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§1. Introduction

Positive solution of second order elliptic equations have
been fascinating many mathematicians (see [1~5,7,9,11~13,16,19~
21]1). 1In this paper we investigate the structure of all positive

solutions of a stationary Schrddinger equation

(1.1) (-A + V)u =0 on R ,

n

where V 1is a real-valued function belonging to L (R)

p,loc
with p >n/2 for n>2 and p=1 for n = 1. We are
interested in establishing an explicit representation formula

for positive solutions, determing explicity their asymptotics

at infinity, and solving the Dirichlet problem with boundary
condition at infinity. We are also interested in the stability
and unstability of structures of positive solutions: how the
structures are influenced by the change of potentials.

Our interest in these problems comes from {13,14,15], where
asymptotic behavior as t + = of a Schrodinger semigroup with
very short range potential and unique existence theorems for
ellictic equations like (-A)™ on R® were investigated. In
extending the results there to a Schrodinger operator with more
general potential, we think it is necessary to obtain an explicit
representation formula for all positive solutions of it. As for
close connection between the positive solutions of a Schrodinger
equation and the asymptotic behavior as t » o« of the correspond-~

ing Schrédinger semigroup, see [13,18,19] and references therein.

The investigation of integral representations of positive



solutions goes back to Martin's fascinating work [11], where he
gave a method to represent any positive harmonic functions in

an arbitrary domain in > by an integral on the minimal Martin
boundary.

Subsequently, his method has been extended to second order
elliptic operators with zero potential (see, [21] and references
in [7]). However, explicit construction of representation
formulas is still isolated. Here we mention a few papers in
this direction. Karpelevic [9] gave explicit representation
formulas for positive solutions of (-A+A)u = 0 on a symmetric
space, where A 1is the Laplace-Beltrami operator and X is a
constant; in the special case where A is the usual Lapacian

on Rn, Caffarelli and Littman [5] showed in a more elementary

way that any positive solution of (-A+1)u = 0 in R" is

represented uniquely by

(1.2) u(x) = e*%dy (w)

[Sn—l

where dp is a nonnegative measure on the unit sphere Sn-l,

which is the minimal Martin boundary in this case. An analogous
representation formula for a second order elliptic operator with
periodic coefficients on R"™ was given by Agmon {1]. In [7],
the minimal Martin boundary for the operator 4/2 + Bx+V on

R2, B a 2x2 nonsingular constant matrix, was constructed ex-
plicity. 1In [4], the structure of positive harmonic functions on

a complete manifold of negative curvature was investigated pre-

cisely.



The aim of this paper is to throw light on how a potential
determines the structure of positive solutions of (l1.1). The
aim is accomplished completely, in Section 5 and Appendix 1,

for "principally" radially symmetric potentials on Rn, n > 2,

and potentials on Rl. As for potentials which are essentially
different from radially symmetric ones, however, the stage of
accomplishment is rudimentary. We take an initial step in this
direction is Section 7, and give some potentials for which the
structure of positive solutions is guite different from that
for principally radially symmetric potentials.

The plan of this paper is as follows. In Section 2 we
introduce basic notions and establish fundamental theorems con-
cerning the structure of positive solutions:

We classify potentials into three classes: (i) V 1is sub-
critical if -A+V has a positive Green's function; (ii) V is
critical if -A+V 1is nonnegative and does not have a positive
Green's function; and (iii} V 1is supercritical if -A+V is not
nonnegative. (It is well-known, see [2,3,12], that (l1.1l) has a
positive solution iff -A+V > 0.) We characterize a subcritical
(or supercritical) potential by stability under small local per-
turbations, a critical one by unstability (cf. Theorem 2.4, and
see also Theorems 2.5~2.7). We show that if V is critical,
then (1l.l) has only one positive solution modulo constant multiple
with specific decay property at infinity; and that if VvV is sub-
critical, then any positive solution of (1.1) can be represented

by an integral on the minimal Martin boundary (see Theorems 2.2



and 2.3). We introduce the notion of P-equivalence concerning
the similarity of structures of positive solutions (see Defini-
tion 2.9) and give criteria for P-equivalence (see Theorems 2.10
and 2.11).

For some reasons (see Section 7, for example), we develop
the general theory in Section 2 for Schrodinger equations in
arbitrary domains of RT, although we are interested in positive
solutiqns on R".

Throughout the present paper except for Section 2 and
Appendix 1 we assume that n > 2, 1In Appendix 1 we deal with
one dimensional Schrodinger equations and give complete answers
to problems raised in this paper. 1In Sections 3~7 we treat the
higher dimensional case.

Sections 3 and 4 are devoted to a precise description of
the structure of positive solutions for radially symmetric

. n . s s .
potentials on R, n > 2. These sections are also preliminaries

for Sections 5 and 7. 1In Section 5 we deal with potentials
which are not so much different from radially symmetric ones.
We call such potentials principally radially symmetric poten-
tials, an example of which is a very short range potentials,
i.e., a potential V such that (l+|x|)p—n/p V(x) belong to
Lp(Rn) for some p > n/2. and P > 2. We establish (see
Thoerems 5.3 and 5.4) that if a principally radially symmeﬁric
potential V is subcritical, then either the following (I) or
{(II) holds:

(I) The equation (1.1} has a unigque positive solution modulo



constant multiple with specific asymptotics as x goes to
infinity.

(II} Any positive solution u of (1.1) is represented
uniquely by (1.2) with e*¢ replaced by a positive solution
with specific asymptotic property.

We give a criterion for (I) or (II) to hold (see Theorems
3.2 and 3.3); for example, very short range potentials belong
to the class (I) (see Theorem 5.6). We also solve the Dirichlet
problem at infinity (see Theorem 5.5). A significant feature of

the problem is that the boundary value at infinity of a solution

u needs to be prescribed by the limit of quotient

u(x)/g{x) ,

where g 1is a specified positive solution.

Section 6 is a preparation for Section 7 and concerned with
positive solutions in a half space. 1In Section 7 we discuss a
potential on R® which is not radially symmetric in a drastic
way, and obtain rather striking phenomena (see Theorem 7.1 and
Example 7.11}:

The minimal Martin boundary for the potential is a finite
union of disjoint closed intervals.

Finally, in Appendix 2, we prove Theorems 4.9 and 4.10

which play a crucial role in establishing Theorem 7.1.



82. Classification of potentials, integral representation,
and stability
In this section we give some fundamental results for posi-
tive solutions in a domain of R" of a Schrddinger equation
with potential satisfying only a local condition.
Let D be a connected open set in R® and Vv satisfy

the condition

V is a real-valued function in (D) ,

L
(2.1) p.loc

where p >n/2 for n>2 and p=1 for n = 1.
Consider the Schrddinger equation
(2.2) (=A+V)u = 0 in D .

We are interested in the structure of all positive solutions of
(2.2). A positive solution of (2.2) means a continuous positive
function in D satisfying (2.2) in the distribution sense. It
is known (cf. [20])} that any weak solution is HOlder continuous,
and that if u 1is a nonnegative solution in D, then u is
strictly positive in D or identically zero.

Following Martin [11], we call u a minimal solution when
u is a positive solution such that for any positive solution
v with v(x) < u(x}) in D there exists a constant c¢ such
that vi{x) = cu{x) in D. Theorems 2.2 and 2.3 below state
that any positive solution can be represented uniquely as "a
linear combination”" of minimal solutions.

In order to state the theorems we introduce a classification



of potentials.

Definition 2.1. (i} We say that V 1is subcritical if
there exists, for any y in D, a positive solution H{(x,y)

satisfying
{2.3) (-A+V(x))H(x,y) = §(x~y) in D,

where ¢§ 1is Dirac's function.
(ii) We say that V 1is critical if there exists no posi-
tive solution H(x,y) satisfying (2.3) for some y in D and

-A+V > 0, 1i.e.,
(2.4) J|V¢(x)l2 + V(x)|$(x)[?dx > 0 for any ¢ ¢ Cq(D).

(iii) We say that V 1is supercritical if (2.4) does not
hold. |

Here we note that if VvV is subcritical, then =44V > 0;
because the condition (2.4) is a necessary and sufficient con-
dition for the existence of a positive solution (cf. [2],[3],
{12]1,[19)). The terms supercritical, critical, and subcritical
were introduced by Simon [18] in connection with large time
asymptotics of Schrodinger semigroups. His and our definitions
are equivalent in some cases (see [13]).

For illustrating the calssification we give simple examples.

Example (i) Let D = R" and V = 0. Then V is sub-
critical if n > 3, and c¢ritical if n =1 or 2 (see, for

example, Theorem 3.1 in §3).



(ii) Let D be a bounded domain with smooth boundary, and
let V be smooth on D. Denote by m the smallest eigenvalue
of the operator =-A+V in D with zero Dirichlet condition.
Then V 1is subceritical iff m > 0, critical iff m = 0, and
supercritical iff m < 0.

Now, choose a point xo in D and a segquence of bounded

domains Dj ;3 =1,2,..., with smooth boundaries such that
(2.5) x° ¢ b, , B. <D and U D, =D
l F j j+l r . j r
j=1
where ﬁj is the closure of Dj . Suppose that (2.4) holds.

Then, since =-A+V 1is coercive in any bounded domain Dj ;

j=1,2,..., there exists a unique positive Green's function
Gj(x,y) in Dj such that for any y in Dj
(2.6) (-4 + VI{x))G, (x,y) = §(x-y) in Dys Gj(x’y)laD. =0

J

(cf. [19]). 1If we extend Gj to D by putting Gj(x,y) =0
for x in D\Dj, Gj is a nondecreasing nonnegative function.
By the Harnack inequality, either Gj(x,y) converges at any x
in D\{y} or diverges at any x in D\{y}. If V is sub-

critical, the minimal Green's function G(x,y) can be defined

by
(2.7) G(x,y) = lim G.(x,vy) ,
j—)-oo J
since (H-Gj)[aDj > 0 and (-A+V)(H—Gj) =0 in Dj’ and so,
by the generalized maximum principle (cf. [171), Gj(x,y) <

H(x,y). It is clear that G satisfies (2.3) with H replaced



by G, is positive in D, and does not depend on the choice of
{Dj}. If V 1is critical, the minimal Green's function does not
exist.

We say that a solution u is normalized if u(xo) = 1.

We are now ready to state the first theorem.

Theorem 2.2. If V is critical, then there exists a unique

normalized positive solution u satisfying
(2.8) u(x) = JG(XJY)W(Y)U(Y)dY '

where W 1is a nonnegative function in C%(D) not identically
zero and G(x,y) 1is the minimal Green's function for V + W.

This theorem will be proved by making use of a characteri-
zation of a critical potential (Theorem 2.4) after Theorems 2.3
~2.6. It follows from Theorem 2.5 that V+W is subecritical.
We will see later that the uniqueness also holds for a class of
subcritical potentials.

Our second theorem asserts, roughly speaking, that if v
is subcritical, then Martin's results can be extended to -A+V
in D.

Suppose that V 1is subcritical, and let G be the minimal

Green's function. Put

G(X,Y)/G(XO,Y) ' XO 7£ Y
(2.9) P(x,y) =410 ’ x% = y and x #y ,
1 ’ xo =y =X

Consider the set of all fundamental sequences {yj}, i.e., {yj}
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has no point of accumulation in D and the series {P(x,yj)}
of functions of x converges to a positive solutions in D.
Two fundamental sequences {yj} and {yﬁ} are called equivalent

if lim P(x,v.) = lim.+mP(x,yj). We denote by I the set of

e ] 3
all equivalence classes of fundamental sequences. For w in [,
we put
{(2.10) P(x,w) = 1lim P(x,v.) ,

o0 J
where {yj} is a representative of w. Select a fixed closed
ball B with center xo such that B c Dl' and define d(z,z")
for z and z' in D+I by

|P(x,2) - P(x,2")|

1+|P(x,2) - P(x,z‘)fdx :

(2.11) d(z,z') = J
B

Then the following theorem can be shown along the line given by

Martin [11].

Theorem 2.3. (i) 4 is a metric on D+I, which is compact
with respect to the topology induced by the metric d, and I is
the boundary of D+EI.

(ii) P(x,2) 1is continuous on Dx(D+I)} \{(xX,x);x e D},

(iii) Any minimal solution is egual to P(x,w) for some
w in I.

(iv) The set o = {w ¢ Z; P(x,w) 1is a minimal solution}
is a countable union of closed subsets of I.

(v} For any normalized positive solution u there exists

a unique nonnegative Borel measure p on I such that
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u{Z\g}) = 0, uyl(g) = 1, and
{2.12) u(x) = f P(x,w)du(w)
a
We call o the minimal (Martin) boundary for V in D,
whose identification and explicit construction of Pix,w) is
one of our main purposes.
Our third theorem is a characterization of a subcritical/

critical potential.

Theorem 2.4. Let W be a nonnegative function with compact
support in D which is positive on a set of positive measure
and satisfies (2.1). Then one has:
(1) VvV 1is critical iff -A+V > 0 and -A+V - eW 1is not
nonnegative for all ¢ > 0.
(ii) V is subcritical iff -A+V > 0 and -A+V - eW > 0

for any sufficiently small ¢ > 0.

Proof. It suffices to show that if -A+V - eW > 0 for some
g€ > 0, then V 1is subcritical, and that if V 1is subecritical,
then -A+V - €W > 0 for any sufficiently small ¢ > 0.

Suppose that V - ¢W > 0 for some ¢ > 0. By the assump-

tion, we can choose a bounded Borel set A of positive measure

such that A ¢ D and
a = inf{w(x) ; x ¢ A} > 0

Put wix) = saXA(x), where is the characteristic functicn

XA
of A. Denote by Gj the Green's function for the operator



-A+V - eW + w in Dj with Dirichlet zero boundary condition.

For j with & c Dj' define a function hj on Dj by

(2.13) hj(x) = JGj(x,y)w(y)dy

We have that hj belongs to Hé(Dj), where Hé(Dj) is the
completion of Cg(Dj) in terms of the norm of Sobolev space of

order 1. By (2.4)

J [(-A+V-eW)h. (x)]1h. (x)dx > 0.
D. J ] -
J

Noting that {—A+V—aw+w)hj = w, we have that

th?dx < fwhjdx < ([wh%dx)l/z(fw dx)l/2 .

Thus

(2.14) fwh? dx < Jw dx ,
which implies

(2.15) (ea)2 j dx(J G.(X,y)dy)2 < J dx .
A a ~Ja

This shows that Gj converges, which means that V-eW+w is
subcritical. Denoting by Hj the Green's function for the
operator -~A+V in Dj with zero Dirichlet boundary condition,

we have

(2.16) (-A+V—€W+w)(Gj - Hj) = (gW - W)Hj .

12
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Since eW-w > 0 and Hj > 0, we thus obtain that Hj < Gj .
This together with the convergence of Gj shows that Vv 1is
subcritical.

Conversely, suppose that V is subcritical. we first
claim that there exists € > 0 such that for any t with

|t| < €, any domain E with smooth compact boundary in D, and

any g in C?(E), the equation
(2.17) (<4 +V + tWu =g in E , u e H(E) ,

has a solution. Denote by GE the integral operator with
kernel GE(x,y), the Green's function for -A+V in E with

zero Dirichlet boundary condition. Then (2.17) is equivalent

to
(2.18.1) U= -t GEWl/Z(Wl/Zu) + Ggg .
(2.18.2) 1+t w26 w2 w2 = w/%c g
where Wl/2 is the multiplication operator by (W(x))l/2 .
Note that Wl/2 GEWl/2 is a bounded operator in LZ(E) with
norm smaller than

w2 awt/?y

L, (D)+Ly (D)

where G 1is the integral operator with kernel G(x,y), the
minimal Green's function for V. Thus there exists a positive
number € > 0 such that the equation (2.18.2) admits a solution

for t with |t| < €. Now, suppose that there exist t and
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¢ in Cy(D) such that |t| < ¢ and

J|V¢(x)|2 + (V + tW)[¢(x)|2dx < 0 .

Since -A +V + tW > 0 on a sufficiently small domain, this
implies that, for some domain £, the operator -A + V + tW on
E with zero Dirichlet boundary condition has the eigenvalue 0.
This is a contradiction to the first claim. The proof is now
complete. Q.E.D.

Incidentally, the proof of Theorem 2.4 yields

Theorem 2.5. Let W be a nonnegative function which is
positive on a set of positive measure and satisfies (2.1) with
V replaced by W. Then we have:

(1) Suppose that V is critical. Then V + W is sub-
critical, and V - W is supercritical.

(ii) TIf V 1is subecritical, then V + W is subcritical.
A direct consequence of Theorem 2.5 is worth mentioning.

Theorem 2.6. Let D' and D" be domains such that
D' « D c D", D\D' and D"\D have an interior point. Let Vv
be extended to D" with the same property. Then we have:

(i) Suppose that V is critical in D. Then .V is sub-
critical in D', and supercritical in D".

(ii1) If V 4is subcritical in D, then V ig subcritical

in D'.




Proof. (ii) is clear. Let us show (i). Choose a function
W in Co(D\D') such that W > 0 and W # 0. Let H be the
minimal Green's function for -A + V + W in D. Then H sat-
isfies (2.3) with D replaced by D'. Thus V is subcritical
in D'. This together with (ii) shows that V 1is supercritical
in D". Q.E.D.

