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ABSTRACT 

Inter.nal waves in exponentially stratified fluids confined between two 

parallel boundaries have been studied analytically and experimentally with 

both a fixed and a free upper surfaoe. 

In the analytical model, waves were generated by vortex-like or source­

like oscillatory disturbances. A modified image method was developed according 

to the principle of superposition using Hurley1s elementary solutions for 

unbounded fluid. A basic image system which satisfies the wall boundary 

condition and is free of singularities in the flow field was found for every 

elementary vortex or source located anywhere in the field. The inter.nal wave 

associated with this image system is intimately related to the characteristic 

mesh of the system. Only the first mode of the progressive internal wave is 

possible when the elementarY vortex or source is located on the centerline of 

the channel. It appears that eccentrically located disturbances are required 

to generate higher mode inter.nal waves, although numerical analysis has not 

been carried out for this case. 

An experiment was carried out in a channel filled with salt water of 

exponential density stratifioation. A rigid flat plate wave generator and a 

flexible rubber diaphragm wave generator located at mid-depth, both oscillating 

~n a vertical direction, were used. Excellent agreement was obtained between 

the predicted and the measured wave length. The predicted wave shape and the 

measured wave shape were also in good agreement. Less complete agreement 

was obtained for the case of wave amplitude, however. 
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THE GENERATION OF INTERNAL WAVES IN STRATIFIED FLUIDS 

I. INTRODUCTION 

In the laboratory, the standard method of generating. internal waves 

in a stratified fluid is osoil1ation of a solid body. For example, Keu1egan 

and Carpenter (1961)* generated interfaoial progressive waves in a two-layer 

system by osoil1ating a horizontal plate looated at the interfaoe. In this 

w~ it was possible to generate the interfaoia1 wave without exoiting the 

surfaoe waves. When there are n layers, there are n possible modes of 

progressive waves assooiated with the system (Greeru~il1, 1887). In general, 

for a oontinuous1y stratified fluid bounded by either two solid walls or a 

solid wall and a free surfaoe, there exist infinit~ly many modes of internal 

progressive waves; see Lamb (1932) 8...1'ld Yih (1965). How these possible modes 

of internal waves oan be se1eotive1y exoited in a laboratory test faoi1ity is 

a problem whioh appears to have esoaped the attention of past investigators. 

The oapaoity to selectively exoite different modes of internal waves is 

neoessary if laboratory simulation of naturally ooourring internal waves is 

to be attempted. 

Some analytioal and experimental work has been oarried out as a first 

step toward the goal of aohieving the se1eotive exoitation of internal waves in 

stratified fluid. The analytioal part of the work oan be oonsidered an exten­

sion of Hurley's work (1969) on the use of sou roe- and vortex-like elemen"Gary 

solutions. Using a oharaoteristio trans fo r.mat ion , Hurley was able to transform 

the linearized partial differential equations for entropy or pressure for the 

case of exponential stratifioation to Bessel's equation of zero order. A solu-

tion of this equation in unoonfined fluid behaves like a souroe or a vortex 

* Referenoes are listed a1phabetioally on page 23. 
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near the origin and like a progressive wave at a large distance from it. 

Using the principle of superposition, he then proceeded to solve the problem 

of oscillating cylinders in an unconfined and exponentially stratifieQ fluid. 

It is shown in this paper that the method of images which has been used 

extensively for potential flows of homogeneous fluids can also be useQ for the 

case of exponentially stratified fluid. The boundary condition of parallel 

walls can be satisfied by using a column of infinitely many singularities. 

However, since the basic source or vortex solution is singular along the two 

characteristic lines, the single column distribution would result in unrealistic 

velocity distribution. The undesirable singularities along the characteristic 

lines were eliminated by using a system of singularities distributed along 

three columns. The numerical results indicate that the wave lengths, and 

thus the wave modes, of the emitted internal waves are determined by the 

spacing of the image systems. Also discussed in this paper is the experi-

mental result, which tends to confirm the computational result. 

2. BASIC SOLUTIONS IN UNBOUNDED FLUID 

Although the theory described herein is applicable to the isentropic 

flow case, the discussion will be limited to the incompressible fluid case. 

