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Abstract

This paper considers invariant manifolds of global trajectories of retarded
Functional Differential Equations in ]Rn. The persistence, smoothness and
stability of such manifolds where the flow is given by an Ordinary Differential
Equation (ODE) in ]Rn is studied for small perturbations of ODEs. The novelty

of the present approach lies in the use of the dynamics of the flow on the manifolds,

instead of their attractivity properties.



I Introduction

The study of invariant sets consisting of global trajectories has an
important role in the geometric theory of Functional Differential Equations (FDE).
Here, we are concerned with retarded FDEs and use as phase space the Banach
space C = C( [—r, O]; ]Rn) of continuous functions from the interval [—r,O] into
]Rn (r > 0), taken with the usual uniform norm. This paper studies invariant
sets where the flow of the FDE is given by an Ordinary Differential Equation
(ODE) in ]Rn, in a sense to be made precise in the text. Conditions for these
invariant sets to be differentiable manifolds are given, when the FDE is a small

perturbation of an ODE in IRn. The order of smoothness of these manifolds is

also studied.

An ODE in an can be considered, in a natural way, as an FDE with
phase space C. If the ODE is defined by a continuously differentiable vector
field with bounded derivative on ]Rn, then all solutions x(t) of the ODE are global,
i.e., defined for all t€IR, and the flow in the phase space C is given by the
evolution of restrictions to intervals of length r taken along a solution of the ODE.
In particular, through each point of C which is such a segment of length r of a
solution of the ODE, there exists a global trajectory of the flow in C. For other
points of C, the flow cannot be continued backwards in time, but proceeding
forward r units of time the flow leads to a point in C which is a segment of a
solution of the ODE, in the preceding sense. This shows that the set of all seg-
ments of length r of solutions of the ODE is an invariant Cl—manifold which
attracts strongly. The trajectories starting in the manifold are global and remain
in the manifold for all time, and the trajectories starting outside the manifold
will lie on the manifold after r units of time. From the general theory of hyper-
bolic invariant manifolds, it is to be expected that an invariant Cl-manifold will
persist, under small perturbations of the retarded type. This was noted by
Kurzweil [2] for the case where the functions giving the ODE and the perturba-
tions are bounded and differentiable and the derivatives satisfy a ""modulus of

continuity' condition.



The results in another paper of Kurzweil [3] apply to the case when the
unperturbed equation is not an ODE, but the set of initial data for global solutions
is a Cl-manifold and the rates of the flow in directions normal to the manifold

are higher than in tangential directions.

The results of Kurzweil mentioned above were obtained by a contraction
mapping argument applied to functions defined on the manifold of initial data of
global solutions of the unperturbed equation. The mapping to which the contraction
mapping principle is applied is defined in such a way that its fixed point is a
function with range equal to the set of initial data for global solutions of the per-

turbed equation.

In the present paper, the existence and the smoothness of manifolds where
the flow of retarded equations is given by an ODE in ]RI1 is established by deter-
mining directly the ODE giving the flow in such manifolds. This is accomplished
using a nonlinear variation of constants formula. The novelty of the present
approach lies in the use of the dynamics of the flow on the manifolds, instead of

their attractivity properties.



2. Preliminaries

The equations considered are retarded FDEs of the form
. - + 1
Xt = F[x(O] +gx) (1)

where F is a continuously differentiable function from R into ]Rn which has a
bounded and globally lipschitzian first derivative, and g is a globally lipschitzian
function from C into R" which is taken to be a small perturbation of (10) in a
sense that will be clear later on. As usual, given a function x of real variable
and with values in ]Rn, X, denotes the function from [—r,O] into an which
satisfies xt(O) = x(t+6) for O¢e [—r,O:l. The solution of (lg) in C which satisfies
Xy = ¢ is denoted by x(§,g) and its value at time t is denoted by x(t;é,g). The
subset of C consisting of initial data for global solutions of (lg) (i.e., solutions

defined for all te(-om,+m)) is denoted by Ag' It is an invariant set under (1g).
Definition

Given a retarded FDE with phase space C and an integer k> 0, a mani-

fold B €C is said to be a manifold where the flow is given by a Ck ODE in ]Rn,

if there exists a function F :]RI[l —>]Rn of class Ck such that the ODE x = F(x)
has unique solutions for each arbitrary initial condition x(0) = ae]Rn, all solu-
tions of this ODE are also solutions of the given FDE with orbits lying in B, and
vice versa, the solutions of the given FDE through initial data ¢€B at t = 0 are

also solutions of the ODE for t > -r.
Remark

The preceding definition implies that such manifolds are homeomorphic
(if k = 0) or diffeomorphic (if k> 1) to Rn. Thus, they are C0 (if k = 0) or
C1 (if k > 1) manifolds and are n-dimensional. These manifolds are invariant
under the given FDE and, in particular, they are included in the set of initial
data for global solutions of the FDE. Besides, the mapping 7 :6 —>¢(0), from
B into R", must be one-to-one and onto, and f(p) = FQS(O)) for e B, and
F(a) = f(ﬂ-la) for a€R .



The maximal solution of an ODE x = F(x) having unique solutions for all
initial conditions x(0) = aeIRn, is denoted by t—&(t;a,F). The derivatives of

solutions relative to the initial data are denoted by
c .
HF(t, a) e (t;a,F) . (2)

It was mentioned in the Introduction that a nonlinear variation of constants
formula is used in the proof of existence of the invariant manifolds for the per-
turbed equations. Although this formula may be known to the reader, it is stated

and proved here for completeness.
Lemma 1

Consider the differential equation

x = F(x) + g(t) (3)

where F is a lipschitzian and continuously differentiable function defined in ]Rn
and g is a continuous function of real variable and values in R". A differentiable
function x from an interval I CIR containing the origin into ]Rn, and satisfying
x(0) = a, is a solution of (3) if and only if it satisfies the following (nonlinear)

variation of constants formula, for telI:

t
x(t) = &(t;a,F) + HF(t-s, x(s)) g(s)ds . (4)
0

Proof

Let x:I%]Rn be a differentiable function with x(0) = a. It is clear that

we can write

t

x(t) = &(t;a,F) + % Eg"@—s;x(s),F)]ds . (5)
0

Now,
adg [‘«s(t—S;X(S),F)] = —%%(t-S;x(s),F)+ g—i (t-s;x(s),F)fc(s) .

4



We note that, by uniqueness of solutions,
&(t;x), F) = £(t+ b E(-hyx , ), F)

and, taking derivatives relative to h at h = 0, we get

= % .. I,
0= 5 Bxp ) - 5x(tix, PIFkx) .

3

Consequently, since g—x (t-s;x(s), F) = HF(t—s, x(s)), we have

3 (G520, 5] = (-5, xD o) - pats)]

Noting that x(s) —F(x( s)) = g(s), we see that formula (5) becomes (4).

Q.E.D.



