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Abstract

In this thesis, we establish some results concerning invariants of nonsingular projective vari-
eties and complete local rings (in characteristic zero) which are defined using local cohomology
and de Rham cohomology.

We first study Lyubeznik numbers, invariants of local rings with coefficient fields defined
using iterated local cohomology. If V is a nonsingular projective variety defined over a field
of characteristic zero, we prove that the Lyubeznik numbers of the local ring at the vertex of
the affine cone over V' (viewing V as a closed subvariety of some projective space IP}) are
independent of the chosen embedding into projective space, by expressing these numbers in
terms of the dimensions of the algebraic de Rham cohomology spaces of V.

We next consider Matlis duality. We give an equivalent definition of the Matlis dual over a
local ring with coefficient field & in terms of certain k-linear maps, which we call X-continuous
maps. We use this definition to develop a theory of Matlis duality for Z-modules over formal
power series rings in characteristic zero. If R = k[[x1, ..., x,]] is such a ring, and ¥ = Diff(R, k)
is the ring of k-linear differential operators on R, we show that the Matlis dual D(M) of any left
2-module M can again be given a structure of left Z-module; and if M is holonomic, the de
Rham cohomology spaces of D(M) are k-dual to those of M.

Finally, we examine the Hodge-de Rham spectral sequences associated with Hartshorne’s
algebraic de Rham homology and cohomology theories for a complete local ring A with a coeffi-
cient field k of characteristic zero. A priori, these objects depend on a choice of k-algebra surjec-
tion k[[xy,...,x,]] — A. We prove that, beginning with their E,-terms, these spectral sequences
depend only on A (and possibly the choice of coefficient field) and consist of finite-dimensional
k-spaces, thus producing another set of numerical invariants of A. What is more, using our
results on Matlis duality, we conclude that the E>-objects in the homology and cohomology
spectral sequences are k-dual to each other; whether this duality holds (as we conjecture) for

the rest of the spectral sequences remains open.

1ii



Contents

[Acknowledgments|

A bs

(I Introduction|

|I.I ~ Preliminaries on local cohomology|. . . . . ... ... ... ... .......

|1.3  Preliminaries on spectral sequences| . . . . ... ... ... ..........

|1.4  Preliminaries on Maths duality| . . . . ... ... ... ... .. ... ...

[1.5 Thesispreview| . . . . . . . . . . . . e e

2 Local cohomology invariants of nonsingular projective varieties|
[2.1 Introduction to Lyubeznik numbers|. . . . . . . ... ... ... ........
[2.2  Hartshorne’s algebraic de Rham cohomology| . . . . .. ... ... ... ...
[2.3  Lyubeznik numbers for nonsingular projective varieties| . . . . . . .. ... ..
(3  Matlis duality for -modules|

[3.1 Matlis duality and X-continuous maps| . . . . . . ... ... ... L.

[3.2  Matlis duality for Z-modules over complete local rings| . . . . . . .. ... ..

[3.3  The de Rham complex of a Matlisdual|. . . . . ... ... ... ........

[3.4  An example: local cohomology of formal schemes| . . . .. ... ... .. ..

v

iii

14
16

18
18
21
27



[4  De Rham invariants of complete local rings|

4.1 The de Rham homology of a complete local ring|. .

4.2 The de Rham cohomology of a complete local ring|

[References|



Chapter 1

Introduction

This thesis assumes background knowledge of commutative algebra, homological algebra, and
algebraic geometry, for which our basic references are, respectively, [1]], [2], and [3]. In this
introductory chapter, we collect some preliminary material on local cohomology, Z-modules,

spectral sequences, and Matlis duality.

1.1 Preliminaries on local cohomology

We begin with the definition of local cohomology modules. Our basic reference for facts about
local cohomology modules is [4].
Throughout this section, we assume that R is a commutative, Noetherian ring with 1, and

that / C R is an ideal.

Definition 1.1.1. Let M be an R-module. The I-power torsion submodule of M is the R-

submodule I';(M) consisting of those m € M annihilated by some power of .

The operation I'; defines an additive functor from the category of R-modules to itself, and it

is easy to see that this functor is left-exact. We may therefore consider its right derived functors.

Definition 1.1.2. Let M be an R-module. The local cohomology modules of M supported at I,

which we denote H}(M), are the right derived functors R'T;(M) evaluated at M.
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Given any R-module M, we compute its local cohomology modules in the following way:
choose an injective resolution 0 — M — .#* in the category of R-modules, and calculate the
cohomology objects of the complex I';(.#*) (the resulting objects, as is well-known, are in-
dependent of the chosen resolution). In particular, we have I';(M) = HY(M) for all M, and
given any short exact sequence of R-modules, we obtain the usual long exact sequence for local

cohomology supported at /.

Example 1.1.3. Let n # 0 be an integer, and consider the Z-module Z. The short exact sequence
0-Z—-Q—-Q/Z—0

is an injective resolution of Z, since the injective Z-modules are precisely the divisible Abelian
groups. Therefore, the local cohomology modules an)(Z) are the cohomology objects of the
complex

0T, (Q) = Iy (Q/Z)—o0.

As Q has no torsion, I',)(Q), and hence H& ) (Z), is zero. On the other hand, given any rational
number whose denominator is a power of n, we see that its class in Q/Z is annihilated by that
power of n, and so I'(,)(Q/Z) = Z,/Z, where Z, is the localization of Z at the multiplicative

system consisting of all powers of n. It follows that H(ln) (Z) ~ 7,/ 7.

Here are some basic facts about local cohomology modules, all of which will be used later

in this thesis:

Proposition 1.1.4. (a) Local cohomology supported at I depends only on the radical \/I: if I
and J are ideals of R such that /1 =/, then H:(M) ~ Hi(M) for all M and i. [4, Remark
1.2.3]

(b) Local cohomology commutes with direct sums: if {M;} is a family of R-modules, we have

Hi(©;M;) ~ ®,;H{(M;) for all i. [4 Thm. 3.4.10]

(c) If (R,m) is a local ring and M is a finitely generated R-module, then H. (M) is an Artinian
R-module for all i. [4) Thm. 7.1.3]
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(d) If (R,m) is a Gorenstein local ring, H. (R) vanishes unless i = dim(R), and ngm(R) (R) is
an injective hull of R/m as an R-module. [4, Cor. 6.2.9, Lemma 11.2.3]

(e) The change of ring principle: If R — R’ is a ring homomorphism, I is an ideal of R, and N
is an R'-module, then H}(N) ~ H},,(N) as R-modules for all i. [4, Thm. 4.2.1]

(f) Local cohomology commutes with flat base change: if R' is a flat R-algebra, I is an ideal
of R, and M is an R-module, then H,(M) @g R’ ~ H}p (M Qg R') as R'-modules for all i. [4,
Thm. 4.3.2]

In addition to the standard long exact cohomology sequence for derived functors, there is
another useful long exact sequence for local cohomology: the Mayer-Vietoris sequence for two

ideals.

Proposition 1.1.5. [4| Thm. 3.2.3] Let I and J be ideals of R. There is a long exact sequence of

R-modules
-+ = Hinj (M) — Hi, (M) — Hj(M) ® Hj(M) — Hjp,, (M) — Hil (M) = -
for any R-module M, functorial in M.

The definition of local cohomology modules as derived functors given above is sometimes
inconvenient to work with. There are many equivalent definitions, three of which we will use
in this thesis and which we give now. In each case, we single out a particular feature of the

definition that is useful to us.
Proposition 1.1.6. [4, Thm. 1.3.8] Let M be an R-module. For all i, we have isomorphisms
Hj(M) ~ limExtz(R/I',M)
l
of R-modules, functorial in M.

This definition is useful because it expresses local cohomology modules, which are almost
never finitely generated, as countable direct limits of finitely generated R-modules. The next

definition uses sheaf theory:
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Definition 1.1.7. Let X be a topological space and let ¥ C X be a closed (or even locally

closed) subset. For any sheaf .% of Abelian groups on X, let I'y (X,.% ) be the Abelian group of
global sections of .% whose support is contained in Y. This defines a left-exact additive functor
[y from sheaves of Abelian groups on X to Abelian groups, and we let H},(X,.%), the local

cohomology groups of .% supported at Y, be its right derived functors evaluated at .7 .

Proposition 1.1.8. [5| Exp. II, Prop. 5] If X = Spec(R) is an affine scheme, Y =V (1) is a closed
subscheme, and F =M is a quasi-coherent sheaf, the local cohomology groups Hf/ (X,F) have

the structure of R-modules, and we have isomorphisms
Hy (X, F) ~ H{(M)
of R-modules for all i.

This definition (the original definition of local cohomology from [3]]) is useful because it
makes clear the fact that any Abelian group homomorphism between R-modules induces an
Abelian group homomorphism on local cohomology, which does not follow from its definition
above as a functor on the category of R-modules.

Finally, we have a definition in terms of the Cech complex, which is useful because it is

often the easiest to compute.

Definition 1.1.9. Let f be an element of R. The Cech complex of R with respect to f, which we
denote C*(f;R), is the complex
0—+R—Rf—0

where the sole differential is the natural localization map r+— 7. If f1,. .., f; is a sequence of el-
ements of R, the Cech complex of R with respect to fi,..., f;, which we denote C*(fi,..., fs:R),

is the tensor product
C*(fi,-- -, fs;R) =C*(f1;R) ®r - - ®r C*(f; R)

If M is any R-module, the Cech complex of M with respect to fi,..., f;, which we denote
C*(f1,-..,fs;M), is the tensor product C*(f,..., f;R) @ M.



Writing out the definitions, we see that C*(f7, ..., fs; M) takes the form
0—=>M— &My, — SicjMygy; — -+ — My..p, = 0

where the components of the differentials are either zero or the natural localization maps, up to

appropriate signs.

Proposition 1.1.10. /4| Thm. 5.1.20] Let M be an R-module, and let I be an ideal. Fix genera-

tors fi,..., fs for I. Then we have isomorphisms

Hj(M) =K (C*(f1,..., [ M))
of R-modules for all i.

Proposition [I.1.10] has two immediate consequences. The first is that the cohomology ob-
jects of the Cech complex do not depend on the chosen generators for I. The second, apparent
from the length of the complex, is that H}(M) = 0 for i > s. Recalling Proposition a), we
see that local cohomology supported at an ideal / always vanishes in degrees higher than the

arithmetic rank of I, that is, the minimal number of generators of I up to radical.

Example 1.1.11. We revisit Example [1.1.3] this time using the Cech complex C®(n;Z). This
complex takes the form

0—-Z—7Z,—0

where the sole differential is the map m — 7. Since Z is an integral domain, this localization
map is injective, and so the cohomology objects of this complex are 0 in degree 0 and Z,/Z in

degree 1.

1.2 Preliminaries on Z-modules

We give a general definition of differential operators, following EGA, and then consider the

special case of a formal power series ring.
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Definition 1.2.1. [6, §16] Let R be a commutative ring and k C R a commutative subring.
The ring Diff(R, k) of k-linear differential operators on R, a subring of Endi(R), is defined
recursively as follows. A differential operator R — R of order zero is multiplication by an
element of R. Supposing that differential operators of order < j — 1 have been defined, d €
End(R) is said to be a differential operator of order < j if, for all » € R, the commutator
[d,r] € End(R) is a differential operator of order < j— 1, where [d,r] = dr — rd (the products
being taken in Endy (R)). We write Diff/ (R) for the set of differential operators on R of order < j
and set Diff(R,k) = U; Diff/(R). Every Diff/(R) is naturally a left R-module. If d € Diff/(R)
and d’ € Diff' (R), it is easy to prove by induction on j -+ that d’ od € Diff/*!(R), so Diff(R, k)

is a ring.

We consider now the special case in which k is a field of characteristic zero and R =
k[[x1,...,x,]] is a formal power series ring over k. A standard reference for facts about the ring
2 = Diff(R, k) and left modules over Z in this case is [7, Ch. 3]; we summarize some of these
facts now. The ring 2, viewed as a left R-module, is freely generated by monomials in the par-
tial differentiation operators d; = 3ix1’ R - a%n (6, Thm. 16.11.2]: here the characteristic-
zero assumption is necessary). This ring has an increasing filtration {Z(v)}, called the order
filtration, where Z(v) consists of those differential operators of order < v (the order of an
element of & is the maximum of the orders of its summands, and the order of a single sum-
mand pd;"' --- 9% with p € Ris }.q;). The associated graded object gr(2) = &2 (v)/2(v—1)
with respect to this filtration is isomorphic to R[{1, ..., §,] (a commutative ring), where {; is the
image of d; in Z(1)/2(0) C gr(2).

If M is a finitely generated left Z-module, there exists a good filtration {M(v)} on M,
meaning that M becomes a filtered left 2-module with respect to the order filtration on ¥ and
gr(M) = ®M(v)/M(v — 1) is a finitely generated gr(Z)-module. We let J be the radical of
Anng () gr(M) C gr(Z) and set d(M) = dimgr(%)/J (Krull dimension). The ideal J, and
hence the number d(M), is independent of the choice of good filtration on M. By Bernstein’s
theorem, if M # 0 is a finitely generated left Z-module, we have n < d(M) < 2n. In the case

d(M) = n we say that M is holonomic. It is known that submodules and quotients of holonomic
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Z-modules are holonomic, an extension of a holonomic Z-module by another holonomic Z-
module is holonomic, holonomic Z-modules are of finite length over &, and holonomic Z-

modules are cyclic (generated over Z by a single element).

Remark 1.2.2. For any ideal I C R = k[[xy,...,x,]], the local cohomology modules H}(R) have
a natural structure of left Z-modules [8]; indeed, they are holonomic Z-modules [8} 2.2(d)], a
fact which will repeatedly prove crucial for us.

To any left Diff(R, k)-module M, we can associate its de Rham complex. This is a complex
of length n, denoted M ® Q3 (or simply Q% in the case M = R), whose objects are R-modules but
whose differentials are merely k-linear. It is defined as follows [7, §1.6]: for0 <i<n, M ® Q}'Q
is a direct sum of ('l’) copies of M, indexed by i-tuples 1 < j; < --- < j; < n. The summand

corresponding to such an i-tuple will be written Mdxj, A---Ndx;,.

Convention 1.2.3. The subscript R in Qy indicates over which ring the tensor products of
objects are being taken. To simplify notation, we will follow this convention when de Rham

complexes over different rings are being simultaneously considered.

The k-linear differentials d' : M ® Qf — M ® Q4! are defined by
n
d'(mdxj, \---Ndxj,) = Z os(m)dxs Ndxj, N\--- Ndxj,,
s=1

with the usual exterior algebra conventions for rearranging the wedge terms, and extended by
linearity to the direct sum. The cohomology objects 4'(M ® Qf), which are k-spaces, are called
the de Rham cohomology spaces of the left Z-module M, and are denoted H’;z(M). In the case

of a holonomic module, van den Essen proved that these spaces are finite-dimensional:

Theorem 1.2.4. [9, Prop. 2.2] If M is a holonomic left Z-module, its de Rham cohomology
H' (M) is a finite-dimensional k-space for all i.
Finally, we recall the well-known fact that the de Rham complex of a Z-module is indepen-

dent of the coordinates xi,...,x, for R.

Proposition 1.2.5. If R = k[[xi,...,x,|] and 9 = Diff(R,k), the de Rham complex of any left

P-module M is independent of the choice of a regular system of parameters xi, .. .,x, for R.
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Proof. Replacing xi,...,x, by another regular system of parameters induces a k-algebra au-
tomorphism of R and hence a ring automorphism of Z. The %Z-module M is viewed as a
2-module with respect to the new coordinates “by transport of structure”, that is, via the ring
automorphism ¥ — &. It therefore suffices to prove the claim in the case where M is the -
module R. The module Q} and the map d°:R— QL, which we have defined above using the
chosen regular system of parameters {x;}, are in fact intrinsic to R, as is clear from the follow-
ing characterization [10, Example 12.7]: Q}e is the universally finite module of differentials of
R (10, Def. 11.1] and d° is the corresponding universally finite derivation, that is, the universal
object among finitely generated R-modules M endowed with a k-derivation R — M. For all i,
d' is simply the map induced by d° via the formula d’(r@) = d°(r) A @ for ® € Qi = \' Q. It
follows that all the exterior powers Q}'Q and all the differentials d’ are intrinsic to R, that is, the

entire de Rham complex Qj is independent of the chosen parameters. O

1.3 Preliminaries on spectral sequences

As we will be working with morphisms of spectral sequences, we collect some basic facts and
definitions in this section concerning them. References for this material include Weibel [2, Ch.
5] and EGA [T}, §11]. We will not need to consider convergence issues for unbounded spectral

sequences and hence make no mention of such issues here.

Definition 1.3.1. Let % be an Abelian category. A (cohomological) spectral sequence consists
of the following data: a family {Ef7 ’q} of objects of ¥ (where p,q € Z and r > 1 or > 2;
with r fixed and p, g varying, we obtain the E,-term of the spectral sequence), and morphisms
(the differentials) d?? : EP? — EPTR= for all p,q,r such that d/? o dP" =1 — 0 and
ker(d??) /im(a? " & E”4: afamily of such isomorphisms, denoted off*?, is part of the

data of the spectral sequence.

Let E be a spectral sequence in an Abelian category %', and suppose that for all / and for all
r, there are only finitely many nonzero objects E*? with p 4+ ¢ = [. Such a spectral sequence

is called bounded. (For example, this occurs if Ef*? = 0 whenever p or ¢ is negative, in which
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case E is called a first-quadrant spectral sequence.) If E is a bounded spectral sequence, for
every pair (p,q), there exists ry such that for all r > ro, d? has zero target, d’"7"""! has
zero source, and so E/ ~ E7?. We denote this stable object by EZ9. We can now define the

abutment of such a spectral sequence.

Definition 1.3.2. Let E be a bounded spectral sequence in an Abelian category €. Suppose we
are given a family E" of objects of ¢, all endowed with a finite decreasing filtration E” = E!" D
E! | D---DE"=0,and forall p, an isomorphism B7"~7 : EL"""P — EJ/E} . Then we say
that the spectral sequence abuts or converges to {E™} (the abutment), and write EI? = E™ or

Pq m
E7 = E™

For example, if E is a first-quadrant spectral sequence with abutment {E”}, every E™ has a
filtration of length m + 1 (we take s = 0 and = m + 1 in the definition above), with E" /E}" ~
E%™ and E" ~ E"™V.

Given two spectral sequences, there is a natural notion of a morphism between them, which
consists of morphisms between the objects in the E,-terms for all r, each of which induces
its successor on cohomology. There is also a natural notion of morphisms between bounded

spectral sequences with given abutments.

Definition 1.3.3. Let E and E’ be two spectral sequences in 4 with respective differentials d
and d’. A morphismu : E — E’ is a family of morphisms u}? : E/'? — E;p 4 such that the 127 are
compatible with the differentials @9 oul = ul 97 6 gl for all p,q,r) and the morphisms
a7 ker(dl?)/im(d? ) < ker(d,”?) /im(d,? " ") induced by 1! commute with the

i
given isomorphisms o/ (that is, o, oul?

=ul!, oof"?) so that, in the appropriate sense, ul"?,
is the morphism induced by u??. If E and E’ are bounded spectral sequences with abutments
{E™} and {E"™}, a morphism with abutments between the spectral sequences is a morphism
u: E — E’ as just defined together with a family of morphisms «™ : E™ — E"™ compatible with
the filtrations on E™ and E™ such that, if we denote by uZ4 the map induced by u{"? (or uy?)

between the stable objects E£2? and E.P4, this map must commute with the isomorphisms 374:

if we denote by u), the morphism E7} / El,— E},’" / E;,’f’H induced by #”, which is required to
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be filtration-compatible, we must have 379 o ul24 = uh ™70 gr,

Convention 1.3.4. For the remainder of this thesis, every spectral sequence will be a bounded
spectral sequence with abutment, and every morphism of spectral sequences will be a morphism

with abutments. Consequently, we suppress the phrase “with abutment”.

To show that two spectral sequences are isomorphic, it suffices to construct a morphism
between them which is an isomorphism on the objects of the initial (r = 1 or r = 2) terms. This

result is crucial to our work in both this section and in section 4.2} so we record a version here:

Proposition 1.3.5. [2) Thm. 5.2.12] Let € be an Abelian category, and let u = (ul,u") be
a morphism between two spectral sequences E, E' in €. If there exists r such that u}"! is an
isomorphism for all p and g, then ul"? is an isomorphism for all p and q and all s > r, and u™ is

an isomorphism for all m. It follows that the abutments of E and E' are isomorphic as filtered

objects.

There is also a notion of a degree-shifted morphism of spectral sequences (see, for example,
[12] §4.1]), and a degree-shifted analogue of Proposition [1.3.5] which we will make use of in
this thesis. Again, for us, all spectral sequences will be bounded and all morphisms will be

morphisms with abutments.

Definition 1.3.6. Let E and E’ be two spectral sequences in 4 with respective differentials d and

d'. If a,b € 7, amorphism u : E — E' with bidegree (a,b) is a family of morphisms u}*? : EF*? —

'pta,q+b ' pta,q+b , q—r+1
Erp-l-u q+ rp+a q+ Ouf’q:uf—”’q r+l g

such that the u?"? are compatible with the differentials (d
df? for all p,q,r) and u”;?, is induced on cohomology by u;?. If E and E’ are bounded spectral
sequences with abutments {E™} and {E"}, a morphism with abutments between the spectral
sequences with bidegree (a,b) is a morphism u : E — E' with bidegree (a,b) as just defined
together with a family of morphisms ™ : E™ — E"™+%+) guch that 1™ (E)) C E;;Tg”b for all p

and satisfying the obvious compatibility conditions analogous to those in the non-degree-shifted

definition.
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The degree-shifted analogue of Proposition |1.3.5]is proved in exactly the same way, but
in the conclusion (that the abutments are isomorphic as filtered objects), it is worth recording

precisely which filtrations are being compared and what the corresponding degree shifts are:

Proposition 1.3.7. Let € be an Abelian category, and let u = (ul? ,u") be a morphism of bide-
gree (a,b) between two spectral sequences E, E' in €. If there exists r such that u? is an
isomorphism for all p and q, then ub? is an isomorphism for all p and q and all s > r, and
u™ is an isomorphism for all m. This has the following consequence for the abutments: for all
m, E™, endowed with the filtration {E;,"}Z’i& where EIT/EI’:’+1 ~ EP™M™P s isomorphic (as a fil-

tered object) to E"™ T4, endowed with the filtration {ET5+" ;";’(}, where E)THet E;’T(;ﬂb ~

E’p+a,m+bfp.

Double complexes are a common source of spectral sequences: the cohomology of the
totalization of a double complex can be approximated, and in some cases even computed, by the
objects in the early terms of either of two spectral sequences associated to the double complex.
To be precise, let K** be a double complex in an Abelian category 4, which we think of
abusively as the “Ep-term” of a spectral sequence, and let 7°* be its totalization. Our conventions
for double complexes are those of EGA: the horizontal (d;*) and vertical (dy’*) differentials of
K** commute, we define T/ = ®p1q=iKP4, and the differentials of 7°* require signs, namely
d(x) = dp(x) + (—1)Pd,(x) for x € KP4. The two spectral sequences associated to K** [[11}
§11.3] are the column-filtered (“vertical differentials first”) spectral sequence, for which E{’ 4 =
h{(KP*) (and the differentials are those induced on vertical cohomology by the maps d?*9), and
the row-filtered (“horizontal differentials first”) spectral sequence, for which E{"? = hy (K*)
(and the differentials are those induced on horizontal cohomology by the maps d/*?). Both have
hPT4(T*), the cohomology of the totalization, for their abutment. A morphism K** — K * of
double complexes induces morphisms between their column-filtered spectral sequences as well
as between their row-filtered spectral sequences [[11} p.30].

The spectral sequences of a double complex are useful for computing hyperderived functors

of left-exact functors between Abelian categories. Suppose <7, 4 are Abelian categories, </ has
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enough injective objects, and F : &/ — 2 is a left-exact additive functor. If K*® is a complex
with differential d in <7, the (right) hyperderived functors of F evaluated at K*® are defined as
follows [IL1, §11.4]: if K®* — I°® is a quasi-isomorphism and /° is a complex of injective objects
in o7, then R'F(K*) = h'(F(I*)), and the objects of % thus obtained are independent of the
choice of /°. Such a complex /* can be produced as the totalization of a Cartan-Eilenberg
resolution of K*, which is a double complex J** with differentials dj,,d, such that every J”9 is
an injective object of &7 and, for all p, J* (resp. ker(d)®), im(d}’®), h3(JP*)) is an injective
resolution of K” (resp. ker(d”), im(d”), h”(K*®)). It follows that R'F(K®) is the cohomology
of the totalization of the double complex F(J**), and so, by the preceding paragraph, we have
two spectral sequences whose abutment is this cohomology. For example, the column-filtered
spectral sequence begins EV? = b (F(JP*)) and has abutment R”"9F (K*). But since J”* is an
injective resolution of K?, we see that A (F(JP*)) = RIF(KP), the ordinary gth right derived
functor of F applied to K?; this is the form in which the “first” hyperderived functor spectral
sequence is usually given [11} 11.4.3.1].

Now suppose K*, K’® are complexes in .« with respective Cartan-Eilenberg resolutions
J**, J'**. A morphism of complexes f : K®* — K'® induces a morphism of double complexes
J** — J'** which is unique up to homotopy [11, p. 33]. This implies that f induces a well-
defined morphism between the spectral sequences for the hyperderived functors of F evaluated
at K* and at K’® [11} p. 30], since two double complex morphisms that are chain homotopic
induce the same morphisms on horizontal and vertical cohomology, hence the same spectral
sequence morphisms. By taking K’* = K® and f to be the identity, we see that the isomorphism
class of the spectral sequence for F' evaluated at K*® is independent of the Cartan-Eilenberg
resolution.

Later in this section, we will need to build a spectral sequence for hyperderived functors
using a double complex that is not a Cartan-Eilenberg resolution of the original complex, and

for this purpose, the following comparison lemma will be useful.

Lemma 1.3.8. Let o7 be an Abelian category with enough injective objects, % another Abelian

category, and F : &/ — A a left-exact additive functor. Suppose that K® is a complex in <7,
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concentrated in degrees p > 0, and that L** is a double complex in </ whose objects L4 are
all F-acyclic and such that, for all p > 0, LP* is a resolution of KP. Then the first spectral
sequence for the hyperderived functors of F applied to K®, which begins E f’ ! = RIF (KP) and
has RPTIF (K*®) for its abutment, is isomorphic to the column-filtered spectral sequence of the

double complex F(L**).

Proof. By definition, the first spectral sequence is the column-filtered spectral sequence of the
double complex F(J**), where J** is a choice of Cartan-Eilenberg resolution of K*® in .. The
assertion of the lemma is that we can replace J** with the resolution L**, which is generally
not a Cartan-Eilenberg resolution and whose objects may not even be injective.

Our strategy will be to compare both of these double complexes to a third one. Let ¢
denote the category of complexes in &7 that are concentrated in degrees p > 0. Then €7 is
an Abelian category with enough injective objects, and if I* € ¢ is injective, then I? is an
injective object of .o for all p [13] Thms. 10.42, 10.43; Remark, p. 652].

We return now to the complex K*. Choose an injective resolution 0 — K* — I** of K*® in
€. In particular, I** is a double complex of injective objects in .27. Now note that the two
double complex resolutions J** and L*® can also be regarded as resolutions of K* in the cate-
gory ¢ . Any resolution in 4" can be compared with an injective one by [14, Lemma XX.5.2]:
there exist morphisms J** — I** and L** — I** extending the identity on K*® and unique up to
homotopy as maps in 4. These morphisms of double complexes induce morphisms between
the column-filtered spectral sequences corresponding to the double complexes after applying
the functor F. To finish the proof, by Proposition [I.3.3] it is enough to check that these mor-
phisms of spectral sequences are isomorphisms at the E;-level. We first consider the morphism
F(J**) — F(I**). For all p, J»* — I?* is a morphism between two injective resolutions of K”
extending the identity on K”, which induces an isomorphism A9 (F (JP*)) = h9(F (I"*)), both
sides being equal to R7F(K”) by definition and being the E}?-terms of the respective spectral
sequences. In the case of the morphism F(L**) — F(I**), we do not have injective resolutions
of K? (only F-acyclic ones) on the left-hand side, but by [14, Thm. XX.6.2], this is enough:

the LP* — [P* also give rise to isomorphisms after applying F' and taking cohomology. We
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conclude that the three column-filtered spectral sequences corresponding to the double com-
plexes F(J**), F(I**), and F(L**) are isomorphic beginning with their E-terms, completing

the proof. O

We will need one more type of spectral sequence, the Grothendieck composite-functor spec-

tral sequence:

Proposition 1.3.9. [2| Thm. 5.8.3] Let &7, B, and € be Abelian categories, and suppose </ and
PB have enough injective objects. Let F : &f — % and G : 8 — € be left-exact additive functors.
Suppose that for every injective object I of <, the object F(I) of A is acyclic for G. Then for
every object A of </, there is a spectral sequence which begins E}! = (RPG)((R1F)(A)) and
abuts to RPT1(GoF)(A).