The Euler equations of motion and the equation of continuity for the two-

dimensional flow of a stratified fluid are 

(2.1) 

(2.2) 

. (2.3) 



Bere x,y is the set of reotangular ooordinates with gravity aoting in the 

direotion of -y, u and v are the oorresponding velooity oomponents, 

Q is the density, p is the pressure, and g is the gravitational 

acoeleration. The oondition of inoompressibility 

reduoes Eq. (2,. ,) to 

au. av ' ax + ay =0 

Thus a stream funotion '" exists suoh that 

Suppose that small motions are taking place in the fluid, and the pressure 

and density are written as 

(2·4) 

(2.5) 

(2.6) 

in whioh the subsoript 0 represents the equilibrium values whioh are assumed 

to be funotions of y only and the subsoript 1 represents the perturbation 

quanti ties. 

Velooity oomponents and perturbation quantities are regarded as small 

quantities. If small quantities of the seoond order .are negleoted, Eqs. 

(2.1) through (2.,) reduoe to 

(2.8) 
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By eliminating Pl and Ql from the above equations and using the stream 

function, we find that 

(2.10) 

in which the dots denote differentiation with time. This equation was derived 

by Lamb (1932). 

Considering an oscillator~y disturbance and writing 

EQ. (2.10) reduces to 

in which 

ifr = ~(x,y) exp(- i cut} 

2 N2 
YJ = 2' - 1, 

cu 

(2.11) 

(2.12) 

and N is known as the Brunt-Vaisala frequency or the characteristic frequency. 

Equation (2.12) is hyperbolic when cu < N and thus the emission of 

internal waves is possible when the disturbance frequency is less than the 

characteristic frequency. For a stably and exponentially stratified fluid 

wi th a constant stratification fac"i:;or of ~ 9 

and the characteristic frequency N = ~ is constant everywhere. 

Hurley (1969) used the following transformations to transform the 

governing equation of the perturbation pressure into Bessel's equation of 

zero order: 



and ~ ~ exp(~ ~y) f(') 

These equations also transform the governing equation in 

into Bessel's equation of zero order, 

I{I" Eq. ( 2 .12) , o 

The general solution of Eq. (2.15) can be written as the linear combination 

of Hankel functions of the first kind, . H (l)«(), and the second kind, o 

Eo (2) «()'. Since a Hankel fun.ction of the second kind. results in unbounded 

velocity as x....-±oo~ this solution must be dropped on physical grounds. 

Thus only 

will be considered. The arbitrary constant m is a strength factor which 

will be taken as un.ity for the sake of simplicity. 

5 

(2.13) 

(2.15) 

(2,16) 

Since ( as defined by Eq. (2.13) has branch cuts along the character-

ietic lines 

x ± TJY = 0 

the value of ( in the region where x2 - TJ 2y2 < 0 will be chosen as 

, = il'l. Omitting the exponential time factor, the velocity components 

can be written as 

(2.17) 

(2.18 ) 

(2.19) 
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In the neighborhood of small I( I , the Hankel functions are singular and 

have the following expansions: 

H (1)(,) - ~ J «() ~n ( + 
o 17 0 2 (2.20) 

(1»)' 2i [1 )' ( ] HI (4:,) - fl -, + J l (c,,) ~n 2' + ••• (2.21) 

Thus the velocity components have a first order and a logarithmic singularity 

along the characteristic lines. The streamline pattern in the neighborhood 

of the characteristic lines is sketched in Fig. 1. It is seen that the 

characteristic lines are like the traces of vortex sheets except that the 

velocity jumps by an infinite amount across these lines. 

For large (, the Hankel functions have the following asymptotic values: 

Ho (1) (') - ~ 17' exp[i«( - 4)] 

~ (1) «() - ~exp[i«( - T) ] 
For example, the velocity components of a point located on y = 0 at large 

x are 

v - - {;;~~ exp[i(-k x - C£Jt - T)] 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

indicating that the flow is that of a progressive wave of decreasing amplitude. 

The wave length A is 

~ _ !J,1771 
/\ - f3 (2.26) 

Instead of working with the stream function, it is possible to use the 

pertQrbation pressure PI as the dependent variable. For an oscillator,y 

distQrbance in an exponentially stratified fluid the governing equation becomes 
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(2.27) 

where is defined 

(2.28) 

Negleoting the exponential time faotor, the velooity oomponents are related 

to the pressure as follows: 

(2.29) 

V= 

Equation (2.27) is identioal in fODffi to Eq. (2.12). Therefore the prooedure 

* used before oan be adapted to find the solution for Pl' Sinoe the solution 

is identioal to that obtained by Hurley (1969) and is disoussed extensively 

by him, it will not be presented in detail here. Suffioe it to say that the 

resulting flow is like that of a souroe in the near field and a progressive 

wave of deoreasing amplitude with distanoe in the far field. 

