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CONSTRUCTING UNIFORM ORIENTED MATROIDS
WITHOUT THE ISOTOPY PROPERTY* -

BERND STURMFELS! anp NEIL WHIT_E’

Abstract. A simple procedure is given for producing a uniform rank 3 oriented matroid with discon-
nected realization space from a non-uniform example. -

Very recently B. Jaggi and P. Mani-Levitska [4] solved the longstanding isotopy prob-
lem for simple line arrangements {7]. Using the well-known correspondence between line
arrangements, order types in the projective plane [5] and realizable oriented matroids
[2,3,6], their main theorem is stated as follows. We write R(M) for the space of all
vector realizations (z1,...,z,) € (R®)" of a rank 3 oriented matroid M on n points.
(In other words, R(M) is the set of 3 x n-matrices whose maximal minors have signs
given by the alternating map M : {1,2,... ,n}® — {—,0,4}.) If M is uniform (i.e. all
minors are non-zero) then R(M) is an open subset of R**. N. White’s earlier paper [§]
gives a non-uniform oriented matroid Mw with R(Mw) disconnected and n = 42, while
the new uniform oriented matroid Mjar of Jaggi and Mani-Levitska [4] has n = 17 and
R(Mjn) discormected. It is the objective of the present note to describe an easy general
construction for uniform oriented matroids without the isotopy property.

A rank 3 oriented matroid M is said to be constructible if (z,,z2,73,24) is a projective
basis and the point z; is incident to at most two lines spanned by {z1,z3,...,z¢—1}
for t = 5,6,...,n. Using the configuration A\; = Q(17,15,13)[\o] in [4] or a similar
modification of White’s example [8], we easily get a constructible oriented matroid whose
realization space has two connected components. For example, the space R(};) modulo
the connected group PGL(R?) equals the set of matrices

1 006101 1011115 50 1 -1
010110 -12 22460 -1 ¢t -t t
001111 0120106 51 0 t—-1

with 1 <t < %(1—715-) or %(1—}-‘—};) < t < %. Hence it suffices to prove the following
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THEOREM. Let M be a constructible rank 3 oriented matroid on n points. Then
there exists a uniform rank 3 oriented matroid M on at most 4n — 3) points and a

continuous surjective map 'R.(M ) —-R(M). Hence 'R.(M ) is disconnected whenever
R(M) is disconnected.

Proof. We define a sequence M =: My, Mp_1, Mp_a,... , M5, M, =: M of oriented
matroids and maps between their realization spaces. Let n > ¢t > 5 Then M, is
constructed from M, as follows. First suppose that z, is incident to exactly two lines
z; Vz; and 23 Vz; with 1 <4,j,k,1 <t. Using the notation of Billera & Munson [1],
we let M; be the oriented matroid obtained from M, by the four successive prmc:pal
eztensions

(1) z¢3 = [::;",z}",z'{], Teo = [z;",z}",z;], Ti3 = [::;",:,-',::;], Tiyg = [:c;",z;”,xf].

These extensions can be carried out for every vector realization of M, by settin‘g’ Tyy =

Ty + QT + €2Zk, Te2 = Tt + QT — Tk, I13 1= T = €65Ti = €6Tk, Tra T Ty -
€:2; + €azi where 1 > ¢ > € > ... > ¢ > 0. This implies that ‘the deletion map
Im: 'R(M,' ) = R(M,) is surjective. Geometrically speaking, in every affine realization of

, the intersection point z; is “caught” in the quadrangle (z41,%¢2,%43,%Z¢4). Define
Mg..q = Mg\ z; by deletion of that pomt and let = : R(M t) = R(M;_1) denote the
correspondmg map.

R(M)

FIGURE. Hlustration of the oriented matroids M;, M! and M,_;.



Next consider an arbitrary realization X := (%1,...,%4-1, Tt,1,Tt2,%1,3,Tt,4,
Ti41,15 -+ »Tn,a) of My_;. As a consequence of the principal extension construction used
in (1), z;Vz; and zxV z; are the only lines spanned by {z1,... ,2¢=1,Zt41,15-+. 1 ZTn e}
which intersect the quadrangle (2;,1, £¢ 2, Z¢3, ¢ 4). For any other such line'the intersection
point z: := (z;V ;) A(zx V 2;) is on the same side as T11, ... ,Tt4. Therefore o¢(X) :=
(Z1y--y Tty Teg1,15 - 1 Zna) € R(My). | '

Hence we have a well-defined continuous map oy : R(My_;) — ’R.(Mt), X — g X).
Moreover, o; is surjective because II = oy 07 is surjective.

It remains to define M;.; and o; when z; is incident to less than two lines in M,.
If z, is on no such line, then we define M;_; := M, and o; as the identity map. Finally,
suppose that z; is on only one line z;V z;,1 <4,7 <1{. In that case we replace (1) by
setting ;3 1= [zF,27), 2¢2 = [zF,2F,27), 7e3 = [zf,27, z;] forsome z; & z;Vz;,
and in the definition of the map o, we set z, := (x; Vz;)A(zx V 241).

Iterating these constructions resolves all previous dependencies, and we obtain a uni-
form oriented matroid M := M, on 4(n — 3) or fewer r points. Moreover, we have a
continuous surjection ¢ = ¢, 00y,—390...005 from ’R,(M ) onto R(M). O

Some remarks.

(1) Using a fairly straightforward procedure for doubling oriented matroids, one gets the
following corollary: Given any integer C, there exists a uniform rank 3 oriented matroid
Mc with 4(n —3)C points such that R(Mc) has at least 2€ connected components.

(2) The local modification M, — M,_; is quite similar to a twofold application of the
(2-“opening” operation of Jaggi and Mani-Levitska which would produce precisely one
of the points z;;. The crucial difference: the above opening operation splits each
intersection point into four new points and thereby ensures the existence of a well-
defined closing map o; : R(M;—1) — R(M,). For the Q-operation the desired closing
map R{8(s,j,k)[M]) — R(M) does not exist in general.
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