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Abstract

We present some results obtained jointly with Professor Vladimir Sverak, in the
study of some problems in the regularity theory of Navier Stokes equations, and some
Liouville theorems for time-dependent Stokes system in domains jointly with Professor
Vladimir Sversk and Gregory Seregin. In the first part of the thesis, we prove that the
regularity of weak solution (called Leray solution) depends only locally on the regularity
properties of the initial data, at least for a short time. This observation is then used
to prove existence of scale-invariant solutions to the Navier Stokes equation with —1-
homogeneous initial data without smallness condition. The main point of the result is
that it seems to be out of reach of perturbation methods, and it provides valuable in-
sights into the possible non-uniqueness of Leray-Hopf solutions, which is a long standing
open problem in this area. In the second part of the thesis, we give a simple proof of the
existence of initial data with minimal L3-norm for potential Navier-Stokes singularities,
recently established in “Gallagher, 1., Koch, G.S., Planchon, F., A profile decomposi-
tion approach to the L°(L3) Navier-Stokes regularity criterion, Math. Ann. (published
online July 2012)” with techniques based on profile decomposition. Our proof is more
elementary, and is based on suitable splittings of initial data and energy methods. The
main difficulty in the L? case is the lack of compactness of the imbedding ngoc — L120c-
In the third part of the thesis, we characterize bounded ancient solutions to the time-
dependent Stokes system with zero boundary value in various domains, including the

half-space.
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Chapter 1

Introduction

In the first part of the thesis, we consider the classical Cauchy problem for the incom-

pressible Navier-Stokes equation in R3 x (0, co)

wuVutVp=—»Au = 0 in k% x (0,00), (1.0.1)
dive = 0
uli=0 = up in R3. (1.0.2)

We recall that the problem is invariant under the scaling

uw(z,t) — uy(z,t) = lu(Az, A\%t),
p(x,t) — pa(z,t) = Np(Az, \%t), (1.0.3)
up(z) — uor(z) = Aup(Ax),

where A > (0. We say that a solution w is scale-invariant if uy = v and p) = p for each
A > 0. Similarly, we say that an initial condition ug is scale-invariant, if ugy = wug for
each A > 0. This is of course the same as requiring that ug be (—1)— homogeneous.

One of our goals in this thesis is to give a proof of the following result.

Theorem 1.0.1 Assume ug is scale-invariant and locally Hélder continuous in R3\ {0}

with div ug = 0 in R®. Then the Cauchy problem , has at least one scale-

invariant solution u which is smooth in R? x (0,00) and locally Hélder continuous in
R? x[0,00) \ {(0,0)}.

Previously this result has been known only under suitable smallness conditions on wuy,

see for example [5,22]. For small uy one can also prove uniqueness (in suitable function
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classes). It is quite conceivable that uniqueness may fail for large data. We will comment

on this point in more detail below.

An important tool is local-in-space regularity estimates for weak solutions to the
Navier Stokes equation near the initial time ¢ = 0. It is known that if ug € LY for g > 3,
then the initial value problem ((1.0.1)), has a unique local-in-time “mild solution”
defined on some time interval (0,7"), which is smooth in R? x (0,T) and has in many
respects the same regularity as the solution of the heat equation in R3 x [0,T') for times
close to t = 0, see for example [7,15]. A natural question is under which condition this
result can be localized in space: if ug is a quite general initial condition for which a
generalized suitable weak solution w in the sense of [27] is defined and ug|p, € L4(B,) for
some q > 3, say, can we conclude that u is regular in B% x [0,1) for some time t; > 07
We prove that this is indeed the case under quite general assumptions, which include
up which is in L2  and fo i lug|?>dz — 0 for x — oo. Due to non-local effects of the
pressure the solution v in BQ; x [0, 1) may not have the same amount of regularity as the
solution of the heat equation in this situation, but the non-local effects are limited to the
influence of the “harmonic part of the pressure” in a suitable pressure decomposition.

We can formulate this type of results somewhat loosely in the following statement.

(S) Modulo the usual (and quite mild) non-local influences of the pressure, local regu-

larity of the initial data propagates for at least a short time.

We refer the reader to Section 2, Chapter 2 for precise statements. Statement (S),
in addition to being of independent interest, is one of the main ingredients of our proof
of Theorem [L.OJl

Results in the direction of (S) can be found already in the classical paper [3]. More
recently, related questions about vorticity propagation have been studied in [41]. Our
main result concerning (S), Theorem takes a somewhat different angle on (S).

Our proof of (S) (see also Theorem is based on a combination of techniques
from [17,241[26/27,32]. Heuristically, the main point is that one can obtain a sufficient
control of the energy flux into “good regions” from the rest of the space, see Section
3. Once we know that only small amount of energy can move into the “good region”
one can use (a slight modification of) partial regularity schemes in [24,26] to prove

regularity.



To prove Theorem 1.1, we seek the solution u(z,t) in the form

w(z,t) = \}E U <ji> . (1.0.4)

The Navier-Stokes equation for u gives
1 1
—AU — §U — §xVU +UVU +VP =0, divU =0, (1.0.5)

in R3. For a scale-invariant vy the problem of finding a scale-invariant solution of
the Cauchy problem (1.0.1)), (1.0.2) is equivalent to the problem of finding a solution

of with the asymptotics

U () — uo(a)] :()(’;') .z o0 (1.0.6)
The problem , is reminiscent of the classical Leray’s problem of finding
steady-state solution of the Navier-Stokes equation in a bounded domain, with given
boundary conditions for U. We will show that one can solve this problem using the
Leray-Schauder degree theory, just as in the case of the bounded domain. The non-
trivial part is to find the right functional-analytic setup and establish the necessary
a-priori estimates. The main difficulty is to find good estimates near oo. This difficulty
will be overcome by applying statement (S) above. Heuristically it is clear that when u
is given by , then estimates of u near ¢t = 0 are closely related to estimates of U

near co. In Section 3 of Chapter 2 we will make this more precise.

As in the case of the bounded domains, the Leray-Schauder approach gives exis-
tence of the solutions, but not uniqueness. In the case of bounded domains one does
not generically expect uniqueness for large data, and this non-uniqueness is in fact ex-
pected to be quite typical in the context of the steady Navier-Stokes, once the data is
large. Could this also be the case for the problem , ? This would lead to
non-uniqueness for the Cauchy problem , with scale-invariant ug, and by a
suitable truncation of ug at large |z| possibly also to non-uniqueness for the Leray-Hopf
solutions of the Cauchy problem for uy € L?. We plan to address these issues in future

work.

In the second part of the thesis we consider the existence of minimal blow-up initial

data in L3(R3) for Navier-Stokes equations (NSE). It is well known that if divergence
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free ug belongs to one of a number of ‘critical’ spaces with respect to the natural scaling

u(z,t) — u(Az, \*t) for A >0,

uo(x) —> Aup(Az) for A >0,

such as L3(R?) and H'/?(R?), NSE has a unique local ‘mild solution’ (see [20,[22] and
references therein). It is not clear whether such mild solutions exist for all time or
whether singularities might develop in finite time. In [31] it was shown that there exists
a minimal blowup initial data in H'/?(R?) assuming that some initial data in H'/2
would produce finite time singularity. A natural question is if the result of [31] can be
extended to the L3(R3) setting. The main tools of [31] are the stability of singularities
and compactness for a sequence of suitable weak solutions uniformly bounded in energy
norm, certain estimates of the so called ‘Leray solutions’ together with a uniqueness
theorem of Leray solutions when we have a ‘good solution’. One of the crucial points
in the proof of uniqueness is the compactness of the embedding H llo/f(R?’) — L2 (R3).
In the case of L3(R3) we lose this compactness. Thus the question is whether one can
avoid using the compactness. This was done in [11], by using the technique of profile
decompositions. Here we present another way to overcome the difficulty. Moreover,
we also recover the compactness of the set of ‘minimal blow up initial data’ in L3(R3)
modulo translations and scalings (see Section 3 of Chapter 3 below), while in [11] com-
pactness was proved in a weaker Besov space. Our main tool is the following simple

observation:

Lemma 1.0.1 Let u be a Leray solution with divergence free initial data ug € L3(R3).
Then there exists a nonnegative function h(t) depending only on |lug||rs(gs), such that
limt_>0+ h(t) =0 and

lu(-,t) — eAtUOHLQ(Bl(mO)) < h(t) for any xg€ R®, ae 0<t<l. (1.0.7)

The proof is based on a suitable splitting of the solutions. We remark that results in
similar spirit (with more detailed estimates) have been obtained in [6] for strong solu-
tions. The important point is k() in the lemma only depends on the L3-norm of initial
data, which gives a certain uniformity of strong continuity in L} (R?) at time 0 for a

sequence of solutions with initial data uniformly bounded in L3(R3). This lemma is, in
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fact, already sufficient to extend the arguments in [31] to the L3 case. We present in
some detail proofs of certain estimates and uniqueness results for Leray solutions which
were proved in Lemarié-Rieusset [27] and used in [31], since in the situation considered
here the proofs significantly simplify. We will often refer to |31], as the general ideas
are similar and we provide more detailed proof of some points which in [31] were only

sketched, and vice versa.

In the third part of the thesis, we prove some Liouville theorems for time-dependent
Stokes system in domains. More precisely we show that any solution u(z,t) € L*(£ X
(—00,0)) to

ou — A Vp =0
t utvp in 2 x (—00,0), and (1.0.8)
div v =0
ulpn = 0 (1.0.9)
satisfies
u(x,t) =
0 if @ C R" is a bounded domain and n > 2,
u(t) if Q = R™ and n > 2,
(1.0.10)
u(t, zy) with u, =0 if Q is half space x,, > 0 and n > 2,

a(t) + O(m%) as || - oo if Q C R™ is an exterior domain with n > 3.

Throughout the thesis we assume that the domains 2 have smooth boundary. One
has to be somewhat careful with the definition of the boundary condition u|sq = 0 since
a-priori we only assume u to be bounded, with no further regularity assumptions. The

usual definition is the following:

Definition 1.0.1 We call u(x,t) € L>®(Q x (0,00)) a very weak ancient solution to

equations if
0
/ / (i, £) (9 + Ad) (@, )dwdt = 0 (1.0.11)
—o0 JQ

for any ¢ € C(Q x (—o0,0)) with div ¢ =0, Ploax(=s0,0) = 0; and

/0 / u(z, t)Vip(z,t)dedt =0 (1.0.12)
—oo0 J Q2



for any 1 € C(Q x (—00,0)).

Solutions defined in this way are often called very weak solutions in the literature and
we also use this terminology. For smooth solutions the definition coincides with the

usual one, as one can easily check by integration by parts. Our main result is as follows:

Theorem 1.0.2 Let u be a bounded very weak ancient solution to equation , and
equation , in the sense that u satisfies equations (1.0.11]), (1.0.13). Then u is

giwen by (1.0.10).

Remarks: The results are essentially sharp. This is obvious in the cases when Q is R"

or a bounded domain. In the case of a half space, one can take
u= (u1(t,zn),...,up—1(t,xn),0),

where u; verifies: Oyu; — 92u; = fi(t), Ugls,—0 = 0 for 1 < i < n — 1, where
fi € C°(—00,0). Then w is a solution to equations ((1.0.8]),(1.0.9). This is the ex-
ample given in [34]. In exterior domain, the decay rate we obtain is as good as that of

the fundamental solution of steady Stokes equations.

Our work is motivated by boundary regularity for the Navier-Stokes equations. The
main interest is in the case of the half-space, the other case are included for completeness.
The connection between regularity and Liouville-type theorems is of course classical. In
the context of the Navier-Stokes equations it is discussed for example in [23,33]. In
a recent note [34] a bounded shear flow for unsteady Stokes equations is constructed
which is not fully regular although the boundary value is zero. This example simplifies
earlier constructions of [19]. The lack of boundary regularity in the time-dependent
case is in contrast with the case of steady Stokes equations, see e.g. |18]. In the time-
dependent Stokes equations and Navier-Stokes equations, one usually treats pressure as
an auxiliary variable, determined by u. Such treatment is valid as long as we have some
decay of u at spatial infinity. On the other hand, it has been known that in unbounded
domains, if we do not assume decay of u, the pressure may act as an external force
‘driving’ the fluid motion, as in the case of [34]. In such situations, we lose boundary

regularity even with the vanishing boundary conditions. In this context, our result could
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be understood as showing that the solutions in [34] are in some sense the only obstacle

to full boundary regularity (in suitable solution classes).

Notation: We will use standard notations in the literature. For instance, Bgr(x¢)
denotes a ball centered at x¢ with radius R in R®, Bp := Bg(0); for z9 = (z0,%0),
Q(R, 29) := Br(wo) x (to — R, t0), Qr := Q(R,(0,0)); A denotes the closure of A,

A € O means the closure of A is a compact subset of O, 0; = 8%1-3 for any f in
o, fO f= ﬁ fO f- We also use the following standard notations: for vectors a and
v, @ ® v is a matrix with (e ® v);; = a;v;; for two matices a, b, (a : b) = ai;bs;

where we assume the usual Einstein summation convention; for a matrix valued func-
tion f = (fi;), div fis a vector with (div f); = (32, 90;fij); (W)Q(Rr,z0) = fQ(R,ZQ) udz,
(W)r = (W)Qr; (P)Bao) () = fp,,, Pl D)dz, (p)r(t) := (p)5,(1); Y (u:p, QR 20)) :=
Fonn [t = (W) PAY + Ry 1 = (1) pagen) D124 Y (u,p, Q) =
Y (u,p, Q(R,(0,0))). We use C to denote an absolute and often large positive number,
¢ a positive small absolute number, € the positive small numbers, C(«, ,...) when
the number depends on the parameters «, 3, .... Cg‘ar(O) denotes the Holder space
with respect to the parabolic distance when O is a space time domain. We adopt the

convention that nonessential constants can change from line to line. We use ug as a

divergence free initial data throughout the thesis, unless defined otherwise.