Hurley (1969) prooeeded one step further and showed how the basio 

souroe- and vortex-like solutions oan be used to represent the flow due to 

vibrating slender oylinders in an unbounded fluid. As might be expeoted, the 

solution is singular along the oharaoteristio lines and is not valid there. 

For this reason, it is not known how well Hurley's solution represents the 

real flow. 
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3. INFLUENCE OF PARALLEL WALLS ON THE BASIC SOLUTIONS 

'When the stra·~ified fluid is confined between two parallel walls, the 

solution must satisfy the additional boundary condition that the normal 

velocity component vanishes on the walls. For the following analysis, the 

x-axis is chosen so ·~hat the walls are located at y = ±h. Consider a case 

in which a vortex of unit strength is located on the y-axis at 

y = y = rh, -1 < r < 1 o 

It can readily be shown that the image system that satisfies the boundary 

condition on the walls is given by 

+ ~ (-l)~ (1)«( ,)] 
o n n= 

in which ;-2 L[ 2 2 2 
~. = 2 x -" (y - y: ) ] 
n 4" n 

()' 2 A2 [2 2 2 ~. f) =..t:.- X _." (y _ y: ,) ] 
n L 2 n 

~." 

Equation (3.2) represents the stream function due to a column of vortices 

located on the y-axis as shown in Fig. 2. In general, for a unit vortex 

located at (x ,y), the required image system is o 0 

t/J = W(x ,y ) o 0 

which is obtained from Eq. (3.2) by replacing x with x - x • o 



~-----

9 

Since there are two characteristic lines associated with each vortex, 

there are infinitely many characteristic lines, as shown in Fig. 2. On 

each of these lines the velocity is singular. Since the velocity must remain 

finite in the actual flow field, the single column of the vortex system located 

on the y-axis and given by EQ. (3.2) is unsatisfactory on physical grounds. A 

way must be found to eliminate the singularities along the characteristic 

lines. The pattern of characteristic lines shown in Fig. 2 suggests the possi-

bility of using additional columns of vqrtex systems located at the nodal points 

of the characteristic mesh. One possibility is to use two add.itional columns 

of nodat points next to "I:;he y-axis as shown in Fig. 2. Let the strengths of 

these image systems be a and b, and write 

'" = 'I'(O,y ) + a'P(x ,-y ) + b\}l(-x ,-y ) 
00000 

where x = 2'1h o 

It is necessary to determine the strength factors a and b which will 

result in oanceling both the first order and the logarithmio singularities 

in the velooity oomponents. It oan readily be shown that the required 

strength factors are 

1 
a = b = 2 e:x:p(-~rh) (3.10) 

The required solution, free of singularities in the region Ix - xol > 0, is thus 

.p = 'JI(O,y ) + 12. exp(- ~rh)[\}I(x ,-y ) + 'I'(-x ,-y )] 
000 .00 

The correspond.ing velocity oomponents are obtained by differentia"l:;ing Eq. 

(3.11) according to the definition of the stream function. 

The image system for a source located at (O,rh) between two parallel 

(3.11) 

walls, as depicted in Fig. 2, can be obtained in a slightly different manner. 

A source of unit strength located at (O'Yo) is given by 
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* 1 (1) PI = exp[ - -2 P (y - y )]H ('" ) 
000 

where '0 is given by Eq. (3.3). The corresponding velocity components are 

obtained by differentiation according to Eqs. (2.29) and (2.30). The vertical 

velocity component which is obtained by differentiation of Eq. (3.12) with 

respect to y contains Hankel's functions of the first and second orders. For 

this reason, the boundar,r condition on the walls cannot be satisfied by using the 

image system arranged in the manner shown in Fig. 2. To cancel the additional 

term involved in v, an additional image system is required. The key to finding 

such an image system is found in the form of Eq. (2.30). This equation 

suggests that the vertical velocity component resulting from a distributed 

source along a line parallel to the y-axis is equivalent to of a 

concentrated source; that is, by integrating Eq. (2.30), 

* apl (1 - 't) 
dy d't 

For example, consider a unit source at (o,yo) and its image at (O'Yl) having 

a strength a. To this system we now add a distributed source of strength b 

per unit length along the line joining the two points. The equations for the 

vertical velocity component due to the original source, the image source, and 

the distributed source are, respectively, 
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When Yo ~ rh and Yl ~ (2 - r)h, it is possible to deter.mine a and b such 

