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AVERAGED MOTION OF CHARGED PARTICLES
IN A CURVED STRIP

AVNER FRIEDMAN* AND CHAOCHENG HUANG!

Abstract. This paper is concerned with the motion of electrically charged particles in “curved” infi-
nite strip. The equations of motion are Ap = —P, 82¢/0t? = =V (,t),and P = Py (¥~1) J (¢~1),
with initial and boundary conditions, where ¢ is the electric potential, 9 is the particle trajectory, P
is the charge distribution, and J is the Jacobian. The lower boundary I'y of the strip is grounded.
Therefore, once a particle reaches I'g, it loses its charge and becomes immobile. We prove existence
and uniqueness of solutions for small time. For nearly axially symmetric initial data, we also show
that the solution can be extended until the time when “almost all” particles have migrated to I'y. A
numerical simulation based on our model is implemented. The results indicate that particles tend to
accumulate less around the convex parts of I'g and more around the concave parts.

Key Words. Charged particles, two-phase materials, homogenization, dynamical system, conser-
vation law.

AMS Subject Classification. Primary 70F99, 78A35. Secondly 35A05, 35B60, 45G15

1. The Model. We consider a simplified model of motion of electrically charged
spherical particles, with uniform charge and mass, in a “curved” infinite strip in R™ :

N={z=(z"yz,) ER": g(2') <z, <1}.

Let P (z,t) denote the mass (or charge) distribution of the particles at a point z in
and time t > 0, and ¢ (z,t) the electric potential. By Maxwell’s equation,

(1.1) Ap=—P in Q.

A voltage difference M is maintained between the upper boundary I'e, = {z, = 1} and
the lower boundary

Lo ={(z',z,): 2z, =g(z"), 2’ € R* '}

thus,
(1.2) =M on I'y
and
(1.3) ¢ =0 on TY.

The particles may collide, but collisions are assumed to be ”"soft” in the sense that
nothing mechanically happens when two particles move into the same spot. We also
neglect gravity. Then the only force acting on the particles is the electric field —V. If
we denote by 1 (z,t) the particle trajectory then, by Newton’s law,
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(1.4 D Vow (a0,

By conservation of mass we also have
(1.5) P(z,t) = Po (47" (z,)) J (7" (1)), P(2,0) = Py (z),

where P (z) is the initial distribution, J is the Jacobian and %! is the inverse of
the mapping z — 1 (z,t) that we require to be 1-1. Finally, we prescribe the initial
conditions

(1.6) b (2,0) = z, ¥ (z,0) = ¢$°(z),

The model (1.1)-(1.6) was developed and studied by the authors [3] in case Q is
the entire space R™. It was proved that a unique solution exists for a small time interval
0 <t < T, but, in general, not for all time (since P (z,t) may blow up in finite time).
For a class of initial data, however, the solution was proved to exist for all time ¢ [3].

We note that if we introduce the Eulerian variables z = ¢ (z,t), v'(2,t) = ¥ (z,t)
then (1.4) becomes

(1.7) Ui (2,t) + (VV,) U (2,t) = = V.
Differentiating in ¢ the relation

J (¥ (z,t)) P(z,t) = Py ()
(which is another way of writing (1.5)) and using the well-known formula

0

_a_tj(¢(x,t)) =(V-9)J (¥ (z,1)),

we obtain
(1.8) P, +V - (P?) =0,

which is the standard form of conservation of mass. Although equations (1.7), (1.8)
together with (1.1) look similar to the Euler-Poisson system [5], it is difficult to work
with this form of the model, because we cannot very well account for the particles
that leave the domain 2. We shall therefore stick to the Lagrangian variable z and the
formulation (1.1)—(1.6).

The geometry of the domain Q and the boundary conditions (1.2), (1.3) are mo-
tivated by a problem in electrostatic spray painting [1] [2, Chap. 4]. The surface of
the sprayer is located at ', = {z, = 1} and the workpiece (which is being painted)
is I'y. The workpiece is grounded (¢ = 0) whereas a large potential M is maintained
at ['w. The electrostatically charged paint particles stream through € from I, toward
Iy and, as they reach the workpiece I'o, they stick to it to form a paint layer. In the
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present model we assume that, once reaching I'g, the particles lose their electrostatic
charge. We also assume that the thickness of the layer formed by the particles that
accumulate along the boundary Iy is small compared to the thickness of the strip €, so
that the domain © may be assumed to be fixed in time. Finally, and most importantly,
we consider here only the submodel whereby no new particles are injected from I'y, into
Q at times t > 0, i.e., all the charged particles are already in Q at time ¢ = 0.

In Sections 2 and 3 we shall establish local existence and uniqueness for the system
(1.1)-(1.6) by an adaptation of the method in [3]. In Section 4 we shall consider the
case of axially symmetric data:

(1.9) g(z') =0, Py(z) = Po(z,), ¥°(z) = (0,bz,),

and establish global solution, i.e., the solution exists for 0 < ¢ < T, where T is such
that all the charged particles have migrated to I'g by the time 7.
In Section 5 we shall consider a perturbation problem with the initial data

g(z') =eh(z"), Po(z) = po, ¥°(x) =0,

where py is a positive constant and € is a small parameter. Using the method of Section
3 and deriving some a priori estimates, we show that there is a unique solution for
0 <t <T,where T, — Ty as € — 0 and Tp is such that all the charged particles for the
problem with ¢ = 0 have reached I'y. In Section 6 we consider for simplicity the case
n=2 and establish the asymptotic expansion

(1.10) ¢e=¢o+€¢1+0(€2), fe:f0+€f1+0(52), soezsoo+es01+0(62),

where (o, %o, fo) is the solution of an axially symmetric system and (¢q, %4, f1) is the
solution of the linearized problem about (o, %o, fo) -

We are interested in the thickness W, (z') of the layer of the particles that have
accumulated at a point (', z,) of the workpiece I'g during the time interval 0 < ¢ < T..
Using (1.10), we can write

(1.11) W.(z') = Wo+eWi (2')+ O (62)

where W) is a constant. In Section 7 we compute numerically the solution of linearized
problem and, in particular, the term W; (2'). The numerical results explore the relation
of Wi (2') to the geometry of the workpiece.

