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Abstract 

Posterior segment eye diseases cause vision impairment and blindness in millions of 

people. A number of these diseases including age-related macular degeneration, 

glaucoma, and retinopathy can cause irreversible blindness and are currently treated with 

the help of drugs. Delivering drugs to the posterior eye is a challenge because of the 

presence of various physiological and anatomical barriers. Systemic delivery is infeasible 

due to the size of the eye. Topical delivery is also ineffective due to various barriers and 

elimination routes associated with the anterior eye. Intravitreal delivery, which is 

currently the preferred mode of drug delivery, provides a localized drug depot in the 

vitreous, but the method is invasive and frequent interventions can lead to 

endophthalmitis, retinal detachment, and hemorrhage. Recently, delivering drug via the 

transscleral route has gained attention as the sclera has been shown to be permeable to 

drug molecules and the method is invasive and provides a localized drug source as well.  

 

The objective of the dissertation was to provide better understanding of drug transport in 

the posterior eye with the help of a computational model. In particular, the following 

specific aims were pursued. 

1. Quantification of the relative importance of the tissue related barriers and 

elimination factors in the posterior tissues like the sclera, choroid, and the retina 

and its pigment epithelium. 

2. Investigation of the effect of saccade induced sloshing of the vitreous following 

vitreous liquefaction or vitrectomy, on drug distribution in the posterior eye. 
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A finite element model was created to model drug distribution in the posterior eye. The 

loss to the choroidal blood flow, active transport by the retinal pigment epithelium (RPE) 

and the clearance by the episcleral veins and the lymphatic circulation on the scleral 

surface were modeled as parameters in the model. The model was used to simulate drug 

transport from a systemic source and the model results were compared with existing 

experimental results to obtain values for the parameters. To investigate the effect of 

saccade induced sloshing on drug transport in the vitreous, the finite element model was 

modified suitably. The flow field in the vitreous due to saccade oscillations was solved 

for and a telescopic implicit envelope-tracking scheme was used to account for drug 

dispersion in the vitreous.  

 

The major conclusions of the dissertation were as follows. 

1. The choroid was suspected to have a significant impact on drug transport in the 

posterior eye. The model results however, showed that most of the drug diffuses 

through the choroid without being washed away, thus suggesting that the loss to 

choroidal circulation is not as significant as previously assumed. 

2.  Diffusion through the RPE was equally opposed by the active transport 

mechanism suggesting that the rate-limiting barrier for transscleral delivery could 

be the retina and its pigment epithelium. 

3.  Significant differences in the time scale for transport and local drug 

concentrations were observed when transport in the sloshing vitreous was 

compared to a static vitreous. The differences indicate that care should be taken 

before extrapolating animal data, which are mostly done on an intact vitreous, to 
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old patients whose vitreous might be liquefied. The model developed could also 

drive design of delivery systems in order to increase the efficiency of the 

treatment. 
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Chapter 1 

 

1. Introduction 

 

1.1 Eye Anatomy and posterior segment eye diseases   

The world's population is aging at an accelerated rate. Declining fertility rates combined 

with steady improvements in health care facilities over the latter half of the 20th century 

have resulted in a dramatic growth in the world's elderly population. People aged 65 and 

over now comprise a greater share of the world's population than ever before, and this 

proportion will only increase during the 21st century [1]. So, a critical issue at hand is the 

well being of the elderly amongst us. With age, the probability of being afflicted with a 

disease is higher due to reduced body resistance and general wear and tear of body parts. 

The number of elderly people with blindness or low vision is increasing every year and it 

is nearly 3.3 million among Americans aged 40 and over [2]. This number is expected to 

increase substantially by the year 2020, and hence vision loss is now a major public 

health problem, especially among the elderly. Studies [2] have identified age-related 
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macular degeneration (AMD), glaucoma, cataract, and diabetic retinopathy as the most 

common eye diseases in elderly Americans and hence treating these diseases is very 

critical to avoid blindness among them.  

 

All the above mentioned diseases except cataract, affect the posterior eye. Figure 1.1 

illustrates the anatomy of the eye. The anterior segment of the eye includes the cornea, 

the anterior chamber, the iris, the posterior chamber, the ciliary body, and the lens while 

the posterior segment is composed of the vitreous, the retina, the retinal pigment 

epithelium and the choroid. Based on this division we can classify ocular diseases as 

either anterior segment diseases or posterior segment diseases.  
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Figure 1.1 Anatomy of the eye highlighting the parts of interest in the posterior eye. 
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In this dissertation we focus our attention on the treatment of posterior segment diseases, 

particularly AMD, which is the leading cause of blindness and vision impairment. A brief 

review of some of the posterior segment eye diseases is presented in this section. Prior to 

that, we provide a brief background on the functionalities of some of the components of 

the posterior eye. 

 

1.1.1 Posterior eye 

Retina 

The retina is a multi-layered sensory tissue that lines the back of the eye. It contains 

millions of photoreceptors that capture light rays and converts them into electrical 

impulses. These impulses travel along the optic nerve to the brain where they are turned 

into images. There are two types of photoreceptors in the retina: rods and cones. The 

retina contains approximately 6 million cones. The cones are contained in the macula, the 

portion of the retina responsible for central vision. They are most densely packed within 

the fovea, the very center portion of the macula (figure 1.2(a)). Damage to the macula can 

happen due to a gradual breakdown of the light sensitive cells resulting in blurred vision 

that is associated with AMD. 

 

Vitreous humor 

The vitreous humor (also known as “vitreous”) is a thick, transparent substance that fills 

the center of the eye (figure 1.1, 1.2(b)). It is composed mainly of water and comprises 
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about 2/3 of the eye's volume, giving it form and shape. In children, the vitreous has the 

consistency of a gel. With age though, it gradually thins and becomes more of a liquid. 

The vitreous is firmly attached to certain areas of the retina. As the vitreous thins, it 

separates from the retina, often causing retinal detachment. 

         

              (a)                                                      (b)                                                       (c) 

Figure 1.2 Anatomy of the posterior eye illustrating posterior components (a) Retina 

and the macula [127], (b) The vitreous humor [128], (c) Retina, choroid and scleral 

layers [129]. 
 

Choroid 

The choroid lies between the retina and sclera (figure 1.2(c)). It connects with the ciliary 

body toward the front of the eye and is attached to edges of the optic nerve at the back of 

the eye. Choroid is composed of layers of blood vessels that nourish the back of the eye. 

The choroidal blood flow is high for its weight and the choriocapillaris also has numerous 

fenestrations suggesting that the choroid could act as a barrier for transport as molecules 

could get washed away by the blood flow.  

 

Sclera 
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The sclera is commonly known as "the white of the eye."  It is the tough, opaque tissue 

that serves as the eye's protective outer coat (figure 1.2(c)).  The sclera consists of 

fibroblasts embedded in an extra cellular matrix of collagen and elastic fibers interspersed 

with several types of proteoglycans [3]. It contains approximately 70% water and type I 

collagen fibers make up 75-80% of its dry weight. 

 

1.1.2 Posterior segment eye diseases 

Age-related macular degeneration (AMD) 

AMD is a medical condition afflicting the older adults which results in loss of central 

vision. The center part of the retina (macula) is affected hence the person loses central 

vision. Central vision is necessary for performing certain activities like reading and 

driving. The disease does not affect peripheral vision and hence the afflicted person does 

not suffer from total vision loss. AMD occurs in two forms, wet and dry. 

 

Wet AMD is associated with the formation of new blood vessels under the retina. This 

abnormal growth of the choriocapillaris results in leaking of blood and proteins and 

results in the formation of scar tissue, thus damaging the photoreceptors of the retina. The 

wet form of the disease spreads rapidly and can result in complete vision loss if left 

untreated. Dry AMD, on the other hand, is a slow process of degeneration of the 

photoreceptors of the retina. It is characterized by the formation of drusen and loss of 

pigment in the retina.  
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Glaucoma 

Glaucoma affects the optic nerve head and results in the loss of retinal ganglion cells. The 

optic nerve head carries visual information to the brain. Increase in intraocular pressure is 

a major risk factor and damage to the optic nerve head can result in vision loss leading to 

blindness. 

 

Diabetic retinopathy 

Diabetic retinopathy is the most common eye disease affecting diabetic patients. It 

involves damage to the retinal blood vessels. The disease begins with the swelling of 

blood vessels, which then leak fluid. As the disease progresses, some of the blood vessels 

get blocked. Later on, new blood vessels grow to compensate for the blocked vessels. 

The new vessels have thin and fragile walls which result in blood leaks that can damage 

the retina and result in vision loss. The disease in its advanced stage is called proliferative 

retinopathy. 

