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Abstract

In this paper we show how to compute suboptimal H> controllers, for a class of (pos-
sibly) unstable and (possibly) infinite dimensional plants, from a finite set of linear
equations. A solution to the H* suboptimal control problem for infinite dimensional
stable plants was obtained in [6]. Also, in [13] and [14] the H* optimal control prob-
lem was solved for unstable distributed plants. Our solution for the suboptimal control
problem of unstable distributed plants is based on the techniques developed in [6] and
[13]. We obtain a computable expression for the suboptimal H* controllers and identify
their finite and infinite dimensional parts.
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1 Introduction

The purpose of this paper is to give a solution to the two block H* suboptimal
control problem for a class of distributed plants with a finite number of unstable poles.
The H* suboptimal control problem for stable distributed plants was solved in [6] and
the structure of all suboptimal controllers was determined in [12]. In [13] and [14], the
classical skew Toeplitz approach developed in [2], [7], [8], [9], [11], was extended to solve
the optimal control problem for unstable plants. In this paper, we combine certain ideas
and observations from [6] and [13] to obtain an explicit formulae for suboptimal H*
controllers for a class of unstable distributed plants.

We consider SISO systems and use the frequency domain approach to H* control.
Following is an outline of the solution procedure given in this paper. First we use spec-
tral factorization to reduce the 2-block problem to a 1-block problem. Then, Adamjan
Arov Krein (AAK) formulae are used for parametrization of controllers. At this step,
an extension of the techniques developed in [13] and [14] is used for reducing an infinite
dimensional matrix problem, which appears in AAK formulae, to a finite dimensional
matrix problem. The final formulae for the suboptimal H* controllers, is a linear frac-
tional transformation (LFT) on a free parameter in the unit ball of H>. The coefficients
of this LFT are of the form rational plus inner times rational. If the plant is stable, this
formula gives the structure previously observed in [12].

The rest of this paper is organized as follows. In Section 2, we formulate the 2-block
problem and discuss its reduction to 1-block problem. In Section 3, the AAK formulae
are used for the suboptimal 1-block H* problem, and the associated infinite dimensional
matrix problem is reduced to a finite dimensional one. The structure of suboptimal H*
controllers is given in Section 4, where we also apply our results to the stable plant case,
and verify the controller structure given in [12]. Finally, in Section 5 we make some
concluding remarks. See Appendix A for the notation used in the paper.

2 Suboptimal H* control problem

In this section we will define the suboptimal two-block H* control problem and reduce
it to a one-block problem. We consider SISO, LTI, (possibly) infinite dimensional plants
with finitely many unstable stable poles:

N,
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where N, € H* and D, € RH*. We assume that (¢) N, = m,N,, where m, € H*
is inner (arbitrary) and N, € H* is outer, and (i¢) N, is analytic and non-zero at the
zeros of D, in the closed unit disc. We also write D, = myD, where my € IRH® is inner
and D, is outer. Under these assumptions there exist X € H* and Y € H* such that

XN, +YD, =1. (1)

Note that X must be chosen such that

1— N, X
Dp

Y = e H*™.

So, X must satisfy only finitely many interpolation conditions (i.e. 1 — N, X must
have zeros at the zeros of D, in the closed unit disc, at least of the same multiplicity).
Therefore, X can be chosen as rational. The set of all controllers which stabilize the
plant P = N,/D, can now be written in the from, [16],

X +QD,

C‘Y—Qm

where ) € H® is the free parameter. Let S = (1 + PC)™" and T' = 1 — S be the

sensitivity and complementary sensitivity functions respectively.

We will consider the following mixed sensitivity reduction problem: we want to
parametrize the set

B ‘ . Wi s
C, = {C : C' stabilizes P, H[ W,T ]

< p} )

where Wy, Wy € IRH*™ are given weighting functions. As in [13] and [14], we define a
function G' from the conditions: (i) WyW, + W;W, = G*G and (ii) G,G™' € RH™.
Since G*~'W;W, € IRL™, there exists a finite Blaschke product b; € IRH* such that
wo = biG*'WW, € RH*. Note that b; can be chosen as a finite Blaschke product
with zeros at the poles of G*"'W; W inside the unit disc, of the same multiplicity. We
also define @, = GG,,Q and gy := —W,W,yG~™1. Then, we choose 1wy, € H*> such
that (GG, X — wo)/Gq € H™. Since Wy has to satisfy only finitely many interpolation
conditions it can be chosen as rational. Now define

Q2 := Q1+ (GG, X — W) /Gy,



a = GdoQ?v mi= blmnmd7 my = blmn'
If

wo(2;)
9o())

wo(z) — ma(z)Wo(2;)
go(2i)

b

o1 = max{

o0 o0

z; (%) is a zero of G, (Gg,) on T} < Yopt

then the problem reduces to the parametrization of

Wo —@oml —qu]

% < p} (3)

S, ={ie i~ : H[

o0

(see [13] and [3] for all details), where

(4)

Yopt 1= _1nf
qeH ™

Wy — @oml — qu
Yo

o0

which can be computed by the formulae given in [13]. For the stable plant case wy = 0,
mq = 1, and the corresponding problem (3) has been solved in [6].

