d ui ), — uil)
ec€E, Ve

— (f(u’;l:)uf — f(uh" )u,q;e) . ne,T) d\.
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Since

ui ui
Fo(ul) - Fo(ule) = /T F,(s)ds = /T f(s)sds

/ F(s)ds + FuTyuT — FluTeyuT,

we get

1 1
Y= = / Tezd —I— (ul — ufe )dz + = / uzzdw
2 Jmg B 2 Jmi,,

+ // (eT (ui uze) — f(s) - ne,T)dsdA.

e€é,
Summing over n from 0 to N, — 1 completes the proof. O

For any monotone numerical flux, the terms appearing in the previous lemma
are all nonnegative. In the particular case of the Lax-Friedrichs flux, we can be
more precise. If the parameter CL¥ is suitably chosen, the above result also gives
an L2-estimate of the jump of uj across the inner edges &,.

Corollary 4.2. If CLF satisfies condition (2.4b), then

N,-1

> ¥ [l -ufras I °”L’(m")

n=0 e€€,

Proof. By the definition of the Lax-Friedrichs flux, (2.4a), we have

//ure ( e,T (ui,upe)—f(s) - ne,T)dsd/\:/CeLF(u uTe)? d

Z/eC’fF( )2 dX — / 17 leco(uT — uTe)2dA

> ¢y (u;"; - u',l:e )% d),

by the condition (2.4b). The result follows easily from Lemma 4.1. O

The following result is a simple consequence of the fact that all norms are equiv-
alent in finite dimensional spaces.

Lemma 4.3. There is a constant C that depends only on k and d such that
” V'uh ”Loo(T) <C || V'ap ||[ph on T\VT € Th‘n,n =0,---,N -1,
| V;u’,l; ||L°°(e) <C| V:a'&h lp, one,Ve € 0Ty pn,n=0,--- ,N —1.
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Lemma 4.4 (Approximation properties of the operator IT,). Let s € L1((0,Tw) ¥
R?) be a piecewise continuous function. We have

;} T; /s(t’ ')/ / (U (un —u)p — ML[U’ (uh—u)go])dwdtdw'dt’
<¢ i > /|s(t &) | V'an ||p, hr de'dt’

n=0 TET}.
N,-1

h
c § Y ' '
+ pa—— / |s(t',z")|dz'dt',

=0 TET;.

E Z Z/ // (U (uf —u)p — T, [U' (uT — )(p])dzdtd)"

n=0 TE€Ty, , e€dT

<< Z Py Z/lsTlnv fll7, he dX

TeT, ne€dT

T|dA,

n=0 TETy, , e€dT

where h is the diameter of e and where C depends on k,d, and o only.

Proof. Since the proofs of these inequalities are almost identical, we prove only the
first one; let us denote by L its left hand side. Let {(tj,pj)}jyz"i*"" be the nodal

points associated with the canonical basis {‘I’f}i\gf“‘ of the space P¥(T) where,
of course, Ngy1 x = (d+,’:+1). With this notation, we can express L as follows:

N,.-1
L—Z Z/ t',z' //Xda:dtdtdw,
R

where x = x(t,z,t',z') is defined by

Nay1,k
x=U'(ur —u)p — 2 [U'(un,; —u) (pj]‘Ilf
=1
Najax
= Z (U'(uh —u)p —U'(up; —u) cpj) W?,
j=1

(since E;v:"fl"‘ ¥T = 10nT) where upj = un(t;,p;) and ¢; = ¢(t;,p;). Moreover,
since
(U'(un —u)p = U'(unj — w) o =(U'(un — ) = U'(un; —u)) ¢
= U'unj —u)(pi = ),
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we obtain, after simple manipulations,

Nd+1k
Z /| t,2) 3 |u,,—uh,j||wf(t',z')|dm'
n=0 TET;
N,-1 Nd+1,k r
+C > > /IS(t',:c')I > // Lo — ;| T (', 2")|dtdedt' de',
n=0 T€T, ,*T i JoJm

where we have used the fact that U' < 1 and U"” < 1/e by (3.1), and that
foymd ¢ < 1. From this inequality, we immediately get

n=0

h
+ ¢ /| (t',z'")| dt'd=’,
€z €t —0 TETh

DY /|3(t 2" )| V'ur || () hr dt'de’
TET, .

The result follows from Lemma 4.3. This completes the proof. O

Lemma 4.5 (Nonnegativity of the shock-capturing terms). Suppose that the con-
dition (2.1a) on the triangulations is satisfied. Then

V'ay, - V' [U( h—u)]>0
vial - VLI [U' (uF —u)] > 0.

