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Abstract

Suppose Xl, X2’

*+ are independent, identically distributed

~1/0
random variables, and suppose n 1/ (Xl + cc + Xn) converges in dis-

tribution to a symmetric stable law of index O < 2. TFor s =1,

set

_ =1l/o .n .
Yns =n zj=l Xj cos(2wjs/n) .,

see, n,

Let W be the empirical distribution of {Yns:f s =1, <+, n},

UL converges in distribution, but not in probability.
n

Then




1. Introduction

In an unpublished Bell Labs memorandum [5], Colin Mallows noted an
interesting empirical phenomenon: the normality-inducing behavior of
orthogonal transformations. If X is a random vector with independent
coordinates and H an orthogonal matrix, then the coordinates of HX
"behave in some ways like members of a random normal sample." This idea
was taken up by others, and some empirical work suggests that the phe-
nomenon might occur even when the distribution of the coordinates of X

were far from normal. In particular, investigators have reported that,

for standard Cauchy coordinates and Hadamard H, normal probability plots
of the coordinates of Y appeared linear.

In [4], we began an investigation of one aspect of this phenomenon
and showed that if the coordinates of X were identically distributed
L2 random variables, then the empirical distribution of the coordinates
of Y tended with high probability to be close to the normal distribution.
The proof depended strongly on the Lz—ness of the coordinates of X,
but we wondered whether the result might still hold even if the coordi-
nates of X had long tails. The mathematics of the problem became much
more complicated in this setting, and so we restricted attention to
Fourier coefficients. This paper presents our findings on this problem.
In brief, the reported empirical results seem to be in conflict with the
asymptotic theory. The empirical distribution of the coefficients does
not converge in probability: there is a weak limit, but the limit does
not concentrate on the normal distributions; and the scaling for the
long-tailed X is quite different. Similar conclusions apply to the

Hadamard case.



To describe the asymptotic theory, we first give a formal statement
of the theorem in [4]. Let R denote the real line and § the complex
plane. Let n be a positive integer, and i = v-1. Suppose

X = (xl, LRI xn) is a vector in R". The discrete Fourier transform =%

. PR o | .
is the vector in (€ whose coordinates are given by

A _ ol .. - coe
x_ = Zj=1 exp (2mijs/n) X, for s=1, e n.

Here, exp (x) = e®. The coordinates of X% are the Fourier coefficients

of x.

Theorem: Suppose X *++ are independent, identically distributed

1 X
random variables with mean O and variance 1. Let u be the empirical .
s . ‘ th s
distribution of (Y ., °***, Y ), where va Y is the s Fourier
nl nn ns

coefficient of (Xl, LN Xn). Then un converges in probability to a com-

plex normal measure.

Now suppose the common distribution of the Xi's is in the domain
of attraction of a symmetric stable law ﬁith parameter less than 2. We
found that the transforms of these long-tailed variables behave very
differently from the transforms of the 1? - variables. Theorem (47).
shows that the law of the empirical distributions of the Fourier co-
efficients (when properly normalized) does converge, but the limiting
distribution is a nondegenerate measure on the set of probability
measures on the complex plane. This limit law depends upon the index of
the stable law attracting the Xi‘s. Proposition (50) shows that the

empirical distributions themselves do not converge, even in probability.



These results hold for a class of transforms which include the Fourier
transform as a special case. This class is quite different from the ortho-

gonal transforms considered in [4]. To state the main results of this paper

for the more general transform, let Xl’ X2, **¢ be independent and

identically distributed random variables on (9,F, .P), such that

-1/a '
n (X1 + + Xn)

converges in law to the symmetric stable law of index o. Let h be a

nonzerorcontinuous, real-valued function on R of period 1;
h(x) = cos(2mx)

is the leading special case. For s=1, *+», n, let

_ ~l/o sn .
Yns =n 2j=1 h(sj/p) Xj'

In particular, if h(x) = cos(2mx),. then nlla Yns is the real part of

the sth Fourier coefficient of Xl’ °"’Xﬁ'
Now let un be the empirical measure of Ynl’ ceey Ynn: that is,

Wy assigns mass 1l/n to each Yns" Thus, W is a random measure on

the féal line and hasvé law An. This An isié measuré on the space of
measures.

To go at this a bit more slowly, we introduce M(R), the space of
probability measures on the Borel real line., Endowed with the weak-star
topology, M(R) is a complete separable metric space. And un is a
Borel measurable mapping from £ to M(R). Now An = Pu;1 is a prob-
ability on M(R), -that is, an element of M[M(R)]. Our main result can

be stated as follows:
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Theorem: An converges weak-star to a limit A in M[M(QR)].

Notice that L is a random element of M(R), and the theorem says
that u ~converges in law. Does W, ~converge in probability? The
answer is no, unless a = 2 and féll(t)dt = 0. This is the content of
proposition (50).

