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1. Abstract
The exact solution of the Black-Scholes equation involves stochastic term, which made it time-consuming to
calculate. Therefore, | try to find a way to solve the Black-Scholes equation numerically to avoid evaluating the
stochastic term. In this paper, | use forward difference, backward difference, and Crank-Nicolson method to discretize
the equation and Jacobi method, Gauss-Seidel method and Succesive Over Relaxation (SOR) Method are used to

speed up the matrix operation process.

2. Background

v 1, 0%V v .
The Black-Scholes Equation is: ot t37 o 957 * rSaS —rV= 0. S represents the price of the stock, which will

sometimes be a random variable and other times a constant (context should make this clear). V (S, t) represents the
price of a derivative as a function of time and stock price. C(S, t) represents the price of a European call option
and P(S, t), the price of a European put option. S represents the strike price of the option. r represents the
annualized risk-free interest rate, continuously compounded (the force of interest). o represents the volatility of the
stock’s returns. This is the square root of the quadratic variation of the stock11's log price process.

t, a time in years; we generally use: now=0, expiry=T.[1]

Since we know the price of option at expiry, we use a time inverse Black-Scholes equation to change the terminal

ov?

v N
25 — IS5, +rV = 0. The initial

condition to initial condition. By changing of variable t=T-t’, we get ‘Z—‘t/ — %0282
condition for call option is C(S, 0) = max(S — E, 0) and for put option is P(S, 0) = max(E — S, 0) which are given by
financial theories. The boundary condition for call option are C(0, t) =0, C(S, t)/S — 1, for S — . The boundary
condition for put option are P(0, t) = Ee "(T~9 P(S, t) — 0, for S — 0.

But in real life, it is impossible for S to be infinity. So in our numerical scheme, We can set the maximum S to be

from 3 to 5 times as large as the strike price of the option and let the boundary condition for call option be C(Smax,
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t)=Smax-Ke~T(T~Y . The boundary condition for put option does not need to be changed. Moreover, Discretize the

equation by letting t=jAt where j=1,2,....... ,M and S=mAS where m=1,2,....... ,N.

3. Forward difference method:
3.1 Derivation

We apply central difference for 3—: and %

a_V _ Vj,m+1 - Vj,m—l

ds 2AS
aVZ _ V}',m+1 - 2Vj,m + Vj,m—l
02s AS?

Forward difference for Z—‘t/ when develop explicit method

a_V _ V}'+1,m - V}',m

ot At
Then the Black-Scholes equation turns into
V: e Z 1 V: -2V + Vi V: —Vim-
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2 ) Viey =0
At 2° AS? 4 2as T TVim

Then we get

2 ]m+1 2V}',m + V}',m—l + AtrS V}',m+1 - Vj,m—l
AS? 2AS
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Since S/AS=m,we have

Vieim =(1 — 0®m?At — rAt) V;, + (% o’m?At + %Atrm) Vim+1 +(% o?m2At + %Atrm) Vim-1
Let
a(m) = 1 — o?m2At — rAt
1 1
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1 1
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2 2
then,let
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We can rewrite the discretized time-inverse Black-Scholes equation as a tridiagonal system

b

VPl =A«VI+b
3.2 Stability analysis
In order to make this numerical scheme stable, we want the spectral radius of our tridiagonal matrix to be less

than one. We know the eigenvalues for tridiagonal matrix is

km
N+1

u, = o+ 2,/By *cos

Plug in the entites we have in our tridiagonal matrix, we get

1 k
u, = 1 —o*m2At — rAt+2\/( %szzAt + %Atrm) G o2m2At — EAtrm) * cosN—j_T1

= 1 — 02m2At — rAt + +/o*m*At2 — At2m2r2

We want to make |u,| < 1, then

km
—1 <1 — 06?m2At — At + y/o*m*At? — At2m?r2  cos NE1 <1
km
—2 < —0?m2At — At +  o*mAAt2 — At2m2r? « oSy <0

From which we get,

{—szzAt — 1At — Aty/o*m* —m2r2 > =2
—o?m?At — rAt + Aty o*m* —m?r2 < 0
-2
—02m? —r —mvo*m? —r?
At(—o?m? —r + myo*m2 —12) <0