 

1.2 Transport barriers for ocular drug delivery 

This section discusses the various barriers to the transport of drugs in the eye. A detailed 

explanation about how these barriers affect drug delivery with respect to specific methods 

of delivery is provided in the next section. 

1.2.1 Corneal epithelium and endothelium 
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The corneal epithelium plays a critical role in the maintenance of a balanced stromal 

hydration and a barrier against tear borne agents. It is made up of five cell layers as 

shown in figure 1.3. The resistance to solute transport across the cornea can be split into 

three resistances in series, i.e., Rcornea = Repithelium + Rstroma + Rendothelium. The corneal 

epithelium contributes almost 99% to the total resistance to solute transport even though 

its thickness is only 10% of the total thickness of the cornea [4]. The existence of zonulae 

occludens or tight junctions is the main cause of the high resistance to transport in the 

corneal epithelium. On the other hand, macular occludens, rather than zonulae occludens 

exist between the endothelial cells resulting in a leaky barrier between the aqueous humor 

and stroma.  

 

Figure 1.3 Cellular organization of transport limiting layers in the cornea. The 
superficial wing and basal cells are the three principal corneal epithelial cell types.  

Adapted from [4]. 
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1.2.2 Conjunctival epithelium 

The conjunctiva is a thin, transparent mucous membrane lining the inside of the eyelids 

and is continuous with the cornea. The conjunctival epithelium is very similar to the 

corneal epithelium with respect to its cellular organization. Like the corneal epithelium, 

the conjunctival epithelium has tight junctions that make them highly impermeable to 

solutes. 

 

1.2.3 Blood-Aqueous barrier 

The blood-aqueous barrier provides resistance to the penetration of solutes through the 

blood into the anterior and posterior chamber of the eye. It consists of two layers of cells: 

the endothelium of the iris and ciliary blood vessels, and the non-pigmented ciliary 

epithelium. Any solute has to cross the iris vessels, the stroma, a layer of iris muscle, and 

the iris epithelium before reaching the posterior chamber from the iris blood vessels. The 

resistance to transport into the anterior chamber is relatively lesser because the cellular 

layer on the anterior surface of the iris is incomplete. Also, the continuous drainage of 

aqueous humor through the anterior chamber angle makes it extremely difficult for solute 

to move from the anterior chamber to the posterior chamber. The ciliary microvessels, the 

loose connective tissue of the stroma, and the two layered ciliary epithelium are the 

barriers for transport from the ciliary blood vessels to the posterior chamber.  
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The ciliary body epithelium is made of an outer pigmented epithelium and an inner non-

pigmented epithelium juxtaposed at their apical surfaces. The tight junctions between the 

non-pigmented epithelial cells impose a diffusion barrier between the blood and aqueous 

humor[4].   

 

1.2.4 Blood-retinal barrier (BRB) 

Figure 1.4 illustrates the layered structure of the fully developed retina. Among all the 

layers, the major contribution to the resistance against solute transport is offered by the 

blood-retinal barrier. The BRB can be divided into the outer BRB, consisting of the RPE 

and the inner BRB, consisting of the endothelial membranes of the retinal blood vessels.  

 

Retinal Pigment Epithelium (RPE) 

RPE is a monolayer of hexagonal cells that separates the outer surface of the neural retina 

from the choriocapillaris. One of its important functions apart from selective transport is 

to remove fluid from the retina and thus helps keep the retina attached [5]. 

There is evidence which suggests that the RPE layer is the primary barrier to solute 

transport in the posterior segment of the eye [6]. Horseradish peroxidase was found to 

penetrate all the layers of the retina, when injected into the vitreous, but was blocked by 

the tight junctions of the RPE. Macromolecules injected into the blood stream were also 

found to escape through the walls of the choriocapillaris and penetrate the Bruch’s 

membrane only to be stopped by the junctions of the RPE. 
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Figure 1.4 Cellular organization of the retina. Adapted from [4] 

Retinal vessels 

Studies by Cunha-Vaz et al [7] proposed that the endothelial cells of the retinal vessels 

along with their junctional complexes act as a barrier to the transport of substances like 

thorium dioxide, trypan blue, and fluorescein. The tight junctions between the endothelial 

cells have been shown to be impermeable to large compounds like horseradish peroxidase 

(MW 40kDa; hydrodynamic radius ~5nm) as well as the relatively smaller 

microperoxidase (MW 1.9kDa; hydrodynamic radius ~2nm) [8]. 

 

Bruch’s Membrane 

Bruch’s membrane is a five layered membrane lying between the choroid and the RPE 

layer or the RPE rests on the basement membrane of the Bruch’s membrane[9]. Oxygen, 
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electrolytes, nutrients from the choroidal circulation must pass through this layer before 

reaching the retina and similarly the water pumped by the RPE should also pass through 

this layer before being absorbed into the blood stream.  

Although there is no direct evidence about this layer offering a high resistance to the 

transport of solutes from the blood stream to the retina, it is known that the hydraulic 

resistance to the flow of water, from the RPE to the choroid, increases with age due to the 

accumulation of lipids in the membrane. These lipids are waste products from the retina 

that are processed by the RPE[9].  

 

1.3 Drug delivery techniques for posterior segment diseases 

The eye poses a unique set of challenges with respect to drug delivery. There are various 

anatomical and physiological barriers that make the task of delivering drugs to a 

particular organ all the more difficult, especially if it were in the posterior eye. Also, the 

narrow concentration window of effectiveness for each drug makes the task all the more 

difficult as excess drug can result in serious side effects to both the targeted and non-

targeted tissue and less dosage might result in the drug not being effective at all.  

Most ocular drug delivery systems for posterior segment diseases fall under one of the 

following categories (see figure 1.5): 

1) Systemic delivery 

2) Topical delivery  
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3) Intra-vitreal delivery 

4) Transscleral delivery 

Figure 1.7 illustrates the drug distribution pathways for each of the above drug delivery 

methods. The distribution pathways along with the pitfalls of the drug delivery methods 

will be discussed in the following sections. 
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Figure 1.5 Drug delivery techniques for the posterior eye. (a) Topical delivery, (b) 

Systemic, (c) Intravitreal delivery, (d) Transscleral delivery. Adapted from [14] 
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Figure 1.6 Drug distribution pathways in the eye. Drug transport routes after 

systemic, topical, intravitreal, and transscleral delivery. Adapted from [11]. 
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1.3.1 Systemic delivery 

Systemic administration of drugs is where the drug is supplied to the blood stream 

directly, in the form of injections, or by absorption into the blood stream, in the form of 

pills and hence reaches the target tissue by diffusing out of the blood flow into the tissues 

in its circulation path. This method of delivery is not ideally suited to treating posterior 

segment diseases because the eye, due to its relatively small size, does not receive enough 

blood supply for the drug delivery technique to be effective. 

There are essentially two ways in which the drug penetrates into the vitreous body after 

systemic administration (see figure 1.7): 

1. Penetration into the posterior chamber and diffusion into the vitreous. 

2. Penetration across the blood-retinal barrier. 

 

Compounds administered systemically can penetrate the leaky vessels of the ciliary body 

and diffuse through the iris into the aqueous humor in the anterior and the posterior 

chamber. The blood-aqueous barrier offers less resistance to transport from the iris to the 

anterior chamber when compared to transport to the posterior chamber. Movement into 

the posterior chamber from the anterior chamber is however restricted by the diaphragm- 

like action of the iris on the lens (figure 1.6). Also, the little amount of drug that enters 

the posterior chamber faces the tough task of competing with the parallel elimination of 

the posterior aqueous humor through the anterior chamber (figure 1.6). So in conclusion, 

even though the blood aqueous barrier is relatively less resistant on the anterior side of 
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the iris, very minimal quantity of the drug actually gets to the posterior chamber and 

given the distance the drug has to diffuse to get to the retina and also the aqueous humor 

flow opposing any posterior movement of the solute, it is highly unlikely that we would 

find sufficient drug transport to the posterior eye through this route. 

 

Another phenomenon that works against the drug permeating through the blood retinal 

barrier is the presence of active and facilitated transport systems that are located in the 

RPE and the retinal vessels that clear compounds from the vitreous with a directionality 

towards the plasma. For compounds that are actively transported out of the vitreous the 

aqueous humor-vitreous concentration gradient after systemic administration is extremely 

shallow and localized around the iris ciliary body [10]. 

