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Abstract

In recentyears,wehavewitnessedatremendousgrowth in thevolumeof text documentsavailableontheInternet,
digital libraries, news sources,and company-wide intranets. This hasled to an increasedinterestin developing
methodsthat can help usersto effectively navigate, summarize,and organizethis information with the ultimate
goalof helpingthemto find whatthey arelooking for. Fastandhigh-qualitydocumentclusteringalgorithmsplay an
importantrole towardsthisgoalasthey havebeenshown to providebothanintuitivenavigation/browsingmechanism
by organizinglargeamountsof informationinto a smallnumberof meaningfulclustersaswell asto greatlyimprove
theretrieval performanceeithervia cluster-driven dimensionalityreduction,term-weighting,or queryexpansion.This
ever-increasingimportanceof documentclusteringandtheexpandedrangeof its applicationsled to thedevelopment
of a numberof new and novel algorithmswith different complexity-quality trade-offs. Among them, a classof
clusteringalgorithmsthathave relatively low computationalrequirementsarethosethat treattheclusteringproblem
asan optimizationprocesswhich seeksto maximizeor minimize a particularclusteringcriterion functiondefined
over theentireclusteringsolution.

Thefocusof thispaperis to evaluatetheperformanceof differentcriterionfunctionsfor theproblemof clustering
documents.Our study involvesa total of eight different criterion functions,threeof which are introducedin this
paperandfive that have beenproposedin the past. Our evaluationconsistsof both a comprehensive experimental
evaluationinvolving fifteendifferentdatasets,aswell asan analysisof the characteristicsof the variouscriterion
functionsandtheir effect on theclustersthey produce.Our experimentalresultsshow thattherearea setof criterion
functionsthatconsistentlyoutperformtherest,andthatsomeof thenewly proposedcriterionfunctionleadto thebest
overall results.Our theoreticalanalysisof thecriterionfunctionshows thattheir relative performancedependson (i)
thedegreeto whichthey cancorrectlyoperatewhentheclustersareof differenttightness,and(ii) thedegreeto which
they canleadto reasonablybalancedclusters.

1 Intr oduction

The topic of clusteringhasbeenextensively studiedin many scientific disciplinesandover the yearsa variety of
differentalgorithmshave been developed [31, 22, 6, 27, 20, 35, 2, 48, 13, 43, 14, 15, 24]. Two recentsurveys on

∗This work was supportedby NSFCCR-9972519,EIA-9986042,ACI-9982274,by Army ResearchOffice contractDA/DAAG55-98-1-0441,
by theDOE ASCI program,andby Army High PerformanceComputingResearchCentercontractnumberDAAH04-95-C-0008.Relatedpapers
areavailablevia WWW at URL: http://www .cs.umn.edu/˜kar ypis
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the topics [21, 18] offer a comprehensive summaryof the differentapplicationsandalgorithms. Thesealgorithms
canbecategorizedalongdifferentdimensionsbasedeitheron theunderlyingmethodologyof thealgorithm,leading
to agglomerativeor partitional approaches,or basedon thestructureof thefinal solution,leadingto hierarchical or
non-hierarchical solutions.

Agglomerativealgorithmsfind theclustersby initially assigningeachobjectto its own clusterandthenrepeatedly
mergingpairsof clustersuntil a certainstoppingcriterionis met.A numberof differentmethodshavebeenproposed
for determiningthenext pairof clusterstobemerged,suchasgroupaverage(UPGMA) [22], single-link[38], complete
link [28], CURE[14], ROCK [15], andCHAMELEON [24]. Hierarchicalalgorithmsproducea clusteringthat forms
a dendrogram,with a singleall inclusive clusterat thetop andsingle-pointclustersat the leaves.On theotherhand,
partitionalalgorithms,suchasK -means[33, 22], K -medoids[22, 27, 35], Autoclass[8, 6], graph-partitioning-based
[45, 22, 17, 40], or spectral-partitioning-based[5, 11], find the clustersby partitioningthe entiredatasetinto either
a predeterminedor an automaticallyderived numberof clusters. Dependingon the particularalgorithm,a k-way
clusteringsolutioncanbeobtainedeitherdirectly, or via a sequenceof repeatedbisections.In theformercase,there
is in generalno relationbetweentheclusteringsolutionsproducedat differentlevelsof granularity, whereasthelater
casegivesriseto hierarchicalsolutions.

In recentyears,variousresearchershaverecognizedthatpartitionalclusteringalgorithmsarewell-suitedfor cluster-
ing largedocumentdatasetsdueto their relatively low computationalrequirements[7, 30, 1, 39]. A key characteristic
of many partitionalclusteringalgorithmsis that they usea global criterion function whoseoptimizationdrives the
entireclusteringprocess1. For someof thesealgorithmsthecriterion function is implicit (e.g., PDDP),whereasfor
otheralgorithms(e.g, K -meansandAutoclass)the criterion function is explicit andcanbeeasilystated.This later
classof algorithmscanbethoughtof asconsistingof two key components.First is thecriterionfunctionthatneedsto
beoptimizedby theclusteringsolution,andsecondis theactualalgorithmthatachieves this optimization.Thesetwo
componentsarelargely independentof eachother.

Thefocusof this paperis to studythesuitability of differentcriterionfunctionsto theproblemof clusteringdoc-
umentdatasets.In particular, we evaluatea total of eightdifferentcriterionfunctionsthatmeasurevariousaspectsof
intra-clustersimilarity, inter-clusterdissimilarity, andtheir combinations.Thesecriterion functionsutilize different
views of theunderlyingcollection,by eithermodelingthedocumentsasvectorsin a high dimensionalspace,or by
modelingthecollectionasagraph.We experimentallyevaluatedtheperformanceof thesecriterionfunctionsusing15
differentdatasetsobtainedfrom varioussources.Ourexperimentsshowedthatdifferentcriterionfunctionsdo leadto
substantiallydifferentresults,andthattherearea setof criterionfunctionsthatproducethebestclusteringsolutions.

Our analysisof the differentcriterion functionsshows that their overall performancedependson the degreeto
whichthey cancorrectlyoperatewhenthedatasetcontainsclustersof differentdensities(i.e., they containdocuments
whosepairwisesimilarities aredifferent)and the degreeto which they canproducebalancedclusters. Moreover,
our analysis alsoshows that the sensitivity to the differencein the clusterdensitiescanalsoexplain an outcomeof
our study(thatwas alsoobservedin earlierresultsreportedin [39]), that for someclusteringalgorithmsthesolution
obtainedby performingasequenceof repeatedbisectionsis better(andfor somecriterionfunctionsby aconsiderable
amount)thanthesolutionobtainedby computingtheclusteringdirectly. Whenthesolutionis computedvia repeated
bisections,thedifferencein densitybetweenthetwo clustersthatarediscoveredis in generalsmallerthanthedensity
differencesbetweenall the clusters. As a result,clusteringalgorithmsthat cannot handlewell variationin cluster
densitytendto performsubstantiallybetterwhenusedto computetheclusteringvia repeatedbisections.

Therestthispaperis organizedasfollows.Section2 providessomeinformationon how documentsarerepresented
andhow thesimilarityordistancebetweendocumentsiscomputed.Section3describesthedifferentcriterionfunctions
as well as the algorithmsusedto optimize them. Section4 provides the detailedexperimentalevaluationof the
variouscriterionfunctions.Section5 analyzesthedifferentcriterionfunctionsandexplainstheirperformance.Finally,
Section6 providessomeconcludingremarksanddirectionsof futureresearch.

1Globalclusteringcriterion functionsarenot an inherentfeatureof partitionalclusteringalgorithmsbut they canalsobeusedin thecontext of
agglomerative algorithms.
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2 Preliminaries

Document Representation The variousclusteringalgorithmsthat aredescribedin this paperusethe vector-
spacemodel [37] to representeachdocument.In this model,eachdocumentd is consideredto be a vector in the
term-space.In its simplestform, eachdocumentis representedby theterm-frequency(TF) vector

dtf = (tf1, tf2, . . . , tfm),

wheretfi is thefrequency of the i th termin thedocument.A widely usedrefinementto this modelis to weighteach
termbasedonits inversedocumentfrequency(IDF) in thedocumentcollection.Themotivationbehindthisweighting
is thattermsappearingfrequentlyin many documentshavelimited discriminationpower, andfor this reasonthey need
to bede-emphasized.This is commonlydone[37] by multiplying thefrequency of eachterm i by log(N/df i ), where
N is thetotalnumberof documentsin thecollection,anddf i is thenumberof documentsthatcontainthei th term(i.e.,
documentfrequency). This leadsto thetf-idf representationof thedocument,i.e.,

dtfidf = (tf1 log(N/df1), tf2 log(N/df2), . . . , tfm log(N/dfm)).

To accountfor documentsof differentlengths,thelengthof eachdocumentvectoris normalizedsothatit is of unit
length(‖dtfidf‖ = 1), thatis eachdocumentis avectorin theunit hypersphere.In therestof thepaper, wewill assume
thatthevectorrepresentationfor eachdocumenthasbeenweightedusingtf-idf andit hasbeennormalizedsothatit is
of unit length.

Similarity Measures Over theyears,two prominentwayshavebeenproposedto computethesimilarity between
two documentsdi andd j . Thefirst methodis basedon thecommonlyusedcosinefunction[37] givenby

cos(di , d j ) =
di

td j

‖di ‖‖d j ‖
, (1)

andsincethedocumentvectorsareof unit length,theabove formulasimplifiesto cos(d i , d j ) = di
td j . This measure

becomesoneif thedocumentsareidentical,andzeroif thereis nothingin commonbetweenthem(i.e., thevectorsare
orthogonalto eachother). The secondmethodcomputesthesimilarity betweenthe documentsusingthe Euclidean
distance,giveby

dis(di , d j ) =
√

(di − d j )
t (di − d j ) = ‖di − d j ‖. (2)

If thedistanceis zero,thenthedocumentsareidentical,andif thereis nothingin commonbetweentheir distanceis√
2. Notethatbesidesthefactthatonemeasuressimilarity andtheothermeasuresdistance,thesemeasuresarequite

similar to eachotherbecausethedocumentvectorsareof unit length.

Definitions Through-outthis paperwe will usethesymbolsn, m, andk to denotethenumberof documents,the
numberof terms,andthenumberof clusters,respectively. We will usethesymbolS to denotethesetof n documents
thatwe want to cluster, S1, S2, . . . , Sk to denoteeachoneof thek clusters,andn1, n2, . . . , nk to denotethesizesof
thecorrespondingclusters.

Given a set A of documentsandtheir correspondingvectorrepresentations,we definethecompositevectorD A to
be

DA =
∑

d∈A

d, (3)

andthecentroidvectorCA to be

CA =
DA

|A|
. (4)

ThecompositevectorD A is nothingmorethanthesumof all documentsvectorsin A, andthecentroidC A is nothing
morethanthevectorobtainedby averagingtheweightsof thevarioustermspresentin thedocumentsof A. Notethat
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eventhoughthedocumentvectorsareof lengthone,thecentroidvectorswill notnecessarilybeof unit length.

Vector Proper ties By usingthe cosinefunction as the measureof similarity betweendocumentswe can take
advantageof anumberof propertiesinvolving thecompositeandcentroidvectorsof asetof documents.In particular,
if Si andSj aretwo setsof unit-lengthdocumentscontainingn i andn j documentsrespectively, andD i , D j andCi ,
C j aretheir correspondingcompositeandcentroidvectorsthenthefollowing is true:

1. Thesumof thepair-wisesimilaritiesbetweenthedocumentsin Si andthedocumentin Sj is equalto Di
t D j .

Thatis,
∑

dq∈Di ,dr ∈D j

cos(dq, dr ) =
∑

dq∈Di ,dr ∈D j

dq
tdr = Di

t D j . (5)

2. Thesumof thepair-wisesimilaritiesbetweenthedocumentsin Si is equalto ‖Di ‖2. Thatis,

∑

dq,dr ∈Di

cos(dq, dr ) =
∑

dq,dr ∈Di

dq
tdr = Di

t Di = ‖Di ‖2. (6)

Notethatthis equationincludesthepairwisesimilaritiesinvolving thesamepairsof vectors.

3 Document Clustering

At a high-level the problemof of clusteringis definedasfollows. Given a set S of n documents,we would like to
partition theminto a pre-determinednumberof k subsetsS1, S2, . . . , Sk, suchthat the documentsassignedto each
subsetaremoresimilar to eachotherthanthedocumentsassignedto differentsubsets.

As discussedin the introduction,our focusin this paperis to studythe suitability of variousclusteringcriterion
functionsin thecontext of partitionaldocumentclusteringalgorithms.Consequently, theclusteringproblembecomes
thatof given a particularclusteringcriterionfunction�, computea k-way clusteringsolutionsuchthatthevalue of�
is optimized. In therestof this sectionwe first presenta numberof differentcriterionfunctionsthatcanbeusedto
bothevaluateanddrive theclusteringprocess,followedby adescriptionof ouroptimizationalgorithms.

3.1 Clustering Criterion Functions

3.1.1 Internal Criterion Functions

This classof clusteringcriterionfunctionsfocuseson producinga clusteringsolutionthatoptimizesa particularcri-
terion function that is definedover the documentsthat arepart of eachclusteranddoesnot take into accountthe
documentsassignedto differentclusters.Dueto this intra-clusterview of theclusteringprocesswe will referto these
criterionfunctionsasinternal.

The first internal criterion function that we will study maximizesthe sum of the averagepairwisesimilarities
betweenthedocumentsassignedto eachcluster, weightedaccordingto thesizeof eachcluster. Specifically, if weuse
thecosinefunctionto measurethesimilarity betweendocuments,thenwewant theclusteringsolutionto optimizethe
following criterionfunction:

maximize �1 =
k

∑

r=1

nr





1

n2
r

∑

di ,d j ∈Sr

cos(di , d j )



 . (7)

By usingEquation6, theaboveformulacanbere-writtenas:

�1 =
k

∑

r=1

‖Dr ‖2

nr
.

Note thatour definition of �1 includestheself-similaritiesbetweenthedocumentsof eachcluster. The�1 criterion
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function is similar to that usedin the context of hierarchicalagglomerative clusteringthat usesthe group-average
heuristicto determinewhichpairof clustersto merge next.

Thesecondcriterionfunctionthatwe will studyis usedby thepopularvector-spacevariantof the K -meansalgo-
rithm [7, 30, 10, 39, 23]. In this algorithmeachclusteris representedby its centroidvectorandthe goal is to find
the clusteringsolutionthat maximizesthe similarity betweeneachdocumentandthe centroidof the clusterthat is
assignedto. Specifically, if we usethecosinefunctionto measurethesimilarity betweena documentanda centroid,
thenthecriterionfunctionbecomesthefollowing:

maximize �2 =
k

∑

r=1

∑

di ∈Sr

cos(di , Cr ). (8)

This formulacanbere-writtenasfollows:

�2 =
k

∑

r=1

∑

di ∈Sr

di
tCr

‖Cr ‖
=

k
∑

r=1

Dr
tCr

‖Cr ‖
=

k
∑

r=1

Dr
t Dr

‖Dr ‖
=

k
∑

r=1

‖Dr ‖.