We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. Choose a closed ball B with center
xo and B < Dl' and put wj(x) = XB(X)/j- Denote by A? the
principal eigenvalue of the operator =-A + V - wj on Dy with
zero Dirichelet condition. Then the mini-max principle says

that {A?}k is a decreasing sequence. Furthermore, by Theorem
k

2.4, Aj < 0 for sufficiently large k. Since -4 + V is
strictly positive in Dy l% > 0 for sufficiently large j.
Thus, for such Jj, we can choose k(3) such that Ag(j) >0
and Ag(j)+l < 0. Clearly, k(j) >« as j - ». Hence there

exists a domain Ej and an eigenfunction uj such that

1 : 0, _
Dk(j) c E, < Dk(j)+l , uj € HO(Ej),-u. >0 in E,. , uj(x ) =1,

3 J ]
and
2.19 ~A + V - w,lu, =0 in E..
( ) ( j) i i
By the Harnack inequality, the function u(x) = limj+w uj(x) is

a positive solution of (-A+V)u = 0 in D. Denoting by Hj the

15

Green's function for ~A+V+W in Ej with zero Dirichlet boundary

condition, we have



uj(x) = JHj(x,y)(wj(y) + W(y))uj(y)dy .

Letting j-« , we thus obtain (2.8).

16

Now, let v be any normalized positive solution of (-A+V)v

= 0 in D. Then we have (cf. [12]) that

J u. (=A4+V)u.dx = j |V(u./v)]2v2 ax.
E. ] J E. J
] J

Thus, for any fixed D, , we have

(2.20) 0 = limf woul dx > limf 17 (u,/v) | %v? ax
j+oo D 3 j+cc D J
= J {V(u/v)lzv2 dx.
D,
h S
Hence v = u. Q.E.D.

Incidentally, Theorem 2.4 and the proof of Theorem 2.2
yield another criterion of criticality. 1In what follows C(D)

denotes the set of all continucus functions on D.

Theorem 2.7. V 1s critical iff there exist a positive
solution u and a sequence {¢j}j in Hé(D) n C(D) such that
9. converges to u as j+= uniformly on any compact subset

of D and

(2.21) J[V¢j|2 + v[¢j|2 dx + 0 as j+o

Proof. Assume that there exist u and ¢j satisfying
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the properties in the theorem. Suppose that V 1is subcritical.
Then Theorem 2.4 implies that there exists a function w in

C?(D) such that w(xo) >0 and -A +V -w>0. Since

[wlog1?ax < [196,12 + vioy|2ax

we have that JSw uzdx < 0. This is a contradiction. The con-

verse assertion is clear from the proof of Theorem 2.2. Q.E.D.

Remark. Let =~A + V > 0 and H be a nonnegative self-

adjoint realization in LZ(D) of the operator =-A + V with

domain C?(D). Then Theorem 2.7 implies that if V 1is critical,
then inf spec(H) = 0, and that if 0 1is an eigenvalue of H,
then .V 1is critical. Note that inf spec(H) = 0 does not
imply that V 1is critical. Such potentials as inf spec(H) = 0

are more interesting than the others from the point of asymptotic
behavior as t-« of e—tH ; in studying it the positive soclu-

tions of the egquation
(H = inf spec(H))u = 0

play a crucial role (see [13] and [15]).
Now, suppose that V 1is subcritical and W is the non-

negative function as in Theorem 2.5. Put

{(2.22) u = 1inf{) « Rl : V + AW is subcriticall} .

Since V + AW is supercritical for negative X with |A| >> 1,

Theorem 2.5 implies that p 1is a nonpositive number such that
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V + AW 1is subcritical for X > y, supercritical for X < y,
and critical or subcritical for A = u. The following example

shows that V + uW can be subcritical.

Example. ILet D = Rn, n>3, V=20, and W({x) = (l+xl)Bx(x)

for some B > -2, where X 1s the characteristic function of
the set {x = (x{,x") ¢ rR" ; x; > 1, |x'| < 1}. Then u =0
and V + uW is subcritical (cf. [2],[3],[8]).

But, if W has compact support, then V + uW is critical.
This is guranteed by the following theorem, which also gives a

method to construct critical potentials from a subcritical po-

tential.

Theorem 2.8. Let V be subcritical and W a real-valued
function with compact support in D which is not zero on a
Borel set of positive measure and belongs to LP(D), where p>n/2

for n>2 and p=1 for n = 1. Put

1

{2.23) S, = {A e R ; V +A\W is subcriticall,
SO = {} ¢ Rl i V+ AW is criticall,
S = {Xx ¢ Rl ;7 V+ AW 1is supercriticall.

Then 8, are nonempty open sets, and S0 is a nonempty finite

get. If we assume, in additicn, that W > 0, then

(2.24) Sy = {-1/ml},

where M 1s the greatest eigenvalue of the compact self-adjoint

operator T in L2(D) defined by
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(2.25) T=W

1/2 is the multiplication operator by W(x)l/2 and G

Here W
is the integral operator with kernel G(x,y), the minimal

Green's function for V.

Proof. We first treat the case where W > 0. Since §_
is clearly a nonempty open set, Theorems 2.4 and 2.5 show that
S, is a nonempty open set and S, = {u}, where u is the
number defined by (2.22). We see from the proof of Theorem 2.4
that X 1is in S, if X > -1/M. Thus, in oxrder to show (2.24)
we have only to prove that X 1is in S_ if X < -1/M. Denote
by Tj the integral operator in Lz(Dj) defined by (2.25) with
G replaced by Gj' Since Tj + T in the operator norm and
1 + AT has negative eignevalue, there exist 3j, ¢ > 0, and vj

in Lz(Dj) such that

1 + AT.)v. = —ev..
( 37V &Yy
Put uj = -Aijl/Zvj. We have that Wl/zuj = (l+t—:)vj . Thus
(A + V + AW us = er(l+e) Tu. , u. e HE(D.) .
] J ] 0 73

Hence (2.4) does not hold for some ¢ in C?(Dj), which implies
that V + MW 1is supercritical. The proof of (2.24) is now
complete.

We next treat the general case where both W, (x) =

max (tW(x),0) do not vanish identically. Since
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b J W¢2dx > 0

for some C?-function approximating the characteristic function
of Supp(tW), we obtain that A belongs to S_ 1if |A| >> 1.

Clearly, S are nonempty open sets. It remains to prove dis-

+

creteness of SO' For t > 0, we denote by £(t) the greatest z

/2 Hy W_l/z, where H_ 1is the

integral operator with kernel Ht(x,y), the minimal Green's

eigenvalue of the operator W_

function for -A + V + tW+. It is known (see [10, p.386]) that
f(t) 1is real analytic on ([0,»). On the other hand, (2.24)
implies that A belongs to S iff X = 1/£()). Hence

Sg N [0,») 1is discrete. Similarly, it can be shown that

s0 N (-»=,0] 1is also discrete. Q.E.D.

So far we have concentrated on difference of structures of
positive solutions. Now we investigate the similarity of

structures.

Definition 2.9. Let vy and v, satisfy (2.1) and {2.4).

Vi and V, are said to be P-equivalent if the following

statement (i) or {(ii) holds:

{i}) Both V and V2 are critical and the normalized

1
positive solutions u; and u, for Vi and V,, respectively,

are equivalent, i.e., cu; < u, < Cul for some positive con-

stants ¢ and C(C.

(ii) Both Vv and V are subcritical, the minimal bound-

1 2
aries 9y and o, for vy and Vor respectively, are hcomeo-




morphic, and there exist positive constants ¢ and C such

that for any w in oy
{(2.25) cPl(x,m) < Pz(x,Iw) < CPl(x,m) in D,

where I is the homeomorphism from 0q to Py and Pl(x,m)

and Pz(x,Iw) are the minimal solutions for V and V

1 27

respectively.
Theorem 2.10. Let VvV and V+W satisfy (2.1), and

-A + V > 0. Then one has:

(i) If Vv and V+W are P-equivalent, then W is of

the form
(2.26) W = {Af + 2(Vu/u)-VE}/f
for a positive solution u of (-A+V)u = 0 and a continuous

function £ in D such that 0 < inf f < sup £ < » and

Af ¢ L (D).

p,loc
{ii} If W has the form (2.26), then both V and V+W

are critical or subcritical.

(iii) If W has the form (2.26) and V 1is critical, then

Vv and V+W and P-equivalent.

Proof. (i) Suppose that V and V+W are P-equivalent.

Then there are positive solutions u and v for V and V+W,

respectively, such that cu < v < Cu for some ¢ and C.

Put £ = v/u. Then we get (2.26), since V = Au/u and V+W

A(fu) /fu.

21
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(ii) Suppose that V is critical. Let {¢.} be the

373
seguence in Hé(D)n C({D) having the properties described in
Theorem 2.7. Put v = fu and wj = f¢j. Clearly, v is a
positive solution of the equation (-A+V+W)v = 0 in D, and
wj belongs to Hé(D)n C(D) and converges to v as J » =
uniformly on any compact subset of D. We have

f{ijlz + (VW) ijlz ax = J|V(f¢j/fu) % (£u) ? ax

r
< 1ey/m 1% u® ax = CZJIV¢j|2 +vios]? ax .

Thus wj satisfies the condition (2.21) with V and ¢j
replaced by V+W and wj’ respectively. Hence Theorem 2.7
shows that V+W 1is critical. Conversely, suppose that V+W
is critical. Then v = fu must be a constant multiple of the
normalized positive solution w of the equation (-A+V+W)w = 0.
Hence the same argument as above shows that V 1is critical.
This proves (ii).

(iii) directly follows from (ii). Q.E.D.

Remark. Even if V and V+W are P-equivalent, W can
behave very wildly at infinity. For example, let D = R2 and
W(x) = A(sin g(x))/(2 + sin g{x)) for a real-valued C ~func-

tion on Rz. Then W and 0 are P-equivalent.

Theorem 2.11. Suppose that V and V+W satisfy (2.1)
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and (2.4). If W has compact support and is of the form (2.26),

then V and V+W are P-equivalent.

Proof. It suffices to show that if both V and V+W are
subcritical, then Vv and V+W are P-egquivalent. Put
Wi(x) = max(tW({x), 0). 8Since V, V+W+, and (V + W+)-W_ are
subcritical and Wi have compact support, we may and shall
assume that W > 0 and W % O.
z

We denote by G Py the minimal Green's function,

0’ “or %o’
Martin boundary, minimal Martin boundary, minimal solution for
V, respectively; the corresponding ones for V+W are denoted

by G, Z, g, P. We have

(2.27) G(x,y) Gg(x,y) - JGO(X,Z)W(Z)G(z,y)dz

= Go(x,y) - JG(X,Z)W(Z)GO(Z,y)dZ.

For w 1in I choose a fundamental sequence {yj}j which is

Ol
a representative of w. Then we have

{2.28) lim G(x,yj)/Go(xO,yj) = Po(x,w) - JG(X,Z)W(Z)PO(z,m)dz.

j-)-oo

We claim that the right hand side of (2.28) is not identically

zero. Suppose that it is so. Then v(x) = W(x)l/2 Po(x,w) is a
nontrivial solution of Tv = v, where T 1is the operator (2.25).
This together with Theorem 2.8 contradicts subcriticality of V.

This proves the claim. Thus, by Harnack's inequality, the right

hand side of (2.28) is a positive solution of the equation
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(-4 + V + W)u = 0. Hence {yj}j is also a fundamental sequence

for V+W which satisfies

Gix,y.) PO(X:UJ)-fG(x,z)W(z)PO(z,w)dz
(2.29) P(x,Iw) = lim > 1 = s -
e G(x ,yj) Polx” w)-SG(X rZ)W(2)P,y(z,0)dz

where I is a mapping from EO to I such that Iw 1is an

equivalence class of {yj}. We first claim that I 1is an in-

jection, that is, P(x,Iw) Z P(x,Iuw') if w # w'. Suppose
that P(x,Iw) 2 P(x,Iw'). Then we have by (2.29) that for some
positive constants c(w) and c(w')

c(m){PO(x,w) - [G(x,z)W(z)PO(z,m)dz}

= c(w'){PO(x,w') - JG(x,z)W(z)Po(z,w')dz}.

Thus v(x) = W)Y 2 [e(1)Pg(x,u) - c(11)Py(x,0')] is not
identically zerc and satisfies the equation Tv = v, which is
a contradiction. This proves the claim.

The same argument as above shows that if {yj} is a
fundamental sequence for V+W, then it is a fundamental sequence
for V. This implies that I is onto. On the other hand, we
see by (2.29) and (2.11) that I is continuous. Hence I 1is
a homeomorphism from EO to IZ. Let us show that I is a
bijection from 0y to o. Denote by Py, and P the set of
all positive solutions for V and V+W, respectively. We

define an operator T from Py to P by
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{(2.30) Tu(x) = u{x) - JG(X,Z)W(Z)u(Z)dZ,

and an operator S from P to PO by
(2.31) svix) = v(x) + JGO(X,Z)W(Z)V(Z)dZ .

We have by the resolvent equation that

STu(x) = u{x) - fG(x,z)W(z)u(z)dz + JGO(x,z)W(z)u(z)dz
+ JJGO(X,Z)W(Z)G(Z,Z')W(Z')u(Z')dZdZ'
= u(x).
Similarly, TS is the identiry map on P . Hence S 1is a
bijection from P to PO . Clearly, S 1is order preserving:

If vy < Voo then Svl < sz. Suppose that u; < u,. Since

either u; = uy, Or u, - uy > 0, we have that T(uz—ul) > 0,

which implies that T is order preserving. Now, suppose that
v is a minimal solution in P , and that u < Sv. Then we
have that Tu < T(Sv) = v, which implies that Tu = cv for
some <¢. Thus wu = cSv, which proves the minimality of §Sv.
Similarly, if u is a minimal solution in Py o« then Tu is
a minimal solution in P . Since T is considered to be an

extention of the map I, this proves that I is a bijection

from GO to o. It remains to show that there exists a constant



C such that

(2.32) ¢ pix,w) < Py(x,TTN0) < CP(x,0)

for all x in D and w in o, where I“1 is the inverse
map of I. Choose a domain B such that Supp W< B and B
is a compact set in D. Since P(xo,w) = 1, the Harnack inequ-
ality implies that

-1

{(2.33) Cl

< P(x,w) <cC X ¢ B, we¢ I,

lf

for some c; > 0. Denoting by H(x,z) the standard Green's

function for -A, we have

(2.34) Gylx,2z) < CZ(IH(x,z)] + 1), X,z € B,

for some C,. Combining (2.33) and (2.34), we obtain that
(2.35) 1 < sP(x,w)/P(x,w) < C3, X B, we5Z,

for some C3 , where § is the operator defined by (2.31).

On the other hand, for =z in Supp W
(-4 + V + W)Gy(x,2z) = 0 in D\B .

Since (2.33) and (2.34) yield sup{GO(x,z)/P(x,m) : X ¢ 0B ,
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Z ¢ SUpp W , w ¢ &} < =, we thus obtain that
(2.36) Go(x,z)/P(x,m) < C4, X ¢« D\B, weZ,

for some C4. This implies that 1 < SP(x,uw)/P(x,w) < CS for
all x in D\B and w in £I. This together with (2.35) shows
that 1 < SP(x,w)/P(x,w) < C6 for all x in D and w in EI.

Since

Po(x,I-lw) = SP(x,w)/SP(xo,w) p

we thus get (2.32) with ¢ = C6' Q.E.D.

We close this section with a conjecture concerning Dirichlet

problem at infinity.

Conjecture 2.12. Suppose that V 1is subcritical. Then

there exists a nonnegative measure v on ¢ such that

(2.37) lim J P(x,m)¢(m)dv(w)/J P(x,w)dv(w}) = ¢(w")
x>t Jg g

for any continuous function ¢ on o.

This conjecture is clearly valid if D is a bounded domain
with smooth boundary and V belongs to LP(D). We will show
later that the conjecture is alsc valid in the case where
D=R" and V is a pricipally radially symmetric potential,

or D is an interval in Rl (see Theorems 3.4, 5.5, and 29).



§3. Radially symmetric potentials.

This section is devoted to the study of the structure of

positive solutions on R" of a Schrddinger equation with

radially symmetric potential. In studying it we use the sepa-

ration of variables technique.

Throughout the section we assume that

(3.1) V is a real-valued radially symmetric function in

n
Lp,loc(R ) for some p > n/2, where n > 2.

In what follows a positive solution means a positive continuous

function satisfying the Schrédinger equation

(3.2) (-A + V)Ju =0 on R".
We say that u 1is normalized when u(o) = 1.
It is easily seen that for any j = 0,1,2,.. there exists

a unigue solution gj of the initial value problem

" _ n-1 j{j+n-2) - -
(3.3) -gj(r) gj(r) + {—nzzwm—m + V(r)}gj(r) 0 on (0,=),
(3.4) gj(r) = rj + o(rj+l) as r > 0 .

The following theorems are main results of this section.

Theorem 3.1. (i) There holds the condition (2.4) with D

replaced by Rn, i.e., =A +V > 0, if and only if go(r) >0

28



for any r > 0.
(ii) V 1is subcritical iff 9 > 0 and

o

(3.5) J rl'“(qo(r))'zdr <
1

(iii) V 1is critical iff gy > 0 and the integral of the
left hand side of (3.5) diverges; in this case, u(x) = g5(|x])

is a unique normalized positive solution.

Theorem 3.2. Suppose that V 1is suberitical. Then there

exists a unique normalized positive solution iff

(3.6) J tn_3g0(t)2[J s' g, (s) 2asldt = = .
1

t

In this case, ) =0 = {=»} and P(x,») = go(lx]). Here ], g,

and P are those appearing in Theorem 2.3.

