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Abstract

This dissertation explores methodological advances in statistical learning, specifi-

cally addressing two fundamental challenges: the interpretability of complex asso-

ciation structures in multivariate categorical data analysis, and privacy-preserving

distributed inference across heterogeneous datasets.

First, we propose a penalized likelihood framework tailored for multivariate cate-

gorical response regression, encompassing classical discrete graphical models such as

the Ising model, Potts model, and hypergraph models. Utilizing a distinctive sub-

space decomposition, the method explicitly captures mutual, joint, and conditionally

independent associations between categorical variables, facilitating interpretable rep-

resentations of association structures. We derive theoretical guarantees, establishing

error bounds that hold particularly in high-dimensional contexts. Comprehensive

simulation studies demonstrate that our approach achieves greater interpretability

and improved predictive accuracy compared to existing methods.

Second, we tackle data-sharing challenges under stringent privacy constraints and

site heterogeneity, common in multi-site clinical trials. We introduce a robust dis-

tributed algorithm for high-dimensional inference and structure learning. Our hetero-

geneous model integrates global and site-specific effects, employing nonconvex reg-

ularization via difference of convex programming under an ℓ0 constraint, ensuring

selection consistency and computational feasibility. Despite the underlying optimiza-

tion being NP-hard, our method converges globally in polynomial time under realistic

conditions. By exclusively penalizing nuisance parameters, our approach maintains

valid statistical inference, directly addressing practical data-sharing constraints.
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Chapter 1

Introduction

1.1 Multivariate Categorical Response Regression

We consider a multivariate response regression where each of the response variables

is categorical. Specifically, let X ∈ X ⊆ Rp be the predictor vector and let Z =

(Z1, · · · , Zq)⊤ be the multivariate categorical response. The kth component of the

response, Zk, has Jk numerically coded outcome categories with Jk ≥ 2 for k ∈ [q],

where [m] is defined as {1, . . . ,m} for positive integer m. The essential problem is to

model the conditional distribution Z|X = x whose joint probability mass function

is given by

πj(x) := P(Z1 = j1, · · · , Zq = jq
∣∣X = x) ≥ 0, (1.1)

for any j = (j1, · · · , jq) ∈ J := [J1] × · · · × [Jq], where jl ∈ [Jl] for all l ∈ [q]. For

a given x, Z has a multivariate version of the single-trial multinomial distribution.

If, for a given x, one were to observe v ≥ 1 independent realizations of Z, say

z1, . . . ,zv, then the probability mass function corresponding to (1.1) would be given

by v!∏
j∈J yj !

∏
j∈J {πj(x)}

yj , where yj :=
∑v

i=1 1(zi = j) for each j ∈ J .

For a given x, if v is sufficiently large, one could model (1.1) using standard meth-

ods for the analysis of q-way contingency tables, a classical problem in categorical data

1



1.1. Multivariate Categorical Response Regression 2

analysis (McCullagh and Nelder, 1989; Christensen, 1997; Agresti, 2002). However,

when one needs to model (1.1) for all x ∈ X , methods for contingency tables cannot

be applied. For example, in many applications, for every subject in the study we ob-

serve (or impose) a distinct x, and observe the outcome of only a single trial, v = 1.

Instead, one could model (1.1) using existing methods for multinomial regression (or

in statistical learning terminology, multiclass classification). Notice that (1.1) could

be equivalently defined in terms of a “univariate” categorical response variable, Z⋆,

with the cardinality of J , |J |, many outcome categories: one corresponding to each

distinct element of J . Letting f : J → [|J |] be any bijective function, it would thus be

natural to model P(Z⋆ = f(j) | X = x) = πj(x) = P(Z1 = j1, · · · , Zq = jq
∣∣X = x)

using multinomial logistic regression (Agresti, 2002; Vincent and Hansen, 2014); linear

or quadratic discriminant analysis (Hastie et al., 2009; Mai et al., 2019); or nonpara-

metric methods. Modeling the conditional distribution Z⋆ | X using one of these

methods is appealing because they allow for arbitrary dependence among the q cate-

gorical response variables.

However, off-the-shelf application of methods designed for a univariate categorical

response may be problematic. In particular, these methods would fail to exploit that

Z⋆ is constructed from q distinct response variables. This negatively affects both

estimation efficiency and interpretability of the fitted model. Moreover, for even

moderate q, |J | will be large. As a consequence, with small sample sizes, many

outcome category combinations j will not be observed in the training data. If, for

example, one used a multinomial logistic regression in this situation, the maximum

likelihood estimator would not exist. In this work, we propose a new method for fitting

(1.1) that allows practitioners to discover parsimonious and interpretable dependence

structures among responses, and exploits the multivariate nature of the response.

To motivate our approach, consider a multinomial logistic regression model for
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(1.1) with x ∈ R (i.e., p = 1),

πj(x) = P (Z1 = j1, . . . , Zq = jq|X = x) =
exp(x · ζj)∑
j∈J exp(x · ζj)

, j ∈ J ,
∑
j∈J

ζj = 0,

(1.2)

where ζ = {ζj}j∈J is an unknown tensor. In full generality, ζ ∈ {v ∈ R[J1]×···×[Jq ] :∑
j∈J vj = 0}, which implies no restrictions on the dependence amongst responses:

their dependence can be arbitrarily complex. Restrictions on the dependence between

responses under (1.1) can often be represented as constraints on the space of the

coefficients ζ. For example, in the case that q = 2, J1 = J2 = 2, if ζ ∈ C0, where

C0 = {ζ ∈ R[2]×[2] : ζ(1,1) + ζ(2,2) − ζ(1,2) − ζ(2,1) = 0}, then Z1 ⊥⊥ Z2 |X. Intuitively,

C0 is the set of coefficients for which the log odds ratio between the two responses is

zero for all x. This observation motivated Molstad and Rothman (2023) to propose

a regularized maximum likelihood estimator of ζ that shrinks coefficients towards

the set C0. For applications with Jl ≥ 2 and q ≤ 3, Molstad and Rothman (2023)

generalized the set C0 to correspond to coefficients with all local log odds ratios

equal to zero. Their approach thus allowed practitioners to discover only whether

responses are mutually independent (ζ ∈ C0) or are arbitrarily dependent (ζ ̸∈ C0).

When q ≥ 3, however, there are many other parsimonious dependence structures that

are “intermediate” to mutual independence and arbitrary dependence. In this work,

we generalize the approach of Molstad and Rothman (2023), allowing practitioners

to discover much more complex, interpretable dependence structures.

As we just described, to learn the association structure for (1.1), it is crucial to

identify whether the regression coefficients reside within a specific subspace. Rep-

resenting the linear subspace L of Rk can be approached in two ways: externally

and internally. For the external representation, consider L = ker(A) = {v ∈

Rk;Av = 0} for some matrix A. Then regularization of v towards the subspace
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ker(A) can be achieved by penalizing the term ∥Av∥2. In this sense, Molstad and

Rothman (2023) achieves structure learning via an external subspace representation.

In contrast, for the internal representation, we can set L = span
(
{e1, . . . , es}

)
and

v = v1e1 + v2e2 + · · · + vkek, where e1, . . . , ek form an orthonormal basis for Rk.

Then regularization of v towards the subspace span
(
{e1, . . . , es}

)
can be achieved

by penalizing the terms vs+1, · · · , vk. This is the approach we take in this paper by

selecting an orthonormal basis and penalizing the coordinates to achieve association

structure learning.

For example, if J1 = J2 = 2, we can define ζ∗ = v11g1g
⊤
1 + v12g1g

⊤
2 + v21g2g

⊤
1 +

v22g2g
⊤
2 , where gi =

1√
2

(
1, (−1)i+1

)⊤
, i ∈ {1, 2}. Here, g1g

⊤
1 represents the overall

association, g1g
⊤
2 denotes the main association of the first response, g2g

⊤
1 is for the

main association for the second response, and g2g
⊤
2 captures the interaction associa-

tion between the two responses.

Because C0 = span{g1g⊤1 , g1g⊤2 , g2g⊤1 }, if v22 = 0, then ζ∗ ∈ C0. That is, by care-

fully constructing the internal subspace representation, sparsity in the corresponding

coefficients can imply parsimonious association structures among responses. This

observation is central to our methodological developments, and one of our main con-

tributions is the explicit construction of a flexible, interpretable internal subspace

representation.

Multivariate categorical response regression without predictors serves as an exten-

sion of contingency table analysis, allowing for a more comprehensive examination of

categorical variable interrelations. The Poisson log-linear model is used for association

structure modeling of multiple categorical responses without predictors, with the con-

nection between log-linear models for frequencies and multinomial response models

for proportions being extensively studied (McCullagh and Nelder, 1989; Christensen,

1997).

In this paper, we will study structure learning via an internal subspace represen-
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tation. We present a reparameterization via subspace decomposition and obtain a

unifying framework for both multinomial and Poisson categorical response regression

models in high dimensions. Complex dependencies between response variables can

be systematically modeled, encompassing all possible association structures, includ-

ing mutual independence, joint independence, and conditional independence among

response variables. To achieve structure learning, we utilize variations of the group

lasso (Yuan and Lin, 2006) and overlapping group lasso (Zhao et al., 2009; Jenatton

et al., 2011) penalties. We apply accelerated proximal gradient descents algorithm

to solve the corresponding convex optimization problems. We prove an error bound

that illustrates our estimator’s performance in high-dimensional settings. A key the-

oretical development is our derivation of restricted strong convexity conditions spe-

cific to multivariate categorical response regression, which notably incorporates the

Rademacher complexity associated with general norm penalties. Finally, simulation

studies validate our method’s effectiveness in terms of interpretability and prediction

accuracy.

1.2 Distributed Algorithm for Heterogeneous Data

Multicenter research, especially with clinical data, provides advantages over single-

center studies, including larger sample sizes for enhanced generalizability and collabo-

rative resource-sharing (Sidransky et al., 2009; Cheng et al., 2017). However, privacy

regulations often restrict access to individual-level data, complicating efforts to pool

data across centers (Barrows Jr and Clayton, 1996). Consequently, there is a pressing

need for efficient statistical tools that synthesize evidence while maintaining privacy.

In parallel, federated learning (Konecnỳ et al., 2016; McMahan et al., 2017) aims to

train machine learning models on decentralized data without explicitly sharing them.

Many recent studies extend federated algorithms to handle heterogeneous data and
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improve stability (Yu et al., 2024; Khaled et al., 2020; Wang et al., 2019; Han et al.,

2025; Guo et al., 2025; Yu et al., 2024).

A key challenge in distributed computation is integrating statistical inference to

manage uncertainty with heterogeneous data across different sites. (Duan et al.,

2022) introduces a distributed algorithm that considers heterogeneous distributions

by including site-specific nuisance parameters essential for reflecting site-specific vari-

ations. However, this approach relies on the efficient score function to mitigate the

impact of inaccurate estimations of these parameters, which may falter when the

number of nuisance parameters exceeds the sample size. Due to the complexities of

multiple sites and limited sample sizes at each site, previous research often utilizes

regularization to prevent overfitting (Wang et al., 2017; Battey et al., 2018; Jordan

et al., 2019). These studies propose communication-efficient distributed algorithms

for optimization and regression, underlining the statistical inference complexities in

decentralized settings. Yet, they do not account for site-specific nuisance parameters

crucial for depicting heterogeneity across sites. Our paper addresses this gap by in-

tegrating site-specific nuisance parameters and regularization in a high-dimensional

context, facilitating the management of overparametrized settings where the number

of parameters substantially exceeds the sample size.

This paper will focus on statistical inference for distributed algorithms in linear

models to assimilate heterogeneous data involving regularization. This exploration

addresses the crucial requirement for integrating inference with distributed computa-

tion, enhancing the precision and reliability of statistical methods within distributed

environments. Our approach distinguishes itself from existing methods by employ-

ing a likelihood approach for higher efficacy rather than relying on surrogate meth-

ods. Specifically, we introduce a linear regression framework designed to estimate

the global effect across heterogeneous data sets by integrating data from multiple

sites while managing site-specific effects individually. This integration is achieved
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through the application of regularization techniques. By pooling information from

multiple sites to estimate a global effect, the overall sample size increases, leading to

more efficient estimation and improved inference quality compared to using data from

individual sites alone. Furthermore, we develop algorithms to execute this process

utilizing nonlinear regularization via an ℓ0-constraint. As showed in Theorem 3.1,

our constrained Difference of Convex (DC) algorithm with the ℓ0 projection attains a

global minimizer in polynomial time, with probability tending to one under the data

generation distribution. This result is in contrast to a negative result that in the

worst case scenario there does not exist an algorithm that can resolve this nonconvex

minimization in polynomial time (Chen et al., 2017, 2019).

In the context of composite hypotheses, we present a hypothesis test that preserves

the parameters of interest without regularization, while applying an ℓ0-constraint on

nuisance parameters, such as numerous site-specific parameters, to enhance the power

of the test. We derive the asymptotic distribution of the global effect for inference.

Additionally, we establish a theoretical guarantee of the validity of the proposed algo-

rithms. Our key result demonstrates that the algorithm achieves selection consistency,

ensuring that the supports of the oracle estimators are subsets of the estimated sup-

ports with high probability. Moreover, when the sparsity tuning parameter precisely

aligns with the true sparsity level, our estimator achieves support recovery, guaran-

teeing accurate identification of the true model structure. These theoretical findings

underscore the effectiveness of our methodology in high-dimensional settings.



Chapter 2

Subspace Decompositions for
Association Structure Learning in
Multivariate Categorical Response
Regression

2.1 Association structure learning via subspace de-

composition

2.1.1 Overview

We will introduce the notation that will be used throughout the rest of the article.

Let λmax(A) and λmin(A) denote the maximum and minimum eigenvalues of the real

symmetric matrix A. For any vector (resp. matrix) X, define the Euclidean (resp.

Frobenius) norm ∥X∥ =
√

tr(X⊤X). Let 1m denote a vector of ones of length m.

For matrices X and Y of the same size, define the Frobenius inner product ⟨X,Y ⟩ =

tr(X⊤Y ) and define the operator norm ∥X∥op =
√
λmax(X

⊤X). Define the maxi-

mum norm ∥X∥∞ = maxi,j |xij|,X = {xi,j}1≤i≤n,1≤j≤m. Let ∥β∥0 =
∑

j,k 1(βj,k ̸= 0)

for matrix β. Let I be the identity matrix. When X and Y are matrices, let X ⊗Y

denote the Kronecker product between X and Y . When U and V are vector spaces,

8



2.1. Association structure learning via subspace decomposition 9

let U ⊗V be the tensor product of U and V . Finally, let ⊗t(u,v) denote the tensor

product between vector u and v.

Assume the response has q ≥ 2 categorical components with J1, · · · , Jq categories,

respectively. Define the Cartesian product of an indexed family of sets J = [J1] ×

[J2]× · · · × [Jq]. The cardinality of set J is |J | =
∏q

i=1 Ji. Let RJ and NJ denote the

spaces of J arrays with entries that are real numbers and whole numbers, respectively.

That is, y = {yj}j∈J ∈ FJ if and only if yj ∈ F for any j ∈ J , where field F

can take R and N. For a q-way array of shape J , let yJ = {yj}j∈J ∈ RJ , where

j = (j1, · · · , jq), j1 ∈ [J1], · · · , jq ∈ [Jq]. Define the J -vectorization of yJ as

vecJ(y
J) := (y1,1,··· ,1, y2,1,··· ,1, · · · , yJ1,1,··· ,1, y1,2,··· ,1, · · · , yJ1,J2,··· ,Jq)⊤ ∈ R|J |. (2.1)

Define the inverse J -vectorization for vector vecJ(y
J) as vec−1

J (vecJ(y
J)) = yJ .

Let the sample data from the ith observational unit be denoted (xi,y
J
i ), where

xi ∈ Rp and yJ
i ∈ NJ , and let yi = vecJ(y

J
i ) ∈ N|J |. We assume that yJ

1 , · · · ,yJ
n are

independent. Similar to Molstad and Rothman (2023), we use a multinomial logistic

regression model for the q response variables. Specifically, we assume that yi is a

multinomial random vector with index ni ≥ 1 and category probabilities

vecJ{πJ(xi)} =
exp(θxi)〈

1|J |, exp(θxi)
〉 ∈ R|J |, (2.2)

where θ ∈ R|J |×p. In certain settings, we may treat the elements of yi as independent

Poisson random variables with mean

vecJ{µJ(xi)} = exp(θxi) ∈ R|J |, (2.3)
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and category probabilities vecJ{πJ(xi)} = exp(θxi){
〈
1|J |, exp(θxi)

〉
}−1, where

µJ(x) = {µj(x)}j∈J and πJ(x) = {πj(x)}j∈J

are q-dimensional arrays.

The ith observational unit’s contribution to the negative log-likelihood of multi-

nomial and Poisson categorical response models are

ℓMult(θxi,yi) = −⟨yi,θxi⟩+ni · log
( 〈

1|J |, exp(θxi)
〉 )
, ni =

〈
1|J |,yi

〉
, (2.4)

and

ℓPois(θxi,yi) = −⟨yi,θxi⟩+
〈
1|J |, exp(θxi)

〉
. (2.5)

The function in (2.4) is sometimes referred to as cross-entropy loss.

When considering the multinomial categorical response model, we impose the

constraint 1⊤
|J |θ = 0 for identifability. Define the linear subspace V = {α ∈ R|J | :

1⊤
|J |α = 0}, and define the orthogonal projection matrix P V = (I − |J |−11|J |1

⊤
|J |).

Notice that ℓMult(θx,y) = ℓMult(θ
′x,y) for any (x,y) if and only if P Vθ = P Vθ

′ (see

Lemma 4.1).

2.1.2 Subspace decomposition

We now introduce the subspace decomposition that allows us to parsimoniously model

the mass function of interest. Naturally, the dependence between response variables

is arbitrarily complex when θ ∈ R|J |×p without additional constraints. To discover

parsimonious association structures, we decompose θ into a sum of components, each

of which spans a particular subspace. Returning to an example from the introduction,

when q = 2, we can decompose θ = H{0}β{0} +H{1}β{1} +H{2}β{2} +H{1,2}β{1,2},
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where each H is a basis matrix and β are the corresponding coefficients. With appro-

priately constructedH , if β{1,2} = 0, then the two response variables are independent.

We demonstrate how to construct such H in the following.

Example 2.1 (Subspace decomposition of a J1 × J2 contingency table). Consider

the intercept only model (i.e., p = 1 with xi = 1) with q = 2, and the categorical

responses having J1 = 2 categories for the first response and J2 = 3 categories for

the second. We can write θ = (a1,1, . . . , aJ1,J2)
⊤ ∈ RJ1J2 as

(
vec−1

J

(
θ
))

j1,j2
= aj1,j2 ,

where aj1,j2 ∈ R for any (j1, j2) ∈ J . Accordingly, we can write

θ =

J2∑
j2=1

J1∑
j1=1

aj1,j2e
J2
j2
⊗ eJ1j1 and vec−1

J

(
θ
)
=

J2∑
j2=1

J1∑
j1=1

aj1,j2E
J
j1j2

,

where eJiji is the jith standard basis vector for RJi (i.e., the jith column of IJi) for

i ∈ [2], and EJ
j1j2

denotes the standard basis 2-way array for RJ1×J2 , which is defined

as the array whose (j1, j2)-th entry is 1 and all other entries are 0.

Define Um as a matrix such that [ 1√
m
1m,Um] is an orthogonal matrix of order

m. Let R(U ) denote the column space of the matrix U . Then, we can rewrite RJi

as the internal direct sum between R(UJi) and R(1Ji), denoted as RJi = R(UJi)⊕

R(1Ji). The definitions of the internal direct sum and tensor product can be found

in Section 4.1.

Due to the bilinearity of the tensor product, RJ2 ⊗ RJ1 can be decomposed into

an internal direct sum

RJ2 ⊗ RJ1 ={R(UJ2)⊕R(1J2)} ⊗ {R(UJ1)⊕R(1J1)}

={R(1J2)⊗R(1J1)} ⊕ {R(1J2)⊗R(UJ1)}

⊕ {R(UJ2)⊗R(1J1)} ⊕ {R(UJ2)⊗R(UJ1)}.

Consider an isomorphism T from the tensor product RJ2 ⊗ RJ1 to R|J |. The



2.1. Association structure learning via subspace decomposition 12

isomorphism T is uniquely determined by the change of basis T (⊗t(eJ2j2 , e
J1
j1
)) = eJ2j2 ⊗

eJ1j1 , where the tensor product ⊗t(u,v) denotes the bilinear map of (u,v) from the

Cartesian product RJ2 × RJ1 , whose basis can be chosen as {⊗t(eJ2j2 , e
J1
j1
); 1 ≤ j1 ≤

J1, 1 ≤ j2 ≤ J2}.

Applying the isomorphism T onto each subspace, we obtain that

T (R(V 2)⊗R(V 1)) = R(V 2 ⊗ V 1), where V i ∈
{ 1√

Ji
1Ji ,UJi

}
for i ∈ [2].

Hence, for θ ∈ R|J |, we can write

θ =
∑

V 1∈
{

1√
J1

1J1
,UJ1

} ∑
V 2∈
{

1√
J2

1J2
,UJ2

}
(
V 2 ⊗ V 1

)
αV 2,V 1

for vectors αV 2,V 1 of appropriate size. More simply, we may write θ =
∑

k∈K Hkβk,

with

H{0} =
1√
|J |

1|J |, H{1} =
1√
J2

1J2 ⊗UJ1 , H{2} = UJ2 ⊗
1√
J1

1J1

H{1,2} = UJ2 ⊗UJ1 , K = {{0}, {1}, {2}, {1, 2}},

where each βk is simply the corresponding αV 2,V 1 . As we will formalize in Lemma

2.1, Lemma 2.2, and Theorem 2.1, span(H{0}) is the subspace for overall associa-

tion, span(H{1}), span(H{2}) are the subspaces for marginal association on Z1 and

Z2, respectively, and span(H{1,2}) is the subspace for joint association on (Z1, Z2).

Because of this, sparsity in the coefficients corresponding to each subspace can imply

an interpretable restriction on θ.

The discussion outlined above can be generalized to any J , with the corresponding

isomorphism, denoted as TJ , being applicable to each subspace.
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Lemma 2.1 (Isomorphism). Define an isomorphism TJ from the tensor product space

RJq ⊗ · · · ⊗ RJ1 to R|J |, which is uniquely determined by the change of basis

TJ(⊗t(eJqjq , · · · , e
J1
j1
)) = e

Jq
jq
⊗ · · · ⊗ eJ1j1 . Here, {⊗t(e

Jq
jq
, · · · , eJ1j1 )}(j1,··· ,jq)∈J and

{eJqjq ⊗ · · · ⊗ eJ1j1 }(j1,··· ,jq)∈J denote the basis of RJq ⊗ · · · ⊗ RJ1 and R|J |, respectively.

Then,

(i) for any vector vi ∈ RJi , i ∈ [q], we have

TJ

(
⊗t (vq, · · · ,v1)

)
= vq ⊗ · · · ⊗ v1, (2.6)

(ii) and for any V i ∈ { 1√
Ji
1Ji ,UJi}, i ∈ [q], we have

TJ

(
R(V q)⊗ · · · ⊗ R(V 1)

)
= R

(
V q ⊗ · · · ⊗ V 1

)
. (2.7)

In Lemma 2.1, the isomorphism TJ is not only a vector space isomorphism between

RJq⊗· · ·⊗RJ1 and R|J |, i.e., TJ(v+w) = TJ(v)+TJ(w), TJ(av) = a ·TJ(v), v,w ∈

RJq ⊗ · · · ⊗ RJ1 , a ∈ R, but also preserves the bilinear structure, i.e., equation (2.6)

holds. Here, the Kronecker product serves as the bilinear function.

To summarize Example 2.1 and Lemma 2.1, we define Um as any matrix such

that [ 1√
m
1m,Um] is an orthogonal matrix of order m. Without loss of generality, we

take

Um =

[
(1,−1, 0, · · · , 0)⊤√

2
,
(1, 1,−2, 0, · · · , 0)⊤√

6
, · · · , (1, · · · , 1,−(m− 1))⊤√

(m− 1)m

]
.

Define the index space Ks = {k = {k1, · · · , ks} ⊂ [q] : 1 ≤ k1 < k2 < · · · < ks ≤ q}

for s ∈ [q]. Define the order of the k-interaction as ∥k∥0 = s and its number of

parameters as |k|J = (Jk1 − 1) · · · (Jks − 1), if k ∈ Ks. Thus, the space Ks defines

the set of all possible joint associations of order s. Let K0 = {{0}}, and define
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∥k∥0 = 0 and |k|J = 1 when k = {0}. In this context, k = {0} is treated as an

empty set. The number of parameters (per predictor) for all sth order associations

is given by Ls =
∑

1≤i1<···<is≤q(Ji1 − 1) · · · (Jis − 1), s ∈ [q]. Let L0 = 1. Define

H0 =
1|J|√
|J |

=
1Jq√
Jq
⊗ 1Jq−1√

Jq−1
⊗ · · · ⊗ 1J2√

J2
⊗ 1J1√

J1
.

For any k = {k1, · · · , ks} ∈ Ks, s ≥ 1, define

Hk = V q ⊗ V q−1 ⊗ · · · ⊗ V 2 ⊗ V 1, V i =

 UJi i ∈ k
1Ji√
Ji

i ∈ [q]\k
. (2.8)

Following from Example 2.1, we see that span(Hk) is the subspace corresponding to

the k = {k1, k2, · · · , ks}-joint associations. Importantly, it can be verified that the

columns of Hk are orthonormal.

Lemma 2.2 (Subspace decomposition). We can express R|J | as the orthogonal direct

sum of the family {R(Hk)}k∈∪q
s=0Ks

of subspaces of R|J |, where R(Hk) denotes the

column space of Hk and the orthogonal direct sum is defined in Section 4.1. Further-

more, for any k ∈ ∪qs=0Ks, the orthogonal projection matrix onto R(Hk) is given by

HkH
⊤
k .

Lemma 2.2 has two key implications. First, it ensures invariance of our proposed

estimator (see Section 2.3.2), and second, it allows us to identify the association

encoded by the span of each Hk, as we discuss in the following subsection.

2.1.3 Reparameterization via subspace decomposition

When fitting (2.2), it is common to restrict the hypothesis space of models to include

joint associations of at most order d for some 1 ≤ d ≤ q. For example, if q = 3,

we only want to consider models with all possible main associations and two-way

interaction associations. In this case, we would take d = 2. As such, define the

space of possible associations as K = ∪ds=0Ks. We call K the association index space.
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Though K is a function of d, the maximal order of association considered, we omit

notation indicating this dependence for notational simplicity.

The following theorem elucidates how the reparameterization of θ through our

subspace decomposition neatly characterizes relationships of mutual, joint, and con-

ditional independence among categorical responses.

Theorem 2.1 (Sparsity and interpretable models). Let I1, I2, · · · , Im be a partition

of [q]. For any k ∈ Ks, let βk be a matrix in R|k|J×p. For any I = {i1, · · · , is} ⊂ [q]

such that 1 ≤ i1 < · · · < is ≤ q, define JI = [Ji1 ]× · · · × [Jis ].

1. (Mutual and joint independence) Let Sjoint = {k ∈ K : ∃ i ∈ [m] such that k ⊂

Ii}. If βk = 0 for all k ̸∈ Sjoint, i.e., the parameter θ under either Poisson (2.3)

categorical response model or multinomial (2.2) categorical response model is

given by θ =
∑

k∈K Hkβk =
∑

k∈Sjoint
Hkβk, then

πj(x) =
m∏
l=1

πjIl ,+(x), (2.9)

where jIl = {jil1 , · · · , jils} ∈ JIl

, I l = {il1, · · · , ils} for some s (which may depend

on l), and πjIl ,+ is the marginal probability mass function of the responses

corresponding to Il.

2. (Conditional independence) Let Sjoint|Im = {k ∈ K : ∃ i ∈ [m−1] such that k ⊂

Ii∪Im}. If βk = 0 for all k ̸∈ Sjoint|Im, i.e., the parameter θ under either Pois-

son (2.3) categorical response model or multinomial (2.2) categorical response

model is given by θ =
∑

k∈K Hkβk =
∑

k∈Sjoint|Im
Hkβk, then

πjI1 ,jI2 ,··· ,jIm−1
|jIm (x) =

m−1∏
l=1

πjIl ,+|jIm (x), (2.10)

where πjI1 ,··· ,jIm−1
|jIm (x) =

πj(x)

πjIm,+(x)
, and πjIl ,+|jIm (x) =

πjIl∪Im,+(x)

πjIm,+(x)
.
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To illustrate the practical implications and applications of Theorem 2.1, we present

the following example.

Example 2.2. Suppose q = 4. The following types of dependence structures—akin

to those in Chapter 6 of McCullagh and Nelder (1989)—are encoded in the sparsity of

the βk. Recall that the random multivariate categorical response is (Z1, · · · , Zq) ∈ J .

