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Abstract

We use Fock-state expansions and the Light-Front Coupled-Cluster (LFCC) method
to study mass eigenvalue problems in quantum field theory. Specifically, we study
convergence of the method in scalar Yukawa theory. In this theory, a single charged
particle is surrounded by a cloud of neutral particles. The charged particle can create
or annihilate neutral particles, causing the n-particle state to depend on the n + 1 and
n — l-particle state. Fock state expansion leads to an infinite set of coupled equations
where truncation is required. The wave functions for the particle states are expanded
in a basis of symmetric polynomials and a generalized eigenvalue problem is solved
for the mass eigenvalue. The mass eigenvalue problem is solved for multiple values
for the coupling strength while the number of particle states and polynomial basis
order are increased. Convergence of the mass eigenvalue solutions is then obtained.
Three mass ratios between the charged particle and neutral particles were studied. This
includes a massive charged particle, equal masses and massive neutral particles. Relative
probability between states can also be explored for more detailed understanding of the
process of convergence with respect to the number of Fock sectors. The reliance on
higher order particle states depended on how large the mass of the charge particle was.
The higher the mass of the charged particle, the more the system depended on higher
order particle states. The LFCC method solves this same mass eigenvalue problem using
an exponential operator. This exponential operator can then be truncated instead to
form a finite system of equations that can be solved using a built in system solver
provided in most computational enviroments, such as MatLab and Mathematica. First
approximation in the LFCC method allows for only one particle to be created by the
new operator and proved to be not powerful enough to match the Fock state expansion.
The second order approximation allowed one and two particles to be created by the
new operator and converged to the Fock state expansion results. This showed the
LFCC method to be a reliable replacement method for solving quantum field theory

problems.
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Chapter 1

Introduction

An important aspect to physics is understanding real systems on a fundamental level.
We can look at the building blocks of the universe and try to understand how they work.
Classically, we want to find the equations of motion for a system. Understanding the
equations of motion define how the system behaves. The way we do this is first defining
the Lagrangian.

This method breaks down as objects get smaller and smaller and we have to go to
a quantum frame. Quantum mechanically we care about the energy of a system. Here
we define a system’s Hamiltonian, then solve an eigenvalue problem to get the energy.

This system also breaks down once particles are moving at relativistic speeds. For
this, we move to quantum field theory and solve for a mass eigenvalue for the system.
In this work, we will be looking at a charged particle surrounded by a cloud of neutrals.
This is primarily done through quenched scalar Yukawa theory [1,2].

The Lagrangian for a system, classically, is the kinetic energy function of a system
with the potential energy function subtracted. Kinetic energy is defined nonrelativisti-

cally as % where p is the momentum and m is the mass. Quantum mechanically

. 0
p= —zha—x (1.1)

in one dimension. We can define a Hamiltonian to be the kinetic energy added to the

potential energy. Schrodinger’s equation is then defined as

Evy = Hy. (1.2)
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This is an eigenvalue problem. From a time independent one dimensional view we have

h2 82
" 2m 92

Ey = [ + V] . (1.3)

Here, 1 is a wave function.
A wave function defines the probability for system to be in a state. For example,

for a time independent single particle system

L[wwmx (1.4)

defines the probability for the particle to be between a and b. Wave functions mathe-
matically behave as vectors in a Hilbert space. To get information out of them, we act
on them with linear transformations we call operators. Operators behave like matrices

and therefore are not always commutative. If A and B are both operators

[A,B] = AB — BA, (1.5)

and is called a commutation relation.

The Hilbert space is the collection of all functions that define a vector space with

/ba [ (x)|2dr < 0. (1.6)

The state of the system will be represented using bra-ket notation. The ket is
symbolized by |). The state of a quantum mechanical system will be represented by [¢),

and the corresponding wave function for this system is defined by

) = [ dele) tale). (L.7)

)
with (x[t) = ¢ (x) and |z) the eigenvector of position [3].

The particles in this work are behaving under relativistic assumptions. This means
we have to treat our particles as fields for a proper quantum description [4]. A field here
means a quantum operator defined at each point in space and time. This makes spatial
coordinates difficult to work with. We will then use momentum to define everything

and work in a Fock space instead. A Fock space is a Hilberts space built from states
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with a definite number of particles, each with a definite momentum. A Fock state is a
particular basis state in the Fock space.

Fock state expansion works primarily with momentum so, if the total momentum
changes, our wave functions will change. To fix this, we will work with light-front
coordinates, which will be discussed in chapter 2. This coordinate system is based on
momentum fractions and is invariant under a Lorentz transformation. Chapter 2 will
also show the Lagrangian and Hamiltonian for our system. The mass eigenvalue is found
by solving a generalized eigenvalue problem by truncating the number of particles used.

The light-front coupled-cluster method (LFCC) analyses the same physical situations
but without using a Fock-space truncation [5]. Instead of truncating the number of
particles, the way the wave functions interact are defined through an operator, T', which
is then truncated instead [6].

Previous work involving the LFCC method focused the lowest level approximation to
the T operator. This included work on ¢* theory, which is a theory of neutrals only with
a Hamiltonian into four parts which created and annihilated different number of neutrals
[7]. The next step is to consider higher order approximation to the 7" operator. That is
what we consider here, to see how many terms might be needed to accurately represent
a quantum eigenstate. This will be done in quenched scalar Yukawa theory (a.k.a. the
Wick-Cutosky model), where quenched means that pair creation and annihilation is
excluded. This theory provides perhaps the simplest context within which to consider
the LFCC method and therefore provides an ideal test. The Fock-state epansion method
will be used to judge the accuracy of the LFCC results. To see why the quenched form
of the theory is necessary, see earlier work such as [8].

The light-front coupled-cluster method will be discussed in detail in Chapter 3. This
chapter will present both first and second order approximations. Chapter 4 will then
compare the Fock state expansion to the LFCC method with the code for the work

provided in Appendix A. Chapter 5 contains a brief summary.



Chapter 2

Light-Front Scalar Field Theory

To meet the objective of this work, we wish to study scalar Yukawa theory. To do this,

we need to build a foundation by examining the field theory using light-front coordinates

2.1 Light-Front Coordinates

Light-front coordinates [9] are defined by % = t+z, with 21 as the light-front time and
with the transverse coordinates unchanged Z; = (x,y). The spacetime four-vectors are
defined as x# = (zT, 2™, %, ) and the three vector as z = (x~, 7). The four-momentum
is then p* = (p*,p~,p1) with p~ = F — p, and p* = E + p,, the light-front energy
and longitudinal momentum respectively. The dot product of a coordinate vector and
momentum vector is p-z = %(p‘sc‘*‘ +ptz~)—p -#1. The mass shell condition p? = m?
becomes p~ = (m? + p%)/p™. Spatial derivatives are defined by
0:=5te =4 (h+$).0=(5.4)

Systems of n particles with momentum p; for the ith particle and invariant mass M
have a total momentum P. Components are defined as normal but P~ = (M?+P?)/ P~
Now define x; = pj /PT and k; =P — 2P Any two frames of reference can be
connected by a combination of longitudinal boosts along z and a combination between
transverse boosts and rotations. z¢ and k: | are invariant under these boosts and so,
wave functions defined under these terms, are also invariant. This is the reason light-
front quantization is used.

With these definitions, the light-front Hamiltonian eigenvalue problem becomes the



set of two equations
M?+ p?
P(R)) = —5— [W(2)) , BI¥(R)) = Pl(D)).

The second equation is solved by expanding the eigenstate in Fock states, eigenstates

of particle number with definite momentum for each particle.

2.2 Quenched Scalar Yukawa Theory

We will be looking at a charged scalar surrounded by a cloud of neutrals moving along

in the z direction. The Lagrangian for this system and Hamiltonian density are

1 1
L= QX708 —mA X + (0,0) — 6" — g0l X, (2.1)

- 1, 1
Ho= (0L +m?| X" + 5(006)° + 5pu°e” + gl X[, (2:2)

This system is very similar to a simple neutral scalar field and can be solved using

Fourier decomposition

+ 72 ) )
o(x) % [a(g)e_”"m + aT(Q)eZp'x] (2.3)
dp—i_dzpl —ip-x 1 ip-x
X(SU) = \/W |:C+ (B)e p +c_ (B)e p i| . (24)

The operators a and ¢ move between states by creating new particles with a' and ¢ or

annihilating particles with a and c¢. They have the commutation relations

[a(p), a(p)] = 0, [a'(p), a’ ()] = 0, [a(p), a' (p))] = 3(p — ). (2.5)

With non-zero commutation relation

[ex(p), k()] = 6(p — P). (2.6)

The a operator is for the neutral particles with ¢ being for the charged particle. For

example, with |0) as the Fock vacuum, a'(P) |0) is the state of one neutral particle with
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momentum P. This then will lead to the Hamiltonian being written as P~ = Py +P,,,.

m2 4+ 2 2, 2
Py = /dppipl {ci(g)ar(g) +cT_(p)c_(g)} + /dq'uthaT(Q)a(Q) (2.7)

q VAN §

dpdq
/ \/167r3p+q+ pt+qh) [(Ci(p + @)cr(p) (2.8)
tel (p+ e (p)alo)

+at(g) (ch@er(p+ )+ e-(p+9)) ]
dpdq

/ \/167T3p1 ps (0T + 1)

+al(p, +p,)er (e (p,)]

)l )atp, +p,)

For the quenched theory, the pair production and annihilation term is dropped. The

Fock-state expansion for a particle of charge +1 is

WJ:I:(B» Z P+ n/2/ <Hd1'zd sz.) ZIZ ¢n xis k ZJ_ |$27 zJ_aP n, i)
n=0 %
(2.9)

with the Fock states written as

. 1 "
\wi, ki, Pon, +) = ﬁcl((l—Zmi) 1—2% Zku (2.10)

n
x [[a'(@:PT kiy +z:P1)|0).

i

M2+ P?
Now this is substituted into the eigenvalue problem P~ |1 (P)) = ?WJ(B»
which leads to a coupled system for the wave functions v,

1—Zi$i X 7

(2

2 )2
M2 (i Fir) = (m Y B ] Iku)wz, L) (2.11)
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-

(el xl;lea---§xj—17kjflj_§xj+17kj+1j_§---§xn7knL)

WZ \/xj(l_zi¢ja:i)(1—2~l‘i)

n+1 1.17 liJ <3 Tn, k?’LJJ Y, qj.)

ddeqJ_Q 1-— Z T; —

QW/
\/yl—sz MDD

This system is then solved for M. and ;.

2.3 Approximations and Equations

Eq. (2.7) can be simplified by assuming the system is in only one space dimension. We

will also drop any superscript 4+ or subscript £+ from now on. We will divide both sides

by ©? to reduce variables and rename ’/’}—22 = m? and \/er = A. These simplifications

result in

2 ﬁl2 n
]\Zgwn(m) = (1_sz + Z ;) P (4) (2.12)

Yp—1(T1,. .., Tj—1, Tjg1, -, Tn)
Z \/](1 Zi;ﬁjwi)(l_Zixi)

n - ¢n+1(x1,..-7xn’y)
Vit [ gl - 2 ) T s

Now we want to write ¢, (z;) in terms of symmetric polynomials or

(X1, x0) = Z bNEA | T120 .. Ty (1 — Z%) Qxlli(xl,,xn) (2.13)

N,k=0

Qg\?/,)C needs to be symmetric with respect to (z; <> x;). This makes

Qg\?]l = Tl.%gnzaj‘?" —1—2(.% (—)ZL’j), (2.14)

i
N =mi+ma+ ... +my, where N > m; > 0. N is the total degree of the basis
polynomials with & summing over all basis polynomials with total degree N. To help

illustrate this



n
Qv = e+l v val)
n N-1 N-1 N-1 N-1 N-1
EV% = x7 T2tz T3+...+x] Tp+Ty x1+xT5 T3F...
(2.15)
QE\?])C = ey e 4Pyt ot

and so on. This sort of basis expansion will also be used in Chapter 3.
We can represent these polynomials using vectors. The vectors length will be the

number of particles with elements consisting of m;. This leads to the representation

(m1,ma,...,my) =z xy? . o)™ + Z(x, “ xj). (2.16)
i#]
These vectors are easy to make in code using a recurrence function. The polynomials

are then easier to work with and manipulate using these vectors instead.

Eq. (2.8) can now be re-written as

M? = o™
oz T1X2 ... Ty 1—Z$i Quip(T1, ..., 2n) = (2.17)

rh2 n 1 n (n)
1_22%—%;% T1To ... Ty 1—Xi:xi Qnp(T1, ... 1p)

n (n—1)
n A Z\/xl...xj_lxjﬂ...anNk (:1:1,...,a:j_l,xj+1,...,:1:n)
n =
J

vn Vil =22 xi)

n (n+1)
+)\\/"m/dy9(1—2xi—y) xlxz...xn(ékaZ(xl,)...,:cn,y)'
- =S

We will project onto Eq. (2.13) each state and part of the approximation will be how

many projections we do. The projection will consist of multiplying and integrating over



the momentum by

1 pl—x (1—2?_1331-) n n
/ / . / Hdl“i T1Z2...Tn (1 - Z$’> Qg\?,)k, (x1,...,2n) (2.18)
o Jo 0 y i

This projection defines a generalized eigenvalue problem of the form

CU = —-DV. (2.19)

U is a vector consisting of the byg. C' and D are block matrices of the form

Coo (o1 0 0

Cl0 C11 C12 0 .
c = , (2.20)
0 co1 c22 co3

dy 0 0
0 di 0

D = ,
0 0 dy

where d; is a block with entries

1 pl—ay (1= ay) ¢ i
diNﬂﬁ,NQ,kg = /O /O /0 Hdl’jl’lﬂj‘g...l‘i 1—ZZEJ' (221)
J J

XQS\?NH (1‘1, e ,xl)Qg\ng (l‘l, - ,l’i).

C represents Eq. (2.13) where the diagonal matrices are contributed by the same sector

term or the first term on the right hand side to give

1 1—x1 (1—2;_1 :pl) i m? i 1
CiiN1k1,No ks = /0 /0 .. /0 Hdl'J W + Z ;] (222)
J J
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7
XT1x2...2; I—ij Qg\lf)lkl(xh“'7331')@%)2@(951"“7%)'
J

The upper diagonal matrices are contributions made by a neutral particle being anni-
hilated. This means the ith+1 state makes a contribution to the ith projection given

by the third term in Eq. (2.13) yielding

1 pl-m (1= ) p(1-hw) ¢
Cii+1N1k1,No,ks = )\\/Z'—i—l/o /0 /0 /0 Hdl'j dyl'l:l,‘g...l‘@'
J

X QW (@1, ) QS (21, i), (2.23)

The lower diagonal terms correspond to a neutral particle being created. This means
the ith-1 state makes a contribution to the ith projection given by the second term in
Eq. (2.13) yielding

n—1 )
A /l/l—ml /(I—Zi acl) ¢
Ci—1iN1k1,Nosks = —7 dx; (2.24)
1R1 2,R2 \//z 0 0 0 E[ ]

7
i1 .
X Zwlxg o T —1Tm41 - - - xiQS\lflkl)(‘rl’ ceey xi_l)Qg\Zf)gkg (33‘1, . ,.Z'Z').
m

With the basis polynomials and physical symmetry of the system, both C and D will

be symmetric. This is a useful check when coding and looking at results.

2.4 Results for Fock State Expansion

We have defined multiple variables we are free to play with. The simplest is m. This is a
ratio between the mass of the charged particle and the mass of a single neutral particle.
We will be looking at four different values for m namely 0.01,0.1,1, and 10. For each
m value we can control how many particle sectors we use to find our mass ratio, ]‘ij—;,
or total system mass over a neutral particle mass. We will use n to mean the n-neutral
sector. Finally, we want to see how the mass ratio changes with the coupling strength, .
The higher the coupling strength, the more sensitive the result should be to the number

of constituents. We are looking for convergence within each sector with respect to the
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basis size as well as overall convergence with respect to the number of sectors. Since the
result is a mass ratio, any result that gives a negative value is not a physical solution a
negative mass squared corresponds to an imaginary mass. For a single neutral particle,
Figure 2.1 shows immediate convergence between basis polynomial orders.