Now we assume that p > y.pr, then ||go]loe < Yopt < p; so there exists an f, € RH™
with f,7' € RH®® such that |f,|* + |go|?> = p?. Hence (3) reduces to

~ ~

~ o q
Sp={q€ H” : [ = —mi—m—|e <1}. (5)
P P fp

Let us define ¢4 := ¢/ f,, uo := wo/ f,, to := Wo/ f, and u := ug — myty. Then, we get
S,=1{loqr : lu—maqlw <1 and ¢ € H*}. (6)

The problem defined by (6) is a one-block suboptimal H> control problem. Since m is
allowed to be an irrational inner function (or infinite Blaschke product) we cannot use the
standard state space methods for solving this problem. Also, since w is possibly infinite
dimensional, we cannot use the results of [6] directly, we need to use an observation
similiar to the one given in [13].



3 A solution to the suboptimal H*> control problem

In this section, we parametrize all H* functions f,¢; in the set §,, by using the

AAK formulae (see [1]). We will need the following

Proposition 3.1: For u and m defined above, we have

inf_lu— L.
b flu—male <

Proof: By the commutant lifting theorem, (see e.g. [4]) there exists a ¢ € H™ such
that

lwo — oy — mql* + |go|* = 2,

|we — Wemq — qu|2 + |90|2 + |fp|2 = VSpt + |fp|2

lwo — oy — mql? = 2, — p* +|f,]?

p2 - 702pt
|fol?

lu—maq| = 1-

Since fp_1 is in H> and p > o,
lu —ma]| < 1.
Hence

— 0
Lt flu —maile <1

3.1 The AAK approach

In this section we will present a result from [1], and then apply it to our problem
(6). For this purpose we will need some more notation. Let H(m) be the orthogonal
complement of mHy, in Hy, 'y« be the Hankel operator defined from Hy to Hy
L, = PHLm u, where PHJ_ denotes the orthogonal projection operator from L, to HL

Now, deﬁne R as the reﬂectlon operator defined from Hi to Hy, as Rf(2) = 271 f(z71).
Then, R* is form H, to Hy and R*f(z) = f(271)z7!. Finally, let S be the shift operator

4



defined on Hy as Sf(z) = zf(z) and T : H(m) — H(m) be the compressed shift operator
defined as T = Pp(,,,)S, where Py, is the orthogonal projection operator from Hj to
H(m).

We will use I' for the matrix representation of RI';;«,. Following [1] we set R, :=

(I-TT)" Y ¢e(z):=1,p:=R,e,and ¢:=S T R,e.
Theorem 3.2 ([1]): Assume that ||T,,»,

| < 1; then the set of all ¢; € H* satisfying
[ =mall <1

can be obtained from
. ep +q°
e i=mify —q = ——— 7
f,p q1 pteq ( )

where ¢ is the free parameter in the unit ball of H*, i.e. in
B={se€ H® : |lg||o < 1}. O

Note that by Proposition 3.1 ||T'px,
our problem. Hence, the solution of (6) amounts to finding p and ¢ in (7). The rest of
this section is devoted to computation of p and g.

< 1. Therefore, Theorem 3.2 is applicable to

3.2 Computation of p

Let us first define the 2-block operator A : Hy — H(m) & Hj,

A l PH%)U(S) ]

as in [13]. Since u(T)Pg(m) = Pr(myu(S) (see [13]), we have

u(T)P ()

A*A = [Pyyu(T)” 0] [ 0

A"A = Pryu(T) mm™ u(T)P g

As shown in [5], T')e,

w(m) = M u(T)P (), and

A Al = L

H(m)-



But I' = RI',,«,, and R*R =1, so
r'r=r ...,
and
A" Al () = T m)- (8)
Furthermore, I'* = T because I'" = I'. By the AAK formulae, we have
(I-T"T)p=e.
Also, p = Prm,p + Pgimp, so
(I-T"T)Pupu,p+ (I-T"T)Pyinyp =1

We now separate the above equation into its H(m) and mHy components.
Since I'|;np, = 0, we have

(I-T"T)Pm,p = Prp,p € mH,.
Also, by (8)

(I—TT)Pyimyp = (T— A"A)Py(p € H(m).