1. Mutual independence. If θ = H{0}β{0}+H{1}β{1}+H{2}β{2}+H{3}β{3}+

H{4}β{4}, then Z1, Z2, Z3 and Z4 are mutually independent for any given x, i.e.,

for all x ∈ X , πj1,j2,j3,j4(x) = πj1,+,+,+(x) ·π+,j2,+,+(x) ·π+,+,j3+,(x) ·π+,+,+,j4(x),

for all (j1, j2, j3, j4) ∈ J .

2. Joint independence. If θ =
∑4

i=0H{i}β{i} +
(
H{2,3}β{2,3} +H{2,4}β{2,4} +

H{3,4}β{3,4} + H{2,3,4}β{2,3,4}

)
, then the variable Z1 is jointly independent of

{Z2, Z3, Z4} for any given x, i.e., for all x ∈ X , πj1,j2,j3,j4(x) = πj1,+,+,+(x) ·

π+,j2,j3,j4(x), for all (j1, j2, j3, j4) ∈ J .

3. Conditional independence. If θ =
∑4

i=0 H{i}β{i}+
(∑

2≤i<j≤4H{i,j}β{i,j}+

H{2,3,4}β{2,3,4}

)
+H{1,4}β{1,4}, then the variable Z1 and {Z2, Z3} are condition-

ally independent for any given x and Z4, i.e., for all x ∈ X , πj1,j2,j3|j4(x) =

πj1,+,+|j4(x) · π+,j2,j3|j4(x), for all (j1, j2, j3, j4) ∈ J .

The neat interpretations in Example 2 rely partly on a hierarchical structure of the

associations. That is, high-order associations are included only if all the corresponding

low-order associations are included. Formally, if association k is included in the

model, then all k′ ∈ K such that k′ ⊂ k must also be included in the model. For

example, with q = 3, if the joint association {1, 2, 3} is included in the model, then

for the hierarchy to be enforced, the associations {0}, {1}, {2}, {3}, {1, 2}, {1, 3}, and

{2, 3} must all be included in the model.

Formally, given an association index space K, the corresponding class of hierar-

chical association index space is the collection of all sets N ⊂ K such that if k ∈ N ,
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then P(k) ⊂ N , where P(k) denotes the powerset of k (with the null set replaced

with {0}).

To restrict attention only to models that respect such a hierarchy, it is natural to

consider a class of hierarchical hypotheses spaces

{
θ ∈ R|J |×p : R(θ) =

∑
k∈N

R(Hk) ⊂ R|J |, N ⊂ K s.t. k ∈ N =⇒ P(k) ⊂ N

}
.

(2.11)

In the next subsection, we will propose a penalized maximum likelihood estimator

that allows to explore models in K or its corresponding hierarchical association index

space.

2.2 Penalized likelihood-based association learn-

ing

2.2.1 Penalized maximum likelihood estimation

Define the negative log-likelihoods as LMult
n , and its reparametarized versions as LMult

n

where LMult
n (θ) = 1

n

∑n
i=1 ℓMult(θxi,yi) and LMult

n (β) = LMult
n (Hβ). Similarly define

LPois
n (β) = LPois

n (Hβ). To simplify the notation and unify the statements and anal-

ysis, set Ln(β) = LMult
n (β) when ℓ = ℓMult, and set Ln(β) = LPois

n (β) when ℓ = ℓPois

As described in the previous section, due to our subspace decomposition, association

structure learning is achieved by learning the sparsity pattern of β ∈ R
∑d

s=0 Ls×p. For

this, we will use penalized maximum likelihood estimators of the form

β̂ ∈ arg min
β

{Ln(β) + λΩ(β)} , (2.12)
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for convex penalties Ω : R
∑d

s=0 Ls×p → [0,∞) to be discussed in the next subsection.

2.2.2 Global versus local association learning

Given d ∈ [q] and association index space K (determined by d), to take the advantages

of the subspace decomposition in Section 2.1, we parameterize θ as

θ =
∑
k∈K

Hkβk =: Hβ, (2.13)

with H = {Hk}k∈K ∈ R|J |×
∑d

s=0 Ls and β = {βk}k∈K ∈ R
∑d

s=0 Ls×p. Let xi(j) ∈ Rpj

be the jth subvector of xi, j ∈ [t], where
∑t

j=1 pj = p. Without loss of generality, we

partition the matrix βk = [βk,1,βk,2, . . . ,βk,t] and vector xi = (x⊤
i(1), . . . ,x

⊤
i(t))

⊤ ∈ Rp

so that

θxi =
∑
k∈K

t∑
j=1

Hkβk,jxi(j), βk,j ∈ R|k|J×pj .

As discussed in the previous section, if βk = 0, then the corresponding association

defined by k is not included in our model. Our predictor grouping structure allows

us to perform association learning at distinct resolutions: global association learning

or local association learning (i.e., predictor-wise association learning).

The goal of global association learning is to discover associations such that all

predictors contribute to the association, or none contribute to the association. For

global association learning, we take t = 1. To encourage sparsity in our fitted model

so as to discover a small number of global associations, we use a group lasso-type

penalty (Yuan and Lin, 2006) with a positive set of (user-specified) weights {wk}k∈K
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for β and θ, respectively, as

Ωglobal(β) =
∑
k∈K

wk ∥βk∥ , (2.14)

Φglobal(θ) = inf
θ=Hβ

Ωglobal(β) = Ωglobal(H
⊤θ). (2.15)

Given that θ = Hβ uniquely determines a β ∈ R
∑d

s=0 Ls×p, the infimum in (2.15) can

be omitted. Because the Frobenius norm is nondifferentiable at the matrix of zeros,

using Ωglobal as a penalty can encourage estimates of the β, β̂ such that β̂k = 0 for

many k ∈ K.

In local association learning, we relax the assumption that all predictors either

contribute to an association, or no predictors contribute to an association. For ex-

ample, when q = 2, it is possible that for the majority of predictors (but not all), a

change in the predictor’s value does not lead to a change in any of the local odd-ratios

between response variables (i.e., these predictors only affect the marginal distribu-

tions of the response). This was exactly the type of association learning performed by

Molstad and Rothman (2023). Our local association learning is much more general:

we can discover which predictors modify certain high-order associations, and which

predictors (or groups of predictors) only affect lower-order associations.

To achieve this type of learning, define the set Glocal = {(k, j) : k ∈ K, j ∈ [p]},

let {wk,j}(k,j)∈Glocal
be a positive sequence, and define the penalty function

Ωlocal(β) =
∑

(k,j)∈Glocal

wk,j

∥∥βk,j

∥∥ , (2.16)

and similarly for Φlocal. In contrast to Ωglobal, Ωlocal has nondifferentiabilities when

βk,j = 0 for any (k, j) ∈ Glocal. As such, this penalty can encourage estimates such
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that β̂k,j = 0 for many j ∈ [p], but if β̂k,j′ ̸= 0 for any j′, then the k-joint association

is included in the model.

Defining the set G = {(k, j) : k ∈ K, j ∈ [t]}, and defining

ΩG(β) =
∑

(k,j)∈G

wk,j

∥∥βk,j

∥∥ ,
we generalize both global association learning (t = 1) and predictor-wide local asso-

ciation learning (t = p). More generally, we can perform a version of local association

learning with predictors partitioned into t sets. This may be useful, for example, if

predictors are categorical and encoded via multiple dummy variables.

2.2.3 Association learning with hierarchical constraints

As mentioned in Section 2.1.3, it is often desirable to enforce a hierarchical structure

for the associations. To this end, we can modify both our global and local association

structure learning penalties to enforce the hierarchy. Recall that for the hierarchy

to be enforced, we must have that for every association k included in the model, all

elements of P(k) must also be included in the model.

To achieve model fits of this type, we utilize the overlapping group lasso penalty.

This penalty is defined by

ΩH
G (β) =

∑
(k,j)∈G

wk,j

√ ∑
k′:k⊂k′

∥∥βk′,j

∥∥2 (2.17)

and

ΦH
G (θ) = ΩH

G (H
⊤θ). (2.18)

The term
√∑

k′:k⊂k′

∥∥βk′,j

∥∥2 is a group lasso penalty on the entire set of coefficients
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corresponding to associations that include k in their powerset. For example, if q = 3

and k = {1}, then

√ ∑
k′:k⊂k′

∥βk′,j∥2 =
√
∥β{1},j∥2 + ∥β{1,2},j∥2 + ∥β{1,3},j∥2 + ∥β{1,2,3},j∥2.

Consequently, this penalty essentially precludes the possibility that β̂{1,2},j ̸= 0 but

β̂{1},j = 0, for example, because the penalty enforces β̂{1},j = 0 (via nondifferen-

tiability at the origin) only when all higher order associations β̂{1,2},j = β̂{1,3},j =

β̂{1,2,3},j = 0 as well. See Yan and Bien (2017) for a comprehensive review of how

hierarchical structures can be enforced with the overlapping group lasso and related

penalties.

2.3 Relation to existing work

2.3.1 Alternative parametric links

Multivariate categorical response regression is a classical problem in categorical data

analysis (e.g., see Chapter 6 of McCullagh and Nelder, 1989). The majority of existing

methods designed specifically for this task utilize parametric links between predictors

and responses that can yield interpretable fitted models. To best describe these

methods, we will first consider the case that p = 1 and xi = 1 for all i ∈ [n] (i.e., the

analysis of a q-way contingency table).

One particularly neat parametric link is the multivariate logistic transform. This

transform maps probabilities π ∈ R|J | to a set of parameters η. These parameters

represent the logarithms of the marginal odds, pairwise odds ratios, and higher-order

odds ratios, which are derived from all possible joint marginals of subsets Z1, . . . , Zq

(McCullagh and Nelder, 1989; Glonek, 1996; Molenberghs and Lesaffre, 1999). For a

given π, the transformation π → η can be expressed as the equation η = C log(Mπ),
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where C is a contrast matrix, and M is a marginalizing matrix that computes the

joint marginals from the cell probabilities. A more general class of log-linear models

(where C and M are more general, and η = Zηz for design matrix Z), was pro-

posed by Lang (1996). According to the definition of Bergsma and Rudas (2002),

a numerical value assigned to η is considered strongly compatible if there exists a

valid probability distribution π that corresponds to it. Palmgren (1989) showed that

excluding the cases when q = 2 with J1 = J2, no explicit solution is available. Glonek

and McCullagh (1995) pointed out the difficulty in solving η = C log(Mπ) for the

analysis of contingency tables, stating that “no readily computable criterion, for de-

termining whether a particular η is valid, is available”. If there are more than two

categorical variables, it can happen that no solution exists because of incompatibility

of the lower dimensional marginals. Evidently, it remains unclear how to determine

whether a specific η is strongly compatible. For Bernoulli response Z1, . . . , Zq, Qaqish

and Ivanova (2006) can determine the strong compatibility of η, and compute π from

a strongly compatible η using a noniterative algorithm. When any Jl ≥ 3, however,

their results cannot be applied.

Matters become even more challenging when we consider the more general log-

linear regression model f(xi) = C log{Mπ(xi)} where xi ∈ Rp for linear function f.

The goal of our work is to provide an alternative to log-linear models that (i) has

parameters that can be interpreted in the same way as log-linear models and (ii) can

be easily computed. Desideratum (i) is addressed by Theorem 2.1, and as we will

show in a later section, because our estimator is the solution to a convex optimization

problem, we can readily employ modern first order methods for (ii).

2.3.2 Generalizing log-linear models for contingency tables

In this section, we will explain how our method generalizes log-linear models used for

the analysis of contingency tables. The key is that our method has the interpretabil-
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ity of “standard” log-linear models, but our specific subspace decomposition leads

to an invariance property that is essential for penalized maximum likelihood-based

association learning.

Log-linear models are a class of statistical models used to describe the relationship

between categorical variables by modeling the expected cell counts in a contingency

table. These models express the logarithm of expected frequencies as a linear com-

bination of parameters corresponding to main associations and interactions of the

variables. Specifically, for a contingency table (i.e., the intercept only model with

p = 1) with variables Z1 and Z2, the model can be written as

log(µj1j2) = Λj1,j2 := µ+ µZ1
j1

+ µZ2
j2

+ µZ1Z2
j1j2

(2.19)

where µj1j2 denotes the expected count in cell (j1, j2), µ is the overall mean, µZ1
j1

and

µZ2
j2

represent the main associations of variables Z1 and Z2, respectively, and µZ1Z2
j1j2

denotes the interaction association between Z1 and Z2. Under a multinomial sampling

scheme, the model can be written as

πj1j2 =
exp(Λj1,j2)∑
j1,j2

exp(Λj1,j2)
. (2.20)

The log-linear model and the multinomial model share the same linear structure of

Λj1,j2 .

To ensure the parameters in a log-linear model are uniquely estimable, certain

constraints must be imposed. Commonly, sum-to-zero constraints are used, where

the sum of the main associations and interaction associations for each variable is set

to zero. For example, for the main associations, the constraints are:
∑J1

j1=1 µ
Z1
j1

= 0
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and
∑J2

j2=1 µ
Z2
j2

= 0. Similarly, for the interaction associations:

∑
j1

µZ1Z2
j1j2

= 0 for each j2 and
∑
j2

µZ1Z2
j1j2

= 0 for each j1.

Alternatively, one could define µZ1
1 = 0, µZ2

1 = 0 and µZ1Z2
j1j2

= 0 if j1 = 1 or j2 = 1.

For maximum likelihood estimation (without penalization), the choice of constraint

does not matter due to the invariance property of the maximum likelihood estimator.

If, on the other hand, one wanted to impose sparsity inducing penalties on the µ, the

choice of constraint may affect the solution.

To see this, recall that µJ = {µj1,j2}(j1,j2)∈J for log-linear model. Let U ′
m =

[em2 , . . . , e
m
m]. Similar to Hk defined in (2.8), for any k = {k1, . . . , ks} ∈ Ks, s ≥ 1,

define

H ′
k = V q ⊗ V q−1 ⊗ · · · ⊗ V 2 ⊗ V 1, V i =

 U ′
Ji

i ∈ k

1Ji i ∈ [q]\k
. (2.21)

We can thus rewrite (2.19) in matrix form as

vecJ{log(µJ)} = H ′
{0}β

′
{0} +H ′

{1}β
′
{1} +H ′

{2}β
′
{2} +H ′

{1,2}β
′
{1,2},

where {H ′
k}k are defined in (2.21) with q = 2. Similarly, recall that πJ = {πj1,j2}(j1,j2)

for the multinomial log-linear model so that

vecJ{πJ} = exp(θ)

⟨exp(θ),1J1J2⟩
, θ = H ′

{0}β
′
{0}+H ′

{1}β
′
{1}+H ′

{2}β
′
{2}+H ′

{1,2}β
′
{1,2}.

Here, H ′
{0}β

′
{0},H

′
{1}β

′
{1},H

′
{2}β

′
{2},H

′
{1,2}β

′
{1,2} are the matrix forms of µ, µZ1

j1
, µZ2

j2
,

and µZ1Z2
j1j2

, respectively for both log-linear model and multinomial model. Evidently

the log-linear model can be parameterized as θ =
∑

k∈K H ′
kβ

′
k. If we wanted to
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impose sparsity on the β′, it would be tempting to use the same group lasso penalty

as defined before,

However, when considering Φ′(θ) =
∑

k ∥β
′
k∥, we see that Φ′(·) is not invariant to

the choice of identifability constraints. To be more specific, if maxi∈[q] Ji > 2, U ′′
m =

[em1 , . . . , e
m
m−1], and we define H ′′ accordingly, then H ′

kβ
′
k ̸≡ H ′′

kβ
′′
k,
∑

k ∥β
′
k∥ ̸≡∑

k ∥β
′′
k∥ ,where θ =

∑
k∈K H ′

kβ
′
k =

∑
k∈K H ′′

kβ
′′
k. Choosing H ′′ instead of H ′

changes how the k-joint association influences the categorical response, leading to

results that may depend on this arbitrary selection rather than reflecting an inherent

property.

To address the invariance issue, one might consider using an overparameterized

version of the log-linear model with penalization of the parameters. However, this

leads to an explosion in the number of parameters, and the parameters are more diffi-

cult to interpret. Moreover, statistical analysis of such an estimator is fundamentally

more difficult than the analysis of our estimator.

In our reparameterization θ =
∑

k∈K Hkβk, the corresponding group lasso penalty

Φ(θ) =
∑

k ∥βk∥ is invariant under different choices of Um such that [ 1√
m
1m,Um] is

a real orthogonal matrix. To be more specific, if we let Um be another real matrix

such that [ 1√
m
1m,Um] is a real orthogonal matrix, and define HU

k by replacing UJi

with UJi in (2.8), then

Hkβk ≡HU
kβ

U
k ,
∑
k

∥βk∥ ≡
∑
k

∥∥βU
k

∥∥ , where θ =
∑
k∈K

Hkβk =
∑
k∈K

HU
kβ

U
k .

2.3.3 Modern approaches to multivariate categorical response

regression in high dimensions

Existing methods for multivariate categorical response regression with a large number

of predictors, responses, and/or a large number categories per response typically rely
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on latent variable models (e.g., the regularized latent class model of Molstad and

Zhang, 2022), or classifier chains (Read et al., 2021).

The latent class model is able to capture complex relationships between responses

by assuming that given a latent variable W , Zm and Zm′ are independent given X,

i.e., Zm Zm′ | X,W . Thus, fitted model coefficients cannot be straightforwardly

interpreted in terms of the distribution of interest Z1, . . . , Zq | X, as can the coeffi-

cients from our fitted model. Moreover, the order of associations in the latent class

method cannot, generally speaking, be easily identified unless the association is null.

Along similar lines, it is common to decompose the joint mass function of inter-

est into simpler, estimable parts. Methods utilizing to this approach include those

most popular in the machine learning literature on “multilabel classification” (Herrera

et al., 2016), namely, classifier chains (Read et al., 2021). A classifier chain estimates

Z1, . . . , Zq | X by fitting a model for Z1 | X, then Z2 | X, Z1, then Z3 | X, Z1, Z2,

and so on, and using their product as an estimate of the mass function of interest.

This approach requires many ad-hoc decisions that can have a significant impact

on how the model performs (e.g., in what order to fit the chain and how to model

each specific conditional distribution). Like the latent class model approach, classifier

chains cannot be used to identify the order of associations in a straightforward way,

which is the primary motivation for our work.

Recently, to handle large p, Deng et al. (2024) proposed to model multivariate

categorical responses under a multivariate generalization of the normal linear dis-

criminant analysis model. Though their method can handle large p, it is specifically

designed for a bivariate response, and does not provide the interpretability of our

method.
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2.3.4 Connection with Ising, Potts, and Hypergraph Models

In the classical Ising model, each vertex of a graph is assigned a binary state ji ∈

{0, 1}, with interactions limited to pairs of vertices connected by an edge. Cheng

et al. (2014) extend the Ising model allow interactions to depend on covariates. They

propose a sparse pseudo-likelihood estimation framework tailored to the binary Ising

model, which does not extend to multi-level categorical variables. In contrast, in

the Potts model, each vertex is assigned a variable ji ∈ {1, 2, . . . , Ji}, with pairwise

interactions specified by edges (Shimagaki and Weigt, 2019; Wipf et al., 2007; Tanaka

et al., 2011; Hirakida et al., 2016). Such models capture the essential physics of sys-

tems whose energy depends exclusively on pairwise interactions. Broadly speaking,

maximum pseudo-likelihood estimation is widely used under both Ising and general-

ized Potts models without predictors (Razaee and Amini, 2020; Ekeberg et al., 2013;

Okabayashi et al., 2011; Cheng et al., 2014; Keetelaar et al., 2024; Levada et al.,

2009). However, as illustrated in Keetelaar et al. (2024), there is a key trade-off to be

considered: while pseudo-likelihood is computationally tractable and approximates

MLE well with sufficiently large sample sizes, it becomes less reliable under with

small or moderate n. In contrast, our approach relies on the complete likelihood.

To the best of our knowledge, no existing study has introduced covariates into

the Potts model. As we will show below, the generalized Potts model—already a

special case of a hypergraph model—also emerges from our approach when the max-

imum interaction order is set to 2. Our method thus advances Potts modeling by

incorporating covariates, extending them beyond the purely pairwise framework.

Many real-world systems exhibit interactions among more than two components

simultaneously. For example, in certain magnetic materials or biological networks,

the collective behavior depends on multi-body interactions. To model such scenarios,

it is natural to generalize the notion of a graph to that of a (undirected) hypergraph

(Bretto, 2013; Klamt et al., 2009; Yu et al., 2024; Robiglio et al., 2024; Mukherjee



2.4. Computation 28

et al., 2022; Bhowal and Mukherjee, 2024). In Section 4.3, we demonstrate that

both the generalized Potts model and the hypergraph model coincide with our pro-

posed multivariate categorical response regression model—under the reparameteriza-

tion θ =
∑

k Hkβk—when there are no predictors.

2.4 Computation

In this section, we outline a proximal gradient descent algorithm—described in Chap-

ter 4 of Parikh et al. (2014)—for computing the group lasso and the overlapping group

lasso-penalized estimators.

The proximal gradient descent algorithm can be understood from the perspective

of the majorize-minimize principle (Lange, 2016). If there exists some L > 0 such

that for arbitrary kth iterate βk,

Ln(β) + λΩ(β) ≤ Ln(βk) +
〈
∇Ln(βk),β − βk

〉
+
L

2

∥∥β − βk
∥∥2 + λΩ(β) (2.22)

for all β, then, if we define the (k + 1)th iterate as

βk+1 = arg min
β

[
1

2

∥∥∥∥β − {βk − 1

L
∇Ln(βk)

}∥∥∥∥2 + λ

L
Ω(β)

]
, (2.23)

we are ensured that the objective function at βk+1 is no greater than the objective

function at βk (i.e., the sequence of iterates {βk}∞k=1 have the descent property).

When Ω is the group lasso penalty (i.e., ΩG), then the proximal operator (2.23) has

closed form solution

βk+1
g = max

1− λwg∥∥∥L · βkg − ∂
∂βg
Ln(βk)

∥∥∥ , 0
(βkg − 1

L

∂

∂βg
Ln(βk)

)
, g ∈ G.
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When Ω is the overlapping group lasso penalty (i.e., ΩH
G ), we solve the proximal

operator (2.23) using a blockwise coordinate algorithm (Jenatton et al., 2011; Yan

and Bien, 2017).

In Lemma 4.7, we show that for all β and β′,
∥∥∇LMult

n (β)−∇LMult
n (β′)

∥∥ ≤
(2n)−1λmax(X

⊤X) ∥β − β′∥ with X = [x1, · · · ,xn], which implies that with L ≥

(2n)−1λmax(X
⊤X), (2.22) will hold. However, in the case of a Poisson categorical

response model, the inequality (2.22) cannot hold globally for any L. Therefore, we

use a proximal gradient descent algorithm with the step size determined adaptively

at each iteration by a backtracking line search.

For the sake of space, more details about tuning parameter selection, as well as the

formulation of an accelerated variation of the proximal gradient descent algorithm, can

be found in Section 4.4. More details about the accelerated proximal gradient descent

algorithm can be found in Section 4.3 of Parikh et al. (2014) and Algorithm 2 of Tseng

(2008). We present our algorithm and all needed sub-algorithms in Section 4.4.

2.5 Statistical properties

In this section, we examine the statistical properties of the group lasso estimator, as

defined in (2.12), considering variations in n, p, and J . Let θ∗ = H fullβ
∗ represent the

data generation parameter, where H full = {Hk}k∈∪q
s=0Ks

∈ R|J |×|J |. To establish an

error bound, it is necessary to define an identifiable estimand: the parameter β†. Let

the set Fθ∗ denote the set of all β, which leads to the same probability distribution,

that is for multinomial and Poisson categorical response models,

Fθ∗ =
{
β̃ ∈ R|J |×p; ℓ(θ∗x,y) = ℓ(H fullβ̃x,y),∀(x,y)

}
=
{
β̃ ∈ R|J |×p;P Vθ

∗ = P VH fullβ̃
}
,

(2.24)
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where P V = I−|J |−11|J |1
⊤
|J | for multinomial categorical response model, and P V = I

for Poisson categorical response model.

Define θ† = P Vθ
∗ and β† = H⊤

fullθ
†. By Lemma 4.9, we know that

β† ∈ arg min
β∈Fθ∗

{Ln(β) + λΩG(β)} = arg min
β∈Fθ∗

ΩG(β). (2.25)

Now, we introduce our assumptions. The first is a standard scaling assumption on

the predictors.

Assumption 2.1 (Predictor scaling). The predictors are scaled so that for any i ∈

[n], j ∈ [t], and ∥k∥0 ≤ d,
∥∥xi(j)∥∥ ≤ wk,jC for finite constant C.

The following assumption regards the data generating process.

Assumption 2.2. The responses yJ
i = {yij}j∈J , 1 ≤ i ≤ n are independent given

{xi}ni=1 and generated under (i) the Poisson categorical response model or (ii) the

multinomial categorical response model with (ni = 1 for i ∈ [n], without loss of

generality).

Assumption 2.3 (Poisson categorical response model). Under (i), the Poisson cat-

egorical response model with V = R|J |, there exists a finite constant C1 such that

Λ := maxi∈[n] ∥ exp(θ†xi)∥∞ ≤ C1.

Note that under (ii), the multinomial categorical response model, V = {θ′ ∈ R|J | :

1⊤
|J |θ

′ = 0}. This is not an assumption, but rather a definition.

Next, we make an assumption on the curvature of the negative log-likelihood in

certain directions: this is commonly known as restricted strong convexity (Wain-

wright, 2019, Definition 9.15 and Theorem 9.36). Let En(∆θ) := Ln(θ
† + ∆θ) −

Ln(θ
†)−

〈
∇Ln(θ†),∆θ

〉
.
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Assumption 2.4 (Restricted strong convexity). Let ΦG(θ) = ΩG(H
⊤θ) be the repa-

rameterized group lasso penalty for the association learning. The quantity En(∆θ)

satisfies restricted strong convexity (RSC) condition with radius R > 0, constants A

and C, and curvature κ > 0, i.e., ∆θ ∈MH := {θ : θ =
∑

g∈G Hkβg},

En(∆θ) ≥ κ

2
∥P V(∆θ)∥2−A ·C2

( log |G|
n

+
m

n

)
· inf
PV∆θ=PV∆θ′

Φ2
G(∆θ′), ∥∆θ∥ ≤ R,

(2.26)

where |G| is the cardinality of G, and m = max(k,j)∈G |k|J · pj. Under (i), the Poisson

categorical response model, P V = I, and denote κ = κPoisJ , whereas under (ii), the

multinomial categorical response model, P V = I−|J |−11|J |1
⊤
|J |, and denote κ = κMult

J .

The restricted strong convexity condition is a well-understood condition in penalized

regression (Negahban et al., 2012, Section 2.4). Effectively, this condition requires

that in a neighborhood of the true parameter, the negative log-likelihood has sufficient

curvature.

Remark 2.1. In Lemma 4.11, we verify that under mild assumptions on the distri-

bution of predictors, restricted strong convexity holds with high probability for (i)

Poisson and (ii) multinomial categorical response models.

Define the support of β† as S = {g ∈ G;β†
g ̸= 0} and define Ψ(S)2 =

∑
(k,j)∈S w

2
k,j.

Clearly, if wg = 1 for all g ∈ G, then Ψ(S)2 = |S|. Note that Ψ(S) is essentially the

subspace compatibility constant (Wainwright, 2019, Definition 9.18): a quantity that

often appears in error bounds for regularized M-estimators.

Note that the dimensionality of β̂ depends on the user-specified d, whereas β† ∈

R|J |×p. Thus, to simplify notation, let β̂0 denote the version of β̂ where all associations

of order higher than d have been set to zero (i.e., β̂
⊤
0 = [β̂

⊤
,0] ∈ Rp×|J |). We are

now prepared to present our error bound for ∥θ̂ − θ†∥ = ∥β̂0 − β†∥. Recall that
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K = ∪ds=0Ks, where d denotes the maximal number of association between response

variables. Define the true maximal number of association as d∗ = {∥k∥0 ; (k, j) ∈

S,β†
k ̸= 0}.

Theorem 2.2. Let B,B1, B2 and B′ be positive absolute constants, and let ξ ≥ 1 be

fixed. Suppose that d is chosen so that d∗ ≤ d and that Assumptions 2.1-2.4 hold.

(i) Under the Poisson categorical response model, if

λ = ξBC(
√

Λm/n+
√

Λ log |G|/n)

with 0 ≤ (ξ − 1)(
√
m/n +

√
log |G|/n) ≤ B2, λ ≤ RκPoisJ {6

√
|S|}−1, and

(m/n+ log |G|/n) ≤ B1 ·min{1, κPoisJ (AC2|S|)−1}, then

∥θ† − θ̂∥ = ∥β† − β̂0∥ ≤
6ξBC

√
|S|

κPoisJ

(√
m

n
+

√
log |G|
n

)
,

with probability at least 1− exp(−B′(ξ − 1)2(m+ log |G|)).

