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Abstract

The effect of oscillatory forcing as a dynamic stabilization or desta-
bilization mechanism for two layer plane Couette-Poiseuille flow at low
Reynolds number is studied using numerical and asymptotic meth-
ods. The flow is driven by the relative planar motion of the upper
boundary and a pressure gradient in the streamwise direction. Both
driving forces are composed of a steady part and small amplitude
time-periodic fluctuations. An asymptotic expansion for the growth
rates for small amplitudes is developed and the correction terms are
quadratic in the amplitudes. The modulations to the steady flow can
have either a stabilizing or destabilizing influence depending upon the
conditions of flow. Complete stabilization is possible for certain flows
which are otherwise unstable due to the viscosity stratification across
the interface. The combined pressure and velocity fluctuations can
have an opposite effect on the flow stability to that induced by the
separate time-periodic forcing mechanisms.



1 Introduction

In flows of two immiscible liquids (see Chapter 1 of Joseph & Renardy 1993,
Aminataei et al. 1988, Ranjbaran & Khomami 1995, Renardy 1995), study-
ing the stability of the interface aids the understanding of the optimum flux
conditions and can be used to help maintain a desired flow configuration. A
two-layer flow may be unstable if the viscosities of the two fluids are differ-
ent (Yih 1967). When the more viscous fluid occupies the thinner layer, the
interfacial mode is unstable, whereas converse arrangements may be linearly
stable to long waves leading to a thin-layer effect (Hooper 1985, Renardy
1987). Surface tension has a negligible effect on long wavelength distur-
bances but is important for short waves (Hooper & Boyd 1983, Hinch 1984).
General wavelength disturbances are investigated by Renardy (1985), who
shows examples of maximum growth rates attained for O (1) waves. Re-
nardy (1987) carried out an analytical study for fluids with slightly different
mechanical properties, showing the explicit dependence of the eigenvalues on
the parameters. Tilley, Davis & Bankoff (1994a,b) and Chen & Aidun (1994)
considered two-layer flows down an inclined channel for long wavelength dis-
turbances. In the case of a density difference the inclined problem differs
from the plane Couette-Poiseuille flow in that the driving pressure gradients,
which involve gravity, are different in each fluid. In the absence of gravity,
the two problems are identical.

The inclusion of an oscillatory component to the steady flow can enhance
or reduce stability (Grosch & Salwen 1968, Hall 1975, von Kerczek 1982,
Davis 1975, Kelly & Hu 1993, Hu & Kelly 1995). Yih (1968) considered the
stability of a viscous fluid layer on a flat plate performing a simple harmonic
motion in its own plane. There is no viscosity coupling between the fluid
and the air layer above. In the absence of plate oscillations, the mean flow
is zero, and the flow is linearly stable. Using Floquet theory, he showed that
the imposed oscillations can cause long wavelength disturbances to become
unstable. This was extended by von Kerczek (1987) in a study of the flow
down a vertical plate which is performing a simple harmonic motion in its
own plane. Using a similar longwave expansion, von Kerczek established
windows of stability.

Coward, Papageorgiou & Smyrlis (1995) studied the core-annular flow of
two fluids in a vertical pipe. An oscillatory pressure gradient drives the flow
in the axial direction. They obtained an evolution equation which describes
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boundaries: U (0,t) =0, U (1,t) = U, + A, cos (wt). At the interface the ve-
locity U (z = I1,t) and tangential stress p;0U/9z are continuous. Separating
the steady and unsteady components of the basic flow we have

Ul(z,t) = Us(z)+ % { [AvUv + A,,Upe"i‘s] (z) e™* + c.c.} ,

{ —GR2*[2 + 12, 0<2z<1,

U, =
(2) —rGR, (z—1)2/2+02(z—1)+Uu, I <z<1,

where c.c. denotes the complex conjugate, U, = 1 + (mly) /l; — (mloGR,/2)
the steady upper plate speed, I, = 1 — {1, ¢; = (1/l;) + (GRy1l,/2), and
ca = m(c; — GR;y). The components of the basic flow due to the oscillatory
plate motion and forced pressure fluctuations can be written as follows.