that the resulting vertical velooity component vanishes on y ~ h. Proceeding 

in this manner, it is possible to show that the boundary oonditions on the 

parallel walls oan be satisfied by a oolumn of discrete sources and a distributed 

source on a vertical line. Again the singularities on each of'the infinitely 

many charaoteristic lines oan be canceled by using a 3-column system in exaotly 

the same manner as in the case of the vortex solution. More detailed discussion 

concerning distributed sources can be found in Hwang (1973). 

4. NUMERICAL EXAMPLES - VORTEX IN THE MIDDLE OF A CHANNEL 

In order to visualize and further understanding of the flows represented 

by the image systems discussed in the previous section, numerical computations 

were carried out for the vortex system due to a primary vortex located at the 

middle of a channel, r ~ O. 

In this par-Ucular case the vertical and horizontal distanoes between 

the characteristic nodaJ. points are 2h and 27}h, respectively, and all 

characteristic meshes are congruent. Therefore, it is convenient to use 

dimensionless scales defined as 

x -.JL 
x = 27}h' Y = 2h 

so that 

),2 -2-2 
':. =, ~h(x - y ) (J~,. 2) 

The velooity components are made dimensionless in the following way: 

It should be noted here that the strength factor of ~ as defined by Eq. (3.11) 

has a dimension of L2/T and Eq. (4.3) is dimensionaJ.ly correct. Equation (4.2) 
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clearly indicates that the flow pattern depends only on ~h, which we shall 

call the "dimensionless stratification factor." The infinite series represent-

ing the image system converges very slowly when ~h is very small. For this 

reason, only two cases? in which ~h = 0.5 and 0.75, were computed. 

4.1 Flow in the Far Field, i > 1 

Since the flow is symmetrical with respect to the y~axis, only t~e 

region where i > 0 will be considered. Furthermore, fo~ the purpose of 

numerical computation and interpretation of the results it is convenie~t to 

separate the flow field into the near field, x < 1, and the far fiel~2 

x > 1. The function represented by Eq. (3.11) is regular everywhere i~ the 

far field, and the computation is quite straightforward. For example, the 

real and imaginary parts of the dimensionless vertical velocity component, 

vR and VI' for the ~h = 0.50 case are plotted in Fig. 3. The profiles 

are nearly, but not exactly, symmetrical with respect to the x-axis. ~he 

corresponding velocity profiles on the centerline of the channel, y = 0, are 

shown in Fig. 4. The velocity profiles shown in Fig. 4 are nearly sin~soidal. 

Having obtained the distribution of the vertical velocity component, 

it is now possible '~o calculate the wave profile in the far field. For the 

case of the flow due to an oscillatory disturbance considered herein, IDq. (2.9) 

reduces to 

(4.4) 

Therefore, the density distribution at any instant is, by definition, 

Q = Q (1 + i/3V) o ti.) 
(4.5) 

As usual, only the real part of the above equation is related to the physical 

quanti ty. Since '~he density of a given fluid particle remains constant at 



all times, the trajectory of a particle is obtained by setting the right-hand 

side of EQ. (4.5) eQual to a constant appropriate for that particle. For 

example, the trajectories of all the partioles with their neutral positions 

on y = 0 are determined by setting Q eQual to * Q • o Thus the wave profile 

oonsisting of all the particles whose neutral positions are on the x-axis is 

The wave profile computed for the case of ~h = 0.50 at an instant t = 0 

is shown in Fig. 5. 

It is noteworthy that both the wave profile shown in Fig. 5 and the 

velocity profiles shown in Fig. 4 are nearly sinusoidal and have a wave 

length of 4~h. Indeed, least-square fitting of these ourves with sinusoidal 

curves of wave length 4~h gives standard deviations of less than one per cent. 

