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Abstract

Upon cooling below the order-disorder transition temperature, block polymers self-

assemble into a wide variety of nanostructured morphologies. When paired with ad-

vances in synthetic chemistry that allow unprecedented control over the size and archi-

tecture of these block polymers, these self-assembly characteristics make block polymers

excellent candidates for use in specialty materials with highly tunable properties. Poten-

tial applications of block polymers range from filtration membranes to photonic crystals.

As it happens, however, the source of this exemplary potential is also one of the great

barriers to its realization. The vast design spaces available for block polymers (through

numbers and permutations of chemistries, and architectural features) make possible a

potentially limitless variety of morphologies. At the same time, these design spaces

combined with the subtlety of mechanisms driving morphology selection make finding

systems which adopt those morphologies a daunting task.

In this dissertation, we take a computational approach to address the challenge of

designing block polymer specialty materials through two broad approaches. First, we

directly address the challenges posed by these vast design spaces by developing an open-

source software to automate the exploration of polymer parameter space. This software

uses a particle swarm optimization algorithm to guide a search through polymer param-

eter space for positions where self-consistent field theory predicts a targeted morphology

will be most stable compared to a set of competing phases. Second, we use computa-

tional studies of two classes of diblock blends seeking to understand the mechanisms

that stabilize the low-symmetry Frank-Kasper phases in block polymers with the goal

of improving the intuition that guides future efforts to design block polymer materials.

In the first of these studies, we use an AB/B′C diblock “alloy” with miscible corona and

immiscible core blocks to probe the effect of conformational asymmetry on the stability

of Frank-Kasper Laves phases when the conformational asymmetry is confined to only

particular particle positions. This study finds that conformational asymmetry can be

either stabilizing or destabilizing for the Laves phases, depending on which particles are

impacted. In the second of these studies, we attempt to identify the balance of core and

corona bidispersity in AB/A′B′ blends which can still enable formation of Frank-Kasper

iv



phases. Unfortunately, this latter study was complicated by a series of methodological

flaws limiting its utility in the furtherance of block polymer design. Regardless, the

flawed study serves as a lesson in proper study design, and the importance of carefully

considering complicating factors.
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Chapter 1

Introduction

1.1 Block Polymers

Polymeric materials are ubiquitous in the world today with polymer-based materials

found in virtually every facet of life. When the typical person thinks about the structure

of polymers (if they do at all) they likely envision the homopolymer: a long chain

consisting of identical monomeric links. Few people are likely to think about the wide

array of different monomer chemistries that can be used in these structures; even fewer

are likely to think of the variation possible when two or more monomer chemistries are

combined in the same copolymer. In this dissertation, we focus on just one type of

copolymer: the block polymer.

Block polymers consist of two or more homopolymer chains which are covalently

bonded at their ends to form a single molecule. Interest in this class of polymer has

grown considerably in recent decades as a result of their ability to spontaneously as-

semble into a wide range of ordered morphologies at low, but practically relevant, tem-

peratures. This spontaneous ordering is ultimately driven by the thermodynamic drive

for chemically dissimilar molecules to avoid contact with each other. At sufficiently low

temperature, this contact-avoidance causes a blend of two or more homopolymers to

separate into distinct macroscopic domains, much as oil and vinegar will separate in

a salad dressing; this process is known as macrophase separation. In block polymers,

the presence of covalent bonds between the blocks prevents this macrophase separation.

1
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Instead, when cooled below the order-disorder transition temperature TODT, the poly-

mer blocks segregate into microdomains on molecular length scales, a process called

microphase separation. Arrangement of these polymers into these microdomains while

uniformly filling space forces the polymers out of their normal random-coil configuration

and into either stretched or compressed configurations, incurring an entropic penalty.

The particular morphology adopted by the polymer is then determined by a delicate

balance of this entropic stretching penalty against the enthalpic cost of contact between

dissimilar chemistries.

The thermodynamic balancing act involved in this self-assembly process means that

different polymers will adopt different self-assembled morphologies, as variations in poly-

mer chemistry or structure impact the thermodynamic balance. Even the simplest block

polymer, the AB diblock copolymer, can adopt at least eight distinct ordered morpholo-

gies as equilibrium structures, with other metastable morphologies accessible through

processing techniques. Looking beyond diblock copolymers reveals an ever expanding

realm of polymer structures (Fig. 1.1) and possible self-assembled morphologies.1 As

advances in polymer synthesis techniques have enabled more precise control of increas-

ingly complex block polymer architectures, there exists a potential to use block polymers

as tunable designer materials,1–3 with applications ranging from semiconductors4–6 to

photonic crystals7,8 to filtration materials.9–11 One of the largest barriers to reaching

this potential is the sheer size of design spaces available in block copolymers.1 To this

end, a synergistic approach combining experimental and computational efforts will be

required because, although experimental work will remain the ultimate arbiter of how

block polymers actually behave, computation has the potential to accelerate the discov-

ery process by (1) offering predictive guidance in the quest for block polymer designer

materials, and (2) improving design intuitions by more deeply probing the mechanisms

driving observed block polymer behaviors.

In many cases, computational studies can be performed more rapidly than an analo-

gous experimental study. When large design spaces are involved, as is often the case for

block polymers, a promising dynamic would start with computational studies search-

ing large regions of parameter space for a desired morphology. Those computational

predictions would then guide experimental studies focused on narrower regions of the

parameter space. Whether the prediction is verified or refuted at this point, there is
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Three Monomers

Linear Branched

Two Monomers

Figure 1.1: A small sample of possible block polymer structural varieties using only two or three
chemistries (red, blue, or green) using either linear or branched architectures.

opportunity to gain more insight into the mechanisms of block polymer self-assembly

and potentially improve future searches. This dynamic serves as the motivating factor

behind the work presented in Chapter 4, in which we develop an inverse design software

to automate the search of large polymer design spaces.

In addition to being faster (in many cases) than experimental studies, computa-

tional work also has the benefit of probing self-assembly mechanisms much more deeply

through idealized parameter control and the ability to track more minute details. Ex-

perimental work is constrained to physically realizable polymer systems; changing the

monomer used for the synthesis changes every characteristic of that block. Computa-

tion, meanwhile, allows researchers to change all properties of a block independently.

Thus, a computational study can fully isolate the effects of individual properties to

probe their impact on self-assembly. In this dissertation, Chapter 5 describes such a

study in which we manipulate conformational asymmetries in a diblock polymer blend

analogous to metal alloys.

Up to this point, we have largely been describing block polymers and their mi-

crophase separation behaviors in the abstract. More concretely, we focus throughout
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Figure 1.2: (a) A depiction of the lamellar (L), hex (C), bcc (S), and double gyroid (G) mor-
phologies that can be found in a neat diblock copolymer, and (b) the classical diblock copolymer
phase diagram showing regions of fcc (Scp), bcc (S), hex (C), gyroid (G), O70, and lamellae (L).
The inset in (a) depicts a schematic of the hypothetical arrangement of diblock copolymers in
the lamellar structure, with their junctions on the lamellar interface. Figure reproduced from
Ref. 12 with permission.

this thesis on systems of diblock copolymers because, despite their simplicity com-

pared to other block polymers, they remain a fruitful research subject for studying

self-assembly. The classical phase behavior of the neat diblock copolymer is governed

by two parameters. The first is block fraction, fA, which describes the chain composition

as a volume fraction of the A block in the chain. The second is segregation strength,

χN where χ ∝ T−1 is the temperature-dependent Flory-Huggins interaction parameter

and N is the total chain degree of polymerization. When the first theoretical phase

diagrams for diblock copolymers were published in the mid-1990s, these parameters lie

on their axes.13,14 On these early phase diagrams, one could identify five ordered mor-

phologies: face-centered cubic spheres (fcc),14–17 body-centered cubic spheres (bcc),18–20

hexagonally packed cylinders (hex),18 double gyroid network (gyr),13,21 and alternating

lamellae (lam).18 Over a decade later, this classical phase diagram was ammended with

the discovery of the O70 network phase22,23 stability window in the low-χN portion of

what was previously the gyroid region. The classical diblock copolymer phase diagram,

along with illustrations of some of the phases represented on it, can be found in Fig. 1.2.

Around the same time as the early phase diagrams, researchers started noticing the
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Figure 1.3: Planar graphs of the CN12, CN14, CN15, CN16 Frank-Kasper polyhedra. Each
polyhedron is identified by its coordination number (CN).

importance of a third parameter for the neat diblock copolymer. This parameter is

conformational asymmetry, ϵ = bA/bB, which measures the ratio of the two monomers’

statistical segment lengths, bA and bB.
24–27 A detailed discussion of conformational

asymmetry can be found in Chapter 5. For now, we note only that the consideration

of conformational asymmetry has introduced two complex sphere packings, the Frank-

Kasper σ 28–30 and A1530–32 phases, to the neat diblock phase diagrams.

There has been particular interest recently in understanding the emergence of these

Frank-Kasper phases in block polymers. Originally defined more than 60 years ago,

the Frank-Kasper phases are a class of low-symmetry particle packings first reported in

metal alloys.34,35 The structures consist of tetrahedrally close-packed particle sites with

coordination shells of 12, 14, 15, or 16 neighboring particles, resulting in polyhedral

Wigner-Seitz cells* with 12 pentagonal faces and either 0, 2, 3, or 4 hexagonal faces,

respectively, as illustrated in Fig. 1.3. In comparison to fcc and bcc, Frank-Kasper

phases are highly complex, with all such structures containing at least two symmetry-

inequivalent particle positions and at least seven particles per unit cell. Discovery of

the Frank-Kasper σ phase in diblock copolymers and tetrablock terpolymers in 201028

upended the assumption that high-symmetry phases such as fcc or bcc would always

dominate the sphere-forming regions of block copolymer space. Since this ground-

breaking discovery, four different Frank-Kasper phases have been identified as stable

morphologies in block copolymer systems: σ 28–30,37–44 and A15,30,45 as well as the

C14 and C15 Laves phases42,43,46–48 The mechanisms behind the stabilization of these

*The Wigner-Seitz cell, or Voronoi cell, for a lattice site (particle position) is the region of space
closer to that lattice site than to any other lattice site.36



6

Frank-Kasper phases in block copolymers remains a working hypothesis49,50 and we

thus focus throughout this thesis on the emergence of Frank-Kasper phases in block

copolymer systems.

1.2 Research Outline

In Chapter 2 we introduce the theoretical and computational framework of the mod-

ern polymer self-consistent field theory (SCFT). This theory, and its computational

application, forms the foundation of the remaining work in this thesis. Having estab-

lished an understanding of the underlying polymer theory, Chapters 3 and 4 detail the

development of software tools relevant to the study of block polymer self-assembly. In

particular, Chapter 3 discusses a software tool to automate the generation of initial guess

fields for SCFT calculations, with methods for three distinct classes of self-assembled

morphology. Chapter 4 details the development and testing of an open-source software

for the design and discovery of block copolymers which uses particle swarm optimization

(PSO) linked to SCFT calculations to drive a search for polymer parameters that can

stabilize the formation of a targeted morphology. The remainder of the thesis focuses

on the application of SCFT to study the behavior of two classes of binary block polymer

blends. In Chapter 5, we use a binary diblock copolymer alloy of type AB/B′C to more

deeply probe the role of conformational asymmetry in the formation of Frank-Kasper

phases. Next, Chapter 6 discusses the lessons learned from a methodologically flawed

investigation into the impacts of core-block and corona-block bidispersity on the emer-

gence of Frank-Kasper phases in AB/A′B′ blends. Finally, Chapter 7 concludes the

thesis with remaining questions and suggestions of avenues for future research in light

of the efforts in Chapters 3–6.



Chapter 2

Self-Consistent Field Theory

2.1 Introduction

Computational study of polymer systems is typically done through one of two ap-

proaches: particle-based models or field-based models. Particle-based models treat a

single polymer as a string of beads or particles and model the behavior of a polymer

system using the pair-wise interaction potentials among beads from many chains. Sim-

ulations in the particle-based models will then be updated and sampled with Monte

Carlo51,52 or molecular dynamics53 methods to collect a statistically descriptive sample

of the system. In condensed-phase systems such as a polymer melts, such simulations

demand substantial numbers of particles and proportionally large computational re-

sources. Field-based models use a Hubbard-Stratonovich transformation to convert the

many-body interactions of the particle models into interactions of independent polymer

chains with chemical potential fields.54,55 Such a transformation reduces the computa-

tional cost of the method without invocation of any approximations.55

In the full field theory produced through the Hubbard-Stratonovich transformation,

it is still necessary to sample the fluctuating field with, for example, Langevin dynam-

ics methodologies.54,56 From here, approximations can be used to further reduce the

computational cost of the method. Particularly useful is the saddle-point or mean-

field approximation in which one field (the “mean field”) is assumed to dominate the

statistics of the system to such an extent that field fluctuations can be neglected.55

This approximation leads to the self-consistent mean-field theory (SCFT) for polymers,

7
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which is one of the most popular methodologies today for the computational study of

block copolymer self-assembly.

Self-consistent field theory is the foundation of work presented in this dissertation,

so we commit this chapter to discussion of the theory and its application. We start by

describing the SCFT equations both in the canonical (N,V,T) and grand canonical (µ,

V, T) ensembles. In this discussion, we omit the derivation of the SCFT equations which

has been well-discussed elsewhere55,57,58 and instead focus on the equations and their in-

terpretations. We then briefly introduce the open-source Polymer Self-Consistent Field

software packages which implement SCFT calculations and which are used throughout

this work.

2.2 Self-Consistent Field Theory

For this discussion of SCFT, we focus initially on the formulation of SCFT in the

canonical ensemble. Section 2.2.2 discusses differences that arise when formulating

SCFT in the grand canonical ensemble. We consider an incompressible melt of linear

block polymers modeled as continuous Gaussian chains. The polymers are composed of

M unique monomer chemistries indexed using α, β ∈ {1, 2, . . . ,M}. Each monomer has

a unique statistical segment length bα and is coarse-grained such that it occupies the

common monomer reference volume v.* The Flory-Huggins parameter χαβ quantifies

the interaction strength between two monomers α and β ̸= α while self-interaction of

a monomer α with itself is thermodynamically neutral such that χαα = 0. The system

is taken to be a blend of C block polymer species indexed using k ∈ {1, 2, . . . , C}.
Each polymer species consists of Bk blocks j ∈ {1, 2, . . . , Bk} with block degrees of

polymerization N
(k)
j such that species k has total chain degree of polymerization Nk

given by

Nk =

Bk∑
j=1

N
(k)
j

*In this SCFT formalism, a “monomer” is primarily a bookkeeping device and need not conform to
the formal definition of a monomer as a single chemical repeat unit. Instead, a “monomer” represents
the molar mass of polymer chain occupying one monomer reference volume, v.59 For more information
about mapping these SCFT parameters to parameters of real polymers, see Sinturel et al. 60
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Traditionally, in the canonical ensemble, the number of particles or molecules of each

species would be held constant; in the current discussion, we leverage the equivalence

(imposed by incompressibility) between volume fraction and number of particles to

specify system compositions in terms of volume fractions. The overall volume fraction

of polymer k in the blend is given by ϕk subject to the requirement that

C∑
k=1

ϕk = 1

because the system contains only polymer species. This requirement also means that a

system of C polymer species will only have C − 1 independent ϕk values. The coarse-

graining of monomers to occupy the same reference volume v yields an equivalence

between volume and degree of polymerization allowing us to express the volume fraction

of block j within polymer k in terms of block and chain degrees of polymerization as

f
(k)
j = N

(k)
j /Nk. Calculations throughout this dissertation leverage unit-cell SCFT

calculations, in which the SCFT equations are solved for a single unit cell with volume

V and containing n = V/v monomers. Fields within this unit cell are constrained to

the space-group symmetry consistent with the morphology being studied and subject to

periodic boundary conditions which allow the single unit cell to represent a macroscopic

volume.

2.2.1 The Canonical SCFT Equations

The potential field acting on monomer α at spatial position r is denoted by ωα(r). It

can be calculated with

ωα(r) =
M∑
β=1

ρα(r)ρβ(r)χαβ + ξ(r) (2.1)

where ρα(r) is the average local volume fraction of monomer α at position r and ξ(r)

is a Lagrange multiplier enforcing the incompressibility constraint,

M∑
α=1

ρα(r) = 1 (2.2)
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Before starting an SCFT calculation, a software user must generate or identify an

initial guess for each ωα(r) for the morphology of interest. Methods for generating these

guesses, and a software tool for this purpose, are discussed in Chapter 3. The requisite

statistical properties for each chain k can then be obtained from these fields by solving

the initial value problems for the modified diffusion equations (MDEs)

∂qk(r, Nk)

∂s
=

[
b2α(s)

6
∇2 − ωα(s)(r)

]
qk(r, s), qk(r, 0) = 1 (2.3)

−
∂q†k(r, s)

∂s
=

[
b2α(s)

6
∇2 − ωα(s)(r)

]
q†k(r, s), q†k(r, Nk) = 1 (2.4)

where qk(r, Nk) and q†k(r, Nk) are known as “propagator” functions, and where the

contour coordinate s ∈ [0, Nk] describes positions along the chain’s length. In these

MDEs, the subscript α(s) on bα(s) and ωα(s) indicates that the statistical segment length

and chemical potential field will be those corresponding to the monomer type at contour

position s. Conceptually, these propagator functions represent the normalized partition

functions of complementary chain segments under confinement of the chain segment s to

position r. In particular for chain k with segment s confined to position r, the forward

propagator qk(r, Nk) is a normalized partition function for all chain segments on [0, s]

while the backward propagator q†k(r, Nk) is the complementary partition function for

the remaining chain segments on [s,Nk].

Once solved, the propagator functions are used to compute all relevant statistical

information about the polymers. At the appropriate extremum of the contour variable

s, the propagator functions describe the statistical weight of the entire polymer chain

when its end is found at position r as qk(r, Nk) or q†k(r, 0). Either of these functions

can be used to compute the normalized partition function for the unconstrained chain

with

Qk =
1

V

∫
V
dr qk(r, Nk) =

1

V

∫
V
dr q†k(r, 0) (2.5)

where the integral serves to remove the positional constraint on the chain end by sum-

ming the statistical weight of all possible chain-end positions within the unit cell. Fur-

ther, the product of the propagator functions at the same contour position, qk(r, s)q
†
k(r, s),

gives the statistical weight of the entire chain when segment s is confined to position
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r. This statistical weight is proportional to the probability of finding the chain contour

segment s at position r and that probability can, in turn, be used to compute the aver-

age local volume fractions for each monomer, ρα(r). In the canonical ensemble, ρα(r)

is given by58

ρβ(r) =
C∑

k=1

[
ϕk

QkNk

∫
α(s)=β

ds qk(r, s)q
†
k(r, s)

]
(2.6)

where the summation adds the contributions from all chains, and where the integral is

taken over all contour segments containing monomer β.

Recognizing that the local monomer volume fractions calculated from the partition

functions with Eq. 2.6 also appear in Eq. 2.1, which defines the monomer potential fields,

and that these potential fields are themselves used to compute the partition functions,

we see a coupled dependence among Eqs. 2.1–2.6. These equations form the complete

set of SCFT equations. From the initial potential fields, these equations must be solved

by an interative process until the fields become self-consistent; that is, until the potential

fields computed using Eq. 2.1 are in sufficient agreement with the fields used to solve the

MDEs of Eqs. 2.3 and 2.4. After the SCFT iterator converges, the non-dimensionalized

Helmholtz free energy per monomer is given by61

F

nkBT
=

1

V

M∑
α=1

M∑
β=1
β ̸=α

χαβ

∫
drρα(r)ρβ(r)−

1

V

M∑
α=1

∫
drωα(r)ρα(r)

+

C∑
k=1

ϕk
Nk

(
ln
ϕk
Qk

− 1

) (2.7)

where kB is the Boltzmann constant and T is the absolute temperature.