Figure 2.2 shows a similar result with some noticeable differences in mass ratio for
coupling strengths higher than 0.8 but these difference appear after the mass ratio is
negative and can be disregarded. Figure 2.3 shows differences can occur before the
mass ratio becomes negative. Figure 2.3 shows why convergence with respect to basis
polynomials is tested. We can see how the sectors are influencing each other to get a

better idea of what is going on. We used relative probability defined by

2
w—% [ dz:. (2.25)

i

The probabilities were then plotted with respect to the coupling strength shown in
Figure 2.4. This shows that the zero-neutral sector is the most probable for m = 1.
Figure 2.6 shows that as we increase the number of particles, the probability for higher
sectors become more noticeable with Figure 2.8 implying convergence since the five-
sector contribution is close to zero relative to the other sectors.

We see something similar in Figure 2.10 where we are comparing sectors. Notice how
the four, five, and six-neutral sector are converged on top of each other. This is expected
from the probability graph, Figure 2.8, giving such low probability for the five-neutral
sector. We do the same analysis for . = 10. The mass of the charged particle being 10
times larger than the neutral particles runs into some complications. The final mass ratio
is fairly large so to get to a point where it becomes negative, larger coupling strength
needs to be tested. The larger m value results in a higher dependence on higher particle
sectors illustrated by Figure 2.14. The overall convergence, shown in Figure 2.15, is not
very good for large coupling. This result is believed to be a limitation on the code itself.
Since, more neutral sectors had to be used, this causes a larger generalized eigenvalue
problem to have to be solved. This can cause compound errors to occur especially if any
eigenvalues are small. One attempt at fixing this solution was to normalize the basis
polynomials but this did not fully solve the problem. Notice from Figure 2.15 as the

number of particles increased, the order of basis polynomial could only be first order.
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This was more from the code giving errors than actual convergence.

For small values of m the opposite occurs. Convergence is seen almost immediately
shown in Figures 2.16-17 with evidence for convergence in Figure 2.18 which is the
probability graph showing that only the one-neutral sector matters. We also have a
limit with how little m can be, which is illustrated in Figure 2.20. As the coupling

strength goes to zero

— =m (2.26)

but with m = 0.01 the mass ratio appears to almost always be negative.
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Figure 2.1: One-neutral sector convergence for m = 1 with N being the highest order
for basis polynomials. Any value below 0 corresponds to an imaginary mass which is
not physical and can be disregarded. The graph shows a decreasing difference as the
number of Fock sectors is increased, which implies convergence.
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Figure 2.2: Two-neutral sector convergence for m = 1 with N being the highest order
for basis polynomials. Any value below 0 corresponds to an imaginary mass which is
not physical and can be disregarded. The graph shows a decreasing difference as the
number of Fock sectors is increased, which implies convergence.
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Figure 2.3: Three-neutral sector convergence for m = 1 with N being the highest order
for basis polynomials. Any value below 0 corresponds to an imaginary mass which is
not physical and can be disregarded. The graph shows a decreasing difference as the
number of Fock sectors is increased, which implies convergence.
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Figure 2.4: Relative probabilities with for up to three neutrals for m = 1, with each
curve corresponding to the relative probability between vy and v,,. The graph shows
how the probabilities between each sector change with the coupling strength. This graph
shows that the most probable state is the zero-neutral state.
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Figure 2.5: Four-neutral sector convergence for m = 1 with N being the highest order
for basis polynomials. Any value below 0 corresponds to an imaginary mass which is
not physical and can be disregarded. The graph shows a decreasing difference as the
number of Fock sectors is increased, which implies convergence.



18

T T T I T T T I T T T I T L
.
04— . 1 ]
i m - . |
3
B a 4 . i
Z )
2 B * T
'E .
a0z — - —
g .
2 .
2 L . .
= .
o -- ]
1]
I I I | I I I | I I I | I I

i} 0.z 0.4 0.5
Coupling Strength

Figure 2.6: Relative probabilities for up to four neutrals for m = 1, with each curve
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probabilities between each sector change with the coupling strength. This graph shows
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Figure 2.7: Five-neutral sector convergence for m = 1 with N being the highest order
for basis polynomials. Any value below 0 corresponds to an imaginary mass which is
not physical and can be disregarded. The graph shows a decreasing difference as the
number of Fock sectors is increased, which implies convergence.
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Figure 2.8: Relative probabilities for up to five neutrals for m = 1, with each curve
corresponding to the relative probability between vy and 1,,. The graph shows how the
probabilities between each sector change with the coupling strength. This graph shows
that as more particles are added, the probability gets less and less.
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Figure 2.9: Six-neutral sector convergence for m = 1 with IV being the highest order
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not physical and can be disregarded. The graph shows a decreasing difference as the
number of Fock sectors is increased, which implies convergence.
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Figure 2.10: Sector convergence for m = 1 with n being the number of neutrals in the
highest Fock sector and N being the highest order for basis polynomials. Any value
below 0 corresponds to an imaginary mass which is not physical and can be disregarded.
The graph shows a decreasing difference as the number of Fock sectors is increased,
which implies convergence.
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Figure 2.11: One-neutral sector convergence for m = 10 with N being the highest order
for basis polynomials. Any value below 0 corresponds to an imaginary mass which is
not physical and can be disregarded. The graph shows a decreasing difference as the
number of Fock sectors is increased, which implies convergence.



24

100

a0

=]

====2=22=
| [ | I I
[ SN 1 R A

Mazs Ratio

20—

i} 5 10 15 20 25 30
Coupling Strength

Figure 2.12: Two-neutral sector convergence for m = 10 with N being the highest order
for basis polynomials. Any value below 0 corresponds to an imaginary mass which is
not physical and can be disregarded. The graph shows a decreasing difference as the
number of Fock sectors is increased, which implies convergence.
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Figure 2.13: Three-neutral sector convergence for m = 10 with N being the highest
order for basis polynomials. Any value below 0 corresponds to an imaginary mass
which is not physical and can be disregarded. The graph shows a decreasing difference
as the number of Fock sectors is increased, which implies convergence.
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Figure 2.14: Relative probabilities for up to four neutrals for m = 10, with each curve
corresponding to the relative probability between vy and 1,,. The graph shows how the
probabilities between each sector change with the coupling strength. This graph shows
that the most probable state is the zero-neutral sector. For coupling strengths below
12, but that sectors with neutrals become more probable above 12.
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Figure 2.15: Sector convergence for m = 10 with n being the number of neutrals in the
highest Fock sector and N being the highest order for basis polynomials. The graph
is cut off at coupling strength 16 due to compound error in the code causing results
to miss the desired eigenvalue. Any value below 0 corresponds to an imaginary mass
which is not physical and can be disregarded. The graph shows a decreasing difference
as the number of Fock sectors is increased, which implies convergence.
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Figure 2.16: One-neutral sector convergence for m = 0.1 with N being the highest order
for basis polynomials. Any value below 0 corresponds to an imaginary mass which is
not physical and can be disregarded. The graph shows a decreasing difference as the
number of Fock sectors is increased, which implies convergence.
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Figure 2.17: Two-neutral sector convergence for m = 0.1 with N being the highest order
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30

0.01 T T T [ T T T T [ T T T T [ T T T T [ T T T 1
0008 — -'—
L . 1 e
B . 2 . i
. .
E"_u.una — 3 -- —
= B . 7]
3 - ot ;
$ . .
o L]
a 0004 — L —
. .
- [ ] —
= .
E o*
] «®
] .®
ooz — o® —
.
- [ ] -
a®
- -- -
al
- ------ -
0 e e L st
L0z I R T YT TN T T [T T T T N T N
i] 001 0.0z 0.0z 0.04 0,05

Coupling Strength

Figure 2.18: Relative probabilities for up to four neutrals for mm = 0.1, with each curve
corresponding to the relative probability between vy and 1,,. The graph shows how the
probabilities between each sector change with the coupling strength. This graph shows
that the most probable state is by far the zero-neutral state.
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Figure 2.19: Sector convergence for m = 0.1 with n being the number of neutrals in
the highest Fock sector and IV being the highest order for basis polynomials. Any value
below 0 corresponds to an imaginary mass which is not physical and can be disregarded.
The graph shows a decreasing difference as the number of Fock sectors is increased, which
implies convergence. For this small m value, convergence is seen almost immediately.
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Figure 2.20: One-neutral sector convergence for m = 0.01 with N being the highest
order for basis polynomials. Any value below 0 corresponds to an imaginary mass
which is not physical and be disregarded. For low enough m, no coupling strength leads
to a physical mass. The most probable cause is compound error in the code due to such
small values.



Chapter 3

Light-Front Coupled-Cluster
Method

3.1 Introduction

Solving the eigenvalue problem in Chap. 2 normally involves expanding the state in
Fock states. This will lead to an infinite set of equations that need to be truncated.
This will lead to multiple errors. We can avoid Fock-space truncation by expanding the

state in a single Fock state and defining an exponential operator

[0 (PY)) =vVZeT |g), (3.1)

with |¢) = ¢l (PT)]0). T is defined as an infinite sum

T — Z T,, (3.2)

where T;, when acting on the state creates n particles and is defined as

T, = /derquftn(qf,--.,qﬁ,p*) (H aT(fJf)) el (pM)ex <p+ +qu) . (33)

33
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The original eigenvalue problem then becomes

_ M2 + P? _
PP ¢) = —Fp—10), (1 = P)P [4) =0. (3.4)
With P, being the projection onto the valence sector and P = e LP~el. In the

first approximation, we only allow one particle to be created at a time. This results in

T="1T. Pf will be set to zero again assuming the system is in one space dimension.

3.2 First Approximation

Now we use a Taylor series expansion to rewrite the effective Hamiltonian as

_ T2 T2
P :<1—T1+21>73_<1+T1+21>. (3.5)

The truncation in the Taylor series is caused by only allowing a contribution up to the
first sector, 11. The T operator creates a neutral particle while the Hamiltonian, P~
can only annihilate one particle at most. This means any combination of T} acting on
the state that creates more than two particles will not be allowed. Consequently, powers
of T} higher than two can be ignored. Some terms remaining in P~ will also be dropped

for the same reason resulting in

P-T?

P =P +P T1—T1P + ~ TP 1. (3.6)

For the first approximation, we then project onto the valence sector and the one-
particle sector to get a two-equation system of equations. In other words, the first
equation will consist of contributions where only the charged particle survives whereas
the second equation consists only of contributions where a single neutral and charged

particle survive:

M? ﬂ12+/P g dgti(q,P—q) 3.7)
P P Jo Vir \[q(P—q)P
. g 1 ,u2 / /
0 o ﬁ’l(P—q’l)P+qﬁ1tl(QDP—%) (3.8)
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1/P‘q'1 g dqti(d;, P —d)ti(q, P —d; — q)
o Vir  JaP-¢)(P—d —q)
2

m
+qt1 (¢, P —q)

+1/P‘q'1 g9 dgti(q,P—qt(d,P—d—q)
2)o  ViAr \Ja(P=¢))(P—q| —q)
2
m
—?tl(qi,P—qi)
_/P g dgti(g), P —d)ti(g, P —q)
0o VArn q(P—q)P

These equations are made through vertex rules similar to Feynman diagrams. Figure
3.1 consists of all possible outcomes of P~ acting on the current state. The charged
particle is coming in from the right with total momentum P. The dotted lines are the
neutral particles with momentum ¢, and the solid line is the charged particle that gains
and loses momentum along the path. Figure 3.1(a) is represented by the first term in Eq.
(3.8) on the right side. This vertex contributes the coefficient \/% as well as an additional
factor in the denominator consisting of the square root of the incoming and two outgoing
momentum multiplied together. Figure 3.1(b) contributes the same coefficient out front
but now the additional consists of the square root of the two incoming along with the
single outgoing momentum multiplied together. This vertex also requires an integral
from 0 to the total momentum with respect to the incoming momentum. This sort of
integral is seen in the second term in Eq. (3.7) on the right side. Figure 3.1(c) and
3.1(d) give a fraction consisting of the mass of the particle squared that the vertex is
acting on in the numerator and a denominator consisting of the particles momentum.
The first term on the right side of Eq. (3.7) represents Figure 3.1(c). Figure 3.2 is is
the diagram representation of 77 acting on a single charged particle with momentum P.
This contributes the function t¢1, represented by the grey circle, where the arguments
will consist of the two outgoing momentum. Figure 3.2 will contribute ¢1(¢}, P — ¢})
specifically.

Each term in Equations 3.7 and 3.8 correspond to a particle diagram. The two terms
on the right hand side of Equation 3.7 corresponds to Figure 3.1c and 3.3 respectively.
The first term in Equation 3.8 corresponds to Figure 3.1a with the term linked to Figure
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3.4 added next. The next line corresponds to Figure 3.5. The next mass term originates

from Figure 3.6 with the following line being from Figure 3.7. The next term is the first

term with a negative coefficient and is related to Figure 3.8. The last term in Equation
3.8 is related to Figure 3.9.

We still want these equations to be made up of momentum fractions. Recall from

earlier ¢) = 21 P and g = yP. These substitutions are made and the extra factors of P

from dq and under the square roots are combined, to obtain

P P o Vdr  Jy(1—y)P '
0 = L +“2t(xp(1—x)P) (3.10)
NI o p @ 1 .
+1 / g dy ti(z1 P, (1 —21)P)ta(yP, (1 — 21 — y)P)
2Jo VAT V(A —z1)(1 - a1 —y)P
m2
+mt1($lpv (1—21)P)
" /1 g_dy iyl (1 -y PP (1 -2 —y)P)
2Jo  Viar Vy(l—z1)(1 21 —y)P
m2
*?tl(IElP, (1 — l‘l)P)
B /1 g dyti(z1 P, (1 —z1)P)t1(yP, (1 —y)P)
0 Vidm y(l—y)P
We want T} |¢) to match the second term from |¢)4(P)) where for n=1
[Y+(P)) = (P)1/2/d$1¢1i($1)cl((1 —x1)P)a’ (21 P)[0). (3.11)
We need to then re-scale t; such that
tl(LElP, (1 — CCl)P) == Pafl(l‘l). (312)

To determine «, rewrite 77 with momentum fractions and this re-scaling for ¢, gives

T |¢) = poHl /dxlfl (z1)al (21 P)clL (1 — 1) P)ex(P) |¢) . (3.13)
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The only difference we care about is the different powers on P. Defining a to be —%
fixes this issue. The re-scaling depends on the two argument of ¢;. The method is taking
the first argument, adding it to the second argument then dividing the first argument

by this total. This is the argument for £; multiplied by the total raised to a,

t(yP, (1 — 21 —y)P) = (1 — 21)P) 24 <(1_yxl)) (3.14)

We will then use this substitution for our system of equations and simplify as much as

we can which includes canceling P everywhere yielding

2 9 Lg dyti(y)
M2 o= m +/O NSt (3.15)
0 = ! K ) (3.16)
X1

g
iz o=

1/111 g dy El(xl)fl(l—ym)
0

T3 VAT (1 —21)\/y(1 — 21 — y)
m? .
—1-1 — x1t1(9€1)
+1 /lz1 g dy El(y)fl(lely)
2 0 m\/y(1*$1>(1*y)(17:ﬁ1*y)
—m2t~1(3;1)

_/1 g dy th(@)h(y)
0o Vir /y(1—y)

Now we want to apply numerical methods similar to those in section 2.4. For 1 (x)
we will be using a weighted Jacobi polynomial substitution to require orthogonality. We

will use the same notation as

fi(x) = > any/z(l—2)P (), (3.17)

where Rgl)(ac) is the nth Jacobi polynomial [10]. The superscript 1 indicates the first

order approximation. Jacobi polynomials are defined as
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1
slln+a—s)!(B+s)!(n—s)!

x(x;1>n_s (x;rl)s. (3.18)

where the superscripts a and 5 need to be determined through the orthogonality con-

PPA(z) = (m+a)(n+pB) >

dition

! 8 p(eB) (- plasB) gatfH
1 - 2)%(1 + 2)8 P () ples _
[ e o PO @ e @ = ot

'n+a+1)I'(n+p8+1)

I'n+a+p5+1)n! (3:19)

First, we want the integral to go from 0 to 1. Substitute z = 2o — 1. This gives,

1
/ 20481 — 2)(2)? Pl () P (3) . (3.20)
0
Overall we want
1
/ (1= 2)2PD (@) PO (2)dz = Gy (3.21)
0