Example 1.3.10. For our purposes, the most important example of a composite-functor spectral
sequence is the spectral sequence for iterated local cohomology. Let R be a Noetherian ring,
and let I and J be ideals of R. If .# is an injective R-module, then I';(.#) is again injective [3}
Lemma III1.3.2], hence acyclic for the functor I';. It follows that the left-exact functors F =1
and G = I satisfy the conditions of Proposition[I.3.9] Since R is Noetherian, I';oI'y =T7,.
For any R-module M, the corresponding spectral sequence for the derived (local cohomology)

functors begins EV = H (H}(M)) and abuts to H Ipqu (M).

1.4 Preliminaries on Matlis duality

Finally, we will need some facts about injective hulls and Matlis duals. Later in this thesis
(chapter [3), we will consider Matlis duality at greater length; for now, we content ourselves
with recalling the basic definitions. A standard reference for this theory is [1, §18], and its
original statement by Matlis appears in [15]; as an additional source, we recommend [16, App.

Al]. (All definitions and results in this section can be found in this appendix.)

Definition 1.4.1. Let R be a commutative ring, M an R-module, and N C M a submodule.

We say that M is an essential extension of N if every nonzero R-submodule of M has nonzero
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intersection with N. (More generally, if N < M is an injective homomorphism of R-modules,

we say that M is an essential extension of N if it is an essential extension of the image of N.)

It is well-known that given any R-module M, there exists an essential extension M — E
where E is an injective module. It is not hard to see that any injective module / containing M
must have a copy of E as a direct summand; we may therefore think of such an E as a “smallest
injective module containing M”, and we call E an injective hull of M. The indefinite article is
used because, although any two injective hulls of M are isomorphic, the isomorphism between
them need not be unique, and so the assignment M — E is not a functor. We write E(M), or
sometimes Eg(M), for an injective hull of M.

Over Noetherian rings, there is a classification theorem for injective modules which makes

use of injective hulls:

Proposition 1.4.2. [[16| Thm. A.21] Let R be a Noetherian ring. The indecomposable injective
R-modules (that is, those which cannot be written as a direct sum of two nonzero submodules)
are precisely the injective hulls Egr(R/p) where p € Spec(R). If I is an injective R-module, there
exists a decomposition

[~ 69peSpec(R)ER(R/p)'up

where the Ly, (possibly infinite cardinals) depend only on I.

If (R,m) is a local Noetherian ring, the indecomposable injective R-module E = Eg(R/m)

(an injective hull of the residue field k = R/m) plays a special role.

Definition 1.4.3. Let (R,m) and E be as above. If M is an R-module, its Matlis dual is the
R-module D(M) = Homg(M, E).

Note that D is a contravariant functor on the category of R-modules, exact since E is injec-

tive.

Remark 1.4.4. We have D(R) = E (obviously) and D(E) = R, the m-adic completion of R [16]
Thm. A.31]. This last identification is a crucial step in the proof of the Matlis duality theorem

(below). In particular, D(E) = R if R is a complete local ring.
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The main result of the Matlis duality theory is the following theorem:

Theorem 1.4.5 (Matlis duality). Let (R, m) be a complete local ring, and let E = E(R/m) be

an injective hull of k = R/m as an R-module.
(a) If M is a finitely generated R-module, D(M) = Homg(M,E) is an Artinian R-module.
(b) Conversely, if M is Artinian, D(M) is finitely generated.

(c) IfM is either finitely generated or Artinian, there is a canonical isomorphism M ~ D(D(M))
of R-modules.

Finally, we have a useful lemma concerning the socle of E:

Lemma 1.4.6. [16| Thm. A.20(2)] If (R,m) is a local ring and E is an injective hull of its

residue field k, the socle Soc(E) = (0 :g m) is a one-dimensional k-space.

1.5 Thesis preview

The remainder of this thesis is structured as follows.

In chapter 2] we define the Lyubeznik numbers of a local ring containing a field and give
some of their basic properties, then review Hartshorne’s (local and global) algebraic de Rham
homology and cohomology theories in characteristic zero. The main result of this chapter,
which we prove using some results from Hartshorne’s theory, is that in characteristic zero, the
Lyubeznik numbers of the local ring at the vertex of the affine cone over a nonsingular projective
variety (under some embedding) are independent of the embedding. This result is known [[17]
for all projective varieties over a field of positive characteristic, and remains open for singular
varieties in characteristic zero.

In chapter[3] we develop a theory of Matlis duality for -modules; besides being necessary
for our work in chapter [4] this theory may be of independent interest. We begin by giving
an alternate definition of the Matlis dual over a local ring R with a coefficient field k. If R is

complete, this definition enables us to give a structure of right Z-module to the Matlis dual of
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any left Z-module (where 2 = Diff(R, k)); if, moreover, R is regular, we may transpose the
action to get another left Z-module. If we begin with a holonomic left Z-module, its de Rham
cohomology and that of its Matlis dual are k-dual to each other. After giving the rather involved
proof of this last fact, we work out in detail what happens in the case of a local cohomology
module and its Matlis dual.

Finally, in chapter ] we apply the work of the previous chapter to Hartshorne’s de Rham
homology and cohomology for a complete local ring A with a coefficient field k (of characteristic
zero). The definition of these objects in [18] involves a choice of k-algebra surjection R — A
where R is a complete regular local k-algebra, but the objects themselves depend only on A (and
are finite-dimensional). We consider the corresponding Hodge-de Rham spectral sequences
with these objects as abutments, and show that, beginning with their E,-terms, the spectral
sequences depend only on A and have finite-dimensional objects. We are able to give a proof
for the de Rham homology spectral sequence that does not depend on the theory developed
earlier in this thesis, but we use the results of chapter [3| to “export” our results for homology
to the spectral sequence for cohomology. We conclude by conjecturing that the homology and
cohomology spectral sequences are k-dual to each other, and present a preliminary result giving
some evidence for this conjecture: the Ej-objects of the two spectral sequences are indeed

k-dual to each other.



Chapter 2

Local cohomology invariants of

nonsingular projective varieties

2.1 Introduction to Lyubeznik numbers

In 1993, Lyubeznik [8]] introduced invariants of local rings with coefficient fields, defined in
terms of local cohomology. These invariants have since come to be known as Lyubeznik num-
bers (or sometimes local cohomology multiplicities). In this section, we give the definition of
these invariants and some of their basic properties, quoting liberally from [8]]. Following the
appearance of this paper, some more properties of these invariants were worked out in [19]
and [20], and a topological interpretation (in the case of ground field C) was given in [21] (see

section 2.3 below). Much more information can be found in the survey article [22]].

Definition 2.1.1. Let A be a local ring, let R be a regular local ring of dimension n containing
a field, and suppose that 7 : R — A is a surjective ring homomorphism. Write / for ker 7 C R,
m for the maximal ideal of R, and k = R/m for the residue field. For all i and j, the (i, j)th
Lyubeznik number of A is

Ai,j(A) = dimy Ext (k, H (R)).
A priori, it is not even clear that these numbers are finite, much less that they depend only

18
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on A. Both of these facts are established in [§]. The numbers A; j(A) can be thought of as Bass

numbers of local cohomology modules. Recall that if M is an R-module and 0 - M — #° is
its minimal injective resolution in the category of R-modules, the ith Bass number ;(m, M) of
M with respect to m is the number of copies of the injective hull Ex(R/m) appearing as direct
summands of .#’ (by Proposition this module, being injective, can be decomposed as a
direct sum of indecomposable injective modules, which take the form Eg(R/p) for p € Spec(R)).

On the one hand, it is well-known that
wi(m, M) = dimy Exth (k, M)

for all i and any M [1, Thm. 18.7]. On the other hand, since R is regular, the Bass numbers of
the local cohomology modules H,"ij (R) with respect to any prime ideal p C R are finite ([8} Cor.
3.6(d)]; the case char(k) > 0 appeared first in [23]). This gives the first part of the following

proposition:

Proposition 2.1.2. [8 Thm.-Def. 4.1] Let A, R, and 7 be as in Definition[2.1.1]
(a) 2ij(A) is finite for all i and j.

(b) 2i j(A) depends only on A, i, and j; neither on R nor on .

By [8, Lemma 4.2], the numbers A; j(A) do not change if we replace A with its completion
A. Given any local ring A containing a field, its completion is a quotient of a complete regular
local ring containing a field by Cohen’s structure theorem [[1, Thm. 29.4], and so upon replacing
A with A, we can always find a surjection 7 as in Definition m It follows that we can define
Ai j(A) for any local ring A containing a field.

For any i and j, the iterated local cohomology module HY (H,"_j (R)) is injective [8, Cor.
3.6(a)] and supported only at m. Therefore, this module is isomorphic to a direct sum of copies
of the injective hull E = E(R/m) (finitely many, by [8, Cor. 3.6(d)]). From this fact, we can

obtain an equivalent definition of A; j(A):
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Proposition 2.1.3. [24, Lemma 2.2] Let A, R, and 7 be as in Definition For all i and |,

we have

HE () (R)) ~ EX4)
as R-modules.

By Lemma the dimension of the socle of the right-hand side (and hence of the left-
hand side) is precisely 4; j(A).

We record some properties of the numbers A; ;(A):
Lemma 2.1.4. [8 p. 54] Let A, R, and & be as in Deﬁnition and let d = dim(A).
(a) Aij(A)=0if j>dori> |
(b) Aaa(A) #0.
(c) If A is a complete intersection, Ay q(A) =1 and all other A; j(A) = 0.

The number A, 4(A) is called the highest or top Lyubeznik number of A. Zhang [25] has
given a characterization of the top Lyubeznik number in terms of the Hochster-Huneke graph

of A.

Definition 2.1.5. [26, Def. 3.4] Let B be any local ring. The Hochster-Huneke graph 1I'p has
one vertex for each top-dimensional minimal prime ideal p C B, and two distinct vertices p and

q are joined by an edge if and only if the ideal p + q has height 1.
Zhang’s description of the top Lyubeznik number is the following:

Proposition 2.1.6. [25| Main Thm.] Let A be a local ring containing a field, and let d = dim(A).

The top Lyubeznik number Ay 4(A) is equal to the number of connected components of the

Hochster-Huneke graph Ty, where B = A" is the completion of the strict Henselization of A.
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2.2 Hartshorne’s algebraic de Rham cohomology

In [27], Grothendieck introduced a purely algebraic de Rham cohomology theory for smooth
schemes over a field k of characteristic 0. Let X be such a scheme. Since X is smooth, the sheaf
Qy of Kihler differentials on X is a locally free Ox-module. The de Rham complex Q5 on X is
the complex

0= 0x = Qx—Q% - = QL =0

where Qé( is the ith exterior power of Qy, n is the dimension of X, and the differentials are
locally given by the usual exterior derivative formulas. Though the objects of this complex are

coherent Ox-modules, the differentials are merely k-linear.

Definition 2.2.1. [27] Let X be a smooth scheme over a field k of characteristic zero, and
let Q% be its de Rham complex. The (algebraic) de Rham cohomology Hjp(X) of X is the
hypercohomology H*(X, Q% ).

Recall that this hypercohomology is computed by choosing an injective resolution Q5 —
#* in the category of sheaves of Abelian groups (or k-spaces) on X (a quasi-isomorphism where
each .#" is an injective object in the category of sheaves) and setting H' (X, Q%) = h'(T(X,.7*))
for all i. That is, we compute the right hyperderived functors of the global section functor I"
evaluated at Q5. If ¥ C X is a closed subset, by replacing the functor I" with I'y, we obtain the
local hypercohomology Hj (X, Q%).

By the general theory of section there is an associated Hodge-de Rham spectral se-
quence, which begins E/? = H4(X,Q%) and has abutment H72?(X). Note that if X is affine,
the coherent sheaves Q% on X have no higher cohomology, and so the Hodge-de Rham spectral
sequence degenerates at Ej. It is easy to see from this that H),(X) = h'(['(X, Q%)) for all i.

Remarkably, this purely algebraic theory recovers topological information: in the case
k = C, algebraic de Rham cohomology coincides with Betti (singular) cohomology. This is

Grothendieck’s comparison theorem:

Theorem 2.2.2. [27, Thm. 1] Let X be a smooth scheme over C, and let X" be its associated
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complex-analytic space. Then

Hix(X) ~H'(X;C)
as C-spaces, for all i, where the right-hand side is singular cohomology with C-coefficients.

This comparison theorem fails if X is not smooth, essentially because in this case the sheaves
QF are not locally free. In [18]], Hartshorne constructed a more general theory which coincides
with Grothendieck’s in the smooth case and computes the Betti cohomology in the case where
the ground field is C. Hartshorne defines both de Rham homology and de Rham cohomology
theories, both global (for Y a finite-type scheme over a field of characteristic zero) and local (for
Y the spectrum of a complete local ring containing a field of characteristic zero).

Before giving the definition of Hartshorne’s de Rham homology and cohomology, we recall

the notion of the formal completion of a scheme along a closed subscheme:

Definition 2.2.3. If X is any Noetherian scheme and Y C X is a closed subscheme defined by
an ideal sheaf .# C Oy, the formal completion X of X along Y is the locally ringed space X=Y
with the sheaf of rings 0 = @ Ox /%! (note that each O /.#" is supported on Y). If .% is any

coherent Oy-module, its formal completion (an Og-module) is 1&135 | IF.

By the Leibniz rule, the differentials in the complex Q% are .# -adically continuous (for any
sheaf of ideals .# C O%), and hence pass to .#-adic completions. We can define in this way the

completed de Rham complex KAZ;(

Definition 2.2.4. [18, Ch. II] Let Y be a scheme of finite type over a field k of characteristic
zero, and let Y — X be a closed immersion where X is a smooth scheme over k. Let Q% be the

de Rham complex on X, and let ﬁ;( be its formal completion along Y. Let n = dim(X).
(a) The de Rham homology of Y is defined by HR(Y) = H2" (X, Q%) for all i.
(b) The de Rham cohomology of Y is defined by Hi(Y) = H' (X, ﬁ;() for all i.

A priori, the definitions of H',(Y) and H'R(Y) depend on the choice of closed immersion
into a smooth scheme X. In fact, these k-spaces depend only on Y, and they satisfy many other

desirable properties, some of which we list below:
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Proposition 2.2.5. (a) The k-spaces Hi(Y) and H'®(Y) depend only on Y, not on the choice

of X nor on the embedding Y — X. [I8| Thm. I11.1.4, Thm. 11.3.2]
(b) Both Hi,(Y) and H'R(Y) are finite-dimensional k-spaces for all i. [18 Thm. I1.6.1]

(c) IfY is smooth over k and has dimension n, then H'R(Y) ~ Hjl'é_i(Y) foralli. [I8 Prop.
11.3.4]

(d) IfY is proper over k, then H'p(Y) ~ (HR(Y))* for all i, where the asterisk denotes k-dual.
18 Thm. 11.5.1]

Since both Hi,(Y) and HR(Y) are defined in terms of hypercohomology (or local hyper-
cohomology), the general theory of section furnishes us with associated Hodge-de Rham
spectral sequences. The Hodge-de Rham spectral sequence for homology begins E} 7" % =
Hy (X,Qy ") and abuts to HiR (Y), and the Hodge-de Rham spectral sequence for cohomol-
ogy begins E/*! = H4(X, Q%) and abuts to H/3 (Y ).

The statement of Grothendieck’s comparison theorem holds for finite-type schemes over C

with this definition of de Rham cohomology:

Theorem 2.2.6. [I8 Thm. IV.1.1] Let Y be a scheme of finite type over C, and let Y*" be its

associated complex-analytic space. Then
Hip(Y)~H(Y;C)
as C-spaces, for all i, where the right-hand side is singular cohomology with C-coefficients.

There is an analogous theory for complete local rings. Let A be a complete local ring with
coefficient field k of characteristic zero. By Cohen’s structure theorem, there exists a surjection
of k-algebras w : R — A where R is a complete regular local ring containing k, which must
take the form R = k[[xy,...,x,]] for some n. Let I C R be the kernel of this surjection. We
have a corresponding closed immersion Y < X where ¥ = Spec(A) and X = Spec(R). Let Q%
be the continuous de Rham complex on X. Here, the sheaf Q}( is free of rank n with basis

dxy,...,dx,, and the other sheaves in the complex are its corresponding exterior powers. (In
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fact, the complex Q% is the sheafified version of the de Rham complex Q3 of the left Diff(R, k)-

module R as defined in section[I.2])

Definition 2.2.7. [18| §III.1] Let A be a complete local ring with coefficient field k of character-
istic zero. Let 7w : R — A be a surjection of k-algebras where R = k[[x], ... ,x,]] for some n, and
let Y < X (where Y = Spec(A) and X = Spec(R)) be the corresponding closed immersion. Let
Q% be the continuous de Rham complex on X, and SAI;( its formal completion along Y. Finally,

let P € Y be the closed point.
(a) The de Rham homology of Y is defined by HR(Y) = H2" (X, Q%) for all i.
(b) The (local) de Rham cohomology of Y is defined by H 1’, wrY) = HL (X, ﬁ;() for all i.

As in the global case, we have Hodge-de Rham spectral sequences for homology and coho-

mology. We also have the following analogues of the various facts stated in Proposition [2.2.5}

Proposition 2.2.8. (a) The k-spaces Hb, ,.(Y) and HR(Y) depend only onY, not on the choice
of X nor on the embedding Y — X. [I8| Prop. 111.1.1]

(b) Both H;%dR(Y) and HR(Y) are finite-dimensional k-spaces for all i. [I8 Thm. I111.2.1]

(c) We have H;',./ wY) = (HIR(Y))* for all i, where the asterisk denotes k-dual. [I8, Thm.
111.2.3]

Parts (a) and (b) of the above proposition remain true if P is replaced with any closed subset
of Y, including Y itself. It is part (c), which requires supports in P, that shows why we are
particularly interested in the case of de Rham cohomology supported at P. Note also that part
(c) holds unconditionally in the local case, in contrast to its global analogue.

If Y is a scheme of finite type over k and P € Y is a closed point, there are two possible defi-
nitions for the de Rham cohomology H ;',7 4r(Y) of Y supported at P. The first possible definition
is to replace I" with I'p in Deﬁnition that is, to take H, 1’;7 wY)= H (X, ﬁ;() Alternatively,
we can consider the complete local ring @ and compute the de Rham cohomology of its

spectrum as in Definition In fact, there is no ambiguity, as these two definitions coincide:
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Theorem 2.2.9 (The strong excision theorem). [[I8 Prop. 1l1.3.1] Let Y be a scheme of finite

type over k, and let P be a closed point of Y. Then we have
Hip(X, Q%) ~ Hj 4 (Spec Ox p)
as k-spaces for all i.

One important case of cohomology supported at a closed point P is the case where P is the
vertex of the affine cone C = C(V) over a projective variety V. Recall that if V is a closed sub-
variety of some projective space [P} over k, the affine cone over V is the closed affine subvariety
of AZ“ cut out by the same (homogeneous) polynomial equations that define V. We have the
following exact sequences relating the (global) de Rham cohomology of V and the (local) de
Rham cohomology of C (which, by the strong excision theorem, we can think of as the de Rham

cohomology of Spec @):

Proposition 2.2.10. [/8, Prop. I11.3.2] Let V C IP} be a projective variety, C C AZH the affine
cone over V, and P € C the vertex. Then H3(C) = 0 and we have the following two exact
sequences, where H 1’; Jrand H Zi g denote local algebraic de Rham cohomology and global alge-

braic de Rham cohomology, respectively:
0— k — Hyg(V) = Hp4z(C) — 0
and
0— H;R(V) - HI%,dR(C) — Hz(l)R(V) — HﬁR(V) — H;,dR(C) - Hg}R(V) —

Here the maps H'p (V) — Hé;Z(V) for i > 0 are given by cup product with the class of a hyper-

plane section § € H3,(V).

If V is nonsingular and £ is algebraically closed, we can obtain more information about the

cup product maps of Proposition [2.2.10

Theorem 2.2.11 (Hard Lefschetz theorem for algebraic de Rham cohomology). If V is a non-

singular projective variety of dimension r over an algebraically closed field k of characteristic
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zero, then for each i with 0 < i < r, the map Hg;i(V) — H;;gi(V) defined by i-fold cup product

with the hyperplane section § is an isomorphism.

Proof. The classical hard Lefschetz theorem [28| p. 122] is the analogue (with k = C) of the
preceding assertion with the de Rham cohomology of V replaced by the singular cohomology
H/ (Ve C) of the associated complex-analytic space. By Theorem we have, for all j,
HéR(V) ~ H/(V";C) (this only requires that V be a scheme of finite type over C), and this
isomorphism carries the de Rham hyperplane class to the Betti hyperplane class, so that the
result is true when the base field is C. The statement for an arbitrary algebraically closed base
field k with char(k) = O follows from the statement for k = C by the “Lefschetz principle”
as follows. Take a finite set of generators for the homogeneous defining ideal of V, in which
only finitely many coefficients from k appear, and consider the field X’ obtained by adjoining
this finite set of coefficients to Q. V may thus be defined over the field k": if V' is the variety
defined over &’ by the same homogeneous polynomials as V, then V =V’ xp k, and V' is also
nonsingular. Since Q C k' C k and k is algebraically closed, we may embed k' in C. As V
is nonsingular, H éR(V) is simply the hypercohomology of the de Rham complex of V, which
is seen immediately to commute with extensions of the scalar field because formation of the
module of Kéhler differentials commutes with such extensions; this reduces the hard Lefschetz
theorem for V over k' to the hard Lefschetz theorem for V over C, which we have already

verified. O]

Remark 2.2.12. An immediate consequence of Theorem [2.2.11} which we will use later in this
thesis, is that for any j > 0, the map HJR(V) — HJ;{Z(V) defined by cup product with § is
injective, since there is an isomorphism which factors through this map.

Finally, we state a result of Ogus relating (local) de Rham cohomology and local cohomol-

ogy on a formal scheme:

Theorem 2.2.13. [29, Thm. 2.3] Let k be a field of characteristic zero, let R =k|[xo, . .., xp]], and
let Y be a closed subset of X = Spec(R), defined by an ideal I. Let X be the formal completion

of X along Y, and let P be the closed point. Assume s is an integer such that Supp(H:(R)) C
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{P} forall i > n+1—s. Then there are natural maps R ®y H;%dR(Y) — HIJ;()A(, Oy ) which are

isomorphisms for j < s and injective for j =s.

2.3 Lyubeznik numbers for nonsingular projective varieties

In section Lyubeznik numbers are defined for any local ring A containing a field. We
will be particularly interested in the case where A is the local ring at the vertex of the affine
cone over a projective variety (see the discussion preceding Proposition 2.2.10). Let V be a
projective variety of dimension r over a field k of characteristic zero. Under an embedding
V — P}, we can write V = Proj(k[xo, ...,x,]/I) where I is a homogeneous defining ideal for V.
Let m = (xo,...,X,) be the homogeneous maximal ideal of k[xo,...,x,], so that I C m. Then
A = (k[xo,...,x,]/I)m is the local ring at the vertex of the affine cone over V.

In [30, p. 133], Lyubeznik asked whether A; ;(A) depend only on V, i, and j, and not on the
embedding V' — P} (or, for that matter, on n). Zhang settled this question in the affirmative in
the case of the “top” Lyubeznik number A, ,41(A), in any characteristic, in [25]; he went on
to give an affirmative answer for all A; j(A) in the char(k) = p > 0 case in [17]]. In [17]], several
preliminary results are established in a characteristic-free setting, but the main line of argument
makes crucial use of the Frobenius morphism. This left the characteristic-zero case open for all
but the “top” Lyubeznik number.

In this section, we determine completely the Lyubeznik numbers A; ;(A), in the case in
which V is a nonsingular variety, in terms of quantities known already to be embedding-
independent. In this case, the vertex is an isolated singularity of the affine cone. If the ground
field is C, Garcia Lopez and Sabbah have given a topological interpretation of the Lyubeznik

numbers of an isolated singularity:

Theorem 2.3.1. /21| Thin.] Let V be a scheme of finite type over C with an isolated singularity
at the point P € V. Let A = Oy p be the local ring at P, and let d = dim(A).

(a) Ifd =1, then Ay 1(A) = 1 and all other A; j(A) vanish.
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(b) If d > 2, then Ay j(A) = &imc HA(V:C) if 1 < j <d—1, Aig(A) = dime H5(V;C) if

2 <i<d, and all other 2; j(A) vanish.
Here H IJ;(V; C) denotes singular cohomology supported at P and with C-coefficients.

We will use algebraic de Rham cohomology instead of singular cohomology, thereby re-
moving the need to take C for the ground field.

We fix some further notation. V, I, and A remain as above, except that now and for the
remainder of this section we will assume V is nonsingular. Write R = (k[xo, . .., X,])m, a regular
local ring, so that A = R/I; it is this R which will intervene in the definition of the 4; j(A). The
following quantities will appear repeatedly: dim(R) = ht(m) =n+ 1, ht(I) = codim(V,IP}) =
n—r, and dim(A) = r+ 1. In particular, since dim(R) = n+ 1, our definition of the Lyubeznik
numbers of A reads

i j(A) = dimy (Bxty (k, H' ™ 7/ (R))).

We remark that, as explained in [17, §8], it is harmless to assume that k is algebraically closed,
since Lyubeznik numbers are unaltered under extension of the base field. In the algebraically
closed case, we have the following embedding-independent description of A, 1,41, which is

simply a translation into algebro-geometric language of Zhang’s result (Proposition [2.1.6):

Proposition 2.3.2. [25| Theorem 2.7] Let Vy,...,Vy be the r-dimensional irreducible compo-
nents of V, and let I'y be the graph on the vertices V1, ...,V in which V; and V; are joined by
an edge if and only if diim(V;NV;) = r— 1. Then A.41,41(A) equals the number of connected

components of I'y.

We know by Lemma that A; j(A) = 0 if either i or j is greater than r+ 1, Proposition
[2.3.2]deals with the case i = j = r+ 1, and Theorem[2.3.3|below deals with the remaining cases.

This furnishes a complete description of all A; j(A).

Theorem 2.3.3. Let V be a nonsingular projective variety over a field k of characteristic zero

(we may assume k is algebraically closed) and define the Lyubeznik numbers 2; j of the local
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ring at the vertex of the affine cone over V with respect to some choice of embedding as above.

Write B; = dimy (H, éR(V)), where Hyg denotes algebraic de Rham cohomology.

1. /li_,j:Oifi>0andj<r+1;
2. 20=0,4,1=p—1,
3. /1072:[31,10’]-:[%-_1—Bj_3forj:3,...,r;

4. D1 =Myt =0 [21) Thin (c)];

)

. M1 = Ao r12-1 (determined above) for | =2, ..., r [21, Remark 1].

Since algebraic de Rham cohomology is intrinsic to V (Proposition [2.2.5|b)), the above list,

together with Proposition[2.3.2] immediately implies the following:

Corollary 2.3.4. IfV is a nonsingular projective variety over a field k of characteristic zero and
Aij(A) is calculated as above, then for all i and j, 2; j(A) depends only on'V, i, and j, not on n

nor on the embedding V — ).

The rest of this section consists in a proof of the first three parts of Theorem Part (1)
will follow from known results on the local cohomology HI"H*]' (R) and from the definition of
Ai j. To establish parts (2) and (3), we will first relate local cohomology supported at / to local
cohomology of the formal spectrum of the /-adic completion of R, then we will use a result of
Ogus (Theorem [2.2.13)) to relate this formal local cohomology to local de Rham cohomology.
Finally, we will appeal to the exact sequence of Proposition [2.2.10] connecting local de Rham
cohomology at the vertex of the affine cone over V to the de Rham cohomology of V itself. Parts
(4) and (5) appear already in [21] and thus are not proven here; see also [31]] for an alternative
proof of parts (4) and (5) using the Grothendieck composite-functor spectral sequence.

We begin with a lemma on the support of certain local cohomology modules:

Lemma 2.3.5. Let V, R, A, and I be as above (V is nonsingular). Then Supp(H}(R)) C {m}

whenever i #ht(I) =n—r.
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Proof. Since V is nonsingular, the affine cone over V has an isolated singularity at its vertex, and
so all its other local rings are regular local rings: for any prime ideal p # m of the coordinate
ring k[xo,...,X,|/1, the localization (k[xo,...,x,)/I)p = (k[x0,...,%s])p/(I- (k[x0,...,Xn])p) =
Ry /I, ~ A, is a regular local ring, where we write [, = IR,,. We will show that for any prime
ideal p # m of R, p does not belong to the support of Hi(R) for any i # ht(I), that is, the
localization (H}(R))y is zero. This is clear if ¢ p, so we assume that / C p, in which case
ht(7) = ht(I,). By the flat base change principle for local cohomology (Proposition [I.1.4(f)),
we have (Hj(R)), =~ Hj (Ry). Since both Ry, and its quotient Ry, /I, ~ Ay are regular local rings,
we conclude (32, Proposition 2.2.4] that I, is generated by part of a regular system of parameters
of Ry, which must have ht(I,) = ht(I) = n — r elements. But if an ideal is generated by a regular
sequence of length n — r, local cohomology supported at this ideal cannot be nonzero in any

degree other than n —r. O
Corollary 2.3.6. Ifi > ht(I), Hi(R) is an injective R-module.

