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Abstract. The product of two Heun polynomials is expanded in terms of products of two Jacobi
polynomials. This is done by making crucial use of group theory and the knowledge of separable coordinate
systems on the n-sphere. The expansion presented includes as a special case hypergeometric function
expansions of Heun polynomials that have been derived previously by other methods.
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1. Introduction. Any Fuchsian equation of second order with four singularities can
be reduced to the form

d*w vy ) e ,dw afzr —q
(1.1) —2 T +

@ -0
r—e xX—e T—e3 dz (w—el)(az—eg)(ac—eg)w

wherea+f—v—6—€+1=0

The singularities are located at = = ey, e;, e3 and oo and have indices depending upon
a,...€. The constant g is known as the accessory parameter. This is Heun’s equation [1]
and solutions may be characterised by the P symbol [2].

€1 €2 €3 o0
(1.2) P 0 0 0 a
11—y 1-6 1—€¢ p

Power series expansions for the solutions of Heun’s equation have been studied by Heun
for various arguments [1], [3]. There turn out to be 96 distinct types of power series.
Alternatively, solutions of Heun’s equations can be expanded in series of hypergeometric
functions. Such expansions were studied by Svartholm [4] and Erdelyi [5]. Typically such

expansions have the form

€1 €2 €3 o0 oo 0 1 a
(1.3) P{ 0 0 0 a zp=3Y A Pq 0 0 A+m =z
11—y 1-6 1—€¢ p mCo l—y 1-6 p—m

where A\ +pu=9+6—-1=a+ 3 —e. Two types of expansion were given;

(i) Series of type I for which A = a, p =  — €. These series converge outside an ellipse
with foci at e, eo and which passes through e3. There are three distinct expansions
of this type.

(i) Series of type II for which p =0,y —-1,6 —lory+6—2.
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In all these expansions the coefficients A,, satisfy three term recurrence relations

(14) bOAO + ClAl =0
arAr_1+ bA, + cr+14r41 =0, r=1,2,...

where a,,b,,c, are known expressions in r and ¢, # 0. If ¢ is chosen from a number
of characteristic values then expansions of this type converge. In this article we derive
some of these expansions for the case of Heun polynomials from considerations based
on group theory and its connection with separation of variables solutions of the Laplace-
Beltrami eigenvalue equation on the n-sphere. The method used makes a judicious choice of
coordinates on the n-sphere. The expansions that are first derived are for products of Heun
polynomials as sums of products of Jacobi polynomials. The coefficients in the expansions
obey three term recurrence relations. The corresponding single variable expansions are
then obtained by allowing one of the variables to take a fixed value. This paper is an
extension of [8] in which the motivation and background can be found.

2. Derivation of the expansion formula. The graphical calculus of separable coor-
dinates for the Laplace-Beltrami eigenvalue equation on the n-sphere has been completely
worked out by Kalnins and Miller [6], [7]. To derive an expansion for Heun polynomials
we consider coordinate systems corresponding to graphs of the type

on the n sphere, n = ny 4+ ny + n3 + 2. A suitable choice of coordinates is

(1.5) si=uw;, t=1,...,n1+1
Sj4ni+1 ZUQt]', j:1,...,n2+1
Skni4nat2 = Us2k, k=1,...,n3+1
where
ni+1 na+1 nz+1
s e Sao
i—1 j=1 k=1
and
(1.6) uf = (2 —ei)(y —ei) 1 =1,2,3, 1,7,k pairwise distinct.