Theorem 3.3. Suppose that V 1is subcritical and (3.6)

does not held. Then ) = ¢ = s, where s™1 = {u « R";
fw| =1} ; for any j ,
3.7 a. = lim r .
( ) 3 Lim go( )/g](r)
exists and is a positive number; and Pix,w) , w ¢ Sn-l , 1s

determined as follows:

(i) For n > 3,
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2j+n~2

3.8 , = g L (x .

Il e~ §

j=0

where Pj(t) are Gegenbauer's polynomials defined by

(3.9) ) Pj(t)zj = (1-2tz+z%) " P721/2 1o 1 ang |z) < 1.
j=0 -
(ii}) For n = 2 ,
(3.10) P(x,u) = go(lxl) + _Z 2jajgj(|x|)Pj(x-w/|x|) .

J=1

where Pj(t) are polynomials defined by

(3.11)

pj(t)zj = -10g(1~2tz+z2) , |t] <1 and |z < 1.
j=1

Theorem 3.4. Suppose that V 1is suberitical. Then one

has:
(i) If (3.6} holds, then the Dirichlet problem at infinity
(3.12) (<A + V)u = 0 on RY, lim u(x)/gy(xD) = ¢,
| x|+
where c 1is a constant, admits a unigue solution u(x) = cP(x,=).

(ii) Assume that (3.6) does not hold. Then x converges
to w ¢ 0 1in the topology induced by the metric (2.11) iff
|x|] > » and x/|x| - w, and the Dirichlet problem at infinity

(3.13) (-4 + V)u = 0 on R", lim u(x)/g,(|x]) = ¢(a) ,
hidugiV
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where ¢ 1is a continuous function on Sn_l, admits a unique
solution u given by
(3.14) uix) = J P(x,w)¢(w)dw/An .
lwl=1
Here dw 1s the standard surface element on Sn_l and An is

the area of s™ 1.

Remark. Suppose that 'gg > 0. Let W be a radially

symmetric function of the form

W= {f" + [(n-1)/r + 2g6/g0}f'}/f

for some radially symmetric function f with 0 < inf f <

sup £ < ® and Af ¢ L (Rn). Then it is easily seen from

p:loc
Theorems 3.1 and 3.2 that if (3.6} holds, then V and V+W are
P-equivalent (see Definition 2.9). As for the case where (3.6)
does not hold, however, we do not know whether V and V+W

are P-equivalent (cf. Theorems 2.10 and 2.11).

The proof of Theorems 3.1 to 3.4 is decomposed into a few

steps.
Lemma 3.5. =4 + V > 0 iff 9y > 0.

Proof. Recall that -4 + V > 0 iff there exists a positive
solution of (3.2), and note that wu(x) = g,(lx|) is a unique

radially symmetric normalized solution of (3.2). Thus, it is



clear that if Jdg > 0, then -A + V > 0. Next, suppose that

there exists a positive solution u of (3.2). Put
g(x) = J u(|xjw)de/u(0)a,.
lw|=1
Then go(x) = g(x) > 0. Q.E.D.
From now on we assume that d9g ° 0.
For j > 1, put hj(r) = gj(r)/go(r). Then we have

Lemma 3.6. hj is a strictly increasing differentiable

function with hj(r) >0 for any r > 0. Furthermore,

r
(3.15) hj(r) = j(j+n—2)f g(r,t)hj(t)dt ;
0
where
r -2 n-1 2
(3.16) glr,t) =] t “(t/s) (gq(t)/g,(s)) “ds.
t

Proof. we have

" - r - : . - —2 =
hj + (2g(')/g0 + (n l)/r)hj j(j+n-2)r hj o,

j J+l) as r » 0.

hj(r) = r”’ + o(r

Form this we obtain (3.15) and (3.16), which imply that

hj(r) > 0 and hﬁ(r) >0 for r > 0. Q.E.D.
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Lemma 3.7. (1) If limr+m

hl(r) = =, then llmr+°0 hj(r) =

for any j. (ii) 1If llmr+m hl(r) < =, then lJ.mr+oo hj(r) < w
for any Jj. (iii) (3.6) holds iff limr+oo hl(r) = =,
Proof. (i) Suppose that limr+m hl(r) = o, We see in the

same way as in the proof of Lemma 3.6 that gj(r)/gl(r) r 3=

2,3,..., are strictly increasing and positive for r > 0. Thus

hj(r) = [gj(r)/gl(r)][gl(r)/go(r)] goes to infinity as r - «.

(ii) Suppose that b = l:Lmr_)_00 hl(r) > =, Put

o]

g(=,t) = lim g(r,t) = tn_3g0(t)2j s g (s) "%as.

r—+ow t
Then (3.15) and the monotone convergence theorem show that

g(=,t)dt < J g(=,t)h, (£)dt < b/(n-1).
1l

@€*

h (1)J
1 1

Choose R so large that

j(j+n—2)f g (=, t)dt < 1/2.
R

Then we obtain that for any r > R

R
(3.17) hy(r)/2 < j(j+n—2)J g(=,t)h; (t)dt.

0
But the right hand side of (3.17) is finite, since hj(t)/hl(t)

is bounded on [0,R]. This completes the proof of (ii).



(iii) follows easily from the proof of (ii) . Q.E.D.
"For R>0 and j = 0,1,..., we define a function ij
by
R l-n -2
(3.18) ij(r) = max(zj+n—2,1)gj(r)j t gj(t) dt.
r
Clearly, ij is a solution of the differential equation (3.3)
such that ij(R) = 0, ij(r) >0 for r with 0 < r < R, and
(3.19) (glf. - £! g.)(r) = max(23+n-2,1)ri D
J 3R JR73

Define GR(x,y) by

(3.20) Gplx,y) = c .z

gy UxE5pyDes v/ x|y D

j=0
for (x| < |y| <R,
= Ch jEO ij([X“gj(lYl)Pj(X'Y/IXJ JY“
for |yl < [x]| < R,
where S and Pj are as follows: (i) For n > 3, c, =

1“(n/2)/2(n—2)“rrn/2 with I being the gamma function and Pj
are the polynomials defined by (3.9); and (ii) for n = 2,
c, = 1/2m, Py = 1, and Pj(j > 1} are the polynomials defined

by {(3.11).

The following theorem is a key to the proof of Theorems

3.1 to 3.3.

34



35

Theorem 3.8. GR(x,y) is the positive Green's function for

-A +V on Bp = {x; |x| < R} with zero Dirichlet condition.

For the proof of Theorem 3.8 we prepare two elementary

lemmas.

Lemma 3.9. The following asymptotic formulas as 3j +

hold uniformly for r with 0 < r < R.

(3.21) gj(r)/rj =1+ o0(i Y.
(3.22) gitry/ird ™ = 1+ 07h .
(3.23) ij(r)/r’j"n+2 =1+ 0(3 L.
(3.24) f:'.}R(r)/(—j-n+2)r-j_n+l =1+ 0(57h.
Proof. Put wj(r) = gj(r)r—j. Then we have that for

23 +n-22>0

l-(t/r)2]+n_2
2j+n-2

(3.25) wj(r) =1 + f
0

tV(t)wj(t)dt.

The asymptotics (3.21) is easily derived from (3.25). (3.23) to

{3.24) are shown similarly. Q.E.D.
.n-=3 .
Lemma 3.10. max |[P.(t)] = 0(J ) as j + =.
-l<t<] J
Proof. With e = t + i(l—tz)l/z, we have that 1 - 2tz



2

+ 2% = (z-eT) (z-e71T

). For n > 3, Cauchy's formula yields

it

)(Z_e—ir)]—(n—Z)/Z

(3.26) P, (t) = —2-% [(z-e 2" 37 1az .

|z]=1-1/3

The lemma for n > 3 1is derived from (3.26). The lemma for
n =2 is shown similarly. Q.E.D.

Now, let us prove Theorem 3.8.

Proof of Theorem 3.8. We have only to show that for any

¢ in C?(BR)
(3.27) JGR(X,y)(-A+V(X))¢(X)dx = o ly) -

Since Gp(x,0) = cnfOR(le), (3.27) for y = 0 can be easily

shown. Let us treat the case where |y| > 0. For j = 0,1,...,
put
(3.28) ¢j(r;Y/|Yl) = J ¢(rm)Pj(w-y/|yl)dw,
|w|=1
and
d -14d
() = - g (7T gE bL(ziy/Iy )
s -2 n-1
+ G-+ Ve e (e y/ |y )

Note that

-|x| 72

H

,Axpj(x-y/|x||yl) Aij(w°y/|y|)

3 (3n-2) x| "%p, twey/ |y )



where ®» = x/|x| and A is the Laplace-Beltrami operator on

s" 1, This together with Lemma 3.10 implies that 2, (x) =

0(37Y) as j + « for any v > 0. Thus we have by Lemma 3.9
that
JGR(XrY)(-A+V(X))¢(X)dX
il C R
= jzocn[fogj(r)ij(c)Qj(r)dr + fcgj(c)ij(r)Qj(r)dr],
where ¢ = |y|. 1Integration by parts together with (3.19) then

show that the left hand side of (3.27) is equal to

<o

(3.29) I max(2j+n-2,Lic o5 (lyliy/|vD).
3=0

Now, let n > 3. A fundamental solution for -~A 1is given by

cn[x-ylz_n, and

2- - j 1. =j-n+2
c lx-y[“ ™" = c_ _ZOIXJJIYI T ey ixl vy Dy Ikl o< |y
i=
0 _-— 2 3
=c, I IxI73T v poxey/Ixl Iy D, Jyl < ix].
3=0 ’

Thus the same computation as above shows that
2-n
c, lx-y] (-A) 9 (x)dx

is equal to (3.29), which implies (3.27). As for n = 2, con-
sider -(log |x-y|)/2n. Then the same argument shows (3.27).

Q.E.D.
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Remark. It is seen from the proof of Theorem 3.8 that for

any ¢ in c”(sh

max(2j+n—2,l)j¢(w')Pj(w-w')dw'.

We are now ready to prove Theorems 3.1 to 3.3.

Proof of Theorem 3.1. (i) has been proved already.

have that Go(0,y) = cnfOR(]yl) for any fixed vy # 0. The

Harnack inequality implies that V 1is subcritical iff

lim GR(O,y) < o,

R—>co

We

But, by (3.18), this is equivalent to (3.5), which shows (ii).

(1ii) is shown similarly. Q.E.D.

Theorems 3.1 and 3.8 and Lemma 3.6 yield

Theorem 3.11. Suppose that V is subcritical. Put

(3.31) fj(r) = max(2j+n-2,l)gj(r)f tl—ngj(t)_zdt.
r

Then the minimal Green's function G(x,y) is given by

fl

c, jgogj(JX|)fj(|Y|)Pj(X‘Y/|XI[Y]) for [x|

(3.32) G(x,vy)

(o)

¢y jzogj(|Y|)fj(IXV)Pj(X'y/IXI|Y|) for |y|

Proof of Theorems 3.2 and 3.3. We have that for any

| A

[ A

|yl
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with |x| < r

f.(x)
G(x,
(3.33) -E{%ng%-= jéo-?%T;Tgj(|xl)Pj(x-w/|x|).

We have that with bj = max(2j+n-2,1) /max{(n-2,1)

_ -1
fj(r)/fo(r) = bj [go(r)/qj(r)]

<] g0 g, 01 /5 00 211 € g () "2a)
r r

Thus, by Lemma 3.6, fj(r)/fo(r) < bjgo(r)/gj(r). Lemma 3.7

now shows that (3.6) is equivalent to

{3.34) lim fj(r)/fo(r) =0 for any j > 1.

o

Hence (3.6) holds iff

(3.35) IliT G(x,y4)/G(0,y5) = go]x]).
Y. e
]

This together with Theorem 2.3 proves Theorem 3.2. Similarly,

if (3.6) does not hold, then a. > 0 and

J
(3.386) lim f.{r)}/£f.(r) = a.b.
e 0 373
This yields
G(x,y.) 00
3.37 1i = b.q. (x- - .
{ ) |y%T+mG(O’yj) j£0a3 Jgj(lx])PJ(x w/x|) P(X,w)

yj/£§J |~+LU



Since any sequence {yj}j having no accumulation point in R™

includes a subsequence {yj(k)}k such that iyj(k)' + o and

. n-1
for some w in 8 as k - =, Theorem

Y5007 Y5001 > o

2.3 and (3.37) prove Theorem 3.3 except for the equality I = g.

It remains to show that P(x,w») is minimal for any w in
s" 1. yote that if u(x) 1is a positive solution of (3.2),
u(Tx) is also a positive solution for any orthogonal transfor-
mation T. By Theorem 2.3, there exists o° in s ' such
that P(x,mo) is a minimal solution. Suppose that u(x) <
P{x,w). Then, choosing an orthogonal transformation T such

that P({Tx,w) = P(x,wo), we have that

u({Tx) < P(x,wo).
Thus u(Tx) = cP(x,wO) for some constant ¢, which implies
u({x) = cP(x,w). This proves that P(x,w) is minimal. Q.E.D.

It remain to prove Theorem 3.4. To this end, we need to
investigate properties of G(x,y) and P(x,w). In the rest

of this section we assume that V is subcritical.

Theorem 3.12. Considering the minimal Green's function G

as a function of |[x|, |y|, and t = x-y/|x]||y|, one has

G
{3.38) —a—E-(|x|,|y|,t) >0

for x,y, and t with x # vy, |x||y] # 0, and -1 < t < 1.
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Proof. We have
E]e - v !
(3.39) == (Ux]. 1yl j;ocnfj(IX“gj(]Yl)Pj(t)

. By (3.9) and (3.11),

for |x| > |y

(3.40) Z P:‘.’(t)zj = anztl-2t2+22)_n/2,
j=0

where a, = n-2 for n > 3 and a, = 2. This implies that

j > 1, which together with (3.39) yields (3.38)

o
h
0
R

Pj(l) >

with ¢t 1.

We next claim that for any fixed R > 0,

BGR
{(3.41) —BE—(IXI,|yl,t) 30

for x and y with x #vy, [x{|y] # 0, and |x!,|y| < R. To

this end we may and shall asssume that V is smooth on [0,R].

Now assume that n = 2, Putting
= -1
Hp(x,y) = Gp(x,y) + (2m) “log |x-v|,

we have that (-A+V)H(x,y) =0 in Bp = {x; |x| < R} ang
Hp (x,y) = (Zw)"llog |x-y| for x with |x| = R. Thus Hp is
smooth on ER . On the other hand,

(/3t) (-log [x=y) ||, _ o, = Ix|ly]e?
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for sufficiently small ¢ > 0. Therefore there exists a positive
constant & such that (3.41) holds for x and Yy with

0 < |x-y| < §. Now we introduce the polar coordinates (r,6) by
r = |x| and cos 6 = t.

Considering GR as a function of r and 6, we have

(3.42) [—32/3r - r'la/ar - r'232/362 + V(r) 16, = 0

in @ = {(r,8); r <R, 0 <8 < 7}\{x; |x-y] < €}. Differentiating

both hands of (3.42) we have

(3.43) (—A+V)(3GR/88) =0 in Q.

Since 9GL/38 = -sin §(3Gg/3t) and Gp = 0 for |[x]| =R, we
see that BGR/BG < 0 on the boundary of Q. This implies that

8GR/88 <0 in @, for -A +V >0 in B The proof of the

R
claim for n = 2 is now complete. Ir remains to prove the
claim for n > 3. The same argument as above shows that (3.41)

holds for x and y with 0 < |x-y| < 6, and that

2

(3.44) [-4 + V + (n=-2)(r sin 8)" 1(3Go/38) = 0

in  Bp\{x; |x~y] <& or 8 =0 or © = 7}. Let X, be the

characteristic function of the set

{x « R ; |x-sy| < & for some s in rY).
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Put FE = —XE(n—2)(r sin 8)-2(3GR/88). Then we have that
[-A + V + (n-2) (1-x_) (r sin 8) 2] (3G,/a8) = F_
in Q = B,\{x; |[x-y! < 8}, and that

J ]F€|dx + 0 as e - 0.
2

Denote by H(x,v) the Green's function for the cperator -A + V
+ (n-2)(l—x€)(r sin 8)_2 in @ with zero Dirichlet condition.

Since 3GR/38 < 0 on the boundary of , we then have that

(BGR/BG)(x,y) < J H(x,z2)F _(z,y)dz.

Noting that H(x,z) < I(x,2} with I being the Green's function
for ~-A +V in @ with zero Dirichlet condition, we obtain that

for x with x # sy for any s,

(BGR/BB)(x,y) < lim J H(x,z)FE(z,y)dz = 0.
e~>0
0

This proves the claim for n > 3.

It follows from (3.41) that 3G/3t > 0. But 3G/3t =
~(36/38) (sin 8)™1 for sin 6 # 0, and 9G/38 Z 0 satisfies
the equation (3.43) or (3.44). Hence (3.38) holds for t with

-1 < t < 1. This proves the theorem. Q.E.D.
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Theorem 3.13. Let W be a function satisfying (3.1) and
A\ .
V < W. Denote by G and GW the minimal Green's functions

for V and W, respectively. Then

(3.45) ¢ > 6" ana ac"/at < 36"/st.

Proof. The first half of (3.45) is clear. The second half
will be proved if we show that HR =z BGX/BG - aeﬁ/ae > 0. The

same argument as in the proof of Theorem 3.12 shows that

(=8+4V+(n-2) (r sin 0) "°)H, = -(W-V)3G"/38 > 0

in B, and HR{BB = 0. This implies that H_ > 0. Q.E.D.

R R —
Theorem 3.14, Suppose that (3.6) does not hold. Consider-

ing P(x,w) as a function of |[x| and t = x-+w/|x|, one has

3P
(3.46) <€ (|x|,t) > 0

for |x| >0 and -1 < t < 1.