3. Existence

In this section, equation (1g) is considered with F:R" —>R" being a
1
C" function with first derivative bounded and globally lipschitzian. As discussed
in the Introduction, the subset of C consisting of segments of solutions of the

. 1
ODE x = F(x) is a C -manifold where the flow is given by a C1 ODE in ]Rn.
Theorem 2

Let F:]erl —>]Rn be continuously differentiable and have first derivatives
bounded and globally lipschitzian, and let B0 = {E( ‘;a,Fe C:aG]Rn}. If
g:C %»IRn is uniformly lipschitzian on a neighborhood of BO’
V= {¢€C: inf |g-y|< 6} for some 6> 0, with sup |g(g)| and the Lipschitz
VEB, peB 0

constant of g on V both sufficiently small, then there exists a CO-manifold B

where the flow of

() = F[x(t)]+ gx) (6)

is given by a C0 ODE in R", x = (F+Kg)(x), such that the function

hg(e,a) = E(6;a, F+Kg) -£(6;a, F) is continuous, bounded, and globally lipschitzian
in the second argument. Furthermore, Bg is the unique subset of V with these
properties, and both Bg and the associated ODE depend continuously on g, in the

sense that Bg approaches B_. in the Hausdorff metric and the vector field, defining

the ODE which gives the ﬂowoon Bg’ approaches F in the uniform metric of the

space of continuous function from IRn to ]Rn, as sup |g(¢)| converges to zero.
geB 0

Proof

The proof consists in the construction of a function Kg:]Rn éan, so that

the elements of Bg are segments of solutions of the ODE
x(t) = |F+K _|(x(t) . 7
[Fe ] (o) (")

The solutions of this ODE must also satisfy the given FDE (6). It follows that Kg

must satisfy



Kg[&(t;b, F+Kg):| = g[g(t++;b, F+Kg)] : (8)

On the other hand, we expect to relate B0

h [r 0:| XR" =R in such a way that de B0 is transformed into a point of Bg
by the mapping ¢ —>é+h ( ¢(0)> Thus, we want to have

to Bg through a mapping

§0;a, F+K) = £(6;2,F) +h.(0,2) o€ [-r,0] (9)
and then, also

= . :b h(-,b)] .
K0 = g[E(-;0,7) +h (-,b)] (10)

In order to make this construction precise, we need to establish the existence
of the function hg with the preceding properties. Equation (9) and the nonlinear
variation of constants formula for equation (6), imply that hg must be a fixed

point of the mapping Gg given by

6
G 0,0 = \ H [0-5 &sia,7) + b(s,2)] g[E (5850, 1 + bis,2), F)
0
+h(-;§(S;a,F)+h(s,a)>:] ds . (11)

To prove the existence of fixed points of this mapping, we apply the contraction

mapping principle in a set

S(D, A) = {h: [—r,O:I X]Rn, h is continuous, h(0,a) = 0, Ih(O,a)I <D
(12)

and |n(6,2) - h(6,8)] < Ala-3|, forall a,aeR", fe [-r,o]} .

This set is a closed subset of the Banach space of continuous functions from
[—r, 0:] xR" into ]Rn, taken with the uniform norm

o] = sup{llh(e,a)[ :0€[-r,0], ae]Rn}. We need, therefore, to prove that G,
maps S(D, A) into itself and is a contraction on this set, in the sense that there

exists 0 <X <1 such that



”Gg(h) -Gg(ﬁ)” <A[h-h]], for h,hes(D,a) ,

uniformly in g, for sup [g(;é),and the Lipschitz constant of g both sufficiently
peB
0

small. This is a straightforward computation based on formula (11) and the
following inequalities, where « = sup {IF'(a)| :aean} and L(F') is the Lipschitz

constant for F':

altlla‘al

|&(t;a, F) - £(t;3,F)| < e (13)
[Ho(t2)] < o1t (14)
L(QF') (ezalt‘ _ ea(tl) la _al , if o % 0

o , ifa=0

The proof of these inequalities is based on noticing that &(t;a,F) - &(t;3, F) is a
solution of the differential inequality |wl <alw], HF(t, a) is the solution of the
linear variational equation w = F‘(E(t; a, F))w with initial condition w(0) = I,

and HF(t, a) - HF(t, a) is the solution of the equation
W = F'Eta, )w+ [F(Ea, B) - F(EE, 1) H(t,5)

with the initial condition w(0) = 0.

If we denote by I.(g) the Lipschitz constant of g on V and take D £ 6, we
get from formula (11) and inequalities (13) - (15), for every h,he S(D, 4), a,ae€ ]Rn,
fe |:—r, 0], in the case when o # 0

or
|G (h)(o,a)| < = a_l [sup | g | + DL(gi’ (16a)
& ¢€B0



G (h)(6,a) -G ()(6,3)]| < {mz—) (26 (™ - ax - 1) + (- 1?4 ]
g g 2%

X[ sup |ed)]+ D(g)]
¢€BO

+ = (ere™+ (@A) ™+ AL |a-B [} (17a)

o - 6 @] < {L—z‘;—')(e"‘rmz[;:% g | + DL(g)]

0
-1 ror —
+ &= [e +1+a]L@p -] (18a)
and in the case when a =0

lc 6,2 < x [sup |e(#)] + DL(g)] (16b)

g beB

0
|6, 00.2) - G W6, 8| < 2(1+27 L@ |a-7]| (170)
o, - ¢ ®] < x2+aL@]n-B] (18b)

It is clear from these inequalities that Gg is a contraction in S(D, 4), provided

sup |g(¢)] and L(g) are sufficiently small. The contraction mapping principle
¢6B0
guarantees that there exists a unique fixed point hg of the mapping Gg in the set

S(D, &), provided that sup l g(¢)| and the Lipschitz constant of g on the set V
pe BO
are sufficiently small.

We can now define Kg:]Rn —Rr" by equation (10) and consider, as suggested

before, the set

—_ . . n
B, = {s( ja, F+K ) € CiacR } (19)



Let y(0) = £(6;a,F) + hg(e,a), e —r,O]. It is clear from formula (11), that
hg(e,a) is differentiable in 6. Consequently, y(6) is differentiable also. From

formula (11), we see that the equation hg = Gg(hg) can now be written as

6

y(6) = £6;2,F) + | H_(-s, y(s))Kg(y<s>)ds ,
0

which is the nonlinear variation of constants formula for

X = F(x) + Kg(x) .

. It follows that equation (9) holds, and

(t;a, F+K )
: g

F [E(t;a, FrK )|+ K [, FrKg)]

F[S(t; a, F+Kg):| + g[&’(-;s(t; a, F+K ), F+Kg>]

Fls(t;a, F+Kg)] +g[Et+-sa, F+K )]

Therefore &(t;a, F+Kg) is a global solution of (6), and the set Bg is invariant
under (6). Consequently Bg is a manifold where the flow of (6) is given by the

cO ODE x = (F+Kg)(x).

The continuous dependence of Bg and F+Kg on g, in the sense given in
the statement of the theorem, follows from the continuous dependence of the fixed
point hg on g. Let 0<X <1 denote the contraction constant, uniform in g for

sup |g(g)| and L(g) sufficiently small. Then
¢€B0

In ] - o o)) = lo g - 6,01 = [o ] < xla ]+ o o]

and
0

Gg(O) = HF@ -s, &(s;a, F))g(s(s+';a, F))ds
0

10



Consequently,

th]] < (1+x)—1|‘eg(o)|| and “Gg(O)” < %r- ¢s:;]; 0| P .

These inequalities show that hg approaches zero as sup lg(¢)] converges to
pe B0
zero, or that hg depends continuously on g, in the sense of the statement.

