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ABSTRACT

Tnternal waves in exponentially stratified fluids confined between two
parallel boundaries have been studied analytically and experimentally with

both a fixed and a free upper surface.

Tn the analytical model, waves were generated by vortex-like or source-
like oscillatory disturbances. A modified image method was developed according
to the principle of superposition using Hurley's elementary solutions for
unbounded fluid., A basic image system which satisfies the wall boundary
condition and is free of singularities in the flow field was found for every
elementary vortex or source located anywhere in the field. The internal wave
associated with this image system is intimately related to the characteristic
mesh of the system. Only the first mode of the progressive intermal wave is
possible when the elementary vortex or source ig located on the centerline of
the channel. It appears that eccentrically located disturbances are required
to generate higher mode internal waves, although numeriéal analysis has not

been carried out for this case.

An experiment was carried out in a channel filled with salt water of
exponential density stratification. A rigid flat plate wave generator and a
flexible rubber diaphragm wave generator located at mid-depth, both oscillating
in a vertical direction, were used. Excellent agreement was obtained between
the predicted and the measured wave length. The predicted wave shape and the
measured wave shape were also‘in‘good agreement. ILess complete agreement

was obtained for the cage of wave amplitude, however.
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THE GENERATION OF INTERNAL WAVES IN STRATTFTED FLUIDS

1, INTRODUCTION

In the laboratory, the standard method of generating internal waves
in a gtratified fluid is oscillation of a solid body. For example, Keulegan
and Carpenter (1961)% generated interfacial progressive waves in a two-layer
system by oscillating a horizontal plate located at the interface. In this
way it was possible to generate the interfacial wave without exciting the
surface waves. When there are n layers, there are n possible modes of
progressive waves associated with the system (Greenhill, 1887). In general,
for a continuously stratified fluid bounded by either two solid walls or a
go0lid wall and a free surface, there exist infinitely many modes of internal
progressive waves; see Lamb (1932) and Yih (1965). How these possible modes
of internal waves can be selectively excited in a laboratory test facility is
a problem which appears to have escaped the attention of past investigators.
The capacity to selectively excite different modes of internal waves is
necegsary if laboratory simulation of mnaturally occurring internal waves is

to be attempted.

Some analytical and experimental work has been carried out as a first
step toward the goal of achieving the selective excitation of internal waves in
stratified fluid. The analytical part of the work can be considered an exten-
sion of Hurley's work (1969) on the use of source- and vortex-like elementary
solutions. TUsing a characteristic transformation, Hurley was able to transform
the linearized partial differential equations for entropy or pressure for the
case of exponential stratification to Bessel's equation of zero order. A solu-

tion of this equation in unconfined fluid behaves like a source or a vortex

*
References are listed alphabetically on page 23.



near the origin and like a progressive wave at allarge distance from it.
Using the principle of superposition, he then proceeded to solve the problem

of osgcillating cylinders in an unconfined and exponentially stratified fluid.

It is shown in this paper that the method of images which has been used
extensively for potential flows of homogeneous fluids can also be used. for the
case of exponentially stratified fluid. The boundary condition of parallel
walls can be satisfied by using a column of infinitely many singularities.
However, since the bagic source or vortex solution is singular along the two
characteristic lines, the single column distribution would result in unrealistic
velocity distribution. The undesirable singularities along the characteristic
lines were eliminated by using a system of singularities distributed along
three columns. The numerical results indicate that the wave lengths, and
thus the wave modes, of the emitted internal waves are determined by the
spacing of the image systems. Also discussed in this paper is the experi-

mental result, which tends to confirm the computational result.

2. BASIC SOLUTIONS IN UNBOUNDED FLUID

Although the theory described herein is applicable to the isentropic
flow case, the discussion will be limited to the incompressible fluid case.
The Euler equations of motion and the equation of continuity for the two-

dimensional flow of a stratified fluid are

ou %, % __109p
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Here x,y is the set of rectangular coordinates with gravity acting in the
direction of ~y, u and v are the corresponding velocity components,
@ is the denesity, p i the pressure, and g is the gravitational

acceleration. The condition of incompressibility

20 S0 . 00 _ .
LR 0 (2.4)

reduces Eq. (2.3) to

Su  ov 2.
=t 3y = 0 (2.5)
Thus a stream function V¥ exists such that
'lJ,:ﬂl"‘a-f aw (206)
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Suppose that small motions are taeking place in the fluid, and the pressure

and density are written as
P=Dp, +Ppr Q =10, +Q

in which the subscript o represents the equilibrium values which are agsumed
to be functions of y only and the subscript 1 represents the perturbation

quantities.