(ej —ei)(ex —e)’



The metric on the n sphere is

, _(:c _ y) dz? B dy2
(1.7)  ds® = 2 [(m_el)(x—ez)(x—eg) (y—el)(y—ez)(y—es)}

(z=edly—e) Y~ Y

e2)(y — e2) 2
d dt
+(62—61(63—61)Z w+ 63—62(61—62)Z

n3+1

(z —es)(y — es)

e eser ) 2

The coordinate systems chosen for w;,t;, zx can be taken to be, say, spherical coordinates
in each case, corresponding to the graph [6].

n; boxes

We then seek eigenfunctions 3 of the Laplacian satisfying
(1.8) Ay = —=J(J +n1 +n2 +n3z + 1)2,

where J is a non-negative integer. In the coordinates we have chosen, this equation has

the form
(1.9)
) B - 1[ni+1l np+1 n341] 9
Ay = — )[(w e1)(z —e2)(x 63)[3 [x—el+x—ez+w—63Jaw]¢
1

(z —
—(y—e1)(y —e2)(y — es [3_ ¥ [n1—+63 Zg_—l—ei n n3_+61} ay] 4]
(e1 —e2)(e1 — e3) (e2 —e1)(e2 —e3) (es —e1)(es — eg)
(z—e)ly—e) ' (z—e)ly—e) ° (z—e3)y—ea) A3]¢
= —J(J+n1 +n2+n3+1)¢,

_|_

where Ay is the Laplacian on the sphere Sy, .

If we seek eigenfunctions such that

(1.10) Ap = —E,‘(fi +n; — 1)¢, 1 =1,2,3,
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where the ¢; are non-negative integers, then writing
3

(1.11) ¥ = [[l@ - ey - en)/%9,
=1

we find (1.9) has the form

(1.12)
4

(z—y)

{(“’ —e1)(z — e2)(z —e3) (;:2 n [61 +3(n +1) N + L(ng + 1)

l34+1(ns +1)] 0
PR }%)mm

r — ey T — €2

r — €3

* [tz +l)  L+3(na+1)
—(y—e)(y —e2)(y —e3) <8y2 [ y—e | y-e

+€3+%(n3+1)] 3
Yy—es

+
)¢—Ay¢} =—-J(J+N+1)¢
where

A:i(L+N+l)L

and

L=4i+4+43, N =n3+ns+n;s.
The corresponding separable solutions have the form
(1.13) % = uugtug Yy g0, (2)9%0, 0,000 (V) Ot 50, (W, £, 2)
where a complete set of functions Oy, 4,¢,(W,t,2z) can be taken as
(1.14) Oy ,05(W,t,2) = Of, (W)Oy,(t)O,(2)

and typically,

ny -2

l - ‘_ 7 . e
(1.15) @el(W) — H Clzﬁ'grill(jj+1])+1(.7+1(cos (enl —j)) (sin enl_j)Kj+le:|:zAn1_101’
=0



for 81 = I(O > K > > I{nl—l > 0, and
(1.16) A(k)@el (W) = —I\’k(.Kk +n; —k— 1)@gl(w)
where C(z) is a Gegenbauer polynomial. The coordinates on Sy, are

(1.17) wy = sinb,, ...sinf, sin b,

wy =sinb,, ...sin b, cos b,

Wy, =sinf,, cosb,,

Wny4+1 = €08 Oy,

and the operator Ay is given by

0 0
1.18 Ay = I, I =wr— — :=0,...,n; — 1.
(1.18) (k) > rer Tt = wigee —wemns, k=0,....ny —1

T‘<f§n1+1—k

(The Ay are the second order symmetry operators for A; whose eigenvalue equations
(1.16) characterize the separable coordinates (1.17), see [6], [7].) The corresponding sepa-
ration equations are

(1.19)
2 £ i i 2 1 %)
40\ — e)(A — e2)(A — €5) [ddA? +[ +A2£ e1+ 1) Lt 3(n2 +1)

b+ i(ns +1)] d
+= ;E; )]—J+(J—L)(J+L+N+1)A+4q1<1>3z1e2e3q(k)=0

)\—62

dX

where A\ = z,y according as € = 1,2, respectively. This is Heun’s equation of the form
(1.1) with vy = &1 + 3(ny + 1), § = Ly + 3(n2 + 1), e = £z + 3(ns + 1), & = F(L — J),
B =3(L+J+ N +1). The solutions for the functions &%, t2054(A) are Heun polynomials
which for fixed J will form a complete set of basis functions once the eigenvalues g have been
calculated. To calculate the eigenvalues it is convenient to observe that in the coordinate

system (1.5) the operator M whose eigenvalue x is

(1.20)
x = (e1 +ex + e3)[63 + €3 + €3 + yny + ong + L3ng — J(J + N + 1)]