Therefore,

Pomp =Pl = m(0)m(z). (9)
Defining

y:=Pyiyp and w(z) == =Ppeyl = -1+ Wm(z) (10)
we obtain

(I—-A"A)y = Prml =1 —m(0)m(z),
which is equivalent to

(A"A —T)y = p(2). (11)



3.3 Solution of (A*A —I)y(z) = p(z2)

In this section, we will solve the equation (11) by using some of the formulae given
in Appendix B and results of [13]. Let us re-write ug and @y as uo(z) =: B(2)/K(2),
tp(z) =: C(2)/K(z), where B(z),C(z),K(z) € R[z] and 1/K(z) € H*, (see [13] and
[14]). Let n denote the maximum of the degrees of the polynomials B(z), C'(z) and
K(z). For simplicity we will assume that n = deg K. By making a change of variable
x(z) = y(z)/K(z) we transform (11) into the following form

K(S)*(A*A —D)K(S)xz(z) = K(S)*u(z).
Let us define R := K(S)*(A*A —I)K(S), and A(z) := K(S)*u(z). By [13], we know

the effect of R on an arbitrary x(z) € Hs, i.e. we have an explicit expression for Ra(z).
Furthermore by [15], A(z) can be computed easily, in fact

Ho
| Ha
Ae) = K(uz) - Vo | "
Hn—1
where K(z) = ko + k12 + -+ + k2",
Vo(z)=[z" - 27,
A fey
0 k, ks
K= : )
0 0 kp
and g, ..., ftn—1 are the first n coefficients of the power series expansion of u(z), i.e.

w(z) = po + iz + -+ pa—12™t 4+ -+, With this formula, we see that A(z) is in the
form \(z) = ¢ + mty, where

t(2) == K(z71) = Vo(2)Kpo 1 oo ]’

1(2) = —WK(Z_I).



Note that 7 and t; are rational functions of z. We now have an equation of the form
Ru(z) = A(z), and by [13] we know how to compute the left hand side:

Ra(z) = P(z, 2 Nay, + Q(z, 27 yma, + T(2)®
where v = z, + mz, with z, € H(m), =, € H,, and P(z,2z7") = B(z"Y)B(z) —
K("YK(2), Q2,27 = =K(2"H)K(z), T(z) is a 3n + 2( row vector ({ := dim m,)
with entries in IR(z) + m(2)IR(2) (see Appendix D for explicit formula of 7'(z)), and @

is an unknown 3n + 2¢ column vector depending on x (see [13]). Note that P(z,z7!),
Q(z,z7") and T'(z) are known and z,, z, and ® are unknown.

Now consider the equation
Pz, 2 N, + Q(z, 27 yma, + T(2)® = A(2). (12)
Taking the orthogonal projection onto mH;, we obtain
()@=, =y + Tul2)8] = Au(2) (13)

where T,(z) is a row vector of rational functions (see Appendix D for an explicit formula

of T,(2)), and
Ao(2) := P A(z) = P, (17 4 mty) = mPy,m™ (1) + mty).
Yo,
Ao(2) = mPp, (m ) + ;) = mA]

where A = Py, (m*t} +t3) is rational and can be computed by the projection formulae
of Appendix B. From (13), we have

Q227 )2y + Tu(2)® = X(2),

and hence

()~ Ty(2)0
Q)

2,(2) (14)

Note that x,(z) is rational.



Assumption 1: The zeros of K(z), denoted by z, ..., z,, are distinct.

With this assumption, by (14) we get
To(z)® = A¥(z;), fori=1,...,n. (15)

It is easy to see that (15) is a necessary and sufficient condition for x, to be in H,.
Taking projection of (12) onto H(m), we obtain

Pz, 27y + Tu(2)® = PrimA(z) = Au(2), (16)

where T,(z) is a row vector with entries in IR(z) + m(z)IR(z) (see Appendix D for an
explicit formula of T),(z)) and A\, (z) = M(z) — m(2)A\¥(z). Then,

T P(z,z71) (17)
Let 2,11, ..., 23, be the zeros of P(z,z7'), where the first r zeros are those lying in the
closed unit disc. As in [13], we make the following simplifying assumption.
Assumption 2: The zeros 2,41, ..., 23, are distinct and nonzero.

Since x,, € H(m), by (17) we have

Tu(z)® = Au(z) fore=n+1,.. n+r (18)
But m*z, € H3, so

m*(z)Tu(z:)® = m™(zi)A\u(2:) fore=n+r+1,...,3n. (19)
Taking the orthogonal projection of (16) onto my Hs, we obtain

P, M) =P, (P(z, 27 Dy, + Tu(2)®). (20)

As shown in [13], we have that
Py (P2, 27 ey + Tu(2)®) = mu[P(z, 27 )z, + Ty(2)@]

where x, = x, + myx,, with «, € H(my),z, € H(ms), (see Appendix D for an explicit
formula of T,(z)). Since Ay, = Pr(mA = A — mAE, we have A, = {1 + mt; — mA. Now
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set 14 = 17 and t¥ = t5 — A, Then, we have A\, = t¥ +mt¥ = %+ mt¥, where t% = t%m,.