U, (z) = d3sinh (f,2), 0<z<1y,
Y [cosh (62 (z = 1)) + dysinh (B2 (2 — 1))], L <z<1,

U,(2) = {( w) " [cosh (B12) —1+ d, sinh (B12)], 0<z<1y,
P (iw) " [rcosh (Ba (z=1)) —r+ dysinh (8, (2-1))], L <z <1,
(

di = [(1 —r)cosh(Balz) + r — cosh (B111) cosh (Bals)
(mr )1/ sinh (f;(;) sinh (ﬁglg)] ds,
dy = _(mr)l/2 [r cosh (B111) cosh (Bal2) + (1 — ) cosh (B1ly) — 1]

+ rsinh (61ly) sinh (B2l2)] ds,
dy = :sinh (B111) cosh (Bala) + (mr)"? cosh (B,11) sinh (,Bglg)]_l ,
dy = [sinh (Bih)sinh (Bals) + (mr)"/? cosh (Bil1) cosh (Bal2)] ds.

Solutions that are small perturbations of the above basic flow are sought.
The velocity, pressure and interface position are perturbed by (%, @), p, and
h respectively. Further we use Fourier mode expansions of the form

1

(4,9,p) (z,2,t) = 5{(u,w,p) (2,) €9 +c.c.},
h(z,t) = % {h (t) e ootot 4 c.c.}.

We use Floquet theory to derive and solve the eigenrelation for the complex
eigenvalue 0. The flow is linearly stable to disturbances with streamwise

5



wavenumbers « (for given values of the eleven flow parameters) if ¢ has a
negative real part.

After neglecting small nonlinear convective terms and eliminating v and
p, the linearized Navier-Stokes equations and equation of continuity reduce
to the familiar Orr-Sommerfeld equation

T Y AV
]—i<g—2ab—;§+a)w - (zaU+a> <ﬁ—a w

2 2
+ iaw% = o (a—w — a2w> . (1)

The no-slip boundary conditions w = dw/dz = 0 are imposed at the upper
and lower plates z = 0,1. The conditions at the interface are posed at the
unknown position z = Il; + h. Since the A(t) is assumed to be small, the
interfacial conditions are expanded as Taylor series about the unperturbed
position z = I;. Using the notation [z] = z(fluid 1) - z(fluid 2), evaluated at
z = [y, the continuity of velocity and shear stress across the interface are

. .0U ow
[w] =0, zah[[gg]] - [[g = 0, (2a)
p [ 0*w . 0%U
,U_l (‘6? + azw - zahﬁ)]] = 0, (2b)

where p denotes p; for fluid ¢ = 1,2. The balance of normal stress yields

3 4 2 (. _
L (3a22u_)_8w)]]+ahT+ha (r—1)

1Ry 0z 023 mR,; rF?
p [ ow &*w . OU . _ dw
[[p1 (0 5, T 519, w5 +zaU6—Z>]| = 0. (2¢)
Finally, the kinematic free surface condition gives
dh .
7 +oh+iachU —w = 0, evaluated at z = ;. (2d)

Our aim here is to quantify the stabilizing or destabilizing effect of the
time-periodic pressure gradient and boundary motion on the otherwise steady
two layer flow. To this end, we now take Ay,Ap, < 1 and express the
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o = BB,

cosh (Bil1), d,= %ii” [sinh (B111) + dy cosh (By11)].

The kinematic condition determines the first imaginary component of the
eigenvalue ¢, namely c,, since

dh . . :
Eg ’LCOhQ + ZCQhO - Z’l,/)Q (0, t) y (7)
The continuity of normal stress at the interface (2c) determines A such that

(m+1)

r

A =6aFE 22 -1)- hofty da (1 m) _ thoTa? _tahoRy (r — 1).
" 4 dt 2m 2rF?