 

The blood retinal barrier offers a very high resistance to transport of most 

pharmacologically active drugs and hence, penetration through the posterior chamber 

yields very poor concentrations in the posterior eye. Therefore, it becomes necessary to 

administer extremely large doses of antibiotics, antivirals or steroids by intravenous 

administration. This can lead to the deposition of excess drug in some parts of the body 

which can cause serious side effects. The inability to circumvent the blood-retinal barrier 

or to reduce the aqueous elimination of drugs makes systemic drug delivery to treat 

posterior eye diseases an impractical option. 
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1.3.2 Topical delivery 

Topical delivery in the form of ophthalmic drops is the most common method used to 

treat ocular diseases. The anatomy and physiology of the eye, however, present barriers 

to topical delivery to the posterior eye. After topical administration, there are two ways in 

which the drug can enter the eye (see figure 1.7): through the corneal route and through 

the non-corneal route (scleral/conjunctival). Transport by penetration through the cornea 

is limited by resistance offered by the corneal epithelium, lacrimation and tear dilution, 

tear fluid turnover, and absorption by the conjunctiva. It has been shown that an aqueous 

instilled dose leaves the pre-corneal area within 5 minutes of instillation in humans, and 

less than 3% of the instilled dose reaches the aqueous humor [11]. This limited quantity 

entering the aqueous humor undergoes further rapid elimination because of distribution 

into non target tissues as a result of aqueous humor flow (see figure 1.6). Further 

posterior movement is also retarded by the iridolenticular diaphragm and the aqueous 

humor flow [11]. 
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Figure 1.7 Flow pathways for aqueous humor. Flow starts in the posterior chamber 

and ends in the trabecular meshwork in the anterior chamber as is indicated by an 

arrow. Adapted from [130] 

 

The non-corneal route involves the penetration through the conjunctiva and sclera and 

then into the ocular tissues. Many studies have shown that the conjunctival/scleral route 

is significant for compounds with poor corneal permeability [11].  

 

There are four ways in which the drug can get to the posterior tissues of the eye after 

topical administration: 

1. Diffusion into the iris root and then into the posterior chamber aqueous humor 

and subsequently into the posterior tissues. 
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2. Penetration into the pars plana without entering the blood-retinal barrier [12]. 

3. Lateral Diffusion across the sclera through and then entering the vitreous by 

penetrating the RPE and Bruch’s membrane. 

4. Absorption into the systemic circulation via the conjunctival vessels or the 

nasolacrimal duct and hence into the retinal vessels.    

 

For the drug to diffuse into the vitreous from the posterior chamber there needs to be a 

concentration gradient which would drive the diffusion process. But in most cases, the 

concentration gradient between the aqueous humor in the posterior chamber and the 

vitreous is very shallow and gets smaller and smaller as the aqueous humor concentration 

drops due to various elimination processes discussed earlier. This results in very low 

concentration values in the peripheral retina and anterior vitreous and even lesser 

concentrations at the posterior vitreous and macula. 

 

The sclera is made up of a large amount of type I collagen, a few elastic fibers and 

fibroblasts with the proteoglycans making up most of the interfibrillar space. The 

proteoglycans have been thought to provide for the diffusional pathway for hydrophilic 

drugs [13]. However, collagen fibers are known to cross the eye as parallel bundles under 

the episclera with some free aqueous space around them, providing lesser resistance to 

diffusion compared to proteoglycans. This low resistance route might help in the lateral 

diffusion of topically administered drugs across the sclera and the conjunctiva. Lipophilic 
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drugs can penetrate the RPE and Bruch’s membrane after lateral diffusion across the 

sclera. Drugs can also penetrate into the iris root and subsequently penetrate into the 

posterior chamber after lateral diffusion.  

 

For topical delivery to be effective in attaining therapeutic levels in the posterior tissues, 

penetration across the major rate limiting barriers to drug transport like the corneal 

epithelium, RPE, and Bruch’s membrane have to be enhanced a great deal. Also, to 

maintain a sustained concentration gradient across the barriers the various drug 

elimination pathways have to be overcome. 

 

1.3.3 Intravitreal delivery 

Intravitreal delivery, either in the form of an injection or intravitreal implants, is the most 

direct form of drug delivery to the vitreous humor and retina. It overcomes most of the 

barriers and elimination mechanisms associated with the anterior part of the eye. 

However, intravitreal injection has been associated with serious side effects, such as 

endophthalmitis, cataract, hemorrhage, and retinal detachment[14]. Since multiple 

injections are required at specific time intervals to maintain therapeutic concentrations, 

and the risk of injury to the eye is high. Patient compliance is also low if the procedures 

are repeated. In spite of these short comings, and due to lack of a better option, 

intravitreal delivery is currently, the most used method to treat posterior segment eye 

diseases. 
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The kinetic behavior of drugs delivered via the intravitreal route in a stagnant, non stirred 

vitreous is dependant on transport via diffusion, osmotic pressure, convective flow, and 

active transport [3]. For small or moderately sized molecules, diffusion is the major mode 

of transport while the contribution of the other modes is almost negligible[15].  

 

Drug distribution and elimination can occur in two main patterns: diffusion from the lens 

region towards the retina with elimination via the retina-choroid-sclera or anterior 

diffusion with elimination through the hyaloid membrane into the aqueous humor. A 

molecule’s path of elimination mainly depends on its physiochemical properties. For 

example, lipophilic compounds like fluorescein [16] or dexamethasone [17] tend to exit 

through the retina, and hydrophilic compounds and compounds with poor retinal 

permeability diffuse out through the hyaloid membrane into the posterior chamber.  

 

Certain pathophysiological conditions are also known to affect the drug’s vitreal kinetics. 

Rhegmatogenous retinal detachment or a simple retinal inflammation might result in the 

retina losing its integrity because of the breakdown of the blood retinal barrier. Retinal 

tears are known to increase the aqueous humor permeation rate through the vitreous by 

almost a factor of ten [15]. This increase in the flow rate of vitreous outflow of aqueous 

humor results in faster elimination of the drug through the retina. Friedrich et al.[18] 

showed that the drug diffusivity and retinal permeability are important factors which 

determine elimination from the vitreous especially in the case of blood retinal barrier 
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breakage. They also showed that the drug elimination rate is faster in aphakic eyes and 

that the elimination mechanism is highly dependant on the proximity of the injection to 

the exit pathways. 

 

Vitreous liquefaction and vitrectomy have also been shown to affect the kinetics of drug 

transport in the vitreous. As noted in the previous section, the vitreous loses its structural 

homogeneity, and hence it’s gel-like structure during ageing and becomes a liquid. Also, 

in some cases, for example, to treat retinal tears, vitrectomy is performed where the 

vitreous is removed and replaced with artificial substitutes like silicone oil or 

perfluorocarbon liquid[19]. Harocopos et al. [20]and Holekamp et al. [21]observed an 

increase in the incidence of cataract in vitrectomized eyes leading to the hypothesis that 

increased transport of oxygen in the vitreous lead to the effect. Chin et al. [22]and Doft et 

al. [23]also observed an increase in the clearance of intravitreally administered 

triamcinolone acetonide and amphotericin respectively, in vitrectomized eyes when 

compared to non-vitrectomized eyes. These observations suggest that the breakdown of 

the mass transport barrier during liquefaction could play an important role in drug 

transport in the posterior eye. Sloshing of the liquid vitreous due to eye movements was 

observed by Walton et al.[24]. Sloshing could induce mixing of the drug in the vitreous 

and could profoundly affect the biodistribution of drug in the posterior eye.  

 

1.3.4 Transscleral delivery 
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Periocular drug delivery using subconjunctival or retro-bulbal injections or placement of 

sustained release devices provides another route to deliver drugs to the posterior eye. The 

pathway for the transport of drugs would be transscleral. There is evidence suggesting 

that the human sclera is permeable to molecules no larger than 70kDa in radii [13, 14, 25-

27]. This along with the fact that the method is less invasive than intravitreal injections, 

and also provides the option of localized sustained release drug delivery, suggests that 

transscleral delivery might be the best possible solution to deal with the problem of 

delivering drugs to the posterior eye. 

 

The scleral components involve a large amount of type I collagen, proteoglycans, a few 

elastic fibers and some fibroblasts. The proteoglycans play an important role in 

maintaining a large volume of water in the sclera. The diffusion pathway for drugs may 

be through the interfibrillar aqueous media of these gel like proteoglycans[13, 25].  

 

Initial studies by Bill [28] demonstrated that both albumin and dextran diffuse across the 

sclera and accumulate in the intraocular tissues when injected into the suprachoroidal 

space of the rabbit eye. Further studies on animals demonstrated that drugs penetrate the 

sclera and accumulate in the ocular tissues after subconjunctival or retrobulbar 

injections[14]. Ahmed and Patton [29] concluded that timolol and inulin were able to 

penetrate the sclera and enter intraocular tissues after topical application, if the corneal 

absorption route was blocked. They were the first to suggest that it might be possible to 

exploit the scleral absorption route to deliver drugs to the ocular tissues at the back of the 
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eye. Studies have also shown that a significant level of dexamethasone was present after 

subconjunctival or retrobulbar injections and that these levels were a result of direct 

diffusion across the sclera[14].  