Chapter 2

Local-in-space estimate near
initial time for Leray solution and

forward self similar solutions

In this chapter we study the local-in-space estimates near initial time for weak solutions
to Navier Stokes equation, and show the existence of forward self similar solution with
—1 homogeneous initial data. Our presentation is organized as follows. In section 1,
we prove an ‘e-regularity’ criteria for a generalized Navier-Stokes system; in section 2,
we study the local in space near initial time smoothness of Leray solutions; in section 3
we study the asymptotics of forward self similar solutions to Stokes and Navier-Stokes
equations; in section 4 we prove the existence of forward self similar solutions for large

—1 homogeneous initial data.

2.1 e-regularity criteria

Our goal in this section is to prove an e-regularity criteria similar to that of Caffarelli-
Kohn-Nirenberg for a generalized Navier-Stokes equation. Our setting is as follows:
Let O be an open subset of R3 x Ry, a € L (O) with m > 5 (not necessarily an integer),

loc

div a = 0. We call a pair of functions (u, p) suitable weak solution to



ou—Au+a-Vu+div (a®@u)+u-Vu+Vp =0

div u :0} (z,t) €0, (2.1.1)

if u € LL2 N L%Hi((’)’) for any open subset O’ C O’ € O, p € L3/2(O), such that

loc

(u, p) satisfies equations ([2.1.1)) in the sense of distributions in O, and

Jul?

2 2
[l A’u‘ + |Vul? + div <2(u+ a)> +udiv (a®@u)+div (up) <0, (2.1.2)

O —ATT

in the sense of distributions. Recall that a distribution v in O is called nonnegative if
(v,¢) >0 for any ¢ € C°(O) with ¢ > 0; u div (a ® u) is a distribution with

(u div (a®u),¢) = —/ a;ujOju;p(z, t)dxdt —/ a;uju;05¢(x, t)dxdt.
@ @

The terms in make sense due to the regularity assumptions and u € L/ 3((9) by

loc

known multiplicative inequalities.

The main theorem in this section can be stated as the following;:

Theorem 2.1.1 (e-regularity criterion)
Let (u, p) be a suitable weak solution to equations in @Qq witha € L™(Q1), m > 5,
div a = 0. Then there exists g = eo(m) > 0 with the following property: if

1/3 2/3 1/m
<][ Jul? dxdt> + (7[ p[*/2 d:rdt) + (f la|™ dwdt) <e, (2.1.3)
1 1 1

then u is Holder continuous in Qo with exponent o = a(m) > 0 and
||uHCga1.(Q1/2) < C(m,€). (2.1.4)

Remarks: The proof of this theorem follows the general line of presentation in [8,24.26].
There are some additional complications due to the new terms a - Vu +div (a ® u) as

we shall see below.

Before going into the proof of the theorem, we need the following two lemmas to be

used below.
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Lemma 2.1.1 Let f be a nonnegative nondecreasing bounded function defined on [0, 1]
with the following property:
for any 3/4 < s <t <1 and some positive constants 0 < 6 <1, M >0, 8 > 0, we have

1) 070+ =5 (2.1.5)

Then,

sup f(s) < C(0,5, M), (2.1.6)
s€[0,3/4]

for some postive constant depending only on 6, 3, M.

Remarks: The lemma is well-known, one can find a proof for example in [9].

Our next lemma is an estimate of a generalized Stokes system.

Lemma 2.1.2 Let a € L™(Q1), with div a = 0 and (le la|™dzdt)'/™ < M, for
some positive M > 0, m > 5, let A\ € R", |\| < M, f = (fij) € L"™(Q1) with
(Jo, lfImdwdt)/™ < M. Let u € L*L2 N LFHL(Q1) and p € L3/2(Q1) with

1/3 2/3
</ uf® dwdt) + (/ |p|3/2 dxdt> < M, (2.1.7)
1 Q1

Assume (u,p) satisfies

ou—Au+a-Vu+A-Vu+div (a®@u)+Vp =div f

in , (2.1.8
div v =0 } e ( )

in the sense of distributions. Then u is Holder continuous in Qo with exponent o =
a(m) >0 and
lullcs, (@2 < C(m, M). (2.1.9)

Proof: The proof is based on a standard application of elliptic estimates. We sketch
some of the details below. We first show that if u € LI(Qg), ¢ > 3, then u € LI(Qr_s),
for some ¢ > ¢g. Thus we obtain an improvement in the regularity of u, and after finitely

many such improvements we can conclude u € L? for a sufficiently large ¢ to use elliptic
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estimates and conclude that u is in a Holder space. Here we can assume R > 3/4 and

J is a small positive number. Let us rewrite the equations of (u,p) as

Ou—Au+Vp =div (f—-aQ@u—u®@a—u®\) .
in Qg.
div.u =0

By Holder inequality, we see h := f —aQ@u —-—u®a—u®@ X € L%(QR). Taking

divergence in the first equation, we obtain
Ap=div div (f—aeQ@u—-—u®a—u®N) in Qg.

Set
pr=Atdiv div (f—a®@u—u®a—u®N)x5s),

and write p = p; + p2. Then Aps = 0 in Qg. Recall that R is in [3/4,1]. By elliptic
estimates, we get

il ey 0y < OB ma,

(Qr) Qr)’

. mq . .
Since mtq > 3/2, we see po verifies estimate

<
||p2HLf/QC§(QR_5/2) = C((S? M)a

with ¢ being a small positive number. Then,
8tu — Au = —Vp1 - VPQ +div h in QR—5/27

where p1, po and h satisfy above estimates. For a smooth cutoff function n with n =1

in Qr_35/4 and 7 = 0 outside Qr_s/2, set

ulet) = [ ST +div (n)C)lds,

—00

w(t) = = [ IV s

—00

Write u = v1 +v2 +v3. By estimates of heat equation, we see ||v2||p (g, _,) < C(J, M).
As for v1, by Young’s inequality and the properties of heat kernel, we see v € L™ (Qr—s)

for any r > 0 such that
1 1 1 1
- >4 ——
r g m 5



12
Since vy satisfies heat equation in Qr_35/4, We see vz is smooth in Qr—s. Thus in

summary, we get,
u € LY(QR) implies u € L"(Qp—s) with 2 =1 — %(% -4,

Since m > 5, after applying this boostraping argument for finitely many times, we can

conclude u € L™(Q5/3) with rq sufficiently large such that

m—+5
2

lallul € L™= (Q5/3)- (2.1.10)

Then we can go back to the decompositions v, wve, and wvs, it is not difficult to verify
that all of them are Hélder continuous in @/, with exponent a = a(m). If we keep
track of the constants in the above process, it’s clear we also have the estimates claimed
in the lemma. Alternatively, one can use the closed graph theorem with appropriate

function spaces to obtain the estimates, we omit the details here. The lemma is proved.

Now we can return to the proof of Theorem We first prove the following ‘os-
cillation lemma’, which roughly speaking asserts that if u is of ‘small oscillation’ in
()1, then the oscillation is even smaller in (Qy for # < 1. Let us recall from the no-
tation list that Y (u,p, Q(R, 20)) = (fo(p.z) [t = War0)*d2)"* + R(fiy 20 1P —
(D) Breo)(O2d2)*/?, and Y (u, p, Qr) := Y (u, p, Q(R, (0,0))).

Lemma 2.1.3 (Oscillation lemma)

Let (u, p) be a suitable weak solution to equations in Qq witha € L™(Q1), m > 5,
div a =0, llalzm@,) < ¢ [(u)1] < M, for some small absolute number ¢ > 0, and
some positive number M. Then for any 6 € (0,1/3), there exists an ¢ = €(0, M, m) > 0,
Ci(M,m) >0, and a = a(m) > 0 such that if

1/m
Y (uyp, Q1) + ()] <f o™ dmdt) <e

Q1

then

1/m
Y (u,p, Qg) < C1(M,m)6" (Y(u,p,Qﬂ + [(u)1] (]é la|™ datdt) > )
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Proof: Suppose the lemma is false. Then there exists (u;, p;) and a; with the following

properties:
(il < M, |aillpmg,) < ¢ div a; =0,

Y (us, pi, Q1) + [ (ui)1] (][

Q1

Y(ui7pi7 Q@) > Cl(M, m)6a6i,

1/m
la;|™ d:rdt) =¢— 0+ as ¢ — 4oo,

and (u;, p;) satisfies equations (2.1.1]) and inequality (2.1.2) with a replaced by a;.
Set

v; = U (ui)l7
€
opi— (pa)1(t)
% = —
€
fi _ a; ® (uz)l
€;

Then we have (v;); =0, div div f; =0,

1/3 2/3 1/m
<][ |vi|3dazdt) + <][ \q,-\3/2d:1cdt> + <][ |fi|md:zdt> < 1,and,
Q1 Q1 Q1
1/3 2/3
<][ lv; — (vi)9|3dacdt> +6 <][ lgi — (qi)g(t)|3/2dxdt> > C1 (M, m)0*.
Qo Qo

Moreover, (v;, q;) satisfies:

Ohvi — Avi + (€v; + ai + (ui)1) - Vo + div (a; @ v; + fi) + Vi :0} (2.1.11)
divey,; =0 o

in the sense of distributions in )1 and

i |2

|2 12
at% - A% + !VvZ-IQ + div (‘UQ (eivi + (uz)l + az)>
+ou; div (f; +a; @v;) +div v;q; <0,

(2.1.12)

in the sense of distributions in (). Here again the terms make sense due to our regularity
assumptions and the interpretation of v; div (a; ® v; + f;) as the one below inequalities
(12.1.2).

Since v; € L{°L2 N LH(Q1) and v; satisfies equations , we can change the
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value of v; on a set of measure zero such that t — v;(-,t) is continuous from (—1,0) to
L2 (B(0)), the weak L? space.

From inequality (2.1.12) we obtain,

12 t
/ o (xat)¢($at)dff+/ / |V 2é(z, s)dxds
B1(0) 2 —1.JB1(0)

t ‘Ui|2 t ‘Ui|2
< (Orp + Ag)dxds + [(ui)1 + a; + €v|Vodrds
“1JBi0) 2 ~1JBi0) 2

¢ t
+/ / [(fi + ai @ v;) : (Vi + v; @ Vo)|dxds + / / qg;viVodzds,
—1JB1(0) —1JB1(0)

for any ¢ > 0 with ¢ € C° (B1(0) x (—1,1]).
Let us define

12 0
Ei(r) =ess sup / [vil (:U,t)d:v—l—/ / |V |*(x, s)dads, (2.1.13)
- —r2 J B,

—r2<t<0JB, 2

for 0 < r < 1. By known multiplicative inequalities we have
HUiHilo/s(Qr) < CE;(r). (2.1.14)

Then for any 1/2 < r; < r9 < 1, if we choose nonnegative test function ¢ with support
in ), appropriately, we obtain the following estimates, with the help of the above local

energy estimates, Holder inequality, and the estimates on v;, ¢;, a;:

C C i |2
E(r) < 5 T / [ (M + |as| + €;]vi|) dwds
(7’2 — 7“1) Tog — T QQ 2

+/ |fil [ Vv + |ai||vil [V | dzdt +

2

C(M)
(ro —71)? " (/Q

C(M
) 4 CB(r) P+ Clalm o) E()

(7“20(—]\2)2 + (Cllaillpm gy + 1/2)E(ra).

il|vi| + |aq|[vi gi||vi|ax
[ filloil + laillvil* + lgillvildadt

ro —
2 2

IN

2

1/2
fi\dedt> E(T2)1/2+||ai”L5(Qr2)||Ui”L10/3(Qr2)HV’UHLZ(QQ)

Note that we have [la;||Lm(q,) < ¢ with ¢ small. So if we choose ¢ such that Cc < 1/2,
then we can apply Lemma and conclude that E(3/4) < C(M,m). That is, v; are
uniformly bounded in L{°L2 N L7H(Q5 /4)- Thus by known embedding theorems and
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the fact that v; satisfies equations (which provide crucial regularity in t), we
can choose a subsequence of v; (which we still denote as v;), such that for some \ € R3,
vE L3(Q3/4), q€ L3/2(Q3/4) and a, f € L™(Q3/4) with div a = 0, we have
vi(,t) = v(-,t) weakly in L?(Bs,,) for every t € (—(%)2,0),

v; — v strongly in L3(Q3/4),

g; — q weakly in L3/2(Q3/4),

(ui)1 = A, a; — a weakly in L™(Q3/4),
fi— fin L™(Q34)-

Moreover, we have

1/3 2/3 1/m
(/ |v|3dxdt> + (/ |q|3/2d,33dt> + </ (1f] + |a|)mdxdt> <C,
Q3/4 Q3/4 Q3/4

and [\ < M.
From equations (2.1.11]) for (v;, g;), we see

ov—Av+A-Vo+div (a@v+v®a+ f)+ Vg =0

in Q3/4. (2.1.15
div v ZO} 8/4 ( )

By Lemma on generalized Stokes system, we see for some a = a(m) > 0, v is
Hélder continuous in @1/, with exponent «, with respect to parabolic distance. More
precisely,

o

[o(@1,t1) = v(wa,t2)| < C(Mm) (|o1 — w2l + |11 — t2]'/2)

Since v; — v strongly in L3(Q3/4), we see

1/3
<][ lv; — (vi)9|3dm’dt> < C(M,m)6%,
Qo

for ¢ sufficiently large.
Note that from equations (2.1.11)) we have

—Ag; =div div  (6v; @ v; + v; ® a; + a; Q@ v;) .
Let ¢; = q} + q2-2, where

qil - (—A)_ldiv div ((EZ”UZ' QU +v; Qa; +a; Ui)XBsm) ,
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with x g, /a being the characteristic function on Bj/4. Since v; strongly converges to v

in L3(Q4/3), we have ¢! — ¢; strongly converges to 0 in L3/2(Q4/3), where
G = (—A)—ldiv div ((v Qa; +a; @ v)X33/4> .

