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Abstract 

Electrical properties (EPs) of biological tissues are determined by tissue constituents, 

and therefore may provide novel biomarkers for characterization of diseased tissues such 

as cancer. In addition, accurate quantification of tissue EPs is essential for understanding 

the biological effects of electromagnetic field involved in MRI exams and 

neuromodulation. Magnetic Resonance based Electrical Properties Tomography (EPT) is 

a technology that noninvasively maps EPs at radiofrequency (RF) by fitting magnetic 

field measurements (B1 maps) acquired with MRI to Maxwell’s equations. However, 

current application of EPT is critically limited by assumptions made about B1 phase, 

tissue homogeneity and symmetry of RF coil. 

The overarching goal of this dissertation is to develop novel MREPT technologies at 

7 T to robustly retrieve accurate EP values using a plurality of transmit B1 measurements 

without those strong assumptions. These technologies are based on inverse problems 

integrating a priori information and image sparsity, with targeted applications being in 

vivo imaging of human brain and rodent tumor models. 

First of all, a seed selection strategy for state-of-the-art multi-channel gradient based 

EPT (gEPT) method is proposed which achieves full automation of the EP reconstruction 

process. Brain imaging results from twelve healthy human subjects are reported using the 

proposed method. To drop the requirement for receive B1, the “CONtrast Conformed 

Electrical Properties Tomography” (CONCEPT) technology for human brain imaging is 

proposed based on a partial differential equation with joint L1 and L2 norm 

regularization. The central large-scale inverse problem is solved efficiently using 
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Alternating Direction Method of Multipliers (ADMM) developed in-house. Results from 

electromagnetic simulations and a phantom experiment demonstrate improved accuracy 

and robustness of CONCEPT compared to existing techniques. For animal model 

imaging, the “Boundary Informed Electrical Properties Tomography” (BIEPT) 

technology is designed based on a constrained inverse problem that exploits EP boundary 

condition and image sparsity. The imaging platform and BIEPT reconstruction method 

are evaluated using simulations, phantom experiments and a large cohort of rodent cancer 

models. The reconstructed EPs of tumor are compared to multiple conventional MR 

contrasts as well as histopathology slides, demonstrating their potential value for cancer 

diagnosis and staging. 
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Chapter 1 - Introduction 

Electrical properties (EPs), comprised of electrical conductivity 𝜎 and permittivity 𝜀, 

are intrinsic properties quantifying a tissue’s ability to conduct, dissipate, and deposit 

electrical energy. As the operating frequency of the applied electrical field varies, 

different components of the multi-scale tissue structure resonate, depicted by a 

characteristic curve as a function of frequency. EPs in the lower frequency band (<1 MHz) 

reflect tissue macroscopic structures, such as extracellular volume, cellularity, and 

cellular membrane integrity, while those in the microwave band (~1-100 GHz) 

correspond to the microscopic level such as overall ion concentration, water and 

macromolecule content, etc. In between is the radiofrequency (RF) band, in which EPs 

are influenced by mixed effects of the above factors (Schwan and Foster, 1980). EPs can 

potentially be used for diagnostic purposes such as cancer and stroke. They are also 

critical parameters in electromagnetic simulations to understand the interaction of human 

body with electromagnetic fields, for heating safety considerations in MRI scans via 

estimation of local specific absorption rate (SAR), and for improved outcome in 

neuromodulation methods such as deep brain stimulation (DBS) and transcranial 

magnetic stimulation (TMS). 

Several non-invasive imaging modalities have been proposed to study tissue EPs 

across a wide spectrum, such as electrical impedance tomography (EIT) (Metherall et al., 

1996), magnetic resonance electrical impedance tomography (MREIT) (Woo and Seo, 
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2008), magneto-acoustic tomography with magnetic induction (MAT-MI) (Xu and He, 

2005), and microwave imaging (Fear et al., 2002). Nevertheless, it remains highly 

challenging to retrieve quantitative EP maps at high spatial resolution, due to the limited 

signal to noise ratio (SNR) of electromagnetic measurement in biological environments, 

as well as the ill-posed nature of image reconstruction problems derived from Maxwell’s 

equations. 

Alternatively, EPs can be derived from high spatial resolution RF magnetic field (B1 

field) measurements obtained with MRI (Haacke et al., 1991; Zhang et al., 2014a; 

Katscher and van den Berg, 2017; Liu et al., 2017b). This technique, dubbed magnetic 

resonance-based electrical properties tomography (MREPT or EPT), represents a 

promising modality for quantitative EP mapping as it substantially reduces the severity of 

ill-posedness faced by the previous modalities. The feasibility of MREPT was initially 

demonstrated using birdcage RF coils with a single transmit channel (Wen, 2003; 

Katscher et al., 2009). With assumptions of equality of the RF transmit and receive phase 

distributions (known as transceive phase assumption or TPA), as well as local 

homogeneity of tissue EPs, it has been shown that conductivity and permittivity 

distributions can be calculated by a pixel-wise fitting to the curvature of B1 field. Despite 

the simplicity of this EPT approach, several of its limitations by nature thwart its further 

development and application. First of all, the TPA breaks down at ultra-high-field (UHF) 

MRI systems, due to the pronounced electromagnetic wave behavior at an elevated 

operating frequency (Van de Moortele et al., 2005; Van Lier et al., 2014). Violation of 

TPA induces error in the estimation of RF phase which propagates to EPs, especially on 
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the periphery of the imaged object. As a result, single-transmit EPT does not benefit from 

the improved SNR at UHF, and it is not suitable for accurate local SAR estimation which 

is an important safety constraint and a critical application of EPs at UHF (Collins et al., 

1998, 2004). On the other hand, a single B1 measurement is not sufficient to robustly 

characterize the transition area of tissue EPs unless further strong assumptions are made 

about the imaged object and the experimental setup. Erroneous oscillation on the tissue 

transition area induced by this suboptimal modeling degrades the image quality and 

hampers proper interpretation of the quantitative results.  

Multi-channel RF coil arrays can potentially be used to address the aforementioned 

limitations of single channel EPT at UHF (Zhang et al., 2013b; Sodickson et al., 2013; 

Liu et al., 2015). A multi-channel RF coil array consists of several transmit elements that 

can be controlled independently. This type of RF coils are ubiquitous at UHF because the 

phase and amplitude of RF pulse played by each transmit element can be carefully 

designed, through static B1 shimming or parallel transmission (pTx), so that a desirable 

B1 pattern can be achieved that homogeneously excites a region of interest of arbitrary 

shape with high RF efficiency (Katscher et al., 2003; Van de Moortele et al., 2007). For 

the purpose of EPT reconstruction, different B1 maps acquired from such coil elements 

correspond to the same underlying EP distribution of the imaged object. Therefore, they 

can be concatenated to further decrease the condition number of the inverse problem, or 

to accommodate additional variables modeling the spatial variation of tissue EPs.  

Nevertheless, a generic multichannel based EPT method has not yet been achieved, 

mainly because of two hurdles. Firstly, a subjective choice of seed points needs to be 
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made, which may bias the reconstruction results (Liu et al., 2017a, 2015). The EPs of the 

chosen seeds are assigned based on ex vivo measurement results which do not necessarily 

coincide with in vivo values, considering the different physiology especially blood 

infiltration. Secondly, both transmit B1 and receive B1 are required for measurement, 

which prolongs scan time (Liu et al., 2015; Zhang et al., 2013a, 2013b). Receive B1 maps 

are weighted by proton density which is nontrivial to be eliminated. Current practice 

estimates proton density based on assumption of left-right symmetry of both RF coil 

structure and imaged object, which limits EPT to imaging of healthy, well-positioned 

human brain using transceiver coil arrays. 

The overarching goal of this dissertation is to develop novel EPT methods based on 

only multiple transmit B1 maps without subjective assignment of seed points. Such 

methods can be used with RF coils with a high-count receive element array which can, in 

turn, offer substantial gains in SNR. They also hold potentials to image unsymmetrical 

body organs and diseased brain.  

This dissertation is outlined as follows: 

Chapter 2 provides a brief review of the background knowledge associated with 

MREPT. This chapter can be divided into two parts. The first part is on electrical 

properties in general, including its definition, biomedical implications and in vivo 

imaging methods. The second part is dedicated to MREPT technology, consisting of B1 

mapping in MRI, EP reconstruction algorithms and their emerging biomedical 

applications. Portions of this chapter have been published in a co-authored paper in IEEE 

Transactions on Biomedical Engineering (Liu et al., 2017b). 
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Chapter 3 presents an automated seed selection method for gradient-based electrical 

properties tomography and in vivo imaging results of the human brain. This work has 

been accepted for presentation at the 26
th

 annual meeting of ISMRM (Wang et al., 2018). 

Chapter 4 describes CONtrast Conformed Electrical Properties Tomography 

(CONCEPT) for human brain imaging. This work has been presented at the 25
th

 annual 

meeting of ISMRM (Wang et al., 2017), and has been submitted for publication in IEEE 

Transactions on Medical Imaging. 

Chapter 5 presents Boundary Informed Electrical Properties Tomography (BIEPT) 

and its in vivo imaging results of small animal tumor models. This study has been 

submitted for publication in Magnetic Resonance in Medicine. 

Chapter 6 summarized the key theoretical developments and scientific findings of 

this dissertation. An outlook is also provided for future research on EPT using multiple 

RF transmissions. 
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Chapter 2 - Background 

2.1 Electrical Properties of Biological Tissues 

2.1.1 Definition  

Biological tissues have both conductive and dielectric properties. An applied electric 

field 𝐸⃗  causes the free ions in the tissue to move, causing conduction current density 𝐽 ; In 

the meanwhile, the electric field polarizes the macro-molecules of the tissue to create 

electric dipole moments, or displacement current density 𝐷⃗⃗ .  For tissue in a radio-

frequency (RF) time-harmonic electromagnetic field where the electric anisotropy is 

negligible, Ampere’s law reads: 

 ∇ × 𝐻⃗⃗ = 𝑗𝜔𝐷⃗⃗ + 𝐽 = 𝑗𝜔𝜀𝐸⃗ + 𝜎𝐸⃗ = 𝑗𝜔(𝜀𝑟𝜀0 − 𝑗
𝜎

𝜔
)𝐸⃗  (2.1) 

where 𝐻⃗⃗  is spatial magnetic field intensity, 𝜔  is the operating angular frequency, 

𝜀0 = 8.854 × 10−12 𝐹/𝑚 is the permittivity of free space, 𝜀𝑟 is relative permittivity and 

𝜎 is conductivity. The electrical properties of biological tissues are defined as a complex 

number 𝜀𝑐:  

 𝜀𝑐 = 𝜀𝑟𝜀0 − 𝑗
𝜎

𝜔
 (2.2) 

The electrical properties of tissue are determined by the interaction of 

electromagnetic field with its constituents at the cellular and molecular level, thus they 

are functions of the RF wavelength (or operating frequency) and closely related to local 

physiological conditions. For example, the relative permittivity of adipose tissue is on the 
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level of 106 at 100 Hz while goes down to only 20 at 300 MHz. It is notable that at 300 

MHz, the relative permittivity of malignant breast tumor is around 60, due to its higher 

water content compared to its neighboring adipose tissue. In addition, a significant 

elevation of conductivity value from 0.12 S/m to 0.82 S/m has been reported in cancerous 

breast tissue at 300 MHz (Joines et al., 1994), which potentially results from increase of 

ion concentration due to cellular inflammation or necrosis. 

2.1.2 Applications in Biomedical Research and Clinical Practice 

The electrical properties of biological tissue are determined by its constituents, thus 

closely related to local physiological and pathological conditions. This unique 

characteristic lends in vivo electrical properties mapping modalities great potential in 

both biomedical research and clinical practice. Amongst all the applications of tissue EPs, 

quantitative modelling of the brain and diagnosis of breast cancer have shown most 

promising results, and will be introduced as follows. 

Neurological diseases, such as epilepsy and Parkinson’s disease, severely 

compromise the life quality and life expectance of the patients. Numerous studies have 

shown that symptoms of these diseases could be mitigated dramatically by properly 

delivering electrical or magnetic stimulations to modulate the neural activity. Successful 

cases have been reported using Deep Brain Stimulation (DBS) (Perlmutter and Mink, 

2006) and Transcranial Magnetic Stimulation (TMS) (Corthout et al., 2001). However, 

failing to precisely control the exerted electromagnetic stimulation may lead to 

degradation of therapeutic effects and other severe side effects. Precision 
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neuromodulation requires subject-specific 3D electrical properties distributions in 

physical units, i.e. Siemens/meter for conductivity and Faraday/meter for permittivity, 

which could be provided by quantitative brain EP mapping techniques. Such brain 

models could also be used to improve the performance of many other techniques, such as 

Brain-Computer Interface (BCI) and electroencephalography (EEG) source localization 

(He et al., 2018). 

Breast cancer is the most common and the second most lethal cancer among females 

in the US (“CDC - Cancer Among Women,” 2017). X-ray Mammography is currently the 

daily screening modality for breast cancer, in which the breasts of the patient are pulled 

away from the body, compressed firmly between two glass plates, and two projection 

views (top and side) are taken. The compression is uncomfortable, and causes normal 

dense tissues to lump and resemble tumors on the image, leading to unnecessary invasive 

biopsy and avoidable patient anxiety (Fass, 2008; Karellas and Vedantham, 2008). On the 

other hand, this 2D projection based technique is insensitive to tumors hidden deep in the 

breast, and it is difficult to determine the size and position of the tumor. As an ionized 

radiation based technique, it is also unsuitable for therapy evaluation which requires 

repeated scans. In contrast, EP imaging of the breast at RF does not involve ionized 

radiation, and it is a tomographic technique such that the hidden tumor can be clearly 

imaged. The EP contrast between tumor and normal breast tissues varies by frequency, 

but a difference can be observed across a wide spectrum from 100 MHz to 20 GHz 

(Lazebnik et al., 2007; Sha et al., 2002). For example, it has been reported that the 

contrast in electrical properties between malignant tumor and its surrounding adipose 
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tissue is 233% and 577% for permittivity and conductivity at 300 MHz, respectively 

(Joines et al., 1994), which lends EP mapping techniques great potentials to identify 

tumorous tissues with high sensitivity and specificity.  

2.2 In Vivo Electrical Properties Imaging Technologies 

Maxwell’s equations dictate that propagation and steady state distribution of 

electromagnetic (EM) wave are dependent on both EM source and medium. It is possible 

to retrieve the electromagnetic properties of the medium at various frequencies given 

measurements of the EM distributions at corresponding frequencies. 

A number of efforts have been made towards minimally invasive and accurate EP 

mapping in vivo. Electrical impedance tomography (EIT) injects low frequency current 

through and detects voltage from electrodes mounted on the sample, providing EP 

distributions with low spatial resolution due to limited number of electrodes and the 

inversion of an ill-conditioned matrix (Metherall et al., 1996). Microwave imaging 

retrieves EPs in a similar way based on the scattering matrix from an antenna array (Fear 

et al., 2002). Magnetic resonance electrical impedance tomography (MREIT) detects the 

induced magnetic field change due to a probing current by measuring the phase drift of 

processing protons in a MRI scanner (Woo and Seo, 2008). This technique is able to 

provide spatial resolution on the scale of MRI images, yet safety concerns would arise in 

pursuit of higher SNR. Magneto-acoustic tomography with magnetic induction (MATMI) 

is a noninvasive imaging modality with high spatial resolution, based on indirect 

measurement of electrical field via ultrasound waves generated by Lorentz force (Xu and 
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He, 2005). Magnetic Resonance based Electrical Properties Tomography (MREPT) is a 

recently introduced technique that is promising to provide high-resolution EP 

distributions in vivo by solving Maxwell’s equations involving RF magnetic field 

perturbation. No additional hardware or procedure to existing MRI technique is required 

for this technique, rendering it applicable to clinical applications in a short period of time. 

2.3 Magnetic Resonance Imaging and B1 Mapping 

Magnetic Resonance Imaging (MRI) is a non-invasive imaging modality that 

employs magnetic spins inside an organism, mainly water protons, to provide 

tomographic images. The resonance, interaction and motion of magnetic spins are 

susceptible to their ambient environment as well as a rich variety of physiological and 

pathological effects in the body, giving MRI versatility in characterizing tissue structures 

and functions. In the context of precision medicine, MRI is capable of accurately 

quantifying bio-physical and bio-chemical parameters, such as magnetic relaxation, 

magnetic susceptibility, flow velocity, diffusion coefficient, chemical content, etc. MRI is 

also a safe biomedical imaging platform which does not involve ionized radiation or 

hazardous intervention to bodily functions, making it suitable for repetitive examinations. 

Because of these unique merits, MRI has been playing an indispensable role in both 

medical care and biomedical research since the 1980s. 

In MRI, a strong static magnetic field (B0) is utilized to produce a magnetization in 

the imaged object. This magnetization is detectable after excitation with an 

electromagnetic field at the proton resonance frequency, or Larmor frequency, of the 



11 

 

interested isochromat. Larmor frequency is proportional to B0, and falls into RF range 

(128 MHz at 3 Tesla and 298 MHz at 7 Tesla for water protons). The transmit sensitivity, 

or 𝐵1
+ field, is defined by  

 
𝐵1

+: = 𝜇0

𝐻𝑥 + 𝑖𝐻𝑦

2
 (2.3) 

where 𝜇0 = 4𝜋 × 10−7 𝐻/𝑚 is the magnetic constant, and 𝐻 is time-harmonic magnetic 

field strength established by a RF coil. By definition, 𝐵1
+ is the clockwise polarization of 

the 𝐻 field in the transverse (𝑥𝑦) plane. Its counterpart, 𝐵1
−, is defined as 

 
𝐵1

−: = 𝜇0

(𝐻𝑥 − 𝑖𝐻𝑦)∗

2
 (2.4) 

which determines the spatial receive sensitivity of the RF coil to the magnetization (Hoult, 

2000). 