Velocity components and perturbation quantities are regarded as small
quantities. If small quantities of the second order are neglected, Egs.

(2.1) through (2.3) reduce to

ou I1
% 3= Bx (27
ov Py
Ty T (2-8)



By eliminating Py and Q from the above equations and using the stresm

function, we find that

e ls) " 2
20 1 "0 ¥ 3 _ |
A% \[" + Qo oy ‘\oy g 8x2) =0 (2010)

in which the dots denote differentiation with time. This equation was derived

by Lamb (19%2).
Considering an oscillatory disturbance and writing

b= (x:3) exp(- 1wt) (2.12)

Eq. (2.10) reduces to

=0 (2.12)

in which
2 aQ
ne - EE -1, W--L£&_0°
I3 Q

and N is known as the Brunt-VAisdlad frequency or the characteristic frequency.

Equation (2.12) is hyperbolic when <N and thus the emission of
internal waves is possible when the disturbance frequency is less than the
characterigtic frequency. For a stably and exponentially stratified fluid

with a congtant stratification factor of B,
*
Q, = ¢, exp(- By)
and the characteristic frequency N = /gf is constant everywhere.

Hurley (1969) used the foilowing transformations to transform the
governing equation of the perturbation pressure into Bessel's equation of

zero orders:



2. _@2? (2 - PR (2.13)
i
and ¥, = exp(3 By) £(¢) (2.11)

These equations also transform the governing equation in lﬁo, Eq. (2.12),
into Bessel's equation of zero order,
2

Ezg+€%%+f=o | (2.15)

The general solution of Eq. (2.15) can be written as the linear combination
of Hankel functions of the first kind, Ho(l)(g“), and the second kind,
Ho(z)(é),' Since a Hankel function of the second kind results in unbounded
velocity as x==+®, this solution must be dropped on physical grounds.

Thus only

£(¢) = mz D) | (2.16)

will be considered. The arbitrary constant m is a strength factor which

will be teken as unity for the sake of simplicity.

Since ¢ as defined by Eq. (2.13) has bramch cuts along the character-
igtic lines
X+0y =0 v ’ (2.17)

the value of ¢ in the region where x2 - 772y2 < 0 will be chosen as

¢ = :LICI Omitting the expomential time factor, the velocity components

can be written as

w=- e mn, M) + F 1) (2.18)
vl el aEr O] (2.19)
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In the neighborhood of small |C |, the Hankel functibns are singular and

have the following expansiong:

Ho(l)(g’) ~ 2 3,©) -g + e (2.20)

Hl(l)(o ~ %i [- Zl- +3,(¢) 4 g + oeee] (2.21)

Thus the velocity components have a first order and a logarithmic singularity
along the characteristic lines. The streamline pattern in the neighborhood
of the characteristic lines is sketched in Fig. 1. It is seen that the
characteristic lines are like the traces of vortex sheets except that the

velocity jumps by an infinite amount across these lines.

Por large 4, the Hankel functions have the following asymptotic values:

1,00~ Y& eali¢ - ) (2.22)

L, M) ~ % el - 0] (2.29)

For example, the velocity components of a point located on y =0 at large

X are
v~ - Q/;% exp[i(:?% X - wb - {1)] (2.2l)
u ~ - ‘{\/E_'l; exp[i(-é% X ~wt - ﬁ)] (2.25)

indicating that the flow is that of a progressive wave of decreasing amplitude.

The wave length A 1is

A = lhgl’ (2.26)

Instead of working with the stream function, it is possible to use the
rerturbation pressure p, as the dependent variable. For an oscillatory

disturbance in an exponentially stratified fluid the governing equation becomes
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where _pl* is defined
* .
Py =1 exp(- iwt) (2.28)

Neglecting the exponential time factor, the velocity components are related

to the pressure as follows:

op *
i 1
o :
*
. op
ve—tos— | (2.30)
oy
QN

Bquation (2.27) is identical in form to Eq. (2.12). Therefore the procedure
used before can be adapted to find the solution ‘:E'or Pl.x'.' Since the solution
is identical to that obtained by Hurley (1969) and is discusséd extensively
by him, it will not be presented in detail here. Suffice it to say that the
regulting flow is like that of a source in the near field and a progressive

wave of decreasing amplitude with distance in the far field.

