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Abstract. The kinematic dynamo problem in the limit of infinite fluid conductivity leads to
an eigenvalue problem of the form

AF(T(x)) = A(x)f(x)

where T is a nonlinear transformation on a compact region and A is a matrix-valued function of
position. Numerical simulations indicate that the “eigenfunctions” are singular or zero over almost
the entire domain, but estimates of the eigenvalues are extremely accurate with quite modest
resolution. Eigenproblems of this type also occur in the spectral theory of Schrédinger operators,
hydrodynamic stability theory, and the thermodynamic formalism for dynamical systems theory.
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§1. INTRODUCTION

The Earth’s magnetic field is believed to be maintained by fluid flows and electric
currents interacting in the fluid core. Prof. Roberts has just given a superb account
of geodynamo modelling, emphasizing the interplay between convection, rotation,
and electromagnetic (Lorentz) forces. Many of the same considerations also apply
to solar and stellar dynamo modelling. The study of magnetic field maintenance in
large bodies is vast, and the general references [1-5] listed in the bibliography are just
a sample of the material available in book form, to say nothing of the literature in
archival journals. My lecture will discuss a mathematical problem which is probably
irrelevant for rﬁodellers, but which lies at the conceptual foundations of the whole
subject.

Generally speaking, a dynamo is a flow of electrically conducting fluid capable
of maintaining a magnetic field. Without external sources, any distribution of
“electrical current in a stationary body of conducting material will die away. If the
material moves, however, new currents can be generated as the material crosses
the magnetic field associated with the original current distribution. If the motion
1s strong enough, and if the new current reinforces rather than opposes the old
current, this regeneration process can compensate for the inevitable losses due to
Ohmic heating.

The name ‘dynamo’ comes from the dynamos, or generators, in that turn me-
chanical energy into electric power. Generators typically consist of a rotor on which
are mounted coils of wire that spin in a stationary (stator) magnetic field. In a
bicycle lamp generator the field comes from a permanent magnet. In a large power
generator, supplying electricity to a city, the field is supplied by electromagnets, the
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current that powers the electromagnets being part of the generator’s output. Thus
the field is required in order to produce current, but the field cannot exist without
the current. It is not clear why any current is produced at all.

Although the state of zero current and:zero-magnetic field is a perfectly good
equilibrium for a commercial generator, it is not necessarily stable. If the rotor is
spinning at full speed, and a small magnetic fluctuation is introduced, the motion
of the rotor will generate a small current fluctuation, which will flow through the
stator coils and produce another magnetic field fluctuation, and so on. If the gen-
erator is built properly, and if the rotor is spinning fast enough, each new magnetic
fluctuation will be stronger than the last, and the field will grow exponentially. The
growth rate is determined by the design of the generator, the resistance of the wires,
and the speed at which the rotor spins. Eventually the current will be so strong
that the electromagnetic Lorentz force reacts back on whatever engine is powering
the generator, and the field will saturate at the point where the electromagnetic
torque equals the driving torque.

The same general scenario is believed to apply to conducting planetary and
stellar interiors. It is perfectly possible for electrically conducting fluid to flow with
no magnetic flelds or currents present. This state could be similarly unstable to
the simultaneous growth of magnetic fields and currents. If the magnetic field is
weak, the Lorentz forces do not affect the fluid motion. The magnetic field then
satisfles a linear evolution equation, and (presumably) grows exponentially at a
rate determined by the properties of the fluid and its velocity field. When the field
becomes strong, the Lorentz forces affect the fluid motion, and the system requires
fully nonlinear magnetohydrodynamics for its description.

The right kind of material motion can sustain or amplify a distribution of electric
currents and magnetic fields. The necessary energy comes from the particles doing
mechanical work as they move through the Lorentz force field, and this mechanical
energy must be supplied by some external agency. A power generator is driven by
turbines that in turn are driven by burning fuel or running water. In the Earth,
the core is stirred by compositional convection [6] . The Sun’s dynamo is stirred by
ordinary thermal convection whose energy source is nuclear reactions in the deep
center [7] .

The linear equation describing magnetic field evolution in a material whose mo-
tion is known may have exponentially growing solutions, depending on the motion
and the physical properties of the material. Using the generator analogy again,
we obviously need to use a highly-conducting material for the wires, and we need
to spin it above some critical speed before it the feedback process can beat the
losses. Furthermore, the coils of the stator and rotor coils must be wound in the
correct senses and appropriately placed to ensure that the feedback process is in-
deed positive rather than negative. Determining what kinds of motion and material
properties result in positive feedback and exponentially growing solutions is the
kinematic dynamo problem.

In the early days of dynamo theory, it was unclear whether kinematic dynamos
with positive growth rates even existed. After all, a power generator requires in-



sulation to prevent current from flowing where it is not wanted, and the resulting
current path has nontrivial topology. Whether the same type of feedback process
could ever work in a simply connected body of fluid is not obvious. Indeed, some of
the earliest work [8,9] consisted of proofs that kinematic dynamo action is impossi-
ble in two-dimensional or axisymmetric situations. The kinematic dynamo problem
was not solved until Herzenberg [10] and Backus [11] produced explicit examples
of flows in which magnetic fields would increase exponentially. These examples are
artificial, but they serve the purpose of showing that the antidynamo theorems can
be circumvented. '

Steenbeck, Krause, and Radler [12] brought kinematic dynamo theory into the
real world with their observation that any turbulent flow lacking statistical reflec-
tion invariance is a potential kinematic dynamo. Their so-called a-effect is a generic
mechanism that can be expected to act in any large object with a turbulent con-
ducting fluid interior. It is such a successful mechanism that many, perhaps even
most, dynamo theorists feel that the kinematic dynamo problem is no longer a
problem. The next step, which is still the center of dynamo research, is to incor-
porate the a-effect into detailed models of the solar and terrestrial interiors [13] .
This research includes investigations of strong-field dynamos, in which the Lorentz
forces are important ingredients of the dynamics.

Tucked away in all the mathematical treatment of these various dynamos is an
assumption that the resistivity of the material is a fairly large number, or more
precisely that the magnetic Reynolds number is small. The magnetic Reynolds
number R,, is a dimensionless quantity, defined to be the product of a characteristic
lengthscale of the flow and a characteristic velocity scale, divided by the magnetic
diffusivity. This is because the larger R, 1s, the more complicated is the small-scale
structure of the magnetic field and current distributions. Disconcertingly, many of
the examples that can be analyzed have the property that the dynamo efficiency
goes to zero as R,, — oo [14-16] . Since R,, is fairly high in the Earth’s core and
very high in the Sun’s convection zone, it is important to discover whether we have
just been doing the wrong examples, or whether some fundamental obstacle exists
to dynamo action in very highly conducting fluids.

The fast dynamo problem is to elucidate the amplification process of magnetic
fields in fluids of arbitrarily high conductivity [17] . Geophysicists, astrophysicists,
and mathematicians have worked on the fast dynamo problem. Some have analyzed
simple models [18-21] , some have numerically simulated more complex models [22-
26] . Soward [27] produced a beautiful example of a simple flow, albeit containing
weak singularities, that acts as a fast dynamo. Others have derived general sufficient
conditions for the existence of fast dynamos [28,29] . Unfortunately, flows satisfying
these conditions are necessarily topologically nontrivial [30] and may not even exist

[31].

Since forward progress on the fast dynamo problem is difficult, lateral progress
is an attractive alternative. That is, we can think about other problems from other
branches of mathematics which have similar features. If we can solve any of these
other problems - better still, if someone else has already solved them - we may get



useful information about the fast dynamo problem. At present, studying these other
problems has served only to highlight the special features of the dynamo problem
that make it hard. Nonetheless, these problems are still interesting models, full of
nontrivial mathematics.