Define
Aut = Py, (M) = Py (17 4 mats),
then
Mg = ma Py mi(t 4 maty) = mi Py, (mit] +15) = mi\g,

where )\ﬁl = Py, (mity + t4) is rational and can be computed by the methods of Ap-
pendix B. From (20), we have

)‘il = P(z, Z_l)l'q + T,(2)®
SO
A (a) = Plag,aiag(a;) + Ty(a))®,  j=1,...(,

where a;’s are the zeros of ma(z). We assume that «;’s are distinct. Following the ideas
of [13] we obtain

l

)\il(aj) = P(aj,aj_l) Zozifi(aj) + Ty(a;)®, j=1,....0 and (21)
=0
Ma(aj) = Plaj,a7') B + Tu(a;)®,  j=1,..,L (22)

where @ = [®y,...., 3., a1, ..., ap, B, ..., BT and fi(z) := 1/(1 — a;z).

Combining (15), (18), (19), (21), (22) into a single matrix equation, we obtain the
matrix formula

00 =C,.
Again as in [13] we make the following assumption for simplicity.

Assumption 3: The zeros z,11,..., Zntr of P(2,z7"') inside the unit disc are disjoint
from aq, ..., ay.

Suppose that Assumptions 1-3 hold, then by [13], det(®) # 0, so & = O7'C,.
Once & is found, using (14), x,(z) can be found. Note that z,(z) is rational. Define

10



RY(2) := a,(2), then from (17), x,(z) = R}(2) + m(2)RY(z) with R} and R} rational.

Recall that o = z, + ma,, so
v(z) = wu(2) + m(z)a,(2) = RBi(z) + m(2)(R3(2) + Ry(2)),
and by y(z) = K(2)x(2).
y(z) = K(2)Ry(z) + m(z)(K(2)1;(z) + K(2)R;(2)).

Recall that p(z) = y(z) + m(z)m(0), so

p(z) = K(2)R{(2) + m(z)(K(2) R;(2) + K(2)R5(2) +m(0)).

Defining
Ri(2) = K(2)R!(2) and Ry(z) = K(2)RY(2) + K(2)Ry(2) + m(0),
we have

p(z) = Bi(2) + m(2) Ry(2).

Note that Ry and Ry can be computed explicitly from the above arguments and the
projection formulae given in Appendix B.

3.4 Computation of ¢

By the AAK formulae, we know that ¢ = S T R,e, where e¢(z) = 1, and other
symbols are as defined in Section 3.1. Note that

R,e = p(z), because R,e = p(2).
Since T = TI'7., R*, we have
o(7) = T4 RB(2),
SO
q(2) = 2%, 27" p"(2), because R*p(z) = 27 'p(z7") = 27 'p*(2).

11



£ R*
(2) = Py e )
_ LI L1
0(2) = P05 = i) (o + 1)
R R R ORy
q(z) == {PH2 (uéjlm + uéf) — PH2(m2u071 + fmguom )} ) (23)

The above projections can be computed by the methods of Appendix B. In summary
we have

q(2) = Rs(z) + m(z)Ra(2)

where Rs(z) and R4(z) are rational. In particular we can see from (23) that Ry(z) =
ug ;. Hence,

q(2) = Rs(z) + m(2)(ug(2) Bi(2)).

Remark 3.3: We can show that p(2) is of the form p = Ry + (ug R3)m for some rational
Ry, which can be computed explicitly. In order to see this, first note that from [1] we

have p — 1 = T'*S*g. But ¢(0) =0, so g(0) = 0 and S*g(z) = z7'q(z). Therefore,
p—1=Puu'mR*27'q(z) = Pp,u*mq*(2),
p— 1 =Pp,(ug — m matig)m (K5 + m” Ry),
p— 1 =Py, (ug — mmatig)(mh5 + R),
p =1+ Py, (uglsm + ughty) — Pp, (matig B + Rymatigm”).
Hence,
p= Ry + (ugR5)m,
where
Py, (ugRim + ujRy) = 1 + uy REmP g, (matg By + Rymatgm™) = ro,

with rq, 7y rational (see Appendix B) and Ri=1+r —rs.
Note that if m is infinite dimensional, Ry = Ry, Ry = uy RS, Ry = ulRY.
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4 Structure of suboptimal controllers

For implementation purposes it can important to identify the finite and infinite
dimensional parts of a controller. This requires a careful study of the controller structure.
In this section we will study the structure of all suboptimal H* controllers which can
be obtained from the formulae given in Section 3.