Hurley (1969) proceeded one step further and showed how the basic
gource- and vortex-like solutions can be used to represent the flow due to
vibrating slender cylinders in an unbounded fluid. As might be expected, the
solution is singular along the characteristic lines and is not valid there.
For this reason, it is not known how well Hurley's solution represents the

real flow.



3. INFLUENCE OF PARALLEL WALLS ON THE BASIC SOLUTIONS

When the stratified fluid is confined between two parallel walls, the
golution must satisfy the additional boundary condition that the normal
velocity component vanishes on the walls. For the following analysis, the
x-axis is chosen so that the walls are located at y = th. Consider a case

in which a vortex of unit strength is located on the y-axis at

y=7,= rh, -1< r< .l (3.1)

It can readily be shown that the image system that satisfies the boundary

condition on the walls is given by

b= 90,7, = ety - 7,005, + 3, (7%,

v 2 (%5, (3.2)
2
in which ¢n2 = "3—2 [ - 7%y - yn)z] ' (3.3)
Lm
2
€% = &5 5 - nP(y - 7,171 RN
Lin
¥y = [20 + (-1)*]n | (3.5)
v, = - [2n - (-1)%n (5-6)

BEquation (3.2) represents the stream function due to a column of vortices
located on the y-axis as shown in Fig. 2. In general, for a unit vortex

located at (xo,yo), the required image system is
‘p:‘y(xoayo) (3°7)

which is obtained from Eq. (3.2) by replacing x with x - x .



Since there are two characteristic lines associated with each vortex,
there are infinitely many characteristic lines, ag shown in Fig. 2. On
each of these lines the velocity is singular. Since the velocity muét remain
finite in the actual flow field, the single column of the vortex system located
on the y-axis and given by Eq. (3.2) is unsatisfactory on physical grounds. A
way must be found to eliminate the singularities along the characterigtic |
lines. The pattern of characteristic lines shown in Fig. 2 suggests the possi-
bility of using additional cdlumns of vortex systems located at the nodal points
of the characteristic mesh. One possibility is to use two additional columns
of nodal points next to the y-axis as shown in Fig. 2. Let the strengths of

thege image systems be a and b, and write

¥ =9(0,5,) + a¥(x_,~y_) + W¥(-x_,-7,) (3.8)
where ' x, = 2nh , (3.9)

It is necessary to determine the strength factors a and b which will
result in canceling both the first order and the logarithmic singularities
in the velocity campon.en‘bs° It can readily be shown that the required

strength factors are
. , . A
a="b =% exp(-prh) _ (3.10)
The required solution, free of singularities“in the region |x-xo|>'0, is thus
1 .
¥ =¥(0,5,) + 5 exp(~ pxh)[¥(x -y, ) +¥(-x ,~y,)] (3.11)
The corresponding velocity components are obtained by differentiating Eq.
(3.11) according to the definition of the stream function.

The image system for a source located at (0,rh) between two parallel
wallg, ag depicted in Fig. 2, can be obtained in a slightly different manner.

A source of unit strength located at (O,yb) is given by
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p" = empl- % 8(r - 3)1, P (L) (3.12)

where ég is given by Eq. (3.3). The corresponding velocity components are
obtained by differentiation according to Eqs. (2.29) and (2.30). The vertical
velocity component which is obtained by differentiation of Eq. (3.12) with
respect to y contains Hankel's functions of the first and second orders. Foxr
this reason, the boundary condition on the wallé cannot be satisfied by using the
image gystem arranged in the manner shown in Fig. 2. To cancel the additional
term involved in v, an additional image system is required. The key to finding
such an image system is found in the form of Eq. (2.30). This equation

suggests that the vertical velocity component resulting from a distributed
source along a line parallel to the y-axis is equivalent to Pl* of a

concentrated source; that is, by integrating Eq. (2.30),

I . Il 1 apl*( )
. _ 1 Yy = T

o yO

For example, consider a unit source at (O,yb) and its image at (O,yl) having
a strength a. To this system we now add a distributed source of gtrength b
per unit length along the line joining the two points. The equations for the
vertical velocity component due to the original source, the image source, and

the distributed source are, respectively,

2
. 8%y - 3,)
v(0,7,) = —— exp[28(y - v)1[- & D¢ ) + —-—%—-‘"— )] (a3)
Q, wn 0
s 1 (1) Bz(y - yl) (1)
v(0,7,) = —32— exp[38(y - y)1[- E 1 (¢ + — R @] G
Q, w7
v(0,787<y;) = —Rlexp[3(r - v, V) - emlbtr - v )1, UL (5.15)