Comparingthe�2 criterionfunctionwith �1 we canseethattheessentialdifferencebetweenthesecriterionfunctions
is that�2 scalesthewithin-clustersimilarity by the‖Dr ‖ termasopposedto nr termusedby �1. Theterm‖Dr ‖ is
nothingmorethanthesquare-rootof thepairwisesimilaritybetweenall thedocumentin Sr , andwill tendto emphasize
theimportanceof clusters(beyondthe‖D r ‖2 term)whosedocumentshavesmallerpairwisesimilaritiescomparedto
clusterswith higherpair-wisesimilarities.Also notethatif thesimilarity betweena documentandthecentroidvector
of its clusteris definedasjust thedot-productof thesevectors,thenwewill getbackthe� 1 criterionfunction.

Finally, the last internalcriterion function that we will studyis that usedby the traditional K -meansalgorithm.
This criterionfunctionusestheEuclideandistanceto determinewhich documentsshouldbeclusteredtogether, and
determinesthe overall quality of the clusteringsolutionby usingthe sum-of-squared-errors function. In particular,
this criterionis definedasfollows:

minimize �3 =
k

∑

r=1

∑

di ∈Sr

‖di − Cr ‖2. (9)

Notethatby somesimplealgebraicmanipulations[12], theaboveequationcanberewrittenas:

�3 =
k

∑

r=1

1

nr

∑

di ,d j ∈Sr

‖di − d j ‖2, (10)

thatis similar in natureto the�1 criterionfunctionbut insteadof usingsimilaritiesit is expressedin termsof squared
distances.

3.1.2 External Criterion Functions

Unlikeinternalcriterionfunctions,externalcriterionfunctionsderivetheclusteringsolutionby focusingonoptimizing
a functionthatis basedon how thevariousclustersaredifferentfrom eachother. Dueto this inter-clusterview of the
clusteringprocesswewill referto thesecriterionfunctionsasexternal.

It is quitehardto defineexternalcriterionfunctionsthat leadto meaningfulclusteringsolutions.For example,it
mayappearthatan intuitive externalfunctionmaybederived by requiringthat thecentroidvectorsof thedifferent
clustersare as mutually orthogonalas possible,i.e., they containdocumentsthat sharevery few termsacrossthe
differentclusters.However, for many problemsthis criterion functionhastrivial solutionsthat canbe achieved by
assigningto thefirst k − 1 clustersa singledocumentthatsharesvery few termswith therest,andthenassigningthe
restof thedocumentsto thekth cluster.

For this reason,the externalfunction that we will studytries to separatethe documentsof eachclusterfrom the
entirecollection,asopposedtrying to separatethedocumentsamongthedifferentclusters.In particular, ourexternal
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criterionfunctionis definedas

minimize
k

∑

r=1

nr cos(Cr , C), (11)

whereC is the centroidvectorof the entirecollection. From this equationwe canseethat we try to minimize the
cosinebetweenthecentroidvectorof eachclusterto thecentroidvectorof theentirecollection. By minimizing the
cosinewe essentiallytry to increasetheanglebetweenthemasmuchaspossible.Also notethat thecontribution of
eachclusteris weightedbasedon theclustersize,sothat largerclusterswill weightheavier in theoverall clustering
solution.Thisexternalcriterionfunctionwasmotivatedby multiplediscriminantanalysisandis similar to minimizing
thetraceof thebetween-clusterscattermatrix [12, 41]. Equation11canbere-writtenas

k
∑

r=1

nr cos(Cr , C) =
k

∑

r=1

nr
Cr

t C

‖Cr ‖‖C‖
=

k
∑

r=1

nr
Dr

t D

‖Dr ‖‖D‖
=

1

‖D‖

(

k
∑

r=1

nr
Dr

t D

‖Dr ‖

)

,

whereD is thecompositevectorof theentiredocumentcollection.Notethatsince1/‖D‖ is constantirrespective of
theclusteringsolutionthecriterionfunctioncanbere-statedas:

minimize �1 =
k

∑

r=1

nr
Dr

t D

‖Dr ‖
. (12)

As we canseefrom Equation12, even-thoughour initial motivation was to define anexternalcriterion function,
becausewe usedthe cosinefunction to measurethe separationbetweenthe clusterand the entire collection, the
criterionfunctiondoestake into accountthewithin-clustersimilarity of thedocuments(dueto the‖D r ‖ term).Thus,
�1 is actuallya hybridcriterionfunctionthatcombinesbothexternalaswell asinternalcharacteristicsof theclusters.

Anotherexternalcriterionfunctioncanbe definedwith respectto theEuclideandistancefunctionandthesquared-
errorsof thecentroidvectorsasfollows:

maximize �2 =
k

∑

r=1

nr ‖Cr − C‖2. (13)

However, it canbe shown that maximizing�2 is identical to minimizing �3 [12], andwe will not considerit any
further.

3.1.3 Hybrid Criterion Functions

The variouscriterion functionswe describedso far focusedonly on optimizing a singlecriterion function the was
eitherdefinedin termson how documentsassignedto eachclusterare relatedtogether, or on how the documents
assignedto eachclusterarerelatedwith theentirecollection.In thefirstcase,they triedto maximizevariousmeasures
of similarity over thedocumentsin eachcluster, andin thesecondcase,they tried to minimizethesimilarity between
the cluster’s documentsandthe collection. However, the variousclusteringcriterion function canbe combinedto
defineasetof hybrid criterionfunctionsthatsimultaneouslyoptimizemultiple individualcriterionfunctions.

In our study, we will focuson twohybrid criterionfunctionthatareobtainedby combiningcriterion� 1 with �1,
and�2 with �1, respectively. Formally, thefirst criterionfunctionis

maximize �1 =
�1

�1
=

∑k
r=1 ‖Dr ‖2/nr

∑k
r=1 nr Dr

t D/‖Dr ‖
, (14)

andthesecondis

maximize �2 =
�2

�1
=

∑k
r=1 ‖Dr ‖

∑k
r=1 nr Dr

t D/‖Dr ‖
. (15)

Notethatsince�1 is minimized,both�1 and�2 needto bemaximizedasthey areinverselyrelatedto �1.
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3.1.4 Graph Based Criterion Functions

Thevariouscriterionfunctionsthatwedescribedsofar, view eachdocumentasamultidimensionalvector. Analternate
way of viewing the relationsbetweenthe documentsis to usegraphs.In particular, two typesof graphshave been
proposedfor modelingthe documentin the context of clustering. The first graphis nothingmore than the graph
obtainedby computingthepair-wisesimilaritiesbetweenthedocuments,andthesecondgraphis obtainedby viewing
thedocumentsandthetermsasabipartitegraph.

Given a collectionof n documentsS, thesimilarity graphG s is obtainedby modelingeachdocumentasa vertex,
andhaving an edgebetweeneachpair of verticeswhoseweight is equalto thesimilarity betweenthecorresponding
documents.Viewing the documentsin this fashion,a numberof internal,external,or combinedcriterion functions
canbe definedthatmeasuretheoverallclusteringquality. In ourstudywe will investigateonesuchcriterionfunction
calledMinMaxCut, thatwas proposedrecently[11]. MinMaxCut falls underthecategory of criterionfunctionsthat
combineboththeinternalandexternalviews of theclusteringprocessandis definedas[11]

minimize
k

∑

r=1

cut(Sr , S− Sr )
∑

di ,d j ∈Sr
sim(di , d j )

,

wherecut(Sr , S−Sr ) is theedge-cutbetweentheverticesin Sr to therestof theverticesin thegraphS−Sr . Theedge-
cut betweentwo setsof verticesA andB is definedto bethesumof theedgesconnectingverticesin A to verticesin
B. Themotivationbehindthiscriterionfunctionis thattheclusteringprocesscanbeviewedasthatof partitioningthe
documentsinto groupsby minimizing theedge-cutof eachpartition. However, for reasonssimilar to thosediscussed
in Section3.1.2,suchanexternalcriterionmayhave trivial solutions,andfor this reasoneachedge-cutis scaledby
thesumof theinternaledges.As shown in [11], this scalingleadsto betterbalancedclusteringsolutions.

If we usethe cosinefunction to measurethe similarity betweenthe documents,andEquations5 and6, thenthe
abovecriterionfunctioncanbere-writtenas

k
∑

r=1

∑

di ∈Sr ,d j ∈S−Sr
cos(di , d j )

∑

di ,d j ∈Sr
cos(di , d j )

=
k

∑

r=1

Dr
t (D − Dr )

‖Dr ‖2
=

(

k
∑

r=1

Dr
t D

‖Dr ‖2

)

− k,

andsincek is constant,thecriterionfunctioncanbesimplifiedto

minimize �1 =
k

∑

r=1

Dr
t D

‖Dr ‖2
. (16)

An alternategraphmodelviews thevariousdocumentsandtheir termsasa bipartitegraphG b = (V, E), whereV
consistsof two setsVd andVt . Thevertex setVd correspondsto thedocumentswhereasthevertex setVt corresponds
to theterms.In this model,if the i th documentcontainsthe j th term,thereis an edgeconnectingthecorresponding
i th vertex of Vd to the j thvertex of Vt . Theweightsof theseedgesaresetusingthetf-idf modeldiscussedin Section2.
Given suchabipartitegraph,theproblemof clusteringcanbeviewedasthatof computingasimultaneouspartitioning
of the documentsandthe termsso that a criterion function definedon the edge-cutis optimized. In our studywe
will focuson a particularedge-cutbasedcriterionfunctioncalledthenormalizedcut,which was recentlyusedin the
context of this bipartitegraphmodelfor documentclustering[46, 9]. Thenormalizedcut criterionfunctionis defined
as

minimize �2 =
k

∑

r=1

cut(Vr , V − Vr )

W(Vr )
, (17)

whereVr is thesetof verticesassignedto ther th cluster, andW(Vr ) is thesumof theweightsof theadjacency lists
of theverticesassignedto ther th cluster. Notethatther th clusterwill containverticesfrom boththeVd andVt , i.e.,
bothdocumentsaswell asterms.Thekey motivationbehindthis representationandcriterionfunctionis to compute
a clusteringthatgroupstogetherdocumentsaswell asthetermsassociatedwith thesedocuments.Also, notethatthe
variousW(Vr ) quantitiesareusedprimarily asnormalizationfactors,to ensurethat theoptimizationof thecriterion
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functiondoesnot leadto trivial solutions.Its purposeis similar to the‖D r ‖2 factorusedin �1 (Equation16).

3.2 Criterion Function Optimization

Thereare many ways that the variouscriterion functionsdescribedin the previous sectioncan be optimized. A
commonway of performingthisoptimizationis to useagreedystrategy. Suchgreedyapproachesarecommonlyused
in thecontext of partitionalclusteringalgorithms(e.g., K -means),andfor many criterionfunctionsit hasbeenshown
that they converge to a local minima. An alternateway is to usemorepowerful optimizerssuchasthosebasedon
thespectralpropertiesof thedocument’ssimilarity matrix [47] or document-termmatrix [46, 9], or variousmultilevel
optimizationmethods[26, 25]. However, suchoptimizationmethodshave only been developedfor a subsetof the
variouscriterionfunctionsthatareusedin ourstudy. For this reason,in ourstudy, thevariouscriterionfunctionswere
optimizedusinga greedystrategy. This was doneprimarily to ensurethat the optimizerwas equallypowerful (or
weak),regardlessof theparticularcriterionfunction.

Our greedyoptimizer consistsof two phases:(i) initial clustering, and (ii) cluster refinement. In the initial
clusteringphase,a clusteringsolutionis computedasfollows. If k is thenumberof desiredclusters,k documentsare
randomlyselectedto form the seedsof theseclusters.The similarity of eachdocumentto eachof thesek seedsis
computed,andeachdocumentis assignedto theclustercorrespondingto its mostsimilarseed.Thesimilarity between
documentsandseedsis determinedusingthecosinemeasureof thecorrespondingdocumentvectors.This approach
leadsto aninitial clusteringsolutionfor all but the�2 criterionfunction.For �2 theaboveapproachwill only produce
aninitial partitioningof Vd (i.e., thedocumentvertices)anddoesnotproduceaninitial partitioningof V t (i.e., theterm
vertices).Our algorithmobtainsaninitial partitioningof Vt by inducingit from thepartitioningof Vd. This is done
asfollows. For eachterm-vertex v, we computetheedge-cutof v to eachoneof thek partitionsof V d, andassignv
to thepartitionthecorrespondsto thehighestcut. In otherwords,if we look at thecolumncorrespondingto v in the
document-termmatrix,andsum-upthevariousweightsof this columnaccordingto thepartitioningof therows, then
v is assignedto thepartitionthathasthehighestsum.Notethatby assigningv to thatpartition,thetotal edge-cutdue
to v is minimized.

Thegoalof theclusterrefinementphaseis to take theinitial clusteringsolutionanditeratively refineit. Sincethe
variouscriterionfunctionshave differentcharacteristics,dependingon theparticularcriterionfunctionwe usethree
differentrefinementstrategies.

Therefinementstrategy thatwe usedfor �1, �2, �1, �1, �2, and�1 is the following. It consistsof a numberof
iterations.During eachiteration,thedocumentsarevisited in a randomorder. For eachdocument,d i , we compute
the changein the value ofthe criterion functionobtainedby moving d i to oneof the otherk − 1 clusters. If there
exist somemoves that leadto an improvementin theoverall value ofthecriterionfunction,thend i is moved to the
clusterthatleadsto thehighestimprovement.If nosuchclusterexists,d i remainsin theclusterthatit alreadybelongs
to. Therefinementphaseends,assoonaswe performan iterationin which no documentsmoved betweenclusters.
Notethatunlike thetraditionalrefinementapproachusedby K -meanstypeof algorithms,theabovealgorithmmoves
a documentassoonasit is determinedthat it will leadto animprovementin thevalue ofthecriterionfunction. This
type of refinementalgorithmsareoften called incremental[12]. Sinceeachmove directly optimizesthe particular
criterion function, this refinementstrategy alwaysconvergesto a local minima. Furthermore,becausethe various
criterionfunctionsthatusethis refinementstrategy aredefinedin termsof clustercompositeandcentroidvectors,the
changein thevalue ofthecriterionfunctionsasaresultof singledocumentmovescanbecomputedefficiently.

The refinementstrategy that we usedfor the�3 criterion function is identicalto that of K -means,that hasbeen
shown to convergeto a local minima[33]. It consistsof a numberof iterations.Duringeachiteration,thedocuments
arevisited in a randomorder. For eachdocumentd i we computeits distanceto the k clustercentroidsandassign
di to theclusterthatcorrespondsto theclosestcentroid.Onceall thedocumentshave beenassignedto thedifferent
clusters,thecentroidsof theclustersarerecomputed.Therefinementphaseendsassoonasweperformaniterationin
whichnodocumentsmoved betweenclusters.

The refinementstrategy that we usedfor the�2 criterion function is basedon alternatingthe clusterrefinement
betweendocument-verticesandterm-vertices,thatwasusedin thepastfor partitioningbipartitegraphs [29]. Similarly
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to theothertwo refinementstrategies,it consistsof a numberof iterationsbut eachiterationconsistsof two steps.In
thefirststep,thedocumentsarevisitedin a randomorder. For eachdocument,d i , wecomputethechangein �2 thatis
obtainedby moving di to oneof theotherk − 1 clusters.If thereexist somemovesthatdecrease� 2, thendi is moved
to the clusterthat leadsto the highestreduction. If no suchclusterexists, d i remainsin the clusterthat it already
belongsto. In thesecondstep,thetermsarevisited in a randomorder. For eachterm,t j , we computethechangein
�2 that is obtainedby moving t i to oneof theotherk − 1 clusters.If thereexist somemoves thatdecrease� 2, then
t j is moved to theclusterthat leadsto thehighestreduction.If no suchclusterexists,t j remainsin theclusterthat it
alreadybelongsto. Therefinementphaseends,assoonaswe performaniterationin which no documentsandterms
aremoved betweenclusters.As it was with thefirst refinementstrategy, this approachwill alsoconverge to a local
minima.