Proof. By [8, Theorem 3.4(b)], injdim(H;(R)) < dim Supp(H}(R)), and the right-hand side is
zero if Supp(H}(R)) C {m}. O

Proof of Theorem 1). Suppose j < r+1. Thenn+1—j>n—r=ht(I), so by the pre-
ceding corollary, Hy *17J(R) is an injective R-module. This implies that Extﬁe(k,HI"H_j (R))
vanishes for all i > 0, so that if i > 0 and j < r+ 1, the dimension of this Ext module (which,

by definition, is 4; j(A)) is zero, proving part (1). O
Proof of Theorem 2,3). We compute Ay j(A) for 0 < j < r. By definition, this is

dimy Ext} (k, H' 7/ (R)) = dimy Homg (k, H' 7 (R)),

the dimension of the socle of H,"H_j (R). As discussed in the previous section, for j < r+1,

HI"H*J' (R) is an injective R-module supported only at m. By Proposition , HI"H*]' (R) is
thus isomorphic to a direct sum of copies of E = E(R/m), a chosen injective hull of the residue

field k = R/m; by [8, Theorem 3.4(d)], the number of copies is finite. Therefore we can write
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H} = (R) ~ E"i for some non-negative integer ;. Since the socle of E is one-dimensional

by Lemma the socle of HI'Z“*J' (R) ~ E"i is tj-dimensional, from which it follows that
Mo j(A) =t (for 0 < j <r). We therefore turn our attention to the determination of #;.

We may complete R at the maximal ideal m without changing the 4; ;(A) [8l Lemma 4.2],
so we can, and will, assume that R is the complete regular local ring k[[xo,...,x,]]. Let D
denote the Matlis dual functor (Definition[I.4.3)) from the category of R-modules to itself, so that
D(M) = Homg(M,E) for an R-module M, where E = E(R/m) is the injective hull mentioned
above. We will compute D(HI"H*JI (R)) in two different ways and equate the two answers. On

the one hand, D is an exact functor (since E is injective) and D(E) ~ R by Remark[1.4.4] so that
D(H"'"/(R)) ~ D(E") ~ (D(E))" ~ R
for each j with 0 < j < r. On the other hand, by [29} Proposition 2.2.3], we have isomorphisms
D(H;" I (R) ~ Hy(X, 0%)

for all j. Here X = Spec(R), Y C X is the closed subscheme defined by 7 (that is, the spectrum
of A=R/I), P €Y is the closed point, X is the formal completion of X along ¥ and Oy is the
structure sheaf of X. (See sectionbelow for more discussion of this isomorphism.)
Equating the results of our two calculations of D(H,"Hfj (R)), we see that H,{,(X ,O%) ~
R. 1t therefore suffices to calculate the R-rank of HJ(X, ), for which we use Theorem
By Lemma , H{(R) is supported only at P for i > n—r, so we can take s = r+ 1
in the statement of Theorem [2.2.13] Consequently, for j < r+ 1, we have isomorphisms
R ®y HA wY) > Hl{;()? ,O%), where the right-hand side is isomorphic to RY. Furthermore,
by Proposition b), the local de Rham cohomology Hé 4r(Y) is a finite-dimensional k-
vector space for each j. This, together with the isomorphism R ®; H IJJ; ak(Y) =~ RY, implies that
Ao, j(A) =t; = dimy H;,; 4r(Y), which means we have reduced ourselves further to the calculation
of the dimension of this local de Rham cohomology space. Ogus indicates a way to compute
this dimension in [29, Remark, p. 354]. For the convenience of the reader, we give the full

details, showing how the explicit formulas of Theorem [2.3.3(2,3) are obtained.
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We use the exact sequences of Proposition [2.2.10} which take the form
0=k — Hyp(V) = Hp 4z (¥Y) = 0
and
0— HJR(V) _>H12>,dR(Y) - H.?R(V) _>H3R(V) - H;:dR(Y) — HL%R(V) s

recall that by Theorem the de Rham cohomology of the affine cone C supported at the
vertex P and the local de Rham cohomology H: IJ) 4r(Y) of the complete local ring A coincide.

Let f3; denote the dimension of the k-vector space H, éR(V) (finite by Proposition 2)).
We have A (A) = 0 by Proposition and Ao 1 (A) = Bo — 1 from the short exact sequence
above, proving Theorem[2.3.3(2).

Since V is nonsingular and k may be assumed algebraically closed, the hypotheses of Theo-
rem are satisfied. It follows by Remarkthat if j < r, the map H [{R(V) —H [{;Q(V)
defined by cup product with £, which occurs in the long exact sequence above, is injective. That

long exact sequence hence splits into short exact sequences:
0 — Hyg(V) = Hpgp(Y) = 0

and, for all j > 3,

- ._1 )
0—Hig (V)= Hj (V) — HAdR(Y) — 0.

We see at once from these exact sequences of finite-dimensional k-vector spaces that 492 (A) =

dimy H},  (Y) = By and, for j >3, A j(A) = dimg Hy o (Y) = Bj1 — B;-3, proving part (3). [J



Chapter 3

Matlis duality for Z-modules

The main goal of this chapter is the proof of the following theorem (its two assertions are proved

separately below as Proposition [3.2.13|and Theorem [3.3.1)):

Theorem 3.0.7. Let k be a field of characteristic zero, let R = k[[x1,...x,]] be a formal power
series ring over k, and let 9 = Diff(R, k) be the ring of k-linear differential operators on R. If
M is a left P-module, the Matlis dual D(M) of M with respect to R can also be given a natural
structure of left Z-module. We write H ;o (M) for the de Rham cohomology of a left Z-module.

If M is a holonomic left Z-module, then for every i, we have an isomorphism of k-spaces
(Hi(M))" = Hz (D(M)
where the asterisk denotes k-linear dual.

If M is holonomic, its de Rham cohomology spaces are known to be finite-dimensional (see
Theorem , and so it follows from Theoremthat D(M) also has finite-dimensional de
Rham cohomology. However, D(M) is not, in general, a holonomic Z-module, so this is not
clear a priori. Indeed, Hellus has shown [33 Cor. 2.6] that Matlis duals of local cohomology
modules (which are holonomic Z-modules) have, in general, infinitely many associated primes,
implying that they need not be holonomic Z-modules (which always have finitely many asso-

ciated primes [8, Cor. 3.6(c)]).

33
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Much of our theory of Matlis duality for Z-modules can be developed in more generality.
We first give an equivalent definition in section[3.1]of the Matlis dual (over any local ring with a
coefficient field k) in terms of k-linear maps to k. This definition allows us to give a structure of
right Diff(R, k)-module to the Matlis dual of a left Diff(R, k)-module whenever R is a complete
local ring with coefficient field k, which we do in section[3.2] Let Z = Diff(R, k). In the regular
case, there is a transposition operation, by means of which we can regard Matlis duals of left
Z-modules as left -modules. The question of how, in this case, the de Rham complexes of
a holonomic Z-module and of its Matlis dual are related occupies us in section where we
finish the proof of Theorem Finally, in section [3.4] we work out an example in detail,
removing any potential ambiguity in the definition of the Z-module structure on the Matlis

duals of local cohomology modules over formal power series rings.

3.1 Matlis duality and X-continuous maps

In this section, we describe formulations of Matlis duality for local rings containing a field & in
terms of continuous k-linear maps to k. Many of these results are not new; some of them are
stated without proof in SGA2 [3, Exp. IV, Exemple 5.2] as well as in [34, p. 63, Ex. 1]. For
lack of adequate references for the proofs, we provide their full details here. We also define the
class of k-linear maps (the “X-continuous” maps) between arbitrary modules over such rings
that admit Matlis duals.

We refer to section [I.4]for the definition of (classical) Matlis duality.

If f: M — N is an R-linear homomorphism of R-modules, its Matlis dual is the R-linear
homomorphism f* : D(N) — D(M) defined by pre-composition with f: f*(¢) = ¢ o f. Using
this definition, it does not make sense a priori to speak of the Matlis dual of amap 6 : M — N
that is not R-linear. However, we will show that a more general class of maps can be dualized.
We will make use of functorial identifications of the Matlis dual of a finite-length (resp. finitely
generated) R-module with the set of k-linear (resp. k-linear and m-adically continuous) maps

from the module to k; from these identifications, we will see that any k-linear map between
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finite-length R-modules, and any m-adically continuous k-linear map between finitely generated
R-modules, has a Matlis dual. We will also explain how this theory can be extended to the case

of arbitrary modules, which are not treated in [5].

Remark 3.1.1. In [5] the following results are stated in a slightly more general setting: (R, m)
is a (Noetherian) local ring containing a field ko, such that the residue field k = R/m is a finite
extension of ky. Since we need only the case where k = kg, we make this assumption throughout
to simplify the discussion. However, with only minor modifications to the arguments, all of what

follows in this section is true at the level of generality of [5].

Let R be as above, and let N be any R-module, hence a fortiori a k-space. We can define
an R-module structure on the k-space Homy (N, k) as follows. Given a k-linear homomorphism
AN — k, we define r-A : N — k by (r-A)(n) = A(rn), which is again k-linear since, if
o € k, we have (r-A)(an) = A(r(an)) = aA(rn) = o(r-A)(n) by the k-linearity of A. (We
will use the dot - throughout this section to denote an R-action on maps which is defined by
multiplication on the input of the map when multiplying the output by r € R may not make
sense.) Now recall that the socle Soc(E) = (0 : m) of E is a one-dimensional k-space (Lemma
[1.4.6). Fix, once and for all, a k-linear splitting o : E — k of the inclusion, and define, for any
R-module N, a map ®y : Homg (N, E) — Homy (N, k) by ®y(g) = o og. Clearly, if g is R-linear

(and hence k-linear), the composition ¢ o g is k-linear.
Lemma 3.1.2. The map ®y defined above is an R-linear homomorphism.

Proof. Let g € Homg(N,E) and r € R be given. Then for any n € N, we have ®y(rg)(n) =

o((rg)(n)) = o(rg(n)) = o(g(rn)) = (o 0g)(rn) = (r-y(g))(n), so that dy(rg) = r- Dy (g).
O

We list some more elementary properties of the maps ®y. Suppose we have an R-linear
homomorphism f : M — N of R-modules. The map f* : Homg(N,E) — Homg (M, E) (that is,
the Matlis dual of f) is clearly R-linear.

Lemma 3.1.3. The map f : Homi(N,k) — Homy (M, k) defined by pre-composition with f
(i.e., fY(A) = Ao f for a k-linear A : N — k) is R-linear.
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Proof. Letr € R and A € Homy(N, k) be given. Then

LYY (m) = (r-A)(f(m)) = A(rf(m)) = A(f(rm)) = [ (A)(rm) = (r- f*(A))(m)
for any m € M, as desired. O

Moreover, we note that given any g € Homg(N,E), both @y (f*(g)) and fY(Py(g)) are
equal to the composite o ogo f : M — k. Therefore, the diagram below is commutative and all

its arrows are R-linear maps:

Homg (N, E) E AN Homg (M, E)

B o
vV
Homy (N, k) EANN Homy (M, k).

We have now established enough preliminaries to prove the following:

Proposition 3.1.4. The map ®y : Homg(N,E) — Homy (N, k) defined by On(9) = G o ¢ is an

isomorphism of R-modules whenever N is of finite length.

Proof. We proceed by induction on the length /(N) in the category of R-modules, remarking
that any finite-length N is a k-space of dimension /(N). The base case, [(N) = 1, is the case
N =~ k; here ®y is simply the chosen isomorphism identifying Homy (k, k) ~ k with the socle
Soc(E) ~ Homg(k,E) = Homg(R/m,E) of E. Now suppose /(N) > 2, in which case there is a
short exact sequence 0 — k — N — N’ — 0 of R-modules where /[(N') =I(N) —1. As E is an
injective R-module, the functor Homg(—, E) is exact. Moreover, Hom(—,k) is also an exact
functor on the category of k-spaces (all k-spaces are injective objects). We therefore obtain a

commutative diagram with exact rows:
0 —— Homg(N',E) —— Homg(N,E) —— Homg(k,E) —— 0
J@N lq,,v lq”‘
0 —— Homy(N';k) —— Homy(N,k) —— Homy(k,k) —— 0
All maps in this diagram are R-linear, and the bottom row is exact as a sequence of R-modules,

since it is exact as a sequence of k-spaces. The map Py, is an isomorphism by our base case, and
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@/, is an isomorphism by the induction hypothesis, so @y is an isomorphism by the five-lemma

and the proof is complete. O

The discussion so far has involved multiple arbitrary choices, meaning that the maps @y are
not canonical. The Matlis module E is a choice of R-injective hull of k£, which is known to be
defined only up to non-unique isomorphism [4, Ex. 10.1.2]; what is more, we have introduced
an arbitrary splitting ¢ : E — k. At the level of generality in which we are working in this
section (a local ring R containing its residue field), it seems that some non-canonicity must be
accepted. However, our intended application of this theory is to the case where R is a formal
power series ring over a field, and here there are canonical choices for £ and ¢, which we now
describe.

Let R =k[[x1,...,x,]] for k a field, and let m be its maximal ideal. Since R is Gorenstein, the
local cohomology module H/! (R) is isomorphic to E by Proposition d). Thus we can take
H!' (R) as a canonical choice for the Matlis module. A canonical choice for the map HJ: (R) — k
comes from residue theory. The original reference for this theory is [35]: see also [5, Exp. 1V,
Remarque 5.5] and [36, Ch. 5] for concrete descriptions in our special case. The residue map is
a canonical map H} (Q}) — k. In our case, R ~ Q} and so H]}(R) ~ H].(Q}). By [5 Exp. 1V,
Remarque 5.5], the resulting composite o : H]} (R) — k is independent of the choice of basis of
%, hence is canonically defined.

Moreover, we can give an explicit formula for 6. If we compute H/.(R) using the Cech
complex of R with respect to xi,...,x, (Definition [.1.9), the resulting R-module consists of

all k-linear combinations of “inverse monomials” xi' .

--x," where s1,...,s, < 0. The R-action
is defined by the usual exponential rules with the caveat that non-negative powers of the vari-
ables are set equal to zero, so the product of a formal power series in R with such an “inverse

polynomial” has only finitely many nonzero terms. The residue map ¢ is defined by setting
O() Oy X) X)) =01 €K,

that is, by taking the (—1,...,—1)-coefficient of such an “inverse polynomial” [36, Ch. 5].
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Convention 3.1.5. Whenever we work with the Matlis dual of a k-linear map between modules
over the ring R = k[[x1,...,x,]], we assume we are using the canonical choices of H]\(R) for E

and the residue map, as defined above, for 6 : E — k.

We next consider the case of R-modules that are not of finite length, for which we need
to restrict attention to m-adically continuous homomorphisms. We recall the general definition

here:

Definition 3.1.6. Let R be a commutative ring, / C R an ideal, and M, N two finitely generated
R-modules. The I-adic topology on M (resp. N) is defined by stipulating that {/"M} (resp.
{I"N}) be a fundamental system of neighborhoods of 0. An Abelian group homomorphism
f:M — N is I-adically continuous if it is continuous with respect to these topologies on M and

N: that is, if for all ¢ there exists an s such that f(I*M) C I'N.

Remark 3.1.7. Note that any R-linear map is automatically /-adically continuous. Also note
that this definition makes sense for arbitrary R-modules, not necessarily finitely generated. We
insist on finite generation here because we will make use of a different notion of continuity later

in the case of arbitrary modules.

In the case of the local ring (R, m), the only fundamental neighborhood of 0 € k in the m-
adic topology on k is {0} itself. Therefore, if M is a finitely generated R-module, a m-adically
continuous map M — k is one that annihilates m’M for some ¢t > 0. Let Hom,,,, x (M, k) be the
k-space of k-linear maps M — k that are m-adically continuous.

Now note that if M is a finitely generated R-module and ¢ : M — E is an R-linear map,
¢ annihilates m’M for some ¢. Indeed, let my,...,m, be generators for M over R. Since E =
E(R/m) is m-power torsion (every element of E is annihilated by some power of m [1, Thm.
18.4(v)]), there exist #; for i = 1,...,n such that ¢ (m;) is annihilated by m"; but then, setting r =
max{t,...,t,}, we have ¢ (m’M) = 0. Therefore every such ¢ factors through M /m’ M for some
t, that is, Homg(M,E) = li_n>1H0mR(M/th,E), and all M /m’M are of finite length. Since

Homg (M /m'M,E) is isomorphic via @y to Homy (M /m'M, k), and these isomorphisms
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form a compatible system as ¢ varies, we deduce the existence of an isomorphism
@), : Homg(M,E) = lig}Homk(M/th,k) = Homgom 1 (M, k),

again defined by ®y/(¢) = o o ¢. Our definition of the action of an element r € R on a k-linear
map A : M — k by pre-composition by multiplication with r preserves the property of m-adic
continuity, so Homg,,; x(M, k) is indeed an R-module. As in the finite-length case, we see that
@), is functorial in the R-module M. Note that if M is of finite length, every k-linear map
M — k is m-adically continuous, so that the isomorphism @, just defined coincides with the

@, defined earlier. We summarize the above discussion in the following

Theorem 3.1.8. [5| Exp. IV, Exemple 5.2] Let (R,m) be a local ring containing its residue field
k. Let E be an R-injective hull of k, and fix a k-linear splitting & of the inclusion k — E. For

every finitely generated R-module M, post-composition with ¢ defines an isomorphism
@) : Homg(M, E) = Hom oy 1 (M, k)

of R-modules, functorial in the R-module M. (As a special case, if M is of finite length,
Homg(M,E) ~ Homy(M,k).)

For the rest of this section, the assumptions on R and k are as in Theorem [3.1.8] A conse-
quence of this theorem is that we can define the Matlis dual of a map between finitely generated
(resp. finite-length) R-modules as long as the map is k-linear and m-adically continuous (resp.

k-linear). The definition is simply pre-composition:

Definition 3.1.9. Let § : M — N be a k-linear map between finitely generated R-modules that is
continuous with respect to the m-adic topologies on M and N. Then pre-composition with § is
k-linear and carries m-adically continuous k-linear maps A : N — k to m-adically continuous k-
linear maps A 08 : M — k, so we can define the Matlis dual §* = ®,,' 08" o ®y : D(N) — D(M)

to be the composite

Homg (N, E) T) Hom, o (N, k) T) Hom, o (M, k) — Homg (M, E)
N Dy
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Remark 3.1.10. If M and N are of finite length, §* can be defined in the same way as above for

any k-linear 6. (More generally, we will see below in Corollary [3.1.16| that any k-linear map

between Artinian modules can be dualized.)

Our dual construction behaves well with respect to composition:

Proposition 3.1.11. If M,N, P are finitely generated R-modules and 6 : M — N, 6' : N — P are

m-adically continuous k-linear maps, then (6’ 0 §)* = 6* 0 6" as maps D(P) — D(M).

Proof. We calculate using the definition: (8’0 8)* = ®,,'0(8'08)Y o®p =D, ' 05V 08"V 0
®p = (®),' 08V 0 Dy) 0o (P 08" odp) = 5" 05", as desired. D

In the case of an R-linear map (which is automatically k-linear and m-adically continuous)
between finitely generated R-modules, our definition of the Matlis dual of this map agrees with
the usual one, so our notation is unambiguous and our definition is in fact a generalization of

the usual one. We make this precise in the following nearly tautological lemma:

Lemma 3.1.12. Let M and N be finitely generated R-modules. If f : M — N is an R-linear ho-
momorphism, then f* = CIDA_,[1 o fV o®y, so the usual definition of the Matlis dual of f coincides

with ours.

Proof. Suppose ¢ : N — E is R-linear. Then (fYo®y)(¢) =codo f. As Py is an iso-
morphism, (fb;,]l o fYo®y)(¢) is the unique R-linear map M — E which gives ¢ o ¢ o f upon
post-composition with ¢; by the unicity, it cannot be anything but ¢ o f = f*(¢). Therefore the

left- and right-hand sides of the asserted equality agree upon evaluation at every ¢ € D(N). [

What can be said in the case of arbitrary (not necessarily finitely generated) modules? An
arbitrary R-module M can be regarded as the filtered direct limit of its finitely generated R-
submodules M, . The Matlis dual functor converts direct limits into inverse limits, so D(M) =
l'&nD(M 3 )- (This is true for any contravariant Hom functor. Note that its converse is not true.)
If ¢ : M — E is R-linear (an element of D(M)), the restriction of ¢ to a fixed M), corresponds by

Theorem to an m-adically continuous map M, — k. Therefore, we will be able to repeat
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our earlier constructions in the case of arbitrary modules if we impose some conditions on how
the maps we are studying behave under restriction to finitely generated submodules. We make

this precise with the following definition.

Definition 3.1.13. Let M and N be R-modules, and let 6 : M — N be a k-linear map. We say
that O is X-continuous if for every finitely generated R-submodule M; C M, the R-submodule
(8(M))) C N generated by the image of M, under 0 is finitely generated and the restriction
Olm, : My — (6(M,)) is m-adically continuous in the sense of Definition We write
Hom? (M, N) for the set (indeed, R-module) of £-continuous k-linear maps M — N, and refer to

such maps simply as “X-continuous”, the k-linearity being understood.

By restricting attention to X-continuous maps to k, we obtain a generalization of Theorem

[3.1.8]to the case of an arbitrary module:

Theorem 3.1.14. Let M be an R-module, and suppose a choice of ¢ : E — k as in Theorem

[3.1.8 has been made. There is an isomorphism of R-modules
@y : D(M) = Homg (M, E) = Hom} (M, k)

defined by post-composition with o and functorial in the R-module M.
Proof. Consider the family {M, } of finitely generated R-submodules of M. We view M as the
filtered direct limit of the M, . As the Matlis dual functor converts direct limits into inverse lim-
its, we see that D(M) = I'LmD(M 1), the transition maps being pre-composition with inclusions
M), — M), of finitely generated submodules. For all M), post-composition with ¢ defines an
isomorphism @y, : D(M)) — Homcep (M} ,k) by Theorem Since this isomorphism is
functorial in M}, the {®, } form a compatible system of R-linear isomorphisms, inducing an
R-linear isomorphism

@), :DM) = lim D(Mj) = lim Homcon (M, );
but the right-hand side of this isomorphism can be identified with Hom% (M, k), essentially by

definition. The natural isomorphism

0: @Homwm’k(M;L,k) — HomE(M k)
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is defined on a compatible system { f} € Hom,, x(M) ,k)} by taking 6({f; }) to be the unique

k-linear map M — k whose restriction to every M) is f; (this map is X-continuous by definition),
and the composition @y = 6 o P, is nothing but post-composition with &, completing the

proof. 0

Remark 3.1.15. If M is a finitely generated R-module, then Hom%(M ,k) = Homop (M, k)

clearly, so in this case the ®y above is the same as the @), appearing in Theorem [3.1.8]

This theorem allows us to identify the Matlis dual with the full k-linear dual in the case of

an Artinian module:

Corollary 3.1.16. If M is an R-module such that Supp(M) = {m} (for instance if M is Artinian),
then Homg (M, E) ~ Homy (M, k) as R-modules.

Proof. Let M) be a finitely generated R-submodule of M. The hypothesis on M implies that M),
is annihilated by a power of m and consequently is of finite length. Given any k-linear map M —

k, its restriction to M, is therefore m-adically continuous. We conclude that Homf (M, k) =

Homy (M, k): the corollary now follows from Theorem 3.1.14] O

Remark 3.1.17. Suppose now that R is complete. If M is a finitely generated or Artinian R-
module, the double Matlis dual D(D(M)) is canonically isomorphic to M by Theorem
and if f: M — N is an R-linear homomorphism between finitely generated R-modules, f** :
M = D(D(M)) — D(D(N)) = N can be canonically identified with f. In fact, the same is true
for the more general maps we are dualizing in this section (by applying the R-linear result at
the level of every finite-length quotient of M and N), but we need to make sure the double dual
is defined. If M and N are finitely generated R-modules and 6 : M — N is k-linear and m-
adically continuous, then D(N) and D(M) are Artinian R-modules and 8* is a k-linear map. By
Corollary 0** exists. On the other hand, if M and N are Artinian R-modules, D(N) and
D(M) are finitely generated R-modules, and for any k-linear map 6 : M — N, the Matlis dual
0" : D(N) — D(M) is not only k-linear but m-adically continuous as well (by Lemma

below), so that again 6** exists. Therefore, the equality §** = & holds for any k-linear & (in the
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Artinian case) or any k-linear and m-adically continuous & (in the finitely generated case) over

complete local rings R.

Lemma 3.1.18. Let M and N be Artinian R-modules, and let & : M — N be a k-linear map. The
Matlis dual 8* : D(N) — D(M) is m-adically continuous.

Proof. Let t be a natural number, and consider the annihilator M, of m’ in M, a finite-length
R-submodule of M. As N is Artinian, every element of N is annihilated by some power of m:
indeed, given any y € N, R-y ~ R/ Ann(y) is a submodule of N, hence Artinian itself, and so
m! C Ann(y) for some I. Since M, is of finite length, it follows that there exists some s such that
0(M,) C Ny, where Nj is the annihilator of m* in N. Now apply Matlis duality. The containment
0(M;) C Ny implies that the kernel of the map D(N) — D(Nj) is carried by 8* into the kernel of
D(M) — D(M;). But since M; = (0 :py m), this kernel (which we may identify with D(M /M, )
by the exactness of D) is m’D(M); this means that §*(m*D(M)) C m'D(N), that is, that 6* is

continuous with respect to the m-adic topologies on D(M) and D(N). O

We can now extend the definition of the Matlis dual of an m-adically continuous map be-
tween finitely generated R-modules to a definition of the Matlis dual of a X-continuous map

between arbitrary modules as follows.

Proposition 3.1.19 (Proposition-Definition). Let M and N be R-modules, and let 6 : M — N
be a X-continuous map. Define the Matlis dual §* = ®,,' 05" o ®y : D(N) — D(M) to be the

composite

Homg (N, E) = Hom? (N, k) 5 Hom? (M, k) — Homg(M.E),
N (I);/I

where again 8" is pre-composition with 8. This construction satisfies the following properties:
given another R-module P and a X-continuous map 8' : N — P, we have (8' 0 §)* = 6* 06" as

k-linear maps D(P) — D(M), and 6" is the usual Matlis dual in the case in which § is R-linear.

Proof. We first check that 6* is well-defined. Suppose that T : N — k is X-continuous. Then

the same is true for §"(7) = To 8 : M — k, since given any finitely generated R-submodule
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M) C M, tod factors through a finitely generated R-submodule N, C N by assumption, and

as both J| M,  Mj — Ny and 7| Ny Ny — k are m-adically continuous, so is their composite,
which is (70 8)|y,. Thus §" is a well-defined k-linear map Homy (N, k) — Hom} (M, k). The
final two assertions follow immediately since both Proposition [3.1.11|and Lemma [3.1.12| hold

for the restriction of § to any finitely generated R-submodule of M. O

Remark 3.1.20. Finally, we note that it is not necessary in applications to consider the direct
system of all finitely generated R-submodules of a given module, as is done in the proof of
Theorem[3.1.14] Suppose M, N, and § are as above, and suppose we are given cofinal families
{M,} (resp. {N,}) of finitely generated R-submodules of M (resp. N), meaning that every
finitely generated R-submodule of M (resp. N) is contained in some Mj (resp. some Ny),
with the further condition that for all A, there exists u such that (M, ) C Ny. Then the above

construction still defines 8* : D(N) — D(M).

3.2 Matlis duality for Z-modules over complete local rings

We now specialize to the case where (R, m) is a complete local ring with coefficient field k. This
assumption is in force throughout the section unless otherwise indicated.

If 2 = Diff(R,k) is the non-commutative ring of k-linear differential operators on R and
M is a left Z-module, elements of & act on M via X-continuous maps. This fact allows us to
immediately apply the formalism of the previous section to define the Matlis dual of the action
of an element of Z; in this way, D(M) becomes a right Z-module. In the case of a complete
regular local ring with coefficient field k of characteristic zero, we describe a “transposition”
operation allowing us to regard these Matlis duals as left Z-modules.

Let 2 = Diff(R, k) be the ring of k-linear differential operators on R. Suppose M is a left
Z-module, and let § € Diff(R,k) be a differential operator. The map & : M — M defined by
the action of J (that is, §(m) = & - m) is a k-linear map (we abusively use the same letter o to
simplify notation).

We need a lemma on the continuity of differential operators’ action:
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Lemma 3.2.1. Let M be a left Diff(R, k)-module (here R is any commutative ring, and k C R

any commutative subring), and let I C R be any ideal. For any 8 € Diff/ (R) and s > 0, we have
S(IFHM) C M.