As (-o?m? —r + mVo*m? —12) < 0 always true

At <

We only need to make

-2
—o?m?2 —r —mvo*m?2 —r2

At <




As m<N, we have

-2 2 2 2
= > >
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Hence, the forward difference method will be stable as long as At < ———.
20°N4+r

4. Backward difference method

4.1 Derivation

2
We apply central difference for ‘;—‘S’ and ?%S
WV _ Vi1 = Vims
ds 2AS
aVZ _ V}',m+1 - 2Vj,m + Vj,m—l
0%s AS?

Forward difference for Z—‘t/ when develop explicit method

a_V _ V}',m - Vj—l,m

ot At

Then the Black-Scholes equation turns into

Vj,m - Vj—l,m _ 10_2 2 Vj,m+1 - 2Vj,m + Vj,m—l —rS V}',m+1 - Vj,m—l

At 2 ASZ 2as TVim=0
Then we get
1 Vi = 2Vim + Vi Vit = Vime
Vieim = Vim = 5 Ato?S? pmil Ag;" Jml AtrS%S]’ml + ALV

Since S/AS=m,we have
Vicim =(1 + 0®m2At 4+ rAt) Vi + (- %GZmZAt — %Atrm) Vim+1 +(—%62m2At + %Atrm) Vim-1
Let
a(m) = 1+ o?m?At + rAt
1 1
B(m) = —=o?m?At — = Atrm
2 2
1 1
y(m) = — EozmzAt + EAtrm

then, let
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We can rewrite the discretized time-inverse Black-Scholes equation as a tridiagonal system

b

ViFl=AxVi+b
Vi=A"1«W™1-b)

4.2 Stability analysis

e = 1+ o?m2At + rAt+2\/(— %szzAt - %Atrm) (—%GZmZAt + %Atrm) * cosﬁ

=1+ o’m?At + rAt + Vorm*At?2 — At2m2r2 « cost—:_T1 [3]

k
As Votm*At? — AtzmzrzcosN—f1 > —o?m?At always hold,

km
u, = 1+ o?m2At + At + Jo*m*At2 — At2m2r2 « cos N1 > 14 rAt
Asr> 0,At > 0, ;. > 1. Then ui<1
k

So backward difference method is unconditionally stable.

5. Crank-Nicolson Method
5.1 Derivation

The Black-Scholes equation turns into

Vj+1,m - V}',m 1 ZSZ 1 (V}',m+1 - 2Vj,m + Vj,m—l + Vj+1,m+1 - 2Vj+1,m + Vj+1,m—1> . 17’5

——0 * — %
AL > 2 Asz ASZ
(i~ Vimes Vs = Vi)

2AS 2AS

1
- Er(vj,m + Vj+1,m) =0

The we can get



1 1
Vj+1,m = Vj,m + ZGZAth (Vj,m+1 + Vj,m—l + Vj+1,m+1 + I/'j+1,m—1 - 2Vj,m +1 m) + - rAtm( im+1 Vj,m—l

1
+ Visimer — Visrm—1) — ETAt(I/}',m = Vitim)

Let
_1 2 2
a=-o“Atm~,
4
b=1rAtm,
4
C=1rAt,
2
then

Visim = Vim + @+ b)Vjmy1 + (@ + D)Vjy1mer + (@ —b)Vjpqg + (@ —bB)Vjy1mo1 + (—2a — Vi1 ;m + (—2a
- C) V] m
from which we get

AI+2a+c)Wjym=0A-2a+)Vjm+(@+b)Vjpi1+(@+b)Vji1mer +(@—D)Wjm_1 +(@—Db)Vjy1m

then
—(@+b)Wis1me1 + (1 +2a+ )V m — (@ = b)Vjp1m1=(@+ bV s + (@ — D)WV +(1 — 2a + )Vj
Let
um)=a—b= iAt(szz —rm),
v(im) =2a+c= %At(ozm2 +7),
w(m) =a+b= %At(cszm2 +7rm) ,
Then, let
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0 —u(N—-1) 1+v(N—-1)
1—v(1)  w(D) 0
/ u(2) 1-v(2) w(2) 0 \
| o u3  1-v(3) I
B=| s - : I
1-v(N—-3) w(N-3)
k 0 e u(N—=2) 1-v(N-2) W(N 2) )
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We can rewrite the equation into matrix form,