The algorithmsusedduring the refinementphasearegreedyin nature,they arenot guaranteedto converge to a
globalminima,andthe local minimasolutionthey obtaindependson theparticularsetof seeddocumentsthatwere
selectedto obtaintheinitial clustering.To eliminatesomeof this sensitivity, theoverall processis repeateda number
of times.That is, we computeN differentclusteringsolutions(i.e., initial clusteringfollowedby clusterrefinement),
andtheonethatachievesthebestvaluefor theparticularcriterionfunctionis kept. In all of ourexperiments,we used
N = 10. For the restof this discussionwhenwe refer to theclusteringsolutionwe will meanthesolutionthatwas
obtainedby selectingthebestoutof theseN potentiallydifferentsolutions.

4 Experimental Results

We experimentallyevaluatedtheperformanceof thedifferentclusteringcriterionfunctionson a numberof different
datasets.In therestof this sectionwe first describethevariousdatasetsandour experimentalmethodology, followed
by adescriptionof theexperimentalresults.

4.1 Document Collections

In our experiments,we useda total of fifteendifferentdatasets,whosegeneralcharacteristicsare summarizedin
Table1. The smallestof thesedatasetscontained878 documentsandthe largestcontained11,162documents.To
ensurediversity in the datasets,we obtainedthemfrom differentsources.For all datasets,we useda stop-list to
remove commonwords,andthewordswerestemmedusingPorter’s suffix-strippingalgorithm[36]. Moreover, any
termthatoccursin fewer thantwo documentswas eliminated.

Data Source # of documents # of terms # of classes
classic CACM/CISI/CRANFIELD/MEDLINE 7089 12009 4
fbis FBIS(TREC) 2463 12674 17
hitech SanJoseMercury(TREC) 2301 13170 6
reviews SanJoseMercury(TREC) 4069 23220 5
sports SanJoseMercury(TREC) 8580 18324 7
la12 LA Times(TREC) 6279 21604 6
new3 TREC 9558 36306 44
tr31 TREC 927 10128 7
tr41 TREC 878 7454 10
ohscal OHSUMED-233445 11162 11465 10
re0 Reuters-21578 1504 2886 13
re1 Reuters-21578 1657 3758 25
k1a WebACE 2340 13879 20
k1b WebACE 2340 13879 6
wap WebACE 1560 8460 20

Table1: Summary of data sets used to evaluate the various clustering criterion functions.

The classicdatasetwas obtainedby combiningthe CACM, CISI, CRANFIELD, andMEDLINE abstractsthat
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wereusedin the pastto evaluatevariousinformationretrieval systems2. In this dataset,eachindividual setof ab-
stractsformedoneof the four classes.The fbis datasetis from the ForeignBroadcastInformationServicedata of
TREC-5[42], andtheclassescorrespondto thecategorizationusedin thatcollection.Thehitech, reviews, andsports
datasetswerederived from theSanJoseMercurynewspaperarticlesthataredistributedaspartof theTRECcollection
(TIPSTERVol. 3). Eachoneof thesedatasetswereconstructedby selectingdocumentsthatarepartof certaintopics
in whichthevariousarticleswerecategorized(basedontheDESCRIPTtag).Thehitech datasetcontaineddocuments
aboutcomputers,electronics,health,medical,research,and technology;the reviews datasetcontaineddocuments
aboutfood,movies,music,radio,andrestaurants;andthesportsdatasetcontaineddocumentsaboutbaseball,basket-
ball, bicycling,boxing,football,golfing,andhockey. In selectingthesedocumentsweensuredthatno twodocuments
sharethesameDESCRIPTtag(which cancontainmultiple categories).The la12 datasetwas obtainedfrom articles
of theLosAngelesTimesthatwas usedin TREC-5[42]. Thecategoriescorrespondto thedeskof thepaperthateach
articleappearedandincludedocumentsfrom theentertainment,financial, foreign,metro,national,andsportsdesks.
Datasetsnew3, tr31, andtr41 arederived from TREC-5[42], TREC-6[42], andTREC-7[42] collections.Theclasses
of thesedatasetscorrespondto thedocumentsthatwerejudgedrelevantto particularqueries.Theohscaldatasetwas
obtainedfrom theOHSUMEDcollection[19], which contains233,445documentsindexed using14,321uniquecat-
egories.Our datasetcontaineddocumentsfrom theantibodies,carcinoma,DNA, in-vitro, molecularsequencedata,
pregnancy, prognosis,receptors,risk factors,andtomographycategories.Thedatasetsre0 andre1 arefrom Reuters-
21578text categorizationtestcollectionDistribution 1.0 [32]. We divided the labelsinto two setsandconstructed
datasetsaccordingly. For eachdataset,we selecteddocumentsthat have asinglelabel. Finally, the datasetsk1a,
k1b, andwap arefrom the WebACE project[34, 16, 3, 4]. Eachdocumentcorrespondsto a webpagelisted in the
subjecthierarchyof Yahoo![44]. Thedatasetsk1aandk1bcontainexactly thesamesetof documentsbut they differ
in how thedocumentswereassignedto differentclasses.In particular, k1acontainsa finer-graincategorizationthan
thatcontainedin k1b.

4.2 Experimental Methodology and Metrics

For eachone of the different datasetswe obtaineda 5-, 10-, 15-, and 20-way clusteringsolution that optimized
the variousclusteringcriterion functions. The quality of a clusteringsolutionwas measuredby usingtwo different
metricsthat look at the classlabelsof the documentsassignedto eachcluster. The first metric is the widely used
entropy measurethat looks are how the variousclassesof documentsare distributedwithin eachcluster, and the
secondmeasureis thepurity thatmeasurestheextendto which eachclustercontaineddocumentsfrom primarily one
class.

Given a particularclusterSr of sizenr , theentropy of thisclusteris definedto be

E(Sr ) = −
1

logq

q
∑

i=1

ni
r

nr
log

ni
r

nr
,

whereq is thenumberof classesin thedataset,andn i
r is thenumberof documentsof thei th classthatwereassigned

to ther th cluster. Theentropy of theentireclusteringsolutionis thendefinedto bethesumof theindividual cluster
entropiesweightedaccordingto theclustersize.Thatis,

Entropy=
k

∑

r=1

nr

n
E(Sr ).

A perfectclusteringsolutionwill betheonethat leadsto clustersthatcontaindocumentsfrom only a singleclass,in
whichcasetheentropy will bezero.In general,thesmallertheentropy values,thebettertheclusteringsolutionis. In

2They are areavailablefrom ftp://ftp.cs.cornell.edu/pub/smart.
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a similar fashion,thepurity of this clusteris definedto be

P(Sr ) =
1

nr
max

i
(ni

r ),

which is nothingmorethanthefractionof theoverall clustersizethatthelargestclassof documentsassignedto that
clusterrepresents.Theoverallpurity of theclusteringsolutionis obtainedasa weightedsumof theindividualcluster
puritiesandis given by

Purity =
k

∑

r=1

nr

n
P(Sr ).

In general,thelargerthevaluesof purity, thebettertheclusteringsolutionis.
To eliminateany instancesthata particularclusteringsolutionfor a particularcriterionfunctiongot trappedinto a

badlocal minima,in all of our experimentswe actuallyfoundtendifferentclusteringsolutions.Thevariousentropy
andpurity valuesthatarereportedin therestof thissectioncorrespondto theaverageentropy andpurity over theseten
differentsolutions.As discussedin Section3.2eachof the tenclusteringsolutionscorrespondsto thebestsolutionout
of tendifferentinitial partitioningandrefinementphases.As aresult,for eachparticularvalue ofk andcriterionfunc-
tion wecomputed100clusteringsolutions.Theoverallnumberof experimentsthatweperformedwas3*100*4*8*15
= 144,000,thatwerecompletedin about8 daysona PentiumIII@600MHzworkstation.

4.3 Evaluation of Direct k-way Clustering

Our first setof experimentswas focusedon evaluatingthequality of theclusteringsolutionsproducedby thevarious
criterionfunctionswhenthey wereuseddirectly to computea k-way clusteringsolution. Theresultsfor thevarious
datasetsandcriterionfunctionsfor 5-, 10-, 15-,and20-way clusteringsolutionsareshown in Table2, which shows
boththeentropy andthepurity resultsfor theentiresetof experiments.Theresultsin this tableareprovidedprimarily
for completenessand in order to evaluatethe variouscriterion functionswe actuallysummarizedtheseresultsby
lookingat theaverageperformanceof eachcriterionfunctionover theentiresetof datasets.

Oneway of summarizingthe resultsis to averagethe entropies(or purities)for eachcriterion functionover the
fifteendifferentdatasets.However, sincethe clusteringquality for differentdatasetsis quitedifferentandsincethe
quality tendsto improve aswe increasethe numberof clusters,we felt that suchsimpleaveragingmay distort the
overall results. For this reason,our summarizationis basedon averagingrelative entropies,as follows. For each
datasetandvalue ofk, we divided the entropy obtainedby a particularcriterion function by the smallestentropy
obtainedfor that particulardatasetandvalue ofk over the differentcriterion functions. Theseratiosrepresentthe
degreeto which a particularcriterion function performedworsethan the bestcriterion function for that particular
seriesof experiments.Note that for differentdatasetsandvaluesof k, the criterion function that achieved the best
solutionasmeasuredby entropy maybedifferent.Theseratiosarelesssensitive to theactualentropy valuesandthe
particularvalue ofk. We will refer to theseratiosasrelativeentropies. Now, for eachcriterion functionandvalue
of k we averagedtheserelative entropiesover thevariousdatasets.A criterionfunctionthathasanaveragerelative
entropycloseto 1.0 will indicatethat this functiondid the bestfor mostof the datasets.On the otherhand,if the
averagerelativeentropy is high,thenthiscriterionfunctionperformedpoorly. We performedasimilar transformation
for the variouspurity functions. However, sincehighervaluesof purity arebetter, insteadof dividing a particular
purity valuewith the best-achieved purity (i.e., higherpurity), we took the oppositeratios. That is, we divided the
best-achieved purity with that achieved by a particularcriterion function,andthenaveragedthemover the various
datasets.In this way, thevaluesfor theaveragerelative purity canbeinterpretedin a similar mannerasthoseof the
averagerelativeentropy (they aregoodif they arecloseto 1.0andthey aregettingworse asthey becomegreaterthan
1.0).

Thevaluesfor theaveragerelative entropiesandpuritiesfor the5-, 10-, 15-,and20-way clusteringsolutionsare
shown in Table3. Furthermore,the rows labeled“Avg” containthe averageof theseaveragesover the four setsof
clusteringsolutions. The entriesthat areunderlinedcorrespondto the criterion functionsthat performedthe best,
whereastheboldfacedentriescorrespondto thecriterionfunctionsthatperformedwithin 2%of thebest.
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Entr opy
5-way Clustering 10-way Clustering

DataSet �1 �2 �3 �1 �1 �2 �1 �2 �1 �2 �3 �1 �1 �2 �1 �2
classic 0.41 0.23 0.39 0.21 0.24 0.22 0.29 0.49 0.29 0.20 0.25 0.16 0.17 0.17 0.24 0.30
fbis 0.53 0.51 0.53 0.51 0.51 0.51 0.53 0.56 0.43 0.40 0.42 0.40 0.40 0.40 0.45 0.48
hitech 0.76 0.67 0.72 0.64 0.67 0.66 0.68 0.70 0.68 0.61 0.65 0.63 0.63 0.63 0.60 0.69
k1a 0.57 0.48 0.53 0.50 0.49 0.49 0.48 0.52 0.49 0.39 0.47 0.40 0.39 0.39 0.41 0.46
k1b 0.27 0.20 0.25 0.23 0.20 0.22 0.19 0.18 0.20 0.12 0.20 0.17 0.14 0.15 0.14 0.16
la12 0.65 0.39 0.59 0.38 0.41 0.39 0.47 0.47 0.48 0.38 0.44 0.40 0.38 0.39 0.42 0.47
new3 0.75 0.69 0.75 0.70 0.70 0.69 0.70 0.76 0.67 0.59 0.66 0.60 0.60 0.59 0.62 0.69
ohscal 0.74 0.66 0.71 0.63 0.66 0.65 0.65 0.69 0.63 0.55 0.62 0.54 0.55 0.54 0.58 0.64
re0 0.55 0.51 0.53 0.48 0.51 0.49 0.51 0.56 0.41 0.40 0.40 0.38 0.37 0.38 0.40 0.51
re1 0.56 0.49 0.54 0.49 0.50 0.48 0.51 0.64 0.49 0.41 0.45 0.42 0.41 0.42 0.44 0.56
reviews 0.54 0.32 0.56 0.36 0.34 0.34 0.31 0.58 0.30 0.27 0.30 0.29 0.28 0.28 0.31 0.42
sports 0.42 0.22 0.42 0.22 0.25 0.20 0.23 0.45 0.35 0.21 0.38 0.20 0.23 0.18 0.29 0.35
tr31 0.45 0.39 0.40 0.40 0.39 0.38 0.47 0.36 0.29 0.22 0.23 0.23 0.22 0.21 0.22 0.32
tr41 0.40 0.36 0.39 0.34 0.38 0.35 0.36 0.46 0.29 0.24 0.26 0.26 0.22 0.25 0.29 0.34
wap 0.55 0.48 0.52 0.49 0.49 0.49 0.48 0.54 0.46 0.39 0.43 0.42 0.39 0.41 0.41 0.47

15-way Clustering 20-way Clustering
DataSet �1 �2 �3 �1 �1 �2 �1 �2 �1 �2 �3 �1 �1 �2 �1 �2
classic 0.25 0.19 0.26 0.17 0.17 0.17 0.24 0.23 0.28 0.19 0.25 0.18 0.16 0.17 0.23 0.27
fbis 0.36 0.34 0.38 0.35 0.35 0.34 0.38 0.46 0.34 0.33 0.33 0.33 0.32 0.33 0.34 0.44
hitech 0.63 0.60 0.62 0.62 0.59 0.61 0.60 0.69 0.61 0.57 0.59 0.60 0.58 0.59 0.59 0.68
k1a 0.43 0.35 0.40 0.36 0.34 0.35 0.37 0.45 0.38 0.32 0.37 0.33 0.31 0.33 0.35 0.44
k1b 0.19 0.12 0.16 0.15 0.13 0.13 0.13 0.16 0.17 0.12 0.16 0.14 0.13 0.13 0.14 0.17
la12 0.44 0.38 0.43 0.38 0.37 0.38 0.39 0.49 0.44 0.37 0.40 0.38 0.37 0.38 0.40 0.50
new3 0.60 0.53 0.61 0.53 0.53 0.52 0.56 0.65 0.57 0.49 0.55 0.49 0.48 0.48 0.52 0.61
ohscal 0.60 0.54 0.59 0.54 0.54 0.54 0.56 0.66 0.58 0.53 0.58 0.54 0.53 0.54 0.55 0.66
re0 0.38 0.37 0.38 0.37 0.36 0.37 0.37 0.49 0.36 0.34 0.35 0.36 0.34 0.35 0.35 0.45
re1 0.43 0.37 0.41 0.37 0.36 0.36 0.42 0.53 0.40 0.32 0.37 0.33 0.33 0.33 0.38 0.49
reviews 0.28 0.24 0.25 0.28 0.25 0.25 0.26 0.37 0.28 0.24 0.26 0.26 0.24 0.24 0.25 0.37
sports 0.28 0.18 0.27 0.20 0.20 0.19 0.21 0.33 0.24 0.15 0.24 0.19 0.17 0.16 0.19 0.33
tr31 0.25 0.18 0.21 0.22 0.19 0.19 0.22 0.28 0.20 0.17 0.19 0.20 0.17 0.16 0.20 0.27
tr41 0.22 0.18 0.20 0.20 0.20 0.19 0.22 0.31 0.18 0.15 0.17 0.17 0.15 0.17 0.18 0.28
wap 0.42 0.35 0.39 0.36 0.34 0.35 0.38 0.45 0.37 0.33 0.36 0.33 0.32 0.33 0.35 0.44