For a very weak stratification, the right-hand side of Eq. (4.6) can be expanded 

into a power series of ~hy. Assuming small amplitude waves and approximating 

vI and vR using the corresponding values on y = 0, Eq. (4.6) is approx­

imated by 

in which m is the strength of the vortex having the dimension of L2/T 

and lvl is the amplitude of the vertical velooi ty oomponent on y = 0 due 

to a unit strength vortex system. Clearly, the flow in the far field is 

that of a progressive wave of oonstant amplitude and wave length 

(4- 8) 
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4.2 Flow in the Near Fiel~ x < 1 

Unlike the flow in the far field, the flow in the near field is not 

completely free of singularities. Of considerable significance is the fact 

that the velocity has a finiobe jump across the characteristic lines marked 

~ and ac in Fig. 6. For this reason, it is possible to regard these lines 

as a wedge-shaped oscillatory boundary. With this interpretation given to 

the near field flow, it suffices to investigate only the normal components of 

the velocity on the wedge-shaped boundary having a vertex angle a given by 

~ .... 
With ~ and n2 denoting the outward normal vectors on ab and ac, 

respectively, we have 

and 

-t ~ 

Here i and j are unit vectors in the direction of the x-axis and the 

y-axis, respectively. The velocity of a fluid particle is 

-t> .., -to 
v = u~ + vJ 

and, hence, the normal component of the velocity is 

on ab and 

on ac. 

(4.10) 

(4.11) 

(4.12) 



The oomputed normal velooity distributions on the external surfaoe of 

th~ wedge-shaped boundaries are shown in Figs. 7 and 8. It is seen from 

th~se figures that the motion oonsists of a rotational mode and a bending 

mode. Also, the motions of the two surfaoes are almost identioal and 

in phase. 

5. EXPERIMENTAL RESULTS 

5.1 General Desoription 

Internal waves were generated by a wave generator whioh was located 

at one end of a oh~e155 ft long, 6 inohes wide, and 15 inohes deep. At 

15 

the other end of the ohannel an absorber made up of layers of wire screen was 

installed to absorb most of the wave energy and prevent wave refleotion. The 

bottom of the o hanne 1 was rigid and flat. The top of the fluid was either 

oovered with a metal sheet to simulate a solid boundary or, for some experimental 

runs, left as a free surfaoe. A sohematic diagram of the experimental oompo- \~ 

nents is shown in Fig. 9. 

Stratified fluid of a desired density profile was made possible by 

pumping saltwater into the ohannel in several layers, each having a predeter­

mined density. Successive layers deoreased in density from bottom to top. 

Several hours after filling, moleoular diffusion rounded off the sharp density 

gradient whioh initially existed between the layers. Prior to the test, 

samples were drawn from seleoted elevations and their densities measured. For 

a small stratification factor, the exponential stratifioation is practically 

the same as the linear stratifioation. A typioal measured density profile 

and the ideal exponential stratification with (3 = 0.03 per ft are shown in 

Fig. 10. In this partioular case h = 6 inohes and the dimensionless stratifica­

tion faotor (3h is only 0.015. Several combinations of (3 and h were tested. 
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5.2 Wave Generator 

Two kinds of wave generators were used in the experiment, a rigid 

flat plate and a flexible rubber diaphragm, both placed horizontally anQ 

oscillated in the vertical direction. The first wave generator performs an 

oscillatory displacement and the second produces an oscillatory bending 

motion. Initially a pier was attached to the leading edge of the wave 

generator as shown in Fig. 9. According to Keulegan and Carpenter (1961), 

this was thought necessary to guide the internal wave out of the wave generator 

compartment. However, further tests have shown that the internal waves can 

be generated as well without the pier or by replacing the pier with a fixed 

flat plate. 

The rigid flat-plate wave generator was made of sheet metal and was 

18 inches long and 6 inches wide with its center connected to a plunge x 

which was driven by a motor. Since the width of the wave generator was equal 

to that of the wave channel, the resulting flow should have been nearly two­

dimensional. The flexible wave generator consisted of a one-foot-squaxe 

rubbex diaphragm attached to a solid disk 6 inches in diameter at the center. 

The solid disk was connected to a plunger which oscillated in the vertical 

direction while the edges of the rubber diaphragm were fixed to the walls 

of a one-foot-square wave generator compartment. A curved transition was 

provided between the wave generator compartment and the wave channel. A 

schematic diagram of the rubber diaphragm wave generator is contained in 

Fig. 9. 