Recall that the set of all ¢; € H™ satisfying ||m*u — ¢1|| < 1 is given by Theorem 3.2
as

T pteq’

where ¢ € B is the free parameter. That is

_ mru(pteq) —ept — ¢
91 = 9

p+eq

(m*ug — uom3)(p 4+ eq) —ep™ — ¢~
p+eq '

q1 =

Since p = Ry + mR; and ¢ = Rs + mud R}, we have

(m*ug — tomy)p — ¢~ = (M ug — ugm3)(R1 + mRy) — (R + m™ugRy)

= (UORQ — R; — aoleg) — (ﬁongg)m,

Defining n = ugRy — R — ugRym} and 12 = ugmi Ry, we obtain
(m™uo — tom3)p — ¢" = m + mny

where 1, and 7y are rational. On the other hand, we can express p and ¢ as p =

Ry + muiR; and ¢ = Rs + mR4. So,

(ugm™ — tgmy)qg — p= = (M ug — tgm3)(Rs + mRy) — (E’T + m™ g R3)

= (—RT - aomSRg —|— UOR4) —|— (ﬁ0m§R4)m

Now defining n; = —E’T — ugmi Rs 4+ uo R4 and 14 = ugmi Ry, we have

(wom™ — tigm3)q — p* = N3 + min,.

13



Therefore,

0 = (1 + mn2) + (93 + mng)e
"7 (Ri+ mRy) + (Rs + mRy)e’

(24)

Recall that ¢ = f,¢1, where f, is invertible in IRH* and defined in Section 2. Hence

B (r1 + mug) + (3 + muy)e (25)
(Ri + mRy) + (Rs + mRy)e’

=)

where v; = f,n; for 1 = 1,..,4. Note that v;’s are rational.
Remark 4.1: If we define F. = (51 + mnz2) + (93 + mna)e, from (24) we obtain

C pteg

q1

where F. has at most finitely many poles in D for all fixed ¢ € B and the equality holds
for z € T. We will prove that this holds for all z € D. Since F. = q1(p + ¢q), we
have F. € L?. Let W be the (monic) polynomial of minimal order such that WF. € Hs.
Then, W(p+eq)qn = WF. for z € D, because if two H, functions agree on the boundary
of the unit disc, then they agree in the unit disc. Let w be a root of W, then by the
choice of W, w € D and W (w)F.(w) # 0, but

W(w) (p+eq)(w) q(w)=0

and this contradicts with W(p+¢eq)qs = WF, for z € D, so W has no root in D, W = 1.
Hence,

(p+eq)qu = F. for all z € D.

Furthermore p + £¢ is outer (see [1]), so

k.
p+eq

g1 = for all z € D. O
This completes the solution of the suboptimal H* control problem. The relation

between ¢ and the controller C' is given in [14]. The set of all Cyypopi’s can be written as

a LFT on ¢, (see [14])

AL+ Axg

Cosort =N D03 5 0

(26)

14



where D,, Ay, Ay are rational and As, Ay € R(z) + m(2)R(z), (see Appendix C for
explicit formulae of A;’s). The suboptimal controller Ciupop is N times a LFT on ¢,
and ¢ is a LFT on ¢, so

ar(z) + ax(2)e
as(z) + aq(2)e

-1
Csubopt — No

where and a,(z)’s are in IR(2) + m(2)R(z) (see Appendix C for expilicit formulae).

Now, we will restrict our attention to infinite dimensional stable plants case, and
show that the above structure agrees with the structure obtained in [12]. In this case,
g = 0,my = 1 and m is infinite dimensional. From Section 3, we know that

p= R+ (ugR5)m, ¢= Rs+ (uyR})m

and

_ (UORQ — Rg) + 5(—RT + UOR4)

q1

Now, defining

us 5 + ul Rie

Ge = Ry + Rse
and

v - (ol = 1) + e(— B + uolly)

© Ry + Rse ’
we get
G’

i

But

(UORQ — Rg) _ (—RT —|— UOR4) _. R

* * * *
ug k3 ug Ry

where R, is rational, so
G = R.G.

15



and

G.

=R —-F-.
@ 14+ mG.

In [12], it was shown that for infinite dimensional stable plants the suboptimal H®
controllers have the following structure:

q

Csuo :N_l P
bopt h —mgq

[

where h is rational (see [14] for the definition of ). But since ¢ = f,q1,

G.
h(l —|— mGE) — m(prer)7

Csubopt — No_lprT

H
subo :]\/v_lhci6 ) 2
C bopt [ 1_|_mH6 ( 7)

where h. = f,R,/(h — f,R,) is rational, H. = G.(1 — f,R./h). Note that H. is a LFT
on ¢ with rational coefficients. Hence, (27) gives the structure of suboptimal controllers
in the stable case. This structure is the same as the result obtained in [12]. Note that,
in the stable case, m does not appear in the numerator.