Matching the weight functions gives @ = 8 = 1 and since we made the integral only

positive, I'(n) = (n — 1)!. This means

2048+ DPn+a+ 1)I(n+B+1) 23 (n+1)!(n+1)

= . 3.22
2n+a+pG+1 T(n+a+p+1)n! 2n+3 (n+2)!nl (3:22)
Finally we simplify the factorials and move everything to one side to result in
1
2 3 2
/ 21— 2) 22312 b1 () PO () dg = . (3.23)
0 2 n -+ 1

Comparing this with what we wanted yields

2n+3n+ 2
PW(z) = \/ ( R 1)1379’1)(9;). (3.24)
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Each equation from our system of equations earlier is then projected onto each basis
function. The first equation will stay the same while each term in the second equation
will be multiplied by mPél)(xl) and integrated from 0 to 1 with respect to
x1. This will make each term in the equation a matrix that we can multiply by a vector

containing ag to ay. We will then divide both sides in both equations by p? to make

our mass a ratio to essentially eliminate a variable and also replace uzg with X for

E

simplicity. We will define

2
% = . (3.25)

Summations over the index of the coefficients a,, will be implied from now on. With

these substitutions and simplification we get

1
~ 2 1
Tz = m +A/O dy a, PV (y), (3.26)

1 1
0 = )\/ dzx; P,§1>(x1)+/ dzy (1 — 21)amPM (21) PO (21) (3.27)
0 0
1 1 rl-x: dydzy a:lamaqugl)(xl)P,(nl)(a:l)Pl(l)(ﬁ)
415 / / :
2 Jo Jo (1—m1)
1
+ﬁ12/ dxq xlamP,sl)(azl)PT(,})(xl)
0
1. 1 == dydr $lamalp7g1)(xl)P’rgml)Q/)P’l(l)(lel)
+)\/ / Y
2 Jo Jo (1—-y)

1
—ﬁ12/ dxy x1(1 — w1)amP£1)($1)Pr(nl)($1)
0

1 1
—)\/ dy alPl(l)(y)/ dzy 21(1 — 21)am P (2) P (1),
0 0

We don’t want to be working with any fractions when we actually try to solve these

equations. To simplify things, any fraction inside the basis function will be substituted

Y
11—z

completely and the order of integration may need to be swapped as well. For this set

with the most common substitutions being z = This does not always simplify
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of equations, only one such case exists and is

1 1—x1 1 1—y
/ / dydxr; = / / dx1dy. (3.28)
o Jo o Jo

Any further simplifications will be done such as simplification and combination of terms.

This results in

M2 ~ 2 ! 1
= +A/0 dy an PV (y), (3.29)
1 1
0 = A / day PO (21) + / doy (1— 2)amP V(@) PO () (3.30)
0 0

1 1
—1—;/\/0 dz alPl(l)(z)/O dzy 3:1amP7gl)(x1)P,§11)(w1)
1.t 1) (1) (1)
i [ sy 20— penaPD e - ) PP PO )

1
s [ dar st P () P o)
0

1 1
—)\/ dy alPl(l)(y)/ dzy 21(1 — z1)am PV (1) P (21).
0 0

Finally, each term in the second equation will be re-written in terms of matrices and
vectors. Each element in the matrix is a term in the sum and the vectors will consist of

the appropriate coefficients for that matrix defined

A=1"1 (3.31)

an
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alal

a2a1

B = ana1

a1a2

anGn

The names for the matrices are picked to help recall which diagram they represent. This

makes the equation become

A12 1
— = m? + )\/ dy an, P (), (3.32)
H 0
A
0 = APTloop+ PTu.A+ §PTl00pT.B (3.33)

A
+§PTTloop.B +m?*TP.A— \TPT.B.
These are now ready to be solved using a system solver function in Mathematica. The
code is included in Appendix A.
3.3 Second Approximation

Now we will allow one or two particles to be created at a time making T' = T7 + T5.

This makes our effective Hamiltonian

Po= (1—mem+ BEBE BB oo (1 my) (33)
(T +T2)?  (T1+T)3
4 1 . 2 I 1 - 2 )

The same truncation was applied and results in the final effective Hamiltonian to be

PT? P TV, P LI PT3
1 + 142 + 241 + 1

P = - -T - T
P P +P T+ P 1Ty + 5 5 5 6

(3.35)
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TP~ T2
~TyP~ —T\P T, —T\P Ty — %
TP~ T?P~T
+ 12 4+ 5 L

— TP —1TyP Ty

We will use the same diagram rules used for the first order approximation to make
our equations with one additional rule. Figure 3.10 consists of T, acting on an incoming
charged particle with momentum P. The contribution this vertex makes is a factor of
to(qy, qb, P — ¢y — ¢4) with arguments consisting of all three outgoing momentum.

Our system of equations will now consist of three equations. One for the valance

sector, and one each for the sectors with one and two neutrals. Putting these together

gives
M? 2 P g dgti(q, P —
M= m+/ g dq ti(q, q)’ (5.36)
P P 0 Var /q(P—q)P
1 2 m2
0 = WW ti(dh, P - %)-qu,h(q’l,P—q{) (3.37)
1 1 1

P—q] do t ( P—d — ) 2
g dgty(qi,¢, P—di—q) m*, ,
+2/ _7t1(QI)P_Q1)
o Vit JqP-q¢i—-qP—-¢q) P
+1 /P_qll 9 dgti(q, P —q)t(e, P —q1 —q)
0 Viar  q(P—4¢))(P—d¢| —q)

2

+1/P‘q3 9 dgti(q, P—q)ti(g}, P —di —q)
o Vit \JqP—q)(P—d —q)

2

_/P g dgti(q, P —q))ti(g, P —q)
o V4w q(P—q)P

Y

Viar /(P —¢))(P — ¢ — db)
2 m2 / ! P ! !
+ th(qva% — ¢ — ¢a)
> i
+2q ta(q1. b, P — ¢h — a5 )+2q7t2(Qi,qé,P—qi — q3)
2

+(d) < ¢) (3.38)

b(dh, P = gt (gh P — df — 5) + (g} > 3)]

/
1
1
o
1

24,



43

_|_

b(dh, P = gt (dh P = di — 5) + (g} > 3)]

N
SR

m2

—

N | —

Pd 4 ti(q, P — ¢))ti(ge, P — ¢ — ¢3) + (q1 QQ)}
1 2

P—q1—q5 g dq tl(q,P—qll—q&_Q)tQ((AvqéaP_q/l_qé)
LY \/q(P—qi—qé)(P*qi*qg*Q)
Prame g dgti(g),P—g) —db— Q)t2(41, 4, P~ — q)

Vir  aP—qi — ) (P — i — b —q)
P-qi—a ¢ dq t1(qy, P — qy)ta(q, 95, P — q1 — 45 — q) / /
: - - - + (g1 < @2)
Var \/q(P—Ch—QQ)(P_ql_qQ_Q)
Prt—e! g dqti(q, P — q)ta(d}, ¢, P — d} — d5 — q)

+

+
S—

+ (q1 qé)]

_l’_

r —I_ r
S— S—

_|_
Lo Var  /q(P—qi — 5)(P — ¢} — ¢5 — q)
+'1/P‘q’1_q2’ g dqti(q,P—q)ti(q), P —q; — q)
L6 Jo VAT \/q(P— ¢} — b)) (P — ¢, — 5 — q)

xti(ds, P~ di — 5 — ) + (d > ab)]

1/P_q/1_q2’ 9 dgti(q,P—qi —q)ti(a, P — ¢1)
6 Jo Viar \/q(P — ¢} — ) (P — ¢ — ¢5 — q)

xt1(qy, P —q1 —aqp — q) + (q1 ¢ QQ)}

1/Pq/1q2/ 9 dgti(e; P —q1— a5 —9ti(q1, P — q1)
6 Jo Viar /(P —di — )P — a1 — a5 — q)
xti(dh, P = di — 5) + (g} > 43)]
T g tilg, P—q1—q)) / '
- _(Q1<_>Q2)}
WA\ P(P —q))
m2

P t1(q1, P — ¢))ti(ge, P — ¢ — q3) — (q1 cé)}
- 1

-2

0

2@ P = a)h(e, P~ —g) ~ (¢ & @)

- 42

_'Q/P_ql 9 dgti(gy P —q1 — @)t2(dh, 0. P —q1 — q)
0

Vi Va(P—g))(P—d; —q)

+

+

—(QQHQQ)}
_F P=a= g dgti(q, P — @)1 (qh, P — ¢i — @)ta(gh, P — ¢) — db)
2 Jo VA Va(P=d)(P—d; —q)
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—(qy qé)}

_[1 /P—q1 g dqti(q, P — qi — q)tl(qi,P — q’l)tl(%P - Qi - q/2)
0

2 Vir ValP— )P —d, —a)

2

—(Q’1<—>qé)}
2

m

_2/P g dqti(q, P —q)ta(d). ¢h. P — ¢ — ¢b)
0o VArm q(P —q)P

1m? / / / / / / /

+ i?tl(Q17P_Q1)tl(Q27P_Q1_QZ)+(Q1HQQ)

+[1/P g9 dqti(q, P —q)t1(¢}, P — ¢ — )t1(qh, P — ¢} — b)
2Jo VA q(P — q)(P)

+(dh < QQ)]

Equation 3.36 does not change from Equation 3.7. Equation 3.37 has only one term
different from 3.8. This extra term is the fourth term in Equation 3.37 and corresponds
to Figure 3.11. All other terms in Equations 3.36-37 correspond to the same diagrams
as Equations 3.7-8 respectively.

Equation 3.38 is the projection onto the 2-neutral sector where each diagram will
have three final particles. The first term on the right hand side corresponds to Figure
3.12. The figures are kept in order of the terms with the next term, that is multiplied by
mass m, being from Figure 3.13. The next line, with the two terms with neutral mass
u, both correspond to Figure 3.14. The Hamiltonian can act on either particle which
gives two separate terms. The next neutral mass term originates from Figure 3.15. This
has the Hamiltonian still acting on the first particle but acts last on the system. Figure
3.16 illustrates the next term with the Hamiltonian acting on the second particle while
acting on the system last. The next term comes from Figure 3.17. Most the terms
from now on will include a neutral particle being annihilated. This is illustrated by a
loop in the diagrams and an integral in the equations. The first term with an integral
corresponds to Figure 3.18. The next term is for Figure 3.19. The next term has a loop
going from the 77 to the Hamiltonian. This is shown in Figure 3.21 and notice how
the interchange of ¢j and ¢, does not change the diagram. This is why the 11th term

in Equation 3.38 does not have an interchange term added on. The next three terms
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are all from P~T}. They differ by having a different neutral in each case annihilated
and originate from Figures 3.22-24 respectively. The remaining terms all have the T
operator acting at least once after the Hamiltonian. The first term has the Hamiltonian
creating a particle and is represented by Figure 3.25. The next two terms are mass terms
that will later be combined with earlier terms for simplification issues. They match with
Figure 3.26 and Figure 3.27. The next is a mixing term between 77 and 75 that are
from Figure 3.28. All mixing terms are difficult to work with. They tend to need the
most work to simplify and are not symmetric in nature. This leads to problems in a
computational environment. The next two terms correspond to TP~ T? with different
neutrals being annihilated. These are matched to Figure 3.30-31. Figure 3.31 creates
the next charged mass term. Figure 3.32 corresponds to the next term. The second to
last term is another charged mass term and is represented by Figure 3.33 while the last
term in Equation 3.38 is from Figure 3.34.

We will substitute the momentum fractions as we did with the first order approxi-

mation with the addition ¢§ = 2o P, giving

M2 om? | [tdy ti(yP (1 -y)P)
s SRl By e (3.39)
1 2
0 = F\/ﬁ xlp .’L‘lp( 1)P) (3.40)
+m 1(z1P, (1 —21)P)

Vi i —mopa_ap | pEhlmaP)

+1/1_x1 g dyti(a P (1 —2)P)ti(yP, (1 — a1 —y)P)
o Van Vy(d—az)(T—az1 —y)P

o /1‘”51 g dyto(z1PyP,(1— 21 —y)P) m?
0

2
L1 /1“ g dy ti(yP, (1 —y)P)ti(x1 P, (1 — 21 — y)P)
2Jo Vi V(A —a1)(1 —z1 —y)P
' g dyti(a P, (1 —a1)P)ti(yP, (1 —y)P)
N y(1—y)P ’

|: g t1<1'1p,(1 —xl)P)
\/ZE \/1‘2(1 — .’El)(l — X1 — CCQ)P3

+ (21 ¢ 962)} (3.41)
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m2

+2mt2($1p, .’EQP, (1 — X1 — JJ'Q)P)

2 2
+2£7Pt2($1p, zo P, (1 — T — .Z'Q)P) + 2;:7152(.%'1P, xo P, (1 — 1 — .Z'Q)P)

1 2
2t @y P (1 — 21)P)ty (22, (1 — 21 — 22)P) + (21 ¢ xg)}
2I1P
SR
(@ P, (1 = 2) Pt (9P, (1 — 21 — 22) P) + (21 ¢ xQ)}
2]}2P
-1 m2
wle M (@ P (1 — 21 P)t (2P, (1 — 21 — 20)P) + (21 m}
[12(1 —x1 —x2)P
/”1“ g  dyti(yP,(1 -z —xy—y)P)

0 VaT \fy(1 — 21 — 22)(1 — 1 — 22 — y) P

xtg(le, .CCQP, (1 — T — xg)P)
+[/1$1$2 g dy ti(z1 P, (1 —x1 — 22 —y)P)

0 VA \/y(l—azl—acg)(l—xl—xg—y)P

xta(21P,yP, (1 — 21 — y)P) + (21 © 22)|

1=a1 -2 dy ti(z1P, (1 —z1)P
+[/o \/iiﬂ\/y(l—131“11—(;2)(1(—5611—)96)2—3/)1'3
Xta(yP,xoP, (1 — 21 — 29 — y)P) + (21 & 5(,'2)}
N /1“1’”2 g dy ti(yP, (1 —y)P)ta(x1P,2oP, (1 — 21 — xo — y) P)
0 Viar V(L =z —32)(1 — 21 — 22 — y) P
l/l_ml_m2 g dy ti(yP, (1 —y)P)ti(a1 P, (1 —z1 —y)P)
6 Jo Var  fy(l — 21 —29)(1 — 21 — 22 — y)
xt1(22P, (1= 21 — 3 — ) P) + (a1 6 2)|
N [} /1_“_“ g dy ti(yP, (1 -z —y)P)t1(z1, (1 — 21)P)
6 Jo Viar  y(l— a1 —22)(1 — 21 — 39 — )P
xt1(zoP, (1 — 21 —x9 — y)P) + (21 < xg)]
-I-[l /1_"‘”1_332 g dy ti(yP,(1 —x1 —x9 — y)t1(x1 P, (1 — x1)P)
6 Jo VA V[l —z1 —29)(1 — 21 — 22 — ¥)
sty (z2P, (1 — 21 — 22)P) + (21 ¢ xz)}
_[ g ti(x2P, (1 —x; — x‘g)P)
VT zr1(1 —xq)P3

+

+

— (21 & xg)}
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m2

— :mtl(le, (1 = x1)P)ty(x2P, (1 — 21 — 22) P) — (21 ¢ xz)}

— :x’u;?tl(le, (1 — 1‘1)P)t1(332p, (1 A 1’2)P) — (.Z'l — 1’2)]
- _2 /1-%‘1 g dy t1<aj2P’ (1 — X1 — xQ)P)tQ(l'lp, yP7 (1 — X1 — y)P)
o Var Vy( —z1)(1 - 21 —y)P

—(x1 ¢ xg)}

B [} /1961 g dy ti(yP, (1 —y)P)ts(z1 P, (1 —z1 —y)P)
2Jo VA VYA —a1)(1 — 21 —y)P

Xt (@3, (1= 21— 22)P) = (21 > 22)|

B [1 /1_””1 g dy t1(yP,(1 —z1 —y)P)ti(x1 P, (1 — x1)P)
2 )0 Var Vy( —z1)(1 -z —y)P

Xty (zoP, (1 — 21 — x2)P) — (z1 < :cg)}

m2
—Q?tz(.%'lp, iL‘QP, (1 — 1 — xg)P)

o /1 g dy t1(yP, (1 —y)P)ta(x1P,x2P, (1 — x1 — x2)P)
0

NZvs y1—y)P
2
+[%m?t1($1pa (1 —21)P)t1(22P, (1 = 21 — 22) P) + (21 ¢ xQ)]
+[1 /1 g dy iyl (1 -y)P)li(z1 P, (1 — 21 —y)P)
2Jo Vix y(1—y)P

th(xg, (1 A CEQ)P) + (CL‘l — $2):| .