Proof. We proceed by induction on s+ j. If s+ j = 0, there is nothing to prove. Now suppose
s+ j > 0 and the containment established for smaller values of s+ j. Since § € Diff/(R), it
follows that [§, 7] € Diff/~!(R) for any r € R, and so [8,r](I**/~'M) C I’M by the induction
hypothesis for s and j — 1. That is, [§, ] (tm) = 8 (rtm) — r&(tm) € 'M for any r € R, ¢t € [**J~!
and m € M. If we further suppose that r € I and put x = rt € I**/=1 = 't/ we see that
8(xm) = r&(tm)+[8,r](tm). By the induction hypothesis for s — 1 and j, §(I’*/~'M) c '~ 'M,
so 8(tm) € IF"'M and r&(tm) € I°'M. Thus both terms on the right-hand side (and their sum
8(xm)) belong to I°M. As any element of I°*/M can be expressed as a finite sum Y., rotomq

with ro € I and to € '/, the result follows. ]

If a left Z-module M is finitely generated as an R-module, then given any & € 2, the
lemma shows that the corresponding map 8 : M — M is m-adically continuous. Therefore
the formalism of the previous section applies, and we can define the k-linear Matlis dual & :
D(M) — D(M) in such a way that if §’ € 2 is another differential operator, (8’0 §)* = 6* o (6')*
(note that the order of composition is reversed). This allows us to define a structure of right Z-

module on D(M) by ¢ -0 = 0*(¢). Here is an example of this dual construction:

d

Example 3.2.2. Let R = k[[x]], where k is a field, equipped with the k-linear derivation 6 = ..

Denote by m its maximal ideal (x). Take M = R, a finitely generated R-module. Recall that by

Convention , we take for E the local cohomology module H(lx) (R), which is the module

of finite sums Y ;¢ % where ¢ € k, and we define Matlis duals of k-linear maps between R-
modules using the residue map ¢ : E — k given by 6(Y~0 %) = o.

We determine explicitly the Matlis dual 6* : D(R) — D(R), which we will identify with

a map E — E since canonically Homg(R,E) ~ E. Let 4 =Y (¢ % be an element of E and
suppose that 7 is the greatest integer such that ¢ £ 0. Then g can be identified with an R-linear

map R — E in the following way: given an element Y , B;x' of R, its image in E is the product
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(X720 Bix’) (Lys0 %), which is carried by 0 to Y- 0sBs—1. Therefore the corresponding k-

linear map oo i : R — k is given by Y7 o Bix’ = Y0 0sBs—1. Both g and 6oy send m’ to
zero; write [ for the R-linear map R/m’ — E induced on the quotient.

The derivation § induces a k-linear map R/m'*! — R/m’ by the Leibniz rule, and the k-
linear composite R/m’ ™! — R/m’ %K, kis defined by

t t—1
Y A Y i+ D) Aeax' = Y soAy
i=0 i=0

s>0

where the scalars o are the numerators in the expansion of . Since R/m’ +1

is of finite length
as an R-module, this composite corresponds to a unique R-linear map R/m'*! — E, that is, a
map R — E defined by multiplication by an element of E that is annihilated by m’*!. Examining
the formula above, we see that this element of E cannot be anything but )} ;- ;%’f, Therefore,
viewed at the level of a map E — E, the map 8* is defined by

1 s

* j—
§'(-)=
which differs from the standard (“‘quotient rule”) differentiation map on E only by a minus
sign. (Our discussion of “transposition” at the end of this section will indicate the reason for

this sign.) This concludes Example[3.2.2]

In order to extend this definition of Matlis dual to arbitrary Z-modules, removing the fi-
nite generation hypothesis, we need to show that differential operators act on Z-modules via
Y-continuous maps. We prove this now using the alternate characterization of differential oper-

ators given in EGA [6].

Definition 3.2.3. Suppose that R is any commutative ring and k C R a commutative subring.
We denote by B the ring R ®; R, by u : B — R the multiplication map p(r®s) = rs, and by
J C B the kernel of p. We identify the subring R®y 1 = {r® 1|r € R} of B with R, and view B
as an R-algebra using this identification. In this way, B and all ideals of B can be regarded as

R-modules. Finally, for any j > 0, we denote by Plg n (or P/) the quotient B/J/*!,

In [6], differential operators are described in terms of R-linear maps via the following cor-

respondence:
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Proposition 3.2.4. [6| Prop. 16.8.4] For any commutative ring R and commutative subring

k C R, there is an isomorphism
Homg(P/,R) ~ Diff’(R)

of R-modules, where the differential operators on the right-hand side are understood to be k-

linear.

In our case, where R is a complete local ring and k a coefficient field, both sides of the

isomorphism of Proposition [3.2.4] are finitely generated R-modules:

Proposition 3.2.5. Let (R, m) be a (Noetherian) complete local ring with coefficient field k. For
all j, the R-module Diff/ (R) C Diff(R, k) is finitely generated.

The following definition will be used in the proof of Proposition [3.2.5}

Definition 3.2.6. Let (R, m) be a local ring. For any R-module L, the maximal m-adically
separated quotient of L is L**’ = L/(Nym*L). Note that L**? is m-adically separated, and

L/mL >~ L¢P /mL*P.

Proof of Proposition[3.2.5] Let j be given. By Proposition [3.2.4] it suffices to show that the R-
module Homg(P/, R) is finitely generated. As R is m-adically separated, every f € Homg(P/,R)
factors uniquely through (P/)*P. Therefore Homg((P/)*P,R) ~ Homg(P/,R) as R-modules.
We claim that (P/)*? is itself a finitely generated R-module, from which it will follow at once
that

Homg((P/)*?,R) ~ Homg(P’,R) ~ Diff’(R)

is finitely generated as well.
The elements r @ 1 — 1 @ r with r € R generate J as an R-module: given b =Y. ®r; € B,
we have b € J if and only if Y, r/r; = 0, and in this case we see that
b:Z(r:-@ri—rl/'ri@l) = —Z(r{@ 1)(}’l® 1— 1®ri) :Z<_rl/) .(rl.®1_ 1®’”i)
i

i i
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is an R-linear combination of elements of the form described. The equation
ror =rl—-r-(rel—-127r)

for r,” € R also shows that we have an R-module direct sum decomposition B = (R®; 1) ®J.
Since R is Noetherian, we can fix a finite set of generators xp,...,x; for its maximal ideal m.
Moreover, since R contains its residue field k, we have a direct sum decomposition (as k-spaces)
R = k@®m, so given any r € R, we can write r = ¢+ x1y; + - - - + X,y Where ¢ € k and y; € R.
We then have r@ 1 —1®@r=Y;(x;y; ® 1 — 1 ®x;y;), since c® 1 = 1 ® ¢ for ¢ € k. For all i, we

can express x;y; ® 1 — 1 ®x;y; as
i@l -18x) -l -10x)(yi®l -1y + X))yl -1®y)

where the second summand belongs to J> and the third summand belongs to mJ. We conclude
that r@1—1@7r—(Lyi-(x;®1—1®x;)) € J>+mJ. Therefore, if we write b; = x; ® 1 — 1 ®x;,
the classes of the b; generate J/(J?+mJ) as an R-module. Since m annihilates J/(J? +mJ), and
R = k@ m as k-spaces, we see that moreover the classes of the b; span J/(J> +mJ) as a k-space.
Let L; be the k-span of the monomials of degree at most j in the b;, and let L} be the k-span
of such monomials of degree precisely j, so that L; = U{:OL;: clearly all L; and L; are finite-
dimensional k-spaces. With this notation, what we have just shown is that J = L} +J Z+mJ.
Now let b € B be arbitrary. Using the R-module direct sum decomposition B = (R®j 1) B J,
we write b = (r® 1) +x where x € J. Using the k-space direct sum decomposition R = k@ m,
we write ¥ = c+y where ¢ € kand y € m, so that y® 1 € mB. Our work above shows that there
exist B € J? and y € mJ such that x — 8 — y lies in L}. We have (y® 1)+ y € mB. We conclude

from the decomposition

b=(c@)+x-B-y)+B+(r+(®1))

that B C Ly +J% +mB (since c® 1 =c- (1®1) € Ly C L), and hence that B/(mB +J?) is
spanned as a k-space by L. Moreover, it follows by induction that for all j, B/(mB+J/*1) is

spanned as a k-space by L;. Assume the conclusion for j — 1, that is, that B C L; | +mB +
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J7. We have already shown J = Ly +mJ +J2. Taking the jth power of both sides, we find

Jic mJ—l—):{:OL}ﬂ” CmB+L)+J7*!, since b; € J and for any [ > 0,21+ (j—1) > j+1.
Therefore

BC (Lj-1+L})+mB+J*

Since L;—1 + L) = L;, we have shown B/(mB +J71) is spanned over k by L;, completing the

induction. Tt follows that every B/(mB+J/*!) is a finite-dimensional k-space. We have
B/(mB+J/TY) = P/ jmPI ~ (P7)5P /m(P7)%P

as k-spaces. Since (P/)*” is m-adically separated and R is m-adically complete, the fact that
(P7)%eP /m(PJ)*P is a finite-dimensional k-space implies that (P/)*? is a finitely generated R-

module by a form of Nakayama’s lemma [37, Lemma 2.1.16], completing the proof. O

Remark 3.2.77. Our proof of Proposition above, together with the proof of [37, Lemma
2.1.16], has the following consequence which we record separately for reference: if xi,...,x,
generate the maximal ideal m, then (P/)*” is generated over R by the classes of monomials in

bo,by,...,b, of degree at most j, where by = 1®land b; =x; Q1 —1®x;fori=1,...,n.

We have now assembled enough preliminaries to prove the X-continuity of differential op-

erators over a complete local ring:

Proposition 3.2.8. Let (R, m) be a (Noetherian) complete local ring with coefficient field k, and
let 9 = Diff(R, k). If M is a left Z-module and & € Diff(R, k), then 6 : M — M is E-continuous.

Proof. We verify the conditions of Definition[3.1.13] Let § € Diff(R, k) and let M, be a finitely
generated R-submodule of M. We assert that the R-submodule (0 (M, )) of M generated by the
image of M) under § is finitely generated over R. (By Lemma we already know the
restriction of 6 to M; will be m-adically continuous, so this is all that must be proved.) With A
fixed, we proceed by induction on the order j of 8. Fix a finite set of generators my,...,m, for
M,. If j =0, then 6 is R-linear, so 6(my),...,8(m,) generate (§(M,)). Now suppose j > 0

and the statement proved for smaller values of j. By Proposition [3.2.5] we can find a finite set
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of R-module generators dy, ..., d for Diff/~!(R). Then we claim

{6(mi) Yiu{di(mi)}r

is a finite set of generators for (§(M,)). Indeed, given any element m; € M,, we can write it
as a linear combination rym; + - -- + r,my, and 8(r;m;) = r;6(m;) + [8,r;|(m;) for all i. Since

[0,r] € Diff/~! (R), we can write [8,r;] = p1id + - - + ps,id, for some py ;,...,ps; € R. Then
O (rim;) = ri6(m;) + p1idy (m;) + - - - + ps,ids (m;)

for all i. The sum Y &(rim;) = 6(m, ) thus belongs to the R-submodule of M generated by the

specified finite set, completing the proof. O

Corollary 3.2.9. Let (R,m) be a complete local ring with coefficient field k, and let 9 =
Diff(R,k). Let M be a left Z-module. Then the Matlis dual D(M) = Homg(M, E) has a natural

structure of right Z-module.

Proof. Given any 6 € Diff(R, k), Proposition and Proposition [3.1.19|imply that the Matlis
dual 6* : D(M) — D(M) is defined. We define a right Diff(R, k)-action on D(M) by ¢ -6 =
0*(¢). This definition satisfies the axioms for a right action since, given another differential

operator 8’ € Diff(R, k), we have (6’0 d)* = §* o (8’)*, again by Proposition(3.1.19 O

We give some examples of Matlis duals with right Diff(R, k)-structures, mostly involving

local cohomology:
Example 3.2.10. Let (R, m) be a complete local ring with coefficient field k.

(a) Since R is aleft Diff(R, k)-module and E = D(R), E has a natural structure of right Diff(R, k)

module.

(b) If M is a left Diff(R, k)-module, so is Mg for any multiplicatively closed subset S C R [8],
Example 5.1(a)]. If / C R is an ideal, the local cohomology modules H}(R) supported at 1

have the structure of left Diff(R, k)-modules, because H:(R) is the ith cohomology object of



51

a complex whose objects are localizations of the left Diff(R, k)-module R and whose maps,
sums of natural localization maps, are Diff(R,k)-homomorphisms [8, Example 5.1(c)]. By

the previous theorem, the Matlis duals D(H}(R)) are right Diff(R, k)-modules.

(c) Now suppose I = m. If R is Cohen-Macaulay, then H, (R) is zero unless i = dim(R). The
Matlis dual D(Hslim(R) (R)), which is the canonical module of R, therefore has a structure
of right Diff(R, k)-module. If R is not Cohen-Macaulay, there exists some i < dim(R) such
that H/ (R) is nonzero. For such an i, the Matlis dual D(H,, (R)) is a right Diff(R, k)-module
that is finitely generated (since H. (R) is Artinian) as an R-module and whose dimension
is strictly less than the dimension of R (in fact, its dimension is bounded above by i: [5,
Exp. V, Thm. 3.1(ii)]). We remark that such an inequality is impossible for R regular, by

Bernstein’s theorem [7, Thm. 1.4.1].

We give some more details related to Example [3.2.10(a). Since R is a finitely generated
R-module, we know by Theoremmthat E = D(R) ~ Hom.u (R, k), and the right Z-action
on Homg, x(R, k) is defined by A -8 =24 00 for 6 € D and A € Homgp k(R, k). If M is any

R-module, we have an isomorphism
HomE (M, k) = Homg(M, Homen 1 (R, k))

by combining Theorem and Theorem Concretely, this isomorphism carries a X-
continuous map A : M — k to the R-linear map M — Hom,u x(R, k) defined by m — (r —
A(rm)), and its inverse carries an R-linear map y : M — Homg ., x(R,k) to the X-continuous
map M — k defined by m — y(m)(1).

By identifying E with Hom, «(R, k) endowed with the right Z-structure above, we can
give an alternate description of the right action of derivations (differential operators of order
precisely 1) on the Matlis dual of any left Z-module, using the formulas of [38, Prop. 1.2.9]:
if § € & is a derivation and M is a left Z-module, then for any R-linear map ¢ : M — E, we
define an R-linear map ¢ -8 : M — E by (¢ - 8)(m) = ¢(6 -m) — ¢(m) - . This formula extends

to define a right action of the R-subalgebra of & generated by R together with the derivations
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(e.g., if R is regular, this subalgebra is all of ). This right action coincides with the right action

we have defined in Corollary [3.2.9}

Proposition 3.2.11. With the hypotheses of Corollary let M be a left Z-module, and
let D(M) be its Matlis dual. If 6 € 9 is a derivation and ¢ : M — E is R-linear, we have
0*(¢) = ¢ - O, where the right-hand side is defined as in [38 Prop. 1.2.9].

Proof. We use the various identifications between equivalent forms of D(M). Under the iso-
. Dy Y

morphism D(M) — Homy (M, k) of Theorem [3.1.14] the map ¢ corresponds to 6 o ¢, and

5*(¢) = 6o¢od. Under the identification Homy (M, k) ~ Homg (M, Hom,ey (R,k)) given

earlier, 6 o ¢ o § corresponds to the map
m— (r— o(¢(8(rm)))).

On the other hand, for any m € M, we have (¢ - §)(m) = ¢(6 -m)+ ¢(m) - 8 € E, where we
identify E with the right 2-module Hom, x(R,k) in order to define ¢(m)- 8. Under this
identification, ¢ (m) - 8 is the map r — o (r¢ (6 -m)), and ¢ (0 - m) is the map r — o (8(r)9 (m)).

It is therefore enough to show that

c(9(8(rm))) = o (r¢(8-m))+c(5(r)¢(m))

for all » € R and m € M, which follows immediately from the relations &(rm) = 8 (r)m+ré(m)
holding in any left Z-module M. O

We now specialize further to the case in which R = k[[x1,...,x,]| is a formal power series
ring over a field of characteristic zero. In this case, there is a transposition operation that con-
verts left modules over Diff(R, k) to right modules and conversely. We recall its definition. Since

k is of characteristic zero, the ring Diff(R, k) is a free left R-module generated by monomials in

2 d
al :Txl,...,an: 9,

Definition 3.2.12. Let R = k[[x),...,x,]] where k is a field of characteristic zero, and let M be

a left Diff(R, k)-module. Let pd;" - - - d¢» be an element of Diff(R, k), where p € R. If - denotes
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the given left action of Diff(R, k), then for any m € M, the formula

e (p3f!---3) = ((~1) 03 .30 p) o m
defines the franspose action, a right Diff(R, k)-action * on M.

There is, of course, a symmetric notion of the transpose of a right Z-module, which is a left
2-module. To see that the right action given above is well-defined, we view it in the following
way. Let Diff(R,k)° be the opposite algebra of Diff(R, k). There exists a unique isomorphism
¢ : Diff(R,k)° — Diff(R,k) such that ¢(p) = p for all p € R and ¢(9;) = —0; for all i, which
when viewed as a map ¢ : Diff(R, k) — Diff(R, k) is called the principal anti-automorphism of
Diff(R, k). To see that this is an isomorphism, note that since all elements of R commute with
each other and all d; commute with each other, the only non-trivial relations among elements
of Diff(R, k) are the relations d;p = pd; + d;(p). The map ¢, which is clearly bijective, carries
dip to —pd; and pd; + di(p) to —adip + Ji(p); since —pd; = —dip + d;(p), the relations are
respected. The transposed action * is then simply defined by m+ & = ¢ (8) - m for & € Diff(R, k).

Proposition 3.2.13. Let R = k[[xy, ... ,x,]] with k a field of characteristic zero, 9 = Diff(R, k),
and M any left Z-module. There is a natural structure of left Z-module on the Matlis dual

D(M) = Homg (M, E).

Proof. Apply the right-to-left version of the transposition operation described above to the right
Z-module D(M) with structure defined in Corollary O

Therefore, in this case, Matlis duality provides a (contravariant) functor from left Z-modules

to left Z-modules.

3.3 The de Rham complex of a Matlis dual

Let R = k[[x1,...,x,]] where k is a field of characteristic zero, and let 2 = Diff(R, k). For any
left Z-module M, we can define its de Rham complex M @ Q%. The Matlis dual D(M) is also a
left Z-module by Proposition|3.2.13] so we can also consider the de Rham complex D(M) @ Q.



54

Our goal in this section is to compare the cohomology of these two complexes. Specifically, we

will show the following:

Theorem 3.3.1. Let R and 9 be as above. If M is a holonomic left Z-module, then for all i, we
have isomorphisms

(Hyp(M))* =~ Hj' (D(M))
where the asterisk denotes k-linear dual.

By Proposition [3.2.8] the differentials in the complex M ® Q% are -continuous, so the
entire complex can be Matlis dualized. Since the functor D is contravariant, the ith object in
this dualized complex D(M ® Q) is D(M ® Q% "). Theorem is a trivial consequence of

the following pair of propositions.

Proposition 3.3.2. Let R and 2 be as above. If M is a holonomic left -module, then for all i,
we have isomorphisms

(h (M ® Q%)) ~ W'~ (DM 2 Q).

Proposition 3.3.3. Let R and Z be as above. If M is any left Z-module, then for all i, we have
isomorphisms

H(D(M & Q) = K (D(M) © 0.

Proposition [3.3.3]is relatively straightforward, and we prove it next. The proof of Proposi-
tion[3.3.2] which is the longest and most involved proof in this thesis, will take up the remainder

of this section.

Proof of Proposition We first compute the differentials in the complex D(M ® Q3). Let
i be given, and consider the differential d' : M ® Qf — M ® Qi''. An element of M @ Q% is a
sum of terms of the form m;,...; dx; N--- ANdx;, where 1 < ji <--- < j; <n, and the formula
for d' is

n
d'(mdxj, A---Ndxj) =Y ds(m)dxs Adxj A--- Ndxj,.
s=1

\Y



55

Now consider the Matlis dual of this differential. Since the Matlis dual functor commutes with
finite direct sums, we can identify D(M @ Q) with a direct sum of () copies of D(M), again
indexed by the dx;, A---Adx;,. If ¢ € D(M), we have the formula

) i+1 ' o
(@) (@dxj A---Ndxj,) = Y (=1)7197 (@) dxjy A--- Adxj A+ A,
s=1

where the czcz means that symbol is omitted ((d’)* is obtained by extending this formula by
linearity).

We now introduce Koszul complexes, for which a reference is [2}, §4.5]. Consider the com-
mutative subring A = k[d\,...,d,] C 2. The Z-module D(M) is a fortiori a A-module, and the
de Rham complex D(M) ® Qy, is the cohomological Koszul complex K*(D(M);d) [2, Notation
4.5.1] of the A-module D(M) with respect to d = (d},...,d,), where the d; act on D(M) via the
Matlis dual maps d;*. On the other hand, by the formula above, it is clear that D(M @ Q%) is the
homological Koszul complex Ko(D(M);d). We have

h(K*(D(M);9)) 2 hy—i(Ke(D(M);9))

by [2, Ex. 4.5.2]; regarding the complex on the right as being cohomologically indexed (as we
do when considering it as the Matlis dual of M ® QF), we see that the right-hand side is its ith

cohomology object, completing the proof. O

The remainder of this section is long and contains a great deal of preliminary material
necessary for the proof of Proposition [3.3.2] Before giving this preliminary material, we first

outline it for the reader’s benefit, then introduce some notation that we will use repeatedly.

o First, we prove some lemmas concerning direct and inverse systems of modules. The key
definition here, Definition (strong-sense stability), is a dual version of the Mittag-

Leffler condition.

e We then introduce some definitions and results due to van den Essen, who in a series of

papers studied the kernels and cokernels of differential operators. Not only his results, but
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also some of the ideas in his proofs, will be of necessary use to us. We discuss changes
of variable and prove a technical lemma, Lemma that relies on van den Essen’s

work.

e We next describe how to “stratify” the de Rham complex M ® QF, writing it as a di-
rect limit of “de Rham-like” complexes whose objects are finitely generated R-modules.
The crucial result concerning this direct system is Proposition [3.3.19] which asserts that
the cohomology objects of these complexes satisfy strong-sense stability with finite-
dimensional stable images. We also give a more general version of this result, Corollary
[3.3.20] which will be of no use to us in this section but to which we will need to appeal
in section

e Finally, we give the proof of Proposition [3.3.2] using our work in section [3.1 on Matlis

duality.

We need to work not only with the rings R and &, but also with subrings defined using

proper subsets of {xj,...,x,}:

Definition 3.3.4. Let j > 0 be given. We denote by R; (resp. R’) the subring k[[x1,...,x;]] (resp.
k[[Xn—j+15---,%a]]) of R. (Thus, R = R, = R" and k = Ry = R.) We denote by %; = Diff(R;,k)

and 9/ = Diff(R/, k) the corresponding rings of differential operators, which are subrings of Z.
This notation will be in force throughout the section, and will not be repeated in the state-

ments of results.

Remark 3.3.5. If M is any left Z-module, it is also a left module over &; and 2/ for all j, and

we have short exact sequences relating its “partial” and “full” de Rham complexes of the form

0=>MQp[-1] > MRQy, - MRQL —0

where the first map is given by Adx,_;. The cohomology objects of the complex M & Q3;
are 9, j-modules, and if we consider the associated long exact cohomology sequence, the

connecting homomorphisms (up to a sign) are simply d,_;. Of course, there is also a version
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of this sequence involving de Rham complexes over R; and R}, instead of R/ and R/, (See

section [d.1] especially Definition 4.1.6]and Lemma[4.1.7] for more details.)

In the proof of Proposition we will consider various direct and inverse systems of
complexes of R-modules and k-spaces. (All our direct and inverse systems will be indexed
by the natural numbers, but the following discussion applies to any filtered index set.) The
interaction of cohomology with direct limits in these categories is not complicated: the direct
limit is an exact functor, and so it commutes with cohomology. For inverse limits, more caution
is required, as the inverse limit is, in general, only left exact. In order to commute cohomology
with inverse limits, we will need to verify the Mittag-Leffler condition for many of the inverse

systems involved.

Definition 3.3.6. [11} 13.1.2] Let {M;} be an inverse system of modules (indexed by N) over a
commutative ring R, with inverse limit M = @Mi and transition maps fj; : M; — M; fori < j.
We say that the system {M;} satisfies the Mirtag-Leffler condition if for all [, the descending

chain { flﬂ,l(MlH)} of submodules of M; becomes stationary: there exists some s such that for

allt >s, frosi(Mits) = fires(Migy).

The following condition on direct systems can be thought of as a sort of dual to the Mittag-

Leffler condition:

Definition 3.3.7. Let {M;} be a direct system of modules (indexed by N) over a commutative
ring R, with direct limit M = IiIBM,', transition maps f;; : M; — M; for i < j, and insertion
maps f; : M; — M. If for some j, N; C M; is an R-submodule, we say that the images of N;
under the transition maps stabilize in the strong sense if there exists / such that f;,; induces an
isomorphism
Fi i+t (Nj) = fi(N));

equivalently, f; j+;/(N;) Nker fj;; = 0. (If we say that the images of some object stabilize in
the strong sense, it will be clear from context with respect to which transition maps and direct

system we mean.)
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Note that since ker f;; j+ C ker fj1; for any I’ > [, it follows at once from Deﬁnitionm

that there are also isomorphisms f; j+;(N;) = fj i+ (N;) induced by the transition maps.

This condition is automatic if R is Noetherian and N; is finitely generated:

Lemma 3.3.8. Let R be a commutative Noetherian ring. If {M;} is a direct system of R-modules
as in Definition 3.3.7] and N; C M; is a finitely generated R-submodule, then the images of N,

stabilize in the strong sense.

Proof. Since R is Noetherian, ker f; N, is also a finitely generated R-module. Fix R-generators
x1,...,Xs forker fiNN;. Forallie {1,...,s}, we have f;(x;) =0, and so there exists /; > 0 such
that f; 1, (xi) =0 € Mjyy,. If we put [ = max {/;}, then f; j,; annihilates ker f; " N;. We claim
that
fi,j+1(Nj) Nker i =0.

Suppose that x € M. ; belongs to this intersection. Then we have f;;(x) =0 and x = f; j;(y)
for some y € N;. From f;(y) = fj+i(fj,j+:1(y)) = fj+1(x) =0, we conclude y € ker fj; but y € N;
as well, and since f; j; annihilates ker f; NN}, it follows that x = f; j1/(y) = 0, completing the

proof. O

In the case of vector spaces over a field, the connection between the Mittag-Leffler condition

and strong-sense stability can be made more precise:

Lemma 3.3.9. Let {U;} be an inverse system (indexed by N) of vector spaces over a field k, with
transition maps fj;. For all i, let V; = U} be the k-space dual of U;, and regard {V;} as a direct
system with transition maps Aij = f;-‘l- for i < j. Suppose that for all I, the images of V; under
the transition maps Ay 4 stabilize in the strong sense. Then {U;} satisfies the Mittag-Leffler

condition.

Proof. We prove the contrapositive. Suppose that the system {U;} does not satisfy Mittag-
Leffler. Then there is an / such that for all s, there exists t > s such that fi1; ;(Uj4s) € fi451(Urs).
Since k-space dual is an exact functor, proper injections dualize to surjections with nontrivial

kernels, so the surjection (fi157(Usts))* = (fi++1(Uis+))* is not an isomorphism. Given any
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linear map g : W — W’ of k-spaces, we can identify img* with (img)* as follows: factor g as

*

W — img C W', and dualize this factorization to obtain (W')* — (img)* — W*. The image of
the last map is im(g*), and the injectivity allows us to identify this image with (img)*. After
identifying (fi1s;(Uits))* (vesp. (fi4e1(Us+))*) with Aj145(V7) (resp. A;;4+(V7)) as a subspace
of Vi (resp. Vi) in this way, we see that the surjection (fis;(Uits))* = (fie1(Ure))* is
nothing but A; ., restricted to A;;,5(V;). We conclude that the images of V; cannot stabilize

in the strong sense. 0

By applying the previous proof’s reasoning twice, we can draw a conclusion about double

duals:

Lemma 3.3.10. Ler k be a field, and let {U;};cn be an inverse system of k-spaces, indexed by
N, with transition maps fj; : U; — U; for i < j, and inverse limit U = @Ui. Suppose that the
inverse system {U;} satisfies the Mittag-Leffler conditiorﬂ and that the inverse limit @Ui** is
a finite-dimensional k-space. Then (LirllU,- ~ @Ui**-

Proof. The canonical map from a k-space U; to its double dual U;™ is always injective, and
inverse limit is left exact, so there is a natural injection U = @Ui — I'&nUi**. Therefore U
is also finite-dimensional. For all i, let U/ = N;<;f;i(U;) be the stable image of the transition
maps inside U; (this descending chain stabilizes by the Mittag-Leffler hypothesis). Then [3| p.
191] {U/} is also an inverse system, now with surjective transition maps, such that 1<iLnUl-’ =U
and U maps surjectively to all U;. In particular, all U/ are finite-dimensional k-spaces and hence
isomorphic to their double duals (U/)**. By applying the reasoning in the proof of Lemmam
twice, we see that since the inverse system {U;} satisfies the Mittag-Leffler condition, so does
the inverse system {U;*}. Moreover, we can identify the double dual of a stable image, (U/)**,
with the stable image of the double dual, (U;*)" C U*, again by using the argument of Lemma

3.3.9|twice. Since for all i, U/ is canonically isomorphic to its double dual, the corresponding

U Paul Garrett (private communication) has pointed out that the Mittag-Leffler hypothesis is superfluous; how-
ever, the proof is more difficult.
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inverse limits are also isomorphic. Thus we have isomorphisms
limU; = lim U} ~ im(U})"™ ~ im(U;™)" ~ imU;™,
completing the proof. O

In a series of papers [39} 40, 41}, 42} 9], van den Essen examined the effect of the operator
d, acting on a holonomic left Z-module. His first result was that the kernel of d, behaves as

well as we might hope:

Theorem 3.3.11. /40, Thm.] If M is a holonomic left 2-module and M, is the kernel of d,

M — M, then M., is a holonomic 9,_1-module.