Since v is bounded, we obtain by estimates of Riesz operators ¢; € L™ (Q /2). Thus

3/2
0 <][ |G|/ dxdt)
Qo
1/m
<0 <][ |Gi|™ da:dt) < C(M,m)g*=5/m,
Qo

Therefore, for 4 sufficiently large, we have

3/2
0 (][ RS dmdt) < C(M,m)o*=>/™.
Qo

2/3
By definition, Ag? = 0 in Q3 /4 and (fQ3/4 g2 [3/? dxdt) < C. Thus by elliptic

estimates, we obtain,

2/3 0 4/ 2/3
0 (]é i~ @) 2 dzat) < CO (69 VRO, )
9 :

0 2/3
Co (9—1/2 / / |q|3/2dxdt)
—6% J By /2(0)

< CH*3,

N

IA

Therefore, summarizing the above, we see
2/3 .
0 (F = a0 ade) < CL g5,
0
for ¢ sufficiently large. This, together with the estimates on v;, shows
Y(Ui7 qi, Q@) S C(MJ m)ea’

for i sufficiently large, if we choose a(m) sufficiently small. This contradicts Y (v;, ¢;, Qo) >
C1(M,m)0* if we choose C1(M, m) > 2C (M, m). Thus the lemma is proved.

The above lemma admits the following iterations.



17
Lemma 2.1.4 (Iteration of the oscillation lemma)
Let (u,p), M, €0, M,m), C.(M,m), a(m), ¢ and a be as in the above lemma, with
|(u)g,| < M/2. Let B = a/2. Choose § € (0,1/3) such that C1(M,m)§*" < 1, and
0 < c1 with ¢ = c1(M, m) being some small number. Then there exists e.(6, M, m)

sufficiently small, such that if

1/m
Y(u,p,Q1)+M<][ |a|mdazdt> < €, (2.1.16)

1

then for any k =1,2,..., we have

[(W)Qy_, | < M, (2.1.17)

1/m
Y (u, p, Qge1) + | (w)gh1 | (erk_l \a!"%ia:dt) 051 < e, < €0, M, m), (2.1.18)
1/m
V(0,5 Qu) < 0 (Y0 Qo) + 0ol (Fo e, laldar) ™ 05 1,10

Proof: We prove the lemma by induction.

For k = 1, the conclusion follows from Lemma [2.1.3] if we choose €, such that €, <
€(0, M,p). Suppose the conclusion is true for k < kg, kg > 1, we show it remains true
for k = ko + 1.

By induction
(W)@ | <M,

1/m
Y (u,p, Qgr—1) + |(w)gr-1] <][ a|mdxdt) oF 1 < e,

ngfl

1/m
Y (u,p, Qgr) < 0% [ Y (u,p, Qoe—1) + | () g1 (f |a|mdxdt> 0F1 | < 6P,

ng—l

for all k£ < kg. Thus,

Y(uapa Q@k)

IN

1/m
|a|™dxdt
ok—1

1/m
0° <Y(u,p, Qgi—1) + OF=DA=5/m) pr <][ ]a\md:cdt> )
1

< G'BY(u,p, Qor—1) + 0’“516*

0° | Y (u,p, Qge1) + 0" ' M (][
Q

IN
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for all k < ko, with f; = min{S,1 — 5/m}. Simple calculations with a repeated use of

the above inequalities show:
Y('I,L,p, Q@k) < ekﬂy(uvpv Ql) + k9k61€*> Vk < kO-

Thus,

ko

(Wa,,| < D 1Weyu — (Waou |+ (W

k=1
ko

1/3
Z(é !u—(U)Q9k1I3dwdt> + |(u)q, |

k=1

ko
073> Y (u,p, Q1) + |(w)q, |
k=1

IN

IN

< 973 f: (9<’f*1>5e* + ek — 1)9““*1)51) + M/2
k=1
< 0731 =08 e, + 073,051, 0) + M2.
If we choose €, = €.(0, M, m) to be sufficiently small, we see
()., | < M.

Moreover,

1/m
Y (u,p, Qgro) + Hko\(u)gko| (][ |a|md:rdt>

Qyko
< 0Be, + 9(175/’”)]“06* < €y,

if we choose 6 < ¢(M,m) to be sufficiently small. Set

1 T t
U(J,‘,t) = 0700(9707 0270)7

1 x t
p(x,t) = %Q(%v %),

1 T t

and
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One can verify that (v, ¢) is a suitable weak solution to equations ([2.1.1]) with a replaced
by b in 1. Moreover,

1/m
Y (v,q,Q1) + |(v)g,| <]€2 |b|mdazdt)

1/m
= 0% [ Y (u,p, Qqro) + Gkol(u)Qek0| (7[ \a|mdacdt> < €,

ok0

1/m 5k 1/m
</ |b|mdazdt> < gro— </ |a|mdxdt> <ec
1 1

Thus, by Lemma we obtain,

1/m
Y(v,q,Qp) < 98 (Y(v,q,Ql) + (v)g,| (7{2 |b|mdxdt> ) , (2.1.20)

that is,

1/m
Y (u,p, Qgro+1) < 98 Y (u,p, Qgro) + | () gko | (7[ |a|md$dt> gko | (2.1.21)

oko

The lemma is then proved.

By translation and dilation, we obtain the following corollary.

Corollary 2.1.1 Let (u,p) be a suitable weak solution to equations in Q(R, 2p),
with a € L™(Q(R, 20)), div a =0, [(u)q(Rr,z)| R < M/2, 0, B are as in the above. Then
there exists €, = €,(0, M,m) such that

1/m
RY (u,p, Q(R, 20)) + RM (7[ \a|mdxdt> < €4
Q(

R7Z0)

implies, for k> 1 :

R|(u)qr-1R,2) <M, and
Y(“vpvQ(akR7 ZO))

1/m
la|" dxdt
Q(Qk_lR,Zo)

<0’ |v (u,p,Q(Gk’lR, Zo)) + RO" (W) gy 4 (J[
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Proof of Theorem [2.1.1k
It is clear if we choose €y sufficiently small, we can apply Corollary in Q(1/2, zp)
for any z9 € Q1/2. Note that |(u)q,, .| is bounded and m > 5. Thus we can conclude

Y<u7p7 Q(Z()? Qek)) S 0(07 M7 m)ekaa

for some a = a(m), where we can choose M < 1, § = (M, m) = 6(m). (There is
a slight abuse of notation, in particular, this « is smaller than those appearing in the

oscillation lemma). In particular,

1/3
][ | — (w)gor )| dedt < C(6, M, m)o,
Q(9k730)

for all zp € Q1/2 and k > 1. By Campanato’s lemma, we conclude u is Holder continu-

ous in (1 /2. The theorem is proved.

In applications, it is cumbersome to have the “smallness condition” on a. We can

remove this condition and get the following theorem.

Theorem 2.1.2 (Improved e-regularity criteria)

Let (u,p) be a suitable weak solution to equations in Q1, with a € L™(Q1),
div a = 0, [la|pmq,) < M, for some M > 0 and m > 5. Then there exists €1 =
e1(m, M) > 0 with the following properties: if

1/3 2/3
<][ |u]3dxdt> + < \p]3/2d:1:dt> < ey,
1

then u is Holder continuous in Q1o with exponent o = ) >0 and

||UHca

par

(@1)2) < C(m,e1, M) = C(m, M). (2.1.22)

Proof: Choose 0 < Ry < 1/2, a small positive number to be determined below. For
any zo = (zo,t0) € Q1/2, we would like to apply a scaled version of Theorem 1| for

(u,p) in Q(Ro, z0). Set
1 T — X0 t— t()

t) = —
/U/(x, ) RO’U( RO Y Ra )7
1 Tr — X t—to
x,t) = =5 ) )
plat) = a7 )
1 T — X0 t—to
t)=—1b .
al@t) = b )
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We see that (v, q) is a suitable weak solution to equations (2.1.1)) with a replaced by b

in Q1. Moreover,

1-5/m 1-5/m
1Bl Lo < Re™* ™ lall Lmero.coy < CRy /™M,

and
1/3 2/3
<][ ]v|3dxdt> + <][ yq|3/2dxdt>
1 Q1
1/3 2/3
= Ry ][ lul3dadt + ][ p|*/2dadt R?
Q(Ro,z0) Q(Ro,20)

< C(RoRy™" + RZRy"*)e1 < CRy ey

Thus,

1/3 2/3 1/m
(][ |v|3dxdt) +(][ !q|3/2dxdt> +<][ |b|mdycdt>
1 1 1

< RyP™M 4 CRy ey

Thus, if we choose Ry such that Ré_5/mM < €/2, fix Ry, Ry = Ro(M,m) and choose
€1 such that CRy 4 de1 < 9. Then we can apply Theorem to (v, q) and conclude v
is Holder continuous in @y /5. Scale back and collect all constants, the theorem is then

proved.

2.2 Local in space near initial time smoothness of Leray

solutions

In this section, we use the ‘e-regularity’ theorem proved in the last section to study the
local in space near initial time smoothness of the so called Leray solutions. Our setting
is as follows.

Let up € L} (R*) with div up = 0 and sup,,cps fBl(

loc

z0) |ug|?dx < co. We recall the

definition of Leray solutions in [27], see also [17].
Definition 2.2.1 (Leray solution) A vector field u € L? (R3x[0,00)) is called a Leray

solution to Navier-Stokes equations with initial data ug if it satisfies:
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i) €SS SUPg<t< g2 SUP, e RS fBR(:co) %(w t)dx +sup,, ¢ gs fo fBR(zo |Vul?dzdt < oo, and
R2
lim / luf2(z, t)dwdt = 0,
Br(zo)

|zo|—00
for any R < oo.

ii) for some distribution p in R® x (0,00), (u,p) verifies Navier Stokes equations

Oou—Au+u-Vu+Vp =0

in R3 x (0,00), 2.2.1
div v =0 } ( ) ( )

in the sense of distributions and for any compact set K C R3, lim oy |Ju(-,t) —
UOHLQ(K) =0.
ii1) u is suitable in the sense of Caffarelli-Kohn-Nirenberg, more precisely, the following

local enerqgy inequality holds:

2
/ / \Vul*¢(x,t) da:dt</ / Jul® a¢+A¢)+‘—u Vo +pu-Vodrdt (2.2.2)
R3 R3

for any smooth ¢ > 0 with supp ¢ € R3 x (0,00). The set of all Leray solutions

starting from ug will be denoted as N (up).

Remarks: For general existence result of Leray solutions, see [4,21,127]. In the case
the initial data is in L2(R3), the notion of Leray-Hopf weak solutions is often used
(see [24] for example). The difference is that Leray-Hopf weak solutions belong to
LPL2NL2HL(R? x [0,00)). It is clear that our definition includes such solutions. Note
that we impose a decay condition on « in i). This condition allows us to calculate p in
the following way: V(z,t) € By(z0) x (0,t.) C R3x (0,0), take a smooth cutoff function
¢ with @|p,, (z,) = 1, then there exists a function p(t) depending only on g, 7,t,¢ (we

suppress the dependence on xg, 7, ¢ in our notation) such that for (z,t) € B,(z¢) % (0, t.)

p(z,t) = —A~'div diV(U®u¢)—/ (k(z —y) — k(zo — y)) u®u(y,t) (1 — ¢(y)) dy+p(t)

R3
(2.2.3)
where k(z) is the kernel of A~!div div.
The right hand side is well defined since u satisfies the estimates in i) and
1
k(z —y) — k(zo — y)| = O(m) as [y| — oc. (2.2.4)
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The situation is similar to extending the domain of singular integrals to bounded func-

tions, see for example [27] and [39].

For Leray solution u € N (ug), we have the following a priori estimates, first proved
in [27], see also a simpler proof in [17]. These estimates have played an important role
in [17,31], see also 32].

Lemma 2.2.1 (A priori estimate for Leray solutions)

Let o = sup,, cps fBR(xo) \u8|2 (x)dx < oo for some R > 0 and let u be a Leray solution

with initial data ug. Then there exists some small absolute number ¢ > 0 such that for

A satisfying 0 < A < cmin{a2R?,1}, we have

|u’2 AR?
ess sup Sup/ —(x,t)dx + sup/ / \Vu|?(z,t)dzdt < Ca.
0<t<AR? 20eR3 J Br(zo) 2 z0€R3J0 Br(zo)
(2.2.5)

Remarks: Note that from the formula and the a priori estimate of u, we get
the following estimate for p which will be useful:
AR?

sup / / lp — p(t)]*2dzdt < Ca®?RY2. (2.2.6)

z0€R3JO Br(zo)
In the above estimate on p, more precisely, p(t) = pg, r(t). That is, we need to choose
some appropriate constants ps, gr(t) to satisfy the inequality. The reason is that the
decay assumption on u is too weak to imply decay of p, and thus the pressure may
have a large mean value for large |zp| which must be subtracted to satisfy the above
estimate. The point here is that such constants depending on xg, R, t exist. This remark

is effective throughout the paper.

Now we can prove our our first important result.

loc

Theorem 2.2.1 Let ug € L7, (R®) with sup,,cps fB1(a:o) lup|?(x)dz < o < 00. Suppose
ug 4s in L™ (B2(0)) with |[uo| pm(By0)) < M < 0o and m > 3. Let us decompomﬂ Uy =

L Such decomposition is well-known. One can for example first localize uo using a smooth cutoff

function, and then use Bogouskii’s lemma to deal with the divergence-free condition. See for example

lrlz 14/
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ud + ud with div u} =0, u(l)]34/3 =g, supp u} € Ba(0) and HU(1)||LM(R3) < C(M,m).
Let a be the locally in time defined mild solution to Navier-Stokes equations with initial
data u(l). Then there exists a positive T = T(«,m, M) > 0, such that any Leray solution
u € N (up) satisfies:
u—a € Clu(Byjz x [0,T]), and |lu — al|

e (Br 2 x[0.7]) < C(M,m,a), for some v =
v(m) € (0,1).