The problems I shall discuss can be ﬁth-c‘iﬁﬁg_;ht of as coupled systems of advection-
reaction-diffusion equations with linear chemistry. The quantities of interest are
carried around by a given flow, possibly diffusing at the same time. In addition,
each quantity is increasing or decreasing at a rate which is a linear combination of
all the quantities. This structure is broad enough to include applications from hy-
drodynamic stability, reacting and diffusing systems, and dynamical systems theory
in addition to dynamo theory. If the reader knows another problem that fits into
the same pattern, the author would be most interested in learning about it.

§2. DYNAMO THEORY

2.1. Background. Let us imagine a body of fluid in motion. In physical
reality, we have in mind the interior of the Earth or the Sun, or perhaps a container
of fluid in a laboratory. Mathematically, we think of the interior of a sphere or cube
or some other compact object with a nice boundary. We denote by D the region
occupied by fluid, and assume for simplicity that D does not change with time. We
let u(x,t) denote the fluid velocity vector at the point x at time t. We assume that
the flow is incompressible, so V - u = 0 everywhere inside D. The boundary of the
flow domain D is assumed impermeable to fluid, so n - u = 0 everywhere on 9D.
In some mathematical idealizations, such as when D is a torus, D has no boundary
and boundary conditions are immaterial.

If the fluid is a classical electrical conductor, the electromagnetic equations
can be manipulated [1] to yield a single equation, the induction equation, for the
magnetic fleld B(x,t). Using a characteristic length of D to measure lengths and
a characteristic flow speed to measure velocities, the induction equation can be
written in dimensionless form:

(2.1.1) (0; + u-V)B = [Vu]B +¢V?B.

In (2.1.1), [Vu] is the velocity gradient tensor whose ij entry is Ou;/0z;. The
quantity € is the dimensionless magnetic diffusivity, equal to the inverse of the
magnetic Reynolds number.

The partial differential equation (2.1.1) is linear, with space-time dependent
coefficients. We can rewrite it as

agB - L‘,SB
if we define the linear operator
(2.1.2) LB =[Vu]B -u-VB +¢V?B.

The appropriate boundary conditions for (2.1.1) are that B should match onto a
potential field in the unbounded space around D (unless D has no boundary, of



course). With smooth initial data and a well-behaved velocity field, the subsequent
evolution of the field is completely determined.

The magnetic field is assumed divergence-free in the derivation of (2.1.1); this
is simply an article of faith on our part that magnetic monopoles do not exist.
Dynamo theorists rarely worry about this condition, since the divergence of (2.1.1)
yields

(O +u-V)(V -B)=eViV-B)

which is the equation of motion for a passive scalar. Thus, if the initial condition
for B is solenoidal, then V - B vanishes identically at all subsequent times. Also,
if V-B # 0 at time t = 0, then the divergent part of B(x,t) necessarily remains
bounded in time. If we have any exponentially growing solution to (2.1.1), therefore,
the divergence of the growing part must be divergence free.

The velocity field u(x,t) must be specified as part of the data for (2.1.1). It
is natural to think about velocity fields with some kind of time-homogeneity. Ex-
amples are flows which are steady, periodic in time, quasiperiodic, or random in
time with homogeneous statistics. With a time-homogeneous velocity field, we may
expect solutions to eq. (2.1.1) that grow or decay exponentially. Since (2.1.1) is
a functional evolution equation, we have to be careful with our definition of what
constitutes exponential growth, but it seems safe to define the maximal growth-rate

1
(2.1.3) Oue = sup |lim —log|B(:,%)|].
B(- t=0) [t—o0 1

In (2.1.3) ||B(:, t)|| denotes some functional norm of the magnetic field at the mo-
ment t. Armed with (2.1.3), we say that the flow u(x,t) is a dynamo with diffusivity
eif oye > 0.

The definition of the growth rate obviously depends on the choice of norm and
the space of allowed initial conditions. However, if ¢ > 0, £, will have a discrete
spectrum of eigenvalues accumulating only at —co. The maximal growth rate o, .
will then be the real part of the eigenvalue(s) with largest real part. Thus, the
question of whether u is a dynamo when the diffusivity equals € can be answered
by solving the eigenvalue problem

A

(2.1.4) L.B(x) = AB(x)

and seeing whether any of the eigenvalues have positive real part. This is not
difficult in practice, as standard numerical techniques [32,33] exist for finding the
eigenvalues with largest real part of large matrices.

2.2, The fast dynamo problem. The growth-rate o, . can be bounded
above independently of the diffusivity. For example,

3

s%p Z (Ou;/02;)*

ij=1



provides a coarse but easy upper bound. Therefore we can define

(2.2.1) Ouo+ = lim su(}))+ Tue-
E—

The flow u(x,1) is called a fast dynamo if oy ,04+ > 0. The fast dynamo problem is
to characterize those flows, if they exist at all, which are fast dynamos.

If the flow u(x,1t) is a fast dynamo, this means that the given fluid motion can
amplify a magnetic field, no matter good an electric conductor the fluid is. This
seems a strange thing to worry about. Our intuition, not to mention the experience
of electrical engineers building power stations, suggests that if the positive feedback
between field and current works at all with a poorly conducting material, it should
work better in a highly conducting material. Remember, however, that an essential
part of a power generator is the insulation between the wires; it would not work if
the resistivity of the insulation went to zero.

The fast dynamo problem is hard because solutions of (2.1.1) can be complicated
when ¢ is small. To see this, observe that except for the term [Vu]B, (2.1.1) is
identical to three passive scalar advection-diffusion equations. With the stretching
term [Vu]B included, (2.1.1) has all the complexity of passive scalar dynamics, and
more arises from the coupling of the different components.

If the diffusivity € is set exactly to zero, (2.1.1) becomes the evolution equation
for a field of differential line elements embedded in the fluid [34]. A differential line
element can be thought of as a vector connecting two neighboring material particles.
If the flow tends to separate the particles, the displacement vector lengthens. If the
separation vector is initially parallel to the local magnetic field vector, these vectors
will remain parallel, and the magnetic field will intensify exactly in proportion to the
separation between the particles. This process is called magnetic field stretching.
Efficient magnetic field amplification is therefore expected in flows which rapidly
separate neighboring fluid particles. Vishik [29] showed that a necessary condition
for fast dynamo action is that there exist at least one point whose neighbors recede
from it exponentially fast.

Flows with the ‘Lagrangian chaos’ property separate neighboriﬂg fluid particles
exponentially rapidly on s set of positive measure. Such flows are natural candidates
for fast dynamos. Chaos is not sufficient for fast dynamo action, however. The
problem is that even if the flow stretches magnetic field lines to many times their
original lengths, the field lines must also get folded and twisted together so as to
stay inside D. This folding process can easily bring fields pointing one direction into
arbitrarily close proximity with fields pointing in other directions. In the presence
of any finite diffusivity, these regions of opposite field merge and cancel, destroying
much if not all of the field generated by stretching,.

Total cancellation is guaranteed in two dimensions or three dimensional axisym-
metric situations; this is the basis of the antidynamo theorems mentioned earlier.
Cancellation can be avoided completely in some idealized examples, such as the
rope dynamo [17] or the ‘cat’ dynamo [18], but at least some cancellation appears
to be a feature of all realistic flows even in three dimensions. Unfortunately, it has



proved extremely difficult to quantify the concept of cancellation. A measure of
cancellation would be of great help in understanding the dynamo problem.

2.3. Infinitely conducting dynamos. If € is set to zero, (2.1.1) becomes

(2.3.1) (8, +u-V)B = [VulB

or

0B =LyB

where Ly is just £, with ¢ = 0. Taking the divergence of (2.3.1) yields
(O +u-V)V-B)=0.