Q.E.D.

Remark

From the inequalities (16) - (18), it is possible to obtain explicit estimates

on how large sup [g(¢)| and the Lipschitz constant of g on the neighborhood V
peB
0

of B0 can be for applicability of the preceding proof. It is easy to verify that, in

the case « 74 0, these conditions reduce to

o
ar
e -1

[¢su1]; ]g(¢)|+ DL(g)‘J < D

0

' ar
L(F2) [ZeA (e -ar-1) + (™ - l)zjl[sup ]g(¢)l+DL(g)il
¢6B0

1 eozr ar
+;[ar—g+<e -1ﬂ(e‘”+A>L<g> <1,

and in the case a = 0,

sup |g(#) |+ DL(g) < D/r
¢€B0

and

L(g) <
r(l+ A)

11



where 0 <D< 6 and A is an arbitrarily fixed positive number. In the case

a = 0, these inequalities amount to

L(g) < 1/4r

sup |g(¢)l < 6(1/r—L(g)> R
gSeBO

where 6 is the size of V as in the theorem: V = {ySeC: inf [¢— w] < 6}.
ye B0

Based on these observations, it is possible to prove the following result

valid for perturbations of equations which may include retarded terms.

Corollary 3

Let f:C —>]Rn be a globally lipschitzian function and let B0 be a manifold

where the flow of

X(t) = f(xt)

is given by a C1 ODE in an, x(t) = F[x(t)], with F having bounded and globally
lipschitzian first derivative. If a = sup{|F'(a)| :aE]Rn} and the Lipschitz con-
stant of f, denoted by L(f), satisfies

a -a if a#0
X Jar + e - 1)

L(f) <
1/4r -a ifa=0 ,
and if g:C Q]RIl is uniformly lipschitzian on a neighborhood of B o’
V= {gSeC: inf |- v]g 6} for some 6> 0, with sup |g(¢) | and the Lipschitz
' YeB, pe By

constant of g on V both sufficiently small, then there exists a CO—manifold B

where the flow of the perturbed equation

X = f(xt) + g(xt)

is given by a C0 ODE. Furthermore, Bg and the associated ODE depend contin-

uously on g and they are unique, in the sense of Theorem 2.

12



Proof

The perturbed equation can be written as
() = P] + {1x) - F[x(0] + gx) } -

Taking into consideration Theorem 2 and the Remark preceding the present
corollary, it follows that it is sufficient to shov that D,A> 0 can be chosen so
that the estimates for applicability of the proof of Theorem 2, as given in the
Remark, are satisfied for the function g:C —R" given by g(4) = (4) —FDé(O)__] .
o is given by the ODE x = F[x(t)], we have

necessarily f(§) = F[$(0)], for all ¢€B0. Consequently, sup [g(#)] =0 and,
peB
0
since D can be chosen arbitrarily small, the conditions given in the Remark

Since the flow of x = f(xt) on B

preceding the present corollary, when applied to the function g, reduce to

L(g) < 1/4r , if =0

and

L(8) < mi = = i
g min ar_l, - o or , ifa#0,
© (e +A)<e -1+ or -e—A->

The second term inside the curly brackets is always smaller than the first and its
1/2
maximum value is achieved when A = e~ [afr/ (eozr_ l):l . Using this value in

the preceding estimate for L(g), we obtain

a
e*r <\/'a_r + Vear-l>2

Since L(g) < L(f) +a, these conditions on L(§) are guaranteed by the conditions

L(g < , ifa#0.

assumed for L(f) in the hypothesis of the corollary. Q.E.D.

The following example illustrates the application of the preceding result.

13



Example 1

Let us consider

x(t) = G[x(t] - G[x(t-1)]

where G :IRn —9’]15{n is a globally lipschitzian function with Lipschitz constant
L(G), and r> 0. The manifold BO cC( [—r,O];Rn) consisting of the constant
functions defined on [—r, 0], is a manifold where the flow is given by the ODE
x = F(x) = 0. Therefore, o= sup{lF'(a)I :aelR} = 0. The right-hand side of
the equation is given by the function £:C —R" satisfying f(¢) = G[¢(0)] - G[(-r)].
Consequently, f is globally lipschitzian and has Lipschitz constant L(f) = 2L(G).
Thus, the preceding corollary can be applied whenever r < 1/(8L(G)) to show
that for small perturbations of the given equation there exists a unique manifold

with the properties of Theorem 2, where the flow is given by a C0 ODE in ]Rn.

14



4, Smoothness

The following result gives conditions for smoothness of the invariant
manifold Bg and the associated ODE, whose existence was established in the

previous section.

Theorem 4

+
Let F :]Rn %*]Rn be a Ck L (k > 1) function with bounded derivatives up

to order k+1, and let BO = {‘g"( «;a,F) :ace ]Rn}. If g:C —->an isa Ck function
having bounded derivatives up to order k on a neighborhood of BO’
V= {¢€C: inf |p-v|< 6} for some 6>0, with sup |g(¢)|and sup |g'(d)]

YeB, ¢€B0 pev

both sufficiently small, then there exists a Ck—manifold Bg where the flow of
x(t) = Fx()] + gx) (20)

is given by a Ck ODE. Furthermore, Bg is the unique subset of V with the

properties stated in Theorem 2.
Proof

Under the current hypothesis, it results from Theorem 2 that there exists
a unique manifold B with the properties in that theorem, where the flow of (20)
is given by a CO ODE, x = (F+Kg)(x), and Kg’ Bg are defined by expressions
(10) and (19), in terms of the fixed point hg of the mapping Gg delf{ined by (11).
Consequently, it only remains to prove that hg(e, a) is of class C as a function
of the variable a. This will be first established for k =1 and k = 2. For higher
k we use induction. This procedure is similar to the one used by Fenichel [1]

for the smoothness of invariant hyperbolic manifolds for flows.

Using formulas (9) - (11) and abbreviating

z(t,a) = E(t;a, F+Kg) , teR (21)

so that
20,2) = £(6;0,F) +h(0,8) e [-r,0] , (22)

15



we can write
]

hg(e,a) = HF(G -8, z(s,a))g[& ( ; z(s,a),F>+ hg ( s z(s,a))] ds . (23)
0

Let us assume that the hypothesis of the theorem holds for k = 1. If the derivative
oh g/ da exists, it must satisfy the equation obtained by formally differentiating
both sides of (23) relative to a. In particular, ahg/ da must be a fixed point of

the mapping Tg defined for nxn matrix-valued functions v(6,a) and for be R"

by

0
[Tg(v)b](e,a) = {DzHF@ -8, z(s,aD [HF(s, a)b + v(s,a)b:]g[z(s+ :, a)—_]
0
+ HF<6 -s, z(s,a)> g' [z(s+ . ,a)—_l [HF< , 2s,2) + V(‘ , Z(S,aD:] (24)

dﬁﬁawb+w&w@}m,

where D2H v denotes the derivative of HF relative to its second argument. Let

us consider the sequence of nxn matrix-valued functions Vi defined inductively

by

v1 =0 and Vi+1 = Tg(vi) . (25)

We shall see that {Vi} is a Cauchy sequence in the space of nxn matrix-valued
continuous functions defined in [—r, 0] X ]Rn, taken with the uniform operator

norm

vl = suwp {IV(G,a)bl:6€[-r,0:|, a,beRt.l, Ib|= 1} .
Following this, one can show that the limit of the sequence {vi} is, indeed, the
derivative 8hg/aa.