AxVitl b =Bx* W +c

Hence,

Vit =41« (B«V/ +c—b)

5.2 Stability analysis

Let

v(l) —w(1) 0
—u(2) v -w()
0 —u(3) v(3)

N
I

—
o

v(N —3)
—u(N—-2)
0

—w(l\; —-3)
v(N—2)
—u(N—-1)

—W(N 2)
v(N—-1)

The evolution matrix for Crank-Nicolson method is Eqcy = I+ C)"'(I1-C)=A4"1+«B=A"1+ B

As,

I+C+1-C=2I

I+Eqy = 2(1+ €))7t

Ecy=—-14+20+0)71

Then the eigenvalue of E-y and I+ C has the relation,

Ty = —1+2+— [3]
Uk

And wu;, is actually the eigenvalue of A.

|
)



1 1 1 k
u =1+ - 02m2At + rAt + 2 |—o*m*At2 — — At2m2r2 x cos —
k 2 16 16 N+1

k
W =1 + = (62m2At + rAt + 2_|>o*m*At? — 2 At2m2r2 x cos —2)
k 2 4 4 N+1

From backward difference method we have

1 1
w, = 1+ o?m?At + rAt + 2\/1 o*m*At? — ZAtzmzr2 * oS

So it is always true that
u, > 1
Therefore,
1<Tk=—1+2*uil,{<1

We can conclude that the Crank-Nicolson method is unconditionally stable.

6. Exact Solution

By financial theory[2], the price of call option is

C(S, f-) = N(dl)g — N(dz)ﬁre—r{i“—fj
1 [ S o2 -
== (&)~ (7)o

1 I S o |
dy = ——— |1 — — (T -1
’ me_f._n(H)Jr(r 2)( )_
= d1 — O T —1
By put-call parity we have the price of put option
P(S,t) = Ke"T7Y _ 5 4 C(5,1)
= N(—dy)Ke ™Y — N(—d,)S

7. Analysis of error and computation speed

We use the following option and gird to test our scheme.

Time to maturity T=0.25. Strike price for the option K=10; Risk-free interest rate r=0.1; Volatility of the market
o = 0.4. Max price for call option Smax= 40; Step size for price h=40/20; Step size for time dt=0.25/200;

The exact solution for call option is
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The exact solution for put option is
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With error=0.1213

Price for put option from forward difference
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0 5 10 15 20 25 30 3 40
stock price

With error=0.1213

Price for call option from backward difference
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With error = 0.1227

CPU time for Jacobi method: 35.6563

CPU time for Gauss-Seidel method: 19.8438

CPU time for SOR method with relaxation parameter 0.9: 24.7188

We are not going to try to find the optimal relaxation parameter for SOR method as it is too slow and we will not use



this method anyway.

Price for put option from backward difference

option price
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With error =0.1226
CPU time for Jacobi method: 0.1719
CPU time for Gauss-Seidel method: 0.1719

CPU time for SOR method with relaxation parameter 0.9: 0.2500
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From the above graph, we can see that there are multiple relaxation parameters that can be optimal. 1 is one of the

optimal relaxation parameters.

Price for call from Crank-Nicolson Method
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With error =0.1220

CPU time for Jacobi method: 0. 0.1875

CPU time for Gauss-Seidel method: 0.2188

CPU time for SOR method with relaxation parameter 0.9: 0.3281
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From the above graph, we can see that there are multiple relaxation parameter that can be optimal. 1 is not optimal.



Price for put option from Crank-Nicolson Method

option price

0 5 10 15 20 25 30 35 40
stock price

With error =0.1220
CPU time for Jacobi method: 0.1719
CPU time for Gauss-Seidel method: 0.1719

CPU time for SOR method with relaxation parameter 0.9: 0.2813
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From the above graph, we can see that there are multiple relaxation parameter that can be optimal. 1 is not optimal.
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Appendix.