 

At the outset it seems feasible to deliver drugs to the posterior eye across the sclera. 

However, delivering drugs to the retina is a challenge as the drug molecule has to 

penetrate the choroid and the RPE. Based on existing information, given the volume of 

blood flow in the choroid, there is a good reason to believe that a significant amount of 

drug could be cleared away by the choroidal circulation. The RPE has been shown to be a 

tighter barrier than the sclera for hydrophilic compounds and for lipophilic compounds 

the permeabilities have been found to be similar[30].  

 

1.4 Summary 

The general goal of ophthalmic drug delivery is to maximize the drug concentration in 

the target eye tissues while minimizing the levels in the remainder of the body. Drug 

delivery presents a huge challenge especially when dealing with posterior segment 

diseases because of the anatomy and physiological condition of the human eye. 

Conventional drug delivery techniques like systemic and topical administration have not 

been effective in delivering drugs to the posterior eye. Drug delivery in the form of 

intravitreal injection overcomes the limitations of systemic and topical delivery by 

delivering the drug directly into the vitreous cavity of the eye and circumventing most of 
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the barriers to transport. However, repeated injections are required to maintain 

therapeutic levels within the eye as the drug gets eliminated through the retina and into 

the anterior eye. Repeated injections can potentially damage the eye and also cause 

serious side effects like retinal detachment and hemorrhage. Also this procedure is not the 

most appealing method as most patients do not cooperate readily. The limitations not 

withstanding, intravitreal drug delivery is currently the most common delivery technique 

used to treat posterior segment eye diseases. In recent years, transscleral delivery of drugs 

has received a lot of attention from both clinicians and engineers alike. The sclera, by 

virtue of its large surface area, accessibility, and relatively high permeability may indeed 

provide a useful vector for delivering drugs to tissues in the posterior eye. However the 

usefulness of the method is still under investigation, especially for diseases that affect 

parts of the retina. 
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Chapter 2 

 

2. Objectives 

Most of the drugs used to treat vitreoretinal diseases have a narrow range of peak 

efficacy. Hence, it becomes critical to be able to predict drug concentrations at target 

tissues. There is also the need to optimize the delivery rate, drug loading in the devices, 

and the location to achieve maximum effectiveness. Computational models that mimic 

reality can be used to answer some of these questions. In addition, the models also have 

the potential to provide information that cannot be measured experimentally or to provide 

key insights into the transport processes that can only be indirectly tested experimentally. 

 

In our work we have used computational modeling techniques to improve our existing 

understanding of the drug transport process in the posterior eye. In particular we have 

looked at two key factors.   
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1) The effect of active transport by the RPE and the loss of drug to the choroidal blood 

flow on drug distribution in the posterior eye. 

Researchers in the past have come up with computational models to predict posterior 

drug concentrations. However, they have failed to consider in total all the clearance 

mechanisms, and barriers to drug transport in the posterior eye, some of which might be 

particularly important in the case of transscleral drug delivery. Loss of drug to the blood 

circulation in the choroid, the uni-directional active transport of drug molecules out of the 

vitreous by the retinal pigment epithelial (RPE) cells, and the clearance of the drug from 

the scleral surface are some of the important factors that need to be taken into 

consideration while modeling transscleral drug delivery. Experimental studies usually 

involving fluorescein as a model can provide insight into the relevant factors. This study 

focused on quantifying choroidal losses, scleral surface clearance, and active drug 

transport by comparing published pharmacokinetic data to the model. 

 

2) The effect of sloshing of the liquefied vitreous induced by saccadic eye movements on 

drug distribution in the posterior eye. 

With aging, the vitreous undergoes progressive liquefaction and thus more readily sloshes 

during eye motion (saccades). In addition to its relevance to the problem of vitreous 

detachment, increased motion of the vitreous could have a profound effect on transport of 

drugs used to treat posterior segment eye diseases. In age-related macular degeneration 

(AMD), for example, numerous techniques are emerging to deliver drugs to the posterior 

eye via the transscleral pathway. Tests of such delivery systems are invariably performed 

on young animals, but the eventual target is the elderly population that suffers from 
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AMD. Since most drugs have a window of peak efficacy, and the target is the macula, not 

the entire eye, understanding the effect of increased vitreous mobility is paramount. In 

this study we evaluated the effect of vitreous sloshing on drug uptake, clearance from the 

vitreous, drug retention in the vitreous, and most importantly, macular concentrations for 

both transscleral and intra-vitreal drug sources for varying degrees of vitreous 

liquefaction.  

 

Chapters 3 and 5 of the dissertation are dedicated to the objectives listed above. Chapter 6 

summarizes the conclusions presented in the dissertation and looks ahead to the some of 

the additional work that could be done in the future to progress the field.  

 

In Chapter 4 we present the method that was used to simulate drug dispersion in the 

vitreous due to saccadic oscillations. The problem presents some challenges at the outset. 

• The time scale for eye motion and the convective time scale (ms) are small 

compared to the time scale for diffusive drug transport (hours to weeks). Hence, 

time integration of the spatially discretized equations using small time steps 

corresponding to the fast time scales would lead to impractical processing times. 

Hence a multi-scale strategy that includes information provided by all the time 

scales but bridges the gap between them to enable fast processing times is needed. 

• The saccade oscillations are rapid and the velocities are high. Drug transport in 

the vitreous is dominated by convection and hence using regular methods result in 

spurious oscillations in the solution. An ultra-refined mesh is needed to overcome 
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the problem, which then becomes infeasible. A method that solves the problem 

without the use of the highly refined mesh is needed to reduce processing times. 

• Complex geometry of the posterior eye does not allow for an analytical solution 

as well.  

 

A method that was used to overcome the problems listed above was developed and is 

explained in chapter 4. The method was tested against a problem with a simple geometry 

and a known solution and the accuracy of the scheme was evaluated.  
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Chapter 3 

 

3. Effect of active transport and choroidal 

circulation on posterior segment drug delivery 

 

This chapter describes a computational model that was developed to simulate drug 

transport in the posterior eye. The model incorporated losses to choroidal circulation, 

active transport by the Retinal pigment epithelium (RPE) and losses to episcleral veins 

and lymphatics on the scleral surface. The model was used to simulate systemic delivery 

and model results were compared with experimental data to evaluate the influence of the 

above mentioned factors on drug transport in the posterior eye. The text, figures and 

results were published in the following citation: 

 

i. Balachandran RK, Barocas VH. Computer Modeling of Drug Delivery to the 

Posterior Eye: Effect of Active Transport and Loss to Choroidal Blood Flow. 

Pharmaceutical research 2008; 25: 2685-2696.  
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Abstract 

Transscleral drug delivery is an emerging method for treating posterior segment eye 

diseases. The direct penetration route following transscleral administration presents 

several barrier and clearance mechanisms - including loss to choroidal blood flow, active 

transport by the retinal pigment epithelium (RPE), and loss to the conjunctival lymphatics 

and episcleral blood vessels - that have not yet been thoroughly investigated. Each of 

these mechanisms could have a significant effect of the posterior concentrations attained 

after transscleral delivery, and hence the objective of this research was to quantify their 

effects. A finite element model was created to model drug distribution in the posterior 

human eye. Fluorescein and fluorescein glucuronide were selected as model compounds 

due to extensive available experimental data. The volumetric choroidal loss constant, 

active transport component, and the mass transfer from the scleral surface were the only 

unknown parameters in the model. The model was used to simulate drug distribution 

from a systemic source, and the results were compared with existing experimental results 

to obtain values for the parameters. Dimensional analysis for the parameters suggests that 

the loss to the choroidal blood circulation is not as important as previously thought, but 

loss from the scleral surface could be significant. The strength of active transport by the 

RPE was found to be on par with the strength of diffusion through the retina. The 

simulations predicted periscleral movement of drugs due to active transport by the RPE, 

which resulted in more rapid distribution and elevated drug concentrations in the choroid 

and sclera. 
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3.1 Introduction 

Posterior segment eye diseases cause vision impairment and blindness in millions of 

people. A number of these diseases, including age-related macular degeneration, 

glaucoma, and diabetic retinopathy can cause irreversible blindness and are currently 

treated with the help of drugs [31]. Delivering drugs to the posterior eye is a challenge 

because of the presence of various physiological and anatomical barriers. Systemic 

delivery is not feasible because of the small size of the eye and resulting small blood 

supply. Also, the blood-vitreous barrier presents a hindrance to drug penetration from the 

blood to the vitreous [32].
 