2. Local existence. We anticipate that the particles will move downwards toward
the workpiece I'g. Denote by I'; the surface consisting of all points z in § such that the
trajectory s — 1 (z,s) hits g at time ¢, and write

Iy ={(z, f(2',t)): 2’ € "'},

i.e., f(2',t) is the function such that its graph is I';. Note that g(z’') < f(2/,t) < 1
and f (z',0) = g (z'). We assume that as soon as the trajectory s +— 1t (z,s) hits Iy, it
3



becomes inactive (i.e., immobile and with zero charge). Therefore we need to consider
the function 9 (z,t) only for z in the closure of the domain

Q= {(a',z,): f(a',t) <zn<1}.
Setting
QF = ¢ (Q,t) = {Y(z,1): =€)},

we note that the lower boundary of Q}'b is I'p. Denote by X’k the characteristic function
of a set K. We can now reformulate problem (1.1)-(1.6) more precisely: Find functions

¢ (z,t), P(z,t), ¥ (z,t) and f(z',t) satisfying

(2.1) Ay (z,t) = —P (z,t) Agy in Q,

(2.2) Yy (z,t) = =V (P (z,t),t) if f(z,t) <z, <1,

(2.3) P(z,t) =P (v7" (2,1)) J (7" (2,1)) in QF,

(2.4) ¥ (2, f (2'8) 1) = g (1 (2, f (2,2) 1), oo P (&, f (2,0 1)),
(2.5) g(z") < f(dt) <1

where ¥ = (11,2, ..., %¥,) , together with the boundary conditions
(2.6) ¢=0 on I's, p=M on [y, ¢ isbounded in ,

and the initial conditions

(2.7) P (2,0) =z, P (2,0) = 9° (), f(2',0) = g().

In (2.1)-(2.7) we have implicitly assumed that ¢ (z,t) is defined only in the closure
of Q, =1 and P in (2.3) are defined in QY, P is understood to be zero in Q\QY in
(2.1), and

(2.8) O = (Q,t) CQ, (1) : QU — QF is invertible.
We shall further require that
(2.9) fi(g',t) > 0.

This condition is motivated by the physical assumptions that the particles in Q move
downward and that no new particles are injected from I'y, at time ¢ > 0.

To prove existence and uniqueness we introduce the space C™+* of functions for
which the first m derivatives are a-Hoélder continuous; the norm will be denoted by
Illgm+a - For any function ¢ (z,t) defined in  x [0, T], we shall briefly write ||¢||gm+a
instead of || (+,1)||gm+a(q)y » and Vi for the spatial gradient. Throughout the paper, we
make the following assumptions:

(2.10) ge ™ (R™), g <1-28(6>0), BeC*(Q), >0,
4



@11) e (Q), ¢0(2) <0, A(y) ¥° () <Oforz € 0, y e To,

where 7 is the inward normal vector to I'o. In this and the next section we also assume,
for simplicity, that

(2.12) $°=0and Py =0 for |z| large.

It is sometimes inconvenient to work directly with the function % (z,t) because the
domain §; (of its spatial variable ) varies with time ¢. We therefore introduce a new

function ¥, defined in 2 x [0,T], by

(2.13) U (2, 2,,t) =9 (2, 2n,t), or P (2',20,t) = U (', w,,1),
where
I 1 - f (:E', t) /
2.14 zn=f(z )+ ————(z, — g (2)),
(214) 1@+ L @ - g @)
_ / l—g (JJ') _ /

(2.15) n = 9(&) + T = £ (2',0)
Note that

I._ 0 I, 0
(2.16) V\II:VQ/).[V:I:’ZI“ —}:i]’ Vlb:vqllvx'ul]n }__%],

s -

and
(2.17) U, = ¢y + Dizo Dnp, s = ¥, + Dyw, D, U,

where D; means differentiating with respect to the ¢th spatial variable, D; is the deriva-

tive in ¢, and I, the identity matrix in R™. A solution of (2.1)-(2.7) for 0 <t < T is

said to be classical if (i) f and V f are continuous in R*™! x [0,T], (ii) P is continuous

in U (Qf’ X {t}) , (iii) ¥, Vb, 1y are continuous in | (ﬁt X {t}) , (iv) ¢ is con-
0<i<T 0<i<T

tinuous in Q x [0,T], and Ay is bounded in Q x [0, T]. In the sequel, all solutions are

understood to be classical solutions. We further require that, for any 0 <¢ < T,

(2.18) Fo), U(t) € CH and f, (1), U, (-¢t) € C1+@

in their respective domains. We shall often denote a solution simply by (¢, f), or (¥, f).

THEOREM 2.1. If (2.10)-(2.12) hold and M is large enough (depending on the
initial data) then there exists a unique solution of (2.1)-(2.7) for 0 <t < T, for some
T >0.

The proof is given in the next section.



3. Proof of Theorem 2.1. For any n > 1, T > 0, denote by K (n,T) the set of
all functions (¥, f) which satisfy the following conditions:

(i) ¥ (z,t) is defined in Q x [0,T] with values in Q, and f(z/,t) is defined in
R™! x [0,T] with values in R';

(ii) For any 0 <t < T, (2.18) holds and

N (8) = 1d(C)llgreas 1F CDlloreas 1fe (5 D)llgas 1¥e (3 )loa <,

1
If = gllpee <60, VY = L]l pee < 1’

where Id(-) denotes the identity mapping;
(iii) Forany 0 <t <T, z = (z',z,) € R*,

12 f(a',1) 2 g(2'), fe(2',1) >0, f(2',0) = g(a"),

— — o0 _ 0
\I,(‘T)O)_ma lI;t(m70)_'¢) (.’L') (thn(ZC,O) )a
where z, is defined in (2.14), and

U, (z,9(2"),t) = g(¥1(z',9(z") 1), .., Unoy (2,9 (2),1)).

For any (¥, f) € K (n,T), we shall define a mapping A (Y, f) = (\il,f) in such a
way that (¥, f) is a solution of (2.1)-(2.7) if and only if it is a fixed point of A. We
construct the mapping A in several steps:

Step 1. Given (¥, f), define ¥ by (2.13), P by (2.3) and ¢ by (2.1), (2.6).

Step 2. Set p = 1 + Mp,, where @1, ¢, are bounded functions satisfying

(3.1) Ap; = —PXQ? in Q,
(3.2) 1 =0 on [HUT,

and

(3.3) Apy, =0 in

(3.4) p2=0 on Ty, p2=1 on lu.

From condition (ii) and (2.16), [V — L]« < (47)7"; hence |J (3~1)] is uniformly
bounded. By standard estimates for elliptic equations (more precisely, LP-estimates and
the Sobolev embedding), we can obtain the bound |V¢| < C;. Using the maximum
principle, we readily find that

0
52 w2 > Cy >0 in Q, —8—5902202 on I,
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where the constant C; depends only on ||g||o2+a - It follows that

(3.5)

0
52 p>C5 in Q, 55,(,0203>0 on T,

provided that M is large enough. By the method in [3] we can show that ¢, is a C?+=
function and therefore so is ¢. We extend ¢ to the whole space R™ by a function ¢ such
that

”95“02(1%") < C”‘P”m(n),

where C depends only on g.
Step 3. Define 9 (z,t), for any 2 € (1, as the unique solution of

s

(3.6) ) (z,t) = z + 19° (z) — //Vcﬁ (QZ (z,7) ,T) drds;

the method of successive iterations shows that indeed there exists a unique solution to

(3.6). Set

(3.7) F (2!, 2n,t) = o (2,) — g (%1 (2,2) o0 i (2,1)) -
Then

DoF(z,t) = 1+tDn¢g-//Dn (Dag (¥ (z,7),7)) drds
00

8

tD, (¥°)' - j / D, (Vap (¥ (2,7),7)) drds| ,

0

_Vr,g .

where (1°) = (1,[)?, vy ¢g_1) . Hence, for small T' > 0 (dependent on 7),

if 0<t<T.