Due to electromagnetic wave behavior at RF, 𝐵1
+ and 𝐵1

− are spatially heterogeneous, 

especially at high and ultra-high fields where the Larmor frequency is higher and the 

corresponding RF wavelength is shorter. Measurement of 𝐵1
+ and 𝐵1

− are important topics 

in MRI for the quality assurance of RF coils and calibration of quantitative MRI. In 

addition, in the context of multi-transmission MRI system, pilot 𝐵1
+ maps are acquired to 

be used in 𝐵1
+ shimming or parallel transmission (pTx) for the purpose of achieving a 

homogenous excitation across the region of interest (ROI) (Katscher et al., 2003; Van de 

Moortele et al., 2007). On the other hand, 𝐵1
− maps from a high-count RF receive element 

array can be employed for spatial encoding for imaging acceleration (Pruessmann et al., 

1999; Griswold et al., 2002). 
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Since accurate 𝐵1
+ mapping is a prerequisite for the multi-transmission based EPT 

reconstruction, it is introduced in more details as follows. The central process for 𝐵1
+ 

mapping, or simply B1 mapping, is to manipulate the spin system of interest to acquire 

two or more MRI images in carefully designed regime and parameters, so that the shared 

confounding factors affecting MRI signals can be eliminated by post-processing. These 

factors include T1, T2, proton density and B0 heterogeneity. B1 mapping is usually done 

by imaging the flip angle (FA) of the magnetization, since the latter is proportional to the 

time integral of RF pulse and directly determines MR signal amplitude. 

A conventional approach for B1  mapping is the double angle method (DAM), in 

which two images are acquired with two nominal FAs 𝛼1 and 𝛼2 = 2𝛼1, and their ratio 

ideally results in cos 𝛼1  (Insko and Bolinger, 1993). This method is simple and 

straightforward, yet a long scan time is needed for full relaxation of the spin system. Its 

variant, saturated DAM (SDAM), utilizes RF pulse preparation and spiral readout that 

significantly accelerate the imaging process, at the cost of high SAR (Cunningham et al., 

2006).  

In contrast, another popular method, Actual Flip-angle Imaging (AFI), employs 

identical RF pulses but varies the repetition time (TR) in a Gradient Echo (GRE) 

sequence (Yarnykh, 2007). The flip angle map can be retrieved from the ratio of the two 

signals through a nonlinear relationship. AFI is time-efficient and insensitive to tissue 

properties, but its accuracy is compromised for both small FA (< 10°) and large FA 

(> 70°). 
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Other B1  mapping technologies involve more intricate MR physics to disentangle 

flip angle from tissue-related contrasts. Two examples are Bloch-Siegert Shift (BSS) 

(Sacolick et al., 2010; Duan et al., 2013; Weingärtner et al., 2016) and Dual Refocusing 

Echo Acquisition Mode (DREAM) (Nehrke and Börnert, 2012). Bloch-Siegert shift is the 

effect that the resonance frequency of a nucleus shifts when an off-resonance RF field is 

applied. It has been shown that the phase difference between two signals resulted from 

two RF pulses of a specific profile with frequency shifted by ±𝜔𝑅𝐹 is dependent on the 

quadratic of peak B1 . As a method based on signal phase detection, B1  mapping by 

Bloch-Siegert shift is insensitive to tissue contrasts affecting signal magnitude, i.e. proton 

density, T1, T2 and T2*. It also shows robustness against susceptibility and chemical 

shift effects. DREAM, on the other hand, employs multiple on-resonance RF pulses to 

produce stimulated echoes. The flip angle is calculated from the ratio of the stimulated 

echo (STE) and the free induction decay (FID). It is a very fast B1 mapping technique 

with whole brain coverage in a few seconds, and its dependence on susceptibility, 

chemical shift effects, T1 and T2 are relatively weak. 

The four B1 mapping methods introduced above, SDAM, AFI, BSS and DREAM, 

were implemented in the human brain and compared to electromagnetic simulation in a 

study by Brink et al. (Brink et al., 2014). In this study, the authors report that the residual 

structure of the ventricles in the measured B1 maps is not entirely measurement bias due 

to MR-related mechanisms, but also raised from the strong contrast in electrical 

conductivity between cerebrospinal fluid and its surrounding white matter. This study 
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sheds light on the idea of detecting tissue electrical properties using B1  maps, the 

foundation of Magnetic Resonance based Electrical Properties Tomography. 

2.4 Magnetic Resonance based Electrical Properties Tomography 

Magnetic Resonance based Electrical Properties Tomography (MREPT or EPT) is a 

non-invasive approach to retrieve tissue electrical conductivity and permittivity by fitting 

the measured radiofrequency magnetic field (B1 field) to time-harmonic Maxwell’s 

equations (Haacke et al., 1991; Wen, 2003; Katscher et al., 2009; Zhang et al., 2010). The 

reconstructed electrical properties provide fundamentally differential information 

compared to MR relaxometry, holding promise for additional sensitivity and specificity 

in clinical diagnoses, such as cancer identification and characterization (Shin et al., 2015; 

Tha et al., 2018). Recent studies also shed light on the associations of EPs with other 

valuable biomarkers, such as sodium concentration, protein, and water content, that are 

more challenging for direct quantification (Liao et al., 2015; Mandija et al., 2017). In 

addition, subject-specific EP distribution is an essential ingredient for realistic local SAR 

estimation, especially for ultra-high-field (≥ 7 T) applications where electromagnetic 

wave behavior becomes prominent (Vaughan et al., 2001; Zhang et al., 2013b). 

Improvements in the reliability of local SAR estimation would in return unleash the full 

power of ultra-high-field MRI that is otherwise limited by conservative safety constraints. 

The bandwidth of RF pulse is typically several kilohertz, which is a small fraction of 

the central frequency (several hundred megahertz). In addition, EPs of biological tissue 

are approximately constant across this narrow band. Therefore, the excitatory RF field 
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can be treated as a time-harmonic field. Concatenating Ampere’s Law and Faraday’s Law 

of Maxwell’s equations (Wen, 2003) yields: 

 
−∇2𝐻⃗⃗ = 𝜔2𝜇𝜀𝑐𝐻⃗⃗ + ∇𝜀𝑐 ×

∇ × 𝐻⃗⃗ 

𝜀𝑐
 (2.5) 

𝜇 is the magnetic permeability, which varies by only several parts per million (ppm) with 

respect to the vacuum permeability 𝜇0, thus it is assumed that 𝜇 = 𝜇0 in the imaging area. 

According to Equ. 2.5, electrical properties 𝜀𝑐 could be reconstructed given that the time-

harmonic magnetic field 𝐻⃗⃗  has been accurately measured. 

2.4.1 Local EPT Methods  

Conventional MREPT approaches assume that electrical properties are locally 

homogeneous. With transmit (𝐵1
+) and receive (𝐵1

−) field corresponding to the positively 

and negatively polarized components that can be detected directly from MRI signal, we 

have the Helmholtz equation: 

 
𝜀𝑐 ≈ −

∇2𝐵1
+

𝜔2𝜇0 𝐵1
+ ≈ −

∇2𝐵1
−∗

𝜔2𝜇0 𝐵1
−∗ (2.6) 

Based on the local homogeneity assumption, Haacke et al. first studied a layered 

model in the early 1990s (Haacke et al., 1991). Wen explicitly derived Equ. 2.6 and made 

an important observation that the phase of transmit RF field approximately equals to half 

of the phase of a spin-echo image acquired with a quadrature volume coil (Wen, 2003). 

This observation is known as “transceiver phase approximation” (TPA), which turns out 

to be central in the conventional EPT methods. With these two assumptions, Wen 

successfully images EP contrast in both phantoms and biological tissues. Following these 
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two pilot studies, systematic research of Helmholtz-based single-channel EPT started 

from 2009 (Katscher et al., 2009; Voigt et al., 2011). Recently, efforts have been made to 

address boundary artifacts coming from the Helmholtz equation using structure-informed 

regularization (Ropella and Noll, 2016), and to improve phase estimation using multiple 

receive elements (Shin et al., 2015). 

TPA is a valid assumption at low B0 fields due to good symmetry of 𝐵1
+ and 𝐵1

−. 

However, at ultra-high fields where the wavelength of the RF pulse is close to the size of 

the imaging object, the phase distribution varies rapidly and TPA introduces significant 

errors (Van Lier et al., 2012). Therefore, several studies have been performed to avoid the 

TPA and to reconstruct the absolute phase distribution together with EPs using a multi-

channel RF coil array (Sodickson et al., 2012; Zhang et al., 2013a; Liu et al., 2013).  

Conventional EPT techniques suffer from severe artifacts on the boundary of tissue 

where the local homogeneity assumption is no longer valid. Zhang et al. take EPs and 

their gradient terms as independent unknowns which are simultaneously retrieved using 

dual excitations of linear-polarization modes in a quadrature coil, demonstrating 

improved boundary fidelity (Zhang et al., 2010). However, this algorithm is based on the 

Cartesian components of the RF magnetic field that are not directly measurable from 

MRI. Later, the concept is extended to MR-measurable 𝐵1
+ and receive 𝐵1

− fields, which 

are related using Gauss’s Law for Magnetism (Zhang et al., 2013b). Improved 

reconstruction results are obtained in comparison with the Helmhotlz-based methods, yet 

the spatial EP gradient information is discarded, which contains valuable information. 
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2.4.2 Global EPT Methods  

Global EPT approaches attempt to alleviate the boundary artifact by incorporating 

spatial EP variation term into reconstruction. Convection-reaction EPT (cr-EPT) and its 

conductivity-only variant take the reciprocal of EPs as unknowns to linearize the 

reconstruction problem, from which 2D slices of EPs can be reconstructed in a single 

iteration (Hafalir et al., 2014; Gurler and Ider, 2017). Nevertheless, the empirical 

assumptions made about B1 magnitude and phase, as well as EPs of the imaged target 

itself may introduce reconstruction errors. 

Another category of EP mapping technologies is built upon forward modeling and 

electromagnetic simulations. In Contrast Source Inversion (CSI), the incident field of an 

empty coil is simulated, and the contrast source distribution is iteratively updated to 

minimize the discrepancies between the scattering field and the observed field (Balidemaj 

et al., 2015a). A similar idea can be implemented in spatial frequency space which 

retrieves EPs without iterations (Schmidt and Webb, 2016). In addition, Global Maxwell 

Tomography (GMT) performs a full-wave simulation with a current guess of EP 

distribution, which gets updated iteratively to match the measured field (Serralles et al., 

2016). These simulation-based algorithms utilize the integral form of Maxwell’s 

equations that naturally incorporates spatial variation of EPs. However, highly accurate 

electromagnetic simulations need to be performed and carefully registered to 

experimentally acquired data in order to preserve the delicate EP contrast, which is 

challenging for implementation in realistic scenarios. To the best of our knowledge, there 

has been no experimental validation of these approaches. 
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2.4.3 A Hybrid Method: Multi-channel Gradient-based EPT (gEPT) 

Using a multi-channel transceiver coil array, Liu et al. explicitly calculate the EP 

gradient locally and perform spatial integration globally from a user-assigned seed point 

to retrieve EP distributions (Liu et al., 2015). By defining EP gradients related to the 

transmit and receive RF fields 𝑔+ =
𝜕𝑙𝑛𝜀𝑐

𝜕𝑥
+ 𝑖

𝜕𝑙𝑛𝜀𝑐

𝜕𝑦
, 𝑔− =

𝜕𝑙𝑛𝜀𝑐

𝜕𝑥
− 𝑖

𝜕𝑙𝑛𝜀𝑐

𝜕𝑦
, the master 

equation can be written as: 

 𝛻2𝐵1
+ = −𝜔2𝜇0𝐵1

+𝜀𝑐 + ∇𝐵1
+ ∙ [𝑔+, −𝑖𝑔+, 𝑔𝑧] 

𝛻2𝐵1
−∗ = −𝜔2𝜇0𝐵1

−∗𝜀𝑐 + ∇𝐵1
−∗ ∙ [𝑔−, −𝑖𝑔−, 𝑔𝑧] 

(2.7) 

which are solved at each pixel. Derivation of Equ. 2.7 and its corresponding pixel-wise 

inverse problems are described in details in Chapter 3. 

Note that |𝐵1
−| is not directly measurable from MRI – it is weighted by the proton 

density 𝜌 of the imaged target. An assumption of left-right symmetry in RF coil structure 

as well as the imaged object is made, so that 

 
𝜌 ≈ 𝜌𝑒𝑠𝑡 =

∑ |𝜌𝐵1,𝑗
− (−𝑥, 𝑦)|𝐽

∑ |𝐵1,𝑘
+ (𝑥, 𝑦)|𝐾

 (2.8) 

where 𝑘 denotes the transmit channels and 𝑗 the receive channels. 𝜌𝑒𝑠𝑡  is then used to 

cancel out the proton density weighting in each receive channel. 

gEPT achieves excellent characterization of tissue transition area in simulations and 

in vivo experiments. However, it is limited to imaging of symmetric, healthy human brain 

using a specially designed transceiver coil array. Furthermore, a subjective choice of seed 

points as ground truth may bias the reconstructed EPs. 



19 

 

2.5 Biomedical Applications of MREPT 

2.5.1 Cancer Diagnosis, Staging and Grading 

Tumorigenesis is accompanied by significant local changes at molecular, cellular and 

tissue levels. For example, sodium concentration and water content are elevated due to 

aggressive proliferation; nucleus takes a much larger volume of the cell body and 

cytoplasm becomes much denser; cellular density substantially increases with 

extracellular matrix impaired to facilitate cancer invasion. These abnormalities also 

develop as tumor grows into different stages. EPs, as fundamental physical properties of 

biological tissues, correlate with the tumor features and represent responsible and 

responsive indicators for cancer diagnosis, staging, and grading.  

It is noteworthy that a huge variation of tissue EPs exists across the body, such that 

contrast between normal and cancerous tissue is dependent not only on tumor itself but 

also the properties of its surrounding tissues (Joines et al., 1994). This heterogeneity of 

contrast plays a fundamental role when determining the sensitivity and specificity of EPT 

to pinpoint cancer in different organs. 

Utilizing different implementations of the polynomial fitting method of turbo spin 

echo or fast spin echo phase maps, several pilot studies have demonstrated significant 

conductivity elevation in malignant lesions compared to normal breast tissues and benign 

cysts (Katscher et al., 2013, 2012a; Shin et al., 2015). A retrospective study involving 65 

female patients with invasive breast cancer further revealed the correlation between 

reconstructed conductivity and prognostic information such as tumor type and status 
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(Kim et al., 2016). The clinical applicability of EPT is still pending establishment, 

potentially through large-scale prospective studies including various subtypes, sizes, and 

stages of breast lesions.  

EPT can also be applied to examine other organs for cancer characterization. In the 

pelvis, feasibility of conductivity measurement in cervix tumor has been demonstrated in 

20 patients  (Balidemaj et al., 2016, 2015b). In the brain, conductivity of glioma has been 

reported to deviate from surrounding healthy tissue (van Lier et al., 2011; Voigt et al., 

2011b). This deviation varies with tumor type and positively correlates with tumor grade, 

which is important reference information for therapy design, and is reported to be 

consistent with probe measurements of excised specimen (Tha et al., 2015, 2014).  

Recently, tumor-bearing rodent models have been used in several EPT studies. 

Animal models have unique advantages of better availability and flexibility, opening 

possibility for more thorough, well-controlled investigations to correlate EPs with cancer 

pathological features. An animal tumor study in the field utilized combined B1 magnitude 

and transceiver phase from a quadrature coil at 3 T (Bulumulla et al., 2014). Both 

conductivity and permittivity of implanted adenocarcinoma on three rats are reported to 

be consistent with probe measurements. In another study, Liu et al. successfully 

demonstrated the conductivity difference between implanted tumor and the surrounding 

muscle with high sensitivity (Liu et al., 2017a). This study utilizes a dedicated 8-channel 

microstrip transceiver array coil developed for 7 T MRI and the gradient-based EPT 

reconstruction algorithm (Liu et al., 2015). Future studies are expected to take on animal 
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models bearing more resemblance to human cancer and to monitor tumor development 

along time course. 

2.5.2 Other Diagnostic Applications 

A case study of an ischemic stroke patient at 7 T reported that conductivity in the 

infarction is elevated by a factor of more than two (van Lier et al., 2012). Another study 

involves two cases of hemorrhagic and ischemic strokes patients in subacute stage 

(Gurler et al., 2016), using a more recent phase-only EPT reconstruction algorithm that 

alleviates tissue boundary artifacts (Gurler and Ider, 2017). They report increased 

conductivity in ischemic lesions and edema, but not hematoma itself, hypothetically due 

to formation of blood clot. 

Taking a prior knowledge from quantitative magnetic susceptibility maps for EPT 

reconstruction, another study investigates conductivity of deep brain nuclei (Katscher et 

al., 2016). The reconstructed conductivity and susceptibility are reported to be 

uncorrelated, suggesting that EPs can provide an additional dimension of information 

about these important brain structures. 

For body imaging, the major challenges fall into the experimental part to obtain 

reliable B1 magnitude and phase distributions that are minimally affected by confounding 

factors, such as B0 inhomogeneity and motion artifacts. Most previous studies assumed 

homogeneity of B1 magnitude in a relatively small ROI and applied phase only 

conductivity imaging to various organs in the body. Steady state free precession (SSFP) 
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sequence is favorable in these applications due to its insensitivity to B0 effects and fast 

speed.  