The key step in the proof of Theorem |3.3.11|is the following lemma, which we will use
below in the proof of Lemma[3.3.17;

Lemma 3.3.12. /40, Cor. 2] Let M be a left P-module and let M, be the kernel of d, : M — M.
IfM =R-M,, then M =M, ®x,M as D,_1-modules.

Without some conditions, there is no analogous result for cokernels; van den Essen gives
a concrete example in [41, Thm.] in which M is a holonomic Z-module but M/d,(M) is not
holonomic.

If M is holonomic, there exists [41, Prop. 1] an element g € R such that the localization
M, is a finitely generated R,-module. If g can be chosen to be x,-regular (that is, such that
£(0,0,...,0,x,) # 0), then [39, Ch. II, prop. 1.16] for all m € M, there exists an x,-regular
f €R (in fact, f can be taken to be a power of g) such that the R-submodule E; (m) of M
generated by the family {(fd,) (m)}i>o is in fact finitely generated over R. That is, m is x,-

regular in the sense of the following definition:

Definition 3.3.13. If M is a left Z-module, an element m € M is x,-regular if there exists an
x,-regular element f € R such that Ey, (m), as defined in the preceding paragraph, is a finitely
generated R-module. A holonomic Z-module M is x,-regular if some (hence, every) m such
that M = & - m is x,-regular. (More generally, a Z-module M is x,-regular if every m € M is

Xp-regular.)
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We make two observations about the notion of x,-regularity. The first is that, given any
holonomic Z-module M, we can always change variables (that is, replace xi, ..., x, by another
regular system of parameters for R) to make M x,-regular [9, Cor. 1.8]: indeed, given g € R
such that M, is finitely generated over R,, simply choose coordinates in which g is x,-regular.
By Proposition the de Rham cohomology Hj,(M) is independent of this choice. The
second observation is that this condition is precisely what is required for the holonomy of the

cokernel of d,:

Theorem 3.3.14. [42] Thm.] If M is a holonomic left Z-module that is x,-regular, then
M /03,(M) is a holonomic 9,_-module.

The key step in the proof of Theorem [3.3.14]is the following lemma, which we will also use
below in the proof of Lemma[3.3.17

Lemma 3.3.15. [42] Cor. 2] Let M be an Z-module. Suppose that m € M is x,-regular. Then
there exists a finitely generated R,,_|-submodule L of R-m and a natural number p such that

R-m CL+YY | 0}(R-m). In particular, R-m C L+ 9,(R - m).

Note that the kernel M, and the cokernel M /d,(M) are the cohomology objects of the com-

plex M ® Q3. Consider the short exact sequence
0=>MRQ[-1] > MRQ - MR Qy —0

of Remark[3.3.5] The connecting homomorphisms in the corresponding long exact sequence in

cohomology, up to a sign, are defined by d,_1. Thus we obtain short exact sequences
0 K1 5> H(M®Q%) —C—0

where K;_; is the kernel of 9, acting on /"' (M ® Q%) and C; is the cokernel of d, acting on
h(M®Q3,). If K;_; and C; are holonomic Z,_i-modules, then h'(M ® Q3,) is a holonomic
9,_1-module, in which case we can consider the kernel and cokernel of d,_, acting on it and

continue the process. For each Z,_;-module N which appears in this process, there exists an
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element g of R,_; such that N, is a finitely generated (R,—;),-module, and we can make a
change of variables after which g is x,_ j-regular (so the kernel and cokernel of d,_; acting on
N are holonomic %,_;_1-modules). As the process terminates, there are only finitely many
such g, and the failure of a given g to be x,_j-regular after a change of variables is governed
by a family of polynomial equations in the coefficients of the change of variables. Therefore,
choosing a single coordinate change after which all g are regular is a matter of avoiding finitely
many proper Zariski-closed subsets of the affine coordinate space, which is always possible
since k is of characteristic zero and thus infinite.

We record the conclusion just drawn for reference:

Proposition 3.3.16. Let M be a holonomic Z-module. There exists a change of variables
(which, by Proposition does not alter the de Rham cohomology of M) after which, for

all i and j, h'(M ® Q3,) is a holonomic 9, j-module which is x,_ j-regular.

We now prove a technical lemma which makes crucial use of van den Essen’s results. The
situation we examine is that of a Z-module expressible as a direct limit of R-modules, and a
family of R,_;-linear maps between these modules whose direct limit is the R,_;-linear map
d,. We now describe the situation more precisely. Let M be a left Z-module, and suppose that
M = @Mi as R-modules, where {M;} is a direct system (indexed by N) of R-submodules of
M. Let f;; (resp. f;) be the transition (resp. insertion) maps for this direct system. Suppose
furthermore that there exist R,_-linear maps &; : M; — M, for all i, compatible with the
transition maps, such that hg 0; = d,. (We write d for d,.) Given an element m € M, there exists
some j and m; € M; such that m = f;(m;), and we have d(m) = fj1(0;(m;)), independently
of the choice of j and m;.

The transition maps f;; induce, by the compatibility, maps on the kernels and cokernels of
the §;: for all / and s, we see that f; ;. s(ker &) C ker §,, and that fj(ker ;) C kerd. From this,
it follows that f; ;. (resp. f;) induces R,_;-linear maps fz/,z 4 kerd; — ker &4 and fl’fl iy
coker §_; — coker &, (resp. f] : kerd; — kerd and f; : coker§_; — cokerd). We have,

forall Zand s, f;, o f,,, = f], and a similar compatibility for the f".



63

If M is holonomic and x,-regular, we have a stability property for the images of these in-

duced maps on kernels and cokernels:

Lemma 3.3.17. Let M be a holonomic, x,-regular 9-module. Let d = d, € 9. Suppose that
{M;} is a direct system of R-submodules of M with M = li_Il;lM,', and that {8; : M; — M} is a
family of R,_1-linear maps, compatible with the transitions, such that 0 = hﬂ&'- Let f;j (resp.
fi) be the transition (resp. insertion) maps for this direct system, and define the induced maps
f"and f" as in the preceding paragraph. Fix | and let N; be a finitely generated R-submodule
of M.

(a) Let N] = N;Nker 8;. The images of N| under the fl”, s Stabilize in the strong sense, and the

stable image is a finitely generated R, _|-submodule of ker 0.

(b) Let N|' be the image Ni/(N; N &_1(M;—1)) of Ny in cokerd;—i. The images of N|' under
the f}' s Stabilize in the strong sense, and the stable image is a finitely generated R, -

submodule of cokerd.

Proof. Let M, = kerd. The Leibniz rule implies that R - M, is a Z-submodule of M, and it
is clear that M, = (R-M.). as Z,_-submodules of M. Moreover, for all i, ker§; C fi_] (M,,)
(since d = 1i_n>16,-), so we lose no information about the kernels (either of d or of the §;) if we
replace M by M’ = R- M., and all M; by M| = f;"(M"). Since M’ = hﬂM{ (the transition maps
being the restrictions of fj; to M}) and 9|y = lig&\ > we reduce (in the proof of (a)) to the
case M =M.

We now prove (a). By Lemma the hypothesis that M = M’ implies that there is an
R,—1-module direct sum decomposition M = M, & x,M. Let & be the R,_;-linear projection
M — M,. Since f;(N]) C M., 7 restricts to an isomorphism f;(N;) = 7(f;(N/)), and the com-
posite N < Nj L M factors through the projection N; — N;/x,N; (since ker(7 o f;) contains
x,Np). Since N, is a finitely generated R-module, N;/x,N; is a finitely generated R, ;-module.
This implies that 7t(f;(;)) is the R,—;-linear image of a finitely generated R,_;-module, so it
is a finitely generated R,_;-module, and so is its isomorphic copy f;(N/) = f/(N]). It follows

that if the images of V] stabilize in the strong sense, the stable image is finitely generated.
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As Nj is a finitely generated R-module, its images under the R-linear maps f; ;. stabilize in
the strong sense by Lemma since N C Nj and fj,,  is simply a restriction of fj ;. for all
s, the fact that the images of N; under the ], | stabilize in the strong sense as well is automatic.
This proves (a).

In our proof of (b) we cannot assume, but do not need, that M = M’, so we drop this
assumption now. We now fix a set {n,...,nq,} of R-generators for N;. Then by assumption
all fij(n;) € M are x,-regular (since M itself is x,-regular), so we can apply Lemma to
every fi(n;) in turn. Leti € {1,..., o} be fixed, and consider the R-submodule R - f;(n;) C M
generated by f;(n;). By Lemma there exist a positive natural number p; and a finitely
generated R,,_-submodule L; of R f;(n;) such that

pi—1
R fi(ni) C Li +a(j;) R-37(fi(m)))-
Write n;j; for d7(f;(n;)). Then if we let L; be the finitely generated R,,_-module L; + - - -+ Ly,

and N;” the R-module generated by

{nijih<i<o0<j<pi-1;

we see that

fi(N) = Y R- fi(n) € L+ (N},

i=1
Let {fi(y1),...,fi(yn,)} be a set of R,_;-generators for L; C f;(N;), and write L} for the R,_i-

submodule of N; generated by yi,...,yn,, so that f;(L]') = Lj. Then since f" is induced by f;,
the containment f;(N;) C fi(L]') + d(N;") implies that the image of N = N;/(N; N &_1(M;))
in M/d(M) (that is, under f;") is contained in the image of L;' /(L] N &;—1(M;)) under f'. We
know that f} is R,—;-linear and that L}, and hence its quotient L] /(L] N &;—1(M;)), is a finitely
generated R, j-module, so we can conclude that f/'(N}') is a finitely generated R,_;-module.
It follows that if the images of N’ stabilize in the strong sense, the stable image is finitely
generated.

Finally, we choose # so large that every n;;; has a representative in M;;_1, as follows: for all

i and j, there exists a natural number #;; and an element m;,,; € M, such that f1+,l./.(m1+,i,.) =
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niji. Put t = max{z;;} + 1. Then since the n;;; are R-generators for N;”, any element of the
R,—1-module d(N;") can be expressed as fi;(04,—1(m)) for some m € My,_;. Therefore, if
n; € Ny is such that f;(n;) € d(M), the containment f;(N;) C Lj+d(N,”) implies (since L, C N}
by definition) that f;(n;) = f11+(04¢—1(m)) for some m € Myy,—;. Since f; = fi41 © fi 141, We
see that

Jrave(n) = 01 (m) € Ker fi1.
The kernel of the restriction of f;., to fi;4,(V;) is a finitely generated R-module. Therefore,
enlarging ¢ if necessary, we may assume that the difference fj;,(n;) — O;4,—1(m) is zero; that
is, that f7,4,(n;) € 844—1(Mj14—1). (This follows by the same argument given in the proof of
Lemma ) Therefore the restriction of f;", to f/,,,(N/') is injective, so the images of N/’

I+t 11+t

under the f;’, stabilize in the strong sense, completing the proof of (b) and the lemma. O

The strategy of the proof of Proposition is to write the de Rham complex M ® Q, of
a holonomic Z-module M as a direct limit of complexes whose objects are finitely generated
R-modules (using the degree, or order, filtration on the ring &). Fix, once and for all, both a
holonomic left Z-module M and an element m € M such that M = & - m. Let My = R - m be the
cyclic R-submodule of M generated by m; more generally, let M; = 2 - m for [ > 0, where '
denotes the R-submodule of & consisting of differential operators of order at most /. Note that
M = U;M;; for any i, d; : M — M induces k-linear maps d; : M; — M for all [; and every M,
is a finitely generated R-module ( a set of R-generators is given by {Sm} where & runs through

the monomials in d, ..., d, of total degree at most /).

Definition 3.3.18. Let M and m be as above. For all j € {0,...,n} and [ € N, let //// ** be the
complex
0—=M = Br<i<aMjy1 — -+ —>M1+j —0

whose differentials are the restrictions of those in the complex M @ Q%;. We simply write .Z°

for .4)"°.

Every //// ** is a complex whose objects are finitely generated R-modules (//llj * is a direct

sum of ({ ) copies of the finitely generated R-module M, ;) and whose differentials are k-linear.
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We have short exact sequences of complexes

0— 4"

=1 = M ] 0

for all /, analogous to the sequence of Remark the first nonzero morphism is given by
Adx,_; and, in the induced long exact cohomology sequence, the connecting homomorphisms
are given by d,_;, up to a sign.

We have M ® Q3 = 11_n>1//// *, and as filtered direct limits commute with cohomology, this
implies

W (M ® Q) ~ lim h' (.4]"*)

for all i. In particular, taking j = n, we have H' (M) = ligh" (") as k-spaces. By Theorem
the left-hand side is a finite-dimensional k-space for all i. Thus, for all /, the image of
R () in Hi(M) is a finite-dimensional k-space. The key technical result in the proof of
Proposition is the following:

Proposition 3.3.19. Let M = & - m be a holonomic P-module, and define the approximations
A to its de Rham complex as above. For all i and I, the images of h’(//lf) stabilize in the

strong sense, with finite-dimensional stable image.

Proof of Proposition[3.3.19) We may assume, after possibly making a change of variables as
in Proposition that for all i and j, h'(M ® Q%;) is a holonomic &, j-module which is
x,— j-regular. Let (x;) be the following statement: for all i € {0, ..., j} and all / > 0, the images
of h (.//// *) stabilize in the strong sense, and the stable image is a finitely generated R, ;-
submodule of A'(M ® Q). The statement of our proposition is (,), and we will prove (;) for
j=1,...,n by induction on j.

In the base case, j = 1, the complex M ® Q3, takes the form 0 — M i M — 0, and its [-th
approximation //[ll" takes the form 0 — M; a—”> M1 — 0. By hypothesis, M is x,-regular, so
we may apply Lemmato the direct system {M;}: every M; is already a finitely generated
R-module, so we simply take N; = M; in the statement of that lemma. The statement (k)

follows at once.
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Now suppose j > 1 and (;) established. By hypothesis, the Z,_ j-modules h'(M ® Q3,;) are

holonomic and x,,_ j-regular. By the inductive hypothesis (x;), the images of hi(.///lj *) stabilize
in the strong sense, and the stable image is a finitely generated R, j-module; applying this
reasoning to all i at once, we see that given any [, there exists s such that, for all i, A’ (////Jr:)
contains the stable image of hi(.///lj **). (To keep the notation as simple as possible, we will not
always record the dependence on i of various objects and maps. At each stage, we assume that
constructions are being carried out for all i at once, and that indices large enough to work for

all i have been chosen.) Let N; C hi(.///j"

f +S) be this stable image, which we can identify with an

R, j-submodule of 2'(M © Q3,)).

For all /, we have R,,_ ;_-linear maps 87{_1- : h’(//l/"') — WA

711)» which are (up to a sign)

the connecting homomorphisms in the long exact cohomology sequence associated with the
short exact sequence

Jjre
0= 4,

1] — ///lj+]" — //[lj" -0

described earlier. The direct limit li_nga,i_ 718 Opj: R(M®Q3,;) — h'(M®Q3,). By Lemma
the images of N; Nker a,ﬁtj. stabilize in the strong sense, and the stable image is a finitely
generated R,_j_i-submodule of kerd,_;. The image of kerarlhj in keralifj is contained in
N;Nker 8}:;, consequently, enlarging s if necessary, we may assume that the images of ker 8,5_ j
stabilize in the strong sense, at the (/ + s)th stage, and the stable image is a finitely generated
R, j—1-module.

We now extract more information from the long exact cohomology sequences. By the ex-

actness, we have surjections
. 1
W (A" %) - ker&,ﬁ_j
for all /. We also have commutative diagrams

W) — o W)

i i+1,0 i j,®
) < R
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for all / and ¢ (where the vertical arrows are transition maps and the horizontal arrows are maps

in the long exact cohomology sequences), so the previous surjections induce surjections
(W (AT)) 1 (kerd)))

whose kernels we denote K;.,. Consider, for any ¢ > s, the commutative diagram

0 —— Kipy —— WM (0(a]™)) —— v(kerdl_) —— 0

| | |

0 —— Koy —— (0 (t]™)) —— v(kerdl ) —— 0
with exact rows. The right vertical arrow is an isomorphism, since the images of ker 8,{_ j have
already stabilized at the sth stage, and the middle vertical arrow is a surjection, since Ltj 1 factors
through A by the compatibility of transition maps in a direct system. It follows by the snake
lemma that the left vertical arrow is also a surjection, so for ¢ > s, the image of K. in K;; is
all of K; ;.

For any ¢, we have K;; C ker y;;, and the right-hand side can be identified (by the exact-

ness of the long cohomology sequence) with the cokernel of the map

G W ) = W ().

We now repeat the reasoning we gave for the kernels of d,_ ; at the beginning of this proof. First,
by the inductive hypothesis (x,), the images of 4/~ (///1 o +1) stabilize in the strong sense, and
the stable image is a finitely generated R, ;_j-submodule L; 1 of hi—! M® QI.? ;). realized as
a submodule of k™~ (.5, |)

Lemma|3.3.17|implies that its images, and hence the images of coker d'*, stabilize in the strong

n—j’

for some u. If we consider the image of L;, ¢, in coker Béf‘*“,

sense, and the stable image is a finitely generated R, ;_;-submodule of cokerd,_ ;. This stable
image occurs at the (I + s+ u+ 1 + v)th stage for some v: for simplicity, let w = u+ 1+ v.

We have just shown that the image of ker y;,; ~ coker 81“ in ker Y444, is a finitely gen-
erated R, j_-module. This module contains the image of K, ; in Kj ¢, and we have already
seen that this image is all of Kj,,,. It follows that K, is itself a finitely generated R,,_;_1-

module. We have an exact sequence

0= Kipstw— ls+w(hl(///j+] ) — l!}w(keraé—j) —0
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where the left and right terms are finitely generated R, ;_j-modules. It follows that the mid-
dle term is also a finitely generated R, ;_i-module. Therefore, the images of K (.//// H") are
eventually finitely generated R, ;_j-modules; by Lemma it follows that they also stabi-
lize in the strong sense at some potentially later stage. This completes the proof of (x;,). By

induction we conclude (), that is, Proposition|3.3.19 O

By reducing to the case of Proposition [3.3.19} it is possible to draw the same conclusion
about more general direct systems of complexes with the same limit. We record this conclusion

now; the reader is warned that the following statement will not be used until section[#.2]

Corollary 3.3.20. Let M be a holonomic 9-module. Suppose that {N;'} is a direct system of
complexes with the following properties: the objects of the complexes are finitely generated R-
modules, the differentials are k-linear, the transition maps Al:l g are R-linear, h_n>1Nl° ~*M®Qy
in the category of complexes of k-spaces, and for all i, the isomorphism h_n}N; ~ M ® QL is an
isomorphism of R-modules. Then for all | and i, the images of h' (N}) stabilize in the strong

sense, with finite-dimensional stable image.

Proof. We note first that it is harmless to assume the isomorphism h£>1N; ~ M ®Qy is an
equality, and we do so. Fix /. For all i, the images of N; stabilize in the strong sense by Lemma
3.3.8] since by assumption the N/ are finitely generated and the transition maps are R-linear.

Choose s large enough that the transition maps ),li realize the stable image for all i at once.

I+s

The stable images form a subcomplex 4; ;1(N}') of N7 ; which we can identify (via the insertion

I+s
map, which we denote A, ) with the subcomplex A;(N;’) of M ® Q. Since every Nli is a finitely
generated R-module and the insertion maps are R-linear, this is a subcomplex of M ® Q5 whose
objects are finitely generated R-modules.

Now define My = 7LIO (Nl0 ), a finitely generated R-submodule of the holonomic Z-module M,
and for all j >0, let M; = DI M,y where 2/ is the R-submodule of & consisting of differential
operators of order at most j. Define the complex .# 7 in exactly the same way as in Definition

3.3.18] Since A;(N) is a subcomplex of M @ Qf, we see that in fact A;(N}) is a subcomplex
of .#; (and hence of .# 7 for all j > 0). The only hypotheses on M, that we used in the proof
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of Proposition [3.3.19 were that M, was a finitely generated R-submodule of the holonomic -

module M and that M = U;M; (we did not need My to be cyclic). In our case, since @Nl’ =
M ® Q%, we also have ﬂl% j’ = M ® Q%, where this last direct limit is an ascending union of
complexes. (In particular, looking at the Oth term of this complex, we see that the ascending
union U;M; is indeed the whole of M.) Therefore we can invoke Proposition @to conclude
that the images of hi(.# j‘) stabilize in the strong sense. In particular, there exists # large enough
that for all i, the images of h'(.#{) stabilize for j > ¢ with a finite-dimensional stable image.
The complex .7, is still a complex of finitely generated R-modules, since 2" is a finitely
generated R-submodule of 2. We now return to the stable image of the complex N}, which is

A{.

It (N}). Write s; for s to display its dependence on /. As this argument can be carried out

for any /, we obtain a direct system 7LI'J s (N}) of the stable images of N as [ varies. We may
assume the s; have been chosen so that {/ + s;} is strictly increasing; then the transition maps

in this direct system are the restrictions, for all pair [ < 1’, of l, s sy Because the source and
15 +S[/

target complexes are complexes of stable images under the A, these restricted transition maps

are injective, and the direct system so constructed also has M ® Qf for its direct limit. Thus

M ® Qjp can be regarded as the ascending union of the complexes 2,771/ +S,/( %), all of which

have finitely generated R-modules as objects. Any subcomplex of M ® Qp whose objects are all

finitely generated R-modules is thus a subcomplex of some 7L,°,_’l, iy (N?). Let I be so large that

A, is a subcomplex of 2,771/ sy (Ny), and consider the composite morphism of complexes

.
Z’l.1+x1

Ay
° ° S . . . . .
N Niitvs, My = M= My, (NF) TNy,

in which all morphisms but possibly the first are injections. Every step in this composite is a
morphism of complexes, hence induces a morphism on cohomology. If we choose I <1’ such
that .7 is a subcomplex of A sy (N},), the diagram

%0. — — l;/,l/urs[” (Nl.//)

'%t. —_— A’,IHLS[/ (Nl./)

is commutative and all arrows are injections, so we can regard the vertical inclusion .Z; — .#,°
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as a restriction of 7Ll”+‘s~,u,l’+s1,- This compatibility implies that the composite morphism above
induces morphisms on cohomology through which the morphisms induced by QLI"J, iy factor
for all i. But we have seen already that partway through this composite morphism (at the
My — A stage) the cohomology has attained a finite-dimensional stable image. Therefore,

for all i, the images of h'(N?) stabilize, with finite-dimensional stable image, for > I'+sp. [
We now return to our original case, and prove Proposition [3.3.2](and hence Theorem 3.3.1).

Proof of Proposition[3.3.2] For all [, the differentials in the complex .#,* are X-continuous, and
therefore we can consider the Matlis dual D(.#,®), a complex whose ith object is the R-module
D(.#]""") (which is Artinian, since .2 is finitely generated) and whose differentials are k-
linear. By Proposition [3.1.16] the Matlis dual of this complex coincides with its k-linear dual,
since for all i, D(D(.#,""")) = Homy(D(.#,"""), k). Together with Remark this implies
that for all /, the complexes .#;* and (D(.#,"))* are naturally isomorphic as complexes of k-
spaces, and we identify these complexes. Note that lér_nD(f///;) ~ D(M ® Qy,) as complexes of
k-spaces, by Remark [3.1.20]

For all i, the inverse system {D(.#/)} of R-modules satisfies the Mittag-Leffler condition,
since the transition maps are surjective (they are the Matlis duals of the R-linear inclusions

(//;'(_)%i

/.. Furthermore, the inverse system {h'(D(.#"))} of k-spaces also satisfies the

Mittag-Leffler condition. To see this, note that for all i, we have
W A) = 0 (D(A)Y) = (W (D( L))

By Proposition|3.3.19)] the images of /"~ (") stabilize in the strong sense, so by Lemma ,
the original system {h’(D(.#"))} satisfies Mittag-Leffler. These two Mittag-Leffler conditions

imply that cohomology commutes with taking the inverse limit of the system {D(.#/)}: by [11}

Prop. 13.2.3], we have isomorphisms

H(imD(.47)) = limh (D(A47)).
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Therefore, we have a chain of isomorphisms

H(M @ Q) ~ (W (M© Q%)™ 3.1
~ (1 (lim. 7)) (32)
o (tim ' (7)) (33)
~ (im(k'(4]"))")* (3.4)
=~ (lim(h'((D())"))")* (3.5)
~ (lim(r"~(D(4)))™)" (3.6)
~ (imh"(D(A)))* (3.7)
~ (K" (imD(.4)))* (3.8)
~ (K" (DM ©Q})))", (3.9)

where (3.1) holds because hi(M ® Q%) is a finite-dimensional k-space, (3.3) since hg is exact
and thus commutes with cohomology, (3.4) because taking k-dual converts direct limits into in-
verse limits, (3.5) by our identification of .2, with (D(.#,"))*, (3.6) since k-dual is contravari-
ant and exact, (3.7) by Lemma applied to the inverse system {h'(D(.#"))}, and (3.8) by
the Mittag-Leffler condition as worked out above. Since h'(M ® Q3) is a finite-dimensional k-
space, all of the k-spaces appearing in the chain of isomorphisms are finite-dimensional as well.
Therefore 1"~ (D(M ® Q})) is canonically isomorphic to its own double dual, so we can dualize

the isomorphism obtained above to find /"~ (D(M ® Q3)) ~ (h'(M ® Q}))*, as desired. O

3.4 An example: local cohomology of formal schemes

In this section, we describe the Matlis duals of local cohomology modules (over any local
Gorenstein ring) in terms of local cohomology on a formal scheme. (A reference for this de-
scription is Ogus’s thesis [29].) Specializing to the case of a complete local ring with a coeffi-
cient field, we obtain a right Z-module structure on the local cohomology of a formal scheme

by applying the results of section to dualize a left 2-module structure on ordinary local
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cohomology. We then independently introduce a natural left Z-module structure on the local
cohomology of the formal scheme: the structure used to define its de Rham complex in [18]].
The main result of this section is that in the case where the complete local ring is regular and
of characteristic zero, these left and right Z-module structures are transposes of each other, so
our theory and that of [18]] are compatible.

Let (R, m) be a Gorenstein local ring. The key ingredient in the identification of the Matlis
duals of local cohomology modules over R with local cohomology of a formal scheme is

Grothendieck’s local duality theorem:

Theorem 3.4.1. [34) Thm. 6.3] Let (R, m) be a Gorenstein local ring of dimension n, E an in-
Jective hull of its residue field, and D(M) = Homg (M, E) the Matlis dual functor for R-modules
M. If M is a finitely generated R-module, there are isomorphisms H'.~'(M) ~ D(Exty(M,R)),

for all i, that are functorial in M.

Remark 3.4.2. If moreover R is complete, we also have Exty '(M,R) ~ D(HL (M)), since the
double Matlis dual and the identity functor are naturally isomorphic when restricted to the full

subcategories of finitely generated or Artinian R-modules (as we have seen in Remark [3.1.17).

Now recall the definition of local cohomology as a direct limit of Ext modules: by Proposi-
tion[I.1.6] for any module M over any commutative Noetherian ring R, and any ideal I C R, we
have isomorphisms H} (M) ~ 1111>1Ext§e (R/I',M). Now put M = R, a Gorenstein local ring of di-
mension n with maximal ideal m. Taking Matlis duals (and using the fact that any contravariant

Hom functor converts direct limits into inverse limits) we have isomorphisms
D(H}(R)) ~ D(limExty(R/I',R)) = lim D(Exti (R/I',R)) = lim H} ™ (R /1),

where in the last step we have used local duality (Theorem for every ¢ and passed to
the inverse limit. If we let X = Spec(R) and Y the closed subscheme V(I) C X defined by I,
and if we write X for the formal completion of ¥ in X (defined in section , P for its closed
point, and 0% for its structure sheaf, then the last object in the sequence of isomorphisms above

is precisely the local cohomology H;fi()/(\ ,O0%) supported at the closed point [29, Prop. 2.2].
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Therefore, for all i, the R-modules D(H}(R)) and H;’,_"()/(\ , U ) are isomorphic. We record this

conclusion separately for future reference:

Proposition 3.4.3. [29, Prop. 2.2] Let R be a Gorenstein local ring of dimension n with maximal

ideal m. For all i, we have isomorphisms
D(Hj(R)) ~imHy ™ (R/I') ~ Hp™ (X, O%)
of R-modules, where the rightmost object is defined in the preceding paragraph.

For the remainder of the section, we identify the R-modules D(H}(R)) and Hj ™' (X, 0g)
using the proposition above, suppressing any explicit mention of this isomorphism.