B, and B, are not explicitly required here, but can easily be obtained from
the equations of continuity of velocity and tangential stress (2a,2b). Finally
then, we can determine ¢, which consists of the usual contribution from
the steady flow, together with components which are also steady due to the
interaction of oscillatory flow (e*!) and complex conjugates (e~™*),

_ amaR, 1 13T ) )

@ = 2(m+1) F? (7‘ ) C2(m+1) tes + Aycy + Apcp + By Apcyp,
. _imB (1-m) [1_@3 1 GRih\’
T2 (14m) rl\n T T2 )

imwR? (1 —m) m?
v = 1— — 2
c T (11m) . |d3 cosh (8111) |7,

imR? (1 —m) m2] .

% -

e |
Cop = W [1 -2 } [dse® cosh (By14) (Sinh (Bily) + ds cosh (Bilh))

+ c.c].

The leading order growth rates given above provide a useful check on the
numerical scheme discussed in Section 2. For the case of plane Couette flow
the numerical eigenvalue calculations give excellent agreement with ¢, and c,.
In the presence of a non-zero pressure gradient the agreement is not as good.
This discrepancy is explained by considering the O (1/a3) contribution cs. As
shown below, this term is due entirely to the time dependence and quadratic

13
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(solid line) against 0 < § < 2m for a variety of ﬂ(?ws. In «
that by altering the phase shift, the oscillatory forcing can e
destabilize the flow. These figures show regimes where the

oyp has an opposite sign to o2, Tp2 and oy, so that the total ¢
posite from a simple comparison of the separate effects of mo
or pressure gradient independently. The magnitude of 0 req
maximum stabilization or destabilization depends upon th
parameters of the flow. The values of ¢ for the two situati
as evident in Figure 4(d) which shows plane Couette flow w
viscous lower fluid. The perturbations to the flow have wave
When the boundary and pressure fluctuations are in-phase, |
At § ~ 7/2 maximum stability is obtained. Conversely a
destabilizing role of o,, is at its greatest. Thus the combine
lating the wall and the pressure gradient is not simply the ¢
their separate effects.

5.2 The Poiseuille Case: U; =0

When the mean upper boundary is stationary, the base flo
two-layer plane Poiseuille flow. One difference with the Coue
the second derivative of the base flow enters into the correcti
short-wave asymptotic formulas, necessitating the inclusion
terms. This shifts the critical wavenumbers in the short-w:
the formula given in Section 4. In Figures 5(a,b) we consic
stability curves of oscillatory plane Poiseuille low with a mor
fluid layer (R; = 10, T = 0.1); (a) shows critical wavenumbers
the minimum interface height for which instability is possible.
pressure gradient G is determined by the steady base flow at
such that G = 2(l; + mi,) / (mlyl,R;). The oscillations of
and pressure gradient are in-phase (6 =0) and have frequen
Figures 5(a,b) the solid lines show the effect of the combined os
with amplitude 0.2, while in the absence of periodic forcing we
stability and critical wavenumbers plotted by the dotted line.
effects with A, = 0.2, A, =0and A, =0, AT
and dashed/dotted lines respectively. In the region below the r
in 5(b), the flow is linearly stable. As evident, for m > 1, insta:
possible when the upper fluid is relatively thin. These figures s

= 0.2 are given |
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region of instability is increased by the modulations. In Table 4 we quantify
the position of the minimum value of the interface heights for instability, and
show the uniformly destabilizing effect of the oscillatory forcing for this flow.
The critical wavenumbers (Figure 5(a)) can move either way.