2.2.2 Grand Canonical Ensemble

Instead of system composition, calculations in the grand canonical ensemble specify the

chemical potential µk for each polymer k. These chemical potentials are related to the

overall volume fractions by58

exp

(
µk
kBT

)
Qk = ϕk (2.8)
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The incompressibility constraint combined with Eq. 2.8 means that a system of C poly-

mer species will only have C− 1 independent chemical potential values. Substitution of

Eq. 2.8 into Eq. 2.6 gives the grand canonical formulation for the local monomer volume

fractions as

ρβ(r) =
C∑

k=1

[
1

Nk
exp

(
µk
kBT

)∫
α(s)=β

ds qk(r, s)q
†
k(r, s)

]
(2.9)

where the summation again combines the contribution of each polymer species, and the

integral is again taken over all contour segments containing monomer β.

In the grand canonical ensemble, the free energy is given by62

Fg = −PV (2.10)

where P is the system pressure. This grand canonical free energy is related to the

Helmholtz free energy by58

Fg = F −
C∑

k=1

nkµk (2.11)

where the sum is taken over all polymer species. Equations 2.10 and 2.11 to give

PV = −F +
C∑

k=1

nkµk (2.12)

If we make the substitution nk = nϕk/Nk to get

PV = −F +
C∑

k=1

nϕkµk
Nk

and non-dimensionalize by dividing through with nkBT , we obtain

Pv

kBT
= − F

nkBT
+

C∑
k=1

ϕk
Nk

(
µk
kBT

)
(2.13)

which shows how all dimensionless quantities reported by PSCF are related for calcu-

lations in the grand canonical ensemble.59
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2.3 Software

The works presented in this dissertation make use of two different versions of the Polymer

Self-Consistent Field (PSCF) software to perform SCFT calculations. The two versions

vary in programming language, hardware flexibility, available iterators, file structures,

and acceptable polymer structures. These differences do not impact the interpretation

or understanding of results presented in this thesis, but are briefly described here for (1)

the reader’s awareness of the differences and (2) for their relevance to some discussions

in Chapter 4.

2.3.1 Fortran Version

The older version of the software, referred to throughout this work as PSCF, was devel-

oped in the Fortran 90 programming language.59,61 It is written for serial execution on a

single CPU core. Two iterators are available in this version: A pseudo-Newton-Raphson

iterator with backtracking line search,61 and an Anderson Mixing iterator.63–66 Both it-

erators also include simultaneous optimization of unit-cell dimensions66,67 for accurate

free energy evaluation. This version is restricted to blends of linear block polymers,

homopolymers, and solvents. This software version is used for Chapters 4 and 6.

2.3.2 C++/Cuda Version

A newer version of the software has been developed using C++,68,69 and is referred

to throughout this work as PSCFpp (for PSCF++, referencing the programming lan-

guage). This version can be run on a single CPU, but also includes the ability to execute

on a graphics processing unit (GPU) by including code written in Cuda. Execution on a

GPU offers substantial performance benefits through high degrees of parallelization.68,70

Presently, the only iterator available in this version is the Anderson Mixing iterator63–66

with optional simultaneous unit-cell optimization.66,67 This code is also generalized be-

yond linear polymers to enable study of arbitrarily branched acyclic block polymer

structures. This version was used for calculations in Chapter 5.



Chapter 3

SCFT Initial Guess Generation�

3.1 Introduction

As stated in Chapter 2, every SCFT calculation requires an initial guess for the po-

tential fields, ωα(r). Selection of a reasonable initial guess is critical to the successful

application of SCFT. In some cases, a poorly chosen initial guess will result in failed

convergence. In other cases, the algorithm will converge from a poor initial guess to a

defective structure and thus return an inaccurate energy for the phase of interest. The

best option for an initial guess would be the field returned by a previously converged

SCFT calculation of the same phase at a nearby point in phase space. Such an approach

would be analogous to a single step in a zeroth-order continuation. It is often the case,

however, that calculations have not been done in a region of phase space sufficiently

close to the current point of interest. Over modest distances in phase space, it can

be reasonably efficient to span the distance from a previously converged solution to a

new state point with a series of SCFT calculations in conjunction with a higher-order

(first-order or higher) continuation method. This approach can be achieved using the

sweep functionality available in the PSCF software.

In many cases, however, neither of these approaches are possible. Sometimes the

state point of interest lies far in phase space from any prior work, such that the cost of

�Parts of this chapter are adapted from Logan J. Case, Kris T. Delaney, Glenn H. Fredrickson,
Frank S. Bates, and Kevin D. Dorfman The European Physical Journal E 2021, 44 (9), 115. (Ref. 71)
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a sweep becomes prohibitive. Other times, sweeps will encounter regions in which con-

vergence of the phase is difficult, thus blocking attempts to sweep from prior solutions.

In still other cases, the research may consider a novel phase for which no converged

solutions are available anywhere in state space. In these cases, having some method to

generate initial guess fields becomes necessary.

Along with the launch of the Fortran-implemented version of PSCF, Arora et al.

reviewed two methods for initial guess generation.61 The first of these, the “form-

factor” method, works for particle-packing phases with disconnected microdomains of

one monomer component. The second, the “level-set” method, is better suited for net-

work phases, such as the double-gyroid. Both methods were proposed and the success

of each method was demonstrated, but each was demonstrated through the use of case-

by-case Matlab scripts. This chapter describes a software tool, called pscfFieldGen,

implementing a generalized form of these methods for PSCF, in addition to adding a

basic methodology for generation of initial guesses for lamellar structures.

For the convenience of users, pscfFieldGen accepts a PSCF parameter file as part

of its input and tries to use that parameter file to supply as much system-specific

information as possible. In theory, this allows the user to set up their calculation via

parameter file, generate their guess with the software based on this parameter file, and

run their calculation using the same parameter file. In practice, this procedure only

strictly holds true for particle and lamellar structures; the network level-set method

requires some intermediate processing steps via the PSCF software for which the user

must generate a specialized parameter file, as will be discussed in Section 3.3.

For all morphologies, the software first uses the polymer structures and blend frac-

tions specified in the parameter file to compute the overall volume fraction of each

monomer β according to

ϕβ =

C∑
k=1

ϕk

Bk∑
j=1

α(j)=β

N
(k)
j

Nk
(3.1)

where the notation α(j) = β indicates that the inner sum should be taken only over

blocks j in polymer k which are composed of monomer type β. For a simple system

such as a neat diblock polymer melt, this overall volume fraction would be equivalent

to the block fraction of each block. In more complex systems, such as multi-block
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polymers or blends, in which the same chemistry may appear in multiple places, ϕβ

represents the combined contribution of each block containing monomer chemistry β.

These overall monomer volume fractions are used both to size the defining structure of

the desired morphology and to ensure that the local volume fractions in the initial guess

are consistent with the overall composition when the average is taken over the full unit

cell.

Regardless of whether lamellae, networks, or particles are considered, the defining

structure is sized based on a reference monomer α. This reference monomer is taken to

be the monomer species in the core of the structure—i.e. that in the core of particles,

or inside the struts and joints of a network. By default, this monomer is chosen to

be that with the lowest overall volume fraction, minα ϕα. This default selection gives

the program some capacity to accommodate structural inversions that can occur with

large fluctuations in chain composition; this is a particularly useful feature when, as

described in Chapter 4, the guess generator is coupled with an automated search of the

phase space. This approximation is only strictly accurate in the simple case of a neat

melt of conformationally symmetric diblock copolymer, but should be reasonable in a

variety of systems. The user also has the ability to override the default core selection

(except for lamellae; see Section 3.4) by specifying a set of one or more monomers to

consider in the core selection. If only one monomer is given in this set, that monomer

will be used as the core of the structure. If two or more monomers are given, the core

will be chosen as the monomer in the set with the lowest ϕα.

3.2 Particle Phases

This section describes the form-factor initialization method.61,72 This method is best

applied to morphologies consisting of discrete, disconnected domains of core monomer(s)

arranged within a matrix (structured or unstructured) of non-core monomers. Most

commonly, this category of structures consists of three-dimensional packings of spherical

micelles or two-dimensional packings of cylinders.
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3.2.1 Form-Factor Method

This generation method starts with a recognition that the real-space local volume frac-

tion profile of monomer α can be represented as the Fourier series

ρα(r) =
∑
q

ρα(q) exp (−iq · r) (3.2)

where ρα(q) is the Fourier coefficient for wave-vector q, and where the sum is taken over

all wave-vectors. In this representation, the zero-frequency coefficient* for each monomer

represents the average concentration of the monomer in the system, i.e. ρα(0) = ϕα.

All other coefficients represent the amplitude of wave-form deviations from this average,

and ultimately give the field its structure. For a monomer α located entirely within the

core of NP particles k, these non-zero-frequency Fourier coefficient can be calculated

from

ρα(q) =
1

V

NP∑
k=1

fk(q) exp (iq ·Rk) (3.3)

where Rk and fk(q) are the real-space position and form factor amplitude of particle k,

respectively, and V is the unit cell volume.

The form-factors currently implemented in pscfFieldGen for cylinders and spheres

represent homogeneous structures with sharply-defined boundaries. These sharp bound-

aries equate to micellar interfaces of near-zero width, which would only be expected in

the limit of strong segregation. Most systems of interest, however, would be of low to

moderate segregation strength. Further, although the iterator should be able to smooth

interfaces which are too sharp, the spatial resolution required to resolve these sharp

interfaces would greatly increase the computational load for the problem. It is prefer-

able then to initialize the calculations with lower concentration gradients and allow the

iterator to sharpen the interface if necessary. As long as the initial field remains repre-

sentative of the targeted morphology, the smoother interface allows calculations to be

run with resolutions no higher than is strictly necessary to resolve the interfaces for the

problem of interest. We thus smooth the interfaces of the initial guess by introducing a

*The zero-frequency coefficient is that corresponding to a wave vector with magnitude 0; i.e. q =
[0, 0, 0] for a 3-dimensional lattice.
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Gaussian smearing factor

fs(q) = exp

(
−ψ2|q|2

2

)
(3.4)

where |q| indicates the magnitude of the wave vector q, and ψ is an interfacial width

estimated from Helfand-Tagami theory73 as

ψ = 2

√
b2avg
6χavg

(3.5)

where bavg and χavg are the geometric means of the statistical segment lengths (bavg)

and the interaction parameters between the core and non-core monomers (χavg). When

this smearing factor is applied, Eq. 3.3 becomes

ρα(q) =
1

V

NP∑
k=1

fk(q) exp (iq ·Rk)fs(q) (3.6)

which gives the full Fourier amplitude of the core monomer concentration profile for

each wave vector q.

Although Eq. 3.6 specifies the Fourier amplitudes for the core monomer, it does not

explicitly define the matrix amplitudes. To satisfy the requirement of incompressibility,

the monomer Fourier amplitudes must sum to zero for each wave vector q with non-zero

magnitude,* and thus ∑
β ̸=α

ρβ(q) = −ρα(q)

must hold. The simplest way to satisfy this constraint is to weight the amplitudes of

each non-core monomer β according to its prevalence in the system relative to all other

non-core monomers using ϕβ/ (1− ϕα) as a weighting factor. The resulting Fourier

amplitudes for the non-core monomers are given by

ρβ(q) = −ρα(q)
ϕβ

1− ϕα
(3.7)

*As stated earlier, the zero-frequency (or homogeneous) wave-vector coefficients defines the spatially-
averaged volume fractions for each monomer, so by definition

∑
α ρα(0) = 1. The non-zero wave-vector

coefficients represent the amplitude of wave-form deviations from this average volume fraction for each
monomer. To ensure that the volume fractions at any point in space sum to unity, any deviation by a
monomer αabove its average demands a net deviation by monomers β ̸= α below their averages. This
leads to the requirement that

∑
α ρα(q ̸= 0) = 0.
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Figure 3.1: The (a) initial field generated by pscfFieldGen (after conversion to real-space
coordinates via PSCF) and (b) converged field returned by PSCF for the bcc sphere phase.

which satisfies the incompressibility constraint while generating a well-mixed matrix. In

initializing the matrix as well-mixed, we rely on the iterator to introduce any additional

structure that might be present. Following generation of the field in reciprocal space

through pscfFieldGen, procedures available in PSCF may be used to convert the field

into either a real-space concentration field (such as the one shown in Fig. 3.1) or, more

importantly, to the chemical potential fields required for the SCFT calculations.59

3.2.2 Implementation

In order to generate guesses for particle phases, we need to be able to evaluate Eq. 3.6.

To do this, we need the following information:

1. Unit cell data.

2. Polymer Data.

3. Core monomer.

4. Particle Data.

� Particle Positions Rk

� Particle Sizes
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� Particle Form Factors fk(q)

The unit cell data in item 1 is used to enumerate the reciprocal space vectors q and

determine the volume of the unit cell. Polymer data in item 2 is used to determine

system composition and estimate interfacial width for the smearing factor. All infor-

mation from these items 1 and 2 can be taken directly from the parameter file supplied

by the user. The core monomer for item 3 can be specified by the user or estimated

from the parameter file. The data in item 4 are a bit more subtle. Particle sizes can be

estimated from the system composition and unit cell volume by assuming that all of the

core monomer is located within the particles, computing the total volume of pure core

monomer, and distributing this volume evenly across the set of particles. The particle

form factors, currently, are hard-coded as that of spheres for 3D structures and circular

disks in 2D structures (representing the cross-section of a cylinder). The particle posi-

tions must be supplied by the user in some capacity, and are among the most critical

inputs since the position of particles determine the symmetry of the phase.

In pscfFieldGen, the user has two options to input the particle positions. The first

is that the user can supply the program with a complete list of particle positions within

the unit cell. We refer to this option as the “basis” input style, since the user directly

supplies the full particle basis. The second option is an added convenience feature for

the user which we call the “motif” input style. For a motif input, the user specifies

only a minimal set of representative particle positions. From this, pscfFieldGen will

automatically expand the particle list to the full basis required for the generation of the

structure using space group symmetry operations. To achieve this, the software comes

with a library specifying the full set of symmetry operations in each space group. If the

motif input style is specified, the program will look up the symmetry operations of the

space group from the library. It will then apply these symmetry operations to a symbolic

position vector* in order to generate a set of symbolic general equivalent positions

*A “symbolic” variable in computation is an object which represents not a numerical value but an
algebraic variable (such as x or y), and on which mathematic operations can be performed as if the
calculation were done by hand on an algebraic expression. Thus, executing x + 1 on a symbolic object
x will return not a value but the actual expression x + 1. Numerical values can later be substituted in
place of the symbolic variables to yield numerical results. A “symbolic vector” is simply a vector of such
values (such as [x, y, z]) on which vector operations can be performed (i.e. applying the inversion
symmetry operator to the last example would yield [-x, -y, -z]). The symbolic math employed in
the particle enumeration procedure uses the SymPy Python library.
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Figure 3.2: Initial field generated by pscfFieldGen from an input particle motif containing (a)
one particle at Wyckoff Position 2b (b) one particle at Wyckoff Position 4f (c) one particle at
Wyckoff Position 8i (d) one particle at Wyckoff Position 8i′ (e) one particle at Wyckoff Position
8j and (f) all five particle positions input to generate the structures in (a)-(e).

(GEPs) consistent with the space group. The coordinates of each motif position are

then substituted for their symbolic counterpart in each GEP, and the resulting positions

are screened to remove duplicates, or any positions outside the bounds of a single unit

cell. In the case of the Frank-Kasper σ phase, which contains 30 particles in its unit cell,

the motif input option allows the user to specify only the five symmetry-inequivalent

positions in the unit cell, and pscfFieldGen will enumerate the remaining 25 positions.

This process is illustrated in Fig. 3.2, which shows the particles enumerated for a σ

phase guess from each of the five initial positions.

3.3 Network Phases

For network phases such as double gyroid or O70, the software implements the level-set

method.61,74,75 Conceptually, this approach uses a small set of symmetry-adapted basis

functions to construct a coarse approximation of the structure. PSCF is used to convert

these basis functions into a real-space concentration field. This concentration field is
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then used to find a level-surface enclosing a region equal in volume to the total volume

of core monomer in the system. The region enclosed by the level surface will be filled

with all core monomer, while the matrix is treated as well-mixed.

In practice, this method requires that the user input two parameter files as well as a

template field file in symmetry-adapted format. One parameter file should correspond

to the intended calculation; the second should contain the system definition, and the

FIELD TO RGRID command used to convert a symmetry-adapted field to real space. This

second parameter file is used internally by pscfFieldGen to run PSCF as a subprocess

and convert the basis functions to a real-space concentration field. The template field

file should correspond with the structure of interest. The homogeneous basis function,

{0, 0, 0}, should be included in the file, but the coefficients for this basis function are

arbitrary* and can simply be set to zero. The remainder of the file should contain

coefficients for only as many basis functions as required to capture the basic geome-

try of the targeted structure. For a double-gyroid phase, this would require only one

basis function, that of the {2, 1, 1} star.61,76 For other network structures, additional

basis functions may be required. For each of these inhomogeneous basis functions, the

coefficients used for the core monomer will be specified in the first monomer position

(the left-most column in the field file), regardless of the core monomer that will actually

be used for the generated guess. In single-use calculations, this organization may seem

counter-intuitive since the user likely knows which monomer will be in the core. When

the user allows pscfFieldGen to automatically select the core monomer, however, this

requirement ensures that the program knows which coefficients to assign to the core.

When run, pscfFieldGen creates a symmetry-adapted field file and parameter file

for an internal subprocess execution of PSCF which generates a real-space concentration

field, called the intermediate field in Fig. 3.3. From this point, pscfFieldGen generates

the initial guess according to the flow chart depicted in Fig. 3.3. The intermediate field

is used to generate a cumulative density function f(ρα) of grid points and selects an

isovalue c as the volume fraction of core monomer α for which a fraction f(c) = ϕβ of

the grid points meet the criteria that ρα(r) ≤ c. This is illustrated on the histogram

in Fig. 3.3 with the overlaid bold horizontal and vertical lines indicating, respectively,

*The homogeneous basis function serves only to shift the resultant concentration fields uniformly
up or down in value. This uniform shift will be reflected in the isovalue but will not change the position
of the level surface; thus it does not impact the initial guess.
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Figure 3.3: A flow chart representing the level set method after PSCF has been used to convert
the initial basis functions to the intermediate concentration field (top-left). The ρA(r) from
the intermediate field is used to compute a cumulative density function (cdf), as shown in the
histogram (top right). The volume fraction of A at which the cdf has a value equal to fA is
chosen as the isovalue, c. This isovalue is used to identify grid points within the level surface and
construct the initial guess (bottom left). Running PSCF on the initial guess yields a converged
field (bottom right). Example here is a double-gyroid phase with χN = 20, fA = 0.4 for an AB
diblock using a 32× 32× 32 grid.

conditions of f(ρα) = ϕα and ρα = c. The intermediate field is then used to generate

the initial guess by assigning ρguessα (r) = 1 at any position where ρintermediate
α (r) ≤ c.

The remaining positions (those outside the level surface) are then filled with non-core

monomers assuming the matrix to be well-mixed, i.e. ρguessβ ̸=α (r) = ϕβ/ (1− ϕα) for

positions where ρintermediate
α (r) > c. It is interesting to note that, due to the isovalue

definition used in this methodology, the intermediate field appears, when visualized, to

be the inverse of the generated guess, although the numerical values in this intermediate
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concentration field are far from physically relevant.

We discuss in Section 3.2 that it is typically preferable to start with softer interfaces

in the initial guess and let the iterator sharpen the transitions. This idea was, in

fact, the entire motivation behind the introduction of the Gaussian smearing factor.

Despite this, the guess generated here contains only infinitely sharp interfaces.* This

choice can largely be ascribed to the nature of the methods: the form-factor method

operates in Fourier space, where introduction of Gaussian smearing represents a trivial

additional step in a coefficient calculation that is being done anyway; the level-set

method, operating in real space, would require messier processing steps to introduce

similar smearing. In practice, the sharp interfaces in these initial guesses can typically

be relaxed by the SCFT iterator without too much difficulty. Thus, the additional

complexity required to introduce interface smearing to level set method has not been

deemed necessary.