Purity
5-way Clustering 10-way Clustering

DataSet �1 �2 �3 �1 �1 �2 �1 �2 �1 �2 �3 �1 �1 �2 �1 �2
classic 0.77 0.89 0.78 0.92 0.89 0.91 0.82 0.66 0.85 0.91 0.87 0.93 0.93 0.93 0.87 0.83
fbis 0.50 0.53 0.51 0.51 0.52 0.51 0.50 0.52 0.60 0.62 0.60 0.61 0.62 0.62 0.58 0.59
hitech 0.43 0.54 0.47 0.56 0.52 0.54 0.49 0.50 0.50 0.58 0.55 0.57 0.58 0.57 0.58 0.51
k1a 0.42 0.49 0.46 0.49 0.49 0.49 0.50 0.47 0.52 0.61 0.53 0.62 0.62 0.63 0.59 0.54
k1b 0.84 0.83 0.83 0.81 0.84 0.82 0.85 0.86 0.90 0.91 0.88 0.87 0.89 0.89 0.91 0.89
la12 0.53 0.79 0.59 0.78 0.76 0.78 0.67 0.73 0.68 0.78 0.73 0.77 0.78 0.78 0.74 0.73
new3 0.21 0.24 0.21 0.23 0.23 0.24 0.23 0.21 0.28 0.31 0.28 0.31 0.31 0.31 0.29 0.26
ohscal 0.34 0.41 0.36 0.45 0.41 0.43 0.44 0.39 0.47 0.55 0.48 0.56 0.56 0.56 0.52 0.47
re0 0.43 0.48 0.45 0.56 0.47 0.54 0.52 0.46 0.61 0.63 0.62 0.66 0.66 0.66 0.61 0.50
re1 0.47 0.53 0.50 0.53 0.53 0.53 0.52 0.38 0.55 0.61 0.59 0.59 0.62 0.61 0.60 0.48
reviews 0.62 0.81 0.61 0.79 0.80 0.81 0.82 0.58 0.84 0.84 0.85 0.83 0.84 0.84 0.82 0.74
sports 0.66 0.87 0.65 0.87 0.80 0.87 0.87 0.65 0.74 0.85 0.70 0.86 0.83 0.87 0.77 0.72
tr31 0.64 0.69 0.69 0.68 0.69 0.70 0.64 0.72 0.79 0.85 0.84 0.83 0.85 0.86 0.86 0.77
tr41 0.67 0.71 0.68 0.71 0.69 0.71 0.71 0.63 0.77 0.79 0.79 0.75 0.81 0.76 0.76 0.73
wap 0.44 0.50 0.46 0.49 0.49 0.50 0.51 0.46 0.54 0.60 0.57 0.60 0.62 0.60 0.59 0.53

15-way Clustering 20-way Clustering
DataSet �1 �2 �3 �1 �1 �2 �1 �2 �1 �2 �3 �1 �1 �2 �1 �2
classic 0.88 0.91 0.87 0.93 0.93 0.93 0.87 0.88 0.85 0.92 0.87 0.92 0.93 0.93 0.88 0.86
fbis 0.66 0.68 0.65 0.66 0.68 0.67 0.63 0.61 0.69 0.69 0.69 0.69 0.69 0.69 0.68 0.62
hitech 0.53 0.58 0.57 0.57 0.58 0.58 0.57 0.51 0.56 0.59 0.57 0.58 0.59 0.58 0.57 0.51
k1a 0.58 0.66 0.61 0.67 0.69 0.68 0.63 0.56 0.63 0.70 0.65 0.68 0.71 0.70 0.66 0.58
k1b 0.89 0.92 0.91 0.90 0.91 0.91 0.92 0.90 0.89 0.92 0.90 0.90 0.91 0.91 0.90 0.90
la12 0.72 0.78 0.72 0.78 0.79 0.78 0.77 0.70 0.71 0.78 0.75 0.78 0.78 0.78 0.76 0.68
new3 0.34 0.38 0.33 0.38 0.37 0.39 0.35 0.30 0.38 0.42 0.39 0.43 0.43 0.43 0.39 0.35
ohscal 0.49 0.55 0.50 0.57 0.55 0.56 0.52 0.46 0.52 0.57 0.52 0.57 0.58 0.57 0.56 0.46
re0 0.64 0.66 0.65 0.67 0.67 0.67 0.62 0.53 0.65 0.68 0.67 0.68 0.68 0.68 0.65 0.57
re1 0.58 0.64 0.60 0.63 0.64 0.65 0.60 0.49 0.60 0.67 0.63 0.67 0.66 0.67 0.62 0.53
reviews 0.85 0.86 0.86 0.83 0.85 0.85 0.85 0.79 0.83 0.87 0.85 0.85 0.86 0.86 0.85 0.79
sports 0.79 0.87 0.80 0.85 0.85 0.86 0.84 0.73 0.81 0.89 0.82 0.87 0.87 0.88 0.86 0.74
tr31 0.82 0.87 0.85 0.83 0.85 0.86 0.85 0.81 0.85 0.88 0.86 0.85 0.87 0.88 0.86 0.82
tr41 0.83 0.85 0.83 0.83 0.82 0.83 0.81 0.74 0.85 0.87 0.86 0.85 0.87 0.86 0.85 0.77
wap 0.59 0.66 0.62 0.67 0.67 0.67 0.62 0.56 0.64 0.68 0.65 0.70 0.70 0.69 0.66 0.57

Table 2: Entropy and Purity for the various datasets and criterion functions for the clustering solutions obtained via direct k-way
clustering.
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Average Relative Entr opy
k �1 �2 �3 �1 �1 �2 �1 �2
5 1.361 1.041 1.312 1.044 1.069 1.033 1.092 1.333
10 1.312 1.042 1.246 1.069 1.035 1.040 1.148 1.380
15 1.252 1.019 1.190 1.071 1.029 1.029 1.132 1.402
20 1.236 1.018 1.180 1.086 1.022 1.035 1.139 1.486
Avg 1.290 1.030 1.232 1.068 1.039 1.034 1.128 1.400

Average Relative Purity
k �1 �2 �3 �1 �1 �2 �1 �2
5 1.209 1.034 1.163 1.018 1.051 1.021 1.054 1.173
10 1.112 1.017 1.082 1.024 1.008 1.013 1.054 1.161
15 1.087 1.012 1.068 1.019 1.012 1.009 1.057 1.163
20 1.076 1.007 1.054 1.017 1.006 1.009 1.047 1.165
Avg 1.121 1.018 1.092 1.019 1.019 1.013 1.053 1.166

Table 3: Relative entropies and purities averaged over the different datasets for different criterion functions for the clustering
solutions obtained via direct k-way clustering. Underlined entries represent the best performing scheme, and boldfaced entries
correspond to schemes that performed within 2% of the best.

A numberof observationscanbemadeby analyzingtheresultsin Table3. First, the� 1, �3, andthe�2 criterion
functionsleadto clusteringsolutionsthatareconsistentlyworsethanthesolutionsobtainedusingtheothercriterion
functions.This is truebothwhenthequality of theclusteringsolutionwas evaluatedusingtheentropy as well asthe
purity measures.They leadto solutionsthatare19%–35%worsein termsof entropy and8%–15%worsein termsof
purity thanthebestsolution. Second,the�2 andthe�2 criterionfunctionsleadto thebestsolutionsirrespective of
thenumberof clustersor themeasureusedto evaluatetheclusteringquality. Over theentiresetof experiments,these
methodsareeitherthe bestor alwayswithin 2% of thebestsolution. Third, the� 1 criterion functionperformsthe
next bestandoverall is within 2% of thebestsolutionfor bothentropy andpurity. Fourth,the� 1 criterionfunction
alsoperformsquitewell whenthequality is evaluatedusingpurity. Finally, the� 1 criterionfunctionalwaysperforms
somewherein the middleof the road. It is on the average9% worsein termsof entropy and4% worsein termsof
purity whencomparedto thebestscheme.Also notethat therelative performanceof thevariouscriterionfunctions
remainsmore-or-lessthesamefor boththeentropy- andthepurity-basedevaluationmethods.Theonly changeis that
the relative differencesbetweenthe variouscriterion functionsasmeasuredby entropy aresomewhat greaterwhen
comparedto thosemeasuredby purity. This shouldnot besurprising,astheentropy measuretakesinto accountthe
entiredistribution of the documentsin a particularclusterandnot just the largestclassas it is doneby the purity
measure.

4.4 Evaluation of k-way Clustering via Repeated Bisections

Our secondsetof experimentswas focusedon evaluatingtheclusteringsolutionsproducedby thevariouscriterion
functionswhentheoverall k-way clusteringsolutionwas obtainedvia a sequenceof clusterbisections(RB). In this
approach,ak-waysolutionis obtainedby first bisectingtheentirecollection.Then,oneof thetwo clustersis selected
and it is further bisected,leadingto a total of threeclusters. The processof selectingand bisectinga particular
clustercontinuesuntil k clustersareobtained.Eachof thesebisectionsis performedso that the resultingtwo-way
clusteringsolutionoptimizesa particularcriterionfunction. However, theoverall k-way clusteringsolutionwill not
necessarilybeat a local minimawith respectto thecriterionfunction. Obtaininga k-way clusteringsolutionin this
fashionmaybedesirablebecausetheresultingsolutionis hierarchical,andthusit canbeeasilyvisualized.Thekey
stepin this algorithmis themethodusedto selectwhich clusterto bisectnext, anda numberof differentapproaches
weredescribedin [39, 23]. In all of our experiments,we choseto selectthe largestcluster, as this approachleadto
reasonablygoodandbalancedclusteringsolutions[39].

Table4 shows thequality of theclusteringsolutionsproducedby thevariouscriterion functionsfor 5-, 10-, 15-,
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Entr opy
5-way Clustering 10-way Clustering

DataSet �1 �2 �3 �1 �1 �2 �1 �2 �1 �2 �3 �1 �1 �2 �1 �2
classic 0.38 0.25 0.36 0.29 0.32 0.34 0.26 0.32 0.19 0.22 0.18 0.17 0.17 0.21 0.23 0.15
fbis 0.50 0.50 0.50 0.54 0.49 0.52 0.49 0.53 0.40 0.40 0.41 0.44 0.40 0.44 0.41 0.43
hitech 0.71 0.63 0.66 0.63 0.63 0.62 0.67 0.71 0.66 0.59 0.63 0.58 0.60 0.57 0.60 0.66
k1a 0.55 0.50 0.52 0.49 0.52 0.49 0.50 0.52 0.43 0.42 0.43 0.41 0.42 0.40 0.41 0.42
k1b 0.23 0.23 0.22 0.23 0.24 0.22 0.22 0.22 0.20 0.18 0.19 0.15 0.18 0.14 0.15 0.16
la12 0.61 0.47 0.54 0.49 0.44 0.41 0.48 0.42 0.43 0.40 0.42 0.42 0.40 0.38 0.41 0.39
new3 0.76 0.70 0.75 0.69 0.72 0.69 0.70 0.74 0.64 0.59 0.63 0.59 0.61 0.59 0.58 0.64
ohscal 0.72 0.63 0.72 0.64 0.64 0.64 0.63 0.67 0.62 0.54 0.62 0.54 0.56 0.54 0.56 0.60
re0 0.54 0.51 0.52 0.49 0.49 0.49 0.51 0.55 0.41 0.39 0.41 0.39 0.39 0.39 0.40 0.44
re1 0.55 0.49 0.53 0.52 0.51 0.52 0.50 0.62 0.45 0.42 0.44 0.41 0.42 0.41 0.42 0.54
reviews 0.39 0.33 0.37 0.31 0.34 0.31 0.35 0.55 0.35 0.30 0.33 0.24 0.31 0.26 0.29 0.36
sports 0.39 0.27 0.38 0.24 0.30 0.24 0.28 0.36 0.28 0.16 0.27 0.15 0.21 0.13 0.15 0.27
tr31 0.35 0.32 0.37 0.29 0.32 0.32 0.31 0.35 0.22 0.17 0.27 0.21 0.18 0.18 0.18 0.23
tr41 0.36 0.38 0.38 0.43 0.39 0.37 0.36 0.38 0.27 0.28 0.27 0.30 0.26 0.28 0.27 0.24
wap 0.53 0.50 0.51 0.49 0.51 0.48 0.49 0.53 0.43 0.42 0.44 0.40 0.43 0.39 0.41 0.44

15-way Clustering 20-way Clustering
DataSet �1 �2 �3 �1 �1 �2 �1 �2 �1 �2 �3 �1 �1 �2 �1 �2
classic 0.18 0.21 0.18 0.17 0.16 0.20 0.22 0.13 0.18 0.20 0.17 0.15 0.16 0.19 0.21 0.13
fbis 0.36 0.37 0.36 0.40 0.35 0.38 0.34 0.39 0.34 0.34 0.33 0.38 0.33 0.36 0.33 0.37
hitech 0.64 0.56 0.61 0.56 0.57 0.55 0.57 0.64 0.61 0.53 0.59 0.54 0.56 0.53 0.55 0.62
k1a 0.38 0.36 0.36 0.35 0.35 0.34 0.37 0.38 0.35 0.32 0.33 0.32 0.31 0.32 0.33 0.35
k1b 0.17 0.13 0.14 0.14 0.13 0.13 0.14 0.14 0.15 0.12 0.13 0.12 0.12 0.12 0.12 0.13
la12 0.41 0.38 0.39 0.39 0.38 0.38 0.38 0.37 0.37 0.37 0.38 0.38 0.37 0.36 0.38 0.36
new3 0.57 0.54 0.57 0.53 0.55 0.53 0.53 0.58 0.52 0.49 0.51 0.49 0.50 0.49 0.49 0.53
ohscal 0.57 0.52 0.57 0.52 0.54 0.52 0.53 0.57 0.56 0.51 0.56 0.51 0.53 0.51 0.52 0.56
re0 0.36 0.35 0.36 0.37 0.36 0.37 0.35 0.39 0.32 0.33 0.32 0.32 0.33 0.32 0.33 0.36
re1 0.40 0.36 0.39 0.35 0.37 0.35 0.37 0.49 0.37 0.33 0.35 0.33 0.33 0.32 0.34 0.44
reviews 0.29 0.25 0.27 0.23 0.27 0.23 0.24 0.33 0.26 0.24 0.26 0.20 0.25 0.21 0.24 0.32
sports 0.20 0.12 0.19 0.12 0.16 0.12 0.12 0.23 0.19 0.12 0.19 0.12 0.14 0.12 0.11 0.21
tr31 0.18 0.15 0.22 0.16 0.17 0.17 0.15 0.19 0.16 0.14 0.18 0.14 0.15 0.15 0.14 0.17
tr41 0.20 0.22 0.23 0.23 0.24 0.23 0.23 0.19 0.18 0.16 0.18 0.19 0.17 0.18 0.16 0.16
wap 0.38 0.34 0.37 0.35 0.35 0.34 0.35 0.39 0.35 0.31 0.34 0.32 0.32 0.32 0.32 0.35