Now suppose that (R,m) is a complete local ring with coefficient field k. By Example
we know that if / C R is an ideal, every H}(R) is a left Diff(R, k)-module, and since
R is complete, D(H!(R)) is a right Diff(R, k)-module. If moreover R is Gorenstein, we have
D(HI(R)) = H! (X, U5 ), obtaining by transport of structure a right Diff(R, k)-module structure
on Hﬁ_i()?, 03).

There is also a natural left Diff(R, k)-module structure on Hp ' (X, 0% ). defined without
Matlis duality: see [[18], §1.7 and §II1.2] and [33], §7.2]. Namely, let d € Diff(R, k) be a differential
operator of order j. For all t >0, d(I'"/) C I, and so d induces a k-linear map d, : R/I' "/ —
R/I'. Taking local cohomology, we obtain k-linear maps d, : H *(R/I'*/) — H™{(R/I'). To
see this, either look at the maps induced by d; on the Cech complexes of R/I'*/ and R/I' relative
to x1,...,X,, whose cohomology objects are the local cohomology modules supported at m by
Proposition |1.1.10} or use Grothendieck’s definition (Definition of local cohomology as
a functor on sheaves of Abelian groups on a topological space.

These maps are compatible with the projection maps R/I'*/ — R/I' and so, upon pass-
ing to inverse limits, define a k-linear map d : l'&nHﬁfi(R /T — l'&lH;‘fi (R/I'). If vy belongs
to @H;’l*i(R/It) = HI (X, Og), we set d -y =d(y), and in this way define a left action of
Diff(R, k) on Hp (X, O%).
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Definition 3.4.4. If (R, m) is a complete Gorenstein local ring of dimension n with coefficient
field k and I C R is an ideal, the Matlis dual action of 2 = Diff(R,k) on D(H!(R)) for any i is
the right action defined by dualizing the natural structure of left Z-module on H}(R), and the
inverse limit action of 9 on D(H}(R)) = H;i_"()/(\ , U ) is the left action defined in the preceding

paragraph.

In the case of a characteristic-zero complete regular local ring (R, m) containing its residue
field k, we can state precisely how these two Z-module structures are related: they are trans-

poses of each other, as in Definition [3.2.12] This is the main result of this section.

Theorem 3.4.5. Let k be a field of characteristic zero, let R = k[[x1,-- ,x,]], and let I C R
be an ideal. Denote by m the maximal ideal of R, and by 9 = Diff(R,k) the ring of k-linear
differential operators on R. Then for all i, the Matlis dual action on D(H}(R)) = Hgﬂ.(}/{\, 0%)

is the transpose of the inverse limit action.

Remark 3.4.6. It follows from Theorem that the identification of Proposition [3.4.3] can
be extended to an identification of left Z-modules, regarding D(H}(R)) as a left Z-module by
transposing the Matlis dual action as in Proposition [3.2.13] We can therefore identify the de

Rham complexes of both sides as well.

Every element of Z is a finite sum of terms of the form pd;" ---d where p € R, and
Matlis duality respects composition of operators (reversing the order), so we need only check
the statement of the theorem in the case of the action of a single p or d;. There is nothing to
prove in the case of an element p € R, since the Matlis dual of the R-linear multiplication by
such an element is again multiplication by p. Therefore, to prove Theorem [3.4.5] we need only
to show that if i is fixed (1 < i < n), the Matlis dual and inverse limit actions of the partial
derivative d; € Z on D(H!(R)) = H, ;f"()? ,U%) differ by a sign (as transposing the action of 0,
introduces a sign by Definition [3.2.12). Without loss of generality, we may assume i = 1 and
write x for x1, so that R = k[[x,x,...,x,]] and d = d,.

The proof of Theorem 3.4.5]is long and involved, so we first break it up into five steps, then

give the idea of the proof of each step, and only afterward address the details. The steps in the



76

proof are as follows:

1. Identify the Matlis dual of the differential operator d : R — R, and therefore prove the

theorem in the case where [ is the zero ideal.

2. Prove the theorem in the case where [ is a principal ideal (f) C R generated by a regular

element.
3. Prove the theorem in the case where / is a complete intersection ideal.

4. Prove the theorem in the case where I is an arbitrary ideal and i = ht(/) (that is, the case

of the rop local cohomology module).
5. Prove the theorem in general.
Here are the ideas for each step of the proof given above:
1. This was already done, as Example[3.2.2]

2. The derivation 9 defines k-linear maps R/f**! — R/f" for all t. Applying the functor
H'~! to these maps, we get a compatible system of maps which define the inverse limit
action of d on (lirllH;’fl (R/f") = D(H(lf) (R)). On the other hand, H(lf) (R) =Rys/R is the
direct limit of the quotients R/ f’, with multiplication by f as the transition maps. It is
easy to see the formula for the action of d on Ry/R, using the quotient rule. We pass this
quotient rule action through the isomorphism Ry /R ~ Lill;lR /f" in order to realize it via
k-linear maps R/ f' — R/f'*1. The Matlis duals of these k-linear maps patch together to
give the Matlis dual action of d on D(H(lf) (R)). By using long exact sequences in local
cohomology to set up a diagram involving the inverse-limit-action maps as well as the

maps from step (1), and then taking the Matlis dual of this diagram, we produce both the

Matlis-dual-action maps and the required signs.

3. This is a straightforward induction on the length of the regular sequence generating /,
with step (2) as the base case. The diagrams and arguments used are direct analogues of

those in step (2).
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4. Given an ideal I C R of height &, we find a regular sequence of length % in I, let J be

the complete intersection ideal generated by this sequence, and reduce the result for
D(H!'(R)) to the result for D(H?(R)) which we know by step (3). The reduction in-
volves writing both local cohomology modules as direct limits of finitely generated Ext

modules.

5. With I and J as in step (4), we use a primary decomposition of J to find ideals I’ and I”
such that ht(I') = h,ht(I' +1") = h+1,J = I'NI", and /I = /T'. The Mayer-Vietoris
sequence of local cohomology with respect to these two ideals allows us to conclude the
result for D(HIthl (R)) as well. Knowing the result for two consecutive degrees (h and

h+1) is enough to set up an induction on ht(7) which finishes the proof.

As is clear from the description above, the most important step of the proof is (2). It is the
calculations used in this step that actually explain why the actions agree. The later steps are
necessary, but tedious, technical reductions of the general case to step (2).

We now give the details.

Proof of step (2). In this step I = (f) is principal and generated by a regular element. Here
we need only examine H ;) (R) (resp. limHy,~' (R/f")), as all other local cohomology modules
vanish. By the Cech complex definition of local cohomology, H(lf) (R) is the cokernel of the
(injective) localization map R — Ry, which we write Ry/R and can express as the direct limit
li_n;R /f" with transition maps given by multiplication with f. Given an element % €Rs/R=

H (lf) (R), the action of d on this element is given by the quotient rule:

ALy = f1o(r) —tf1a(f)r _ fa(r)—td(f)r
f! f2t - ft+1 :

Viewing H (1 1) (R) as the direct limit limR /f", we can describe the action of d in the following

way: given an element of H(lf) (R),let y=r—+ f'R € R/ f" be a representative. Define

%(Y) = (fo(r) —1d(f)r)+ fHRER/fH.
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The image of the original cohomology class under 0 is defined to be the element of H(lf) (R)

represented by (£ (r) —td(f)r) + f*!R. That s, 0 is described by passing to the direct limit
of the family of k-linear maps o, : R/ f* — R/ f'*1.

On the other hand, we consider the inverse limit action. Let # > 1 be given, and consider the

diagram
0 R — R R/fH1 —— 0
ft+
K 7
0 R ——R R/ff —— 0

of R-modules with R-linear (and exact) rows but merely k-linear vertical arrows. Here J is

simply the map induced by 0 by passing to quotients, that is, gt(H— f1R) = d(r)+ f'R. Since

I(f )= (t+ 1)1 (f)r+£719(r) = f((t+1)I(f)r+ £3(r)),

we see that the diagram

0 R —— R R/f*T —— 0
ft
o Lo 7
0 > R p R R/ff —— 0

commutes if we set 8" = (1 +1)d(f) + fd € 2.

Both rows of the above diagram are short exact sequences of R-modules and so induce
long exact sequences of local cohomology supported at m. Since R is a Gorenstein local ring,
Hi (R) =0if i #n and H.(R) = E, the Matlis module (Proposition d)). Likewise, the only
non-vanishing local cohomology of R/ f'*! (resp. R/ f") is HY Y(R/f1*1) (resp. HX '(R/f"))
because, as f is a regular element, these quotients of R are Cohen-Macaulay local rings of

dimension n — 1. Therefore, the only nonzero portion of the resulting diagram is

0 —— H'"YR/f*) —— H'(R) — H'(R) —— 0

I b

0 —— H'''(R/f') —— H'R) — H'(R) —— 0
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where, abusively, we have used the same symbols for the maps induced on cohomology to

simplify the notation. Since HJ}(R) is the Matlis module E, we can rewrite the diagram as

follows:
0 —— (0: /) E —— E 0
ft+
s EN
0 —— (0:f") E I E 0

Now we apply Matlis duality to the entire diagram. An asterisk denotes the Matlis dual of a
map, given by Definition [3.1.19] We obtain

0 «+—— R/f*! R R < 0
ft+]
T(é‘)* T(é’)* Ta*
0 «—— R/f R —— R 0

Our goal is to identify the map (gt)*. Consider the map &' = (1 +1)d(f) + fd, which we can
rewrite as 19(f) + (d(f) + fd) =td(f) + Jf using the Leibniz rule. As we saw in sections
and Matlis duality for differential operators is k-linear and respects composition in
the contravariant sense. Multiplication by an element of R (for example, the element ¢9(f))
dualizes to again give multiplication by that element of R, and Example (our step (1))

implies that 0* = —d, so the Matlis dual of &’ is

(6" = (d(f) +df)" =1d(f)+ f(9)" =1d(f) - fI.

Since the previous diagram must commute by functoriality of the Matlis dual, we see from our
explicit description of (6')* that the only k-linear map (y)* making the left square commute is
defined by
(@) (r+f'R) = (19(f) ~ fO)(r) + /'R,
which is precisely the negative of the map d; used to define the natural action of d on H(lf) (R) =
lim R/ f".
Taking the Matlis dual of the equality (5[)* = —0;, we find

—t =t

—(d) =(=d)" =()" =7,
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where the last equality holds by Remark [3.1.17| since R is complete and the source and target

of 3" are finitely generated R-modules. The Matlis dual action on D(H(lf) (R)) = 1'£1D(R/ )
is defined by patching together the maps d,*, and the inverse limit action on l'ng{T’fl (R/f")
is defined by patching together the maps gt, so the above equalities imply (by passing to the

inverse limit) that these actions differ by a sign, as claimed. O

Proof of step (3). In this case I = (fi,..., fs), where fi,..., f; form a regular sequence, s > 1,
and we have assumed the result for smaller values of s. We begin with some observations.
First, it suffices to examine the local cohomology modules H; (R) (resp. m Hi (R/I')) since
all other local cohomology modules vanish. Second, f{,..., f! for every t > 1 is again a reg-
ular sequence [I, Thm. 18.1]. Third, if we denote by /) the ideal generated by the regular
sequence f!,..., f!, the families {I'} and {I} are cofinal with each other, so lim Hi (R/T") ~
WmH ™ (R/1 ). Fourth, by the Leibniz rule, (1)) 1! for all 7.

We first work out the action of d on the local cohomology module H; (R). To see this action
and how to dualize it, it will be useful to consider two of the equivalent definitions of local
cohomology: the Cech complex definition (where it is easy to see the formula for the action)
and the definition as a direct limit of Ext modules (Proposition[I.1.6] where we can dualize one

finitely generated piece at a time). Consider the Cech complex on fi, ..., f;:
0—>R— @in,- — @Kijifj — = Rfl“‘fr —0

where the components of the differentials are either the natural localization maps (modified by

appropriate signs) or zero; its cohomology objects are the local cohomology modules H}(R).

In our case, the only module to study is the sth one. Given an element ——— € Ry,...r,, the

(frfo)t
derivation d acts on it via the quotient rule:

Py ):(fl-'-fs)’a(r)—t(fl---fs)’*‘a(fl---fs)r
(fl"'fv)t (fl"'fv)zt
Jio fid(r) =td(fi--- fo)r
(fl o 'fS')H_l .
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Now we note that for all 7, the Koszul complex on R relative to f],..., fi is a projective resolu-

tion of R [T, Thm. 16.5(i)], so Exty(R/I",R) ~ R/I". By cofinality,
H} (R) =~ lim Extx(R/1", R) = lim R/I"

where the transition maps are multiplication with fj - - - ;. Viewing H; (R) as this direct limit, we
can describe the action of d in the following way: given an element of H; (R), let y=r+1 e

R/I1" be a representative. Define

8:(7) = (f1-..fs8(r) _fa(fl"-fs)r) _|_I[t+l] c R/I[tJrl]'

The image of the original cohomology class under d is defined to be the element of H; (R) rep-
resented by (f1--- f;0(r) —td(fi--- f;)r) + 11+ € R/IFY That is, 9 is described by passing
to the direct limit of the family of k-linear maps o, : R/I! — R/I1+1].

As in step (2), we examine the effect of d on the local cohomology modules supported at
m, pass to the inverse limit, and then compare the resulting formula with the previous “quotient
rule” formula.

We write J for the ideal generated by (f,...,f;_1). Since by hypothesis f (resp. f/*!) is

R/J g -regular (resp. R/J I H]—regular), we have a commutative diagram with exact rows

0 —— R/JIHN —— R/JH 5 R/ 0

s
| |

0 —— R/JU — R/JY —— R/ —— 0

where both d} and d] are k-linear maps induced by d on the corresponding quotients of R. As

in step (2), we calculate (for r € R)
U (r+ M) = (e + D AIf)r+ £719(r) +I = (1 +1)I(£) + fr00) () + T

so that if we set &) = (1 +1)d(f;) + fs0 =19 (fs) + I f; € Z, we have a completed commutative
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diagram
0 —— R/ ——s Ry Ry 0
ﬂJrl

| | |
0 —— R/JU — R/ —— R/ —— 0

Both rows of the above diagram are short exact sequences of R-modules and so induces a long
exact sequence of local cohomology supported at m. All the quotients of R that appear are quo-
tients by regular sequences, hence Cohen-Macaulay local rings, and so have only one nonzero

local cohomology module supported at m. The relevant portion of the diagram is
0 —— HAS(R/I™Y) —— HASHU(R/JHY) —— HESH(R/JIH) —— 0
K K K
0 —— HISR/MY) —— HESTYR/W) —— HISH(R/JT) —— 0
If E is the Matlis module for R, this diagram takes the form

0 —— (0 :El[t+1]) —— (0 J[t+1]) — 0 :EJ[I-H]) 0
ﬂ+

| | |2
0 —— (0:;pIy —— (0:xJ0) —— 0 —— 0

Applying Matlis duality to the entire diagram, we obtain

0 «—— R/ —— R/JIF ¢ R/Ji+1 0

@ [@r [ @

0 «—— R/ ——— R/JU — R/JEI —— 0

Our goal is to identify the map (d;)*, which we will do by finding a formula for (8})* and using

the fact that the diagram must commute. Recall that

8 = (t+1)9(f;) + fs0 =19 (f;) + 9 fs.

We consider the two summands separately. Although 79d(f;) is simply multiplication by an

element of R, we must note that its dual is a map R/JI) — R/JI*+1_ Since the natural map (0 :g
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JiHY = (0 :z J1) induced on top local cohomology by the natural surjection R /J!*1 — R/J1]

is multiplication by f; --- f;_1, we see that the dual (t9(f;))* : R/J! — R/JI*1 is defined by
(1 f) (r Iy =t fi - fr1d(fy)r+ I
Now we consider the second summand, d} f;, which we write as a composite
(05 JEF) 25 (0 J1+1) 2 (02 1),

The first map, induced on local cohomology by multiplication with f; on the quotient R/J [e+1]),
dualizes directly to multiplication with f;. By the induction hypothesis, since J is a complete

intersection ideal with fewer than s generators, we know that the formula for (9})* is

(ajt)*(r—i—ﬂf]) =@td(fi-fi)r—(fi-- fs_1)9(r)) +J[t+1]7

since this is the negative of the “quotient rule” formula for the action of d on Hj '(R) =~

ligR/J[t], and so we see that

(67)" = (1d(fs) +91f)" = (1 (£;))" + fs())"
has the formula
(&) (r+J") =t fi- fad(fr+ (0 (fi -+ fom)r = (fi-+ i) (r)) + 4T

=t(fi--- fim19(fs) +(f1--- fsm1) fs)r— fi ---ﬁ_1ﬁ8(r)+ﬂ‘“1
=@d(fi-fs)—fi---fr00)(r) +JIHI

From this formula and the fact that the diagram must commute by the functoriality of Matlis

duality, we see that the map (J])* must have the formula

(alt)*(er[[f]) =@d(fi - fy) ffl...fgoa)(r)le[H-l]‘

As this is precisely the negative of the formula for the d, used to define the action of d on
H}(R) ~ ligR /11, the result follows by the same argument used at the end of the proof of step
(2). O
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Proof of step (4). LetI C R be an ideal of height 4. Choose a regular sequence fi, ..., f; € and

denote by J the ideal generated by f1,..., f;; then J C I, J is a complete intersection ideal, and
both R/J and R/I are local rings of dimension n — h. (Since R is Cohen-Macaulay, the depth of
I is h and so such a sequence can be found.) Moreover, R/I" is a local ring of dimension n — h

for any 7 > 1; therefore, whenever # > ¢, the canonical projection R/I" — R/I' induces a map
Hy "(R/1") — Hy " (R/T'),

which is surjective because H”~" is right-exact on R-modules of dimension n — h. By the local

duality theorem, the Matlis dual of this map is an injective map
Exth(R/I',R) — Exth(R/I' R).

Since this holds for every pair of indices # > ¢, and since H}'(R) = ligExtﬁ’e(R/I’,R), we see
that in this case the direct limit can be regarded as an ascending union: every Ext’(R/I',R)
injects into H!'(R), and every finitely generated R-submodule of H/'(R) is contained in one of
the Ext’s(R/I',R) (we identify the Ext’(R/I',R) with submodules of H}'(R)).

We now repeat this reasoning with the family {J/!}, where again JI is the ideal generated
by fi,...,f!; since H}R) ~ ligExtﬁ(R/J[t],R), where we can again regard the Ext}(R/J!,R)
as submodules of H }’ (R) and the direct limit as an ascending union, every finitely generated
submodule of H(R) is contained in one of the Ext}(R/JII,R). Moreover, by the Leibniz rule,
the image under o of a finitely generated R-submodule of H}l (R) is contained in a finitely
generated R-submodule of HJh (R). Consequently, given any ¢ > 1, there exists #' such that
d(Exth(R/I',R)) C Exth(R/I',R) and d(Exth(R/JU,R)) C Exth(R/JI1R), giving us a dia-

gram (with injective R-linear horizontal maps and k-linear vertical maps)

Exth(R/I',R) —— Exti(R/JI R)

| |
Exth(R/I' ,R) —— Exth(R/JI R).

Taking the Matlis dual of this entire diagram, we get a commutative diagram
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Hy "(R/T') «—— Hi~"(R/JV)
[ o
Hy "(R/I) ¢—— Hy "(R/JYY),
where the horizontal arrows are surjections.

On the other hand, we can begin with the diagram
R/ —— R/I
s l
R/JM —— R/I
where the vertical arrows are induced by d : R — R, and take local cohomology, obtaining a

commutative diagram
Hy " (R)IV) —— HEMR/T)

| |
Hy M(R)I) —— Hi"(R/I')
The (surjective) horizontal arrows in this diagram are the same as the horizontal arrows in the
diagram above. By step (3), the left vertical arrow in this diagram is precisely the negative of the
right vertical arrow in the previous diagram. Therefore, due to the surjectivity, the right vertical
arrow in this diagram must be precisely the negative of the left vertical arrow in the previous
diagram. Since this holds for arbitrary 7, we may pass to the inverse limit. We conclude that the
Matlis dual action and the inverse limit action of d on D(H}'(R)) = Hp " (X, 0% ) (which, by
Remark [3.1.20] are defined by patching together the vertical arrows in the above diagrams as ¢

varies) differ by a sign. O

Proof of step (5). We retain the notation / and J from step (4). LetJ =q;N---Ngq, be a primary
decomposition of J = (fi,...,f,). Reindexing if necessary, we may assume I C qy,---,I C
Q5,1 ¢ 11, .1 ¢ q,. We may assume s < r, as otherwise v/7 = v/J and there is nothing left
to prove. PutI’=q;N---Ngqsand I” = qg1N---Nq,; then we have ht(I') = h,ht(I' +1") =h+1,
J=1'NnI",and I =/T. This last equality implies that H}(R) ~ H: (R) for all i by Proposition

[L.L4G).
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The ideals I’ and I” give rise to a Mayer-Vietoris sequence of local cohomology (Proposition

[L.L5):
= H}"Y(R) = H}}, 1 (R) — HJ'(R) ® H},(R) — H} (R) — H} 1, (R) — -+

Since J is a complete intersection ideal of height z, H}(R) = 0 unless i = h, so from the long
exact sequence above we conclude that H ;fi},, (R) maps surjectively to Hjy*!(R) & HI, (R) and

that Hj, ,,(R) ~ H},(R) ® H},(R) for j > h+2.

+II/

On the other hand, for any ¢ > 1, there is a short exact sequence of R-modules
0—R/((I)'N(I")) = R/(I') @R/(I") = R/((I') + (")) =0

which gives rise to a long exact sequence of local cohomology supported at the maximal ideal

m (using the fact that local cohomology commutes with direct sums):

e VR OY)) = R/ (Y @ (R

= Hy MR/ + () = Hy R ) = -

As t varies, the short exact sequences form an inverse system, and so by functoriality the
corresponding long exact sequences in local cohomology form an inverse system as well. For
all ¢, all the local cohomology modules appearing in the long exact sequence (and thus all their
submodules and quotients) are Artinian by Proposition[I.1.4[c), and so the term-by-term inverse
systems all satisfy the Mittag-Leffler condition. Therefore, upon passing to the inverse limit,

we get a long exact sequence [[11, Prop. 13.2.2]:

o mHL R N (1Y) = i H (R () @ H P (R

S B H T R+ (7)) =

To make these cumbersome expressions slightly shorter, we express them in terms of formal
completions. Let X = Spec(R) as before. Let ¥ (resp. Y', Y", YY", Z) be the closed subscheme
of X defined by I (resp. I, 1", I' +1",J). If W is any of the closed subschemes Y, Y’, Y”, Y", or

Z, let X,y denote the formal completion of W in X and Ox w its structure sheaf. (See sections
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and 4.2|for the definition of the formal completion.) In each case let P denote the closed point.

We will now identify the terms of the previous long exact sequence with local cohomology on
these formal completions. Since (I +1")*~1 C (I')' 4 (I")' C (I' +-1")" for all ¢, the families

{(I')' + (I")'} and {(I' +1")"} are cofinal with each other, so we have an isomorphism
lim B (R/((I') + (1)) = lim HJ,(R/(I' +1")') = Hp(Xjyn, O .-

As filtered inverse limits and finite direct sums commute, the term
Lim(HL(R/(I')") @ HL(R/(I")"))

is simply H}; Xy, Ox /w) @H/; (Xyyn, Ox o ). (In fact, we can replace ¥’ with Y in the first direct
summand, since I and I’ agree up to radical and thus define the same closed subscheme.) Finally,
we consider &&nHrﬁ (R/((I')' N (I")")). Using the Artin-Rees lemma, it can be shown that for all

t there exists an integer ¢() such that
(IO A (1M1 c (I'n1’y =Tt

(see the proof of [4, Corollary 3.1.5]). Since the ¢(¢) can be chosen to increase with ¢, and
clearly (I'n1")" C (I')) N (I")" for all ¢, we see that the families {(I")' N (I”)'} and {J'} are

cofinal with each other, so we have an isomorphism

lim B (R/((I') N (1")")) ~ lim H},(R/J") = HJ(X 7, Ox,,)

However, since J is a complete intersection ideal, R/J" is Cohen-Macaulay for all 7 [I Ex.
17.4]. Regardless of 7, the dimension of R/J" is n — h; the Cohen-Macaulay condition implies
that H},(R/J') = 0 unless j = n—h. Therefore I'&nH\{;(R/((I’)’ N (")) = 0 as well for all
j#*n—h.

We can now draw some conclusions from the inverse limit long exact sequence. We see that

since H,’i’h’l (X/z, ﬁx/z) =0, there is an injection

Hgfhil (X/Y7 ﬁx/y) G9}137/171 (X/Y”; ﬁx/y”) — Hgihfl ()(/Y/N7 ﬁX/y/u).
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Since all lower-degree local cohomology on X7 also vanishes, the long exact sequence implies

isomorphisms
Hgihii(X/Y, ﬁX/y) @ Hgihii(X/Y”v ﬁx/y,,) = Hi’iihii(X/YW’ ﬁx/y'”)

for all i > 2.
Consider now the local cohomology module H)'*! (R) and its Matlis dual H "' (X 1y O%,y)-

The Matlis dual of the R-linear surjection
H)L(R) — H M (R) @ HpyP(R)
is an R-linear injection
D(H; ™ (R)) & D(Hp," (R)) < D(Hp 0 (R))

since E is injective and so the contravariant functor D is exact.

Our construction of the Matlis dual of d respects direct sums. Since the height of I’ + I
is h+ 1, step (4) implies that the Matlis dual action and the inverse limit action of d on
D(H}fi},, (R)) = HE "1(x Jym; Ox,,,) differ by a sign; the same is therefore true of the ac-
tions upon restriction to the direct summand D(HI™'(R)) = HE "~!(x /y+Ox,y) of its sub-
module. Here we are using the fact that the inverse limit action of o respects the injection
1: Hﬁ’h’l Xy, ﬁ’x/y) — Hﬁ’h’l (X/Ym, ﬁx/y,//), which can be seen as follows: given any r > 1,

we have a commutative diagram
R/ @R/ —— R/ +17)+
s s
R/(I')Y®R/(I")Y —— R/I'+I")

where the horizontal arrows are the surjective maps from the inverse system of short exact
sequences (the bottom map, for example, carries (¥’ + (I')', /" + (")) to ¥ — "+ (I')' + (I")")
and the (k-linear) vertical maps are induced by d : R — R. Since H,, is a functor on the category
of sheaves of Abelian groups, the diagram obtained by applying H:~"~! to this diagram remains

commutative. The resulting vertical arrows patch together as ¢ varies to define the inverse limit
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actions of d, and the inverse limit of the horizontal arrows is 1, so we conclude that the inverse
limit action of d on H ﬁ’h’l Xy, Ox /Y) is indeed the restriction of that on H ﬁ’h’l (X)ym, Ox g ).

Since the result holds for arbitrary ideals in cohomological degrees equal to the height of
the ideal and the height plus one, we have now proved enough to begin an induction on the
height. Replace I by I’ +1”. Since ht(I' +1")+ 1 = h+ 2, we can conclude that the two actions
of d on D(H} 17, (R)) = Hp " (Xym, Ox ) differ by a sign, but since

I/+Il/
—~h-2 —h-2 —h—2
Hg (X/Y7ﬁX/y)@H; (X/Y”7ﬁx/yu) ﬁHg (X/Y’”7ﬁx/ym)
from the long exact sequence, the same is true for the direct summand

D(H["*(R)) =Hy " *(X)y, 0%, ).

By induction we conclude the actions on D(H, I”“(R)) differ by a sign for all i > 0. We have now
accounted for all potentially nonzero local cohomology modules, since R is Cohen-Macaulay
and therefore the depth of I is equal to 4. This completes the proof of step (5) and thus of
Theorem [3.4.5] O



Chapter 4

De Rham invariants of complete local

rings

In this last chapter, we turn our attention to the local algebraic de Rham theory for complete
local rings defined in section[2.2} in particular, we study the associated Hodge-de Rham spectral
sequences. We will recall many of the definitions from section[2.2] for the reader’s convenience.

The embedding-independence, finiteness, and duality results for de Rham homology and
cohomology in the local setting (Proposition [2.2.8)) are proved in [18] by reducing to the global
case and using resolution of singularities. We are able to give a purely local proof for both
the embedding-independence and the finiteness of local de Rham homology and cohomology,
replacing the global methods of algebraic geometry (including resolution of singularities) by
the theory of algebraic Z-modules over a formal power series ring in characteristic zero as
developed in chapter[3] Along the way, we will define a new set of invariants for complete local
rings, analogous to the Lyubeznik numbers. Our proof shows more than is contained in [[18]],
namely that the entire Hodge-de Rham spectral sequences for homology and cohomology (with
the exception of the first term) are embedding-independent (up to a degree shift in the homology
case) and consist of finite-dimensional spaces.

There is a sketch in [[18, pp. 70-71] of a failed attempt to prove that local algebraic de Rham

90
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homology and cohomology are dual using Grothendieck’s local duality theorem. The ideas in
this sketch can now be profitably pursued using Lyubeznik’s work on the Z-module structure
of local cohomology [8]]. This structure allows us to speak of the de Rham complex of a local
cohomology module, and knowledge of such complexes in turn enables us to better understand
the early terms of the spectral sequences appearing in Hartshorne’s work.