The main results of this paper are proved in Section 3. Readers may
wish to begin with this section, and refer to Section 2, which sets out
some preliminary lemmas, only when needed. Several of the lemmas of
Section 2 may be interesting in themselves. Lemma (1) is a version for
rationals of Weyl's theorem on the equidistribution of multiplicative
sequences generated by irrationals in R mod 1. Lemmas (4) and (15)
establish inequalities for the sums of independent La random variables,
for 0 <o <2, If X and Y have unsymmetric distributions, lemma (4)

shows that E|X - Yla < E|X + Y|a. If X X, all have symmetric

100"
distributions, then according to lemma (15) EIZn X Ia < E| |a.
’ k=1 “k k=1 51 %k
Finally, in Section 4 appear some facts about the limit laws of LI In
particular, a class of interesting stochastic processes are discussed
there, all of whose finite dimensional distributions are stable.
We would like to thank M. L. Eaton for many helpful conversations

around the ideas of this paper, and W. Pruitt for suggesting the method

of proof used in (4).



2. Some Preliminary Results

The first result of this section is a variation on a famous theorem of

Weyl's., For x in R, 1let {x} denote the fractional part of x, that 13,

x mod 1.- Fix real numbers a, o ak Let yy be the k-tuple {a J} ey, {akJ}
Weyl's theorem states that Yy» Ygs 0 is equidistributed over the unit
cube in Rk, unless the o's are rationally related. But suppose

o, = al/n, cee, O = ak/n, with integer a,'s: so Qps ooes O is a

1 k i
k-tuple of rationals of order n. Lemma (1) shéws that, for most such k-
tuples, the corresponding sequence Yo s Yy is close to being equi-~-
distributed over the unit cube in- Rk.

For integers n and k, let N(k) denote the set of k-tuples ‘
a = (al, ooy ak) with integer coordinates between "1 and n inclusive
(here, the dependence on n is suggested by the N). For a in N(k),
define the probability vna by the requirement that it assign weight 1/n
to each of the k-vectors ({alj/n}, ey {akj/n}), for j =1, +:+, n.

Let I denote the unit interval. For f continuous on Ik and € > 0,

define

Lemma: For every contlnuous function f on IL

Am, €&, £) ={a: a €N() and | [ V(@) - [£(x)dx| < el. o

Denote the cardinality of a finite set A by |A|. In particular,

IN@)| =

-

» for every €>0,

|A(n, €, f)|/n +1 as n >,

Proof: Consider the class of complex-valued continuous functions on Ik

which satisfy the displayed relation. This class is linear and closed
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under uniform limits. Thus, it contains every continuous function on

Ik if it contains functions of the form

f(x) = exp[2mi(v * x)]

. k . . k.,
where "-" denotes inner product in R  and v is a vector in R with
integer coordinates. The case where v vanishes identically is trivial.

So fix v with at leastone coordinate nonzero. In this case,
[ £(x)dx = 0.
For any real number y and integer p, we have

py = pl{y} + an integer
so

exp(2mipy) = exp(2mip{yl}).
Thus
fexp[Zni(v . x)]vna(dx) = 1h12?=1exp[2ni(v * a)j/n].

Suppose that n does not divide v * a. We will show that a is
in A(n, 0, f). Indeed, the right-hand side of (2) is a finite geometric
series whose sum is zero. On the other hand, f f(x)dx = 0 too. %
Now consider the set S of a in N(k) such that v * a is divisible
by n. We claim that |S| = O(nk—l), which would complete the argument
for (1). Let K = maxslvs|. Clearly, |v » a| is bounded by Kkn for

a in N(k). For j = -Kk, *+*, Kk set
Sj = {a:a € N(k) and v + a = jn}.

Kl
Then S = Uj:—Kk Sj' But Sj consists of all the integer lattice points
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in the intersection of the (k-1)- dimensional hyperplane {x: x € Rk

and v . x = jn} with the hypercube [l,n]k. As such,

|Sj| g_nkﬁl, by induction on k. And so, |[S| < (2Kk+1)nk_l. o

(3) Corollary: Let # be a family of complex-valued continuous functions

k . . .
f on I which is precompact in the sup norm. Let & be a bounded

continuous function on a closed disk in the complex plane which contains

f(x), forall f in F and x in IK. Then as n - o,

k3 oL ; f{ a;j/n} {a j/nhH)— o fif:d; -
nj=1 1 se ey ak [ (X x|

“iﬁniformly in fE€EF ,

The next three lemmas represent small, but for our purposes critical,

improvements on results of Clarkson [3] and von Bahr and Essen [7]. In partic-
ular, the strict inequality (11) improves upon the corresponding weak inequality
(i.e., with "<" in place of "<") proved in [3]. The representation of

lea used in the proof of (4) appears in [7].