We now change from t,, to t, as we did for the first approximation but

to(z1 P, 2o P, (1 — x1 — x2) P) = PPiy(x1, x2), (3.42)

with § potentially being different from —%. The same rules apply for determining the
argument for £y where we add all the arguments from ¢, but this time we are left with

the first and second argument divided by the result. For example

tg(aclP, :L'QP, (1 — X1 — T2 — y)P) = ((1 — y)P)ﬂfQ <11i1y, 1312y> . (3.43)

We determine S in the same manner as for ¢;. This time with the n=2 term compared
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[y (P)) = (P)? /dl’ld.fgwét(xl, .%2)61((1 — 1 — ajg)P)aT(le)aT(a:gP) |0y  (3.44)

T2|¢>:Pﬁ”/dzldngg(xl,m)a*(xlp) (2oP)ckh((1 — 2y — 2) P)es(P) @) . (3.45)

This clearly results in § = —1. Using this substitution we rewrite our equations again

with canceling any P and simplifying wherever we can. This yields

m2+/1 g dyti(y)
o Var \y(l—y)

g 1 s
VAT \Jr1(1 —x1) 1

2 ~
1_3311‘/1(331)
4o /1_%1 g dy ta(x1,y)
o Vi \y(d -z —y)(1— 1)
+1/1_$1 g dyhie)h()
o VAT (1—a)\/y(l — 21 —y)

_l’_

— m2£1 (:Ul)

2

+1 l—o g dy t1(y)t (1—)
2Jo  Var Jy(l —z)d —y) 1 — a1 — )

Y g dy ti(z)hi(y)

- 0 Var \/y(l—y)

g t1(x1)
+ (.1‘1 L nd $2)
[\/471' \/582(1 —x1)(1 — 21 — x2)
2
m ~
2—— ¢
+ 1 1 — 2y 2($1,$2)
W W
+2—ta (21, 2) + 2—t2(x1, z2)
1 X2
12 ti(x)t
[”1(1)(1:1”1) ¥ (21 & xQ)}
21 (1—11)

(3.46)

(3.47)

(3.48)
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1 m? 51(371)51(131)
+{§1—a}1—$2 (1 —x1) +(w1<—>x2)}
1—z1—x2 g dy tl(m)t2($l>$2)
+/0 VT (1 -z — x9) \/yl—l“l—ﬁz_?/)
1—x1—x2 g dy tl(l 1 y)tQ(xl’y) T T
+[/0 \/E\/y(l—m—y)(l—xl—m)(l—wl—96'2—y)+(1<—> 2)]
l1—x1—22 g dy t1($1)t2(1 1 1xi~1) x T
+[/0 Var (1 — 1) \/yl—m1—$2)(1—$1—$2—y)+(1<_> 2)}
/1—x1—:c2 g dy t1(y )t2(mvf72y)
+ ; Var (1—y)/y(l — 2 —29)(1 — 21 — 29 — y)
1 [l-zi—z2 g dy 51( )El(%)
[6/ Var /y(1 —y) (1 —z1 —x2)(1 — 21 —y)(1 — 21 — 29 — y)
() + (1 o )]
1/1 nem g dy t1 (125t (1)
+[6 0 \/‘E\/y(l—ﬂfl)(l—xl—$2)(1—3«“1—y)(1—$1_952_9)
xfl(l_@_y)—i—(an Hm)]
1 [l-zi—z2 g dy t1(m)tl(xl)
+[6/0 \/éﬁ(l—xl—xg)\/y1—x1)(1—$1—l‘2—y)
xfl(lfol)—l—(m <—>:c2)}
- t1( £2-) m? -, @2 .
__\/!L(l—;l)\/» (:c1<—>x2)} — [(1_$1)gt1($1)t (1_x1) (x1 < 2)}
r 2751(371) (1 ;,;1) Az .
L vy @ew)]
T Lo o dy (2 1it2(a:1,y) (o sz)}

1oy dy ()b ()h(5) o
_-2/0 Var (1= a1)/y( —y) (1 — a1 — y) (o)
1 g Ay h(EDhEh S
_.2/0 VAT (1 - 21)3/y(l — 21 — 9) (0 & 2)}
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—2m*fy (21, T2) —2/1 9_dy h(y)tao, z2)
0

Viar  \fy(1—y)

1 m? ~ ~ x
+ [2(1 = xl)tl(xl)tl(il —29:1
1 (Y g dy hihi(e)h(:22)

o ViT yl—y)(1 1)

Now again, we want to apply numerical methods similar to those in section 2.4. We

)+ (1 < 932)}

_|_{ —i—(le:cg)}.

will use the same substitution for o(x1,x2) but for #;(z) we will be using the weighted

Jacobi Polynomial substitution as before. We will use the same notation as before

f(x) = Zan\/m(l—m)Pﬁbl)(m), (3.49)
bz,y) = > ca/ay(l—z —y)PP (z,y). (3.50)

The summations are again implied. Here, PT(LI) (z) is a Jacobi polynomials while P7(L2) (z,y) =
Q%L(xl, x2) from section 2.4. Here n is a generic index that corresponds to both the
order N and the label k, the latter making the distinction between multivariate poly-
nomials of the same order. The same projection is made but with the third equation

getting

1 1—x1
/ / d.%'gdl‘l \/3311'2(1 — 1 — .Z'Q)PT(lz) (xl, xg).
0 0

With these substitutions and simplification we get

M2 ~ 2 ! 1
=™ +/\/0 dy an PV (1), (3.51)
1
0 = A / dzy P (1) + / dz1 (1 — 21)am PV (21) PV (1) (3.52)
0
/ /1 21 dydxq xlamalP(l)(xl)Pml)(zl)Pl(l)(ﬁ)
+ /\
(1—%1)
1—x1
+2)\/ / dydxq lefll)(azl)cm (xl, Y)
0 0
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+m / dxy mlamP(l)(xl)Pr(nl)(asl)

/ / o1 dyday 1ama P (e1) P () P ()
+ )\
(1-y)

—m2/ dry z1(1 —$1)amP7(L1)(fU1)quzl)(m1)
0

1 1
)\/ dy asz(l)(y)/ day 1(1 — z1)am PV (21) PP (21),
0 0

11—z
[)\/ / dxodx a:lamPT(LQ) (a:l,xg)Pml)(xl) + (1 <> x2) (3.53)
o Jo
1 1—x1
ﬁ12/ / dxrodzy (lleQCmPT(LZ)(xl,.TQ)PmQ)(l‘l,:L‘Q)
o Jo

1—x1
2/ / dxodry x9(1 — 21 — xg)cmP,EQ) (xl,mg)P,g) (x1,x2) + (21 <> xg)}

e (1 - @ - aawaB (e, a) Py (0) P (122)
drodx

1-— T1
+($1 > x2)i|
1-x1 (1 —mz — $2)amalp( )(961,962)137511)(361)131(1)(13 )
+|= / / dwgdxl L
1-— I
H(z1 xg)}

_l’_

m2 [t i $1$2amalp7§2)(3€17362)P7(nl)($1)1:’l(1)(%)
{// drzdr 1—=x :
-7

\ Lo pl=a pl=mi—z2 dydrodr xwzamqpp(%xz)Pﬁ)(l,xf,m)
ol
Xf)l(Q)(.Tl,ﬂjQ)

\ 1 pleazy plezi—22 dydxoda xlxgamclpy(f)(:vl,:vg)P&l)(liiffy)
Ll e

PP (21,y) + (21 & 2)|

/ /1 1 /1 T17%2 dydrodxy xlxgamclp( )(ZE1,$2)P7$11)(£L‘1)

(1 —29)2
XP(Q) < Y > + (1 < zz)}

1—.’E1 1—.’1’;1
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—M/ /1 i /1 1722 dydrodry 561962@m0lp( )($1,932)P?$11)(y)

(0—yP
P(2><1$1y e )

1)\/1 /1—$1 /1—3)1—552 dydedxl xlanamalaSPT(lQ)(.’I}l,xQ)PT(nl)(y)
(I-z1-y)(1—-y)
WP yp) (T2
<P (1 )S (1—901 ) +(x1Hx2)}
1-21 1—x1—22 dydCCQdJ:l J;1$2amalasp(2)(ﬂjl,-7;2)P7(nl)(1_y71)
/ / / (I—21—y)(1—21)

xP(I)(xl)P( ) < y> + (21 < 902)}

1—{L‘1—

-2y pl=z1-22 dydrodry $1$2amalasp(2)($1axQ)PT('%)Q_IZl/—@)
/ / / (1—21)(1 =21 — x2)

< P(y)PD < ) + (a1 0 1)

1—x

)\ U 1ot dyaday 2(1 — a1 _;pz)amP?(lQ)(:ph$2)P1S11)(1f?pl) (o )]
/ / (=20 T

1—z1 dxodry .’E1$2(1 —x1 — x2)ama1P( )(xh:L'Q)PT(nl)(JJl)
(1 —21)?

xP(l) x2 ) (x1 ¢ 332)]
1=21 dzadry 22(1 — 71 — xz)amazP( )($1,$2)Prg)(~’51)13l(1)(12:1)
0y
—(z1 & $2):|
1—x1 1-x dydl‘le'l xlgjg(l — T — 132)amclP7(Lz) ($17$2)
2)\
/ (1 —x1)?

1)\/ /1_1’1 /1_’”1 dydzrodx; x122(1 — 21 — $2)amalaspf(12)($1’x2)
(1 —21)%(1 —y)

W pd [ _* (T2
x P (y) P, <1 y>PS <1—x1 (xlﬁxz)]

1-z1 pl—ax1 dydxadry xlzz(l — X1 — $2)amalasp7s2) (xlva)
/ (1—129)3
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x PV <1_yxl> Pz(l)(ﬂEl)Ps(l) ( = ) — (z1 ¢ x2)

1—$1

1 1—x1
— Th2/ / drodxy Tixo(l — 21 — xg)cmP,?)(a:l,xg)Pg)(ml,xg)
0

1—x1
—2>\/ / / dydzadry T122(1 — 1 — 29)ame PP (21, 29) PV (y)
o Jo 0

XP(Q) (1'1, 1'2)

1-m 1—a — Py
~2// dxodx r129(1 — a1 fi)‘;:al (21, 2)

Xp(l)( )P l( )(17) + (1 < 372)}

/ /1 *1 / dydxodry T129(1 — 21 — xg)amalasprgz)(xl,mz)PT(nl)(y)

1*331

x PD (z,) PO ( ) + (21 @)

1—=x

Now we will do the same simplifications we did for the first-order approximation.
This includes substituting fractions for single variables and switching integration order.
We will also make an interchange of x; and x5 to combine the symmetric terms. Sim-
plification will be used as much as possible but terms will not be actively combined.

With so many terms, it becomes difficult to keep track of combined terms. This yields

M2 5 1 1)
1 1
0 = \ / dz1 P (21) + / dz1 (1= z1)am PV (21) PV (21) (3.55)
0 0

1 1
+;/\/0 dz alPl(l)(z)/O dz1 z1am PV (21) PV (1)
1 W
32 /0 / dzdy (1 = Yama PO (2(1 - ) PO ) PO (2)
1
+m2/ dzy 22a, P (1) P (21)
0
1 1
)\/ dy alP(l)( )/ dz1 21(1 — 21)am PV (@) P (21).

1—x1
12 / / dydz: z10mPO (@) P2 (21,7)
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- m/o /0”
+2m2/01
+4/01
)
rPY(

1
drodry 210, PP (21, 22) P (1) (3.56)
1—x1
/ dxodxy xlxgcmP,EZ)(xl,wg)P,Sf)(xl,xg)
0
1—x1
/ dxodry xo(l — 21 — m)cmP?gz) (21, xg)Pg) (x1,2)
0
dzodzy 29(1 — x1)2(1 — zg)amalP,?) (1,22(1 — xl))Péll)(:Ul)
X ll) 22)
1 p1 .
+/ / dZQdCL'l .%‘1(1 — a;l)(l — zQ)amalPT(LQ) (1’1, Zg(l — .%'1>)Pr(nl) (1‘1)3( )(2’2)
0o Jo

1
dzadry 21(1 = 21)20amar P2 (1, 20(1 — 21) PO (21) P (29)
1—x;
—i—)\/ / / dzlamP,%l)(zl)deda:l 1‘1:(}201137&2) (21, acg)Pl(Q) (x1,2)
0
1,1 pl

—1—2/\/ / dzodz1dry x129(1 — x1)2(1 — zl)amclelz)(acl, zo(1 —x1)(1 — 21))

0
x PO (22) PP (21, 21 (1 — 1))
+2/\/ / dz1dzodzy 21(1 — x1)22(1 — 22)amclP7§2) (x1,22(1 — x1))

x P(1)

O (21) PP (211 - 22), 22)

—l—)\/ / / dzodz1dy zle(l—zl) (1-— ) mCl

x P (z1(1 = ), 22(1 = y)(1 — 21)) PP (1) P (21, 22(1 — 1))
/\/ / dzodydzy z122(1 — )2(1 — 21)amaias
1—y),22(1 = 21)(1 = ) PP (1) P (21) P (22)

_|_
p(2)(z1( _
_|_

)\/ / / dzodzidzy x122(1 — 21)(1 — 21)amaas
(1

x PO (21, 29(1 — 1) (1 — 1)) P) (21) PV (1) PO ()

- A/ /
x PV (1) P!

Py )(22)

dzydzedzy x122(1 — xl)amalasP( )(561, zo(1 — xl))P,(nl)(zl)
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- /01 /01 dzadry z5(1 = 1)(1 = z2)am PP (21, 22(1 — 21)) P (22)
e /o1 /01 dzpday w12(1 = 21)(1 = 22)am PP (21, 22(1 = 21)) P (1)
x PV (z2)
9 /1 /1 dzaday 20(1 — 21)2(1 — 22)amay P (21, 20(1 — xl))Pr(nl)(ﬂcl)Pl(l)(zQ)
"
_4)\/0 /0 /0 dydzodry w129(1 — 1:1)2(1 _ Z2)<1mczp7(12)(331, 2(1 — 21))
><P(1)(Z2) (2)(331 y(1 - 11))
_)\/ / / dydzadz 21201 —y)(1 — (1 —y)z1)?(1 — 22)amayds
x PP (z1(1 =), z2(1 — (1 — y)z1)) P! )(y)Pl( )(20) P (2,)
_)\/0 /0 /0 dzi1dzodry 21291 — 1) (1 — 22)amalasp7§2)(:c1,z2(1 — )
x P (z) P (1) PO (22)
— 292 /1 /01991 dxodry x129(1 — 21 — 1‘2)CmP7$2) (xth)Pr(nQ)(xlva)
_2/\/0 /01 xl/o dydxodxy x122(1 — 21 — x2)amclp£2)(m1,:c2)P$)(y)
XPl(Q)(ffl,fUQ)
2 /1 /1 dzodzy w1291 — 21)%(1 — 22)amar P2 (w1, 20(1 — 1)) PV (1)
p( ) (22)
—M/ / / dydzeday 2129(1 — 21)%(1 — zz)amalasp( )(1’1,22(1 — )

x PO (y) P (21) PO (29).

We want to re-write these equations as matrices multiplied by a coefficient vector.