Remark: We can certainly choose T(M,m) > 0 such that a is defined on R3 x
[0, T(M,m)]. The point of the theorem is that regularity of solution to Navier-Stokes
equations depends locally on initial data, as least when Holder continuity is concerned.
Proof: By assumption a solves the Cauchy problem for Navier-Stokes equations with

initial data u$ in R3 x [0,T}], where Ty = T} (M, m), namely:

da—Aa+a-Va+Vp =0
- AewarVarvp in R® % (0,T}), (2.2.7)
div a =0
and a(-,0) = up. (2.2.8)

It is well-known how to construct the so called mild solution to Navier-Stokes equa-
tions, see for example [20,22,28]. In our case, it is even simpler, since uf € L™ with
m > 3 is subcritical with respect to the natural scaling of the equation. We can fol-
low the arguments in the Appendix of [8], and obtain a € LSTm(R?’ x (0,71))) with

||l < CM. Note that 2 > 5 since m > 3. Moreover, by the estimates

L5 (R3%(0,11))
on a and by treating the nonlinear term as pertubation, we can recover a local energy

estimate for a:

2 T
ess  sup / M(:c,t)ala: +/ / |Val|?(z,t)dzdt < C(M,m),
0<t<Ty J By (:Eo) 2 0 Bl(xo)

for any xg € R?. Write u = a 4 v, we can verify that v satisfies:

(2.2.9)

Oov—Av+v-Vo+a-Vo+ div (a®v)+Vg =0
div v =0 |’

in the sense of distributions in R? x (0,T}), here ¢ = p — p with p being the associated
pressure for u; and the local energy inequality

2 2
| + |Vol? + div (|U2‘(v +a))+vdiv (a®wv)+div (vq) <0,

ol* _ \Jv

Oy — AT
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in the sense of distributions in R® x (0, T});

, 2 _ 3
Jm (o, 8) = ugll 2By o)) = 0, for any zo € R

Note also that u3|p, ;5 = 0. Since (u, p) satisfies the a priori estimates in Lemma w
(and the remarks below it), (a, p) is regular, we obtain the following estimates for (v, q)
in BQ(O) X [0, Tg), T = TQ(Q,M, m):

1 =
ess sup / |v[2($,t)dx+/ / \Vol?(z, s)dzds
0<t<T 2 JB,(0) 0 JB»0)

T 2/3
+ (/ / ]q|3/2dxds> < C(a,m, M).
0 JBy0)

From the local energy inequality for v, and lim;_,o4 [|v(, t)HLQ(B4/3(O)) = 0, we obtain

;/34/3 "U|2($7t)¢($)dx + /Ot /34/3 ]Vv|2(l‘,t)<b(x)d:):ds

t |v’2 t |U|2
< / / —A¢dzds + / / —(v+ a)Veodrds
0 JBy;s 2 0 JBy; 2

t
—I-/ / [a®@v: (Vvp+v® Vo) + qu- Vodrds,
0 JBys

where ¢ € C2°(Byys), dlp, =1, ¢ > 0.

By multiplicative inequalities, we know

7 3/10
(/ / |v|10/3d:ndt> < C(a,m, M).
0 B2(0)

Thus from the above, we see by Schwartz inequality:

1

t
/ |U|2($,t)d:l7+/ / Vol (z, s)dzds < C(a,m, M)tmi“{l/?’ov%—n3 7
2 /B1(0) 0 JBi(0)

for t < T5. From
Ag=—divdiv(v®@v+a®v+v®a),

we can see q € L?O/C?’ Thus

. 2/3
</ / |q|3/2d1‘ds) < C(o, m, M)t/
0 J/B1(0)
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The importance of these estimates lies in the fact that they provide crucial “quantita-
tive” information on the decay in time as ¢t — 0+. Now for ¢y fixed, whose precise value
is to be determined later, extend v,q to B1(0) x (=1 + tg, %o by setting v =0, ¢ =0
for (z,t) € By x (=1 + to,0]. Extend a to B;(0) x (=1 + to,to] by setting a(t,z) =0
for t < 0. The extended function (v,q) is a suitable weak solution to the generalized
Navier-Stokes equations with the extended a in By(0) x [—1 + tg, tg]. Note here
that

tl—i>%l+ lv( )l z2(B0)) = 0

plays a crucial role: it guarantees that 0;v and 8,5@ will not cause any problem across
t = 0. Then clearly if we choose tg = to(«, m, M) sufficiently small, we can apply Theo-
rem and conclude v is Hélder continuous in By 5 x [0, to], with HUHCSM(Bl/QX[O,to]) <

C(a,m, M), for some v = y(m). The theorem is proved.
For applications below, we state the following simple (and certainly well-known)
lemma for heat equation without proof.

Lemma 2.2.2 We have the following estimates:
1. If ug € CA(R?) for some B € (0,1), then e®tug(x) € Cgar(R3 x [0,1]), with

”eAtuO(x)HCgar(R3X[0,1]) < CHuQHCB(R3). (2.2.10)

2. If f € L®(R®x0,1]), then fg Velrt=3) f(., s)ds € C’gar(R3 x [0, 1]) for any g € (0,1),
and

The above theorem implies the following result.

t
/0 Ve f(-, 5)ds < CB Sl zoe(raxqo.n- (2.2.11)

Ch(R3x[0,1))

Theorem 2.2.2 (Local Holder regularity of Leray solutions)

Let ug € L}, (R®) with sup,,cps fBl(xo) lu|?(x)dr < o < oo. Suppose ug is in C7(Ba(0))
with [|uollcv(By0)) < M < oo. Then there exists a positive T = T(a,y, M) > 0, such
that any Leray solution u € N (ug) satisfies:

w€ Clu(Brya x 0.7)), and |lulle, gmuor < COM. 7). (2.2.12)

al
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Proof: Let us decompose ug = u(lJ + u% with div u(l) =0, u(l)\B4/3(0) = ug, Supp u(l) C
By(0) and [Juglcv(gsy < CM. Let a be the mild solution to Navier-Stokes equations
with initial data u$ in R? x (0,7(M)). Then Theorem [2.2.1]implies that u — a is Holder
continuous with some exponent 3 € (0,7) in By x [0,T] with some T' = T'(a, 7, M) €
(0,T(M)). Since the initial data u} for a is in C7, it is not difficult to show that
a € Char(R? x (0,T)). Thus u is Holder continuous with exponent 3 in By /5 x [0, (M)
. By using a routine boostraping argument, one can improve the exponent to . Since
this argument will be used one more time below, we sketch some of the details here for
the reader’s convenience. Note that v is Holder continuous in By /o x [0,T7], thus from
the representation formula for p and estimates for Riesz transform, we know p
is bounded in % x [0, 7] modulo some function p(t). Now rewrite the equation for u

as
Ou — Au=—div (v ®@u) — Vp. (2.2.13)

Choose a smooth cutoff function n with n =1 on Bjs/g and 7 = 0 outside By /6. Write
t
) = [ AN v (s un) — V) s)ds,
0
us(-,t) = e (ugn).

Let v = u; + u2 + u3. By Lemma we see u; and wug are Holder continuous with

exponent . Note that us satisfies
8,5U3 — AU3 =0 in BB/S X [O,T],
and u3(+,0)[p,,; = 0. Thus ug is smooth in By x [0,7]. In summary u is Holder

continuous in By X [0, T] with exponent . Then the theorem is proved.

2.3 Estimates of forward self similar solutions to Navier-

Stokes and Stokes equations

In this section, we start to study forward self similar solutions to Navier-Stokes equa-

tions and a related nonhomogeneous Stokes system. Our setting is as follows.
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Let u be a Leray solution with initial data ug. Suppose Mug(Ax) = ugp(x), Au( Az, \%t) =
u(z,t) for any A > 0. We also assume uo|gp, (o) € C*°(0B1(0)). Then it is easy to see

C(a,ug)

(0%
< A Y
|v uO('I)| = |ZE|1+|O“ )

vV |a| > 0.
Our first main result in this section is the following theorem.

Theorem 2.3.1 (A-priori estimate for forward self similar solutions)
Let divergence free initial data ug be scale-invariant, w € N'(ug) be scale-invariant. Then
U(+) :=u(-,1), the solution profile at time t = 1, belongs to C*°(R>) and

C(a,ug)

|o* (U(:L') — eAuo(x)) | < W,

Y la| > 0. (2.3.1)

Remarks: Here and below, constants C(ug,...),T(ug,...)... only depend on the
magnitude of ug and its finitely many derivatives on the unit sphere. Similar estimates
with more precise asymptotics have been proved in [2] when the initial data is small in

appropriate senses.

Proof: Apply Lemma with R =1, we see (set M := |luo|c(oB,))

T
sup 1/ lu(z,t)>dx —i—/ / |Vu(z,t)2dzdt < C(M), T, =T (M).
B1(0) 0 JBi(0

0<t<Th 2

(2.3.2)

For fixed t, < Ty, with ¢, to be determined later, since u(z,t) = %u(%, 1) = %U(%),
we have

C(M) > 1/2/ lu(x, ts) |da:+/ / \Vu(z,t)[*dzdt
Bl(O t Bl
by
> \F u(z,1)|?dx + \F yvu z,1)|*dz.  (2.3.3)

B0
> ‘F/ (0 \ﬁ/ yVU z)|[2d. (2.3.4)

On the other hand, for Vo, ]w0| = 8, since ug € C*® (B4(x0)), we can apply Theorem
and some simple boostraping arguments to show the following:
there exists T = To(M) > 0 such that V «,

”ataguHL"o(Bl/g(a:o)X[O,TQ]) < C(Oé, ’LL()),
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this is true for any u € N (up).

Since V A > 0, Au(Az, A\?t) is also a Leray solution with initial data ug, we obtain
N9 (Ao, N2t) — 0%ug(x0)| < C(av, uo)t,

for any A > 0, |a] >0, t < Th(up).
Take A = %, we obtain \(%)"J‘Hlﬁ"m(%, 1) — 0%u(zo)| < Clev, up)t.
ZQ

Setting y = N and using the homogeneity of d%ug, we get

19U (y) — B uo(y)] < L8

_Wa volyl >

8
—. 2.3.5
vae (2:3.5)
Now choose t, sufficiently small, ¢, = t.(M), we see from inequality (2.3.3)):

| WP+ vy < oo
e

Since u(z,t) satisfies Navier-Stokes equations, it is easy to verify U satisfies

(2.3.6)

—~AU-%£-VU-Y+U-VU+VP =0 R
div U =0

Thus elliptic estimates give
Uler o ) < Clk, M).
VT2

These estimates, combined with the properties of heat equation, finish the proof.

For later use, let us study a nonhomogeneous Stokes system with singular forcing.

Our result is the following lemma.

Lemma 2.3.1 (Decay for the linear singularly forced Stokes system)
Let f € C(R?), suppose v € LPLY(R? x (0,T)) for any T < oo, and some v > 1,

suppose v satisfies

O —Av+Vp =t32f(L
wosrTup TG U i B % (0,00), (2.3.7)
div v =0

~
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for some distribution p, and lim¢—o4 ||v(-,t)||Lv(rs) = 0. Then
i) if U also satisfies the above conditions, then v = 0.

i) if f satisfies M = sup,cps(1 + |z])?|f(x)| < oo, then

¢
1 .
o(-,t) = / At=p_Lp( s, (2.3.8)
0 s3/2

where P is the Helmholtz projection operator. Let V(z) = v(z,1), then ||[V||cra(py) <
C(a, R)M for a € (0,1) and

sup ((1 + |IL‘|)2|V(ZL‘)| +(1+ |:B|)3|VV(33)\) < CM. (2.3.9)

zER3
iii) if f satisfies M = sup,ecps(1 + |z])%| f(x)| < oo, then v is given by formula .
Let V(x) = v(x, 1), then [|V||grepy) < Cla, R)M for a € (0,1) and

sup (1 [V @) + (4 )9V (@)]) < CM. (2.3.10)

Proof: The uniqueness is easy. We only need to show that if f = 0 and for some

Y1, VY2 > 17

v e LY(L + L) (R? x (0,T)) for any T >0 and,

tgr& o, )l 34222y (rs) = 05

then v = 0. Set w = curl v, then dyw — Aw = 0 in R? x (0,00). Since

tg%%r ||U('at)||(L“/1+L72)(R3) =0,

we can extend w to R3 x R by setting w = 0 for v < 0, and the extended function, which
we still denote as w, satisfies yw — Aw = 0 in R® x R. Here again there is no problem
showing that the equation is satisfied across ¢ = 0 since w decays to 0 as t — 04. One
can for example first mollify w in # and the mollified function is smooth in both x and
t. For the mollified function the claim is clear, then we can pass to the limit to show
our claim. Since we have bounds for w in some negative Sobolev space and w = 0 for
t < 0, we conclude w = 0. Thus Av = 0 in R? x (0,00). Therefore v = 0.

Let us now prove part ii) and part iii). By the uniqueness result, we only need to prove
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the claimed estimates. Denote the kernel of Pe® by k(z), then k() € L' ¢(R®) for any
€ > 0. By Young’s inequality it is easy to get

A(t—s) —3/2 1+€
|| / A(Rsl
< (e /H )32k ( M parells™/2£(

) 1+€ .

i \[)HLHedS

Thus,

t .
o) = /0 At S)P@f(ﬁ)d&

Now let us prove the decay estimates of V. The proof is a direct consequence of the
following inequality (which can be proved by simple calculations) with «, § =3, 4 and

=|z| > 8:

! 1 1 R3logR if a=p=3
/ / dydt <
o Jrs (lz—yl+vV1-1)>(ly| + \/E)ﬁ R B+ otherwise.
(2.3.11)

For part ii), we have

1 1 1
vers [ [ <|x—y|+ﬁ1— >3<ry\+\f>

S dydt < |z| =3 log ||,

.%'73
VVia 5/ N e e e

for |xz| > 8. For part iii), we have

! 1 1 5
x)yg/ /RS (lz —y \+ﬁ)3(|yy+\f)4dydt§|x| ’

1
IVV (x </ / S dydt < 2|74,
g (| =yl +vVI-1)* (Iy\+\f)
for |x| > 8. Thus the decay estimates are proved. Since V also satisfies an elliptic

equation:

AV -2.VV - L +VP =
2 2t f} in R3 (2.3.12)

div V. =0

the estimates in B¢/(0) is simple.
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2.4 Existence of forward self similar solution for large ini-

tial data

In this section we shall prove the existence of scale-invariant solutions without assuming
the initial data is small. Let us briefly recall the general strategy of the proof already
outlined in the introduction before going into technical details. For any scale-invariant
initial data wg, we introduce a parameter pu € [0,1]. When p is small, the existence
and uniqueness of a scale-invariant solution w, with initial data pug is known. Then
we increase p. Theorem provides us with crucial a priori estimates sufficient for
defining Leray-Schauder degree (we will introduce the precise definitions of the relevant
operators and function spaces below) for all p € [0,1], which is continuous in p and is
equal to 1 when p is small. Since the degree is integer-valued, we can conclude that the
degree is identically 1 for all p € [0,1], which by the degree theory implies existence
of scale-invariant solutions for initial data pug with g € [0,1]. Thus there exists a
scale-invariant solution with initial data ug (taking pu = 1). Let us emphasize that the
asymptotics for large x obtained in Theorem [2.3.1] is important, since it ensures that

certain operator defined below is compact (note that we work in the whole space).

