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I couldn’t think of a way to include @ in my title so I thought that I’d start with a photo of my newly arrived 
first granddaughter.  I couldn’t convince either of my children that physics was an attractive life choice – so now I’m working on 
Ella.  I hope that she will come to Minneapolis some time to enjoy one of these workshops – as I have many times over the 
past 20 years.  
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I have actually changed my topic somewhat compared to what is in the program.  The work I will talk about is described in a couple
of PRL’s over the past couple of years and in a long paper submitted to PRB that is now on the arXiv.
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and was done in collaboration with these people – Rene Cote at U. of Sherbrooke and recently with one of his students Jules Lambert – Yafis Barlas now at the NHMFL with Kun Yang, Hongki Min who will soon be joining Sankar at U of Md and Kentaro Nomura now at Tohoku Univeristy 



Quantum Hall Ferromagnets 

Multilayer Graphene Electronic 
Structure 

Bilayer Graphene Quantum Hall 
Ferromagnetism 
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I originally planned to speak on spontaneous coherence states in bilayers, a topic on which we believe that we’re making a lot of progress – but I decide that I had spoken on this topic fairly recently to many of you.   My goal instead is to speak on broken symmetry states in the quantum Hall effect a bit more generally and to share a few ideas about some interesting states that I believe will occur in quantum Hall bilayers.
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Stoner Physics
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When I was a graduate student someone told me that condensed matter physics was 1/3 magnetism, 1/3 superconductivity, and 1/3 other.
I intend to cover all three parts today.  Indeed magnetism and superconductivity are broken examples of broken symmetry states.   The broken symmetry states that I’ll discuss have features in common with both.  Magnetism in metals can be understood using a simple mean-field picture.  
Because of Fermi statistics, the interaction of a metal is lowered by having the majority of the occupied electrons share the same spin.
In transition metals this is especially true for d electrons – since they tend to bunch up closer to the atom center.  In mean-field theory 
this is described by lowering the energy of the majority spin electrons relative to the minority spin electrons – This is what the ground state of 
Fe looks like for example in the mean-field `Stoner’ picture.  



BCS Physics

Spin-up Electrons 

Spin-down holes 

μEnergy Gain

k

E

Presenter
Presentation Notes
Superconductivity is much the same – except that in doing the mean-field theory of superconductivity we do a particle-hole transformation 
For half the electrons first – pivoting the energy wavevector relationship relative to the Fermi energy – changing attractive interactions to 
repulsive.  Superconductivity occurs for weak interactions – because there is no need to repopulate states.   



Landau Levels
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And that that’s the way it is in the quantum Hall regime as well.  When the kinetic energy of closed cyclotron orbits is 
quantized, and we have enough electrons to fill two spin states half-way or one spin-state fully – making all the states 
the same – electrons will always choose the former arrangement.  The ground state of a half-filled Landau level is fully 
Spin-polarized even in the absence of a Zeeman potential.  That’s true of course, only when disorder broadening is ignored.
Disorder competes with spin-polarization.



QHF- Stoner-Criterion

Maude et al. PRB (2005)
Fogler and Shklovskii PRB (1995) 
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This idea works quite well – even at high Landau level indices – as discussed by Boris and Misha Fogler some time 
ago and verified for an extensive set of experimental data by Duncan Maude and collaborators in Grenoble.  
Spontaneous spin-polarization depends on a competition between disorder which favors small spin-polarization 
and interactions that favor large spin-polarization.  
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And all of this applies not only to spin.  When the filling factor in a bilayer is ½ per layer – the electrons would rather all be in the same state.
They do this by spontaneously creating coherence between the layers – so all electrons can be in the same two layer state.  
The mean-field Hamiltonian has an interaction term which looks like interlayer tunneling and therefore favoars a particular interlayer phase.
In this case the bands are flat and there is no difference between the superconductor and ferromagnet scenarios that I described for your earlier.
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Tunnel Experiment

Spielman et al. PRL (2000)
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This is the topic that I choose not to talk about.    Spontaneous coherence between two groups of electrons is 
commonly referred to as exciton condensation – something that people have discussed theoretically for some time.
So far it has only been observed in the quantum Hall regime – and there its responsible for fantastic effects like
Dramatically enhanced interlayer tunneling discovered in Jim Eisenstein’s lab and 



Drag Counterflow  Experiment

Tiemann et al. NJP (2008)
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 and fantastic effects like this one in which a current across a Corbino disk 



Landau-Liftshitz-Slonczweski

Jung-Jung Su and AHM arxiv:1001.2923
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I think that we’re making a lot of progress in learning how to think about these phenomna – I don’t have time to discuss but 
wanted to mention – in case any one is interested.  
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So we’re interested in broken symmetry states when 2 or more Landau levels are degenerate.  Spin, Layer, Valley – and other things as well 
As we’ll discuss.  So how does this play out in graphene. 



flatland band structure

Phil Wallace
- Physical Review –
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I don’t have to discuss the electronic structure of graphene in light of yesterday’s presentation.  
Let me just remind you that the conduction and valence bands are degenerate at two 
BZ corner wavevectors.  WE normally choose this point of degeneracy as our zero of energy. 
The conduction and valence bands disperse linearly around the Dirac point.