Q, wn
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When I, = rh and I = (2 - r)h, it is poésible to determine a and b such
that the resulting vertical velocity component vanishes on Yy = h. Proceeding
in this manner, it is possible to show that the boundary conditions on the
parallel walls can be satisfied by a column of discrete sources amd a distributed
source on a vertical line. Again the singularities on each of the infinitely
many characterigtic lines can be canceled by using a 3-column system in exactly
the same manner as in the case of the vortex solufion. More detailed discussion

concerning distributed sources can be found in Hwang (1973)°

4. NUMERICAL EXAMPLES - VORTEX IN THE MIDDLE OF A CHANNEL

In order to visualize and further understanding of the flows represented
by the image systems discussed in thé previous section, numerical computations
were carried out for the vortex system due to a primary vortex located at the

middle of a chamnel, r = 0.

In this particular case the vertical and horizontal distances between
the characteristic nodal points are 2h and 2nh, respectively, and all
characteristic meshes are congruent. Therefore, it is convenient to use

dimensionless scalegs defined as

Tep ¥4 | (4-1)
so that
¢% - g - 79) (1.2

=-85, u--E3 (4-3)

It should be noted here that the strength factor of ¢ as defined by Eq. (3.11)

has a dimension of LZ/T and Bg. (4.3) is dimensionally correct. Equation (4.2)
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clearly indicates that the flow pattern depends orily on fh, which we shall
call the "dimensionless stratification factor.!" The infinite series represent-
ing the image gystem converges very slowly when fh is very small. TFor this

reagon, only two cases, in which ph = 0.5 and 0.75, were computed.

L.l Flow in the Far Field, x > 1

Since the flow is symmetrical with respect to the y-axis, only the
region where X >0 will be congidered. Furthermore, for the purpose of
numerical computation and interpretation of the results it is convenient to
geparate the flow field into the near field, x < 1, and the far field,

x > 1. The function represented by Eq. (3.11) is regular everywhere in the
far field, and the computation is quite straightforward. For éxa.mple, the
real and imaginary parts of the dimensionless vertical velocity component,

vR and ;I’ for the Bh = 0.50 case are plotted in Fig. 3. The profiles
are nearly, but not exactly, symmetrical with respect to the x-axis. The
corresponding velocity profiles on the centerline of the channel, § =0, are

shown in Fig. L. The velocity profiles shown in Fig. L are nearly sinusoidal.

Having obtained the distribution of the vertical velocity component,
it is now possible to calculate the wave profile in the far field. For the
case of the flow due to an oscillatory disturbance considered herein, Eq. (2.9)

reduces to
ip Qo v

0 = 2 (1-1)

Therefore, the density distribution at any instant is, by definition,

¢ = o (1 +3EY | (L.5)

As usual, only the real part of the above equation is related to the physical

quantity. Since the density of a given fluid particle remains constant at



13

all times, the trajeé‘tory of a particle is ob”ﬁained by setting the right-hand
side of Eg. (L4.5) equal to a constant appropriate for that particle. Tor
example, the trajectories of all the particles with their neutral positions
on y=0 are determined by setting o equal to QO*- Thus the wave profile
consigting of all the particles whose neutral rositions are on i;he x-axis is

Cf? _ —
1+ %(-;) (VI cos @b ~ v, sin wt) = exp(ph y) ()46)

The wave profile computed for the cage of Bh = 0.50 at an instant + = 0

ig shown in Fig. 5.