(4) Lemma: Suppose X and Y are independent, identically distributed ran-
dom variables. Let 0 <a < 2. If E{|X|%} <=, then

(5) E{|x-¥|%} < 28{|x|%}
unless X 1is degenerate. Also

(6) E{|x-|%} < B{|x+¥|%},



(7)

(8)

(9

unless the distribution of X 1is symmetric.

Proof: TFor x in R,

£l
[

Ca ff; [1 - cos (ux)] |u|_0b_l du.
Here, C

any random variable X with characteristic function ¢X’

B{[X|%} = ¢, 7, [ - Re ¢ (] [u ™7 qu.

In particular,

© 2 -0~1
c, I |¢X(_u)| 1 |ul du,

E{ |x-|%}

and

E{|x+Y|%} = C jmw [1 - Re db;(U)] | u 1 gu

a

Now (5) follows from (7) and (8), because for any complex number

z with |z| % 1,

1 - 12[2 < 2[1 - Re z],

unless z = 1, when equality obtains. But @X(u) =1 for almost

all u's if and only if X 1is degenerate.

Likewise, (6) follecws from (8) and (9). because

Re(z)< |2]”

is a real constant whose exact value is immaterial. So,

for

unless =z ig real, in which case equality obtains. But ¢{(u) ig. real

for almost all u's 4f and only if X dis symmetric.O
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(1)

(12)

(13)

.

Note: (6) does not extend to 0o > 2. In particular, if EX and EX3

have opposite signs, the inequality is reversed for o = 4. For general

a > 2, let X and Y be independent, identically distributed random
L

variables, with P[X = -L] = 1 - P[X=1] =L . TFor L sufficiently

large, E{|X+Y|a} < E{lX—Ytu}.

Corollary: Suppose h is a measurable function on the unit interval,

0<a <2, and 0<jé |h(x)|a dx < «. Then
1 /1 o 1 o
JO IO Ihﬁﬁ} - h(x2)| dxl dx2 < 2 JO |h(x)| dx.

1
This inequality holds also for o = 2, unless IO h(x) = 0.

Proof: TFor o = 2, the calculation is immediate. Otherwise, let U
and V be independent random variables, uniform on the unit interval.

Set X =h(U) and Y = h(V). Then apply (5).0O
Lemma: Suppose x and y are nonzero real numbers and 1 < o < 2. Then
o o o o
[y |7+ [ty |7 < 2(]x[7 + [y [,

Proof: Divide both sides of the inequality by the larger in absolute value

of x and y. This reduces (11) to the claim that, for 0 < x < 1,
d(x) < 14+~ , where @¢(x) = %[(l—x)a + (l+x)a]

Expand in a Taylor series:

_ o 2n
¢(y) =1 +2 _, e ¥

where

_ofo-1) """ (o-2nt+l)
B (Zn)" =P




(14)

(15)
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because 1 < o < 2, In particular, ¢(y) increases with y for

a-1
<

D <y <1, But $(1) =2 2; BSo

c ¥ <1 for 9Ly 5 L

Substitute vy = x

(e8] —
5 X(Z o)n

- £ 1 for 0<x % 1.
=l mn 2

Now x_Ol >1; so x e > x_a. By (13) and (14)

Em c x2n—a £ 1 for 0 <x £ 1.

Multiply by x :

Zm (o xzn < Xa for 0 < x f_l.

Adding 1 to both sides gives (12).0

Lemma: Suppose 0 < a < 2. Let Xl9 iy Xk be nondegenerate, symmetric,

independent random variables, with E{]Xi|a} < . Then
k o k o
B2, X, 1S ol . 1:90 A

Proof: First, suppose O <o < 1. TFor x a nonnegative real number, let
o(x) = 1 + x>  and U(x) = (1 + x)a. Then ¢ and Y are equal at zero,
while for all positive x, the derivative of 1 is strictly less than

the derivative of ¢. Thus ¢ dis strictly greater than Y, for positive

Now let Xy and X, be any nonzero real pumbers. Then

%+ x| < () + b, D
< Ix 1% wdxy | 7 12 D
< Ixg1% oClxy) / Iy

Il

o (6 ]
[, [+ I, %,
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By induction, if x "rt, X are real numbers at least two of which

l!
are nonzero,
k ]O.‘. k

<
i=1 *i P |Xi

5 |*
The conclusion of (15) in this case follows by integration.

Next, suppose o = 1. Certainly,

X+ een t xh; f-|X1| + o+ |Xn|.

Let A he the event that at least two of the X 's have different
i
. . 4 3 3 3 - -
signs. Since the Xi s are independent and have symmetric distributions,

A has positive probability. On A,

Xl+ +Xn|

< x| R

The conclusion of (15) follows for this case.