Except for the cervix tumor imaging discussed above, there are three more instances 

where EPT has been utilized to retrieve the conductivity of different body organs, 

showing the broad spectrum of the potential applications: (1) The liver of 10 healthy 

subjects is examined using SSFP during inspiration and expiration, leading to 

conductivity measurements that are consistent with published values (Stehning et al., 

2012). (2) Two isolated perfused pig heart models, one of which with induced severe 

ischemia, are scanned using gated SSFP, reporting conductivity values of normal tissue 

close to previous literature and roughly 60% decrease in infarcted area (Voigt et al., 

2012b). (3) Five healthy volunteers are recruited for a lung scan, and the expected 

conductivity difference between inspiration hold and expiration hold is observed 

(Katscher and Bornert, 2016). An Ultrashort-TE (UTE) sequence is used in this study so 

as to address the fast signal decay in the lung due to short T2 and severe B0 

inhomogeneity.  

2.5.3 Subject-specific Estimation of Local Specific Absorption Rate 

Specific Absorption Rate (SAR) is the rate at which heat is absorbed by human body 

due to RF electromagnetic field radiation during MRI exams. Whole-body global SAR is 

defined as 

𝐺𝑙𝑜𝑏𝑎𝑙 𝑆𝐴𝑅 =
1

𝑉
∫

𝜎|𝐸⃗ |2

2𝜌𝑚
𝑑𝑟  
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where 𝑉  is volume, 𝜎  is conductivity and 𝜌𝑚  is mass density. When examing small 

masses of tissue, the spatial distribution of SAR becomes increasingly heterogeneous at 

ultra-high-field MRI, due to the pronounced wave behavior of electromagnetic field 

operating at higher frequency, creating local hot spots in the body that present as a major 

safety concern. Therefore, it is important to evaluate local SAR in addition to global SAR 

to ensure safety of subjects 

𝐿𝑜𝑐𝑎𝑙 𝑆𝐴𝑅 =
𝜎|𝐸⃗ |2

2𝜌𝑚
 

Current international guideline (IEC 60601-2-33:2010) imposes maximum SAR values 

for both global SAR and local SAR (over mass of 10g), over time periods of 6-minute 

and 10-second.  

Locations and amplitudes of these hot spots are dependent on the RF coil design, RF 

power delivered to the coil as well as the body EPs. Current practice of SAR estimation is 

implemented through electromagnetic feld simulation involving the RF coil and standard 

numerical human body models, such as the virtual family models (Christ et al., 2010). 

During MRI scans, a conservative cap is imposed to the maximum RF power to be 

delivered based on the simulation result.  

For the numerical model used in the simulation, EPs are assigned to different tissues 

based on ex vivo measurement results using invasive probes (C. Gabriel et al., 1996; S 

Gabriel et al., 1996). However, organs are intrinsically heterogeneous in composition and 

structure; their EPs also vary with age (Peyman et al., 2001, 2007) and short-term 

biological effects such as blood supply (Semenov et al., 2017). A recent study of in vivo 

conductivity imaging of muscle in 20 cervical cancer patients reports a 14% systematic 
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deviation from the tabulated EP values and significant inter-subject variability (Balidemaj 

et al., 2016). In addition, discrepancies between subject anatomy and the standard body 

model, positioning of the body with respect to the RF coil, and RF loading effects may 

further increase the unreliablility of SAR estimation. Therefore, it is desirable to image 

the subject body EPs in vivo using EPT for improved accuracy in subject-specic local 

SAR estimation.  

EPT-based local SAR determination using quadrature excitation was first studied at 

1.5 T with a phantom (Katscher et al., 2009) and later in human subjects (Voigt et al., 

2012a). The concept was extended to non-quadrature multi-transmit coil array at 3 T 

(Katscher et al., 2012b; Buchenau et al., 2013) by quantitatively estimating absolute 

transmit B1 phase using MR-measurable multi-channel B1 data instead of relying on the 

TPA. The theory was further generalized to inhomogeneous Helmholtz equation, deriving 

absolute transmit and receive phases of each coil element by Gauss’s Law and the 

extracted proton density (Zhang et al., 2013b). It has been repeatedly shown that after 

determination of electric fields of the single transmit array elements, the prediction of 

local SAR for arbitrary B1-shim settings is possible (Buchenau et al., 2013; Zhang et al., 

2014b). 
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Chapter 3 - Automated Seeds Selection for 

Gradient-based EPT and Its In Vivo Validation 

3.1 Introduction 

Gradient-based EPT (gEPT) is a recently proposed technology that utilizes both 

transmit B1 and receive B1 maps measured from a multi-channel RF transceiver array to 

retrieve tissue EPs. gEPT preserves correct EP contrast on tissue boundaries by explicitly 

reconstructing the spatial variation or “gradient” of tissue EPs, followed by its integration 

from a user-assigned seed point (Liu et al., 2015). The EPs of the seed point are assigned 

according to ex vivo measurement of biological tissues from Gabriel et al. 1996 (S. 

Gabriel et al., 1996).  However, systematic reconstruction bias exists owing to the 

subjective choice of seed points (Fig. 3.1), presenting a critical challenge to its 

repeatability and clinical applications. Additionally, there is a potential discrepancy 

between ex vivo measured EPs assigned to the seed point and their actual values in vivo 

due to blood filtration and oxygen levels (Semenov et al., 2017), which introduces a 

global bias to the reconstructed EPs. 

In this chapter, we propose a method to automatically select multiple distributed seed 

points for gEPT. EP values of these seed points are calculated from B1 maps measured in 

vivo instead of referring to the tabulated EP values acquired ex vivo. Imaging results from 

twelve healthy human subjects are presented and analyzed using statistical methods.  
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3.1 

 

Figure 3.1 Discrepancies in gEPT reconstruction results due to different choices of seed 

point. Location of the seed point is labeled using a red dot pointed by red arrow on T1 

weighted (T1w) image. Seed I locates in the Globus Pallidus and seed II locates in the 

cortex. EP values of gray matter at 298 MHz (𝜎 = 0.69 S/m and 𝜀𝑟  = 60.1𝜀0) were 

assigned in both cases. Significant difference in EPs can be observed from these two 

cases, which is also spatially dependent. 

3.2 Theory 

In this section, starting from Maxwell’s equations, a pixel-wise inverse problem is 

derived that links multiple relative B1 distributions to EP gradient. The theory is 

developed from previous works (Zhang et al., 2013b; Sodickson et al., 2013; Liu et al., 

2015), and the matrix form of the pixel-wise inverse problem is presented here for the 

first time. 
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Consider time-harmonic electromagnetic field at angular frequency 𝜔 in Cartesian 

coordinate system. By combining Ampère's law and Faraday’s law to eliminate the 

electric field, we have 

𝛻2𝐵⃗ = −𝜔2𝜇0𝜀𝑐𝐵⃗ − 𝛻𝜀𝑐 ×
𝛻 × 𝐵⃗ 

𝜀𝑐
 (3.1) 

assuming that magnetic susceptibility 𝜇 ≈ 𝜇0 in biological tissues. Equ. 3.1 is a vector 

formula about 𝐵⃗ = (𝐵𝑥, 𝐵𝑦, 𝐵𝑧) in phasor terms, and it is equivalent to the following 

equation systems:   

𝛻2𝐵𝑥 = −𝜔2𝜇0𝜀𝑐𝐵𝑥 − (
𝜕𝐵𝑦

𝜕𝑥
−

𝜕𝐵𝑥

𝜕𝑦
)

𝜕𝑙𝑛𝜀𝑐

𝜕𝑦
+ (

𝜕𝐵𝑥

𝜕𝑧
−

𝜕𝐵𝑧

𝜕𝑥
)
𝜕𝑙𝑛𝜀𝑐

𝜕𝑧
 

𝛻2𝐵𝑦 = −𝜔2𝜇0𝜀𝑐𝐵𝑦 + (
𝜕𝐵𝑦

𝜕𝑥
−

𝜕𝐵𝑥

𝜕𝑦
)

𝜕𝑙𝑛𝜀𝑐

𝜕𝑥
− (

𝜕𝐵𝑧

𝜕𝑦
−

𝜕𝐵𝑦

𝜕𝑧
)

𝜕𝑙𝑛𝜀𝑐

𝜕𝑧
 

𝛻2𝐵𝑧 = −𝜔2𝜇0𝜀𝑐𝐵𝑧 − (
𝜕𝐵𝑥

𝜕𝑧
−

𝜕𝐵𝑧

𝜕𝑥
)
𝜕𝑙𝑛𝜀𝑐

𝜕𝑥
+ (

𝜕𝐵𝑧

𝜕𝑦
−

𝜕𝐵𝑦

𝜕𝑧
)

𝜕𝑙𝑛𝜀𝑐

𝜕𝑦
 

(3.2) 

𝐵⃗  is not directly measurable by MRI, but it is possible to measure its positively 

polarized component in the rotating frame 𝐵1
+ = (𝐵𝑥 + 𝑖𝐵𝑦)/2  (Hoult, 2000). Using 

linear combination, Equ. 3.2 is transformed to 

𝛻2𝐵1
+ = −𝜔2𝜇0𝜀𝑐𝐵1

+ +
𝑖

2
(
𝜕𝐵𝑦

𝜕𝑥
−

𝜕𝐵𝑥

𝜕𝑦
)𝑔+ + (

𝜕𝐵1
+

𝜕𝑧
−

1

2

𝜕𝐵𝑧

𝜕𝑥
−

𝑖

2

𝜕𝐵𝑧

𝜕𝑦
)𝑔𝑧 (3.3) 

where 𝑔+ ≔
𝜕𝑙𝑛𝜀𝑐

𝜕𝑥
+ 𝑖

𝜕𝑙𝑛𝜀𝑐

𝜕𝑦
, 𝑔𝑧 ≔

𝜕𝑙𝑛𝜀𝑐

𝜕𝑧
. Utilizing Gauss’ Law for Magnetism, we have  

𝑖

2
(
𝜕𝐵𝑦

𝜕𝑥
−

𝜕𝐵𝑥

𝜕𝑦
) = (

𝜕𝐵1
+

𝜕𝑥
− 𝑖

𝜕𝐵1
+

𝜕𝑦
−

1

2
(
𝜕𝐵𝑥

𝜕𝑥
+

𝜕𝐵𝑦

𝜕𝑦
)) =

𝜕𝐵1
+

𝜕𝑥
− 𝑖

𝜕𝐵1
+

𝜕𝑦
+

1

2

𝜕𝐵𝑧

𝜕𝑧
 (3.4) 

https://en.wikipedia.org/wiki/Amp%C3%A8re%27s_circuital_law
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For an MRI coil comprised of long striplines, 𝐵𝑧 is negligible in the middle part of the 

coil elements compared to the transverse components (Liu et al., 2015). Taking this into 

consideration, the following equation can be derived based on 𝐵1
+ field 

 
𝛻2𝐵1

+ ≈ −𝜔2𝜇0𝜀𝑐𝐵1
+ + (

𝜕𝐵1
+

𝜕𝑥
− 𝑖

𝜕𝐵1
+

𝜕𝑦
)𝑔+ +

𝜕𝐵1
+

𝜕𝑧
𝑔𝑧 (3.5) 

This equation holds for any transmit field 𝐵1𝑝
+  from a single coil element indexed by 𝑝. 

However, the absolute phase of 𝐵1𝑝
+ , i.e. absolute transmit phase, is intractable, since the 

phase of MRI signal has mixed contributions from transmit field, receive field, chemical 

shift, magnetic susceptibility, eddy current effects, etc. Taking the phase difference 

between two transmit channels 𝑝 and 𝑟, the common terms can be eliminated, resulting in 

a relative transmit phase distribution 𝜑𝑝𝑟
+ . The relationship between absolute and relative 

𝐵1
+ can be expressed as 

 𝐵1𝑝
+ = |𝐵1𝑝

+ |𝑒𝑖𝜑𝑝
+

= |𝐵1𝑝
+ |𝑒𝑖(𝜑𝑝𝑟

+ +𝜑𝑟
+) = 𝐵1𝑝𝑟

+ 𝑒𝑖𝜑𝑟
+
 (3.6) 

𝐵1𝑝𝑟
+  is measurable, whereas 𝜑𝑟

+ is the unknown absolute transmit phase of the reference 

channel 𝑟. Combining Equ. 3.5 with Equ. 3.6, we have 

𝑒𝑖𝜑𝑟
+
𝛻2𝐵1𝑝𝑟

+ + 2𝛻𝑒𝑖𝜑𝑟
+

∙ 𝛻𝐵1𝑝𝑟
+ + 𝐵1𝑝𝑟

+ 𝛻2𝑒𝑖𝜑𝑟
+

= −𝜔2𝜇0𝜀𝑐𝐵1𝑝𝑟
+ 𝑒𝑖𝜑𝑟

+

+ (𝑒𝑖𝜑𝑟
+ 𝜕𝐵1𝑝𝑟

+

𝜕𝑥
+ 𝐵1𝑝𝑟

+
𝜕𝑒𝑖𝜑𝑟

+

𝜕𝑥
− 𝑖𝑒𝑖𝜑𝑟

+ 𝜕𝐵1𝑝𝑟
+

𝜕𝑦
− 𝑖𝐵1𝑝𝑟

+
𝜕𝑒𝑖𝜑𝑟

+

𝜕𝑦
)𝑔+

+ (𝑒𝑖𝜑𝑟
+ 𝜕𝐵1𝑝𝑟

+

𝜕𝑧
+ 𝐵1𝑝𝑟

+
𝜕𝑒𝑖𝜑𝑟

+

𝜕𝑧
)𝑔𝑧 

(3.7) 

Cancelling out 𝑒𝑖𝜑𝑟
+

 from both sides of the equation 
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𝛻2𝐵1𝑝𝑟
+ + 2𝑖𝛻𝐵1𝑝𝑟

+ ∙ 𝛻𝜑𝑟
+ + 𝐵1𝑝𝑟

+ (𝑖𝛻2𝜑𝑟
+ − ‖𝛻𝜑𝑟

+‖2)

= −𝜔2𝜇0𝜀𝑐𝐵1𝑝𝑟
+

+ (
𝜕𝐵1𝑝𝑟

+

𝜕𝑥
− 𝑖

𝜕𝐵1𝑝𝑟
+

𝜕𝑦
+ 𝑖𝐵1𝑝𝑟

+
𝜕𝜑𝑟

+

𝜕𝑥
+ 𝐵1𝑝𝑟

+
𝜕𝜑𝑟

+

𝜕𝑦
)𝑔𝑤

+ (
𝜕𝐵1𝑝𝑟

+

𝜕𝑧
+ 𝑖𝐵1𝑝𝑟

+
𝜕𝜑𝑟

+

𝜕𝑧
)𝑔𝑧 

(3.8) 

For each spatial location, we have the following matrix form 

[𝐵1𝑝𝑟
+ , 𝛻𝐵1𝑝𝑟

+ ]

∙

[
 
 
 
 
 
 
 
 𝜔2𝜇0𝜀𝑐 + 𝑖𝛻2𝜑𝑟

+ − ‖𝛻𝜑𝑟
+‖2 − 𝑖 (

𝜕𝜑𝑟
+

𝜕𝑥
− 𝑖

𝜕𝜑𝑟
+

𝜕𝑦
)𝑔+ − 𝑖

𝜕𝜑𝑟
+

𝜕𝑧
𝑔𝑧

2𝑖
𝜕𝜑𝑟

+

𝜕𝑥
− 𝑔+

2𝑖
𝜕𝜑𝑟

+

𝜕𝑦
+ 𝑖𝑔+

2𝑖
𝜕𝜑𝑟

+

𝜕𝑧
− 𝑔𝑧 ]

 
 
 
 
 
 
 
 

= −𝛻2𝐵1𝑝𝑟
+  

(3.9) 

Concatenating all 𝑛 transmit channels that share the same set of unknown 𝜑𝑟
+  and 𝜀𝑐 -

related variables, we have a linear system of equations 𝐴𝑥 = 𝑏  for each image pixel 

containing 4 unknowns and 𝑛 equations. Despite its formulation as an inverse problem, 

one important distinction of Equ. 3.9 from conventional inverse problem is that 𝐴 matrix 

is not deterministic, but rather calculated from 𝐵1𝑝𝑟
+  measurement. This linear system of 

equations is solved in a sense of least-squares, which gives 

𝑔+ = 𝑟𝑒𝑎𝑙(𝑔+) + 𝑖 ∙ 𝑖𝑚𝑎𝑔(𝑔+) = −𝑟𝑒𝑎𝑙 (2𝑖
𝜕𝜑𝑟

+

𝜕𝑥
− 𝑔+) − 𝑖 ∙ 𝑟𝑒𝑎𝑙 (2𝑖

𝜕𝜑𝑟
+

𝜕𝑦
+ 𝑖𝑔+) 
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A similar derivation can be conducted for 𝐵1
−∗ = (𝐵𝑥 − 𝑖𝐵𝑦)/2, yielding 𝑔− ≔

𝜕𝑙𝑛𝜀𝑐

𝜕𝑥
−

𝑖
𝜕𝑙𝑛𝜀𝑐

𝜕𝑦
. Combing 𝑔+ and 𝑔− yields 

𝜕𝑙𝑛𝜀𝑐

𝜕𝑥
 and 

𝜕𝑙𝑛𝜀𝑐

𝜕𝑦
, which can be used for 2D integration 

given a few seed points with known EP values. 

3.3 Methods 

3.3.1 Experiment  

All human experiment procedures were approved by the University of Minnesota 

Institutional Review Board (IRB) in accordance with federally approved guidelines. 