Proof. Theorem 3.12 and its proof imply that 3p/5t > 0,

aP/dt(|x|,1) > 0, and
(3.47) [-A + V + (n=-2)(r sin e)_z](aP/ae) = 0

in Rn, from which Theorem 3.14 follows. Q.-E.D.
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The following theorem is a direct consequence of the formula

(3.32).

Theorem 3.15. For |x| < |y|,

(3.48) J G(x,|y|w)dw/An J G(|x|w',y)dw'/An
Sn-l Sn—l

= cngo(lx|)f0|Y])'

where An is the area of Sn-l.

Concerning the asymptotic behavior as |[x] + « of P(x,uw)

we have

Theorem 3.16. Suppose that (3.6) does not hold. Then one

has: (i)

{(3.49) f P(rw,w')dw/An = J P(rw,m')dm'/An = go(r);
Sn--l Sn—l

{(ii) P(rw,w)/AngO(r) diverges monotonically to infinity as

r

r -~ o; (iii) P(rm,m')/AngO(r) converges to zero as r + «

uniformly for w and w' with w-w' < l-¢, where € > 0; and

(iv) for any continuous function ¢ on Sn_l,

] Pi(x,w")
(3.50) lim J ___JT_T”¢(N')de = ¢ (w).
Sn—l AngO ®

|x|+m
x/ | x|+w

Proof. (3.49) is a direct consequence of (3.8) to (3.11).
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We put Q (w') = P(X,w')/Ang0(|x|). For any ¢ in ¢C (8 ),

the left hand side of (3.50) is equal to

. (1)
. max (n-2+25,1) g] . 1 '
tim sze max (n=2,1)A, g, (%) 2Py lerefelet)dw

Ir—ce

= cC
n

fo~1 8

max(n—2+2j,l)f Pj(w-m')¢(w')dw' = ¢ (w).

3=0

Here the last equality is nothing but the equality (3.30) given

in the Remark after the proof of Theorem 3.8. On the other hand,

(3.49) implies that any sequence o, }j with |xj| + ® and

j
xj/[xj| + W  has a subsequence converging weakly to a measure on
s 1. Thus we get (iv). For any sufficiently samll ¢ > 0, Put
0= {w' ¢ Sn_l il - e < wten <1 - g/2).

Then Theorem 3.14 implies
(3.52) | o s > 0y ()] du,

where 8+w =1 - €. By (3.50), the left hand side of (3.52)
converges to zero as r + ®, Thus, Qrm(e) + 0 as r » o,
This together with Theorem 3.14 shows (iii). Since Pj(l) > 0
for any Jj, (ii) follows from Lemma 3.6, Theorem 3.14, and

(3.49). Q.E.D.

We are now ready to prove Theorem 3.4.
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Proocf of Theorem 3.4. Suppose that (3.6) does not hold.
The first assertion of (ii) follows easily from (3.8) to (3.11)
and (3.32). Since Theorem 3.16 implies that the function u
given by (3.14) is a solution of the problem (3.13), the second
assertion of (ii) is proved if we show that u 1is the unique
solution of (3.13). Let v be a solution of (3.13), and put
wix) = {v(x) - u(x}}/gy(|x]|). Then w satisfies the equation

{-a + 2(Vgo/g0)-V}w =0 on R,

and w(x) + 0 as [x| » ». Thus the maximum principle shows
that w =0, i.e., v = u. This completes the proof of (ii).

(1) can be shown similarly and easily. Q.E.D.
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In this section we give a few examples of radially symmetric

potentials on Rn, n > 2, to which results in Sections 2 and 3

are applied. The potentials we discuss on are: (i) Highly
oscillatory potentials for which some pathological phenomana

happen; (ii) potentials with compact support; and (iii) poten-

tials which are equal to arB for r > 1.

Throughout the section a positive solution means a positive

solution u normalized by wu(0) = 1.

4.1. Highly oscillatory potentials. Minimal Green's func-
tion might be expected to be bounded. But there is a potential
for which the minimal Green's function grows very rapidly at

infinity.

Example 4.1. Let 99 be a positive C -function on [0,)

r(3—n)/2 r

such that go(r) > for r > 1, g,lr) = e for r in

ol

U {r > 0; |r - 4k| < 1/2},

k=1
and g,(r) = G2 e ¢ in
[(1,°}\ U {r > 0; |r - 4k| < 1}.
k=1
Let V(x) = Ag,({x|)/g,(|x]) on R". Then Theorem 3.1 shows

that V 1is a subcritical potential. Let G(x,y) be the

minimal Green's function. By Theorem 3.11,

fea)

G(x,0) = dng0<|x|)[’ g0
X



for some constant d . For r with lr - 4k| < 1/2, we have

w 4k+3
I tl-ngo(t)—zdt > I £7%at > 1/6r2.
r 4k+1

Thus, G(x,0) > dnelxl/6|x|2 for x with ||x|-4k| < 1/2. By

the Harnack inequality, for any compact set K there exists a

constant C such that

(4.1) G(x,y) > C e|"||x|‘2

for any y in K and any x such that ||x|-4k| < 1/2 for
some k and |[x| > sup{|y| + 1; v ¢ K}.

Theorem 2.7 seems to suggest that a positive solution cor-
responding to a critical potential has decay property similar
to that of -an Lz-eigenfunction. But Theorem 3.1 says that a
positive solution u of (3.2) with critical potential decays

at infinity only in the sense that

n-1 )-de = =,

(4.2) J ( u(x)ix]
|x|>1

Indeed, the following example shows that the positive solution

can grow very rapidly at infinity.

Example 4.2. Let V be the same as in Example 4.1.
Choose, by Theorem 2.8, a nonnegative function W in C:(Rn)
such that V - W is critical. Theorem 2.2 asserts that there
exists a unique positive solution u of the equation (-A+V-W)u

n

= 0 on R'. Then (4.1) and (2.8) show that there exists a

constant C such that

(4.3) u(x) > ce! ¥l |x|=2

49
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for any x with |[x| > sup{|y| + 1; y ¢ Supp W} and | |x]-4x]

< 1/2 for some k = 1,2,...

4.2. Potentials with compact support. For a and b with

—® <a<e= and 0 < b < 1, put

{ar_2 , b<r<i

(4.4) vV =
0  otherwise.

Then we have the following theorems.

Theorem 4.3. Let n = 2. Then there hold the following
statements (i)~(iii).
(1) If a < 0, then V is supercritical.
(1i) If a = 0, then V is critical and the unique positive
solution is equal to 1.
(iii) If a > 0, then V 1is subcritical. Furthermore,
Z = {=} and the unique positive solution P(x,) satisfies,

for lXi ilr

(4.5) P(x,%) = C log |x| + D,

1/2

Ab™2p®y /2 , A= a , and D = (b R4pPy /2.

where ¢

Theorem 4.4. Let n > 3. Then there hold the following

statements.

(i) If a < -(n-2)2/4 and b < ¢, then V 1is supercritical.
Here
(4.6) ¢ = exp[-2(n-28) (-4a - (n-2)%)"1/2y,

2.1/2

8 = tan—l[(—4a-(n—2) } /(n=2)1, 0 <8 < /2.
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(ii) If a < -(n-2)2/4 and b = ¢, then V is critical

and the unique positive solution u(x) satisfies, for |[x| 2> 1,
(4.7) u(x) = d|x|?7®,

where d is a positive constant.
(iii) If a < -(n-2)%/4 and b > ¢, or a > -(n-2)2/4,
then V is subcritical, ] = {=}, and the unique positive solu-

tion P(x,») satisfies, for |x| > 1,

_ 2-n
(4.8) P(x,») = C + D|x| ,
where C > 0 and D 1s a real constant.

Theorem 4.5. If V 1is suberitical, then the minimal Green's
function G(x,y) has the following properties:

{i) For n > 3,
2-n
(4.9) G(x,y) = ¢ |x-y| + g(x,y),
where g 1is a function on R2n such that

g, | < MU=l lyD®™ on {(x,v): Ix|,lyl > 2}

for some constant M and [x—y|n_3g(x,y) is bounded on any

compact subset of R2n_
{ii) For n = 2,
(4.10) G(x,y) = (ZW)_l(—lOg |x~y| + log |[x| + log |y| + g(x,v)),

where g 1is a function on r? such that
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lg(x,v)] <M on {(x,¥): |x|,|y]| > 1}

for some constant M, and the function 1log [x| + log ly| + g(x,v)

is bounded on any compact subset of R4.

Proof of Theorems 4.3~4.5. Assume that n = 2. The state-
ments (i) and (ii) follows from Theorem 3.1. Let us consider

the case where a > 0. Solve the initial wvalue probklem (3.3)

and (3.4) with 3Jj = 0, keeping in mind that the solution is con-
tinuously differentiable at r =b and r = 1. Then we have
that

(4.11} go(r) =C logr + D for r > 1.

Noting that (ggfy - £4g.) (r) = r ', we obtain by (3.31) that

(4.12) fo(r) = 1/C for r > 1.

As for j > 1, similar computations yield

(4.13) gy (r) = cjrJ + Djr‘J for r > 1,

(4.14) £(r) = c5'r for x> 1.
-A J+A.

where Cy = (2+A;/3 + J/A,)b J/a + (2-2,/3 = 3/B))b Isa,

J-A, AL

a; = (332012, ana Dy = (3/Ay - Ay/H) (B I - b Iy,

Theorem 4.3(iii) follows from Theorem 3.2 and {4.11). Theorem
3.11 and (4.11)~(4.14) show that (4.10) holds on {(x,v);

ixl,lyl > 1} with

(4.15) glx,y) = [ (by/c(Ix||y]) 7. (xey/ x| |y]),
529 3773 j
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where Cy=C and Dy = D. The function g 1is clearly bounded
on {(x,y); ix|,|yl > 1}. The other properties of G can be
easily shown. This proves Theorem 4.5(ii}.

Next, assume that n > 3. Concerning Theorems 4.4 and
4.5(i) we only indicate how to determine the constant ¢ given
by (4.6), since the other statements can be shown in the same
way as above. Theorem 2.4 and (2.8) imply that if Vv is
critical, then go(r) = drz_n on [1l,») for some constant

d > 0. Thus we can find ¢ and d as numbers such that the

boundary value problem

(4.16)  gj(x) + (n=1)r Tgy(r) - ar’g,(x) =0, c < r < 1,
golc) =1, ggle) =0, g4(1) =4, gf(l) = (2-n)d
has a positive soclution. Q.E.D.
4.3. V =0(r"%) . For a real number a, put
ar~2 , r > 1
(4.17) vV o=
0 ;, ¥ < 1.

Then we have

Theorem 4.6. Let b = —(n-2)2/4. Then one has:

(i) If a < b, then V 1is supercritical.

(ii) If a=>b and n = 2, then V 1is critical and the
positive solution u 1is equal to 1.

(iii) If a >b and n = 2, or a >b and n > 3, then V
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is subcritical. Furthermore, J = {x} and the unuque positive

solution P(x,») has the form, for |x| > 1,

(4.18) P(x,») = [(a+n-2) [x[® + ax| ™2™ 2]/ 2a+n-2) when a > b,

(4.19) P(x,») I |®(-a log |x| + 1) when a=b and n > 3,

(a-b) /% - (n-2)/2.

where A =
We omit the proof, since it is similar to the proof of
Theorems 4.3 and 4.4.
The following estimates for the minimal Green's function

is of independent interest and useful when we consider pertur-

bations of V.

Theorem 4.7. If V 1is subcritical, then the minimal
Green's function G satisfies the following estimate:

{i) If n >3 and a > —(n—2)2/4, then

(4.20) G(x,y) < M x-y| 2", if |xi/ ]yl <1 or |y|/2 < |x| < 2]y],

—_nt -n T
<M min(<x>A<y> A ; <X> A <y>A) , ©otherwise,
2 1/2
for some M > 0, where A = [a + (n-2)°/4}] - (n=2)/2,
A' = A + n-2, and <x> = (l+|x|2)l/2.
(ii) If n >3 and a = -(n-2)2/4, then
(2-n) /2

(4.21) G(x,y) <M|x-y|?™™ + M(<x><y>) min(log 2<x>,log 2<x>) .

(i1i) If n =2 and a > 0, then

(4.22) G(x,y)<M(-log <y>|x-y|“l+M), if |x{,|yi<l or |yl|/2<|x|<2]y],

<M min(<x>‘A<y>A, <x>A<y>"A) , Otherwise,
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Proof. (i) Assume that a > *{n-2)2/4 and n > 3. Solving
(3.3) and (3.4), we have that gj(r) = rJ for r <1 and
A -B.
(4.23) g4(r) = Cyr )+ D,r 1 for r > 1,

where Aj = [a + (23+n-2) 274112 - (n-2)/2, By = A, + n-2,

c:j = (Bj+j)/(Aj+Bj), and Dj = (Aj-])/(Aj-t-Bj). By (3.31),

=-B.

(4.24) £,(r) = Egr ) for r > 1,

where Ej = (2j+n-2)/(Bj+j). Theorem 3.11 implies that

..A'

G(x,y) = |x| ™ |yl®g(x,y) for x anda y with |x| > 2|y| > 4,

where
® -(B.- - -B .-

g(x,y) = cnjEOEj|x| 3 BO)(Cj|YIA3 Po Dy lyl E AO)Pj(x-y/lXHYI).
Noting that Bj - BO =0{3) and Aj - AO = 0Q0(j) as j » «, we
obtain the estimate (4.20) for (x,y) with [x| > 2|y| > 4. The
estimate (4.20) for (x,y) with |y| > 2|x| > 4 can be obtained
by G(x,y) = G(y,x), and (4.20) for |x| or |y| < 2 is clear.

It remains to prove (4.20) for (x,y) with 1 < ly|/2 < |x} < 2]y],
which clearly holds if a > 0 because G(x,y) < cn|x-y|2-n in
this case. Now assume that a < 0, and consider the operator

-A + Vt , £ > 0, with

(4.25) v, = ar—2 for r >t , and Ve = 0 for r < t.

Then Vt is subcritical for t with 0 < €t < 1. Denote the

corresponding minimal Green's function by @ By changing

o
independent variables we have



56

(4.26) G(x,y) = Jy!znnGl/ly|(X/IY!:Y/IYI)-
We obtain that for z and w with |z| =2 and |w| =1
o -B. A.+B.
G (z,0) = c j£0 ;2 J(c; + byt NP (zew/2).
Thus, sup{Gt(z,m); 0 < t < 1/2, |2] =2, jw] = 1} < o, Similarly,
sup{Gt(z,w); [z{ = 1/2, Ju| =1, 0 < t < 1/2} < =». Now consider
the Green's function H(z,w) for the operator -a + a]z|-—2 on

{x; 1/2 < |z] < 2} with zero Dirichlet condition. Then it is

well known (cf. {20]]) that

H(z,w) < M|z—m|2_n

for some M > 0. Putting Ft(z,w) = Gt(z,w) - H(z,w), we have
(-a+alz| ™) F (z,u) = 0 on {z; 1/2 < |z| < 2},
sup{Ft(z,w); lz| = 1/2 or 2, |w|] =1, 0 <t < 1/2} < =,

This implies that Ft(z,w) < M for some M independent of

t,z and w, which shows that
2=n
(4.27) G (z,w) < M{|z-w] + 1}

for 1/2 < |z <2, lw/l =1, and 0 < t < 1/2. The estimate
(4.20) for 1 < |yi{/2 < |x| < 2]y| now follows from (4.26) and
{4.27).

{(ii) Assume that n >3 and a = —(n~2)2/4. With the same

notation as in (i) we have
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% -B. A.+B.
G (z,w)/c, = -log t + 2/(n-2) + J E.2 J(c,+D.t I I)P.(z+w/|z|)
t n j=l J J ] J
for |z =2, lw] =1, and 0 < t < 1/2. A similar formula holds
for |z| = 1/2. The same argument as in (i) now shows that
2-n

(4.28) Gy (z,0) < M(|z~w| - log t)
for 1/2 < |z{ <2, |u| =1, and 0 < t < 1/2. The estimate (4.21)

for 1 < |y|/2 < |x| < 2]y| follows from (4.26) and (4.28). The

estimate for the other case can be obtained easily.

{(iii) can be shown similarly. Q.E.D.

4.4. V =0(r®) with B8 > -2. Let V be a function on RM

of the form
(4.29) Vix) = a|x|B
for real numbers a and R > -2. 'Then we have

Theorem 4.8. (i) If a < 0, then V is supercritical.
(ii) If a = 0, then V is critical when n = 2, and sub-
critical when n > 3.
n-1

(iii) If a > 0, then V is subcritical, ¢ = § . and

the minimal solution P(x,w), © ¢ ST, is given by

max (n-2+23j,1) _ -2 g (2-n)/(B+2)
max(n-2,1) I|(6+2 + 1))

(4.30) P(x,w) = 2
j=0

Fn-2423) / (g+2) (SV Py (xee/IxD),

where s = al/2(8/2+l)-l|x|8/2+l, I' is the gamma function, and
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Iv(s) is the modified Bassel function of the first kind defined

by

=]

I(s) = § (s/2)"" i (vinel) .
m=0

In particular, when B = Q,

(4.31) P(x,w) = exp(at/ %x-w).
Proof. (i) is well-known (see, for example, [2],[3], and
(8 , Theorem 7.1, p. 362]). (ii) is proved already. Let us
prove (iii). First, assume that R = 0. Then the minimal Green's

function G(x,y) has the asymptotic formula

-{(n-1)/2

i

G(x,vy) Clx-y]| exp[—al/2|x~yl](1+o(l))

as |y] + =, where ¢ is a positive constant. Thus

il

P(x,w) lim G(x,rw)/G(0,rw) = exp(a Xew) .

r->oo

Next we treat the general case. Consider the equation

(4.32) gl + (n—l)r_lqﬁ - [3(34n-2)r "% & arB]gj = 0.
By the change of variable : s = al/2(8/2+1)_lr8/2+l, we have
that with hi(s) = g, (r)

. f+2n-2 1 , , 43{(j+n-2) 1 _

! — h! - [1 " . = 0.
(4.33) h](s) Ml ces el hj(s) [1 + (or2) 52]hj(s) 0
Putting ij(s) = s(n_z)/(8+2)hj(s), we have
(4.39)  ii(s) + s_lij(s) - {1+ [(n—2+2j)/(8+2)s]2}ij(s) = 0.
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Thus,

(4.35) g5 (x) = st(Z-n)/(8+2)

(n-2+23) / (g+2) {&)

J
- 1 as r +- (0, we obtain that

for some C, > 0. Making use of the initial condition gj(r)r-:l

_ 2(n-2)/(8+2)(a1/2 “23/(B+2) 2423

(4.386) Cj 5+3 ) r(_"Eii—'+l)'
Thus
(4.37) lim go(r)/gj(r) = Co/Cj .
o
Theorem 3.3, (4.35) and (4.37) now show (iii). Q.E.D.