Finally, suppose 1 < g < 2. Consider the case k = 2. From (11).

E{|x, + x,|*} + E|x; - MR (e{|x, %} + E(|x,|*D.

Since X and X are independent and X is symmetric,

1 2 2

E{|x1 + lea} = E{lxl - leu},

and so the result follows. The inequality is obtained for k > 2 by

induction.o

(16) Corollary: Suppose 0 <a < 2. Let Xl, L Xk be nondegenerate, sym-

metric, independent random variables, all with the same distribution, and
, k o
with E|X1|a < ©», Let t.,, -+, t, be real numbers, with zi—l |t.| X L.

i k i
Then

] k- o o
E{[zi=l tiXi| } < E{]Xl| |
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The next main result is lemma (19) , a characterization of the domain of
attraction to the symmetric stable laws. The preliminaries in lemmas (17)
and (18) give a careful treatment of the logarithm of the characteristic
function. Proofs are omitted, being routine applications of the method
of analytic continuation. The material is well known, but we cannot

supply references.

(17) Lemma: Let 0 <T < Let t be a real variable, with 0 < |t| < T.
Let Yy be a continuous, complex-valued non-vanishing function of t,

with (@) = 1.

(a) There is a unique continuous, complex-valued function X of
t €(-T, T) such that A(0) =0 and A(t) is a value of log[y(t)].

Write A(t) = (log, ¥)(t).
() (log, ¥™M)(t) = n(log, ¥)(t).

(c) Let 0 < T, < T. Suppose |l - w(t)| <1 for |t[ &

0 0°

Then for |t| g_TO,
1

o0 k
(log, ) (t) = =L ¢ (1 = Y(£)".

(d) Let 0 < Tl < T. Suppose UY(t) 1is real-valued for O §_|t| < Tl'
Then (log, ¥)(t) is the ordinary real logarithm of Y(t), for |t| < Tl.

(18) Lemma: Tet 0 < T <, Let Sn and 6 be continuous, complex-valued,

non-vanishing functions of the real variable t for 0 j,lt] < 'E, with

| A

Sn(O) = 6(0) = 1. Suppose en -+ 6, uniformly for |t[ T. < T. Then

0

This can fail for pointwise

(log, en) -+ (log, 0) uniformly for |t| j_TO.

convergence.

(19) Lemma: Let 0 <o <2 and 0 <c < «, Let be a characteristic

function. Then
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o
$ e/t > exp(-c|e]™)
uniformly on bounded intervals if and only if

¢(t) =1 - cltla + o(\tla) as £+ 0.

Proof: The "if'" part is easy. For "only if", set

(20) §(e) = 1 = §{(t)
and
o 1 k
o(t) = Zk=1 T &(t) .

Choose TO ;467 S0 sméllrthat

(21) Iﬁ(t/nlkx)[ <% for all n and all t with \t| £ Tye

Use lemma (17), with wn(t) = ¢(t/nlkx) in place of 3 this function

does not vanish by (21): the conclusion is

(log, % ™ (t) = n(log, ¥ )(t) = -no(t/n"/%

for |t| = Tye In view of (18), there is a sequence €, »+ 0 such that

(22 |elel® - no(em™®| < ey forail n and all ¢ with | £ 1

Divide by n and put u = t/nl/a: for all =,

1
(23) lc|u|a - 0(u)| <€ /o for all u with |u| <Ty/n /a_

Given u with 0 <u < q) choose n so that

fo " | lﬂx.

(24) T,/ )t u| < T,/n



-a. o
But then 1/n < 2 /(nt+l) §:2TO ]u|

A
S
m

3

(25) |C|”|u - c(u)' %

As u + 0, clearly n = « and e, 0. Hence

(26) o) =clul® +o(lul* as u-~o.
Recall (20), Clearly, o(u) = §(u) + p(u), where
[o0]

1 k
p(u) = Ek=2 e §(u).

Recall (21). For |ul é;?)’

T_u|u|u for 0 < |u] < T0 with n defined by (24).

o

(27) lo)| < |6Cw)|? A % (%)

(28) o] <5 18]

In particular, ¢&(u) = o) - p(u) = 0(Ju|a) by (26) and (28). Then

p(u) = o(luld;-_g;_}27), so in fact Agzu) = clula I+ O(|u|m). o

The next three results are well known.

(29) Lemma: Let =z, and zi be complex numbers, with absolute values bounded

by A. Then

B -0 ] e AR e, =g
| j=1 %3 =ik ZJ' - j=1 l'ﬁj %3

(30) Lemma: Let =z be a complex number. Then

P | —z]‘i s |Z|2 elz}
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(31) Lemma: Let X be a random variable with characteristic function ¢, and

€ > 0, Then
p{x| > 2/e} <2 [ Re[l - ¢()]dt.