Twelve human subjects were recruited for a brain scan using Siemens 7 T MRI using 

a 16-channel microstrip coil array (Adriany et al., 2008). Relative complex 𝐵1
+ from each 

channel was acquired by a series of gradient echo (GRE) in small-flip-angle regime, with 

calibration using actual flip-angle imaging (AFI) of all channels transmitting in a static 

𝐵1
+ shim setting (Van de Moortele et al., 2007; Yarnykh, 2007). Proton density weighted 

relative complex 𝐵1
− was acquired using a long TR (TR = 8 s) GRE. Both 𝐵1 maps were 

acquired as axial slices in a resolution of 1.5 × 1.5 × 3.0 mm
3
.  

T1-weighted images were acquired by taking the ratio of image sets from a 3D 

magnetization prepared rapid acquisition gradient echo (3D-MPRAGE) sequence (TI = 

1.5 s, TR = 3.5 s, TE = 2.26 ms, flip angle = 6°) and a 3D small-flip angle gradient echo 

(GRE) sequence (TR = 327 ms, TE = 2.26 ms, flip angle = 4°) in resolution of 1.5 × 1.5 × 

3.0 mm
3
. Taking the ratio of images cancels out undesirable weightings such as transmit 

and receive B1 profile, T2*, and proton density (Van de Moortele et al., 2009). 
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3.3.2 Image Reconstruction  

Proton density weighting 𝜌 in the measured 𝐵1
− was estimated and removed using 

𝜌 ≈
∑ |𝜌𝐵1,𝑗

− |𝑗

∑ |𝐵1,𝑘
+ |𝑘

, where k and j denote transmit and receive channels, respectively. Relative 

𝐵1
+ and 𝐵1

−  were smoothed using a 5 × 5 × 3 Gaussian low-pass filter with standard 

deviation of 1.2 × 1.2 × 0.8, and their spatial gradient and Laplacian were taken with 5 × 

5 × 3 Savitzky-Golay (SG) filters. Relative 𝐵1
+ from all 16 channels were concatenated to 

produce a linear equation system based on Equ. 3.9, which was solved pixel by pixel to 

yield absolute 𝐵1
+  phase gradient 

𝜕𝜑+

𝜕𝑥
 and 

𝜕𝜑+

𝜕𝑦
, as well as 𝑔+ =

𝜕𝑙𝑛𝜀𝑐

𝜕𝑥
+ 𝑖

𝜕𝑙𝑛𝜀𝑐

𝜕𝑦
, as 

described in the Theory section. Similarly, relative 𝐵1
−  from all 16 channels were 

concatenated to yield 
𝜕𝜑−

𝜕𝑥
, 

𝜕𝜑−

𝜕𝑦
, and 𝑔− =

𝜕𝑙𝑛𝜀𝑐

𝜕𝑥
− 𝑖

𝜕𝑙𝑛𝜀𝑐

𝜕𝑦
. Local EP values were calculated 

by Helmholtz equation assuming piece-wise homogeneity 𝜀𝑐,𝑙𝑜𝑐𝑎𝑙 =
−∇2𝐵1

+

𝜔2𝜇0𝐵1
+  with 

measured |𝐵1
+| and calculated 

𝜕𝜑+

𝜕𝑥
 and 

𝜕𝜑+

𝜕𝑦
 in the previous step. Brain voxels with local 

EP values falling in the range of 0 ≤ 𝜎 ≤ 3 S/m  and 0 ≤ 𝜀 ≤ 100𝜀0  were sorted in 

ascending order based on the spatial gradient strength of local conductivity. The top N 

voxels with the smallest local conductivity gradient magnitude were chosen as seed 

points, since they are expected to be less effected by the large oscillations near tissue 

boundaries. EPs calculated from the Helmholtz equation were assigned to these seeds. All 

seeds were weighted equally during the integration of the EP gradient. 



32 

 

3.4 Results 

Local conductivity calculated by the Helmholtz equation and its gradient strength are 

shown in Fig. 3.2. From the local conductivity map, one can identify cerebral-spinal fluid 

in cerebral ventricles by its high conductivity values compared to other brain 

compartments, yet severe boundary artifacts hamper a clear separation of gray matter and 

white matter. On the other hand, the local conductivity gradient successfully detects 

tissue boundaries which can be used for further selection of seed points. 

Fig. 3.3 shows reconstructed EPs using 2, 10, 20, 50, 100 and 500 seeds. Both 

conductivity and permittivity deviate significantly from the tabulated values when the 

number of seeds is smaller than 20. The reconstruction results stabilize when more than 

20 seeds were chosen, and the stability remains up to as large as 500 seeds. This feature 

is also observed in the box plots of aggregated results across all subjects (Fig. 3.4). Inter-

subject variation is considerably large when a small number of seeds were chosen, but it 

decreases as the seed number increases. Paired t-test shows no statistically significance 

between the results using 50 and 100 seeds for both conductivity and permittivity of all 

three brain compartments.  

Fig. 3.4 also shows that the reconstructed EPs converge to values that are not equal 

to the tabulated ex vivo results. Quantitative results using 100 seeds are presented in 

Table 3.1. We observe that permittivity retrieved by EPT is closer to ex vivo probed 

numbers, with < 15% difference in all three brain compartments. However, significant 

discrepancies are found in conductivity values obtained using these two methods, with in 
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vivo values being higher in gray matter and white matter, and lower in cerebral-spinal 

fluid.  

In Fig. 3.5, reconstructed EPs in each brain compartment of each subject are plotted 

using box plots, from which one can observe considerable intra-subject variation as well.  

3.2 

 

Figure 3.2 T1w image, calculated local conductivity distribution and its gradient strength. 



34 

 

3.3 

 

Figure 3.3 Reconstructed conductivity and permittivity using EP gradient and different 

numbers of automatically selected seeds. The reconstruction results become stable for 

seed number >20. 
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3.4 

 

Figure 3.4 Box plots of mean reconstructed EP values of three brain compartments in 12 

healthy human subjects showing effects of seed number. Orange line labels ex vivo EP 

values of the corresponding brain tissue at 298 MHz from Gabriel et al. 1996 (S Gabriel 

et al., 1996). Paired t-test was performed for all brain tissues with 50 and 100 seeds. n.s. 

not significant.  

  



36 

 

3.1 

 

Table 3.1 Reconstructed EPs of the healthy human brain compartments from 12 

subjects. WM, white matter; GM, gray matter; CSF, cerebral-spinal fluid. Reconstructed 

EPs are shown as mean ± standard deviation. 

3.5 

 

Figure 3.5 Box plots of reconstructed EP values of brain compartments in each 

individual human subject. Orange line labels ex vivo EP values of the corresponding 

brain tissue at 298 MHz from Gabriel et al. 1996 (S Gabriel et al., 1996). 

 Target Reconstructed 

WM 
 0.41 0.76 ± 0.16 

 43.8 50.3 ± 3.9 

GM 
 0.69 1.01 ± 0.16 

 60.1 60.9 ± 7.1 

CSF 
 2.22 1.53 ± 0.29 

 72.8 63.3 ± 10.8 

in S/m and  in 𝜀0 



37 

 

3.5 Conclusion and Discussions 

A novel strategy to automatically choose integration seeds for gEPT brain imaging 

has been proposed, and imaging results from 12 subjects have been reported. The 

reconstructed conductivity and permittivity converge to stable values when larger than 20 

seeds are used. Enhanced robustness and less variability are observed compared to the 

subjective single-seed gEPT method. This technology holds promise to facilitate an 

objective and fully-automated EPT approach for in vivo imaging of human brain.  

In this study, the EPs of the seeds were calculated by local Helmholtz equation, and 

then used to inform gEPT reconstruction. A large number of seeds help to stabilize the 

results due to the reduced weighting on erroneously chosen seeds. To further reduce 

reconstruction bias by the symmetry assumption made by gEPT, it is desirable to test this 

algorithm with only 𝑔+ data derived from 𝐵1
+ (Wang et al., 2017).  

We observe consistent EP values of brain tissues in our cohort of 12 human subjects, 

which are close yet not equal to the ex vivo values reported in the widely referenced work 

by Gabriel et al (S. Gabriel et al., 1996). This discrepancy is potentially due to the in vivo 

nature of EPT versus ex vivo probe measurements. For in vivo imaging case, blood 

infiltration in gray matter and white matter might account for the increase in conductivity, 

whilst having minimal effects on permittivity (Semenov et al., 2017). Another source of 

discrepancy is the fitting of the ex vivo data to the mathematical model (Cole-Cole 

dispersion model). Retrieval of EPs at specific frequencies using this model only gives 

approximation to the actual measurement results, which subject to fitting and 

interpolation errors. 
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In consistency with ex vivo measurement results, considerable intra-subject variation 

of each brain compartment can be observed for in vivo imaging results, potentially 

induced by the natural heterogeneity of tissues due to differences in constituents and 

blood infiltration. Inter-subject variability exists as well,  which has been attributed to age 

and the physical condition of body (Peyman et al., 2009).  

Considering the different physiology of in vivo versus ex vivo cases, natural 

heterogeneity of tissues, as well as the inter-subject variation due to body condition, it is 

expected that in vivo subject-specific EPs obtained by EPT can contribute to additional 

accuracy in EM modeling and management, which could be very important especially for 

EM safety applications, such as estimation of local SAR in MRI exams.  

Future studies may utilize large animal models to be able to measure EPs in vivo 

using gEPT, in vivo using probe and ex vivo using probe, to narrow down the sources of 

the measurement discrepancy. It would also be desirable to determine how much effect 

this discrepancy would make when evaluating local SAR. 
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Chapter 4  - CONtrast Conformed Electrical 

Properties Tomography (CONCEPT) for Human 

Brain Imaging 

4.1 Introduction 

The mathematical problem of inferring tissue EPs from MRI measurable, circularly-

polarized magnetic field B1 manifests as a nonlinear partial differential equation (Liu et 

al., 2017b; Katscher and van den Berg, 2017). In order to decrease the condition number 

and to obtain numerical stability, conventional EPT methods make the assumption that 

tissue EPs are piece-wise homogeneous, leading to a simplified reconstruction method 

known as “Helmholtz equation”. This assumption eliminates the EP spatial variation term, 

and one B1 distribution obtained with a quadrature volume coil suffices for a successful 

EP reconstruction. Actual EPs in the human body, however, are spatially heterogeneous, 

yielding boundary artifact and noise amplification that significantly thwart proper 

interpretations of Helmholtz-equation based EP reconstruction.  

Recently, efforts have been made to address boundary artifacts coming from the 

Helmholtz equation. One potential solution is to utilize structural MR images to inform 

EP reconstruction on piecewise areas of relatively uniform contrast. This can be done by 

using a spatially weighted reconstruction kernel or adding regularization terms based on 

edge information (Ropella and Noll, 2016). However, structural MRI contrasts and EP 

contrast do not rely on the same mechanism, therefore, spatial boundaries defined by 
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their respective spatial variations do not necessarily coincide, which may bias the EP 

reconstruction process. Moreover, signal intensity in structural MRI is highly dependent 

on which MR sequences and parameters are used, creating additional sources of potential 

inconsistency that may propagate to EPs. 

Alternatively, a multi-channel RF coil array can be used to effectively address the 

boundary artifact issue and B1 field assumptions by leveraging a plurality of B1 

measurements (Katscher et al., 2012b; Zhang et al., 2013a; Sodickson et al., 2013). 

Gradient-based EPT (gEPT) solves a pixel-wise inverse problem using both transmit B1 

and receive B1, or 𝐵1
+ and 𝐵1

−, to retrieve EP gradient, followed by its spatial integration 

based on a user-assigned seed point (Liu et al., 2015). This method successfully retrieves 

both conductivity and permittivity in high quality with improved robustness against noise. 

Nevertheless, two caveats need to be taken into consideration which may cause errors in 

the reconstruction results: i) symmetry assumption about RF coil structure and imaged 

target; ii) subjective assignment of integration seeds, i.e. tissue voxels with presumptive 

EP values. 

In this chapter, a novel EPT approach, dubbed CONtrast Conformed Electrical 

Properties Tomography (CONCEPT), is reported that is based on a linear inverse 

problem regularized by intermediate EP gradient information, using only 𝐵1
+ maps with 

relative phase information from a multi-channel RF coil array. Compared to gEPT, it is 

not based on symmetry assumptions, nor does it require subjective assignment of 

integration seed points. Numerical simulations of a digital phantom and a realistic human 

head model have been performed to illustrate the concept of the proposed approach and 
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to evaluate its performance under various noise levels. A phantom experiment has been 

performed at 7 T to demonstrate its applicability in realistic settings. CONCEPT extends 

the generality of gEPT and holds promise for clinical applications using a generic multi-

transmit RF coil. 

4.2 Theory 

In this section, we first derive the central physical equation from the governing 

electromagnetic theory that relates the measurable relative 𝐵1
+ to EPs. We then introduce 

a discriminated regularization strategy using the intermediate EP gradient values, which 

represents the core of CONCEPT. Lastly, we describe an algorithm based on Alternating 

Direction Method of Multipliers (ADMM) to rapidly solve the central optimization 

problem derived from the previous steps. The reconstruction flowchart is shown in Fig. 

4.1.  
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4.1 

 

Figure 4.1 Reconstruction flowchart of CONCEPT. 

4.2.1 Derivation of the Data Fidelity Term 

We start from solving Equ. 3.5 to retrieve the spatial gradient of absolute 𝐵1
+ phase 

𝛻𝜑+, as well as 𝑔𝑤 = 𝑔+ and 𝑔𝑧, given that at least four channels are employed (Liu et 

al., 2015). The retrieved 𝛻𝜑+ can be re-introduced back into Equ. 3.5 and reformed into a 

linear partial differential equation (PDE) in 2D with respect to the scaled complex 

admittance 𝛾𝑐 =
1

𝜔𝜀𝑐
 

 
(𝛻2𝐵1

+ −
𝜕𝐵1

+

𝜕𝑧
𝑔𝑧)𝛾𝑐 + (

𝜕𝐵1
+

𝜕𝑥
− 𝑖

𝜕𝐵1
+

𝜕𝑦
) ∙ (

𝜕𝛾𝑐

𝜕𝑥
+ 𝑖

𝜕𝛾𝑐

𝜕𝑦
) = −𝜔𝜇0𝐵1

+ (4.1) 
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with unknown terms written in red.  The spatial gradient term of 𝛾𝑐 can be discretized 

using central difference method 

𝜕𝛾𝑐

𝜕𝑥
+ 𝑖

𝜕𝛾𝑐

𝜕𝑦
=

𝛾𝑐(𝑥 + 1, 𝑦) − 𝛾𝑐(𝑥 − 1, 𝑦)

2𝑑𝑥
+ 𝑖

𝛾𝑐(𝑥, 𝑦 + 1) − 𝛾𝑐(𝑥, 𝑦 − 1)

2𝑑𝑦
 (4.2) 

where (𝑥, 𝑦) is spatial location indices, 𝑑𝑥 and 𝑑𝑦 are step size along 𝑥 and 𝑦 directions, 

respectively. As such, Equ. 4.1 can be written as a linear inverse problem for each 

transmit channel 𝑘 

𝐴𝑘𝛶 = 𝑏𝑘 (4.3) 

where 𝛶 ∈ ℂ𝑁 contains 𝛾𝑐 values of all 𝑁 pixels in a region of support 𝛺, 𝐴𝑘 ∈ ℂ𝑁×𝑁 is a 

sparse matrix with five nonzero elements in each row, and 𝑏𝑘 ∈ ℂ𝑁 is a vector of scaled 

𝐵1
+ . The inverse problems derived from 𝐾  different transmit channels can be 

concatenated as 

𝐴𝛶 = 𝑏 (4.4) 

where 𝐴 = [𝐴1; 𝐴2; … ; 𝐴𝐾] , 𝑏 = [𝑏1; 𝑏2; … ; 𝑏𝐾] . We utilize L2-norm of the residue, 

‖𝐴𝛶 − 𝑏‖2
2, as a metric of data fidelity to the 𝐵1

+ measurements, which is optimized by 

the pseudo-inverse of Equ. 4.4 

𝛶𝑃𝐷𝐸 = (𝐴𝐻𝐴)−1𝐴𝐻𝑏 (4.5) 

This solution is referred to as “PDE” in this paper. 

4.2.2 Discriminated Regularization 

Direct inversion of Equ. 4.4 results in spatially pervasive reconstruction errors due to 

PDE nature of the problem, intensified by noise effects and inaccuracies in 𝐵1
+ 
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measurements. Furthermore, numerical errors due to the finite difference model of the 

problem also deteriorate image quality. Therefore, we propose to use the intermediate 

variable 𝑔𝑤  as prior information to determine the EP transition area and guide image 

reconstruction. To start, we hard-threshold |𝑔𝑤| to generate two binary masks 

{
 𝑊 = (|𝑔𝑤| ≥ 𝜅) ∩ 𝛺

 𝑊̅ = (|𝑔𝑤| < 𝜅) ∩ 𝛺
  (4.6) 

where 𝜅  is an empirical threshold so that approximately 30% of the pixels in 𝛺  are 

identified as transition area. In the homogeneous area 𝑊̅ = 1, the L2-norm of 𝛾 gradient 

is minimized to simultaneously suppress large spatial variation and error propagation. In 

the transition area 𝑊, the L1-norm of 𝛾 gradient is minimized to promote edge sparsity. 

Therefore, the central reconstruction is formulated as  

𝑚𝑖𝑛
𝛶

 
1

2
‖𝐴𝛶 − 𝑏‖2

2 + 𝜆1‖𝑊𝛹𝛶‖1
 + 𝜆2‖𝑊̅𝛹𝛶‖2

2 (4.7) 

where 𝛹 is the finite difference operator calculating 𝛻𝛾 in the region of support. Since 

the regularization is informed by intermediate EP contrast instead of structural MRI, this 

technology is named as “CONtrast Conformed Electrical Properties Tomography”, or 

CONCEPT. 