Do =

(3.8) D, F (z,t) >

From the implicit function theorem it then follows that there exists a unique function

zn = f (z',1) of
(3.9) F (2, f(z,1),t) = 0.

We now use (2.13) to define ¥ corresponding to ¥, f, and then define A (v, f) = <\il, f)
Step 4. We claim that
) g(@) < f(@,t) <1, fi(a',t) >0, and f(2',0) = g(z');
(b) P (z,t)€Q for f(z',t) <zp <1
)

(d), f) (hence (\il, f)) is independent of the particular extension ¢ of ¢.
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Proof. (a) From (3.7) and (3.9) at t = 0, we have f(z/,0) = g(z'). Next we
differentiate (3.7) in ¢ to obtain

(3.10) Fy(2,t) = Dithp — Varg - Dip’ = \/1 + |Vog|*ii - Dy (z,1),

where 7i is the inward normal to I'y at (1/:’(:1:,75) , g (z/;' (w,t))) . Differentiating (3.6) in
t we also have, for T small,

ﬁ-thZ(x,t):ﬁ-¢°(x)—/ﬁ.v¢(z/3(z,s),s) ds <0if ¢t < T,

where we used (3.5) and assumption (2.11); consequently, F; (z/, f (2’,t),t) < 0. Since,
by (3.9),

(3.11) (D, F) fi (z',t) + Fi (', f (', 1) ,1) = 0,

it follows (usmg also (3.8)) that f; > 0. Finally, since f(x 0) = g(z') <1 - 28, we
obtain g (z') < f (', t) <1 -6 if ¢ is small.

(b) Since F (9: f (@), ) = 0 and F(z',zn,t) is strictly monotone increasing in
Zn, it follows that F' (2, z,,, ) >0if z, > f(:c t). Hence, by (3.7),

VPn (:v,t) >g (7,5') if z, > f(x',t).

To complete the proof of (b), it remains to show that 9, (z,t) < 1 in the set f (z/,1) <
Tn < 1. Suppose this is not true. Then we can find a point (z°,1°) such that f(z2%,1%) <
zd < 1, 4, (2°,t°) = 1 and 9, (2°t) <1 for t < t°. From (3.6),

1:1/)(:0 to)—x +t¢0 //sDntpz/;a:T )d’rds

= 20 +t¢° //Dn<p :/) z° 'r )des§x2<1 (by (3.5)),

a contradiction.

(c) By (b), ¥ (z,t) € Q if f(z/,t) < z, < 1, and therefore 95(1/; (a:,t),t) =
@ (¢ (z,t), ) . Hence for any z € Q, 4 (z,1) is a solution of (2.2) for ¢ < min (f(a:) ,T) ,
where 1 (z) is the largest number less that T such that f (x’,f(m)) < z,. Suppose that
¢ is another extension of . Then by the above procedure we can define ¢, f and F
corresponding to ¢. By (b), we know that % (z,t) solves (2.2) for ¢ < min (f (z) ,T) .
By uniqueness of the solution to (2.2) (for fixed z), we then obtain ¢ (z,t) = % (z,t)
for t < min (f(a;),t(a:)) It follows (from (3.7)) that F (2',zn,t) = F (z',2,,t) for
t < min ({(m) ,f(a:)) and, since the solution to F (z',z,,t) = 0 is unique, f(z',t) =
f(',t). We thus conclude that v is independent of the extension of .
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Step 5. To prove that A maps K (,T) into itself (for small 7' and large 1), we

need to estimate the C'**-norms of ¥ and f . Using the method in [3], we can show
that

(3.12) 90 =10 grre + |8 O] v < [# g +1C (T

for 0 <t < T, where C(n,T) depends on the initial data and on 5,7 and is an
increasing function in T'. By (3.10), (3.11) and C'** estimates of v; in (3.12), we also
have

|7 (0], < C+2C (.Y,

where the constant C' depends only on the initial data g, Py and 9°. Since also 9 (z,0) =
0, if we choose 5 large enough and T sufficient small, then (\il, f) € K(nT).
Having constructed the mapping A, we now define successively

(\I;(m+1)’f(m+1)) - A (q;(m),f(m)) ’
and let

6(M) () = sup IKII(""H) (z,t) — Tl (:L',t)l
€N

+ sup If(m“) (z',t) — fm) (x',t)l .
I'ER"_l

As in [3], we can show that
(3.13) 8 (1) < C™t™ |log t|™ .

Therefore, for 0 < ¢t < T (T small), the sequence U™ (z,t) is uniformly convergent as
m — oo. It follows that the mapping A admits a fixed point. As in [3], we can also
establish uniqueness by slightly modifying the proof of the estimates (3.13). Clearly,
a fixed point of A is a solution to (2.1)—(2.7). Conversely, any solution to (2.1)-(2.7)
must belong to K (n,T') for some n and T, and is a fixed point of A. This concludes
the proof of Theorem 2.1.

Note that in the above proof, M was taken large enough so that (3.5) holds. The
choice of M depends only on ||P||;« . Since, for small time, ||P| ~ is bounded by
C || Polly » M actually depends only on || Pl| e -

4. Axially symmetric solution. The results in the Sections 2 and 3 can be
extended to the cases where Py and 1° do not have compact supports. We shall be
interested in the global solutions, that is, the solutions that exist until time 7' when all
the particles have migrated to I, i.e., P (z,T) = 0. From [3] we know that, in general,
a global solution does not exist . Therefore we first restrict our attention to the axially
symmetric data, i.e.,

(4.1) Py (z) = Po(zn), g(2') =0
9



and
(42) 2/)0(27) = (Oa ey 07 bnmn)a bn < 0;

in the next section we shall consider a small perturbation of such data.
Set

QW={reR": 0<2,<1}.

Since in (4.1) and (4.2) all data are axially symmetric with respect to z,-axis, we expect
that the solution will also be axially symmetric. Thus, we seek a solution in Qg of the
form

0 (1) = @1 (2, t) + M,
Yi(z,t)=a; for 1<1<n—1,
Yn (2,1) = o (Tn, 1),
f(a't)=f()

with P = P(z,,t). From equation (2.1) and the boundary conditions in (2.6),

(4.3)

Aso — —PX ¥ iIl QO
(4.4) { ' &

p1 =0 on I'gUT.