(ii) Under the multinomial categorical response model, if

λ = ξBC(
√
m/n+

√
log |G|/n),

λ ≤ RκMult
J {6

√
|S|}−1, and (m/n+ log |G|/n) ≤ B1 ·min{1, κMult

J (AC2|S|)−1},

then

∥θ† − θ̂∥ = ∥β† − β̂0∥ ≤
6ξBC

√
|S|

κMult
J

(√
m

n
+

√
log |G|
n

)
,

with probability at least 1− exp(−B′(ξ − 1)2(m+ log |G|)).

In Lemma 2.3, we show that, under certain regularity assumptions, κMult
J ≍ |J |−1κPoisJ

and κPoisJ = O(1). However, we cannot conclude that the Poisson-likelihood based
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estimator is better its multinomial counterpart because the data generating models

being assumed are fundamentally different.

The result of Theorem 2.2 indicates that under the Poisson or multinomial sam-

pling scheme, assuming κPoisJ = O(1) or κMult
J = (|J |−1), we can achieve a Frobenius

norm error rate of O(
√
m/n+

√
log |G|/n). Call that |G| is the number of groups of

parameters being penalized in (2.12) under general local association learning. This

would seem to suggest that having fewer groups is beneficial, but this term is counter-

balanced with m, which is the largest number of parameters per group. Hence, since

a small number of groups would require a larger number of parameters per group,

there is a clear tradeoff between the two. Importantly, both terms are multiplied

by |S|, so ideally, we will select a number of groups that leads to small S without

inflating |G| or m.

Though not made explicit in our bounds, the association of a well-specified d is

apparent in our error bounds. If d = q ≫ d∗, then both m and |G| will be larger than

if d were specified closer to d∗. Of course, if d < d∗, we could not expect consistent

estimation since this will force estimates of truly nonzero associations to be zero.

The following corollary is a special case of Theorem 2.2 for multinomial categorical

response model, letting G = Gglobal or Glocal. Here, we replace the quantities from

Theorem 2.2 with more explicit versions.

Corollary 2.1. Under the conditions of Theorem 2.2 and assuming the multinomial

categorical response model, if tuning parameters are chosen according to part (ii) of

Theorem 2.2 and wg = 1 for all g ∈ G, then the following statements holds.

1. For global association learning, with probability as specified in Theorem 2.2,

∥θ†− θ̂∥ ≤ 6ξBC

κMult
J

√∑
k∈K

1(β†
k ̸= 0)


√
p
∏d

ℓ=1(J(ℓ) − 1)

n
+

√
log
∑d

l=0

(
q
l

)
n

 ,
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where J(1), · · · , J(q) is a permutation of J1, · · · , Jq such that J(1) ≥ J(2) ≥ · · · ≥

J(q).

2. For local association learning (t ≥ 2), with probability as specified in Theo-

rem 2.2,

∥θ†−θ̂∥ ≤ 6ξBC

κMult
J

∥∥β†∥∥
0,G


√

max(k,j)∈G |k|J · pj
n

+

√
log t+ log

∑d
l=0

(
q
l

)
n

 ,

where
∥∥β†∥∥

0,G =
√∑

(k,j)∈G 1(β
†
k,j ̸= 0).

For the multinomial sampling scheme, as |J | increases, the upper bound of the

estimation error worsens. This suggests that increasing the dimension of the response

will lead to poorer estimation.

We continue by demonstrating the reasonableness of Assumption 2.4, particularly

regarding its validity under the assumption of random predictors. In section 9 of

Wainwright (2019), the restricted strong convexity condition has been derived under

a GLM setting (See Theorem 9.36 in Wainwright (2019)). Here, we generalized their

results to a multivariate GLM setting, and calibrate the Rademacher complexity term

of the group lasso penalty according to multivariate GLM setting. We summarize the

results in Section 4.9 and incorporate both the multinomial and Poisson categorical

response settings into the following lemma.

Lemma 2.3. Under Assumptions 2.1–2.3, assume that x1, . . . ,xn are independent

and identically distributed with zero mean. Additionally, assume that for some pos-

itive constants (α, β), we have E ∥∆θxi∥2 ≥ α and E ∥∆θxi∥4 ≤ β, for all vec-

tors ∆θ ∈ MH such that ∥∆θ∥ = 1. Then, the following results hold. For both

multinomial and Poisson categorical response models with the reparameterized group

lasso penalty ΦG, the restricted strong convexity condition (2.26) in Assumption 2.4
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holds with probability at least 1− c1 exp(−c2n). Furthermore, κMult
J ≍ |J |−1κPoisJ and

κPoisJ = O(1).

The above lemma justifies condition (2.26) and the typical behavior of the curvature

κ in Assumption 2.4, showing that both will hold with high probability under mild

assumptions.

2.6 Numerical studies

2.6.1 Data generating models and competitors

We present a series of simulations designed to evaluate the performance of the pro-

posed methods and applicable variations of existing methods under various scenarios.

We consider a range of parameters, including different sample sizes, dimensions, and

three different model generation schemes. A detailed description of this study is in

Section 4.5.

For Nrep = 100 independent replications, we simulate data from the multivariate

multinomial response regression model, with d = 4, q = 4, and (J1, J2, J3, J4) =

(2, 2, 2, 3). With n ∈ {100, 300, 500, 1000, 2000} training samples, each observation xi

(excluding its first element, because the first row of xi is always 1) is drawn from a

multivariate normal distribution Np(0,Σ), where the covariance entries Σjk = 0.5|j−k|

are defined for all pairs (j, k) ∈ [p−1]× [p−1]. Given a coefficient matrix β∗ ∈ R|J |×p,

the probability vector is given by vecJ
(
πJ(x)

)
=

exp(Hβ∗x)

⟨1|J |, exp(Hβ∗x)⟩
, from which we

generate the response yi ∈ Rp as a realization of

Multinomial
(
ni, vecJ

(
πJ(xi)

))
, ni = 1. (2.27)

This process is also extended to generate 1000 validation samples for model tun-

ing and Ntest = 10000 test samples to evaluate model performance. We conduct
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our simulations over a range of dimensions p ∈ {10, 50} to assess scalability and

robustness. Let Gglobal = {(k, j);k ∈ K, j ∈ {1, 2}} with p1 = 1, p2 = p − 1 and

Glocal = {(k, j);k ∈ K, j ∈ {1, · · · , p}} with p1 = p2 = · · · = pp = 1.

We consider three distinct structures for β∗. The parameter generation methods

for β∗ are designated as Scheme 1, Scheme 2, and Scheme 3, and are discussed in

detail in Section 4.5. These correspond to the three interpretable models—mutual

independence, joint independence, and conditional independence, respectively—as

presented in Example 2.2. Moreover, in each scheme, the associations are local—only

the intercept and two randomly selected predictors have nonzero associations. Hence,

these schemes are most well suited for the versions of our methods using ΩH
local.

In our simulation studies, we will examine the following eight estimators. The first

six estimators—O-Mult, O-Pois, L-Mult, L-Pois, G-Mult and G-Pois—are derived

using the reparameterization technique. Here O, L, and G denote estimators using

overlapping group lasso with hierarchical structure built on local group Glocal, group

lasso with local group Glocal, and group lasso with global group Gglobal penalties, re-

spectively. Additionally, Mult and Pois refer to multinomial and Poisson multivariate

categorical response models, respectively. Recall that the data-generating model is

based on a multinomial model. Thus, the O-Mult, L-Mult, and G-Mult are penalized

maximum likelihood estimators for a correctly specified model. In contrast, O-Pois,

L-Pois, and G-Pois can be thought of as M-estimators. The seventh estimator,

G-Mult-θ, employs the classical parameterization approach in θ. The eighth estima-

tor, Sep-Mult, is designed to individually address each category in the multinomial

vector, providing estimates of each response’s probability mass function separately.

The method denoted Oracle represents the true parameter, and is included to serve

as a baseline.

We employ a train-validation split to select the tuning parameter λ in our sim-

ulation study, with the weight parameters wk,j set to 1. Specifically, we choose the
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candidate tuning parameter that minimizes the cross-entropy loss on the validation

set.

2.6.2 Results

The estimators’ performances, evaluated based on Hellinger distance and (joint) mis-

classification rate on a test set, is displayed in Figure 2.1 and Figure 2.2. The

Sep-Mult estimator is correctly specified under Scheme 1, where the responses are

mutually independent. Unsurprisingly, Sep-Mult outperforms all other estimators

under this scheme. Under Schemes 2 and 3 where responses are dependent, we see

Sep-Mult perform very poorly relative to the other methods.

The estimators O-Mult, O-Pois, L-Mult, L-Pois, G-Mult, and G-Pois are all

based on our parameterization. Considering the overall performance based on the

Hellinger distance and the misclassification rate, the O-Mult estimator is generally

the most favorable. This is expected as this method is based on a correct specification

of the model and can exploit the hierarchical structure of the local associations.

The estimator L-Mult tends to perform second best when sample sizes are large.

Notably, the estimator O-Pois performs reasonably well when n = 100: only O-Mult

is evidently better. As n increases, however, O-Pois tends to be outperformed by the

methods assuming a multinomial data generating model.

We caution that these results do not imply that estimators based on the multi-

nomial negative log-likelihood are uniformly preferable to those utilizing the Poisson

negative log-likelihood. In this case, the multinomial estimators assume a correctly

specified model, and thus, as the sample size increases, tend to outperform their

Poisson counterparts.
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2.6.3 Poisson data generating model

Simulation study results under the Poisson data generating model are more difficult

to interpret than those based the multinomial data generating model. This is partly

because when fixing n, the effective sample size for the multinomial estimators is a

random variable. Specifically, for each of the n samples, we draw a (possibly large)

number of Poisson counts from the conditional distribution in (2.3). The multinomial

estimators treat each count as an independent realization from a single-trial multi-

nomial. Thus, the number of “samples” input into the multinomial estimators can

be extremely large and vary greatly from simulation replicate to simulation repli-

cate. For this reason, we exclude results under the Poisson from this manuscript.

Nonetheless, to briefly summarize the results we observed in the simulation scenarios

we considered (specifically Scheme 2 and 3), we found that under the Poisson data

generating models, both L-Pois and G-Pois significantly outperformed L-Mult and

G-Mult.



2.6. Numerical studies 39

0.1

0.2

0.3

100 300 500 1000 2000
n

H
el

lin
ge

r 
D

is
ta

nc
e

p = 10 and Scheme = 1

0.1

0.2

0.3

0.4

100 300 500 1000 2000
n

H
el

lin
ge

r 
D

is
ta

nc
e

p = 50 and Scheme = 1

0.1

0.2

0.3

0.4

100 300 500 1000 2000
n

H
el

lin
ge

r 
D

is
ta

nc
e

p = 10 and Scheme = 2

0.1

0.2

0.3

0.4

0.5

100 300 500 1000 2000
n

H
el

lin
ge

r 
D

is
ta

nc
e

p = 50 and Scheme = 2

0.1

0.2

0.3

0.4

0.5

100 300 500 1000 2000
n

H
el

lin
ge

r 
D

is
ta

nc
e

p = 10 and Scheme = 3

0.1

0.2

0.3

0.4

0.5

100 300 500 1000 2000
n

H
el

lin
ge

r 
D

is
ta

nc
e

p = 50 and Scheme = 3

0.1

0.2

0.3

100 300 500 1000 2000
n

H
el

lin
ge

r 
D

is
ta

nc
e

Estimators
O−Mult

O−Pois

L−Mult

L−Pois

G−Mult

G−Pois

G−Mult−theta

Sep−Mult

p = 10 and Scheme = 1

Figure 2.1: Hellinger distances for the competing estimators with p ∈ {10, 50} and
Scheme ∈ {1, 2, 3} as n varies.



2.6. Numerical studies 40

0.80

0.84

0.88

100 300 500 1000 2000
n

M
is

cl
as

si
fic

at
io

n 
R

at
e

p = 10 and Scheme = 1

0.80

0.85

0.90

100 300 500 1000 2000
n

M
is

cl
as

si
fic

at
io

n 
R

at
e

p = 50 and Scheme = 1

0.70

0.75

0.80

0.85

0.90

100 300 500 1000 2000
n

M
is

cl
as

si
fic

at
io

n 
R

at
e

p = 10 and Scheme = 2

0.60

0.65

0.70

0.75

0.80

100 300 500 1000 2000
n

M
is

cl
as

si
fic

at
io

n 
R

at
e

p = 50 and Scheme = 2

0.60

0.65

0.70

0.75

0.80

0.85

100 300 500 1000 2000
n

M
is

cl
as

si
fic

at
io

n 
R

at
e

p = 10 and Scheme = 3

0.65

0.70

0.75

0.80

0.85

100 300 500 1000 2000
n

M
is

cl
as

si
fic

at
io

n 
R

at
e

p = 50 and Scheme = 3

0.80

0.84

0.88

100 300 500 1000 2000
n

M
is

cl
as

si
fic

at
io

n 
R

at
e

Estimators
O−Mult

O−Pois

L−Mult

L−Pois

G−Mult

G−Pois

G−Mult−theta

Sep−Mult

Oracle

p = 10 and Scheme = 1

Figure 2.2: Misclassification rates for the competing estimators with p ∈ {10, 50} and
Scheme ∈ {1, 2, 3} as n varies.
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2.7 Colon tissue data analysis

We apply our proposed method to a dataset obtained from the Gene Expression

Omnibus (accession number GDS3268). This dataset consists of 202 colon tissue

samples, with each sample containing expression levels for tens of thousands of genes.

Additionally, each sample includes three categorical response labels: (i) patient state

(normal or ulcerative colitis), (ii) tissue inflammation status (inflamed or uninflamed),

and (iii) anatomical location (ascending colon, descending colon, sigmoid colon, or

terminal ileum). Thus, we have multiple response variables to jointly model.

First, the gene expression measurements are log-transformed and normalized. We

then select a subset of the most variable genes, ranking them according to their

median absolute deviation and retaining the top p genes. Highly correlated genes are

pruned in order to avoid retaining genes with overlapping information. We consider

several values for p; 100, 200, 300, 400, and 500.

We randomly partition the 202 samples into three subsets: 100 for training, 50

for validation (used for tuning parameter selection), and 52 for testing. On the

training set, we fit the candidate estimators introduced in Section 2.6, modeling

joint associations of at most order d = 1, 2, 3, and compare these to a separate

logistic regression baseline. The tuning parameters are selected by minimizing cross-

entropy loss on the validation set. Specifically, we tune (λ, r) using the weight wk,j =

rmax{∥k∥0−1,0}, which penalizes higher-order associations more heavily. A standard fine

grid is used for λ, whereas for r we choose from the smaller set r ∈ {1, 2, 4, 6, 10} to

improve computational efficiency.

The predictive performance of each fitted model is evaluated on the held-out test

set using the misclassification rate, i.e., the proportion of samples in the test set whose

predicted response combination does not match the observed response combination.

We also evaluated predictive performance using empirical cross-entropy, estimating
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−EX,Z log
{
P̂ (Z | X)

}
.

In Table 2.1, we report the misclassification rates and empirical cross-entropy av-

eraged across 1000 random training–validation–testing splits. Overall, the estimators

G-Mult with d = 2 and d = 3 consistently achieves the best performance on the mis-

classification rates, with most proposed methods outperforming the separate logistic

regression baseline (Sep-Mult). Moreover, as p increases, our proposed methods con-

tinue to improve, the Sep-Mult method shows minimal change. The nearly identical

results for d = 2 and d = 3 suggest that, although our model was designed to capture

up to third-order associations, the higher-order interactions permitted by the model

were effectively negligible in this dataset.

From the empirical cross-entropy perspective, the estimators G-Mult with d = 2

and d = 3, and O-Mult, perform equally well and outperform the others.

Table 2.1: Average misclassification rates and cross-entropy over 1000 independent
training/validation/testing splits of the colon tissue dataset.

Misclassification rate Cross entropy
p = 100 p = 200 p = 300 p = 400 p = 500 p = 100 p = 200 p = 300 p = 400 p = 500

d=3 L-Mult 0.5033 0.4754 0.4712 0.4709 0.4662 1.4142 1.2983 1.2954 1.2942 1.2820
d=3 L-Pois 0.5129 0.4785 0.4732 0.4737 0.4687 2.6878 2.6415 2.6407 2.6411 2.6298
d=3 G-Mult 0.5017 0.4647 0.4520 0.4403 0.4332 1.3956 1.2917 1.2606 1.2384 1.2082
d=3 G-Pois 0.5072 0.4701 0.4637 0.4458 0.4342 2.7227 2.7053 2.7711 2.6384 2.6246
d=3 O-Mult 0.5070 0.4702 0.4586 0.4474 0.4416 1.4006 1.2961 1.2687 1.2481 1.2240
d=3 O-Pois 0.5111 0.4739 0.4682 0.4606 0.4533 2.7197 2.6270 2.5969 2.5932 2.5794

d=2 L-Mult 0.5022 0.4743 0.4700 0.4698 0.4652 1.4140 1.2981 1.2951 1.2937 1.2819
d=2 L-Pois 0.5117 0.4771 0.4721 0.4724 0.4676 2.6839 2.6388 2.6385 2.6396 2.6298
d=2 G-Mult 0.5015 0.4643 0.4515 0.4400 0.4327 1.3956 1.2918 1.2606 1.2385 1.2082
d=2 G-Pois 0.5067 0.4698 0.4634 0.4455 0.4341 2.7233 2.7100 2.7742 2.6387 2.6251
d=2 O-Mult 0.5034 0.4667 0.4542 0.4426 0.4358 1.3924 1.2908 1.2620 1.2403 1.2112
d=2 O-Pois 0.5070 0.4680 0.4581 0.4472 0.4388 2.7214 2.6324 2.6023 2.5974 2.5756

d=1 L-Mult 0.5227 0.4946 0.4924 0.4927 0.4873 1.4357 1.3238 1.3218 1.3200 1.3116
d=1 L-Pois 0.5346 0.4969 0.4903 0.4914 0.4843 3.0891 3.5829 3.3387 3.2668 3.5938
d=1 G-Mult 0.5184 0.4804 0.4677 0.4552 0.4469 1.4113 1.3087 1.2782 1.2530 1.2228
d=1 G-Pois 0.5276 0.4876 0.4818 0.4622 0.4499 3.3714 3.9934 3.2810 3.0970 3.0893
d=1 O-Mult 0.5171 0.4793 0.4663 0.4545 0.4469 1.4048 1.3045 1.2759 1.2517 1.2210
d=1 O-Pois 0.5244 0.4813 0.4707 0.4570 0.4467 3.3548 3.6178 3.0861 3.0439 3.0182

G-Mult-θ 0.6023 0.5769 0.5741 0.5680 0.5604 1.7416 1.6496 1.6420 1.6358 1.6162
Sep-Mult 0.5117 0.5044 0.5102 0.5174 0.5152 1.4367 1.3849 1.4108 1.4290 1.4175
Null model 0.9375 0.9375 0.9375 0.9375 0.9375
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Chapter 3

Distributed Algorithms for
High-Dimensional Statistical
Inference and Structure Learning
with Heterogeneous Data

3.1 Introduction

The paper is organized as follows. Section 3.2 introduces the heterogeneous linear

model and establishes the necessary notation. Section 3.3 presents the constrained

optimization approach using the ℓ0-constraint and provides the general computational

algorithm and the distributed version of the algorithm. In Section 3.4, we demon-

strate the convergence and consistency of our proposed algorithm in general linear

model setting. Section 3.5 establishes the theoretical properties of our estimator and

the constrained likelihood ratio test, including the generalized Wilks’ phenomenon.

Finally, Section 3.6 summarizes our findings and discusses the implications of our

work.

3.1.1 Our Contribution

Our main contributions are four-folded.

44
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1. We introduce a new statistical framework specifically designed for the dis-

tributed processing of heterogeneous data, enabling comprehensive global anal-

ysis through nonconvex regularization techniques. Our research is dedicated

to developing linear regression methods that effectively handle heterogeneous

data, facilitating structure learning, and distinguishing between global and site-

specific effects. By aggregating information from multiple sites to ascertain a

global effect, we increase the overall sample size. This leads to more efficient

estimation and superior inference quality compared to analyzing data from in-

dividual sites alone.

2. We develop efficient algorithms to execute the proposed methodology, utilizing

nonlinear regularization with an ℓ0-constraint. Although finding an approxi-

mately optimal solution for our optimization problem has been shown to be

NP-hard in the worst-case scenario, we demonstrate that our constrained mini-

mization approach using DC programming and the ℓ0 projection algorithm can

obtain the global minimizer with probability tending to one under the data

generation distribution.

3. We present a hypothesis testing strategy for composite hypotheses that pre-

serves the parameters of interest without regularization, while applying an ℓ0-

constraint on other parameters, such as numerous site-specific parameters, to

ensure adequate control of their sparsity. We establish the asymptotic prop-

erties of the constrained likelihood ratio test, including the generalized Wilks’

phenomenon, facilitating accurate inference in high-dimensional settings.

4. We demonstrate the convergence and consistency of our proposed algorithm in a

general linear model setting. Our key result shows that the algorithm achieves

selection consistency, ensuring that the supports of the oracle estimators are

subsets of the estimated supports with high probability. Moreover, when the



3.2. Heterogeneous Linear Model 46

sparsity tuning parameter aligns precisely with the true sparsity level, our esti-

mator attains support recovery, guaranteeing the accurate identification of the

true model structure. These theoretical findings highlight the effectiveness of

our methodology in high-dimensional settings.

3.2 Heterogeneous Linear Model

In this section, we formally introduce our heterogeneous linear model and the notation

used throughout. We aim to develop linear regression methods that account for

heterogeneity across K sites, facilitating structure learning and distinguishing global

vs. site-specific effects. At each site j, we consider loss function Lj(β0,βj), where

β0 denotes the global effect parameter vector and βj denotes the site-specific effect

nuisance parameter vector.

If we pool all patient-level data together, the combined loss function is given by

L(β) = Lpooled(β) :=
K∑
j=1

Lj(β0,βj),β
T = [βT0 ,β

T
1 , · · · ,βTK ], (3.1)

where unknown central server parameter β0 ∈ Rp0 and site-specific nuisance param-

eters βj ∈ Rpj , j = 1, · · · , K.

Let S = {(k, j) : 1 ≤ k ≤ pj, 0 ≤ j ≤ K} denote the index set of parameter vector

β. Define the true parameters as β0
j = (β0

1j, β
0
2j, . . . , β

0
pjj

)T for j = 0, 1, 2, . . . , K. Let

A0 = {(k, j) ∈ S : β0
kj ̸= 0} represent the support of the true parameter vector β0.

3.3 Constrained Optimization Approach

To address the challenge of heterogeneous data in high-dimensional settings, we pro-

pose a constrained optimization approach using the ℓ0 penalty. We aim to reconstruct
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the oracle estimator–the least squares estimator β̂
ol

=
(
β̂
ol

A0 ,0
)T

supported on A0.

The following optimization problems have been described in Shen et al. (2013).

Constrained ℓ0-method

Consider the constrained least squares regression

min
β

S(β) =
K∑
j=1

Lj(β0,βj)

subj to:
∑

(k,j)∈S

I (βkj ̸= 0) ≤ κ,

(3.2)

where κ > 0 is an integer-valued tuning parameter. Denote the global minimizer

of (3.2) as β̂
ℓ0

=
(
β̂
ℓ0

Âℓ0 ,0
)T

. Theorem 2 in Shen et al. (2013) demonstrates that

the global minimizer consistently reconstructs the oracle estimator at a degree of

separation level slightly higher than the minimum required.

Inspired by the works of Shen et al. (2013), Shi et al. (2019), and Zhu et al.

(2020), we employ a constrained minimization algorithm via DC programming and

ℓ0 projection to address the ℓ0 optimization problem as formulated in (3.2).

3.3.1 Algorithm

Set the tuning parameters (λ, τ, κ) ∈ R+ ×R+ ×N ∪ {0}. At (t+ 1)-th iteration, we

solve a weighted Lasso problem,

Γ̃
[t+1]

= argmin
β
S(β; Γ̃

[t]
), (3.3)

where

S(β;β[t]) =
1

n

K∑
j=1

Lj(β0,βj) + λτ
∑

(k,j)∈S

I
(∣∣∣β[t]

kj

∣∣∣ ≤ τ
)
|βkj|,
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λ > 0 is a tuning parameter and Γ̃
[t]

is the solution of (3.3) at the t-th itera-

tion. The DC algorithm terminates at Γ̃ = Γ̃
[t]

if S(Γ̃
[t]
; Γ̃

[t]
) ≤ S(Γ̃

[t+1]
; Γ̃

[t]
) +

Machine tolerance, or if t reaches a large pre-specified maximum number of itera-

tions. Then, we obtain the solution Γ̂ of (3.2) by projection Γ̃ onto the ℓ0-constrained

set {∥Γ∥0 ≤ κ}, where ∥Γ∥0 =
∑

(k,j)∈S I(Γkj ̸= 0). We summarize the general

constrained minimization via DC programming and ℓ0 projection algorithm in Algo-

rithm 1.

Algorithm 1 Constrained minimization via DC programming & ℓ0 projection

1: Initialization: Specify λ > 0, τ > 0, and κ ≥ 1. Set t = 0. Initialize Γ̃
[0]

={
Γ̃
[0]
kj

}
(k,j)∈S

.

2: Weighted Lasso Update: Use a weighted Lasso solver to solve (3.3).

3: Check Convergence: If S(Γ̃
[t]
; Γ̃

[t]
)− S(Γ̃

[t+1]
; Γ̃

[t]
) has not converged, set t←

t+ 1 and return to line 2.
4: Identify the Top-κ Indices: Let

C =

(k′, j′) ∈ S :
∑

(k,j)∈S

I
(
|Γ̃[t]
kj| ≥ |Γ̃

[t]
k′j′ |
)
≤ κ

 .

Without loss of generality (WLOG), assume |C| = κ. Otherwise, if |C| < κ, then

select κ− |C| more elements from argmax(k,j)∈S\C

∣∣∣Γ̃[t]
kj

∣∣∣.
5: ℓ0-Projected Estimator: Compute the ℓ0 projection estimator Γ̂:

Γ̂ = argmin
β

K∑
j=1

Lj(β0,βj) s.t. βkj = 0 for (k, j) ∈ S\C. (3.4)

6: Output: The ℓ0-projected estimator Γ̂.

For the weighted Lasso problem (3.3) in step 2 of Algorithm 1, we can consider

a first-order iterative algorithm, such as ISTA Daubechies et al. (2004) and FISTA

Beck and Teboulle (2009). Denote the first order iterative solver with weights w =
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{wk,j; (k, j) ∈ S},

β̂
(l+1)

= solver
(
β̂

(l)
,
∂S(β̂

(l)
)

∂β
;w
)
.

In multicenter research, individual-level data are often protected and cannot be shared

across sites. Therefore, it is essential that our weighted Lasso solver is designed to

operate under these constraints. Specifically, the central server parameter β0 from

the previous iteration and its partial derivative ∂S(β)
∂β0

should be communicated to the

central server. Meanwhile, the site-specific nuisance parameters at the jth site, βj,

from the previous iteration and their partial derivatives ∂S(β)
∂βj

should remain local to

the jth site.

Define the central server weight and the site weights wj = {wk′,j′ ; (k′, j′) ∈ S, j′ =

j}, j = 0, 1, · · · , K. The central server solver and the site solvers are given by

central server update : β̂
(l+1)

0 = solver
(
β̂

(l)

0 ,
K∑
j=1

∂Sj(β̂
(l)

0 , β̂
(l)

j )

∂β0

;w0
)
, and (3.5)

site server update : β̂
(l+1)

j = solver
(
β̂

(l)

j ,
∂Sj(β̂

(l)

0 , β̂
(l)

j )

∂βj
;wj

)
, 1 ≤ j ≤ K, (3.6)

where for any j = 1, · · · , K, Sj(β0,βj) = Lj(β0,βj).

At the fixed t-th iteration in Algorithm 1, the weight for the l-th iteration of the

weighted Lasso solver (step 2) is given by

w =
{
λτ · I

(∣∣∣Γ̃[t]
kj

∣∣∣ ≤ τ
)
; (k, j) ∈ S

}
,

where Γ̃
[t]

is the solution at the t-th iteration.

For the central server and each site j ∈ {0, 1, · · · , K}, the corresponding weights
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are

wj =
{
λτ · I

(∣∣∣Γ̃[t]
k′j′

∣∣∣ ≤ τ
)
; (k′, j′) ∈ S, j′ = j

}
.

Identifying the top-κ indices in Step 4 of Algorithm 1 might appear to require

transmitting all site-specific nuisance parameters to the central server for ranking.