The inefficiency of systemic delivery requires very large doses, 

placing non-targeted tissues at risk. Topical delivery (eye drops) is also ineffective in 

producing therapeutic concentrations in the posterior eye because of a series of 

impediments: lacrimation and tear dilution, the corneal epithelium, absorption by the 

conjunctiva, and rapid elimination by the aqueous humor flow. It has been shown that 

less than 3% of aqueous instilled dose reaches the aqueous humor[11]. Intravitreal 

delivery of drugs through implants and injections has been associated with serious side 

effects like endophthalmitis, hemorrhage, and retinal detachment [14]. Also, since 

repeated administrations are needed to maintain effective drug levels, the risk of injury to 

the eye is high, and patient tolerance is poor. The shortcomings of existing delivery 

methods necessitate a novel delivery concept. The sclera has been shown to be highly 

permeable to a large number of macromolecules [26, 28, 29, 33-35], creating interest in 

the transscleral route to deliver drugs to the posterior eye. The method is less invasive 

than intravitreal delivery and also provides the option of localized sustained delivery. 
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Many drugs used to treat vitreoretinal diseases have a narrow concentration window 

within which they are effective [36]. Higher concentrations can be toxic, and lower 

concentrations can be insufficient to treat the disease. Hence, for a transscleral delivery 

system to be effective, it is critical to be able to predict drug concentrations within the 

eye following administration. In response, there have been several computational models 

developed to simulate the distribution and elimination of drugs from the posterior eye 

(see Table 3.1). In developing such a model, one must address three important 

mechanisms for drug transport: loss to the choroidal circulation, active transport by the 

retinal pigment epithelium (RPE), and loss to the conjunctival lymphatics and episcleral 

veins. Figure 3.1 shows the different layers of the posterior eye and the location of the 

transport mechanisms.  

 

 

 

   

 

 

 

 

Figure 3.1 Transport routes and barriers for transscleral drug delivery. 

 

Choroidal blood flow is among the highest per unit volume in the body. A vast network 

of vessels, the choriocapillaris, delivers oxygen and nutrients to the eye, and it could 
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serve as a sink for transsclerally delivered drugs, preventing them from reaching the 

target. As seen in Table 3.1, choroidal losses have been ignored in some cases, lumped 

with the episcleral clearance route in some, and treated as a perfect sink in others.  

 

Active transport by the RPE has been demonstrated for water [37] and some test solutes 

[38-40]. This active transport could be significant compared to passive diffusion and 

convection, but it has been largely ignored in previous models. Yoshida et al[41]. 

estimated the inward and outward permeability of the blood-retinal barrier and attributed 

a higher outward permeability to the existence of an active transport mechanism. Stay et  

 

Table 3.1 Drug transport models in posterior eye 
 

Reference Geometry Choroidal losses Active transport 

[16] Sphere Ignored Ignored 

[41] Spherical shells Ignored 

Outward and inward 

permeability of BRB 

calculated 

[131] Cylinder Ignored Ignored 

[18,117,132] 
Physiological 

(Human/Rabbit eye) 
Ignored Ignored 

[42] 
Physiological 

(Human/Mouse eye) 
Ignored 

Coupled with loss from 

vitreous 

[56] 
Physiological (Rabbit 

eye) 

Suggested a 

method to include 

vascular clearance 

effects 

Ignored 

[57] 
Physiological (Rabbit 

eye) 
Complete sink Ignored 

[15] 
Physiological (Rabbit 

eye) 
Complete sink Ignored 
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al [42] included active transport of aqueous humor in the clearance of the drug from the 

vitreous in their model of intravitreal drug delivery. 

 

Losses to the conjunctival lymphatics and episcleral veins are of obvious importance for 

any drug outside the sclera. The work of Robinson et al [43] suggests that this drainage 

route may have a profound effect on transscleral delivery. Most previous models have 

treated the episcleral space as a perfect sink. 

 

The major challenge in modeling such phenomena is the difficulty in isolating and 

measuring their individual effects. For example, an MRI study on transscleral delivery in 

living vs. dead rabbits [43] found significant differences, but whether those differences 

were due to choroidal losses, active RPE transport, or other factors, is not clear. The 

objectives of this work were therefore to develop a computational model of transport in 

the posterior eye, to incorporate choroidal losses and active transport into that model, and 

to apply that model to published experimental studies and evaluate the model parameters 

associated with choroidal losses and active transport. 

 

3.2 Methods 

3.2.1 Model Development and conservation equations 

A three-dimensional model was developed based on the posterior segment of the human 

eye [42, 44] (Figure 3.2). The domain is defined by six main tissues: the retina, the 
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choroid, the sclera, the vitreous, the lens, and the hyaloid membrane, which combines 

with the lens to form a partition between the anterior eye and the posterior eye. For the  

 

 

 

 

 

 

 

 

 

 

Figure 3.2 Schematic of the geometry of the posterior human eye model showing the 

domains and the boundaries along with their dimensions. 
 

purpose of modeling, we have lumped the choroid and sclera together into one entity, the 

CS layer. The lumped tissue forms the boundary for the vitreous on the posterior surface, 

and the lens and hyaloid membrane bound the vitreous on the anterior surface. Only half 

of the posterior eye was modeled due to symmetry about a plane passing through the 

transscleral drug source (if present) and the pupillary axis. 

 

Both convection and diffusion play an important role in determining the distribution and 

the eventual elimination of the drug from the posterior eye. Convection is due to the 

steady permeation of the aqueous humor through the vitreous, and diffusion is driven by 
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the concentration gradient. We treat the vitreous as stagnant and incompressible under 

normal conditions [45, 46]. The Darcy flow equation, which describes flow through a 

static, incompressible porous medium, can therefore be applied 

                                                          
K

P
µ

= − ∇∇∇∇v                                                           (3.1) 

where K is the permeability of the vitreous and µ is the viscosity of the permeating 

aqueous. The term K/µ is collectively referred to as the hydraulic conductivity. Equation 

(3.1) is also applied to the retina and the choroid/sclera with the hydraulic conductivity 

modified appropriately. The scleral hydraulic conductivity, scaled for the thickness, was 

used for the conductivity of the CS layer because the scleral resistance to transport is 

much greater than the resistance of the choroid [47]. Since the aqueous humor is 

incompressible,  

                                                      20; 0
K

P
µ

⋅ = ⇒ =∇ ∇∇ ∇∇ ∇∇ ∇v                                             (3.2) 

To model the drug distribution in the vitreous, we applied the mass balance equation for 

the drug: 

                                                 2 0
v

c
c D c q

t

∂
+ ⋅ − + =

∂
v ∇ ∇∇ ∇∇ ∇∇ ∇                                             (3.3) 

where c represents the concentration of the drug, Dv is the diffusion coefficient of the 

drug in the vitreous, v is the velocity of aqueous permeation from equation (3.1), and q is 

the generation/consumption rate of the drug. We assumed that the drug is not metabolized 

or otherwise degraded within the vitreous, so the generation/consumption term q was set 

to zero within the vitreous. An intravitreal controlled-release source would be modeled 

by a negative q[42]. 
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The blood-vitreous barrier is comprised of the retinal pigment epithelium and the retinal 

and choroidal capillaries. The barrier has been shown to be asymmetric with respect to 

the transport of fluorescein [10, 48-51]. The outward permeability (vitreous to blood) of 

fluorescein is roughly 100 times higher than the inward permeability [52]. This 

asymmetry has been attributed to active pumping by the RPE, which is known to pump 

water from the retinal space into the choroidal circulation [9]. The mass transport 

equation was modified for the retina as:  

                                               2( 0
ret

c
c D c

t

∂
+ ⋅ − =

∂
actv + k ) ∇ ∇∇ ∇∇ ∇∇ ∇                                      (3.4) 

where Dret is the diffusivity of the drug through the retinal layer. The unidirectional 

pumping mechanism is modeled with the help of an added convectional velocity, kact, a 

vector pointing in the radially outward direction, of magnitude kact. 