4.2.3 Solving the Central Problem Using Alternating Direction Method of Multipliers 

Equ. 4.7 is a large-scale optimization problem involving simultaneous minimization 

of L1-norm and L2-norm. Conventional gradient-based methods, such as gradient descent 

or conjugate gradient method, are inefficient for solving this type of problem due to the 

non-smoothness of L1-norm and the requirement of evaluating function gradient in each 
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iteration. Alternatively, we propose to use Alternating Direction Method of Multipliers 

(ADMM) to solve Equ. 4.7. ADMM is based on the philosophy of “divide and conquer” 

in algorithm design: it splits the original complicated problem into a series of simpler 

sub-problems, which are sequentially addressed until a consensus is reached (Boyd et al., 

2011). ADMM has received increasing attention due to its high efficiency for large-scale 

image reconstruction problems, especially those with sparsity and low-rank constraints 

(Zhao et al., 2015; Akçakaya et al., 2014; Assländer et al., 2018). 

In our implementation, we first combine the two L2-norm terms in Equ. 4.7 

𝑚𝑖𝑛
𝛶

 
1

2
‖𝐸𝛶 − 𝑐‖2

2 + 𝜆1‖𝑊𝛹𝛶‖1
  (4.8) 

where 𝐸 = [𝐴; 𝜆2𝑊̅𝛹] and 𝑐 = [𝑏; 𝟎]. Introducing an auxiliary variable 𝑧 so that Equ. 

4.8 is equivalent to 

𝑚𝑖𝑛
𝛶

1

2
‖𝐸𝛶 − 𝑐‖2

2 + 𝜆1‖𝑧‖1
     𝑠. 𝑡.   𝑊𝛹𝛶 − 𝑧 = 0  (4.9) 

The augmented Lagrangian can be formed as 

𝐿𝜌(𝛶, 𝑧, 𝑢) =
1

2
‖𝐸𝛶 − 𝑐‖2

2 + 𝜆1‖𝑧‖1 + 𝑅𝑒(𝜌𝑢𝐻(𝑊𝛹𝛶 − 𝑧))

+
𝜌

2
‖𝑊𝛹𝛶 − 𝑧‖2

2 

(4.10) 

where 𝑢  is the multiplier and 𝜌 > 0 is the augmented Lagrangian parameter. We can 

express ADMM updates as 

𝛶𝑘+1 = 𝑎𝑟𝑔 𝑚𝑖𝑛
𝛶

𝐿𝜌(𝛶, 𝑧𝑘, 𝑢𝑘) 

= 𝑎𝑟𝑔 𝑚𝑖𝑛
𝛶

1

2
‖𝐸𝛶 − 𝑐‖2

2 + 𝑅𝑒(𝜌(𝑢𝑘)𝐻(𝑊𝛹𝛶 − 𝑧𝑘)) +
𝜌

2
‖𝑊𝛹𝛶 − 𝑧𝑘‖2

2 
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= 𝑎𝑟𝑔 𝑚𝑖𝑛
𝛶

1

2
‖𝐸𝛶 − 𝑐‖2

2 +
𝜌

2
‖𝑊𝛹𝛶 − 𝑧𝑘 + 𝑢𝑘‖2

2 

= (𝐸𝐻𝐸 + 𝜌𝛹𝐻𝑊𝐻𝑊𝛹)−1(𝐸𝐻𝑐 + 𝜌𝑊𝛹(𝑧𝑘 − 𝑢𝑘)) 

𝑧𝑘+1 = 𝑎𝑟𝑔 𝑚𝑖𝑛
𝑧

𝐿𝜌(𝛶𝑘+1, 𝑧, 𝑢𝑘) 

= 𝑎𝑟𝑔 𝑚𝑖𝑛 
𝑧

𝜆1‖𝑧‖1
 + 𝑅𝑒(𝜌(𝑢𝑘)𝐻(𝑊𝛹𝛶𝑘+1 − 𝑧)) +

𝜌

2
‖𝑊𝛹𝛶𝑘+1 − 𝑧‖2

2 

= 𝑎𝑟𝑔 𝑚𝑖𝑛 
𝑧

𝜆1‖𝑧‖1
 +

𝜌

2
‖𝑧 − 𝑊𝛹𝛶𝑘+1 − 𝑢𝑘‖2

2 

= 𝑆𝜆1 𝜌⁄ (𝑊𝛹𝛶𝑘+1 + 𝑢𝑘) 

𝑢𝑘+1 = 𝑢𝑘 + 𝑊𝛹𝛶𝑘+1 − 𝑧𝑘+1 

where 𝑆𝜏(𝑎) denotes the soft-thresholding function of 𝑎 with 𝜏. 𝑧0 and 𝑢0 are initialized 

with zero vectors. Note that the algorithm does not require initialization of 𝛶, since 𝛶1 is 

calculated from 𝑧0 and 𝑢0 in the first iteration. The stopping criterion is  

‖Υk+1 − Υk‖
2

‖Υk+1‖2
≤ tolerance, or   k > kmax 

(4.11) 

We observed that the algorithm typically converges within 15 iterations using 

𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 = 10−4. 

4.3 Methods 

4.3.1 Numerical Simulations 

Electromagnetic simulations were performed in Finite-Difference Time-Domain 

(FDTD) based software (Sim4Life version 3.4, ZMT, Zurich, Switzerland). The 16-

channel microstrip coils array used in the experiment was numerically modeled and 
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loaded with a cylindrical phantom containing tube anomalies, or a realistic head model 

(Duke Model, Virtual Family), as shown in Fig. 4.2. The digital phantom was 160 mm 

tall, with a long axis of 210 mm and a short axis of 168 mm, and was assigned the mean 

electrical properties of brain at 298 MHz (0.55 S/m and 52 𝜀0 ). Five sets of tube 

anomalies with diameters of 5 mm, 10 mm and 20 mm were evenly distributed in 

azimuthal direction, spanning the physiologically relevant EPs range of 0.2-2.5 S/m and 

40𝜀0-100𝜀0. For the head model, EPs of various tissues were assigned based on Gabriel et 

al (S. Gabriel et al., 1996). The imaged object was positioned in the center of the coil, 

mimicking actual experimental setup.  

Spatially anisotropic discretization of the models was performed by the software 

based on their geometry and EP distributions to achieve the optimal performance. A 

maximal spatial step of 1.5 mm was prescribed inside the phantom/head model to ensure 

high precision. The 16 channels of the coil were excited sequentially with a normalized 

input power of 1 W. The simulated complex 𝐵1
+ field was exported to MATLAB and re-

gridded to a homogenous 1.5 × 1.5 × 1.5 mm
3
 grid using cubic splines. Relative 𝐵1

+ field 

was calculated taking each channel as reference. Complex white Gaussian noise was 

added to 𝐵1
+ to adjust SNR to desired levels. 
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4.2 

 

Figure 4.2 Simulation setup. The 16-channel microstrip RF coils array is loaded with a 

numerical phantom (a) and Duke head model (b). The latter is shown as voxels after 

discretization. 

4.3.2 Phantom Experiment 

An agar phantom was constructed to validate the performance of CONCEPT in 

realistic settings. The “background” or main body of the phantom contained deionized 

water, agar, NaCl, NiCl2·6H2O with a mass ratio of 1000:15:1.12:0.5. EPs of the phantom 

at 298 MHz were measured using a dielectric probe (85070E, Keysight Technologies) as 

0.294 S/m and 78.6𝜀0. The main body was poured into a cylindrical jar with 120-mm 

diameter and 150-mm height. The contrast solutions were prepared based on deionized 

water, with NaCl to adjust conductivity and polyvinylpyrrolidone (PVP) to adjust 

permittivity (Ianniello et al., 2018). Three solutions with different EPs were prepared and 

measured using the probe. Solutions were filled into a 25-mm-diameter tube and a 5-mm-

diamter straw, and inserted into the phantom background. The whole phantom was 

allowed to stand for 24 hours in room temperature to solidify.  

https://www.keysight.com/main/home.jspx?lc=eng&cc=GB
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Experiments were performed on a 16-channel Siemens 7T system equipped with 

16x1 kW power amplifiers (CPC, Hauppauge, NY) with their transmit power and phase 

remotely controlled by a phase/gain control unit, interfaced with locally developed 

MATLAB-based software toolbox. A 16-channel RF coils array, consisting of microstrip 

elements aligned with the main magnetic field direction, was used to obtain multiple 

relative 𝐵1
+ patterns. The coils array was connected to the MRI system through a custom 

16-channel T/R switch box. Each coil element was tuned and matched at the operating 

frequency (297.2 MHz) when loaded with object under detection. 𝐵1
+  magnitude map 

from each channel was acquired using a hybrid method of multi-slice gradient-echo 

(GRE) and 3D actual flip-angle imaging (AFI) method (Yarnykh, 2007; Van de Moortele 

et al., 2007, 2005). For the former, each coil element was excited sequentially in small-

flip-angle regime (< 15°), with TR = 76 ms, TE = 3.3 ms and 8 averages; For the latter, 

two shimmed 𝐵1
+  patterns resembling CP+ mode and CP2+ mode, respectively, were 

imaged with nominal flip angle = 55°, TR = 20/120 ms and TE = 3.2 ms. Hybrid 𝐵1
+ 

reconstruction of each transmit channel was initially performed for the two shimmed 

patterns separately, then combined with weights of the flip angle map, so as to 

circumvent inaccuracies due to RF nulling spots present in the CP+ and CP2+ 𝐵1
+ maps. 

The relative 𝐵1
+ maps were acquired with in-plane resolution of 1.5 × 1.5 mm

2
 over a 

stack of 12 contiguous slices of 3 mm thickness. 
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4.3.3 Image Reconstruction 

Simulated noisy data and experimental data were de-noised using a low-pass 

Gaussian filter with a kernel size of 5 × 5 × 3 voxels and standard deviation of 1.2 × 1.2 × 

0.8 voxels. The spatial gradient and Laplacian of 𝐵1
+ were generated based on second 

order polynomial fitting using a 5 × 5 × 3 Savitzky-Golay filter (Lee et al., 2015). Image 

reconstruction was performed using MATLAB codes developed in-house, running on a 

desktop with a 3.4 GHz GPU and 32 GB RAM.  

4.4 Results 

4.4.1 Digital Phantom Simulation 

Reconstruction results using Helmholtz equation, PDE, gEPT and CONCEPT are 

compared in Fig. 4.3. For Helmholtz equation, accurate reconstruction is limited to large 

homogenous areas, such as the inside of large tubes as well as the background. Severe 

oscillations can be observed at the interface of different contrast components. In 

particular, reconstruction results of small structures (5 mm and 10 mm tubes) are 

dominated by boundary artifact. For PDE, boundary artifact is significantly mitigated, 

thanks to the inclusion of the EP variation term. Nevertheless, checkboard-like artifacts 

still appear due to the use of finite difference as an approximation of spatial derivative 

(white arrow). This artifact is more pronounced in the tubes with large EP values because 

of higher contrast to the background. In addition, erroneously reconstructed values can be 

identified near the phantom boundary close to individual RF coil elements (green arrows). 
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This artifact arises from inaccurate estimation of local high-order spatial derivatives of 

𝐵1
+ due to its rapid attenuation near each coil element. As shown in the profiles in Fig. 

4.3b, without constraints, such artifacts can bleed into the contrast tubes and bias 

reconstruction results. For gEPT, one seed point in the center of the phantom was used to 

implement the algorithm (red asterisk). High-frequency checkboard artifact exists in both 

EP maps, on top of low-frequency bias induced by violation of the “symmetry 

assumption”. The EP profiles demonstrate spatially dependent bias in the reconstruction 

result, which tends to be smaller near the seed point and accumulates going outward 

radially. For CONCEPT, reconstructed EP values and profiles are close to those of the 

target. The checkboard artifact and spatial bias are minimized thanks to the informed 

regularization.  

Reconstructed EP images using CONCEPT at various SNR levels are shown in Fig. 

4.4a. The obtained EP values inside the large tubes are fitted against the target values in 

Fig. 4.4b. Accurate conductivity and permittivity can be obtained for SNR = 200 and 100 

within the ranges of interest, with reconstruction errors being ≤ 0.15 S/m for conductivity 

and ≤ 5.0𝜀0 for permittivity. The smallest tubes can also be well differentiated from the 

background and from each other. At SNR = 50, the fitting results show global 

overestimation in both contrasts, even though not prominent on the reconstructed images. 

Notably, overestimation is pronounced for the tube with the largest EPs, a phenomenon 

that has been reported in previous studies (Voigt et al., 2011; Marques et al., 2014; 

Hafalir et al., 2014). Potential explanations for this overshoot are discussed in the 

appendix.  
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4.3 

 

Figure 4.3 Comparison of different reconstruction methods using simulated phantom 

data. (a) Reconstructed conductivity and permittivity using Helmholtz equation, PDE, 

gEPT and CONCEPT are compared with target maps. Red asterisk labels position of the 

seed point used by gEPT. Both transmit and receive B1 were employed for gEPT. Other 

methods do not require seeds or receive B1. White and green arrows denote checkboard 

artifact and B1 peak related artifact, respectively. (b) Reconstructed EP profiles along the 

red line on the target maps in (a). 
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4.4 

 

Figure 4.4 CONCEPT reconstruction results at SNR = 200, 100 and 50. (a) 

Reconstructed conductivity and permittivity maps. (b) Linear fitting results of the 

retrieved values inside the largest tubes against the target values.  

4.4.2 Digital Brain Simulation 

Three axial slices of the reconstructed brain model with a spatial gap of 12 mm are 

shown in Fig. 4.4. Note that the low-pass filter was not applied to the noise-less 𝐵1
+ data, 

but only to the noisy 𝐵1
+  (SNR = 50). For both SNR levels, all three slices show 
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successful reconstruction of the contrasts amongst major brain tissues, e.g. white matter 

(WM), gray matter (GM) and cerebrospinal fluid (CSF). The reconstructed values of 

these three tissues are summarized in Table 4.1. Consistent with the digital phantom 

results, we observe overestimation in the permittivity of CSF, even for the noiseless case. 

This is potentially due to the increased complexity of the real-3D Duke model compared 

to the 2D-projected phantom model. The magnitude of this overestimation is smaller for 

the noisy reconstruction because of the smoothing effects of the low-pass filter.  

4.5 

 

Figure 4.5 Reconstructed EPs of a simulated 3D Duke head model. Shown are the 

target maps and reconstruction results using noise-free B1 data as well as noisy B1 with 

SNR = 50. The three axial slices are separated by 12 mm. 
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4.1 

 

Table 4.1 Reconstructed EPs of the duke head model. 

4.4.3 Phantom Experiment 

A structural image of the phantom and B1 images from a single channel are shown in 

Fig. 4.6. Local spotty artifacts can be seen in the hybrid B1 map when using a single shim 

pattern (Fig. 4.6c white arrows). These artifacts occur at the locations of RF nulls due to 

complex destructive interference of 𝐵1
+ between channels (Van de Moortele et al., 2005). 

By contrast, B1 image obtained merging two shim patterns is free of such errors, bearing 

high resemblance to the B1 pattern measured by AFI (Fig. 4.6b). 

Based on the combined hybrid B1 images, reconstructed EPs of the phantom are 

shown in Fig. 4.7. As an intermediate quantity, the spatial variation or gradient strength 

of EPs across the phantom can be robustly retrieved, enabling a clean separation of EP 

contrast boundary (Fig. 4.7a). Importantly, compared to the Helmholtz based 

reconstruction, CONCEPT gives accurate conductivity reconstruction results not only in 

 Target Noise-free SNR = 50 

WM 

 0.41 0.58 ± 0.10 0.62 ± 0.12 

 43.8 47.2 ± 4.3 52.0 ± 4.8 

GM 

 0.69 0.63 ± 0.30 0.68 ± 0.33 

 60.1 56.1 ± 9.5 58.9 ± 9.2 

CSF 

 2.22 1.70 ± 0.34 1.57 ± 0.29 

 72.8 105.2 ± 9.6 100.8 ± 7.0 

in S/m and  in 𝜀0 
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homogenous areas but also around contrast boundaries. In addition, all three 5-mm small 

tubes are visible from the reconstructed map. Similar to the simulations, there is overshot 

in the reconstructed permittivity of the tubes with high EP values (tube III). 

Reconstruction errors of the other tubes are relatively smaller. 

4.6 

 

Figure 4.6 Hybrid transmit B1 mapping based on dual shims. (a) An axial slice of the 

agar phantom used in the experiment. Scale bar is 10mm. (b) Transmit B1 magnitude 

from channel 5 (ch5) measured using AFI. (c) Hybrid B1 mapping results of ch5 based 

on CP-like shim (I), CP2+-like shim (II) and combined. The shimmed B1 patterns were 

measured using AFI. White arrows point to locations with inaccurate calculated B1 due to 

RF nulls in the corresponding shimmed B1 pattern. 
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4.7 

 

Figure 4.7 Phantom reconstruction results. (a) Intermediate gradient strength distribution 

and CONCEPT mask generated by hard-thresholding. (b) Comparison of the 

reconstruction results using Helmholtz equation and CONCEPT. 

4.2 

 

Table 4.2 Reconstructed EPs of the agar phantom. 