+ 201 42e3 + 20103eq + 2030361 — L1eq — Lreq — L3e3
+ linges + £ingey + lanqez + Lange; + l3nies + 3ngeq — 4q
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is given by [6], [7]

(1.21) M= (e; +62)Z Zlﬁq+(62+€3)zszq

PpEP qEQ gEQ TER
+(ex +63)Z Zf,fr
pEPreR
P={l,...,n1+1},Q@ ={n1 +2,...,n1 + na + 2},
R={ny+ny,+3,...,n1 +ny +n3 +3}

That is, M is the second order symmetry operator for the Laplacian ([M,A] = 0) which
corresponds to the separable coordinates z,y. Expression (1.20) gives the relationship
between the eigenvalue x and ¢. (The terms involving the £; result from consideration of
the factor uttufzuls.)

The basis functions on the sphere S,, corresponding to coordinates of the graph can
also be expanded in terms of the basis functions of the coordinate system corresponding

to the graph [6],

Sue S,
i.e., the coordinates (1.5) with
(1.22) u; =sinfcosd, us =sinfsing, uz = cosb
and the infinitesimal distance
ny+1
(1.23) ds® = d6? + sin” 0d@* +sin® fcos® ¢ »  dw}
na+1 n3+;=l
+sin? fsin® ¢ Z dt? + cos® 6 Z dz:.
j=1 k=1
Eigenfunction solutions of (1.8) in these coordinates are
(1.24) 3 = (sin )M (cos 8)"3(sin $)2(cos )4
x P il T (cos 26)
X P(e;j_%z(ln_zz:;}é ZH_%(nl_l)(cos 2¢) Op 0005 (W, t,2)
= YimOpest,



where P2#(2) are Jacobi polynomials. Here J = L + 2j and M = L + 2m where J =

0,1,..., m=0,1,...7 —1,7. The eigenfunctions satisfy
(1.25) A" = —M(M + ny + ny)p,
where
_ 2
(1.26) Al = Z[ij
i>g

and ¢, 7 range from 1 to ny + no + 2.

Note that in terms of the Cartesian coordinates u;, u2, u3 on the 2-sphere (u?+u2+u2 =
1) these eigenfunctions take the form

(1.27) pom = urulule(u2 + o) M-t/
M+1(ni+n2), Ls+3(ns—1)
X Py_m ;3)/22 ’ (1 - 2u? — 2u?)
L+3(n2—1), ti+3(n1—1) 2u?

= “il U uaa(me’
i.e., the form wfuf2u?®(u2, u2) where & is a polynomial.

This remark leads to another way of viewing the Heun and Jacobi bases. In the
equation Ay = —J(J + N + 1)y with Ay given by (1.9) and Ay replaced by the values
—Lr(Cy +nk—1), k=1,2,3weset ¢ = ulul?ul*®(z, z,) and introduce the new coordinates
z; = u?,z9 = u3. The eigenvalue equation for ® reads

(1.28) H®=—-5j+G-1)®
where

2 82 2 8
(1.29) H = ijzzl(xi&j - xzx])m + ;('y, — Gw’)a_xz

Here G = 71 + 2 + 73 and in this particular case
1 .
(1.30) Yi = £; + §(n, + 1), 1=1,2,3
1
j=5(J-L0)=0,1,2,....