The theoretical wave generator discussed in the previous section is 

a wedge with a vertex angle given by Eq. (4.9), while the wave generators 

used in the experiment were plates. For this reason, the experimental condition 

does not exactly represent the theoretical condition. However, when rr, and 
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hence the wave length 'A, is large, the theoretioal wedge angle becomes 

small and approaches the plate condition in the limit ry ~oo. For this reason 

a meaningful comparison is possible, at least for the oase of long waves. 

5.3 Wave Measurement 

.An eleotric probe similar to that used by Lofquist (1970) was used. 

The probe was based on the prinoiple that the eleotrioal conduotivity of the 

sali; solution inoreases with its salinity. It oonsists of two thin metal 

plai;es spaoed a small distanoe apart. The whole apparatus was insulated except 

for small areas on the inside surfaoes near the ends of the plates. One of 

the plates was grounded to the bottom of the ohannel and the other was oonnected 

to a power souroe. As the waves passed through the probe, the conduotivity 

between the plates ohanged and electrioalsignals were generated. As was 

found by Lofquist (1970), the nonlinear response of the probe and the 

boundary layer effeot made it very diffioult to measure the wave amplitude 

aoourately using this type of probe. For this reason, this probe was used 

primarily to measure the wave length and the wave speed. 

Wave profile and amplitude were measured photographioally. A oolored 

oil drop, Meriam Red, whioh is used as a manometer fluid can be prepared for 

any desirable speoifio gravity between 1.1 and 4.0. Prior to eaoh run, oil 

droplets were plaoed in suspension at the desired elevation. The wave profile 

and amplitude were measured from photographio reoords of the motions of the 

droplets. 

It is inevitable that molecular diffusion continuously takes place in 

the prepared stratified salt solution. The wave motion may enhanoe the mixing. 

Keulegan and Carpenter (1961) reported on the distortion of internal waves 

after they have been running oontinuously for five minutes or longer. The 
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experimental data reported herein were taken before the distortion of the 

waves became visible. 

5.4 Experimental Data 

Experimental runs were carried out for several combinations of p and 

h for -1 -1 varying from 0.018 ft to 0.11 ft and h equal to 0.167 ft, 

0.333 ft, and 0.50 ft. Waves were generated using both types of wave 

generators oscillating at different frequencies. Data were taken for the 

case in which the upper surface is free as well as for the case in which it 

is fixed. The wave generators were located at mid-depth, so that y = 0 

at all times. 

Almost perfect sinusoidal progressive internal waves were generated 

as long as the frequency of the wave generator oscillation was appreciably 

less than the characteristic frequency and the amplitude was reasonably 

small. Figure 11 shows a plot of the dimensionless wave length A/4h against 

the parameter ~. The straight line shown in the figure is the theoretical 

line representing A = 4~h, and the points represent all the measured values. 

The agreement between the theory and the data is surprisingly good considering 

the fact that the theoretical wave generator was a wedge while the experimental 

generators were plates. 

The comparison of measured amplitudes with the theoretical amplitude 

is rather difficult for various reasons. First of all, the generator shapes 

and the mode of vibrations implied by the analytical result are different 

from those of the experiments. Secondly, the dimensionless stratification 

factor ~h for the experiments is very small, but due to the convergence 

problem only fairly large ~h cases were computed. Finally, a linear theory 

is usually not accurate in predicting the amplitude, anyway. Nevertheless, 

a comparison of measured and computed amplitude ratio awiaG is given in 



Fig. 12. Here aw is the wave amplitude and aG is the wave generator 

amplitude defined as the maximum displacement of the wave generator motions. 

The agreement here is not as good as in the case of wave length. 

6. DISCUSSION 
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Rayleigh's eigen value: solutions for progressive waves in an exponentially 

stratified fluid bounded between two parallel walls can be found in Lamb's 

book (1932). The condition for the existence of progressive internal waves is 

in which n is any positive integer. For a very small stratifioation factor, 

we may neglect ~h and obtain 

(6.2) 

Clearly, the internal waves generated by point vortices located along the' 

centerline of the channel as discussed in sections 4 and 5 are dominated by 

the first mode, n = 1, of all possible eigen solutions. The wave length 

calculated in section 4 is strongly related to the spacings of the image 

system or the sizes of the characteristic mesh. These spacings oan be changed 

continuously from 2ryh to zero by changing r from zero to 1, whereas the 

wave length given by E~. (6.2) can take only a discrete number of values. It 

would be interesting to investigate this point in a future study. 