In order to prove that {vi} is a Cauchy sequence, we use the following

inequalities, where a = sup{[F'(a)l : ae]Rn} and B = sup {lF"(a)| : ae]Rn}:

|Hﬂtm'$eam (26)

16



2a [t
e

Q™

, ifa>0

D.H_(t,a)] < (27
2°F | if a=0

o

The first inequality is (14) in the proof of Theorem 2 and the second inequality is

established by noticing that DZHF(t,a) is the solution of the equation

W = FEta, B)w+ F'(E(ta, F)H (1, 0H (t,2)

-with initial condition w(0) = 0. In fact, from this equation and inequality (26) we

. 2
obtain the differential inequality |w|< a|w|+ Be altl . Solving this differential

inequality with initial condition w(0) = 0, leads to (27). In the proof of Theorem 2,
it was shown that hg is bounded by some D> 0 satisfying D £ 6. Consequently,
using inequalities (26), (27) in formula (24), we get

.8
[l = Irpll <= 5™ ™ v D sy (5] + o |g<¢>l>
ere™e v, )? sup |2
€V

where the first term on the right-hand side vanishes if @ = 0. It is clear that,

given o < 1/2, if sup lg(;é)l and sup |g'(¢)| are sufficiently small, then
peB de Vv

[vi, ]l < @+ vl +]v,[%0/2. since |v || =0, it follows that
|v.] <o/2<1/2 for i =1,2,... . (28)

On the other hand,

- B 2or .
“Vi+1 ) Vi“ - “Tg(vi) ) Tg(vi—]_)" S [r a® <D ;:PV |g'(@)] + ;:I;BOI g(¢)|>

e Il ) s 16 I

where the first term inside square brackets vanishes if @ = 0. Consequently, for

17



sufficiently small sup |g(¢)| and sup |g'(¢) , we have

,zSeBO pev
vy - vl <@/ - v, [, forali=1,2,... . This shows that {v } isa
Cauchy sequence and, consequently, it converges to some v, as i —> . Clearly,

v is a fixed point of Tg’ i.e., v= Tg(v).

Now, we can prove that v is, indeed, the derivative ahg/aa. Fix ae]er1

and let 7 be a function defined for small values of € > 0 by

|b.(6, a+b) - T g(le,a) - v(9,a)b]
b

Y(€) = sup (29)

6 € [-r, 0]
- Il

In order to prove that 8hg/ da exists and is equal to v, we need to prove that

Y(€) =0 as € = 0. Denoting
y(s,b) = z(s,atb) - z(s,a) - HF(s,a)b -v(s,a)b , (30)

it follows from formulas (23) and (24), using a first order Taylor expansion, that

0
h (0,a+b) - b (6,2) - v(0,a)b = {DzHF(G-s, 2(s,2)) y(s,b) g(a(st -, a)
0

+ HF<9-S, z(s,a)) g'(z(s+ ., a)) [HF ( s z(s,a)> y(s,b) + hg(' , z(s,a+b)>
- hg(-, a(s,a) - v(:, a(s,a) (Hy(s,a)b + v(s, a)b) + o(|zts, atb) - als,a) [}]

+(9Qz(s,a+b) - z(s,a)l + |hg<-, z(s,a+b)> - hg(’, z(s,a))\)}ds . (31)

From formulas (22) and (30), taking into account the definition of HF and formula

(29), we get for se [—r, 0]
ly(s,b)]| < [E(S;a+b, F) - &(s;a,F) - HF(s,a)b[+ ‘hg(s,a+b)
-hg(s,a) -v(s,a)b (32)

<O(b) +phlp]
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as ‘b |—> 0. On the other hand, recalling that it was shown in the proof of Theorem
2 that h is lipschitzian in the second argument with Lipschitz constant A> 0, an
)

application of inequality (13) to formula (22) gives

|z(s,a+b) - z(s,a)l < (eozr+ A)[bl , for se —r,O] (33)

and, then

0Qz(s,a+b) - z(s,a)| + lhg(-, 2(s, a+h))- hg(-, z(s,a))D = (b)) , (34

as [bl%O. It also follows from formulas (29) and (30) and inequalities (27), (32),
(33), that

‘hg(', z(s,a+b)> - hg(- s z(s,aD - v(‘ , z(s,a)> (HF(s,a)b + v(s,a)b)l
= ‘hg<" z(s,a+b)> - hg(-, z(s,a)) - v(’, z(s,a)) |:z(s,a+b) - z(s,a):|

+v(-, =(s,2)) y(s,b) ‘

< VQeM“LA)IbD(earM)llef Ab)|b|+ @(b]) (35)

as \b‘—) 0. Using inequalities (32) - (35) and (26),(27) in formula (31), and
recalling the definition of v in (29), we get

Ye) £ Cl'y(€)+ 027«ear+ A)€>+ o)

as € =0, where Cl’ 02 > 0 are constants which can be made as small as desired

by making sup |g(f)| and sup |g'(d)| sufficiently small. In particular, we can
de B, pev

def
take C1 <1, A = Cz/(l —Cl) <1 and denote B = (ear+ 4), to get

Ye) < A¥(Be) +O(1) , (36)

as € —=>0. Using this inequality repeatedly, we get

v < alva+ A A% s Do) < Alve + 1-a) o) |
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as € =>0. From inequality (28) we have |v] <1/2 and from the fact that hg is
lipschitzian in the second variable with Lipschitz constant A, the definition of ¥

in (29) implies that ¥€) < A+ 1/2. Since Y(€) is bounded and 0 < A <1, if we denote
by {ei} any sequence of positive numbers convergingto zero as i —>00, and let

i — o0, we obtain ’Y(B—iEi) —>0 as i —=> . As the function ¥(€) is nondecreasing

for € >0, it follows that ¥Y{(e) =0 as € —=0. This proves the theorem for k = 1.

In order to prove the theorem for k = 2, we notice that each element of
the sequence {vi(e,a)}- is differentiable in a, because, as we have just proved,
h is differentiable in a. Therefore, the derivative relative to a of
vig+1(9,a) = Tg(viXG,a), as given by formula (24), exists provided vi(e,a) is itself
differentiable relative to a. Since we start with v, = 0, all the vi are differentiable

1
relative to a, and

6
it o
—82—1—((9,a) = DZHF(O -8, z(s,a)) a—a(s,a) g(z(s+' , a))

0

ov,
+ HF<9 -s, zs, r)) g'(z(s+ ° a)> {g& ( s z(s,a)> [HF(s,a) +Vi(s,a)] 2

av,
i
+ ‘.—HF< s z(s,a)) + vi(-, z(s,aD] 52 (s,a)}y ds
+ (terms not involving derivatives of v's) . (37

The terms that do not involve derivatives of v's are formed of g and its first and
second derivatives, HF and its first and second derivatives relative to the second
argument, and the functions Vi Consequently, we have to verify the existence of
82HF(1:, a)/8a2 for te [—r, 0]. It is not difficult to show that this derivative does

indeed exist and satisfies the nonhomogeneous linear variational equation obtained

by formally differentiating the variational equation w=F (S(t; a, F))w twice relative

to a, i.e., BZHF(t, a)/aa2 satisfies the equation
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w = F'(E(t; 2, P)w + F(E(t; 2, F))