Hence, for z, < ¥, (1,t),
Dugr (zat) = A@®) = [P(&,) &
0

= AW [P (u: (€0) Da (977 (61) g

¥ (znit)
= aW- [ R(©d,
f(®)

where we have used the fact that ¥, (f(t),t) = 0. It follows that

At) - w;l}zn,t)PO (£,t) d¢ for 0 <z, < 9y (1,1),
(4.5)  Dnr (n,t) = RC
A(t)— [ Po(&t) dE for hn (1,) < 2 < 1.
£
By (2.2)
ﬂf{t&ﬁa = _DHSD (¢n,t) = —Dnsol ('(/)n’t) — M.
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Therefore, as long as the trajectory lies in £,

S

(4.6) o (2n,t) = (1 + bot) @ ——M j/( / Py (€) d{) drds.
00 f(r)

To determines A(t) we integrate both sides of (4.5) and use the boundary conditions
n (4.4):

¥n(l)t) ¥ (zn,t) 1 1
/ (A(t)— / Po(€,1) d{) dz, + / (A(t)—/Po(f,t) df) dz, = 0,

1) ¥n(L,t) f(t)
or
1 b (Lt) ¥ (2n2)
A@t) = (1= (1,1)) / Py (€,1) dE = / / Py (¢,1) deda,
I 0 f(®)
1 z
(4.7) = (/ Py (¢ dﬁ) Dy (2,t) dz (by substituting z = ¢ " (z,,1)).
()

From (4.6) we have, by differentiation,

2

(4.8) Du (2, 1) = (1 but) + 5 Py (1)

Substituting this into the right-hand side of (4.7), we find the following expression for
At):
1
A) = (1=a(1,0) [ Po(e) de
£

w9 o] ( [ dg) (ehirEno)e

@ V(@)

To compute ¥y, (1,t) we integrating (4.8) (with respect to z,) and use the fact that
Pn (f(t)vt) =0
2
(4.10) Pa(Lt) = (L+ba) (1= F () +5 [ Po(©) de.
f(t)

Finally, using the relation v, (f (t),¢) = 0 in (4.6), we arrive at the following formula
for f:

Mt2 1 t s f(t)
4.11)  f@t)= 2(1+bnt)+1+bnt//(A(T)_ / Py (€) d{) drds.

f(r)
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THEOREM 4.1. Assume that b, < 0, Py > 0 and P, is continuods. Then there is
a constant My > 0 (depending on b, and Py) such that for any M > M, there exists a
unique solution to the system (4.9)-(4.11) for 0 <t < T (M,b,), and

0<f(@) <1, fi(t)>0 for 0<t<T(M,b,),

f) /1 as t /T (M,b,);

moreover,

(4.12) —— <0, —— >0.

Proof. Consider first this case where D, P, is Lipschitz continuous. By extension,
we may assume that Py is defined for all z € R'. Multiplying (4.11) by (1 + b,t) and
differentiating in ¢, we get

b SR O)] £

£)
/ Py (€) df) dr.

f(7)

(4.13) = Mt—bnf(t)+j (A(T)_

Differentiating (4.13) once again, we obtain
b SR W) 10

A1) = MA@ - [Pt AR+ SR O] 10,

From (4.9) and (4.10), one sees that the right-hand side of (4.14) is Lipschitz continuous
in f(¢), f'(t) and t. Therefore, by standard ODE theory, equation (4.14) together with
the initial conditions f (0) = f'(0) = 0 has a unique solution as long as 1 + b,t > 0.

Consider first the case that b, < 0. If we substitute (4.10) into (4.9) we find, after
some manipulations, that for t > 7,

f(t) g 1 1
A= [R©d = -2 [P [P dnde
f(r) f(r) ¢
1 1 1 .
(4.15) + [P de—+br) [ [Pon) dnde.
f(t) f(r) €

It follows that
1(2)
M+ A(r) - / Py (¢) dé >

f(r)
12



for any v > 0, if

(4.16) ME%(!%Q%)+/%@%+%
We choose
T 1 2
o 1
(4.17) MO:_Z—(O/PO(O»dé) +6/P0(€)d€+7’ TOZ_E

where 7 is a positive constant that will be determined later on. Then, for any M > Mo,
(4.16) holds for ¢ < Ty. Hence from (4.13),

ff®)>0 for 0<t< T,

and from (4.11),

t2

as long as f(t) < 1. It follows that if

then, for any M > My, f(t) / 1last / T(M,b,), for some T'(M,b,) < Tp. The solution
f(t) of (4.14) determines the unique solution of (4.9)-(4.11).
In case b, = 0, we choose

1 1
n:@!&@ﬁﬁ

D=

1
2[R d,
0
so that

(4.18) Mo =3 / P (€) dt.

0

As before, if M > M, there exists a T (M, b,) < To such that f'(t) > 0fort < T' (M, b,,)

and
F(O) /1 as t ST (M,b).
From now on we fix

(4.19) + = max (2bﬁ, / Py (€) dg)

0
13



and take My to be the maximum of the two number My in (4.17) and (4.18). Then, if
M > M, the assertions of the theorem follow.

We now drop the assumption that Py is Lipschitz continuous function. Let P,, be a
sequence of smooth functions that converges uniformly to P,. For each m, there exists a
solution fy, (t) for t < Tp. From (4.13), we know that f, and f! is uniformly bounded.
Let A, (t) denote the function A(t) corresponding to f,,. It is easily seen that

|Ai(t) = Am ()| S C /i () = fo ()] + CI|1P = Pl oo

and, from (4.11),

Iﬁ@%—ﬂdﬂlSCF(&gUNT%—ﬁATN+HH—1%mp>-

Hence for small ¢, f,, (t) converges uniformly to a function f (t); by (4.13), f..(t) also
converges uniformly to f'(t). A step-by-step argument now shows that f, (t) — f(¢)
for all ¢ as long as f (t) remains less than 1. Finally, the assertions in (4.12) follow by
substituting t = T'(M, b,) in (4.11) and differentiating with respect to M and b,.

REMARK 4.1. If F, is piecewise continuous then we can extend Theorem 4.1 by
establishing existence and uniqueness of a solution f in interval (t;,t;41) where f(¢;)
and f (t;41) are two adjacent discontinuities of Fy. One can show that f is Lipschitz
continuous; furthermore, f (¢) is continuously differentiable and f’(t) > 0 if ¢ # ¢;.

We next show that system (4.9)-(4.11) is equivalent to system (2.1)-(2.7) with the
data (4.1) and (4.2).

THEOREM 4.2. Let (A(t), f(t)) be a solution of (4.9)-(4.11) established in The-
orem 4.1. Then the functions in (4.3) with o1 and v, defined by (4.5) and (4.6) form
the unique solution of (2.1)-(2.7).

Proof. Actually the only thing that remains to be proved is that

(4.20) 0 < thn(2,t) <1 Af f(tn) <z <1, 0<E<T (T =T(M,by)).