If the half-depth h in E~. (6.1) is allowed to increase indefinitely, 

all modes collapse to a single mode and the wave length approaches 4"~~ 

as a limit. This value agrees with the theoretical value of E~. (2.26) for an 

isolated vortex in an infinite fluid. There is one major difference between 

the two solutions, however. The amplitude of an internal wave generated by 

a single vortex in an infinite fluid decrease as the -1/2 power of x due to 
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the spreading of energy in the vertical direction, whereas the eigen solution 

deals with a constant-amplitude internal wave. In an exponentially stratified 

fluid, the characteristic lines are straight lines and the wave energy is spread 

between these two characteristic lines. When the fluid is confined within two 

walls, the energy must be reflected at the walls back into the central region 

while the wave amplitude is maintained constant. The image system simulates 

the reflective action of the boundaries by feeding wave energy into the central 

region from the images along the direction of the characteristic lines. Since 

the energy travels along the direction of the characteristic lines, and since 

the energy is kept in the central region through the reflective action of the 

walls, it is easy to visualize why the wave length is primarily determined 

by the sizes of the characteristic mesh. It can be reasoned, therefore, that 

the length of an internal wave due to an oscillatory disturbance is primarily 

determined by ~h and the vertical location of the disturbance represented 

by r. 

Lamb (1932) also derived an equation for the wave length when the upper 

surface is a free surface. He also pointed out that the equation becomes 

identical to' Eq. (6.1) when (3h is 'negligibly small. This is why all the 

experimental data shown in Fig. 11 fallon the same line: there is no 

measurable influence of the upper surface condition on the wave length. 

Internal waves can also be generated behind a body moving in a stratified 

fluid or behind a stationary body in a flowing stratified fluid. For example, 

the phenomenon of lee waves was studied by Long (1955), Yih (1960), rund others. 

Long (1955) has experimentally demonstrated the existence of large-am~litude 

lee waves for a certain range of Froude numbers defined as 
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Here U is the aVerage speed of the approaching flow, H is the ohannel 
depth, and 60. is the fluld denslty difference between the bottom and the 
top of the ohannel. For an. exponential stratification 

Long (1955) also analytioally determined and experimentally oonfirmed that 
the length of lee waves is given by 

Since the wave was stationary with respeot to a stationary observer, it would 
have been moving with speed U with respeot to the ambient fluid. For this 
reason, the lee wave beoomes a progressive wave of phase velooity 

U _ i\w 
. - 277 

I to an observer moving with the ambient fluid. If Eqs. (6.3), (6~4), anq 
...-

(6.6) 

(6.6) are substituted into Eq. (6.5) and the resulting equation is solved for 
i\, Eq. (4.8) is obtained; in other words, Eq. (4.8) is also an equation of 
wave lengths for the lee waves generated in an exponentially stratified fluid 
in a channel. 

The task of analyzing the internal waves generated by disturbances 
located off-center remalns to be completed. Only after this is completed 
can the problem of selective excitation of different modes of internal waves 
be solved. 

-
----- -
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7. CONCLUSIONS 

An experimental and analytical study of the generation of internal waves 

in exponentially stratified fluid has been carried out and the results compared. 

The analysis is based on the superposition of source- and vortex-like elementary 

solutions of linearized differential equations for exponentially stratified 

fluid. A modified image method similar to that used for potential flow of 

homogeneous fluid was developed for the case of two-dimensional flows bounded 

by two parallel walls. An image system consisting of three columns of 

concentrated vortices or concentrated and distributed sources was found to 

closely simulate the flow of progressive internal waves generated by a wave 

maker. It appears that the mode of internal waves generated in a channel 

depends primarily on the vertical position of the disturbance. When the 

disturbances are located at the mid-point between the walls, the first-mode 

internal wave is generated. It appears that the length of the internal waves 

depends mainly on the sizes of the characteristic mesh of the image system. 

Experimentally, internal waves were generated in a channel using a rigid 

flat plate or a flexible plate placed horizontally and performing oscillatory 

motions in the vertical direction. Nearly exponentially stratified fluids of 

different dimensionless stratification factors ~h were tested for a number 

of characteristic wave lengths ~. Although the theoretical wave generator is 

not identical with the experimental one used, very good agreement was obtained 

£or the wave length and fair agreement was obtained for the wave amplitude. 

Further study is needed before selective excitations of modes other than the 

£irst mode of the internal wave can be achieved. 
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