Purity
5-way Clustering 10-way Clustering

DataSet �1 �2 �3 �1 �1 �2 �1 �2 �1 �2 �3 �1 �1 �2 �1 �2
classic 0.79 0.88 0.79 0.85 0.81 0.77 0.87 0.80 0.92 0.88 0.93 0.93 0.93 0.90 0.88 0.94
fbis 0.54 0.51 0.54 0.50 0.53 0.50 0.50 0.51 0.64 0.59 0.63 0.58 0.62 0.55 0.57 0.60
hitech 0.48 0.59 0.53 0.55 0.55 0.58 0.48 0.48 0.53 0.61 0.56 0.61 0.56 0.62 0.59 0.56
k1a 0.44 0.49 0.47 0.48 0.47 0.48 0.48 0.47 0.57 0.59 0.58 0.60 0.57 0.61 0.60 0.59
k1b 0.85 0.80 0.82 0.81 0.80 0.82 0.84 0.83 0.86 0.85 0.84 0.88 0.85 0.90 0.88 0.88
la12 0.57 0.71 0.64 0.69 0.75 0.76 0.70 0.78 0.73 0.77 0.75 0.74 0.77 0.78 0.75 0.79
new3 0.20 0.24 0.20 0.24 0.22 0.24 0.23 0.22 0.28 0.31 0.27 0.32 0.30 0.31 0.32 0.28
ohscal 0.36 0.47 0.36 0.45 0.47 0.46 0.47 0.42 0.46 0.60 0.47 0.59 0.58 0.59 0.56 0.51
re0 0.50 0.53 0.50 0.55 0.52 0.53 0.52 0.47 0.60 0.64 0.60 0.64 0.62 0.63 0.63 0.60
re1 0.48 0.53 0.50 0.50 0.53 0.50 0.52 0.40 0.56 0.61 0.58 0.62 0.60 0.62 0.62 0.47
reviews 0.75 0.80 0.77 0.83 0.79 0.82 0.78 0.58 0.78 0.80 0.79 0.87 0.81 0.86 0.81 0.79
sports 0.69 0.76 0.70 0.85 0.75 0.79 0.79 0.71 0.77 0.88 0.80 0.91 0.83 0.92 0.90 0.79
tr31 0.73 0.75 0.71 0.78 0.74 0.74 0.75 0.74 0.85 0.89 0.80 0.84 0.88 0.89 0.89 0.85
tr41 0.70 0.69 0.69 0.61 0.69 0.73 0.73 0.71 0.79 0.75 0.79 0.73 0.77 0.73 0.74 0.80
wap 0.45 0.49 0.48 0.49 0.47 0.49 0.49 0.46 0.56 0.59 0.57 0.61 0.56 0.62 0.59 0.57

15-way Clustering 20-way Clustering
DataSet �1 �2 �3 �1 �1 �2 �1 �2 �1 �2 �3 �1 �1 �2 �1 �2
classic 0.92 0.89 0.93 0.93 0.93 0.90 0.88 0.95 0.92 0.90 0.93 0.94 0.93 0.91 0.89 0.95
fbis 0.67 0.62 0.67 0.63 0.65 0.63 0.68 0.63 0.69 0.67 0.69 0.63 0.68 0.64 0.68 0.65
hitech 0.55 0.62 0.57 0.62 0.60 0.62 0.61 0.57 0.56 0.63 0.58 0.62 0.60 0.64 0.61 0.58
k1a 0.63 0.66 0.65 0.68 0.67 0.69 0.66 0.64 0.66 0.69 0.68 0.70 0.70 0.70 0.69 0.66
k1b 0.89 0.91 0.90 0.89 0.90 0.91 0.89 0.90 0.90 0.91 0.90 0.91 0.91 0.92 0.92 0.91
la12 0.74 0.78 0.76 0.77 0.78 0.78 0.76 0.79 0.77 0.78 0.77 0.77 0.78 0.79 0.76 0.79
new3 0.33 0.37 0.33 0.38 0.36 0.38 0.37 0.33 0.38 0.42 0.39 0.41 0.42 0.42 0.41 0.38
ohscal 0.52 0.61 0.52 0.62 0.59 0.62 0.60 0.52 0.52 0.62 0.53 0.62 0.59 0.62 0.60 0.54
re0 0.64 0.67 0.64 0.64 0.64 0.64 0.66 0.64 0.67 0.69 0.67 0.68 0.66 0.69 0.68 0.66
re1 0.60 0.65 0.61 0.65 0.63 0.66 0.65 0.51 0.62 0.68 0.64 0.67 0.67 0.68 0.67 0.55
reviews 0.83 0.86 0.84 0.87 0.84 0.87 0.87 0.81 0.84 0.87 0.84 0.89 0.85 0.88 0.87 0.81
sports 0.85 0.90 0.85 0.93 0.89 0.92 0.92 0.83 0.86 0.90 0.86 0.93 0.90 0.92 0.93 0.85
tr31 0.87 0.89 0.83 0.89 0.88 0.89 0.90 0.87 0.88 0.90 0.86 0.90 0.89 0.89 0.90 0.88
tr41 0.83 0.79 0.80 0.78 0.78 0.78 0.78 0.85 0.84 0.86 0.85 0.82 0.85 0.83 0.86 0.87
wap 0.62 0.67 0.63 0.68 0.67 0.68 0.66 0.63 0.66 0.69 0.67 0.70 0.69 0.70 0.69 0.66

Table 4: Entropy and Purity for the various datasets and criterion functions for the clustering solutions obtained via repeated
bisections.

14



and20-wayclustering,whenthesesolutionswereobtainedvia repeatedbisections.Again, theseresultsareprimarily
providedfor completenessandour discussionwill focuson theaveragerelative entropiesandpuritiesfor thevarious
clusteringsolutionsshown in Table5. The valuesin this tablewereobtainedby usingexactly thesameprocedure
discussedin Section4.3for averagingtheresultsof Table4.

Average Relative Entr opy
k �1 �2 �3 �1 �1 �2 �1 �2
5 1.207 1.050 1.168 1.060 1.083 1.049 1.053 1.191
10 1.243 1.112 1.239 1.083 1.129 1.056 1.106 1.221
15 1.190 1.085 1.183 1.077 1.102 1.079 1.085 1.205
20 1.183 1.070 1.169 1.057 1.085 1.072 1.075 1.209
Avg 1.206 1.079 1.190 1.069 1.100 1.064 1.080 1.207

Average Relative Purity
k �1 �2 �3 �1 �1 �2 �1 �2
5 1.137 1.035 1.110 1.047 1.055 1.041 1.050 1.127
10 1.099 1.039 1.093 1.030 1.051 1.024 1.043 1.089
15 1.077 1.029 1.070 1.022 1.038 1.021 1.029 1.081
20 1.063 1.016 1.053 1.018 1.025 1.014 1.021 1.068
Avg 1.094 1.030 1.082 1.030 1.042 1.025 1.036 1.091

Table5: Relative entropies and purities averaged over the different datasets for different criterion functions for the clustering solu-
tions obtained via repeated bisections. Underlined entries represent the best performing scheme, and boldfaced entries correspond
to schemes that performed within 2% of the best.

A numberof observationscanbemadeby analyzingtheseresults.First, the� 1, �3, and�2 criterionfunctionslead
to theworseclusteringsolutions,both in termsof entropy andin termsof purity. Second,the� 2 criterionfunction
leadsto the bestoverall solutions,whereasthe �2, �1, and�1 criterion functionsarewithin 2% of the best. The
�1 criterion function performswithin 2% of the bestsolutionwhenthe quality is measuredusingpurity, andit is
about3.3%from the bestwhenthe quality is measuredusingentropy. Theseresultsarein generalconsistentwith
thoseobtainedfor direct k-way clusteringbut in the caseof repeatedbisections,thereis a reductionin the relative
differencebetweenthe bestandthe worst schemes.For example,in termsof entropy, � 2 is only 13% worsethan
the best(comparedto 35% for direct k-way). Similar trendscanbe observed for the othercriterion functionsand
for purity. This relative improvementbecomesmostapparentfor the� 1 criterion function that now almostalways
performswithin 2% of the best. The reasonfor theseimprovementswill be discussedin Section5. Also, another
interestingobservationis that theaveragerelative entropies(andpurities)for repeatedbisectionsarehigherthanthe
correspondingresultsobtainedfor directk-way. This indicatesthat thereis a higherdegreeof variationbetweenthe
relativeperformanceof thevariouscriterionfunctionsfor thedifferentdatasets.

Finally, Figure1 comparesthe quality of the clusteringsolutionsobtainedvia direct k-way clusteringto those
obtainedvia repeatedbisections.Theseplotswereobtainedby dividing theentropy (or purity) achieved by thedirect
k-way approach(Table 2)with thatof theentropy (or purity) achieved by theRB approach,andthenaveragingthese
ratiosover the fifteendatasetsfor eachoneof the criterion functionsandnumberof clusters.Sincelower entropy
valuesarebetter, ratiosthat aregreaterthanoneindicatethat the RB approachleadsto bettersolutionsthandirect
k-way andvice versa.Similarly, sincehigherpurity valuesarebetter, ratiosthataresmallerthanoneindicatetheRB
approachleadsto bettersolutionsthandirectk-way.

Lookingat theplotsin Figure1 we canmake anumberof observations.First, in termsof bothentropy andpurity,
the�1, �3, �1, and�2 criterionfunctionsleadto worsesolutionswith directk-way thanwith RB clustering.Second,
for theremainingcriterionfunctions,therelative performanceappearsto besensitive on thenumberof clusters.For
smallnumberof clusters,thedirectk-wayapproachtendsto leadto bettersolutions;however, asthenumberof clusters
increasestheRB approachtendsto outperformdirectk-way. In fact,thissensitivity onthenumberof clustersappears
to betrue for all eightclusteringcriterionfunctions,andthemaindifferencehasto do with how quickly thequality
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Figure 1: The relative performance of direct k-way clustering over that of repeated bisections (RB) averaged over the different
datasets, for the entropy and purity measures.

of thedirectk-way clusteringsolutiondegrades.Third, the� 2, �1, and�2 criterionfunctionsappearto betheleast
sensitive, as their relativeperformancedoesnotchangesignificantlybetweendirectk-wayandRB.

The fact that for many of the clusteringcriterion functionsthe quality of the solutionsobtainedvia repeatedbi-
sectionsis betterthan that achieved by direct k-way clusteringis both surprisingand alarming. This is because,
even-thoughthe solutionobtainedby the RB approachis not even at a local minima with respectto the particular
criterion function, it leadsto qualitatively betterclusters. Intuitively, we expectedthat directk-way will be strictly
betterthanRB andthe fact that this doesnot happensuggeststhat theremay be someproblemswith someof the
criterionfunctions.Thiswill befurtherdiscussedandanalyzedin Section5.

4.5 Evaluation of k-way Clustering via Repeated Bisections follo wed by k-way Re-
finement

To further investigatethe surprisingbehavior of the RB-basedclusteringapproachwe performeda sequenceof ex-
perimentsin which the final solutionobtainedby the RB-approachfor a particularcriterion functions,was further
refinedusinga greedyk-way refinementalgorithmwhosegoalwas to optimizetheparticularcriterionfunction. The
k-way refinementalgorithmthatwe usedis identicalto thatdescribedin Section3.2. We will referto this schemeas
RB-k-way. Thedetailedexperimentalresultsfrom thissequenceof experimentsis shown in Table6, andthesummary
of theseresultsin termsof averagerelativeentropiesandpuritiesis shown in Table7.

Comparingtherelativeperformanceof thevariouscriterionfunctionswecanseethatthey aremoresimilar to those
of directk-way (Table 3)thanthoseof the RB-basedapproach(Table5). In particular, � 2, �1, �1, and�2 tendto
outperformtherest,with �2 doingthebestin termsof entropy and�2 doingthebestin termsof purity. Also, we can
seethatboth�1, �3, �1, and�2 areconsiderablyworsethanthebestscheme.Figure2 comparestherelativequalityof
theRB-k-waysolutionsto thesolutionsobtainedby theRB-basedscheme.Theseplotsweregeneratedusingthesame
methodfor generatingtheplotsin Figure1. Lookingat theseresultswe canseethatby optimizingthe� 1, �1, �1, and
�2 criterionfunctions,thequalityof thesolutionsbecomeworse,especiallyfor largenumberof clusters.Thelargest
degradationhappensfor �1 and�2. On theotherhand,asweoptimizeeither�2,�1, or �2, theoverallclusterquality
changesonly slightly (sometimesit getsbetterandsometimesit getsworse).Theseresultsverify theobservationswe
madein Section4.4 thatsuggestthat theoptimizationof someof thecriterionfunctionsdoesnot necessarilyleadto
betterqualityclusters,especiallyfor largevaluesof k.