This coincides with equation (1.4) in [8]. In particular H maps polynomials of maximum
degree m; in z; to polynomials of the same type. Furthermore, it is easy to see that the
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polynomial eigenfunctions of H form a basis for the space of all polynomials f(z1,z2) and
that the spectrum of H acting on this space is exactly {—j(j+G—1):5=0,1,...}. Tt is
also shown in [8] that H = A 4+ A, where A; is the Laplace Beltrami operator on S, and

2 1 .3 d
1.31 A, = — =+ (= — =
(131) =5+ (5 -Gl
Moreover, H is self-adjoint with respect to the inner product

(1.32) GRS R | B A e

z1,22>0,1—21—12>0

where

(133) dw = .’1,'171 -1 72 1(1 — T — 561)73 d:l?ldwz :
(H f1, f2) = (f1, Hf2).

Here f1, fo are polynomials in x = (z1,z,). For fixed j the polynomials

(134) @jm(fl'l,(lfg) = (1131 + 1272)mP]7i~;72+2m_1173—1(2$1 + 251?2 - ].)
x py2=1 m-l (i — 1) ,m=0,1,...,J
Ty + T2

form an orthogonal basis for the eigenspace corresponding to eigenvalue —j(j + G — 1).
(This is the orthogonal basis of Proriol [9] and of Karlin and McGregor [10]). Similarly
the Heun polynomials @5318233!7(:5)(1)3[132[”(3/) where ¢ runs over the possible eigenvalues,
form an alternate orthogonal basis for this same space. Moreover as pointed out in [11]
these bases correspond to spherical and ellipsoidal coordinates on the 2-sphere and are the
only coordinates in which A, separates.

With this point of view we are operating on S rather than S, and our two distinguished
orthogonal bases are the only ones possible rather than two out of a multiplicity of separable
systems on S, for large n. The principal advantage of this new point of view is that the
eigenfunctions are obviously polynomials in z;,z, and that the only requirement on the
constants ~1,72,7s to ensure orthogonality is that they be strictly positive. Thus the #;
and n; need not be integers; it is only required that 2¢; + n; +1 > 0.

In the following our expansion formulas are valid for all real 4; > 0. In the special case
Y1 =Y =73 = % we have H = A,, the Laplace-Beltrami operator on S>. In this case
the eigenvalue equation A;® = —j(j + 3)® admits the Lie algebra so(3) as a symmetry
algebra. A basis for s0(3) is {u10u, — u20u,, u3du, ,usdy,} where uz = +(1 — u? — u2)?.
This extra symmetry is associated with the fact that there are additional polynomial

8



solutions of the eigenvalue equation (see §3 of reference [8]). In particular the equation
admits polynomial solutions of the form f(uy,u;) and the spectrum of A, acting on the
space of all such polynomials is —j(j5 + %) where now 25 = 0,1,2.... Furthermore there
exist solutions of the form ugg(uy,us) with g a polynomial and with the same eigenvalues.
The dimension of each eigenspace is 25 + 1 rather than j + 1 for the general case. In
this special case the eigenfunctions corresponding to spherical coordinates are just the
spherical harmonics whereas those corresponding to ellipsoidal coordinates are products of
Lamé polynomials. For the solution of the problem of expanding the Lamé basis in terms
of a spherical harmonic basis see [11], [12], [13].

Returning to the case of general ¢;,n; we consider the problem of expanding the Heun
basis (1.13) in terms of the Jacobi polynomial basis (1.24), (1.27), (1.34):

(1.35) Y= “flugzus ‘I’Jllzzeaq(x)q’nlezesq(y)

= Z Em e, t0300(8, ).

m=0
Three term recurrence relations for the expansion coefficients &, (where M = ¢; 4+ ¢, +2m)
can be deduced by requiring that

(1.36) Mep = xvp

Using the recurrence formulas for Jacobi polynomials this relation can be deduced. Indeed

to do this we need the action of the various pieces of M on the Jacobi bases ¥ y4, ¢,0,0(6, ¢).
We have