Theorem 2.4.1 Letug € C*°(R3\{0}) satisfy Aug(A\z) = ug(x) for all A\ > 0, div ug =
0. Then there exists u € C®(R3 x (0,00)), with Au(\z, \2t) = u(z,t) for all A > 0, and
u € N(up), that is, u satisfies

ou — A -V Vp =0
t uturVut vp in R3 x (0,00) for some p. (2.4.1)
div v =0
Moreover, let U(x) = u(x, 1), then

C(a,up)

o A < » Y0 .

Proof: By Theorem [2.3.1] it suffices to show there exists u € N'(ug) with the scaling
Mu(Az, N2t) = u(x,t) for all X\ > 0. (2.4.2)

Denote

X ={VeCYR?  div V=0, S;l}gs (L + |2V (2)] + (1 + |2])*|VV(2)]) < o}
(2.4.3)
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For any V € X, we define a natural norm
IVix = sup, (L [z V(@)] + (1 + 2|V V(2)]) - (2.4.4)

BAS

Set Uy = e®ug. Introduce a parameter u € [0, 1], set Uop = pUy. We will follow Leray’s
method to prove the existence of u,, € N (pug) with Au,(Az, A%*t) = u,(z,t) for all A > 0
and p € [0,1]. Due to the scaling invariance of u,(z,t), we are essentially seeking the
profile function U, (z) = u,(x,1). For ease of notation, we will suppress the dependence

of w and U on p below. U(z) satisfies

“AU+U-VU-Y_2.YU+VP =0
* 22 M } in R3, (2.4.5)

div U =0

1

\ivl) as || — oo. We will solve U in the

and the asymptotics |U(xz) — Upu(x)| = of
following form

U=Uy+V, where V € X. (2.4.6)

It is clear u(x,t) = %U(%) € N(pug) if and only if U(x) satisfies the above elliptic
system and U(x) = Up, + V for some V' € X, by Theorem Thus we have reduced

the problem to finding V € X, with

AV 4+ V- VV 4 Uy, - VV 4V - VU — % = 2. YV + VP =Ty, - VU, }247)
div V. =0 h

in R3. We rewrite the above as:

\%
~AV - 5—;VV+VP: —V YV = Upy - VV =V - VU, — Uy, - VUop. (2.4.8)
Since V' € X, V satisfies the above equation if and only if v(z,t) := %V(%) satisfies
Ov—Av+Vp = t*3/2F(%)
div v =0 s (249)

v(-,0) =0

where
F=-V.VV -Uy, -VV =V .-VUy, — Uy, - VU, (2.4.10)
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has the decay properties in Lemma m Thus for such F, equation (2.4.9) is uniquely
solvable, we denote the solution profile at time 1 as G(F') € X. This enables us to

consider the following equivalent formulation,
find V e X with V=G(-V-VV =U,-VV =V -VUy, — Uy, - VUp,). (2.4.11)
Let K : X x [0,1] — X be defined as:
VVeX, nelol], K(WV,u):=GUuVUo,)+G(UpuVV+VVUy+VVV). (2.4.12)

Note G(Up, VUo,) = u?G(UpVUj) has a one-dimensional range. The second term by es-
timates in Lemma [2.3.1]is compact. The compactness is due to the local C1* estimates
and the fast decay at inifinity. Note also that K is quadratic in V in the highest order
term. Using this fact one can check that K is differentiable in V' and u (we omit the
routine details). Thus we conclude K € C*(X x [0,1]) is compact. Therefore we are

reduced to solve the following abstract problem:

find V € X, such that V + K(V, ) = 0, where u € [0, 1].

At this stage, we are in a position to apply Leray’s method, see for example [29]. We
need the following conditions to be verified:

1. Solvability for u small. This is already done, for example in [5,[16], note that it also
follows from a simple implicit function theorem in our formulation. In the language of
Leray Schauder degree theory, we can verify d(I + K(-,u), Bap(0),0) = 1 for p small
and some fixed M > 0.

2. A priori estimate for solutions. This is done, in Theorem [2.3.1

3. Compactness and continuity of K. This follows from the estimates of G.

Thus we can apply Leray’s method, and conclude that for each u € [0, 1], there exists a
solution V € X to V + K(V,u) = 0. Take u = 1, the theorem is proved.

With the existence theorem for smooth (away from 0) —1 homogeneous initial data,
we can obtain existence results for not so smooth initial data. We illustrate the method
with Holder continuous (away from 0) initial data, although more general initial data

can be considered.
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Theorem 2.4.2 Let ug € C (R*\ {0}) with a € (0,1), Aug(Az) = ug(x) for all A > 0,
and div ug = 0 in R3. Denote M = uollca(ap,y- Then there ewists u € N (uo), and
u satisfies u(w,t) = Mu(Ax, \’t) for all X > 0. Moreover, let U(x) = u(x,1). Then
U € C®(R3) with

C(M)

(1+ |z[)t+e
Proof: Let us choose u§ € C®(R3\{0}) with Au§(\z) = u§(x) forall A > 0, div u§ =0

in R3, |u§llce o, 0)) < CM, and |luf — uollcam,) — 0 as € — 0+. We can construct

U (x) — eBug(x)] < (2.4.13)

such u§ by first mollifying uo on the unit sphere and then using the scaling invariance
and applying Helmholtz projection operator to form wu§. We only note that the scaling
invariance is preserved by the Helmholtz projection. By Theorem we can find
u¢ € N(u§) with Mu¢(Az, \%t) = uf(x,t), for all A > 0. Let U(x) = uf(x,1), then
u(z,t) = %UE(%) For any z¢p € R® with |zo| = 8, since u§ € C%(B4(z)) with
ugllco(Bi(o)) < C(M), by Theorem there exists T'(M) > 0, such that u® €

Char(B1/2 x [0,T(M)]) and ||u€||0gr(Bl/2><[0,T(M)]) < C(M). Thus,

par al
L e o € a2
|%U (%) —ug(zo)| < C(M)t*=, for t <T(M). (2.4.14)
By the homogeneity of uf, we get
e 2o e L0 1/2+a/2
[US(—) —ug(—=)| < C(M)t , for t <T(M). (2.4.15)
Vi Vi
Notice that |zg| = 8 is arbitrary, we get
e ¢ c(M
U () — ug(z)| < |$‘1+C)¥ for |z| > C1(M). (2.4.16)

Moreover, by following the same arguments in the proof of Theorem [2.3.1} we can obtain

HUe”Ck(BR(O)) < C(kﬁ, M, R) for VR > 0. (2.4.17)
By combining the above estimates and using elementary properties of heat equation, we
get
C(M)
€ A€ 3

Note also that since u€ satisfies the Navier-Stokes equations for ¢ > 0, U€ satisfies

—AU+U-VU —2.VU =5 +VPe =0 |,
in R°.
div U¢ =0
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By the estimates on U¢, we can pass to a subsequence ¢; — 0+, such that U — U in
C?(Bgr(0)) for all R > 0. Thus U satisfies

~AU+U-VU-2.VU-Y+VP =0
* 2 2; U0 }in R3, (2.4.19)
1V =
and o)
M
|U(x) — e“up(x)] < At el for all z € R°. (2.4.20)

Setting u(x,t) = %U(%), we can easily verify that u satisfies all the conditions in our

theorem.



Chapter 3

Minimal L3(R?) initial data for
potential Navier Stokes

singularities

In this chapter we show the existence of a minimal blow-up initial data in L3(R3)
provided there exists an initial data in L3(R?) which produces singular solution. Our
presentation is organized as follows. In section 1, we study the weak solutions called
Leray solutions, recall some well known lemmas and obtain localized energy estimates
for such solutions; in section 2 we study the blow up behavior of mild solutions and

introduce our main technical Lemma [3.2.2} in section 3, we prove our main theorem.

3.1 Leray solutions

In [28] J.Leray showed, among many other important results, the existence of a globally
defined weak solution u(x,t) to with ug € L? using a priori energy estimates.
The regularity and uniqueness of such solutions are open. Later, Calderon [4] gener-
alized Leray’s theory of weak solutions to the case ug € LP. In [27], Lemarié-Rieusset
constructed global weak solutions with initial data in the space of uniformly locally
integrable functions with certain decay at infinity. Here, we recall some results in [27]

and present their proofs in some detail for the sake of completeness.

37
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Definition 3.1.1 (Leray solution) u € L} _(R3 x [0,00)) is called a Leray solution to
NSE with initial data ug if it satisfies:

i) eSS SUPg<t< g2 SUP, RS fBR(l'O) lu (w,t)dz+sup,,cps fo fBR(CEO |Vu|?drdt < oo, and

R2
lim / luf2(z, £)dadt = 0, (3.1.1)
Br(zo)

|zo[—=00 Jo
for any R < 0.
ii) for some distribution p in R x (0,00), (u,p) verifies NSE in the sense of
distributions and for any compact set K C R3, limy_,o4 |Ju(-,t) — uo||z2(xy = 0.
i11) u is suitable in the sense of Caffarelli-Kohn-Nirenberg, more precisely, the following

local energy inequality holds:

2
/ / \Vul¢(z, tdxdt</ / [ul” a¢+A¢)+‘—u Vo +pu-Vedrdt, (3.1.2)
R3 R3

for any smooth ¢ > 0 with supp ¢ € R®x (0,00). The set of all Leray solutions starting

from ug will be denoted as N (uo).

Remarks: In the case the initial data is in L?(R?), the notion of Leray-Hopf weak
solution is often used (see [24] for example). The difference is that Leray-Hopf weak
solution is in LL2 N LZH!(R? x [0,00)). The definition above is a modification of the
definition found in [27] by adding the decay condition to ensure uniqueness. An
alternative definition, where is replaced by a condition on the pressure, can be
found in [21]. The existence of Leray solutions for very general inital data is proved
in [27]. In our situation with initial data ug in L? we can follow [4,31] or see section
4 below. We note that condition allows us to calculate p in the following way:
VB, (x0) % (0,£.) € R*x (0, 00), take a smooth cutoff function ¢ with ¢|p, (5 = 1, then
there exists a function p(¢) depending only on xg, 7, t, ¢ (we suppress the dependence on

xo,T, ¢ in our notation) such that for (x,t) € B,(xg) x (0, %)

p(,t) = —A7 div div (u® usb)—/Rg (k(z —y) = k(zo — y)) uu(y,t) (1 = ¢(y)) dy+p(t),
(3.1.3)
where k(z) is the kernel of A~!div div.

The right hand side is well defined since u satisfies the estimates in i) and

ez — ) — k(zo — )| = O (M) as |yl = oo, (3.1.4)
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The situation is similar to extending the domain of singular integrals to bounded func-
tions, see for example [27] and [39]. There are many other possibilities in choosing a
decay condition (such as by imposing conditions on the pressure used in [?], already men-
tioned above). Condition works well for our purposes here. It should be noted
that some decay of u at spatial inﬁnity is needed if we wish p to be given as in .
For instance, as observed by many authors, if we take u(z,t) = f(t), p(x,t) = —f'(t) - x
then (u,p) verifies the conditions for the definition of Leray solution except the decay
requirement. In this case, p is not given as the above formula though the right hand
side is still well defined.

We will use the following version of the local energy estimates due to Lemarié-Rieusset
[27]:

Lemma 3.1.1 (A priori estimate for Leray solution)

Let o = sup,, cps fBR(CCO) \u8|2 (x)dx < oo for some R > 0 and let w be a Leray solution

with initial data ug. Then for \ satisfying 0 < A < egmin{a 2R?, 1} with some small

absolute number ey > 0, we have

2 AR?
ess  sup sup/ Jul® (z,t)dx + sup/ / \Vu|?(z,t)dzdt < Ca.
0<t<AR2 20€R? J Br(wo) 2 w0eR3Jo  JBr(xo
(3.1.5)

Proof: Since u is suitable and u(t, -) converges to ug locally in L? as t — 0+, we obtain

by local energy estimate:

2 t

/R3 ’uz‘(x,t)gb(x — z0)dx +/0 /RB \Vul*¢(x — wo)dzds
Juf? Lo fuP

< [ oo —adet [ [ BEade - adsds

t 2
+ / / Mu -Vo(x —x0) + pu - Vo(x — xo)dads,
0 R3 2

for a.e. t > 0, where ¢ is a nonnegative smooth cutoff function with ¢ = 1 in Br(0),
supp ¢ € Bag(0) and |Vo| < %. For \ < 1, denote

2 AR?
Jul® —(z,t)p(x—x0)dz+ sup / / |Vul*(z, t)d(x—x0)drdt.
R3

A(X) :=ess sup sup/
R3 2 ToER3
(3.1.6)

0<t<ARZ2 zp€R3
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Sobolev embedding theorem gives

AR?
sup / / ul (2, t)dzdt < CAN)PPRYVZNVif X <1,
0 Bar(z0)

xo ER3

for some absolute number C' > 0. We apply formula (4.4.3) to p in Bag(xg) x (0, AR?):
pla,t) = —A7Ndiv div(u® uw)—/RB (k(z —y) — k(zo — y)) (u @ u(y, t)(1 = P(y))) dy+p(?),
where 9 is a smooth cutoff function with ¥|p, . (zo) = 1, 0 < 9 < 1, 9 vanishes outside

Bgr(xo) and V| < %. Then by elliptic estimates and

CR
|k(z —y) — k(zo —y)| < [ for |zo —y| > 4R, |z — zo| < 2R, (3.1.7)

we easily obtain

[p(,8) = )| L3/2(By s (o) x (0,0R2))

<C (HUH%S(BgR(xo)x(o,AR2)) + ||373A()\)HL3/2(BQR(xO)x(o,AR2))>
< CAYSANRY3, for A< 1.