 

 Target Reconstructed 

Tube I 

 0.65 0.70 ± 0.05 

 50.2 65.0 ± 1.6 

Tube II 

 1.02 0.98 ± 0.02 

 62.7 73.6 ± 0.7 

Tube III 

 2.14 2.14 ± 0.07 

 78.8 124.0 ± 4.3 

 in S/m and  in 𝜀0 
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4.5 Conclusion and Discussions 

In this study, we propose a novel approach, dubbed “CONCEPT”, to retrieve EPs 

from MRI using multiple RF transmission. CONCEPT leverages on the intermediate EP 

gradient information for edge detection and discriminated regularization. The resultant 

large-scale, mixed L1 and L2 norm image reconstruction problem is solved efficiently 

using ADMM. A systematic investigation using numerical simulations and phantom 

experiments at 7 T MRI demonstrate its capability to retrieve accurate EP values in large 

homogeneous areas (≥ 20 mm), as well as to detect small structures down to 5 mm, and 

to faithfully reflect the EP transition zone. For conductivity reconstruction, CONCEPT is 

robust against noise contamination and 3D model complexity. For permittivity imaging, 

an over-estimation is observed especially for areas with high EP values, which is 

consistent with previous findings.  

The mere Helmholtz-based approaches of MREPT suffer from boundary artifact, 

spatial bias, and noise amplification effects, due to a substantial simplification of the 

governing physical equations and to the use of high-order spatial differentiation operators. 

These adverse effects can be partially mitigated using numerical regularization with prior 

information such as contrast edges detected by structural MRI (Ropella and Noll, 2016). 

Nevertheless, spurious EP contrast may be introduced, since it is fundamentally different 

from magnetic relaxation contrasts and does not necessarily spatially coincide with 

structural MRI. In comparison, CONCEPT exploits EP gradient information directly 

derived from 𝐵1
+, thus it is in principle immune to other sources of contrast such as MR 

relaxation effects. 
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CONCEPT requires at least four transmit channels to solve the central reconstruction 

problem. Compare to state-of-the-art gEPT, CONCEPT has the following merits. Firstly, 

the reconstruction process does not require assignment of integration seed, which is 

unavailable in realistic settings. Secondly, 𝐵1
− is no longer needed, leading to a shorter 

scan time and improved patient compliance. Last but not least, the imaging setup, 

including both the subject brain and RF coil, does not need to be symmetric, opening the 

potential to image diseased brain and irregularly shaped body organs using customized 

RF coil. In fact, since 𝐵1
− and 𝐵1

+ are completely disentangled in CONCEPT, one is no 

longer limited to transceiver RF coil arrays. Instead, separate transmit and receive coil 

arrays, that are more ubiquitous than customized transceiver arrays, can be utilized. In 

addition, such coil type generally has a higher count of receive elements with dedicated 

high-performance electronics in a close proximity to the imaged target, which 

significantly improves SNR for MR data acquisition. Additional transmit elements could 

also be used to obtain a larger number of different 𝐵1
+  patterns to improve the 

conditioning of the inverse problem. 

In its current form, CONCEPT is based on multiple 𝐵1
+ maps, yet its counterpart 

using multiple 𝐵1
− maps can be derived in a similar way. The major advantage of using 

multiple 𝐵1
−  lies in its high temporal efficiency, since data acquisition can be 

accomplished in a single acquisition (Marques et al., 2014). However, 𝐵1
−  maps are 

typically weighted by proton density which cannot be removed in a straightforward way. 

Computing the ratio of 𝐵1
− maps between different channels cancels out the shared proton 

density weighting, yet the resultant relative 𝐵1
− magnitude cannot be directly utilized by 
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CONCEPT. Alternatively, proton density can be taken as unknown variables and 

reconstructed simultaneously with EPs (Liu et al., 2016).  

The central equation of CONCEPT (Equ. 4.7) contains two regularization terms, i.e. 

L1-norm and L2-norm of spatial gradient of 𝛶. The effective areas of these two norms are 

controlled by a binary mask 𝑊 that is derived from hard-thresholding the intermediate 

EP gradient. More advanced regularization strategies may be employed to further 

improve image quality. Firstly, 𝑊  could be designed as a continuous function of EP 

gradient, such as linear or logarithm, to better characterize EP distribution of imaged 

object and gain robustness against measurement noise. Secondly, the L1-norm of spatial 

gradient of 𝛶 , known as total variation (TV), could be replaced by total generalized 

variation (TGV) containing higher orders of spatial derivative. TGV does not imply the 

piecewise constant assumption, thus it is capable of alleviating the “staircase” artifact and 

capturing contrast changes that are naturally continuous (Knoll et al., 2011). Lastly, low-

rank constraints could be imposed to better represent different types of tissue, as has been 

shown in other parametric MRI technologies (Zhao et al., 2015). These features can be 

added to CONCEPT and solved using ADMM without significant modifications to the 

current algorithm structure. However, caution needs to be used as a much higher 

dimension of regularization parameters need to be explored to obtain the optimal imaging 

outcome. 

CONCEPT is based on 3rd order spatial differentiation of 𝐵1
+, since it requires the 

spatial derivative of 𝛻𝜑+ which is calculated from an equation involving 𝛻2𝐵1
+ (Liu et al., 

2015). This makes the algorithm more sensitive to noise contaminations and to motion, 
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which can only be partially mitigated by regularization. Data pre-processing using 

intensive low-pass filters can alleviate the adverse effects, yet at a price of resolution loss 

which can be deleterious when targeting small structures. To image complex structures or 

human subjects using CONCEPT, improvements in SNR are warranted. This could be 

achieved by implementation of recently introduced B1 mapping methods such as 

DREAM (Nehrke and Börnert, 2012) or Bloch-Siegert shift (Sacolick et al., 2010). In 

addition, transmit channels could be aggregated to generate a smaller number of “virtual 

channels” that have better spatial coverage than a single transmit element. The gained 

SNR can also be traded for shorter scan time or higher resolution as desired. 

4.6 Appendix 

In this appendix, we propose and analyze potential reasons why the reconstructed 

permittivity map has more severe distortion and overshot.  

Firstly, as pointed by Marques et al. (Marques et al., 2014), given that the real and 

imaginary part of 𝜀𝑐 can be reconstructed at the same SNR level, a change in permittivity 

of 10𝜀0 is commeasurable to a change in conductivity of 0.17 S/m at 7 T. In human brain, 

the normal physiological range of permittivity is 40 𝜀0  - 70 𝜀0 , corresponding to a 

conductivity range of 0.68 S/m - 1.19 S/m, which is much narrower than the actual 

physiological range of conductivity 0.41 S/m - 2.22 S/m. Therefore, permittivity is 

relatively more susceptible to disturbances such as noise or B1 inaccuracy. 

Secondly, the overestimation in permittivity may originate from conversion of the 

reconstructed 𝛾𝑐 to conductivity and permittivity. As shown in Fig. 4.8, for pixels with 



62 

 

larger conductivity values, the same value of the real part of 𝛾𝑐 corresponds to two very 

different permittivity values. The accuracy of reconstructed permittivity is thus highly 

dependent on the imaginary part of 𝛾𝑐, which is unfortunately insensitive to permittivity 

change in this range. For example, two data points shown in Fig. 4.8 have the same 

conductivity value of 2.2 S/m and the same real part of 𝛾𝑐 . Despite their significant 

difference in permittivity (142𝜀0), there is only 21% difference in the imaginary part of 𝛾𝑐 

compared to its dynamic range. Therefore, solving for 𝛾𝑐  instead of 𝜀𝑐  can result in 

unreasonably larger value of permittivity.  

Lastly, reconstruction error on contrast boundary may perfuse to the whole image 

due to the nature of partial differential equation. Spatially constrained regularization may 

mitigate this effect but it cannot be eliminated. 

4.8 

 

Figure 4.8 Projection maps from conductivity and permittivity to complex admittance. 

Shown are the normalized real (a) and imaginary (b) parts of admittance as functions of 

conductivity and permittivity, contoured by red lines with a step size of 0.05. 
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Chapter 5 - Boundary Informed Electrical 

Properties Tomography (BIEPT) for Imaging 

Small Animal Tumor Models 

5.1 Introduction 

Tumor heterogeneity has various implications for cancer diagnosis, prognosis, 

patient stratification and treatment assessment. Malignant tumor cells undergo a branched 

evolution leading to genomic heterogeneity (Meacham and Morrison, 2013). After 

generations of aggressive proliferation in a chaotic environment, distinct tumor sub-

regions or “habitats” emerge with various patterns in metabolism, cellularity, and 

vasculature (Gatenby et al., 2013; Swanton, 2012). The genomic and phenotypic 

heterogeneity of a tumor encodes its aggressiveness and outlook, which is also readily 

revealed by a variety of biomedical imaging modalities and has led to the emergence of 

radiomics (Aerts et al., 2014; Gillies et al., 2015). Identifying tumor habitats using non-

invasive 3-dimensional (3D) imaging techniques holds promise not only to guide biopsy, 

but also to potentially provide an alternative to invasive diagnostic approaches altogether 

(O’Connor et al., 2017). Moreover, imaging and quantifying tumor heterogeneity has 

demonstrated its superiority to tumor size metrics for the early detection of treatment 

response in personalized targeted therapy (O’Connor et al., 2015).  

Conductivity imaging of cancer based on MREPT has been attempted in the human 

brain, breast, and cervix, showing results consistent with the literature (Shin et al., 2015; 
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Tha et al., 2018; Balidemaj et al., 2016). However, the reconstruction methods used in 

these studies are based on the Helmholtz equation that describes electromagnetic wave 

propagation in a homogeneous medium. Consequently, tumor heterogeneity cannot be 

appropriately identified, and may instead induce reconstruction artifacts in the resulting 

EP values and distributions that may significantly jeopardize quantitative measurements 

(Duan et al., 2016). Moreover, permittivity values are intractable from these studies due 

to the assumptions made about B1 in the reconstruction formalism.  

A general approach to accurately image EP heterogeneity at high spatial resolution, 

once developed, is expected to provide valuable information about the underlying tumor 

pathology. Establishment of the correlation between this new contrast and the tumor 

hallmarks would pave the way for improved sensitivity and specificity in cancer 

diagnosis, grading, and monitoring of treatment response. A preliminary framework has 

been reported by our group for in vivo imaging of rat cancer xenografts, which goes 

beyond the Helmholtz equation and takes into consideration the spatial variation of EPs 

in the reconstruction model (Liu et al., 2017a). However, this approach requires 

collecting data during two consecutive MRI scanning sessions with physically flipped 

experimental setup executed with high precision, which is prone to operational error and 

consumes precious scan time. Its reconstruction was limited to a small region of interest 

(ROI) and not based on any external reference seed points for quantitative EP calculation, 

hindering the ultimate resolution, SNR, and data interpretability across the 3D volume.  

In this study, we introduce a boundary informed EPT (BIEPT) approach to 

quantitatively map tumor EPs in vivo with high spatial resolution, using a multi-channel 
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RF coil array at 7 Tesla. BIEPT demonstrates that EP distributions inside an ROI can be 

reliably retrieved using the Dirichlet boundary condition and MRI data from only one 

experimental setup. As such, we minimize opportunities for operational error and shorten 

the total scan time by half, approaching the ultimate resolution and accuracy prescribed 

under the current MRI acquisition framework in a feasible time period. The proposed 

technology was systematically validated using numerical simulations and phantom 

experiments. EP maps were obtained from two different cancer models with validation 

from dielectric probe measurements and whole-mount histopathological slides. Based on 

the results, we report the following discoveries: (I) EP changes are strongly correlated to 

local pathological features, such as necrosis; (II) EP contrast can be identified for 

structures as small as 3 mm in size; (III) electrical conductivity and permittivity exhibit 

differential spatial patterns and temporal evolutions, suggesting that they may help to 

distinguish unique physio-pathological characteristics between sub-clusters in a tumor; 

(IV) focal and global EPs elevation can be detected before size reduction in the tumors 

treated with local chemotherapy. 

5.2 Theory 

In chapter 3, starting from Maxwell’s equations, the essential steps are laid out that 

eventually lead to a pixel-wise inverse problem linking MRI-measurable multi-channel 

relative B1 to the spatial derivative of EPs. Here, a numerical optimization problem is 

proposed that retrieves tumor internal EP distributions from their Wirtinger derivatives, 
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with prior information of boundary EPs and use of an L1-norm edge sparsity constraint. 

The reconstruction flowchart is shown in Fig. 5.1. 

5.1 

 

Figure 5.1 BIEPT reconstruction flowchart. Single channel relative B1 maps are acquired 

from an 8-channel RF coil array as input to the reconstruction algorithm. Shown are 

normalized relative B1 maps from 4 out of the 8 channels for demonstration. Pixel-wise 

fitting to Maxwell’s equations is carried out to retrieve the Wirtinger derivative of EPs. A 

region of interest (ROI) is assigned, in which boundary informed spatial integration is 

performed to retrieve the EP distributions. a.u., arbitrary unit.    

After solving Equ. 3.5, gw = g+ = (
∂

∂x
+ i

∂

∂y
) ln εc  can be obtained which is the 

Wirtinger derivative (Freitag and Busam, 2006) of ln εc defined on the complex plane 

ℂ ≡ ℝ2 = {(𝑥, 𝑦), 𝑥 ∈ ℝ, 𝑦 ∈ ℝ}. In this study, we seek the numerical integral of the 

Wirtinger derivative defined on a simply connected two-dimensional domain with 
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Dirichlet boundary condition. The central reconstruction problem inside such an ROI 𝛺 is 

expressed as an equality-constrained convex optimization problem: 

 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝜃  ‖(𝐷𝑥 + 𝑖𝐷𝑦) ∙ 𝜃 − 𝑔𝑤‖
2
+ 𝜆‖𝛥𝜃‖1 

             𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜   𝜃(𝑥0,𝑦0) = 𝜃0            ∀(𝑥0, 𝑦0) ∈ 𝛺0 

(5.1) 

where 𝜃  is a vectorized form of 𝑙𝑛 𝜀𝑐  inside 𝛺 ; 𝐷𝑥  and 𝐷𝑦  are the spatial derivative 

operators along 𝑥 and 𝑦 directions, respectively; 𝛥 is the spatial Laplacian operator; 𝜆 is a 

regularization parameter determined by L-curve method (Hansen et al., 1999); 𝛺0 is a 

subarea of 𝛺 with known EPs 𝜃0. Image sparsity is promoted by including the ‖𝛥𝜃‖1 

term that smooths homogeneous patches while preserving sharp edges.  

In order to provide a EPs reference area 𝛺0  for in vivo imaging of rat tumor 

xenograft, water-based ultrasound transmission gel was applied over the skin surface on 

top of the tumor. The gel EPs were measured using a dielectric probe, which reported 

consistent results (𝜎  = 0.28 S/m, 𝜀𝑟  = 77𝜀0 ) during a 4-hour time window at room 

temperature (22 °C) and across a temperature range of 22-58 °C (Fig. 5.2). The gel also 

serves as a high-permittivity dielectric pad that boosts local SNR (Yang et al., 2006) and 

helps to alleviate susceptibility induced magnetic field alteration on the surface of tissue.  

For ROI boundary pixels that fall into rat muscle tissue, the following relaxed 

boundary constraint is used to regularize reconstruction results 

 ‖𝜃 − 𝜃𝑡𝑖𝑠𝑠𝑢𝑒‖
2 ≤ 𝛿0 (5.2) 

which allows unknown muscle pixels to fluctuate around the average muscle EP values 

𝜃𝑡𝑖𝑠𝑠𝑢𝑒, calculated from 𝜎 = 0.9 S/m and 𝜀𝑟 = 64𝜀0, based on our previous study (Liu et 
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al., 2017a) and further confirmed by probe measurement results from the animal cohort in 

this study (n = 8, 𝜎: 0.89 ± 0.06 S/m, 𝜀𝑟: 63.6ε0 ± 2.3ε0). 

5.2 

 

Figure 5.2 Probed conductivity (in red) and permittivity (in blue) of the ultrasound gel in a 

4-hour time window at room temperature (22 °C) (a) and across a temperature range of 

22-58 °C (b). Data are shown as mean ± standard deviation of three measurements at 

different locations. (a) Measurement was performed every 20 minutes. Neither 

conductivity nor permittivity changes significantly in the 4-hour time window. (b) The gel 

was heated to 50 °C and slowly cooled down in water bath. EPs and the corresponding 

temperature were measured simultaneously. Neither conductivity nor permittivity 

changes significantly from room temperature to 48 °C.  
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5.3 Methods 

5.3.1 Numerical Simulation 

Radiofrequency electromagnetic simulation was performed in SEMCAD (Schmid & 

Partner Engineering AG, Zurich, Switzerland) based on the finite-difference-time-domain 

(FDTD) method. The 8-channel microstrip coil array used in the experiment was 

numerically replicated in terms of geometrical structure and electrical circuitry. The coil 

was loaded with a realistic rat model (275 g female rat model, IT’IS Foundation, Zurich, 

Switzerland) in a similar positioning as in a real experiment. The EP values assigned to 

the normal composite tissues were extracted from a widely used database (S. Gabriel et al., 

1996). A 20-mm-diameter sphere was placed on the left flank of the rat mimicking a 

tumor xenograft (𝜎 = 1.0 S/m, 𝜀𝑟 = 65𝜀0). Inside the tumor was a necrotic core with a 

diameter of 8 mm (𝜎  = 1.3 S/m, 𝜀𝑟  = 76𝜀0 ). The discretization grid with spatially 

variable density was generated by software based on the material and geometry of the 

model. Grid density was specified to be finer than 2 mm isotropic to ensure precision. 

The simulation was executed eight times with one channel transmitting at a time, and the 

input RF power was normalized to 1 Watt. The simulations were carried out on a Linux 

server equipped with dual high-performance GPUs (Tesla C2070, NVIDIA).  

The simulated B1 field at 298 MHz from each transmit RF channel was exported to 

MATLAB and re-gridded using cubic splines onto an isotropic 1 mm grid. Relative B1 

was calculated by combining the B1 magnitude of each channel and the relative phase 

with respect to the reference channel. Complex white Gaussian noise was added to the 
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relative B1 maps to simulate various SNR levels. 100 sets of noisy data were obtained for 

a Monte-Carlo test. 