(1.37) Mw]flfzf;;M(e) ¢) = Z XT1/)JEIZ283,M+2T(97 ¢)
r=-—1
where
Xl(maj)
(1.38)

_Ha-e)ntrtntmt —1)(ys—m+j—1)(m+1)(n +7z+m—1)
(i +72+2m —1)(71 + 72 + 2m)

X 1(m J)
4(61 —e)mt+r+m+ji—D(m+j+1)(y2—(n —1)
(11 4+ 72 +2m —1)(m1 + 72 +2m — 2)

9

Xo(m ]) -
2(61 — 62)[m +mn+v -1 -2 —jnm+r+y—Dlm+r—2)(n —72)
(v1 + 72 +2m — 2)(71 + 72 + 2m)
(e1 — ea)mys(71 — 12)(m +72)
(11 + 72 +2m = 2)(1 + 72 +2m)
+2er +e)-m? —mm+r—D+72+iln + 7+ —1)

+ 4de3[m® + m(y1 + 72 — 1)) + 44




Keys to deriving this result are the following recurrence formulas for Jacobi polynomials

Pyf(z)

(1.39) eP? = AP + BPP + eP:f
___ 2Anta)ntp) 5 (B-a)(Bta)
Cn+a+pB+1)2n+a+p)’ @Cn+a+pB+2)(2n+a+p)

_ 2(n+1)(n+a+p+1)
Cn+a+pB+2)2n+a+B+1)’

d
(1-a*)——Py? = APYA + BPY? + CPY),

n+1
_2(nt+a)ntpB)ntat+pB+1) _ 2n(a— B)(n+a+1)
Cn+a+B+1)2n+a+pB)’  (Cn+ta+B+2)(2n+a+p)

_ 2n(n+1)(n+a+B+1)
- (2nta+B+2)2n+a+p+1)

Now substituting the expansion (1.35) into the eigenvalue equation My = x3 and using
(1.37) we find the three term recurrence relation

(140) Xl(m - 17j)£m—1 + (Xo(ma]) - X)Em + X—l(m + 1,j)€m+1 =0

where m = 0,1,...5. Consequently the 7 + 1 independent eigenvalues ¢ are calculated
from the determinant

Xo(5,5)—x  Xi(G—1,7)
X_1(5,7) XU -17)-x X0 -2,)

(1.41) ) i X —0

X—l(laj) XO(Oa]) - X

To obtain the expansions in terms of one variable from (1.35) we proceed as follows. For
the two choices of u;, ¢ = 1,2,3 given by (1.6) and (1.22) take y = e3, & = 7. Then the
expansion has the form

J—L3
N Lo+L(ny—1),664+1(ni—1)
(1'42) Q:}Iflegfsq(a:) = Z ’YMP.%?M?_[:_(z) T ' (COS 2¢)
M=£,+€2

where

cos2¢ = 2M - 1.
(€2 —e1)
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This is an expansion of type 2 with u = 0. A different type of expansion can be obtained
by taking ¢ = 7/2 and y = e;. The resulting expression has the form

J—L3
(1.43) Do, 0000(2) = Z Fm(sin )M =6
M=£142£,

M+Li(ni+n 1 -

%(;'_2](\41-:3)2), L3+ (na 1)(00829)
where

cos 20 = —2(:0__62) —1.
(e2 —e3)

In both these examples the dependence of the 45 and 4ps coefficients on the indices

£1,£5, 403, q has been suppressed.

This second type of expansion of a Heun polynomial appears to be new. Nothing

that was done in the derivation of expansions (except the limits of summation on r) could

not be extended to the representation of Heun functions when J,¢;,/4;5,£3 are complex.

Consequently representations of such functions in terms of expansions whose coefficients

obey three term recurrence relations can be derived. The convergence of series of this type

will be discussed elsewhere.
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