 

The drug mass balance equation was modified for the CS to account for the exchange of 

the drug between the tissue and the choroidal circulation as a source/sink term: 

                                                2 ( ) 0
cs bl

c
c D c c c

t
γ

∂
+ ⋅ − − − =

∂
v ∇ ∇∇ ∇∇ ∇∇ ∇                                 (3.5) 

where cbl represents the concentration of the drug in the blood, and Dcs represents the 

diffusivity of the drug in the CS tissue, which is set equal to the diffusivity of the drug in 

the sclera alone. The source and the loss terms are modeled as a linear function of 

concentration with γ representing the rate constant for volumetric drug transport across 

the blood vessels in the choroid. The term γ(cbl – c) represents a systemic source term 

when cbl > c and a sink term when cbl < c.    
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After systemic administration, drugs enter the posterior eye tissues mainly through the 

blood vessels in the choroid. A comparatively small amount could also diffuse out of the 

blood into the anterior tissues, overcoming the relatively weak blood-aqueous barrier, and 

later diffuse to the posterior eye. However, the small amount of drug that enters the 

anterior segment is largely eliminated by the anterior flow of the aqueous humor. Hence, 

a systemic drug source is assumed to be evenly distributed in the choroid, and any 

contribution from the anterior segment tissues was neglected [53]. 

 

3.2.2 Boundary Conditions 

Since the model equations are second-order partial differential equations, conditions must 

be specified at each boundary for both pressure and concentration. The lens is avascular 

and impermeable to water, so we specify that there be no permeation of aqueous humor 

through the lens. 

                                                  0 0P⋅ = ⇒ ⋅ =n v n ∇∇∇∇                                                     (3.6) 

where n is the outward unit surface normal at the lens surface. Similarly, the normal 

component of the concentration flux at the lens surface is also equated to zero as we 

assume that the drug (fluorescein is used as the model drug) does not penetrate the lens 

[54]. Hence, 

                                                    ( ) 0vD c c⋅ − + =n v∇∇∇∇                                                     (3.7) 

It should be noted though, that lipophilic drugs might partition into the lens [12] and 

equation (3.7) would need to be modified accordingly. 
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The hyaloid membrane is the highly porous membrane that separates the vitreous from 

the anterior segment of the eye. Because of the relatively thin structure and high porosity 

of the membrane, it offers negligible resistance to flow, and hence we have assumed that 

the pressure at the hyaloid is equal to the pressure in the anterior segment, the intraocular 

pressure (IOP). In a normal, healthy individual, IOP is roughly 15mm Hg or 2000 Pa. 

The pressure at the outer surface of the CS membrane is set to be equal to the episcleral 

venous pressure which is around 10 mm Hg or 1300 Pa [55]. Thus the total pressure drop 

across the posterior segment of the eye is 5 mm Hg, comparable to expected values[55]. 

 

Since the anterior segment was not included in the model, we have included a flux 

boundary condition, similar to the procedure used by Missel[56], to represent the loss of 

the drug to the anterior segment. Assuming that the aqueous humor in the posterior 

chamber is well mixed, the flux of the drug at the hyaloid surface was expressed as: 

                                                 ( ) ( / )
hy

D c c f A c k c⋅ − + = =n v∇∇∇∇                                    (3.8) 

where f is the turnover rate of aqueous humor (2.5 µl/min [45]), A is the hyaloid 

membrane area (2.4 cm
2
), and c is the concentration at the hyaloid surface. The combined 

constant khy, which is equal to f/A, is used to represent the mass transfer coefficient at the 

hyaloid surface. 

 

The loss of drug from the scleral surface is an important factor affecting drug transport in 

the posterior eye. Recently, Kim et al [57, 58] used MRI to follow the movement of 

gadolinium-diethylenetriaminopentaacetic acid (Gd-DTPA), a drug surrogate and a 

magnetic contrast agent, after placing an episcleral implant at the equator of the eye. 
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They found that elimination into the conjunctival lymphatics and the episcleral veins 

from the scleral surface played an important role in reducing vitreous concentration 

levels. The boundary condition at the scleral surface was modeled as: 

                                           ( )
sc

D c c k c⋅ − + =n v∇∇∇∇                                                     (3.9) 

where ksc represents the mass transfer coefficient at the scleral surface. The coefficient ksc 

includes loss to the conjunctival lymphatics and episcleral veins, and any other possible 

elimination mechanisms.  

 

3.2.3 Model Parameters 

The model parameters are listed in Table 3.2. The model has three unknown parameters, 

namely γ, kact, and ksc, which were evaluated in this work. The constants γ and ksc were 

evaluated by comparing model results to existing experimental data, and kact was 

evaluated based on the ratio of strength of unidirectional to bidirectional transport across 

the blood-vitreous barrier (see equation (3.10)). The diffusivities listed in the table are 

those of sodium fluorescein, which was used as the model compound for the simulations. 

Fluorescein was used because of the numerous studies, both experimental and theoretical 

that has been done on the transport of the compound through the vitreous and sclera of 

animals. 

 

3.2.4 Solution methodology 

The first step in the solution process was to solve for the pressure distribution. The 

pressure distribution in the posterior eye was assumed to be unaffected by drug transport 
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and hence time-independent. The pressure was solved using the finite element method. 

The method is described in greater detail at the end of the section. The velocity of 

aqueous permeation was calculated from the pressure values and was used in the mass 

balance equations for the drug to solve for the concentration. The final step in the process 

was to compare the transient concentration values with published experimental results to 

obtain estimates for the unknown parameters.  

 

Table 3.2 Parameter values used for the simulation. ksc, γ and kact were calculated 

in the study. 
 

 Parameter Value Reference 

Vitreous (K/µ)v 8.4x10
-7

 cm
2
/Pa.s Xu et al. [46] 

 

 Dv 6.0x10
-6

 cm
2
/s Stay et al. [42]  

Retina (K/µ)ret 2.36x10
-11

 cm
2
/Pa.s Tsuboi [37] 

 Dret 3.9x10
-7

 cm
2
/s Park et al. [15] 

CS (K/µ)cs 1.5x10
-11

 cm
2
/Pa.s Fatt et al. [45] 

 Dcs 1.0x10
-6

 cm
2
/s Missel [56] 

Hyaloid (BC) Phyaloid 15mm Hg (2000Pa)  

 khy 1.73x10
-5

 cm/s Missel [56] 

Sclera (BC) Psclera 
10mm Hg 

(1333.33Pa) 
Blondeau et al.[55] 

 ksc 2.03x10
-5

 cm/s Regressed to [10] 

Barrier 

constants 
γ 1.98x10

-5
 s

-1
 Regressed to [10] 

 
kact 

(Fluorescein) 
3.1x10

-5
 cm/s 

Set so Pe
*
= 109 [52] 

(see Results section) 

 

 
kact (Fluorescein 

and FG) 
8.54x10

-6
cm/s 

Set so Pe
*
= 30 [10] (see 

Results section) 
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Palestine and Brubaker [10] studied the pharmacokinetics of fluorescein in the vitreous of 

normal individuals after intravenous and oral fluorescein administration. Free plasma 

fluorescein concentration in the blood and average vitreous fluorescein concentration 

were measured over an 8 hr period. The forcing term for the model, cbl, was set equal to 

the free plasma fluorescein concentration measured by Palestine and Brubaker, and the 

average vitreous concentrations were calculated from the simulations.  

 

Several studies [41, 52, 59, 60] have shown that fluorescein, after systemic administration 

rapidly metabolizes into a fluorescent metabolite, fluorescein monoglucuronide (FG) and 

that the strength of active transport of FG is lesser when compared to fluorescein. Since 

Palestine’s experimental measurements did not distinguish between fluorescein and FG, 

we assume that the measured vitreous concentrations were a combination of fluorescein 

and FG and not fluorescein alone.  

 

The relationship between the unidirectional and bidirectional components in our model 

was assumed to be  

                               

2

2

2
rpe cs

*
rpe cs rpe*

act
2

rpe rpe cs

act rpe cs

L L 1
+

D D Pe L
= Pe k

L L L 1
+

k D D

γ

γ

 
+  

  => =
 

+  
 

                                 (3.10) 

where Lcs and Lrpe are the thicknesses of the CS and the RPE layers. Pe
*
 is the Péclet 

number that represents the strength of active to passive transport. Pe
*
 is set to 30 for 

comparison with Palestine and Brubaker’s data, a conservative value based on available 

data on the active transport of fluorescein and FG (see Table 3.3). In equation (3.10), all 
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of the parameters are known except for kact and γ, so γ is treated as an independent 

quantity, with kact defined by equation (3.10). 