5 Concluding Remarks

In this paper, we have combined the ideas and observations given in [6], [13], [14] and
obtained a solution to the 2-block H* suboptimal control problem for infinite dimen-
sional systems with finitely many unstable poles. We have shown that the suboptimal
controllers can be obtained by solving a set of finitely many linear equations. A com-
puter program for solving these equations can be developed by combining the program
of [17] (which constructs the matrix © of Appendix E, and the matrices of Appendix
D) with a program which implements the projection formulae of Appendix B and the
matrix €, of Appendix E.

In Section 4 we have studied the structure of all suboptimal H* controllers. In
the implementation of a controller it can be useful to identify its finite and infinite
dimensional parts, [12]. We have showed that the set of all suboptimal H> controllers
are of the form N ! times a LFT on a free parameter in the unit ball of H>, where

16



the coefficients of this LFT are in IR(z) + mIR(z), and N, is the outer part of the
numerator of the plant. Moreover, the rational coefficients in this LE'T can be computed
explicitly. For the 1-block suboptimal control problem of stable plants, we have verified
the controller structure observed in [12].

Appendix A: Notation and Some Remarks

Here we introduce the basic notation and definitions which are used throughout the
paper; and make some remarks regarding the transfer function models we consider.

R : Real numbers,

C: Complex numbers,

RHP: open right half plane in C, {s € C : Re s > 0},
D: open unit disc, {z € C : |z| < 1},

T: unit circle, {( € C : [(| =1},

IR[z]: polynomial functions of z with real coefficients,
IR(z): rational functions of z with real coefficients,

L>: Banach space of essentially bounded functions on T,
H®>: L* functions which admit bounded analytical extensions to D,
H*(RHP): Bounded analytic functions on RH P,
IRH®: Real rational functions in H*,

L?: Hilbert space of square integrable functions on T,

H?: L* functions which admit analytical extensions to D,
|G|l norm of G, when G € L", H", n = 2, or cc.

For a function f € L* we define f*(z) := f(1/7).
If f(z)=>" apz® | then f*(z) = Za_kz_k.
k=0 k=0

With this definition, if f(z) is analytic in the unit disc D, then f*(z) is analytic in
the complement of the unit disc, moreover f*(z) = f(z) for = € T. We also define
f(z) := f*(z71), in this case,

Tz =y @t
k=0
and if f(z) is analytic in D, then f(z) is analytic in D too.
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We would like to note that in this paper the systems are represented by their transter
functions, which are functions of the Laplace transform variable s € RH P (in the case
of continuous time systems) or functions of the Z-transform variable z € D (for discrete
time systems). Our solution to the suboptimal H* control problem will be derived using
functions defined on the unit disc (z—plane). This does not limit us to discrete time
systems, since we can find a conformal map between the right half plane (RH P) and
the unit disc (D). A simple example of such a map is

s—1 142
[ S =
s+1"7 1 — 2z’

where s € RHP and z € D. This conformal map transforms every point in RHP to
a unique point in D and vice versa, the imaginary axis (boundary of RH P) is mapped
to the unit circle (boundary of D). In particular, for the above example the points joo
and 0 in the s—plane are mapped to the points 1 and —1 in the z—plane.

Any function F' € H*(RHP) defined on RHP can be represented in terms of a
function f € H*, and vice versa:

142 s—1
1_2) a'nd F(S)_f(8_|_1

f(z) = F( )

The conformal map between RH P and D preserves all the important properties of F(s)
as a bounded analytic function: e.g. f(z) is a bounded analytic function on D and

[F]lco = ess sup [F(jw)| = ess sup [f(e’)] = || /]
weR 6€l0,27]

In view of the above facts we can transform the problem data from RHP to D. For
example if P(s) represents the transfer function of the plant, it can also be represented
by p(z) = P(££), as a function defined on the unit disc. Conversely, if the controller is
given as a function of z, i.e. ¢(z), then, its transfer function can be obtained from the

inverse map, i.e. C'(s) = ¢( :_} ).

Appendix B: Some projection formulae

Now, we would like to present the formulae for computing projections of the form
Py, (t1 + mt2) and Pp,(t1 + m*ty) where t1(z) and t3(z) are rational, m(z) is inner and
the arguments of Py, are in L?, i.e. t;(2z)+m(2)t2(z) € L?, and t,(z)+m*(2)t2(z) € L2
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Note that both of these projections can be considered as a function of two variables
where each variable is a rational function.