The coeflicient matrices will be defined as



56

a

a2
A= | "1, (3.57)

Qn

C1

C2

aijai

a2a1

anGn

ajaiai

aza1a1
B2 = S

AnGnGn

aicy

a1Cy
Bmix2l =

anCn

The names for the matrices are picked to help recall which diagram they represent. This

makes the system become

A42 1
— = w4 / dy anPM (1), (3.58)
K 0
A
0 = APTloop+ PTu.A+ APTloopT.B/2 + §PTTl00p.B

+m2TP.A — XTPT.B + 2\PT2loop. A2
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0 = 2\PI1T.A+2m?*P2xT2.A2 + 4PuT2.A2 + PTTu.B
+PTuT.B + m?PxTT.B + A\PTloopT2.Bmixz21
+2AXPTT2loop. Bmix21 + 2APT2loopT.Bmix21
+APT2Tloop. Bmix21 + %PTTTloop.BQ + %PTTloopT.BZ

+§PTloopTT.BQ — 2\TP1.A — 2m*TPxT.B
—2PTTu.B — 4AXT'PT2.Bmix21 — XI'PTTloop.B2

— AT PTloopT.B2 — 2m*T2Psub.A2 — 2A\T2PT.Bmix21
+m?TTP.B + \TTPT.B2.

These are now ready to solve using a system solver function in Mathematica. The code

is provided in Appendix A.

3.4 Results for LFCC Method

Solving the system of equations can be tricky. We want to make sure we are getting the
solution we want. We want a physical solution. The most brute force way of making
sure we get our solution is to find them all and plot the coefficients. Looking at our
system, as A goes to zero ]Z[—; approaches m. This implies a,, goes to zero for all n. ag is
plotted in Figure 3.35 for all solutions as a function of A\. The plot is zoomed in on the
origin to help find our physical solution. The points corresponding to our solution are
red. The red points stop short due for two reasons. Around A = 0.7, the path abruptly
changes direction and intersects another path. This could be caused by the mass ratio
becoming negative which would also be not physical. This means we only care about
the points leading up to A = 0.7. There are other points along the desired path. Those
points are essentially the same solution.

The Solve[] command in Mathematica returns solutions with imaginary and real
parts. Along the path of the physical solution, the imaginary portions are different but
significantly small enough to be treated as zero while the real parts are the same.

The next step is to plot all the solutions the code gives in Figure 3.36. The solution
that corresponds to the red points in Figure 3.35 is also red in Figure 3.36.
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Now that we have an idea of what the physical solution looks like, we can use
FindRoot]] in the code to find the solutions we want. FindRoot[] requires an initial
guess. Zero for all coefficients is used as the initial guess for the first A value for the
first order system of equations. Every A value from then on has their initial guess be
the previous solution. We can control m and the order of basis polynomials. We are
looking for mass ratio convergence as we increase the basis order where k is the basis
polynomial order.

Figure 3.37 shows convergence happens quickly with m = 1 for first order. Second
order caused some troubles with convergence. Convergence happened slowly in Figure
3.38 and running the code for order 8 and higher took too much time. The graph does
suggest convergence before the order goes above order 8. We put the highest order
results together in Figure 3.39 showing the addition of second order does change the
result. This same analysis was made for m = 0.1 and m = 10. The lower m value
did not change much by adding second order equations. The higher m value caused
troubles. The code returned non-solutions before the mass ratio became negative. This
gave a very small window to compare changes between first and second order. These

results are shown in Figures 3.40-45.
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Figure 3.1: Diagram representations of P~ with the charged particle coming in from
the right with total momentum P. The black circle is the interaction part of the
Hamiltonian, P~; the cross represents the free part. The dotted lines are the neutral
particles with momentum q and the solid line is the charged particle that gains or loses
momentum along the path.

Figure 3.2: Diagram representation of T with the charged particle coming in from the
right with total momentum P. The gray circle is the T operator. The dotted lines are
the neutral particles with momentum q and the solid line is the charged particle that
loses momentum along the path.
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Figure 3.3: One of the diagram representations of P~T7 with the charged particle coming
in from the right with total momentum P. The gray circles being the T operators and the
black circle being the Hamiltonian, P~. The dotted lines are the neutral particles with
momentum ¢ and the solid line is the charged particle that gains and loses momentum
along the path.
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Figure 3.4: One of the diagram representations of P~T} with the charged particle coming
in from the right with total momentum P. The gray circles being the T operators and
the cross being the interaction part the Hamiltonian, P~. The dotted lines are the
neutral particles with momentum q and the solid line is the charged particle that loses
momentum along the path.
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Figure 3.5: One of the diagram representations of P~T%2 with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral
particles with momentum q and the solid line is the charged particle that gains and
loses momentum along the path.
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Figure 3.6: One of the diagram representations of P~T} with the charged particle coming
in from the right with total momentum P. The gray circles being the T operators and
the cross being the interaction part of Hamiltonian, P~. The dotted lines are the
neutral particles with momentum q and the solid line is the charged particle that loses
momentum along the path.
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Figure 3.7: One of the diagram representations of P~T2 with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral
particles with momentum g and the solid line is the charged particle that gains and
loses momentum along the path.

P —q P P

Figure 3.8: One of the diagram representations of 71P~ with the charged particle coming
in from the right with total momentum P. The gray circles being the T operators and
the cross being the interaction part of the Hamiltonian, P~. The dotted lines are the
neutral particles with momentum q and the solid line is the charged particle that loses
momentum along the path.
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Figure 3.9: One of the diagram representations of T3P~ 1T with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral
particles with momentum q and the solid line is the charged particle that gains and
loses momentum along the path.
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Figure 3.10: Diagram representation of 75 with the charged particle coming in from the
right with total momentum P. The gray circle is the T operator. The dotted lines are
the neutral particles with momentum q and the solid line is the charged particle that
loses momentum along the path.
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Figure 3.11: One of the diagram representations of P~7T5» with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral
particles with momentum g and the solid line is the charged particle that gains and
loses momentum along the path.
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Figure 3.12: One of the diagram representations of P~T; with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral
particles with momentum q and the solid line is the charged particle that gains and
loses momentum along the path.
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Figure 3.13: One of the diagram representations of P~T» with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the cross being the interaction part of the Hamiltonian, P~. The dotted lines are
the neutral particles with momentum q and the solid line is the charged particle that
loses momentum along the path.
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Figure 3.14: One of the diagram representations of P~7T5 with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the cross being the interaction part of the Hamiltonian, P~. The dotted lines are
the neutral particles with momentum q and the solid line is the charged particle that
loses momentum along the path.
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Figure 3.15: One of the diagram representations of P~T? with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the cross being the interaction part of the Hamiltonian, P~. The dotted lines are
the neutral particles with momentum q and the solid line is the charged particle that
gains and loses momentum along the path.
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Figure 3.16: One of the diagram representations of P~T? with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the cross being the interaction part of the Hamiltonian, P~. The dotted lines are
the neutral particles with momentum q and the solid line is the charged particle that
loses momentum along the path.
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Figure 3.17: One of the diagram representations of P~T? with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the cross being the interaction part of the Hamiltonian, P~. The dotted lines are
the neutral particles with momentum q and the solid line is the charged particle that
loses momentum along the path.
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Figure 3.18: One of the diagram representations of P~1175 with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral
particles with momentum q and the solid line is the charged particle that gains and
loses momentum along the path.
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Figure 3.19: One of the diagram representations of P11, with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral
particles with momentum g and the solid line is the charged particle that gains and
loses momentum along the path.
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Figure 3.20: One of the diagram representations of P~T57T; with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral
particles with momentum q and the solid line is the charged particle that gains and
loses momentum along the path.
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Figure 3.21: One of the diagram representations of P~7157; with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral
particles with momentum q and the solid line is the charged particle that gains and
loses momentum along the path.
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Figure 3.22: One of the diagram representations of P~T} with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral
particles with momentum q and the solid line is the charged particle that gains and
loses momentum along the path.



70

P—q - ﬁ" VP

Figure 3.23: One of the diagram representations of P~T} with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral
particles with momentum q and the solid line is the charged particle that gains and
loses momentum along the path.
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Figure 3.24: One of the diagram representations of P~ T} with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral
particles with momentum q and the solid line is the charged particle that gains and
loses momentum along the path.
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Figure 3.25: One of the diagram representations of 73 P~ with the charged particle com-
ing in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral parti-
cles with momentum q and the solid line is the charged particle that loses momentum
along the path.

AY ! N\ !
\H2 W

A A
\

P—q —q P —q P —q P

I3

- -
- =i

-
-

Figure 3.26: One of the diagram representations of T7P~ 1) with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the cross being the interaction part of the Hamiltonian, P~. The dotted lines are
the neutral particles with momentum q and the solid line is the charged particle that
loses momentum along the path.
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Figure 3.27: One of the diagram representations of TyP~7; with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the cross being the interaction part of the Hamiltonian, P~. The dotted lines are
the neutral particles with momentum q and the solid line is the charged particle that
loses momentum along the path.
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Figure 3.28: Diagram representation of T7P~T» with the charged particle coming in
from the right with total momentum P. The gray circles being the T operators and the
black circle being the Hamiltonian, P~. The dotted lines are the neutral particles with
momentum ¢ and the solid line is the charged particle that gains and loses momentum
along the path.
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Figure 3.29: One of the diagram representations of T3P~ T? with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the black circle being the Hamiltonian, P~. The dotted lines are the neutral
particles with momentum q and the solid line is the charged particle that gains and
loses momentum along the path.
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Figure 3.30: One of the diagram representations of T3P~ T? with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and black circles Hamiltonian, P~. The dotted lines are the neutral particles with
momentum ¢ and the solid line is the charged particle that gains and loses momentum
along the path.
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Figure 3.31: Diagram representation of T5P~ with the charged particle coming in from
the right with total momentum P. The gray circles being the T operators and the
cross being the interaction part of the Hamiltonian, P~. The dotted lines are the
neutral particles with momentum q and the solid line is the charged particle that loses
momentum along the path.
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Figure 3.32: Diagram representation of T5P~T; with the charged particle coming in
from the right with total momentum P. The gray circles being the T operators and the
black circle being the Hamiltonian, P~. The dotted lines are the neutral particles with
momentum q and the solid line is the charged particle that gains and loses momentum
along the path.
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Figure 3.33: One of the diagram representations of T2P~ with the charged particle
coming in from the right with total momentum P. The gray circles being the T operators
and the cross being the interaction part of the Hamiltonian, P~. The dotted lines are
the neutral particles with momentum q and the solid line is the charged particle that
loses momentum along the path.
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Figure 3.34: Diagram representation of T2P~T} with the charged particle coming in
from the right with total momentum P. The gray circles being the T operators and
black circle being the Hamiltonian, P~. The dotted lines are the neutral particles with
momentum ¢ and the solid line is the charged particle that gains and loses momentum
along the path.
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Figure 3.35: Plot of ag as a function of A. ag was graphed for every solution but not
all are shown due to the limited vertical range. The red points correspond to a physical
solution.
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Figure 3.36: Plot of multiple solutions to find physical solution. The red solution
corresponds to the only physical solution for this set up.
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Figure 3.37: Plot of first order solutions using LFCC method for m = 1. The solutions
converged very quickly. k is the basis polynomial order
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Figure 3.38: Plot of second order solutions using LFCC method for m = 1. k is the
basis polynomial order. The solutions converged very slowly.
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Figure 3.39: Plot of first and second order solutions using LFCC method for m = 1.
The graph shows that adding second order equations changes the overall mass ratio.
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Figure 3.40: Plot of first order solutions using LFCC method for m = 0.1. k is the
basis polynomial order. The solutions converged very slowly and are likely not fully
converged.
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Figure 3.41: Plot of second order solutions using LFCC method for m = 0.1. k is the
basis polynomial order. The solutions converged very slowly and are likely not fully
converged.
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Figure 3.42: Plot of first and second order solutions using LFCC method for m = 0.1.
The graph shows that adding the second order equations did not change the overall
mass ratio a noticeable amount.
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Figure 3.43: Plot of first order solutions using LFCC method for m = 10. & is the basis
polynomial order.
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Figure 3.44: Plot of second order solutions using LFCC method for m = 10. k is the
basis polynomial order.
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Figure 3.45: Plot of first and second order solutions using LFCC method for m = 10.
The graph shows that adding the second order equations changes the overall mass ratio

but due to limits in the code could not be explored fully.



Chapter 4
Comparison and Analysis

This chapter will compare the converged result for both the Fock state expansion and
the LFCC method for each m. For m = 1, LFCC second order approximation and Fock
state expansion result in very similar results shown in Figure 4.1. Both methods had
different basis polynomials for single variable basis polynomials. The results may even
be the same due to discrepancies in the code. This suggests both results being close to
an exact solution. /m = 0.1 has first and second order approximations both being similar
to the Fock state expansion shown in Figure 4.2 but with slight differences making it
difficult to tell. There is no evidence of where the exact result should be in this research.
Higher values of m caused problems throughout the research. Even with these troubles,
Figure 4.3 shows a very similar result to Figure 4.1. This leads us to believe the results

are not as bad as originally thought.
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Chapter 5
Summary

We studied convergence using light-front coupled-cluster (LFCC) method in scalar
Yukawa theory. First, we laid some ground work by using a Fock state expansion
to determine mass eigenstates. This required solution of a generalized eigenvalue prob-
lem, obtained with symmetric basis polynomials. Then the LFCC method was used
to first order to define a system of equations for comparison. Later, a second order
approximation was used to study convergence of the LFCC method.

The Fock state expansion first required light-front coordiantes, defined in section
2.1, to re-write momentum in terms of momentum fractions. This made the resulting
wave function invariant under a Lorentz transformation. This lead to Eq. 2.7. The
system was assumed to be limited to one dimension. The Fock-state wave function
¥ (z;) was expanded in terms of symmetric polynomials defined in section 2.3. These
approximations lead to the generalized eigenvalue problem Eq. 2.15. Many variables
needed to be tested for convergence including m defined as the charged particles mass
divided by the neutral particles, the order of the basis polynomials for ;(x1), and the
number of sectors allowed. Results showed small values of m mostly depended on the
one-particle sector and converged very quickly as a result. Larger values of m did the
opposite. They converged very slowly and depended on higher particle sectors. The code
designed for this research had limitations that made it difficult to draw any conclusions
for m = 10. The MatLab code is listed in the Appendix.

The LFCC method takes advantage of re-writing the momentum state using an

operator defined in Eq. 3.3. The approximation here is then made to this operator.
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First order approximation only allows one particle to be created at a time and results
in a system of equations defined by Figures 3.1-9 with vertex rules discussed in section
3.2. We desired these equations to match the Fock state expansions from Chap. 2. This
caused a re-write of ¢, defined by Eq. 3.12. We then needed to write %,, in terms of basis
polynomials defined by Jacobi polynomials in Eq. 3.17-18 to have specific orthogonality
conditions defined in Eq. 3.23.

The system of equations were simplified using basic substitutions and integral order
changes. This allowed the equations to be defined by matrices acted on vectors made
up of the coefficients from the basis polynomials. This system was then solved using a
basic system solver in Mathematica. The same procedure was used for the second order
approximation but now one and two particles could be created. This added another
equation to our system and many more terms. Figure 3.35 showed us how to find our
physical solution by realizing the coefficients had to go to zero as our coupling strength
went to zero. This allowed us to determine which solution we wanted from all the
solutions showed in Figure 3.36. The mass ratio given through first order and second
order did not change much by increasing basis polynomial order. This made looking for
convergence rather simple. Adding second order equations did change the results from
the first order approximation for larger m values. The Mathematica code is listed in
the appendix.

Comparing first and second order approximations with the Fock state expansion
showed the second order and Fock state expansions were very similar. This indicates
that the LFCC method converges quickly, at least for the quenched scalar Yukawa
model, with a second-order approximation sufficient to match the full solution for all
mass values considered. The LFCC method does this with only two functions ¢;(z) and
ta(x1,x2) at its disposal, as opposed to the multiple wave functions ¥, (x1,...,x,) of
the Fock-state expansion.

This work can be extended by defining the T" operator in different ways. One such
way would be to allow the operator to act on the neutral particles as well. This would
not change any physics and would allow comparisons to be made to this work. Further
research can be done by adding another charged particle as well. This would change
the Fock state expansion as well. This work showed the validity of the LFCC method

and showed it may be used as an alternate to other methods.
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Appendix A

Code

A.1 Fock State Expansion Using MatLab

(*

%o
%o
%

:: Package :: )

FockGenMultNorm2.m is used to study Yukawa Theory by creating
the required matrices and solving the generalized eigenvalue

problem MsxDxPsi = CxPsi. This code creates the Matrices C

% and D and varies the coupling strength to higher states to
% see the effects on M, the eigenvalue and total mass to

% neutral mass ratio. The matrices are made by looking at
% the equations for Psi_n that are generated from the Fock
% expansion of the eigenstates.