Let A be a complete local ring with coefficient field k of characteristic zero. (We view A as
a k-algebra via this coefficient field.) By Cohen’s structure theorem, there exists a surjection of
k-algebras m : R — A where R is a complete regular local k-algebra, which must take the form
R =k[[x1,...,x,]] for some n. Let I C R be the kernel of this surjection. We have a corresponding
closed immersion ¥ < X where Y = Spec(A) and X = Spec(R). Recall that the de Rham
homology of the local scheme Y is defined as H'R(Y) = ]HIIZ,”_"(X ,Q% ), the hypercohomology
(supported at Y) of the complex of continuous differential forms on X. (The differentials in
this complex are merely k-linear, so the Hl-dR (Y) are k-spaces.) The differentials in the complex
QY are “-adically continuous (where .# C Ox is the sheaf of ideals defining Y) and thus
pass to .#-adic completions. We obtain in this way a complex ﬁ)’( of sheaves on X, the formal
completion of Q5, whose differentials are again merely k-linear. Recall that the (local) de Rham
cohomology of the local scheme Y is defined as H, ;, w(Y)=Hi (X, ﬁ;(), where P is the closed
point of Y.

We also recall the Hodge-de Rham spectral sequences with the de Rham homology and
cohomology of Y for abutments. The Hodge-de Rham homology spectral sequence begins
E{7P"1 = Hy (X, Q% ") and has abutment HiR (Y), and the Hodge-de Rham cohomology
spectral sequence begins EVY = H(X,QF) and has abutment H 1’,’;1? (Y).

The remainder of this chapter will be dedicated to the proofs of the following two theorems:

Theorem 4.0.7. Let A be a complete local ring with coefficient field k of characteristic zero.
Viewing A as a k-algebra via this coefficient field, let R — A be a choice of k-algebra surjection
from a complete regular local k-algebra. Associated to this surjection we have a Hodge-de

Rham spectral sequence for homology as above.
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(a) Beginning with the E»-term, the isomorphism class of the homology spectral sequence with
its abutment is independent of the choice of regular k-algebra and surjection R — A, up to

a degree shift.

(b) The k-spaces Ef ! appearing in the E;-term of the homology spectral sequence are finite-

dimensional.

The meaning of “up to a degree shift” in the statement of part (a) is the following: given
two surjections R — A and R' — A from complete regular local k-algebras, where dim(R) = n
and dim(R') = n', we obtain two Hodge-de Rham spectral sequences E.’; and E]%,. Part (a)
asserts that there is a morphism EJz — E{', of bidegree (n' —n,n’ —n) between these spectral
sequences which is an isomorphism on the objects of the E»- (and later) terms (see section [I.3]

for the precise definitions of the terms used here).

We also have the analogue (without a degree shift) for de Rham cohomology:

Theorem 4.0.8. Let A and R be as in Theorem{.0.7} Associated to this surjection we also have

a local Hodge-de Rham spectral sequence for cohomology.

(a) Beginning with the Ej-term, the isomorphism class of the cohomology spectral sequence

with its abutment is independent of the choice of regular k-algebra and surjection R — A.

(b) The k-spaces Ef “ appearing in the E>-term of the cohomology spectral sequence are finite-

dimensional.

Our proofs of Theorems [4.0.7((a) and 4.0.§(a), while thematically similar, are independent
of each other. We believe that Theorem a) should follow from Theorem a) via a
more general relationship between the homology and cohomology spectral sequences, which

we precisely state as follows:

Conjecture 4.0.9. Let A, k, and R be as in the statement of Theorem Beginning with the
E,-terms, the homology and cohomology spectral sequences are k-dual to each other: for all

r > 2, and for all p and q, E;" """ ~ (E)*, and similarly for the differentials.
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At the moment, however, we are able only to prove the following weak version of this

conjecture:

Theorem 4.0.10. Ler A, k, and R be as in the statement of Theorem The objects in the
E,-terms of the homology and cohomology spectral sequences are k-dual to each other: for all

pand g, By "~ (EDT)x.

4.1 The de Rham homology of a complete local ring

We repeat our assumptions and notation. Let k be a field of characteristic zero and A be a
complete local ring with coefficient field k. By Cohen’s structure theorem, there exists a sur-
jection of k-algebras m : R — A where R = k[[xy,...,x,]] for some n. Let I C R be the kernel
of this surjection. We have a corresponding closed immersion ¥ < X where Y = Spec(A) and
X = Spec(R). The de Rham homology of the local scheme Y is the local hypercohomology
HR(Y) = HZ" (X, Q%) where Qj is the continuous de Rham complex of sheaves of k-spaces
on X.

The de Rham homology spaces defined above are known to be independent of the choice
of R and 7 (Proposition @ka)) and to be finite-dimensional k-spaces (Proposition @kb)).
In this section we give arguments for the embedding-independence and the finiteness which are
purely local and provide new information. The Hodge-de Rham spectral sequence for homology
has Ej-term given by E{"""? = Hy (X, Q% ") and abuts to H{R (Y). (When needed, we will
write {E,z"""7} for this spectral sequence, recording the dependence on the base ring R.) The
assertion of Theorem is that, beginning with the E,-term, this spectral sequence consists of
finite-dimensional k-spaces and its isomorphism class is independent (up to a bidegree shift) of
R and 7; this immediately recovers the embedding-independence and finiteness for the abutment
HYR(Y). To make the line of argument clearer, we give the proof first for the E,-term only
(Proposition[4.1.2)), then explain the additional steps needed to make the basic strategy work for

the rest of the spectral sequence.
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Lemma 4.1.1. Let the surjection @ : R = k|[x,...,X,]] — A (and the associated objects I,X,Y)

be as above, and {E""} the corresponding Hodge-de Rham spectral sequence for homology.

(a) For all q, H}(X,Ox) ~ H}(R) as R-modules; indeed, if M is any R-module and .F the

associated quasi-coherent sheaf on X, we have Hj(X,.7) ~ H} (M).

(b) For all p and q, we have
E}Y ~ HJj (Hy(X,0x)) ~ H}j, (H{ (R))

as k-spaces, where the 9-module structure on H{ (R) ~ H}(X, Ox) is defined as in Remark

[[.2.2]

Proof. As X is affine, part (a) is Proposition [I.1.§] Now consider the Ej-term of the spectral
sequence. Its differentials are horizontal and so its E;-objects are the cohomology objects of
its rows. Fix such a row, say the gth row, which takes the form E7Y = H(X,Qy). The Qf
are finite free sheaves on X and local cohomology H{f commutes with direct sums, so for all p,
EV? ~ Hl(X,0x) ® Qk. As p varies, we obtain the complex Hy (X, Ox) ® Qf, whose k-linear
maps are the de Rham differentials of the Z-module Hy (X, Ox). Therefore its cohomology

objects, the E,-objects of the spectral sequence, are of the stated form. O

Proposition 4.1.2. Let the surjection  : R = k[[x1,...,x,]] — A (and the associated objects

1,X,Y) be as above.
(a) Forall p and g, the k-space EY = HY,(H(R)) is finite-dimensional.

(b) Suppose we have another surjection of k-algebras ©' : R' = k|[[x1,...,xy]] — A with kernel
I'. Write {Ef %} (resp. {EPY) for the Hodge-de Rham spectral sequence for homology
defined using T (resp. ©'). Then for all p and q, the k-spaces Eg ’g and E‘;?L"’ﬁn_"/ are

isomorphic. (That is, the E;-term is independent of R and &, up to a bidegree shift.)

Proof of part (a). For all g, the 2-module HIq(R) is holonomic [8, 2.2(d)], so its de Rham

cohomology spaces are finite-dimensional by Theorem [[.2.4] This proves part (a). O
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A proof of part (b) is considerably longer. We first reduce it to Lemma.T.3|below and then

prove Lemma[4.1.3]
Write X’ for the spectrum of R’. The surjection 7’ induces a closed immersion ¥ < X’.
Form the complete tensor product R” = R&,R’ [43] V.B.2], again a complete regular k-algebra,

and let 7" : R” — A be the induced surjection 7,7’ of k-algebras, which gives rise to a third

P9

closed immersion ¥ < X" = Spec(R") and a third Hodge-de Rham spectral sequence {E’}) }.

It suffices to show that both EJ; and Eg;f’l_"‘ﬁ"_"/ are isomorphic to EJ Jlg,rf/’ﬁ"/. Replacing
R’ by R” and using symmetry, we reduce to the case in which the two surjections 7 : R — A
and 7’ : R — A satisfy ' = 7o g for some surjection g : R" — R of k-algebras. Let I = ker,
I' =kern', and I” = kerg, and suppose the dimensions of R and R’ are n and n’ respectively.
As R'/I" ~ R is regular, I” is generated by n' —n elements that form part of a regular sys-
tem of parameters for R’. By induction on n’ — n, we reduce further to the case n' —n = 1,
since we can factor the closed immersion X < X’ into a sequence of codimension-one immer-
sions, and the isomorphisms on E;-terms compose while the bidegree shifts add. Therefore
we assume ker g is a principal ideal, of the form (f) where xy,...,x,, f is a regular system of
parameters for R'. By Cohen’s structure theorem, the complete regular local k-algebra R’ takes
the form k[[xi,...,x,,z]]; making a change of variables if necessary, we may assume f = z.
By Proposition [I.2.5] this change of variables does not affect de Rham cohomology. Thus
R =k[[x1,...,xs)], R = R[[z]], and g is the surjection carrying z to 0, so that I’ = IR' + (z). We

state this special case, to which we have reduced the proposition, in the form of a lemma:

Lemma 4.1.3. Let R =k|[x,...,x,]] and let I be an ideal of R. Let R' = R([[z]] and I' = IR' + (z).

Then for all p and q, we have an isomorphism
1/ p7q+1
Hyp(H} (R)) ~ Hye (H™ (R'))

of k-spaces, where the de Rham cohomology is computed by regarding H} (R) as a Diff(R, k)-
module and H Iq,+1 (R") as a Diff(R', k)-module.

We first give a definition.
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Definition 4.1.4. Let M be any k-space. Then M = ®;~0M -z, a Diff(k[[]], k)-module, whose
elements are finite sums Y; % where m; € M. If M is an R-module (resp. a Diff(R,k)-module),
then M defined in this way is an R’-module (resp. a Diff(R’, k)-module), with d,-action defined

—am

by the quotient rule: J; (%) = .

We will frequently refer to this functor as the “+-operation” on R-modules or k-spaces. In
the case of an R-module M, this definition coincides with the “key functor” G(M) = M ®rR./R'
of Nifiez-Betancourt and Witt [44, §3]. A special case of one of their results will be useful for

us:

Proposition 4.1.5. [44, Lemma 3.9] With R, R, I, and I as in the statement of Lemma[4.1.3]
we have isomorphisms

(Hf (R))+ ~ H}" (R))
of R'-modules, for all p (these isomorphisms are functorial in R).

We need one final ingredient before giving the proof of Lemma[4.1.3} a short exact sequence
relating the “full” de Rham complex Qf, of R with its “partial” de Rham complex R’ ® Qf

defined using the derivations d, ..., d, but omitting d, = a%.

Definition 4.1.6. With R and R’ as in the statement of Lemma [4.1.3] we define a short exact
sequence of complexes
0RQ-1]5Qy HR Q-0

where the map 1 is simply the wedge product with dz, and so its image is precisely the direct sum
of those summands of Qf, with a dz wedge factor (thus 7 corresponds to setting dz = 0). The
sheaf-theoretic analogue, a short exact sequence of complexes of sheaves on X', is constructed

similarly.
This short exact sequence of complexes gives rise to a long exact sequence of cohomology:
~1
o T R 0O Lo (R @ Q1)) —

WP Q) — WP (R @ Q%) S hP T R @ Qy[—1]) — -,
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where ¢ denotes the connecting homomorphism. After accounting for the shift of —1, we see
that ¢? is a map from the Diff(k[[z]], k)-module i” (R’ ® Q) to itself. We will need precisely to

identify the maps c”.

Lemma 4.1.7. With the notation of the preceding paragraph, we have ¢’ = (—1)?d, as maps
from the Diff(k[[z]], k)-module h? (R’ @ Q%) to itself. (The same holds if R’ is replaced by any
Diff(R’, k)-module.)

Proof. We use the explicit construction of the connecting homomorphism given, for example,
in [13, Prop. 6.9]. Denote by dp, the differentials in the de Rham complex Q3,. Given an
element of h” (R’ ® Qf), which is the cohomology class of some cocycle ® € R’ @ QF, the image
under c? of this class is taken to be the class of the cocycle (17!)~!(dk ((n”)~!(@))), where
the superscript —1 means “choose any preimage”: this definition is independent of all choices
made. We proceed to calculate this composite, making convenient choices for the preimages.
We can write @ as a sum
w= ' Z Piy-wiy dXiy A= Ndx;,
i1 yemip
where all p;,..;, € R. One choice of preimage (7”)~!(®) is o itself, since none of its terms
contain dz wedge factors and hence all are left fixed by 717. Therefore df, ((77) ™! (®)) = db (o).
Since @ is a cocycle in R’ ® QF, its image under the pth de Rham differential with respect to
dxi,...,dx, is zero, and so the only terms in the definition of d}, () that survive are those

involving dz. That is, we have
dg,((l)) = Z 8z(p,-14..,-p)dz/\dx,~1 AR /\dx,'p,
which, by rearranging the wedge terms, is equal to

. Z (—1)”8Z(pil.‘.,~p)dxil VAR /\a’xip Adz.

Finally, a choice of preimage under 1”*! (which is simply the map A dz) for the above sum is

W dp (@) (@) = Y (=1)70:(pir-i,) dxiy A+ Ny, = (—1)7 (@),
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from which the lemma follows. (The same calculation works for arbitrary Diff(R’, k)-modules

M, replacing each p;,..;, with an element m;,..;, of M.) O
We can now prove Lemma[4.1.3]

Proof of Lemma[.1.3] The differentials in the complexes of Definition are merely k-

linear, but in every degree p, the short exact sequence

1P

0-Reoh ' 500 SRk -0

is a split exact sequence of finite free R’-modules. As local cohomology commutes with direct
sums, this sequence remains split exact after applying the functor H,q, for any g:

P

0— HIR Q5 ") 2 HI(QP) — HI(R' @ QD) — 0.
Fixing ¢ but varying p, we obtain a short exact sequence of complexes of k-spaces
.
0— HJ (R @ Qy[—1]) = HI(Qy) — HA(R @ Q%) — 0
which we can rewrite (and replacing g by ¢+ 1) as
l.
0—HIM (R Q1] “5 HIT' (R 0 Qy — HIT (R ©Qf — 0

since Q;e (resp. Q}Q) is a finite free R- (resp. R’-) module. This short exact sequence of com-

plexes gives rise to a long exact sequence of cohomology which takes the form

TP

oo P (HET(R) @ Q) & e (HIT (R) 2 Q)
W HITR) @ Q) — i (HIT (R) @ Q) 25 it HIT (R @ Qf) = -+
where we know by Lemma that, up to a sign, the connecting homomorphism is d,. Now
by Lemma , we know that H[q,Jrl (R') ~ (H}(R))+ as R'-modules. The differentials in the

complex H ,‘{H (R") ® Q4 do not involve z or dz, and so the +--operation passes to its cohomology,

since cohomology commutes with direct sums: we have

W (HET (R) @ Qp) = (W (H](R) @ Qf))+
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as k-spaces for all p. For any k-space M, the action of d, on M, is given in Definition
and it is clear from this definition (since char(k) = 0) that ker(d, : M, — M) =0 and
coker(d, : M, — M, ) ~ M, the latter corresponding to the %—component of M. Returning to
the displayed portion of the long exact sequence, the second 9, is injective, and so by exactness
the unlabeled arrow is the zero map; this implies that TZ 41 18 surjective, inducing an isomor-
phism between h7*! (H,’frl (R)@Qpy) =H"T ! (HI‘{Jrl (R')) and the cokernel of the first d.. Since
this cokernel is isomorphic to 47 (H{ (R) ® Qp) = Hp(H](R)), the proof of Lemma[4.1.3] and
hence of Proposition [d.1.2](b), is complete. O

Proposition [4.1.2] gives a new set of invariants for complete local rings in equicharacteris-
tic zero, namely, the (finite) dimensions of the E»-objects, with the bidegree shift taken into

account:
Definition 4.1.8. For all p,q > 0, let p, , = dim(H ;" (H, ?(R))).

By Proposition Pp,q 1s finite and depends only on A and a choice of coefficient field
k C A. We note the similarity of the definition of the invariants p, , to the Lyubeznik numbers
Apq (8, Thm.-Def. 4.1], although our p, , appear to be well-defined only in the characteristic
zero case. One way to define A, , is as the dimension of the socle of Hy(H, ?(R)), where
m C R is the maximal ideal [24, Lemma 2.2]. To define the p, ,, we use de Rham cohomology

instead of iterated local cohomology; furthermore, note the difference in the indices.

Remark 4.1.9. 1f H;?(R) is supported only at m, so that H; ?(R) ~ E® for some A, > 0 ([8]
Thm. 3.4]; here E is the Matlis dualizing module), then the de Rham cohomology of H;' ?(R) is
easy to calculate: we have p,, , = A, if p =0 and 0 otherwise. Therefore, in this case, pp 4 =4, 4

for all p and gq.

We now prove the full statement of Theorem [4.0.7(a) (we have already proved part (b)
above). Our goal is to construct a bidegree-shifted morphism between the Hodge-de Rham

spectral sequences arising from two surjections R — A and R’ — A of k-algebras which, at the

level of E>-objects, consists of the isomorphisms of Lemma4.1.3} by Proposition this is
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enough. The preliminary reductions given in the paragraph before Lemma remain valid

when considering the spectral sequences, so we need only address the case in which R, R’, I, and
I’ are as in the statement of that lemma. The basic strategy is the same: we use the short exact
sequence of complexes as well as the 4--operation, which will now be applied to double
complex resolutions of the de Rham complexes Q% and Q%,. Our first task is to construct these;
we work first at the level of R- (resp. R’-) modules and k-linear maps, and then sheafify the

results.

Lemma 4.1.10. Let .#° be the minimal injective resolution of R as an R-module. For all p, 9P
has a structure of Diff(R,k)-module, and R — .#° is a complex in the category of Diff(R, k)-

modules.

Proof. We use the Cousin complex, for which [35) IV.2] is the original reference. Recall that
the Cousin complex C*(R) of R is constructed recursively in the following way: C~2(R) = 0,
C~'(R) =R, and for i > 0, C'(R) = ®(cokerd'?),, the direct sum extending over all p €
Spec(R) such that htp = i. The differentials in the complex are simply the natural localiza-
tion maps. It is immediate from the definition of the Cousin complex that it is a complex of
Diff(R, k)-modules, since localizations of Diff(R, k)-modules are again Diff(R, k)-modules and
natural localization maps are Diff(R, k)-linear [8, Example 2.1]. However, since R is a Goren-
stein local ring, its minimal injective resolution and its Cousin complex coincide [45, Thm.

5.4]. O

Likewise, if we let / * be the minimal injective resolution of R’ as an R’-module, Lemma
4.1.10{ implies that R" — #* is a complex in the category of Diff(R’,k)-modules. By taking

finite direct sums of the resolutions .#* and _#°, we construct three double complexes:

Definition 4.1.11. Let .#** be the double complex .#79 = .79 @ Qf whose vertical differ-
entials are induced by the differentials in the complex .#* and whose horizontal differentials
are those in the de Rham complexes .#¢ @ Qp of the Diff(R, k)-modules .#9. Similarly,
let 7;° be the double complex 7 = #9®k QL and let #** be the double complex

I = 710 le_
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Note that these double complexes have exact sequences of R- (or R’-) modules for columns,
but merely complexes in the category of k-spaces for rows. In the case of .Z**°, the rows are
the de Rham complexes of the Diff(R,k)-modules .#9; in the case of /0", the rows are the
de Rham complexes of the #¢ regarded as Diff(R,k)-modules; and in the case of ¢ **°, the
rows are the de Rham complexes of the ¢ 7 regarded as Diff(R’, k)-modules. (We recall again
Convention [I.2.3} if we write ® Qf, the tensor products of objects are being taken over R, but
if we write ® Qp,, the tensor products of objects are being taken over R'.)

Each of these three double complexes can be sheafified. Consider first the double complex
Z**. For all p and ¢, let 774 denote the associated quasi-coherent sheaf on X. The vertical
differentials of .#** are R-linear, and so induce Ox-linear morphisms between the associated
sheaves, and the horizontal differentials induce k-linear morphisms on the associated sheaves
in the same way that the de Rham complex of O is constructed. For all p and ¢, #7 is an
injective R-module, and so the sheaf o4 is flasque [13, Prop. I11.3.4], and hence acyclic for the
functor I'y on the category of sheaves of k-spaces on X [34, Prop. 1.10]. Therefore we have
a double complex 7** whose objects are all I'y-acyclic sheaves of k-spaces on X and whose
columns are acyclic resolutions of the Q% (because the associated sheaf functor is exact when
applied to complexes of R-modules). In the same way, we sheafify the double complexes _#;*
and _Z*°, obtaining double complexes ;¢\0°/" and ;¢\'/' of sheaves of k-spaces on X’ which are

I'y-acyclic.

Definition 4.1.12. Let E :1; be the column-filtered spectral sequence associated with the double
complex I'y (X, j‘v') of k-spaces. Similarly, let E:;e’ be the column-filtered spectral sequence
associated with the double complex I'y (X', ;¢\'/‘), and let &° be the column-filtered spectral

sequence associated with the double complex I'y (X, _7;°).

By Lemma |1.3.8, we know that E_’; coincides with the Hodge-de Rham spectral sequence
for the complex Q%, and that E:’;e, coincides with the Hodge-de Rham spectral sequence for the
complex Q%,, so there is no ambiguity of notation. The “intermediate” spectral sequence &, "°,

which by Lemma [I.3.8|coincides with the hypercohomology spectral sequence for the complex
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Ox' @ Qy, will be used to relate the Hodge-de Rham spectral sequences for X and X’ via the

+-operation. The first step in this process is the following lemma:

Lemma 4.1.13. Let R, R', I, and I be as in the statement of Lemma and let 7° (resp.
J*) be the minimal injective resolution of R (resp. R') in the category of R-modules (resp.

R'-modules) as above. Then for all g, we have an isomorphism

(T (S N)s =T (79)

of Diff(R', k)-modules.

Proof. Fix ¢ > 0. As R’ is a Gorenstein local ring, the structure of its minimal injective res-
olution _#* is well-known [, Thm. 18.8]: #9 = ®np—yE(R'/p), where E(R'/p) is the R'-
injective hull of R'/p. In particular, #9 =0 forg >n+1and #""! is the Matlis dualizing
module Ep. Applying the functor I'y amounts to discarding those summands corresponding
to prime ideals outside the closed subscheme V (I') C X' [4, Ex. 10.1.11]: that is, we have the
equality

Ip( 7%= @htP:qJ’cpER’(Rl/p)a

where again only prime ideals of height g appear in the decomposition. Since I’ = IR' + (z),
there is a one-to-one correspondence between prime ideals p of R’ containing I’ and prime
ideals q of R = R'/(z) containing I (indeed, any such p takes the form qR' + (z)). If htp =g,

then htq = g — 1, so we have the decomposition

Ly ( 7)) = ®1cqespec(r) nq—g—1 Er (R /(AR + (2)))
as R’-modules. Note that we have R’-module isomorphisms

R'/(aR +(z)) ~ (R'/(2))/(((aR'+(2))/(2)) ~ R/a,

where R/q is viewed as an R-module upon which z € R’ acts trivially. But by [44, Prop. 3.11],
the R’-module Ex (R'/(qR’ + (z))) is obtained from the R-module Eg(R/q) by the +-operation.

(This identification holds at the level of Diff(R’, k)-modules.) We then have isomorphisms

FI/(fq) = EB[quSpec(R),htq:q—l (ER(R/q))+ = (Fl(ﬂq_l))Jra
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of Diff(R’, k)-modules, where we have again used [4, Ex. 10.1.11]. O

Lemma 4.1.14. Let E::;e and &3°° be the spectral sequences of Definition|4.1.12l There is an
isomorphism

~

(Egg)+ — 2°[(0,1)],

where the object on the left-hand side is obtained by applying the +-operation to all the objects
and differentials of the spectral sequence E :1; (this notation means that the morphism of spectral

sequences has bidegree (0,1), as in Definition[.3.6).

Proof. We consider the objects of the double complexes giving rise to these spectral sequences.

For all p and ¢, we have

—_——

Ty(X', 709 = Tp (g8 = Tu( 79 @ Q) =T ( £ ) 0 0
and similarly
(Ty (X, 7P4)) ;= (T(£79)); = (T1(F1 0 Qh)) 4 =~ (T1(59) @ Qh),

by Lemma and the fact that I'; = H,O andI'y = HIQ commute with direct sums. By Lemma
4.1.13| we have Iy (_#Z91) ~ (I';(#4)) . for all q. Therefore, for all p and g, we have

Tp(F4) @Qp = (T1(I9))4 ® Qg = (Ti(S) @ Q)+,

so the objects of the double complexes are isomorphic with the indicated bidegree shift. Finally,
we observe that the differentials in the complex Q% do not involve z or dz, so the isomorphisms
(Ly(F1))+ @ Q% ~ (Ty(F9) ® QR)+ commute with the differentials of the double complex and
thus assemble to an isomorphism of double complexes. An isomorphism of double complexes
induces an isomorphism between the corresponding column-filtered spectral sequences, and the

lemma follows. OJ

We are now ready to complete the proof of Theorem [4.0.7]
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Proof of Theorem[d.0.7(a). As already described, we need only prove the result in the special

case of Lemma [£.1.3] We retain the notation of that lemma. Consider again the short exact

sequence of Definition and its sheafified version
0— Oy @Q%[—1] 5 QY — Ox Q% — 0.

As described in section the morphism of complexes t induces a morphism between the
corresponding spectral sequences for hypercohomology supported at Y. These spectral se-
quences were identified as &5"*[(—1,0)] (respectively, E_'%,) in the paragraph following Def-
inition f.1.12] Accounting for the shift of —1, we see that this induced morphism has the
following form:

l:’. . (ga:,‘ — E:’;e,[(l,o)]

Identifying first £*[(0,1)] with (EJ%) 1 (by Lemmaf4.1.14) and then EJ’ with the 1-component

of (EJ»)+, we see that this further induces a morphism

9% B = EJR(1, )],
given in every degree by the inclusion of E:R° as the %—component of (Er. )+~ &7°(0,1)]
followed by 1>*. If r = 2, the maps ¢35 are precisely the isomorphisms H1,(H{(R)) =
HYY ! (qu,+1 (R')) appearing in the proof of Lemma which were induced by the morphism
of complexes 1 and the inclusion of EJ' = H/, (H['(R)) as the 1-component of (E}{) . There-
fore the morphism ¢° of spectral sequences is an isomorphism at the E;-level. By Proposition

it follows that ¢ is an isomorphism at all later levels, including the abutments. The proof

is complete. O

Remark 4.1.15. A priori, the isomorphism class of the spectral sequence {Eﬁ7 <} and the integers
Pp.q of Definition #.1.8 depend on the choice of coefficient field k C A. It is an open problem
whether they are independent of this choice. In the case where the local cohomology modules
H{(R) are supported only at m, they are indeed independent of this choice by Remark
(since the A, , are known to be independent), which provides supporting evidence for a positive

answer to this open question.
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4.2 The de Rham cohomology of a complete local ring

In this final section, we turn our attention to de Rham cohomology, and prove Theorems §.0.8]
and[4.0.10] We prove the latter theorem (and Theorem[4.0.8|(b) as an immediate corollary) first,
by synthesizing our results from the previous chapter on Matlis duality and local cohomology
of formal schemes. The proof of Theorem [4.0.8(a), which we give next, proceeds similarly to
that of Theorem [{.0.7(a). As in section .1, we will first give the proof of Theorem [{4.0.8|(a)
for the E>-terms of the spectral sequences, to bring out the main ideas of the proof. There is a
technical complication that will make the E, case more difficult than the E, case of Theorem
[.0.77(a). (We will need to verify various Mittag-Leffler hypotheses for inverse systems, for
which Proposition will be necessary.)