5 Discussion & Anal ysis

Theexperimentalevaluationof thevariouscriterionfunctionspresentedin Section4show two interestingtrends.First,
the quality of the clusteringsolutionsproducedby someseeminglysimilar criterion functionsis oftensubstantially
different. For instance,all threeinternal criterion functions,� 1, �2, and�3, try to producea clusteringsolution
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Entr opy
5-way Clustering 10-way Clustering

DataSet �1 �2 �3 �1 �1 �2 �1 �2 �1 �2 �3 �1 �1 �2 �1 �2
classic 0.40 0.23 0.38 0.21 0.30 0.33 0.26 0.32 0.27 0.23 0.23 0.17 0.16 0.18 0.24 0.17
fbis 0.49 0.50 0.49 0.51 0.48 0.50 0.53 0.55 0.39 0.39 0.40 0.42 0.40 0.42 0.43 0.48
hitech 0.75 0.64 0.69 0.64 0.66 0.62 0.67 0.72 0.67 0.59 0.63 0.61 0.61 0.59 0.62 0.67
k1a 0.55 0.49 0.52 0.50 0.51 0.49 0.48 0.52 0.44 0.40 0.43 0.42 0.40 0.40 0.41 0.42
k1b 0.23 0.22 0.22 0.24 0.23 0.23 0.19 0.21 0.22 0.15 0.20 0.17 0.17 0.16 0.13 0.15
la12 0.65 0.47 0.57 0.46 0.41 0.40 0.53 0.44 0.47 0.39 0.45 0.40 0.37 0.38 0.41 0.43
new3 0.76 0.69 0.76 0.69 0.71 0.69 0.71 0.75 0.65 0.58 0.64 0.59 0.60 0.59 0.61 0.68
ohscal 0.75 0.61 0.74 0.62 0.61 0.61 0.61 0.68 0.63 0.54 0.62 0.53 0.56 0.53 0.59 0.63
re0 0.54 0.50 0.53 0.48 0.49 0.48 0.50 0.56 0.42 0.39 0.41 0.38 0.37 0.37 0.40 0.46
re1 0.58 0.48 0.55 0.50 0.50 0.50 0.50 0.64 0.47 0.42 0.44 0.42 0.41 0.41 0.44 0.57
reviews 0.39 0.35 0.37 0.35 0.35 0.29 0.30 0.58 0.32 0.30 0.31 0.28 0.30 0.29 0.31 0.38
sports 0.44 0.28 0.43 0.24 0.33 0.27 0.34 0.40 0.33 0.17 0.31 0.19 0.22 0.16 0.19 0.34
tr31 0.35 0.31 0.39 0.29 0.31 0.30 0.33 0.36 0.20 0.17 0.26 0.20 0.17 0.18 0.19 0.23
tr41 0.37 0.35 0.37 0.39 0.36 0.33 0.30 0.38 0.28 0.26 0.26 0.28 0.23 0.27 0.28 0.25
wap 0.54 0.49 0.51 0.50 0.51 0.48 0.48 0.53 0.43 0.39 0.42 0.41 0.42 0.40 0.42 0.44

15-way Clustering 20-way Clustering
DataSet �1 �2 �3 �1 �1 �2 �1 �2 �1 �2 �3 �1 �1 �2 �1 �2
classic 0.23 0.20 0.23 0.15 0.16 0.17 0.23 0.17 0.23 0.19 0.23 0.17 0.16 0.17 0.21 0.20
fbis 0.36 0.36 0.36 0.37 0.34 0.36 0.38 0.46 0.35 0.33 0.33 0.36 0.32 0.35 0.33 0.45
hitech 0.65 0.58 0.61 0.59 0.60 0.58 0.59 0.66 0.62 0.56 0.59 0.58 0.57 0.57 0.58 0.66
k1a 0.40 0.33 0.36 0.36 0.34 0.34 0.37 0.40 0.38 0.30 0.33 0.33 0.30 0.31 0.33 0.39
k1b 0.19 0.11 0.16 0.17 0.13 0.13 0.13 0.14 0.17 0.11 0.14 0.14 0.12 0.12 0.14 0.14
la12 0.44 0.37 0.41 0.39 0.36 0.38 0.41 0.43 0.40 0.36 0.39 0.38 0.35 0.37 0.40 0.44
new3 0.58 0.52 0.57 0.52 0.53 0.51 0.55 0.64 0.52 0.47 0.51 0.48 0.47 0.46 0.51 0.60
ohscal 0.59 0.51 0.59 0.53 0.53 0.52 0.54 0.64 0.58 0.52 0.57 0.53 0.52 0.52 0.56 0.64
re0 0.37 0.34 0.35 0.36 0.36 0.35 0.33 0.41 0.34 0.32 0.32 0.33 0.34 0.32 0.31 0.39
re1 0.40 0.35 0.39 0.36 0.36 0.34 0.41 0.53 0.38 0.32 0.35 0.33 0.32 0.32 0.39 0.50
reviews 0.28 0.25 0.25 0.25 0.25 0.24 0.25 0.36 0.26 0.24 0.24 0.25 0.25 0.22 0.24 0.37
sports 0.25 0.17 0.23 0.16 0.17 0.17 0.18 0.31 0.23 0.16 0.22 0.17 0.17 0.16 0.19 0.32
tr31 0.19 0.17 0.22 0.20 0.18 0.17 0.20 0.26 0.19 0.16 0.18 0.18 0.15 0.17 0.22 0.25
tr41 0.23 0.21 0.22 0.20 0.21 0.21 0.23 0.24 0.21 0.15 0.17 0.17 0.15 0.17 0.19 0.24
wap 0.38 0.32 0.37 0.35 0.35 0.34 0.36 0.40 0.36 0.29 0.33 0.32 0.32 0.33 0.34 0.39

Purity
5-way Clustering 10-way Clustering

DataSet �1 �2 �3 �1 �1 �2 �1 �2 �1 �2 �3 �1 �1 �2 �1 �2
classic 0.78 0.89 0.78 0.92 0.81 0.80 0.86 0.80 0.86 0.87 0.89 0.92 0.94 0.92 0.86 0.93
fbis 0.54 0.51 0.54 0.52 0.53 0.50 0.48 0.50 0.64 0.61 0.63 0.61 0.63 0.56 0.60 0.57
hitech 0.44 0.59 0.50 0.57 0.55 0.58 0.50 0.48 0.51 0.60 0.56 0.60 0.57 0.60 0.57 0.54
k1a 0.44 0.49 0.47 0.48 0.47 0.48 0.49 0.47 0.55 0.60 0.57 0.60 0.60 0.61 0.59 0.60
k1b 0.86 0.80 0.82 0.80 0.80 0.80 0.84 0.84 0.85 0.87 0.85 0.85 0.86 0.88 0.92 0.89
la12 0.53 0.72 0.60 0.72 0.76 0.77 0.65 0.76 0.68 0.78 0.70 0.77 0.79 0.78 0.77 0.74
new3 0.20 0.24 0.20 0.23 0.22 0.24 0.22 0.21 0.29 0.32 0.28 0.32 0.30 0.32 0.29 0.26
ohscal 0.35 0.48 0.35 0.47 0.48 0.47 0.48 0.42 0.48 0.59 0.50 0.59 0.57 0.59 0.51 0.48
re0 0.51 0.53 0.49 0.56 0.52 0.54 0.52 0.46 0.59 0.62 0.59 0.66 0.63 0.66 0.63 0.59
re1 0.43 0.53 0.47 0.53 0.53 0.53 0.53 0.38 0.55 0.61 0.57 0.61 0.61 0.62 0.59 0.45
reviews 0.76 0.79 0.78 0.81 0.79 0.81 0.83 0.56 0.83 0.84 0.83 0.85 0.82 0.83 0.81 0.78
sports 0.64 0.75 0.66 0.81 0.72 0.76 0.72 0.67 0.76 0.88 0.77 0.87 0.83 0.90 0.87 0.74
tr31 0.72 0.76 0.70 0.79 0.76 0.77 0.75 0.72 0.87 0.88 0.80 0.87 0.89 0.88 0.90 0.85
tr41 0.71 0.71 0.70 0.62 0.71 0.75 0.78 0.71 0.77 0.76 0.79 0.73 0.78 0.74 0.73 0.80
wap 0.45 0.49 0.48 0.49 0.47 0.49 0.50 0.46 0.56 0.61 0.57 0.60 0.58 0.62 0.57 0.57

15-way Clustering 20-way Clustering
DataSet �1 �2 �3 �1 �1 �2 �1 �2 �1 �2 �3 �1 �1 �2 �1 �2
classic 0.89 0.90 0.89 0.94 0.94 0.93 0.89 0.93 0.89 0.91 0.89 0.93 0.94 0.93 0.89 0.90
fbis 0.66 0.64 0.67 0.64 0.66 0.65 0.65 0.58 0.68 0.69 0.70 0.65 0.69 0.66 0.69 0.59
hitech 0.53 0.60 0.58 0.60 0.57 0.61 0.59 0.54 0.55 0.61 0.58 0.60 0.60 0.61 0.59 0.54
k1a 0.58 0.69 0.64 0.69 0.68 0.69 0.62 0.63 0.62 0.71 0.68 0.70 0.72 0.71 0.69 0.64
k1b 0.88 0.93 0.90 0.88 0.91 0.91 0.92 0.92 0.89 0.92 0.89 0.90 0.91 0.92 0.91 0.92
la12 0.70 0.79 0.74 0.77 0.79 0.78 0.73 0.73 0.74 0.79 0.76 0.78 0.80 0.79 0.75 0.72
new3 0.35 0.38 0.34 0.39 0.37 0.39 0.35 0.31 0.40 0.43 0.41 0.42 0.43 0.44 0.40 0.34
ohscal 0.52 0.60 0.51 0.59 0.58 0.60 0.58 0.47 0.53 0.59 0.54 0.59 0.59 0.59 0.53 0.47
re0 0.61 0.67 0.64 0.67 0.64 0.68 0.66 0.63 0.66 0.68 0.67 0.68 0.67 0.70 0.69 0.64
re1 0.60 0.66 0.61 0.64 0.63 0.66 0.60 0.47 0.61 0.68 0.64 0.67 0.67 0.68 0.61 0.49
reviews 0.82 0.86 0.85 0.86 0.86 0.87 0.86 0.79 0.83 0.87 0.86 0.87 0.85 0.88 0.86 0.77
sports 0.80 0.88 0.81 0.90 0.87 0.89 0.88 0.76 0.82 0.88 0.82 0.89 0.87 0.89 0.85 0.75
tr31 0.87 0.88 0.83 0.87 0.86 0.89 0.86 0.83 0.86 0.88 0.87 0.87 0.89 0.88 0.84 0.83
tr41 0.80 0.81 0.81 0.82 0.79 0.81 0.79 0.81 0.82 0.88 0.85 0.85 0.86 0.85 0.85 0.80
wap 0.62 0.68 0.64 0.69 0.67 0.69 0.64 0.61 0.65 0.71 0.67 0.71 0.70 0.70 0.67 0.63

Table 6: Entropy and Purity for the various datasets and criterion functions for the clustering solutions obtained via repeated
bisections followed by k-way refinement.
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Average Relative Entr opy
k �1 �2 �3 �1 �1 �2 �1 �2
5 1.304 1.081 1.256 1.077 1.121 1.076 1.097 1.273
10 1.278 1.065 1.240 1.088 1.063 1.051 1.127 1.255
15 1.234 1.037 1.182 1.089 1.057 1.046 1.140 1.334
20 1.248 1.030 1.157 1.098 1.041 1.051 1.164 1.426
Avg 1.266 1.053 1.209 1.088 1.070 1.056 1.132 1.322

Average Relative Purity
k �1 �2 �3 �1 �1 �2 �1 �2
5 1.181 1.040 1.145 1.039 1.063 1.040 1.063 1.160
10 1.105 1.026 1.090 1.027 1.035 1.023 1.058 1.115
15 1.092 1.015 1.069 1.017 1.027 1.008 1.051 1.133
20 1.079 1.010 1.049 1.020 1.014 1.009 1.049 1.148
Avg 1.114 1.023 1.088 1.026 1.035 1.020 1.055 1.139

Table 7: Relative entropies and purities averaged over the different datasets for different criterion functions for the clustering
solutions obtained via repeated bisections followed by k-way refinement. Underlined entries represent the best performing scheme,
and boldfaced entries correspond to schemes that performed within 2% of the best.
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Figure 2: The relative performance of repeated bisections-based clustering followed by k-way refinement over that of repeated
bisections alone. The results are averaged over the different datasets, for the entropy and purity measures.

that maximizesa particularwithin clustersimilarity function. However, out of thesethreecriterion functions,� 2

performssubstantiallybetterthan the rest. This is also true for the �1 and�1 criterion functions,that attemptto
minimize a function that takes into accountboth the within clustersimilarity and the acrossclusterdissimilarity.
However, in most of the experiments,�1 tendsto perform consistentlybetter than�1. The secondtrend is that
for many criterionfunctions,thequalityof thesolutionsproducedvia repeatedbisectionsis in generalbetterthanthe
correspondingsolutionproducedeitherviadirectk-wayclusteringorafterperformingk-wayrefinement.Furthermore,
this performancegapseemsto increasewith thenumberof clustersk. In theremainingof this sectionwe analyzethe
differentcriterionfunctionsandexplain thecauseof thesetrends.

5.1 Anal ysis of the �1, �2, and �3 Criterion Functions

As astartingpointfor analyzingtheperformanceof thethreeinternalcriterionfunctionsit is importantto qualitatively
understandhow they fail. Table8 shows the 10-way clusteringsolutionsobtainedfor the sportsdatasetusingeach
oneof the threeinternalcriterion functions. The row of eachsubtablerepresentsa particularcluster, andit shows
theclass-distribution of thedocumentsassignedto it. For example,thefirst clusterfor � 1 contains1034documents
from the“baseball”category anda singledocumentfrom the“football” category. Thecolumnslabeled“Size” show
the numberof documentsassignedto eachcluster, whereasthe columnlabeled“Sim” shows the averagesimilarity
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betweenany two documentsin eachcluster. Thelastrow of eachsubtableshowsthevaluesfor theentropy andpurity
measuresfor the particularclusteringsolution. Note that theseclusteringswerecomputedusing the direct k-way
clusteringapproach.

�1 Criterion
cid Size Sim baseball basketball football hockey boxing bicycling golfing
1 1035 0.098 1034 1
2 594 0.125 1 592 1
3 322 0.191 321 1
4 653 0.127 1 652
5 413 0.163 413
6 1041 0.058 1041
7 465 0.166 464 1
8 296 0.172 296
9 3634 0.020 1393 789 694 157 121 145 335
10 127 0.268 108 1 17 1

Entropy=0.357,Purity=0.736

�2 Criterion
cid Size Sim baseball basketball football hockey boxing bicycling golfing
1 475 0.087 97 35 143 8 112 64 16
2 384 0.129 1 1 381 1
3 1508 0.032 310 58 1055 11 5 59 10
4 844 0.094 1 1 841 1
5 400 0.163 1 399
6 835 0.097 829 6
7 1492 0.067 1489 1 2
8 756 0.099 2 752 1 1
9 621 0.108 618 1 2
10 1265 0.036 65 560 296 9 5 22 308

Entropy=0.240,Purity=0.824

�3 Criterion
cid Size Sim baseball basketball football hockey boxing bicycling golfing
1 2762 0.020 1445 263 348 144 119 123 320
2 569 0.130 568 1
3 334 0.185 333 1
4 570 0.113 272 298
5 1144 0.055 67 20 1018 8 2 22 7
6 354 0.188 354 0
7 1009 0.099 1009
8 991 0.047 45 522 410 5 1 8
9 391 0.171 391
10 456 0.168 455 1

Entropy=0.362,Purity=0.745

Table8: The cluster-class distribution of the clustering solutions for the �1, �2, and �3 criterion functions for the sports dataset.

As shown in Table8, all threeinternalcriterionfunctionsproduceunbalancedclusteringsolutions,i.e. mixturesof
large,looseclustersandsmall,tight clusters.However,�1 and�3 behavedifferentlyfrom�2 in two ways.Both�1 and
�3 producesolutionsin whichat leastoneclustercontainsaverylargenumberof documentsfrom differentcategories
with very low pairwisesimilarities.In thecaseof �1, this largepoorclusteris theninth,whereasin thecaseof �3, the
poorclusteris thefirst one.Onetheotherhand,�2 doesnot producea singlevery largeclusterof very poorquality.
Thatis why �1 and�3 produceclusteringsolutionsthathave aconsiderably higher entropy (or lower purity) thanthe
�2 criterionfunction. Thesecondqualitative differencebetweentheclusteringsolutionsproducedby � 1 and�3 over
thatof �2 is that if we excludethe largepoorclusters,theremainingof theclusterstendto bequitepureaswell as
relatively tight (i.e., theaveragesimilarity betweentheir documentsis high). The� 2 criterionfunctionalsoproduces
fairly pureclusters,but they tendto containsomewhatmorenoiseandbelesstight. Theseobservationson thenature
of the clusteringsolutionsproducedby the threecriterion functionsalsohold for the remainingof the datasetsand
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they arenotspecific to thesportsdataset.
To analyzethis behavior we will focuson the conditionsunderwhich the movementof a particulardocument

from oneclusterto anotherwill leadto animprovementin theoverall criterionfunction.Considerak-way clustering
solution,let Si andSj betwo of theseclusters,andd beaparticulardocumentthatis initially partof Si . Furthermore,
let µi andµ j be the averagesimilarity betweenthe documentsin Si and Sj , respectively (i.e., µi = Ci

tCi , and
µ j = C j

tC j ), andlet δi andδ j betheaveragesimilarity betweend andthedocumentsin Si andSj , respectively (i.e.,
δi = dtCi , andδ j = dtC j ).