If t1(2) = A(2)/C(z), t2(2) = B(2)/C(2) with A(z), B(2),C(z) € R[z], and C(z) =
[T, (2 — 2), then we define

Cy(z) = H (z—2z) and C_(z)= H (z — 2z;).

|| <1 |z:|>1

After reindexing, we may assume that zy,...,zp7 in D and zp744, ..., 25 are not in D. Let
D be an unknown polynomial of degree at most M — 1. Then

A(z) + m(2)B(z)
C(z)

t(z) +m(2)ls(2) =

_ A(z)+m(z)B(z) — D(2)C_(2) N D(z)
CC) ()

But D(z)/C4(z) € HE for all choices of D. Also

A(z) +m(z)B(z) = D(z)C-(z) _ A(z) +m(z)B(z)  D(2) 12
C(z) C(z) Cy(2) '

If D\(Z) satisfies (ﬁC_)(l)(zj) =(A+ mB)(l)(zj) foralll <j< Mand 0<I<L; -1
where [; is the multiplicity of the pole at z;, then (A — mB — DC_)/C € H,. By
Leibnitz’s formula, we obtain

> (1) PO = a0+ 3 ()8,

k=0

Since C'_(z;) # 0, one can solve for ﬁ(l)(zj) and given these values, one can construct a
D(z) € R[z] of degree at most M — 1, satisfying these interpolation conditions. If C_(z)
has no multiple roots, then D(z) can be constructed using Lagrange interpolation, i.e.

construct a polynomial ﬁ(z), of degree at most M — 1 such that

Diz;) = A(z)) Ei?”(bi?)‘)B(Zj)_
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It is clear that,

P, (t(2) + m(2)la(2)) =

and

D(z)C_(z)  D(z)

PH;'(tl(Z) + m(Z)tQ(Z)) = C(Z) = C_|_(Z)

For the computation of Py, (t; + m*ty), we assume that ;(z) + m*(2)t2(2) € L2 Let
A(z) = Pye(t; +mt3) € R(2).

which can be computed by the methods given above. Then,
G4mts =t —A) +mtl]+ A

where A € Hj and [(t7 — A) + mt3] € Hy. Define ¢y := [(t7 — A) + mt3]|.—0, then
4+ mty = (£ — A+ mt; —co) + (co + A)

where (¢ + A) e R+ HQL, and (] — A+ mity — ¢o) € Hy which vanishes at z = 0.
Therefore,

b4 mty = (t — A+ m*ty — &) + (¢ + A%)
where (¢} + A*) € Hy and (¢, — A* +mty — c;) € Hi. So

Py, (t +m™ty) = ¢+ A* and Pri(ti+m™s) = (b — A" — &)+ mty.
If (17 — A) or t; has a pole at z = 0, then

(17— A) = 275Ny (2) and & = 27" Ny(2)

~

with Ny and N, are rational and analytic at z = 0. In this case, ({7 — A) + mt}5 =
27F(N; +mNy), hence

1 d*

= ] @(Nl + mNy) }H.=o

Co
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If both (¢ — ;1)|Z:0 and t3|.—o are finite, then ¢y = (7 — ;1)|Z:0 + m(0) 3] .=o0.
Note that both PH2J_ (t1 + mtz) and Py, (11 + m*ty) are rational.

Appendix C: ay,as, a3, aq € R(z) + mIR(z)

If m is rational, there is nothing to prove. Now, assume that m is infinite dimensional.
From [14] we have

Ay = wo

Ay =my

Ag == G — mnlﬁo
Ay = m,my.

Now, by substituting (25) in (26), we get

a; = Dy(Ares + Asq)
az = Dy(Area + Aziz)
as = Astz + Aqny
as = Asty + Agtg

where

1 =1 + muy
lg = V3 + muy
t3 =Ry + mBy
Ly = Rg —|— mR4.

Since v; = f,m;, we have

t1 =11+ mry = f(n1 + mnz)
t2 = vs + muy = fo(ns + mna).

Therefore,

Cll(Z) = Dp(Albg + A2L1)
Dyto( By + mBa) + Dpymafy(n + mas)
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= Dy(maf,m + WoRy) + mDy(maf,me + WoR2)
az(z) = Dy(Aju + Azs)

= D,wo(Rs + mRy)+ Doymaf,(ns + mny)

= Dy(maf,ms + wWoR3) + mD,(maf,ms + WoRy4)
as(z) = Astz+ Asn

= (G = mywo)(Ry + mR2) + mumaf,(m + mn)

= (GRy — muwoRy) + m(GRy + maf,mum,/m)
as(z) = Asta+ Asz

= (G = mywo)(Rs + mRy) + mumaf,(ns + mns)

= (GRs — muwoRs) + m(GRy + maf,mzm,/m)

Note that m,/m = 1/my = 1/my is rational. So, a;’s are in IR(z) + mIR(z).

Appendix D: Explicit formulae of T'(z),T,(z2), T.(2), T,(2)

In this appendix, we give explicit formulae of T'(2),T,(z), Tu(z) and T,(z), (see [13]
for proofs).