3.4 Lamellae

Among structures handled by pscfFieldGen, lamellae are by far the simplest. Consist-

ing of periodic layers of monomer separated by flat interfaces (in the bulk, mean-field

limit), they involve compositional variation along only one dimension, orthogonal to the

interfaces. Naturally, such a simple structure requires only the most basic generation

algorithm.

As with the other methods discussed in this chapter, the lamellar initial guess is

generated based on a reference monomer α. Likewise, this monomer is chosen as that

with the lowest overall volume fraction ϕα in the system. The lamellar structure is

initialized using only two basis functions to define a concentration profile. The ho-

mogeneous basis function coefficient for each monomer α is set equal to the monomer’s

overall volume fraction ϕα. Spatial variation is introduced using the next basis function.

Here, the reference monomer α is assigned a basis function coefficient equal to ϕα/
√
2,

where division by
√
2 relates to the relates to the basis function’s multiplicity of two

(i.e. that the basis function represents two equivallent wave vectors). These first two

*All grid points either contain pure core monomer, or zero core monomer, with the interface obscured
between neighboring grid points.
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basis function coefficients initialize the reference monomer concentration profile, ρα(r),

as a single-period sinusoidal wave with equal amplitude and average value of ϕα. In this

initialization scheme, the reference monomer will always have ρα(r = 0.5d) = 0. Other

monomers are treated as well mixed, with coefficients set to enforce incompressibility.

The simplicity of this initialization method also means that the choice of reference

monomer must be restricted. In this scheme, the reference monomer is set such that

it will have a minimum local volume fraction of zero at the midpoint of the unit cell,

and the amplitudes of all other monomer composition profiles are scaled according to

this reference. If the reference monomer is not the one with the lowest overall volume

fraction, it is possible that a lower concentration monomer could be initialized with local

volume fractions dropping below zero. Take, for example, the case of a neat diblock

copolymer. If the majority component is chosen as the reference monomer and has

ϕα > 0.5, the local volume fraction profile would be initialized with an equal amplitude.

This would result in a maximum local volume fraction for the reference monomer of

2ϕα > 1 which represents a nonphysical local volume fraction. To ensure initial guesses

do not contain nonphysical volume fractions, the user is not able to select or restrict

the reference monomer choice for lamellae; rather, the lowest overall volume fraction is

always chosen.

3.5 Conclusion

The pscfFieldGen software is a valuable tool to simplify the critical task of producing

initial guesses for SCFT calculations of novel phases or known phases in new design

spaces. The software generalizes the form-factor and level-set methods described in

prior literature61,72,74,75 expanding the potential base of users by removing the need to

write specialized scripts for each phase and calculation. The software produces reliable

initial guesses with a relatively simple input. Despite the value of the software, there

are constraints and limitations to the tool as it is presently implemented. Currently,

only one monomer may be selected as the core for the structures. This means that more

complex or exotic structures, such as the Janus-like structures recently investigated by

Xie et al.,77 will not be accessible.



Chapter 4

A Software Platform for Block

Polymer Inverse Design�

4.1 Introduction

As discussed in Chapter 1, the neat diblock copolymer exhibits a rich array of nanos-

tructured morphologies based on only its three dimensionless parameters: the vol-

ume fraction of block A, fA, defining chain composition; conformational asymmetry,

ϵ = bA/bB where bi is the statistical segment length of chemistry i; and the segregation

strength, χABN , consisting of the temperature-dependent Flory-Huggins interaction

parameter, χAB, and degree of polymerization, N . Going beyond the capabilities of

the diblock copolymer melt requires adding more blocks, which quickly increases the

complexity of the problem.1 Simply adding one additional block to a triblock poly-

mer increases the number of possible morphologies, even for something as simple as

the particle-forming phases,78 while also increasing the dimensionality of the design

space. Adding yet another block using the same palette of three monomers produces a

tetrablock terpolymer, a system that has proven to be a particularly fruitful avenue for

materials discovery.28,44,77,79–83 Here, each of the nine available block sequences (ABAC,

ABCA, ACAB, BABC, etc.) offers an 8-dimensional design space, with three segrega-

tion strengths, three independent block fractions, and two statistical segment length

�This chapter is adapted from Logan J. Case, Kris T. Delaney, Glenn H. Fredrickson, Frank S. Bates,
and Kevin D. Dorfman The European Physical Journal E 2021, 44 (9), 115. (Ref. 71)

26
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ratios. Adding more blocks and chemistries leads to factorial growth in the number

of block sequences of linear polymers in addition to new block fractions, segregation

strengths, and segment lengths.1 Still more degrees of freedom become available when

considering branching architectures or multi-component blends.3,84–88 Thorough exper-

imental exploration of such vast design spaces is infeasible.

A more efficient paradigm computationally screens large design spaces to identify

regions where a desired morphology is likely to occur, and then uses these promising

regions to guide experimental study or a more thorough computational analysis of the

region. Indeed, theory has often played a central role in driving and rationalizing the

discovery of new phases in diblock copolymer melts cited at the outset.13,18,22,31 The

question then becomes: how should this computational screening be done? The exhaus-

tive grid searches used in the traditional, forward approach to these design problems

become prohibitively expensive for high-dimensionality systems, forcing researchers to

constrain the design spaces. Examples of such constrictions can be seen in previous cases

where theory played a key role in driving experiments.22,26,44,79,89,90 A particularly rel-

evant example of such theory-driven collaborations is the work of Chanpuriya et al. 79

Leveraging prior experimental findings, they focused on poly(styrene)-b-poly(isoprene)-

b-poly(styrene)′-b-poly(ethylene oxide) (SIS′O) at fixed temperature,79 thus fixing the

block sequence, Flory-Huggins parameters and statistical segment lengths (eliminating

six degrees of freedom). They further constrained their search by fixing the degree of

polymerization of the SIS′ parent triblock as well as the ratio of total styrene (in both

blocks) to isoprene in that parent triblock.79 Ultimately, their search considered only

two design parameters from the nine possible degrees of freedom: distribution of styrene

between the S and S′ blocks, and the block fraction of ethylene oxide, the latter of which

was constrained further to low volume fractions to focus on the sphere-forming region.

Their calculations predicted the emergence of the Frank-Kasper σ phase; accompanying

experiments not only confirmed the existence of σ, but identified even more morpholo-

gies including an A15 phase.79 In another example, Liu et al. 44 presented a theoretical

study of binary blends of AB diblock copolymer, and predicted the formation of Frank-

Kasper phases, including σ and A15. A blend of two AB diblock copolymers offers six

degrees of freedom, including two block fractions, a segregation strength, a conforma-

tional asymmetry, a blend fraction, and a length ratio between the two chains. To make
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their analysis feasible, they were forced to constrain their system to conformationally

symmetric diblocks with fixed segregation strength and one fixed block fraction. Of

the remaining three variables, their grid searches varied only the blend fraction and

block length ratio, while restricting the second block fractions to two cases: equivalent

majority blocks in both chains, or fixed length of the second minority block.44 Recent

experiments, inspired by these calculations, have confirmed the emergence of σ and

A15, among other morphologies, in similar binary diblock blends.43,91 These works of-

fer valuable examples of theory guiding experimental discovery, but also highlight the

compromises required to make exhaustive searches computationally feasible.

An alternative to a constrained grid search is inverse design. Here, a guided search

of the design space is performed using optimization algorithms set to target a particu-

lar property.92 Various methods have been proposed for such inverse design protocols

in block polymers,93–96 including Monte-Carlo97,98 and evolutionary99–101 algorithms.

Most of this work, however, focuses on directed self-assembly in thin films, rather than

the less-constrained problem of bulk morphologies.

The approach we choose to pursue here applies particle swarm optimization (PSO)

in conjunction with self-consistent field theory (SCFT) calculations to the problem of

block polymer design. SCFT serves as the compute engine to determine the fitness of a

given morphology, and the motion through the design space is controlled by PSO, which

emerged from the study of biological swarming behavior seen in, e.g., birds, insects, and

fish102,103 and has been applied to a diverse range of problems including predictions of

crystal structures,104 mechanical structure design,105,106 scheduling,107 and robotics.108

Similar to the biological case, the PSO algorithm relies on communication among several

individuals (“particles” or “agents”) to direct the movement of the group (“swarm”) as

a whole towards a region of high fitness,102,103 which will correspond in our case to a low

free energy for the desired block polymer morphology when compared to all competing

candidate phases. As each agent moves through hyperspace, they gain more knowledge

about the likely location of the global optimum, and communicate this information with

the rest of the swarm until the group reaches a consensus.102,103 This idea is illustrated

in Fig. 4.1.

PSO has been used previously in two studies of block polymer phase behavior. Par-

adiso et al. 109 first demonstrated the ability of the PSO algorithm to search block
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Figure 4.1: An abstract representation of the PSO search algorithm in which agents (green
circles) skew along their ring communication graph toward a target phase (A15) and away from
a competitor (hex). Figure reproduced from Ref. 71.

polymer parameters for those that favored particular morphologies in thin films. This

work leveraged the reduced dimensionality of thin-film systems to simplify the forward

problem of determining an equilibrium morphology for a given set of polymer parame-

ters. Khadilkar et al. 110 introduced the additional complexity of metastability in bulk

morphologies. In this case, they leveraged free energy differences among a set of pre-

defined competing morphologies to demonstrate PSO’s capacity to sort among these

metastable competitors to identify regions of stability for bulk morphologies. These

works demonstrate the potential for PSO to be deployed as a materials discovery engine

for block polymer design. However, they were developed in the context of a custom

software code that poses an obstacle to more widespread use.

To make PSO more broadly accessible to the block polymer community, the present

work adapts the previous PSO approach for bulk morphologies110 into an open-source

software package for the design of block polymers. The work described here diverges

from that of Khadilkar et al. 110 in two important ways. First, our program, called

pscfInverse,111 is distributed freely as an open-source wrapper around the open-source
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Polymer Self-Consistent Field (PSCF) software,61 with which users may already be fa-

miliar. Second, we attempt to lower the barrier to use by non-computational research

groups by seeding SCFT calculations with algorithmically generated fields, rather than

a pre-computed library. By operating in this way, we reduce the set-up work required

of the user to prepare for the calculation. This new tool for algorithmic initial guess

generation, called pscfFieldGen111 and described in Chapter 3, should also find utility

in stand-alone SCFT calculations where previous solutions are unavailable, e.g., when

analyzing a promising new morphology. The robustness of the PSO tool is demonstrated

through the solution of two simple two-dimensional search problems for conformation-

ally symmetric diblock copolymers, and a more challenging and computationally intense

three-dimensional search for the Frank-Kasper σ phase for a conformationally asymmet-

ric diblock polymer.

4.2 Algorithm and Implementation

4.2.1 Particle Swarm Optimization

In many biological systems, large groups of individual organisms demonstrate the ability

to move with a great deal of cohesion as a group. A flock of dozens or hundreds of birds

will fly, as a group, to the center of a field after a handful or bucket of seed is thrown.

A school of fish will dynamically dodge the advances of a predator. In each case, the

movement of the group relies on coordination and communication among numerous in-

dividuals. The Particle Swarm Optimization (PSO) algorithm evolved from the study of

these highly complex biological systems.102,103 Like in the biological case, this heuristic

algorithm leverages communication among a group (swarm) of individuals (agents) to

achieve a group objective.102,103 Like birds responding to the position and motion of

their neighbors to guide their own descent to seeds in a field, the agents in a PSO swarm

communicate data about their individual experiences with their neighbors to guide the

swarm as a whole to the global extrema of a specified objective function.102,103,112

Analogies aside, the basis of the PSO algorithm is using network communication

to facilitate decentralized decision-making and consensus-building as a means to solve

a global optimization problem. For a search in D-dimensions, each agent i tracks its

position xi = (xi1, xi2, ..., xiD), and its velocity vi = (vi1, vi2, ..., viD). At each position
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it visits, the agent computes the objective function Ω(xi) to measure the fitness of that

position. To maintain a historical record of its experience, the agent additionally tracks

the “personal” best seen position in its history, pi = (pi1, pi2, ..., piD) as well as the

fitness of that personal best position. The agent keeps this personal best position up to

date by comparing the fitness of each new position visited to the fitness of its personal

best position and, if the new position has a better fitness, setting the new position as

its personal best.

For PSO to work, it is not sufficient that each agent track its personal experience:

agents must also be able to communicate those experiences. Early formulations of

the PSO algorithm used Euclidean distance within the search space to determine the

“neighbors” with which each agent could communicate.112 As the algorithm advanced,

this Euclidean neighbor criterion was replaced with a less computationally intensive

graph-based approach.112 With a graph-based communication network, each agent is

able to communicate only with a fixed set of neighbors, regardless of position within

the search space. In the current implementation, we use a ring-graph communication

topology, depicted in Fig. 4.2, which allows each agent i to communicate with two

neighbors, i+1 and i−1, and using index-wrapping such that the first and last agents are

mutually communicable neighbors. For a swarm with the ring communication topology

illustrated in Fig. 4.2, agent 2 would be able to communicate with agents 2 and 4, while

index wrapping makes it so that agent 1 is able to communicate with agents 2 and 8.

At each PSO iteration, the agent i first determines the “global” best position visited

by any of its neighbors gi = (gi1, gi2, ..., giD) by comparing the fitnesses of the neighbors’

personal best positions. This global best position is then used to update the agent’s

position and velocity according to112

v
(k+1)
i = γ

[
v
(k)
i + c1ϵ1 ⊙

(
pi − x

(k)
i

)
+ c2ϵ2 ⊙

(
gi − x

(k)
i

)]
(4.1)

x
(k+1)
i = x

(k)
i + v

(k+1)
i (4.2)

where superscripts are used to indicate the old (k) and new (k + 1) values of position

and velocity, and where ⊙ indicates the Hadamard product of two vectors. Here, the

positional update equation is greatly simplified by the use of a unit time-step, and

requires little discussion. Several aspects of the velocity update equation, however,
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Figure 4.2: The ring-graph communication topology used in the current implementation of the
PSO algorithm to define the neighbors with which each agent in the swarm can communicate.
This illustration depicts a swarm of 8 agents with each individual labeled with an ID number
from 1-8.

should be discussed. The acceleration of the agent is proportional to its distance in

each search dimension from both its personal and global best positions; the further the

agent is from either “best” position, the potentially stronger the accelerating pull of that

reference will be. The actual contribution of each acceleration term varies according to

the values of random vectors ϵ1 and ϵ2. These vectors are randomized for each agent

at each step with elements on (0, 1]. Two scalar weighting factors, c1 and c2, are also

applied to each acceleration term. Finally, γ is a scalar constriction factor in the range

(0, 1]. Based on a stability analysis of the algorithm,113 the standard formulation of

PSO recommends values of γ = 0.72984 and c1 = c2 = 2.05 for the constriction and

weighting factors, respectively.

In order to define an objective function for use in this PSO algorithm, we need to

consider how SCFT is generally used to determine phase stability. When using SCFT

to determine the most stable phase at any position in state space, the intensive free

energies of the candidate phases are compared, with the stable phase being that with

the lowest free energy (in absence of phase separation). By this metric, a “target” phase

in a design will be stable when its free energy is lower than that of any competitor. To
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maximize the likelihood of observing a target phase, we would like to find a point not

just where it has the lowest free energy among competitors, but where it has the lowest

free energy by the greatest margin. Therefore, for a PSO search targeting phase T

against a set of competitors C we use the SCFT-computed intensive free energy, F , of

each phase to compute an objective function110

Ω = min
m∈C

(Fm)− FT (4.3)

which uses a sign convention in which phase T is stable when Ω > 0. Based on this

sign convention and the goal of maximizing the margin of target phase stability, the

algorithm seeks to maximize the objective function.

4.2.2 Parameter Mapping

In the PSO inverse design approach, SCFT is used to solve the forward problem of phase

stability at a particular set of polymer parameters while the PSO wrapper iteratively

updates the polymer parameters in an attempt to maximize the objective function. For

the PSO parameter updates to have any effect, however, updates to the parameters being

searched by the outer PSO optimizer must be communicated to the inner, forward solver

as SCFT-relevant values. In other words, there must be some explicit map between

the parameters searched by PSO and the parameters required to set up and run an

SCFT calculation. The most obvious such mapping is a 1:1 direct map in which the

PSO algorithm directly searches degrees of polymerization, statistical segment lengths,

Flory-Huggins parameters, etc. This approach would be simple, easy to implement, and

quite transparent and straightforward from the perspective of usability. A substantial

drawback to this mapping, however, is that it provides the user with very little flexibility

in defining their search. In a direct-map scheme, there is no way to relate parameters

and no mechanism for more nuanced control of the search. For example, a direct map

would offer no mechanism by which Chanpuriya et al. 79 could control the distribution

of styrene between the S and S′ blocks of the SIS′O tetrablock terpolymer studied in

their work.

To provide more flexible control of searches, pscfInverse defines PSO search vari-

ables and constraints as “relationships” among polymer parameters. These parameter
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relationships were designed with two particular goals in mind. First, as long as the sys-

tem is properly specified by the available variables and constraints, there should be an

analytical solution for the PSO-to-SCFT mapping.* To achieve this goal, each param-

eter relationship is designed to be linearizable in terms of the SCFT-relevant polymer

parameters. Ensuring that all variables and constraints are linearizable means that at

each position in the PSO search space, the variables and constraints can be used to

construct a set of linear equations of the form A x = b in which the solution x contains

the value of each SCFT-relevant polymer parameter. For a properly specified system,

this system of equations will always have a unique solution that is easy to compute.

Second, the relationships should make few (if any) assumptions about the structure of

the underlying system. This goal relates most specifically to the polymer structures

themselves, particularly regarding the order of blocks in a polymer, which chemistries

they may contain, or whether or not the polymer is branched. As will be described later,

this is achieved by using only a polymer index and block index to reference polymer

structure. This structure-agnostic approach to PSO definition promotes simplicity in

program input while allowing flexibility in the types of systems that can be studied, or

which softwares can be interfaced with the PSO wrapper. The five parameter relation-

ships currently defined in pscfInverse are described in the following paragraphs and

are summarized in Table 4.1.

The composition of polymer chains is defined through two types of parameter re-

lationships, both of which relate block degrees of polymerization (referred to here as

the “block length”). The first is the total block length, LT . As the name implies,

this relationship is defined as the sum of the lengths of a set of blocks i according to

LT =
∑
Nj . This relationship trivially meets the linearizability criterion, being linear

as defined. The second relationship is a logarithmic ratio of block length sums. For

this relationship, two different sets of blocks are defined; one set is designated to be

accounted in the numerator of the ratio, while the other is designated to be accounted

in the denominator. The ratio was given a logarithmic scaling to balance the numerical

representation of a ratio with its reciprocal within the PSO search bounds. Functionally,

*Existence of an analytical solution avoids any potential problem with convergence that could occur
if iterative methods were needed to solve the mapping.
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Table 4.1: Parameter relationships available for use as PSO search variables or search constraints
in pscfInverse, including their definition and linearized form.

Definition Linearization

Block Length

Total block length LT =
∑

Nj

∑
(1) (Nj) = LT

Block length ratio LR = ln

(∑
Nn∑
Nd

) ∑
n

(1) (Nn)−
∑
d

exp (LR)Nd = 0

Statistical Segment Length (SSL)

SSL SL = bα (1) (bα) = SL

SSL ratio SR = ln
bα
bβ

(1) (bα)− exp (SR) (bβ) = 0

Segregation Strength

Flory-Huggins parameter X = χ (1) (χ) = X

the ratio is defined for numerator blocks n and denominator blocks d as

LR = ln

(∑
Nn∑
Nd

)
which can be linearized by moving the value LR into an exponential coefficient for the

denominator blocks according to

∑
n

(1) (Nn)−
∑
d

exp (LR)Nd = 0

If any blocks are designated to be accounted in both the numerator and denominator,

coefficients contributed from the numerator and denominator would simply be added,

resulting in a coefficient of [1− exp (LR)] for that block. In both of these parameter

relationships, the blocks that are accounted in any given set are specified according to

a polymer and block index only. The mapping of these indices to a polymer structure

is handled by the SCFT file managers, making the PSO interface independent of the

polymer structures. This formulation provides a high degree of flexibility to the types

of structural variables that can be considered.