We will be considering the law of an empirical distribution, that is, a
measure on measures. Some technical machinery is developed in the remainder
of this section to handle this complication. Suppose X is a complete
separable metric space. Let M(X) denote the space of probability measures
on the Borel o-field of X; equip M(X) with the weak star topology. By
definition, a subset S of M(X) is tight if for each € > 0, there is
a compact subset Ke of X such that m(Ke) >1-¢ forall m in S.

By Prohorov's Theorem [1, p. 37], a subset of M(X) is tight if and only
if it is relatively compact. M(X) is itself a complete separable metric

space [6, Theorem 6.2, p. 43]. Thus, M[M(X)] is well defined.

(32) Lemma: A subset T of M[M(X)] is tight if and only if for each € > 0,

there is a compact subset Ke of X such that for all A in T,
Mmm(K ) > 1-¢€}>1-ce.

Proof: "If". Suppose the condition holds. Fix & > 0. We need to find
a compact subset C6 of M(X) such that A(CG) >1-6 forall A in T.

Pick a sequence of positive numbers e, such that Z:= e, < 8. For each

1

n, choose a compact subset Kn of X according to the condition with €,

in place of €. Let Ah be the compact set of m in M(X) with

§ nnAh'

"Only if". Suppose T is tight. For each € > 0, there is a compact subset Ce

m(K) >1 - €_. Then, let C
S n
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of M(X) such that l(CE) >1-¢ forall A in T. By frohorov's

Theorem, each CE is tight: so there exists a compact subset K€ of

X such that m(KE)‘i 1-c¢€ for all m in CE.D

The proof of the next result is omitted as routine.

(33) Lemma: Suppose f, fl, f., *** are uniformly bounded continuous real-

9?
valued functions on X, and fn converges to f wuniformly on com-
pacts. Suppose A and 7Y are in M[M(X)] and for each integer n,
the random variable m ~ f fndm, on M(X) has the same distribution under A

as it has under 7v. Then the MA—distribution of m — f fdm coincides

with the Y - distribution.

Let B denote the space of bounded continuous functions from R
into (€. With the topology of uniform convergence on compacts, B is
a complete separable metric space. Tor m in M(R), denote the characteristic

function of m by @; that is, @(t) = f exp(itx) m(dx).

(34) Lemma: Suppose A and 7Y are in M[M(R)], and for each integer k

and k-tuple of real numbers (tl, e tk), the A - distribution of

m > [ﬁ(tl), sy ﬁ(tp)] coincides with the Y - distribution. Then X = ¥.

Proof: Let fl’ s fn be bounded continuous real-valued functions on R.

It is enough to show that the A— and 7Y — distributions of vectors of the

form (.ffldm,..(,f fndm) coincide. We begin with the case in which n = 1.

Suppose f 1is a complex trigoncmetric polynomial, namely £(x) = E?zl

for some integer k, complex k-tuple a and real k-tuple t. If m is in

a, exp(it. . x)
J ¥ J

M(R), then ffdm = E§=l

ajﬁ(tj). By assumption, for any Borel subset A of (



(35)

i .

AMm: m € M(R) and Z j m(t ) € A}l=y{m: m EM(R) and Z

j=1° j=1

This settles the case of one trigonometric polynomial.
Next, let f be any bounded, continuous real-valued function on the
line. There is a sequence of real trigonometric polynomials which are

uniformly bounded and converge to £ wuniformly on compacts. By

(33), the A - and Y - distributions of f f dm coincide. This settles

the case n = 1.
Finally, let fl, e fn be bounded continuous real-valued functions

wiee c, arbitrary real numbers. Then

on R, and s "

g f dm = Z f£.) dn for m in M(R),
3=1 %3 f Ja;. 1 %53

and the right-hand side has the same distribution under A as it has

under Y. By Radon's Theorem, the A - and 7Y - distributions of the

n-vector m (J fl dm, *--, j fn dm) must coincide also.O

Lemma: Let k be a positive integer and Zl’ The Zk complex-valued

random variables, with |Zj| <1 for all j. Then the joint distribution
of Z I Zk is determined by the moments

Elz 1 Z ’1 w1 g x E'bk
i - o ke % L0

where the aj and bj range over all nonnegative integers.
Proof: Immediate from the Stone-Weierstrass Theorem.O

Note: The conjugate moments really are needed. For example, suppose
Z 1is uniform over the circle with radius r < 1. Then E(Za) = 0 unless

a = 0, in which case the expectation is 1. This is so whatever r may be.

12y m(tj) 3
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(36) Proposition: For each n, let An be an element of M[M(R)]. Suppose

that for each € > 0, there is a compact subset KE of R such that
(37) An {m: m € M(R) and m (Kt)_il-“ e} >1l-¢, for all n.