Thus we obtain from the local energy inequality for A < 1 and a. e. t < AR%:

2 ¢
/ ‘u2|(x,t)¢(x—xo)dx+/ / IVul¢(z—zo)dzds < a+CAAN)+CAN)2AVARTL/2,
R3 o Jr?

Taking sup over 2o € R? and t < AR?, we get
AN) < a4+ CANN+ CAN)2AVARTL2, (3.1.8)

Note that A()A) is a priori bounded which is critical in our lemma. Also, we note
that A(\) is non-decreasing in A and from it is not hard to see that A(\) is
continuous in A. (We note that this conclusion does not imply the continuity of the
map t — [ps [u(z,t)[*¢(x)dz, which is unclear, in general.) From the above estimate
for A()), the lemma follows easily by the usual “continuation in A\” argument when ¢
is chosen sufficiently small. Note that from the formula (4.4.3)) and the a priori estimate

of u, we get the following estimate for p which will be useful:

AR?
sup / / lp — p(t)]>2dzdt < Ca®?RY2. (3.1.9)
0 Br(zo)

zoER3



41
Remarks: In the above estimate on p, more precisely, p(t) = py,, r(t). That is, we need
to choose some appropriate constants pg, r(t) to satisfy the inequality. The point here
is that such constants depending on xg, R,t exist. This remark is effective throughout

the paper.

We have the following simple corollary that will be useful below.

Corollary 3.1.1 Let u be a Leray solution with initial data ug € L3(R3). Let p be the

associated pressure. Then for ¥r > 0,

a [ul?(z, )
/ / |Vu|?dzds + ess sup / ——dz
0 - (20) 0<t<r2 J B, (z0) 2

CHUOH%zs(R:s)T

< \/Eomin{|\u0||;§(R3),1}

and (3.1.10)

e ClluollZs(gsyr?
/ / Ip — p(t)|* 2dwds < ——— L (3.1.11)
0 r(z0) 60m1n{Hu0||L3(R3)71}
for any x¢ € R3.
Proof: For each r > 0, let R = L > r. We shall apply Lemma [3.1.1

\/eo min{[[uoll 3 -1}

with this R. We have:

2/3
a = sup/ \u0]2dx§ sup / !uo\gdm R
zo€R3 J Br(xo) zo€R? \ / Br(wo)

< uollZs gay R-

Thus we can choose A = ¢ min{”uoHZ?(Rg), 1} < egmin{a~2R2,1}. Note that by our
choice of R and A\, AR? = r?, therefore from Lemma the lemma follows.

We will need the following uniqueness result, see for example [27,36] for a proof.

Lemma 3.1.2 Suppose (u,p), (v,q) are two Leray solutions with the same initial data
ug, and v € L>(R? x [0,T)) for any T < oo. Then u = v in R3 x (0,00) almost

everywhere.

The following version of e-regularity criteria of Caffarelli-Kohn-Nirenberg will be

important for us in the sequel:
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Lemma 3.1.3 Let (u,p) be a suitable weak solution to NSE in Q1 := B1(0) x (—1,0)
with w € LPL2(Q1) NL?HY(Q1) and p € L¥?(Q1), in the sense that (u,p) verifies NSE
as distributions and they satisfy local energy inequality. Then there exists an absolute
constant ey > 0, with the following property:
if (Jo, lul3dadt)/3 + (Jo, Ip|3/2dxdt)?/® < e, then HkaHLoo(Ql/z) < Cy for some con-
stants Cy, k=0,1,...

A sketch of a short proof can be found for example in [26], a detailed one in [24].

We recall the following lemmas proved in [31]:

Lemma 3.1.4 (compactness) Let (u,p*), k = 1,2,... be a sequence of suitable weak

solutions such that u* are uniformly bounded in the energy space L{°L2 N L?HL on
compact subsets of open set @ C R® x R and pF are uniformly bounded in L?/2Li/2 on
ks compact in L}L3 on compact subsets of
O. Moreover, if uF — u in L3L3 on compact subsets of O and p* — p in Ltg/QLi/2 on

compact subsets of O. Then the sequence u

compact subsets of O, then (u,p) is again a suitable weak solution.

Lemma 3.1.5 (Stability of Singularities) In the situation of lemma assume that
2% € O are singular points of (uF,p¥), k =1,2,..., and that ¥ — 29 € O. Then zg is

a singular point of (u,p).

We refer readers to [31] for the proofs, and here we only recall that a point zy is
called a singular point of a suitable weak solution v to NSE if u is not bounded in any

neighborhood of 2.

3.2 Mild solutions with initial data in L3(R?)

In this section we collect some well known results about mild solutions, and introduce
some splitting arguments which are useful in the proof of our main result.
One can rewrite NSE as an integral equation:

¢
u(-,t) = eMugy — / A=) Pdiv u @ u(-, s)ds, (3.2.1)
0

where P is the Helmholtz projection operator. It is well known that (3.2.1)) has a global

solution if initial data is small in L3, and for arbitrary initial data in L? a unique local
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in time solution u € C([0,T%), L*(R?)) with a number of additional properties such as
u € L3(R3x (0,T)) for T < T, here T} denotes the maximal existence time. See [20}22]
and references therein for more details. Take any v € A (ug), by the uniqueness Lemma
and the remark below it, we know v = u on R? x [0,7.). Thus when we consider
properties of solutions only on R3 x [0,7}), there is no confusion to assume u has been
properly extended to R? x [0,00) as a Leray solution. We will make use of this obser-

vation below.

A priori there could be a number of reasons why T, could be finite, we first show

that it can only be due to the formation of a ‘singular point’:

Lemma 3.2.1 Let u € C([0,T}), L3(R?)) be the mild solution to NSE with initial data
uo and Ty is the mazimal existence time. Suppose Ty < 0o, then there exists zy = (xo, Tx)

such that Vr > 0, esssupg, (.) |u| = +00.

Proof: We write ug = a+b, with [|a||z3(rsy < €, [[b]|2(rs) < 00, where € is a sufficiently
small number to be chosen later. There are a number of ways in which one can perform

such a decomposition. One can for example take
a = P(UOI\UO|<)\)7 b= P(UOI|UO|Z>\)’ (3.2.2)

and take A sufficiently small. If we choose € small enough, we can apply global existence
result for small data for NSE and get a global mild solution v with initial data a. Then

w = u — v satisfies

oow—Aw+v-Vo+w-Vo+w-Vw+Vqg =0

div w =0 } (z,t) € R® x (0,T%),(3.2.3)

w(-,0)=b in R3. (3.2.4)

We claim the following estimate:

T
ess sup [|w(, )22z, + / / IVl (@, t)dadt < Cbll 2oy 0] ogrsx 0.1 )y T2)-
0<t<T. 0 JR3
(3.2.5)
There are two ways in which we can prove this claim. Since this type of argument will

be used several times we provide them both here.
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In the first approach, note that regular solution @ (by ‘regular’ we mean w is smooth
with sufficient decay) to equations (3.2.3) (3.2.4]) satisfies the following, by a simple

integration by parts:

12
% |u;|(:c,t)da:+/ (Vo |?(z, t)dz
R3 R3

S/ (@ - Vw)v(z,t)dx
R3
< ol Ollzg 1o € Ol 1o [Vl D)l 2

< Ol Dl gl 172 [V, DIl

1 - .
< / V@ |*(x,t)dz + Cllo(-, 1|75 / (-, t)[*da.
2 Jps R3
In the above, we have used Hoélder inequality, interpolation inequality

5 ~112/5 ~13/5
]l ros < 1125 013
and Sobolev embedding H' < L5 in R3.
Thus we obtain:
d w]? 5 12
o[ B0 < Cllet, 0l | lolde.
R3 R3

Since fOT* |v(-,)||55dt is bounded, we get from Gronwall’s inequality:

T,

s 0Ol + [ [ e dad < QL) Iolls e o 72
(3.2.6)

With this a priori estimate at hand, we can then follow Leray’s arguments in constructing

global weak solutions and obtain a weak solution w to equations and w

satisfies the energy inequality . We can also require w to satisfy the appropriate

local energy inequality (see below). Since v 4+ @ is also a Leray solution with

initial data ug, by uniqueness result of lemma and the remark below it we must

have w = w on R? x [0,T) and thus w satisfy .

Alternatively one can also derive the inequality directly from the equation as follows.

w clearly satisfies the following integral equation:

¢
w(-,t) = eAlwg — / A Pdiv (v @ w(-,s) +w (-, s) +w@w(-,s))ds, (3.2.7)
0
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where wg = b € L?(R3), t < T..
Since both u,v € C([0,T%), L3(R?)) we conclude w € C([0,T}), L3(R?)). From this fact
and the integral equation together with b € L?(R3) we obtain w € C([0,T), L*(R3))
from known estimates of the integral equation. Clearly, w satisfies the following local

energy inequality (where ¢ is the associated pressure for w):
|w|? ! 2
T(m,t)d)(m)dx + |Vw|*¢(x)dx
R3 0o JR3
|w]? L
< o T(m, 0)p(x)dx + o TAqﬁ + qw - Vodads
0

Al o
+/0 /Rs 5 (Ww+v) Vo~ (w- Vvjudads, (3.2.8)

where ¢ is a nonnegative smooth cutoff function. By local theory of mild solutions

(see |20]), we know

sup \/EHVU(-,t)HLg < 0. (3.2.9)
0<t<Tyx
Thus
T T
/ / \wHVUHw\dxdsg/ 190, 0)]| sl )| 2sde < o, (3.2.10)
0 R3 0

for any T < T,.. This, together with ¢ € L®((0,T),L%?(R?)), w € C([0,T),L*> N
L?(R3)) for any T < T, implies that we can take the cutoff function in the local energy
inequality (3.2.8)) to be ¢(%) with ¢[p, =1, and send R — oo. We obtain

|w]? ! 2
—(x,t)dx + |Vw|*dzds
R3 2 0 JRs
’w‘Z t
< T(w, 0)dx — (w - Vv)wdzds
R3 0 JR3
wf? t
= / ——(x,0)dz + / / (w - Vw)vdzds.
Rs 2 o JRs

The last identity holds since the first inequality implies

t
// |Vw|?dzds < oo,
0 JR3

which is the key. Then we can proceed as in the first approach to finish the proof of the

claim.
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From Corollary 3.1.1] we know

T
sup / (v?(z, t)dz+ sup / / Vo2 [5—p(8)[F2dadt < C()C(T),
20 ER3,0<t<T} B1($0) z0ER3 JO Bl(CCO)

(3.2.11)
where p is the associated pressure for v. Observe from equation (3.2.3) and estimate
(3.2.5) that ¢ € L3/2(R3x(0,T})) and w € L*(R?x (0,T)). Since C(e) — 0 as e — 0, we
can choose € sufficiently small and find R > 0 sufficiently large, such that for |z¢| > R,
we can apply the e-regularity criteria to v = v + w in Qmin(m 1)(330,T*). Thus we

are able to conclude the following:
there exists a compact set K C R® such that u is bounded in (R3\K) x [T\/2,T\].

Now suppose the lemma is not true. Then u is bounded in a neighborhood of any point
in R3x[T%/2,T.]. Thus by the compactness of K, we see u is bounded in R3 x [T} /2, T%].
Since v is bounded in R? x [T} /2, T.], we conclude w is also bounded in R? x [T} /2, T.].
This means u(-,t) is bounded in L3 as well as L™, as t approaches T,. Then local

existence theory for NSE tells us we can continue u beyond Ty, a contradiction.

Remark 3.2.1 The splitting argument in the above proof has played a key role in
/4], and its variations were subsequently used in [12,|27]. Such splitting is very use-
ful in obtaining estimates for u even when we approach the blow up time. Let u €

C([0,1), L3(R3)) be a mild solution with initial data ug. Still take the above decompo-

sition ug = a + b with a,b defined as above. Denote o = |lug||zs. We immediately see
lall zo(rsy < CAYV2aM2, |1b]| p2(gey < CA™205/2, (3.2.12)
If we choose X = X a) so small such that ||al[s(rsy is smaller than some absolute

number, fix such A = A(«), then we can conclude from local existence theory of NSE the

existence of a mild solution v to NSE with initial data a in R® x [0,2) with
€ess Sup 0§t§3/2||v(,t)||L6 S C (3213)

Then w as defined above satisfy with initial data b. Now we can use the usual

energy estimate as in the above lemma to bound

1
sup Hw(-,t)||%2(R3)+/ / |Vw|?dzdt < C(a). (3.2.14)
0<t<1 0 JR3
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Thus, u = v+ w satisfies

sup |lu(-,t)||r246 < C(a). (3.2.15)
0<t<1

Of course one can do the same thing if the blowup time is T, though the estimates will
also depend on T then. The point here is this estimate is uniform as long as L> norm
of ug stays bounded. This observation will be useful later. And in fact, this estimate is
stronger than the one in Lemma[3.1.1] for general Leray solutions, since it implies decay
of u at spatial infinity while Lemma does not imply any decay of solutions. The

difference is that here we are dealing with an a priori regular solution.

The following estimate is the main new observation that enables us to work in L3.

Lemma 3.2.2 Let u be a Leray solution with divergence free initial data ug € L3(R3).
Then there exists a nonnegative function h(t) depending only on |lug||rs(gs), such that
limy 0+ h(t) =0 and

[u(-, t) — e ug|l 2B, (ze)) < AU(E), (3.2.16)

for any xg € R?, a.e. 0 <t < 1.