Amplitude | Amplitude | Viscosity | Min. Int. Critical
A, A, Ratio m | Height /; | Wavenum. o,
0 0 5.220 0.74489 6.095
0.2 0 5.194 0.74368 6.076
0 0.2 5.192 0.74487 6.111
0.2 0.2 5.131 0.74238 6.096

Table 4. Oscillatory plane Poiseuille flow: Minimum interface heights below
which all disturbances are stable. (U} =0, R; =10,G # 0,7 = 1.0, F~2 =0,
w=1,4§=0).

In addition to changing the neutral stability, the imposed oscillations also
alter the critical wavenumbers plotted in Figure 5(a). For m < 4.8 (ap-
proximately) the critical wavenumbers are decreased by the imposition of an
oscillatory boundary and/or pressure gradient. For larger values of viscosity
ratio we see a marked reduction in the critical « for all three cases involving
the time-periodic forcing.

5.3 The Couette-Poiseuille Case

We now consider a flow where both the upper boundary and the pressure
gradient have a constant component and a time-periodic contribution. When
the lower Auid is thin and less viscous, the unmodulated flow is found to be
unstable for a wide parameter range. The oscillatory boundary motion with
small amplitude A, can have a stabilizing effect however. In Figure 6(a)
we plot the growth rate Re o against viscosity ratio m for a plane Couette-
Poiseuille low with parameters: R; =1, 1 = 0.34, a = 1, G=18, w=1,
T — 0.003 and r = 4. The dotted line corresponds to the growth rate Re o, of
the unmodulated flow and the solid line demonstrates the stabilizing effect of
the oscillatory motion of the upper plate with magnitude A, = 0.2. We note
that for a significant range in viscosity ratio the otherwise linearly unstable
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a=00l,r=1,R =10,m=2,1, =047 F2=0and T = 0.

(b) O(1) wavelength disturbances:
a=1,r=1,Ri=10,m=2,1,=07, F2=0and T = 0.

(c) Short wavelength disturbances:

a=10,7r=2, R, =20,m=0.5,1;, = 0.2, F72 = 0.1 and T = 0.001.
(d) Short wavelength disturbances:

a=20,r=2, R =20,m=0.5,1;, =08 F72=0.1 and T = 0.001.

Figure 5(a). Critical wavenumbers for oscillating plane Poiseuille flow
with a more viscous lower fluid. A, = 0, A, = 0 (dotted line), A, = 0.2,
A, = 0 (dashed line), A, = 0, A, = 0.2 (dashed/dotted line), A, = 0.2,
A, =02 (solid line), r =1, By, =10,m > 1,G =1, w=1, F2 =0,
T =0.1and § =0.

Figure 5(b). Neutral stability curves for oscillating plane Poiseuille flow

with a more viscous lower fluid. Physical parameters are the same as in figure
5(a).

Figure 6(a). Stabilizing effect of boundary oscillations for plane Couette-
Poiseuille flow. Growth rate as a function of viscosity ratio for a shallower,
less viscous, more dense lower fluid: Ry =1,[;, =034, a=1,G =18, w =1,
T =0.003, F~2=0,6 =0, A, = A, =0.2 and r = 4. Dotted line is Re oy,
solid line is derived from o, 4+ A20y + A20p + AyAp0y,.

Figure 6(b).  Destabilizing effect of boundary/pressure gradient oscilla-
tions for plane Couette-Poiseuille flow. Growth rate as a function of viscosity
ratio for a deeper, less viscous, less dense lower fluid: Ry =1, = 0.7, a =
05,G=1L,w=1,T=01,F?2=002§=0,4A,=A7,=02and r =0.8.
Dotted line is Re o, solid line is derived from o, + A2, + Af,apg + Ay Apoyp.

Figure 7. Components of growth rate o as a function of wavenumber o
for plane Couette-Poiseuille flow. Lower fluid depths /; = 0.4 (dotted line),
I, = 0.5 (dashed line), and {; = 0.6 (solid line). R; =1, m = 0.5, G =1,
w=1,T=0.001, F2=0.01,5 =0 and 7 = 0.5.
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