It is shown in AppendixA thataccordingto the�1 criterionfunctionthedocumentd will bemoved from Si to Sj

if f
δi − δ j <

µi − µ j

2
, (18)

andin thecaseof the�2 criterionfunctionthis movewill happeniff

δi

δ j
<

√

µi

µ j
. (19)

Accordingto Equation18, �1 will move the documentd from the Si clusterto the Sj cluster, iff the difference
betweenthe averagesimilaritiesof d to the documentsof eachcluster(δ i − δ j ) is lessthanhalf of the difference
betweentheaveragesimilarity amongthedocumentsin Si andSj ((µi − µ j )/2). In addition,aslong asµ i is much
largerthanµ j , thenevenif δ j is zero,�1 will still moveto Sj thedocumentsof Si thathavelow averagesimilaritywith
theotherdocumentsof thatcluster, i.e., δ i is small. Thus,if two clusterscontaindocumentsthathave substantially
differentaveragepairwisesimilarities,the�1 criterionfunctionwill tendto move someof theperipheral documents
from the tight clusterto the loosecluster. This observation explains the resultsshown in Table 8, in which � 1’s
clusteringsolutioncontainsninefairly pureandtight clusters,anda singlelargeandpoorquality cluster. Thatsingle
clusteractsalmostlike agarbagecollectorwhichattractsall theperipheraldocumentsof theotherclusters.

Accordingto Equation19,�2 will move thedocumentd from theSi clusterto the Sj cluster, iff theratio between
theaveragesimilaritiesof d to thedocumentsof eachcluster(δ i /δ j ) is lessthanthesquareroot of theratio between
theaveragesimilarity amongthedocumentsin Si andSj (

√

µi /µ j ). �2 will alsoleadunbalancedsolutionsby noticing
thatwhenδi andδ j aresimilar andrelatively small,�2 will assignthedocumentd to the loosercluster, which makes
thetight clustertighter, andthelooseclusterlooser.

ComparingEquation18 with Equation19,we canmake two observationsthatexplain thedifferentbehavior of � 1

and�2, undertheconditionµ i > µ j . First,unlike�1 thatwill move adocumentto clusterSj evenif δ j is zeroaslong
as(µi − µ j )/2 > δi (i.e., it is a peripheraldocumentof a relatively tight cluster),�2 will movethatdocumentonly if
it hasa non-trivial averagesimilarity to thedocumentsof S j . If this is not true,δi /δ j will befairly large,potentially
violating therequiredcondition(Equation19). Second,whenδ i andδ j arerelatively small,thatis

δ j < µ j
α − 1

2(
√

α − 1)
and δi < µi

√
α(α − 1)

2(
√

α − 1)
, where α =

µi

µ j
,

themove conditionof �1 canbesatisfiedmoreeasilythanthatof �2, (i.e., therangeof δ i andδ j valuesto meetthe
move conditionof �1 is larger thanthatof �2). Given thesameδ j , �1 canmove documentswith higherδ i than�2.
To this extend,�1 is morepowerful to pull theperipheraldocumentsof thetight clustertowardstheloosecluster. For
thesetwo reasons,�2 doesnot leadto clusteringsolutionsin which thereexist onesinglelargeclusterthatcontains
peripheraldocumentsfrom therestof theclustersandmakesthoseclustersverypureandtight.

Moreover, whendocumentshaverelatively highdegreeof similarity to otherdocumentsin S j andSi , thatis

δ j > µ j
α − 1

2(
√

α − 1)
and δi > µi

√
α(α − 1)

2(
√

α − 1)
, where α =

µi

µ j
,

�2 tendsto morefrequentlymovethemfrom thetight clusterto thelooseclustercomparedto the� 1 criterionfunction,
aslongasδ j /

√
µ j > δi /

√
µi .
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To graphicallyillustratethis Figure3 shows therangeof δ i andδ j valuesfor which themovementof a particular
documentd from thei th to the j th clusterleadsto animprovementin eitherthe� 1 or �2 criterionfunction.Theplots
in Figure3(a)wereobtainedusingµ i = .10,µ j = 0.05,whereastheplot in Figure3(b)wereobtainedusingµ i = .20
andµ j = 0.05. For bothsetsof plotswas usedni = n j = 400. Thex-axisof theplotsin Figure3 correspondto δ j ,
whereasthe y-axiscorrespondsto δ i . For bothcases,we let theseaveragesimilaritiestake valuesbetweenzeroand
one.Thevariousregionsin theplotsof Figure3 arelabeledbasedonwhetheror notany of thecriterionfunctionswill
moved to theothercluster, basedon theparticularsetof δ i andδ j values.
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Figure 3: The range of values of δi and δ j for which a particular document d will move from the i th to the j th cluster. The first
plot (a) shows the ranges when the average similarity of the documents in the i th and j th cluster are 0.10 and 0.05, respectively.
The second plot (b) shows the ranges when the respective similarities are 0.20 and 0.05. For both cases each of the clusters was
assumed to have 400 documents.

Looking at theseplots we canseethat thereis a region of small δ i andδ j valuesfor which �1 will performthe
movewhere�2 will not. Theseconditionsaretheonesthatwe alreadydiscussandarethemainreasonwhy � 1 tends
to createa large poor quality clusterand�2 doesnot. Thereis alsoa region for which �2 will performthe move
but �1 will not. This is the region for which δ i > δ j + (µi − µ j )/2 but δ j /

√
µ j > δi /

√
µi . That is the average

similarity betweendocumentd andclusterSj relative to thesquare-rootof theinternalsimilarity of Sj is greaterthan
thecorrespondingquantityof Si . Moreover, astheplots illustrated,thesizeof this region increasesasthedifference
betweenthetightnessof thetwo clustersincreases.

Thejustificationfor this typeof movesis thatd behavesmorelike thedocumentsin S j (asmeasuredby
√

µ j ) than
thedocumentsin Si . To thatextend,�2 exhibitssomedynamicmodelingcharacteristics[24], in thesensethatits move
is basedbothon how closeit is to a particularclusteraswell ason thepropertiesof theclusteritself. However, even
thoughtheprincipleof dynamicmodelinghasbeenshown to beusefulfor clustering,it maysometimesleadto errors
asprimaryevidenceof clustermembership(i.e., theactualδ i & δ j values)aresecondguessed.Thismaybeoneof the
reasonswhy the�2 criterionfunctionleadsto clustersthat in generalaremorenoisythanthecorrespondingclusters
of �1, as theexamplein Table8 illustrates.

Our discussionso far focusedprimarily on the �1 and�2 criterion functions. However, sincethe cosineand
Euclideandistancefunctionsaresimilar to eachother, andbecause� 3 is identicalin natureto �1, �3 exhibits similar
characteristicswith �1. To seethis,recallfrom Equation10 thatthe�3 criterionfunctioncanbere-writtenas:

�3 =
k

∑

r=1

1

nr

∑

di ,d j ∈Sr

‖di − d j ‖2.
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Now, usingsomebasictrigonometricmanipulationswe have that

‖di − d j ‖2 = sin2(di , d j ) + (1 − cos(di , d j ))
2 = 2(1− cos(di , d j )).

Usingthis relation,Equation10canbere-writtenas:

�3 =
k

∑

r=1

1

nr

∑

di ,d j ∈Sr

2(1 − cos(di , d j )) = 2





k
∑

r=1

nr −
k

∑

r=1

1

nr

∑

di ,d j ∈Sr

cos(di , d j )



 = 2(n − �1).

Thus,minimizing�3 is thesameasmaximizing�1.

5.2 Anal ysis of the �1 and �1 Criterion Functions

The�1 and�1 criterion functionsbothmeasurethe quality of the overall clusteringsolutionby taking into account
both the separationbetweenclustersand the tightnessof eachcluster. However, as the experimentspresentedin
Section4 show �1 leadsto betterclusteringsolutionsthat�1 for all threesetsof experiments.Furthermore,thehighest
performancedifferencebetweenthesetwo criterionfunctionsoccursduringthedirectk-wayclustering.Table9 shows
the10-wayclusteringsolutionsfor thesportsdatasetproducedby� 1 and�1 thatillustratethisdifferencein theoverall
clusteringquality. As we canseefrom theseresultsthe �1 criterion function leadsto clusteringsolutionsthat are
considerablymorebalancedthanthoseproducedby the� 1 criterionfunction. In fact,thesolutionobtainedby the� 1

criterionfunctionexhibitssimilarcharacteristics(but toa lesserextend)with thecorrespondingsolutionsobtainedby
the�1 and�3 criterionfunctionsdescribedin theprevioussection.It tendsto producea mixtureof largeandsmall
clusters,with thesmallerclustersbeingquitetight andthelargerclustersbeingquiteloose.

�1 Criterion
cid Size Sim baseball basketball football hockey boxing bicycling golfing
1 1330 0.076 1327 2 1
2 975 0.080 3 5 966 1
3 742 0.072 15 703 24
4 922 0.079 84 8 32 797 1
5 768 0.078 760 1 6 1
6 897 0.054 6 2 889
7 861 0.091 845 0 15 1
8 565 0.079 24 525 13 1 2
9 878 0.034 93 128 114 4 97 121 321
10 642 0.068 255 36 286 7 24 24 10

Entropy=0.203,Purity=0.865

�1 Criterion
cid Size Sim baseball basketball football hockey boxing bicycling golfing
1 519 0.146 516 3
2 597 0.118 1 595 1
3 1436 0.033 53 580 357 13 100 20 313
4 720 0.105 718 1 1
5 1664 0.032 1387 73 77 49 7 63 8
6 871 0.101 871
7 1178 0.049 6 5 1167
8 728 0.111 1 727
9 499 0.133 498 1
10 368 0.122 80 33 145 19 15 62 14

Entropy=0.239,Purity=0.840

Table9: The cluster-class distribution of the clustering solutions for the �1 and �1 criterion functions for the sports dataset.

In orderto comparethe �1 and�1 criterion functionsit is importantto rewrite themin a way that makes their
similaritiesanddissimilaritiesapparent.To thisend,let µr betheaveragesimilarity betweenthedocumentsof ther th
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clusterSr , andlet ξr betheaveragesimilarity betweenthedocumentsin Sr to theentiresetof documentsS. Using
thesedefinitions,the�1 criterionfunction(Equation12)canberewrittenas

�1 =
k

∑

r=1

nr
Dr

t D

‖Dr ‖
=

k
∑

r=1

nr
nr nξr

nr
√

µr
= n

k
∑

r=1

nr
ξr√
µr

, (20)

andthe�1 criterionfunction(Equation16)canberewrittenas

�1 =
k

∑

r=1

Dr
t D

‖Dr ‖2
=

k
∑

r=1

nr nξr

n2
r µr

= n
k

∑

r=1

1

nr

ξr

µr
. (21)

ComparingEquations20and21wecanseethatthey differ in two ways.Thefirstdifferencehasto dowith theway
they measurethe quality of a particularcluster, andthesecondhasto do with the way they combinethe individual
clusterqualitymeasuresto derive theoverallqualityof theclusteringsolution.

In thecaseof �1, thequalityof ther th clusteris given byξr /
√

µr whereasin thecaseof �1 thequalityis measured
asξr /µr . Sincefor both�1 and�1, thequality of eachclusteris inverselyrelatedto eitherµ r or

√
µr , bothof them

will preferclusteringsolutionsin whichtherearenoclustersthatareextremelyloose(i.e., they havesmallµ r values).
Now, becauselargeclusterstendto have smallµr values,bothof theclusterquality measureswill tendto produce
solutionsthatcontainreasonablybalancedclusters.Furthermore,becauseµ r ≤ 1, we have thatµr ≤ √

µr , which
in turn impliesthat thesensitivity of �1’s clusterquality measureon clusterswith smallµr valuesis higherthanthe
correspondingsensitivity of �1. Consequently, dueto the way �1 measuresthe quality of a cluster, we would have
expectedit to leadto morebalancedclusteringsolutionsthan� 1, which as the resultsin Table9 show it doesnot
happen.As a result,theunbalanced clustersproducedby � 1 cannotbeattributedto this difference.

This suggestthat the seconddifferencebetween�1 and�1, that is, the way they combinethe individual cluster
qualitymeasuresto derive theoverallqualityof theclusteringsolution,is thereasonfor theunbalancedclusters.The
�1 criterionfunctionsumstheindividualclusterqualitiesweightingthemproportionallyto thesizeof eachcluster. � 1

performsasimilarsummationbut eachclusterqualityisweightedproportionallyto theinverseof thesizeof thecluster.
This weightingschemeis similar in natureto thatusedin theratio-cutobjective—usedwidely in graphpartitioning.
This differencein how the individual clusterqualitiesareweightedis thereasonwhy � 1 leadsto significantlymore
unbalancedclusteringsolutionsthan�1.

This is becauseof thefollowing reason.Recallfrom ourpreviousdiscussionthatsincethequalitymeasureof each
clusteris inverselyrelatedon µr , the quality measureof largeclusterswill have largevalues,astheseclusterswill
tendto beloose(i.e., µr will besmall). Now, in thecaseof �1, by multiplying thequality measureof a clusterby its
size,it ensuresthattheselargelooseclusterscontributea lot to theoverallvalue of� 1’s criterionfunction.As aresult,
�1 will tendto beoptimizedwhenthereareno largelooseclusters.On theotherhand,in thecaseof � 1, by dividing
thequalitymeasureof a largelooseclusterby its size,it hasthe neteffectof decreasingthecontributionof thiscluster
to theoverall value of�1’s criterionfunction. As a result,�1 canbeoptimizedat a point in which thereexist some
largeandlooseclusters.

To illustratethis,wecreatedanew criterionfunctionthatis derived from� 1’s clusterqualitymeasurebut uses�1’s
combiningmechanism.Thatis, this new criterionfunction� ′

1 is definedasfollows:

minimize � ′
1 = n

k
∑

r=1

nr
ξr

µr
=

k
∑

r=1

n2
r

Dr
t D

‖Dr ‖2 (22)

We used� ′
1 to find a 10-way clusteringsolutionof the sportsdatasetwhich is shown in Table10. Comparingthe

clusteringsolutionproducedby � ′
1 to thatproducedby �1 (Table 9)we canseethat� ′

1’s solutionis morebalanced
andit achievessubstantiallylowerentropy.
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�′
1 Criterion

cid Size Sim baseball basketball football hockey boxing bicycling golfing
1 972 0.081 948 24
2 948 0.075 81 13 61 792 1
3 528 0.051 3 107 11 2 86 1 318
4 898 0.079 19 861 17 1
5 806 0.076 795 1 9 1
6 988 0.077 5 2 980 1
7 793 0.058 2 791
8 713 0.053 46 388 272 2 5
9 586 0.061 167 37 180 12 35 144 11
10 1348 0.075 1346 1 1

Entropy=0.189,Purity=0.862

Table10: The cluster-class distribution of the clustering solutions for the � ′
1 criterion function for the sports dataset.