Proof: We use a splitting argument which is slightly different from the usual ones. We
refer the reader to the paper [?] for another example of a splitting argument based on
a comparison with the linear equation. Denote a := [[ug||z3(gs). For any € > 0, we split
up = a + b, with

a = P(uoljyy<n), b= Puoljye>nm)s (3.2.17)

where M is some large number to be chosen later. Clearly,

lall zs(rey < CVMa'/?,
3/2 c o2

C
b2y < ol iy =

Choose M such that

C 3/2 €
— — 2.1
\/701 < 100’ (3.2.18)

and we fix this M from now on, thus M = M (e, «). From the local existence theory of
NSE, we can find T = T(e,a) > 0, and a mild solution v € C([0,T), L°(R?)) for NSE
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with initial data a, enjoying a number of other properties. Among them in particular,
we have

sup |[v(+,t)[|zs(rs) < C(€, ). (3.2.19)
0<t<T

w = u — v satisfies:

ow—Aw+v-Vw+w-Vo+w-Vw+Vgqg =0
div w =0 p (z,t) € R* x(0,T), (3.2.20)

w(,0) =b
(3.2.21)

By estimates of u from Corollary and estimates on v, local energy estimates for
w (3.2.8) and parabolic regularity, one can conclude (we omit the routine calculations):
there exists 77 (a, €) > 0 such that

At €
sup ||/U(at) — € CLHLQ B S _
ToER3 E<T (av,€) (Bi(zo)) = 1

DN

sup lw( Ol 2B (@0)) <
IUGR37t§T1 (a,e)

Thus, from u = v + w, we obtain
[u(-,t) — 6Atu0HL2(Bl(xo)) <, (3.2.22)

for any x¢ € R3, a.e. t < Ti(a, €). From this, the lemma follows easily.

3.3 The main theorem

For any divergence free ug € L3(R3), denote Tiax(uo) as the maximal time of existence
for the mild solution for NSE starting from ug. Define pmax = sup{p : Tmax(uo) =
oo for every divergence free wug € L3(R®) with |lug||s(gsy < p}. Also define M :=

{up € L3(R3) : Thnax(ug) < 0o, lwollL3(rs) = Pmax}-

Theorem 3.3.1 Suppose pmax < 0o. Then M is nonempty, and moreover, M is
compact with respect to L3-norm modulo translations and scalings. That is, for any
sequence uf in M, there exist zj, ¥ such that \Fuf(\F(x — x)) has a convergent

subsequence in L3(R3).
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Proof: By the definition of pmax and the assumption that pmax < oo, there exists a
sequence of divergence free initial data uf such that Ty (uf) < co (thus [[uf|| L3(R3) =
Pmax) and [[uol[13(rs) — pmax- By Lemma (3.2.1)) we know there are singular points for

k

mild solutions u” corresponding to ulg. By translations and scalings

ulg — )\kulg()\k(a: — k),

for some A* 2, we can assume the first singularity is at time 1 and is (z,t) = (0, 1).

We still denote the sequence as uy, (ulg correspondingly) after translations and scalings.

By Lemma (3.2.2)), we have

sug3 |k (-, t) — eAtu’5||L2(Bl(x0)) < h(t) fort<1, (3.3.1)
ToE

for some nonnegative function h(t) with lim; ,o4+ ~(¢) = 0. Note that Corollary
and Remark imply uniform boundedness of «* in local energy norm and
sup [[u* (- 6)]| 2416 < C(pmax)- (3.3.2)

0<t<1
By compactness as in Lemma[3.1.4] and weak continuity in ¢ we can find a subsequence
of u¥ (which we still denote as u*) and a suitable weak solution « to NSE, such that:
uF — win L3(Bi(z0) x (0,1)), for all zg € R3,
uF(-,t) = u(-,t) in L?(By(x)) for every t € [0,1] and 2y € R?, and
uf — ug in L3(R3).
Moreover, by stability of singularity in Lemma (z,t) = (0,1) is a singular point of
u. From estimate and the weak convergence of u*(-, 1), ulg , we get

sup |ju(-,t) — eAtUOHL2(Bl(;v0)) < h(t). (3.3.3)
ro€ER3

Since h(t) — 0 as t — 0, we see
u(-,t) = ug in L*(By(xg)) for any z.

Furthermore,

sup Hu(‘vt)HL2+L6 < C(pmax)a (334)
0<t<1

by the weak convergence of u* and the estimate (3.3.2). Thus u satisfies the decay

condition at spatial infinity required in the definition of Leray solutions. Summarzing
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above, we see u is a Leray solution with initial data ug. By uniqueness result of Lemma
[B.1.2] and the remark below it, we see that the mild solution starting with uy must have
a singularity in R3 x [0, 1]. Since

|uoll£3(rs) < lim inf HulgHLs(Rs) < Pmaxs (3.3.5)

by the definition of pyax, we must have |luol|zs(g3) = pmax- Thus we have uf — wup in

L? and ||uf| ;s — |luol|zs. Since L3(R?) is uniformly convex as a Banach space, this

also implies uf converges strongly to ug in L3(R3). The theorem is proved.
0 g gly

From results above the following corollary can be proved following the same argu-

ments as in [31]:

Corollary 3.3.1 Assume that every solution of the Cauchy problem with ug €
L3(R3) is regular, i.e. Tyax = +00 for each ug € L3(R3). Then for 1 =0,1,2,... there

exist functions Fy : [0,00) — [0,00) such that

1072 sup [V'u(a, )] < F([luolle)  for all £ > 0. (3.3.6)



Chapter 4

Liouville theorems for

time-dependent Stokes system

In this chapter we prove some Liouville theorems for time-dependent Stokes system in
domains. Our presentation is organized as follows. In section 1 we introduce some
technical lemmas to be used below. Section 2 deals with the simple cases when 2 is a
bounded domain or the whole space. Section 3 and 4 deal with the more subtle cases
when () is a half space or an exterior domain. For the exterior domains, we use a stan-
dard extension argument together with some estimates of linear Stokes system. For the
half space, which is the most interesting case, we use Fourier transform. There is also a
proof based on duality arguments, which requires some additional point-wise estimates
of solutions to linear Stokes system in half space. The estimates may be of independent
interest, but the calculations are somewhat lengthy. This alternative proof will appear

elsewhere.

4.1 Some technical lemmas

In the sequel we will make use standard mollifications. For completeness we include the

following standard lemma:

Lemma 4.1.1 Let ) be as above, u € L3%(Q2 X (—00,0)). Take a standard smooth

o1



52
cutoff function n(t) with supp n € (0,1) and [n = 1. For each € > 0, we define u as

a distribution in X (—o0,0) in the following way,

(u, &) :/_io/ﬂu(x,t) /_(; %n(s_t)gb(x,s)dsdmdt (4.1.1)

€

for any smooth ¢ with supp ¢ € Q x (—o0,0).
Then u€ is a bounded function with bounded distributional derivatives 8fuﬁ, k=0,1,2,---.

Moreover, we have the following estimates:

107U || oo (2 (—00,0)) < C€ M I|ul Lo (2 (—00,0)) - (4.1.2)

Proof and Remarks: The proof follows immeditely from well-known properties of
convolution. We note that due to our special choice of the support of 7, the mollified
function € is still defined in 2 x (—00,0). It is clear from definition that u¢ converge
weakly* to u in L™ (Q x (—00,0)). It is also clear that, after possibly changing the value
of u¢ on a set of measure zero, the map ¢ — u(-, t) is continuous from (—o0, 0) to LP(K)

for any K € , 1 < p < o0.

Let u be a bounded distributional solution to the linear Stokes equations in
Q1 with some distribution p. It is well known that we have regularity of u in x, for
almost every ¢ in () /. We can not, however, expect to have any regularity in ¢ for u, or
any reasonable estimate on p in general, assuming only that u is bounded in Q1. This
point is usually illustrated with the example where u(t,z) = f(t), p = —f'(t) - . Here
f(t) is bounded, but f’(t) can be arbitrarily large. On the other hand, if we assume some
estimate on Oyu, then we can improve estimates on p. The following lemma summarizes

the above discussion.

Lemma 4.1.2 Let u be a bounded distributional solution to linear unsteady Stokes
equations in Q1. Let ”UHL;?t(Ql) < 1. Then for any multi-index o with |a] > 0,
||8§u||L;?t(Q1/2) < C(n,a). If in addition HatUHLgf’t(Ql) < M, then there exists a pres-
sure field p(x,t) such that 18 satisfied and ”8§pHL2‘,’t(Q1/2) < C(a,M,n) for any

multi-index o« with |o| > 0.

Proof: For the first part of the lemma, note that the vorticity w;; := Oju; — 0ju;,

1 <i,j < n, satisfies heat equation Ojw;; — Aw;; = 0 in Q1. Thus w;; is smooth with
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all derivatives bounded by constants depending only on n in @J3/4. From the diver-
gence free condition, we get Au; = — Z?:l Ojwi;j. Then the first part of the lemma
follows from interior estimate of Laplace equations. For the second part, note that
||VPHL°°t(Q3/4) < C(n,M) from the assumption on d;u and first part of the lemma.

Since we also have Ap = 0, the estimate follows.

Remark: The pressure is only determined up to an arbitrary function of ¢. (If we
change p to p+c(t), equation ([1.0.8]) is not affected.) In estimates below we will usually

assume a suitable choice of ¢(t).

We shall need the following extension result (which is interesting in its own right)

below.

Lemma 4.1.3 (Eztension of divergence-free vector field) For any smooth compactly
supported vector field g = (g1, -+ ,gn_1,0) in R"~L, there exists a smooth divergence free

vector field = (¢1,- -+ , ¢n) withsupp ¢ € R} such that ¢|z,—o = 0 and %]wnzo =g.

Proof: We seek ¢ in the form of ¢; = 29:1 Ojwi;, with some w;; € Cf(ﬁ) and
wi; = —wj; for 1 < 4,5 < n. Note that under such conditions on w;;, div ¢ = 0 is

automatically satisfied. To satisfy boundary conditions for ¢, we need:

Z Z?aw” lz,=0 =0 for1<i<nmn, (4.1.3)
j=1 9
and
wU '

It is easy to verify that the n-th equation in is also automatically satisfied once
the rest of the equations in the above are satisfied. To satisfy equations ,
we first require wijlg,—0 = 0, for all 1 < 4,5 < n. Then equations become
—o = 0 for 1 <4 < n. We further require that w;; =0if 1 <4,5 <n —1, then

Win
Oxyp 1Tn

equations (4.1.4]) reduce to 22 ‘a:n—O = g; for 1 <i <n — 1. Summarizing the above
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analysis, it is sufficient to find w;, € C° (Riﬁ) for 1 <i<n-—1, wy = —wy; satisfying
w'm’xnzo =0
85;1: lz=0 =0 for1<i<n-—1. (4.1.5)
20
%21;;" lz,=0 = gi

It is clear that we can always find such w;,. Thus ¢ satisfying conditions in the lemma

exists.
We collect some facts about the operator |V| which will be used in our proofs.

For f € S(R"), we define |V|f(z) = (|€]f(€))V(x) where we have used Fourier

transform .
£ _ - —ix-€
f(&) = TTE /Rne f(z)dx

and inverse Fourier transform

3 _ 1 eix-§
F@) = oy | eree

One can write [V[f =37, —%@f = >_7_1 R;jO;f, where R; denotes the Riesz trans-
form. Clearly |V| can be considered as a continuous operator from S(R™) — L*(R™).

By duality, we can extend |V| to act on L*°(R") according to the usual fromula

(IVIf, ¢) = (f,IV]@) for any ¢ € S(R").

We recall the following obvious continuity result.

Lemma 4.1.4 Let |V|: L®(R") — S'(R™) be defined as above. If uy, € L, with ty,
converges weakly* to u in L™ (viewed as the dual of L*(R™)), then |V|u,, converges to
|V|u in S'(R™)

Proof: This follows directly from the definitions.

Recall the definition of Holder norm in R"™:

m
b — o8
[ullgma(gey = sup sup [#”u(x)|+ sup  sup |07 u(z) au(y)|
i=o BI<meeRn Bl=mzyeRn, aty [T =Yl

for any m > 0, 0 < o < 1. The Holder space C"™*(R"™) is consisted of all u with

|lu||cm.e < co. We will use the following estimate:
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Lemma 4.1.5 |V|: C™TLe(R") s C"™%(R") is bounded, form >1, 0< a < 1.

Proof: This follows from the representation [V| = 3 ;0; and the Schauder estimates

for the Riesz transform.

We will denote by |V’| the analogue of |V| acting only on the variables x1,..., 2, 1.
For Schwartz function f, |V'|f (2, z,) = (2x|¢'| (€', 2))Y (2), where the Fourier trans-
form and inverse Fourier transform are both with respect to the first n — 1 vari-
ables. From definition, it is clear if f(a2/,z,,t) € L®(R" ! x (x1,22) X (t1,t2)), then
|V'|f € D'(R" ! x (1, 22) X (t1,t2)). Moreover, if 0L, 080" f € L™, then |V'|0, 0k f =
AL, OkOM V| f in D' (R x (21, m2) X (t1,t2)).

For bounded harmonic functions in the upper half spaces, we have the following

result (see also [42], for example).

Lemma 4.1.6 Let f be a bounded harmonic function in the upper half space R, we
have (On f 4+ |V'|f)(x) = 0 in the sense of distributions in R}

Remarks: By classical regularity for harmonic functions and lemma we see both

Onf and |V'|f are smooth functions in the interior of R .

Proof: Let P(z,y) be the Poisson kernel. By classical representation results there
exists a g € L°(R" 1), such that f(z) = [p._1 P(2,9)g(y) dy. By approximation and
continuity properties of |V’| we can assume without loss of generality that g is smooth
and compactly supported. Applying Fourier transform in the 1, ..., z,_1 variables, we
have f(&, ) = §(¢)e €'1#n and the result follows.

4.2 The cases () = R" or a bounded domain

In this section, we first deal with the (easy) cases when 2 = R™ or Q is a bounded

domain. Recall that our goal is to show that bounded very weak ancient solutions to

(11.0.8)(1.0.9) are given by ((1.0.10).

1. Q=R"
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In this case, it is not difficult to see that equations ((1.0.11))(|1.0.12f) are equivalent to

Oy —Au+Vqg =0

in R™ x (—o00,0)
div.u =0

in the sense of distributions for some ¢ € D'(R"™ X (—o0,0)).