In the rest of this subsection we assume that a > 0, and
give results concerening asymptotic behaviors as x + = of
P{x,w) and G(x,y). Theorems 4.9 and 4.10 below will be used in
Sections 5 and 7 and proved in Appendix 2. As for properties of
P and G enjoyed by any radially symmetric potential not

satisfying (3.6), see Theorem 3.12 to 3.16.

Theorem 4.9. Let cos 8 = x-w/|x| and 0 < 6 < min(m,n/

(/2 + 1)}. Then

sin 6 (Sn/2

(n-2)g/4
sin(B/2+l)8]

(4.38) P(x,w) = c(n,a,8)l | x|

al/z |X| 8/2""1
B/2 + 1

x expl cos (& +1)8] (140 (|x| TB/271y,
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as |x\ + o , where c¢(n,a,f) 1is a positive constant depending
con n,a and §, and 6n =0 for n even and Gn =1 for n
odd. Furthermore, 3P/38 has the asymptotics as |x| - = that

is obtained by differentiating (4.38) formally with respect to
0.

Theorem 4.10. Put

2

(4.39) d(x,y) = [X% + ¥® - 2xY cos(8/2+1)8] /2,

where X = al/2(8/2+l)_l]x[8/2+l, v = al/2(8/2+1)"l|y|8/2+1,
and cos & = x+y/|x[|y] with 0 < 8 < wm. Then the minimal
Green's function G(x,y) has the following properties:

(i) For x and y with d(x,vy) >1, 0 <8 < min(w,n/

(B/2+1)), and max(|xi,|y]) > 1,

(4.40) G(x,y) < M(<x><y>)(n_z)B/4d(x,y)‘(n‘l)/Ze-d(X,Y)

2,1/2

where <x> = (1+4]|x]|*) and M 1is a positive constant inde-

pendent of x and y. Furthermore,

~(n-1)/2

(4.41)  G(x,y) = allx|]|y]) (P"2)B/4 4 e d1ro@™y)y

as d = d(x,y) - « with

x|,|lyl > 1, where o 1is some positive

constant.

(ii) For x and y with d(x,y) <1 and min(l!x|,ly]) > 1,



2_
(4.42) Gix,y) < M|x-y|“™", n > 3

| A

| A

M(log |x-y| % -~ 8 log |x[|y[), n =2

Furthermore,

)(n—2)B/4 32

(4.43) G(x,v) "I 1+o0(d)), n

il

yx| |y

I v
LJ

v log a1 + o(a) , n =2

as & = d({x,y) - 0, where vy is some positive constant.
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§5. Principally radially symmetric potentials.

In this section we consider potentials V of the form

(5.1) V=V, +V, +V

0 1 27

where V. , Vl and V2 are functions satisfying (2.1) with

0

n > 2 such that VO is radially symmetric and subcritical,

Vl is a "small" perturbation of VO (for the definition of small
perturbation, see below), and V2 has compact support. Vl and
V5, are, in general, non-radially symmetric. Throughout this
section we assume that V has the form (5.1).

We start with a definition of small perturbation.

Definition 5.1. We say that V is a small perturbation

1

of V if v and V satisfy the following conditions:

0 0 1
(1) For any j =1,2,..., put

(5.2) Gj(xfy;[vll) JGO(x,Z)IVl(Z)IGj_l(z,y;IVll)dZ:

where Go(x,y) is the minimal Green's function for VO . Then

(5.3) Loy lv ) <
J=1
for any (x,y) with x # vy ; (ii)
(5.4) 1im ] (-3 ix,yiv)/6%0,9) = Bix,w)
y+w j=0

0
exists for any (x,w) in R" x o , where Go(x,y;Vl) = G (x,y),



n-1

g =75 or {«}, and y + w means that |y| » « if w = = ,
and |yl + » and y/|y| - w if w ¢ s™ 1. and (iii)
(5.5) Bex,w) - Pl(x,w) = olgy(|x[)) as |x| » =,

where go(r} is the solution of (3.3) and (3.4) with =0 and

v=vV. and P’(x,w») is the minimal solution for vy -

0

Lemma 5.2. The condition (5.3) holds iff Vv, - |v;| is

subcritical; in this case,

('-1)j Gj(x,y;Vl)

(5.6) G(x,y;Vl) =
0

e~ 8

3

is the minimal Green's function for VO + Vl .

Proof. Suppose that V0—|Vl| is subcritical. Denoting

0 , .
by Gp and Gp Green's functions for -4+V, and —A+V0-|Vl[
in By = {x;|x] <R} with zero Dirichlet boundary condition,

respectively, we have

(5.7) Gglx,y) = Gg(x,y) + J Gg(x,z)|vl(z)|GR(z,y)dz.

BR
Letting R + « , we have
(5.8) cix,v) = c%x,y) + 0 ;
. 1Y) = XY PnG (x,2) Yl(Z)IG(Z,y)dZ,
where G(x,y) is the minimal Green's function for Vv, -|v,|

63
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since GY < G, (5.8) implies

(5.9) ] 6y v D) < e,y
320 -

This shows (5.3). Conversely, suppose that (5.3) holds. Then
we see that Green's function G, for —A+VO-|V1[ in B, exists

R R

and is given by

(5.10) Grlx,y) = ] Glex,yilvy])

II‘M 8
o

J

where G% are, defined by (5.2) with G° and |Vl| replaced by

c0 and v, | x . Since GJ + g7, we then obtain that the left
R 1 BR R

hand side of (5.9) is the minimal Green's function for Vo-lvyl-

This proves that V -{v,| is subcritical. The second assertion

of the lemma is now clear. Q.E.D.

In what follows a positive solution means a positive con-

tinuous function u on R" satisfying the equation

{(-A + VIu = 0 on RE

with u(0) = 1, where V is of the form (5.1).
The following theorem is one of main results in this section,

and concerned with the potential Vy for which ) = {«}.

Theorem 5.3. Suppose that VO satisfies (3.6). Then one
has:

(1) If Vv 1is subcritical, then §} = ¢ = {«} and the unique
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pesitive solution P(x,») has the asymptotics

(5.11) P(x,2) = cgy(|x])(1 +0(l)) as |x| » =

for some positive constant c.
(ii} If V is critical, then the unique positive solution

u(x) has the asymptotic
{5.12) u(x) = cf,({x[) (1 + o(l)) as |[x]| + =

for some positive constant ¢, where fO is given by (3.31) with

j=0.

Proof. (i) We denote by G(x,y) the minimal Green's

function for V. ©Noting that V2 has compact support we have

that
(5.13)  G(x,y) = G(x,yiVy) = [G(x,2)V,(2)G(z,y;V )dz,
(5.14) G(x,y) = G(x,¥iVy) - [G(x,2;V|)V,(2)G(z,y)dz.

We have by (5.4), (5.6), and {(5.13) that

(5.15)  1im SPY) - By @) - [G(x,2)V,(2)B (2, az.
| y> G (0,y)

This together with the Harnack inequality implies that
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C = 1lim G(O,y)/GO(O,y) > 0.

y—>m

Thus

i

(5.16) P(x,=) lim G(x,y)/G(0,y)

y—>oo
- ~~lix =
= C “[P(x,®) - fG(x,z)Vz(z)P(z,M)dz].
Since (5.4), (5.6) and (5.14) imply that

(5.17) 6(x,v) = 0(c%(x,0)) as |x| » =

uniformly for y in any compact set, a consequence of Theorems

3.2 and 3.11

(5.18) “x,0 = 0%x,=)) as |x| + o
shows that G(x,y) = o(PO(x,=)) as |x| »~ =». Hence (5.16) and
(5.5) yield (5.11).

(ii) Put U(x) = max(Vz(x),O) and W({x) = max(—Vz(x),O).

Then we see that Vv, + V, + U is subcritical, V2 = U - W, and

0 1
W #Z 0. Denoting the minimal Green's function for Vg +V, + U

by H(x,y), we have by (2.8} that
(5.19) u(x) = [ H(x,y)W(y)u(y)dy.
In the proof of (i) we have proved (see (5.15)) that

Q(v) = lim H(x,y)/GO(x,O) > 0.

K+
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Hence
(5.20)  u(x) = c°(x,0) [Jowu dy + o(1)] as |x| + = .
Since Q >0, u >0, and W Z 0 , this proves (5.12). Q.E.D.

The following theorem is concerned with the potential Vo

for which o = Sn—l. As for properties of the minimal solution

Po(x,m) for V see Theorem 3.16.

Ol
Theorem 5.4. Suppose that V0 does not satisfy (3.6).

Then one has:

(1) If VvV is subcritical, then | =g = s 1 ana the
minimal solutions P(x,w), w € Sn_l, satisfy
(5.21)  P(x,w) = C(w)P%(x,0) + olgylx]) as x| » =

for some positive continuous function C(w) on Sn“l.

(ii) If VvV 1is critical, then the unique positive solution

1  has the asymptotics (5.12).

Proof. (ii) can be shown in the same way as in the proof
of Theorem 5.3(ii). Now assume that V is subcritical. Denote

by G{x,y) the minimal Green's function for V. Then we have by

(5.13), (5.4), and (5.6) that
(5.22)  1im SEF) - By gy - J G(x,2)V,(2)P(z,0)dz.
y+*w G (0,y)

Since G(x,z) = O(f,(|x[)) = o(gy(lx{)) as [x| » = uniformly
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for 2z 1in a compact set, we have by (5.5) and Theorem 3.16 that

the right hand side of (5.22) is a positive solution of (=A+V) 1
= 0 on R". Thus the function
(5.23) clw) = P(0,0) ~ G(0,2)V,(2)P(z,u)dz
is a positive continuous function on $™71. Hence
(5.24) P(x,0) = lim-S%¥) o ) e, 0) 4 o(g.(ix])))
Y"“U.) G(O'y 0

as |x| » ». This proves the second half of the conclusion in
(1). It remain to prove that P(x,w) is minimal for any w in

Sn-l. Suppose that a positive soclution u satisfies the inequality
u(x) < P(x,w)

for any x in Rn. By Theorem 2.3, there exists a measure du

on Sn-l such that
alx) = f P(x,0")du(w")

Let ¢ be any function in C:(Sn—l\{m}) such that 0 < ¢ < 1.

Then we have

(5.24) J Plw")P(x,w')du(w') < P(x,w).

Choose a Cm-function Yy on Sn-l such that 0 <y <1, yix) =1

on Supp ¢, and H{w}) = 0. We then have that
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(5.25) ffw(w")¢(w')c(w")P(rw“,m')du(w')dm"/AngO(r)

< fw(w")c(w“)P(rw“,w)dm"/AngO(r).

Letting r +- «» we get

(5.26) f ${w')du(w’) < 0

This implies that duy(w') = mé(w'-w) £for some m > 0, which
shows that u(x) = mP{(x,w). This concludes that P(x,w) is
minimal. Q.E.D.

The following theorem asserts that the conjecture 2.12 is
true for principally radially symmetric potentials, and follows

directly from Theorems 5.3, 5.4, and 3.4.

Theorems 5.5. Suppose that V 1is subcritical. Then the

conclusion of Theorem 3.4 holds with (3.14) replaced by
(5.27) u(x) = J| | P(x,w)¢(w)[AnC(w)]_ldw.
wl|=1

In the rest of this section we give some applications of
Theorems 5.3 and 5.5. To this end we introduce weighted Lp-
spaces. For s and p with - < g <= and 1 <p < =, we put

s

(5.28) L7 = {f ¢L (R ; <x>Sf(x) « Lp(.Rn)}.

prloc

In what follows we always impose on p the condition: p > n/2.
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Theorem 5.6. Suppose that V 1is a real-valued function
belonging to L;—n/p for some p > 2 and p. Then one has:
(i} If Vv 1is subcritical, then o = {»} and the unique

positive solution P(x,®) has the asymptotics

it

{5.29) P{x,») c + o(l) as |x| - o, n

v
W
-

c log (x| + 0(l) as |x| » =, n =2,

for some ¢ > 0.

(ii) Tf V is critical, then the unique positive solution

u has the following asymptotics as |x| - w:

(5.30) u(x) = alx|? (1 + o(1))
for some constant a > 0.

Remark. This theorem was shown in [16] by a different

method.
Proof. Let =n > 3. Put Vo = 0. Choosing a sufficiently
large number N, put V,{(x) = V(x) for |[x| > N and vitx) =0

for |x| < N. We claim that V, 1is a small perturbation of O.

We have

1 LS (x-z] |z-y ) BT P egs (-pHn/RIR g, 1/P]

| A

Chv I (<x> (27PIP" o (s (2=0)p "\ 1/ 1 2n

| A
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where A is the norm of vy in Lg—n/p

conjugate exponent of p. Thus the mathematical induction shows

and p' 1is the
that for any j = 0,1,...
(5.31) I,y v ) < Miv i T x-y | 270,

where M is a constant independent of x,y and j. Since we may
assume that p < « by choosing another p if necessary, (5.31)
implies (5.3) if we choose N so large that MHVlH < 1/2. Now
let us show (5.5), where Po(x,M) = 1 in our case. With x

fixed we have that

j (Ix-z| fz=y|/]y[) 2 |v (2) [dz = o(|y|)™®)
|z|>[yl/2

as |y|-+», where e = p - 2, and that for |z | < |y|/2

(Ix=z||z=y| /Iy D * v (21| < (fx-z]/2) 2P|y

l(Z)

Thus Lebesgue's dominated convergence theorem and (5.31) show

that the limits

(5.32) Lin 67 (x,y;v)) /6% 0,y = 0d(x)
y—>oo
exist and satisfy

(5.33) Qj(x) = jcn|x—z|z‘nvl(z)Qj'l(z)dz 3> 1,

and Qo(x) = 1. We then have



0l (x) < 270<x>"F, 4

= l,z,--- -
Hence
G(X;Y?V ) o 2 -
lim Lo 7 o0 =1+ 0(x1™%) as x| » = .
yre G (x,y) j=0

This proves (5.4) and (5.5). Now we can apply Theorem 5.3 to
get Theorem 5.6 for n > 3.

When n = 2, choose a function V of the form (4.4) with

0
a>0 and 0 <b <1, i.e., V(x) =alx[™? for b< |x] <1
and Vo(x) = 0 otherwise. Then we can show the theorem for
n =2 in the same way as above by making use of Theorems 4.3,

4.5, and 5.3 Q.E.D.

Similarly, we have the following theorem by Theorems 4.6,

4.7, and 5.3.

Theorem 5.7. Let V be a function of the form (4.17)

0
with a>0 if n=2 and az—(n—2)2/4 if n>3: Vo(x) =
alx| ™ for |x|>1 and Vo(x} = 0 for |x|[<1. sSuppose that
V-V, 1is a real-valued function belonging to Lg—n/p for some
P>2 and p. Then one has:

(i) If V 1is subecritical, then o = {»} and the unique

positive solution P(x,»}) has the following asymptotics as

72

x| > =
A 2
(5.34) P(x,») = ci{x|"(L+0(1)) , a > - (n-2)"/4,
(5.35) P(x,») = c|x|A(log|x|)(l+o(l)), a= -(n-2)%/4 and n>3,
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for some ¢ > 0, where A = [a + (n—2)2/ljl]l/2 -

(n=-2)/2.
(ii) If V 1is critical, then the unique positive soiution

u has the following asymptotics as [x| — «:

(5.36) alx) = cix| ™ (1 + o(1))

for some ¢ > 0, where A' = {{4a + (1'1«2)2]1/2 + n-21/2.

We close this section with the following thoerem.

Theorem 5.8. Let V,(x) = a!x]B for some a > 0 and
B > -2. Suppose that V - Vo is a real-valued function belonging
to 1.O°D/P

p |
(i) If V is subcritical, then o = s ! and the minimal

for some p >n and p > 1 - B/2. Then one has:

n-1

solution Pi{x,w), w € 8 , has the following asymptotics as

x| - =

sin 6 6n/2lx|(n-2)8/4

(5.37) P(x,w) = F(w)[sin(g/z + 1)8]

al/2

L. B
B/2+1

cos(5 +1)8] (1 + o(1l)),

IB/2+1
2

x exp| |x

where cos § = x*w/[x!|, 0 < 8 < min(w,n/(3/2+1)), 5, =0 for n

even 6n =1 for n odd, F(w} 1is a positive continuous function

on gL, Furthermore, when 8 > 0, for any sufficiently small

£ » 0 there exists a constant € such that

1/2

(5.38)  P(x,w) < Clxl(n_2)8/4exp[-§%§:I—|x|B/2+l cos €]
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for any & > (w-e)/(B/2+1).
(ii) If V 1is critical, then the unique positive solution

u has the asymptotics

1/2
(5.39)  u(x) = c|x| (R7L)/2-8/4, o (__a

2 =¥+ o

as |x| » =, where ¢ is a positive constant.