As before, if V - B vanishes identically at ¢t = 0, then V-B =0 for all t > 0. And
even if V - B # 0 initially, the divergence of any exponentially growing solution of
(2.3.1) becomes negligible as t — oo since the divergence is bounded by its initial
amplitude. '

It is tempting to study (2.3.1) by seeking eigenvalues and eigenfunctions satis-
fying

~

(2.3.2) LoB = \B.

However, Moffatt and Proctor [35] showed that (2.3.2) can have no smooth eigen-

functions belonging to an eigenvalue with positive real part. Other approaches must
be tried.

As stated in section II, (2.3.1) is identical to the equation for a field of mate-
rial differential line elements in the fluid. The diffusive system (2.1.1) is a singular
perturbation of (2.3.1), so it is possible that properties of the zero-diffusivity sys-
tem do not imply anything about systems with small positive diffusivity or even
the limit as the diffusivity goes to zero from above. However, if we ask the right
questions about the diffusionless system, we stand an excellent chance of learning
something useful about diffusive systems. In any case, it seems unlikely that the
fast dynamo problem could be solved without any consideration of the perfectly
conducting problem.

Since (2.3.1) is equivalent to a material equation, we need to be able to describe
how material particles move in the flow. We define [36] X(a, s|t) as the position at
time t of the material particle that is at a at time s. X is a map taking the flow
domain D to itself that represents the effect of the flow between the times ¢ and s;
X is therefore called the flow map. The chronological order of ¢ and s is immaterial
in defining the flow map. The flow map can be inverted simply by transposing ¢
and s. Explicitly, if x = X(a, s|t), then a = X(x,t|s). The flow map satisfies the
differential equation

(2.3.3) (5;> ; X(a,s|t) = u(X(a.s|t), t).



Although written with partial derivatives, (2.3.3) is just a system of three coupled
ordinary differential equations. Requiring

X(a,sls) = a

specifies a unique solution to (2.3.3).

The curves X(a, s|t) with s and a fixed, —co < ¢t < oo are the particle trajec-
tories in the flow. They are also the characteristics of (2.3.1). Integrating (2.3.1)
along characteristics yields the Cauchy formula [1]

(2.3.4) B(x,t) = J(X(x,t|s), s|t)B(X(x,t]s), s).

Here J(a, s|t) is the derivative matrix of X(a, st):

d
J,‘j(a, slt) = <a)€,‘(a, S|t))
J

s,t

If the magnetic field is given everywhere at ¢t = 0, the Cauchy formula determines
the field at all future and past times; the absence of diffusion makes (2.3.1) time-
reversible.

The rate of exponential growth of solutions to (2.3.1) can be quantified using
(2.3.4). If || - || denotes a matrix norm, we define the (first) Lyapunov [37] exponent
of the flow at the point a by

Aul(a, s) = tlim log ||J(a, s[t)]|.

Positivity of Ay(a,s) means that a magnetic field vector moving with the fluid
particle that goes through a at time s is almost sure to stretch exponentially forever.
If the flow has Lagrangian chaos with positive Lyapunov exponent on a set of
positive measure, we expect to see plenty of efficient magnetic field amplification.
Since the diffusivity is zero, regions of fluid with equal and oppositely directed

magnetic fields may be brought together arbitrarily closely by the mixing action of
the flow.

An observer measuring the magnetic fleld with an instrument of finite resolving
power might not be able to see the small scale structure. If the test section of the
magnetometer were much larger than the scale on which regions of different field are
mixed, it would indicate a field of much smaller strength than the true magnitude
of the field. Even if the field strengths at individual points are increasing exponen-
tially, the field averaged over a small fixed volume in space might remain bounded
in time or decay. The arbitrarily intimate mixing of fluid containing differently di-
rected magnetic fields is the diffusionless analogue of the cancellation phenomenon
discussed in the last section. We would like a definition of dynamo action at zero
diffusivity that allows for cancellation.

The measurement process for a real magnetometer is best described by saying
that the magnetometer has some characteristic aperture function which is large in



the test section and which goes to zero smoothly with distance from the test section.
The output is the integral over the flow domain of the magnetic field multiplied by
the aperture function. We say that the flow u(x,t) is an infinitely conducting

dynamo if there exists a smooth vector functlon g(x) and a smooth initial condition
B(x,t = 0) for (2.3.1), for which -

1
(2.3.5) Oup = tlingo " log > 0.

/ g(x) - B(x,t)dx
D

Note that the definition of an infinitely conducting dynamo is different from the
definition of a fast dynamo. The limiting value in (2.3.5) might equal o, o4 defined
in the previous section, for ‘generic’ functions ¢ and B(x,t = 0), or it might not;
no results of this nature are known. It is known, by the way, that neither dynamo
growth rate is necessarily related to the Lyapunov exponents [25,28]. We believe
that flows which are infinitely conducting dynamos are also fast dynamos, and vice
versa, but we lack definite information about the correspondence.

Formula (2.3.5) embodies an idea which is relatively new in dynamo theory,
although obvious in retrospect. At finite ¢, the dynamo problem is solved by finding
eigenfunctions of the diffusive operator £.. The Moffatt-Proctor results, however,
indicate that the eigenfunction approach is useless for the infinitely conducting
dynamo problem, at least if we are expecting a function as the answer. But (2.3.5)
says it does not matter if the magnetic field is not an ordinary function; all we need
is that B multiplied by any smooth function be a measurable function [38]. Finn
and Ott [20,25] use a very similar idea, measuring dynamo action by integrating
the flux of B across a fixed surface in space.

Thus we can use the eigenproblem approach if we allow ‘eigenfunctions’ in the
space of distributions on D. This is equivalent to seeking the residual spectrum
of the operator £y. We recall that the usual eigenvalue problem, in which eigen-
functions are sought in the form of ordinary smooth functions on D, delivers only
elements of the point spectrum.

Saying that B(x,t) is a distribution means that for any smooth function of
position g(x), we can define a number

(g,B) = /D g(x)- B(x,1)dx,

and that the map taking g to (g,B) is a linear transformation. Any ordinary
function is a distribution, but not all distributions are functions.

Since distributions are not necessarily differentiable, we cannot determine whether
a distribution B is a solution of (2.3.1) by plugging it in. However, if B were differ-
entiable in both space and time and satisfied (2.3.1), we could take the dot product
of (2.3.1) with any smooth function h(x,t) and integrate. Since we are interested in
the differential equation rather than the boundary conditions. we restrict attention
to functions h whose support never intersects the boundary, and call such functions
test functions.



Integration by parts allows all derivatives to be thrown onto h, and the boundary
terms vanish since h and all its derivatives are zero at the boundary. Thus

(236) % /Dh(x,t) -B(x,t)dx = /D_((Ot—i-_u - V)h + [Vu]Th) - B(x, t)dx

for any test function h. Now (2.3.6) does not depend on differentiability of B in
either space or time, so it makes sense even if we plug in a distribution. So we
say that B(x,t) is a solution of the zero-diffusivity induction equation (2.3.1) in
the distributional sense if (2.3.6) is satisfied for ahy smooth function h(x,t) whose
support never intersects 0D.

Any distributional solution of (2.3.1) should also satisfy the appropriate form
of the solenoidality condition. For ordinary functions, V - B = 0 implies that

(2.3.7) /D B(x,t) V(x)dx = 0

for any smooth scalar function ¢ whose support does not intersect dD. Since (2.3.7)
also makes sense for distributions, we say that B(x,t) satisfies the solenoidality
condition in the distributional sense if (2.3.7) is satisfied for any scalar test function.