Note that ® = [®y, ..., ®s,, oy, ...y g, Bu, oo, BT let vo = [y_p, ooy vod]t = [@4, ..., @,]7,
Yo = 05 oo Yot)T = [®rg1s ooy @]t 6 = [0y 0y 601]T = [Pons1, ..., P3,]T. Recall that
ay,...,ap are zeros of may(z) and we defined fi(z) = 1/(1 — @;z). We define the following
matrices as in [13],

P, 0 0 Q.. 0 0
pi=1 : 0 |.Q=1] . 0 ] ,
P—l e P_n Q—l e Q_n

where P(z,27Y) = P_,z7" 44+ Py+ -+ Pz" and Q(z,27') = Q_,.27" ++- -+ Qo +

cx 0 0

cr o O
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where B(z) = Bp2" +---+ By and C(2) = Cp2" 4 - + Cy,

B 0 0 cco000
B* = . 0 76’* = : 0 ,
B;;—l ce . Ba‘ C;Z—l ce . Ca‘

(m1)o 0 0 (m)o 0 0
Ml:{ : .0 ],M:{ : L0 ]
(Mm1)n—1 -+ (ma)o (M)n-1 -+ (m)o

where mq(z) =
.._I_(m)n_lzn_ _I_7

(mao 0 0 ar" e
Md - |: . 0 7A— = |: ] ’
(md)n—l s (md)o a;" af_l
where ay, ..., a; are zeros of may(z),
1 at B(ay) 0 0
A-l— = ) DB = 0 . 0 ’
1 ay~t B(as) --- Bl(a1)
Clay) 0 0 P(ay,a7') 0 0
DC = 0 0 0 7DP = 0 0
0 0 Clas) 0 0 Plag,a;)
ml(al) 0 0 fl(al) ff(al)
Dpi=1 0 . 0 |, A=] :
0 0 mi(as) filar) - folar)
Now define

(mi)o + (ma)iz + -+ (m1)p12" " 4 -+ and m(z) =
1

Kewp(2) = (CiBo + -+ CiBL) + (CByk o iy Bz 4 -+

(C5Bu1 + CTB,)z" 1 + (O3 B,) 2",
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and

Kesp(ar) 0 0
Dexp = 0 0
0 0 Keeplar)

As in [13], we write

Vo(z) o= [T

V—I—(Z = [1 Zn_l]v

F(z) = [fi(2),- -, ful2)]
Then

T(z) = [0y (2):0, (2):0s(2):Wa(2): W s(2)]

where

U (2) = —Vo(2)P,

Us(z) = —V_(2)QM, A

Us(z) = (F(2)Dg —ma(2)F(2)Dg —mai(2)V_(2) BAL

—I-V_(Z)MlBA YA De,
Uy (2) = (Vi(=)(C7(7 ) i(2) = B (z7")m(z)) = V_(z)(CMy — BM))B"M;
~Vi(2)CB

and

Walz) = (Ve (O ) + B m(z)) + Vo (2)(CMa — BM)) B MGAT

—F(Z)([X’C*B(Z)ngg — [(E*O(O)ngg —|— D*B*C)
T,(z) = [W5_(2):07, (2):W(2):We (2): U 5(2)]

where

() = V()P — BEYM;

\I/%(Z) = [0,..., 0]1 %,

Vi(z) = —V(2)Q,

Ul(z) = Vi(2)(BB — P*)M;A

Wi(z) = [0,..., 0]1 xs-
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T.(2)P=T(2)® —m(z2)T,(z)®

T,(2) = [W9_(2):07, (2):W§(2): WL (2): 0 2)]

where

Wl (2) = Vi (2)P* — mg(2)Vi(2) P* M5 + my(2)Vy (2) BB*M;;

+(V_(2)BMy — Vi (2)my(2)B*(z7 ) B*M; — F(2)D7, DA AL B~
W7 (2) =1[0,...,00ixn,
Wi(z) = (Vo(2)ma(z) — Vo () Ma)Q,
Ui(z) = =V (2)PA% + mg(2)Vi(2) P*M;A* — my(2)Vy(2)BB*M;A*
+(Vi(2)ma(2)B=(z7") = V_(2) BM)B*M; A* — F(2)D7 DDy

and

Wi(z) = —F(2) DA Do + F(2) D7, DA™ De.

Appendix E: Explicit formulae of © and C,

We can combine the equations (15), (18), (19), (21) and (22) in a single matrix form
as ©¢ = C,, where © and C, are as follows. First set

Ty(ar)
0, = : +[0 ... 0 DpA 0] maror -
Ty(ar)
T.(a1)
Q, = : +[0 ... O DP]zx(?m-l-%) )
Tu(ar)
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Then we have

Now for ', we define

Then,

Tu(Zn-l-l )

lTu(Zn-l-T)
Mo (2 prg1) Tu(Zntrir)

(2 ()

)\u (ZTH—T)
T (Zngrg1) A (Zngrtr)

W(Zgn))\u(zi’m)
r\f(zl) ]
CM4 = :

Ay (2n)
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