The relationship definitions for statistical segment length and Flory-Huggins param-

eters are simpler than those for polymer composition and demand far less discussion.

Like polymer composition, statistical segment lengths have two relationship types. The
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first is a direct map of the statistical segment length, SL = bα which is analogous to the

total block length, but restricted to one species. The second is the logarithmic statistical

segment length ratio, SR = ln (bα/bβ), Similar to the block length ratio, the statistical

segment length ratio is linearizable by moving SR into an exponential coefficient yield-

ing (1) (bα) − exp (SR) (bβ) = 0. Also similarly to the block length ratio, logarithmic

scaling was chosen to balance representation of a ratio with its reciprocal. Finally, the

Flory-Huggins parameters currently only have the option of a direct map.

4.2.3 SCFT Initialization and Convergence

The importance of the initial guess in SCFT calculations was already discussed at some

length in Chapter 3. In the context of this inverse design methodology, the results

produced by that initial guess (following SCFT convergence) are used to establish the

fitness of a given point in the search space. Reliance of the inverse design protocol on

the results of the forward SCFT calculation make this guess all the more critical. The

initial guess for each calculation must be of sufficient quality to ensure that fitness values

at each point in the search space are repeatable.* In prior work, Khadilkar et al. 110

accomplished this repeatability by initializing calculations from a pre-computed library

of defect-free seed fields, selected from each phase’s known stability windows. From

these seed fields, parameters would be swept to the appropriate PSO search position to

determine the fitness. As discussed in Chapter 3, sweeping from a converged field to a

new desired position in phase space can be a highly efficient approach. For an inverse

design methodology, however, this approach has some drawbacks.

First, regardless of the system being studied, collecting these seed fields requires sub-

stantial effort: running a moderate to large set of test calculations, and then manually

confirming that each converge field is defect-free. These seed fields need not necessar-

ily be collected from a region in which the phase is thermodynamically stable, only

regions in which the phase is “numerically stable” meaning that SCFT calculations of

the phase will reliably converge without substantial difficulty. Generally, these numer-

ical stability regions for a phase will coincide with those in which the phase is either

thermodynamically stable or competitively metastable. Thus, for well-studied systems,

numerical stability windows will generally be known or easily inferred. For novel design

*To within reasonable numerical tolerance, of course. . .
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spaces (those in which automated inverse design protocols are most useful) knowledge

of numerical stability regions may not exist. In such cases, a researcher would need to

manually explore the design space for each phase’s numerical stability windows from

which seed fields could be collected. If the design space is large and complex, or if the

user’s intuition when predicting “likely” numerically stable regions is unreliable, this

preliminary search can become quite expensive; in the extreme case, it could devolve

into the unguided grid search the PSO methodology is proposed to replace.

Following collection of the seed fields, the user still must make the fields accessible

for the search. This would first require indexing and databasing the seed fields in some

way to that the software can access them. Then, a querying protocol must be defined to

identify the “best” seed field from which to start based on the current position in phase

space. Automating the indexing, databasing, and query setup in a manner accessible to

those without experience in database design and use, but still flexible enough to handle

the wide variety of polymer systems that could be explored is a complicated endeavor.

Finally, in order to be reliable and efficient, the curated library would need to be

reasonably representative of the targeted search area. Efficient application of the library

methodology necessarily assumes that failure of a sweep to reach a target position

indicates that the phase will not be thermodynamically competitive at that position. If

the seed library is representative of the search space, this is a reasonable assumption. If

the library is not representative of the search space, a region of stability or competitive

metastability for a phase could be separated from the seed fields by a region of numerical

instability. In this case, a sweep would be unable to pass through the numerically

unstable region and the metastability region would be hidden from the search.

For these reasons, pscfInverse does not make use of library initialization. Instead,

it has been designed to rely on algorithmic generation of initial guesses by interfacing

with the pscfFieldGen software discussed in Chapter 3. By making use of algorithmic

guess generation, pscfInverse lowers the barrier to running a calculation by eliminating

the library-building steps.

4.2.4 Robustness of SCFT Calculations

Calculation of fitness values for the PSO algorithm requires that accurate free energies

be obtained from SCFT calculations. However, converging a solution of the highly
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nonlinear SCFT equations is a nontrivial task, and numerical errors are not uncommon.

When calculations are being launched and monitored by a researcher, such errors are

typically easy to identify and correct. In the context of an automated design process such

as PSO, these calculations are being launched, and their results are being processed, by

the algorithm itself, with limited human monitoring. It is imperative that the algorithm

have safeguards in place to identify and respond to a variety of numerical inaccuracies

that occur during SCFT calculations.

After an SCFT calculation completes, pscfInverse checks for four potential errors.

The first, and by far the most common, is a calculation failing to reach convergence.

This is detected by simply comparing the allowed iterations for the calculation to the

iterations used; if more iterations are reported than are allowed, the calculation failed

to reach convergence. The second error considered is the case of numerical divergence.

Although it is exceedingly rare, the program can occasionally encounter a numerical

instability which results in PSCF reporting non-numeric or infinite energies. If this is

detected, the calculation is also flagged as unsuccessful. The third error, convergence to a

defective field, is the most subtle and the most difficult to detect. Even with symmetry

constraints, it is possible for a calculation to converge to disorder or a supergroup

structure.110,114 To screen for these errors, pscfInverse checks for similarity between

the initial guess and the final converged fields by calculating the inner product of the

normalized Fourier modes. By definition of the inner product, orthogonal fields with

no appreciable similarity will have an inner product of zero. At the other extreme,

two identical fields will yield a normalized inner product of unity. In this way, the

normalized inner product provides a bounded scale on which to measure similarity

between fields. Screening converged fields by their similarity to the initial guess requires

only setting a minimum threshold value for the normalized inner product below which

the converged field is assumed to be defective and therefore rejected. According to

our testing, this similarity check is generally sufficient both to screen for collapse to

disorder and to detect supergroup and defect emergence using a threshold value of 0.7.

Despite general reliability, the similarity check is not perfect and its effectiveness can

vary between phases depending on phase compexity and initialization method. In our

testing, the lamellar phase seems to be a particularly poor match for this check due to

its simplicity. Initializing lamellar structures using only two basis modes (with one being
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the homogeneous basis function which is invariant in the canonical ensemble) leaves very

little data on which to compare the initial and final structures. This restriction makes it

very difficult for lamellar structures to not pass the similarity check, the effects of which

are discussed further in Section 4.3. Due to the imperfection of the similarity check,

manual inspection by the researchers of converged SCFT calculations obtained from

the PSO search could be useful to identify any defective or supergroup fields that might

be erroneously accepted. In direct response to the issues observed with the similarity

check for lamellar structures, an optional fourth error check was added which would

screen for convergence to disorder by calculating the absolute variation in the real-

space concentration fields. This check considers the difference between the maximum

and minimum local volume fractions of each monomer in the converged field (i.e. the

maximum variation in the monomer field), and rejects the solution if the difference

between these volume fractions is below a user-defined threshold for all monomers.

If an error is detected in a phase’s SCFT calculation, the reported energy from

PSCF will be neglected and the phase is assigned an arbitrarily high free energy.*

The assignment of this arbitrarily high free energy automatically leads, through the

definition of the objective function, to the appropriate response by the software. If the

error is detected for a competing phase, that phase is unlikely to factor into the fitness

calculation at all, as another phase is likely to have a finite (i.e. lower) free energy, and

be identified as the most stable competitor. If the error is detected for the target phase,

the fitness for that point in phase space will become Ω = −∞. In determination of

an agent’s personal best fitness, any position of target phase numerical stability will be

favored as the best position. In communication with neighbors, favor will again always

be given to positions of numerical stability. Thus, as the search progresses, memory of

the numerically unstable position will slowly fade from the swarm’s memory in favor

of positions at which data are available; in turn, the position’s impact on the search is

then minimized.

*In particular, the phase will be assigned an energy equal to numpy.inf, rather than an arbitrary
numerical value.
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4.3 Case Studies

4.3.1 Classical Phases in Diblock Copolymers

When testing any software, it is often best to start with the simplest cases before moving

on to more complex problems. In block polymers, the simplest system would be the

single-component, conformationally symmetric (ϵ = 1) diblock copolymer. Thus, for

our initial tests, we run searches on the classical AB diblock copolymer phase diagram,

varying chain composition and segregation strength. For these searches, we bound our

chain composition search according to a block length ratio variable −2.5 ≤ ln (fA/fB) ≤
2.5 (approximately 0.0759 ≤ fA ≤ 0.9241), where we have also applied a total chain

length constraint of NA +NB = 1 = fA + fB to create a numerical equivalence between

the block fraction and block degree of polymerization. We bound segregation strengths

in the search to the range 10 ≤ χN ≤ 30. To further simplify these initial searches,

we consider only four phases: body-centered cubic spheres (bcc), hexagonally-packed

cylinders (hex) double-gyroid (gyr), and lamellae (lam). We use a swarm of five agents,

and run 100 PSO steps for each search.

Figure 4.3 shows the position and fitness histories from a search for the BCC phase

in a conformationally symmetric diblock copolymer melt. Initially, the swarm has no

positions within the stability window for spheres, leading the swarm to identify points

in the lamellar region as the best seen positions. Within three steps, however, one agent

identifies a point in the A-minority BCC window, near the coexistence line with cylin-

ders. From here, an additional 27 steps are required before every agent has individually

found a point where BCC is stable, during which time, positions were identified in both

the A-minority and B-minority sphere regions. Identification of both windows leads

the swarm to explore both stable regions rather than converging on just one side of

the phase diagram. This behavior is most clearly illustrated by the presence of dense

clusters in both upper corners of the search space in Fig. 4.3a, with a high number of

late-step positions directly between those clusters as agents fly between the two regions.

The positional diversity within the swarm enforced by these competing stability basins

can be seen in Fig. 4.3c, where the range of current fitness values remains wide through-

out the search. At the same time, the swarm’s search emphasizes ever more promising

regions, indicated by the reduced frequency of failed target-phase SCFT calculations
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Figure 4.3: Results of a 2D search for BCC phase in a conformationally symmetric diblock
copolymer melt showing (a) all positions visited during the search and (b) all positions that,
at one time in the search, were the best found by the swarm, (c) current fitness (circles) and
personal best seen fitness (lines) at each step for each agent and (d) the best fitness found by the
swarm through each step. (a) and (b) are both plotted over the known diblock phase diagram
(modified from Ref. 57) with the dotted line marking the search bounds and with point color
varying from blue (early steps) to red (late steps). Figure reproduced from Ref. 71.

(indicated by points along the bottom axis), which are more likely farther from the

target’s stability window. Khadilkar et al. 110 presented a similar search for BCC in

their demonstration of this method. In contrast to the results shown in Fig. 4.3, their

search, which used four agents and ran 200 PSO steps, identified only the A-minority

stability basin, and clustered primarily around that region. This difference illustrates

both the randomness of the PSO search, which is affected by the initial positions and

the number of agents, and the robustness, since both our search and the prior work110

successfully found the BCC phase.

Changing the target to a lamellar phase, shown in Fig. 4.4, emphasizes the effect
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Figure 4.4: Results of a 2D search for the lamellar phase in a conformationally symmetric diblock
copolymer melt showing (a) all positions visited during the search and (b) all positions that,
at one time in the search, were the best found by the swarm, (c) current fitness (circles) and
personal best seen fitness (lines) at each step for each agent and (d) the best fitness found by the
swarm through each step. (a) and (b) are both plotted over the known diblock phase diagram
(modified from Ref. 57) with the dotted line marking the search bounds and with point color
varying from blue (early steps) to red (late steps). Figure reproduced from Ref. 71.

that competing stability basins can have on the PSO searches. Here, random initializa-

tion of agent positions serendipitously placed one of the agents at a point (fA ≈ 0.45,

χN ≈ 29.64) very close to the global optimum for the lamellar phase within the search

window (fA = 0.5, χN = 30). Although the swarm maintains some diversity in agent

position early in the search, this fails to identify any reasonably competitive regions.

Knowledge of the near-optimum from one agent’s initial position quickly permeates the

swarm and drives the search toward that point. Without any significant competing sta-

bility basins, each agent quickly finds positions high in the lamellar window. Once the

personal best positions collapse to a small region, the swarm quickly loses momentum

and converges around the global optimum by step 40. Tight clustering in Fig. 4.4a
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shows this quick convergence, but the importance of diverse personal best positions for

continued exploration can be seen in Fig. 4.4c. Around step 25, all but one agent has

found a position very close to the global optimum; after that step, the only agent to not

have found a near-optimum position is also the only one to stray noticeably from the

rest of the swarm. Once that agent finds a near-optimum position, the whole swarm

quickly settles at the optimum.

Comparing Fig. 4.3c and Fig. 4.4c reveals a sharp contrast in the number of “failed”

target phase calculations, with none appearing in Fig. 4.4c. The small size and low di-

mensionality of the one-dimensional lamellar SCFT problem means that the calculation

always converges within the maximum allowed number of iterations (set at 200). We

observe that, rather than failing to converge as other phases often do in highly unfa-

vorable regions of phase space, the lamellar calculations tend to collapse to disorder.

At the same time, the simplicity of the initialized field (using only two basis functions)

makes the similarity check ineffective. In this calculation, the concentration variation

test was not used to check the final real-space concentration field, causing many calcu-

lations which converged to disorder to be erroneously accepted by the program. This

can be seen in the clustering of points along Ω = 0 in early steps. Despite the erro-

neous acceptance of these SCFT calculations, the PSO algorithm proved robust enough

to tolerate the errors and yield a correct result. We repeated this calculation using

the concentration range test such that any converged lamellar calculation with a total

concentration range for each monomer below ∆ρ = 0.001 would be rejected as defective;

results are shown in Fig. 4.5. These results show that several calculations were identified

as failed based on this criteria, evidenced by the appearance of several agent positions

with Ω = −∞ in Fig. 4.5c. Given the rapid convergence in the original calculation and

this rerun, however, the impact of these new positions is minimal.

4.3.2 Frank-Kasper σ in Diblock Copolymers

For a more challenging test of the software’s capabilities, we next consider a search for

the Frank-Kasper σ phase. Frank-Kasper phases offer a valuable route to increase the

complexity of design problems in diblock polymer space, and serve as a more stringent

test of the PSO algorithm. Not only do Frank-Kasper phases require expansion of the

search into a third dimension to access conformationally asymmetric diblock polymers,
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Figure 4.5: Results of a 2D search for the lamellar phase in a conformationally symmetric
diblock copolymer melt using an explicit disorder check showing (a) all positions visited during
the search and (b) all positions that, at one time in the search, were the best found by the
swarm, (c) current fitness (circles) and personal best seen fitness (lines) at each step for each
agent and (d) the best fitness found by the swarm through each step. (a) and (b) are both
plotted over the known diblock phase diagram (modified from Ref. 57) with the dotted line
marking the search bounds and with point color varying from blue (early steps) to red (late
steps). Figure reproduced from Ref. 71.

but the near-degeneracy of the free energies of most Frank-Kasper phases30,31,33 com-

bined with the higher complexity of the Frank-Kasper structures themselves make the

robustness of the automated SCFT protocols all the more critical. In this trial, we

introduce conformational asymmetry, ϵ, as an additional design parameter in order to

make Frank-Kasper phases accessible and allow it to vary on 1 ≤ ϵ ≤ 2. Chain com-

position is constrained as it was for the classical phases, with −2.5 ≤ ln (fA/fB) ≤ 2.5.

In comparison to the classical phases, the range for χN was reduced to 10 ≤ χN ≤ 20

in order to restrict the size of the σ-stability window,29 making for a more challenging

search. The set of candidate phases for this last example is expanded to include FCC
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spheres, as well as the Frank-Kasper σ and A15 phases. In the larger design space, we

expand to a swarm of 10 agents, and again run 100 PSO steps.

Figure 4.6 shows results of a 3D search for the Frank-Kasper σ phase. With this

particular set of random initial positions, the swarm initially has no agents at positions

where σ is the stable phase, and most agents do not even successfully converge the

target phase due to its relatively small volume in the phase space and the challenges

in converging metastable σ phase solutions. By assigning failed convergence of σ to

have infinite energy, rather than discarding the calculation, we force the swarm to move

away from these numerically challenging regions of the state space, which tend to be

regions far from the σ stability window. Early in the search, the swarm’s best seen

positions generally fall in or near the A-minority BCC stability windows at low ϵ. Early

improvements in the swarm’s best seen position do, however, trend toward higher χN

Figure 4.6: Results of a 3D search for sigma phase in a neat diblock copolymer melt showing (a)
all positions visited during the search and (b) all positions that, at one time in the search, were
the best found by the swarm, (c) current fitness (circles) and personal best seen fitness (lines)
at each step for each agent and (d) the best fitness found by the swarm through each step. (a)
and (b) also show search progression by varying point color from blue (early steps) to red (late
steps). Figure reproduced from Ref. 71.



46

and ϵ, in the direction of the known σ phase stability window. Rather early in the search

an agent identifies a position where σ is stable, after which the swarm gradually coalesces

around the high-χN and high-ϵ σ phase stability window. Following the identification

of a stable point, the swarm periodically identifies positions further within the stability

basin, approaching a global optimum within the search space. During this time, reduced

frequency of infinite fitness values in Fig. 4.6c as well as clustering in Fig. 4.6a indicate

that the swarm narrows its search to areas where σ calculations readily converge.

4.4 Conclusion

This work introduces an open-source software package for the inverse design of linear

block polymers to target bulk morphologies using PSO and SCFT. Unlike in prior

applications of PSO to such design problems,110 the present software package is made

more accessible through the use of algorithmic generation of initial guess fields for SCFT

calculations using broadly accessible software. Software functionality was demonstrated

with design problems in the diblock polymer parameter space. The software successfully

identified stability windows for BCC and lamellae in (fA,χN) space, as well as σ in

(fA,χN ,ϵ).

We have demonstrated a successful implementation of PSO for block polymer de-

sign using the open-source PSCF program, but several limitations of the existing tool

should be noted. The present implementation uses the Fortran version of PSCF61 for

SCFT calculations, which restricts its application to linear polymers at this time. The

pscfInverse program was designed to allow different SCFT solvers to be wrapped by

the PSO code with relative ease, and extension to interface with the new C++ ver-

sion, PSCFpp,68 would enable design with the branched architectures available in the

C++ code. Likewise, it should be relatively easy for users who already have their own

SCFT code to implement this PSO wrapper with some modest modifications to provide

compatibility with input/output files in their code. Moving toward consideration of

branched architectures, further improvements to the PSO wrapper will be required to

access the full polymer design space. For example, the nature of the PSO algorithm

restricts searches to continuous variables, limiting its ability to search discretized design

parameters such as the number or connectivity of blocks. Creative use of discrete ranges
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on a continuous variable could enable access to such design parameters, but the pro-

gram does not presently support this functionality. Other, more generic, improvements

could also be implemented. The guess generation algorithms, as previously discussed,

place limitations on the variety of phases that can be considered. Improvements to

the guess-generation algorithms would further broaden the potential of the program.