If we try a test function h(x,t) = V¢(x,t) in equation (2.3.6), we obtain
(2.3.8) -% / B(x,t) V¢(x,t)dx = / B(x,t)- V((0y + u- V)¢(x,1)) dx.
D D

Thus, if the distribution B(x,1?) is solenoidal in the distribution sense at ¢t = 0, and
satisfies the distributional evolution equation (2.3.6), then B(x,1?) is solenoidal at
all other times. However, if B(x, t) is not solenoidal at ¢t = 0, (2.3.8) gives no bound
on the rate at which the divergent part of B(x,t) increases in time. Violations of
the solenoidality condition are not as harmless when dealing with distributions as
they are when dealing with ordinary functions.

§3. COMPUTATIONS

One way to investigate the dynamo problem is to simulate the dynamo equation
(2.1.1) numerically as an initial value problem, and observe whether the solutions
grow exponentially. This is a straightforward problem, and excellent methods exist
for solving such linear parabolic partial differential equations [39].

When the diffusivity is small, the domain D must be subdivided into a large
number of very small cells in order to resolve the complex structure anticipated
at small scales. Even if the diffusion is treated implicitly, the time step used in a
high resolution computation must be of the same order of magnitude as, or smaller
than, the size of a computational cell. Otherwise the method will be unstable due
to violation of the CFL condition [40,41]. If we want to simulate the equations
for times long enough to observe convincing exponential growth, the computational
time could become prohibitively large.

An alternative strategy would be to simulate the Cauchy solution. The draw-
back is that the Cauchy solution requires knowledge of the particle trajectories,



which can only be found by solving the initial value problem (2.3.3). Furthermore,
if the flow is chaotic, these solutions become extremely complicated at large values
of t. If we use a flow for which the initial value problem can be solved easily for
short_ finite times, however, we might be able ta use the Cauchy formula advanta-
geously. Since we are interested in the quesgt.ion of whether any flow can act as a fast
dynamo, it is legitimate to start with flows whose main characteristic is that they
are easy to compute with. This argument may be already familiar in its application
to the gentleman who searches for his car keys only under the lampposts.

3.1. Pulsed flow models. A number of authors [18-20] have considered one
dimensional models of fast dynamo action. These models are instructive and easy to
simulate at very high resolution, but definitely artificial. Simulations of the induc-
tion equation (2.1.1) with an explicit velocity field require at least two dimensions.

We would also like the flows in our simulations to exhibit Lagrangian chaos,
since this provides an effective mechanism for amplifying magnetic fields. But we
also want flows for which we can easily compute the trajectories of fluid particles.
These two requirements seem to be incompatible; one definition of Lagrangian chaos
is that the particle trajectories not be integrable. A suitable compromise is to take
two or more integrable flows in D and let them take turns acting on the fluid.

For example, we can let the velocity field be given by one explicitly integrable
formula for 0 <t < 7/2, by a different explicitly integrable formula for 7/2 <t < 7,
then by the first again for 7 <t < 37/2, then by the second again, and so on. This
alternating sequence of flows is likely to be at least partially chaotic unless there
is some connection between the two integrable flows. At the same time, since each
is explicitly integrable, the time-7 map can be expressed as the composition of the
explicit integration formulas of the flows. Since the flow consists of pulses of one
ingredient alternating with pulses of the other, we call this a pulsed flow model.

The use of pulsed flow models in dynamo theory goes back to the original model of
Backus [11].

Let T represent the displacement of fluid particles during the time interval
0 <t < 7 in such a pulsed flow. The diffusionless magnetic field change over the
same time interval can also be described in terms of T. If we write J(a) as an
abbreviation for J(a,0|7) and B,(x) for B(x,n7), Cauchy’s formula becomes

(3.1.1) Bot1(x) = J(T7H(x))Ba (T (x)) = {MeBL}(x).
Again, if Bo(x) = B(x,t = 0) specified, then (3.1.1) determines the field configura-

tion at all times which are integer multiples of 7.

The operator My is nicer than Lg, even though both describe the same process.
The main advantage of My is that it is a bounded operator while £y is unbounded
due to the presence of the u -V derivative. Also, My has similar structure to the
unitary Koopman operator [42], which plays a major role in ergodic theory. Some
properties of My in the context of Anosov diffeomorphisms were established by
Mather [43] and recently applied to the dynamo problem by de la Llave [44].

In order to simulate (3.1.1) numerically, we need to discretize the space de-
pendence of the magnetic field. The general procedure is to decide on some finite



set of basis functions suitable for representing the field, and to define a projection
operator P that projects the infinite-dimensional space of possible magnetic fields
down onto the subspace spanned by the chosen basis functions. The action of M,
on the infinite-dimensional space is then approximated by the finite-dimensional
matrix My = PMyP acting on the finite-dimensional computational subspace.
The numerical simulation of (3.1.1) then becomes nothing more than acting on the
finite-dimensional field over and over with the matrix M.

Once the simulation is programmed, we can run it with arbitrary initial con-
dition and see whether the field grows exponentially. Typically the solution will
settle down to a pattern in which successive iterates of (3.1.1) have the same spatial
structure and the magnitude increases by a the same factor with every iteration. In
this situation, the spatial structure is the eigenfunction of the M, belonging to the
eigenvalue with the largest absolute value, and the factor by which the magnitude
increases with each iteration is the absolute value of that eigenvalue. Essentially, we
are just finding the largest eigenvalue of My by the power method. Any numerical
simulation along these lines is essentially specified by the nature of the pulsed flow,
and by the finite-dimensional computational space.

3.2. Method. This section describes an implementation of the kind of numer-
ical simulation described in the last subsection.

The domain D of the numerical simulations will be the square 0 < z,y < 2.
Opposite edges are identified to give the square the topology of the 2-torus. That is,
if a fluid particle flows across one edge of the square, it is immediately reintroduced
at the corresponding point on the opposite edge of the square. Once the square
becomes a torus it loses its boundary, so boundary conditions are unnecessary.
Given an integer p, each edge of the square is divided into N = 27 identical little
intervals of side h = 27 /N. The tensor product of these edge decompositions gives
a decomposition of D into N? identical little square cells. The nodes of the grid, or
grid points, are the corners of the squares. The coordinates of the (j, k) gridpoint
are then (jh,kh), for 0 < j,k < N — 1.

Next we need to define the projection P. Suppose a function f(z,y) is defined
on the square. We define its discrete Fourier transform f(l,m) by -

N/2-1

fl,m)=N"2 3" exp[-2mi(lj + mk)/N] f(jh, kh)
5,k=—N/2

for —N/2 <1,m < N/2 —1. Then we define

N/8—1

(3.2.1) Pfllz,y) = Z fl,m)expli(lz + my)].

[ ,m=—N/8

It is simple to verify that P satisfies the defining property of projections, that
P2 = P. The reason for summing over such a restricted set of Fourier modes in
(3.2.1) is partly to ensure that aliasing effects do not enter into the computation,
and partly to make P f look like a smooth function on the lengthscale h.



The flows used in the simulations are pulsed Beltrami flows [45,46]. These are
popular flows for dynamo computations [24,25,47], since they are simple to work
with and display all kinds of interesting behavior. They are periodic in time with
period T = 1, and are defined by

—sin(y — ¢) _
(3.2.2) u(x,t) = 2a 0 if 0<t<1/2
cos(y — ¢)
and
0
u(x,t) =2a | cos(z — ¢) of  1/2<t< L
—sin(z — @)

Here ¢ = (1 4++/5)/2 is an irrational phase shift introduced to move the stagnation
points of the flow away from exact coincidence with grid points.