BHF 8HF 3
+ [—&a_ (t,a)HF(t, a) +2HF(t,a)¥ (t, a{] + F”'(S(t;a, F)) [HF(t, a)]

2
with initial condition w(0) = 0. It is then possible to verify that BHF(t, a)/da” is
defined and bounded over the interval ['—r,O—_I. Using inequalities (26) - (28) in a
similar way as done above for the sequence {Vi }, we get in the usual uniform

operator norm

avi Bvi_l

oa oa

Wiy

da da

< Cq (38)

where C3, C4 >0 and C3 can be made as small as desired by making

sup |g(f)] and sup |g(p)| sufficiently small. Since we already know that
peB 0 pev

“Vi - Vi-l“ < (1/2)1, it follows that {8Vi/8a} is a Cauchy sequence. Arguing as
before for the sequence {vi }, we can show that 9v/da = azhg/ da exists and is

equal to the limit of {avi/aa . This proves the theorem for k = 2.

The proof of the theorem for k> 2 follows by induction. Assume the
theorem holds for a certain k > 2 and the hypothesis is satisfied for k+ 1, and

let w = akh g/ 8ak. Differentiating equation (23) k times, we get

0

w(9,a) = {D2HF(6 -8, z(s,a))w(s,a) g(z(s+ ., a)>
0

+ HF<9 -s, z(s,a)) g'(z(s+ ., aD {w < s z(s,a))[HF(s,a) + v(»s,a):lk

+ [HF< , z(s,a)) + v(- s z(s,a))t] w(s,a)}} ds

+ (terms not involving w) . (39)

The terms not involving w contain derivatives of g and the derivatives of hg(e,a)

and HF(G,a) relative to a, up to order k. We must therefore verify that the
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derivatives of HF(O,a) relative to a exist and are bounded, up to order k, for

6¢€ [—r,(ﬂ, ae an. It is not hard to show that this is the case and that these deriva-
tives satisfy nonhomogeneous linear variational equations with initial condition
zero at the orgin. These equations are obtained by formally differentiating the
linear variational equation W =F'<§’(t; a, F)) w realtive to a, as many times as

the order of the derivative of H F in question. Now, we can let J be the mapping
transforming w into the function J(w) of (6,a) according to the right-hand side

of (39), and define recursively the sequence {wi} by w, =0 and Wiy :J(Wi).

1
It follows from inequalities (26) - (28), as before for the sequence {vi}, that

{wi} is a Cauchy sequence, in the usual uniform norm, provided sup [g(¢) l and
¢€BO

sup lg'(¢)l are sufficiently small. Consequently, {w;} converges to a fixed point
pev

k
w of J, and w = 9 hg/ aak. Clearly, the functions wi(G,a) are differentiable in

a, and, consequently, (8wi+1/8a)(6,a) is equal to the right-hand side of (39) with
w replaced by 8wi/8a.

Using again inequalities (26) - (28), we obtain an inequality like (38) with
Vi replaced by w,. Arguing as before in the sequel of inequality (38), we prove

that ow/da = 8k+]l

+
hg/aak L exists and is equal to the limit of {8wi/aa}. This
proves that the theorem holds for k+1 if it holds for some k > 2, thus completing

the induction step. Q.E.D.
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5. Stability
This section discusses the stability properties of the invariant manifold

Bg of Theorems 2 and 4. The following result is stated independently of the

theorem on stability because it is also used in the next section.
Lemma 5

Assume that F :IRn éan is a 02 function with bounded first and second
derivatives and let B0 = {8( ‘;a,F)e C :ae]Rn}. If g:C —>1Rn is a continuously
differentiable function with first derivative bounded in a neighborhood of BO’
V = {;66 C: inf |¢—zp | < 6} for some 6> 0, then, for sufficiently small

3 B0
sup ]g(¢)l and sup |g'(¢)l , the orbit of any solution x(t) of the equation
peB 0 pev!

() = Flx(t)]+ gx) , (40)

which satisfies lxt— 13 (';x(t), F+Kg>l< 6 for all te[O,r], stays in V for all t>r
and approaches, exponentially fast, the manifold Bg where the flow of (40) is given

by the ODE x = (F+Kg)(x). More precisely, there exists o> 0 such that

lxt-g<-;x(t),F+Kg))l<6 and inf [x - y]< 56 o

€EB
Wg

Proof

Let x = (F+Kg)(x) be the ODE which gives the flow of (40) on Bg' Accord-

ing to formulas (9) - (10) of Theorem 2, we see that x(t) satisfies the equation
x(t) = [F+Kg](x(t)) + glx) - gle (5 x(), F+Kg>]
and we have
£(0; a, F+Kg) = &6;a,F) + hg(@ ,a) , for 96[—1‘,0], acR" .

The proofs of Theorems 2 and 4 guarantee that the function hg is bounded and

continuously differentiable with bounded derivative relative to the second argument,
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and the bounds [hg(e, a)lg D and [ahg(e, a)/aal < A can be taken arbitrarily small,

by requiring sup ]g(¢)] and sup lg'(yﬁ)[ to be sufficiently small. In particular,
pem, pev

we can make D> 0 so small that Bg lies inside an arbitrarily small neighborhood

of B 0 Denoting

2(t,0) = x(t+0) - £(6; x(t), F+Kg) , for t»0, 6e[-r,0],

the nonlinear variation of constants formula of Lemma 1 gives

t+6

2(t,0) = HF+Kg(t+e—s, x(sb[g<xs> -g@(-;x(s>,F+Kg))]ds, (41)
t
for t+6 >0, 6€[-r,0],

= . + .
where HF+Kg(t’ a) = 9&(t;a, F Kg)/aa Clearly,

oh
- —& - n
HF+Kg(6,a) H(0,2) + 25(0,a) , 6e[-r,0], acR ,

and, from the inequality (14) of the proof of Theorem 2, we get

(6,a)|\<e—ae+A , GEEI‘,O—_I ,

-
g

where a = sup{IF'(a)l :ae]Rn}. Let € > 0 be such that
lxs - g(-;x(s), F+Kg){< 6 -€ for all s€[0,r] and define

T = sup{tER";‘xs-g(-;x(s),F+Kg)|g 6-€¢, forall 0\<s<t}

Making sup |g(f)| and sup |g'(¢)| so small that we can take D < 6, the mean

gSeBO pev

value theorem can be applied to formula (41) yielding
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|2(t,0)] < (™09 ) sup [g'()| n[lax JJZ(s,T)lds
Yev T€l-r,0
t+0 (42)
ear—l
g( . +A1> sup[g'(w)l(é—e) , for rLtgT, B¢ -r,O__I.