Finally, the method is unable to consider any morphology not in the set of candidate

phases. Identification of unanticipated stable morphologies115–118 remains a significant

open question in block polymer material design.1

Testing of this tool has also uncovered a subtle difficulty in the application of this

method. Fundamentally, this method relies on the ability of the SCFT solver to obtain

converged fields for each phase in all regions of the search space where the phase is

reasonably competitive and thus of interest in the search. We attempted a search for

the A15 phase in the three-dimensional diblock parameter space, but were unable to

obtain accurate results. Analysis of the results showed abnormally high failure rates for

σ phase at high conformational asymmetry (ϵ > 2.5) where A15 is known to become

stable.30 Since σ should be the closest competitor to A15 over much of this range,

and should provide the lower bound to the A15 stability window in the fA dimension,

failure of these calculations proved significant and caused the swarm to converge on

points in the σ phase window, rather than that of A15. The cause of these convergence

problems in PSCF is presently unknown, but was only seen in the course of this work to

impact σ at high conformational asymmetry. In general, understanding the convergence

of SCFT calculations is a challenging issue119 due to the nonlinear, non-local nature

of the problem and the need to combine multiple numerical methods to achieve the

solution. Convergence of SCFT will return as a theme in Chapter 6 of this thesis.

Investigation and correction of this or similar convergence difficulties in PSCF or any

other SCFT solver interfaced with this tool can enable application of the approach to

more problems.

Although already less computationally expensive than brute-force grid searches,110

there may be ways to further improve the efficiency of the PSO methodology. Accel-

eration of the underlying SCFT calculations, for example on a Graphics Processing

Unit,68,70 could reduce the overall run-time of the program. Adoption of a hybrid ap-

proach to initial field seeding, perhaps by combining a library and generation approach,
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could also reduce the cost of underlying SCFT calculations by minimizing the repeti-

tion of more expensive generated-guess calculations at neighboring or identical points

in phase space. Nevertheless, the open-source platform presented here represents a

significant step toward the broader adoption of inverse design methodologies by provid-

ing a robust new tool for block polymer materials discovery via PSO to the research

community.



Chapter 5

Conformational asymmetry in

sphere-forming AB/B′C diblock

polymer alloys�

5.1 Introduction

At sufficiently low temperature, a diblock copolymer melt will spontaneously order to

balance the entropic cost of chain stretching against the increasing enthalpic penalty

for unlike contacts as the temperature decreases. The selection of the ordered state is

controlled, to a first approximation, by the segregation strength, χABN , where χAB is

the Flory-Huggins interaction parameter between monomers A and B and N is the total

degree of polymerization, and the chain composition, characterized by the block fraction

fA = NA/N for a block with degree of polymerization NA. These two parameters alone

enable access to a range of equilibrium morphologies, including the body-centered cu-

bic (bcc) and face-centered cubic (fcc) sphere phases, the hexagonally-packed cylinders

(hex) phase, the double gyroid and O70 network phases, and the lamellar phase.121 While

χN and fA are the two axes of the classical diblock copolymer phase diagram,13,14,22,122

there exists a third parameter that impacts the selection of the ordered state: confor-

mational asymmetry.

�This chapter is adapted from Logan J. Case, Frank S. Bates, and Kevin D. Dorfman, Soft Matter
2023, 19 (1), 115. (Ref. 120)
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5.1.1 Conformational Asymmetry and Frank-Kasper Phases

Conformational asymmetry quantifies the relative entropic cost of stretching two differ-

ent blocks in a copolymer,24 and can be produced through either architectural or elastic

variations. Architecturally, branching structures introduce conformational asymmetry

relative to the linear case when a linear block i having degree of polymerization Ni is

replaced with ni branches having degree of polymerization Ni/ni.
26 This restructur-

ing leaves the volume fraction of the block unchanged, but shortens the branch blocks

which then incur a higher entropic penalty than the linear block to extend the same

perpendicular distance from the interface when filling space. Elastic control of confor-

mational asymmetry is done by changing the statistical segment length of one block

relative to the other.25,27 In this case, changes to the statistical segment length of a

block impact both the preferred extension of the block, quantified by the block’s radius

of gyration, Rg = b (N/6)1/2 and the Gaussian entropic penalty of stretching for the

block, which is inversely proportional to statistical segment length.26,123 Equivalence

of the architectural and elastic contributions to conformational asymmetry only holds

in the strong stretching (high χN) limit; at lower χN , deviation of the blocks from

trajectories perpendicular to the interface impact the packing geometries available to

branched architectures.50 In this work, we consider only linear diblocks for which con-

formational asymmetry is expressed in terms of the statistical segment lengths, bA and

bB, as ϵAB = bA/bB where ϵAB > 1 indicates a lower entropic cost to stretch A than to

stretch B and tends to favor interfacial curvature toward A.24,26,124

Recent interest in conformational asymmetry is connected to its importance in

the formation of the Frank-Kasper phases in compositionally asymmetric neat diblock

copolymer melts, where fA is small.28,30,33,125 Emergence of these Frank-Kasper phases,

four of which are depicted in Fig. 5.1a, has been attributed to a tendency of these sys-

tems to imprint the Wigner-Seitz cell geometry onto the micelle core, in which case

phases with more spherical* Wigner-Seitz cells (the Frank-Kasper phases) would be

favored over phases with less spherical Wigner-Seitz cells (bcc). In this sphericity the-

ory of Frank-Kasper phase emergence, the interfacial faceting which is central to the

hypothesis emerges as a result of two effects as conformational asymmetry increases:

*It is known that a perfect sphere has a minimal ratio of surface area (interface) to volume (amount
of polymer); thus sphericity here acts as a proxy for interfacial contact per volume.
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(1) higher accessible core volume fractions for spherical micelle phases, and (2) greater

deformability, or greater softness, of the micelle core.

In the first effect, particle phases remain stable at increasingly higher values of

fA because interfacial curvature toward the minority block becomes favored.26,31,124

This property was exploited by Grason et al. 31 who predicted using self-consistent

field theory (SCFT) the emergence of A15 between bcc and hex in conformationally

asymmetric diblocks. Their argument starts with an analysis of the interfacial and

stretching energies of sphere phases in the strong segregation limit. Assuming a perfectly

spherical core, increasing fA leads to reduced curvature of the interface.31 This reduced

interfacial curvature then reduces the restoring force produced by deformations of the

interface.31 In a crystalline assembly, the greater deformability of the interface causes

the core to increasingly adopt the geometry of its Wigner-Seitz cell as fA increases.31

In this polyhedral interface limit (high fA), they predict A15 to be the lowest energy

sphere phase as a result of its minimized interfacial area, and despite the fact that bcc

was expected to minimize chain stretching.31 This potential A15 window was confirmed

with SCFT, but predicted to occur in the hex regime for conformationally symmetric

diblocks.31 To better access this polyhedral interface regime, they used architecturally-

derived conformational asymmetry to shift the sphere-forming region to higher fA and

predict with SCFT the emergence of an A15 window between bcc and hex.31 Subsequent

work has confirmed the emergence of Frank-Kasper phases between bcc and hex with

increasing conformational asymmetry, although σ is the first to emerge at modest ϵ,

with A15 found between σ and hex at very high conformational asymmetry.28,30,125

In the second effect, conformational asymmetry makes the micelle core much softer

(i.e. easier to deform) which, similarly, leads to faceting of the nominally spherical

micelle interface.32,50,127,128 To understand this effect, consider a micelle confined to its

Wigner-Seitz cell. To uniformly fill space, corona blocks must stretch to reach the edges

and vertices of the micelle’s polyhedral Wigner-Seitz cell. The stretched corona block

is able to partially relax by pulling on and deforming the interface, which requires the

core blocks to stretch. This deformation leads to a net entropic gain due to the lower

stretching penalty in the core, but incurs an enthalpic penalty associated with higher

interfacial area. As this faceting becomes more pronounced, the local geometry of the



52

Figure 5.1: (a) Illustration of the Frank-Kasper σ, A15, C14, and C15 phases, highlighting
the symmetry-inequivalent particle positions and associated Wigner-Seitz cells. (b) Volume of
each particle type relative to the number-averaged particle volume for the structure, V0,phase.
(c) Isoperimetric quotient IQ = 36πV2/S3 of each particle type as reported by Kim et al.,33

relative to that of bcc, where V is the particle volume and S is the particle surface area. Bar
colors in (b) and (c) match the colors of the corresponding particles in (a). Particles are labeled
in (b) and (c) according to phase and Wyckoff position. Structures in (a) are generated using a
Matlab program developed by Lindsay et al. 126 Figure reproduced from Ref. 120.

Wigner-Seitz cell onto which the interface is imprinting becomes more thermodynami-

cally relevant with more spherical Wigner-Seitz polyhedra creating less interfacial area

relative to the micelle volume. Frank-Kasper phases are proposed to emerge in the

neat diblock as a result of this faceting since they contain more spherical Wigner-Seitz

polyhedra than the simpler fcc or bcc packings.128

The centrality of conformational asymmetry to the emergence of Frank-Kasper

phases is, on the one hand, well established.28,30–32,50,125,127,128 Sphericity theory, on

the other hand, remains a working hypothesis. As stated in Chapter 1, Frank-Kasper

phases are highly complex and contain multiple particle types, and each of these parti-

cle types possesses a unique volume (Fig. 5.1b) and sphericity (Fig. 5.1c). The central
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argument that Frank-Kasper phases emerge because they have “more spherical” Wigner-

Seitz cells relies on aggregate measures of particle sphericity in the neat diblock melt

because such a melt has but a single conformational asymmetry parameter, ϵAB, which

will impact all particles in the system. To more deeply probe sphericity theory and the

impact of conformational asymmetry, it is desirable to independently manipulate the

conformational asymmetry in each particle. One system which could offer such control,

and the one chosen for the present work, is that of the diblock copolymer alloy.

Recently, Magruder et al. 129 used SCFT to predict the emergence of Laves phases

with a diblock alloying methodology. They considered two conformationally symmet-

ric sphere-forming diblocks, AB and B′C where the B and B′ blocks differ in degree

of polymerization, with highly immiscible core blocks, A and C, which form distinct

A-core and C-core micelles.129 Blending of these diblocks, and the hypothesized “alloy”

structure that results, is illustrated in Fig. 5.2. The segregation of chains into two dis-

tinct micelle types grants independent control of the properties of those micelles through

the respective diblocks. In their work, Magruder et al. 129 controlled the asymmetry in

micelle volumes by varying the degree of polymerization of the B′C chain. They found

that proper selection of NB′C stabilizes the Frank-Kasper Laves phases on a very narrow

blend fraction range, producing what is effectively a non-ideal line compound (a phase

field) on a eutectic phase diagram.129 This prior work leveraged the independent control

of the degree of polymerization enabled by the alloy system, but the methodology would

also enable independent control of conformational asymmetry in the micelles. Such an

approach has the potential to provide new insights into the role of conformational asym-

metry in phase selection and act as a new lever with which to tune the phase behavior

of block copolymers.

For our goal of probing sphericity theory and the role of conformation asymmetry,

the Frank-Kasper Laves phases represent excellent target structures. Laves phases are

the largest subset of the Frank-Kasper phases, with a unique AB2 particle stoichiometry

of smaller Z12 B particles and larger Z16 A particles.35 In metal alloys, these structures

most often appear as line compounds in binary systems with high atomic volume asym-

metry (roughly VA/VB = 1.2) such as MgZn2 (C14) or MgCu2 (C15).130 Both of these

structures are illustrated in Figure 5.1a. As shown in Fig. 5.1c, the two particles in Laves

structures are estimated to have substantially differing sphericities, with small particles
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Figure 5.2: A simple schematic of the diblock alloying process in which diblocks with highly
immiscible core blocks, which would form simple fcc or bcc sphere phases in the neat melt, are
blended to form an “alloy” with A-core and C-core micelles in different particle positions of a
C15 Laves Phase.

less spherical than bcc and large particles much more spherical than bcc.128 Isolating

conformational asymmetry effects to the two particle types in the Laves phases, each

with opposite sphericity in comparison to bcc, creates an ideal test case for probing the

role of a tunable conformational asymmetry.

In addition to having favorable particle properties for this study, the Laves phases

represent an interesting test case because, in comparison to σ and A15, the Laves phases

are a more difficult set of structures to stabilize in block polymers, requiring more elab-

orate approaches to produce them. In an equilibrium neat diblock melt, even at high

conformational asymmetry, the chain stretching required to produce large volume asym-

metry between particles makes Laves phases metastable, with the less asymmetric A15

and σ forming instead.28,30,33,49,125 In a neat diblock melt, thermal processing is the

only method found to produce Laves phases.33,40,49,131 In this case, a deep quench

from disorder kinetically traps a non-equilibrium distribution of micelle volumes such

that Laves phases may form.33,40,49,131 Stable Laves phases have been identified in di-

block/homopolymer blends, where homopolymer localization in particle cores relieves

packing frustration to enable the Laves volume asymmetry,42,46–48 as well as in diblock

blends, where differing length of the core blocks enables the volume asymmetry.43,44,132

The most recent prediction of Laves phase emergence was that by Magruder et al. 129



55

described in the last paragraph. The difficulty of stabilizing Laves phases makes the

structures a more stringent test of the effectiveness of the conformationally asymmetric

alloying approach.

5.2 Methods

5.2.1 System Specifications

Since our focus here is on the effect of conformational asymmetry on the formation of

complex sphere phases (the Laves phases), we constrain our analysis to compositionally

asymmetric diblocks with each polymer in our AB/B′C alloy having a minority volume

fraction fA = fC = 0.20. We simplify our analysis by assuming symmetric segregation

strengths for the individual diblocks in our system such that χABNAB = χBCNB′C =

χN , where the Flory-Huggins parameter, χAB or χBC, for each chain is scaled according

to its associated polymer’s total degree of polymerization, NAB or NB′C respectively.

Achieving an alloy-style blending behavior requires that the core blocks, A and C,

are highly immiscible. If the interaction between these blocks were weaker than the

core-corona interactions, it could lead to the formation of mixed-core micelles. We

instead choose to enhance the immiscibility of the A and C monomers relative core-

corona interactions by setting χACNAB = 2(χN). When reporting results, particularly

for phase diagrams, it is convenient to express these segregation strengths in terms of

temperature as well. To achieve this, we assume purely enthalpic contributions to χ

and choose a reference temperature T0 corresponding to χN = 30.

As stated in the introduction to this chapter, we are focusing our study on the

Frank-Kasper Laves phases. Among the three most common Laves phases (C14, C15,

and C36),130 we consider only C14 and C15 because they are generally expected to

be stable compared to C36,133 and are the only Laves phases observed in block poly-

mer systems.33,40,42,49,131,132,134 We find that C14 is the more stable of the two within

their stability window, and thus choose it as the relevant target when analyzing our

results. However, we find that the Laves phases are nearly degenerate in this system

(see Fig. 5.7), which is consistent with prior literature,33,49,88,129,133 and thus selection

of C14 over C15 for our analysis is inconsequential. Prior studies of these AB/B′C al-

loys find that large portions of the phase diagram are regions of macrophase separation
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involving the AB-rich and B′C-rich bcc spheres.129 We anticipate a similar behavior in

this study, and at all points compare our Laves phase energies to macrophase separation.

For this macrophase separation reference, we consider three classical candidate phases:

face-centered cubic spheres (fcc), body-centered cubic spheres (bcc), and hexagonally-

packed cylinders (hex), each with both AB-rich and B′C-rich varieties.

5.2.2 SCFT Details

As with all other work in this dissertation, our analysis here uses SCFT135,136 with a

Gaussian chain model.55,57,135 Our calculations are performed with the C++ version of

the PSCF code described in Section 2.3 using both the canonical and grand canonical

ensembles.58,68,137 All calculations are converged to a tolerance of 1 × 10−6 using the

relative residual norm described by Matsen 65 and use a contour length step size ∆s =

0.01. SCFT iterations use Anderson Mixing64–66 with simultaneous optimization of

unit-cell parameters66,67 to ensure accurate free energies. Methods to compute phase

equilibria and phase boundaries are described in Appendix A.1.

5.3 Results and Discussion

5.3.1 Effects of Conformational Asymmetry

Our objective is to understand how conformational asymmetry affects the stability of

Laves phases. However, we also want to ensure that the alloy is able to accommo-

date the particle volume asymmetry found in the Laves phases, so that the phases are

not artificially destabilized by inappropriate micelle volumes. To this end, we start

our analysis by varying conformational asymmetry at a range of chain length asym-

metries, 0.5 ≤ NB′C/NAB ≤ 2.0, which will allow chain length asymmetry to serve as

a counter-balance to any micelle-volume effects brought about by changes to confor-

mational asymmetry. Our calculations consider conformational asymmetries of 1.00,

1.25, and 1.50 applied to (i) the AB diblock, (ii) the B′C diblock, and (iii) both the AB

and B′C diblocks simultaneously. For each of these conditions, we performed canonical

SCFT simulations of the C14 and C15 Laves phases and compared their free energies

per chain of size NAB (denoted by F/nkBT ) against potential macrophase separation
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via the common tangent construction.138 At each condition, the common tangent repre-

senting macrophase separation for comparison to the Laves phases was taken to be the

lowest-energy tangent among those formed by each (AB-rich, B′C-rich) macrophase-

separation-candidate phase pairing. The analysis was performed at two segregation

strengths, χN = 25 and χN = 28, chosen based on the neat diblock phase diagrams139

such that a neat diblock melt with block fraction fi = 0.2 and conformational asymme-

try of ϵij = 1.0 or ϵij = 1.5, respectively, would be approximately centered in the bcc

window.

Figures 5.3 and 5.4 depict the lowest energy of the C14 Laves phase relative to

macrophase separation at each of the conditions described above at χN = 28 and

χN = 25, respectively. At χN = 28, the macrophase separation reference is dominated

by coexistence of AB-rich and B′C-rich bcc morphologies; the only exceptions occur

when B′C-rich fcc overtakes B′C-rich bcc at the highest conformational asymmetry

condition (ϵij = 1.5) for very low NB′C/NAB. On the other hand, at χN = 25 both

fcc and bcc appear frequently on both ends of the macrophase separation tangent, with

fcc more frequent at higher conformational asymmetries. The emergence of these fcc

phases on the macrophase separation tangent is indicated on Figs. 5.3 and 5.4 by the

shaded regions.

The data in Figs. 5.3 and 5.4 demonstrate the distinct effects of each conformational

asymmetry on both the stability of the Laves phases and the chain length asymmetry

most favorable to their formation. Increasing the conformational asymmetry of the

AB diblock (Figs. 5.3a and 5.4a) generally destabilizes Laves phases while shifting the

minima of the F vs NB′C/NAB toward higher chain length asymmetry. If instead ϵBC

is increased (Figs. 5.3b and 5.4b), the opposite effect is observed with the Laves phases

becoming more stable with increasing conformational asymmetry and the minima of F

vs NB′C/NAB shifting to lower NB′C/NAB. Simultaneously increasing both ϵAB and ϵBC

(Figs. 5.3c and 5.4c) leads to competition between these two opposing trends, resulting

in only minimal changes to F vs NB′C/NAB.

The stabilizing effect of ϵBC and the destabilizing effect of ϵAB both can be at-

tributed to the softening of micelle cores and the resultant imprinting on the polyhedral

Wigner-Seitz cell.32,50,127,128,140,141 As conformational asymmetry increases, faceting of

the micelle core creates more interfacial area, but the thermodynamic cost, relative to
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Figure 5.3: Minimum free energy of the C14 Laves phase relative to the macrophase separation
tangent line versus logarithmically-scaled chain length asymmetry at various conformational
asymmetries for (a) the AB diblock, (b) the B′C diblock, or (c) both the AB and B′C diblocks
for χABNAB = χBCNB′C = 28.0, χACNAB = 56.0, and fA = fC = 0.20. Shaded regions indicate
those in which B′C-rich fcc is used in the macrophase separation tangent, rather than B′C-rich
bcc, which only correspond to ϵBC = 1.5 in (b) or ϵAB = ϵBC = 1.5 in (c). Figure modified from
Ref. 120.