The motion of fluid particles can be easily computed for each phase of the
motion. If X(a,0[t) = (X(¢),Y(¢), Z(t)), then

X(1/2) = X(0) — asin(Y(0) — ¢),

Y(1/2) =Y(0),
Z(1/2) = Z(0) + acos(Y (0) — ¢),

followed by
X(1) = X(1/2),

(3.2.3) Y (1) =Y(1/2) + acos(X — ¢),

Z(1)=2Z(1/2) — asin(X — @).
The derivative matrix for the transformation T is

1 0 0 1 —acos(Y(0)—¢) O
(3.2.4) J(a)= | —asin(X(1/2)—-9¢) 1 O 0 1 0
—acos(X(1/2)—¢) 0 1 0 —asin(Y(0)—¢) 1

As o — 0, the pulsed Beltrami flow (3.2.2) goes, in the sense of particle trajec-

tories, to the steady flow
—sin(y)
u(x) ~ a cos(2) .
cos(y) — sin(z)

This flow is exactly integrable; all particles move on surfaces of constant ¥(x) =

cos(y) — sin(z). Since ¥(x) is actually the z-velocity component. this implies that
all particles translate uniformly in z.



To check the ergodic properties of the pulsed Beltrami flows, we constructed
Poincare sections. The Poincare section of a single fluid particle is taken to be its
projected positions on the z,y plane at the times ¢t = 0,1,2,---,1i.e. at the beginning
of each new pulse of the flow. The pictures-in figure 1 are actually superpositions
of 144 individual Poincare sections, with each particle starting at one node of a
uniformly spaced 12 by 12 grid in D. Figure la shows the Poincare sections when
a = 1. This value of « is a small number for the purposes of this system, and most
of the trajectories lie on KAM tori. The tori begin to break up visibly when a = 2,
as shown in figure 1b. The tori are seriously disrupted at a = 3 (figure 1c) and
cannot even be detected (if they still exist) when alpha = 5 (figure 1d). Varying «
between 0 and 5 allows us to tune the size of the region of Lagrangian chaos when
we perform the numerical computations.

Figure la.



Figure lc.




Figure 1d.

Figure 1. Poincaré sections for puiéed Beltrami flows. (a)

a=1(b)a=2 (c)a=3. (d) a=35.

The pulsed Beltrami flow (3.2.2) is quasi-two-dimensional; there are three non-
trivial velocity components which depend on only two coordinates z,y. The third
velocity component is required to make the problem three dimensional, for we know
already that a purely two-dimensional dynamo cannot exist. However, the fact that
the velocity field is independent of z allows the z-dependence of any magnetic field
to be separated into Fourier modes of the form

(3.2.5) B.(x) = Ba(z,y) exp(ikz)

which evolve completely independently. The evolution of any field of the form
(3.2.5), assumed 27 periodic in x,y, can be simulated on the two-dimensional do-
main D. Restricting the nontrivial structure to the x,y plane allows us to get more

spatial resolution for a given computational effort.

To simulate (3.1.1), we decide how many cells to divide the domain D into, and
the flow parameter a and the wavenumber k. Then we take an arbitrary initial
condition By(z,y), and act on it repeatedly with the spatially discretized operator
Mj. Apart from the spatial discretization error, this results in completely faithful
simulation of the diffusionless magnetic field evolution.

3.3. Results. If the discretized operator has one eigenvalue whose magnitude
is greater than that of any other eigenvalue, the structure of the discretized magnetic



field will rapidly approach the eigenvector belonging to the dominant eigenvalue.
The factor by which it grows at each iteration will be the magnitude of the dominant
eigenvalue. In order to avoid overflow, the field is rescaled at every iteration, so the
growth factor is actually the rescaling factor. Inour computations, we iterate until
this factor changes by less than 1074 from one iteration to the next. The results of
the computation are the approximate growth rate

T numeric = log(rescaling factor)

and the field B,,(z,y) returned at the end of the final iteration. This field is a good
approximation to the dominant eigenfunction of the spatially discretized operator
M.

The first thing to be investigated in any numerical simulation is convergence as
the resolution improves. As a typical test case, we set @ = 3, k = 1., and ran the
simulation for N = 2P, with p ranging from 1 to 9. The computed growth rates
are plotted in figure 2 against p for p > 3. The very coarsest simulations, with two
and four cells in each direction, gave negative growth rates. Clear convergence is
observed, with good agreement at N = 32 and variations of less than 1 per cent for
N > 128.

1.4 T T T T T

256
64

32

N = 16

N =28

0 8 1 1 1 1 1
T 2 3 4 5 6 7

Figure 2. Convergence of computed dynamo growth rates with
increasing resolution (see text for details). The vertical axis
is the growth rate, while the horizontal axis is the natural
logarithm of the number N of cells on each side of the square
D. Each point is labelled with the corresponding value of NV.



The computed eigenfunctions have very different structures at different reso-
lutions, even at the same values of the other parameters. In figure 3 we plot the
contours of log(max(1,|Bn,(x)|) in D at N = 128 and N = 256. There is much
more_complicated small-scale structure in-the higher-resolution picture, despite the
fact that the eigenvalues are almost the same. The reason we take the logarithm
is that the eigenfunctions are so wild in their spatial dependence that plotting the
contours of |B,| would convey almost no information.

Figure 3a



Figure 3b

Figure 3. Logarithmic contour plots of dominant dynamo eigen-
function at resolutions (a) N = 128 and (b) N = 256.

Next we simulated the magnetic field equations for various values of k at fixed
a =3, at N = 128 resolution. Figure 4 shows the growth rate plotted as a function
of k. One feature to notice is that the growth rate is zero at & = 0, which agrees
with the antidynamo theorem prohibiting dynamo action in purely two-dimensional
dynamics. For nonzero, but not very large, values of k robust growth occurs, with
the peak growth rate occurring for & close to 1. At values of k larger than about
2, the jagged shape of the curve suggests that 128 cells in each direction may no
longer be sufficient resolution to capture the essence of the dynamics.

We also computed the growth rate as a function of o with ¥ = 1 fixed, at
N = 128 resolution. Again there is a range of parameter values over which the
dependence of the growth rate is reliably calculated, but for a greater than about 4
or so we lose confidence. This may reflect a tendency for more small scale magnetic
field structure to be generated when each pulse of the flow lasts longer and shears the
material more. For comparison with some results to be presented later, note that
the growth rate is numerically considerably smaller than « at each value considered.
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Figure 4: Dynamo growth rate as a function of z-wavenumber
k, with other parameters fixed.
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Figure 5. Dynamo growth rate as a function of fow parameter
a, with other parameters fixed.



§4. PROBLEMS WITII SIMILAR STRUCTURE

Problems with structure similar to the infinitely conducting dynamo problem
occur-in many disciplines. We shall present-one problem that describes a plausible
biological situation, the growth of an algae population in a heterogeneous environ-
ments. This problem was invented specifically to furnish a scalar analog to the
dynamo problem, however, so no claims are made for its relevance to real algae
populations. Looking at it from a slightly different perspective makes a connection
with the thermodynamic formalism for dynamical systems, albeit a slightly differ-
ent thermodynamic formalism from that developed by Ruelle [48] and others. The
last problem considered is a matrix analog of the dynamo problem. This problem
is derived from the dynamo problem, in fact, and is intended to illustrate what
happens when cancellation is not a problem.

4.1. Algae population growth. Let us imagine that the domain D is a
fishtank of water with algae suspended in it. Lamps are arranged around D so that
some places are brightly lit, some dark, and others cosy and intimate. Loudspeakers
project romantic music into some areas to encourage reproduction. Other areas get
government messages encouraging responsible family planning. We assume that the
algae density is low enough so that they influence neither the velocity field nor the
reproductive behavior of their neighbors. We can therefore suppose that the rate
of population increase at any given point is proportional to the population already
there, with some proportionality factor depending on the light and sound levels.

Suppose that the combined effect of all these stimuli can be expressed by one
reproductive speed function R(x), which is the local rate of population growth per
unit population per unit time. R(x) will be positive if the ambience at x favors
procreation. We also allow negative values of R if the discouraging factors at x
outweigh the encouraging factors.