%

% Degree of approximation for each sector in order starting
% with Psi_. 0 and number of particles

N=1[06 65532222 2]

n = length (N)—1;

mt = 4;

dStor = cell(n, 1);

% Initializing matrices
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D = [];
DiagC = [];
Result = [];
Resultl = [];

% Max value for coupling strength and number of increments
% to loop over

maxg = 10;

inc = 100;

% Loop that creates the matrix D in M«DxPsi = CxPsi where
% M is theeigenvalue
for s = O:n

d = BaseNorm (N(s+1),s);

dStor{s+1} = d;

D = blkdiag(D,d);

end

% C matrix is made up of multiple matrix cnn’ where n

% and n’ refer to Psi_n’

in the Psi_n equation

% Uses the function OnD() to make the matrix for Psi_ 0
% with Psi_ 0

c00 = OnDNorm(N(1),0,mt);

% Defines the matrix associated with both one particle
% states
cll = OnDNorm(N(2),1,mt);

% Stores both matrices in a block diagonal matrix. This
% helps with the final C matrix.
DiagC = blkdiag (DiagC,c00,cll);
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% Defines the off diagonal matrices for C
c10 = OffDNorm (N(1) ,N(2),1);
c0l = transpose(cl0);

% Puts the previous matrices together. If we were looking
% at up to only the 1 particle state, C would be completed.
Cl = [c00 cO01];

C2 = [cl0 cl1];

C = [C1;C2];

% This helps to know what index the rest of the component
% matrices need to be in the final C matrix

cl0s = size(cl0);

clls = size(cll);

tots = c10s(2);

% Simple if statement. If n=1 then the C matrix is
% completed and nothing more needs to be done to it.
%Any greater n value requires more component matrices.
if n=1
else
% Loop that makes the remaining component matrices c.
%Everything is stored temporarily to save memory. This
% follows the same pattern above.
for s = 2:n
% The block diagonal matrices of the form cnn are
% made and stored .
tempD = OnDNorm(N(s+1),s,mt);
DiagC = blkdiag (DiagC ,tempD );

% The two off diagonal matrices are made and have



end

% Loop that runs over the desired values for the coupling

% the form cnn-—1
tempL = OffDNorm (N(s) ,N(s+1),s);
tempU = transpose (tempL);

% Sizes are stored for indexing

tempLs = size (tempL );

% Matrices are combined to form C
C3 = zeros (tempLs(1),tots);

C4 = [C3 tempL tempD];

C5 = [transpose (C3); tempU];

C = [C C5;C4];

tots = tots + tempLs(2);

end

% strength

for

i
%0
g

%
%
%
%
%
%
%

= 0:inc
Defines how g should increment.

= 0.01 4+ maxg/incxi;

The matrix C was constucted in a way to not include
the coupling strength g in order to reduce
computation time. The only wvalues that need g are
the other diagonal block matrices. The easiest way
to accomplish including g is to subtract the block
diagonal matrices, multiple the entire temporary C

by g, then add back in the blockdiagonal elements.

tempC = C — DiagC;
NewC = g*xtempC;
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tempC2 = NewC + DiagC;

% Obtains the eigenvalues, M, from the generalized
% eigenvalue problem MsxDxPsi = CxPsi and stores

% them along with g.

[Vector , Value] = eig (tempC2,D);

Values = size (Value);

for s = 1:Values(1);
Valuel (s) = Value(s,s);

end
[minV, minP| = min(Valuel);
Result = [Result;g minV];

Vectorl = Vector (:,minP );
Resultl = [Resultl; RelP(g,dStor,Vectorl \N)]J;

end

[VectorD , ValueD] = eig(D);
for s = 1:Values(1);
ValuelD(s) = ValueD(s,s);

end

% An if statement to check for negative eigenvalues.
%Physically the eigenvalues should not be negative.
%This could be caused by roundoff error
if min(ValuelD) < 0

disp (’Warning: Overlap has negative eigenvalue’)

end

% Prints a graph of the eigenvalues M as a function of
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scatter (Result (:,1),Result (:,2));

function [Result] = BaseNorm(deg,n)

%Inputs: deg, The max polynomial degree, and n, number
%of particles .

%

%0utputs: Result, a square matrix.

%

%This function creates the dnn matrix for the final D
Y%matrix. These matrices are block diagonal in D. This
%function makes matrices representing

%Integrate [x1xx2x...xxnx(1—x1—x2—... —xn)*QNk" (n)*QNk" (n)
%dx1dx2 ... dxn.

%Calls Norm() to help normalize the basis polynomials

Nor = Norm(deg,n);

%If there are no neutral particles, the function returns
Yoa 1
if n=20

Result = 1;

else

%Matrix that represents the poly x1x2...xn

t1 = ones(1,n);

%Matrix that represents the poly (14+x14+x2+...4+xn) these
%will be turned to minuses during integration

t2 = [zeros(1,n); unique(perms([l zeros(l,n—1)]), rows’)];

%For loop that calles genSet that creats a matrix
%that represents all possible polynomials needed.
PRep = [];
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for s = 0:deg

PRep = [PRep; genSet(s,n,s)];
end

%Declares some needed variables

for the later loop.
r = size (PRep);

Result = [];

f4 = [];

for i = 1:r(1)
for j 1:r (1)

%Uses PRep to create the base polynomials
f2 = unique (perms(PRep(i,:)), ’'rows’);
f3 = unique (perms (PRep(j,:)), 'rows’);

%Multiplies the four polynomials together
f4 = PoIM(f2,f3);

t3 = PolM(t1,t2);
t4 = PolM(f4,t3);

%This loop, integrates the final

resulting
%polynimial represented by the matrix t4
tds size (t4);
EndInt = 0;

for s = 1:t4s(1)

Numer = 1;

%This loop determines the final numerator
%for the integrated value
for t = 1:t4s(2)

Numer = Numerxfactorial (t4(s,t));
end

%This if statement determines if the term
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%from integration needed to be subtracted
%or added to the final result.
if sum(t4(s,:)) = sum(f4(1,:)) + n

EndInt = EndInt

+ Numer/factorial (sum(t4d(s,:)) + n);
else

EndInt = EndInt

— Numer/factorial (sum(t4(s,:)) + n);
end

end

%Records the result into a matrix called Result
Result (i,j) =
EndInt /(Nor(i,i)"(1/2)*Nor(j,j) (1/2));

end
end
end
end
function [Result] = Norm(deg,n)

%Inputs: deg, The max polynomial degree, and n, number
%of particles .

%

%0utputs: Result, a square matrix with only diagonal
%elements that are the inverse square of the
Y%normalization constants for the basis polynomials

%

%This function helps normalize the basis polynomials
%by arrangeing them in order on the diagonal of a
Y%matrix. This allows them to be used easily with

%functions OffNorm, OnDNorm, and BaseNorm.
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%If statement for if no particles are present, Norm just
%prints out 1.

if n=20
Result = 1;
else
%Represents polynomial x1%x2%...%xn

t1 = ones(1l,n);

%Represents polynomial (1—-x1-x2—...—xn)

t2 = [zeros(1,n); unique(perms([l zeros(l,n—1)]),’rows’)];

%Creates a matrix that represents all the possible
%degree configurations
PRep = [];
for s = 0:deg
PRep = [PRep; genSet(s,n,s)];
end

%Initializes some values later needed for the loop
r = size (PRep);
Result = [];
f4 = [];
Y%Loop that makes each element of the final matrix
for i = 1:r(1)
%Matrices that represent the corresponding
Y%polynomial to the row in PRep
f2 = unique (perms(PRep(i,:)), ’'rows’);

%Multiplies the polynomials together one by one

%and creates a matrix that represents the final
%result



f4 = PolM(f2,f2);
t5 = PolM(t1,t2);
t6 = PolM(f4 ,t5);

%This loop simulates integrating the polynomial
t6s = size (t6);
EndInt = 0;
for s = 1:t6s(1)
%Small loop to define the numerator for the
%integral result
Numer = 1;
for t = 1:t6s(2)
Numer = Numerxfactorial (t6(s,t));

end

%This if statement is used to determine the
%sign on each

%term in the polynomial

if sum(t6(s,:)) = sum(f4(1,:)) + n

EndInt = EndInt 4+ Numer/factorial (sum(t6(s,:))
+ n);

else

EndInt = EndInt — Numer/factorial (sum(t6(s,:))
+ n);

end

end

%Records the final result
Result (i,i) = EndInt;
end

end

104



105

end

function [Result] = RelP(g,dStor, Vector ,N)

%Inputs: g, The coupling strength, Vector, a vector that
%contains the eigenvector from the generalized eigenvalue
%of C and D, and N, a vector of the highest degrees for
%each sector.

%

%0utputs: Result, a matrix of values.

%

%This function looks at the relative probabilities of the
Y%sectors provided to it. This function completes this by
%being given the eigenvector for the C and D problem.
%The relative probabilty is Integrate[\Psi_i"2/Psi_0"2].

%The number of particles is needed for this loop as well
%as the an index of where in the eigenvector the loop needs
%to be. That is where tots comes in.

n = length (N)—1;

tots = 0;

Result = [];

%Loop that goes through every result from
%FockGenMultNorm2 .m.
for i = 1:n
%Need to know how many eigenvalues there were.
dSize = size (dStor{i+1});
sepVec = zeros(dSize(1),1);

%Stores the desired basis polynomial coefficients.
for t = 1:dSize(1)
sepVec(t) = Vector(l4+tots+t);
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end

%Creates \Psi_i"2.
tempResult = transpose (sepVec)xdStor{i+1}*sepVec;

%Divides \Psi_i"2 by \Psi_0.
Result = [Result tempResult/Vector (1)"2];

%Records which \Psi_i we are on.
tots = tots + dSize(1l);

end

%Returns Results.
Result = [g Result];

function [Result] = OnDNorm(deg ,n,mt)

%Inputs: deg, The max polynomial degree, and n, number
%of particles .

%

%0Outputs: Result, a square matrix.

%

%This function creates the cnn matrix for the final C
Y%matrix. These matrices are block diagonal in C. This
%function makes matrices representing

%Integrate [mtxmtxx1*x2%...xxn + x1*x2x...xxn—1
%ox(1—x1—x2—...—xn) + x1*x2%...xxn—2+xn*(1—x1—x2—...—xn)
%ot ... + x2x...xxnk(l—x1-x2—...—xn)

7#QNk” (n)*QNk" (n) dx1dx2...dxn.

%If the number of particles is 0, returns only mt.
if n=20

Result = mt*mt;
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else

%Creates a matrix with inverse squares of the
%mnormalization constants for the polynomials

Nor = Norm(deg,n);

%Represents the polynomial x1xx2x*...xxn and
%(1—x1—x2—...—xn)
t1 = ones(1,n);

t2 = [zeros(1l,n); unique(perms ([l zeros(l,n—1)]), rows’)];

%Represents the polynomial of x1xx2x...xxn—1 added
%with all permutations of the missing variable.

t3 = unique (perms ([0 ones(l,n—1)]), rows’);

%Creates a matrix that represents all the possible
%degree configurations
PRep = [];
for s = 0:deg
PRep = [PRep; genSet(s,n,s)];

end

%Variables needed for the loop
r = size (PRep);
Result = [];

%Loop that makes all the elements for the final matrix.
for i = 1:r(1)
for j = 1:r(1)

%Matrices that represent the corresponding



%polynomial to the row in PRep
f2 = unique (perms(PRep(i,:)), ’'rows’);
f3 = unique (perms (PRep(j,:)), 'rows’);

%Multiplies all the matrices together
f4 = PolM(f2,£3);
t5 = PolM(t3,t2);
t6 = PolM(f4 ,t5);
t7 = PolM(f4 ,t1);

I

7

%Variables needed for loops
t6s = size (t6);
EndInt = 0;

%The resulting polynomial has varying signs
%of +/— so, two loops are needed to get the
%final result.
for s = 1:t6s(1)

%Numerator for the result from integration

Numer = 1;

for t = 1:t6s(2)

Numer = Numerxfactorial (t6(s,t));

end

%This if statement adds or subtracts the
%results depending on the degree of the
%polynomial term before integration

if sum(t6(s,:)) = sum(f4(1,:)) + n — 1
EndInt = EndInt

+ Numer/factorial (sum(t6(s,:)) + n);
else

EndInt = EndInt
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— Numer/factorial (sum(t6(s,:)) + n);
end

end

%Same loop as earlier without the if statement.
t7s = size (t7);
for s = 1:t7s(1)

Numer = 1;

for t = 1:n

Numer = Numerxfactorial (t7(s,t));

end

EndInt = EndInt

+ mtsmtxNumer/factorial (sum(t7(s,:)) + n);

end

Result (i,j) =
EndInt /(Nor(i,i) (1/2)*Nor(j,j) (1/2));
end
end

end

end

function [Result]| = OffDNorm(degl,h6deg2,n)

%Inputs: degl, The max polynomial degree of the n—1 number
%of particles , deg2, the max polynomial degree of the

%n number of particles.

%

%0utputs: Result, a rectangular matrix that represents the
%n particle state interacting with the n—1 particle state
%

%This function creates the off diagonal matrices for the
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%final C matrix. This matrix has the form cnn—1. This also
%creates the cn—In matrix since they are just transposes
%of each other. This code represents
Yn"(1/2)Integral [x1*x2*...xxn—1Q_Nk"(n)QNk" (n—1)
Y%*dx1dx2 ... dxn

%Creates the inverse squares of the normalization constants
%for n—1 and n particle states

Norl = Norm(degl ,n—1);

Nor2 = Norm(deg2 ,n);

%Represents the polynomial x1xx2x*...*xxn—1
tl = [ones(1l,n—1) 0];

%Creates a matrix that represents all the possible degree

%configurations
PRepl = [];
PRep2 = [];

for s = 0:deg2
PRep2 = [PRep2; genSet(s,n,s)];

end

for s = 0:degl
PRepl = [PRepl; genSet(s,n—1,s)];

end

%Initializes some values later needed for the loop
rl = size (PRepl);

r2 = size (PRep2);

Result = [];

f4 = [];

f5 = [;
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Y%Loop that makes each element of the final matrix
for i = 1:r1(1)
for j = 1:1r2(1)

%Matrices that represent the corresponding

%polynomial to the row in PRep

f2 = unique (perms(PRep2(j,:)), ’'rows’);

g2 = unique (perms(PRepl(i,:)), rows’);

g2s = size(g2);

%g2 is not the same size as f2 due to the f2 having
%an extra particle xn. The terms in the polynomial
%need to be added in so f2 and g3 can be multiplied
%together correctly .

g3 = [g2 zeros(g2s(1),1)];

%Multiplies polynomials together to get the final
%polynomial .

f4 = PolM(f2,g3);

f5 = PolM(f4 ,t1);

%Initializing parameters for the loop.
tbs = size (f5);
EndInt = 0;

%Loop that integrates the polynomial.
for s = 1:t5s(1)
%Numerator for the result from integration
Numer = 1;
for t = 1:t5s(2)
Numer = Numerxfactorial (f5(s,t));
end
EndInt = EndInt + Numer/factorial (sum(f5(s,:))



+ n);

Result(j,i) = n"(1/2)«EndInt/(Norl(i,i)"(1/2)
*Nor2(j,j) " (1/2));
end

end

end

function [sets] = genSet(N,n,max)

%Inputs: N and max are the highest order of the basis
%polynomials. n is the number of particles.

%

%0Outputs: sets, a matrix where a row contains m_i where
%m_i is x_i"m_i for the basis polynomials.

%

%This function produces a vector containing the degrees
%of some of the terms in the basis polynomials. This matrix
%will have its rows permuted to created the rest of the
%terms. This function is recursive. For any value of N, all

Y%lower values must also be used for the expansion.