Pseudospins - Graphene

A
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Block states are phase coherent combinations of A sublattice and B sublattice projections – and as you all know - 



Graphene Landau Levels - Quantum
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Valence

Conduction

Presenter
Presentation Notes
Because of the way in which the intersublattice phase varies with momentum direction, it turns out that one of the 
Landau levels is precisely zero.  I’ll talk mainly about this LL today.  It will be very important for what I have to say that 
The LL wfs are entirely on one sublattice – one vallyey on one sublattice – one on the other.  Each LL is fourfold degenerate.  



Phase Diagram

Manchester   µ ∼ 1.5
Columbia        µ ∼ 5.0

Nomura & AHM, PRL (2006)
Moessner, Alicea, Yang, Abanav
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Some time ago we estimated how weak disorder would have to be to have the broken symmetry states 
Occur within Landau levels.  This figure says that for a mobility of 10^4 you need a field of 10 Tesla – I think that these estimates have 
Stood up pretty well.  



Bilayer AB stacking

A1 B1

A2 B2

A
B

π = πx+iπy
=perturbation
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But I want to talk about bilayer graphene.  We can understand what happens to the LL’s in this case by starting from the 
Dirac point.  There’s no band energy within the layers.  The sites are eliminated.  We have two relevant sublattices – just like 
Single – layer except that they are are on opposite layers.   When the intra-layer KE is treated as a PT we see that the 
Conduction and valence bands go like k^2 rather than k and that the interlayer phase is twice as large.  
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The same kind of argumentation can be used for thicker FLG systems – but I don’t have time to step through this..  



Quantum Hall Ferromagnets

Multilayer Graphene Electronic 
Structure

Bilayer Graphene Quantum Hall 
Ferromagnetism 



= layer = spin

N=8 Quantum Hall Ferromagnets

= LL (0,1)

A

B

The Bilayer Octet - Barlas et al. – PRL (2008)

Layer is Valley
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So finally we come to bilayer graphene – The N=0 is now even more special.  It has an additional degneracy – we refer to 
As the orbital degree of freedom.    So from what I’ve said so far we should expect gaps at all integer filling factors between 4 and -4 and these are now seen.
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Hunds rules.  But this oversimplifies things a little bit.



Time-Dependent Mean-Field Theory 

Occupied

Empty

ν=-1,3  State
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Let me start with the case in which only one Landau level is filled – actually the case I’ve illustrated 
Here is one empty state which is similar but not quite the same.  The broken symmetry state is formed by having interactions 
Choose which Landau level is not occupied.  The ground state is expected to  have spontaneous interlayer phase coherence. 



Quantum Fluctuations

Energy Functional 

LL Pseudospin Dependence 
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We can describe the system if we like beyond MFT by having the wavefunctions of the occupied states fluctuate.  
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There are lots of details in these calculations – and they matter.
Because we know everything we have the burden of doing the calculations fully.  I’ll just highlight a few of the 
Most important features here.



` ... and this proves we don’t 
really know about anything …’  
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Quantum Materials involves one part many-body quantum physics and one part materials.  The culture of many-body 
 quantum physics is nicely illustrated by the wonderful blackboard scene from the Coen brothers move ` A Serious Man’.
We’re good at formulating the questions we wish to answer, and also good at writing equations on blackboards, but 
not so could at answering our questions.  In this field we seek one answer for many questions – and those answers often don’t come easily.



Balanced Bilayer ν=-3,1

Mean Field Spontaneous Coherence State

|S,0>|S,1>

|S,0>|AS,0>
(Goldstone)

|S,0>|AS,1>



Layer and `Orbital’ Fields



ν=-1,3:   B/Δ Phase Diagram



Intra-Landau-Level Cyclotron Resonance



LL Pseudospins

n=0

n=1

=

=



m⊥ = dipole moment

n=0

n=1

=

=

n=0n=1 =+

m⊥ = current !!!  



• Exciton condensation occurs in    
semiconductor and graphene bilayers

in a strong field 

• Dipole-allowed intra-LL transitions 

• Spontaneous Current ground states 



Unbalanced ν=-1,3

Orbital Ferromagnet Collective Modes

Goldstone Mode



LL (Pseudo)Spin Coherent States

cos(θ/2) +sin((θ/2) eiφ

= (sinθcosφ, sinθ sinφ,cosθ)
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