If there is no motion in the fluid, and the algae do not diffuse, the concentration

C(x,t) of algae satisfies
(4.1.1) 0,C = RC.
The solution to (4.1.1) is
C(x,t) = C(x,0)exp[tR(x)]
If the environment favors growth at x, i.e. if R(x) > 0, the local population density

at X grows exponentially; if R(x) < 0, the local population decays exponentially.

From a global point of view, we are interested in whether the total algae popu-
lation grows exponentially in time. If R is smooth with bounded derivatives on D,

so that R has a well defined maximum R,,,, on D, then

/ C(X, t)dX ~ S(t)exl)[tRmaL]
D



as t — oco. Here s(¢) is some function for which ¢~!log|s(t)| — 0 as t — oo, with the
rate of decay depending on the nature of R(x) near the maximum. For example, if
the maximum is taken at one point X,,q; in the interior of D, then

s(t) = (2nt)~3/? det{R" (Xmaz )] ~1/?

where R" is the Hessian (second derivative) matrix of R. So if R is positive anywhere
the total algae population grows. A cleaner way to express this is

/ C(x,t)dx
D

Real algae execute small random motions with respect to the fluid while they are
being carried around. This is modelled by adding diffusion to (4.1.1) with coefficient
K, yielding the linear reaction-diffusion equation

= Rmaz-

(4.1.2) tgngot‘llog

(4.1.3) 0,C = RC + kV2C.

This equation can be analyzed in limit of small £ using integrals over Wiener paths.
When & is small, the Wiener paths stay close to the ‘classical’ fluid particle trajec-
tories, which are all fixed points in the absence of flow. Hence most of the algae
growth is going to occur for Wiener paths that stay close to the point of maximum
R. When R has a single quadratic maximum at the interior point X .., a stationary
phase integration yields S

(4.1.4) tlim t~llog N Rinaz — (2106) 732 det[R" (Xmaz )| 71/,

/D C(x, t)dx

Observe that (4.1.4) goes nicely to (4.1.2) in the limit £ — 0.

The same result can be obtained from the eigenvalue problem
(4.1.5) AC = RC + xVC

by seeking an eigenfunction C(x) localized near X,qz. The eigenvaiue prdblem for
the diffusionless algae system,

(4.1.6) AC = RC,

has no eigenfunctions in the usual sense, but clearly §(x — Xpqz) Is an eigen-
distribution belonging to the eigenvalue R,y

Note that R(x¢) is actually an eigenvalue of (4.1.6) in the weak sense, with
eigendistribution 6(x — X ), for any point Xxg in the interior of D. However, these
values are not close to anything in the spectrum of the diffusive operator, no matter
how small x is. This is a warning that not all eigenvalues of the infinitely conducting
dynamo problem may be relevant to the fast dynamo problem. The collapse of the

Mather spectrum [43] of the nondiffusive magnetic field evolution equation has been
observed by de la Llave [44].



If the fluid constituting D is in motion, the algae concentration satisfies

(4.1.7) (8, +u- V)C = RC.

if the algae do not random-walk, and
(4.1.8) (0 +u-V)C = RC + rV*C
if they do. The eigenvalue problems associated with (4.1.7) and (4.1.8) are

(4.1.9) AC 4 u-VC =RC , A +u-VC =RC+kV2C.

respectively.

Except for the fact that magnetic fields are vectors and algae concentrations
are scalars, equations (4.1.7) and (4.1.8) are identical to the induction equations
(2.3.1) and (2.1.1), respectively. We can therefore derive a scalar analogue of the
Cauchy solution by integrating the non-diffusive equation (4.1.8) along fluid particle
trajectories. If Cy(x) is the initial algae concentration field, then

(4.1.10) | C(x,t) = Co(X(x,1]0)) exp (/(; R(X(x,t|3))ds> .

We cannot make any precise statements about the algae population growth unless
we know the trajectories explicitly. Some information may still be obtained by
integrating various quantities over D. First, we assume the initial concentration
Co(x) is everywhere positive, which makes sense for a density field. This implies
that C(x,t) will then be positive everywhere for all ¢ > 0, whether or not diffusion
1s present.

If we integrate (4.1.10) over D, and apply Jensen’s inequality [49] and some
other standard inequalities, we obtain a lower bound:

(4.1.11) /D C(x,t)dx > Vp ( inf co(x)) exp <tV51 /D R(x))dx) ,

where Vp is the volume of D. Thus, a sufficient condition for exponential growth
of the total algae population is that the integral of R over D be positive. This is
a nice, simple condition. Nonetheless, this is a far weaker result than we have in
the flow-free case. The problem is that (4.1.11) is the minimal result we can get
without using information about the flow.

There is no Cauchy solution for the diffusive problem. But if the initial data
for (4.1.10) is positive everywhere then we can write an equation for S(x,t) =

log C(x,1):
(4.1.12) (8, +u-V)S = R+ &|VS|]* + kV2S.

Integrating (4.1.12) over space and time gives

t
/S(x,t)dx+// n-uSdAdt—/ log Co(x)dx
D 0o Jap D



t t '
:t/ R(x)dx—i—/ / RIVS]2dth+/ / n- VSdAdt.
D o JD o JaD

The surface integrals vanish if the boundaries of D are impermeable to algae and
fluid, or if D has no boundary. The same inequalities as before imply that

(4.1.13) /D C(x,t)dt > Vp ( inf c;(x)> exp (tv,;l /D R(x)dx) .

Again, positivity of [, R(x)dx is a sufficient condition for exponential growth of
the total population. We remark that this result can also be obtained by expressing
the solution to the diffusive initial-value problem as an integral over Wiener paths.

An upper bound on the exponential growth rate of the population can be ob-
tained by multiplying either (4.1.7) or (4.1.8) by C(x,t) and integrating over D.
After integrating by parts and discarding the surface integrals, we obtain

d ‘
—/ C*(x,t)dx < 2/ R(X)C’Q(x,t)dxg‘ZRmal./ C*(x,t)dx,
dt Jp D D

and hence
/ C2(x,t)dx §exp(2Rmaxt)/ C'g(x)dx.
D D

Cauchy’s inequality now implies that

(4.1.14) /D C(x, t)dx < [VD /D Cix)d r/%e:-{p(Rth)

The appearance of Cp in (4.1.11), (4.1.13), and (4.1.14) is not essential. More
compactly, we can say that

sup R(x) > lim sup ¢! log
x€D t—oo

/D C(x, t)dx

/DC'(x,t)dx Z/DR(x)dx

whether or not diffusion is present. It seems quite likely that the infimum and

(4.1.15) > lim tinf t~ ! log
—o0

supremum limits in (4.1.15) should be the same. However, establishing such a
result is a subtle problem requiring, so far, special properties of the flow [50].

For diffusive problems, (4.1.15) implies the existence of a real eigenvalue greater
than or equal to [, R(x)dx regardless of how small the diffusivity is. This is exactly
the kind of result we would like for the dynamo problem, but which cannot be
obtained because of cancellation. If it were possible to use a geometry in which
cancellation could be prevented, fast dynamos would be easy to obtain [28,29].

A closer connection between the algae problem and the dynamo problem can
be made if we abandon our physical picture of a tank of algae and allow the ‘repro-
duction’ function R to take complex values. The ‘concentration’ field C then also
becomes complex in general, and cancellation becomes possible between intimately
mixed regions of C with different arguments. Unfortunately, the author is unaware
of any results for the case of complex R that give any insight whatever into the
dynamo problem.