Our notation is the same as in section .1} Thus A is again a complete local ring with
a coefficient field k of characteristic zero and @ : R — A is a surjection of k-algebras with
R=k|[[x1,...,x,]] for some n. The surjection 7 induces a closed immersion of spectra Spec(A) =
Y — X = Spec(R), defined by the coherent sheaf of ideals .# C Oy associated with the ideal
I =kerm C R. Let X be the formal completion of ¥ in X, and let ﬁ;( be the formal completion
of the (continuous) de Rham complex Q. Since X is the spectrum of a complete regular local
ring and so the sheaves Q/, are finite free &x-modules, we have an alternative description of the
complex ﬁ)’( As formal completion commutes with finite direct sums, the sheaf ﬁ% is a direct
sum of copies of 0. All of the derivations d;; : R — R induce .#-adically continuous maps
0% — Oy, and if we form the de Rham complex of &g with respect to these derivations, we
recover precisely the complex ﬁ;(

The (local) de Rham cohomology of the local scheme Y is defined as Hp, j(Y) = Hip (X,03)),
the hypercohomology (supported at the closed point P of Y) of the completed de Rham complex.
These k-spaces are known to be finite-dimensional and independent of the choice of R and 7,
just as in the case of homology. The Hodge-de Rham spectral sequence for cohomology begins
EP4 = HA(X,Q8) and abuts to Hg:;,?(Y ). We also recall from section [4.1| that the Hodge-

de Rham spectral sequence for homology has Ej-term given by E| """ % = Hy (X, Q% )
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and abuts to Hl‘ffq(Y ). The assertion of Theorem is that, for all p and g, the k-spaces
E5" "1 and E5? are dual. Since we know by Theorem b) that the former k-space is
finite-dimensional, this duality implies that the latter is as well, which will prove Theorem
[.0.8(b). Our work in sections and [3.4|is nearly enough to establish this duality; all that re-
mains is to identify the rows of the E;-term of the cohomology spectral sequence with de Rham

complexes of Z-modules.

Lemma 4.2.1. Let the surjection & : R = k[[x,...,x,]] — A and the associated objects I, X,
X, and Y be as above, and let {EP*"} the corresponding Hodge-de Rham spectral sequence for
cohomology. For all g, the qth row of the term {E; Y is isomorphic, as a complex of k-spaces,
to the de Rham complex H}} (X, 0%) @ Qy, where the left Diff(R, k)-structure on Hg()/(\ ,0%) is
the inverse limit action of Definition

Proof. Let g be fixed. Both formal completion along ¥ and local cohomology H} commute
with finite direct sums, so for all p, E{*? = H] (}? ) ﬁ;}) is a direct sum of copies of the R-module
HE(X, 0), and the complex {£7} has differentials induced by the differentials in the complex
Q3 by first passing to .#-adic completions and then applying the functor H}. This is exactly the
de Rham complex of Hj ()? , Ug) with respect to the inverse limit action, since by Proposition

we have an isomorphism Hf (X, Og) ~ yLan()/(\, Ox /7). O

Proof of Theorems.0.10landH.0.8(b). Fix q. By Lemma[4.2.1] the gth row of the E;-term of

the cohomology spectral sequence, £ 1' “, is the de Rham complex of the left Diff(R, k)-module
H} ()? ,0%). By Theorem and Remark this complex is isomorphic (as a complex of
k-spaces) to the de Rham complex of the left Diff(R, k)-module D(H, ?(R)). We obtain the
E>-term by taking cohomology, so for all p, ES = H),(D(H; “(R))). Since H, (R) is a
holonomic Diff(R, k)-module, Theorem applies: we have an isomorphism

Hap(D(H;*(R))) ~ (Ha " (H, *(R)))".

The right-hand side of this isomorphism is nothing but (E; 7" ~?)* (by Lemma4.1.1), complet-

ing the proof. O
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We will now begin working toward the proof of Theorem [4.0.8[(a). The reductions imme-

diately preceding Lemma [.1.3] are equally valid here, so for the remainder of the section, we
assume that R = k[[xy,...,x,]] and R = R[[z]], and it suffices to compare the Hodge-de Rham
spectral sequences for cohomology corresponding to an arbitrary ideal I C R (defining a closed
immersion Y = Spec(R/I) < X = Spec(R) and the ideal I’ = IR’ + (z) C R’ (defining a closed
immersion Y < X’ = Spec(R')).

In the proof of Theorem4.0.7(a), we made use of the -+-operation on k-spaces. Its replace-

ment in this section is the following operation:

Definition 4.2.2. Let M be any k-space. We define M+ = M|[]], the Diff(k[[z]],k)-module of
formal power series with coefficients in M. If M is an R-module (resp. a Diff(R, k)-module),
then M defined in this way is an R’-module (resp. a Diff(R’, k)-module), with d.-action defined
by d-(Lmyz) = L(I+ 1)my1 2,

If M is an R-module, the R’-module M™ is always z-adically complete. What is more,
k-linear maps between k-spaces and R-linear maps between R-modules extend to the corre-
sponding formal power series objects: if f: M — N is a k-linear map between k-spaces (or an
R-linear map between R-modules), f* : M+ — N+ is defined by f+(Ymz') = ¥ f(m;)7..
Remark 4.2.3. If M is an R-module, the R’-module M+ = M([[z]] is usually not isomorphic to

M ®gR'. This is an example of the failure of inverse limits to commute with tensor products.

We do have
M* = limM[[2))/2 = lim(M @ R /2),

where every M ®g R’ /7' is regarded as an R’-module via the projection R’ — R'/Z!, but this

inverse limit need not be isomorphic to M ®g (@R’ /2.

In the proofs below, we will often take two inverse limits simultaneously in the process of

forming the module M. The general principle is the following:

Lemma 4.2.4. Let {M;} be an inverse system of R-modules, indexed by N, and let M = @M,.
Then im(M; ®r R' /7)) ~ M™* as R'-modules.
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Proof. As an R'-module, M ~ lim, ((lim M) ®r R'/7"). Consider the inverse system {M; Qg
R'/7'}, indexed by N x N where (s,1) < (s',1) if and only if s < s’ and [ < I'. Then
lim((limMy) @ R'/2') =~ limM; @g R' /2.
l s (s,0)
As the “diagonal” inverse system {M; ®g R'/z'} is cofinal with {M; ®g R'/7'}, their inverse

limits are isomorphic, as desired. 0

We have defined the formal power series operation both for k-spaces and for R-modules.
In what follows, we will frequently apply the operation to an entire complex whose objects are
R-modules but whose differentials are merely k-linear. We will still (abusively) use the notation
®R’ /7' for the Ith truncation of the formal power series operation, a convention which we record

here:

Definition 4.2.5. Let C* be a complex whose objects are R-modules and whose differentials are
merely k-linear. The complex C* ® R’ /7! is the direct sum of I copies of C*, indexed by 7' for

i=0,...1—1.

Note that the complex (C*)", obtained by applying the formal power series operation to all
objects and differentials of C®, is the inverse limit (in the category of complexes of k-spaces) of
C*®R /7.

Remark 4.2.6. We note one important difference between the formal power series operation
defined above and the +-operation of section[4.1] The +-operation is defined using an infinite
direct sum. Therefore, the question of whether it commutes with cohomology reduces to the
question of whether the underlying category satisfies Grothendieck’s axiom AB4 [46], that is,
whether direct sums are exact. This is true for the categories of R-modules, of k-spaces, and
of sheaves of Abelian groups on a topological space [2, p. 80]. By contrast, the formal power
series operation is defined using an infinite direct product, which commutes with cohomology
if the underlying category satisfies axiom AB4*. This is true for the categories of R-modules

and k-spaces but not sheaves [2, p. 80].
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The main technical preliminary result we need concerns the interaction of the formal power
series operation with the de Rham complexes of local cohomology modules on formal schemes.
For reference, we repeat in the statement of this proposition the notation we will use for the

remainder of this section.

Lemma4.2.7. Let R =k|[x,...,x,]] and let I be an ideal of R. Let R' = R([[z]] and I' = IR+ (z).
Let .9 (resp. .9') be the associated sheaf of ideals of O (resp. Ox1) where X = Spec(R) and
X' = Spec(R’). Let Y be the closed subscheme of X defined by .%; via the natural closed
immersion X — X', we identify Y with the closed subscheme of X' defined by .#', which we also

denote Y. Let P € Y be the closed point. Then for all g, we have
HY(X', 05) © Qf ~ (HY(X, O3) 0 Q)"

as complexes of k-spaces, where the Diff(R, k)-structure on both local cohomology modules is

the inverse limit action of Definition [3.4.4

The proof of Lemma 4.2.7| involves several ideas, so we begin with a lemma focusing on
a single local cohomology module, with no reference to its de Rham complex. We will appeal

below not only to this lemma but also to its proof.

Lemma 4.2.8. All notation is the same as in Lemma For all g, we have
HAX', 05) = (HA(X, 05)) "

as R'-modules.

Proof. For all [, let J; be the ideal I'R’ + (7). The families {J;} and {(I')'} of ideals of R’ are

cofinal, and we have isomorphisms
R/J;=R/(I'R + () ~R/I' @R /7

as R'-modules for all / (the R'-module structure on R/I' ®g R’ /7' being defined via the canonical

projection R' — R'/z}).
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Denote by n (resp. m) the maximal ideal of R’ (resp. R). For all g, we have isomorphisms

HY(X',05) = imH(R /(I')') = lim HY(R' /).

the first isomorphism by Proposition and the second by the cofinality of {J;} and {(I')’}.
We saw above that R’ /J; ~ R/I' g R’ /7' as R'-modules, and therefore

H{(R /1)) ~ H{(R/I'@r R /')

as R'-modules. We claim that the right-hand side is isomorphic to Hf(R/I') ®@r R'/Z' as an
R'-module.

The R'-module R/I' ®x R’ /7' is annihilated by a power of z, and so
Hi(R/1 @k R J2) = RjT o R )2

if i =0, and is zero otherwise. The spectral sequence of Example [1.3.10| corresponding to the

composite functor I'y = I'yygr o T therefore degenerates at E», and we have isomorphisms
HI(R/I'@r R /Z') ~ H . (R/I' @k R /Z)

as R’-modules. By the change of ring principle [4, Thm. 4.2.1], it does not matter whether we

compute this last local cohomology module over R’ or over R’ /7!, so in fact
Hi g (R/T 9 R [y ~ HY o (R/T 08 R /)

asR'/ Z-modules. Finally, since R’/ Z is flat over R, the flat base change theorem [4, Thm. 4.3.2]
implies that
HY (R/I' @k R [7') ~ HL(R/I") @ R’/

as R'/7!-modules. The previous two isomorphisms of R’ /Zl -modules are isomorphisms of R'-
modules, as well, since the R’-structures are defined using the projection R’ — R'/z'. Putting

these isomorphisms together, we see that

HY(R J11) = HY(R/T' 9 R |) = HA(R/I)) ok R /2
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as R’-modules, for all /. As the isomorphisms of [4, Thm. 4.2.1, Thm. 4.3.2] are functorial, the

isomorphisms above form a compatible system, and passing to the inverse limit, we have
HY(X', 0) = im HY(R /1) = lim B (R/1') 9 R /2

and since @Hﬁ(R /') ~ Hi(X, O%) (again by Proposition , the rightmost module above
is isomorphic as an R’-module to (H}} (X, 0%))* by Lemma , as desired. O

We now introduce de Rham complexes and prove Lemma

Proof of Lemma We retain the notation introduced in the proof of Lemma[4.2.8] For all /
and s, let J; s = I'"*R' + ('). (Note that J; o = J;.) The families {J;;} (with s fixed) and {(I')’}
of ideals of R’ are cofinal. For all [ and s, the derivations 9y, ..., d, induce (by the Leibniz rule)
k-linear maps R’ [J1s — R /J15-1, as all of these derivations fix z. In turn, these maps induce
k-linear maps on local cohomology as described in section[3.4] We can therefore construct, for

every [, a “de Rham-like” complex
0— Hg(R,/Jlﬂ) — @1§i§an(Rl/J17n_1) — = Hg(R//J170) —0

using the derivations 9\, . .., d,. We write Hy! (¢") for this complex (¢f. Definition below).
The argument of Lemma [4.2.8| applies to all terms of this complex, and using the fact that the
differentials in this complex do not involve z or dz, we see that this complex is isomorphic to

the complex
(0= HL(R/I™") = @1<icaG (R/IT"Y) = - — HA(R/I') = 0) @ R' /2,

which we write H (C?) ® R’/ z!. We now pass to the inverse limit of both systems of complexes.
For all s, we have

lim H{ (R /J1.5) ~ HA(X', 6,)
as R’-modules, by Proposition and the cofinality of {J;} and {(I')'}. Moreover, by the
definition of the inverse limit action, the differentials in the complex Hg ()/(\ r ﬁ)?,) ® Qp are given

by taking the inverse limit of the differentials in the complexes Hy! (%°). That is, we have

HA(X', 04) @ Qf ~ im HY(¢7"),
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for all /, as complexes of k-spaces. On the other hand, again using Proposition|3.4.3| we have
lim H4 (R/1') = HY(X., 0)
as R-modules, and by the definition of the inverse limit action,
H{(X, 0%) @ Qf ~ imH(C}),
for all /, as complexes of k-spaces. To conclude the proposition, it suffices to show that
lim HY(67) ~ (im HY(CT))*

as complexes of k-spaces. We have already shown that we have isomorphisms Hy (€°) ~

H{(C?)®R' /7 that clearly form a compatible system, which implies
lim HY(67) = lim H4(CT) 0 R /.

and since @Hﬁ(C}) @R/ ~ (@H&(C{))* (by applying Lemma to all objects in the

complex), the proposition follows. 0

We can now begin the proof of Theorem {.0.8(a). We have already reduced ourselves to
the hypotheses of Lemma With R and R’ as in the statement of that lemma, our goal
is to compare the spectral sequence {Ef 2}, arising from the surjection R — A, to the spectral
sequence {Eflg/}, arising from the surjection R" — A. We will first prove that the E,-objects
of these spectral sequences are isomorphic. As we have identified these E,-objects in Lemma

[@.2.1] this claim is equivalent to the following proposition:

Proposition 4.2.9. All notation is the same as in Lemma For all p and g, we have

~£}? = H5R (H;’,(X, 03)) ~ H5R(Hg (X', ﬁ)?/)) = Eg,}qe'

as k-spaces, where the de Rham cohomology is computed by regarding H}. (}/(\ ,O0%) as a Diff(R, k)-
module and H} ()? ',0%) as a Diff(R', k)-module.
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Proof. The argument closely parallels that of Lemma.1.3] Consider the short exact sequence

0— Op@0%[~1] 5 Qp 5 O 205 =0

of complexes of sheaves of k-spaces on X', where 1 is simply Adz. Thus this sequence is the
analogue, for completed sheaves, of the short exact sequence given in Definition This
sequence consists of split exact sequences of finite free Og,-modules. Apply H} to the entire
sequence of complexes: as formal completion and local cohomology commute with finite direct

sums, we obtain a short exact sequence

0— HI(X',04) 2 Q1] = HI(X', 0) @ Oy ~ HUX', O,) 2 Qf — 0

of complexes of k-spaces. The corresponding long exact sequence in cohomology (accounting

for the shift of —1) is

e WU HAX, Og) 0 Q3) B 1 (HYK, 0g) 0 Q) —

—=p

WP (HY(X', Og) © Q) T4, WP (HY(X', Og) @ Q) N WP (HY(X',0g) @ Qf) — -+,

where we know by Lemma that, up to a sign, the connecting homomorphism is d,. By
Lemma[4.2.7] we have

HA(X', Og) @ Qp =~ (HY(X, Og) © Q)"

as complexes of k-spaces. By Remark[.2.6] the formal power series operation on the right-hand

side commutes with cohomology, so taking the cohomology of both sides, we find

W (HY(X', O

o) ©QR) = (W (HY(X, 03) © Q)

as k-spaces for all p. For any k-space M, the action of d, on M is given in Definition}4.2.2] and
it is clear from this definition (since char(k) = 0) that coker(d, : M™ — M™*) = 0 and ker(d, :
M™ — M™) ~ M, the latter corresponding to the “constant term” component of M. Returning

to the displayed portion of the long exact sequence, the first d, is surjective, and so by exactness
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the unlabeled arrow is the zero map; this implies that ﬁ{]’ is injective, inducing an isomorphism

between the kernel of the second d;, and

WP (HY(X', O

5) © Q) = HY (HA(X', 05)).

Since this kernel is isomorphic to h” (H%(X', Og) 2 Q) = HP (HE(X, 0%)), the proof is com-

plete. 0

We next work toward the general case of Theorem a). Our goal is to construct a mor-
phism between the Hodge-de Rham spectral sequences {£/'} and {EP4} arising from the two

surjections R — A and R’ — A which, at the level of E»-objects, consists of the isomorphisms

of Proposition by Proposition this is enough. As in the proof of Theorem }.0.7](a),

we will construct an “intermediate” spectral sequence {&7}. The analogue of Lemma [4.1.14}
however, will be significantly harder to prove, since we are working with inverse limits and
must therefore check various Mittag-Leffler conditions.

We begin with definitions of several complexes, collecting pieces of notation introduced in

the course of the preceding proofs together with some obvious variations.
Definition 4.2.10. All notation is the same as in Lemma4.2.7
(a) Let C7 be the complex

0= R/I™ = @1<cy<,R/IT = . S R/IT' =0

defined using the derivations d,...,d,. Note that this is a complex of R-modules with

k-linear differentials.

(b) Let €;* be the complex
0— Rl/.]hn — @1§1§,1R//.]]7n_1 — e = R,/JL() —0

defined using the derivations 9y, ...,d,, where for all / and s, J;; = I'"*R' + (z'). This is a

complex of R'-modules with k-linear differentials, and we have 6° ~C @ R' /7.
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(c) Let Hi\(CD) (resp. H{(‘6}")) be the complex obtained by applying local cohomology func-

tors to the previous two complexes, in the manner described in section [3.4] In the course of

the proof of Lemma4.2.7| we saw that Hy (") ~ H(C?) @R /7.

(d) Let
Cr = (0= Ox ) I = @11, Ox ) I . 5 Ox ) 7' = 0)

and

6 =(0— Ox/| Fin— ®r1<1<nOx'] Jin1— = Oxi]_Z10—0)

be the sheafified versions of the first two complexes, where ¢ ; = j[vs for all / and 5. These
can be viewed as complexes of sheaves of k-spaces on X (resp. X/ ). We have ﬁ)‘( o~ lgla’

and 05, ® ﬁ;( ~ lér_n%l' in the respective categories of complexes of sheaves.

(e) Finally, we consider a sheaf-theoretic variant of Definition[4.2.5] If .7* is a complex whose
objects are sheaves of y-modules and whose differentials are merely k-linear, the complex
F*® Ox: /7 is the direct sum of [ copies of .#*, indexed by 7' fori =0,...,] — 1. (At the
level of objects, .F @ Oy /7 is shorthand for the Ox-module .7 ®g, i*(Ox | Z"), where i
is the closed immersion X < X’ and .2 is the sheaf of ideals defining this immersion.) As

an example, we have "57' ~ CT‘ ® Ox /7.

For the complexes of sheaves in Definition #.2.10] we have corresponding spectral se-

quences for local hypercohomology, and we will need to work with all of these.

Definition 4.2.11. If .7* is a complex of sheaves of k-spaces on X (or X', which has the same
underlying space), the local hypercohomology spectral sequence for 7 is the spectral sequence
defined in section[I.3| with respect to the functor I'p of sections supported at the closed point. If
£** is any Cartan-Eilenberg resolution of .%* (or, more generally, a double complex resolution
satisfying the conditions of Lemma|I.3.8)), this spectral sequence is the column-filtered spectral
sequence associated with the double complex Ip(X,.£**). It begins E P4 —=H} (X,.ZP) and has
abutment Hﬁw()? ,-%*). We introduce the following notation for the specific hypercohomology

spectral sequences we will consider below:
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(a) E:IZ is the local hypercohomology spectral sequence for ﬁ;( (This is precisely the Hodge-

de Rham spectral sequence arising from the surjection R — A.)

(b) E:j;, is the local hypercohomology spectral sequence for ﬁ;{, (This is precisely the Hodge-

de Rham spectral sequence arising from the surjection R — A.)
(c) &>° is the local hypercohomology spectral sequence for O ® SAZ;(
(d) Forall , (El):;e is the local hypercohomology spectral sequence for El:

(e) Forall [, (&)s" is the local hypercohomology spectral sequence for %71‘

The key to the proof of Theorem[4.0.8|(a) is the following analogue of Lemma.1.14] Once

this lemma is established, the rest of the proof will closely parallel our work in section 4.1

Lemma 4.2.12. Let E}'y and &° be the spectral sequences of Definition|4.2.11 There is an
isomorphism

(Bt 82
where the object on the left-hand side is obtained by applying the formal power series operation

to all the objects and differentials of the spectral sequence E:IE

Lemma was a consequence of the fact that the double complexes giving rise to the
two spectral sequences considered there were related by the +-operation. We were therefore
able to prove that lemma by working entirely at the level of double complexes. The analogous
reasoning fails here for reasons alluded to in Remark[4.2.6} the formal power series operation is
an infinite direct product. The obvious extension of this operation to sheaves need not commute
with the functor I'p, because taking stalks of sheaves (a direct limit) and direct products of
sheaves (an inverse limit) need not commute. The proof of Lemma[4.2.12| will take place at the
level of spectral sequences, not merely double complexes.

We will give the proof of Lemma.2.12]in four steps, as follows:

1. @(E,):,}, defined by taking the “term-by-term” inverse limit of all objects and differen-

tials in the spectral sequences, is again a spectral sequence: each term is derived from its
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predecessor by taking cohomology. (An identical proof shows that léIll((o?d]):. is a spectral

sequence.)

2. The spectral sequences £z and 1&1(E~,):1'e are isomorphic. (An identical proof works for

&3° and @(5@):”.)

3. For all I, the spectral sequences (&})e”* and (£})J% @ R/ /7' are isomorphic, via isomor-
phisms that form a compatible system (the latter spectral sequence, defined by the natural

extension of Definition to spectral sequences, is a direct sum of / copies of (E;)7%).

4. We have an isomorphism (EN:I'Q)+ =5 &2° of spectral sequences (the general statement).

Step (4) follows immediately from step (3) by applying Lemma to all objects of the
spectral sequences, so we will not give it a separate proof below. Steps (2) and (3) are not
difficult. Step (1), which is necessary for the later statements to be well-defined, is more difficult

and depends on our work in section

Proof of step (1). We show first that the E,-term of the “term-by-term” inverse limit, @(EI)E;,
is obtained from the E|-term by taking cohomology: that is, we show that for all p and g, we

have isomorphisms
lim(E;)yg = Uim AP (HL(CT)) = AP (Im HL(CT)) = h” (im(E))T%)

of k-spaces. This is the assertion that for the inverse system {Hy,(C}")} of complexes of k-spaces,
taking cohomology commutes with inverse limits. By [[11, Prop. 13.2.3], it suffices to check
that for all p and g, the inverse systems {H(C7)} and {h”(H(C}))} both satisfy the Mittag-
Leffler condition. By [4, Thm. 7.1.3], each H%(C/) is an Artinian R-module; as the transition
maps in this inverse system are R-linear, induced by the canonical R-linear maps Cf s Cf ,
the Mittag-Leffler condition for this first system is immediate.

In order to verify the Mittag-Leffler condition for the second system, we consider the Matlis

dual of the first system. For all g and /, the differentials in the complex Hg(CF) have Matlis
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duals by Corollary [3.1.16] since they are k-linear maps between Artinian R-modules. The tran-
sition maps in the direct system {D(H{(C}))} of complexes are R-linear in each degree, and
each D(Hg(C?)) is a finitely generated R-module (since it is the Matlis dual of an Artinian R-
module). In fact, by Theorem , D(H{(C?)) is a direct sum of (Z) copies of the R-module
Exty Y(R/I'™"~P R), and so lim D(Hy;(C7)) is a direct sum of (}) copies of

limExty *(R/1'"~7,R) = B (R).

Finally, the de Rham complex of the Diff(R, k)-module H, ?(R) is the direct limit of the com-
plexes D(H#(Cr)), since the inverse limit of their Matlis duals is the de Rham complex of
D(H; *(R)) = H} (X, 0% ) by Theorem and the definition of the inverse limit action on
HY(X,0%).

We have thus verified the hypotheses of Corollaryfor the direct system {D(Hg(C7)) }:
it is a direct system of complexes with k-linear differentials whose objects are finitely gener-
ated R-modules, the transition maps are R-linear in each degree, and the direct limit is the
de Rham complex H, ?(R) @ Q} of a holonomic Diff(R,k)-module. We conclude from that
corollary that for all p and I, the images of h"~7(D(Hgx(C}))) in K" "P(D(HA(C},,))) sta-
bilize in the strong sense as s varies, with finite-dimensional stable image. By Corollary
all the Matlis duals (of objects and differentials) in the direct system {D(Hg(Cr))}
coincide with k-linear duals. Since k-linear dual is a contravariant, exact functor, we thus have
h"=P(D(H(C}))) ~ (kP (H%(C})))*, and by Lemma [3.3.9] the inverse system {h”(H(CP))}
satisfies the Mittag-Leffler condition, as desired.

Examining the proof of Lemma [3.3.9] we see that in fact we can conclude something
stronger than the Mittag-Leffler condition, namely the following: for all p and ¢, given [, there
exists s such that the image of h” (H(C}.,)) in h? (H%(C})) is a finite-dimensional k-space.
That is, the inverse system {h”(H(C?))} is eventually finite. Since any descending chain of
k-subspaces of a finite-dimensional k-space must terminate, it is clear that eventual finiteness
implies the Mittag-Leffler condition. But what is more, eventual finiteness is inherited by coho-

mology: if, for any r, the inverse system {(E;)?} is eventually finite, so is the inverse system
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{(El)ffm}, since the objects (El)ffl,R are subquotients of the objects (El)flg By induction
on r, we conclude that the E,,;-term of the “term-by-term” inverse limit, 1<£n(1§1):4:1 » 18 Ob-
tained from the E,-term by taking cohomology, and so 1&1(51):,'? is a well-defined spectral

sequence. 0

Proof of step (2). Since fl;( o~ l&n(?l' as complexes of sheaves on X, we have projection maps
o ﬁ;( — El: for all /. As described in section each such projection map induces a mor-
phism between the corresponding local hypercohomology spectral sequences. By the universal
property of inverse limits, this family of projection maps induces a morphism of spectral se-
quences E:I; — &&n(E}):;e (where the right-hand side is a well-defined spectral sequence by
step (1)). We claim this is an isomorphism; by Proposition [I.3.5] it suffices to check this on
the E;-objects of both sides. By definition, for all p and g, we have Ef 4 =H} ()? , ﬁ;}), a direct

» 7R=Hg()?,6?),adirect sum of (Z)

sum of (") copies of H}} (X, 0% ), and for all I, we have (E;)]"1
copies of H(R/I'""~7). The induced map E{% — 1&1(}5}){’ ' is therefore a finite direct sum of
copies of the canonical map H} (X, O%) — l'gan1 (R/I'*"=P), which we already know to be an

isomorphism by Proposition[3.4.3] O

Proof of step (3). This is the only step in the proof where we can work entirely at the level of
the double complexes giving rise to the spectral sequences. Let [ be given. Choose a Cartan-
Eilenberg resolution 61: — .,Zj"' in the category of sheaves of k-spaces on X. By Remark
this category satisfies axiom AB4, and so direct sums are exact; furthermore, direct sums
of injective sheaves are again injective, and the functor I'p commutes with direct sums. We
conclude that the double complex .%,"* ® O/ /7 (which is simply a finite direct sum of copies of
Z*) satisfies the conditions of Lemma and so the double complex ['p(X, 2" @ Ox1 /7)
gives rise to the local hypercohomology spectral sequence for the complex 6‘? ® Ox /7 ~ %;’
On the one hand, this spectral sequence is (&))e”* by definition. On the other hand, since I'p
commutes with direct sums, we have Ip(X,. 2" @ Oy /7') ~ Tp(X,£"") @ R' /7' as double
complexes of k-spaces, and since cohomology of k-spaces commutes with direct sums, this

isomorphism induces an isomorphism (&;)s"® ~ (EN)Jx@R'/ 7! at the level of spectral sequences,
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as desired. The fact that these isomorphisms form a compatible system follows from the fact
that the isomorphisms Ef ® Oy /7~ %/‘ form a compatible system, since as discussed in section
the association of a local hypercohomology spectral sequence with a complex of sheaves is

functorial in the complex. This completes the proof of Lemma O
We are now ready to complete the proof of Theorem 4.0.8]

Proof of Theorem[d.0.8(a). Consider again the short exact sequence from the proof of Proposi-
tion
0— Op@0%[~1] 5 Qy 5 05 Q% — 0.
As described in section the morphism of complexes 7 induces a morphism between the
corresponding spectral sequences for local hypercohomology, given in Definition That
is, there is an induced morphism
met RS — &0

o R

Identifying first & with (EJ7)" (by Lemma 4.2.12) and then E]’; with the “constant term”

component of (E.°2) ", we see that this further induces a morphism

70 O

— E:,;

given in every degree by ms* followed by the projection of &a® ~ (Eox)" on its constant
term component. If r =2, the maps y}"? are precisely the inverses of the isomorphisms
HY (H} (X, Oz)) ~ HY(H} ()? ',0%)) appearing in the proof of Proposition which were
induced by the morphism of complexes 7 and the projection of (Eé’ Dt = (Hh (H] (X, Oz)) "
on its constant term component. Therefore the morphism ye** of spectral sequences is an iso-

morphism at the E,-level. By Proposition it follows that y is an isomorphism at all later

levels, including the abutments. The proof is complete. O

Remark 4.2.13. As we remarked at the end of section 4.1} the isomorphism class of the spectral
sequence {Ef '} depends a priori on the choice of coefficient field k C A. It is an open problem

whether it is independent of this choice.
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