However, a threshold-based selection algorithm (see Algorithm 4 in Section 5.5) en-

ables this step to be performed in a fully distributed manner: each site sends only a

summarized count to the central server, thereby avoiding the need to share individual

parameter estimates.

We summarize the constrained minimization algorithm, which employs DC pro-

gramming and ℓ0 projection, in the distributed algorithm setting, as presented in

Algorithm 2.

Remark 3.1. The initial Γ̃
[0]

needs to be sparse, such as 0 or a sparse estimator

obtained through penalized methods.
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Algorithm 2 Constrained Minimization in the Distributed Algorithm Setting

1: Initialization: Specify λ > 0, τ > 0, κ ≥ 1, and t = 0. Initialize Γ̃
[0]

=
{Γ̃[0]

k,j}(k,j)∈S .
2: For each j = 0, . . . , K, define wj =

{
λτ · I

(∣∣∣Γ̃[t]
k′j′

∣∣∣ ≤ τ
)
; (k′, j′) ∈ S, j′ = j

}
.

Set the inner iteration counter l = 0, and initialize β̂
(l)

j for all 0 ≤ j ≤ K.
3: Site-by-Site Parameter Updates:
4: For each j ∈ {1, 2, . . . , K}:

• Update the site-specific parameter β̂
(l)

j using the weighted Lasso solver in
(3.6).

• Pass
∂Sj(β̂

(l)
0 ,β̂

(l)
j )

∂β0
to the central server.

• The central server updates β̂
(l)

0 according to (3.5).

5: Check Convergence of Inner Iterations: If

max
1≤j≤K

∥∥∥∂Sj(β̂l,0,β̂l,j)

∂βj

∥∥∥
2

and
∥∥∥ K∑
j=1

∂Sj(β̂l,0,β̂l,j)

∂β0

∥∥∥
2

are below prespecified tolerances, proceed; otherwise set l ← l + 1 and return to
Step 3.

6: Update Overall Parameter Estimates: Set Γ̃
[t+1]
← β̂l. If

S
(
Γ̃

[t]
, Γ̃

[t])
− S

(
Γ̃

[t+1]
, Γ̃

[t])
has not converged, set t← t+ 1 and return to Step 2.

7: Identify Top-κ Indices (Threshold-Based Selection): Apply the threshold-

based selection algorithm (see Algorithm 4 in Section 5.5) to Γ̃
[t]
, obtaining a set

C ⊂ S such that |C| = κ.
8: ℓ0-Projected Estimator:

Γ̂ = argmin
β

K∑
j=1

Lj(β0,βj) s.t. βk,j = 0 for (k, j) ∈ S \ C.

9: Output: The ℓ0-projected estimator Γ̂.
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3.4 Convergence and Consistency Results

3.4.1 Problem Setup and Notations

Before presenting our main theoretical results, we first introduce the linear model

setup and necessary notation. Assume the training data are given by {(xi, yi)}ni=1,

where x1, · · · ,xn,β ∈ Rp and y1, · · · , yn ∈ R. Furthermore, assume that yi, given

xi, has density f(yi|xi,β). For B ⊂ [p], consider hypothesis testing

H0 : βB = 0 versus H1 : βB ̸= 0. (3.7)

Here, βB = 0 if and only if βi = 0 for any i ∈ B.

Index Set Parameter Dimension DC Algorithm

Non-distributed i ∈ [p] β ∈ Rp (p =
∑K

j=0 pj) Algorithm 1

Distributed (k, j) ∈ S βj ∈ Rpj , 0 ≤ j ≤ K Algorithm 2

In this section, we present the non-distributed version of our DC programming

and ℓ0-projection procedure in Algorithm 3. It builds on the framework of Algo-

rithm 1. A corresponding distributed version, analogous to Algorithm 2, can be

derived with straightforward extensions; hence, we omit the distributed counterpart

of Algorithm 3.

3.4.2 Computational Algorithm

Consider the constrained optimization problem regression for H0 in (3.7)

min
β

S(β) =
n∑
i=1

− log(f(yi|xi,β))

subj to:
∑

i∈[p]\B

I (βi ̸= 0) ≤ κ, βB = 0

(3.8)
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and for H1 in (3.7)

min
β

S(β) =
n∑
i=1

− log(f(yi|xi,β))

subj to:
∑

i∈[p]\B

I (βi ̸= 0) ≤ κ,

(3.9)

where κ > 0 is an integer-valued tuning parameter. Set

L(β) =
n∑
i=1

− log(f(yi|xi,β)).

The oracle estimators corresponding to H0 and H1 are given by

β̂
ol

H0
= arg min

β:β
(A0

H0
)c
=0
L(β) with κ0H0

= |A0
H0
|, and (3.10)

β̂
ol

H1
= arg min

β:β
(A0

H1
)c
=0
L(β), respectively, (3.11)

where A0
H0

= {i ∈ [p]\B; β0
i ̸= 0} and A0

H1
= {i ∈ [p]\B; β0

i ̸= 0} ∪B.

For the given hypothesis set B, at (t + 1)-th iteration, we solve the following

weighted Lasso problems, corresponding to H0 and H1 respectively:

Γ̃
[t+1]

= arg min
β:βB=0

S(β; Γ̃[t]), and (3.12)

Γ̃
[t+1]

= argmin
β
S(β; Γ̃[t]), (3.13)
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where λ > 0 is a tuning parameter,

S(β; Γ̃[t]) =
1

n
L(β) + λτ

∑
i∈[p]\B

I
(∣∣∣Γ̃[t]

i

∣∣∣ ≤ τ
)
|βi|,

and Γ̃
[t]

is the solution of (3.12) or (3.13), respectively, at the t-th iteration. The

DC algorithm terminates at Γ̃ = Γ̃
[t]

such that S(Γ̃
[t]
; Γ̃

[t]
) ≤ S(Γ̃

[t+1]
; Γ̃

[t]
)+ Ma-

chine epsilon, or if t reaches a large pre-specified maximum number of iterations

(or supp{Γ̃
[t]
}\B = supp{Γ̃

[t+1]
}\B ). We then obtain the approximated solu-

tion Γ̂ to (3.8) or (3.9), respectively, by projecting Γ̃Bc onto the ℓ0-constrained set

{∥ΓBc∥0 ≤ κ}.

Algorithm 3 Constrained minimization via DC programming & ℓ0 projection

1: Specify λ > 0, τ > 0, and κ ≥ 1. Set t = 0. Initialize Γ̃
[0]

=
{
Γ̃
[0]
i

}
i∈[p]

.

2: Use a weighted Lasso solver to solve (3.12) for H0 or (3.13) for H1 .

3: If S(Γ̃
[t]
; Γ̃

[t]
)− S(Γ̃

[t+1]
; Γ̃

[t]
) has not converged, set t← t+ 1 and return to line

2.
4: (ℓ0−projection) Let

C =

i′ ∈ [p]\B;
∑

i∈[p]\B

I(|Γ̃[t]
i | ≥ |Γ̃

[t]
i′ |) ≤ κ, i′ ∈ [p]\B

 .

WLOG, assume |C| = κ. Otherwise, if |C| < κ, then select κ−|C| more elements

from argmaxi∈[p]\(B∪C)

∣∣∣Γ̃[t]
i

∣∣∣ into C.
5: Compute the ℓ0 projection estimators Γ̂ = Γ̂H0 or Γ̂ = Γ̂H1 , respectively, accord-

ing to:

H0 : Γ̂H0 = argmin
β
L(β) s.t. βi = 0, for i ∈ [p]\C, or (3.14)

H1 : Γ̂H1 = argmin
β
L(β) s.t. βi = 0, for i ∈ [p]\(B ∪ C). (3.15)
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3.4.3 Assumptions

To derive the convergence and consistency results of Algorithm 3, we will focus exclu-

sively on the least squares regression setting from this point forward in the section.

We begin by considering the linear model:

Y = Xβ0 + ε, (3.16)

where X ∈ Rn×p, β0 ∈ Rp, Y ∈ Rn, ε ∼ Nn(0, σ
2In), and σ2 might depend on n.

Consider B ⊂ [p] such that

√
|B|(|A0|+ |B|)

n
→ 0. (3.17)

Without loss of generality, we can set S(β) = L(β) = 1
2
∥Y −Xβ∥2.

Let κ ≥ |A0\B|, and κmax = max
{
κ, |{i ∈ [p]\B; |Γ̃[0]

i | ≥ τ}|
}
, where Γ̃

[0]
denotes

the initial estimator used in Algorithm 3. Without loss of generality, we can assume

that Γ̃
[0]

B = 0.

To derive the statistical and computational properties of Algorithm 3 in least

squares regression setting, we introduce the following technical assumptions which

generalized the convergence and consistency of structure learning assumptions from

Li et al. (2023).

Assumption 3.1 (Restricted eigenvalues). For a constant c1 > 0,

min
A:|A\B|≤2κmax

min
ξ:∥ξAc∥1≤3∥ξA∥1

∥Xξ∥22
n ∥ξ∥22

≥ c1, (3.18)

where ξA ∈ R|A| is the projection of ξ ∈ Rp onto coordinates in A.
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Assumption 3.2. For constants c2, c3 > 0,

max
1≤i≤p

1

n
(XT (I − PA)X)ii ≤ c22,

max
1≤i≤p

n((XT
AXA)

†)ii ≤ c23,
(3.19)

where PA = XA(X
T
AXA)

†XT
A, and A ∈ {A0

H0
, A0

H1
}.

Assumption 3.3 (Nuisance signals).

min
β0
i ̸=0,i ̸∈B

|β0
i |
σ
≥ 50c3

3

√
log p

n
+

log n

n
. (3.20)

Assumption 3.4 (Degree of separation).

Cmin = Cmin(β
0,X) := min

A:|A|≤|A0| and A ̸=A0
inf
β

∥Xβ −XA∪BβA∪B∥
2
2

n |A0\A|

≥ 72σ2 log p+ log n

n
.

(3.21)

Assumption 3.1 is a common condition related to restricted eigenvalues, as dis-

cussed in Bickel et al. (2009) and Wainwright (2019). Assumption 3.2 generalizes

from the lower eigenvalue and mutual incoherence conditions found in Section 7.5.1

of Wainwright (2019). Assumption 3.3 specifies the minimal signal strength across the

support, which is used to establish high-dimensional variable selection consistency, as

seen in Fan et al. (2014) and Loh and Wainwright (2017). Finally, Assumption 3.4

is a commonly recognized condition for the degree of separation in feature selection,

according to Shen et al. (2013) and Zhu et al. (2020).

3.4.4 Correct Identification

The theory presented extends the correct identification result for structure learning,

as found in Theorem 14 of Li et al. (2023), to include selection consistency.
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Theorem 3.1. Under Assumptions 3.1, 3.2, 3.3, and 3.4, if the tuning parameters

(κ, τ, λ) of Algorithm 3 in the least squares regression setting satisfy:

1.
√

32σ2c23
(
log p
n

+ logn
n

)
≤ τ ≤ mini∈Bc,β0

i ̸=0|β0
i |,

2. κ = |A0
H0
|,

3. 1
τ

√
32σ2c22

(
log p
n

+ logn
n

)
≤ λ ≤ c1/6,

then the following statements hold:

• under both H0 and H1, Γ̂ in Algorithm 3 yields the oracle estimators (3.10) and

(3.11), as well as the global minimizer of (3.8) and (3.9), respectively;

• the DC algorithm almost surely converges in at most
⌈
log
(
2κmax

)
/ log 4

⌉
itera-

tions, where κmax = max{κ, κ1} and κ1 =
∣∣∣{i ∈ [p]\B : |Γ̃[0]

i | ≥ τ}
∣∣∣.

Moreover, by replacing condition 2 with κ ≥ |A0
H0
|, Algorithm 3 ensures:

• under both H0 and H1, the supports of the oracle estimators (3.10) and (3.11)

are subsets of supp
(
Γ̂
)
\B and supp

(
Γ̂
)
∪B, respectively, almost surely;

• the DC algorithm almost surely converges in at most
⌈
log
(
2κmax

)
/ log 4

⌉
itera-

tions.

The first part of Theorem 3.1 establishes the result of almost sure subset recovery,

while the second part confirms the almost sure selection consistency for Algorithm 3.

Remark 3.2. Building on the foundation established by Algorithm 3 and Theorem 3.1,

our constrained DC algorithm, incorporating the ℓ0 projection, is capable of reaching

a global minimum within polynomial time, with the probability approaching 1 as

n, p → ∞. This outcome starkly contrasts with previous findings, such as those

reported by Chen et al. (2017, 2019), which state that no algorithm can consistently

solve such nonconvex minimization problems in polynomial time under worst-case

conditions.
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3.5 Sampling Distribution and Hypothesis Testing

In this section, we establish the theoretical properties of our proposed estimator,

including its sampling distribution under various conditions.

For a hypothesized parameter subset B ⊂ S, we consider the hypothesis testing

H0 : βB = 0 versus H1 : βB ̸= 0, (3.22)

where βB = 0 if and only if βkj = 0 for all (k, j) ∈ B.

3.5.1 Constrained likelihood ratio testing

The problem of constructing a constrained likelihood ratio with a sparsity constraint

on nuisance parameters has been discussed in Zhu et al. (2020) and Shi et al. (2019). In

this section, we illustrate our approach using a simple heterogeneous linear regression

setting as an example. In Section 5.1, we derived a heterogeneous linear regression

model, which can be summarized as

Y = Xβ + ε,

with the log-likelihood

Ln(β, σ) = −
1

2σ2

K∑
j=1

∥∥Y j −Xjβ0 −Wjβj
∥∥2
2
− n

2
log(2πσ2),

where ∥·∥2 denotes the Euclidean norm and the relationship between {Xj,Wj}Kj=1

and X is given by (5.3). The constrained log-likelihood ratio, corresponding to the

test (3.22), is defined as

2
(
Ln(β̂

1
, σ̂1)− Ln(β̂

0
, σ̂0)

)
,
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where (β̂
0
, σ̂0) and (β̂

1
, σ̂1) are the constrained maximum likelihood estimators (CMLE)

based on the null and full spaces of the hypothesis test, respectively, that is,

β̂
0
= arg min

∥β∥0≤κ,βB=0

K∑
j=1

Lj(β0,βj), and (3.23)

β̂
1
= arg min

∥β∥0,B≤κ

K∑
j=1

Lj(β0,βj), (3.24)

where ∥β∥0,B =
∑

(k,j)∈S I(βkj ̸= 0)I((k, j) /∈ B) and

Lj(β0,βj) =
∥∥Y j −Xjβ0 −Wjβj

∥∥2
2
.

To conduct the hypothesis test (3.22) in this heterogeneous linear regression setting,

we replace the non-convex MLEs in (3.23)–(3.24) by the solutions Γ̂H0 and Γ̂H1 from

our DC programming and ℓ0-projection Algorithm 3.

The resulting statistic

Λn(B) := 2
(
Ln(Γ̂H1 , σ̂

1)− Ln(Γ̂H0 , σ̂
0)
)
,

compares these constrained estimators in a manner analogous to a traditional log-

likelihood ratio test, where (σ̂l)2 = 1
n

∥∥∥Y −XΓ̂Hl

∥∥∥2 for l ∈ {0, 1}.

Under suitable conditions on κ, τ, λ and the set |B|, Theorem 3.2 establishes Wilks’

phenomenon in both the fixed-dimensional and increasing-dimensional regimes for

|B|. Specifically, the theorem shows that the distribution of Λn(B) converges to a

chi-square distribution for fixed |B| and to a normal distribution (after appropriate

centering and scaling) for |B| → ∞.

Theorem 3.2. Suppose

√
|B|
(
|A0|+|B|

)
n

−→ 0. Under Assumptions 3.1–3.4, if there
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exist tuning parameters (κ, τ, λ) satisfying the three conditions in Theorem 3.1, with

κ = |A0
H0
|, then, under the null hypothesis H0 : βB = 0 (i.e., |A0| = |A0

H0
|), the

following hold:

1. Wilks’ phenomenon. If βk,j = 0 for all (k, j) ∈ B and |B| is fixed, then

Λn(B)
d−→ χ2

|B| as n→∞.

2. Generalized Wilks’ phenomenon. If βk,j = 0 for all (k, j) ∈ B and |B| →

∞, then

(2|B|)−
1
2
(
Λn(B)− |B|

) d−→ N(0, 1) as n→∞.

In the context of linear regression, a straightforward asymptotic result can be

derived.

Theorem 3.3. Under the same setting as Theorem 3.2, let B be fixed. Assume

further that the Moore–Penrose inverse

σ2

(
1

n
XT
A0∪B XA0∪B

)†

B,B

converges in distribution to a positive semidefinite matrix Σ. Also assume that

{
ξ ∈ RA0∪B : ξi = 0 for all i /∈ B

}
⊂ R

(
XT
A0∪B

)
,

where R(XT
A0∪B) denotes the column space of XT

A0∪B. Then

√
n(Γ̂

(1)

B − β0
B)

d−→ N(0,Σ). (3.25)

Since the literature Shen et al. (2012); Zhu et al. (2020); Shen et al. (2013); Kim
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et al. (2013); Pan et al. (2013); Wu et al. (2020, 2016); Austin et al. (2020) has

already systematically studied TLP inference under a wide range of settings, we omit

the simulation study on inference performance.

3.6 Real Data Analysis

In this section, we evaluate the predictive performance of our distributed high dimen-

sional framework for heterogeneous data using the METABRIC breast cancer dataset

from Kaggle. The dataset contains RNA expression profiles, mutation data, and de-

tailed clinical annotations, making it a rich resource for modeling high-dimensional

survival outcomes with potential heterogeneity.

3.6.1 Data Preprocessing

The raw METABRIC data were processed in R, following the pipeline available on

our GitHub repository. A detailed dataset description is available on Kaggle dataset

webpage. The primary response variable, denoted by overall survival months,

represents the duration from the intervention to the occurrence of death. Among

clinical covariates, the cohort variable (ranging from 1 to 5) is notable because it

naturally partitions subjects into distinct subpopulations, analogous to multiple sites

in a multicenter study.

We separate the predictor variables into two categories: (1) clinical attributes,

which we further label as ‘global’ (e.g., baseline demographics, tumor characteristics)

or ‘site-specific’ (e.g., type of surgical intervention, post-chemotherapy cellularity, and

treatment indicators) that may differ by cohort, and (2) genetic attributes (RNA ex-

pression features), treated as global. In total, these variables yield a high-dimensional

design matrix with both global and site-specific components.

To evaluate predictive performance, we consider two modeling strategies. First,

https://github.com/HongruZhao/Distributed_Algorithms
https://www.kaggle.com/datasets/raghadalharbi/breast-cancer-gene-expression-profiles-metabric/data
https://www.kaggle.com/datasets/raghadalharbi/breast-cancer-gene-expression-profiles-metabric/data
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a heterogeneous linear model is fitted, integrating both global and site-specific pre-

dictors within a unified likelihood framework. Second, independent linear models are

estimated separately for each cohort. The results demonstrate that the heteroge-

neous model, which jointly models global and site-specific effects, exhibits superior

predictive accuracy compared to the disjoint cohort-specific models.

3.6.2 Model Estimation and Evaluation

We implement a heterogeneous linear model that jointly fits global and site-specific

predictors via a truncated Lasso penalty (TLP), using the glmtlp R package. Given

the skewness of the survival response, we consider the log-transformed outcome vari-

able defined as

log(overall survival months+ 1).

A 70/30 train-test split is performed, and hyperparameter tuning is conducted via

5-fold cross-validation. To ensure stability in evaluation, the process is repeated over

1000 iterations, and the mean squared error (MSE) on the test set is computed for each

repetition. The average test MSE and standard deviation for both the heterogeneous

model and the cohort-specific model are summarized in Table 3.1.

For comparison, we also fit separate TLP-regularized linear models for each cohort

individually, treating them as if they were independent analyses. In that case, we

compute the test MSE for each cohort, then take a weighted average (weighted by

cohort size). Table 3.1 shows the average test MSE and standard deviation across

the 1000 repetitions.

Table 3.1: Comparison of Test MSE Across Model Frameworks

Model Average Test MSE Standard Deviation
Heterogeneous Model 0.6368 0.0508
Cohort-Specific Model 0.6650 0.0527
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Table 3.1 shows that the heterogeneous linear model—which leverages both global

and cohort-specific effects in a unified framework—achieves a lower average test MSE

of 0.6368 than the cohort-specific approach (0.6650), with both standard errors no

greater than 0.00167. This difference suggests that jointly modeling global features

and site-specific terms can yield more accurate predictions, presumably because the

global parameters borrow information across cohorts.

3.6.3 Discussion

Overall, the METABRIC example demonstrates that our distributed, high dimen-

sional framework can effectively combine global and site-specific predictors to en-

hance predictive performance. Even when cohorts are naturally heterogeneous, joint

estimation methods improve accuracy by pooling information across sites. This ad-

vantage highlights the promise of distributed approaches that incorporate nonconvex

regularization.

3.7 Summary

In this paper, we have proposed a novel approach for handling heterogeneous data in

high-dimensional statistical inference and structure learning problems. The proposed

framework utilizes a parametric likelihood setting and introduces a truncated lasso

penalty (TLP) for variable selection and parameter estimation.

For hypothesis testing, we have developed a procedure that leaves the parameters

of interest unregularized while imposing an ℓ0-constraint on the nuisance parame-

ters to control their sparsity. Under a degree of separation condition and suitable

choices of the tuning parameters, we have established the asymptotic properties of

the constrained likelihood ratio statistic.

In terms of parameter estimation, we have proposed a constrained optimization
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approach using DC programming and ℓ0 projection. We have established the theo-

retical properties of the resulting estimator, including its selection consistency and

support recovery when the tuning parameter for the ℓ0-constraint equals the true spar-

sity level. Moreover, we have shown that the estimator attains the oracle property

and global minimizer of the constrained optimization problem within a logarithmic

number of iterations.

The proposed methodology offers several advantages in the context of distributed

learning with heterogeneous data. By allowing for site-specific nuisance parameters,

our approach can effectively account for the inherent heterogeneity across different

data sources. The use of the truncated lasso penalty enables simultaneous variable

selection and parameter estimation, leading to more interpretable models.



Chapter 4

Supplementary Material for
Subspace Decompositions for
Association Structure Learning in
Multivariate Categorical Response
Regression

4.1 Linear Algebra Definitions and Related Dis-

cussions

The following definition of internal direct sum, tensor product and orthogonal direct

sum originated from Section 1, 9 and 14 of Roman et al. (2005).

Internal Direct Sum. Let V be a vector space over R. Suppose V1, V2, . . . , Vq

are subspaces of V . The vector space V is said to be the internal direct sum of

V1, V2, . . . , Vq, denoted by

V = V1 ⊕ V2 ⊕ · · · ⊕ Vq,

65
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if every element v ∈ V can be uniquely written as

v = v1 + v2 + · · ·+ vq,

where vi ∈ Vi for i = 1, 2, . . . , q.

Tensor Product Space. Let V1, V2, . . . , Vq be vector spaces over R. Suppose

{v11, v12, . . . , v1J1} is a basis for V1, {v21, v22, . . . , v2J2} is a basis for V2, and so on up

to {vq1, v
q
2, . . . , v

q
Jq
} as a basis for Vq. The tensor product of V1, V2, . . . , Vq, denoted by

V1 ⊗ V2 ⊗ · · · ⊗ Vq, is a vector space over R. The basis for the tensor product space

V1 ⊗ V2 ⊗ · · · ⊗ Vq is

{⊗t(v1j1 , v
2
j2
, · · · , vqjq) | 1 ≤ jl ≤ Jl, l = 1, 2, . . . , q}.

Explicitly, this means that the tensor product space V1⊗V2⊗· · ·⊗Vq has dimension |J |,

and its basis elements are formed by taking the tensor product of each combination

of basis elements from V1, V2, . . . , Vq.

Orthogonal Direct Sum. Let V be a vector space over R equipped with an inner

product. Suppose V1, V2, . . . , Vn are subspaces of V . The vector space V is said to be

the orthogonal direct sum of V1, V2, . . . , Vn, denoted by

V = V1 ⊕ V2 ⊕ · · · ⊕ Vn,

if every element v ∈ V can be uniquely written as

v = v1 + v2 + · · ·+ vn,

where vi ∈ Vi for i = 1, 2, . . . , n and Vi ⊥ Vj for all i ̸= j.

In this paper, if we set Vl = RJl and vljl = eJljl for any l ∈ [q], then without loss
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of any linear algebra property, we can treat the basis ⊗t(v1j1 , v
2
j2
, · · · , vqjq) the same

as EJ
j1,··· ,jq , where EJ

j1,··· ,jq denotes the standard basis q-way array for RJ , which is

defined as the array in RJ , whose (j1, · · · , jq)-th entry is 1 and all other entries are

0. Thus, the tensor product space RJ1 ⊗ · · · ⊗ RJq and RJ are isomorphic as vector

spaces.

Using the standard inner product on RJ , i.e.,

〈
yJ ,wJ

〉
J
=
∑
j∈J

yjwj , where yJ = {yj}j∈J and wJ = {wj}j∈J ,

we can further treat the basis EJ
j
∼= ⊗t(v1j1 , v

2
j2
, · · · , vqjq) as an orthonormal basis.

Thus, the tensor product space RJ1 ⊗ · · · ⊗ RJq and RJ are isomorphic as the inner

product space.

4.2 Unique Parametrization of Multinomial Loss

Lemma 4.1. Suppose ℓMult(θx,y) is the multinomial negative log-likelihood corre-

sponding to category probabilities eθx

⟨1|J|,eθx⟩ with parameters θ ∈ R|J |×p.

Then the following are equivalent:

1. ℓMult(θx,y) = ℓMult(θ
′x,y) for all feasible multinomial outcomes y and for all

x ∈ X ⊂ Rp such that span(X ) = Rp;

2. P Vθ = P Vθ
′.

Proof of Lemma 4.1. Notice that the multinomial negative log-likelihood ℓMult(θx,y)

is uniquely determined by the category probabilities eθx

⟨1|J|,eθx⟩ . Hence, for all feasible

multinomial outcomes y,

ℓMult(θx,y) = ℓMult(θ
′x,y) if and only if

eθx〈
1|J |, eθx

〉 =
eθ

′x〈
1|J |, eθ

′x
〉 .
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Because the category probabilities sum to 1, the above equality holds if and only if

eθx−θ′x = C(x)1|J |, i.e.

θx− θ′x = log(C(x))1|J |,

which is equivalent to P Vθx = P Vθ
′x.

Thus, the first statement in Lemma 4.1 holds if and only if, for any x ∈ X such

that span(X ) = Rp,

(P Vθ − P Vθ
′)x = 0,

and this is equivalent to the second statement in Lemma 4.1.

4.3 Connection Between Multivariate Categorical

Response Regression and Hypergraph Model

Let H = (V,E) be a hypergraph with vertex set V = [q] and hyperedge set E, where

each hyperedge e ∈ E is a subset of V (containing at least two vertices). Assume each

vertex corresponds to a discrete state variable ji ∈ [Ji]. The generalized Hamiltonian

is then defined as

H(j) =
∑
e∈E

Je
(
{ji}i∈e

)
+
∑
i∈V

hi(ji),

where Je
(
{ji}i∈e

)
is an interaction function that depends on the configuration of state

variables within hyperedge e, and hi(ji) represents the local field acting on vertex i.

Now, we will connect the generalized Hamiltonian above with our reparameteri-
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zation. For the reparameterization

θ =
∑
k∈E

Hkβk +
∑
i∈[q]

H{i}β{i} ∈ R|J |,

where for each k = {k1, · · · , ks} with k1 < · · · < ks we have βk ∈ R
∏s

i=1(Jki−1), the

vector θ is related to the Hamiltonian H(j). The identity is given by

{vec−1
J (θ)}j = H(j),

because

{vec−1
J (θ)}j

=
∑
k∈E

1√
|J−k|

(UJks
)jks ⊗ · · · ⊗ (UJk1

)jk1 βk +
∑
i∈[q]

1√
|J−{i}|

(UJi)ji β{i},

Je
(
{ji}i∈e

)
= 1√

|J−k|
(UJks

)jks ⊗ · · · ⊗ (UJk1
)jk1βk,

hi(ji) =
1√

|J−{i}|
(UJi)jiβ{i},

where {vec−1
J (θ)}j denotes the entry corresponding to j = (j1, · · · , jq) in the tensor

vec−1
J (θ), (UJi)ji denotes the ji-th row of the matrix UJi , and |J−k| = |J |/

∏s
i=1 ki.

4.4 Computational Details

4.4.1 Tuning parameter selection

The hyperparameters that need to be selected include the regularization parameter

schedule {λ1, · · · , λnλ
}, and the initial backtracking learning rate η.