4.2. Thermodynamic formalism. Various investigations in dynamical sys-
tems theory produce results and formulas amazingly similar to formulas appearing
in statistical mechanics. Only slight generalizations are necessary to make the anal-
ogy essentially complete [48]. Once a dynamical systems problem has been cast into
a thermodynamic form, the thermody112;n1_i"&;a;ﬁalagy malkes available a large amount
of insight and intuition in interpreting what would otherwise be enigmatic formulas.
There is no unique way to define thermodynamic for dynamical systems, as different
problems have different thermodynamic analogs. The thermodynamic formulation
of the following problem leads to exactly the same equations that emerge from the
algae tank, but of course their interpretation is quite different.-

Suppose there is a smooth function E(x) defined on D. By Birkhoff’s theorem
[51] the time-average of E along a particle trajectory,

t
E(a) = lim t_l/ E(X(a,0]s))ds
oo 0
exists for almost all points a. But Birkhoft’s theorem says nothing about the rate
at which the time averages converge. Global information about the rates can be
found by considering the distribution of the integrals of E along all possible particle
trajectories of duration ¢. The generating, or partition, function of this distribution
is

t
(4.2.1) Ze(B,1) :/ exp [—ﬂ/ B(X(x,t s))ds} dx.
D 0. . - -~ -

What this generating function does is focus attention on trajectories on which
the finite-time average deviates from the infinite-time average. As t — oo the
probability of large deviations goes to zero; this is just Birkhoff’s theorem. But
the contribution of deviations to the integral (4.2.1) may still be important because
they are exponentiated. Just what the relative importance is depends on §. The
dependence of (4.2.1) encodes information about the deviations just as the ordinary
generating function of a probability distribution encodes information about the
distribution function. These considerations are the basis of large deviation theory
[52,53].

Inspecting (4.2.1) indicates that Z(/3,t) probably increases or decreases expo-
nentially with ¢t. Furthermore, determining whether or not Zg(f,t) increases or
decreases exponentially is exactly the same problem as determining whether the
non-diffusing algae population will increase or decrease exponentially. The only dif-
ference is that (4.2.1) contains the tunable parameter 3. If the exponential behavior
is sufficiently well behaved, we can identify its growth rate as

(4.2.2 Ap(B) = lim ¢ logZp(B,1)

The author is not sure what conditions on the flow or the function E guarantee the
existence of this limit, but they are not expected to be very stringent. The growth
rate bounds derived for the algae tank model imply that

~4v5" [ Blx)ix < Ae(9) < sup (~BE(x).
D x€D



Equations (4.2.1) also suggests that Zg depends exponentially on —8, so we
define

(4.2.3) Fp(B) = _“:_%,/_\—E(ﬂ) 7

Since the free energy of a thermodynamical system is defined by an almost identical
formula [54], Fg is called the free energy at inverse temperature .

The corresponding internal energy is defined by:

(4.2.4) Ue(B) = —d—C;AE(ﬂ),
. Iy (t‘l Ji E(X(x,t|s))ds> exp [_ﬂ ¥ E(X(x,t)s))ds| dx
t—00 Jpexp [—B fot E(x,t|5)ds} dx .

The act of exchanging the limit as ¢ — oo and the § derivative is not strictly
justified, of course. The internal energy has the simple interpretation of simply
being a weighted average over D of finite-time time averages:

t—o00

Up(B) = lim <t—1 /0 t E(X(x,t[s))ds>ﬂ

where the weight on the trajectory starting at xis

exp [—,B /0‘ E(x,t|3)ds] .

As mentioned before, it’s not known under what circumstances these limits
exist. However, if Ag(fB) exists for all B, and limit converges uniformly in §, then
Fg and Ug are guaranteed to exist. We can differentiate again to get the specific
heat

d2
dp?

.

g
2

:ﬂgtlin& <<t"1 /OtE(X(X,t|s))d3>2> —<t‘1 /OtE(X(x,t|s))ds>B

Just as in ordinary statistical mechanics. the specific heat measures mean square

(4.2.5) Ce(B) = -B*—Ur(B) = B —=AEe(B)

B

fluctuations, or variances.

It’s a fundamental fact that variances are non-negative. Hence Ag(f) is a convex -

function of 5. However, it may not be strictly convex, if the averages converge so fast
that the limiting variance (4.2.5) is zero. Alternatively, no one ever said the variance
has to be finite either. An infinite variance means that the time-averages converge
very slowly over some finite-measure set of points in D. When this happens, the
graph of Ag develops a singularity in its second derivative. If the singularity is

ws -



weak the first derivative may be continuous, but a strong singularity will give a
jump discontinuity in the first derivative of Ag, i.e. the internal energy Ug. The
size of the jump is constrained by the fact that Ug(B) always lies between the
maximum and minimum values of E, and is manotonically increasing with 8. An
infinite specific heat indicates a phase transition in standard thermodynamics, so
we shall call it a phase transition here too. When the flow is not ergodic, an infinite
second derivative of Ag at § = 0 is expeéted on general grounds. However, the

factor 4% in (4.2.5) implies that this is not to be considered a phase transition in
the usual sense.

The entropy belonging to this artificial thermodynamics is

B
(4.2.6) S5(8) = BUE(B) - Fu(B)) = / B C(B)dB.
0

As far as the author knows, there is no connection between this entropy and the
various other entropies that can be defined for the flow considered as a dynamical
system. Entropies tend to quantify the notion of disorder or lack of knowledge
about the system. The appearance of the specific heat in (4.2.6) shows that the
entropy measures the variances of the trajectory averages at all different temper-
atures, and integrates to get a global measure. Small entropy is associated with
rapidly converging averages and the ability to get good information about the sys-
tem with comparatively little data. Large entropy is associated with time averages
which converge slowly, and the necessity of using large quantities of data to obtain
information.

The problem of computing Ag(f) can be cast as as eigenvalue problem on the
space of scalar distributions on D. Specifically, the problem is to find eigendistri-
butions C(x) and eigenvalues \ satisfying

M +u-VC =pEC

in the distributional sense. Provided the corresponding C returns something nonzero
when applied to the smooth function 1, Ag(f) will be the real part of the eigenvalue
with largest real part. We anticipate, again without knowing any definite results,
that Ag(83) will be the limit as & — 0+ of the real part of the dominant eigenvalue
of the diffusive problem

(4.2.7) AC 4+ u-VC =BEC + V(.

This diffusive problem has a nice interpretation of its own. If we think of the diffu-
sion as being the result of noise continually perturbing the trajectories, the domi-
nant eigenvalue of (4.2.7) is the starting point for the thermodynamic formalism of
a noisy dynamical system. Now, a noisy dynamical system is a Markov system, and
there is a great deal of theory in existence for large deviations in Markov systems
[52].

Most of the nice results'in thermodynamics and thermodynamic formalism apply
to the case of real 3, in which case there is no cancellation in the integral (4.2.1).



Cancellation problem could be studied with complex 5. When 8 becomes complex,
however, the function Ag(8) is no longer convex in general, and may even vanish
at certain values of B. Without convexity, the whole problem becomes extremely
mysterious; it is unclear even what kind of analytical tools to bring to bear on the
subject.

The algae tank and thermodynamic formalism problems can be formulated as
pulsed flow problems for the purpose of computations. They become the same
problem, in fact, if we identify R(x) with SE(x). If T represents the time-r flow
map, the Cauchy solution (4.1.10) for the algae problem yields a finite-time evolution
equation for the flelds C,(x) = C(x,n7):

(4.2.8) Cry1(x) = exp[BG(T™H(x))ICa (T (x)) = [MoCr](x)

where G(a) is the integral of E along the trajectory that starts at a and runs for
time 7. Since E was introduced as just some arbitrary function of position, we lose
no generality if we specify the function G as part of the computation instead of E.
We use the symbol Mg to represent the time-7 evolution operator to emphasize the
analogy with the dynamo problem.

Given the map T, a function G of position, and a parameter (3, the recursion
(4.2.8) can be simulated with exactly the same algorithm as was used for the dynamo
simulations. We chose the same family of pulsed flows, except that the z-component
of the flow and any possible z-dependence of the C-:field were neglected. We took
7 = 3 in all the simulations reported in this section. Computations were performed
with several different G functions, and

(4.2.9) G(x) =1+ cos(y — @) — sin(z — ¢),

produced interesting results. The computations were done with N = 256 cells in
each direction, in the square domain D used for the dynamo simulations.