YyeVv

by taking sup |g'(y)| sufficiently small, we can make |z(t,6)] < (- €)/2 for all
vev
r{tgT, B¢ [—r,O] and, consequently, T = +o0o. This implies that

lxt - E(’ s x(t), F+Kg>| < 6 for all t>r. Using inequality (42) in the variation of

constants formula (41), as before, we get

ear—l 2
|z(t,6)| <6 [( > +Ar> sup Ig'(z//)]] , for t> 2r, 96[—1‘,0]
yev

Proceeding in this way through further intervals of length r, we obtain

ear—l m
Iz(t,e)l <6 [( - +Ar> sup lg‘(w) l] , for t>mr, 96[—1‘,0] .
Y

Consequently, for sup |g’(x//)[ sufficiently small, we have
YeV

|z(t,6)| < 6Bt/r , for t>r,

with 0 < B < 1. Since Bg = {g( ©sa, F+Kg) €C:a ean}, we get the exponential
estimate appearing in the statement of the theorem by setting ¢ = -(fp)/r.

Q.E.D.
Theorem 6

Assume that F R'"—>R" isa C2-function with bounded first and second
derivatives and let B0 = {S( -;a,F)eC :ae]Rn}. If g:C —R" isa continuously
differentiable function with first derivative bounded in a neighborhood of BO’
V= {¢€ C: inf |$-y| < 6} for some 6> 0, then, for sufficiently small

3 B0
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sup |g(¢)| and sup |g'(¢)|, the manifold Bg is exponentially asymptotically
¢eB 0 pev

stable under the equation

() = Fx(t]+gx) .
More precisely, given any neighborhood V' of Bg’ there exist L,0>0 and a
neighborhood U of Bg such that

xt(¢, gev' and inf Ixy(¢, g -y l <L e-'at

€B
l//g

for all eU and t> 0.
Proof

Without loss of generality, we assume that V' is a neighborhood of Bg of

the form V' = {¢€C: inf |¢—¢/| < 6'} for some a@6' 6, and we take U to be an
YeEB
0

€-neighborhood of Bg’ i.e., U= {¢€C: inf |-y < e}. If eU, then for
YeEB

each y> 0 there exists a€R" such that |¢— &(-;a, F+K )l L €+y. Let
o= sup{IF'(a)I :ae]Rn} and A = sup{lahg(e,a)/aal :eef-r,o:l, ae]Rn§. Then

|65, Tk ) - (3400, Fri )] < €7+ 2)[$(0) -

< ™+ A(e+)

and, consequently,
|#-£Cs 900, F+Kg)| < |-&Csa, F.+Kg)] + [e-5a, FK) - £ (5400, F+Kg)]

< (e+)(1+e T+ A)

Since v > 0 can be taken arbitrarily small, we have
[#-8C:0, Fri s el1+e™ra
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The variation of constants formula of Lemma 1 gives

t

x(t; 0,8 = E’(t; $(0), F>+ S HF(t—s, x(s;¢,g)>g|:xs(¢,g)] ds .
0

If we define T = sup {te o, r] :xs(¢, g)eV!' for all se€ fO,t]} and use the inequality
(14) of Theorem 2, we get

ar
\x(t;¢,g>—§(t;¢<o>,F)|< (e a‘l) [ sup [g(y)|+ &' sup ;g'w)l], for te[0,T] .

x//eBO yev!

By taking sup ’g(l//)l and sup lg'(z//)[ sufficiently small, we can make
Ye B0 yev!

‘x(t; 6,8 - S(t; $(0), F)Ig %- e , for all te[O,T] . (43)

We notice that

| %80 - £+ -5 4(0), B)|

= max{lx(s;ys,g)-g(s;gsm),g)l, |#(n) -£(7;$(0), F)| :s€[0,], T€[t—r,0]}.

By choosing €> 0 sufficiently small and restricting sup Ig(tp)l and sup lg'(lj/)l
yeB, yev

to be smaller, if necessary, we can make lyﬁ —S(-;¢(O), F)ls 6'/2. 1t follows
that |xt(¢, g) - §(t+ -5 $(0), F)]g 6'/2 for all te[O,T]. This implies that T = r

and, conseciuently,
|x(8,9 - £Cix(t: 6,9, F+Kg>l < |x8.0 - (t+-;90, B)|
+|eCe+r-: 40, F) - (Cixts g0, D) + |€Cixtig, 0, F) - £Cxits, 9, F+Kg)|

-ar ar
ve|

S‘%e x(t; 6,8 - £(t;4(0), F)| + D , forall tef0,r] ,
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where D = sup{[ h (6,a)] :0€[-r,0], aeR } . Tt is known from Theorem 2 that
D> 0 can be made arbitrarily small by restricting sup |g(y)| and sup EXCN

yeB, Y
to be sufficiently small. Applying this and inequality (43), we get

\xt(¢,g) - E(‘;x(tiﬂs,g), F+Kg>‘< ' , forall te[O,r___] .

Now, we apply Lemma 5 to get the result. Q.E.D.
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6. Manifolds of Initial Data for Global Solutions

The set of initial data for global solutions has an important role in the
study of geometric properties of FDEs. It is of interest to know when this set
is a differentiable manifold and what is its order of smoothness. The previous
results could be used for that purpose, provided the manifold B , whose exis-
tence, smoothness and stability were established in the precedifg theorems,
could be shown to be equal to the whole set Ag of initial data for global solutions
of the perturbed equation. Although Ag is not in general equal to Bg (even if
A = BO), as shown in an example given after the next result, the following local

0
statement is true.

Theorem 7

Assume that F :IRn %]Rn isa 02 function with bounded first and second
derivatives and let B0 = {%’( -;a,F): ae]Rng'. If g:C—> R" isa continuously

differentiable function with first derivative bounded in a neighborhood of B

0,
V = {g&e C: inf [¢—(//|< 6} for some 6 > 0, then there exists a neighborhood
¢€BO
U of Bg such that, for sufficiently small sup |g(¢)] and sup |g‘(¢)l, the orbits

,zSeBO pev

of all global solutions of the equation
x(t) = F[x(t)] + g(xt)

which lie in U for all telR are, in fact, contained in Bg’ or, in other words,
if A[gJ~ is the set of initial data for global solutions whose orbits stay in U, then
AU =B .

g g

Proof

By Theorem 6, there exist o,L > 0 and a neighborhood U of Bg such that

xt(¢,g)€V and inf Ixt(¢,g) - l//l < Le_(Jt

€B
v g
for all €U and t > 0.
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Let us assume that ;z‘)eAIgJ and ¢¢Bg, and denote v = inf |$-y|> 0.
YeEB
—~T U g
Take T > 0 so large that Le < p. Since Ag is the set of initial data for

global solutions whose orbits stay in U for all te R, there exists a point

§€A§C U such that xT(t, 2 = ¢ Thus, inf |¢ -y l < v, contradicting the pre-
YeEB
vious assumption. g

This proves that Agc Bg' Since BgC U, Theorem 2 implies that BgC Algj,
and it follows that Bg = Ag. Q.E.D.

The following example shows that, in general, Ag is not equal to Bg'

Example 2

Consider the following scalar linear equation
X() = -e[X(t) - x(t-r)] (44)

on C = C([—r,O];IRn>, with € > 0 small. This is an equation of the type dis-
cussed in the previous theorems with F(x) = 0 and g(§) = g€(¢) = —GBZ)(O) - Q(—r)] .