 

 

Table 3.3 Strength of active to passive transport values 
 

Source Species Pe
*
 

Miyake [49] Human 27 

Zeimer et al. [51] Human 30 

Blair et al. [48] Human 31 

Oguro et al. [50] Human 31 

Cunha-vaz and Maurice [38] Rabbit 37 

Palestine and Brubaker [10] Human 38 

Engler et al. [52] Human 109 

Yoshida et al. [41] Monkey 160 

 

 

The Gauss-Newton iterative scheme was used to obtain the best fit between the simulated 

average vitreous concentrations and the experimental concentrations. The iterative 

scheme involves solving for the partial derivatives of the concentration with respect to 

the two independent parameters γ and ksc. A brief discussion of the scheme is included in 

Appendix 1. The Galerkin finite element method (GFEM) was used to solve the partial 

differential equations for pressure and concentration, and a multi-module C code was 

written to do the same. The vitreous, RPE and the CS layers were divided into 40, 20 and 

30 finite elements each along the radial direction (see figure 3.2). The sclera, retina and 

the lens faces were divided using 268 elements. Hence, a total of 24120 elements were 
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used to model the domain. Each element consisted of 27 nodes with each node having 

one degree of freedom. A total of 205073 nodes were used in the model. Triquadratic 

basis functions were used to interpolate between the nodes for both pressure and 

concentration. GFEM method was used to discretize the spatial derivatives, and the 

implicit Euler scheme was used to integrate the resulting ordinary differential equations 

in the time domain. MUMPS [61] (Multi frontal massively parallel sparse direct solver) 

was used to solve the resulting algebraic equations. The problem was solved on an SGI-

Altix in serial mode as the computational demand was not large. Typical run times were 

15 CPU-hrs.  

 

3.3 Results 

3.3.1 Pressure and aqueous permeation velocity 

The pressure in the vitreous was found to be almost uniform, with the drop in value being 

less than 2 Pa. The vast difference in the hydraulic conductivity between the vitreous and 

the other posterior tissues results in almost the entire pressure drop being across the 

retina, choroid, and sclera. 

 

Aqueous flow within the vitreous is relatively more important when compared to the 

retina and the CS membrane as convection within the vitreous might result in better drug 

delivery to the macula and the other central regions of the retina. The average velocity at 

the retinal surface calculated from the model was 2.9 x 10
-7

 cm/s, consistent with earlier 
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analysis [15, 16, 42, 56, 57]. The total aqueous outflow through the vitreous was 0.069 

µl/min, which is 2.8% of the total aqueous humor produced. 

 

3.3.2 Comparison of model results with available experimental data. 

Figure 3.3a shows the best fit obtained between the simulated vitreous concentrations and 

experimentally determined concentrations published by Palestine and Brubaker. The free 

blood fluorescein concentration measured by the investigators, which was used as an 

input to the model, is shown in Figure 3.3b. The 95% confidence ranges for the barrier 

and clearance parameters, for the fluorescein and FG combination, obtained through the 

regression analysis were as follows: 

• γ = (2.0 ± 0.6) x 10
-5 

s
-1

  

• ksc = (2.0 ± 0.35) x 10
-5

cm/s 

• kact = 8.54 x 10
-6

cm/s 

Using the best fit parameter values based on Palestine and Brubaker’s data, we simulated 

other experiments [62-64]. Figure 3.4 shows concentration distribution within the retina 

as reported by Dalgaard and Larsen [62] (Figure 3.4a), Lund-Anderson et al [64] (Figure 

3.4b), and Larsen et al [63] (Figure 3.4c), with the model input being the blood 

fluorescein concentration as reported by the experimenters. The simulations show good 

qualitative agreement with Dalgaard, except that it over predicts the fluorescein 

concentration near the retina. Likewise, the simulation predicts fluorescein levels similar 

to those reported by Lund-Anderson (Figure 3.4b) but shows a steeper profile near the 

retina. The simulation under predicted the fluorescein level when compared to Larsen 

(Figure 3.4c). Given that no fitting parameters were used and individual variations were 
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likely to affect the experimental results, the performance of the model was deemed 

acceptable. 

 

                    
                                                                      

(a) 
 

 

 

 

 

   

 

 

 

 

 

 

 

 

 

 

 

 

                                                                    (b) 

 

Figure 3.3 (a) Best fit between experimental and simulated data. Dots represent the 

experimental data points and the continuous line represents the simulation results. 

(b) Free blood fluorescein concentration used for the simulation. The values were 

obtained from Palestine and Brubaker [10]. 
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Figure 3.4 Comparison of simulated and experimental vitreous concentration 

(fluorescein and FG). Dots represent the experimental data points and the 

continuous line represents the simulation results. (a) 63 mins after systemic 

administration. Experimental data obtained from Dalgaard and Larsen [62]. (b) 60 

mins after systemic administration. Experimental data obtained from Lund-

Anderson et al. [64] (c) 63 mins after systemic administration. Experimental data 

obtained from Larsen et al. [63] 
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References shown in table 3.3 report the ratio of outward permeability to inward 

permeability. Outward permeability in the experiments represents the strength of active 

transport and the inward permeability represents the strength of passive transport. The 

first six references in table 3.3, and the experimental data of Figures 3.3 and 3.4 do not 

distinguish between fluorescein and FG. The distinction is important because it has been 

shown [41, 52, 59, 60]that there is a significant difference between the strength of active 

transport for fluorescein and FG. Yoshida et al [41] performed tests on monkey eyes and 

found that the ratio of strength of unidirectional to bidirectional transport (Pe
*
) between 

the vitreous and blood for fluorescein was five times as large as that for FG (see Table 

3.3). Engler et al [52] used a differential spectrofluorometry method that separated the 

contribution of FG to the total fluorescence in the vitreous and the plasma. Their study on 

human volunteers showed that Pe
*
 for fluorescein alone was 109. Yoshida et al. also 

found that the difference in the passive permeability of fluorescein and FG is relatively 

small. Hence, the bidirectional component in equation (3.10) was assumed to be the same 

for fluorescein and FG. Pe
*
 was set to 109 and kact, for the active transport of fluorescein 

alone, was recalculated to be 3.1x10
-5

cm/s. Figures 3.5(a) and (b) show the comparison 

between the experimental results obtained by Engler et al [52] for the movement of 

fluorescein alone in the vitreous and the model results with the revised kact value. The 

deviation of the simulation result from the experimental result seen in figure 3.5(b) could 

indicate an overestimation of kact, which would lead to higher clearance of the drug once 

the systemic levels started to drop. The disagreement could also be due to the difference 

in the passive permeability values of fluorescein and FG. Possible explanations for the 

deviation are presented in the Discussion section of the chapter. 
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Figure 3.5 Comparison of simulated and experimental vitreous fluorescein 

concentrations based on experimental data by Engler et al. [52] (a) 1 hour after 

systemic administration. (b) 7 hours after systemic administration (only the trend-

line for the experimental data points are shown). 
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The computer model with the evaluated parameters was also used to simulate transscleral 

drug delivery. A drug source with constant concentration was assumed on the surface of 

the sclera. The simulations were run with and without the active transport term for the 

RPE and the results for the two cases are depicted in Figures 3.6(a) and (b). Significant 

periscleral movement of the drug in the presence of active transport was observed from 

the simulations. Such a phenomenon has not been reported in experimental literature 

based on transscleral delivery, but there has been very little examination of the sclera at 

long periods after drug administration. Vollmer et al [65] evaluated the distribution of the 

aminoglycoside antibiotic amikacin in the ocular tissues in rabbit eyes following 

transscleral iontophoresis for 20 minutes. Their results for the case with zero 

iontophoretic current show that the concentration of the drug in the non-treated 

hemisphere of the sclera is insignificant when compared to the treated hemisphere of the 

sclera. The measurements were, however, taken 30 minutes following iontophoresis and 

significant periscleral transport could not be observed at such short periods. Given the 

complexities of electrolyte transport, simulating iontophoresis would require a significant 

alteration of the current model. 

 

3.4 Discussion 

Transscleral delivery has been identified as a potentially effective drug delivery system to 

treat posterior segment eye diseases. The drug source is placed in the periocular space, 

whence the drug can permeate to the target tissue through the anterior chamber, via the 
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systemic circulation, or through the direct penetration pathway. The relative contributions 

of these routes have been investigated in rabbits and rats [66-68], and the direct                                                                                          

 

                                                                                          

 

 

 

 

 

 

 

 

 

 

 

                                                                                                        

 

 

 

 

 

 

 

 

 

                      (a)                                                                                      (b) 

Figure 3.6 Concentration profiles with (a) and without (b) active transport in the 

retina at times t=1, 4, and 7 days after transscleral drug administration. 
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penetration route was found to be the most important in terms of drug concentrations 

attained in the vitreous. The direct penetration pathway however, involves several tissue 

related barriers and elimination factors. These factors include clearance via episcleral 

veins and conjunctival blood and lymphatic flow, diffusion across the sclera, clearance 

via choroidal circulation, diffusion across the Bruch’s membrane, RPE and the retina, and 

active transport in RPE. 