It is noteworthy that both the wave profile shown in Fig., 5 and the
velocity profiles shown in Fig. ly are nearly sinusoidal and have a wave
length of Lnh. Indeed, least-square fitting of these curves with sinusoidal
curves of wave length Lmh gives standard deviations of less than one per cent.
For a very weak strai;ification, the right-hand side of Eq. (h.6) can be expanded
into a power series of BhEﬂ Assuming small amplitude waves and approximating

VI and VR

imated by

using the corresponding values on y = 0, Hq. (4.6) is approx-

y = %%'Vlcos(ng - wt) (4 7)

in which m is the strength of the vortex having the dimension of L2/T
and l;r-l is the amplitude of the vertical velocity component on 5; = 0 due
to a unit strength vortex system. Clearly, the flow in the far field ig

that of a progressive wave of constant amplitude and wave length

A =Lph (4.8)
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L.2 TFlow in the Near Field, x <1

Unlike the flow in the far field, the flow in the near field is mnot
completely free of singularities. Of considerable significance is the fact
that the velocity has a finite jump across the characteristic lines marked
ab and ac in Fig. 6. For this reason, it is possible to regard these lines
a8 a wedge-shaped oscillatory boundary. With this interpretation given to
the near field flow, it suffices to investigate only the normal components of

the velocity on the wedge-shaped boundary having a vertex angle © given by

6 =2 tant -215 (L.9)

With 1_0’1 and ;2 denoting the outward normal vectors on 2b and '5,-5,

respectively, we have

- - -

» _i+xM 0 o4 _i-ng ' (4.10)

111_
\/l+172 '1+712

-3
Here 1 and j are unit vectors in the direction of the x-axis and the

y-axis, respectively. The velocity of a fluid particle is
¥ =ul+v] (L.11)

and, hence, the normal component of the velocity is

=RV = - B [y i+ )] - (b12)

v
nl
2V1 +7l2

o ab and

Vi - Ty + (& - )] (4.13)

m  ac.
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The computed ho:cmal velocity distri’bufions on the external surface of
the wedge-shaped boundaries are shown in Figs. 7 and 8. Tt is seen from
these figures that the motion consists of a rotational mode and a bending
mode. | Also; the motions of the two surfaces are almost idéntical and

in phage.

5. BXPERIMENTAL RESULTS

5.1 General Description

Internal ﬁaves were ge.ﬁerated by a wave generator which wag located
at bne _end of a channel b5 £t long, 6 inches wide;land 15 inches deep. A%
the other end of the chamnel an absorber made up of layers of wire screen was
installed to absorb most of the wave energy and prevent wave reflection. The
bottom of the channel was rigid and flat. The top of the fluid was either
covered with a metal shée‘t to simulate a solid boundary or, for‘ some experimental
runs, left as a free surface. A schematic diagram of the experimental compo- I\

nents is shown in Fig. 9. ' . 4

Stratified fluid of a desired density profile was made possible by
pumping salt water into the chammel in several layers, each havihg a predeter-
mined density. Successgive layers decreased in density from bottom to top.
Severa;l hours after filling, molecular diffusion rounded off the sharp density
gradient which initially existed between the layers. Prior to the test,
samples were drawn from selected elevations and their densities measured. For
a small stratification factor, the exponential Sfrafcifioation is practically
the same ag the line;éur stratification. A typical measured density profile
and the ideal exponential stratification with B = 0.03 per £t are shown in
Fig. 10. 1In this particular case h = 6 inches and the dimensionless stratifica-

tion factor Bh is only 0.015. Several combinations of B and h were tested.
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5.2 Wave Generator

Two kinds of wave generators were used in the experiment, a rigid
flat plate and a flexible rubber diaphragm, both placed horizontally and
oscillated in the vertical direction. The first wave generator perfqrms an
oscillatory displacement and the second produces an oscillatory bending
notion. Initially a pier was attached to the leading edge of the wave
generator as shown in Fig. 9. According to Keulegan and Carpenter (196].),
this was thought necessary to guide the internal wave out of the wave generator
compartment. However, further tests have shown that the internal waves can
be generated as well without the pier or by replacing the pier with a fixed

flat plate.

The rigid flat-plate wave generator was made of sheet metal and was
18 inches long and 6 inches wide with its center»connectéd to a plunger
which was driven by a motor. Since the width of the wave generator was equal
to that of the wave cha;rmeli, the resulting flow should have been nearly two-
dimensional. The flexible wave generator consisted of a one-foot-square
rubber diaphragm attached to a solid disk 6 inches in diameter at the center.
The solid disk was commected to a plunger which oscillated in the vertical
direction while the edges of the rubber diaphragm were fixed to the walls
of a one-foot-square wave generator compartment. A curved transgition was
provided between the wave generator compartment and the wave chamnel. A
schematic diagram of the ru.bber‘ diaphragm wave generator is contained in

Fig. 9.