First we set 3 to selected values and iterated the spatially discretized version of
(4.2.8) until the growth rate had converged to within 107* and the spatial structure
had converged to an eigenfunction of the discretized operator. Figure 6 shows
the contours of log(max(1, |C(x)|) in the square 0 < z,y < 2, where C is the
normalized eigenfunction, for two values of g. Figure 6a has g = 1., and figure 6b

has 8 =1 =+v/—1.

- -
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Figure 6b

Figure 6. Logarithmic contour plots of dominant eigenfunc-
tions of algae tank or thermodynamic formalism operator. (a)

corresponds to § =1, (b) to g = 1.



The extremely regular structure in figure 6b is not expected to occur for all
choices of the function G when f is pure imaginary, but it does hint that problems
involving complex ‘temperatures’ might not be completely intractable. The prin-
ciple.of stationary phase seems to underke:the regular structure seen here. Since
the maximum and minimum values of this particular G function coincide with fixed
points of the map T, there is very little complex phase mixing in the neighborhoods
of these points. The places where the eigenfunction concentrates are the regions
where phase cancellation is least effective. Although figure 6b is the result of a
fairly contrived computation, this observation might give insight into more realistic
situations. B

Second, we computed the growth rate, defined as the natural logarithm of the
asymptotic factor by which the field C), is multiplied with every iteration of Mo,
as a function of real B between —5 and 5. This growth rate is Ag(f), and is plotted
in figure 7a. Once we have Ag, the other thermodynamic quantities can be found
by differentiating Ap and multiplying by factors of B where indicated. Figure b
shows the free energy as a function of 3, figure 7c the internal energy, figure 7d the
entropy, and figure 7e the specific heat. All these curves appear smooth, but the
specific heat has two very pronounced peaks that might indicate a phase transition
if the computations were done at higher resolution.
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4.3. Quadratic form dynamo. We have looked briefly at the dynamo prob-
lem, which deals with vector fields, and two scalar problems which have similar
structure. The scalar problems contained the functions R(x) and E(x), which were
specified independently of the flowfield. - Although of interesting structure, they
are not completely relevant to the original dynamo problem. We next consider a
problem in which the quantity of interest is a matrix-valued function.

Recall the non-diffusive magnetic induction equation (2.3.1). If B is specified at
t = 0, the subsequent evolution is given by the Cauchy formula (2.3.4). The problem
in determining whether we have an infinitely conducting dynamo is cancellation.
One possible way to avoid cancellation would be to square the field, so that we
never have quantities of opposite sign in close proximity. For a vector quantity like
magnetic field, a sensible way to square the field is to form the square matrix

(4.3.1) Q(x,t) = B(x,t)BT(x,1)

So defined, Q(x,t) is symmetric and positive-semi-definite. Also, if B(x,1)
evolves according to (2.3.1), then

(4.3.2) (0, +u-V)Q = [Vu]Q + QT [Vu]T.

However, not every solution of (4.3.2) is the external square of a vector field.
We could take any initial Q field consisting of Symmetric positive-semi-definite or
positive-definite matrices, and let it evolve according to (4.3.2). As in the preceding
problems, we want to know if Q increases exponentially as t — co. We expect that
this kind of statement will make sense only in the sense of distributions, so the
appropriate question to ask is whether

/ trace[A(x)Q(x,t)]dx
D

increases exponentially with time, for some smooth matrix-valued function A(x)
and smooth initial Q field. ' ‘

Diffusion can be added formally to (4.3.2), yielding
(4.3.3) (D +u-V)Q = [Vu]Q + QT [Vu]" +eV2Q.

Note that (4.3.3) is not the equation for the tensor square of the solution to the
diffusive induction equation (2.1.1). It can be shown that a sufficient condition
for exponential growth of solutions to (4.3.2) is for the flow to be Anosov. The
argument is essentially the same as that given by Bayly [28] and Vishik [29], except
that no orientability condition is required on the dilating or contracting direction
fields. Our numerical results suggest that any degree of Lagrangian chaos guarantees
exponential growth in (4.3.2) and also (4.3.3). Indeed, the growth rate is expected
to exceed

vyt / Au(a)da
D



by a Jensen’s inequality argument similar to that used in the algae problem. This
bound is expected to hold for small positive values of & also.

Again, it is straightforward to simulate (4.3.2) using the same technique as in
the dynamo and algae problems. Since 16 matrix antidynamo theorems force us to
work in three dimensions, we let the problem be purely two-dimensional. Figure 8
shows a contour plot of log(max(1,|Q(x)|)) in the domain D; here |Q| denotes the
sum of the absolute values of the elements of Q. Figure 9 shows the growth rate
as a function of a. Note that the growth rate is always slightly greater than «, in
contrast to the same plot for the ordinary vector dynamo in which the growth rate
is always much less than a. This reveals that even though perfect cancellation can
be avoided in three dimensions, we can expect extremely good cancellation unless
a system is specifically constructed to have zero cancellation.

§5. DISCUSSION

The dynamo problem has been around for a long time. One reason it has been
around so long is that as progress is made, the problem changes. Like heads of
the Hydra, when one version of the dynamo problem is solved, another grows in its
place. The fast dynamo problem was identified by Vainshtein and Zeldovich [17] in
1972.

The last few years have seen significant progress. Theoretical and numerical
investigations have progressed hand-in-hand; each guiding the other. We now have
a good idea of what a fast dynamo is and what kinematic properties of a flow seem
to be favorable or unfavorable for a fast dynamo. The problem now is proving that
some likely candidate really is a fast dynamo. This is not proof in the rigorous
sense of pure mathematics. What we are looking for is some quantitative argument
that explicitly considers the problem of the arbitrarily small-scale structure that
develops as the diffusivity goes to zero, and shows that the development of the
small scale structure is consistent with growth of the field as a whole.

An asymptotic theory in the limit ¢ — 0 would be wonderful. However, asymp-
totic expansions seem to be available only when the flow is regular in structure, and
integrable [15,16,27]. It is difficult to say where the diffusive or boundary layers
are likely to occur in the absence of generalized coordinates whose surfaces give the
loci of the singular layers. Numerical computations do a good job of showing what
happens at small finite diffusivity and large, finite numerical resolution. If we were
doing a problem with a smooth solution, we could justify the results using either
local asymptotic error analysis [41] or possibly even a computer-assisted proof [55-
57]. But here we are discretizing a problem whose continuous version has a solution
which may be nowhere smooth, or even finite.

Another possibility is that a problem equivalent to the fast dynamo problem
may have been solved in some other discipline. The author has not yet found a
discipline in which the fast dynamo problem has been solved, but there are plenty
of other disciplines containing problems similar to the fast dynamo problem. A
prominent example is thermodynamic formalism for dynamical systems, which is
itself contained within large-deviation theory. But large-deviation theory is mostly
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Figure 8. Logarithmic contour plot of dominant eigenfunction
of quadratic form dynamo, at resolution NV = 128.

concerned with the distribution of sums of random scalars, while the fast dynamo
problem is concerned with the distribution of products of random matrices. Also,
large-deviation theory is mostly concerned with real scalars, so that information
about problems involving cancellation is slight.

This lecture has described the fast dynamo problem and a few other problems
with similar structure. They are difficult to analyze, but it is hard to believe they’re



too complex to be understood in simple terms. Once the right insight is found, they
should tumble like dominoes, and we will suddenly know much more about some
very interesting problems.

5-5__ T T T T o - 7 T T T

0 ] ] ] ] [t W | | !
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Figure 9. Quadratic form dynamo growth rate as a function of
a.
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