1. Code for exact solution:

x=linspace (0, Smax,N+1) ;
for t=0:Tn
for m=0:N
dl (m+1,t+1)=1/(sigma*sqgrt (T-t*dt)) * (log (m*h/K)+ (r+sigma~2/2)* (T-t*dt)) ;
d2 (m+1,t+1)=dl (m+1, t+1l)-sigma*sqgrt (T-t*dt);

callex (m+l, t+1)=normcdf (dl (m+1,t+1)) *m*h-normcdf (d2 (m+1,t+1)) *K*exp (-r* (T-t*dt) ) ; Sexact
value for call option
putex (m+1l,t+l)=K*exp (-r* (T-t*dt))-m*h+callex (m+l,t+1l); %from put-call
parity %exact value for put option
end

end

2. Code for call option

2.1 Explicit method

for m=1:N-1
alpha (m)=1-sigma”2*m~2*dt-dt*r;
beta(m)=0.5* (sigma”2*m"2*dt+dt*r*m) ;
gamma (m)=0.5* (sigma”2*m*2*dt-r*dt*m) ;
end
A(l,1:2)=[alpha(l) beta(l)];
A(N-1,N-2:N-1)=[gamma (N-1) alpha (N-1)1;
for i=2:N-2
A(i,i-1:i+1l)=[gamma (i) alpha (i) beta(i)];

end

b(l,1:Tn-1)=gamma (1) *0;
for i=1:Tn+l
VN (i) =Smax-K*exp (-r* (i-1) *dt) ;
b(N-1,1i)=beta (N-1)*VN(1i);
end
$From terminal condition
for m=1:N-1
if h*m>K
V (m)=h*m-K;

else

end
vVt(:,1)=V;
for i=1:Tn
Vt(:,i+1)=A*Vt (:,i)+b(:,1);

end



Vfinal (1)=0;
Vfinal (2:N)=Vt(:,Tn+1);
Vfinal (N+1)=VN(Tn+1) ;

2.2 Implicit method

for m=1:N-1

beta (m)=1l+sigma”2*m*2*dt+dt*r;

alpha (m)=0.5* (-sigma”~2*m*2*dt+dt*r*m) ;

gamma (m)=-0.5* (sigma®2*m”*2*dt+r*dt*m)
end
A(l,1:2)=[beta(l) gamma(l)];
A(N-1,N-2:N-1)=[alpha(N-1) beta(N-1)];
for i=2:N-2

I

A(i,i-1:i+1)=[alpha (i) beta (i) gamma(i)];

end
b(l,1:Tn-1)=alpha(l)*0;
for i=1:Tn+l
VN (1) =Smax-K*exp (-r* (i-1) *dt) ;
b(N-1,1i)=gamma (N-1)*VN (1) ;
end
$From terminal conditionc
for m=1:N-1
if h*m>K
V (m)=h*m-K;

else

end

vt (:,1)=V;
%build-in inverse
% t = cputime;

$ for i=1:Tn

% Vt(:, 1+1)=A"=1*(Vt(:,1)-b(:,1));
% end

% e = cputime-t

% Jacobi

% t = cputime;

% for i1i=1:Tn

% Vt(:,i+1l)=jacobi ( A, Vt(:,1)'-b(:
% end
% e = cputime-t

o\°

o\°

Gauss-Seidel

o\°

t = cputime;

o\°

for i=1:Tn

o\°

r1)

4

Vt (:,1+1)=gauss_seidel ( A, Vt(:,1i)'-Db(:

,1)

4

Vvt (:

,1)

4

107-9,

10000

) ;



o

end

% e = cputime-t

% SOR

% for 3j=1:90

% t = cputime;

% for i=1:Tn

% Vt(:,i+l)=sor ( A, Vt(:,1)"'-b(:
% end

% e(j) = cputime-t;

% end

Vfinal (1)=0;
Vfinal (2:N)=Vt(:,Tn+1);
Vfinal (N+1)=VN(Tn+1) ;

2.3 Crank-Nicolson Method

sconstruct matrix

for m=1:N
u(m)=dt/4* (sigma”2*m*2-r*m) ;
v (m)=dt/2* (sigma”2*m"2+r) ;

w(m)=dt/4* (sigma”2*m"2+r*m) ;

end

A(l,1)=1-v(1);
A(1,2)=w(l);
A(N-1,N-2)=u(N-1);
A(N-1,N-1)=1-v(N-1);
B(1l,1)=14+v (1),
B(1l,2)=-w(l);
B(N-1,N-2)=-u(N-1);
B(N-1,N-1)=1+v(N-1);