Proof. We shall show the theorem only for n > 3, since the

case n = 2 can be treated similarly. Let n > 3. Choosing a

sufficiently large N, put Vix) = (V - V) (x) for |x| >N

and Vi(x) =0 for |x| < N. We claim that V., is a small

1

perturbation of 'VO if N is sufficiently large. With

1/2 .
~ _a B/2+1 i(R/2+1)8
{(5.40) X —B_/Q:-]-__[XI e

r

a1/2

=23 |Y|8/2+l cL(B/2+1) 0
B/2+1

MR

r

{4.39) becomes

(5.41) dix,y) = |%-¥

This implies that d(x,y) < dix,z) + d(z,y) for any x,y and z.

We denote by Go(x,y) the minimal Green's function for VO' By

Theorems 4.10 and 3.12, G0 has the estimates:

(1) For x and y with d(x,y) <1l or X,Y <1
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(5.42) % (x,y) < M|x-y|27P .

Here X = a/2(g/2+41) 1 |x|8/2* ang v - at/2(g/2+1) 71|y B/2%1
(ii) For x and y with d(x,y) > 1, 0 < 8 < min{m,m((B/2+1)),

and X or Y > 1,
(5.43)  6%(x,y) < M(<x><v>)Y A(x,y) " (PTD /2 (xy)

where <X> = (x+1)Y2 ana v = (n/2-1)8/(8+2)
(1ii) Let € Dbe a positive number such that TR/ (B+2) < g <
m™ . Then, for x and y with d(x,y) > 1, (r—-€) /(8/2+1) <8

<m, and X or Y > 1,

(- -d_(x,y)
(5.44)  &%x,y) < M(<x><¥>) Yd_(x,7) (n-1) /2%

where dE(x,y) = (X2 + Y2 + 2XY cos 5)1/2

Now we claim that

¢ty vy ) = f 6%x,2) vy (2) 160 (2 y) a2

has the same estimates as Go(x,y). We have by Holder's inequality

that

(5.45) Glix,y) < v 1 1f (6% (x,2)6%(z,y) <z>"P*P/PyP 45 1/P"
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where |V is the norm of v - We may and shall

1! 1

assume that n <P <= and p > 1-8/2. We first treat the case

P

where d(x,y) <1 or X,Y < 1. We put

" ]
(5.46) I = j (6% (x,2)6% (z,y) <z>"P*/P)P g, - o, I, + 1.,
D, UD, UD 1 2 3
1 2 3
where Dy = {z ¢ rR": di{x,z) < d(x,y)/2}, D, = {z; dx,y)/2 <
d(x,2) < 2}, and D3 = {z; d(x,z) > 2}. Since d(z,y) > d(x,y)

- d(z,x) > d(x,y)/2 if d(x,z) < d(x,y)/2, we have by (5.42)

that

(5.47) 1, < (M|x—y12'n)p'f (69 (x,z)<z>"PT/PyP 4,
D
1

we have that for x and 2z with d(x,z) < 1/2

(5.48) d(x,2) < M<x>P/2 14 5],

Thus
- 1 — — '
(5.49) J (GO(X,Z)<Z> p+n/p)p dz < CJ (<z> p+n/plx--z| n+2yp dz,
D - 'E
1
where C is a constant independent of x and E = {z; |x-z]

< C<x>_8/2d(x,y)}. Noting that (-n+2)p' + n > 0, we have that

the above integral is estimated by

' Vo
CtexsP 6/2d(x,y)p {-n+2)+n
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with
(5.50) ¢ = 2(-p+n/p) - B(-n+2) - nR/p'.

Since -p < =1 + 38/2, we get § < {n/p-1) (8+2) < 0. Thus

1/p' 2-n
(5.51) 117" < ¢ |x-y}2 7",
Similarly,
(5.52) I%/p < C2|x—y]2_n.

Wwhen d(x,y) <1 and d(x,z) > 2, we have by (5.43) that
% (x,2)6%(z,y) < claxo<v>)Y<z>?p(x,2) D12 (X, 2)

where D(x,z) = d(x,z) for 6 with cos 8 = x-z/|x||z| and
0 < 6 < min(m,{7~-¢)/(8/2+1)), and D(x,z) = de(x,z) for 8
with (m-€)/(B/2+1) <6 <m. Here ¢ 1is a sufficiently small

positive number. Thus

yp'
(5.53) I; < C(<X><Y>) (I, +35)
T, = J [<Z>2y+2(—p+n/p)/(B+2)D(x’z)—n+le-2D(x,z)]p az |
By
where E, = {z; dix,z) > 2, |x-2z] < 1/2} and E, = {z; d(x,z)

> 2, |X-2| > 1/2}. sSince d(x,z)

A

CX6 + 1/2 for 2z in El .

we have by changing the variable |z| to Z after using the

polar coordinates for =z that



< M<X>{2y+2(—p+n/p)/(8+2)}p'+2n/(6+2)—l

Jl <
— ¥ - — )
« [12/CX e 2p D(x,z)en 2de + e 2p X] ,
$

where ¢ = min(w, (r-c) /(R/2+1)). Noting that

D(x,2)% = (x-2)% + (x%+2%) ((a/2+1) 227162 o(8%)) as ¢ + 0,

we get

(5.54) 7, < mex>SP'/(B+2)

with & = 2y(B+2) + 2(-p+n/p) + 2n/p' - (B+2) /p' + (-n+l) (R+2)/p',

which is equal to (5.50). We have

(5.55) J, < Me2P X | yexs{2Y+2(=p+n/p) / (B+2) }p’

% J D(x z)(—n+l)p'e—2p'D(x,z)dz .
| X~z |>1/2
zZ>1

Since

D(x,z) = [X-z| + {(B/2+1)2x2/2]x—z!}{92 + 06YH1 as o - 0,

the stationary phase method shows that




|w|=1

i MiX—Z| (-n+1)p'e—2p|X—Z| (XZ/|X_Z|)—(D—1)/2

Thus

< MeT2P'¥ 4 Mcx>OP'/(BH2)

(5.56) J2 <

[X_zl(-n+l)(p'+l/2)e-2p'|X-Z|dZ

where ¢§ 1is the negative number given by (5.50). Combining

(5.53), (5.54), and (5.56) we get

(5.57) Ié/p' < C'(<x><Y>)Y<x>6/2

Ct(<x><y>) Yd (x,y) "2

| A

y .
< C3|X-Y| n .

Hence we obtain by (5.45), (5.46), (5.51), (5.52), and (5.57)

that

(5.58) et (x,y) < M"Vlﬂlx—ylz-n

for x= and y with d(x,y) <1 or X,Y¥ < 1l. We next estimate

the integral (5.46) in the case (ii) where d(x,y) > 1, 0 < 8 <

79
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min(w,v/{(R/2+1}), and X or Y > 1. The same calculations as

in the estimate of Il show that
0 p'
(5.59) I < MG (x,y)

+ f (6%x,2)6%(z,y) <z>"P+/PyP 4,
d(x,z)>1/2
d(y,z}>1/2

Denoting the above integral by J we have
L
J < M(<x><y>)Yp

y J [<z>2Y+2(=p+n/D) / (B+2)
D{x,z)>1/2
D(y,z)21/2

))(—n+l)/2e-D(X,Z)-D(Y:Z)

(D(X,2)D(y,2 ]p'dz,

where D(x,2) is the same as in {5.53). Since the minimum
d(x,y)

of D(x,2z) + D(y,z) is atained at z = x or vy, the stationary

phase method shows that

(5.60)  IY/P' < Mt (<xoar>) Ve 24 (x,y) ("D /2mA(x,y)

Combining (5.45), (5.59), and (5.60), we get
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(5.61) GY(x,y) < MV, I (<x><y>) Yd (x,y) (TP /2g7d(x,y)

for x and y with d(x,y)>1, 0 < & < min{(w,n/(R/2+1)), and
X or Y > 1. G&Similarly,

- -d_(x,y)
(5.62) Gl(x,y) < MHVlH(<X><Y>)Yd€(x,y)( n+l)/2e €

for x and y with d{x,y) > 1, {(n-e)/(8/2+1) <8 < m, and

X or Y > 1. This completes the proof of the claim that
Gl(x,y) has the same estimate as Go(x,y); moreover, the factor
Hvlﬂ does appear in the estimate of Gl. Hence we obtain by

by mathematical induction that
(5.63) Gl (x,y) < (MHVlﬂ)JF(x,y), i=0,1,...,

where F(x,y) 1is the function appearing in the right hand sides
of (5.42)~(5.44). This shows (5.3) if we choose N so large

that MHVlH < 1/2 (note that we may assume that p < =). (5.4)
and (5.5) can be shown similarly along the line given in the

proof of Theorem 5.6. Thus Vl is a small purturbation of VO'
Hence Theorem 5.4 yields the theorem except for (5.37) and (5.38).
But they can be shown along the line given in the proof of Theorem

5.4, since (5.37) and (5.38) hold with P replaced by P. Q.E.D.
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§6. Positive solutions in a half space

In this section we give some results concerning positive
solutions in a half space of a Schréddinger equation with radially
symmetric potential satisfying (3.1). The results here will be
used in Section 7. Throughout the section we assume the condi-
tion (3.1) and use the same notation as in Section 3. We write
n

— n.
R, = {x ¢ R ; X, > 0}.

Theorem 6.1. (i) -A+V >0 in Ri if and only if
gl(r) >0 for any r > 0.
(ii) Vv 1is subcritical in Ri if and only if gl(r) > 0

for r > 0 and
(6.1) J et g (r) %dr < .
1

(iii) Vv 1is critical in Ri iff gl(r) >0 for r > 0 and

the left hand side of (6.1) diverges. Furthermore, any positive

solution is a constant multiple of

(6.2) u(x) = gl(|x])xn/|x

Proof. (i) If gl(r) >0 for r > 0, then u(x) =

gl(|x|)xn/[x| is a positive solution of (-A+V(|x]|))u(x) = 0
in Rﬁ . This implies -A+V >0 in Ri . Conversely, suppose
that =-A+V > 0 in Ri .  Then, for any half ball B; = {x;

x| <R, x,> 0}, the operator -A+V is strictly positive; for

if the smalest eigenvalue of =-A+V in B: were zerco for some
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t > 0, then there would exist u and Usy such that for

t
L _ - : + . +
i=1,2, ( A+V)ujt ¢ in Bjt , ujt(x) >0 in Bjt , and
ujt(x) = 0 on BB;t . which is a contradiction. Now, u{x) =
gl(|x|)xn/]x| is a solution in B; for any R > 0, and #u(x)
> 0 on BB; if tgl(R) > 0. On the other hand, since gl(r)

=r +o(r} as r + 0, u(x) > 0 for sufficiently small =x in

BR . Thus the generalized maximum principle shows that u(x) >
0 in B; for any R > 0, which implies gl(R) > 0.

(i1) & (iii) Let -A+V > 0 in R} . Denote by Gy . the
Green's function for -A+V in R" with zero Dirichlet boundary

-+

condition. Then we have by Theorem 3.8 and the reflection

principle that

(6.3) GR'+(X;Y)

0

= cn L osUxDEsR Uy ey Gey/ Il Iy -2 6§/ 1x L))

for |x| < |y| < R, where y = (yl""yn—l, -y,)- Thus the same
argument as in the proof of Theorem 3.1 shows (ii) and the first
half of (iii). The second half of (iii) follows from Theorem

2.2. Q.E.D.

From the proof of Theorem 6.1 we have

Theorem 6.2. If V is subcritical, then the minimal Green's

function G+(x,y) is given by
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(6.4) G, (x,y) =c_ jzlgj(lxl)fj(lyl){Pj(X.Y/IXI IY!)*Pj (x-y/|x||y|)?

for |x| < |y|, and G (¥,x) = G _(x,y).

From now on we consider the case where Vv is subcritical
and normalize positive solutions u by u(xo) = 1 with xo =
(0,...,0,1).

The following two theorems can be shown in a way similar

to that in the proof of Theorems 3.2 and 3.3.

Theorem 6.3. Suppose that V is subcritical and

oc

(6.5) f g3 gl(t)z[J gl™n g, (s) %aslat = = .
1 £

Then o = 8R2 U {=} and the minimal solutions P are given by

+

(6.6) P 0x,=) = gy (Ix)x /9, (1) |x]
(6.7) P, (x,u) = K(x,w)/K(x",u),
R{x,w) = -(2/lw])36/98 (|x{,|u],8) , w 3R}

where G 1is the function given by {3.32), 0 <8 <1, and

cos & = x+(w,0)/)x||w| .

Theorem 6.4. Suppose that V is subcritical and (6.95)

€ Sn-l; w ?_ O}r

_ n
does not hold. Then ¢ = 8R+ U S+ ’ S+

the minimal solutions P+(x,w) for w in BRZ are given by
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{6.7), and P+(x,m) for w in 8§ are

(6.8) P, (x,u) = {Q(x,w) - Q(x,0}/{0xw) -~ ox°,5)1,

2j+n-2(, . 9, (¥)
no

Q{x,w) = z
o gj (r)

J=1

X W
]qj(|x|)Pj(—T§T-) .

Remark 6.5. (i) If 9q 0 and (3.6) deoces not hold, then
Q(x,w) in (6.8) can be replaced by P(x,w) 1in Theorem 3.3.

(ii) If a positive solution u in RE is continuous up to
the boundary, then Theorems 2.3, 6.3, and 6.4 imply that

(6.9) J u(w,0) K(x2,u)dw < « .
Rn—l



§7. wildly non-radially symmetric potentials.

The purpose cof this section is to give examples of non-
radially symmetric potentials on R2 for which the structures
of positive soluticns are quite different from those for radially
symmetric potentials.

We use polar coordinates (r,¢) for a point in R2. Let

V be a real valued function on R2 such that

Bos

- J . -
(7.1) v(r,¢) = r for ¢ with er—l < ¢ < ®2j’ J=i,...,k,
= 0, otherwise,
where Xk is a natural number, sz > =2 for j=1,...,k,
0 = @0 < Ol < .. < ®2k = 2w ., Put ei = Gi - Oi-l s 1=1,...,2k.

Then we have

Theorem 7.1. V is subecritical and the corresponding

minimal boundary o is homeomorphic to

(7.2)

k
J:

l{ezj_z + ezj_l/Z}LJozj ;

0y = l¥el0,2m;]y - 83421 - ezj/2| < 85572 - m/(By5 + 2) ).

Furthermore, the minimal solutions P(r,¢;9), ¥ ¢o, have the
following growth properties as r + w:

(i) Let ¢ = ¢ + er—l/z' Then

25-2
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m/835-1 .
(7.3) B(x,459) = Cli)xyg_y (8)7 SEn{n (0=0,, ) /8,4 ;)

+ plr,o:9)

as r > », where C(y) 1is a positive constant Xi(¢) is a

characteristic function of the set [0.

j-1 ¢ 951 and p(x,¢;y)

is a function having the following asymptotic property: For

¢ with €ojon < & < Q41 ¢

m/6.,.
(7.4) plr,o:9) =olr 21 as r > w ;

and for ¢ with @Zi-l < ¢ < ®2i '

By /241
(7.5) plr,d;y) = O(exp[—qu(¢)r 1) as r - =

with q2i(¢) being a positive continuous function in

2i-1 , 92i)-

(ii) Let ¢ be in o 3 Then

(9

sz/2+l
r

(7:6) B(x,850) = COIxp;(9) explG—mrg— cos(B,5/2+1) (9-9)] (1+o(1))
J

+

plr,é:y)

as r + =, where p(r,¢,¥) is a function having the asymptotics

(7.4) and (7.5).



Remark. We should note that the discontinuity of V is
not a reason for the disconnectedness of o. In fact, the
perturbation technique employed in Section 5 and the proof of
Theorem 7.1 below show that for some smooth potential the same
conclusion as in Theorem 7.1 holds for a continuous potential.

The following theorem, which can be shown easily from

Theorem 7.1, is closely connected with the conjecture 2.12.

Theorem 7.2. Let v be the measure on ¢ defined by

(7.7) v({sz_2 + 82j—l/2}) = e2j-l ,

k
v(B) = |B]| for B¢ Uo

j=1 3

where |B| is the usual Lebesque measure. Then one has that

for any continuous function f on g

[P E, 4:0) £(w)av ()
(7.8) lim = £{d), ¢ ¢ o.
r>e [ P(r,¢:9)dv(y)

Furthermore, the left hand side F{(¢) of (7.8) satisfies: (i)

F(4) f(ezj-z + e2j—l/2) for ¢ in (®2j—2, er—l); (ii)

29-1 , 925-1
(52j+2)); and (iii) F(¢) = f(e2j - n/(ezj + 2)) for ¢ in

(@2j - 7r/(sz +2), 9

F(¢) = f(OZj—l + W/(sz + 2)) for ¢ in (0O + 1w/

257

. . 2
Remark. The problem of identifying the topology of R UG

induced by the metric (2.11) and obtaining a unique existence

88
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theorem, like Theorems 3.4 and 5.5, for the Dirichlet problem
at infinity is left open.
The proof of Theorem 7.1 is somewhat long, and is decomposed

into a few lemmas.