Figure 5.4: Minimum free energy of the C14 Laves phase relative to the macrophase separation
tangent line versus logarithmically-scaled chain length asymmetry at various conformational
asymmetries for (a) the AB diblock, (b) the B′C diblock, or (c) both the AB and B′C diblocks
for χABNAB = χBCNB′C = 25.0, χACNAB = 50.0, and fA = fC = 0.20. Shaded regions indicate
those in which one or both of the AB-rich and B′C-rich fcc phases are used in the macrophase
separation tangent (in place of the corresponding bcc phase) at one or more of the conformational
asymmetries studied here. Figure modified from Ref. 120.

micelle volume, is lower for more spherical polyhedra.31,32,128 In neat diblock systems,

Frank-Kasper phases are proposed to form at higher conformational asymmetry because

their particles are, on average, more spherical than in bcc.33,128 Critically, however, this

does not mean that all Wigner-Seitz polyhedra in a Frank-Kasper phase are more spher-

ical than those in bcc,33 as shown in Fig. 5.1c. Rather, the thermodynamic benefits of

the polyhedra that are more spherical (the red Laves phase particles in Fig. 5.1) tend

to outweigh the costs of those that are less spherical. In the Laves phases, the smaller
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micelles (AB) reside in domains that are less spherical than bcc, while the larger mi-

celles (B′C) are in more spherical domains.33 Therefore, when increasing ϵAB, there is a

thermodynamic cost (relative to bcc formation) incurred by deforming the small micelle

cores without the larger domains as a counter-balance; likewise, increasing ϵBC creates

a relative thermodynamic benefit without the opposing cost of the smaller micelles.

The observed shifts in the locations of the F vs NB′C/NAB minima result from the

effects of conformational asymmetry on the radius of gyration of a diblock copolymer.

Increasing ϵij at fixedN increases the micelle volume. When increasing ϵAB, this swelling

applies to the smaller particles in the Laves structure. Such changes reduce the volume

asymmetry, making the Laves structure less stable. Increasing the chain length asym-

metry compensates somewhat for the unfavorable swelling of AB micelles, resulting in

the rightward shift of the curves. The reverse holds true for B′C: increasing ϵBC swells

the larger particles for a given value of N , thus promoting excess volume asymmetry

and demanding reduced length asymmetry in response to stabilize the Laves phase. In

fact, the swelling induced by ϵBC = 1.50 is sufficient on its own to produce the requisite

Laves volume asymmetry, with the observed minimum occurring at NB′C/NAB = 1.0.

Neither of these trends are evident in Figs. 5.3c and 5.4c, in which ϵBC and ϵAB are

increased together. Instead, simultaneous changes to both conformational asymmetries

obscure the competing effects described above, resulting in minimal changes to the

free-energy curve. This condition is analogous to the single conformational asymmetry

available in neat diblock melts obscuring the individual particle effects, and highlights

the value of leveraging multiple conformational asymmetries. For both values of χN ,

the Laves phases had their lowest relative free energy when ϵBC = 1.5 and NB′C/NAB =

1.0, so this condition was selected for further analysis.

5.3.2 Evaluating A Simple Model to Predict Laves Phase Emergence

It would be useful to have some model with which to predict the optimal conditions for

emergence of Laves phases in this type of alloy system. In this section, we introduce

a simple model for this task and evaluate its accuracy in light of the results presented

in Section 5.3.1. Stabilization of a Laves phase in this alloy system requires that

(i) the AB and B′C polymers form micelles with appropriate volume asymmetry α =

VB′C/VAB and (ii) the chains are blended at a ratio which yields a particle stoichiometry
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of approximately 2:1.129 If we choose the B′C diblock to form the larger micelles (the

red particles in Fig. 5.1), the expected blend fraction for Laves phase formation is

ϕAB = 1− ϕB′C =
2

2 + α
(5.1)

as in prior work.129 The preferred micelle radius for the AB diblock scales as its radius

of gyration Rg,AB, and similarly for the B′C diblock, so the volume asymmetry can be

written as α = (R3
g,B′C/R

3
g,AB). Using the unperturbed radius of gyration as a starting

point for the particle size and Gaussian statistics, then Rg,AB is given by R2
g,AB =

R2
g,A+R

2
g,B, and similarly for Rg,B′C. The corresponding Laves phase volume asymmetry

for a given set of AB and B′C chains is then

α =

(
NB′C

NAB

)3/2
[
1 + fC

(
ϵ2BC − 1

)
1 + fA

(
ϵ2AB − 1

)]3/2

(5.2)

where we have grouped the terms to highlight the separate contributions of the chain

lengths in the first term, and the statistical segment lengths in the second term. Note

that when all monomers have the same statistical segment lengths (i.e., ϵAB = ϵBC =

1.0), Equation 5.2 reduces to the result obtained previously for conformationally sym-

metric alloys.129

Figure 5.5 compares the optimum NB′C/NAB at χN = 25 and χN = 28 from our

SCFT results against values predicted by Eq. 5.2 with varying conformational asym-

metry. Predicting NB′C/NAB from Eq. 5.2 requires a volume asymmetry α to use as a

basis. For this basis, α = 1.48 is a good choice because the same value has appeared in

prior work as (i) the best volume asymmetry observed from SCFT in conformationally

symmetric diblock alloys,129 and (ii) the optimum volume asymmetry for Laves phases

obtained from the unconstrained diblock foam model.128 Figure 5.5 reveals two short-

comings in this estimate. First, the model fails to capture the effects of χN , consistently

underestimating the chain length asymmetry for χN = 28. Second, the model signifi-

cantly underestimates the impact of ϵAB. However, when varying ϵBC, the model shows

reasonable agreement with the observed value. Overall, the simple model of Eq. 5.2

captures the χN = 25 behavior in panels b and c of Fig. 5.5, but fails to capture the

effects of segregation strength or accurately reflect the behavior in Fig. 5.5a.
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Figure 5.5: The chain length asymmetry NB′C/NAB at the F vs. NB′C/NAB minima at χN = 25
(Fig. 5.4) and χN = 28 (Fig. 5.3), compared to the chain length asymmetry predicted by
Equation 5.2 for α = 1.48 when (a) ϵAB is varied, (b) ϵBC is varied, and (c) ϵAB and ϵBC are
varied together. In (a), no minimum could be clearly observed for ϵAB = 1.5, as the lowest
observed free energy occurred at NB′C/NAB = 2.0, which was the highest value considered.
Figure reproduced from Ref. 120.

5.3.3 Phase Diagram for a Conformationally Asymmetric Alloy

We now continue our investigation with a thorough analysis of the phase behavior of

the diblock alloy system with NB′C/NAB = 1.0, ϵAB = 1.0, and ϵBC = 1.5, found to

most effectively stabilize the Laves phases amongst all of the systems we studied. To

generate the phase diagram in Fig. 5.6, most phase boundaries were established first

using the common-tangent construction138 and canonical ensemble SCFT calculations.

In addition to the C14, C15, fcc, bcc, and hex phases already described, 15 additional

competitors were included in these calculations. The competing phases are inspired

by a 2014 study of B1AB2CB3 multiblock terpolymers by Xie et al. 125 and are iden-

tical to those chosen by Magruder et al. 129 for their block polymer alloys study. A

list of all phases considered in the calculations is included in Table A.1. Subsequent

grand canonical calculations were used to resolve the region near each invariant point,

where grand canonical ensemble’s higher accuracy for problems involving macrophase

separation137 substantially benefits the identification of the three-phase coexistence at

these points. Grand canonical calculations were also used to map the phase boundaries

near the ODT, where both canonical SCFT calculations and common tangent calcula-

tions started to suffer from failed convergence. C14 was used to represent the Laves

phases while mapping the phase diagram. Methodologies to compute phase equilibria

are detailed in Appendix A.1.
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Figure 5.6: (a) Phase diagram for an AB/B′C alloy with NB′C/NAB = 1.0, fA = fC = 0.20,
ϵAB = 1.0, ϵBC = 1.5, and assuming purely enthalpic χ values such that χACNAB = 2 (χN)
at all T and (b) a detailed view of the Laves phase field within that phase diagram. The
reference temperature, T0, was chosen to correspond to χN = 30. Non-linear segments of the
phase diagram are drawn using cubic splines fit to the sampled data. Figure reproduced from
Ref. 120. A complementary phase diagram indicating all points at which data were collected is
available in Appendix A, Fig. A.2.

The phase diagram in Fig. 5.6a bears substantial qualitative resemblance to that

presented by Magruder et al. for the conformationally symmetric case,129 with many

characteristics reminiscent of metal alloy phase diagrams. In each case, the diblock al-

loys display a eutectic transition from a disordered liquid to coexistence between AB-rich

and B′C-rich fcc phases, as well as a peritectoid transition to a Laves phase field upon

cooling from coexistence of simple sphere phases (fcc or bcc). In the conformationally
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asymmetric case, however, the temperature difference between the eutectic and peri-

tectoid points is greatly reduced when compared to prior results for a conformationally

symmetric system.129 The peritectoid transitions of the two systems also differ on which

simple sphere phase overtakes the Laves phase: bcc in the conformationally symmetric

case,129 and fcc here. As also noted by Magruder et al.,129 experimental realization of

this narrow eutectic to peritectoid transition is unlikely, given that fluctuation effects

are expected to destroy the high-temperature regions of the diagram.

Below the peritectoid point, the Laves phase field widens as temperature decreases,

and Laves coexistence with AB-rich and B′C-rich fcc phases is overtaken by coexistence

with the corresponding bcc phases. At χN = 28, the highest segregation strength

tested by Magruder et al.,129 we find a Laves phase field with a width of 0.006 in

ϕAB. This exceeds the 0.002 width in ϕAB reported previously,129 consistent with

the expectation that conformational asymmetry stabilizes Laves phases in the blend,

while still possessing the narrow width characteristic of a phase field. The phase field

reaches a maximum width at χN = 29.62 where the AB-rich bcc field closes, and the

Laves phase starts to coexist with the AB-rich hex phase. At this segregation strength,

the AB diblock would naturally form a hex phase in the neat melt. As the system

is cooled further, conversion of the cylinder-forming AB diblock into spheres becomes

increasingly unfavorable. The Laves phase field thus closes in a eutectoid transition to

coexistence of B′C-rich bcc and AB-rich hex, which dominates the phase diagram at

lower temperatures. The shape of the Laves phase field is difficult to resolve in Fig. 5.6a,

so we include Fig. 5.6b to focus on the Laves window and help illuminate these details.

Appendix A also contains a complementary phase diagram (Fig. A.2) which shows all

points at which SCFT data were collected, if the reader wishes to verify that drawn

phase boundaries faithfully reflect the underlying data.

We claim in Section 5.2 that C14 was chosen to represent Laves phases in this

work because it is more stable than C15. We also claim that near-degeneracy of the

two morphologies suggests little would change in the analysis were C15 used instead.

To justify these claims, Fig. 5.7 shows the energy of C15 relative to C14 according

to canonical ensemble data used to generate Fig. 5.6. We see that within the blend

fraction range containing the Laves phase field (between the vertical dotted lines in

Fig. 5.7), C14 is indeed more stable than C15. We also see that their free energies
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Figure 5.7: The energy of the C15 Laves phase relative to that of C14 from canonical ensemble
SCFT data in units of kBT per chain of length NAB used to generate the phase diagram in
Fig. 5.6. The vertical dotted lines represent the bounds (in ϕAB) of Fig. 5.6b, and serve as a
guide for the range relevant to the Laves phase field reported in this work. Figure reproduced
from Ref. 120.

differ by less than 1 × 10−4 kBT per chain of length NAB, indicating near-degeneracy

of the structures. Interestingly, this data does indicate that C15 is more stable than

C14 over a narrow composition window. However, this occurs at blend fractions where

both Laves structures are metastable relative to macrophase separation and thus does

not impact our analytical approach.

5.3.4 Phase Field Extension to High Segregation Strength

The difference in conformational asymmetry of the two diblocks results in substantial

asymmetries in the phase diagram, particularly with regard to AB-rich and B′C-rich

phase transitions. Conformational asymmetry shifts the phase boundaries of the neat

B′C diblock relative to that of the AB diblock.26,31,121,124,139,142 These morphological

differences between the neat diblock melts carry over into the blended behavior, resulting

in the asymmetries observed in Fig. 5.6. Of particular interest is the absence of any
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B′C-rich hex formation. The presence of hex on the AB-rich side of the diagram results

in a transition from a gradually broadening Laves phase field to a rapidly narrowing

one.

The narrowing of the Laves phase field at the AB-rich bcc-hex transition suggests

that, without competition from hex phases, conformationally asymmetric binary diblock

alloys may exhibit a Laves phase field out to strong segregation. In order to test this

speculation, we need to select a system in which neither diblock undergoes a transition

to hex in the neat melt. From Fig. 5.3c, we see that when both diblocks have a con-

formational asymmetry of 1.5, the Laves phase remains stable when the ratio of the

degrees of polymerization is used to induce volume asymmetry. We also know that a

neat diblock with ϵ = 1.5 and f = 0.2 will not assemble into hex below χN = 40,139

which is an approximate upper bound for the ability to converge Frank-Kasper phase

SCFT calculations with our software. Thus, we choose to further analyze an alloy sys-

tem where ϵAB = ϵBC = 1.5 and NB′C/NAB = 1.4, which corresponds with the lowest

relative free energy for Laves phases at the desired conformational asymmetry from our

testing.

Using the same set of competing phases as for Fig. 5.6, the Laves phase field was

mapped for this alloy. Canonical ensemble calculations were used in a common tangent

analysis to identify the stable region for the Laves phase. As can be seen in Fig. 5.8,

the Laves window remains open and continues to broaden up to χN = 40. The Laves

window also shifts to lower ϕAB upon cooling, consistent with the trend seen in the

work of Magruder et al. for conformationally symmetric alloys where NB′C/NAB was

also used to create distinct particle sizes.129 It is also interesting to note that at the

low-temperature end of Fig. 5.8, the AB-rich (right) side of the Laves window is much

more nearly vertical than on the B′C-rich (left) side. Diblocks with the same block

fraction and conformational asymmetry should exhibit the same phase behavior in the

neat-melt limit; one might expect this symmetry to carry into the blending behavior

and, likewise, into the Laves coexistence boundaries. However, both the deflection of the

Laves window to lower ϕAB and the differing verticality of the coexistence boundaries

demonstrate that this is not the case. This difference results from the asymmetry in

chain length between the AB and B′C diblocks and resultant differences in their ability

to pack in the interstitial sites of the bcc phases.
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Figure 5.8: The Laves phase window for NB′C/NAB = 1.4, fA = fC = 0.20, ϵAB = ϵBC = 1.5,
and assuming purely enthalpic χ values such that χACNAB = 2 (χN). The reference temperature
T0 was chosen to correspond to χN = 30. A peritectoid point and its associated tie line are
included as a guide for the eye, but the position is interpolated from common-tangent data at
χN = 25.5 and χN = 26, and are therefore marked with a dashed line and open data marker
to reflect the imprecision of this estimate. Figure reproduced from Ref. 120.



67

5.4 Conclusion

Using the Frank-Kasper Laves phases as a case study, we have demonstrated the ability

of block polymer alloys to decouple the potentially competing effects of conformational

asymmetry in different particle types, thereby probing the subtleties of its role in phase

selection. In Laves phases, this decoupling revealed that increasing conformational

asymmetry in the smaller, less spherical Laves particles has a detrimental effect on Laves

phase stability, while increasing it in the larger, more spherical micelles is beneficial.

The absence of significant changes to Laves stability when conformational asymmetry is

simultaneously increased in both particles highlights how information can be obscured

by competition when only a single conformational asymmetry is available – such as in

a neat diblock melt.

Our results also demonstrate the value of independent conformational asymmetry

control as a tool for designing self-assembling block polymer systems. Not only do we

find that increasing conformational asymmetry in the large particles stabilizes the Laves

phases, we also find that this effect is sufficient to produce the volume asymmetry re-

quired for Laves phase formation, without the need for asymmetry in the degrees of

polymerization of the constituent chains, and results in a lower relative free energy for

the Laves phases than was seen in the conformationally symmetric case. The phase

diagram of this system bears a striking resemblance to that reported for the conforma-

tionally symmetric case,129 with a slightly broader Laves window and a greater variety of

phases coexisting with the Laves phase. With increasing segregation strength, increas-

ing preference for cylinder formation by one of the diblocks causes cylinders to rapidly

out-compete the Laves phases, thus closing the Laves phase field. We are further able

to leverage conformational asymmetry to avoid this cylinder formation and stabilize the

Laves phases out to high segregation strength, suggesting the potential to extend the

Laves phase field out to the strong segregation limit by balancing chain composition,

degrees of polymerization, and conformational asymmetries.



Chapter 6

Frank-Kasper phase formation in

AB/A′B′ blends

6.1 Introduction

In Chapter 5 we briefly mentioned the predicted emergence of Laves phases in AB/A′B′

blends of diblock copolymers with distinct core block lengths. Here, we revisit this

topic to consider more broadly the emergence of Frank-Kasper phases in binary AB/A′B′

blends, in which the two chains contain blocks of identical chemistries but different block

fractions and chain lengths, as indicated by the prime notation. SCFT calculations by

Liu et al. predicted that a binary blend of diblock polymers AB and A′B with equal

corona block lengths, NB,1 = NB,2 = NB, and distinct core block lengths, NA,1 ≤
NA,2, stabilizes the FK σ and A15 phases.44 This SCFT prediction was amended later,

following the discovery of the C14 and C15 Laves phases,33 when Kim et al. predicted the

emergence of Laves phases (which had not been among the candidate phases considered

in the prior study) over large portions of what had been the σ window.49 Experiments

using blends of diblock copolymers with unequal core block lengths have observed the

ostensibly stable windows for the σ,39,43,91,143,144 A15,43,91,143,144 and C1443 phases.

The current mechanistic understanding of this phenomenon, as proposed by Liu

et al. 44, parallels, to some extent, the Chapter 5 discussion of conformational asymme-

try’s role in Frank-Kasper phase formation via sphericity theory. In particular, the pro-

posed mechanism posits that a bidisperse core has two primary effects: (1) it promotes

68
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deformability of the micelle cores and (2) it enables extension of the quasi-spherical

micelle regime to higher core block volume fractions. For the matter of micelle core

deformability, Liu et al. 44 predicted that the bidisperse core blocks segregate regionally

on the micelle interface, with the smaller core blocks localized at regions of high in-

terfacial curvature while the longer core blocks concentrate in regions of low interfacial

curvature. In this way, the blend reduces the entropic penalty for deformation of the

micelle interface compared to the neat melt. This enhanced core deformability, just as

in the case of conformational asymmetry, acts to extend the particle-forming window to

higher volume fractions of the micelle core. Simultaneously, the introduction of longer

core blocks proportionally increases the core volume, driving the system toward the FK

phase window near the deflected sphere-cylinder transition.

Subsequent work43 has offered another mechanism for the emergence of FK phases in

AB/A′B′ blends in systems where the smaller chain is highly compositionally asymmet-

ric (disordered in the neat melt) and the larger chain is more compositionally symmetric

(forming double-gyroid in the neat melt). In this work, Lindsay et al. predict transitions

from C15 to the close-packed fcc and hcp phases to FK σ and A15 phases with decreas-

ing blend fraction of the asymmetric copolymer.43 This transition sequence cannot be

explained by segregation along the micelle interface as described by Liu et al. 44 This

sequence, and the Laves phase emergence in particular, also could not be explained by

segregation of the different chains into bidisperse micelles (somewhat analogous to the

alloys from Chapter 5) because (1) the highly asymmetric copolymer would be unable

to form micelles on its own, and (2) SCFT data show the micelle cores in the C15 phase

are all roughly the same volume despite high volume asymmetry between the particle

sites. Instead, Lindsay et al. suggest that C15 is able to form because the asymmetric

chain delocalizes from the micelle interface and collects in the matrix surrounding the

large particle sites to relieve coronal packing frustration. The full transition sequence

Lindsay et al. observe, in fact, corresponds with the volume of interstitial voids in the

structures for nearly monodisperse micelle cores: C15 has very large interstitial voids

which can accommodate large amounts of asymmetric polymer; fcc and hcp can accom-

modate moderate amounts of asymmetric copolymer in the matix; σ and A15 emerge

when very little copolymer can or must localize in the interstices.43

Much attention has been paid to the role of core block asymmetry in Frank-Kasper
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phase formation by systems of AB/A′B′ blends. Far less is known about the role of

corona block asymmetry in FK phase formation. Experimental works have demon-

strated the emergence of FK phases in systems with both asymmetric core and asym-

metric corona blocks39 indicating that corona block asymmetry does not preclude the

formation of FK phases. However, Liu et al. predict with SCFT that a conforma-

tionally symmetric AB/A′B′ blend with core block asymmetry (N2/N1)core = 3 would

exhibit a narrowing and, eventually, closing σ phase window with increasing corona

block asymmetry (N2/N1)corona > 1,44 suggesting that corona block asymmetry (or

perhaps excessive overall chain length asymmetry) might disfavor FK phase formation.