Suppose too that for every integer k and k-tuple of real numbers

1° * tk), —

(38) f ﬁ(tl) o 8 ﬁ(tk) An(dm) converges as n goes to infinity.

Then kn converges weak-star to somz element A of M[M(R)].
The limit } is point-mass at some point in M(R) if and only if
for all t, the An - variance of m - m(t) goes to zero as n goes

to infinity.

Note: The An“ variance of #(t) is
[ |ce) - [ fCt) )\n(dm)lz A (am) = | 8Ce) % A_(dm) - | fCe) A (am) |,

Proof: By condition (37) and lemma (32), the sequence {An} is tight.

By Prohorov's Theorem, then, {hn} is relatively compact. Suppose

A is a subsequential limit of {An}. Let k be a positive integer and
(tl, Ped g tk) a k-tuple of real numbers. By condition (38) and lemma (35),

the A- distribution of
m > [m(ey), m(tk)]

is determined: the complex conjugate of m(t) is just m(-t). By

lemma (34), then, ) is unique. Therefore, hn converges weak-star to A.
When is A a point-mass? Clearly, if and only if for all feal £

the M- variance of m - fi(t) is zero. But the M- variance is the

limit of the An—variances,because [ﬁ(t)I_i iy, 420
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3. The Convergence Theorem

Let h be a continuous function on R with period 1. Let o be

a real number with 0 < a < 2. Let Xl, Xz, *++ be independent, identi-

cally distributed random variables on (R, F, P), such that

~1i ; . . :
e (Xl o HEY Xn) converges in distribution to the symmetric stable

law of order o. Let { denote the characteristic function of X

1
For n=1, 2, and s =1, -++-, n, define Yrjs by
. _ =1l/a .n -
(39) &ns =1 Zj=l h(sj/n) Xj.
" s 1/a "

In particular, if h(x) = cos 2mx, then n Yns ~is the real part of the

th ; _—

S Fourier coefficient of Xl, cee, X

n =

Recall from (1) that N(k) is the set of k-tuples a = (al,...,ak) of

integers between 1 and n inclusive. Let t = ( Sl tk) be a

tl,

k-tuple of real numbers. Define functions ¢n and Sk by

(40) ¢n(i?t) = E exp[i(tlYnal + o+ thnak)]
and
(41) 8, (6) = expl- gt h(x) + =o + tkh(xk)lo‘ dx],

where dx 1is Lebesgue measure on the k- dimensional unit cube Ik.

(42) Proposition: n ?g € NK) ¢n(a,t) converges uniformly on compact t-

sets to O (t).

Proof: Clearly
¢ _(a,t) = Elexp(i¥)]

where

.

X = gL I+ eEE & gy
na
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Next, by collecting terms,

_ _~l/a.n .
Y=n Zj=lh(i,3,t)Xj
where
h(a,j,t) = t;h(a;j/n) + ¢oo + t h(a 3/n).
Thus
(43) ¢, (a,t) = E[exp(i)] = Hl:;:l w[h(g,j,t)/nlla].

Now h is bounded, so in view of (19),

1/a

(44) ¥In(a, 3,0/ % = 1 - Lne,3,0 (% + oa/n),

the error being uniform in a, j, and compact ¢t.

Of course,

(45) e~ @, 3,0 1% = 1)) expl-2Inca,3,0]).

By (29), applied to (43) and (45), the difference between E[exp(iY)] and

exP[-'l—Zl?_ Ih(g_,j,t)[a] is at most
n j=1

/

2 0@, 3,0/aM°] - exl-1 h@, 3,01,

which by the triangle inequality is at most Tl + T2, where

l/(!] - [1 - %lh(é’jat).iall

=]
|

1 E?=l|¢[h(§,j,t)/n

and

=
i

1 . .
211 - 2lh@, 3,0 % - expl-2 na,3,0]%)

Restrict t to a compact set in Rk. Then (44) implies that Tl is o(1),

uniformly in a,j, and t. Next, h is uniformly bounded and so



(46)

(47)
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%Zg}:l Ih(_a_,j,t)|2a = 0(1) wuniformly in a and j. By (30), then, T2

is o(l1). Thus
_ l.n . o
¢ (@,t) = exp[-T 2., [R(a,5,6)[7] + 0(D),

uniformly in a, j, and t restricted to a compact.
We may now apply (3) to estimate the exponent in (45). For F,

take the functions on Ik of the form
o
[th(xp) + o0+ £ hGo) |,

. k
as t ranges over a compact set in R . Also, take &:x -+ exp(-x)

on 0 <x 5_(”h|L”suptE|tk|a). This completes the proof.nD

Kk _— 72
Remark: The same argument shows that n 22_6 N(k)|¢ngg,t)|

converges to [Gk(t)]z. So ¢n(g,t) is nearly Gk(t) for most k-tuples a.

l.n PP
Corollary: ;;zs=1.P{|Ynsl > L} converges‘to zero as L goes to infinity,

uniformly in n.
Proof: Use the case k =1 of (42), and then (31).O

We are now ready to state and prove the main theorem of this paper.
Let u be the empirical measure of {Yns}; that is, u_  assigns mass
1/n to each Yns’ Thus, My is a Borel measurable mapping from Q into

M(R). Let An be the distribution of uo, So An is in M[M(R)].
Theorem: An converges weak-star to a limit A in M[M(R)].