Proof. We only prove the first inequality since the proof for the second is similar.
By definition, we have that, on each (d + 1)-simplex T,

d+2

t'e') =Y une Uit 2'),
i=1

where { U7 }942 is the canonical basis of the space P1(T¢), {(te,i,pe,i)}i37 are the
vertices of Ty, and up ¢ = wn(tei, Pe,i)-
Thus, for (¢',z') € Ty,

6 = V'ay - V'(I4L[U (un — u)))
d+2
= Z uhlz uh N u)Ai,j,

1,j=1

where A;; = V'OT4H 2" - V'\I';-I“(t',w’). Since Zd+2 T4t 2') = 1 on Ty, we
have
d+2

6= Z (—un,ej + whes)U' (une; — w)Ai ;.

i,j=1
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Interchanging ¢ and j in the previous relation and averaging the two expressions
for 0, we get

d+2
6= Z (—un,ej + unei) (U (unej — ) + U'(unei — u) (= Asj)-

i,j=1

Since by (2.1a) the (d + 1)-simplex T} is acute, we have —A; ; > 0 on T;. Hence by
convexity of U, § > 0 on T;. This completes the proof. O

5. Estimating the entropy dissipation form. In this section, we estimate each
of the terms E;*** (up,u; 7).

Lemma 5.1. Suppose that CL¥ satisfies the condition (2.4b). Then we have

E;= % (up,u;7) <O0.

Proof. We have

T
Up

F(u{,u)—ﬁ‘(ufe,u)z/ -C;i—SF (s,u)ds —/ F'()U' (s —u)ds

_ /Te f’(s)U"(s —u)ds + f(uf)U'(uZ —u) — f(u;{‘)U'(uhe —u),

and thus
N, 1
fl’ (whyu; 7')—/ /md L o /( eT “h,“h (U (“h “U)—U(uhe— u))
/ F(8)U" (s — u)ds)dwdtd)\’
N,—1
/ / Z Z/] (f () ne,T — f?(uf,uh ))U”(s u) dzdtdsd)'.
n=0 e€€,

Since U is convex, and the numerical flux is monotone, by (2.4b), the above quantity
is nonnegative. This proves the lemma. O

Lemma 5.2. We have
E;* % (un,u;T) <0.

Proof. The result immediately follows from the nonnegativity of the function ¢
and the convexity of the entropy U. O

Lemma 5.3. Suppose that the condition (2.1a) on the triangulations is satisfied.
Then we have

E;= % (uh,u;7) < 0.

Proof. The result directly follows from Lemma 4.5 and the fact that P} ¢ is a
nonnegative piecewise constant function. O
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Lemma 5.4. Suppose that the condition (2.1a) on the triangulations is satisfied.
Then we have

E % (up,u;7) <O0.
The proof of this result is similar to that of the preceding lemma.
Lemma 5.5. Suppose that the condition (2.1b) on the triangulations is satisfied.
Then we have
61
(€2 + €4)61/2°
where the constant C' depends on k,d, o, and || ug || 2(ge) only.

Proof. We have, by definition,

Eg= % (up,u;7) < C

Egz,eg (uhau;T)

T N,-1
= — \/(; Ad Z Z /Tel(uh)lp,h(vlﬁ'h . v,ﬁIh[U’(uh o u)(gﬂ _ ]P’;l<p)])dt'dm'dtdw

n=0 TeTh,n

T Nf—].
= // Z Z / e1(un)l| Vi e, || T “LOO(T) dt'dz'dtdz,
0 JIRd T

n=0 TETh‘"
where I' = V'IAI',L[U’(uh —u)(¢ — P, ¢)]. Since, on each (d + 1)-simplex Ty,

T = V'(II}, [U' (un — u)(p — P} 0)))
d+2
= U'(unpi — u)(pei — Pho)V'E (¥, "),
=1

and since | V'®7* | < ¢y/pr on T and | U’ | < 1, by (3.1), we have

d+2
C

1T £ p; > i —Phol,
i=1

which yields by (2.1b

)
T h 1
// IF|§Cﬂl < co e,
0 JRe PT €z t+ €4 €z t+ €t

Finally, using the definition of ¢;, we get

N.-1
E:= % (up,u;7) < C‘f > 3, /sl(uh)”V'ﬁh”ph dz'dt'
€z €t n=0 T€T, » T

N,—1
CoO ' 1 14!
= 6 2 E A'(up)|dz'dt'.
€z €t ! /f;‘l ( h)|

n=0 TETh,n

The result follows easily from the a priori estimate of Lemma 4.1. This completes
the proof. [
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Lemma 5.6. Suppose that the conditions (2.1b), (2.1c) on the triangulations and
(2.4b) on the coefficients CLF are satisfied. Then, we have

b2

Ex,E¢ . <
E6 (u’h)u)T) = C(Ez + Et)hl/z 1]

where the constant C depends on k,d,d,¢,cs, and || ug ||p2(ge) only.