To prove it, notice that by (4.10), (4.13) and (4.19), Dy, (1,t) < 0. Since ¥, (1,0) =1
(by (4.10)), we conclude that

Yo (1,t) <1 fort <T.

Since by (4.8) Dptpn(zn,t) > 0, if follows that ¥, (zn,t) < 1. Next b, (f (t),t) =0, and
since Dptn(Tn,t) > 0, Yn(zn,t) > 0if 2, > f(2).
EXAMPLE 4.1. Let

(421) bn = 0, P() (Ilfn) = pO‘X(O,l) (fEn) , Po > 0.
Then
422 batomst)= (1455 (o = 1 0),

14



where f (t) solves

(4.23) (1 4 Pt ) f7(t) +2potf'(t) = A(t) + M, f(0) = f'(0) =0,

and
2
a2 Aw=Ba-so)|(1+B5) ro -2,
Note that (4.23) is equivalent to
2 2 t s
(4.25) (1+p—‘;—> )=+ [ [(A@) +pos (7)) drds
00

5. A perturbed system. In the previous section we established existence of a
global solution if the domain and the initial data are axially symmetric. We now consider
system (2.1)—(2.9) in the case where

(5.1) g (33,) = ¢eh (m') , ¥ (2,0) =0, Po(z) = po

where ¢ is small, po > 0 is a constant, and h(z') is a C*** function. For simplicity,
we assume that € > 0, h(z) > 0. By slightly modifying the proof of Theorem 2.1, we
can show that there exists a unique solution (%, fe,e), for 0 <t < T for some T > 0
which is independent of e. We shall use the following notations:

Qe ={(z',2,): eh(2) <z, <1, 2’ € R*},
Qet = {(:L‘/, xn) : fe (xl) <z,<l1, z' € Rn_l}a
e ={(z',zn) : zn =€h(a'), 2’ € R},
Fe = {(.‘L‘/,(I)n) LIy = fe (xl) s ' € Rn},
the set Q;"; is defined similarly. In this section {}g and I’y are understood as €, and T,
respectively, for € = 0. To establish global existence, we need the following lemmas.
LEMMA 5.1. Let0 < a < 1, g (') € C***(R"!), g2 (2') € C**(R™1), and
b(z') € C?***(R™ ). For any € small such that a + ||ega|| - <1, set
Ge = {(z',2.) : €1 (2) < 2, < a+ege ()},
Gy ={(z',z,) : eq (2) <z, < 1},
Go ={(z',z,): 0 <z, <a}.
Suppose u. is a bounded solution of
(5.2) Au.=qXg, in Gi,ue=0 on z,=1, uc=0b(z') on z,=¢cg ('),

where ¢ € C*(G1). Then there exists a positive constant o (depending on gy, g, and a)
such that ||€og1||go+a + ||€092|lg14e < 1, and for || < €
C
(5.3) [uellgraie,) S —57 (lallga + [1Bllgara)
15



where C' is a constant independent of a,b,g;,q and €. Moreover, if ¢, 2 0, 9. <0, and
ug is the solution corresponding to € = 0, then

eC
(5.4) [ue — vol|g24a(g,) < —2xa (ldlloa + [1bllg2+a)

for 0 < e <e,.

Note that in (5.4) the assumptions € > 0,¢; > 0, g; < 0 are made only for the sake
of simplicity so that G. C Go. Without these assumptions, however, (5.4) is still true
provided ug is "properly” extended to G..

Proof. Consider first the case a = 1/2. Choose ¢ such that |eqg; (z')] < 1/8. For
any zy € R*', we take a cut-off function r(z') that equals 1 if |2/ — }| < 1/4 and
0 if |z' — (| > 1/2. Denote by B, = B,(zp) the ball in R™ of radius p centered at
(20,92 (2o)) - Set

wia) = w, [[ LD 4
JTo—g
where the constant ws is chosen so that
Aw =rqXg, in Gi.
By [3, Lemma 4.2],
(5.5) [wllce(G.npy ) T 1Wllezva(ans, ) < € (lallca + [1Bllgara) -
The function v, = u, — w satisfies

A'l)s =0 in Gl N B1/4.

holds for v, in Ge N Byyq (by (5.5)). It follows (by the interior Schauder estimates) that
the C*** norm of v, in G1 N By is bounded by C (||¢||ga + ||bl| g2+« ) - Therefore,

By the maximum principle, ||te]| 0 < C (]|g|lL + |6l ) , and the same estimate then

(5.6) letellonsa(gunyye) < € (lallon + 1Bllgare)-

By the Schauder estimates, the same bound holds in any subsets of G, that satisfy
dist (z,{z, = €92 (z')}) > 1/16, and thus the assertion (5.3) is valid for a = 1/2.
To prove (5.4), we first show that

(5.7) lete = t0ll onigy < €C (lallom + [Bllgare) -
Introduce a change of variables

T, —€g (z)

T €)= o).

(5.8) €=z, &=

16



Then 4, is defined in Qg and satisfies

A’ljt,; =eb + (iAf'G'¢ in Qo,
. =0 onz, =1,

e (2,0) = b(z'),

where G, is the image of G, by the mapping (5.8), 6 is a bounded function ( by (5.6)),
and § (£) = ¢ (z) satisfies |§ — ¢| < Ce. It is now easy to deduce (5.7) by LP estimates
for the Poisson equation.

Next, for any fixed zj, we choose a smooth function r (z') such that r (z') = 1 if
|z — zg| <2 and r(2') = 0if |2’ — 2(| > 3, and set 4, = ru,, % = rug. Then

At = g, + rqXg, in Qo, Adg = qo + rgXeg, in Qo,
where
ge = U Ar + 2V, - Vr, qo = ugAr + 2Vug - Vr.
It is easily seen that
(5.9) e = gollga(a,) < C llue = wollgrtaa,) -

We can express both 4. and %y as Newtonian potentials in the bounded domains plus
boundary integrals. By applying the methods in [3, section 12] (to estimate the Newto-
nian potentials) and [4, Section 3] (to estimate the boundary integrals), we can derive
the bound

(5.10)  ||de — tio

C?t*(G.NBy) S 60 (”q”CG + ”b”C’?-i'ﬁ) + C ”(k - CI0||CQ(G€) .

There is actually a difference between the treatments in [3] and in (5.10). In [3], we
break the domain of integration G¢ into two parts. One part is a ball tangent to the
boundary whereas the measure of the remaining part is less than €C. Here we take,
instead of a ball, the intersection of G¢ with a half space that is tangent to G, at a
boundary point; then the remaining region is contained in a strip of width less than eC.
The rest of the estimates are essentially same.