Let nλ = 100, ratioλ ∈ (0, 1), d ∈ {1, 2, · · · , q}, γ ∈ (0, 1). Set the initial

step size η = n/λmax(X
⊤X) for the Poisson categorical response model and η =
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n|J |/λmax(X
⊤X) for the multinomial categorical response model. The initial step

size η is suggested by (4.27) and (4.28) in Lemma 4.7.

Let λ1 be a value such that θ̂λ1 = 0. Let λi+1 = ratioλ λi, 1 ≤ i ≤ nλ − 1. When

λ = λ1, we require that θ̂λ1 = 0.

Recall that G = {(k, j) : k ∈ K, j ∈ [t]}. Define the overlapping group D(G), such

that g ∈ D(G) if and only if there exists (k, j) ∈ G such that g = {(k′, j) ∈ G;k ⊂ k′}.

Then, we can rewrite the hierarchical group lasso as ΩH
G (β) = ΩD(G)(β).

For both group lasso penalty ΩG(β) and overlapping group lasso penalty ΩD(G)(β),

we can set the maximum regularization parameter λ1 = max(k,j)∈G

∥∥∥∂Ln(β)
∂βk,j

∥∥∥ /wk,j,

which is suggested by Lemma 4.8.

4.4.2 Algorithm formulation

The accelerated proximal gradient descent algorithm with backtracking is presented

in Algorithm 1.
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Algorithm 1: Accelerated proximal gradient descent algorithm

1 for i ∈ {2, 3, . . . , nλ} do

2 Set k = 0, β̂
0

η = β̂
−1

η = β̂λi−1
;

3 zk+1 = β̂
k

η +
k
k+3

(
β̂
k

η − β̂
k−1

η

)
;

4 β̂
k+1

η ← arg minβ
1
2

∥∥β − (zk+1 − η∇Ln(zk+1)
)∥∥2 + λiη · Ω(β) ;

5 while

Ln(β̂
k+1

η ) > Ln(zk+1) +
〈
∇Ln(zk+1), β̂

k+1

η − zk+1
〉
+ 1

2η

∥∥∥β̂k+1

η − zk+1
∥∥∥2

do

6 Shrink η ← γη ;

7 if β̂
k+1

η has not converged then

8 Set k ← k + 1 and return to step 3 ;

9 β̂λi ← β̂
k+1

η , θ̂λi ←Hβ̂λi ;

10 Output: β̂λi and θ̂λi for any 1 ≤ i ≤ nλ .

For the group lasso penalty (2.14), we replace line 4 in Algorithm 1 with the

following line.

Algorithm 2: Proximal operator for nonoverlapping G (Step 4 of Algo-

rithm 1)

1 for g ∈ G do

2 β̂
k+1

g,η ← max

(
1− λiηwg∥∥∥ẑk+1

g −η ∂
∂βg

Ln(ẑ
k+1)

∥∥∥ , 0
)(

ẑk+1
g − η ∂

∂βg
Ln(ẑk+1)

)
.

To solve the proximal problem for the overlapping group lasso penalty, as defined

in (2.17), we adopt the methodology outlined in Jenatton et al. (2011), using block

coordinate descent. We modify line 4 of Algorithm 1 accordingly.



4.5. Detailed Setup for Simulation 72

Algorithm 3: Proximal operator for overlapping G (Step 4 of Algorithm 1)

1 Initialize: ζ0 = ẑk+1 − η∇Ln(ẑk+1), j = 0, ξd(g) = 0, ∀g ∈ G ;

2 repeat

3 Set ζj+1 = ζj ;

4 for g ∈ G do

5 ζj+1 ← ζj+1 + ξd(g) ;

6 ξd(g) ← Πλwg(ζ
j+1) ;

7 ζj+1 ← ζj+1 − ξd(g) ;

8 if ζj+1 has not converged then

9 Set j ← j + 1 and return to step 2 ;

10 until convergence of ζj+1;

11 Set β̂
k+1

η = ζj+1 .

Here, Πρ(·) denotes the orthogonal projection onto the ball of radius ρ, descen-

dants of g = (k, j) ∈ G is given by d(g) = {(k′, j) ∈ G;k ⊂ k′}, and {ξd(g)}g∈G denote

matrices of compatible size.

The value of η in Algorithms 1, 2, and 3 is suggested by Lemma 4.7. Similarly,

the value of λ1 in these algorithms is suggested by Lemma 4.8.

Applying Theorem 4.4 in Beck and Teboulle (2009), we obtain that the sequence

of objective function values at the iterates, generated by an accelerated version of

Algorithms 1 and 2, converges to the optimal value at a rate of O(1/t2), when using

the backtracking line search step size η.

4.5 Detailed Setup for Simulation

We consider three distinct structures for β∗, each corresponding to one of the three

generation schemes. Let m0 = 1. We first randomly select two additional elements
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{m1,m2} from {2, · · · , p}.

Scheme 1: (Mutual independence) Each element of β∗
k,ml

, for any k such that ∥k∥0 = 1

and l ∈ {0, 1, 2}, is sampled from Uniform(−2,−1) ∪ (1, 2). For other cases,

set β∗
k,j = 0. This model coincides with the mutual independence model in

Example 2.2, with

πj1,j2,j3,j4(x) = πj1,+,+,+(x)π+,j2,+,+(x)π+,+,j3,+(x)π+,+,+,j4(x).

Scheme 2: (Joint independence) Each element of β∗
k,ml

is sampled from Uniform(−2,−1)∪

(1, 2) for all k ∈
{
{1}, {2}, {3}, {4}, {2, 3}, {2, 4}, {3, 4}, {2, 3, 4}

}
and l ∈

{0, 1, 2}. For other cases, set β∗
k,j = 0. This model coincides with the joint

independence model in Example 2.2, with

πj1,j2,j3,j4(x) = πj1,+,+,+(x) · π+,j2,j3,j4(x), for all (j1, j2, j3, j4) ∈ J .

Scheme 3: (Conditional independence) Each element of β∗
k,ml

is sampled from Uniform

(−2,−1) ∪ (1, 2) for all

k ∈
{
{1}, {2}, {3}, {4}, {2, 3}, {2, 4}, {3, 4}, {2, 3, 4}, {1, 4}

}
and l ∈ {0, 1, 2}. For other cases, set β∗

k,j = 0. This model coincides with the

conditional independence model in Example 2.2, with

πj1,j2,j3|j4(x) = πj1,+,+|j4(x) · π+,j2,j3|j4(x), for all (j1, j2, j3, j4) ∈ J .

Candidate estimators. We consider the following 9 estimators.

1. Overlapping group-penalized multinomial categorical response model (O-Mult):
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The overlapping group-penalized multinomial estimator is given by

arg min
β

LMult
n (β) + λΩD(Glocal)(β).

2. Overlapping group-penalized Poisson categorical response model (O-Pois): The

overlapping group-penalized Poisson estimator is given by

arg min
β

LPois
n (β) + λΩGD(Glocal)

(β).

3. Lasso-penalized multinomial categorical response model (L-Mult): The (largest)

group-penalized multinomial estimator is given by

arg min
β

LMult
n (β) + λΩGlocal

(β).

4. Lasso-penalized Poisson categorical response model (L-Pois): The (largest)

group-penalized Poisson estimator is given by

arg min
β

LPois
n (β) + λΩGlocal

(β).

5. Group-penalized multinomial categorical response model (G-Mult): The (small-

est) group-penalized multinomial estimator is given by

arg min
β

LMult
n (β) + λΩGglobal

(β).

6. Group-penalized Poisson categorical response model (G-Pois): The (smallest)

group-penalized Poisson estimator is given by

arg min
β

LPois
n (β) + λΩGglobal

(β).
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For the above 6 estimators, set θ̂ = Hβ̂ and assign w{0},0 = 0, w{1},0 =

0, . . . , w{4},0 = 0, and set wk,j = 1 otherwise, for all group lasso penalties

described above.

7. Group-penalized multinomial categorical response model in θ (G-Mult-θ): The

Group-penalized multinomial estimator is given by

arg min
θ

LMult
n (θ) + λ

|J |∑
i=1

∥θi∥2 , where θ = [θ1, · · · ,θJ ]
⊤.

For the above 7 estimators, we define

vecJ

(
π̂J
j1,··· ,jq(x)

)
=

eθ̂x〈
1|J |, eθ̂x

〉 ,
for multinomial categorical response model, and define

vecJ

(
µ̂J
j1,··· ,jq(x)

)
= eθ̂x, and vecJ

(
π̂J
j1,··· ,jq(x)

)
=

eθ̂x〈
1|J |, eθ̂x

〉 ,
for Poisson categorical response model.

8. Separate multinomial (Sep-Mult): We fit the multinomial categorical response

model

η̂(m) = arg min
η(m)

n∑
i=1

1

n

{
−
〈
yJmi ,η(m)xi

〉
+ni log

(〈
1Jm , e

η(m)xi

〉)}
+λ(m)

Jm∑
j=1

∥∥∥η(m)
j,:

∥∥∥ ,
for the m−th response with m ∈ [q] , where

yJm = {
∑J1

j1=1 · · ·
∑Jm−1

jm−1=1

∑Jm+1

jm+1=1 · · ·
∑Jq

jq=1 y
J
j }jm∈Jm .

Set π̂J
j1,··· ,jq(x) =

∏q
m=1[e

η(m)x]jm

(∑
j∈J
∏q

m=1[e
η(m)x]jm

)−1

, where [eη
(m)x]jm

denotes the jm’s element of eη
(m)x.
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9. True generating model (Oracle): We consider

vecJ

(
πJ
j1,··· ,jq(x)

)
=

eHβ†x〈
1|J |, eHβ†x

〉 .
Tuning criteria. We will tune the parameters based on cross-entropy loss on vali-

dation set. Let θ̂λ = Hβ̂λ denote the first six estimators corresponding to turning

parameter λ. Let nval = 1000 represent the size of the validation set, and let Λ denote

a finite set of candidate tuning parameters for grid search implementation. Taking the

multinomial categorical response model as an example, we will tune the parameters

based on cross-entropy loss on validation set, that is

arg min
λ∈Λ

1

nval

nval∑
i=1

ℓMult(θ̂λxi,yi).

Model evaluation. The Hellinger distance and misclassification rate, considered in

Section 2.6, are defined as follows:

1. Hellinger distance (↓): The Hellinger distance between the true probabil-

ity mass function πJ
j (x) and the estimated probability mass function π̂J

j (x),

averaged over x ∼ Np(0,ΣX), is given by

Ex∼Np(0,ΣX)H(πJ
j (x), π̂

J
j (x)),

where H(πJ
j (x), π̂

J
j (x)) =

1√
2

∥∥∥∥√πJ
j (x)−

√
π̂J

j (x)

∥∥∥∥. Generate samples

x1, · · · ,xNtest ∼ Np(0,ΣX),
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and the Monte Carlo estimate of the averaged Hellinger distance is given by

1

Ntest

Ntest∑
i=1

H
(
πJ

j (xi), π̂
J
j (xi)

)
.

2. Misclassification rate (↓): Generate i.i.d. samples x1, · · · ,xNtest ∼ Np(0,ΣX),

and generate {yi}Ntest
i=1 according to (2.27). The misclassification rate is given

by

∑Ntest

i=1 I
(
argmax(yi) ̸= argmax

(
vecJ(π̂

J(xi))
))

Ntest

,

where arg minx = arg minj xj,x = (x1, · · · , x|J |).

4.6 Proofs of the Isomorphism and Subspace De-

composition Lemmas

In this section, we provide the proofs for Lemma 2.1 and Lemma 2.2. We will use the

following simple result from linear algebra.

Lemma 4.2. For subspaces U and V , if (i) U ⊂ V and (ii) dim(U ) = dim(V ) <∞,

then U = V .

4.6.1 Proof of Lemma 2.1

Proof of Lemma 2.1. Let vi = (vi(1), · · · , vi(Ji))⊤ ∈ RJi for any 1 ≤ i ≤ q. Due to

the bilinearity of tensor product and Kronecker product, we know that

⊗t(vq, · · · ,v1) =
∑
j∈J

{
q∏
i=1

vi(ji)

}
⊗t (eJqjq , · · · , e

J1
j1
)
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and

vq ⊗ · · · ⊗ v1 =
∑
j∈J

{
q∏
i=1

vi(ji)

}
e
Jq
jq
⊗ · · · ⊗ eJ1j1 .

Because TJ is linear, we have

TJ

(
⊗t (vq, · · · ,v1)

)
=
∑
j∈J

{
q∏
i=1

vi(ji)

}
· TJ

(
⊗t (eJqjq , · · · , e

J1
j1
)
)

=
∑
j∈J

{
q∏
i=1

vi(ji)

}
e
Jq
jq
⊗ · · · ⊗ eJ1j1 = vq ⊗ · · · ⊗ v1,

which completes the proof of (2.6). Recall that R(U) denotes the column space of

the matrix U . For any vectors vi ∈ R(V i), 1 ≤ i ≤ q, there exists αi such that

vi = V iαi. Combining identity (2.6), we obtain

TJ

(
⊗t (vq, · · · ,v1)

)
= vq ⊗ · · · ⊗ v1 = V qαq ⊗ · · · ⊗ V 1α1

= (V q ⊗ · · · ⊗ V 1)(αq ⊗ · · · ⊗α1) ∈ R
(
V q ⊗ · · · ⊗ V 1

)
,

which implies that the basis of TJ(R(V q) ⊗ · · · ⊗ R(V 1)) is entirely contained in

R(V q ⊗ · · · ⊗ V 1). This proves that

TJ

(
R(V q)⊗ · · · ⊗ R(V 1)

)
⊂ R

(
V q ⊗ · · · ⊗ V 1

)
.

By Lemma 4.2, to show that TJ(R(V q) ⊗ · · · ⊗ R(V 1)) = R(V q ⊗ · · · ⊗ V 1), it

remains only to show that dimTJ(R(V q)⊗ · · · ⊗ R(V 1)) = dimR(V q ⊗ · · · ⊗ V 1).

To that end, note

dimTJ

(
R(V q)⊗· · ·⊗R(V 1)

)
= dim

(
R(V q)⊗· · ·⊗R(V 1)

)
=

q∏
i=1

dim
(
R(V i)

)
,
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and

dimR
(
V q⊗· · ·⊗V 1

)
= rank

(
V q⊗· · ·⊗V 1

)
=

q∏
i=1

rank(V i) =

q∏
i=1

dim
(
R(V i)

)
,

which verifies that dimTJ(R(V q)⊗ · · · ⊗ R(V 1)) = dimR(V q ⊗ · · · ⊗ V 1).

4.6.2 Proof of Lemma 2.2

Proof of Lemma 2.2. Let K′ = ∪qs=0Ks. Let P k = HkH
⊤
k for any k ∈ K′.

To establish the claim that R|J | = ⊗k∈KR(Hk), it suffices to show the following

three statements:

1. For any k ∈ K′, P k is an orthogonal projection matrix onto R(Hk).

2. For any k,k′ ∈ K′ such that k ̸= k′, it holds that P kP k′ = 0.

3.
∑

k∈K′ P k = I.

Because H⊤
kHk is an identity matrix of order |k|J , we know that the columns of Hk

are orthonormal. This completes the proof of statement 1.

Due to k ̸= k′, we can assume without loss of generality that there exists an l ∈ k

and l ̸∈ k′, enabling us to rewrite Hk and Hk′ as

Hk = A⊗UJl ⊗B and Hk′ = A′ ⊗ 1Jl√
Jl
⊗B′,

where the number of rows in A and A′, as well as in B and B′, are the same. Thus,

H⊤
kHk′ = (A⊤A′)⊗ (

1√
Jl
U⊤
Jl
1Jl)⊗ (B⊤B′) = (A⊤A′)⊗0⊗ (B⊤B′) = 0, (4.1)

which completes the proof of statement 2.
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Furthermore, we also know that the columns of Hk for any k ∈ K′ are also

orthonormal. By expanding |J | =
∏q

l=1((Jl − 1) + 1), we obtain that

∑
k∈K′

dim
(
R(Hk)

)
=
∑
k∈K′

|k|J = 1 +

q∑
s=1

∑
(k1,··· ,ks)∈K′

(Jk1 − 1) · · · (Jks − 1) =

q∏
l=1

(
(Jl − 1) + 1

)
.

Combined with (4.1), we further obtain that

dim
(∑

k∈K′

R(Hk)
)
=
∑
k∈K′

dim
(
R(Hk)

)
= |J |.

In summary, the columns of Hk for any k ∈ K′ form an orthonormal basis of R|J |,

so by Lemma 4.2 which completes the proof of statement 3.

As a consequence of statements 1–3, for any y ∈ R|J |, we have

(i) y = Iy =
∑

k∈K′ P ky,

(ii) P ky ∈ R(Hk) for any k ∈ K′,

(iii) R(Hk) ∩
(∑

k′∈K′,k′ ̸=kR(Hk′)
)
= {0} for any k ∈ K′, and

(iv) R(Hk) ⊥ R(Hk′) for any k,k′ ∈ K′ such that k ̸= k′.

By Theorem 1.5 in Roman et al. (2005), we know that R|J | is the internal direct

sum of the family {R(Hk)}k∈K′ of subspaces of R|J |. By integrating the definition

of orthogonal direct sum (refer to page 194 in Roman et al. (2005)), we finalize the

proof of the Lemma 2.2.
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4.7 Proof of Theorem 2.1

In this section, we first prove the inverse vectorization identities (4.2) and (4.3) for

tensor reshaping, which plays a crucial role in the proof of Theorem 2.1.

Lemma 4.3. (Inverse Vectorization Identity for Nonentangled Tensor) Let I1, · · · , Im
be a disjoint partition of [q]. For any I = {i1, · · · , is} ⊂ [q] such that 1 ≤ i1 < · · · <

is ≤ q, define jI = (ji1 , · · · jis) in JI = [Ji1 ]×· · ·×[Jis ] and partitioned tensor product

⊗π with

v = ⊗π(vI1 , · · · ,vIm ; I1, · · · , Im) =
∑
j∈J

{
m∏
l=1

vIl(jIl)

}
e
Jq
jq
⊗ · · · ⊗ eJ1j1 ,

where

vI =
∑

jI∈JI

vI(jI) · e
Jis
jis
⊗ · · · ⊗ e

Ji1
ji1
∈ R|JI |.

Then

(
vec−1

J (v)
)
j
=

m∏
l=1

(
vec−1

JIl (vIl)
)
jIl

, (4.2)

where (·)j denotes the j-element of tensor.

Proof of Lemma 4.3. By the definition of vecJ(·), we know that

(
vec−1

J (v)
)
j
=

m∏
l=1

vIl(jIl).

Similarly, we obtain that

(
vec−1

JI(vI)
)
jI

= vI(jI).



4.7. Proof of Theorem 2.1 82

Thus, we obtain

(
vec−1

J (v)
)
j
=

m∏
l=1

vIl(jIl) =
m∏
l=1

(
vec−1

JIl (vIl)
)
jIl

.

Lemma 4.4. (Inverse Vectorization Identity) Let Jk = [Ji1 ] × [Ji2 ] × · · · [Jis ] where

k = {i1, i2, · · · , is} ⊂ [q] and i1 < i2 < · · · < is, and let Hβ =
∑

k∈K Hkβk, where

K = ∪ds=0Ks and 1 ≤ d ≤ q. If we define vec−1
Jk

such that

vecJk

(
vec−1

Jk
(z)
)
= z for any z ∈ R|Jk|,

then the following inverse vectorization identity holds,

(
vec−1

J (Hβx)
)
j1,··· ,jq

=
1√
|J |

β0x+
1√
|J |

∑
1≤s≤d

∑
k∈Ks

(
vec−1

Jk

(
Ukβkx

))
ji1 ,··· ,jis

, (4.3)

where Uk = [
√
JisU is ⊗ · · · ⊗

√
Ji1U i1 ] for k = {i1, · · · , is} ⊂ [q] with i1 < · · · < is.

Proof of Lemma 4.4. Recall the definition of H in (2.13) and Hk in (2.8). Combined

with the linearity of vec−1
J , we know that

(
vec−1

J (Hβx)
)
j1,··· ,jq

=
1√
|J |

β0x+
∑

1≤s≤d

∑
k∈Ks

(
vec−1

J (Hkβkx)
)
j1,··· ,jq

.

To show the inverse vectorization identity (4.3), it suffices to show that

(
vec−1

J (Hkβkx)
)
j1,··· ,jq

=
1√
|J |

(
vec−1

Jk

(
Ukβkx

))
ji1 ,··· ,jis

, (j1, · · · , jq) ∈ J , (4.4)

for any k = {i1, · · · , is}, 1 ≤ i1 < · · · < is ≤ q and 1 ≤ s ≤ q.
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First, suppose k = {1, 2, · · · , s}. By (2.8), we know that

Hkβkx =
1√
|J |

(
1Jq ⊗ 1Jq−1 ⊗ · · · ⊗ 1Js+1 ⊗ Uk

)
βkx

=
1√
|J |

(
1∏q

i=s+1 Ji
⊗ Uk

)
(1⊗ βkx) =

1√
|J |

1∏q
i=s+1 Ji

⊗
(
Ukβkx

)
.

Thus, we obtain that

(
vec−1

J

(
Hkβkx

))
j1,··· ,jq

=
1√
|J |

(
vec−1

J

(
1∏q

i=s+1 Ji
⊗ (Ukβkx)

))
j1,··· ,jq

=
1√
|J |

(
vec−1

Jk

(
Ukβkx

))
j1,··· ,js

,

where the last equation holds due to identity (4.2) in Lemma 4.3.

The same result can be established for any other k using nearly identical ar-

guments, which we omit for brevity. This completes the proof of (4.4), thereby

completing the proof of Lemma 4.4 as well.

Utilizing Lemma 4.4, we proceed to prove Theorem 2.1.

Proof of Theorem 2.1. Consider the representation

θ = Hβ =
∑
k∈K

Hkβk =
∑

0≤s≤q

∑
k∈Ks

Hkβk, βk ∈ R|k|J×p.

Applying the inverse vectorization identity (4.3) in Lemma 4.4, we know that there

exists some B(x) and B′(x) not depending on j, such that

πj(x) = exp{B(x)}
[
exp{vec−1

J (Hβx)}
]
j1,··· ,jq

=exp{B′(x)} exp

[
1√
|J |

∑
1≤s≤q

∑
k∈Ks

{vec−1
Jk
(Ukβkx)}ji1 ,··· ,jis

]
︸ ︷︷ ︸

=:ξj(x)

. (4.5)
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where k = {i1, · · · , is}.

For any I = {i1, · · · , is} ⊂ [q] such that 1 ≤ i1 < · · · < is ≤ q, define JI =

[Ji1 ]× · · · × [Jis ], and J−I = J [q]\I . Given j ′ ∈ JI , j ′′ ∈ J−I , define σ(j ′, j ′′; I) ∈ J

where σ is the operator such that [σ(j ′, j ′′; I)]I = j ′ and [σ(j ′, j ′′; I)][q]\I = j ′′, where

here, [a]S denotes the subvector of a corresponding to components indexed by S.

Thus, to show (2.9), it suffices to show that

log ξj(x) =
m∑
l=1

log ξjIl ,+(x) + C(x), for all j ∈ J , (4.6)

where

ξjIl ,+(x) =
∑

j′∈J−Il

ξσ(jIl ,j
′;Il)(x),

and C(x) does not depend on j.

Mutual and joint independence: Based on the definition of Sjoint, we know that

θ =
∑

k∈Sjoint

Hkβk = H{0}β{0} +
m∑
l=1

∑
k⊂Il,∥k∥0≥1

Hkβk.

Similar to (4.5), we obtain that

ξj(x) =
m∏
l=1

exp
( 1√
|J |

∑
k⊂Il,∥k∥0≥1

(
vecJ−1

k
(Ukβkx)

)
ji1 ,··· ,jis

)
.

Based on the above equation and the definition of ξjIl ,+, we know that

log ξjIl ,+(x) =
1√
|J |

( ∑
k⊂Il,∥k∥0≥1

(
vecJ−1

k
(Ukβkx)

)
ji1 ,··· ,jis

)
+ Cl(x),
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where

Cl(x) = log

 ∑
j′∈J−Il

∏
l′∈[m]:l′ ̸=l

exp
( 1√
|J |

∑
k⊂Il′ ,∥k∥0≥1

(
vecJ−1

k
(Ukβkx)

)
j′i1
,··· ,j′is

)
does not depend on j. In conclusion, we obtain that

log ξj(x)

=
m∑
l=1

1√
|J |

∑
k⊂Il,∥k∥0≥1

(
vecJ−1

k
(Ukβkx)

)
ji1 ,··· ,jis

=
m∑
l=1

log ξjIl ,+(x)−
m∑
l=1

Cl(x),

which implies (4.6), by setting C(x) = −
∑m

l=1Cl(x). Thus, we complete the proof

of (2.9).

Conditional independence: Based on the definition of Sjoint|Im , we know that

θ =
∑

k∈Sjoint|Im

Hkβk = H{0}β{0} +
m−1∑
l=1

∑
|k∩Il|>0
k⊂Il∪Im

Hkβk +
∑

k⊂Im,∥k∥0≥1

Hkβk.

By (4.5), we obtain that

ξj(x) =
m−1∏
l=1

exp
( 1√
|J |

∑
|k∩Il|>0
k⊂Il∪Im

(
vecJ−1

k
(Ukβkx)

)
ji1 ,··· ,jis

)

· exp
( 1√
|J |

∑
k⊂Im,∥k∥0≥1

(
vecJ−1

k
(Ukβkx)

)
ji1 ,··· ,jis

)
.

(4.7)

By definition, ξjIl∪Im ,+
(x) =

∑
j′∈J−Il∪Im ξσ(jIl∪Im ,j

′;Il∪Im)(x) so that based on the

above equation, we have

log ξjIl∪Im ,+
(x) =

1√
|J |

∑
|k∩Il|>0
k⊂Il∪Im

(
vecJ−1

k
(Ukβkx)

)
ji1 ,··· ,jis

+ Cl,jIm (x), (4.8)
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where

Cl,jIm (x)

= log

 ∑
j′∈J−Il∪Im

Im

∏
1≤l′≤m−1,l′ ̸=l

exp
( 1√
|J |

∑
|k∩Il′ |>0
k⊂Il′∪Im

(
vecJ−1

k
(Ukβkx)

)
j′i1
,··· ,j′is

)
+

1√
|J |

∑
k⊂Im,∥k∥0≥1

(
vecJ−1

k
(Ukβkx)

)
ji1 ,··· ,jis

,

with

J−Il∪Im
Im = ×i∈[q]\IlW i, W i =

 [Ji] : i ∈ [q] \ (Il ∪ Im)

{ji} : i ∈ Im
.

Evidently, Cl,jIm (x) does not depend on jI1 , · · · , jIm−1
. Note that

log πjI1 ,··· ,jIm−1
|jIm (x) = log πj(x)− log πjIm+(x) = log ξj(x) + CjIm

(x), (4.9)

where CjIm
(x) only depends on jIm and x.

We can also show that

log πjIl+|jIm (x) = log πjIl∪Im+(x)− log πjIm+(x)

= log ξjIl∪Im ,+
(x) + C ′

Il(x),
(4.10)

where for any 1 ≤ l ≤ m− 1, C ′
Il(x) does not depend on jI1 , · · · , jIm−1

.

Combining (4.7), (4.8), (4.9) and (4.10), we obtain that

log πjI1 ,··· ,jIm−1
|jIm (x)−

m−1∑
l=1

log πjIl+|jIm (x) = log ξj(x)−
m−1∑
l=1

log ξjIl∪Im ,+
(x)+C ′′

Im(x)

does not depend on jI1 , · · · , jIm−1
.
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Note that

πjI1 ,jI2 ,··· ,jIm−1
|jIm (x) =

m−1∏
l=1

πjIl ,+|jIm (x), j ∈ J

if and only if

πjI1 ,jI2 ,··· ,jIm−1
|jIm (x) = A(x, jIm)

m−1∏
l=1

πjIl ,+|jIm (x), j ∈ J ,

where A(x, jIm) is a function that does not depend on jI1 , · · · , jIm−1
. This completes

the proof of (2.10).

4.8 Proof of Theorem 2.2

To complete the proof of Theorem 2.2, we will show the following error bound for the

group lasso without assuming wg ≡ 1.

Theorem 4.1. Let B,B1, B2 and B′ be some positive absolute constants.

Let λδ = BC
(√

m
n
+
√

log |G|
n

+ δ
)
, δ ≥ 0 for multinomial categorical response model,

and let λδ = BC
√
Λ
(√

m
n
+
√

log |G|
n

+ δ
)
, 0 ≤ δ ≤ B2 for Poisson categorical response

model. Assume d∗ ≤ d. Under Assumptions 1-4, if m
n
+ log |G|

n
≤ B1 ·min

(
1, κ

AC2Ψ2(S)

)
and λδ ≤ R·κ

6Ψ(S) , then

∥∥∥θ† − θ̂
∥∥∥ =

∥∥∥β† − β̂0

∥∥∥ ≤ 6λδΨ(S)
κ

,

with probability at least 1− e−B′δ2n.