5.3.2 Phantom Preparation 

Agar solution containing deionized water, agar, NaCl, and NiCl2·6H2O with mass 

ratio of 1000:9.0:1.12:0.5 was boiled, naturally cooled down to 45 °C while remaining in 

liquid state, and poured into a 125-mm-high and 65-mm-wide cylindrical container. The 

EPs were measured as 𝜎 = 0.30 S/m, 𝜀𝑟 = 79𝜀0 using a dielectric probe described in a 

later section. Anomaly solutions with various EPs were prepared by doping deionized 

water with NaCl and polyvinylpyrrolidone (PVP). Glass capillary tubes and plastic straws 

with various diameters (from 1.5 mm to 11 mm) were filled with solutions of various EPs 

and inserted into the agar gel. The whole phantom was left to solidify in room 

temperature (22 °C) for 24 hours. Samples from all solutions were taken and their EPs 

measured using the dielectric probe. 

5.3.3 MRI Methods 

The experiments were conducted in a human whole-body 7 Tesla MRI system 

(Siemens, Erlangen, Germany) equipped with 16 × 1 kW RF amplifiers (Communication 

Power Corporation, Hauppauge, NY, USA). The amplifiers were driven by a phase/gain 

controller remotely operated by a software toolbox developed in-house based on 

MATLAB (Van de Moortele et al., 2005; Metzger et al., 2008). The sample under test 

was positioned in the center of a dedicated 8-channel RF transceiver coil array, 
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comprised of eight 100-mm-long and 12-mm-wide striplines azimuthally distributed on a 

100-mm-diameter cylindrical surface (Liu et al., 2017a). Each coil element was 

connected to a power source via a two-parameter tuning/matching capacitors network, 

which was adjusted before each experiment to minimized power reflection at the proton 

resonance frequency (297.2 MHz). Adjacent coil elements were de-coupled by a tunable 

capacitor so as to provide distinct B1 distributions. The coil was then connected to the 

MRI system via a custom transmit/receive switch box. 

A hybrid B1 mapping method was used to retrieve the relative B1, which combines (i) 

a reference scan based on 3D actual flip-angle imaging (AFI) (Yarnykh, 2007) with all 

channels transmitting together in large-flip-angle regime, and (ii) a series of multi-slice 

gradient echo (GRE) images in small-flip-angle regime pulsing through each channel 

sequentially. AFI parameters are FA = 60°, TR = 120/20 ms, TE = 3.23 ms, voxel size 

1.0 × 1.0 × 2.0 mm
3
, spatial coverage 256 × 168 × 96 mm

3
, duration 12.4 min; GRE 

parameters are FA = 15°, TR = 126 ms, TE = 3.3 ms, in-plane resolution 1.0 × 1.0 mm
2
, 

FOV 256 × 168 mm
2
, 12 slices, 2 mm slice thickness, 8 averages, total duration 28.3 min. 

T1w images in resolution of 0.5 × 0.5 × 1.0 mm
3
 were obtained by taking the ratio of 

images from a 3D magnetization prepared rapid acquisition gradient echo (3D-MPRAGE) 

sequence and a 3D small-flip angle gradient echo (GRE) sequence, so as to cancel out 

undesirable weightings such as transmit and receive B1, T2*, and proton density (Van de 

Moortele et al., 2009). T2w images were based on a turbo spin echo (TSE) sequence in 

0.25 × 0.25 × 0.5 mm
3
 resolution, with shimmed B1 in the tumor to maximize excitation 

homogeneity.  
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5.3.4 Animal Tumor Model 

All animal procedures and care were approved by the University of Minnesota 

Institutional Animal Care and Use Committee (IACUC) in accordance with federally 

approved guidelines. 

Metastatic human breast carcinoma cell line MDA-MB-435A used in this study is an 

ascites model of MDA-MB-435, which was derived at M.D. Anderson Cancer Center, 

Houston, TX, USA in 1976 from the pleural effusion of a 31-year-old female with 

metastatic, ductal adenocarcinoma of the breast (Cailleau et al., 1978). The cells were 

cultured in DMEM (Dulbecco’s Modified Eagle Medium, with 584 ml/L L-Glutamine, 

4500 mg/L D-Glucose and 110 mg/L sodium pyruvate), supplemented with 10% FBS 

(Fetal Bovine Serum), Pen Strep (100 U/ml penicillin and 100 µg/ml streptomycin) and 

0.0675 µg/ml human insulin. MAT-B-III cell line was obtained from American Type 

Culture Collection (ATCC), where it was established from a transplantable rat ascites 

tumor derived from a solid mammary adenocarcinoma (Sherblom et al., 1980). The cells 

were cultured in McCoy’s 5A Medium (ATCC), supplemented with 10% FBS and Pen 

Strep. 

Both MDA-MB-435A and MAT-B-III cells were maintained in 37 °C and 5% CO2, 

and were subcultured by applying 0.05% trypsin - 0.53 mM EDTA (Invitrogen) for 5 

minutes to detach the cells when reaching 70% in flasks. Cells in log phase of growth 

(50%~60% confluent) were harvested for tumor inoculation. Cells were rinsed, 

centrifuged, and resuspended by PBS (phosphate-buffered saline) twice, into 2 × 10
7
 

cells/ml cell suspension. 
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Female nude rats (4~6 months, 200~250 g, NIH-Foxn1rnu, Charles River) were 

injected with 2~4 × 10
6
 MDA-MB-435A cells subcutaneously over the dorsal flanks near 

the hind limbs under general anaesthesia. Experiments were performed 4~8 weeks after 

tumor seeding when a tumor diameter of 10~25 mm was obtained. Female Fischer 344 

rats (2~4 months, 180~250 g, SAS FISCH, Charles River) were injected with 3~6 × 10
6
 

MAT B III cells in a similar position under general anaesthesia. Experiments were 

performed 10~20 days after tumor seeding when a tumor diameter of 10~25 mm was 

obtained. 

5.3.5 Necrosis Introduction by Topical TNF- Injection.  

A total of 200 µL of TNF-bound colloidal gold (CYT-6091 from CytImmune, 100 

µg TNF/ml) was injected at 4 locations spatially evenly distributed near the core of tumor. 

Compared to TNF- solution, the nanoparticle-based CYT-6091 has the advantage of 

better tumor targeting and less systemic toxicity (Tamarkin et al., 2006). The control 

group received the same amount of injection, but with inactivated drug. Drug inactivation 

was achieved by exposing the CTY-6091 from the same batch to heat (60 C for 10 

minutes) at which TNF- is irreversibly denatured (Narhi et al., 1996). Imaging was 

taken before the injection, and 24 hours after the injections. 

5.3.6 In Vivo Experiments 

Animal was initially anesthetized in an induction chamber with 5% isoflurane mixed 

with 70% medical air and 30% oxygen, then maintained during imaging via a nose cone 
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(Kent Scientific) at 1%~2% isoflurane. Animal heating was achieved by a heating pad 

during preparation and hot water surrounding the animal holder during MR imaging. The 

temperature of water flowing through tubing around the animal was controlled by a 

thermostat integrated with water bath circulator (NESLAB RTE 7, Thermo Scientific). 

The respiratory rate and body temperature were monitored by an MR-compatible small 

animal monitoring and gating system (SA Instruments) during the procedures. The 

animal was positioned to lie on its side with the implanted tumor facing upwards. The 

orientation and the central axial slices of the tumor were labeled using an extra-fine felt-

tip marker. The skin area around the tumor was shaved, and ultrasound transmission gel 

(Aquasonic 100, Parker Lab. Inc.) was applied to form a layer of approximately 10 mm 

on top of the tumor. For terminal studies, the animal was euthanized by carbon dioxide 

inhalation after the scan. 

5.3.7 EPs Reconstruction 

Noisy simulation data and experimental data were smoothed using a low-pass 

Gaussian filter with a kernel size of 5 × 5 × 3 pixels and standard deviation of 1.2 × 1.2 × 

0.8 pixels. The spatial Laplacian and gradient of relative B1 were taken using a Savitzky-

Golay filter with a kernel size of 5 × 5 × 3. The pixel-wise inverse problem (Equ. 3.9) 

was solved in the least-squares sense in MATLAB using backslash operation. 

For phantoms, target maps were generated from manual segmentation of pilot 

images followed by assignment to each patch the measured EP values obtained from the 

probe. During BIEPT reconstruction, EPs on the phantom boundary were given as prior 
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information based on probe measurement of the agar background (𝜎 = 0.30 S/m, 𝜀𝑟 = 

79𝜀0 ). For simulation and in vivo experiments, the “gel region” was contoured and 

assigned EP values based on probe measurement (𝜎 = 0.28 S/m, 𝜀𝑟  = 77𝜀0). Then a 

connected ROI was contoured that contains the whole tumor, part of the gel region and 

muscle tissue. For in vivo data, bone and tendon pixels were carefully excluded due to 

unreliable B1 measurement subsequent to inherently very weak MR signal. 

The central optimization problem (Equ. 5.1) was generated for each 2-dimensional 

(2D) ROI and solved using CVX, a MATLAB compatible package for specifying and 

solving convex programs (Grant and Boyd, 2008). It takes approximately 3 seconds to 

solve for each axial slice on a desktop with 3.4 GHz GPU and 32 GB RAM. Conductivity 

and relative permittivity were then computed from 𝜃 as 

𝜀𝑟 = 𝑟𝑒𝑎𝑙(𝑒𝜃)/𝜀0 

𝜎 = −𝑖𝑚𝑎𝑔(𝑒𝜃) ∙ 𝜔 

Single slice EP results were interpolated using cubic splines to yield an in-plane 

resolution of 0.5 × 0.5 mm
2
. The reconstructed EPs inside ROI are shown in color maps 

overlapped onto structural MRI. 

5.3.8 Dielectric Probe Measurement  

Measurement was performed using Keysight 85070E dielectric probe kit connected 

to an E4991A network analyzer. The probe, shaped like a planar disk, has a diameter of 

18 mm. Measurement of samples smaller than 20 mm is not recommended by the 

manufacturer due to compromised accuracy. Prior to measurement, the system was 



76 

 

calibrated with air, shorting block, and deionized water each time it was set up. 

Immediately after euthanasia of the animal, a central cut was performed to expose the 

maximum cross-section of the tumor, where the open-ended coaxial probe was positioned 

and held still for 5 seconds during one trial. Measurement was repeated 3~5 times for 

each sample.  

5.3.9 Histology 

Tumor samples were fixed in 10% buffered formalin (Sigma-Aldrich) for 48~72 

hours, transferred into 70% Ethanol (Decon Labs). The samples were then embedded in 

paraffin, sectioned at 5 µm and stained with hematoxylin–eosin (H&E). 40× 

magnification images were obtained by a digital microscope (ScanScope XT digital slide 

scanner, Aperio). Histologic images were processed by Aperio ImageScope (Leica 

Biosystems). 

5.4 Results 

5.4.1 Phantom Validation Results 

Reconstruction results of the resolution phantom are shown in Fig. 5.3. Compared to 

the target maps, the locations and shapes of the tube anomalies are faithfully reflected by 

the reconstructed EP images. The central profiles of the reconstructed tubes show 

successful preservation of the conductivity and permittivity contrasts in structures ≥ 3 

mm. Stable plateaus can be observed for structures  ≥ 7 mm.  
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Reconstructed EPs from the contrast phantom are shown and fitted to the target 

values in Fig. 5.4. A good correlation between the reconstructed and target EP values is 

observed from the imaging results as well as linear fitting results, with ≤ 5% conductivity 

error and ≤ 12% permittivity error across the physiologically relevant EP ranges (0.3 S/m 

≤ 𝜎 ≤ 1.6 S/m, 50𝜀0 ≤ 𝜀𝑟 ≤ 80𝜀0). Conductivity imaging exhibits superior robustness to 

permittivity imaging, in the sense of image distortion and fitting accuracy. This 

phenomenon is consistent with previous studies (Voigt et al., 2011; Marques et al., 2014; 

Liu et al., 2015), and can be attributed to the relatively narrower dynamic range of 

permittivity compared to that of conductivity (Marques et al., 2014).  

5.3 

 

Figure 5.3 Reconstructed conductivity (a) and permittivity (b) from the resolution 

phantom containing 7 sample tubes of diameters from 1.5 mm to 11 mm filled with the 
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same liquid solution (𝜎 = 1.02 S/m, 𝜀𝑟 = 61.6𝜀0). The targeted and reconstructed EP 

images are shown to the left of the plots. The central profile of each tube is plotted (red) 

against the targeted ones (blue). Scale bar: 10 mm. 

5.4 

 

Figure 5.4 Reconstructed conductivity (a) and permittivity (b) from the contrast phantom 

containing 6 sample tubes of 9-mm diameter filled with different solutions spanning the 

EP ranges of interest. The targeted and reconstructed cross-section EP images are 

shown to the left of the plots. The reconstructed EPs inside each tube are shown as 

mean ± standard deviation, plotted and fitted against the dielectric probe measurement 

results. Scale bar: 10 mm. 

5.4.2 Numerical Simulation Results 

The simulation setup and single-channel absolute B1 maps are shown in Fig. 5.5a. 

Relative B1 maps were measured and used to calculate EPs. Reconstruction results from 

two SNR levels, 150 and 50, are shown in Fig. 5.5b. At both SNR levels, the simulated 

necrotic core with higher conductivity and permittivity can be clearly identified. The 

Monte-Carlo simulation of 100 trials demonstrates successful differentiation of EP 

differences among the three compartments on both noise levels, with less than 10% 

reconstruction error for both conductivity and permittivity. Nevertheless, contrast 
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differences among the three compartments are smaller, due to the smoothing effects of 

the de-noise filter, as well as contrast leakage effects from the spatial integration process. 

5.5 

 

Figure 5.5 Numerical simulation of a realistic rat model. (a) Simulation setup and single 

channel B1 distributions. (b) Comparison of the reconstructed EPs to the target maps 

using simulated relative B1. Electrical conductivity and permittivity distributions are 

shown in color maps overlaid onto the grayscale sketch of the rat model. From left to 

right are the target maps and reconstruction results inside a manually drawn ROI with 

additive white Gaussian noise to adjust the SNR of the relative B1 maps to 150 and 50, 

respectively. Scale bar: 10 mm. (c) The three bar groups correspond to the tumor 

necrotic core, viable tumor, and muscle, respectively. In each group, from left to right 
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shows the target EPs value and Monte Carlo simulation results from 100 trials at the 

corresponding SNR levels. The error bars show the standard deviation of the 100 mean 

values inside the corresponding region.  

5.4.3 Animal Experiment Results 

Bulk EP values obtained from BIEPT and the dielectric probe are plotted with 

respect to tumor volume in Fig. 5.6 for two xenograft models, MDA-MB-435 human 

breast cancer on athymic nude rats and MAT B III rat breast cancer on Fischer rats. 

BIEPT reports accurate average EP values within the size range of interest for both tumor 

models. The two tumor models give similar bulk EP values to each other; this is expected 

since both are derived from high-grade malignant cancer cell lines. Both the imaging and 

probe results show that bulk EPs are not significantly dependent on tumor size, which is 

consistent with previous finding in conductivity imaging of breast cancer patients (Shin et 

al., 2015). However, it can be observed that considerable EP variation resides in each 

imaging case, with standard deviation as large as 20% of the average values. These 

variations are less prominent in the values obtained from the physical probe 

measurements, which is expected since the latter report the bulk average of the entire 

tumor sample without spatial information, considering that the size of the physical probe 

is about the size of the tumor.  
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5.6 

 

Figure 5.6 Comparison of in vivo imaging results and probe measurement results from 

the two rat models. Imaged (red) and probe measured (blue) EPs are plotted against 

tumor volume. For nude rats bearing an MDA-MB-435 tumor, the sample numbers are n 

= 11 and n = 8 for imaging and probe measurement, respectively. For Fischer rats 

bearing an MAT B III tumor, n = 14 and n = 10, respectively. Each data point represents 

one animal. For imaging, data are shown as mean ± standard deviation of tumor pixels 

in the central three axial slices. For probe, data are shown as mean ± standard deviation 

of four measurement trials on the central cut of tumor. The 95% confidence intervals of 

EPs are labelled by dashed lines regardless of tumor volume.  

To demonstrate the capability of BIEPT to image tumor heterogeneity, we compare 

the reconstructed EP images with corresponding T1w, T2w images and whole-mount 

histopathology slides. Two representative cases from MDA-MB-435 human breast cancer 

are shown in Figs. 5.7 and 5.8, respectively.  

In the first case, the necrotic cores indicated by purple and red arrows show opposite 

signal change on T1w and T2w images compared to solid tumor (Fig. 5.7a). It is known 
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that opposite T1w and T2w contrast variations can be observed within regions that are 

identified as necrotic in nature, due to two competing factors, paramagnetic ions and 

water content, with the former decreasing T1 and T2 and the latter increasing them 

(Jakobsen et al., 1995). Yet both factors synergistically contribute to locally increased 

conductivity, as shown as distinguished tumor sub-regions on the conductivity map. On 

the other hand, water content contributes to permittivity elevation while ion concentration 

has minimal effect on the latter, leading to the contrast between these sub-regions on the 

reconstructed permittivity map. The low-permittivity sub-regions may also be caused by 

accumulation of proteins in cell debris and formation of blood clots. Hematoxylin and 

eosin (H&E) stain confirms the presence of three coagulative necrotic areas (Fig. 5.7b). 