As part of his thesis work,144 Aaron Lindsay sought to address the question of

corona block asymmetry’s role in FK phase formation. In particular, he sought to

establish design rules for binary diblock blends with potential to form FK phases, par-

ticularly as they relate to the relative degree of asymmetry needed in the core and

corona blocks. Figure 6.1, based on a similar figure in Ref. 144, summarizes the re-

sults of this thesis work, as well as theoretical and experimental results from prior

studies.39,44,49,91,132,143,145 The figure shows the core block asymmetry (N2/N1)core and

corona block asymmetry (N2/N1)corona of AB/A′B′-style blends, indicating (by color)

whether FK phases were (blue) or were not (red) observed or predicted for the sys-

tem. On the basis of these compiled results, Lindsay hypothesized that (1) stability

of FK phases requires that (N2/N1)core > (N2/N1)corona and (2) there exists some

critical threshold chain length asymmetry (N2/N1) that is dependent on the polymer

system, the core block asymmetry, and the corona block asymmetry which must be

met to stabilize FK phases.144 Here, we aim to computationally test these hypotheses

over a wider range of the parameter space than the shaded regions of Fig. 6.1 using

SCFT. In particular, we wish to determine how the range of corona block asymmetries

in which FK phases may form is impacted by changes to core block asymmetry. On

the basis of Lindsay’s hypotheses, we expect that no FK phases will emerge below the

(N2/N1)core = (N2/N1)corona line and that the maximum (N2/N1)corona at which FK

phases will emerge should vary with changes to (N2/N1)core.

Ultimately, the results from this study were unable to be used for a publication due

to a series of problems including methodological mistakes, and computational difficul-

ties. Methodologically, the framing of the research question, and criterion chosen for
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Figure 6.1: A plot of (N2/N1)core vs (N2/N1)corona indicating whether Frank-Kasper phases or
related quasicrystals were (blue) or were not (red) observed in binary diblock blends with bidis-
perse core or corona blocks, based on prior studies. Shaded regions indicate the results of SCFT
studies at conformational asymmetries of ϵ = 1.0 and ϵ = 1.3.44,49,132,145 Triangles indicate ex-
perimental results in poly(styrene)-b-1,4-poly(butadiene) from various studies,91,132,144,145 with
blue upright triangles (△) indicating emergence of FK phases and red inverted triangles (▽) in-
dicating no observed FK phases. Blends of poly(ethylene-alt-propylene)-b-poly(lactide) in which
FK phases formed are marked with a blue plus (+) and those without FK phases are marked
with a red X (×).39 Results from poly(styrene)-b-poly(methyl acrylate) blends are represented
as blue circles.143 Figure based on similar plot found in Ref. 144.

evaluation of results, was too lenient to draw valid conclusions. In particular, the ap-

proach ignored the macrophase separation that is always possible in a blend system. At

a computational level, many phases were computed with insufficient spatial resolution,

leading to concerns about the accuracy of those results. This problem was compounded

as block lengths in one chain were increased, effectively increasing the already high seg-

regation strength. Finally, the high segregation strength, along with known convergence
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difficulties for Frank-Kasper phases in the PSCF software, led to a high frequency of

failed SCFT convergence. This led to inconsistent availability of results, complicating

analysis. Together these errors meant that rectifying the situation to obtain usable

results would take excessive effort and the project was abandoned.

6.2 Methods

To address this question, SCFT calculations were performed for a variety of binary di-

block blends of type AB/A′B′ where monomer A resides in the core, and monomer B

resides in the corona. We fix the degree of polymerization, N1 = N1,A+N1,B, and com-

position, f1 = N1,A/N1 = 0.15, of the reference diblock, AB. Since our goal is to explore

the limits of Frank-Kasper phase emergence with variation in core and corona block

bidispersity, we allow the degree of polymerization of both blocks in the A′B′ chain,

N2,A and N2,B, to vary in order to obtain desired values of core length asymmetry,

(N2/N1)core = N2,A/N1,A, and corona length asymmetry, (N2/N1)corona = N2,B/N1,B.

For consistency with prior SCFT work on similar systems,44 we fix the Flory-Huggins

parameter in the system such that χN1 = 40. To match the poly(styrene)-b-1,4-

poly(butadiene) polymers studied in related experimental work,144 we select a con-

formational asymmetry ϵ = bA/bB = 1.3. At each explored value of (N2/N1)core and

(N2/N1)corona, we attempt to sample the full range of blend fractions, ϕ1 = 1−ϕ2 ∈ [0, 1]

for each phase. We consider 3 canonical phases (bcc, hex, and lam) as well as five Frank-

Kasper phases (A15, C14, C15, σ, and Z). Calculations are performed in the Fortran

version of PSCF using the canonical ensemble, and converged to an error tolerance of

1× 10−5, as defined in Ref. 66.

In this work, our goal was to evaluate at which (N2/N1)core and (N2/N1)corona val-

ues FK phases would have the potential to emerge. Although this goal is similar to

construction of a phase diagram, the “phase diagram” itself would be obscured by the

projection used in Fig. 6.1. Based on this, we hypothesized that construction of formal,

rigorous phase diagrams would not be necessary, and that we could instead rely on a

looser criterion: the “competitiveness” of Frank-Kasper phases. In this “competitive-

ness” framing, we define a given (N2/N1)core and (N2/N1)corona as having the potential

to form FK phases if, at any ϕ1, one of the FK phases has the lowest Helmholtz free
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energy among the candidate phases. As will be discussed later, this particular approach

proved to be too lenient for the project.

6.3 Results and Discussion

6.3.1 Impact of Spatial Resolution

The spatial resolution in an SCFT calculation must be set high enough that the cal-

culation can smoothly resolve interfaces. A failure to do so can lead to inaccuracies in

computed free energies as well as convergence difficulties. A properly resolved SCFT

calculation will have smoothly varying concentration profiles across interfaces, such as

the the concentration profiles shown in Fig. 6.2. The optimal spatial resolution will de-

pend on multiple factors, but ultimately hinges on resolution of interfacial concentration

profiles. One very important factor in this selection is the complexity of the structure

being studied. More complex phases will have more interfaces to resolve within the

domain. In this regard, consider the cubic phases C15 and bcc: the C15 phase is far

more complex than the bcc phase. Despite both phases being cubic unit cells, the C15

phase, containing 24 particles in a unit cell, has far more interfaces within that cube

than bcc, which contains only two particles, and thus C15 requires greater resolution

along each basis vector. The other important factor is the width of interfaces. Narrow

interfaces require more nodes to smoothly resolve the rapidly changing composition,

thus requiring more spatial resolution. When selecting resolutions for the candidate

phases in this project, we did not properly account for the impact of this interfacial

width and selected spatial resolutions that were too coarse-grained.

When choosing spatial discretizations for candidate phases in this work, we used data

from prior work33 showing the extent to which the free energy computed by PSCF varied

with grid size. These calculations considered a polymer very similar to our reference

AB chain, with χN = 40 and fA = 0.15, but with slightly higher conformational

asymmetry. From the reported data, the lower resolution was chosen when the computed

free energy differed by less than 1× 10−4 kBT per chain between the lower and higher

resolution calculations. With the data suggesting minimal change in the free energy

by increasing the resolution, we felt that the reduced computational cost of the lower-

resolution calculations would be valuable. Upon visual inspection of the converged fields



74

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
r/r

max

0

0.1

0.2

0.3

0.4

0.5

?
(r

)

Density Profile Along [1 0 0]
A block
B block
A0 block
B 0 block

Figure 6.2: The concentration profile of each unique block in the AB/A′B′ blend system along the
[100] direction of the A15 phase. Represented blend is for a system with ϕ1 = 0.5, (N2/N1)core =
1, (N2/N1)corona = 1, and ϵ = 1.3.

from initial calculations (with no core or corona block asymmetry), most of the fields

seemed to have reasonable resolution. As an example, consider the concentration profile

shown in Fig. 6.2, which represents this initial condition with a blend fraction ϕ1 = 0.5

for A15.

Accepting adequate resolution at the most forgiving condition of two identical chains

ended up being a substantial oversight. We did not consider at the time the degree to

which changes to the degree of polymerization of the second chain would impact the

resolution needed for the calculations. Increasing the degree of polymerization of the

A′B′ chain relative to the AB chain increased the effective segregation strength of the

system: if χN1 = 40, then χN2 = 40× (N2/N1), with the effective segregation strength

being a weighted average. Increasing this effective segregation strength meant that the

interfaces in each structure were narrowing, which then requires higher resolution. As

an example, consider Fig. 6.3, which depicts the concentration profile along the same

direction in the A15 unit cell as Fig. 6.2, but for (N2/N1)core = 3 and (N2/N1)corona =

3.35. In this figure, concentration profiles for all blocks are well-resolved near the micelle

cores (far right and far left) and in the matrix (near r/rmax = 0.5). The problem arises

on the interfaces where the concentration profiles, particularly for the AB chain, are

significantly under-resolved. Looking at the concentration profile of the A block, the

local volume fraction rises from ϕ(r) ≈ 0.2 to ϕ(r) ≈ 0.5 across four nodes from the

interior of the micelle to the shell of the core-shell micelle and rapidly drops again to



75

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
r/r

max

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

?
(r

)

Density Profile Along [1 0 0]
A block
B block
A0 block
B 0 block

Figure 6.3: The concentration profile of each unique block in the AB/A′B′ blend system along the
[100] direction of the A15 phase. Represented blend is for a system with ϕ1 = 0.5, (N2/N1)core =
3, (N2/N1)corona = 3.35, and ϵ = 1.3.

ϕ(r) < 0.1 over just two nodes from the micelle shell to the matrix. Similarly poor

resolution was present for other phases as well.

The inadequacy of this spatial discretization meant that there was a high likelihood

of erroneous free energies in many of our calculations. Indeed, Fig. 6.4 depicts computed

free energies for each candidate phase relative to bcc and highlights some of these errors.

This is most obvious for the A15 phase, which displays a strong oscillatory behavior

in its predicted free energy at low ϕ1. Similar, but smaller, oscillations also occur for

the Frank-Kasper Z phase. Such behavior reflects an artifact of the numerical method

(likely the low spatial resolution) rather than any physical property of the system. We

should note that such substantial numerical inconsistencies do not appear everywhere

in the data: the example shown in Fig. 6.4 is an outlier in terms of the severity of these

numerical issues. There were many instances of energy profiles displaying only modest

inconsistencies such as that shown in Fig. 6.5, which has only minor discontinuities

in one phase (Z) where another phase (A15) is clearly (according to the data) more
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Figure 6.4: The free energy of each candidate phase relative to bcc (Fphase −Fbcc) versus blend
fraction of the AB chain ϕ1 for a blend with (N2/N1)core = 3 and (N2/N1)corona = 1.4, showing
inconcistencies in computed free energy for multiple FK phases including A15, Z, C15, and σ.

stable. There were also many instances of energy profiles such as that shown in Fig. 6.6

which display smoothly varying energy curves without any noticeable discontinuities.

Regardless, appearance of such significant problems raises doubts about the veracity of

other data from the study, even data which demonstrates little to no erroneous behavior.

6.3.2 Convergence Difficulties

In completing this project, PSCF’s sweep functionality was used frequently to obtain

results across a range of blend fractions or block lengths. This operation, in the Fortran

code, uses first-order continuation methods after each converged result to obtain an

initial guess field for the SCFT calculation at the next sweep point. As with any SCFT

calculation, it is always possible for a calculation at one point in the sweep to fail to

converge. The program responds to this failure by backtracking and reducing the step

size. However, if calculations continue to fail, the program will terminate a sweep when

the step size falls below a threshold.

While completing this project, these sweep failures tended to happen often and in

a highly unpredictable way. By way of illustration, Fig. 6.7 shows the positions at
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Figure 6.5: The free energy of each candidate phase relative to bcc (Fphase −Fbcc) versus blend
fraction of the AB chain ϕ1 for a blend with (N2/N1)core = 2 and (N2/N1)corona = 1.54, showing
only minor inconsistencies in the Z phase energy profile.
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Figure 6.6: The free energy of each candidate phase relative to bcc (Fphase −Fbcc) versus blend
fraction of the AB chain ϕ1 for a blend with (N2/N1)core = 2 and (N2/N1)corona = 2.41, showing
consistent energy profiles, with no obvious discontinuities or other erroneous behavior.
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Figure 6.7: A plot of positions at which σ phase converged in (a) ϕ1 vs (N2/N1)core space with
(N2/N1)corona = 1, and (b) ϕ1 vs (N2/N1)corona space with (N2/N1)core = 3. In (a) sweeps were
only done in (N2/N1)core. In (b) an initial sweep was done in (N2/N1)corona wherever data were
available, and a secondary sweep was done in ϕ1 from high ϕ1 to low ϕ1.

which the FK σ phase converged within two phase planes explored in the calculation.

The first of these (Fig. 6.7a) shows σ convergence in the ϕ1 vs (N2/N1)core plane with

(N2/N1)corona = 1 The initial point for sweeps in this data set were at the left side of

the plot, at all possible blend fractions of, essentially, a pseudo-single-component system

containing two identical diblock copolymers. As we would expect, all of those initial

calculations converge. Sweeps were used to sequentially increase NA,2 > NA,1 and thus

to change (N2/N1)core. General trends in convergence behavior for this phase-plane,

with calculations tending to fail at the bottom-right of the figure are unsurprising.

As NA,2 is increased at constant NB,2 (moving to the right), core block fraction of

the second chain, f2 = NA,2/ (NA,2 +NB,2), is increased, reaching a value of f2 =

0.47 at the right-most position in the figure. Such a high block fraction makes the

A′B′ chain lamellae-forming in the neat melt, and makes A′B′-rich blends increasingly

unfavorable for particle-forming phases such as σ. The surprising outcome here is the

relatively inconsistent point of failure for many of these calculations. Calculations at

high ϕ1 tend to succeed, and the failure point of the sweeps clearly trend to lower

(N2/N1)core as ϕ1 is decreased. Just above ϕ1 = 0.6, however, a set of calculations

suddenly converge out to very high core block asymmetry. Lowering ϕ1 further again

sees reduced sweep convergence before spiking again around ϕ1 = 0.5. There is yet

further noise in the convergence behavior at low ϕ1 with a particularly prominent spike
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just above ϕ1 = 0.2. The second panel depicts σ convergence on the ϕ1 vs (N2/N1)corona

plane with (N2/N1)core = 3. The data shown in this plot were generated with two sets

of sweeps. The first, a sweep in NB,2 from the converged fields at (N2/N1)core = 3 in

Fig. 6.7a, yielded the horizontal bars just above ϕ1 = 0.6 seen in the plot as well as

convergence out to the right side of the figure for ϕ1 > 0.8. A second set of sweeps

down from ϕ1 = 0.8 were then done to collect data over more of the phase plane. In

this plane, convergence of the σ phase is expected to be worst in the lower left, where

blends are rich in an A′B′ chain with f2 ≈ 0.35 which is far too high for spherical

micelle formation in a neat A′B′ melt. Based on this observation, better convergence at

higher (N2/N1)corona is unsurprising, but the occasional regions of very poor convergence

(around (N2/N1)corona ≈ 1.75, 2, 2.6) are still very strange. Certainly, some variation

in convergence behavior can be reasonably expected with any numerical methods, but

these results show a puzzling inconsistency in the convergence behavior of the σ phase

calculation, with similarly puzzling inconsistency for other phases.

Convergence of Frank-Kasper phases has proved difficult before in many cases. In-

deed, we discussed similar convergence difficulties in Chapter 4. In part, the high

segregation strength used in these calculations, χN1 = 40, contributes to some of this

convergence difficulty. Generally, the PSCF software struggles to converge FK phases

at segregation strengths above χN = 40. Running these calculations near the software’s

upper limit for Frank-Kasper phase convergence is only made worse by increasing the

length of the A′B′ chain, which has the effect of increasing the effective segregation

strength, as discussed previously. Convergence of these calculations was likely also

made more difficult by the spatial resolution problems discussed in Section 6.3.1.

The unpredictability of phase convergence, and large regions of missing data made

analysis of the data difficult and led to very noisy results when applying the compet-

itiveness criteria we chose for our analysis, which will be discussed in Section 6.3.3.

Improperly accounting for the effect of these segregation strength changes with increas-

ing chain length, and the resultant effect on convergence, was one of several challenges

encountered while working on this project.
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6.3.3 Issues with Competitiveness Metric

Our results using the competitiveness framework defined in Section 6.2 are shown in

Fig. 6.8. In generating this figure, we have retained the general format of Fig. 6.1, as

well as the experimental data. We have replaced the computational predictions from

prior studies with the results of our analysis. Looking at our predictions in this figure

(shaded rectangles) we see three overarching trends. First, when the polymer cores

are monodisperse ((N2/N1)core = 1), no degree of corona bidispersity stabilizes the

Frank-Kasper phases. As discussed in the introduction, the current understanding of

Frank-Kasper phase emergence in AB/A′B′ blends relies on core block asymmetry, such

that the distinct core blocks can preferentially segregate to different particle positions

or different regions of the particle interface. If both core blocks are identical, this

mechanism for FK phase stabilization would no longer be available, and there is no

expectation that corona block asymmetry would have a favorable effect on FK phase

formation. Thus, our prediction of this trend remain consistent with our expectation

and current understanding of the systems.

In the second trend, we see Frank-Kasper phase emergence with increasing core

block asymmetry when the corona blocks are monodisperse ((N2/N1)corona = 1). If we

compare this trend in Fig. 6.8 to that from prior works44,49 shown in Fig. 6.1, we see that

our work predicts FK phase emergence at a much lower degree of core block asymmetry.

Prior work predicts FK phases to emerge at (N2/N1)core ≈ 2.3344,49 while we predict

FK phase emergence at (N2/N1)core ≈ 1.5. Note that due to the sampling interval used

in our work, data were not collected at exactly (N2/N1)core = 1.5; we leave a gap in the

shaded region of Fig. 6.8 to indicate that this exact transition was not resolved. The

main panel of Fig. 6.9 shows the “phase diagram” in ϕ1 vs (N2/N1)core generated by our

method and showing the phase with the lowest free energy at each point; the inset of

Fig. 6.9 re-plots data from Kim et al. over the same range of (N2/N1)core for comparison.

Note that, particularly among the Frank-Kasper phases, the stability windows in our

data are rather inconsistent due to the convergence difficulties discussed in Section 6.3.2.