The theoretical wave generator discussed in the previous section is
a wedge with a vertex angle given by Eq. (4.9), while the wave generators
used in the experiment were plates. For this reason, the experimental condition

does not exactly represent the theoretical condition. However, when 7, and
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hence the wave length A, is large, the theoretical wedge angle becomes
small and approaches the plate condition in the limit 7 » ®. For this reason

a meaningful comparison is possible, at least for the case of long waves.

5.3 Wave Measurement

An electric probe gimilar to that ﬁsed by Lbfquist (1970) was used.
The probe was based on the principle that the electrical conductivity of the
salt solution increases with ite salinity. It consists of two thin metal
plates spaced a small distance apart. The whole apparatué was insulated except
for small areas on the inside surfaces near the ends of the plates. One of
the plates was grounded to the bottom of the channel and the other was connected
1o a power source. As the waves passed through the probe, the conductivity
between the plates changed and electriéal.signals were generated. As was
found by Lofquist (1970), the nonlinear response of the probe and the
boundary layer effect made it very difficult.to measure the wave amplitude
accurately using this type of probe. For this reason, this probe was used

primarily to measure the wave length and the wave spéed.

Wave profile and amplitude were measured photographically. A colored
oil drop, Meriam Red, which ig uéed as a manometer fiuid can be prepared for
any desirable spedific gravity between 1.1 and u.b. Prior to each run, oil
droplets were placed in suspension at the desired elevation. The wave ﬁrofile
and amplitude were measured from photographid records of the motions of the

droplets.

It is inevitable that molecular diffusion continuously takes place in
the prepared stratified salt solution. The wave motion may enhance the mixing.
Keulegan and Carpenter (1961) reported on the distortion of internal waves

after they have been rumning continuously for five minutes or longer. The
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experimental data reported herein were taken before the distortion of the

waves became visible.

5.4 Experimental Data

Experimental runs were carried out for several combinations of B and
n for B varying from 0.018 £t to 0.11 £t71 and h equal to 0.167 ft,
0.%3% £+, and 0.50 ft. Waves were generated using both types of wave '
generators oscillating at different frequencies. Data were taken for the
cagse in which the upper surface is free as well as for the case in which it

is fixed. The wave generators were located at mid-depth, so that y =0

at all times.

Almost perfect sinusoidal progressive internal waves were generated
as long as the frequehcy of the wave generator oscillation was appreciably
less than the characteristic frequency and the amplitude was reasonably
small. TFigure 11 shows a plot of the dimensionless wave length A/hh against
the parameter #. The straight line shown in the figure is the theoretical
line representing A = lmh, and the points represent all the measured values.
The agreement between the theory and the data is surpriéingly good considering
the fact that the theoretical wave generator was a wedge while the experimental

generators were plates.

The comparison of measured amplitudes with the theoretical amplitude
is rather difficult for various reasons. First of all, the generator shapes
and the mode of vibrations implied by.thebanalytical fesult are different
from those of the experiments. Secondly, the dimensionless stratification
factor ph for the experiments is very small, but due to the convergence
problem only fairly large ph cases were computed. Finally, a linear theory
is usually not accurate in predicting the amplitude, anyway. Nevertheless,

a comparison of measured and computed amplitude ratio aw/aG is given in
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Fig. 12. Here &y ig the wave amplitude and a, ig the wave generator

G
amplitude defined as the maximum displacement of the wave generator motions.

The agreement here is not as good as in the case of wave length.

6. DISCUSSION

Rayleigh's eigen value_ solutions for progressive waves in an exponentially
gtratified fluid béunded between two parallel walls can be found in Lamb's

book (19%2). The condition for the existence of progressive internal waves is

A= —Lmhh | (6.1)
| \/(Bh)2 + (n'ﬂ)2

in which n is any pdsitive integer. " For a very small stratification factor,

we may neglect Bh and obtain

A =L*fl£ “ : (6.2)

Clearly, the internal waveé generated by point vortices located along the:
centerline of the channel as discussed in sections L and 5 are dominated by
the first mode, n =1, of .all possible eigen solutions. The wave length
calculated in section 4 is strongly related to the spacings of the image
system or the sizes of the characterigtic mesh. Thesé sPacingé can be changed
continuously from 2ph to zero by changing r from zero to 1, vhereas the
wave length given by Eq. (6.2) da.n take only a discrete number of values. It

would be interesting to inVestigate this point in a futﬁre study.