Consequently, Theorem 2.2 can be viewed as a specific case of Theorem 4.1.

Proof of Theorem 2.2. Applying Theorem 4.1 and assuming wg ≡ 1, we complete the

proof of Theorem 2.2.
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4.9 Justification of the Restricted Strong Convex-

ity Condition

In this section, we provide theoretical justification for Assumption 4 by assuming a

multivariate GLM model and some mild regularity conditions on the predictors. The

justification is based on the generalization of the results from Section 9 of Wainwright

(2019).

We first state the following multivariate GLM assumption, which includes multi-

nomial and Poisson categorical response models as special cases.

Assumption 4.1. Consider the multivariate GLM model: conditionally on xi, each

response yi is independent according to a conditional distribution of the following

form:

Pθ(y|x) = h(x,y) exp
{
⟨y,θx⟩ − ψ(θx)

}
, θ ∈ R|J |×p.

Assume there exists V ⊂ R|J |×p such that Pθ(y|x) = Pθ′(y|x),∀x ∈ Rp and y if and

only if P V(θ) = P V(θ
′). Assume the hypothesis space MH ⊂ R|J |×p, such that for

any M > 0,

γM = inf
∥θx∥≤M
θ∈MH

inf
PV (∆θ)x̸=0
∆θ∈MH

⟨∇2ψ(θx)P V(∆θ)x,P V(∆θ)x⟩
∥P V(∆θ)x∥2

> 0. (4.11)

Define Ln(θ) = −
∑n

i=1 ⟨yi,θxi⟩ − ψ(θxi) and En(∆θ) = Ln(θ
† + ∆θ) − Ln(θ†) −〈

∇Ln(θ†),∆θ
〉
.

The next theorem generalizes Theorem 9.36 in Wainwright (2019) to the multi-

variate GLM model.

Theorem 4.2. Let MH ⊂ R|J |×p denote the largest hypothesis space considered for

θ and θ†. Assume the covariates {xi}ni=1 drawn i.i.d. from a zero-mean distribution
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such that, for some positive constants (α, β), we have

E ∥∆θxi∥2 ≥ α and E ∥∆θxi∥4 ≤ β, (4.12)

for all vector ∆θ ∈ MH such that ∥∆θ∥ = 1. Assume that a norm Φ defined in

MH satisfies Φ(P Vθ) ≤ Φ(θ), for any θ ∈ MH . Under Assumption 4.1, for any

∆θ ∈MH , we have

En(∆θ) ≥ κ

2
∥P V(∆θ)∥2− c0 ·µ2

n(Φ,MH) ·Φ2(P V∆θ), ∥∆θ∥ ≤ R,R > 0, (4.13)

with probability at least 1− c1e−c2n, where

µn(Φ,MH) = Exi,εi1≤i≤n sup
Φ(PV (∆θ))≤1

∆θ∈MH

(
1

n

n∑
i=1

⟨εi,P V(∆θ)xi⟩

)

= Exi,εi1≤i≤nΦ
∗
( 1
n

n∑
i=1

PMH
P V
(
εix

⊤
i

))
,

(4.14)

where εi = (εi1, · · · , εi|J |)
⊤ ∈ {−1, 1}|J |, 1 ≤ i ≤ n, εij is a sequence of independent

doubly indexed Rademacher variables, Φ∗ denotes the dual norm of Φ, and PMH

denotes the orthogonal projection operator onto subspaceMH .

Here, the constants (κ, c0, c1, c2) can depend on the GLM, the fixed vector θ†,

and (α, β), but are independent of the dimension, sample size, and regularizer Φ.

Furthermore, for pre-specified large value M , we know that κ, c0 ∝ γM , where γM is

defined in (4.11).

Remark 4.1. The definition (4.14) of µn(Φ,MH) does not exactly match that in

Theorem 9.36 as presented in Wainwright (2019), because in our setting yi ∈ R|J |

for 1 ≤ i ≤ n are multivariate responses. µn(Φ,MH) is simply the Rademacher

complexity of the class of linear operators x 7→ θx as θ ∈ MH ranges over the unit
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ball of norm Φ.

Lemma 4.5. Under Assumptions 1-4, for both multinomial and Poisson categorical

response models, there exists absolute constant A such that

µn(ΦG,MH) = Exi,εi,1≤i≤nΩ
∗
G

( 1
n
H⊤

n∑
i=1

P V
(
εix

⊤
i

))
≤ A ·C

(√ log |G|
n

+

√
m

n

)
,

(4.15)

where Ω∗
G denotes the dual norm of ΩG, |G| denotes the number of groups and m =

max(k,j)∈G |k|J · pj denotes the maximum group size.

4.9.1 Proof of Theorem 4.2

In this subsection, we provide the proofs for Theorem 4.2, Lemma 4.5 and Lemma 5.

Proof of Theorem 4.2. The proof follows closely the approach used in the proof of

Theorem 9.36 as presented in Wainwright (2019).

Recall that Ln(θ) = Ln(θ
′) if and only if Pθ(y|x) = Pθ′(y|x),∀x ∈ Rp and y, if

and only if P V(θ − θ′) = 0. Because

P V

(
(θ +∆θ)− (θ + P V(∆θ))

)
= P V(∆θ)− P 2

V(∆θ) = 0,

we know that Ln(θ +∆θ) = Ln(θ + P V(∆θ)). Notice that

〈
∇Ln(θ†),∆θ

〉
= lim

ε→0

Ln(θ
† + ε∆θ)− Ln(θ†)

ε

= lim
ε→0

Ln(θ
† + εP V(∆θ))− Ln(θ†)

ε
=
〈
∇Ln(θ†),P V(∆θ)

〉
.

In conclusion, En(∆θ) = En(P V(∆θ)). Without loss of generality, we can assume

R = 1.
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Under Assumption 4.1, to demonstrate that (4.13) holds for any ∆θ ∈ MH , it

suffices to show that

En(∆θ) = En(P V(∆θ)) ≥ κ

2
∥P V(∆θ)∥2− c0 ·µ2

n ·Φ2(P V(∆θ)), ∥∆θ∥ ≤ 1. (4.16)

We emulate the proof of Theorem 9.36 as presented in Wainwright (2019). Using the

Lagrange remainder theorem for the Taylor series, we obtain

En(∆θ) =
1

n

n∑
i=1

〈
∇2ψ(θ†xi + t∆θxi)P V(∆θ)xi,P V(∆θ)xi

〉
,

for some scalar t ∈ [0, 1]. Similar to the argument in the proof of Theorem 9.36 in

Wainwright (2019), we define ∥∆θ∥ = δ ∈ (0, 1], and set τ = Kδ for a constant

K > 0 to be chosen later. Define function φτ (u) = ∥u∥2 I[∥u∥ ≤ 2τ ].

Now, we can replace (9.96) in Wainwright (2019) by

En(∆θ)

≥ 1

n

n∑
i=1

〈
∇2φ

(
θ†xi + t∆θxi

)
P V(∆θ)xi,P V(∆θ)xi

〉
φτ (P V(∆θ)xi)I[

∥∥θ†xi
∥∥ ≤ T ],

where T is the second truncation parameter to be chosen. Let γ := γT+2K . By

Assumption 4.1, we know that γ > 0.

Thus, we obtain that

En(∆θ) ≥ γ

n

n∑
i=1

φτ (P V(∆θ)xi)I[
∥∥θ†xi

∥∥ ≤ T ]. (4.17)

Applying (4.17) and inequality xy ≤ x2+y2

2
, to show (4.13), it suffices to show that
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for all δ ∈ (0, 1] and for ∆θ ∈MH with ∥∆θ∥ = δ, we have

1

n

n∑
i=1

φτ (P V(∆θ)xi)I[
∥∥θ†xi

∥∥ ≤ T ] ≥ c3δ
2 − c4µnΦ(P V(∆θ))δ. (4.18)

If the lower bound in (4.18) holds, then inequality (4.13) holds with constants (κ, c0)

depending on (c3, c4, γ). To be more specific, κ
γ
and c0

γ
depending on (c3, c4).

Based on the argument presented in the proof of Theorem 9.36 in Wainwright

(2019), it suffices to demonstrate that the bound (4.18) holds for ∥∆θ∥ = δ = 1.

Define a new truncation function

φ̃τ (u) = ∥u∥2 I[∥u∥ ≤ τ ] + (∥u∥ − 2τ)2I[τ < ∥u∥ ≤ 2τ ],

which is Lipschitz with parameter 2r. Since φ̃τ (u) ≤ φτ (u), it suffices to show that

if ∥∆θ∥ = 1, we have

1

n

n∑
i=1

φ̃τ (P V(∆θ)xi)I[
∥∥θ†xi

∥∥ ≤ T ] ≥ c3 − c4 · µn · Φ(P V(∆θ)). (4.19)

For a given radius r ≥ 1, define the random variables

Zn(r) :=

sup
∥∆θ∥=1

Φ(PV (∆θ))≤r
∆θ∈MH

E

{
φ̃τ (P V(∆θ)x) I[

∥∥θ†x
∥∥ ≤ T ]− 1

n

n∑
i=1

φ̃τ (P V(∆θ)xi) I[
∥∥θ†xi

∥∥ ≤ T ]

}
.

(4.20)

Suppose that we can prove that

E
[
φ̃τ (P V(∆θ)xi)I[

∥∥θ†xi
∥∥ ≤ T ]

]
≥ 3

4
α, (4.21)
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and

P
[
Zn(r) >

α

2
+ c4rµn

]
≤ exp

(
− c2

nr2µ2
n

σ2
− c2n

)
. (4.22)

Then with c3 = α/4, we obtain that for any ∥∆θ∥ = 1 and Φ(∆θ) ≤ r, the bound

(4.19) hold. Similar to the argument in the proof of Theorem 9.34 in Wainwright

(2019), we obtain that (4.13) holds with probability at least 1− c1e−c2n.

Now, we turn to the proof of inequalities (4.21) and (4.22). The proof of (4.21)

closely follows the argument for the expectation bound (9.99a) presented in Wain-

wright (2019); therefore, we omit its detailed proof here. However, for (4.22), adapting

the approach used for expectation bound (9.99b) in Wainwright (2019) requires the

following justification.

Applying Lemma 26.2 in Shalev-Shwartz and Ben-David (2014) for Rademacher

complexity, we know that

E[Zn(r)] ≤ 2 · Exi,εi sup
∥∆θ∥=1

Φ(PV (∆θ))≤r
∆θ∈MH

(
1

n

n∑
i=1

εiφ̃r(P V(∆θ)xi)I[
∥∥θ†xi

∥∥ ≤ T ]

)
.

Because I[
∥∥θ†xi

∥∥ ≤ T ] ≤ 1, φ̃r(u) is Lipschitz with parameter 2K, applying vector-

contraction inequality for Rademacher complexities (see Corollary 1 in Maurer (2016)),

we obtain

E[Zn(r)] ≤ 8K · Exi,εi sup
∥∆θ∥=1

Φ(PV (∆θ))≤r
∆θ∈MH

(
1

n

n∑
i=1

⟨εi,P V(∆θ)xi⟩

)

≤ 8Kr · Exi,εi sup
Φ(PV (∆θ))≤1

∆θ∈MH

(
1

n

n∑
i=1

⟨εi,P V(∆θ)xi⟩

)
,

where εi = (εi1, · · · , εi|J |)
⊤ ∈ {−1, 1}|J |, 1 ≤ i ≤ n, and {εij}1≤i≤n,1≤j≤|J | is a se-
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quence of independent doubly indexed Rademacher variables.

A direct calculation shows that

Exi,εi,1≤i≤n sup
Φ(PV (∆θ))≤1

∆θ∈MH

(
1

n

n∑
i=1

⟨εi,P V(∆θ)xi⟩

)

≤ Exi,εi,1≤i≤n sup
Φ(∆θ)≤1
∆θ∈MH

(
1

n

n∑
i=1

〈
εix

⊤
i ,P VPMH

(∆θ)
〉)

= Exi,εi,1≤i≤n sup
Φ(∆θ)≤1
∆θ∈MH

(
1

n

n∑
i=1

〈
PMH

P V(εix
⊤
i ),∆θ

〉)

= Exi,εi,1≤i≤nΦ
∗
( 1
n

n∑
i=1

PMH
P V
(
εix

⊤
i

))
.

With this modification of the proof of (9.99b) in Wainwright (2019), we complete

the proof of (4.22). In conclusion, we complete the proof of (4.13), and obtain the

expression (4.14).

Hence, the proof is concluded.

4.9.2 Proof of Lemma 4.5

Proof of Lemma 4.5.

Recall thatMH = {Hβ;β ∈ R
∑d

s=0 Ls×p} and ΦG(θ) = ΩG(H
⊤θ). Thus, PMH

(θ) =

HH⊤θ.

Let Ω∗
G and Φ∗

G denote the dual norms of ΩG and ΦG, respectively. Because

Ω∗
G(α) = max

ΩG(β)≤1
⟨α,β⟩ = max

ΩG(β)≤1
⟨Hα,Hβ⟩ = max

ΦG(θ)≤1,θ∈MH

⟨Hα,θ⟩ = Φ∗
G(Hα),

(4.23)
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we know that

µn(ΦG,MH) = Exi,εi,1≤i≤nΦ
∗
G

( 1
n

n∑
i=1

PMH
P V
(
εix

⊤
i

))
= Exi,εi,1≤i≤nΩ

∗
G

( 1
n
H⊤

n∑
i=1

P V
(
εix

⊤
i

))
.

By the definition of dual norm Φ∗
G and Lemma 4.13, we obtain

µn(ΦG,MH) = Exi,1≤i≤nEεi,1≤i≤nΦ
∗
G

( 1
n

n∑
i=1

PMH
P V
(
εix

⊤
i

))
= Exi,1≤i≤nEεi,1≤i≤n max

∥k∥0≤d,1≤j≤t

1

wk,j · n

∥∥∥∥∥
n∑
i=1

H⊤
kP Vεi{xi(j)}⊤

∥∥∥∥∥ .
Let bk,j =

1
wk,j ·n

∑n
i=1H

⊤
kP Vεi{xi(j)}⊤.

For non-negative random variable, we have

µn(ΦG,MH) = E max
∥k∥0≤d,1≤j≤t

∥bk,j∥

=

∫ ∞

0

P
(

max
∥k∥0≤d,1≤j≤t

∥bk,j∥ > u
)
du

≤ u∗ +
∑

∥k∥0≤d,1≤j≤t

∫ ∞

0

P
(
∥bk,j∥ > u+ u∗

)
du.

Note that

∥bk,j∥ = sup
v∈R|k|J×pj

∥v∥≤1

⟨v, bk,j⟩ .

The supremum is taken over a |k|J · pj-dimensional unit ball. Thus, there exists
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v1, · · · ,vN , N ≤ 5|k|J×pj , such that ∥vk∥ ≤ 1 and

∥bk,j∥ ≤ 2 max
1≤l≤N

⟨vl, bk,j⟩ .

Thus,

P
(
∥bk,j∥ > u+ u∗

)
=P
(
max
1≤l≤N

⟨vl, bk,j⟩ > u/2 + u∗/2
)
≤

N∑
l=1

P
(
⟨vl, bk,j⟩ > u/2 + u∗/2

)
.

Notice that for Rademacher variable ε,

Eeεu =
eu + e−u

2
≤ eu

2/2,∀u ∈ R.

Thus,

Eεi,1≤i≤ne
u⟨vl,bk,j⟩ = Ee

u

〈
vl,

1
wk,j ·n

∑n
i=1 H

⊤
k PVεi{xi(j)}⊤

〉

=
n∏
i=1

Eεi exp
( u

wk,j · n
〈
P VHkvlxi(j), εi

〉)
≤

n∏
i=1

exp
( u2

2 · w2
k,j · n2

∥∥P VHkvlxi(j)
∥∥2)

≤ exp
( u2

2 · w2
k,j · n2

n∑
i=1

∥∥xi(j)∥∥2) ≤ exp
(u2 · C2

2 · n

)
.

Thus, ⟨vl, bk,j⟩ is a C/
√
n-sub-Gaussian random variable (see Definition 2.2 in Wain-

wright (2019)). By Hoeffding bound for sub-Gaussian random variable (see Proposi-

tion 2.5 in Wainwright (2019)), we know that for any u > 0,

P
(
⟨vl, bk,j⟩ ≥ u

)
≤ exp

(
− n · u2

2 · C2

)
.



4.10. Auxiliary Lemmas 97

Let m = max(k,j)∈G |k|J · pj. In conclusion,

µn(ΦG,MH) ≤ u∗ +
∑

∥k∥0≤d,1≤j≤t

∫ ∞

0

P
(
∥bk,j∥ > u+ u∗

)
du

≤ u∗ + |G|
∫ ∞

0

5m exp
(
− n(u+ u∗)

2

8 · C2

)
du.

There exists absolute constants A1, A2, A > 0 such that if u∗ = A1 ·C
(√ log |G|

n
+
√

m
n

)
,

then

µn(ΦG,MH) ≤ u∗+

∫ ∞

0

exp
(
− nu2

8 · C2

)
du = u∗+

A2 C√
n

= A ·C
(√ log |G|

n
+

√
m

n

)
.

4.9.3 Proof of Lemma 5

Proof of Lemma 5. By applying Lemma 4.5, Lemma 4.11 and Theorem 4.2, we com-

plete the proof of Lemma 5.

4.10 Auxiliary Lemmas

4.10.1 Subspace Lipschitz Constant

We first establish the subspace Lipschitz constant Ψ(S).

Lemma 4.6.

Ψ(S) =
√ ∑

(k,j)∈S

w2
k,j .

Proof of Lemma 4.6. Assume θx =
∑

(k,j)∈G Hkβk,jx
j for all vectors x. Because
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columns of H are orthonormal, we know that

∥θ∥2 = ∥Hβ∥2 = ∥β∥2 =
∑

(k,j)∈S

∥∥βk,j

∥∥2 .
By the definition of ΦG(θ), we know that

ΦG(θ) =
∑

(k,j)∈S

wk,j

∥∥βk,j

∥∥ .
By the Cauchy–Schwarz inequality, we know that

ΦG(θ)
2 ≤

∑
(k,j)∈S

w2
k,j

∑
(k,j)∈S

∥∥βk,j

∥∥2 = ∑
(k,j)∈S

w2
k,j ∥θ∥

2

and the equation is achievable. Thus,

Ψ(S) =
√ ∑

(k,j)∈S

w2
k,j .

4.10.2 Gradient and Hessian Expressions

For completeness, we rederive the gradient and Hessian for negative log-likelihood of

Poisson and multinomial categorical response models.
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Poisson case:

The negative log-likelihood of Poisson categorical response model is given by

n · LPois
n (β) =

n∑
i=1

−
〈
vecJ(y

J
i ), vecJ(logµ

J(xi))
〉
+
〈
1|J |, vecJ(µ

J(xi))
〉

=
n∑
i=1

−
〈
vecJ(y

J
i ),Hβxi

〉
+
〈
1|J |, e

Hβxi
〉
.

By Taylor expansion,

〈
1|J |, e

H(β+ε∆β)xi
〉
−
〈
1|J |, e

Hβxi
〉

=
〈
eHβxi , eεH∆βxi − 1|J |

〉
=ε
〈
eHβxi ,H∆βxi

〉
+
ε2

2

〈
diag(eHβxi)H∆βxi,H∆βxi

〉
+ o(ε2).

By the formula for vectorization of matrix multiplication as Kronecker product

vec(ABC) =
(
C⊤ ⊗A

)
vec(B),

we have

〈
diag(eHβxi)H∆βxi,H∆βxi

〉
=
〈
vec
(
diag(eHβxi)H∆βxi

)
, vec(H∆βxi)

〉
=
〈
x⊤
i ⊗ diag(eHβxi)H vec(∆β),x⊤

i ⊗H vec(∆β)
〉

=
〈
xix

⊤
i ⊗H⊤ diag(eHβxi)H vec(∆β), vec(∆β)

〉
.

Then, because

LPois
n (β + ε∆β)− LPois

n (β)

=ε

〈
∂LPosin (β)

∂β
,∆β

〉
+
ε2

2

〈
∂2LPois

n (β)

∂ vec(β)∂{vec(β)}⊤
vec(∆β), vec(∆β)

〉
+ o(ε2),
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we obtain

∂LPois
n (β)

∂β
=

1

n

n∑
i=1

H⊤ [eHβxi − vecJ(y
J
i )
]
x⊤
i , and

∂2LPois
n (β)

∂ vec(β)∂{vec(β)}⊤
=

1

n

n∑
i=1

xix
⊤
i ⊗H⊤ diag(eHβxi)H .

Multinomial case: The negative log-likelihood of multinomial categorical re-

sponse model is given by

n · LMult
n (β) =

n∑
i=1

−
〈
vecJ(y

J
i ),Hβxi

〉
+ ni log

( 〈
1|J |, e

Hβxi
〉 )
.

Let vecJ
(
pJ(x)

)
= eHβx

⟨1|J|,eHβx⟩ . Note that

log
( 〈

1|J |, e
H(β+ε∆β)x

〉 )
− log

( 〈
1|J |, e

Hβx
〉 )

= log
(
1 +

〈
eHβx, eεH∆βx − 1|J |

〉〈
1|J |, eHβx

〉 )
= log

(
1 + ε

〈
eHβx,H∆βx

〉〈
1|J |, eHβx

〉 +
ε2

2

〈
diag(eHβx)H∆βx,H∆βx

〉〈
1|J |, eHβx

〉 + o(ε2)
)

= log
(
1 + ε

〈
vecJ(p

J(x)),H∆βx
〉
+
ε2

2

〈
diag{vecJ(pJ(x))}H∆βx,H∆βx

〉
+ o(ε2)

)
=ε
〈
vecJ(p

J(x)),H∆βx
〉

+
ε2

2

〈{
diag[vecJ(p

J(x))]− vecJ(p
J(x)){vecJ(pJ(x))}⊤

}
H∆βx,H∆βx

〉
+ o(ε2).
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Thus, we have

∂LMult
n (β)

∂β
=

1

n

n∑
i=1

H⊤ [vecJ(pJ(xi))− vecJ(y
J
i )
]
x⊤
i ,

∂2LMult
n (β)

∂ vec(β)∂{vec(β)}⊤

=
1

n

n∑
i=1

xix
⊤
i ⊗H⊤{diag[vecJ(pJ(xi))]− vecJ(p

J(xi)){vecJ(pJ(xi))}⊤
}
H .

(4.24)

4.10.3 Hyperparameters for Proximal Methods

We will study the global Lipschitz constant, for multinomial categorical response

model, and local Lipschitz constant for Poisson categorical response model, L′ such

that

∥∇Ln(β)−∇Ln(β′)∥ ≤ L′ ∥β − β′∥ .

Lemma 4.7. For any twice differentiable function Ln(β) and any ∀β,β′ ∈ R
∑d

s=0 Ls×p,

we have

∥∇Ln(β)−∇Ln(β′)∥ ≤ ∥β − β′∥ · max
0≤t≤1;

βt=tβ+(1−t)β′

∥∥∥∥ ∂2Ln(βt)
∂ vec(β)∂{vec(β)}⊤

∥∥∥∥
op

. (4.25)

Let X = [x1, · · · ,xn]. For multinomial categorical response model, for any β ∈

R
∑d

s=0 Ls×p,∥∥∥∥ ∂2Ln(β)
∂ vec(β)∂{vec(β)}⊤

∥∥∥∥
op

≤ 1

2n
λmax(X

⊤X) and (4.26)
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∥∥∥∥ ∂2Ln(0)
∂ vec(β)∂{vec(β)}⊤

∥∥∥∥
op

=
1

n · |J |
λmax(X

⊤X). (4.27)

For Poisson categorical response model, we have∥∥∥∥ ∂2Ln(0)
∂ vec(β)∂{vec(β)}⊤

∥∥∥∥
op

=
1

n
λmax(X

⊤X). (4.28)

Proof of Lemma 4.7. Because

vec
(
∇Ln(β′)−∇Ln(β)

)
=

∫ 1

0

∂2Ln(β + u(β′ − β))

∂ vec(β)∂{vec(β)}⊤
vec(β′ − β)du,

we obtain inequality (4.25).

Let p(x) = 1

⟨1|J|,eHβx⟩e
Hβx. By (4.24), we obtain

∥∥∥∥ ∂2Ln(β)
∂ vec(β)∂{vec(β)}⊤

∥∥∥∥
op

= λmax

( ∂2Ln(β)
∂ vec(β)∂{vec(β)}⊤

)
= max

∥∆β∥=1

1

n

n∑
i=1

〈(
diag(p(xi))− p(xi)p⊤(xi)

)
H∆βxi,H∆βxi

〉
≤ 1

n
max

∥∆β∥=1

n∑
i=1

λmax

(
diag(p(xi))− p(xi)p⊤(xi)

)
∥H∆βxi∥2

≤ 1

n
max

x
λmax

(
diag(p(x))− p(x)p⊤(x)

)
· max
∥∆β∥=1

n∑
i=1

∥∆βxi∥2

=
1

n
max

x
λmax

(
diag(p(x))− p(x)p⊤(x)

)
· max
∥∆β∥=1

∥∆βX∥2

≤ 1

n
max

x
λmax

(
diag(p(x))− p(x)p⊤(x)

)
· λmax(X

⊤X).
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By Geršgorin circle theorem (see Theorem 1.1 in Varga (2010)), we know that

λmax

(
diag(p(x))− p(x)p⊤(x)

)
≤ max

1≤i≤n

(
pi(x)(1− pi(x)) + pi(x)

∑
j ̸=i

pj(x)
)

=2 max
1≤i≤n

(
pi(x)

(
1− pi(x)

))
≤ 1

2
.

In conclusion, we complete the proof of inequality (4.26). Then, because for multi-

nomial categorical response model p(0) = 1
|J |1|J |, we know that

∥∥∥∥ ∂2Ln(0)
∂ vec(β)∂{vec(β)}⊤

∥∥∥∥
= λmax

( ∂2Ln(0)
∂ vec(β)∂{vec(β)}⊤

)
= max

∥∆β∥=1

1

n

n∑
i=1

〈(
diag(p(0))− p(0)p⊤(0)

)
H∆βxi,H∆βxi

〉
= max

∥∆β∥=1

1

n · |J |

n∑
i=1

⟨H∆βxi,H∆βxi⟩ −
1

n

n∑
i=1

〈
p⊤(0)H∆βxi, p

⊤(0)H∆βxi
〉

= max
∥∆β∥=1

1

n · |J |
∥∆βX∥2 − 1

n

∥∥p⊤(0)H∆βX
∥∥2

=
1

n · |J |
max

∥∆β∥=1

∥∥(X⊤ ⊗ I
)
vec(∆β)

∥∥2 − ∥∥e⊤
1 ∆βX

∥∥2
=

1

n · |J |
max

∥∆β∥=1

〈(
XX⊤ ⊗ (I − e1e

⊤
1 )
)
vec(∆β), vec(∆β)

〉
1

n · |J |
λmax(X

⊤X) · λmax

(
I − e1e

⊤
1

)
=

1

n · |J |
λmax(X

⊤X).

Similarly, for Poisson categorical response model,∥∥∥∥ ∂2Ln(0)
∂ vec(β)∂{vec(β)}⊤

∥∥∥∥ = λmax

( ∂2Ln(0)
∂ vec(β)∂{vec(β)}⊤

)
= max

∥∆β∥=1

1

n

n∑
i=1

〈
diag(eH0xi)H∆βxi,H∆βxi

〉
= max

∥∆β∥=1

1

n
∥∆βX∥2 = 1

n
λmax(X

⊤X).



4.10. Auxiliary Lemmas 104

The next lemma establishes the critical value of the regularization parameter, λ1

defined in Section 4.4, for the group lasso penalty ΩG(β).

Lemma 4.8. If ΩG(β) denotes the group lasso penalty defined in (2.14), then

0 ∈ arg min
β

Ln(β) + λΩG(β) if and only if λ ≥ max
(k,j)∈G

1

wk,j

∥∥∥∥ ∂

∂βk,j

Ln(0)
∥∥∥∥ .

Moreover, if ΩD(G)(β) denotes the overlapping group lasso penalty defined in (2.17),

then

λ ≥ max
(k,j)∈G

1

wk,j

∥∥∥∥ ∂

∂βk,j

Ln(0)
∥∥∥∥ =⇒ 0 ∈ arg min

β
Ln(β) + λΩD(G)(β).

Proof of Lemma 4.8. Assume

0 ∈ ∂

∂β
Ln(0) + λ∂ΩG(0), (4.29)

where ∂ denotes the subgradient.