For 1 <1i,j <mn, let w;; = 0ju; — Oju;j, then clearly Ow;; — Aw;; = 0 in R™ x (—00,0).
Since w;; are bounded in some negative Sobolev space, we immediatly get w;; are
bounded functions from parabolic regularity. Thus w;; are so called bounded ancient
solution to heat equation, and consequently w;; =constants c;;. Since u is divergence
free, we get Au; = — 7%, Ojwi; = 0 in R" x (—00,0). Therefore u(t,x) = f(t) for some
bounded measurable f a.e t. This completes the proof when Q2 = R".

2. Q0 is a bounded domain.

In this case our goal is to show that bounded very weak ancient solutions u to
are identically 0. We use a duality argument as follows. For any f € C2°(2 x (0, +00)),
let q~5 solve

Ohd—Ap+Vq = f
div ¢ =0
(ﬁ('a t)|8Q =0.

} in Q x (0, 00),

The existence, uniqueness and regularity of such solutions are well known, one can see
e.g [13]. Moreover, we have limy_,« [|¢(-, t)[|2(q) = O (the decay is actually exponential).

Take a standard smooth cutoff function n(t) with n(¢) = 0 for ¢ > 2. For any R > 0,

let ¢pr(x,t) = n(—%)q@(w, —t) for t € (—00,0). Then from equations (|1.0.11))({1.0.12]) we



o7

obtain

0
0= / ) /ﬂ u(z, t)(OidR + Adg)dudt

t

0
= [ [ w006+ 2d) e, ~om(~ s
—o0 JQ)

1 /[0 .ot~
—R/OO/QU(M)W (—g)o(e, —t)dwdt
0 t 1 0 . ;o
— /_OO/QU(%t)f(% —t)n(*ﬁ)dazdt— R/_Oo/ﬂu(x,t)n (—E)qb(;g7 —t)dxdt
0 ¢
+/_Oo/§2u($vt>77(R)Vq($)dxdt

Using the fact that f is compactly supported in ¢, ¢ is smooth in x, u is bounded and

lim o0 [|B(-, )1 = 0 (since €2 is bounded), we can send R — oo and obtain

/000 /Q u(z,t) f (x, —t)dzdt = 0.

Since f is arbitrary, we must have u = 0.

4.3 The case () = R}

Now let us deal with the more subtle case when 2 is a half space. In fact one can still
use the idea of duality as in the case of bounded domains. In this case, however, one has
to study the decay property of solution to the linear Stokes equations quite carefully.
One also has to appropriately localize ¢ (assuming notations from the last section) since
in the test function ¢ is required to be of compact support. The authors have
obtained a proof using such a method, which will appear elsewhere.

Here we take a different approach based on the Fourier transform in which the calcula-

tions are simpler.

Let u be as above, take a smooth mollifier n(z/,t) with supp n € B1(0) x (0,1) C
R 1'% R, and [ n=1. We define the mollified vector field u¢ similar as before, again
by duality: for any smooth ¢ with supp ¢ € R} x (—o0,0),

0 0 / /
—2 s—t
(. 9) ::/ / ulz,t) / / (L= ST G )y dsdudt.
—00 i Rr—1J >

€ €
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Again similar as before, one can show u€ is bounded with bounded distributional deriva-

tives [0F0%uf| < C’(k,a,n)e_k_‘o‘|||u\|,;;ot. We have the following result:

Lemma 4.3.1 Let u be a bounded very weak ancient solution to in R %

(—00,0), u is defined as above. Then uc is smooth with all derivatives bounded in

R" x (—00,0). Moreover, u® still satisfies equations (1.0.11)), and u¢(+,t)|z, =0 =

0.
Proof: From equations ((1.0.11))((1.0.12)) and definition of u¢ we see

/ i /Q (2, ) (91 + Ad) (i, £)dadt = 0 (4.3.1)

for any ¢ € C°(Q2 x (—00,0)) with div ¢ = 0, Blaax (—s0,0) = 0; and

0
/ / u(x,t)Vip(x, t)dedt = 0 (4.3.2)
—o0 JQ
for any 1 € C°(2 x (—00,0)). These clearly imply
out —Au*+V-q =0

‘ } in D'(RY x (—00,0)). (4.3.3)
div u¢ =0

We first show u€ is smooth up to boundary {z, = 0}. From the differentiablity property
of u€ in a/, ¢, we see ¢ is well defined for each t € (00, 0) modulo some ¢(t). Moreover,
from Aqg = 0 and elliptic estimates, we know ¢ is smooth in x away from boundary
{z,, = 0}. Now let us rewrite the n-th equation of as

0 = Oy, — Auy, + Opg = ain(q — Onuy,) — Agrus, + Opus,.

Note that Oyuf, = — Z?:_ll O;u§ is bounded up to z, = 0. We see ¢ — 9,us, is bounded
up to boundary, thus ¢ is bounded up to boundary {z, = 0}. The same argument also
shows V¢ q is bounded up to boundary. Use Aq = 0 we obtain that ¢ is smooth in
spatial variables up to x,, = 0. Then from d2u¢ = dyuf — Agu + Vq we get u € C?. By
differentiating the equations in x,, and applying similar arguments we obtain smoothness

of u¢. Next we show u[;,—o = 0. Since u® is smooth in R}, we can use equations

and integration by parts in equations to obtain:
0
/ / uppdedt = 0, (4.3.4)
—00 J R—1
0
/ / u‘pdzdt = 0. (4.3.5)
—o00 J Rn—1
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Clearly 1 can be arbitrary smooth compactly supported function, thus uS |z, -0 = 0.
By lemma ®|z, =0 can be any smooth compactly supported vector field with zero

n-th component, thus u$|,;,—o =0 for 1 <i <n — 1. Therefore, u¢|,, = 0.

Now we can prove our main theorem in this section.

Theorem 4.3.1 Letu be a bounded very weak ancient solution to equations

in R x (—00,0), then we must have u(x,t) = u(xy,t) and u, = 0.

Proof: By the above results, it is clear we only need to prove our theorem in the
case u(t,x) is smooth up to boundary, with all derivatives bounded and u|y,—o = 0.
Then we see g—fi is bounded, for 1 < ¢ < n. Since Aaani = 0, from lemma ’m we
get (On + ‘V/D% = 0. Applying operator (9, + |V’|) to the n-th equation of M’
noting the commutativity of various Fourier multipliers (since u is smooth), we infer that
(On+1V'|)uy, satisfies the heat equation in R"™ x (—o0, 0) with (9, +|V’'|)u, bounded and
(8 4 V')t =0 = O (since dpup, = — 320 yu; and ul,,—o = 0). Thus by Liouville’s
theorem for heat equation in a half space, we get (9, + |V'|)u,, = 0, and consequently

Au, = 0. Since we also have uy|z,—0 = 0, we see u, = 0. Therefore a’% = 0. Thus

‘V,‘% =0 for 1 < i < n. Again applying operator |V'| to the first n — 1 equations
of (L.0.8)), we get |V’|u’ satisfies heat equation in R™ x (—o0,0) with (|V'|t/)]z,=0 = 0
and |V'|u/ bounded. Using Liouville’s theorem for heat equation in a half space again,
we obtain |V/|v/ = 0. Thus u/(t,z) = ¥/(t,z,). Summarizing the above, we obtain

u(t,x) = u(t, zy,), and u,(t,z) = 0.

4.4 The case () is an exterior domain

Let u be a bounded very weak ancient solution to (|1.0.8)(1.0.9)) in an exterior domain €2
(i.e, the complement of €2 is homeomorphic to a ball), we show u(z,t) = f(t) —|—O(|x|%)
with some bounded f and n > 3, in this section. More precisely we have the following

theorem:

Theorem 4.4.1 Letu be a bounded very weak ancient solution to equations
in Q x (—00,0), where Q@ C R™ (n > 3) is an exterior domain with Q° C Br for some

R > 0. ||ul[ze, < 1. Then there exists a function a(t) with |a(t)| < 1 for almost every t
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such that

C(n, R)
|x|n72

lu(z,t) —a(t)] < for almost every |x| > 4R and t < 0. (4.4.1)

For such purpose, we first mollify « in ¢ variable as in lemma it is clear that
u® thus obtained still satisfies equations ((1.0.11)(1.0.12)). Our first goal is to show that

u is smooth in Q x (—o0,0) and u|sn <o = 0.
Lemma 4.4.1 Let u and u® be as above. Then u¢ is smooth in € x (—o0,0) and
ulon,t<o = 0.
Proof: Clearly u® verifies
out —Au*+Vqg =0
div u¢ =0

In equations (1.0.11))(1.0.12)), take test functions as n(t)é(z), n(t)y(z) respectively
for smooth ¢, ¥ with supp ¢, supp ¥ € Q, div ¢ =0, ¢|sq = 0 and 1 € C°(—00,0).
We obtain by integration by parts (and definition of u¢):

} in Q x (—00,0). (4.4.2)

0
/ /(—@ued)—i-ueA(;ﬁ)n(t)dazdt = 0,
—o0 JQ

/_(;/ng'vwn(t)dfcdt = 0.

Since 7 is arbitrary, we get for any t € (—o0,0),
/ —Outp + u*Agdrdt = 0, (4.4.3)
Q
/ u® - Vipdedt = 0. (4.4.4)
Q

Take R > 0 sufficiently large such that Q¢ C Bg(0). For fixed t < 0, we can find
v € CH/2(Q N Bg) satisfying

—A Vp = —0wuc(-,t
vEvp GO an B, (4.4.5)
div v =0
v’ag =0, v‘aBR = ue(-,t)faBR. (4.4.6)

Note in the interior of €2, u€ is smooth by lemma and definition of u¢. The ex-

istence of v follows from well-known results of steady Stokes system, we only remark
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here that the usual no outflow condition required by existence theory is satisfied in
our situation and can be easily seen by setting ¢ to be 1 in a neighborhood of 92 in
equation . Set w = u(+,t) — v, we claim w = 0 in Q N Br. To prove the claim,
take any ¢ € C°°(Q2N Bg) with div. ¢ = 0 and ¢[yanp,) = 0, ¥ € C®°(QN Bg), we
write ¢ = ¢1 + ¢o2, ¥ = 1 + 12 with the following properties: div ¢ = div ¢9 = 0,
01, ¢2, Y1, P9 are smooth; ¢1, ¥ equal ¢ and 1 in a neighborhood of 0f2, vanishes
in a neighborhood of 0Bpg respectively. The existence of such decomposition of v is
clear. To obtain such this decomposition for ¢, one can localize ¢ by a standard cutoff
function vanishing in a neighborhood of 0Bpg, then use Bogovski’s theorem to deal with
the divergence free condition, we omit the details here. With these decompositions,
equations , the definitions of v and the fact that ¢ is smooth away from
0%}, we easily obtain: fQ wA¢dr = 0 and fQ wViydr = 0. Thus by result in section
3, this implies w = 0. Therefore, u(-,t) € CHYY2(BrN Q) and uflsq = 0. A simple

boostraping argument gives smoothness of u°. The lemma is proved.

Proof of main result of this section
Let us first summarize the above results as follows:
u€ is in C°(Q x (—o0,0)) with all derivatives bounded (with bounds depending on ¢)

and, u° satisfies

O — Auf + Vg =0

w— Aw Ve in Q x (—o0,0), (4.4.7)
div u¢ =0
(- D)o = 0. (4.4.8)

We extend u€ to R™ by setting u¢ = 0 in Q¢ It is not hard to see the extended u®

satisfies
out — Aut+Vgqg =
eSS =L R X (—00,0). (4.4.9)
divu =0

for the measure = f€(x,t)do, where f€ = % —gn on 0F) and do is the surface measure

of 9Q2. We set

v(x, t) :/ PeAt=3) (-, 5)ds z/ (ti)”ﬂ /89 k(j%)fﬁ(y,s)da(y)ds )
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where P is the Helmholtz projection to divergence free vector field and k(+) is the kernel
of Pe®. Thus |k(y)| < @ +(| |)) Simple calculations show v¢ verifies the following esti-

mates: Hve("t)”Ll(BQR) < C(R,n,e), and |v(z,t)| < ‘;Tne};)’ |Vo(z,t)| < |T\L"€ ?),

for |x| > 2R. In the above calculations n > 3 is important. One can check if n = 2 the

integral might diverge. Clearly w® := u® — v° satisfies

dwt — Awc+Vqg =0

in R" x (—o0,0). 4.4.10
div w¢ =0 } ( ) ( )

Thus w® = a(t) and consequently u® = v + a(t). At this stage, we would like to
pass € to zero. The decay estimate for v¢, however, depends on € (since the bounds
of f€ depends on €). Thus we must first remove this dependence. To do this, let us
consider vorticity wi; = Gju§ — djuf for 1 < 4,j < n. wj; satisfy Ow;; — Awf; = 0 in
(R™\Bsg) x (—00,0). By interior regularity of solution to heat equation, the scaling

invariance wf;(z,t) — wi;(Mx, M 21), and the L bound on u, we easily conclude:

wi; is smooth in (R"\Bsg) x (—00,0) with [Owg;(z,1)| <

being independent of €.

]w\ > 3R, the estimate

IZ\?’

Now fix € = ¢ > 0. From estimates of u® above, we know |w?(z,t)| < %,

|z| > 3R. By estimates of dyw;; and definition of wj;, we see |w;;(z,?) — wi?(z,t)] <
C(n,e0,R
Cte o > 3R, Therefore, |wij(x,t)] < C(n,eo, R)(Zs + mp=r); |2/ > 3R. Tn

fact, by a boostrap argument (better decay estimate of w;; improves estimate of Jswi;

which in turn implies better decay estimate of w;;), one can upgrade this estimate to

|wij(z,t)] < % Thus |w(x,t)| < |;§|+°’1R), (now independent of €) for |z| > 3R.
For each fixed t € (—00,0), u$ solves
n
—Auf == d;wf; in R"\Bsp. (4.4.11)

j=1
From this and the boundedness of u, it is not hard to see uS verifies the following bound:

|u(z,t) —a(t)| < ”|+’2) for |x| > 4R. Passing € — 0 the conclusion of this section is

reached.
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