If the half-depth h in Eq (6.1) is allowed to increase indefimitely,
all modes collapse to a sgingle vmode and the wave length approaches ).un)/ B
as a limit. This value agrees with the theoretical value of Eq. (2.26) for an
isolated vortex in an infinite fluid. There is one major difference between
the two solutions, however. The amplitude of an internal wave generated by

a single vortex in an infinite fluid decrease as the -1/2 power of x due to
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the spreading of energy in the vertical direction, whereas the eigen solution
deals with a constamt-amplitﬁde internal wave. In an exponentially stratified
fluid, the characteristic lines are straight lines and the wave energy is spread
between these two characteristic lines. When the fluid is confined within two
walls, the energy must be reflected at the walls back into the central region
while the wave amplitude is maintained constant. The image system simulates.
the reflective action of the boundaries by feeding wave energy into the central
region from the images along the direction of the characteristic lines. Since
the energy travels along the direction of the characteristic lines, and since
the energy is kept in the central region through the reflective action of the
walls, it is easy to visualize why the wave length is primarily defemined

by the sizes of the characteristic mesh. It can be reasoned, therefore, that
the length of an internal wave due to an oscillatory disturbance is primarily
determined by nh and the vertical location of the disturbance represented

by r.

Lemb (193%2) also derived an equation for the wave length when the upper
surface is a free surface. He also pointed vout that the equation becomes
identical to Eq. (6.1) when pBh is negligibly small. This is why all the
experimental data shown in Fig. 11 fall on the same line: +there is no

measurable influence of the upper surface condition on the wave length.

Internal waves can also be generated behind a body moving in a stratified
fluid or behind a stationary body in a flowing stratified fluid. For example,
the phenomenon of lee waves was studied by Long (1955), Yih (1960), and others.
Long (1955) has experimentally demonstrated the existence of large-amplitude

lee waves for a certain range of Froude numbers defined ag

. ='__...U__ (6.3)
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Here U is the average speed of the approadhing flow, H is the channel
depth, and Agp is the fluid density difference between the bottom and the

top of the channel. For an exponential stratification

2

%‘2 H = pH (6.1)
Long (1955) algo analytically determined and experimentally confirmed that
the length of lee waves ies given by
2nFi :

Vi - (@8,)°

Since the wave wags stationary with respect to a stationary observer, it would

have been moving with speed U with respect to the ambient fluid, For this

reagon, the lee wave becomes a progressive wave of phase velocity

U= A2 (6.6)

{

to an observer moving with the ambient fluid. TIf Egs. (6.3), (6:L), én%

/
(6.6) are substituted into Eq. (6.5) and the resulting equation is solved for
Ay Eq. (4.8) is obtained; in other words, Eg. (L4.8) is also an equation of

wave lengths for the lee waves generated in an exponentially stratified £luid

in a channel.

The task of analyzing the internal waves generated by disturbances
located off-center remains to be completed. Only after this is completed
can the problem of selective excitation of different modes of internal waves

be solved.
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7. CONCLUSIONS

An experimental and analytical study of the generation of internal waves
in exponentially stratified fluid has been carried out and the results compared.
The analysis is based on the superposition of source- and vortex-like elementary
solutions of linearized differential equations for exponentially stratified
fluid. A modified image method similar to that used for potential flow of
homogeneous fluid was developed for the case of two-dimensional flows bounded
by two parallel walls. An image gystem congisting of three columné of
concentrated vortices or concentrated and distributed sources was found to
clogely simulate the flow of progressive iﬁte:mal waves generated by a wave
maker. It appears that the mpde of internal waves generatéd in a channel
depends primarily on the vertical position of the disturbanée. When the
disturbances are located at the mid-point between the walls, the first-mode
internal wave is generated. It appears that the length of the internal waves

depends mainly on the sizes of the characteristic mesh of the image system.

Experimentally, internal waves were generated in a channel using a rigid
flat plate or a flexible plate placed horizontally and performing oscillatory
motions in the vertical direction. Nearly exponentially stratified fluids of
different dimensionless stratification factors Ph were tested for a number
of characteristic wave lengths 7. Although the theoretical wave generator is
not identical with the experiinental one used, very good agreement was obtained
for the wave length and fair agreement was obtained for the wave amplitude.
Further study is needed before selecntive excitations of modes other than the

firgt mode of thé internal wave can be achieved.
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