Lemma 7.3. Let D = {(r,9); 0 < ¢ < 6, r > 0} and W be

a real-valued radially symmetric function in (R2) for

Lp,loc
some p > 1. Put

-2 2/a-2 1/2

(7.9) W+(r) = qQ W(r )

with @« = /8. Then one has:

(1) W in D 1is subcritical or critical or supercritical
. . 2 .
1ff W+ in R+ is so.

(ii) Assume that W is subcritical in D. Then ¢ =

oD U {»} or o = 3D U [0,8] and the minimal solutions PD(x:w),

w € 0, normalized by PD{xo;w) =1 with xO = (1, 8/2) are
given by:
(1) For w in 3D,
- _— - O.
(7.10) Poylxiw) = KD(x,w)/KD(x jw)

2¢ (v) t 1 (3c/a) (2%, £

KD(rr(p?t.qu) rC) §=C¢(¢_‘1U) ’

where ¢e(y) = «1 for Yy = 0, e(¢y) =1 for ¢ =6, and G is

the function in (6.7) with V replaced by W+ , Which has the

form {(3.32).
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(2} For w = =« ,
(7.11) Pplr,t¢i®) = g (r%) sin ad/gy (1) ,

where 9, is the solution of (3.3) and (3.4) with 3j=1, n=2,
and V =W

(3) For w =1y with 0 <y <8,
(7.12)  Pp(r,0:9) = p (% ab;09) ,

where P, is the function given by (6.8).

Proof. By changing the variable (r,¢) to (ra,a¢) we have;

(a) Any positive solution u of (-A+W)u = 0 in D is

a

represented uniquely by u(r,¢) = u, (r*,a¢), where u, is a

. _ . 2
solution of (-A+W+)u+ = 0 in R+ .

(b} The Green's function G in D~AB for W is

R,D R
represented by
(7.13) Gy (X, dst, ) = GR,+(ra,a¢;tu,uw) ,
r
. 2
. . .

where GR,+ is the Green's function in R+r\BR for W+ .

The assertion (i) follows from (a) and (b). The assertion

(ii) follows from Theorems 6.3, 6.4, and the equality

_ o L a
{(7.14) GD(r,¢;t,W) =G (r7,a¢;t ,ay) ,
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where G is the minimal Green's function for W in D and

D
G, 1is the minimal Green's function for W, in Ri given by
(6.4) . Q.E.D.
Now let u be a nonnegative solution of (-A+V)u = 0 in
Rz. Then Lemma 7.3 and Theorem 2.3 show that u is represented

uniquely as follows:

(i) For ¢ in [ezj_l ' ezj], j=1l,...,k,

23 . (™ 9G, . s Ohmu

(7.15) ure9) = 5 D atee) 22 (2,0 g
i=29-1 0 C=a2j(¢-Gi)
2m
azj
+ J sz (r r0t23¢:0t23¢)du2j(‘b) ’

0

where o.,. = w/e . » G,. 1s the minimal Green's function on R2
2] 273 23
for the potential
(B, .+2}/0,. - 2
_ =2 23 23
sz = azjlx ,
u2j 1s a nonnegative measure such that Supp u2j c [92j-1, er]
and ”2j[62j-1, Ozj] < ®, and
Poi(s,0~y,.3;0"~y,.) - P c(S,0=-v,.17,:-8")
(7.16) sz(s’e;el) = 23 23 23 23 25 23
.af1_ - . At
sz(lrﬂ'/zfe Yzj) sz(ltﬂ/erzj ')

with Y5 = a2j62j-l and P2j being the minimal solution in R2
for sz .

(ii) For ¢ in {62j—2, ezj_l},

dt



2j-1 L u(t,ei)a(rt)asin a(=-0,)dt
(7.17) ulr,¢) = 3 (-1) 20 . 20 p
12252 0 7elr " +t“%-2(rt) %cos a((b*@i)]

o .
+ c2j—l r'sin a(¢-@2j_2) ’

where g = = m/8 and c2j is a positive constant.

%24-1 25-1 -1

Define a nonnegative measure dpy on [0,27] by

k

(7.18) du(y) = z {du2j(w) + 023“15(14'1 = ezj_z - ezj_l/z)}r

j=1

where § 1is the Dirac measure, and put Tu = dy. Then T 1is
mapping from the set of all nonnegative solutions to the set of
all nonnegative measures dp on [0,27] such that u([0,27})
< @ and

2k

(7.19) Supp du <:jt& {BZj—Z + er-l/Z}LJEOZj—l, sz].

Lemma 7.4. If Supp Turﬂ[@zj_3’ Ozj] is empty, then
B24-272 2R Ba5/2 2K ~%34-1
(7.20) R J u(t,@zj_z)dt + R j u(t,@zj_l)dt < CR
R R

for any R > 1, where C 1is a constant independent of R .

Proof. Choose C -functions g and h on Rl such that
g2>0,g(t) =1 for 1<t <2, g(t) =0 for t <1/2 or

t >4, h>20, h(¢) =1 for ezj—z - 92j-3/8 <9 < er—l + 62j/8'

92
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and hi(¢)

i
o
Hh
O
H
<
A
©

25-2 T sz_3/4 or ¢ > e2j—l + sz/4.
Put

Xg(rs0) = g(x/RIh(4).

Then we have that

o 27 oo 27
(7.21) J J Vayrdedr = J J Uy rdedr
0’0 olo
. 4R @2j-1+82j/4
< CR J u{r,¢}d¢dr ,
R/2 ©25-27024-3/4

where C 1is a positive constant independent of R. By (7.17),

(7.22) 92j-1 ( ydo = T lo lEEiEiL{ (t,0 ) + u(t,oe ) ldt
. sir,¢)de = | 5 log——-{ult, 0,5 , UiteBa41 ’
0,. 0 x> -t
23-2
- ; LI— LLE—
where o = u2j-1 . We write o a2j-2 ;s O a2j r and
J6 [ezj_z - 562j_3' ezj—z]tj[92j~1, 62j-l + aezj] for 0<8=1.

We then have by (7.15) that

(7.23) J u(r,s)ds
Js

_ [T 20 a'  a _ o' Lol
= [0 T {sz_z(r £, 0) sz_z(r 't ,ﬁﬂ)}u(t,ezj_z)dt

oo 2ul u'l 0‘.' _ al ul
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o za" u'“ a" _ a" a“
+ JO ———{sz(r 0, 0) G j(r ,t ,Gn)}u(t,ezj_l)dt

ul!
t ,ﬁ)}u(t,ezj)dt.
Note that (7.17) implies that
(7.24) J t {u(t,9; ) + u(t,0.)}dt < =
1 i-1 i

for i=1,3,...,2k-1. On the other hand, Theorem 4.10 implies

that

o, o B;/2+1 si/2+1

(7.25) 6, (r T,t Y,8m) < C expl-e(r vt ']

for r >> 1, where 1i=2,4,...,2k, C and € are positive

constants depending only on 6. Similarly,

o, o Bi/2+l Bi/2+l

(7.26) G, (r Yt 1,0) < C expl-e(r +t )]

for r,t with |r-t| > r/4 and r >> 1. Combining (7.21) to

(7.26}) we obtain that

8 R . 2] l

Byy_ot
dtIA(t,ezj_z)Jo(Za'/t)(r 23-2

1

(7.27) J -~ CR ™)

R/4

]

L%, 0)X(x/R) Ar

o
X G2j_2(r 't




8R @ 82j+1 _1
+ J dttJ(t,@Z._l)J (20" /) (r - CR )
R/4 ] 0
x sz(r“ % ,0) x (r/R)dr
—erY -1("
2 C exp(=-cR'}) + CR Jodt{u(t,ezj_z) + u(t,@zj_l)}
4R o a
X J %%—log lEE—i—EaL dr
R/2 lr™ - &7}

for some positive constants €, y, and C. We have

ct® g™, ¢ < g,

4R o, .0
J a4 fr%et 1dr

(7.28) b

R/2 mER |r%*-£%] —a-1_a

Ct R™, t > R.
Since
r® log(t[‘;”/2|r-~t|)-'1 dr > ctB/z, t > 1,
tB/zlr-t|il

we have by Theorem 4.10 that for t with R < t < 2R and
i=2j-2, 2jr

© 20,  B,+1 . a;  a, B./2
(7.29) J == (r " -cr l)Gi(r e Y0 x(x/R)dr>ct T,

0
where ¢ 1is a positive constant independent of R . (7.27) to

(7.29) yield



2R By, /2 Bys/2
-Q R ~a, a-1 ® -a—1
< CR™Y 4 CJ Rt u(r)ae + CJ Rt 7T tu(vyat
1 R

where U(t) = u(t,@zj_zj + u(t,@zj_l). With B = mln(sz_z’sz)

we have by (7.30)}) and (7.24) that

2R
J Ult)dt < cch"“B/2 ,
. <

which implies that
J £ giryde < w
1

where 0 < e < B/2 + 1. This together with (7.30) yields

2R
R

+ C,R a-f/2-¢ ,

which implies

J g-e-1+2¢e U(t)dt <
1

if =-a-1+42e < a + B/2. After rpeating this process k-times,

k > 2a/e + 1, we get

2R
J U(t)dt < ckR'O"B/2 )
2 <

96



Hence the right hand side of (7.30) is estimated from above

by CkR—a, which proves the lemma. Q.E.D.

Let G(x,y) be the minimal Green's function for V in R2.

Since u(x) = G(x,0) 1is also represented by (7.15) and (7.17)
with duy = 0 and (-A+V)G(x,0) = §(x), we can apply Lemma 7.4

to G(x,0) to get

Lemma 7.5. The estimate (7.20) holds for any j=1,...k

with u(x) = G(x,0).

Lemma 7.6. Let u be a nonnegative solution of (-A+V)u =

0 in R2. If Tu = 0, then u = 0.

Proocf. Choose a Cm—function f on Rl such that £(t)

=1 for t <1, £{t) = 0 for ¢t > 2, and f > 0. Put fR(r) =
f(r/R). Then we have
=2
(7.31) J VufRdx < CR J udx.
R<|x|<2R

But Lemma 7.4 and its proof show that the right hand side of

l""'a2k)'

(7.31) is estimated from above by CR—Y, vy = min{a
0. Q.E.D.

Letting R - ®» we thus obtain that u =
This following lemma is a key to the proof of Theorem 7.1.

Lemma 7.7. Tu = dy 1iff u = lim where u is the

R+~ YR’ R
solution of the Dirichlet problem

97
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(7.32) (=A + V)u = 0 in Bp uRlaB = Q|aB ;
R R
u23—
(7.33) Q(r,¢) = €34-1F sin a2j—l(¢_e2j*2)’ er-z < ¢ S@2j-l’
2w azj
= IO QZJ (r razquiasz)dUzj(w) r 923'—1 < Sezj
Proof. Suppose that u = lim u, . Set u_ =0 + v

R+ "R
Then we have that VR(R,¢) = (0 and

(7.34) (-A+V)VR(I:¢) = i£0 Ri(r) @ 8(¢ - )

13 2T azj
sz_l(r) = £ 5-[ sz(r ,u2j¢:a2jw)du2j(¢) ¢=923_l

0

=

Ol
+ 1 c 23-1

r “29-1%24-1F ’

lcu

1 2m u2j

[+¥]

¢

J

%25+1

1
T C2941%2541F '

where §(-) is Dirac's function. Note that Ri(r) > 0. We

then have

2k-1 (R
(7.35)  wvp(r,¢) = ) f

GR(r'¢;t’Oi)Ri(t)dt .
i=0

0

Thus, u =0Q + v with



2k=-1 (o
(7.36)  v(r,¢} = lim vp(r,¢) = ] J G(r,9;t,0,)R; (t)dt.
R+ i=0 0
On the other hand, since VR(R,¢) = 0, we have another expression
of vp : For ¢ in [ej-l, ej],

(7.37) VR(r,¢)

% if® 2 aG. aj aj
= ("') J v (tre') __(r rt IC) _— - dtl
5-1 0 R i’ £t 8¢ E-aj(¢ @i)

o ' : .
where G2p,R and G2p—l,R are the minimal Green's functions in
Bp for the potentials
(B, +2) /a, -2
-2 2 2
a2p|x| P P and 0 ,

respectively. Since Ve and an R/Bc are increasing as R + o
r

the limit v of v 1s represented by (7.15) and (7.7} with

R

duzj = 0 and c2j-l

T = dju.

Conversely, suppose that Tu = du. Let uR be the solution

R(R,¢), we have that up < u in BR

is increasing as R + «, we see that Up has a

of (7.32). Since u(R,¢) > u

Noting that up

limit w such that u-w 1is a nonnegative solution with

T{u-w) = 0. Lemma 7.5 now implies that u = w = limR+w up -

Q.E.D.

L4
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= 0. This proves that if u = limR+w Up » then



Corollary 7.8. T is an injection.

Lemma 7.9. If
k
Supp du < j:& {®2j—2 + 82j-l/2} U °2j ,

then there exists a nonnegative solusion u such that Tu = du.

Proof. Let VR be the function (7.35). Tt is easily seen
from the proof of Lemma 7.6 that we have only to show VR(O,O)
is bounded for R > 1. By Theorem 4.9 and (7.34),

Ba./2 O oy
23 2j-1
(7.38) sz_l(r) < C{<r>

B,./2 O
sz(r) < C(<r> 23 2j+1

This together with Lemma 7.5 and {(7.35) implies the boundedness
of vR(O,O). Q.E.D.
k

Lemma 7.10. Supp Tu ngl{ezj_z + sz_l/Z}LJOZj .

Proof. Suppose that Supp Tu » ¢ for some ¢ in [62j~1'
@zj]\czj . Then we have by Theorem 4.9 that

2m G,

a[ 2]

v Q5. (r rQosd i, Y)du, . (P) :

¢ Joy 723 237723 23 $=0,
i=2j-1 or 2j, grows exponentially as r - «. Since u(r,@zj_l)

and u(r,@zj) grow at most polynomially as r + =, we have by

{(7.15) that (Bu/3¢)(r,62j_l) or (8u/8¢)(r,62j) is not a
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tempered distribution with respect to r. But (7.17) implies
that both (Bu/8¢}(r,@2j_l) and (3u/8¢)(r;®2j) are tempered

distributions. This is a contradiction. Q.E.D.

Completion of the proof of Theorem 7.1. Lemma 7.9 implies

that for ¢y in 02j' we can define P(r,¢;¢) by

(7.39) P(r,¢;y) = qlr,¢:y)/q(0,0;¢), g = ;im up s
>0
where up is the solution of (7.32) with
- *23
Q(xr,9) = sz(r ,azjqb;azjw), Ozj_l <% < @2j '
=0 , otherwise.

For ¢ = @Zj—z + ezj*l/z » we define P(r,¢;y) by (7.39) with
u being the solution of (7.32) with

“25-1

=0 , otherwise.

Then Lemma 7.7 implies the growth properties of P(r,¢;¢), from
which it follows that P(r,¢;¥) is minimal. On the other hand,

Lemmas 7.7 and 7.10 assert that {P(r,¢;y);y € o} is the set of

101

all minimal solutions. Furthermore, it is clear that the topology

of ¢ induced by the metric (2.11) is equal to the usual one.

Q.E.D.

We close this section with an example showing that even if

V and W satisfy ¢V < W < CV for some positive constants ¢
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and C, the minimal boundaries for V and W can be different.

2 2 2

Example 7.11, Let V(X) = a in §+ and V(x) = b“ in
RE r where 0 < a < b, Then V is subcritical and g = fo,m]u
[(m+6,27m-6]1, where 6 = cos-l a/b. Let us prove this assertion.

Denoting by G(x,y) the minimal Green's function for V , we have

(7.40) 6,0 = [ ™ gg,xyar

9 (E.x,) = [a*g9) /24 %4e2) 1 2yexp s (2242 1/ 201 / (22207

By changing the path of integration in (7.40) in the complex plane,

we have, for some ¢ > 0,

*3/2e—a|x

(7.41) R(x;) = G(x,,0,0,0) = c]xl| 1|(1 + 0(1))

as |xl| - ®. On the other hand, the same argument as in the
proof of Theorem 7.1 shows that any nonnegative solution u of

(-A+V)u = 0 in R2 must satisfy
(7.42) f ale,0)<t>"3 273t gt < w,

Let us define a measure Tu in the same way as in the proof

of Theorem 7.1. We claim that if Tu = 0, then u = 0. Since
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lim Bu/axz(x)

{(b2+52)1/2 £eyet® 1 ige son
x2+0

It
i

lim  du/3x,, (x) J—(a2+g2)l/2 £(yet™18ag/2n

x2+0

Hh>

with being the Fourier transform of u(xl,O), we obtain
that

J K(t-s}u(s,0)}dx = 0.

This together with positivity of K proves the claim. We
can now show the assertion in the same way as in the proof of

Theorem 7.1.
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Appendix 1. The one-dimensional case.
In this appendix we study positive solutions of a Schrédinger
equation

(a.1) (-a?/dx? + v(x))u(x) = 0 in (a,b),

where -« < a < b < and V is a real-valued function in

Ll,loc(a'b)'
Choose {aj}§=l , {bj};?:l , and ¢ such that a < 3541 < 3y
< ¢ < bj < bj+l < b for any j, limj_,_co aj = a and limj+m bj

= b. Let hj(x) be a solution of the initial value problem
(A.2) mh;(x) + V(x)hj(x) =0 1in (a,b), hj(aj) =0, h

Then we have

Theorem A.l. —d2/dx2 +V >0 in (a,b) iff for any j

hj(x) >0 for x in (aj b).