From (5.9) and (5.10) it follows that
lue = vollg2ta(g.npy) < €C ([lgllga + [[bllgara) + C lluc — uollgivaa,) -
Using partition of unity, we get
||ue — U0||02+a(Ge) <eC (”‘I“ca + ||b“c2+a) + C |Jue — “0“01+0(Ge) )

and then, by interpolation and (5.7), the proof of (5.4) (in case a = 1/2) follows.
For general a > 0, we use the scaling w, () = u. (2az). Then

Aw, = 4a’GXs, in Gi/2a,
17



2a’

we =0 on :vn———%, w,=0b on z, =

where b(z') = b(2az'), §(z) = q(2az), §1(z') = g1(2az"), G, = G./2a. By the

maximum principle,

[wellpeo = lluellzeo < N1bllLee + Cllgll oo -

From the proof of the case a = 1/2, we see that the estimates on the C*norm of the
first two derivatives remain true if we replace the domain G, by G,/p for p < 1, and
the constants C' do not depend on p. Hence (5.3) and (5.4) hold for w.. We thus obtain

lwellgata(a.y < € (a*lldllca + b

C2+a + ”q”L°°) I

e = wollgava(a,) < €C (a® ldlla + B oy + llallz)

if legi|,|ega] < a/8 (so that €. is connected and of class C'**), where wo(z) =
uo (2az) . Estimates (5.3) and (5.4) now follow by scaling back.

Let (%o, fo,v0) be the global solution corresponding to e = 0 for 0 < t < Tq,
constructed in Example 4.1, with fo (Zo) = 1; the function % is understood to be
defined for all z in R™ by extending its n-th component, as defined in (4.22), to all
zn, € R.

LEMMA 5.2. Suppose the solution (e, fe,pe) of (2.1)-(2.9) exists for 0 <t < T,
and 1 — f. (z',t) > & for some 6§ > 0. Then there exists an g0 > 0 and a constant C such
that if :

(5.11) Yo =tpo+ e, fo=fot+ef®
for e < g, then

(5.12) v + || Dep® ) e G

Clt+a () Clta(Q,,) T

forall0 <t <T.
Proof. By (5.11), we have, for f. (z',t) < z, <1,

d*ypV
(513) 3 dt; = _VLPE ('(ps) t) + VSOO ('l,bo, t) .
We can also write
Ap. = —poJ (1/)51) Xar, + 0.X3",,
Apo = —pod ( 0-1) Koo
-1 -1
where 6. = po (J (¢0 ) — J (%; )) . By (5.11),
(5.14) 10cllca < €C ¥ grinany -

18



Set we = uc + v., where u, satisfies
Au, = —poJ (57) X5,

and the boundary condition (2.6). By the estimate (5.4) of Lemma 5.1 (with g; = A,
a = ton (17t) )y 92 (ml) = ¢7(11) (xl> lat))’

(5.15) Ve (Y 2) = Vigo (0, gty < €C [

Cl+a(nu) ?

where C depends only on 8. On the other hand, v, satisfies
Av, = 0. X3

with zero boundary conditions. Again by Lemma 5.1 and (5.14),

(516) HVUC (1/)5, t)“CH'“(QN) S C “05“Ca S EC 'l/)gl) CH—G(Q“) .
It follows from (5.13), (5.15) and (5.16) that
2,)(1)
d*y; <C | %b(l) ,
di? Cl+a(Q,,) ¢ lere@a
so that
(1) (1)
(517) d)e Cl+°(Q”) + “Dtd)s CH“"(Q”) S C.

Next, in view of (5.1), (2.4) becomes
Yen (¢, fe,) = €h (Y (2, fe, 1)) -
Hence, by (5.11) and (4.22),

e (1 N ?L;—) O = eh (9 (2, fur 1)) — ) (s fir ),

so that

Fgrva S €0 +e

|cl+a(n£,)

Combining this with (5.17), the lemma follows.

We can now establish “global” existence for the perturbed system.

THEOREM 5.1. For any § > 0, there exists an €9 (6) > 0 such that for e < go(6),
there exists a unique solution (Ve, fe, @) of (2.1)-(2.9) with (5.1) for 0 <t < Ty —é.

Proof. By Theorem 2.1, there exists a unique solution for 0 < ¢ < T, T is small and
independent of €. To extend the solution beyond ¢ = T, we need to verify the following
conditions:

(5.18) Dt¢e,n (.’I?,T) S 0 in QET, ﬁ . Dﬂ,be (IL', T) S O on Fo,
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(5.19) inf {|1 - f. (', T)|: <' € R > w0,

(5.20) Dotpen (z,T) — €V (L) - Duth! (z,T) > v > 0;

notice that (5.18) ensures that D,f. > 0; (5.20) guarantees that we can solve for
fe(z",T+1t) from F = 0, and (5.19) implies that Q.7 is connected and is of class
C'*t*. Inequality (5.18) holds if M is large enough, independently of e. Set

2&)5:1—f0(T0—(5)>0.

By continuity, (5.19) holds for w = ws if T' small (depending only on the initial data,
since Dy f, is bounded by a constant depending on the initial data.) Next, since by
(5.11),

Pot’ 0
Dnd)e,n =1+ T + €Dn¢e,n,

(5.20) holds for v = 1/2 if € is small. We can now apply the proof of Theorem 2.1
with slight modifications (since . (z,T) # =z in general) to extend the solution to
0 <t <T+ AT where AT is a positive number which depends only on w,~, and the
C't% norms of the data at t = T. If T' 4+ AT < Ty — 6, then,

1—fo(T+AT)>1— fo(To—6) = 2ws

since fp is monotone increasing. By Lemma 5.2, f(!) and %{!) are bounded, uniformly
with respect to €. Hence for ¢ small, (5.18)-(5.20) hold with w = ws,y = 1/2, at
t = T + AT. By applying Theorem 2.1 once again, we can extend the solution up to
0 <t <T+2AT,if ¢ is small enough. Repeating the above procedure a finite number
of times, we obtain a solution for 0 < ¢t < Ty — 4. Note that at each step, we may need
to decrease the size of €. However, the length of the time interval is fixed, until we reach

To — 6.

6. Asymptotic expansion. In this section, we consider system (2.1)-(2.9) with
data (5.1), and seek a more precise asymptotic expansion then (5.11), namely

(6.1) fo(@t)y = fo(t)+efM(a,t) + 2 f2,
) e (z,t) = wo(z,t)+ep® (z,t) + @,
(6.3) e (z,t) = wo(z,t)+ep! (2,1) + 72,

For simplicity we shall work in R?, instead of R", and denote the point in R? by (z,y).
By elementary calculation,

(6.4) J($1 (2,1) = T (57 (2,1)) +eH (w,5,1) + O (¢7),
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and

VQOE (¢e (J}, yat) »t) = V(PO (2/)0 (112, Y, t) ’ t)

D-'”So(l) (/(/)O (IL‘, t) ’ t) 9
(@0 oty Bug (e ey )+,

where

(6:5) H(z,y,t) = =Q (t) Dathl" (45" (2,9,1),1) — Q (1) D, (45" (2,9,1),1) ,

and
Q) = (1+—t3)_1.