A(m,m-1)=u(m);
A(m,m)=1-v(m) ;
A(m,m+1)=w(m);
B(m,m-1)=-u(m);
B(m,m)=1+v (m) ;
B(m, m+1l)=-w(m) ;

end
%$From terminal conditionc
for m=1:N-1
if h*m>K
V(m, Tn+1l)=h*m-K;
else
V(m, Tn+1)=0;
end

end

r1)

A\l

4

vVt (:

,i)',0.140.01%5,

107-9,

10000

) ;



$From boundary condition of put

% S goes to inf

b(l,1:Tn+1)=0;

c(l,1:Tn+1)=0;

% S 1is 0

for i=1:Tn+l
VN (1) =Smax-K*exp (-r* (Tn-(i-1))*dt);
b(N-1,1i)=w(N-1)*VN(i);
c(N-1,i)=-w(N-1)*VN (i) ;

end

%build-in inverse

% for i=1:Tn

% V(1:N-1,Tn+1-i)=B"-1* (A*V(1:N-1,Tn+2-1)+b(:,Tn+2-1)-c(:,Tn+l-1));

o)

% end

o)

% Jacobi
% t = cputime;

% for i=1:Tn

% V(1:N-1,Tn+l-i)=jacobi ( B, (A*V(1:N-1,Tn+2-1)+b(:,Tn+2-1)-c(:,Tn+l1-1))",
V(1l:N-1,Tn+2-1i)"', 107-9, 10000 );

% end

o

e = cputime-t

o

Gauss-Seidel

o

t = cputime;

o\°

for i=1:Tn

o\°

V(1:N-1,Tn+1l-i)=gauss seidel ( B, (A*V(1:N-1,Tn+2-i)+b(:,Tn+2-1i)-c(:,Tn+1l-1))"',
V(1l1:N-1,Tn+2-1)"', 107~-9, 10000 );

o\°

end

o\°

e = cputime-t

o\°

o\°

SOR
for 3=1:90

o\°

% t = cputime;

o\°

for i=1:Tn

o\°

V(1:N-1,Tn+l-i)=sor ( B, (A*V(1l:N-1,Tn+2-i)+b(:,Tn+2-1)-c(:,Tn+1-1))",
V(l:N-1,Tn+2-1)"',0.1+40.01*3, 107-9, 10000 );

o\°

end
% e(j) = cputime-t;

% end

Vfinal (1)=0;
Vfinal (2:N)=V(1:N-1,1);
Vfinal (N+1)=VN(1) ;

3. Code for put option



3.1 Explicit Method

for m=1:N-1
alpha (m)=1-sigma”2*m*2*dt-dt*r;
beta(m)=0.5* (sigma”2*m"2*dt+dt*r*m) ;
gamma (m)=0.5* (sigma”~2*m*2*dt-r*dt*m) ;
end
A(l,1:2)=[alpha(l) beta(l)];
A(N-1,N-2:N-1)=[gamma (N-1) alpha (N-1)1];
for i=2:N-2
A(i,i-1:i+1l)=[gamma (i) alpha (i) beta(i)];
end
% for i=2:N-2
& A(il,:)=A(i,:)./sum(A(i,:));
% end
$From boundary condition of put
b (N-1, :)=beta (N-1)*0;
for i=1:Tn+l
VO (1)=K*exp (-r*(i-1)*dt);
b(l,i)=gamma (1) *V0 (i)
end
$From terminal conditionc
for m=1:N-1
if h*m<K
V (m)=K-h*m;

else

end

vt (:,1)=V;

for i=1:Tn
Vt(:,1+41)=A*Vt(:,1)+b(:,1);

end

Vfinal (1)=V0 (Tn+1) ;

Vfinal (2:N)=Vt (:,Tn+1);

Vfinal (N+1)=0;

3.2 Implicit Method

for m=1:N-1
alpha (m)=0.5* (-sigma"2*m*2*dt+dt*r*m) ;
beta (m)=1l+sigma”2*m*2*dt+dt*r;
gamma (m)=-0.5* (sigma"2*m*2*dt+r*dt*m) ;
end
A(l,1:2)=[beta(l) gamma(l)];
A(N-1,N-2:N-1)=[alpha (N-1) beta(N-1)1;
for 1=2:N-2
A(i,i-1:i+1)=[alpha (i) beta (i) gamma(i)];