Consequently, Theorems 2 and 4 guarantee the existence of a Coo—manifold, Bg
€
where the flow of (446) is given by a c® ODE, provided € is sufficiently small,

and that Bg approaches, as € —>»o0, the set A0 = B0 of initial data for global
€

solutions of the equation (440), which consists of the constant functions defined
on [—r, 0]. Actually, it is obvious, in this case, that Bg = AO.
€
One of the characteristic values of (446) sits at the origin of the complex
plane as € changes, but there exists one characteristic value with real part
decreasing to - as € = 0. This last characteristic value gives characteristic
solutions which are global solutions of (446) and have initial conditions which do

not approach, as € >0, the set A_ = B0 of initial data for global solutions of (446).

0
For this example, we have B = A_ and B % A .
8¢ 0 B¢ Ee
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It is clear from Theorem 7 that we have Ag = Bg provided the orbits of
all solutions of the perturbed equation enter a sufficiently small neighborhood of
Bg after some fixed finite time. A sufficient condition for this to happen is given

in the following result.
Theorem 8

2
Assume that F :]R][1 —>]Rn is a C function with bounded first and second
3 3 — . o . n — . n
derlvatwens, let BO = {S( ;a,F)eC:aeR } and o = sup{!F'(a)l :a€R } If
g:C—=>R is a bounded continuously differentiable function with first derivative

bounded in a neighborhood of BO’ V= {¢€ C: inf |¢ -w[\< 6} for some 6 satis-

(3 BO
fying 0 < 6 <+, and such that sup |g(¢)| < 601/2(ear— 1), then, for sufficiently
peC
small sup |g(¢)l and sup ]g'(¢)l , the Cl-manifold Bg of theorems 2 and 4

peB pev
is equal to t%e set Ag of initial data for global solutions of the equation

k(1) = F[x(0] + glx)

Proof

Proceeding as in the proof of Lemma 5, and denoting x(t) = x(t; 9, g,

z(t,0) = x(t+9)—'§’(6; x(t), F+Kg> , for t>0, 96[—1‘,0] s

we get, for t+6 >0 and 6 €[-r, 0],

t+6

z(t,0) = Hox (t+6 -, x(s)) [g(xs) - g@ (5 x(s), F+Kg)>]ds ,
t g

where

af

6,2)| e T +A, 6 €[-r,0]

’

H F+K
g

and A> 0 can be made arbitrarily small by making sup lg(¢)l and sup Ig’(;ﬁ)]
¢€BO pev
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sufficiently small. Using this inequality in the preceding equation, we obtain

t
| 2(t,0)] < (e
t+0

-a(t+6 -s)

ar
+4) 2 sup |g(y)] \<2<e a‘1+m> sup [g()|
YeC yeC

for t>r, ¢ -r,O]. By hypothesis, sup [g(z[/)[ < 6a/2(ear— 1), so that, for
YeC
sup ]g(w)l and sup Ig'((//)] both sufficiently small, we have Iz(t,e)l < 6 for all

weBO yvev

t>r, O€ [—r,O]. This implies that lxt- 5(‘ ;s x(t), F+Kg)l< 6 forall t>r. Con-
sequently, Lemma 5 can be applied to guarantee that there exists a o> 0, inde-
pendent of ¢ € C, such that

t

inf [x(p,8)-wl<6e™ , forall ty2r, gec .
¢€Bg

Now, we proceed in a way similar to the proof of Theorem 7. Let us

assume that €A and ¢¢B , and denote v = inf |¢-y|>0. Take T>O0 so
J & (peBg

large that 6e—ct < y. Since Ag is the set of initial data for global solutions,
there exists a point §€Ag such that xT+r(§’, g) = . Consequently,

sup [¢—¢/]> v, contradicting the assumption. This proves that A ¢ B , the
veB, g g

reverse inclusion results from Theorem 2. Q.E.D.

As a corollary, we obtain the following result about the smoothness and

stability of the set of orbits of global solutions.
Theorem 9

Let us consider the equation
x(t) = F[x(t)]+ glx) |, - (45)

k+1
(k> 1) function with bounded first and second

where F:R"—>R" isa C
derivatives, and let g:C —>R" be a bounded Ck function with first derivative

bounded in a neighborhood V = {gSe C: inf |¢ —(p] < 6} for some 6 > 0. Suppose
ye B0
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that sup |g(@)| < saf2(e” - 1), where @ = sup |F'(a)]. Ifboth sup |g(d)]
peC a€eR peB,

and sup |g'(¢)] are sufficiently small, then the set Ag of initial data for global
gev
solutions of the equation (45) is a Ck—manifold diffeomorphic to ]Rn, which is

exponentially asymptotically stable under the flow of (45) and approaches A0 in

the Hausdorff metric, as sup |g(¢)] converges to zero.
de B,
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7. Perturbations of Linear Retarded Equations

It was illustrated at the end of Section 2 how the results for perturbations
of ODEs, presented in this paper, can be applied for perturbations of certain
equations containing retardations (see Corollary 3 and Example 1). When the
unperturbed equations are linear, the conditions for applicability of the tech-
niques used in this paper can be somewhat relaxed. This is done in the present

section.

If f is a continuous linear function from C = C( [—r,O] ;]Rn) into ]Rn,
then there exists an nxn matrix-valued function of bounded variation n defined

on [—r, 0_] such that

f(§) = [dn(6)]#(6)  for all pecC .

-r

We can separate the contribution of the atom at zero of the measure in the pre-

vious integral as

flg) = EBO) + \ [dn (6)]4(6) forall feC ,

-r

where Ef is an nxn matrix and nc is continuous at zero.

Theorem 10

Let f:C 9]Rr1 be a continuous linear function, and let B0 CC be a

manifold where the flow of

x(t) = f(xt)

is given by a linear ODE in an, x = Ax, where A is an nxn real matrix. If
a= sup{[Axl: x€R", |x|= 1} and B = sup{lf(yﬂ) - Efg‘:(O)l 1deC, || = 1} satisfy
T eoer <1, andif g:C —é’lRn is a uniformly lipschitzian function on a neighbor-

hood of BO, V= {¢€C: inf l¢'ll/|S 6¢ for some 6 satisfying 0 < 6 ¢ +oo, with
(A3 B0
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sup ]g(¢)| and the Lipschitz constant of g on V both sufficiently small, then
peB

0 0
there exists a C -manifold Bg where the flow of the perturbed equation

x(t) = f(xt) + g(xt)

is given by a CC ODE in R", % = Ax+ K (), such that the function
hg(G,a) = £(0;a, AI+Kg) —eAea is continuous, bounded and globally lipschitzian

in the second argument. There exists AO > 0 such that Bg is the unique subset

of V with these properties for which the Lipschitz constant of h relative to the

second argument is smaller than AO.
depend continuously on g, in the sense of Theorem 2.

g
Furthermore, Bg and the associated ODE

If, in addition to the above hypothesis, g is continuously differentiable on
V, then Bg is an exponentially asymptotically stable Cl—manifold where the flow

of the perturbed equation is given by a C1 ODE in ]Rn.
Proof

As in Corollary 3, we write the perturbed equation in the form
x(t) = Ax(t) +{f(xt) - Ax(t) + g(xt)} .