As seen in Fig. 6.9, our work yields results that are qualitatively similar to results of

prior work shown in the inset,49 with the FK σ phase emerging in a broadening window

between bcc and hex with increasing (N2/N1)core, followed by emergence of the C14

Laves phase at high ϕ1 as (N2/N1)core increases further. The emergence of FK phases
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Figure 6.8: A plot of (N2/N1)core vs (N2/N1)corona indicating whether Frank-Kasper phases
were (blue) or were not (red) observed in binary diblock blends with bidisperse core or corona
blocks. Shaded regions indicate the SCFT results from this work. Markers represent experimen-
tal results. Triangles indicate experimental results in poly(styrene)-b-1,4-poly(butadiene) from
various studies,91,132,144,145 with blue upright triangles (△) indicating emergence of FK phases
and red inverted triangles (▽) indicating no observed FK phases. Blends of poly(ethylene-alt-
propylene)-b-poly(lactide) in which FK phases formed are marked with a blue plus (+) and those
without FK phases are marked with a red X (×).39 Results from poly(styrene)-b-poly(methyl
acrylate) blends are represented as blue circles.143

at lower (N2/N1)core in our data results from the modest conformational asymmetry

we use. Although ϵ = 1.3 is not sufficient to stabilize FK phases in the neat melt, we

would expect it to slightly stabilize FK phases relative to bcc or hex everywhere, thus

reducing the core block asymmetry required to stabilize FK phases in the blend.

Finally, we see that after the core block asymmetry becomes sufficiently high, no

degree of corona block asymmetry seems to destabilize the Frank-Kasper phases. Based
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Figure 6.9: Stable phase predicted in binary diblock blends with bidisperse core blocks and
monodisperse corona blocks with conformational asymmetry ϵ = 1.3 and segregation strength
χN = 40 based on the “competitiveness” metric using SCFT Helmholtz free energy for each
phase and only considering, at each point, phases which converged in the SCFT calculation.
Data from Kim et al. 49 for conformationally symmetric AB/A′B′ blends in the same phase
plane are depicted in the inset. To show greater detail, the inset uses a narrower range in ϕ1
than the main figure.

on our current understanding of the mechanisms for FK formation in bidisperse di-

block copolymer blends, and our working hypothesis for the impacts of core and corona

bidispersity, we would expect that at any fixed core block asymmetry there would be

an upper limit to the corona block asymmetry which would still allow FK phases to

form. Similar to Fig. 6.9, Fig. 6.10 depicts the predicted stable phase according to our

competitiveness metric with varying (N2/N1)corona at a constant (N2/N1)core = 3.* Ex-

amining these data, we see that not only does the FK window remain open, but above

*Fig. 6.7b represents the sigma convergence over the same range as shown in Fig. 6.10
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Figure 6.10: Stable phase predicted in binary diblock blends with (N2/N1)core and variable
(N2/N1)corona with conformational asymmetry ϵ = 1.3 and segregation strength χN = 40 based
on the “competitiveness” metric using SCFT Helmholtz free energy for each phase and only
considering, at each point, phases which converged in the SCFT calculation.

(N2/N1)corona ≈ 2.5 it does not even seem to change in any appreciable way. This result

runs counter to our expectations and lies in sharp contrast with the results presented

by Liu et al. across a comparable phase space.44 We suspect that, to some extent, our

omission of macrophase separation likely resulted in some of this perplexing behavior.

Unfortunately, the problems with spatial resolution and convergence complicate a de-

tailed analysis of these issues, and we are unable to draw definitive conclusions from

it. Ultimately, we decided that the work presented in Chapter 5 (which was the final

project in chronological order) was both more interesting and more feasible, and chose

to devote our efforts to that project rather than resolve the technical issues required to

address the questions posed in this chapter.



84

6.4 Conclusion

In this work, we have attempted to delve more deeply into the role and limits of corona

block asymmetry in the formation of FK phases in AB/A′B′ blends. Unfortunately,

several complexities of the blends we studied were improperly accounted for, leading to

unreliable results. At the outset of our study, we failed to account for changes in effective

segregation strength that would result from increasing the degree of polymerization of

the A′B′ chain; this oversight caused us to select an insufficient spatial resolution for

many of the phases to be able to properly resolve the micelle interfaces. This failure to

appropriately resolve the potential fields led to unreliable free energy data and brought

many of our results into question. The low grid size chosen for the calculations also

likely increased the difficulty in converging SCFT calculations, which created large gaps

in our data, thus potentially obscuring many effects or phase transitions. Finally, our

methodology for determining potential FK phase emergence seems to have been over-

simplified by ignoring the very real risk of macrophase separation. The other underlying

problems with the calculations, however, made it impossible to properly confirm if this

was truly the cause of several puzzling results from our work. Most significantly, we

hope that the oversights in this work may serve as a lesson on the importance of carefully

considering the set-up of a research project and complicating factors which may impact

the data.



Chapter 7

Conclusion and Future Directions

Throughout this thesis, we have discussed multiple projects on a variety of topics in

the block polymer space. To conclude, we take this final chapter to summarize the

work, and bring the discussion back to the broader context of block polymer research

by identifying remaining open questions and offering suggestions for further work in

light of our findings.

Chapter 3 detailed a software tool to streamline the process of generating initial

guess fields for SCFT calculations. This program generalized the methods described by

prior researchers61,72,74,75 to handle (through a single program with uniform interface) a

wide variety of morphologies. Although the software represents an advancement in the

generation of SCFT guess fields, it still has limitations. Restriction of each guess to a

single core monomer imposes substantial limitations on the variety of morphologies that

can be considered. As researchers begin to probe more exotic nanostructures, the meth-

ods will need to be further generalized. The form-factor method is a particularly good

candidate for this extension. Enabling core monomer specification for individual parti-

cles would grant access to structures such as the alloys explored in Chapter 5. Adding a

wider variety of particle form-factors would open the possibility of still more morpholo-

gies. Combining these two improvements would allow a creative user to approximate

more complex structures (even non-particle structures) with careful placement of avail-

able particles.

The guess generation software served a secondary purpose as a component of the

inverse design software detailed in Chapter 4. This software was designed to automate

85
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the computational search of large design spaces for regions of phase space that most

stabilize a target morphology. In this work, SCFT was used to solve the forward problem

of phase stability at each point in phase space, while particle swarm optimization drove

solution of the inverse problem by guiding the search through phase space. Performance

and robustness of the software was demonstrated with three searches in the neat diblock

phase space. Despite being a valuable addition to the block polymer software space,

improvements could be made to the software. On one end, performance of the software

could be improved. Acceleration of the underlying SCFT calculations via GPU would

substantially boost performance. Additionally, the seed field methodology could be

expanded to combine the generation and library methodologies to accelerate convergence

during PSO steps. Functionality of the software could also be improved by addressing

the complexities imposed by macrophase separation in blends.

The alloy system investigated in Chapter 5 offered further insight into the role of

conformational asymmetry in the formation of Frank-Kasper phases. In particular, we

demonstrated more subtly the contribution of conformational asymmetry and how more

targeted control of the parameter could be a powerful driver of specialty material design.

This study did, however, only focus on the Frank-Kasper Laves phases. It remains an

open question how widely this approach can be applied, and what other phases may be

accessible through targeted property control. It also remains to be seen whether such

alloy systems are experimentally accessible.

Finally, in Chapter 6 we presented an ultimately unsuccessful attempt to probe

the relationship between core and corona block asymmetry in Frank-Kasper phase for-

mation in AB/A′B′ blends. This work suffered from oversights and methodological

over-simplifications which greatly impacted both the reliability and the research utility

of the generated data. Although unsuccessful in furthering research interests on the

topic of block polymer self-assembly, the work does serve as a case study on the impor-

tance of careful and deliberate study design including a full consideration of potential

complicating factors. If a future study were to correct the problems encountered in this

work, it would have the potential to offer valuable insights into the limitations of FK

phase emergence in bidisperse diblock blends.
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Appendix A

Supporting Information for

Chapter 5: Conformational

asymmetry in sphere-forming

AB/B′C diblock polymer alloys�

A.1 Phase Coexistence

For two or more phases to be in equilibrium, they must have equal pressure and temper-

ature, and the chemical potential of each species in the system must be the same in all

phases. In the SCFT calculations employed here, the temperature of the system is set by

the Flory-Huggins parameter χij ; therefore, the equal temperature condition for equi-

librium is met as long as calculations are done at fixed χij , regardless of the ensemble in

which calculations are performed. Establishing the equal-pressure and equal-chemical

potential conditions differs by the ensemble selected. The remainder of this section de-

scribes the methods for equilibrium determination in the canonical and grand canonical

ensembles.

�This appendix is adapted from the supporting information of Logan J. Case, Frank S. Bates, and
Kevin D. Dorfman, Soft Matter 2023, 19 (1), 115. (Ref. 120)
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A.1.1 Canonical Ensemble: Common Tangent

The SCFT calculations performed here assume incompressibility of the polymers. Due

to this assumption in the canonical ensemble, the addition of a constant pressure to the

system will not change the Helmholtz free energy.58 This means that the pressure in the

canonical ensemble is arbitrary, and the requirement of constant pressure can always

be met. The requirement of equal chemical potential in all phases for each species is

established via the common tangent construction.138

To numerically determine a common tangent between phases I and II, the Helmholtz

free energy data for each phase, collected at intervals of ∆ϕAB = 0.005, is first fit to

a cubic spline, giving the energy of each phase as a function of ϕAB, F
I(ϕAB) and

F II(ϕAB). To ensure fidelity to the underlying data, this spline was computed with a

zero smoothing factor, which forces the curve to pass exactly through all data points.146

The compositions of the two coexisting phases, ϕIAB and ϕIIAB, were then calculated

numerically by seeking the root of

f(ϕIAB, ϕ
II
AB) =

[
f1(ϕ

I
AB, ϕ

II
AB)

f2(ϕ
I
AB, ϕ

II
AB)

]
(A.1)

where f1 and f2 are given by

f1(ϕ
I
AB, ϕ

II
AB) =

dF I

dϕAB
(ϕIAB)−

F I(ϕIAB)− F II(ϕIIAB)

ϕIAB − ϕIIAB

(A.2)

f2(ϕ
I
AB, ϕ

II
AB) =

dF II

dϕAB
(ϕIAB)−

F I(ϕIAB)− F II(ϕIIAB)

ϕIAB − ϕIIAB

(A.3)

The root of f(ϕIAB, ϕ
II
AB) occurs when the slope of the tangent to each energy curve,

dF i/dϕAB, equals the slope of the line connecting the tangent points,
(
ϕIAB, F

I(ϕIAB)
)

and
(
ϕIIAB, F

II(ϕIIAB)
)
, which guarantees that the points are co-linear along the common

tangent. This construction is depicted in Fig. A.1.

Optimization was done with the SciPy root-finding method scipy.optimize.root

using the ‘hybr’ method option, which uses a modified Powell method as implemented

in MINPACK.147,148 In general, we find this method to be very robust for common
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Figure A.1: Representative illustration of the common tangent calculation method for arbitrary
phases I and II, using hypothetical quadratic Helmholtz free energy curves for these phases,
F I(ϕAB) and F

II(ϕAB) respectively. The method iterates to find the coexistence compositions,
ϕIAB and ϕIIAB, at the root of Eq. A.1. The solid lines are the tangents to F I(ϕAB) and F

II(ϕAB) at
the points

(
ϕIAB, F

I(ϕIAB)
)
and

(
ϕIIAB, F

II(ϕIIAB)
)
, respectively. These tangent points are marked

with black dots. The dashed line connects the two tangent points. The slopes of the tan-
gent lines and the connector line are indicated on the graph algebraically as they are listed in
Eqs. A.2 and A.3. When all three slopes are equal, at the root of Eq. A.1, the tangent points(
ϕIAB, F

I(ϕIAB)
)
and

(
ϕIIAB, F

II(ϕIIAB)
)
will be co-linear along the common tangent. Figure re-

produced from Ref. 120.

tangent calculations, with most tangent calculations converging when the ϕAB mid-

point of each energy curve is used as the initial guess for the respective ϕiAB, which was

the default initial guess for our calculations.

When this methodology was used to choose a macrophase separation pairing for

comparison to the Laves phase, as done in Figs. 5.3 and 5.4, phases I and II represent

the AB-rich and B′C-rich bcc or fcc phases. When used in construction of the phase

diagram to determine phase boundaries along the Laves phase field, phases I and II

would represent a Laves phase and one of the AB-rich or B′C-rich phases.
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A.1.2 Grand Canonical Ensemble

Our approach to phase coexistence in the grand canonical ensemble follows the method

described by Matsen 137 and that used by Magruder et al. 129 in their work on confor-

mationally symmetric diblock alloys. Due to the incompressibility of the system, the

chemical potentials of the AB and B′C chains are not independent, allowing us to choose

µAB/kBT = 0 for all calculations. This trivially satisfies the chemical potential crite-

ria for the AB chain. The chemical potential value input to PSCF for the B′C chain,

µB′C/kBT , is then controlled as an independent variable and phases are compared across

µB′C/kBT values (similarly to ϕAB in the canonical ensemble). By controlling the value

of µB′C/kBT , we thus also meet the chemical potential criterion for B′C. The pressure

of each phase as calculated with Eqn. 2.13 is output by PSCF following convergence

of the SCFT calculation. The final equilibrium criterion, equal pressure, is met when

the Pv/kBT vs µB′C/kBT curves of the phases intersect. In general, SCFT calculations

were run at increments of 0.0005 in µB′C/kBT . In some cases, however, larger sampling

increments were required when large ranges of µB′C/kBT needed to be sampled to find

an intercept. These larger sampling increments were most often needed while resolv-

ing the high-temperature regions near the ODT, where the P (µB′C) curves of disorder

and the AB-rich or B′C-rich fcc phases were nearly parallel. In these cases, µB′C/kBT

needed to be sampled over ranges up to two orders of magnitude larger than was typi-

cally required. Regardless of sampling increment, interpolation was used to determine

the chemical potential and composition of the phases at equilibrium.
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A.2 Candidate Phases

In order to generate the phase diagrams reported in the main text, we needed to consider

a variety of competitor phases in addition to the Laves phases and macrophase sepa-

ration candidates. Table A.1 lists the phases considered during construction of phase

diagrams. The table contains crystallographic information, SCFT spatial discretization,

and information on the number of particles and assignment of particles as AB or B′C

micelles. As stated in the main text, the phases considered in this work are inspired by

the work of Xie et al. 125 and match the candidate set employed by Magruder et al. 129

Several of the candidate phases listed here (specifically ReO3, TiO2, CaF2, and α-

Al2O3) proved particularly difficult to converge in many regions of the phase diagram,

as noted previously by Magruder et al. 129, and are therefore missing from many of

the canonical ensemble calculation sets. Among these phases, ReO3 proved the most

problematic, as we were unable to achieve convergence of an initial field at the desired

conformational asymmetry for either of the phase diagrams reported in this work (Fig-

ures 4 and 5 of the main text). In the case of ϵBC = 1.5, we were unable to converge an

initial field for α-Al2O3. Finally, we were unable to obtain initial fields for either TiO2

or CaF2 for ϵAB = ϵBC = 1.5. In all cases, if we were unable to obtain an initial field

at the desired conformational asymmetry, we assume the phase is highly unfavorable at

the conditions being considered, and omit it from the analysis.
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Table A.1: Complete list of phases considered during generation of the phase diagrams. Table
includes the name of the phase (Phase name); the label used to identify the phase in figures
(Label Name); The space group of the phase; the spatial discretization used in SCFT calculations
for the phase (SCFT grid size); the number of nominally spherical particles in a unit cell of the
phase (Particles per unit cell); the ratio of the number of particles composed of AB chains to
the number of particles composed of B′C chains (AB/B′C particle ratio).

Phase name
Label
name

Space
group

SCFT
grid size

Particles
per unit

cell

AB/B′C
particle
ratio

MgZn2 C14 P63/mmc 64x64x104 12 2:1

MgCu2 C15 Fd3m 96x96x96 24 2:1

W bcc Im3m 48x48x48 2 0 or 1*

CsCl alt-bcc Pm3m 64x64x64 2 1:1

Cu fcc Fm3m 48x48x48 4 0 or 1*

Hexagonally
packed cylinders

hex p6mm 48x48 N/A 0 or 1*

Alternating hex alt-hex p6mm 48x48 N/A 2:1

Inverted alt-hex (alt-hex)i p6mm 48x48 N/A 1:2

Nb3Sn A15 Pm3n 64x64x64 8 1:3

AlB2 AlB2 P6/mmm 64x64x64 3 2:1

sapphire (α-BN) α-Al2O3 R3c 64x64x64 10 3:2

α-BN α-BN P63/mmc 48x48x64 4 1:1

CaF2 CaF2 Fm3m 64x64x64 12 2:1

Li3Bi Li3Bi Fm3m 64x64x64 16 3:1

Inverted Li3Bi (Li3Bi)i Fm3m 64x64x64 16 3:1

rocksalt NaCl Fm3m 64x64x64 8 1:1

ReO3 ReO3 Pm3m 64x64x64 4 3:1

σ-FeCr σ P42/mnm 128x128x64 30 1:2�

TiO2 TiO2 P42/mnm 64x64x42 6 1:2

ZnS ZnS F43m 64x64x64 8 1:1

*These structures represent the AB-rich and B′C-rich morphologies considered for macrophase sep-
aration. All particles are composed of the majority species, with the minority located in interstitial
sites.

�Particle assignment for σ is not trivial given the complexity of the structure. Here, B′C is placed
in particles with volume above the number-averaged particle volume for the phase (Wyckoff positions
4f, 8i′, and 8j) while AB is placed in particles with volumes below this average (Wyckoff Positions 2b,
and 8i), according to the volumes computed by Reddy et al. using the diblock foam model.128 This
“above average” vs “below average” criteria was chosen for consistency with the Laves phases, in which
B′C was assigned to the larger particles.
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A.3 Phase Diagram

Construction of the phase diagram reported in Fig. 5.6 for an alloy withNB′C/NAB = 1.0

and ϵBC = 1.5 started with initial sets of canonical ensemble SCFT calculations followed

by common tangent constructions at χN = 23.5 (the lowest value at which the Laves

phases converged) and integer values of χN from 24.0 to 40.0 to obtain a coarse map

of the phase boundaries. Subsequent canonical ensemble, common-tangent calculations

were then performed at increments of 0.5 in χN around the AB-rich and B′C-rich

coexistence transitions points (such as where the AB-rich phase in coexistence with

the Laves phase field changes from fcc to bcc, or from bcc to hex). These first two

rounds of calculation considered only the Laves phases and the macrophase separation

competitors. A third round of canonical ensemble calculations added the remaining

competitors at a selection of segregation strengths. Below the transition to Laves-

hexAB coexistence, competing phases were run at all sampled segregation strengths.

Above this transition, we noticed that the AB-rich hex phase quickly out-competes the

Laves phases and suspected that it would similarly outcompete the other sphere-forming

morphologies. We chose to run the remaining competitors only at χN = 30, χN = 40,

and at odd values of χN from 31 to 39 finding that, indeed, all competitors are similarly

outcompeted by AB-rich hex with increasing χN . On the basis of this result, we chose

not to run the competing phases at the remaining χN values. Finally, grand canonical

ensemble calculations were used to refine the position of invariant points and map the

region near the ODT.

Here, Fig. A.2 reports the same phase diagram as Fig. 5.6, but includes the particular

points used to generate the diagram. Each dot in Fig. A.2 represents a point at which

we have collected SCFT data. Data were collected at the highest density near invariant

points where grand canonical ensemble was used to resolve the three-phase coexistence

conditions. The reported data show that the splines used to draw the phase boundaries

introduce no anomalous shapes and broadly reflect the collected data.
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Figure A.2: (a) Phase diagram for an AB/B′C alloy with NB′C/NAB = 1.0, fA = fC = 0.20,
ϵAB = 1.0, ϵBC = 1.5, and assuming purely enthalpic χ values such that χACNAB = 2 (χN) at
all T and (b) a detailed view of the Laves phase field within that phase diagram. Points indicate
conditions at which we collected SCFT data. The reference temperature, T0, was chosen to
correspond to χN = 30. Non-linear segments of the phase diagram are drawn using cubic
splines fit to the sampled data. Figure reproduced from Ref. 120.
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