Proof: We will use (36). We first verify condition (37). Fix L < «, Then



Sy Bl L1 A (am) =Ll my

is uniformly close to 1, by (46). So(37) follows by Chebyschev's in-

equality. Next, we verify condition (38). But
f ity -e0 @) A_(dm)

can be evaluated as

-k I
P E i(t e
" a € N(k) {exp[1( 1Yna1 + * tkinak)]}

whose limit was computed in (42).Q

(48) Corollary: The limit X in (47) depends only on o and h, but not

on the distribution of the Xi's. Indeed, A is characterized by the fact

that

J m(tl) v m(tk) A(dm) =.’Qk(tl’ . tk)
where Gk is defined in (41).
Proof: Use (34) and (35).13

(49) Corollary: The limit A in (47) is a point mass if and only if

a=2 and [l h(e)de=o.

Proof: To apply (36), we need to compute the A - variance of fi(t).

This variance is T1 - T2, where
_ E N 12
T1 = E{ln Zs:l exp(ltYns)l }
and
_ Viffﬁuff"‘*gf“"“w'2‘”“‘~‘w’ .
T, —IE‘{n X, exp(ltYnS)}fv.
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From (42) with k =1,

T2 +-exp[—2|t|a jé lh(x)|a dx].

Similarly, using (42) with k = 2,

=1
T1 = 3

n

a € N(2) E{exp[i(tYnal - tYnaZ)]}.

+ exp[-|t|® [ [h(x)) - h(xz)Ia dx, dx,].

Now use (10).m

Note: We have proved that the empirical measure Mo converges in distribu-
tion. But un is a random element of M(R), which is endowed with the
weak-star topology. The next result shows Wy does not converge in prob-

ability, except for a special case.

(50) Proposition: u;-'CSHGE}ges in probability if and only if o = 2 and

fo neey ae = .

Proof: "If." This follows from (49): if A dis a point mass and un

converges to A in distribution, it converges in probability also.
"Only if.," Fix t > 0. Let

o = [7 . exp(itx) b (dx)

a complex-valued random variable bounded in absolute value by 1. If My

converges in probability, then {¢n} is a Cauchy sequence in L:
2
. B —)—0
E{]¢_ - ¢_-"}
as n, n + ®, We will derive a contradiction. First,

2
E{|¢n - ¢n’l b= Vi = Voo



—24—
where

= 24 1%} + £t]o .11

<
|

and

<!
]

2 Re E{¢n (bn;}o
By (42), as n, n” =+ o,
o o
(51) V1 > 2 exp[-lt[ fflzlh(xl) - h(xz)[ dxldxz].
Now send n” to infinity before n. By (42),

v, > 2 exp[-|t|(x ZIéIh(x)Iadx].

2

Finally, apply (10) to (51) and (52) to obtain the

contradiction.D
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(53)
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4, The Limiting Measures

In this section, we suppose 0 < o < 2 and study the measure A, the
weak limit of An in (47). As stated in (48), A is determined by the

quantities

jM(R) ﬁ(tl) see m(t,) A(dm) = 6, (t)

over all integers k and k-tuples of real numbers t = (tlg";;tk), with

Equation (53) can be interpreted as follows. Choose m at random

according to A. This m is a probability on the line: given m, con-

(54)

struct a sequence gl, 52, s+ of independent random variables with common
distribution m. Unconditionally, the members of this sequence form an

exchangeable process, and (53) gives their joint characteristic function:

. <k - _ k Ot enn e
E{exp[i Zj t.Ej] exp|[ fIk|2j=1 tjh(xj)l dx1 dxk].

=1 j

From this point of view, proposition (42) states that the generalized

Fourier coefficients Y oo are "nearly'" distributed like {El,gz,!o'}

’Ynn
in the following semse: as n - «, most k-tuples of these generalized
Fourier coefficients are distributed like El""’gk' According to (47),

then, the empirical distribution of Y . “',Ynn behaves like the

nl’
empirical distribution of glg~--,gn, namely, its law goes to A.
The next result shows that (Ei;‘°',£k) has a multivariate distri-

bution which is symmetric stable of index «.