Proof. Proceeding as in the preceding lemma, we obtain

N,-1

C . F

Bt unuin) S —obe Yo Y [ IfHGE el - @) merldy
€z + €4 n—0 TET, ,voT

N,—1
&Y. XY [I6FaE —uf) - S(F6d) - f@E) neglay.

n=0 T€T; , ecdT"E

C

€x t+ €

<

By (2.4b), we have

N,-1
Ex € C C
Ee™ % (up,u;r) < o 82 cu Z Z Z /|uf —uTe|dN.

n=0 TE€Th,, e€dT"®

The result then follows from the Cauchy-Schwarz inequality, Corollary 4.2, and
condition (2.1¢). O

Lemma 5.7. We have

h

€x,E1 h
B (unyusm) < O + m),

where C depends on k,d, and || uo ||p2(pe) only.

Proof. A simple application of Lemma 4.4 gives us

N,-1
Ex,€¢ h C ~
E;7% (up,u;T) SC; E E L |A (wp)||| Vi || p, dz' dt'

n=0 TET},'"
N,-1
Ch '\
+ > ¥ [ awaar.
€z + & n=0 TE€Th n T

The proof then follows from the Cauchy-Schwarz inequality and the a prior: esti-
mates of Lemma 4.1. O

Lemma 5.8. Suppose that the condition (2.4b) on the coefficients CL¥ and the
condition (2.1c) on the triangulations are satisfied. Then we have

- h h1/2
ng"(uh,u;T)SC(E‘i’ )5

€z
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where C depends on k,d, c*,¢ and || ug || p2(pe) only.

Proof. The proof is similar to the proof of the previous result. After a straightfor-
ward application of Lemma 4.4, we get

N,.-1
h < F i
B (unur) <C2 Y D0 > [T, ) - f]) - ne ol | Vea |y, X
n=0 T€T;,,e€cdT"®

N,-1
h - - ,
0 X Y Y [Tl - ) neray.

n=0 TE€Ty , ecdT e

The first term is estimated using directly the definition of €2 and the a prior:

estimates of Lemma 4.1. The second term has already been studied in Lemma 5.6.
g

Lemma 5.9. Assume that the condition (2.1b) on the triangulations is satisfied.
Then we have

E€ €t < C 6 61/2
" " (un,u;7) < (;q*‘m),
where C depends on d,k, o, and || ug ||ge only.

Proof. By definition, we have

N,—1

B unusn) = =8 [ [ 30 5 [ ) & (w00 (un — ) o] ) do'dt dede
0 JId n=0 TETh n T
o Np—1
<s [[ S % [ 14 1& (w0 un 0] do'd drde.
0 JR n=0 TETh . T

Taking into account the linearity of A'(up,-) and the definition of I}, we get

T = A'(up, ,[U' (un — ) p))
Nayi1x _
= Z U'(uh; —u)(piA’(uh,‘I’;r(t',a:'))
=1

Naj1,k

= > (U'(uni —w)pi = U'(un — u) ) A'(un, ¥F (¢', "))

i=1

since Efﬁ;‘”‘ ¥T(#,2')) = 1 on T. Moreover, since |fi'(uh,\I';-1:n)| < C/pr onT,
we obtain

Naj1,x
C

IT|< po DU (uni —u)ps — U'(un —u)p|
i=1

Nat1,k Najg1,x

c c
S > IU'(uh,i—u)—U'(uh—u)|<p+p—T . lei— el
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where we have used the fact that |[U’'| <1 by (3.1). Thus,

T hr /1 1 1
'<c—(=||V'a < Co(-||V'd
J LTI eIV anln + ) < Co (I Vana + ),

by condition (2.1b). Now, we can write

N,-1
e LR .
Eg=% (up,u;7) < C- E E / | A(ur) ||| Vi ||p, dz'dt'
€ n=0 TET, »n T

N.-1
6 X ! !
+C€z+€t E E L|A(uh)|dmdt.

n=0 TETh n

The result follows by using the a prior: estimates of Lemma 4.1. O

6. Proof of Theorem 2.1. We are now ready to prove our main result. Inserting
into Lemma 3.1 all the estimates of the lemmas obtained in §5, we obtain

/md U(un(r,z) — u(r,z))dz < /e y U(uon(z) — uo(z))dz

1, h h §
+C(5+E(5—1+5_2+E))

1 6 2 h

+C(ez+a+%+€t(51/2 UESVRYE

+ h1/2 + 61/2))

From this inequality, it is clear that we must take § = h and §; = 6, = §*.
Now, consider the function B(w) = |w| — U(w). By definition (3.1) of G,
B(w) > 0 and

B(w) =e(Jw/e| — G(w/e)) < e sup||v|—G(v)| <e sup ||v|—G(v)| =cpeE.
veR |v|<1

This implies that |w| — cp e < U(w) < |w|, and so

1h
lun(r,-) = u(r, )L mey < Velluor — wollpr(mey + Ce + gg;)
. L5
+ (€z+€t+€z—+;:(,—tm+ ))-

Minimizing over ¢ and over ¢, + ¢, we obtain

h1/2 (5* 1/2
lun(r,) —u(r, )L me) < Vellwon — wollpame) + C((é‘*)uz + hl)/4

+ h1/4).

The result of Theorem 2.1 is obtained by minimizing over 6*.
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