Substituting these expressions in the system (2.1)-(2.7) and comparing the coefficients
of the €% and ¢! terms, we find that

i (2,y,0) _

(6.6) 7 1) (Yo, 1),
d? (1)
(6.7 T _ o ()8 (9,1) — Dy (4o, 0),
(6.8) P (z,y,0) = ${ (z,y,0) = 0,
—poH (z,y,t) for 0 <y <o2(l,t),
6.9 ApW (z,y,t) = P
( ) 90 (x Y t) { 0 fOI‘ ’lpoyz(l,t) < Yy < 1,
(6.10) o (2,5,8) = — (A(t) + M) k() on T.,
(6.11) oV (z,y,t) =0 on T;.

Further, differentiating the relation,

¢6,2( , fe (z,1), t) = ( )'1["51( 7fe(w’t),t)

with respect to € and taking € = 0, we get
Dytpoz (fo(8) ) U (2,8) + 9D (2, fo (2) ,1) = h (2).
Since, by (4.22), Dytho2 (y,t) = @ ()", we conclude that

(6.12) fO (@,1) = (h (@) =9 (2, fo (1),1)) Q(8).

We have thus formally obtained a linearized system (6.5)-(6.12). We shall prove
that it has a unique solution and that the asymptotic formulas (6.1)-(6.3) hold with
@ @ ) bounded. Note that since f(*) can be expressed in terms of 1®), we only

need to consider (6.5)-(6.11).
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THEOREM 6.1. Let (3o, fo) be the solution (4.22)-(4.25) for 0. <t < Ty such
that fo(To) = 1. Then there exists a unique solution (¢(1),f(1)) of (6.5)-(6.11) for

0 <t < To. Furthermore, (1) and D,;yp(V) can be continuously extended to Qg x [0, Tp)
and M (-, -,t), Dap@) (1) € C*(Qy).

Proof. We first fix a Ty < T, and derive a priori estimates. Clearly, o2 (1,1)
=Q (t)_1 (1—fo(t))>é>0if 0 <t <T. Hence the region

0F = {(z,9): 0<y <hos(1,t)}

contains an infinite horizontal strip and then by Lemma 5.1,

o) <O (Vo) 1)

where C depends on T; (or ), o2 (1,t), A(t) and M. From (6.5)

bl

o

bl

1l o a0 < [V o0y

It follows that

<c (||w;(1>

ca(Q,) —

”‘P(I) (%o, 1)

ooy T 1) '
Differentiating (6.6) and (6.7) in the spatial variables and using the above estimate, we
obtain, by Gronwall’s inequality,

<C

(6.13) [t oy = &

S M

where C' depends on T, 102 (1,t), A(t) and M.

We now proceed to prove existence for a small time interval 0 < ¢ < T5,. For any
PpM (-, -, t) € CH* (), 0 < t < Ty < Ty such that M) and Dyp®) are continuous in
(z,y,t), we define H by (6.5) and ¢ by (6.9)-(6.11). Substituting ) and ) into
the right-hand sides of (6.6) and (6.7), we solve the left-hand sides by integration, using
the initial condition (6.8); we denote the solution by H1) = (‘9),1&8)) . By Lemma

5.1 (and the derivation of (6.13)), it is easily seen that the mapping () — H s
contraction mapping if T is small. Therefore there exists a fixed point, which is then
a solution of the linearized problem (6.5)—(6.11) for 0 <t < Ty,

Using (6.13), we can further extend the solution to 0 < ¢t < T, + 3 with 8 depending
only on the constant C on the right-hand side of (6.13). By a step-by-step argument,
the solution can be extended up to t = T7. Uniqueness can be proved in the same way
as in Theorem 2.1. Since T} can be chosen arbitrarily close to T, the theorem follows.

REMARK 6.1. By applying Lemma 5.1 to ¢,, we deduce that if ¢ € C1**, b e C3+,
then ¢ € C3t+*

In Theorem 5.3 we have established existence of a uniqueness solution (%, fe, @e)
for (2.1)-(2.9) for 0 <t < T, where T, < Ty, T. — Tp as ¢ — 0..We wish to justify
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that the formal expansions (6.1)—(6.3). It will be convenient to correspond ¥,, ¥y and
U to 4,10 and ") as in (2.13).

THEOREM 6.2. Let (e, fe, ) be a solution of system (2.1)-(2.9) with data (5.1)
in 0 <t < T.. Then there exists a constant C' such that for 0 <t <T,
(6.14) .~ (fotefO)| e’

Clte — ’

(6.15) |

(o + e\p(”)" < Ce.

Cl+a -

Proof. For simplicity, we assume that both . and @) are defined in Q% . Then
(6.15) is equivalent to

< Ce?.

(6.16) = (Yo + &0 prraazr) <

In Q.,, ¥ satisfies

d21/1(2)
(6.17) = z<pe (¢5) + D;,;SOO (¢0) + 6DI‘P (¢O )
dz'l,/)(z) ) B
(618) dt2 - Dy‘/’e (Qpﬁ) + Dy‘PO (’lbO) —pOQ (t) 2 (.’13, y,t) + Dy‘P (t/)oat)'

Substituting (6.3) into (6.17) and (6.18), we obtain

d2 (2)
(6.19) 2LVl Dl () + I,
d2 (2)
(6.20) CZ; = —" Dy (¥e) + I,
where

I = Dugo(tho) — Datpo (%) + Do (o) — eDaip™ () ,
I = Dypo(tho) — Dywo () — epoQut” + eDyo™ (o) — eDyip™ ().

Since ®o (-’E’ Y, t) = Yo (yv t) P
L = 5Dz‘P(l) (o) — ED,,QO(l) (e) -

By (6.2),

19 (Dl gy < € (|78 0] iy +1)

o 1)

191 (2 Dllceqauy < O (
23



where C' depends also on C*#-norm of .. Analogously, since D? 2P0 (1/)0) = —po@Q and
consequently

Dyteo () = Dyspo (the) — epoQs) = —"poQup ),
we obtain (by using the regularity of o in Remark 6.1)

IV Ollmey < O (|92 (0] e, +1).

. 2 (2) (.

IVECBllowany < €& ([ 0] puia, +1)-
Using these estimates in (6.19) and (6.20), we find that

¢(2) (" t)l

IN

clta(,,)
(621) < C +C//< O (o garaga,, + 92 (57 Cmmn)) drds.
We next estimate (3. By (6.2),
62 () =9 057) el <02 (00l g, +1).

where C' depends on || (-, ?)||c1+a(q,,)- Substituting (6.3) into (2.1) and using (6.9),

one sees that ¢{?) solves

e2Ap®) = J (zp—l) Xove — J( 51) Xngf? - SHXQFf?