Procf. Suppose that =-A+V > 0. Let dj = inf{t;hj(x) > 0

for x in (aj t)} . Clearly, ay < dj' If dj < b for some
’

j. then zero is an eigenvalue of -A+V in (aj,dj) with zero

Dirichlet boundary condition, which is a contradiction. Conversely,

suppose that hj(x) >0 for x in (a, b), j=1,2,... . Put

(A.3) h (x} = lim h.(x)/hj(c).

j—>m
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Then h+ is a positive solution, which implies -A+V > 0.

Q.E.D.

Lemma A.2. The positive solution h+ defined by (A.3)

satisfies

¢ -2
(A.4) J h, (£)7%dt = = .

Proof. Suppose that (A.4) does not hold. Then

C

X -2 -2...~-1
g{x) = h+(x)J h+(t) dt[h+(c)J h+(t) dt]
a a
is another positive solution such that limx+a g(x)/h+(x) = 0.
But, since g(aj) > 0, hj(aj)/hj(c) = 0, and gf{c) = 1, we have

that hj(x)/hj(c) £ gi{x) for x with aj < x < ¢. 'Thus,

h_(x}) <g(x) for any x in (a,c), which is a contradiction. Q.E.D.

This lemma implies that h+(x) and

c
_ -2
H+(x) = h+(x) J h+(t) dt
3
are linearly independent solutions which are positive near x = a

and

lim h+(x)/H+(x) = 0.
x>a

This property indeed characterizes h+ . That is, we have

Lemma A.3. If there exist two linearly independent solutions
f and g such that f and g are positive near x = a and

1i g(x)/f(x) = 0, then h+(x) = Cg(x) for some C > 0.

m
X*a
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Proof. We have that h+ = Clg + sz and H+ = C3g + C4f
for some constants Cj. This together with the property of the

functions implies that Cl > 0, C2 = (, and C4 > 0. Q.E.D.

The same argument as above shows that if -A4V > 0, then

there exists a positive solution h_ such that h_{c) =1 and

2

b
(A.5) j h_(t) “dt = = .,
c

Lemma A.3 yields the following relation between h, and h_ :

Lemma A.4. (i) h+ = h_  if and only if

b -2 ¢ -2
(A.6) J h (t)7°dt = » or j h (t) %dt = « .
c a

(ii) If (A.6) does not hold, then

: = b —23 bh £) "2ag) L
(A7) _ h_(x) = h+(X) h+(t) tl +( ) 1 '
X C
B X -2 ¢ -2.,..-1
(a.7),  h (x) = h_(x)| h_(x) “dtl| h_(t) “dt] .
a a

Theorem A.5. Suppose that ~A+V > 0. Then V is critical

iff (A.6) holds or h+ = h

Proof. Let Gj be the Green's function for -A+V in

(aj,bj) with zero Dirichlet boundary condition. Then we obtain

that




X b,
=2 ] -2
{A.8) Gj(x,y) = h+(x)h+(y)j h+(t) dtJ h+(t) dt
ay Yy
®3
< 0] e 7Pae 7
a.
J
for aj <x <yx< bj’ and Gj(y,x) = Gj(x,y). This together
with (A.4) implies that limj+°° Gj(x,y) = for any x and vy
iff (A.6) holds. Q.E.D.

Incidentally, we have obtained

Theorem A.6. If V 1is subcritical, then the minimal

Green's function G(x,y) 1is given by

{A.9) G(x,y) = Ch (x)h_(y) , a<x<y<b,
= Ch _(v)h_(x) , a<y<x<b,
b -2
where C = J h+(t) dt .
(o]

This theorem and Theorem 2.3 yield

Theorem A.7. If V is suberitical, then o = {a,b},
P(x,a) = h_(x), and P(x,b) = h+(x}.

Since VvV = hl/h+, Theorems A.5 and A.7 and Lemma A.4 imply

Theorem A.8. Suppose that -A+V >0 and let h = h+ with

h+ being the function (A.3). Let W be a real-valued function

in Ll loc(a,b). Then V+W and V are P-equivalent iff
r
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(A.10) W= {£" + 2(h'/h)£'} /£

for a positive continuous function f such that f and £ %

are in L (a,b), and f" is in (a,b).

Ll,loc
The following theorem asserts that the Conijecture 2.12 is
true in the one dimensional case, and can be shown easily from

Lemma A.4. (ii), (A.4), and (A.5).

Theorem A.9. Suppose that V is subcritical. Let g(x) =

h_(x) + h (x). Then the Dirichlet problem at infinity

(A.11) (-a%/ax® + V)u = 0 in (a,b),

i

lim u(x)/g(x) = A&, 1lim u(x)/g(x) B,

X-+a x+b

It

admits a unigue solution u given by u(x) Ah (x) + Bh+(x).
In the rest of this appendix we give some examples

illustrating the results.

Example A.10. Suppose that a > -» and Vv belong to
Ll(a,c). Let h be a solution of the initial value problem :
-h" + Vh = 0 in (a,b), h{(a) = 0, and h'(a) = 1. Then it is
clear that (i) =~A+V >0 iff h > 0 imn (a,b); and (ii) if

-A+V > 0, then h+(x) = h(x)/h(c).

Example A.l1l. Suppose that (a,b) = Rl and V(x) = V{|x]).

Let ¢ =0 and be an even function such that =g} + Vgl = 0
el 0 0

in R' and g (0) = 1. Then we see that (i) =-A+V > 0 iff

99 > 0; and (ii1) if 99 > 0,
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X -2, (0 -2
(A.12) h,(x) = g (x) lim [J 50(®) at/ | gq(t) Tatl.
* R>= JIR IR

Example A.12. Suppose that (a,b} = Rl and V 1is a real-

valued function such that

(A.13) J (|e]+1)|vee) [dt < =,

-0

Then elementary calculations yield a solution h such that
{A.14) lim h{x) = 1.

K+=o0
We easily obtain that (i) -A+V >0 1iff h > 0; (ii} If h > O,
then h+(x) = h{x)/h(c); (iii) V is critical iff hix) approaches
a positive constant as x + =; (iv) V is subcritical iff
h{x)/x approaches a positive constant as x + «; and (v) if

h >0 and

W = {ezxsin e® - ex[l + 2h'/h] cos ex}/(z - sin ex),

then V+W and V are P-equivalent.
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Appendix 2. Proof of Theorems 4.9 and 4.10.

Proof of Theorem 4.9. Put

max (2j+n-2,1)

(A.15)  als,t) = jgo max (-2, 1) L(n-2+29)/(g+2) (8IP5(E),

where s = [al/z/(8/2+l)]ﬁx|8/2+l and t = cos 6. By (4.30),

2241 (9 B/ B g6y

(A.16) Plx,u) = F(B+2

We first investigate Q in the case where n is odd and
0 <6 < min(m,n/(B/2+1)). By deforming the contour in the formula

5 in [6, p. 15] we have
iR ie
Jv(z) = miT{J + Jc + J }u_v_lexp[g fu - %)]du

for v >0 and Im =z > 0, where R > 1, C denotes the circle
luf = R, and arg u = -37/2 on the first path of integration
while arg u = 7/2 on the third path. Since Iv(s) = i_UJv(is),

we have by changing the variable u to v = iu that

- OO

1 [R -v=-1 s 1
A1) 18 = gppt] v e [ v lexptg vr Ltay
- C -R
for v >0 and s > 0, where arg v = -1 on the first path of

integration while arg v = m on the third path. On the other

hand, differentiation cf (3.9) with respect to 2z yields




) [2j/(n~2)]Pj(t)zj‘l =

3=0

Thus

(A.18) ] (t)z

(1+23/(n=-2))P,
i=0 J

where the branch of (z—2t-!-]./z)—n/2

-n/2

(z=-2t+1/2) >0 for 0 < z < 1.

and (A.18), we have that

z

_R -0
~ 1 - l.-n/2,1
Q = E?I{J_m + JC + J-R}(z 2t +3) (=

zZ =

where y -1/ (B/2+1)

v-l/(8/2+l) we then obtain that

(a.19) @ =-§§%{1-J (z-2t+d)
Y1¥Y2*Y3
where Y1 r Yy and Y3
v, = {Ye-iﬂ/(8/2+l);
(A.20) Y, = {pet? H
vy - (yelT/(B/2+1)
where 0 < b < 1. Letting b

parts we get from (A.19)

j+n/2-1

. Changing the variable v to

-n/2

approach 1

111

2(t-z) (1-2tz+2%) /2

-n/2

= (z2~2t+1/2) (1/2-2),

is chosen so that

Combining (A.15), (A.17)

5 - z)% exp[% (v + %)]dv

zZ =

(z~2-1)exp[%{zs/2+l+z-8/2_l)]dzr

are the contours defined by

0 +~ b},

-m/(8/2+1) + w/(B/2+1)},

: b~ 0},

after integrating by
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(3.21) 0= (5 -G -2 15 D/28 g,
R= 2%1J (z*2t+z"l)-l/z(znz-l)expig%ze/2+l + 27827114,

I, +T,+T

1% 273

R1+R2+R3,

where Pj(i=1,2,3,) are equal to Yj with b replaced by 1.

It is easily seen that

(A.22) R, + R, = O(e" %

1 3 ) as s -» o

By symmetry of the integrand we have

{(A.23) R, = (cos 68 -cos ¢)_l

2 i

1/2(n/(8/2+1)
calef 2sin ¢ expls cos(E+1)p1d0.
0

We easily see that

21/2 8+¢ -1/2 3
(A.24) R2 = = J (cos 6 -cos ¢) sin ¢ expls cos(§+l)¢]d¢
8
+ O(expls cos(%-+ 1) (8+e) 1)
as s -~ =, where 0 < ¢ < 7w/(B/2+1) - 6. Denote the integral in

(A.24) by S. Then we have by changing the variable ¢ to u =

cos (B/2+1)8 - cos(B/2+1)¢ that

S -
S = expls cos(%—+l)6]J (cos 8 - cos ¢) 1/2

0

sin ¢

x [(8/2+1)sin(8/2+1)¢] “exp(-su)du,
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where § = cos(8/2+1) - cos(B/2+1) (B+¢). Noting that
cos 8 - cos ¢ = sin 6[(B/2+1)sin(8/2+1)8]u + O(u?)

as u + 0, we obtain that

(A.25) S = expls cos(%—+l)6][(B/2+§;2ig(8/2+l)e]l/z

K

x s_l/zf v_l/ze_vdv(l + O(s-l))
0

as 8 -+ . (A.21)~ (A.25) veild

_ .0, -1 sin 6 1/2
(A.26) 0 =T&) “l5a(sz+170!

s;n/2-1

x {0% +1)3 expls cos (5 +1)6] (1+0(s™1))

z2
as s + », This together with (A.16) shows (4.38) for n odd
and 0 with 0 < 8 < min(7w,n/(B/2+1)).

Next we treat the case where n is odd and 8 = 0. The

same argument as above shows (A.21) with

1/2
™

8

£
2 J (l-cos ¢)—l/2sin ¢ expls cos(% +1)¢ld¢
4]

(A.27) R =

+ O{expl(s cos(%-+l)e])

as $§ > «», where ¢ 1is a sufficiently small positive number.

Denote the integral in (A.27) by S. By changing the wvariable
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¢ in S to u = [l - cos{B/2+1)¢] we then have

8
s = eSJ (l-cos ¢)—l/251n ¢ expl-su ]d¢ du,

where & = [l-cos(B/2+1)e]/2. Noting that (l-cos ¢)-1/2 =

-1 -1

+0(1), sin ¢ = 2/2(8/2+41) Ty + o(u?), and ds/du =

-1

(B/2+1)u

21/2(8/2+l) + O(u), we have that

4]
i

8
eSJ [2/(8/2+1) + O(u)]le 5% Qqu
0

= 72/ (8/241) 1571/ 28

(1 + O(s~ ))
as s =+ «. This yields (A.26) with 8 = 0, which implies (4.38)
for n odd anéd 8 = 0.

Third let us treat the case where n 1is even and
8 < min(w,n/(B/2+1)). We easily see that the formula {(A.19) is
also valid for n even. By integration by parts we have

n/2-1

(A.28) Q = T(n/2) "1 (8/2+1)s/2] (38/2+1)R,

R = 1.[ (z—2t+z_l)-l(z-2~l)exp[§ (z

)ldz,

where Yj are the contours (A.20). By making use of the standard
limiting procedure we then have by symmetry of the integrand in

the above integral that

-1

R = expls cos(B/2+1)8]1(1 + O(s ™))
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as s + =, Thus

(A.29) Q= [(n/2) " Yr(8/2+1)s/217/ 271

x (8/2+1)expls cos (B/2+1)8] (1+0(s™1))

as s -+ o, which shows (4.38) for n even and 9 < 6 < min(mw,
T/ (B/2+1)) .
The asymptotic formula of ©GP/36 can be obtained

similarly. Q.E.D.

Proof of Theorem 4.10. We see that G(0,y) = cnfo(]y])

with

oy (277)/ (B+2)

follyh = K(n-2)/(g+2) ¥

for some positive constant ¢, where Kv is the modified Bessel
function of the second kind. Thus

G(0,y) = c|y| BTH/27B/4"Y L o(x7Ly)

as y + «. This together with the Harnack inequality shows

(4.40) for x and y with X <1 and Y > 2. The same argument
shows (4.40) for X > 2 and Y < 1. Since (4.40) ~ (4.43) clearly
hold for x and y with [x| + |y! bounded, it suffices to show
them for x and y with X and Y sufficiently large.

From now on we assume that x > 2 and y > 2. It follows

from (3.31), (3.32) and the proof of Theorem 4.8 that
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G = . . .
c, jgo 9= e Clyheg (o)

for x and y with |[x| < |y|, where
9 lxl) = e BBy s ey (0
E5lyD = oy B a3y (e (0
Now let us determine the constants Dj' Since
(g1, - g.£1) (r) = max(23+n-2,1)rl D,
J 3 J ]

we have by making use of the asymptotic expansion as r - « of

fj(r) and gj(r) that

_y al/2  (n-2)/(8/2+1)

(§7§¢T) max{2j+n-2,1).

-
(A.30)  CyD; = (5 +1)

Thus we obtain that for X and Y with X <Y

It

B(xy) (270 /(B+2) 5 max (2j+0-2,1) I (VK (V)P (£)
j20 i

(A.31) G

where B = cn(e/2+1)'l[al/2/(s/2+1)](“‘2)/(5/2+1’ and m =
(2j+n-2)/(B+2). By the formula (38) in [6, p. 53],

o 2 ..,2

=1 v o_ XT+Y" XY, dv.
(A.32) I (X)K (Y) = a-Joexp[-E - ST (R



117

This together with (A.15), (A.26), and (A.29) implies that for

X <X

1 max(2j+n-2,1)T_ (0K_ (V) 2yt |

j=0 i 3
< max(g—Z,l)f: exp[—-%._ X§$Y2]Q(§§.11)Q%_
A MJ: exp[- 5 - X2+§j-2xy] (Xg +1yn/2-1 g%
< @

where M 1is a positive constant. Thus Lebesuge's dominated

convergence theorem shows that

®© 2 .2

(3.33) G = C(XYV) (2-n)/(8+2)J0 expl~ 5 - £ o &L p)dv
where C = B max(n/2-1,1/2). Since (A.16) implies that for
v > XY
QUXY/v,t) < M(xy/v) (B72)/(B+2)
we have
(xyy (2-1)/ (B+2) [ e X2+Y2] XL dv
cXp 2 2v Q v ! v

XY

X2+Y2]v(2-n)/(8+2) dv.

< MJ expl- o -
- xy 2 2v v

® 1 (2-n)/(8B+2) du
u

r

= Mz(z_n)/(8+2)j exp[- %~(u+-%0]

XY/Z
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1/2

where 2 = (X2 + Y2) . Since Xy/Z > 21/2

when X,Y > 2,

the above integral estimated from above by
M'exp[~-{21/20) 2]

for some constant M'. Thus in order to prove (4.40) ~ (4.43)

we have only to estimate the integral

Xy 2. .2
- v X7+Y XY dv
(A.34) F = JO exp [~ 5 - v Q= t) v "
Fixing 6 in [0,min{w,m/(B/2+1))) we have by (A.26) and (A.29)

Q(s,t) = Asn/z—l expls cos(%—+l)8](l+0(s—l))

as s =+ «, where A 1is a positive constant. Thus

Xy 2
_ n/2-1 _y _d4da", -n/2 v
F = A(XY) JO exp{ > 5oV (1+O(XY))dv,

- 2 2 1/2 .
where d = (X" + Y© - XY cos(B/2+1)80) . Change of variable
v to u=v/d yields

Xy/d
_ X¥,n/2-1 _d 1 -n/2 ud
(r.35) F = A(—aa J exp [ -5—(u+-ﬁa]u (1+O¢§§0)du.

0

Elementary Calculations now show that

(A.36) F = Al(XY)n/z—ld_(n-l)/ze-d(l+o(d-l)) as d + w,
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(.37 F = 2,xn)™? a2 (140(a)) as a0, n> 3,
= Ay(log ' + 0(d)) as 4 -0, n =2,
where Al ' A2 and A3 are positive constants. Hence we

obtain that

(A.38) G = D (xy) (W/2-LIB/(B+2) q=(n=1)/2,-4 ), g1y,

as d =+ =, and that

(A.39) G = (xy) (0/2-1)8/(8+2) 4-n+2

(l+0(d)) as 4 = 0, n > 3,

Dy(log d™* + 0(d)) as d + 0, n =2

This proves the theorem. Q.E.D,
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