We know that (4.29) holds if and only if for any (k, j) ∈ G,∥∥∥∥ ∂

∂βk,j

Ln(0)
∥∥∥∥ ≤ λwk,j,

which means

λ ≥ max
(k,j)∈G

1

wk,j

∥∥∥∥ ∂

∂βk,j

Ln(0)
∥∥∥∥ .

Note that for any β

ΩG(β) ≤ ΩD(G)(β).
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If λ ≥ max(k,j)∈G
1

wk,j

∥∥∥ ∂
∂βk,j
Ln(0)

∥∥∥, we know that 0 is a global minimizer of Ln(β) +

λΩG(β). Thus,

Ln(0) + λΩD(G)(0) = Ln(0) = Ln(0) + λΩG(0)

≤Ln(β) + λΩG(β) ≤ Ln(β) + λΩD(G)(β),

which implies that

0 ∈ arg min
β

Ln(β) + λΩD(G)(β).

4.10.4 Monotone property of reparameterized group lasso

penalty

We provide a sufficient condition for the monotone property of reparameterized grouped

lasso penalty in the following lemma. The following lemma remains valid for a general

convex loss function Ln(θ).

Lemma 4.9. Assume that there exists an orthogonal projection matrix P V such that

Ln(θ) = Ln(P Vθ) for any θ ∈ MH and P VHkH
⊤
k = HkH

⊤
kP V for any k ∈ K.

Define the linear operator QV such that
(
QV(β)

)
k,j

= H⊤
kP VHkβk,j for any (k, j) ∈

G. The following statements hold:

1. P VHβ = HQV(β) and ΩG(QV(β)) ≤ ΩG(β) for any β.

2. If wg > 0 for any g ∈ G, then for any β† and β̂ given by

β† ∈ arg min
β∈Fθ∗

ΩG(β) and β̂ ∈ arg min
β

Ln(β) + λΩG(β),

we have β† = QV(β
†) and β̂ = QV(β̂).
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3. If θ∗ is the true model generation parameter and H full = {Hk}k∈∪q
s=0Ks

∈

R|J |×|J |, then

β† = H⊤
fullP Vθ

∗ ∈ arg min
β∈Fθ∗

Ln(β) + λΩG(β) = arg min
β∈Fθ∗

ΩG(β).

Proof of Lemma 4.9. Because P VHkH
⊤
k = HkH

⊤
kP V , we know that P VHk =

HkH
⊤
kP VHk. It is easy to check that P VHβ = HQV(β) and for any k ∈ K,

H⊤
kP VHk is an orthogonal projection matrix.

Because

ΩG(QV(β)) =
∑

(k,j)∈G

wk,j

∥∥H⊤
kP VHkβk,j

∥∥ ≤ ∑
(k,j)∈G

wk,j

∥∥βk,j

∥∥ = ΩG(β),

the proof of statement 1 has been completed.

Assume β† ∈ arg minβ∈Fθ∗
ΩG(β). Because

P VHQV(β
†) = P VP VHβ† = P VHβ† = P Vθ

∗,

and

ΩG(QV(β
†)) =

∑
(k,j)∈G

wk,j

∥∥∥H⊤
kP VHkβ

†
k,j

∥∥∥
≤
∑

(k,j)∈G

wk,j

∥∥∥β†
k,j

∥∥∥ = ΩG(β
†) ≤ ΩG(QV(β

†)),

we obtain that if wk,j > 0, then
∥∥∥H⊤

kP VHkβ
†
k,j

∥∥∥ =
∥∥∥β†

k,j

∥∥∥, and thus

H⊤
kP VHkβ

†
k,j = β†

k,j

for any (k, j) ∈ G. We obtain QV(β
†) = β† for any β† ∈ arg minβ∈Fθ∗

ΩG(β).
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Assume β̂ ∈ arg minβ Ln(β) + λΩG(β). We can show that

Ln(QV(β̂)) = Ln(HQV(β̂)) = Ln(P VHβ̂) = Ln(Hβ̂) = Ln(β̂).

We can also show that

Ln(QV(β̂)) + λΩG(QV(β̂)) = Ln(Hβ̂) + λΩG(QV(β̂))

≤ Ln(Hβ̂) + λΩG(β̂)

= Ln(QV(β̂)) + λΩG(β̂)

= Ln(β̂) + λΩG(β̂) ≤ Ln(QV(β̂)) + λΩG(QV(β̂)).

Thus, we obtain Ln(QV(β̂)) + λΩG(β̂) = Ln(QV(β̂)) + λΩG(QV(β̂)), which im-

plies ΩG(β̂) = ΩG(QV(β̂)). If wk,j > 0, then
∥∥∥H⊤

kP VHkβ̂k,j

∥∥∥ =
∥∥∥β̂k,j

∥∥∥, and

thus H⊤
kP VHkβ̂k,j = β̂k,j for any (k, j) ∈ G. We obtain β̂ = QV(β̂) for any

β̂ ∈ arg minβ Ln(β) + λΩG(β). This completes the proof of statement 2.

By the definition of Fθ∗ in (2.24), we have β† ∈ Fθ∗ ,

arg min
β∈Fθ∗

Ln(β) + λΩG(β) = arg min
β∈Fθ∗

ΩG(β)

and

Fθ∗ =
{
β̃ ∈ R

∑q
i=0 Li×p;P Vθ

∗ = H fullQV(β̃)
}
=
{
β̃ ∈ R

∑q
i=0 Li×p;β† = QV(β̃)

}
.

Applying statement 1 of Lemma 4.9, for any β̃ ∈ Fθ∗ , we have

ΩG(β
†) = ΩG(QV(β̃)) ≤ ΩG(β̃).

The proof of statement 3 has been completed.



4.10. Auxiliary Lemmas 108

4.10.5 Proof of Lemma 4.11

To show that the γM in (4.11) for multinomial and Poisson categorical response

model both satisfy Assumptions 4.1, we only need to show Lemma 4.11. To show

Lemma 4.11 for multinomial categorical response model, we introduce the following

lemma.

Lemma 4.10. Let ψ(u) = log(
∑m

i=1 e
ui), u = (u1, · · · , um)⊤ ∈ Rm. Let umax =

max1≤i≤m ui and umin = min1≤i≤m ui. Then

min
x∈Rm

1⊤x=0
x̸=0

⟨∇2ψ(u)x,x⟩
∥x∥2

≥ 1

m · e2(umax−umin)
.

Proof of Lemma 4.10. First of all, we know that for any u,

∇2ψ(u) = diag(p)− pp⊤,

where p = (p1, · · · , pm)⊤ and pj =
euj∑m
i=1 e

ui
, 1 ≤ j ≤ m. Note that

1 =
m∑
i=1

pi ≤ m · pmax = m · eumax−umin · pmin, (4.30)

where pmax = max1≤i≤m pi, pmin = min1≤i≤m pi, and umin and umax can be defined

accordingly.
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If x ∈ Rm such that 1⊤x = 0, we know that

〈
∇2ψ(u)x,x

〉
=

m∑
i=1

pix
2
i − (

m∑
i=1

pixi)
2

=
( m∑
i=1

pix
2
i

)( m∑
j=1

pj
)
−
( m∑
i=1

pixi
)( m∑

j=1

pjxj
)

=
1

2

m∑
i=1

m∑
j=1

pipj(x
2
i − 2xixj + x2j)

=
1

2

m∑
i=1

m∑
j=1

pipj(xi − xj)2 ≥
1

2
p2min

m∑
i=1

m∑
j=1

(xi − xj)2 = m · p2min

m∑
i=1

x2i .

Combined with inequality (4.30), we obtain that

〈
∇2ψ(u)x,x

〉
≥ 1

m · e2(umax−umin)
∥x∥2 ,1⊤x = 0.

Lemma 4.11. For multinomial categorical response model with ni = 1, and ψ(u) =

log(
∑|J |

l=1 e
ul), we have

γM ≥
1

|J | · exp
(
4M
) . (4.31)

For Poisson categorical response model with ψ(u) =
∑|J |

l=1 e
ul, we have

γM ≥ e−M . (4.32)

Proof of Lemma 4.11. Let u = (u1, · · · , u|J |)
⊤ = θx. We know that

−M ≤ −∥θx∥ ≤ umin ≤ umax ≤ ∥θx∥ ≤M,
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where umax = max1≤l≤|J | ul and umin = min1≤l≤|J | ul. For multinomial categorical

response model, by Lemma 4.10 we obtain (4.31). For Poisson categorical response

model, we know that λmin

(
∇2ψ(u)

)
= eumin . This completes the proof of (4.32).

4.10.6 Norm and Dual Norm for Group Lasso

Let θ = [θ1, · · · ,θt] ∈ MH ⊂ R|J |×p, θj ∈ R|J |×pj , 1 ≤ j ≤ t. Recall that MH :=

{θ ∈ R|J |×p;θx =
∑

(k,j)∈G Hkβk,jx
j,∀x ∈ Rp}. Due to mapping β 7→ Hβ being

one to one, by (2.15), we know that

ΦG(θ) =
∑
g∈G

wg
∥∥βg∥∥ = ΩG(β),θ = Hβ.

Lemma 4.12. If wg > 0 for any g ∈ G, then MH ∋ θ 7→ ΦG(θ) ∈ R+ ∪ {0} is a

norm.

Proof of Lemma 4.12. The proof is very similar to the proof of Lemma 2 in Obozinski

et al. (2011). Therefore, we omit the proof.

Next, we define the dual norm for α ∈MH as

Φ∗
G(α) = max

{
⟨θ,α⟩ ; ΦG(θ) ≤ 1, ∀θ ∈MH

}
.

The following lemma shows that Φ∗
G(α) has a simple closed form expression.

Lemma 4.13. The dual norm Φ∗
G(α) of ΦG(θ) satisfies:

Φ∗
G(α) = max

g=(k,j)∈G
w−1
g

∥∥H⊤
kαj

∥∥ .
Proof of Lemma 4.13. The proof is similar to the proof of Lemma 3 in Obozinski

et al. (2011). Let PMH
= HH⊤. For any α ∈ MH , we know that α = PMH

α.
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For any α = [α1, · · · ,αt] ∈ MH , starting from the definition of the dual norm, we

obtain that:

max
{
⟨θ,α⟩ ; ΦG(θ) ≤ 1,θ ∈MH

}
=max

{
⟨θ,α⟩ ; ΦG(θ) ≤ 1,θ = PMH

Hβ
}

=max
{
⟨PMH

Hβ,α⟩ ;
∑
g∈G

wg
∥∥βg∥∥ ≤ 1

}
=max

{〈
β,H⊤PMH

α
〉
;
∑
g∈G

wg
∥∥βg∥∥ ≤ 1

}
=max

{ ∑
(k,j)∈G

〈
βk,j,H

⊤
kαj

〉
;wg

∥∥βg∥∥ ≤ ηg,∀g ∈ G,
∑
g∈G

ηg ≤ 1
}

=max
{ ∑
g=(k,j)∈G

ηgw
−1
g

∥∥H⊤
kαj

∥∥ ;∑
g∈G

ηg ≤ 1, ηg ≥ 0,∀g ∈ G
}

= max
g=(k,j)∈G

w−1
g

∥∥H⊤
kαj

∥∥ .

Because ΦG(θ) is define on finite dimensional vector spaceMH , the dual norm of

the dual norm is the original norm. Thus, for any θ ∈MH

ΦG(θ) = max
{
⟨θ,α⟩ ; Φ∗

G(α) ≤ 1,α ∈MH

}
= max

{
⟨θ,α⟩ ;α ∈MH ,

∥∥H⊤
kαj

∥∥ ≤ wg,∀g = (k, j) ∈ G
}

= max
{
⟨θ,PMH

α⟩ ;α ∈ R|J |×p,
∥∥H⊤

kPMH
αj

∥∥ ≤ wg,∀g = (k, j) ∈ G
}

= max
{
⟨θ,α⟩ ;α ∈ R|J |×p,

∥∥H⊤
kαj

∥∥ ≤ wg,∀g = (k, j) ∈ G
}
.

which leads to the following Lemma.
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Lemma 4.14. For any θ ∈MH ,

ΦG(θ) = max
{
⟨θ,α⟩ ;

∥∥H⊤
kαj

∥∥ ≤ wg,∀g = (k, j) ∈ G,α = [α1, · · · ,αt] ∈ R|J |×p
}
.

4.10.7 Dual Norm for Partial Derivatives

Let ℓ(u,y) be a differentiable function in u ∈ R|J |. ℓ is not necessarily ℓMult or ℓPois.

For any θ = [θ1, · · · ,θt] ∈MH , define

Ln(θ) =
1

n

n∑
i=1

ℓ(θxi,yi) and Ln(β) = Ln(Hβ).

Lemma 4.15. For any β,∆β ∈ R
∑d

s=0 Ls×p,

∣∣ ⟨∇Ln(β),∆β⟩
∣∣ ≤ Ω∗

G(∇Ln(β)) · ΩG(∆β),

where the dual norm of ∇Ln(β) is given by

Ω∗
G

(
∇Ln(β)

)
= max

g∈G
w−1
g

∥∥∥∥ ∂

∂βg
Ln(β)

∥∥∥∥ .
Proof of Lemma 4.15. First of all, notice that

∂L(θ)

∂θ
=

1

n

n∑
i=1

∂

∂u
ℓ(θxi,yi)x

⊤
i ,

∇Ln(β) =
1

n

n∑
i=1

H⊤ ∂

∂u
ℓ(Hβxi,yi)x

⊤
i = H⊤∂L(θ)

∂θ
and

∂Ln(β)
∂βg

=
∂Ln(β)
∂βk,j

=
1

n

n∑
i=1

H⊤
k

∂

∂u
ℓ(Hβxi,yi){xi(j)}⊤, g = (k, j) ∈ G.
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Because

Ω∗
G(α) = max

ΩG(β)≤1
⟨α,β⟩ = max

ΩG(β)≤1
⟨Hα,Hβ⟩ = max

ΦG(θ)≤1,θ∈MH

⟨Hα,θ⟩ = Φ∗
G(Hα),

and ∇Ln(β) = H⊤∇Ln(Hβ), we know that

Ω∗
G(∇Ln(β))

= Φ∗
G(HH⊤∇Ln(Hβ))

= max
(k,j)∈G

w−1
k,j

∥∥∥∥∥ 1n
n∑
i=1

H⊤
k

∂

∂u
ℓ(Hβxi,yi){xi(j)}⊤

∥∥∥∥∥
= max

(k,j)∈G
w−1

k,j

∥∥∥∥ ∂

∂βk,j

Ln(β)
∥∥∥∥ .

Applying Hölder’s inequality twice, we know that

| ⟨∇Ln(β),∆β⟩ | ≤
∑
g∈G

∥∥∥∥∂Ln(β)∂βg

∥∥∥∥∥∥∆βg
∥∥ ≤ Ω∗

G(∇Ln(β)) · ΩG(∆β).

4.11 Tail Bound Estimates

Before we show Theorem 4.1, we first prove the sub-exponential tail bound for

Ω∗
G(Ln(β

†)) for the Poisson categorical response model, and the sub-Gaussian tail

bound for the multinomial categorical response model.

Lemma 4.16. For Poisson categorical response model, there exists absolute constants

A1, A2 such that for any u ≥ 0,

P
(

max
(k,j)∈G

w−1
k,j

∥∥∥∥ ∂

∂βk,j

Ln(β†)

∥∥∥∥ ≥ u
)
≤ exp

{
−A1 · n

C2Λ

(
min{u,A2C

√
Λ}
)2
+log(5)m+log |G|

}
.
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For multinomial categorical response model, for any u ≥ 0, we have

P
(

max
(k,j)∈G

w−1
k,j

∥∥∥∥ ∂

∂βk,j

Ln(β†)

∥∥∥∥ ≥ u
)
≤ exp

(
− nu2

4C2
+ log(5)m+ log |G|

)
.

Corollary 4.1. For Poisson categorical response model, there exists absolute con-

stants B,B1, B2, B
′ such that if m

n
+ log |G|

n
≤ B1 and λ = BC

√
Λ
(√

m
n
+
√

log |G|
n

+δ
)
,

then

P
(

max
(k,j)∈G

w−1
k,j

∥∥∥∥ ∂

∂βk,j

Ln(β†)

∥∥∥∥ ≥ λ

2

)
≤ exp

(
−B′δ2n

)
, 0 ≤ δ ≤ B2.

For multinomial categorical response model, there exists absolute constants B,B1, B
′

such that if m
n
+ log |G|

n
≤ B1 and λ = BC

(√
m
n
+
√

log |G|
n

+ δ
)
, then

P
(

max
(k,j)∈G

w−1
k,j

∥∥∥∥ ∂

∂βk,j

Ln(β†)

∥∥∥∥ ≥ λ

2

)
≤ exp

(
−B′δ2n

)
, δ ≥ 0.

Proof of Lemma 4.16. Case 1: Poisson categorical response model

First of all, define the Orlicz space for mean zero random variable

L0
ψ1

:= {X;EX = 0,∃K > 0,E exp(|X/K|) ≤ 2}.

Consider the following two norm on Orlicz space L0
ψ1

∥X∥ψ1
:= inf{K > 0;E exp(|X/K|) ≤ 2}, and

τφ1(X) := inf{K > 0;∀t ∈ [−1, 1],E exp(tX) ≤ exp(K2t2/2)}.

Assume random variable Y has Poisson distribution with mean parameter λ > 0.

Note that the moment generating function of Y is given by Eeξ(Y−λ) = exp(λ(eξ −
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ξ − 1)). Because

d

dξ

eξ − ξ − 1

ξ2
=
eξ(ξ − 2) + ξ + 2

ξ3
=

∫ ξ
0
du1

∫ u1
0
eu2u2du2

ξ3
> 0, ∀ξ ∈ R\{0},

and

inf{K > 0;∀t ∈ [−1, 1], exp(λ(et − t− 1)) ≤ exp(K2t2/2)}

= inf{K > 0;∀t ∈ [−1, 1], 2λe
t − t− 1

t2
≤ K2} =

√
2(e− 2)λ,

we know that τφ1(Y −λ) =
√

2(e− 2)λ. Theorem 2.7 in Zajkowski (2020) shows that

norms ∥Y − λ∥ψ1
and τφ1(Y − λ) are equivalent on the space L0

ψ1
. Thus, there exists

an absolute constant C0 such that ∥Y − λ∥ψ1
≤ C0

√
λ.

By the union bound, we obtain

P
(

max
(k,j)∈G

w−1
k,j

∥∥∥∥ ∂

∂βk,j

Ln(β†)

∥∥∥∥ ≥ u
)
≤
∑

(k,j)∈G

P
(
w−1

k,j

∥∥∥∥ ∂

∂βk,j

Ln(β†)

∥∥∥∥ ≥ u
)
.

Applying Lemma 5.7 in Wainwright (2019), there exists v1, · · · ,vN ∈ R|k|J ·pj such

that N ≤ 5|k|J ·pj , ∥vl∥ ≤ 1, 1 ≤ l ≤ N , for any v ∈ R|k|J ·pj and ∥v∥ ≤ 1, there exists

1 ≤ l ≤ N such that ∥v − vl∥ ≤ 1/2. Furthermore,

∥∥∥∥ ∂

∂βk,j

Ln(β†)

∥∥∥∥ ≤ 2

n
max
1≤l≤N

n∑
i=1

〈
vl,H

⊤
k

(
yi − eHβ†xi

)
{xi(j)}⊤

〉
.

Note that

2

n

n∑
i=1

〈
vl,H

⊤
k

(
yi − eHβ†xi

)
{xi(j)}⊤

〉
=

2

n

n∑
i=1

〈
Hkvlxi(j),yi − eHβ†xi

〉
.
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Thus,

P
(
w−1

k,j

∥∥∥∥ ∂

∂βk,j

Ln(β†)

∥∥∥∥ ≥ u
)
≤
∑

1≤l≤N

P
( n∑
i=1

〈
Hkvlxi(j),yi − eHβ†xi

〉
≥ wk,jnu

2

)
.

For fixed l and j, set vec−1
J

(
Hkvlxi(j)

)
= {vi,j}j∈J for any 1 ≤ i ≤ n. Let

vec−1
J

(
yi
)
= {yi,j}j∈J be a sequence of independent Poisson random variables with

parameters λi,j , 1 ≤ i ≤ n, j ∈ J .

We aim to use Bernstein’s inequality for sub-exponential random variables to

estimate the following tail probability

P
( n∑
i=1

〈
Hkvlxi(j),yi − eHβ†xi

〉
≥ wk,jnu

2

)
= P

( n∑
i=1

∑
j∈J

vi,j(yi,j−λi,j) ≥
wk,jnu

2

)
.

(4.33)

Notice that
∑

j∈J v
2
i,j =

∥∥Hkvlxi(j)
∥∥2 ≤ ∥∥vlxi(j)∥∥2 ≤ ∥∥xi(j)∥∥2, for any 1 ≤ l ≤ N ,

1 ≤ j ≤ t, and 1 ≤ i ≤ n.

It is straightforward to show that

max
j∈J
|vi,j | =

∥∥Hkvlxi(j)
∥∥
∞ ≤

∥∥vlxi(j)∥∥ ≤ ∥∥xi(j)∥∥ .
In conclusion, we know that

n∑
i=1

∑
j∈J

∥vi,j(yi,j − λi,j)∥2ψ1
≤ C2

0

n∑
i=1

∑
j∈J

v2i,jλi,j ≤ C2
0Λ

n∑
i=1

∥∥xi(j)∥∥2 ≤ C2
0C

2w2
k,jΛn,

and

max
1≤i≤N

max
j∈J
∥vi,j(yi,j − λi,j)∥ψ1

≤ C0

√
Λ max

1≤i≤n

∥∥xi(j)∥∥ ≤ C0Cwk,j

√
Λ,
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where Λ = max1≤i≤n,j∈J λi,j = max1≤i≤n

∥∥∥eHβ†xi

∥∥∥
∞
.

Applying Theorem 2.8.1 in Vershynin (2018), we obtain

P
( n∑
i=1

〈
Hkvlxi(j),yi − eHβ†xi

〉
≥ (wk,j · n)u

2

)
≤ exp

{
− c ·min

( nu2

4C2
0C

2Λ
,

nu

2C0C
√
Λ

)}
≤ exp

{
− c · n

4C2
0C

2Λ

(
min{u, 2C0C

√
Λ}
)2}

.

By the union bound, we obtain

P
(

max
(k,j)∈G

w−1
k,j

∥∥∥∥ ∂

∂βk,j

Ln(β†)

∥∥∥∥ ≥ u
)

≤ exp
(
− c · n

4C2
0C

2Λ

(
min{u, 2C0C

√
Λ}
)2

+ log(5)m+ log |G|
)
.

Let A1 = c
4C2

0
and A2 = 2C0 be absolute constants. Then we complete the proof of

Lemma 4.16.

Case 2: Multinomial categorical response model

Similar to previous discussion, we obtain

∥∥∥∥ ∂

∂βk,j

Ln(β†)

∥∥∥∥ ≤ 2

n
max
1≤l≤N

n∑
i=1

〈
vl,H

⊤
k

(
yi − pJ(Hβ†xi)

)
{xi(j)}⊤

〉
,

where pJ(Hβ†xi) =
1〈

1,eHβ†xi

〉eHβ†xi .

By Lemma 4.17, we know that yi − pJ(Hβ†xi) is a
√

1
2
-sub-Gaussian random

vector. Applying the Chernoff (Hoeffding) bound for sub-Gaussian random vectors,

we obtain that

P
( n∑
i=1

〈
Hkvlxi(j),yi − pJ(Hβ†xi)

〉
≥ (wk,j · n)u

2

)
≤ exp

(
− nu2

4C2

)
.
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By the union bound, we obtain

P
(

max
(k,j)∈G

w−1
k,j

∥∥∥∥ ∂

∂βk,j

Ln(β†)

∥∥∥∥ ≥ u
)
≤ exp

(
− nu2

4C2
+ log(5)m+ log |G|

)
.

Lemma 4.17. Assume (Y1, · · · , Yk) denote the multinomial distribution random vec-

tor associated with number of trials n and probabilities (p1, · · · , pk) such that
∑k

i=1 pi =

1. Let P 1 = I − 1
k
1k1

⊤
k . Then for any t ∈ Rk, we have

E exp
( k∑
i=1

ti(Yi − npi)
)
≤ exp

(n ∥P 1t∥2

4

)
.

Proof of Lemma 4.17. Based on the moment generating function of multinomial dis-

tribution random vector, we obtain

logE exp
( k∑
i=1

ti(Yi−npi)
)
= n

(
log
( k∑
i=1

pie
ti
)
−

k∑
i=1

piti

)
= n

(
f(1)−f(0)−f ′(0)

)
,

(4.34)

where f(x) = log(
∑k

i=1 pie
xti).

Applying Taylor series with Lagrange remainder, we obtain

f(1)− f(0)− f ′(0) ≤ 1

2
max
0≤x≤1

f ′′(x). (4.35)

Notice that

f ′′(x) =
−(
∑k

i=1 pitie
xti)2 + (

∑k
i=1 pit

2
i e
xti)(

∑k
i=1 pie

xti)

(
∑k

i=1 pie
xti)2

.

Let p̃j =
pje

xtj∑k
i=1 pie

xti
for any 1 ≤ j ≤ k. It is easy to check that p̃j ≤ 1 and

∑k
j=1 p̃j = 1.
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We can rewrite f ′′(x) as below,

f ′′(x) =
( k∑
i=1

tip̃i
)2 − ( k∑

i=1

t2i p̃i
)
= t⊤[diag(p̃)− p̃p̃⊤]t,

with p̃ = [p̃1, · · · , p̃k]⊤.

It is easy to check that 0 is an eigenvalue of the matrix [diag(p̃)− p̃p̃⊤], with the

corresponding eigenvector 1k. By Geršgorin circle theorem (see Theorem 1.1 in Varga

(2010)), we know that the maximum eigenvalue is upper bounded by

max
1≤i≤n

p̃i(1− p̃i) +
∑
j:j ̸=i

p̃j p̃i = 2 max
1≤i≤n

p̃i(1− p̃i) ≤
1

2
.

Hence, we know that

t⊤[diag(p̃)− p̃p̃⊤]t ≤ 1

2
∥P 1t∥2 .

Combined with (4.34) and (4.35), we complete the proof of Lemma 4.17.

4.12 Proof of Theorem 4.1

4.12.1 Proof Overview

The proof of Theorem 4.1 for the ΩG-regularized estimator β̂ follows a strategy similar

to that of the non-asymptotic bound presented in Corollary 9.28 of Wainwright (2019).

In the following series of lemmas, we first justify that the error ∆β = β̂ − β†

belongs to a star-shaped set C(S, ϕ) in Lemma 4.18. Next, we provide a general

bound for ∆β in Lemma 4.19. Finally, as a consequence of the above lemmas, we

obtain the proofs of Theorem 4.1 and its special case, Theorem 2.2.
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4.12.2 A Star-Shaped Set

Define orthogonal projection operator

(
QS(β)

)
k,j

= βk,j, (k, j) ∈ S and
(
QS(β)

)
k,j

= 0, (k, j) ∈ G\S,

where we denote the support of β† as S = {g ∈ G;β†
g ̸= 0}

As originated from Proposition 9.13 in Wainwright (2019), we define a star-shaped

set for any ϕ > 1 as follows:

C(S, ϕ) =
{
∆β; ΩG

(
∆β −QS(∆β)

)
≤ ϕ · ΩG

(
QS(∆β)

)
,QV(∆β) = ∆β

}
,

where QV is defined in Lemma 4.9.

We know that if ∆β ∈ C(S, ϕ), then

ΩG(∆β) ≤ (ϕ+ 1)
∑
g∈S

wg
∥∥∆βg

∥∥ . (4.36)

Similar to Proposition 9.13 in Wainwright (2019), we obtain the following lemma.

Lemma 4.18. Conditioned on the event G(λ) = {Ω∗
G(∇Ln(β

†)) ≤ ϕ−1
ϕ+1

λ}, the error

∆β = β̂ − β† ∈ C(S, ϕ). Here,

Ω∗
G(∇Ln(β†)) = max

(k,j)∈G
w−1

k,j

∥∥∥∥ ∂

∂βk,j

Ln(β†)

∥∥∥∥ .
Proof of Lemma 4.18. Let β̂ be a global minimizer of Ln(β) + λΩG(β). Let ∆β =

β̂ − β†. It is easy to verify that P VHkH
⊤
k = HkH

⊤
kP V for any k ∈ K. By

Lemma 4.9, we know thatQV(∆β) = ∆β. Set u = ϕ−1
ϕ+1

. Combined with Lemma 4.15,
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we know that

0 ≥ Ln(β† +∆β) + λΩG(β
† +∆β)− (Ln(β†) + λΩG(β

†))

≥
〈
∆β,∇Ln(β†)

〉
+ λ(ΩG(β

† +∆β)− ΩG(β
†))

≥ −Ω∗
G(∇Ln(β†)) ·

(
ΩG(QS(∆β))

+ ΩG
(
(I −QS)(∆β)

))
+ λ(ΩG(β

† +∆β)− ΩG(β
†)).