%If statement to stop the code from running forever.
if N<1
%if N is 0 then all variables in the term have degree
%zero .
sets = zeros(1l,n);
else
%Initializes the matrix
sets = [];

%The total degree for each term can only be N. This
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%loop makes sure to this occurs.
for i = ceil (N/n):N

%I1f statement needed for calling the function again.

if i <= max
x = genSet (N-i,n—1,i);
%I1f statment used for when x calles genSet with
JIN<O0.
if isempty (x)
sets = [sets; 1i];
else
%Loop that adds x to the result and stores
%the result in sets.
k = size(x);

end
end
end
end

end

A.2 First and Second Order in LFCC Using Mathematica
(x ::Package:: x)

(xPollyFun initializes what the polynomials needed for
LightMatrixMaker . wlx)

(xgenSet is a recursive function that defines the exponents on

the polynomials used in the second order approximation )
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genSet [deg_,n_,max_] := Module[{sets ,i,k,j,x},

(xIf statement that stops the function from calling itself

forever x)

If [deg<1,
sets = {ConstantArray[0,n]};
For[r = 1,r<n+1,r++]
sets = {}; (xInitializes some variables and starts the loopx)

For [i = Ceiling[(deg/n)], i<deg+1,i++,
If [i <= max,
x = genSet[deg—i,n—1,i];
If [x= {},
tempsize = Dimensions[sets ];

sets = Insert[sets, i,tempsize[[l]]+1];

k = Dimensions[x];
For [j =1, j<k[[1]]+1,j++,
temp = Flatten [{i,x[[]]]}];
tempsize = Dimensions|sets];

sets = Insert[sets, temp,tempsize[[1]]+1];

(xGets the mth term of the deg degree polynomial for two

variables Used in second order approximation)



115
polly2[x_,y_,deg_,m_] := Module[{s,PRep,PRepSize ,PRep2,q,temp,
sizetemp ,tempPoll ,tempPol, polly2 ,i ,k,j},

(*Initializes variablesx)
polly2={};
PRep = {};
(xloop to get the exponents from genSetx)
For[ s = 0, s<deg+1,s++,

PRep = Join [PRep, genSet[s,2,s]];
K

PRepSize = Dimensions [PRep];
PRep2 = {};
(xloop puts the exponents with their proper variables x and yx)
For[ q = 1, gq<PRepSize[[l]]+1,q++,
temp = Flatten[DeleteDuplicates [Permutations[PRep[[q]]]]];
sizetemp = Dimensions [temp ];
tempPoll = 0;
For[ j = 0, j<sizetemp[[1]]/2,]j++,
tempPol = x"temp[[1+2%*j]]*y temp[[2+2x%]]];
tempPoll = tempPoll 4+ tempPol;
Ik
polly2 = Insert[polly2, tempPoll,—1];
Ik

polly2 [[m]]

]

(¥Same as previous function but for one variablex)
pollyl [x_,deg-,m_] := Module[{tempPol, polly2,j},
polly2={};
For[ j = 0, j<deg+1,j++,

tempPol = x"j;
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polly2 = Insert[polly2, tempPol,—1];
K

polly2 [[m]]

]

(% ::Package:: =)

(xIntEs.wl is a code written to initialize functions
in Mathematica. The functions written here Integrate polynimials.
There are multiple functions since an integration with two

variables instead of three is slightly different.x)

(xNames the function and all local variablesx)
Int3Est01 [poly_,x_,y-,z_] := Module[{ExPoly, ListPoly ,ListPolyLeng,
i,j,ExpTab, Coefsub ,CoefTab,polySub, Resultl , Result , ExtraTerm},

(*Expands the given polynomialx)
ExPoly = Expand[poly] + ExtraTerm;

(xMakes each term into a list *)

ListPoly2 = ExPoly /. Plus —> List;

ListPoly = DeleteCases[ListPoly2 ,ExtraTerm |;
ListPolyLeng = Dimensions|[ListPoly |;

(xMakes a list of the exponents for each termx)
ExpTab = Table [{ Exponent[ListPoly [[m]],x],Exponent|[ListPoly [ [m]]
,v],Exponent [ListPoly [[m]],z]},{m,1, ListPolyLeng [[1]]}];

(xGathers the coefficients for each term into a list *)
Coefsub = CoefficientRules [ListPoly ,{x,y,z}];
CoefTab = Table [ExpTab [[m]] /. Coefsub[[m]],{m,1,
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ListPolyLeng [[1]]}];

(* Variable initialization x)

Resultl = ConstantArray [0, ListPolyLeng [[1]]];

(*Loop that acts as the integration.x)
For[i = 1, i < ListPolyLeng|[[1]]+1,i++,
polySub = 1;
For[j =1, j < 4,j++,
polySub = polySub /(ExpTab[[i,]j]]+1);
Ik
Resultl [[i]] = polySub;
Ik

(xCombines the coefficients from the terms and multiplies them
by the integration outcome then sums them together.x)
Result = Total [Resultl*CoefTab]

(*Does the same as the function above but with two vairables
instead of threex)

Int2Est01 [poly_,x_,y_] := Module[{ExPoly, ListPoly ,
ListPolyLeng ,i,j,ExpTab, Coefsub , CoefTab , polySub ,

Resultl , Result , ExtraTerm},

(xExpands the given polynomialx)
ExPoly = Expand[poly] + ExtraTerm;

(xMakes each term into a list *)
ListPoly2 = ExPoly /. Plus —> List;
ListPoly = DeleteCases[ListPoly2 ,ExtraTerm];
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ListPolyLeng = Dimensions|[ListPoly |;

(«xMakes a list of the exponents for each termx)
ExpTab = Table [{ Exponent[ListPoly [[m]] ,x],Exponent[ListPoly [[m]],
yl},{m,1, ListPolyLeng [[1]]}];

(* Gathers the coefficients for each term into a list )
Coefsub = CoefficientRules [ListPoly ,{x,y}];

CoefTab = Table[ExpTab[[m]] /. Coefsub[[m]],{m,1,
ListPolyLeng [[1]] }];

(* Variable initialization x)
Resultl = ConstantArray [0, ListPolyLeng [[1]]];

(xLoop that acts as the integration.x)
For[i = 1, i < ListPolyLeng[[1]]+1,i++,

polySub = 1;

For[j =1, j < 3,j++,

polySub = polySub /(ExpTab|[[i,]]]+1);

E

Resultl [[i]] = polySub;
Ik
(xCombines the coefficients from the terms and multiplies them
by the integration outcome then sums them together.x)
Result = Total [ Resultl*CoefTab |

(¥2 variables with different integration boundsx)
Int2Est [poly- ,x_,y-] := Module[{ ExPoly, ListPoly,
ListPolyLeng ,i,j,ExpTab, Coefsub ,CoefTab , polySub ,
Resultl , Result , ExtraTerm},
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(xExpands the given polynomialsx)
ExPoly = Expand[poly] + ExtraTerm;

(xMakes each term into a list x*)

ListPoly2 = ExPoly /. Plus —> List;

ListPoly = DeleteCases[ListPoly2 ,ExtraTerm |;
ListPolyLeng = Dimensions|[ListPoly |;

(«xMakes a list of the exponents for each termx)
ExpTab = Table [{ Exponent [ ListPoly [[m]] ,x],
Exponent [ ListPoly [[m]] ,y]},{m,1,

ListPolyLeng [[1]] }];

(* Gathers the coefficients for each term into a list )
Coefsub = CoefficientRules [ListPoly ,{x,y}];

CoefTab = Table[ExpTab[[m]] /. Coefsub [[m]],{m,1,
ListPolyLeng [[1]]}];

(xVariable initialization %)

Resultl = ConstantArray [0, ListPolyLeng [[1]]];

(xLoop that acts as the integration.x)

For[i = 1, i < ListPolyLeng[[1]]+1,i++,

polySub = 1;
polySub = Factorial [ExpTab[[i,2]]]* Factorial|
ExpTab[[i,1]]]/ Factorial [ExpTab[[i,1]]
+ExpTab [[i,2]]+2];

[1]]

Resultl [[i]] = polySub;

I
(xCombines the coefficients from the terms and multiplies them

by the integration outcome then sums them together.x)



Result = Total [Resultl*CoefTab ]

(¥One variable integration x)

Int1Est01 [poly.,x_] := Module[{ExPoly, ListPoly , ListPolyLeng ,

ExpTab, Coefsub , CoefTab , polySub , Resultl , Result , ExtraTerm },

(+Expands the given polynomialx)
ExPoly = Expand[poly] + ExtraTerm;

(xMakes each term into a list *)

ListPoly2 = ExPoly /. Plus —> List;

ListPoly = DeleteCases[ListPoly2 ,ExtraTerm |;
ListPolyLeng = Dimensions|[ListPoly |;

(xMakes a list of the exponents for each termx)
ExpTab = Table [{ Exponent[ListPoly [[m]],x]},{m,1,
ListPolyLeng [[1]] }];

(* Gathers the coefficients for each term into a list )
Coefsub = CoefficientRules [ListPoly ,x];

CoefTab = Table [ExpTab|[[m]] /. Coefsub [[m]],{m,1,
ListPolyLeng [[1]] }];

(* Variable initialization %)

Resultl = ConstantArray [0, ListPolyLeng [[1]]];

(*Loop that acts as the integration .x)
For[i = 1, i < ListPolyLeng|[[1]]+1,i++,
polySub = 1;
polySub = polySub/(ExpTab[[i,1]]+1);

120

1,]),
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Resultl [[i]] = polySub;
K
(xCombines the coefficients from the terms and multiplies
them by the integration outcome then sums them together.x)

Result = Total [Resultl*CoefTab |

]

(x ::Package:: x)

(xLightMatrixMaker2.wl creates the matrices and vectors to be

used to solve the final equation for the LFCC methodx)

(«f[] is a function that defines the basis polynomials for single
variable polynomials.x)

f[b_,x_] = JacobiP[b,1,1,2%xx — 1] * (((b + 2)/(b + 1))

* (2«b + 3))"(1/2);

(¢k dictates the degree of basis polynomials to be usedx)

k = 2;

k2 = 2;

w = k+1;

w2temp = Dimensions|[polly2 [x,y, k2, All]];

w2 = w2temp [[1]];

(*These variables call the function polly2. This defines all the
needed two variable basis polynomialsx)

px1z2 = polly2 [x1,z2x(1—x1),k2, All]

pxlzl = polly2[x1,z1x(1—x1),k2, All]

pxlyxl = polly2[x1,y*(1—x1),k2, All]

px1x2 = polly2[x1,x2,k2, All]

pxly = polly2[x1,y,k2, All]

pzlz2 = polly2[z2,21,k2, All]
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pzy = polly2[zlx(1l—y),z2%(1—y),k2, All]

(1—x1)%(1—2z1) ,k2, All]
pzyz = polly2[zl(1—y),z2x(1—y)*(1—2z1),k2, All]
pzyzz = polly2[z1(1l—y),z2x(1—2z1(1-y)) ,k2, All]
pxzxy = polly2[x1,z2x(1—x1)(1—2z1),k2, All]
pzl1z222 = polly2[z1(1—22),22 k2, All]
pzlz2z1 = polly2[zl,z2(1—z1),k2, All]

pxzx = polly2[x1,z2x(1—

(*Defines the matrices. m and n are reversed relative to the
thesis and that there are other permutations. These
permutations should not matter because they multiply
symmetric products of coefficients , such as an a_l a_s.x)
PTloop = Table[Int1Est01[f[n,x],x], {n, 0, k}];

PTu = Table[Int1EstO1[(1—x)*f[m,x]*f[n,x],x],{m, 0, k},

{n, 0, k}];
PTloopTsub = Table [Int1Est01 [x*f [m,x]|*f[n,x],x], {m, 0, k},
{n, 0, k};

PTTloopsub = Table [Int2Est01 [f[m,(1—y)*z]*(zx(1—y))*f[n,y]
«f(s,z],z,y], {m, 0, k},{n, 0, k},{s, 0, k}];

TP = Table[Int1Est01 [x*x*f [m,x|*f[n,x],x],{m, 0, k},

{n, 0, k}J;

TPTsub = Table [Int1Est01 [x*(1—x)xf[m,x]*f[n,x],x] ,

{m, 0, k},{n, 0, k}];

PT2loop = Table[Int2Est [ [m,x1|*x1*pxly[[n]],y,x1], {m,0,k},
{n, 1, w2}];

P1T = Table [Int2Est [f[n,x1]*x1*px1x2[[m]],x2,x1], {m,1,w2},
{n, 0, k}J;

PxT2 = Table[Int2Est [x1xx2%px1x2 [[m]]*px1x2[[n]],x2,x1],{
m,1,w2},{n, 1, w2}];

PuT2 = Table [Int2Est[(1 —x1—x2)*x2%px1x2 [[m]]* px1x2[[n]],
x2,x1],{m,1,w2} {n, 1, w2}];
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PTTusub = Table [Int2Est01 [22x(1—x1)%(1—x1)*(1—22)xpx1z2[[m]]
w«f[n,x1]*f[1,22],22,x1],{m,1,w2} ,{n, O, k},{1,0,k}];
PTuTsub = Table [Int2Est01 [x1%(1—x1)%(1—22)*px1z2 [[m]]
w«f[n,x1]*f[1,22],22,x1],{m,1,w2},{n, 0, k},{1,0,k}];
PxTTsub = Table[lnt2Est01[X1*22*(1 x1)*px1z2 [[m]]* f[n,2z2]
«f[1,x1],22,x1],{m,1,w2} {n, O, k},{1, 0, k}];
PTT2loopsub = Table [Int3Est01[(1—2z1)*x1%z2%(1—x1)"2
xpxzxy [ [m]]*pxlzl [[1]]*f[n,2z2],22,21 ,x1],{m,1,w2},
{n, 0, k},{1, 1, w2}];
PT2loopTsub =Table [Int3Est01[(1—x1)%(1—2z2)%2z2%xx1%px1z2 [[m]]
«f[n,x1]*pzlz22z2[[1]],21,22,x1],{m,1,w2} ,{n, O, k},
{1, 1, w2}];
PT2Tloopsub =Table [Int3Est01 [z1%z2x(1—y)*x(1—y)*(1—2z1)x
(1—z1)*pzyz [[m]]* pzlz22z1 [[1]]*f[n,y],y,21,22],{m,1,w2},
{n, 0, k} {1, 1, w2}];
PTTTloopsub = Table [Int3Est01 [z1*(1—y)*z2x(1—z1)*(1—y)
xpzyz [[m]]* f[s,22]«f[n,z1]xf[1,y],2z2,2z1,y], {m,1,w2},
{n,0,k}, {1, 0, k},{s,0,k}];
PTTloopTsub =Table [Int3Est01 [x1*z2%(1—x1)*(1—2z1)*pxzx [[m]]
«f[n,z2]«f[1 ,x1]xf[s,z1],22,21,x1],{m,1,w2},{n, O, k},
{1, 0, k}.{s,0,k}];
PTloopTTsubl =Table [Int2Est01 [x1*2z2%(1—x1)*px1z2 [[m]]
«f[n,z2]*f[1,x1],x1,22],{m,1,w2},{n, O, k},{1, O, k}];
TP1 = Table [Int2Est01 [f[n,z2]*22%(1—x1)*(1—22)*px1z2[[m]],
z2,x1], {m,1,w2},{n, 0, k}];
TPxTsub = Table [Int2Est01 [x1%2z2%(1—x1)%(1—22)*px12z2 [[m]]
«f[n,z2]«f[1,x1],22,x1],{m,1,w2} ,{n, O, k},{1, 0, k}];
TPT2sub =Table [Int3Est01 [x1%z2x%(1—x1)*(1—x1)%(1—22)
xpx1z2 [[m]]*pxlyx1 [[1]]*f[n,2z2],y,22,x1],{m,1,w2},
{n, 0, k} {1, 1, w2}];
TPTTloopsub =Table [Int3Est01 [z1%z2%(1—y)*x(1—(1—y)z2)"2(
1-22)*pzyzz [[m]] f[s,22]«f[n,z1l]«f[]l,y],y,22,21],{m,1,w2},
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{n, 0, k},{1, 0, k},{s,0,k}];
TPTloopTsub = Table [Int3Est01 [x1%z2%(1—x1)*(1—22)
xpx1z2 [[m]]* f[n,z2]«f[1,x1],2z1,22 ,x1],{m,1,w2},
{n, 0, k}, {1, 0, k}J;
T2Psub = Table[Int2Est [x1%x2%(1—x1—x2)*px1x2 [[m]]
«px1x2 [[n]] ,x2,x1],{m,1,w2},{n, 1, w2}];
TTPsub = Table [Int2Est01 [x1%z2%(1—x1)*(1—x1)%(1—22)
xpx1z2 [[m]]* f[n,x1]«f[1,22],22 ,x1],{m,1,w2},{n, 0, k},
{1,0,k};
TTPTsub = Table [Int2Est01 [x1%2z2%(1—x1)*(1—x1)%(1—22)
«px1z2 [[m]]* f[n,x1]«f[1,22],22,x1],{m,1 ,w2} {n, 0, k},{1,0,k}];