(55) Proposition: a) Fix real numbers ci;"r,ck. Then Z?zlc.g. is symmetric

J7]
stable of order «o.

b) Let Cl’d‘.’gn be independent k-vectors, each distributed like



h}
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-1/a

(glf'..’gk)' Then n (;l + e + cn) is also distributed like

(gl, ..',Ek).
Proof: This is immediate from (54).O

Call an element of M[M(R)] symmetric stable of order B if it

assigns measure 1 to the set of measures in M(R) which are symmetric
stable of order B, having arbitrary scale parameters. If p is a
symmetric stable measure in M[M(R)] of order B, then there is a
measure Yy in M(R) concentrated in (0,») such that, for all integers

k and k-tuples of real numbers tl"..tk’
(56) f ot )y m(t, )uldm) = [ exp(—cZk |t IB)Y(dc)
M(R) 1 k 0 3=1'73 )

Here, ¢ 1is the arbitrary scale parameter.
The reported results that the empirical distribution of (Ynl,"',Ynn)
is nearly normal suggest that A should by symmetric stable of order 2.

The following proposition shows that this is not so.

(57) Proposition: Suppose k is not constant, 0 <a <2, and 0 < B < 2.

Then A 1is not symmetric stable of order B.

Proof: Suppose the contrary. Let vy be the measure corresponding to
A as in (56). We will obtain a contradiction between the representations

(56) and (53).

Case 1: o« < B, Let t = [Z?zlltjle]lls. Then (56) entails
(58) jM(R) ﬁ(ti)¢°°ﬁ(tk)k(dm) = jM(R) m(t)A(dm).

Evaluate both sides of (58) by (53) and (41):



(59)

(60)
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IIkltlh(xl) 4 vee 4 tkh(xk)ladx =t fllh(x)lad;:**ﬁ

Let U **+* be independent random variables, each uniform on [0,1].

l’ U2’
Let Vj = h(Uj). With k = 2, the right hand side of (59) gives the

same evaluation for two cases: tl = t2 =1 and tl = -t2 = 1, Thus,

the left hand sides for the two cases also coincide, which shows that
o, _ o
E[|v; - V|71 = E[]v, + v, [7].

Thus, by (4), the V's are symmetric. They are nondegenerate because h

is not constant. Now (16) implies that
k o k o o
E[|Z,_, t.V, < [z, t.| 1E|V,| .
Since o < B,
k a.l/a k B.1/8
z t. < |Z, t. =t

so the left side of (59) is strictly smaller than the right side, a con-

tradiction.

Case 2: B < a. Use (56) with k =1 to see that

exp[—|t]brfé|h(x)|adx] = f; exp(-cltle)y(dc).

Put x for ¢, A for |t|6, and k for félh(x)ladx:

fg exp(-Ax)y(dx) = exp(fkka/s).

However, since o > B, the right side is not a Laplace transform.

Case 3: B = a. As in Case 2, we get

f; exp (-Ax)y(dx) = exp(-ki),

so vy{k} = 1. But this contradicts (49).D
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Here is a probabilistic comstruction of §&. First, it is convenient
to embed & 1in a continuous time process: for each instant t,
t t t . PP 1
g = (gl, 52, *+¢) will be an infinite random vector, with & equal to
the original £. To construct gt, proceed as follows. For simplicity,

suppose h(U) and —h(U§ have the same distribution, where U is a

uniform random variable on [0,1].

Step 1: Construct an infinite supply of random vectors Vl, Vz,‘f-- , each

= e e e 1 1
Vi (vi}f Vios ) where the vij s are independent random

variables distributedggs h(U);

Step 2: Construct a one-dimensional symmetric stable process of index «a.
Call this process {nt}.

Step 3: Take each jump of n.; say the height of the jump is uj replace
this by the vector Ca *u -+ V, where V is one of the vectors
constructed in Step 1, and Ca is the constant in (7).

Step 4: Sum the vector "jumps'": the sum of these "jumps" to time t is

t

& . (Note: if a <1, caution is in order. Take the sum over

the jumps corresponding to u such that |u] >t, and let t + 0.)
The log characteristic function of (El,'°°', Ek) is
k o
-f |zj=l tjh(xj)| dx, *e-dx, .
By (7), this is

& k .
c, J_ ., [m_,o(t.i) - 1] _du
o j=1 j |u|1+“

where ¢ 1is the characteristic function of the random variable h(U).
|—(l + a)

Now Calu is the canonical Lévy measure for the process .
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The relevant infinite dimensional canonical measure is then as follows:
select u from the canonical measﬁre for n; make Vs Vos 00t independent
and distributed like h(U); then, take the distribution of uvy, uvy, cec .
Given n, the processes EE, E;, *++ are independent and identically
distributed. Now A can be described as follows: a "typical" m
selected from A is the distribution of Zujvj, where the vj's are
independent and distributed like h(U). So the u's are parameters, which
are randomly selected by A, as the jumps of the process n between 0

and 1.
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