% for i=2:N-2
B A(i,:)=A(i,:)./sum(A(i,:));
% end
%$From boundary condition of put
b (N-1,1i)=gamma (N-1) *0;
for i=1:Tn+l
VO (1)=K*exp (-r*(i-1)*dt);
b(l,i)=alpha(l)*V0(i);
end
$From terminal conditionc
for m=1:N-1
if h*m<K
V (m)=K-h*m;

else

end
Vt(:,1)=V;

o)

% build-in inverse

o

for 1i=1:Tn
Vt(:,i+1)=A"=-1*(Vt(:,1)-b(:,1));

o

o

end

o

Jacobi

o

t = cputime;

o

for i=1:Tn

vVt(:,i+l)=jacobi ( A, Vt(:,i)'-b(:,1)"', Vvt(:,1)"', 107-9, 10000 );

o

% end

% e = cputime-t
% Gauss-Seidel
% t = cputime;
% for i=1:Tn

% Vt(:,1i+1l)=gauss_seidel ( A, Vt(:,i)'-b(:,1)', vt(:,1)', 10"-9, 10000 );

o\°

end

o\°

e = cputime-t
SOR
for 3=1:90

o° oo

o\°

t = cputime;

o\°

for 1i=1:Tn
vt(:,i+l)=sor ( A, Vt(:,1)'-b(:,i)"', Vt(:,1)"',0.1+0.01*3, 107-9, 10000 );

o\°

o\°

end

o\°

e(j) = cputime-t;

o\°

end

Vfinal (1)=V0 (Tn+1) ;
Vfinal (2:N)=Vt (:,Tn+1);
Vfinal (N+1)=0;



3.3 Crank-Nicolson Method

sconstruct matrix

for m=1:N
u(m)=dt/4* (sigma”2*m*2-r*m) ;
v(m)=dt/2* (sigma*2*m"2+r) ;

w(m)=dt/4* (sigma”2*m"2+r*m) ;

end
%$From terminal conditionc
for m=1:N-1
if h*m<K
V(m, Tn+1l)=K-h*m;
else
V(m, Tn+1)=0;
end

end

%$From boundary condition of put
% S goes to inf
b(N-1,1:Tn+1l)=w(N-1)*0;
C(N-1,1:Tn+1)=-w(N-1)*0;

S is O

for 3=1:90

o°  oP

o\°

t = cputime;

o\°

for i=1:Tn

% V(1:N-1,Tn+l-i)=sor ( B, (A*V(1l:N-1,Tn+2-1i)+b(:,Tn+2-1)-c(:,Tn+1-1))",

V(l:N-1,Tn+2-i)"',0.1+0.01*3, 107~-9, 10000 );

o\°

end
% e(j) = cputime-t;

% end



$build-in inverse

[o)

% for i=1:Tn

% V(1:N-1,Tn+1-1)=B*=-1* (A*V(1:N-1,Tn+2-1i)+b(:,Tn+2-1i)-c(:,Tn+1-1));
% end

% Jacobi

% t = cputime;

o)

% for i=1:Tn
% V(1:N-1,Tn+l-i)=jacobi ( B, (A*V(1l:N-1,Tn+2-1)+b(:,Tn+2-1)-c(:,Tn+l-1))"',
V(1l:N-1,Tn+2-i)', 107~-9, 10000 );

o

end

o

e = cputime-t

\o

s Gauss-Seidel

o

t = cputime;

o

for i=1:Tn
V(1:N-1,Tn+1l-i)=gauss seidel ( B, (A*V(1:N-1,Tn+2-1i)+b(:,Tn+2-1i)-c(:,Tn+1l-1))"',
V(1l:N-1,Tn+2-1)"', 107~-9, 10000 );

o

o

end

o

e
SOR

for 3=1:90
t

cputime-t

o oo

o

cputime;

o

for 1i=1:Tn
V(1:N-1,Tn+l-i)=sor ( B, (A*V(1:N-1,Tn+2-i)+b(:,Tn+2-i)-c(:,Tn+1-1))",
V(l:N-1,Tn+2-1)"',0.1+0.01*3, 107-9, 10000 );

o

% end
Q

% e(j) = cputime-t;

% end

Vfinal (1)=VO0 (1) ;
Vfinal (2:N)=V(1:N-1,1);
Vfinal (N+1)=0;