€

Using (6.22) and Lemma 5.1, we then obtain

o) 2.

(¢8) C2+a(Qes) S ¢ ( € ( ’t)l C1t+a(Q.,) t 1> )

Substituting (6.23) into (6.21) and applying Gronwall’s inequality, we find that
(2) ()

ve (ve) e )"cHa(ﬂ,,) <G

which implies, in particular, the assertion (6.16). Expanding the relation

1/’5,2 (.’l}, fe) =¢h (¢'€,1 ('1:, fE)) )

in €, and using the equations

Vo2 (2, fo) = €h (Yo (2, fo)),
(Dyto2) fr + ) (z, fo) = h (o1 (2, o)),

we can express f(?) in terms of the derivatives of ¥{?) and, by the estimate for % in
(6.24),

(6.23)

(6.24) |

C2ta (Qea)

f€(2) (" t)“CHa <C,

which is the assertion (6.14).
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7. Numerical results. In this section, we take n = 2 and compﬁte the thickness
W, of the layer of the particles that have accumulated along the workpiece I'. in time
T, T < To. We are interested in the relation between the local profile of W, and the
geometry of I'..

The density along the boundary I is P (z,eh (z),t). By (2.3) and (6.4), the thick-
ness W, (z) at (z,eh(z)) € I'. can be written as

(7.1) / P (z,¢h (z),t) dt = Wo + W () + O (&%)
where
T T
(7.2) Wy = /pOQ (t) dt = const, Wi (z) = /pOH (z,0,t) dt.
1 1

We want to compute Wi (z).
Differentiating (6.6) and (6.7) in = and y respectively and introducing the functions

u(x,y,t):D ()(.’L‘ y)t) ($3y3t):D (1)( 3yst)

we obtain the system

d*u(z,y,t
(73) _'%'y_) = 905311? ( a¢0,2 (y7 t) at) )
o (z,y,1 .
(1.4 D@D~ Q)0 - Q) ¢l (w602 (1:1).1),
with the initial data
(75) U(Cv,y, O) = ($,y,0) = Ut (:v,y,()) =Vt (:B’y>0) = 0)

where (1) satisfies (6.9). By (6.5)

(16)  H(zyt) = —Q0u (%" (.5,1),t) - Q&) v (¥ (@,3,1),1).
To simplify the computation of W, (z) we introduce the function

(7.7) G (z,y,t) = —Q ()" H (o (2,y,1),1).

Substituting H form (7.6) into (7.7), differentiating (7.7) in ¢, and then using (6.9),
(7.3), (7.4), we get

d2G(a:,y,t)

(7.8) e

= 2potuy (z,y,1).

and, by integration in t,

Gy = po [ w(z,y,t)dt

= po

0
(t ut (z,y,1 +/ D%y (1) (%o, 9) ds) .
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Integrating once more and using (7.3), (7.4), we obtain, for fo (t) <y < 1,

t t 7
G(z,y,t) = %/ut (z,y,t) dt +p0//32Di<p(l) (10, 8) dsdt
0

_ pt? Po 22, (1)
= 3w 3 sPuy (z,y,8 )ds+p0// Do (3o, s) dsdr
t
pot® pot®  2pos®
7.9 = 27 _roe 2\ n2, (1)
(7.9) 3 0/( 3 3 + pots ) D" (1o, s) ds
where we have used the identity
t T t
// s?k (s dsdT_t/s% ds—/ 3% (s) ds.
0 0 0

Since G (z,y,t) is defined only for fo(¢) < y < 1, it is more convenient to work with
another function G, defined by

G’(IL‘,y,t):G(IE,(l.——fo(t))y—I-f(t),t), O0<y<l.

Equation (7.9) is equivalent to

2 (1 —fo(®)y+ fo(t) = fo(s)
/ = ”( o0 )

3
(7.10) X (—@;— - 2p§s + pgtsz) ds.

G (z,y,t)

Equation (7.10) is supplemented by (6.9)-6.11), where

9 )

We can now express W; in the form

:—pO/Q G (z,0,s) ds.

The assumption Py (z) = po means that initially we have a uniform distribution of
particles everywhere in the domain. In the problem of spray painting, initially there are
no paint particles in the domain and, for a certain period of time, say 0 < ¢t < o, a cloud
of particles with uniform distribution is injected from I's, at a uniform rate. In order
to represent this situation more closely, we should replace the assumption P, (z) = po
by the assumption

0 f0<y<a

po ifa<y<l,
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for some 0 < a < 1. Note that although we do not include here continuous injection of
particles across I'o, fort ¢ > 0, the assumption (7.12) is an approximation to the spray
painting model with ¢, proportional to a. The system (7.10), (7.11) and (6.9)-6.11) then
becomes

Glewt) = PE=Ro@)y+ (o) [ (<25 - B4 pusst)

(7.13) xDigo(l) (2,%02 (1 = fo (1)) y + fo(t),s),s) ds,

Ap) (z,y,t) =

(.14 { Q( 521,t)é(m,lb%%@,t> if0 <y < oz (1,1)
0 if o2 (1,8) <y < 1,

(7.15) e =0o0nTy, o) = —(A(t) + M)h(z) on Ty,

where

(716) Q (y? t) = J(¢0 (:I:) yat))—l )

A(t), fo(t),po,and 1 are the solutions of (4.5), (4.8)—(4.11) corresponding to (7.12).
The € order term of the thickness is then

T
(7.17) Wi(2) == [ Qfo(s),5) G (2,0,5) ds + Wao,
where

T
Wio = [ [Qu(fo(5),5) @ (fo(s),8) Po (o) + @ (fo s) )" Poy (fo)] ds

is a constant.

The system (7.12)—(7.16) has a unique solution (the proof is similar to that for
(7.10), (7.11) and (6.9)-6.11)), although do not establish here the global existence and
the asymptotic estimates (as in Section 5 & 6) for the initial data (7.12).

NUMERICAL COMPUTATION. We now describe the numerical results for the system
(7.12)—(7.16). It is based on solving the Poisson equation (7.14) by the finite element
method and the integral equation (7.13) by the Euler forward method. We choose
M = 50, po = 10, a = 0.7, and then solve ODE (4.11) to get Tp = 0.202. The
computational results show that the scheme is stable if the partition (in both spatial
and time directions) is sufficiently fine. Figures 1-3 illustrate the results of the painting
thickness (modulo an additive constant) for three different workpieces with the uniform
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space and time meshes do = 1072 and dt = To/100, respectively; the small figures
within Figures 1-3 are the rescaled profiles of the corresponding painting thickness.

CONCLUSION. The accumulation of paint is smaller around the conver points of
the workpiece and larger around the concave points.

This result is in agreement with the numerical results obtained by Ellwood and
Braslaw [1]; their method is based on a discrete model of a finite number of elastic
particles.
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