According to Theorem 2, in order to prove the theorem for k = 0, it is sufficient
to show that the mapping
~ 6O
A(H- .
Gg(h)(@,a) = e (© S)‘{(f+ g) EeA (eASa+ h(s,a)) + h(’ s eASa + h(s,aD]
0

- A(eAsa + h(s, a))} ds

is a contraction mapping on the set S(D, A) defined in the proof of Theorem 2.
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For all ¢€B0, we have f(§) = A§(0). Thus,

f[eA.CeAsa+ h(s,a)> + h(- , eAsa+h(s,a)>:] = A@Asa+h(s,a)>

+ fEl( , eAsa+ h(s,a))] s

and, consequently,

6
Gg(h)(e, a) = eA(G—s) {f [h( s eAsa+ h(s, a)>]
0

+ g[eA.(eAsa+ h(s,a)> + h(' , eASa+h(s,a)>:|} ds .

If @ # 0, we can derive the following estimates (refer to the proof of Theorem 2
for the terms related to g) valid for all 6 € [—r, 0-_] , a,a e]Rn, h,.l-1.€ S(D, A) with
0 < DK 6,and where I1(g) denotes the Lipschitz constant of g on V:

1

ar ar
|Gg(h)(e,a)] < ° a'l[sup |e(p)] + DL(g)-J+ =—— D

¢€B0

|, 00, 8) -0 ()6, 3)] < {é (er ™+ (- 1A ™ + A) L(g)

b2 (oo™ -1 A)gf a3

“Gg(h) -Gg(ﬁ)]l < {ea(z—l [ea’r+1+A]L(g) + (71 (1+A)B} [n-h]

o
and, with ¢ = 0, we have

[G (h)(e,a)l £r [sup |g(d) | + DL(g;jl + rDB
g ¢€B0

- 2
6, (10,2 -G (0.8 < {x(1+0°Llg) + raL+2B] [a-3|
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o, -6, B < {ze+ L@ +r1+ A8} [n-5] .

In order to get Gg to be a contraction on S(D, A) for sup |g(¢) [ , L(g) and A>0
. de By
all sufficiently small, it is sufficient to have re B < 1. This is the condition

contained in the hypothesis of the theorem. Proceeding as in the proof of Theorem

2, we get the first part of the stated result.

In order to prove the second part of the statement, one proceeds as in the
proof of Theorem 4. Let hg denote the fixed point of the mapping Gg in the set
S(D, A), with 0< D 6 and A> 0 chosen so that Gg is a contraction mapping on

this set for sup ]g(¢)] and L(g) sufficiently small. Using the notation
pe B,

20,2) = ¢*a+ h 0.2 . 6cfx,al,

we can write

0
hg(e,a) = eA(G_S) {f [hg( , z(s,a))] +g [eA. z(s,a) + hg(’ , z(s,a))]} ds .
0

Let us assume that g is continuously differentiable. If the derivative dh g/ oa

exists, it must be a fixed point of the mapping

6
[Tg(v)b:](e,a) = eA(G_S) g' Ez( , z(s,a))] [eA. + v(‘ s z(s,a))] [eASb + v(s,a)b—_’ds
0

0

+ eA(O_S) f! E&g( s z(s,a))]v(’ , z(s, a)) [eAsb + V(s,a)b]ds
0

. . ar
It is now easy to check thatif re "S<1 and L(g) is sufficiently small, then the

sequence defined inductively by

. =0 d =
v, an Vi+1 Tg(vi)

37



satisfies

“Vi” <1/2  and "Vi+1 ) Vi“ < )‘“Vi‘_ Vi—l“ ’
for some X < 1. Consequently, -{vi} is a Cauchy sequence converging to some v,
as i —=>o. Now, we need to prove that v is the derivative Bhg/aa. For this, we
consider the function v defined as in formula (29) of the proof of Theorem 4. In

the same way as in the proof of that theorem, we obtain

MO < er(@ + ey (€ + N+ O

as € =0, where cl,cz > 0 are constants which can be made arbitrarily small
by making sup |g'(¢)l sufficiently small. Proceeding as in the proof of Theorem
pev

4, we can see that y(€) =0 as € =0, proving that ,hg(@,a) is continuously
differentiable in a. This implies that B is a Cl—manifold where the flow of the
perturbed equation is given by a C1 ODE in R". The stability of Bg results from
Theorem 6. Q.E.D.

Example 3

Let us consider the equation
x(t) = x(t) - x(t-r)

with r > 0. The manifold B0 C C( [—r, 0]; ]Rn) consisting of the constant functions
defined in [—r,O], is a manifold where the flow is given by the ODE x = Ax = 0.
The values of @ and 8 in the previous theorem are, for this example, @ = 0 and
B =1. Consequently, if r < 1 the theorem guarantees that for all globally lip-

schitzian functions g:C —R" with sup [g(yﬁ)l and the Lipschitz constant both
pe B0
sufficiently small, there exists a manifold Bg with the properties in the first part

of the statement of the theorem, where the flow of the perturbed equation

x(t) = x(t) - x(t-r) + g(xt)

is given by a C° ODE in R".
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If, in addition, g is continuously differentiable, the second part of the
theorem guarantees that B _is a Cl—manifold where the flow of the perturbed

1 . n
equation is given by a C ODE in R .

One may notice that r = 1 is the smallest value of r = 0 for which B0 is

not a hyperbolic invariant set. In fact, the linearized equation around B0 has

zero as a double characteristic value when r = 1 and as a single characteristic

value when r # 1.

Example 4

Let us consider the FDE in ]Rn
0

2 = 1-e O\ xt+0)ds .

-r

For this equation, BO = {g‘e C:¢(0) = eea, with ae]Rn} is an invariant manifold
where the flow is given by the ODE X = x. The constants @ and 3 in Theorem 7
are, for this example, @ =1 and B =r/(1 —e_r). Thus, if r2e2r < (er— 1),

Theorem 7 guarantees that for all globally lipschitzian functions g:C —R" with

sup ]g(¢)} and Lipschitz constant both sufficiently small, there exists a manifold
pe BO
Bg’ with the properties of the first part of the theorem, where the flow of the per-

turbed equation

i) = (1-e™7 )\ x(t+0)d0 + glx)
-T
0
is given by a C ODE in ]Rn. If, in addition, g is continuously differentiable,
1
then B is a C -manifold where the flow of the perturbed equation is given by a

C1 ODE in ]Rn. It is easy to check that the inequality r2e2r < (er— 1) holds for

T in a nonempty interval of positive numbers.
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Remarks

1. The essence of the persistence and smoothness of invariant manifolds
under small perturbations of dynamical systems, lies in the hyperbolicity of the
unperturbed manifold. Consequently, the questions in this paper can be directly
addressed by general results on perturbations of hyperbolic manifolds. However,
the hyperbolicity condition requires a comparison of the rates of the flow on the
manifold with the rates in normal directions to the manifold. In particular appli-
cations, these conditions may be difficult to verify. When this happens, the
approach presented in this paper, though applying to a restricted class of problems,
should be useful. In addition to this remark, one should note that the proofs are
significantly easier using the techniques introduced here than the usual techniques

for perturbations of general hyperbolic manifolds.

2. The ideas used in the present paper can be extended to the case where
the FDE is defined in a compact manifold MC ]Rn, instead of the whole space ]Rn.
One then considers invariant manifolds where the flow is given by an ODE in M.
Results establishing the equality of the manifold Bg with the set of initial data for
global solutions, as in Theorems 7 and 8, can be somewhat simplified, in this con-
text, since the boundedness of the perturbation g follows from the compactness of

the manifold M.
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