5.3 Anal ysis of the �2 Criterion Function

The variousexperimentspresentedin Section4 showed that the� 2 criterion functionconsistentlyled to clustering
solutionsthatwereamongtheworstover thesolutionsproducedby thevariouscriterionfunctionsthatwereconsidered
in thisstudy. To illustratehow the�2 criterionfunctionfails,Table11shows the10-wayclusteringsolutionproduced
via directk-wayclusteringon thesportsdataset.

�2 Criterion
cid Size Sim baseball basketball football hockey boxing bicycling golfing
1 491 0.096 1 5 485
2 1267 0.056 8 5 1244 10
3 42 0.293 2 1 3 1 35
4 630 0.113 0 627 2 1
5 463 0.126 462 1
6 2596 0.027 1407 283 486 184 42 107 87
7 998 0.040 49 486 124 8 79 3 249
8 602 0.120 1 601
9 1202 0.081 1194 2 1 5
10 289 0.198 289

Entropy=0.315,Purity=0.796

Table11: The cluster-class distribution of the clustering solutions for the �2 criterion function for the sports dataset.

Lookingat this solutionwe canseethat�2 producessolutionsthatarehighly unbalanced.For example,thesixth
clustercontainsover 2500documentsfrom many differencecategories,whereasthe third clustercontainsonly 42
documentsthatareprimarily from a singlecategory. Notethat,theclusteringsolutionproducedby � 2 is verysimilar
to thatproducedby the�1 criterionfunction(Table8). In fact,for mostof theclusterswe canfind a goodone-to-one
mappingbetweenthetwo schemes.

Thenatureof �2’scriterionfunctionmakesit extremelyhardto analyzeit. However, onereasonthatcanpotentially
explain theunbalanced clustersproducedby �2 is thefactthatit usesa normalized-cutinspiredapproachto trade-off
separationbetweentheclusters(asmeasuredby thecut)versusthesizeof therespectiveclusters.It hasbeenshown in
[11] thatwhenthenormalizedcutapproachis usedin thecontext of traditionalgraphpartitioning,it leadsto asolution
that is considerablymoreunbalancedthanthatobtainedby the� 1 criterion function. However, asour discussionin
Section5.2showed,even�1’s balancingmechanismoften leadsto quiteunbalancedclusteringsolutions.

5.4 Anal ysis of the �1 and �2 Criterion Functions

Thelastsetof criterionfunctionthatwe will focusonarethehybridcriterionfunctions� 1 and�2 thatwerederived
by combiningthe �1 and�1 and the �2 and�1 criterion functions,respectively. The 10-way clusteringsolutions
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producedby thesecriterionfunctionson thesportsdatasetareshown in Table12. Lookingat theresultsin this table
andcomparingthemagainsttheresultsproducedby the� 1, �2, and�1, criterionfunctionswecanseethat�1 and�2

leadto clusteringsolutionsthatcombinethecharacteristicsof their respective pairsof individual criterionfunctions.
In particular, the�1 criterion function leadsto a solution that is considerablymorebalancedthan that of � 1 and
somewhatmoreunbalancedthanthatof �1. Similarly,�2’s solutionis alsomorebalancedthan�2 andsomewhatless
balancedthan�1.

�1 Criterion
cid Size Sim baseball basketball football hockey boxing bicycling golfing
1 1220 0.049 60 20 1131 5 2 2
2 724 0.106 722 1 1
3 696 0.111 1 694 1
4 1469 0.070 1468 1
5 562 0.138 560 2
6 576 0.118 574 1 1
7 764 0.108 1 1 762
8 1000 0.045 63 554 370 5 1 7
9 1261 0.023 397 109 130 36 118 145 326
10 308 0.116 289 1 17 1

Entropy=0.221,Purity=0.833

�2 Criterion
cid Size Sim baseball basketball football hockey boxing bicycling golfing
1 1462 0.997 1457 2 3
2 908 0.994 2 2 903 1
3 707 0.960 11 679 17
4 831 0.957 23 4 8 795 1
5 701 0.989 693 1 6 1
6 999 0.978 15 7 977
7 830 0.986 818 11 1
8 526 0.949 17 499 7 1 2
9 997 0.321 128 181 149 5 101 113 320
10 619 0.428 248 35 265 8 20 32 11

Entropy=0.196,Purity=0.863

Table12: The cluster-class distribution of the clustering solutions for the �1 and �2 criterion functions for the sports dataset.

Overall, from theexperimentsin Section4 we canseethat thequality of thesolutions(asmeasuredby entropy)
producedby�1 tendsto bebetweenthatof �1 and�1—but closerto thatof �1’s; andthesolutionproducedby �2

tendsto be betweenthat of �2 and�1—but closerto that of �2’s. If the quality is measuredin termsof purity, the
performanceof �1 relative to �1 and�1 remainsthesame,whereas�2 tendsto outperformboth�2 and�1.

To understandhow thesecriterionfunctionsconsidertheconditionsunderwhichaparticulardocumentd will move
from its currentclusterSi to anotherclusterSj . This documentwill alwaysbe moved (or staywhereit is), if each
oneof the two criterionfunctionsusedto defineeither�1 or �2 would improve (or degrade)by performingsucha
move. The interestingcasehappenswhenaccordingto onecriterion functiond shouldbe moved andaccordingto
the otheroned shouldremainwhereit is. In that case,the overall decisionwill dependat how mucha particular
criterionfunctionimprovesrelativeto thedegradationof theotherfunction.In general,if suchamoveleadsto a large
improvementandasmalldegradation,it is performed.In orderto makesuchtrade-offs possibleit is importantfor the
pair of criterionfunctionsinvolvedto take roughlythesamerangeof values(i.e., beof thesameorder).If thatis not
true,thenimprovementsin onecriterionfunctionwill notbecomparableto degradationsin theother.

In thecaseof the�1 and�2 criterionfunctions,ourstudiesshowedthataslongask is sufficiently large,boththe
�1 and�2 criterionfunctionsareof thesameorderthan�1. However, in mostcases�2 is closerto �1 that�1. This
bettermatchbetweenthe�2 and�1 criterionfunctionsmayexplainwhy�2 seemsto performbetterthan�1 relative
to their respectivepairsof criterionfunctions,andwhy�1’s solutionsaremuchcloserto thoseof �1 insteadof �1.
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5.5 Anal ysis of Direct k-way Clustering versus Repeated Bisections

As discussedin the beginning of this section,the experimentspresentedin Section4 show that for mostcriterion
functions,for sufficiently largevaluesof k, theclusteringsolutionsproducedby repeatedbisectionsarebetterthanthe
solutionsobtainedvia directk-wayclustering.We believe this is becauseof thefollowing reason.

Fromour analysisof the�1, �2, �3, and�1 criterionfunctionswe know thatbasedon thedifferencebetweenthe
tightness(i.e., theaveragepairwisesimilarity betweenthedocumentsin thecluster)of thetwo clusters,documentsthat
arenaturallypartof thetighterclusterwill endup moving to the loosercluster. In otherwords,thevariouscriterion
functionswill tendto produceincorrectclusteringresultswhenclustershavedifferentdegreesof tightness.Of course,
thedegreeto which a particularcriterionfunctionis sensitive to tightnessdifferenceswill bedifferent forthevarious
criterionfunctions.

Now, whentheclusteringsolutionis obtainedvia repeatedbisections,thedifferencein tightnessbetweeneachpair
of clustersin successive bisectionswill tendto berelatively small. This is because,eachclusterto bebisected,will
tendto be relatively homogeneous(dueto the way it wasdiscovered),resultingin a pair of subclusterswith small
densitydifferences.On theotherhand,whentheclusteringis computeddirectly or whenthefinal k-way clustering
obtainedvia a sequenceof repeatedbisectionsis refined,therecanexist clustersthathave significantdifferencesin
tightness.Whenever thereexist suchpairsof clusters,mostof thecriterionfunctionwill endupmoving someof their
documentsof thetightercluster(thatareweaklyconnectedto therestof thedocumentsin thatcluster)to the looser
cluster. Consequently, thefinalclusteringsolutioncanpotentiallybeworsethanthatobtainedvia repeatedbisections.

To illustrate this behavior we usedthe �2 criterion function and computeda 15-way clusteringsolution using
repeatedbisections,andthenrefinedthis solutionby performinga 15-way refinement.Theseresultsareshown in
Table13. Therepeated-bisectionssolutioncontainssomeclustersthatarequitelooseaswell assomeclustersthatare
quite tight. Comparingthis solutionagainsttheoneobtainedafterperformingk-way refinementwe canseethat the
sizeof cluster6 and8 (which areamongthe looserclusters)increasedsubstantially, whereasthesizeof someof the
tighterclustersdecreased(e.g., cluster5, 10,and14).

Finally, in the caseof �1, the reasonthat the clustersproducedby direct k-way clusteringare worsethan the
correspondingclustersproducedvia repeatedbisectionshasto do with the tendency of � 1 to producesolutionsthat
arebalanced.As a result,thedegreeof clustersizeimbalanceis greaterwhentheclustersareobtainedvia repeated
bisections,thanthecorrespondingimbalanceof directk-way clustering.We believe thatthis additionalconstraintof
thek-wayclusteringis thereasonfor thesomewhatworseperformanceobservedfor directk-wayclustering.

6 Conc luding Remarks

In thispaperwestudiedeightdifferentglobalcriterionfunctionsfor clusteringlargedocumentsdatasets.Fiveof these
functions(�1, �2, �3, �1, and�2) have beenpreviously proposedfor documentclustering,whereasthe remaining
three(�1,�1, and�2) wereintroducedby us.Ourstudyconsistedof a detailedexperimentalevaluationusingfifteen
differentdatasetsandthreedifferentapproachesto find thedesiredclusters,followedby a theoreticalanalysisof the
characteristicsof thevariouscriterionfunctions.Ouranalysisshowedthattheperformancedifferenceobservedby the
variouscriterionfunctionscanbeattributedto theextendto which thecriterionfunctionsaresensitive to clustersof
differentdegreesof tightness,andtheextendto which they canleadto reasonablybalancedsolutions.Moreover, our
analysiswas ableto identify thedeficienciesof the�1 criterionfunctionandprovide guidanceon how to improve it
(� ′

1).
Our experimentsshowed that the traditional criterion function usedby the vector-spaceK -means(� 2) lead to

reasonablygoodresults,andthatsomeof therecentlyproposedcriterionfunctions(� 1 and�2) performworse.Our
threenew criterion functionsperformedreasonablywell, with the� 2 criterion function achieving the bestoverall
results.
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�2 Criterion - RepeatedBisections
cid Size Sim baseball basketball football hockey boxing bicycling golfing
1 245 0.121 243 0 2
2 596 0.067 2 1 593
3 485 0.097 1 480 3 1
4 333 0.080 3 6 3 2 1 318
5 643 0.104 642 1
6 674 0.047 669 2 1 1 1
7 762 0.099 1 760 1
8 826 0.045 42 525 247 6 6
9 833 0.105 832 1
10 795 0.102 1 1 1 791 1
11 579 0.061 6 573
12 647 0.034 174 34 156 10 119 144 10
13 191 0.110 189 2
14 611 0.125 608 3
15 360 0.168 359 1

Entropy=0.125,Purity=0.904

�2 Criterion— After k-way Refinement
cid Size Sim baseball basketball football hockey boxing bicycling golfing
1 292 0.120 280 11 1
2 471 0.080 1 2 468
3 468 0.100 1 464 2 1
4 363 0.072 3 7 5 1 6 20 321
5 545 0.123 542 1 2
6 1030 0.033 832 36 73 18 4 65 2
7 661 0.110 1 0 660
8 914 0.046 52 514 334 8 1 5
9 822 0.105 822
10 771 0.105 1 1 769
11 641 0.052 2 639
12 447 0.091 89 30 139 11 110 60 8
13 250 0.105 244 5 1
14 545 0.138 540 5
15 360 0.168 2 355 3

Entropy=0.168,Purity=0.884

Table 13: The cluster-class distribution of the clustering solutions for the �2 criterion function for the sports dataset, for the
repeated-bisections solution and the repeated-bisections followed by k-way refinement.
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A Anal ysis of �1’s and �2’s Document Move Condition

Considera k-way clusteringsolution,let Si andSj be two of theseclusters,andd be a particulardocumentthat is
initially partof Si , andlet Di , Ci , andD j , C j bethecompositeandcentroidvectorsof thesetwo clusters,suchthat
Di andCi containall thedocumentsof Si exceptd. Accordingto the�1 criterionfunction(Equation7) themove of
d from Si to Sj will reducetheoverallvalue ofthecriterionfunctionif andonly if

‖Di + d‖2

ni + 1
+

‖D j ‖2

n j
<

‖Di ‖2

ni
+

‖D j + d‖2

n j + 1
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Thisequationcanberewrittenas:
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Now, if we assumethatbothni andn j aresufficiently large,thenni /(ni + 1) andn j /(n j + 1) will becloseto one,
and1/(ni + 1), 1/(n j + 1) will becloseto zero.Undertheseassumptions,thevariousfactorsinvolving n i andn j can
beeliminatedleadingto

2dtCi − Ci
tCi < 2dtC j − C j

tC j .

Now, if µi andµ j is theaveragesimilarity betweenthedocumentsin Si andSj , respectively (i.e., µi = Ci
tCi , and

µ j = C j
tC j ), andδi andδ j is theaveragesimilarity betweend andthedocumentsin Si andSj , respectively (i.e.,

δi = dtCi , andδ j = dtC j ), theaboveequationcanberewrittenas

δi − δ j <
µi − µ j

2
. (23)

Thatis, thedocumentd will bemoved to theSj clusteraslongasthedifferencebetweentheaveragesimilaritiesof d
to thedocumentsof eachcluster(δ i − δ j ) is lessthanhalf of thedifferencebetweentheaveragesimilarity amongthe
documentsin Si andSj ((µi − µ j )/2).

On theotherhand,the�2 criterionfunctionwill moved from Si to Sj if andonly if

‖Di + d‖ + ‖D j ‖ < ‖Di ‖ + ‖D j + d‖.

In a similar fashionwith �1’s condition,theaboveequationcanberewrittenas:
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Now, for sufficiently largeclusters,wehave that D i
t Di + 2dt Di >> 1, andthus

Di
t Di + 1 + 2dt Di ≈ Di

t Di + 2dt Di . (25)

Furthermore,thefollowing holds
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aslongas
(dt Di )

2

Di
t Di

=
δ2

i

µi
= o(1),

thatis, it is notsignificantlylargerthanone.Thisconditionis fairly mild asit essentiallyrequiresthatµ i is sufficiently
largerelative to δ2

i , which is alwaystruefor setsof documentsthatform clusters.
Now, usingEquations25and26 for bothclusters,Equation24canberewrittenas
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Finally, usingtheµi , µ j , andδi , δ j notation,from theaboveequationwegetthat�2 will movedocumentd aslongas

δi

δ j
<

√

µi

µ j
. (27)
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