Because (I−QS)(β
†) = 0, by applying triangle inequality and exploiting the decom-

posability of the regularizer, we obtain

ΩG(β
† +∆β)− ΩG(β

†)

≥ΩG
(
QS(β

†) + (I −QS)(∆β)
)
− ΩG

(
QS(∆β)

)
− ΩG(QS(β

†))

=ΩG
(
QS(β

†)
)
+ ΩG

(
(I −QS)(∆β)

)
− ΩG

(
QS(∆β)

)
− ΩG

(
QS(β

†)
)

=ΩG
(
(I −QS)(∆β)

)
− ΩG

(
QS(∆β)

)
.

Thus, we have

0 ≥ λ
(
(1− u)ΩG

(
(I −QS)(∆β)

)
− (1 + u)ΩG

(
QS(∆β)

))
,

which implies

ΩG
(
(I −QS)(∆β)

)
≤ 1 + u

1− u
ΩG
(
QS(∆β)

)
= ϕ · ΩG

(
QS(∆β)

)
.

Combined with Lemma 4.9, we obtain that ∆β = β̂ − β† ∈ C(S, ϕ).
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4.12.3 Non-Asymptotic bound

Lemma 4.19. Under Assumptions 1-4 and over event G(λ) = {Ω∗
G(∇Ln(β

†)) ≤ λ
2
},

if A · C2
(

log |G|
n

+ m
n

)
≤ κ

64Ψ2(S) and λ ≤ R·κ
6Ψ(S) , then

∥∥∥β† − β̂
∥∥∥ ≤ 6λΨ(S)

κ
.

Proof of Lemma 4.19. Let θ† = Hβ† and θ̂ = Hβ̂. Define

F(∆θ) = Ln(θ
† +∆θ)− Ln(θ†) + λ(ΦG(θ

† +∆θ)− ΦG(θ
†)).

Define K(δ) = {∆θ : ∆θ ∈ MH , ∥∆θ∥ = δ}
⋂
{H∆β : ∆β ∈ C(S, 3)}. Due to

∆β ∈ C(S, 3), we know that ∆β = QV(∆β). It is easy to verify that P VHkH
⊤
k =

HkH
⊤
kP V for any k ∈ K. Applying Lemma 4.9 and Assumption 4, we know that

F(∆θ)

≥
〈
∇Ln(θ†),P V∆θ

〉
+
κ

2
∥P V∆θ∥2 − τ 2nΩ2

G(QV(∆β)) + λ(ΩG(β
† +∆β)− ΩG(β

†)),

where τ 2n = A · C2
(

log |G|
n

+ m
n

)
.

By Lemma 4.9, we know that β† = QV(β
†), ∥P V∆θ∥ = ∥QV(∆β)∥, and for any

β,

ΩG(β) ≥ ΩG
(
QV(β)

)
.
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Thus, we obtain that

F(∆θ)

≥
〈
∇Ln(θ†),P V∆θ

〉
+
κ

2
∥P V∆θ∥2 − τ 2nΩ2

G(QV(∆β)) + λ(ΩG(β
† +∆β)− ΩG(β

†))

≥ −Ω∗
G(∇Ln(β†)) · ΩG(QV(∆β)) +

κ

2
∥QV(∆β)∥2 − τ 2nΩ2

G(QV(∆β))

+ λ(ΩG(β
† +QV(∆β))− ΩG(β

†))

≥ −λ
2
ΩG(QV(∆β)) +

κ

2
∥QV(∆β)∥2 − τ 2nΩ2

G(QV(∆β))

+ λ(ΩG(β
† +QV(∆β))− ΩG(β

†))

= −λ
2
ΩG(∆β) +

κ

2
∥∆β∥2 − τ 2nΩ2

G(∆β) + λ
(
ΩG(β

† +∆β)− ΩG(β
†)
)

≥ κ

2
∥∆β∥2 − τ 2nΩ2

G(∆β) + λ
(1
2
ΩG
(
(I −QS)(∆β)

)
− 3

2
ΩG
(
QS(∆β)

))
≥ κ

2
∥∆β∥2 − τ 2nΩ2

G(∆β)− 3λ

2
ΩG
(
QS(∆β)

)
.

Recall that ΩG(QS(∆β)) ≤ Ψ(S) · ∥∆β∥. Notice that for any ∆β ∈ C(S, 3), by

inequality (4.36) and Lemma 4.6, we have

ΩG(∆β) ≤ 4 · ΩG(QS(∆β)) ≤ 4 ·Ψ(S) · ∥∆β∥ .

This implies that

F(∆θ) ≥
(κ
2
− 16τ 2nΨ

2(S)
)
· ∥∆β∥2 − 3λ

2
Ψ(S) · ∥∆β∥ .

Applying the assumed bound 16τ 2nΨ
2(S) ≤ κ

4
, we obtain that

F(∆θ) ≥
(κ
4

)(
∥∆β∥ − 6λ

κ
Ψ(S)

)
∥∆β∥ > 0,

if ∥∆θ∥ = ∥∆β∥ > 6λ
κ
Ψ(S).



4.12. Proof of Theorem 4.1 124

In conclusion, we obtain that if δ = 6λ
κ
Ψ(S) + ε (ε > 0), then for any ∆θ ∈ K(δ),

F(∆θ) > 0.

By Lemma 9.21 in Wainwright (2019), we reach the conclusion that

∥∆β∥ ≤ 6λ

κ
Ψ(S) + ε, ∀ε > 0,

that is

∥∆β∥ ≤ 6λ

κ
Ψ(S).

Recall that

∥∆θ∥2 = tr
(
{∆θ}⊤∆θ

)
= tr

(
{∆β}⊤H⊤H∆β

)
= tr

(
{∆β}⊤∆β

)
= ∥∆β∥2 .

All of the above argument is valid as long as 6λ
κ
Ψ(S) ≤ R by Assumption 4.

4.12.4 Proof of Theorem 4.1

Proof of Theorem 4.1. The proof of Theorem 4.1 is a straightforward application of

Lemma 4.19 and Corollary 4.1, under Assumptions 1-4.



Chapter 5

Supplemental Material for
Distributed Algorithms for
High-Dimensional Statistical
Inference and Structure Learning
with Heterogeneous Data

5.1 Design Matrix of Heterogeneous Linear Model

I will explore a simple heterogeneous linear regression setting below. Assume the i-th

observation at the j-th site follows

Yij = βT0 x
(j)
i + βTj w

(j)
i + εij, εij ∼ N(0, σ2

j ); i = 1, · · · , nj, (5.1)

where vectors β0,x
(j)
i ∈ Rp0 , βj,w

(j)
i ∈ Rpj , j = 1, 2, · · · , K, and

{x(j)
i ,w

(j)
i }1≤j≤K,1≤i≤nj

are independent of error {εij}1≤j≤K,1≤i≤nj
. Recall that p = p0 +

∑K
j=1 pj. Assume

that we already know some positive numbers r1, · · · , rK , such that σ2
j = r2jσ

2, j =

125
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1, 2 · · · , K. Assume σ2 = max1≤j≤K σ
2
j .

Replacing Yij,x
(j)
i ,w

(j)
i , εij in (5.1) by Yijrj,x

(j)
i rj,w

(j)
i rj, εijrj, respectively, we

have

Yij = βT0 x
(j)
i + βTj w

(j)
i + εij, εij ∼ N(0, σ2); i = 1, · · · , nj. (5.2)

Rewrite linear model (5.2) as Y = Xβ + ε, that is


Y 1

Y 2

...

Y K

 =


X1 W1 0 · · · 0

X2 0 W2 · · · 0
...

...
...

. . .
...

XK 0 0 · · · WK





β0

β1

β2

...

βK


+


ε1

ε2
...

εK

 , (5.3)

where error terms εj ∼ Nnj
(0, σ2Inj

), unknown central server parameter β0 ∈ Rp0

and site-specific nuisance parameters βj ∈ Rpj , j = 1, · · · , K, response vectors Y j =

[Y1j, Y2j, · · · , Ynjj]
T , design matrices

XT
j = [x

(j)
1 ,x

(j)
2 , · · · ,x(j)

nj
], and WT

j = [w
(j)
1 ,w

(j)
2 , · · · ,w(j)

nj
], j = 1, 2, · · · , K.

The j-th site log-likelihood function is given by

Lj(β0,βj, σ
2) = − 1

2σ2

∥∥Y j −Xjβ0 −Wjβj
∥∥2
2
− nj

2
log(2πσ2),

and ∥·∥2 denotes the Euclidean norm.
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5.2 Proof of Theorem 3.1

Proof. We will show that if κ ≥ |A0
H0
|, then {i ∈ [p]\B : β0

i ̸= 0} ⊂ {i ∈ [p]\B : Γ̂i ̸=

0} almost surely, where the estimators Γ̂H0 and Γ̂H1 are obtained from Algorithm 3.

For H0, let A
0 = {i ∈ [p]\B : β0

i ̸= 0} and A[t] = {i ∈ [p]\B : |Γ̃[t]
i | ≥ τ}. For H1,

let A0 = {i ∈ [p]\B : β0
i ̸= 0} ∪ B and A[t] = {i ∈ [p]\B : |Γ̃[t]

i | ≥ τ} ∪ B. Set

ε̂ = Y − Xβ̂
ol
, where β̂

ol
is the oracle estimate that minimizes ∥Y −Xβ∥22 under

the constraint β(A0)c = 0. Set E =
{∥∥XT ε̂/n

∥∥
∞ ≤ 0.5λτ

}⋂{∥∥∥β0 − β̂
ol
∥∥∥
∞
≤ 0.5τ

}
.

We will show that A0△A[t] is eventually empty set on event E, which has a

probability tending to 1, where△ denotes the symmetric difference. By the optimality

criterion Lee and Lee (2005) for (3.12) and (3.13), we have

〈
β̂
ol
− Γ̃

[t]
,−XT (Y −XΓ̃

[t]
)/n+ λτ∇

∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1

〉
≥ 0. (5.4)

Rearranging the terms, we have

∥∥∥X(β̂
ol
− Γ̃

[t]
)
∥∥∥2
2
/n

≤
〈
Γ̃

[t]
− β̂

ol
,XT ε̂/n− λτ∇

∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1

〉
=
〈
Γ̃

[t]

A0\A[t−1] − β̂
ol

A0\A[t−1] ,XT ε̂/n− λτ∇
∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1

〉
+
〈
Γ̃A[t−1]\A0 − β̂

ol

A[t−1]\A0 ,XT ε̂/n− λτ∇
∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1

〉
+
〈
Γ̃

[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c ,X
T ε̂/n− λτ∇

∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1

〉
+
〈
Γ̃

[t]

A[t−1]∩A0 − β̂
ol

A[t−1]∩A0 ,XT ε̂/n− λτ∇
∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1

〉
.

(5.5)

Let XA0 denote the matrix, whose A0 columns are the same as the A0 columns of

X and all other columns are zeros. Similarly, we can define X(A0)c . Notice that

X = XA0 +X(A0)c , β̂
ol

(A0)c = 0, β̂
ol
= (XT

A0XA0)†XT
A0Y , Ŷ = XA0(XT

A0XA0)†XT
A0Y ,

PA0 = XA0(XT
A0XA0)†XT

A0 , as well as ε̂ = Y − Ŷ = (I − PA0)Y = (I − PA0)ε. Note
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that XT ε̂ = XT
(A0)c ε̂.

Thus, we know that the fourth term in the last equation of (5.5) vanishes, since

〈
Γ̃

[t]

A[t−1]∩A0 − β̂
ol

A[t−1]∩A0 ,XT ε̂/n− λτ∇
∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1

〉
=
〈
Γ̃

[t]

A[t−1]∩A0 − β̂
ol

A[t−1]∩A0 ,XT
(A0)c ε̂/n

〉
=
〈
X(A0)c(Γ̃

[t]

A[t−1]∩A0 − β̂
ol

A[t−1]∩A0), ε̂/n
〉
= 0.

(5.6)

Note that the third term in the last equation of (5.5) satisfies

〈
Γ̃

[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c ,∇
∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1

〉
=
∥∥∥Γ̃[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c

∥∥∥
1
, (5.7)

because β̂
ol

(A[t−1]∪A0)c = 0.

Recalling (5.5), we have

0 ≤
∥∥∥X(β̂

ol
− Γ̃

[t]
)
∥∥∥2
2
/n

≤
〈
Γ̃

[t]

A0\A[t−1] − β̂
ol

A0\A[t−1] ,XT ε̂/n− λτ∇
∥∥∥Γ̃[t]

A0\A[t−1]

∥∥∥
1

〉
+
〈
Γ̃A[t−1]\A0 − β̂

ol

A[t−1]\A0 ,XT ε̂/n
〉

+
〈
Γ̃

[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c ,X
T ε̂/n− λτ∇

∥∥∥Γ̃[t]

(A[t−1]∪A0)c

∥∥∥
1

〉
≤
∥∥∥Γ̃[t]

A0△A[t−1] − β̂
ol

A0△A[t−1]

∥∥∥
1
· (
∥∥XT ε̂

∥∥
∞ /n+ λτ)

+
∥∥∥Γ̃[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c

∥∥∥
1
· (
∥∥XT ε̂

∥∥
∞ /n− λτ).

(5.8)

Rearranging inequality (5.8) implies that

∥∥∥Γ̃[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c

∥∥∥
1
· (λτ −

∥∥XT ε̂
∥∥
∞ /n)

≤
∥∥∥Γ̃[t]

A0△A[t−1] − β̂
ol

A0△A[t−1]

∥∥∥
1
· (
∥∥XT ε̂

∥∥
∞ /n+ λτ).
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Over event E, we have

∥∥∥Γ̃[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c

∥∥∥
1
≤ 3

∥∥∥Γ̃[t]

A0△A[t−1] − β̂
ol

A0△A[t−1]

∥∥∥
1

≤ 3
∥∥∥Γ̃[t]

A0∪A[t−1] − β̂
ol

A0∪A[t−1]

∥∥∥
1
.

Recall that κ1 =
∣∣∣{i ∈ [p]\B; |Γ̃[0]

i | ≥ τ}
∣∣∣ and κmax = max{κ, κ1}. Without loss of

generality, we can assume that Γ̃
[0]

B = 0. For the base case, we know that

∣∣A0△A[0]
∣∣ ≤ |A0\B|+ |A[0]\A0| ≤ 2κmax.

For the induction step, assume
∣∣A0△A[t−1]

∣∣ ≤ 2κmax on event E, for t ≥ 1. We

aim to show that
∣∣A0△A[t]

∣∣ ≤ 2κmax over event E.

Applying Assumption 3.1 and (5.8), over event E, we have

c1

∥∥∥β̂ol − Γ̃
[t]
∥∥∥2
2
≤
∥∥∥X(β̂

ol
− Γ̃

[t]
)
∥∥∥2
2
/n

≤
∥∥∥Γ̃[t]

A0△A[t−1] − β̂
ol

A0△A[t−1]

∥∥∥
1
· (
∥∥XT ε̂

∥∥
∞ /n+ λτ)

+
∥∥∥Γ̃[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c

∥∥∥
1
· (
∥∥XT ε̂

∥∥
∞ /n− λτ)

≤3

2
λτ
∥∥∥Γ̃[t]

A0△A[t−1] − β̂
ol

A0△A[t−1]

∥∥∥
1
.

(5.9)

By Cauchy-Schwarz inequality,

∥∥∥Γ̃[t]

A0△A[t−1] − β̂
ol

A0△A[t−1]

∥∥∥2
1
≤
∣∣A0△A[t−1]

∣∣ ∥∥∥Γ̃[t]
− β̂

ol
∥∥∥2
2
. (5.10)

Combining (5.9), (5.10) and the third condition in Theorem 3.1,

∥∥∥β̂ol − Γ̃
[t]
∥∥∥
2
≤ 3λτ

2c1

√
|A0△A[t−1]| ≤ τ

4

√
|A0△A[t−1]|. (5.11)
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Applying (5.11) and induction assumption
∣∣A0△A[t−1]

∣∣ ≤ 2κmax, we have

∥∥∥β̂ol − Γ̃
[t]
∥∥∥
2
/τ ≤ 1

4

√
2κmax ≤

1

2

√
κmax ≤

√
κmax. (5.12)

Because for any i ∈ A[t]\A0, |Γ̃[t]
i − β̂oli | = |Γ̃

[t]
i | ≥ τ, we have

√
|A[t]\A0| ≤

∥∥∥β̂ol − Γ̃
[t]
∥∥∥
2
/τ ≤

√
κmax.

Thus,

∣∣A0△A[t]
∣∣ ≤ |A0\B|+ |A[t]\A0| ≤ 2κmax.

By induction, we already showed that over event E,
∣∣A0△A[t]

∣∣ ≤ 2κmax for any

0 ≤ t ≤ tmax, where tmax denotes the total number of the iteration of Algorithm 3.

Note that Algorithm 3 is terminated at t if

supp{Γ̃
[t]
}\B = supp{Γ̃

[t−1]
}\B.

We will show that over event E, for any t ≥ 1,

√
|A0△A[t]| ≤ 1

2

√
|A0△A[t−1]|.

If i ∈ A0\A[t], then we know that β0
i ̸= 0 and Γ̃

[t]
i = 0. Over event E, |β0

i − β̂oli | ≤

0.5τ . According to assumption κ ≥ |A0
H0
| in Theorem 3.1, we know that

|Γ̃[t]
i − β̂oli | ≥ |Γ̃

[t]
i − β0

i | − |β0
i − β̂oli | ≥ τ − 0.5τ = 0.5τ. (5.13)

If i ∈ A[t]\A0, then we know that β0
i = β̂oli = 0 and |Γ̃[t]

i | ≥ τ , which implies

|Γ̃[t]
i − β̂oli | = |Γ̃

[t]
i | ≥ τ .
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Over event E, we obtain that for any i ∈ A0△A[t], |Γ̃[t]
i − β̂oli | ≥ τ − 0.5τ = 0.5τ.

Combining (5.11), we obtain

√
|A0△A[t]| ≤ 1

0.5τ

∥∥∥β̂ol − Γ̃
[t]
∥∥∥
2
≤ 1

2

√
|A0△A[t−1]|. (5.14)

In conclusion, over event E, we obtain

√
|A0△A[t]| ≤ 1

2t
√
2κmax. (5.15)

If t ≥ ⌈ log(2κmax)
log 4

⌉,
√
|A0△A[t]| < 1, i.e., A0△A[t] = ∅.

Set tmax = ⌈ log(2κmax)
log 4

⌉. We already showed that over event E,

{i ∈ [p]\B : |Γ̃[tmax]
i | ≥ τ} = {i ∈ [p]\B : β0

i ̸= 0}.

This means that for any j ̸∈ {i ∈ [p]\B : |Γ̃[tmax]
i | ≥ τ}, |Γ̃[tmax]

j | < τ , and for any

k ∈ {i ∈ [p]\B : Γ̃
[tmax]
i ≥ τ}, |Γ̃[tmax]

k | ≥ τ . Thus, over the event E

supp{β0}\B = {i ∈ [p]\B : β0
i ̸= 0}

= {i ∈ [p]\B :
∣∣Γ̃[tmax]

i

∣∣ ≥ τ} ⊂ supp{Γ̂}\B.
(5.16)

Next, we aim to bound the probability of event E. Let a := XT ε̂ = (a1, · · · , ap)T . It

is obvious that a = XT (I − PA0)ε = XT
(A0)c(I − PA0)ε. Recall the error ε ∼ N(0,Σ)

with Σ = σ2I. By Assumption 3.2, for any 1 ≤ l ≤ p,

Var(al) = eTl X
T (I − PA0)Σ(I − PA0)Xel ≤ σ2(XT (I − PA0)X)ll ≤ nσ2c22. (5.17)

By the upper-tail inequality for sub-gaussian distribution and the third condition in
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Theorem 3.1, we have

P(
∥∥XT ε̂

∥∥
∞ /n > 0.5λτ) = P(∥a∥∞ /n > 0.5λτ)

≤
p∑
l=1

P(|a|l > 0.5nλτ) ≤ 2p exp

(
−1

8

nλ2τ 2

σ2c22

)
≤ 2

p3n4
.

(5.18)

Set b := β̂
ol
− β0. A direct calculation implies that

b = (XT
A0XA0)†XT

A0ε = (b1, · · · , bp)T .

By Assumption 3.2, for any 1 ≤ l ≤ p,

Var(bl) =eTl (X
T
A0XA0)†XT

A0ΣXA0(XT
A0XA0)†el

≤σ2
(
(XT

A0XA0)†
)
ll
≤ 1

n
σ2c23I(l ∈ A0).

By Assumptions 3.2 and (3.17), we have

P
(∥∥∥β̂ol − β0

∥∥∥
∞
> 0.5τ

)
≤
∑
i∈A0

P(|b|i > 0.5τ)

≤2|A0| exp
(
−1

8

nτ 2

σ2c23

)
≤

2(κ0H0
+ |B|)

p4n4
= o
( 1

p4n3

)
.

(5.19)

Case 1: κ = |A0
H0
|. In this case, (5.16) implies that over the event E

supp{β0}\B = supp{Γ̂}\B. (5.20)

Thus, under the requirement for (τ, λ) in Theorem 3.1,

P(supp{Γ̂}\B ̸= A0\B)

=P({supp{Γ̂}\B ̸= A0\B} ∩ E) + P({supp{Γ̂}\B ̸= A0\B} ∩ Ec).
(5.21)
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Notice that E ⊂ {supp{Γ̂}\B = A[tmax]\B}, and E ⊂ {A[tmax]\B = A0\B}. Thus,

P({supp{Γ̂}\B ̸= A0\B} ∩ E) = 0, and

P(supp{Γ̂}\B ̸= A0\B) ≤ P(Ec) ≤ C ′

n3
, (5.22)

where C ′ is a absolute constant.

Note that {Γ̂ = β̂
ol
} = {supp{Γ̂}\B = A0\B}. By Borel-Cantelli lemma, we

have {Γ̂ = β̂
ol
} almost surely as n→∞.

It remains to show that β̂
ol

is a global minimizer of (3.8) or (3.9) with high

probability.

Applying Theorem 2 of Shen et al. (2013) and its proof, with the degree of sepa-

ration condition 3.4, we obtain

P
(
β̂
ℓ0 ̸= β̂

ol
)
≤ e+ 1

e− 1
exp

(
− n

18σ2

(
Cmin − 36

log p+ log n

n
σ2

))
≤ e+ 1

e− 1

1

p2n2
,

where β̂
ℓ0

denotes the global minimizer of (3.8) or (3.9). By Borel-Cantelli lemma,

we have {Γ̂ = β̂
ol
= β̂

ℓ0} almost surely as n→∞.

Case 2: κ ≥ |A0
H0
|. Thus, under the requirement for (τ, λ) in Theorem 3.1,

P(supp{β0}\B ̸⊂ supp{Γ̂}\B)

=P({supp{β0}\B ̸⊂ supp{Γ̂}\B} ∩ E)

+ P({supp{β0}\B ̸⊂ supp{Γ̂}\B} ∩ Ec).
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By (5.16), we know that E ⊂ {supp{β0}\B ⊂ supp{Γ̂}\B}. Thus,

P({supp{β0}\B ̸⊂ supp{Γ̂}\B} ∩ E) = 0 and

P
(
supp{β0}\B ̸⊂ supp{Γ̂}\B

)
≤ P(Ec) ≤ C ′

n3
. (5.23)

By the Borel-Cantelli lemma, we have {supp{β0}\B ⊂ supp{Γ̂}\B} almost surely

as n→∞.

Under H0, we know that supp{β̂
ol

H0
} ⊂ supp{β0}\B, which implies that

{supp{β̂
ol

H0
} ⊂ supp{Γ̂}\B}

almost surely as n→∞.

Under H1, we know that supp{β̂
ol

H1
} ⊂ supp{β0} ∪B, which implies that

{supp{β̂
ol

H1
} ⊂ supp{Γ̂} ∪B}

almost surely as n→∞.

5.3 Proof of Theorem 3.2

Proof. By Theorem 3.1, we have

lim
n→∞

P({Γ̂
(0)

= β̂
ls

H0
} ∩ {Γ̂

(1)
= β̂

ls

H1
}) = 1, (5.24)

where Γ̂
(0)

and Γ̂
(1)

are obtained from Algorithm 3, and β̂
ls

H0
and β̂

ls

H1
are obtained

from (3.10) and (3.11), respectively.
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The remainder of the proof follows the argument in Theorem 2 of Zhu et al. (2020),

which establishes the sampling distribution of Λn(B).

5.4 Proof of Theorem 3.3

Proof. By Theorem 3.1, we have

lim
n→∞

P(Γ̂
(1)

= β̂
ls
) = 1, (5.25)

where Γ̂
(1)

is obtained from Algorithm 3 and β̂
ls

= β̂
ls

H1
is obtained from (3.11),

supported on A0 ∪B.

Thus, to show (3.25), it suffices to show

√
n(β̂

ls

B − β0
B)

d−→ N(0,Σ), (5.26)

as n→∞.

Let t ∈ RB and u ∈ RA0∪B such that uB = t and uBc = 0. Note that

β̂
ls

A0∪B = (XT
A0∪BXA0∪B)

†(XT
A0∪BXA0∪B)β

0
A0∪B + (XT

A0∪BXA0∪B)
†XT

A0∪Bε, (5.27)

where XA0∪B denotes the sub-matrix with columns of A0 ∪B.

Due to u ∈ {ξ ∈ RA0∪B; ξi = 0, i ̸∈ B} ⊂ R(XT
A0∪B), we know that there exists

vector v such that u = XT
A0∪Bv and

(XT
A0∪BXA0∪B)(X

T
A0∪BXA0∪B)

†u

=XT
A0∪B

(
XA0∪B(X

T
A0∪BXA0∪B)

†XT
A0∪B

)
v = XT

A0∪Bv = u.
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By direct calculation of the characteristic function of
√
n(β̂

ls

B − β0
B), we know that

EeitT
√
n(β̂

ls
B−β0

B) = Eeiu
T√

n(β̂
ls
A0∪B−β0

A0∪B
)

=EXEεe
iuT

√
n(XT

A0∪B
XA0∪B)†XT

A0∪B
ε

=EX exp{−1/2 · σ2uTn(XT
A0∪BXA0∪B)

†XT
A0∪BXA0∪B(X

T
A0∪BXA0∪B)

†u}

=EX exp{−1/2 · σ2uT (1/n ·XT
A0∪BXA0∪B)

†u}

=EX exp{−1/2 · σ2tT (1/n ·XT
A0∪BXA0∪B)

†
B,Bt}.

Under the assumption of Moore–Penrose inverse σ2
(
1
n
XT
A0∪BXA0∪B

)†
B,B

converges in

distribution to some positive semi-definite matrix Σ, and by applying the continuous

mapping theorem, we obtain that

EX exp{−1/2 · σ2tT (1/n ·XT
A0∪BXA0∪B)

†
B,Bt} → e−1/2tTΣt, (5.28)

as n→∞, for any t ∈ RB.

By Lévy’s continuity theorem, we complete the proof of weak convergence (5.26).

Therefore, the proof of Theorem 3.3 is completed.
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5.5 Top-κ index set Selection

Algorithm 4 Threshold-Based Top-κ index set Selection

1: Inputs:

• Current parameter estimates {Γ̃[t]
k,j}(k,j)∈S . Target sparsity level κ.

• Initial thresholds a, b such that

∣∣{(k, j) : |Γ̃[t]
k,j | ≤ a

}∣∣ < κ and
∣∣{(k, j) : |Γ̃[t]

k,j | ≤ b
}∣∣ > κ.

2: Initialize: Set c← a+b
2 .

3: Site-Level Operations: Each site counts how many local parameters satisfy |Γ̃[t]
k,j | ≤

c and sends only this count to a central location.

4: Aggregation and Update:

• Sum local counts with the center count to obtain the total:
∣∣{(k, j) : |Γ̃[t]

k,j | ≤ c}
∣∣.

• If the total is exactly κ, break this iteration.

• If the total is < κ, set a← c; otherwise set b← c. Then update c← a+b
2 .

5: Check Condition: If (b − a) is still not sufficiently small, repeat steps 3–5. Oth-

erwise, proceed.

6: Finalize Threshold c∗: Let c∗ ← c if the loop ended early due to an exact match, or

set c∗ ← a if we finished the binary search without an exact match.

7: Construct the ℓ0 Projected Set:

• Each site identifies which local parameters exceed |Γ̃[t]
k,j | > c∗.

• Let C be the union of those parameter indices across all sites,

C =
{
(k, j) : |Γ̃[t]

k,j | ≥ threshold c∗
}
.

• If |C| < κ, select additional κ− |C| parameters with |Γ̃[t]
k,j | ∈ (a, b) until |C| = κ.

8: Output: The projected index set C.
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