(xSome equations are similar enough where we only need to

multiply by PTloop.x)

(*Initializes variablesx)
PTloopTsub2 = Table[i + j + g, {i,0,k}, {j,0,k},{g.0,k}];
TPTsub2 = PTloopTsub2;

TPTloopTsub2 = Table[i + j + g + 1, {1,0,w2—-1}, {j,0,k},
{£,0,k},{i,0,k}];

T2PTsub = Table[i + j + g, {i,0,w2—1}, {j,0,k},{g,0,w2—1}];
PTloopT2sub = T2PTsub;

PTloopTTsub2 = TPTloopTsub?2;

TTPTsub2 = TPTloopTsub2;

(*Defines those variables for each element in a loopx)
For [m=1, nxw+1, m++,
For [n=1, n<w+1, n++,
For [s=1, s<w+l , s++,
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PTloopTsub2 [[m,n,s]] = PTloop[[s]]
«PTloopTsub [ [m,n]];
TPTsub2 [[m,n,s|] = PTloop[[s]]
«TPTsub [ [m,n]];
For [1=1, l<w2+1 , 14+,
TPTloopTsub2 [[1,n,s ,m]] =
PTloop [[m]]* TPTloopTsub [[1,n,s]];
PTloopTTsub2 [[]l,n,s ,m]|] =
PTloop [[m]]* PTloopTTsubl [[1,n,s]];
TTPTsub2[[1,n,s,m]||] = PTloop [[m]]
«TTPTsub[[1,n,s]];

(xDifferent shaped matrices for this loop=x)
For [s=1, s<w2+1, s++,
For [n=1, n<w2+1, n++,
For [m=1, m<w+l , mt+,

T2PTsub [[n,m,s]] = PTloop [[m]]
*T2Psub [[n,s]];
PTloopT2sub [[n,m,s]] = PTloop [[m]]
«PxT2[[n,s]];

(*General list of variables then A is a list of the variables
correponding to the k valuex)

AL = {a0,al,a2,a3,a4,ab,a6,a7,a8,a9,al0,all al2,al3 ald};

A = Take[AL, w];
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AL2 = {c0,cl,c2,c3,c4,¢5,¢6,c7,¢8,c9,cl0,cll, cl2,cl13,cld,cl5,
cl6,cl7,c18,¢c19,c20,c21,¢22,¢23,c24,¢25,¢26,¢27,¢28,¢29,¢30 };
A2 = Take[AL2, w2];

(¥ Matrices sometimes the wrong dimension such as kxkxk but need
to be kx(kxk)=x)

PTloopT = ArrayReshape [PTloopTsub2, {w,wsw}];

PTTloop = ArrayReshape [PTTloopsub,{w,wsw}];

TPT = ArrayReshape [TPTsub2,{w,wsw}|;

TTP = ArrayReshape [TTPsub,{w2,wxw}];

T2PT = ArrayReshape [T2PTsub,{w2,w2xw}|;

PTloopT2 = ArrayReshape [PTloopT2sub,{w2,w2%w}];

TPTloopT = ArrayReshape [TPTloopTsub2,{ w2, wxwsw }];

PxTT = ArrayReshape [PxTTsub,{w2,wxw}];

TPxT = ArrayReshape [ TPxTsub,{w2,wsw}];

PTloopTT = ArrayReshape [PTloopTTsub2,{ w2, wswsw }]|;

TTPT = ArrayReshape [TTPTsub2,{w2,wswsw }|;

PTTu = ArrayReshape [PTTusub,{w2,wxw}];

PTuT = ArrayReshape [PTuTsub,{w2,wsw}]|;

PTT2loop = ArrayReshape [PTT2loopsub,{w2,w2%w}];
PTTloopT = ArrayReshape [PTTloopTsub,{ w2, wxwsw }];
TPT2 = ArrayReshape [TPT2sub,{w2,w2sw}];

TPTTloop = ArrayReshape [TPTTloopsub,{w2,wswsw }|;
PTTTloop = ArrayReshape [PTTTloopsub,{w2,wswxw }];
PT2loopT = ArrayReshape [PT2loopTsub,{w2,w2w}];
PT2Tloop = ArrayReshape [PT2Tloopsub,{w2,w2%w}];
(«Pre—allocates the size for the kxk vectorx)
BIM = Table[1,{i,w},{j,w}];

BLM2 = Table[1,{i,w} . {j,w},{n,w}];

BLMmix21 = Table[1,{i,w},{j,w2}];
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(xFills BLM with the correct variable combinationsx)
For [n=1, n<w+1, n++,
For [s=1, s<w+l , s++,

BIM[[n,s]] = AL[[n]]«AL[[s]];
For [m=1, m<w+1 , mt+,
BIM2[[n,s m]] = AL[[n]]*AL[[s]]*AL[[m]];

(x Fills BLMmix21 with the correct variable combinationsx)
For [s=1, s<w+l , s++,
For [n=1, n<w2+1, n++,
For [m=1, nxw2+1 |, m++,
BLMmix21 [[s ,m]] = AL[[s]]*AL2[[m]];

(*Makes a (kxk)xl vector to be multiplied by the matricesx)
B = Flatten [BLM]

B2 = Flatten [BLM2]

Bmix21 = Flatten [BLMmix21]

A

A2

(¥ ::Package:: x)

(*LightFinalMult2.wl uses the Matrices and vectors from
LightMatrixMaker2.wl to solve the system of equations

for the variables al,a2 and so on then calcualtes the
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value for (M/\mu) 2 with first and second approximation.sx)

(* Control parameters \tilde{m}. t is the current iteration
with 1 being the max value for \lambda. inc controls how
many values of \lambda are tested. Then there are a bunch

of variables for storing resultssx)

mt = 1;

t = 1;

1 = 1.5;
inc = 100;

Final = Table[u ¢ ,{u,inc+1},{c,2}];

Final2 = Final;

Final2Multi = Table[u ¢ ,{u,inc+1},{c,200}];
solvePlots = Table[u ,{u,200}];

FinalOrderl = Final;

Alength = Dimensions[A];

A2length = Dimensions[A2];

(* These variables will later be used to test the result given
by FindRoot []x*)

Atest = A;

A2test = A2;

BLMtest =BLM;

BLM2test = BLM2;

BLMmix21test = BLMmix21;

Btest = B;

B2test = B2;

Bmix21Test = Bmix21;

tempVec = Table[u ,{u,inc+1}];

Finaltest = MapThread [Append,{ Final ,tempVec }];
Finaltest = MapThread [Append,{ Finaltest ,tempVec }];



(xTakes the two coefficient vectors and combines them into a

single vector.x)
A3 = Join [A,A2];

(*Need to know how many coefficients there are along with a
way to store them allx)

Coeffs = Dimensions[A3];

Final2MultiCoef = Table[u ¢ ,{u,2},{c,Coeffs[[1]]+1}]

(#Initializes the initial guesses for FindRoot []x)
Guess3 = A3;
Guess = A;

(xLoops that make the very first initial guess all 0x)
For [r=1, r<w+1l, r++,

Guess [[r]] = {AL[[r]],0};
K

For [r=1, r<wtw2+1, r++,
Guess3 [[r]] = {A3[[r]],0};

(#*Check to make sure it workedx)
Print [ Guess3 |;

(*This begins the loop to solve the system of equations for
multiple values for \lambda. In this code, \lambda is gx)
For [g=0.01, g<l+l/inc, g = g + 1/inc,

(xCreats the desired system of equations and stores them as

a matrixx)

129
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EquationOrderl = gxPTloop + PTu.A + g«PTloopT .B/2
+ gxPTTloop.B/2 + mt"2«TP.A — g«TPT.B;

Equation = gxPTloop + PTu.A + g«PTloopT.B/2 + g«xPTTloop.B/2
+ mt " 2+xTP.A — g«TPT.B 4 2xgxPT2loop.A2;

Equation2 = 2xgxP1T.A 4+ 2+«mtxmtxPxT2.A2 4+ 4xPuT2.A2 + PTTu.B

+ PTuT.B + mtxmt+PxTT.B 4+ g+PTloopT2.Bmix21

+ 2xgxPTT2loop.Bmix21 + 2xgxPT2loopT.Bmix21 + g«xPT2Tloop.Bmix21
+ g#PTTTloop.B2/3 + g«PTTloopT.B2/3 + gxPTloopTT.B2/3

— 2xgxTP1.A — 2sxmt+mt«TPxT.B — 2+«PTTu.B — 4xg«TPT2. Bmix21

— g+xTPTTloop.B2 — gxTPTloopT.B2 — 2s«mtsxmtxT2Psub.A2

— 2xgxT2PT.Bmix21 4+ mtsmt+«TTP.B + g«TTPT.B2;

(*Find root needs an initial guess. First, pre—allocate size
then makes the previous solution first order the initial

guess for all variablesx)

Equation3 = Join [Equation , Equation2 |;
ResultFROrderl = A /. FindRoot[{ EquationOrderl}, Guess];
For [r=1, r<w+1, r++,
Guess3 [[r]] = {A[[r]],ResultFROrderl [[r]]};
I
ResultFR = A3 /. FindRoot[{ Equation3}, Guess3];
DL = Dimensions [ResultFR|;
MatrixForm [ ResultFR | ;

(*Solve[] used to see all the solutions. This is only used
for testing at low values for basis polynomial orderx)
ResultL = A3 /. NSolve[{ Equation3 = 0}, A3];

Print [MatrixForm [ ResultL ] ] ;
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(*Records how many solutions Solve ][] producedx)

ResLength = Dimensions [ResultL |;

(*Uses the result from FindRoot to find (M/\mu)"2x)

t1t = Sum|[ResultFR [[v+1]]*f[v,y],{v,0,k}];

t1tOrderl = Sum|ResultFROrderl [[v+1]]*xf[v,y],{v,0,k}];
t1t2 = Sum[ResultL [[ResLength [[1]] ,v+1]]*f[v,y],{v,0,k}];

(* This loop saves all the results from Solve[] for testingx)
For [r=1, r<ResLength[[1]]4+1, r++,

Final2MultiCoef = Append[Final2MultiCoef , Join[{g},

ResultL [[r]]]];

I;

(* This loop saves all the values for (M/\mu) 2 Solve ]
produced for tesingx)

For [r=1, r<ResLength[[1]]+1, r++,

t1t2Multi = Sum|[ResultL [[r,v+1]]*xf[v,y],{v,0,k}];
PolyLMulti = Integrate[t1t2Multi ,{y,0,1}];

Final2Multi [[t,r+1]] = mt*mt + gxPolyLMulti;

I;

(*Stores all the results and prints them to check them
as the code worksx)

Final2Multi [[t,1]] = g;

PolyFR = Integrate [t1t,{y,0,1}];

PolyFROrderl = Integrate [t1tOrderl ,{y,0,1}];

PolyL = Integrate[t1t2,{y,0,1}];

Print [ResultFR ,g];

Print [ResultFROrderl ,g];

Final [[t,2]] = mtxmt + gxPolyFR;
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Final [[t,1]] = g;
FinalOrderl [[t,2]] = mtxmt + gxPolyFROrderl;
FinalOrderl [[t,1]] = g;

Finaltest [[t,2]] = Final [[t,2]];

Finaltest [[t,1]] = Final [[t,1]];

Finaltest [[t,4]] = Final[[t,2]] — FinalOrderl[[t,2]];
|]] = mtxmt + gxPolyL;
]

Final2 [[t,2
Final2 [[t,1]] = g;
(*The next four loops store the coefficient results from
FindRoot [] so they can be fed back into the equations to
test if FindRoot[] did return an accurate result*)
For [r=1, r<Alength[[1]]+1, r++,

Atest [[r]] = ResultFR[[r]];
I

For [r=1, r<A2length[[1]]+1, r++,
A2test [[r]] = ResultFR[[Alength[[1]]+1]];
I

For [n=1, n<w+1, n++,
For [s=1, s<w+l , s++,

BLMtest [[n,s]] = Atest[[n]]* Atest[[s]];

For [m=1, m<w+1 , mt+,
BLM2test [[n,s ,m]] = Atest [[n]]* Atest [[s]]
xAtest [[m]];
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For [n=1, n<w2+1, n++,
For [m=1, nxw2+1 |, m++,
BLMmix21test [[s ,m]] = Atest[[s]]
xA2test [[m]];

I;

(xMakes a (kxk)xl vector to be multiplied by the
matrices )

Btest = Flatten [BLMtest |;

B2test = Flatten [ BLM2test |;

Bmix21test = Flatten [BLMmix21test |;

Equationtest = g«xPTloop + PTu. Atest+ g«PTloopT . Btest /2
+ g#PTTloop. Btest /2 + mt 2«TP. Atest — g«TPT. Btest
+ 2xgxPT2loop. A2test ;

Equation2test = 2xg*P1T. Atest + 2xmtxmt«xPxT2. A2test

+ 4%PuT2. A2test + PTTu. Btest + PTuT.Btest + mtxmt«PxTT. Btest
+ gxPTloopT2. Bmix21test 4 2xgxPTT2loop. Bmix21test

+ 2xgxPT2loopT . Bmix21test 4+ g+«PT2Tloop. Bmix21test

+ gxPTTTloop. B2test /3 + gxPTTloopT.B2test /3

+ gxPTloopTT.B2test /3 — 2xgxTP1l. Atest — 2xmt*xmt+xTPxT. Btest
— 2%PTTu. Btest — 4xg«TPT2. Bmix21test— g+TPTTloop.B2test

— gxTPTloopT. B2test — 2xmtxmtxT2Psub. A2test

— 2xgxT2PT. Bmix21test 4+ mtxmt+xTTP. Btest + g«TTPT.B2test;

Finaltest [[t,3]] = Total[ N[Join[Equationtest
Equation2test |]];

b+
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]
(«xPrints the results and makes plotsx)
MatrixForm [ Finaltest ]
MatrixForm [ Final2 ]

ListPlot [FinalOrderl |
ListPlot [Final]
ListPlot [Re[Final2]]

MatrixForm [ Final2Multi |

For [r=1, r<ResLength[[1]]+1, r++,
solvePlots [[r]]=ListPlot [Re[Thread [{ Final2Multi [[ All ,1]],
Final2Multi [[All , v +1]]}]]];

I;

Final2MultiCoef = Delete [Final2MultiCoef ,1];
Final2MultiCoef = Delete [Final2MultiCoef ,1];

(¥ ::Package:: x)

(* CoefPlots.nb takes the coefficients given from Solve[] in
LightFinalMulti2.wl and plots them. Then only one coefficient
is printed for study.x)

(*Initializes the list that will hold all the plots=x)
CoefPlots = A3;

(*This loop runs for the number of coefficients which is
determined in LightFinalMulti2x)

For [r=1, r<Coeffs[[1]]+1, r++,

CoefPlots [[r]]=ListPlot [Re[ Thread [{ Final2MultiCoef [[ All ,1]],
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Final2MultiCoef [[ All ,r+1]]}]],PlotRange — {{0, 1}, {—.5, .5}},

AxesOrigin —> {0, 0}];
5

(«xPrints the graph for a_0x)
CoefPlots [[1]]

(x ::Package:: x)
(*+PlotSolve.wl takes the plots created from Solve|] and
FinalLightMulti2.wl and prints them to be studied.x)

solvePlots = Table[u ,{u,ResLength[[1]]+1}]

(*A loop that goes through every result and plots them.

Then, stores the plots onto a single variable solvePlotsx)

For [r=1, r<ResLength[[1]]+2, r++,
solvePlots [[r]]=ListPlot [Re[Thread [{ Final2Multi [[ All ,1]],
Final2Multi [[All ,r +1]]}]]];

I;

(«First prints all the plots seperately )
solvePlots
ResLength

(«Prints all the plots onto the same graph then does this
again on a specific range.x)

Show [ solvePlots |

Show [solvePlots , PlotRange — {{0, 20}, {—1, 100}},
AxesOrigin —> {0, 0}]
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