Tumor necrosis is defined as irreversible cell and nuclear changes such as karyolysis, 

vacuolization of the nucleus and/or cytoplasm, and dissolution of the membrane integrity. 

As a result of these morphologic changes, necrotic areas will appear as “pink” areas on 

H&E stain within the tissue that are readily conspicuous at lower magnification. A central 

cut was made through the tumor along the green dashed line, allowing for dielectric 

probe measurement of the bulk tumor EPs, found as 1.01 ± 0.04 S/m and 65.8ε0 ± 4.4ε0, 

comparable to the BIEPT reported EP values of 0.95 ± 0.14 S/m and 66.0ε0 ± 4.0ε0. 
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5.7 

 

Figure 5.7 In vivo EP imaging of rat #1. (a) T1w, T2w, conductivity and permittivity maps. 

The black dashed contours on EP maps contour the tumor based on the T2w image. 

The orange dashed box shows the field of view of the histological slide in (b). The green 

dashed line shows the position where the tumor was cut through for probe measurement. 

Scale bar: 10 mm. (b) H&E histopathology of the same imaging slice in the orange 

dashed box as in (a). The necrotic cores were contoured by an experienced pathologist 

(E.R.). Examples of viable, necrotic, and highly necrotic tumor tissues are shown with 

distinct nuclear and cellular shape and density. Scale bars: 1 mm on whole-mount 

pathology and 20 μm on zoomed pathology. 

In the second case, a large necrotic core appears in the second quartile of the tumor 

with two distinct areas showing clear contrast on T2w image (Fig. 5.8a, red and purple 

arrows). On T1w image, one area exhibits significant hypointensity (red arrow), while the 

other shows marginal hyperintensity (purple arrow). Nevertheless, both of these two 

areas show conductivity increase while discrepancy in permittivity is preserved. The 

H&E slide shows more than 80% necrosis with massive karyolysis and cell membrane 

loss in the left sub-region (Fig. 5.8b, purple arrow). Neutrophil and fibroblast infiltration 
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is observed that removes water from tissue, in keeping with the underlying process of 

healing and scar formation, which may contribute to relatively low free water content. 

Fig. 5.8a also shows successful detection of two 2-mm necrotic cores with elevated EPs, 

labeled by blue arrows, while their contrast on T1w and T2w images are less discernable. 

These two necrotic cores merge as a single hot spot on EP images due to the inherent 

smoothing properties of the reconstruction process. Probe measurement of the tumor 

reported 1.12 ± 0.10 S/m and 72.1ε0 ± 2.9ε0, comparable to the BIEPT measured EP 

values as 0.96 ± 0.08 S/m and 71.0ε0 ± 4.3ε0. 

5.8 

 

Figure 5.8 In vivo EP imaging of rat #2. Figure layout and annotations are same as in Fig. 

5.7. The fibroblasts shown are taken from the necrotic core labeled by the purple arrow. 

Scale bars: 10 mm on MRI, 1 mm on whole-mount pathology and 20 μm on zoomed 

pathology. 

To evaluate the dynamics of EPs during tumor development, a longitudinal study 

was performed to monitor tumor growth in a 1.5-month time window (Fig. 5.9). The 
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tumor initially appears homogeneous on both structural MR images and EPs. Local 

features started to emerge after one month, with a notable sub-region in the third quadrant 

of the tumor showing hypointensity on T1w and hyperintensity on T2w. This sub-region 

could be clearly identified with high conductivity compared to the other part of the tumor 

from day 30 to day 44, while its permittivity was higher on day 30 and fell to a lower 

level on day 37. This trend of EP changes can potentially be explained by edema 

formation shortly after the development of necrosis, which gradually subsides with the 

space occupied by cell debris, while electrolyte concentration monotonically increases 

throughout the time window (Jakobsen et al., 1995; Belfi et al., 1991). 

5.9 

 

Figure 5.9 Longitudinal monitoring of a malignant human breast tumor in rat. MRI 

performed at five checkpoints as labeled on top of the images. From top to bottom: 

Normalized (to muscle) T1w images, normalized T2w images, quantitative conductivity 

and permittivity of tumor in color map overlaid on the T1w image. The animal was 

positioned similarly for all scans, and the axial slice with the largest tumor cross-section 
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is shown in this figure. Images of the same contrast share the same colorbar. All images 

share the same scale bar shown on the top left, which is 5 mm. 

After showing that spontaneous tumor necrosis correlates with changes of local EPs 

while their bulk averages stay relatively stable, we further explore how EPs are altered by 

induced necrosis, in order to mimic conditions of effective chemical or radiation therapy. 

The experiment was designed based on loco-regional administration of Tumor Necrosis 

Factor-alpha (TNF-α) into the core of MAT B III tumors on Fischer rats. TNF-α has a 

well-documented anti-tumor effect (Horssen et al., 2006), causing evident hemorrhagic 

necrosis within 24 hours (Manusama et al., 1996). 

In a representative case shown in Fig. 5.10a, spontaneous tumor heterogeneity has 

already taken shape by the time of treatment initiation, with contrast between a central 

necrosis and solid tumor clearly seen on the T2w and the EP images. At 24 hours after 

the treatment, the tumor shows hypointensity on the T1w image and hyperintensity on the 

T2w image in the central spontaneous necrosis (orange arrow), but no significant change 

is observed in the solid part of the tumor (green arrow). In contrast, significant focal 

conductivity increase is observed in both the spontaneous necrosis and the solid tumor. 

Focal permittivity elevation is less apparent and confined to a smaller region, indicating a 

minimal change of the underlying molecular compositions. Despite the differential intra-

tumor EP patterns before and after the local treatment, changes of the bulk mean 

conductivity and permittivity are small (Fig. 5.10b), which are arguably much more 

challenging to capture considering the sensitivity of current EPT approaches, and do not 
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provide localized information. Therefore, local EP values, especially conductivity, are 

sensitive biomarkers for the early detection of partial treatment response. 

5.10  

 

Figure 5.10 Tumor EPs response to topical TNF-α intervention. MRI scans were 

performed on tumor-bearing rats, and the same rats 24 hours after the drug injection. (a) 

Representative T1w, T2w, conductivity and permittivity images before and 24 hours after 

an effective treatment. The orange and green arrows show signal changes in the 

spontaneous tumor necrosis and the viable tumor after the treatment, respectively. (b) 

Changes in the bulk averages of conductivity and permittivity before and 24 hours after 

the treatment. n = 4 for the effective TNF-α intervention group and n = 4 for the control 

group. The 95% confidence interval of conductivity change is 0 to 0.09 S/m with P = 

0.048, and that of permittivity is -1.98𝜀0 to 3.96𝜀0 with P = 0.44 . *P < 0.05; n.s. not 

significant. Scale bar: 5 mm. 
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5.5 Discussions 

In this chapter, we propose a Boundary Informed Electrical Properties Tomography 

(BIEPT) technique for high-resolution electrical conductivity and permittivity mapping 

from a boundary reference area and EPs’ Wirtinger derivative computed using a plural of 

relative transmit B1 measurements from a 7 Tesla MRI system, with enhanced numerical 

stability from edge sparsity regularization. This method does not require physical flipping 

of the imaging setup or image registration of multiple datasets, thus representing a more 

general methodology compared to gEPT in the context of multi-transmission. Simulation 

and phantom results demonstrated its high accuracy across physiologically relevant EP 

ranges and sensitivity to anomalies as small as 3 mm, under varied noisy conditions. In 

vivo tumor imaging experiments were performed on eleven rats with human breast cancer 

xenograft, referenced to externally applied ultrasound gel. We observed association of 

local conductivity elevation with tumor necrosis. We also noticed potential correlation of 

permittivity with additional tumor pathological characteristics such as healing and scar 

formation, yet the confidence level of permittivity is lower due to its susceptibility to 

image distortions and noise. Nevertheless, combination of the spatial distributions of both 

may give rise to a useful biomarker in clinical settings, such as tumor staging and 

treatment evaluation.  

Previous human cancer studies based on either an invasive probe or non-invasive 

MREPT approaches have reported differences in mean EP values between benign and 

malignant tissues (Joines et al., 1994; Kim et al., 2016; Balidemaj et al., 2016), tumors of 

low and high grades (Tha et al., 2018), as well as tumors in early and late stages (Swarup 
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et al., 1991). Despite the established correlation between EPs and those clinically 

meaningful tumor classifications, the underlying contrast mechanism and tumor biology 

remain unclear, partially due to the limited spatial resolution of the previous approaches 

and the practice of evaluating bulk EPs across large tumors (> 20 mm). To address this 

pivotal question, we developed BIEPT to retrieve high-resolution EP images from an 

animal tumor model in vivo. The observed association of EP changes with tumor necrosis 

may provide an explanation for the previously reported EP deviations in late-stage, high-

grade, malignant tumors. Moreover, local feature identification and heterogeneity 

quantification of EPs derived from high-resolution image modality are potentially more 

sensitive biomarkers than bulk mean EPs in terms of tumor characterization (O’Connor et 

al., 2015; Swanton, 2012).  

Successful detection of both spontaneous and induced tumor necrosis is expected to 

have impacts on clinical practice. Spontaneous necrosis is often observed in highly 

invasive tumors with aggressive proliferation, due to multiple factors including 

deficiency of local blood perfusion that disrupts pH equilibrium, oxygen and nutrient 

supply, as well as removal of metabolic wastes (Weinberg, 2013). Necrotic tumors 

secrete stimulatory chemokines and cytokines which in turn facilitate tumor growth and 

infiltration (Vakkila and Lotze, 2004; Proskuryakov and Gabai, 2010). In practice, 

excessive necrosis is a feature of aggressive tumors with unfavorable prognosis in terms 

of early recurrence and mortality (Barker et al., 1996; Gilchrist et al., 1993), and necrotic 

tumors are found to be more resistant to many types of chemotherapy as well as radiation 

therapy (Sutherland et al., 1988). Therefore, mapping the geometry and EPs of tumor 
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necrosis can potentially provide valuable information to help guide clinical decisions and 

optimize individualized treatment plan. On the other hand, many successful cancer 

therapies, including chemo- and radiation-therapy approaches, induce intra-tumor 

necrosis when they are effective, and this typically takes place well before substantial 

changes in tumor volumetric numbers. Therefore, imaging tumor necrosis may provide 

not only early feedback on the effectiveness of the administered therapy but also partial 

response alerts. The proposed EPs based necrosis imaging technique is based on 

endogenous tissue contrast, representing a new avenue to be explored for monitoring 

early therapeutic response as well as a suboptimal therapy.  

Based on our current findings about tumor necrosis, more investigations are 

warranted to explore the association of EP changes with other tumor signatures, such as 

angiogenesis and hypoxia, as well as tumor response to treatment. These biological 

effects typically happen on a much smaller spatial scale compared to necrosis, and they 

are expected to have more subtle impacts on EPs. Therefore, detection of these effects 

may have a better chance on dedicated animal scanners with higher gradient power for 

spatial encoding and higher magnetic field for improved SNR (Budinger et al., 2016; Lee 

et al., 2015). In addition, animal tumor imaging in situ, i.e. in its original site, should be 

explored for an improved modeling of tumor behavior, as well as patient studies to 

evaluate EPs as clinically meaningful biomarkers. 

In this initial study, the implementation of BIEPT still presents some limitations that 

can be addressed in future work. First of all, the current multi-channel B1 mapping 

technique requires about one hour of acquisition time to produce 1.0 × 1.0 × 2.0 mm
3
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maps in 8 channels with satisfactory SNR. While providing high quality B1 maps in 

multi-channel arrays, the hybrid B1 mapping method utilized in this work has not been 

specifically optimized for time efficiency; alternative B1 mapping methods recently 

proposed, such as Bloch-Siegert method (Sacolick et al., 2011), DREAM (Nehrke and 

Börnert, 2012), Large Dynamic Range B1 mapping (Padormo et al., 2016), could be 

implemented for comparison. Furthermore, high count of receive channels positioned 

close to the imaged body could also be employed additionally to a transmit array to 

improve SNR, instead of a transceiver array which has inherently compromised receive 

performance compared with receive-only arrays. Another limitation in the current study 

stems from the fact that BIEPT is tested in a regularly shaped, simply-connected ROI, 

which serves our purpose well to image a tumor xenograft surrounded by water-based gel. 

In cases where the ROI is irregularly shaped or has cavities, e.g. imaging near the bone or 

in the bowel, the robustness of BIEPT needs to be addressed. It is expected that prior 

knowledge about the average EPs of the imaging area and regularization methods will be 

helpful in those situations. BIEPT also requires an external reference area to infer the 

underlying EPs of a tumor, which would not be practical in most clinical settings. 

Nevertheless, EPs of normal body tissues have been well characterized, including some 

that have relatively large area of reasonable homogeneity (e.g. muscle, liver, etc), and 

may be used as reference to BIEPT when a target tumor is contiguous to them. EP values 

of these normal tissues can be either extracted from the widely used literature by Gabriel 

et al. based on ex vivo measurements (S. Gabriel et al., 1996), or calculated in vivo using 

B1 based on the Helmholtz equation. 
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5.6 Conclusion 

We conclude that tumor EPs heterogeneity can be inferred by the proposed boundary 

informed electrical properties tomography (BIEPT) technique based on unique transmit 

B1 images measured from a multi-channel RF coil, using an external reference region and 

image edge sparsity constraint. Similar spatial patters amongst tumor EP distributions, 

anatomical T1w and T2w images and pathology have been observed in animal 

experiments. Association of altered local EP values with tumor necrosis has been 

reported. Further investigations will be dedicated to improving and generalizing BIEPT 

for identification of EPs-related pathological features, as well as their evaluation as 

biomarkers in cancer patient care. 
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Chapter 6 - Summary and Future Directions 

Electrical properties (EPs) of biological tissues have various applications such as 

diagnosis of diseases as unique biomarkers, and construction of numerical models for 

electromagnetic simulations to predict distribution and effects of EM field. Electrical 

Properties Tomography (EPT) is a technology that utilizes Magnetic Resonance Imaging 

(MRI) to noninvasively retrieve tissue conductivity and permittivity by fitting the 

radiofrequency magnetic field (B1 field) to Maxwell’s equations. A plurality of B1 field 

measurements helps to alleviate the severe under-determined-ness faced by conventional 

single-channel EPT approaches.  

This thesis aims to retrieve objective and accurate tissue EPs in vivo with multiple 

transmit B1 maps, incorporating image sparsity and a priori information such as external 

boundary information. The targeted applications are human brain imaging and cancer 

animal model imaging. The key contributions of this dissertation are: 

 Extension of the current state-of-the-art gradient based EPT (gEPT) using multi-

channel transceiver arrays to automatically select integration seeds based on the 

Helmholtz equation. Consistent in vivo imaging results have been obtained in a 

cohort of 12 subjects, which are close but not equal to previous literature values 

based on ex vivo measurements. 

 Development of CONtrast Conformed EPT (CONCEPT) technology that 

employs only transmit B1 maps to retrieve EPs of the brain. Intermediate 

quantitative EP gradient is used to inform EP reconstruction using discriminated 

L1 and L2 norm regularization. The central optimization problem is efficiently 

solved using Alternating Direction Method of Multipliers (ADMM) developed in 
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house. Numerical simulations and phantom experiment at 7 T are performed to 

quantify its performance. 

 Development of Boundary Informed EPT (BIEPT) technology that employs only 

transmit B1 maps from one experimental setup to retrieve EPs of tumor xenograft 

on rat in vivo. BIEPT takes advantage of external references and image sparsity 

to achieve enhanced stability and accuracy. It is validated through numerical 

simulations and phantom experiments at 7 T. 

 In vivo imaging of 25 tumor xenografts on rat using BIEPT. The results show 

severe heterogeneity inside a tumor, demonstrate strong association of elevated 

conductivity with tumor necrosis, and indicate potential capability of permittivity 

to provide secondary information about tumor pathological features. 

Longitudinal monitoring of tumor growth and detection of treatment response 

using EPs have also been explored. 

Future directions for the development of multi-transmission-based MREPT are 

suggested as follows. This list is far from exhaustive, given the highly interdisciplinary 

nature of the technology and the complex science behind it.  

 Innovation in reconstruction theory, potentially using scattering field. The B1 

field of the empty loaded RF coil obtained from numerical simulation, or the B1 

field measured when using a phantom with known EPs, can be used to infer the 

unknown EPs of the object under detection by comparing the resultant change in 

B1. Extraction of EPs can be done by either solving the physical equations or 

using machine learning methods. 

 Advances of B1 mapping methods to achieve fast, 3D, accurate and high-

resolution B1 maps from multiple RF channels. Nevertheless, it is expected that 

compromises need to be made to achieve a balance among these key 

performance indices. It would also be desirable to integrate B1 reconstruction 

with EP reconstruction to be able to retrieve EPs from MR signals directly, 
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resulting in “EPT sequences”. Sensitivity of EPs to motion and physiological 

effects during the MRI scan should also be addressed during data acquisition.  

 Incorporation of nonlinear de-noising strategy based on singular value 

decomposition (SVD) or Total Generalized Variation (TGV). EPT aims to 

retrieve high-spatial-frequency EP distribution from B1 maps that are rich in low-

spatial-frequency components. This process amplifies noise significantly. 

Therefore, novel strategies to suppress noise propagation are critical to accurate 

and robust EPT results. 

 Automated selection of the regularization parameters. The regularization 

parameters can substantially affect reconstruction results if they are far away 

from the optimal values. Automation of parameter selection can eliminate the 

tedious process of fine-tuning, and further reduce subjectivity in the 

reconstructed results. 

 Applications using RF coils with high-count receive channels. Since the 

reconstruction is no longer dependent on the symmetry between transmit and 

receive B1, generic coils with high-count receive elements should be used to gain 

higher SNR in the raw MR data. 
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