 

Passive diffusion across the sclera has been studied extensively [26, 28, 29, 33-35], and 

the sclera has been shown to be permeable to a wide molecular weight range of solutes. 

Similar studies [39, 40, 69-71] have also been conducted on isolated RPE and Bruch’s 

membrane to estimate the passive in vitro permeability of the excised tissues to various 

molecules. However, there is no quantitative information available on the effect of the 

active barriers and clearance factors, some of which could be significant, on the 

movement of the drug molecules via the direct penetration pathway. Our model 

quantitates these factors and evaluates their effect on the movement of the drug 

molecules via the direct penetration pathway. 

 

Based on the parameter values we evaluate three key dimensionless numbers  

1. The square of the Thiele modulus: Ф
2
 =   γL

2
cs/Dcs = 0.032 

2. Péclet number for active transport : Pe = (kact + vret) Lrpe/ Drpe = 1.2 

3. Biot number for mass transfer at the scleral surface: Bi = ksc Lcs/Dcs = 0.81 
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where vret is the average velocity of aqueous permeation at the retinal surface. The 

dimensionless numbers are used to assess the significance of the active barriers and 

clearance factors affecting transscleral drug movement. 

 

Choroidal circulation has been suspected to have a significant effect on drug transport in 

the posterior eye. The choroidal blood flow is high for its weight, and the choriocapillaris 

walls contain large fenestrations [72] suggesting that the choroidal flow could act as a 

sink for molecules diffusing across it. However, there is very little information on the 

effect of choroidal clearance on transscleral delivery. Bill [73] and Törnquist [74] both 

found that large macromolecules were able to enter the blood vessels through the 

fenestrations. Kim et al [58] used episcleral implants on rabbits and observed negligible 

vitreous concentrations during in vivo experiments but significant vitreous concentrations 

in their ex vivo experiments. They had attributed the observed difference to the choroidal 

blood flow and hence, had assumed the choroid to be a complete sink in their 

computational model. The Thiele modulus, calculated in the previous paragraph suggests 

that most of the drug molecules diffuse through the choroid without being washed away 

by the blood flow and hence, clearance by the blood flow is not as important a factor as 

previously thought. The study by Robinson et al [43] supports this finding. Robinson et 

al. had developed a rabbit model to study the effects of choroidal clearance on the 

transscleral delivery of triamcinolone acetonide. The study involved using cryotherapy to 

eliminate the choroidal blood flow in the area close to the drug source. The results of the 

study showed that elimination of the conjunctival lymphatic/blood vessels was more 

effective in increasing vitreal concentrations than the elimination of the choroidal vessels. 



56 

Raviola [75] also observed that the conjunctival and episcleral blood vessels are highly 

permeable to blood-borne horseradish peroxidase. The Biot number calculated in the 

previous section shows that clearance of the drug from the scleral surface is comparable 

to the diffusion of the drug through the sclera, which is in agreement with the observation 

made by Robinson et al.  

 

The evaluation of the importance of active transport mechanism in the RPE, as one of the 

barriers to delivering drugs through the transscleral route, was the second goal of the 

study. Active pumping of fluorescein from the vitreous to the blood was first observed by 

Cunha-Vaz and Maurice [38].  Since then, a number of investigators [48-50] have 

calculated the resistance to the movement of fluorescein and FG from the vitreous to the 

blood and vice versa. These studies, however, did not differentiate between transport 

across the RPE layer and diffusion through the walls of the blood vessels. Our model 

separates the two, and hence we are able to determine the effect of these barriers 

separately. The Péclet number for active transport suggests that the diffusion of 

fluorescein through the RPE layer is equally opposed by the active transport mechanism. 

This balance could be critical for high molecular weight, hydrophilic drugs, which 

permeate poorly the tight junctions between the pigment epithelium cells [30]. Thus the 

rate-limiting barrier for transscleral delivery could potentially be the retina and its 

pigment epithelium. The importance of active transport on the posterior eye 

concentrations attained after transscleral delivery can be gauged from figures 3.6(a) and 

(b). Including active transport in the simulations resulted in significant periscleral 

transport, which tended to produce more rapid distribution (Figure 3.6, 1 day) and 
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elevated drug concentration around the sclera. Although such a result has not been 

reported in the experimental literature, it presents an excellent opportunity to assess the 

role of active RPE transport in future experiments by examining drug distribution around 

the sclera. 

 

The simulation results for fluorescein were based on the assumption that the difference in 

passive, bidirectional transport of fluorescein and FG between the blood and the vitreous 

was relatively small. The assumption was based on the observation by Yoshida et al [41] 

that the ratio of inward permeability (blood to vitreous) of FG to fluorescein to be 1.3 ± 

0.3. The result was surprising as the passive permeation of fluorescein is expected to be 

higher than FG, since fluorescein has lower molecular weight and higher lipid solubility 

than FG. A detailed explanation on the possible reasons for this result is provided in 

Lund-Anderson [76] and Yoshida[41]. Our evaluation of kact would be an overestimate if 

the permeability of fluorescein through the barrier was indeed higher, which would 

explain the deviation of the simulation result from the experimental result shown in 

Figures 3.5(a) and (b). A lower kact would result in higher vitreous concentrations and 

would reduce the error between the simulation and experimental results shown in the 

figure. The error is less in the 1 hour case (figure 3.5(a)) when compared to the 7 hour 

case (figure 3.5(b)) because the effect of kact is felt less immediately after systemic 

injection and it increases as the vitreous concentrations increase. More detailed 

experimental evaluation of the permeability of fluorescein and FG through the blood-

vitreous barrier is needed to get a better estimate of kact from the model, and a more 
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detailed view of transport in the retina, choroid, and sclera (e.g., [77]) may also be 

necessary.  

 

In summary, we have developed a computational model of transport in the posterior eye 

that takes into account loss of drug to the choroidal circulation, active transport by the 

retinal pigment epithelium layer and the clearance by the conjunctival lymphatics and 

blood flow in the episcleral veins. These factors are critical in transscleral drug 

administration and in predicting posterior eye concentrations, as they are potential 

barriers to the movement of drug molecule into the posterior eye. The model, however, 

deals only with fluorescein, and care should be taken when extrapolating the results to 

other drugs, which could have different physical and chemical properties. The results of 

the study show that losses to choroidal circulation are not as important an impeding factor 

as thought previously. In contrast, the mass transfer from the scleral surface was found to 

be significant and hence, design of the drug source to be placed on the scleral surface 

needs more attention. Pontes de Carvalho et al [78] showed that sealing an impermeable 

drug source to the sclera results in selective diffusion through the sclera and minimizes 

loss to the episcleral space. Active transport by the RPE has not been considered 

completely in any of the computational models developed thus far, and our results show 

that it could play an important role, not only in impeding the transscleral movement of 

drug molecules but also in affecting the transport pathway of the drug molecules. 
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Chapter 4 

 

4. Methodology for modeling dispersion in rapidly 

oscillating flows 

  

This chapter is a precursor to Chapter 5. In this chapter we present the method that was 

used to simulate drug dispersion due to the sloshing of the liquid vitreous induced by 

saccadic eye movements. The dispersion problem is a multi-scale problem in the time 

domain as time scales are widely separated. Using conventional methods would require 

impractically large processing times, and hence a methodology was developed to deal 

with such problems. A paper describing the method and its validity when tested against a 

simpler problem with a known solution was submitted as the following citation that is 

under review: 

 

ii. Balachandran RK, Roychowdhury J, Dorfman KD, Barocas VH. Telescopic time-

scale bridging for modeling dispersion in rapidly oscillating flows. International 

journal for numerical methods in engineering (under review).  
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Abstract 

Analytical solution of problems that involve dispersion in rapidly oscillating flows 

typically becomes infeasible when complex geometries are involved. Numerical 

simulation over long durations using traditional methodologies can be prohibitively 

expensive when there is a wide separation between the time scales. In this chapter, we 

present a methodology to deal with the multi-scale transport problems based on an 

implicit envelope-tracking scheme coupled with telescopic projections. A test problem 

involving a simple geometry, which has a known analytical solution, was simulated using 

the method, and the dispersivities were compared. The effect of Péclet number on the 

solution was also investigated for the test problem. The time steps used for telescopic 

projections were observed to have no effect on the dispersivities, although increasing 

Péclet numbers introduced error in the computed solution compared to the analytical 

solution. The error between the analytical and computed dispersivity was observed to be 

less than 40% for Pe = 100. Although the error was found to decrease with mesh 

refinement, an inherent error in the method was observed, which was evaluated to be less 

than 6%.  
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4.1 Introduction 

Alteration of molecular transport in the presence of fluid flow has been studied for 

decades. The effect of convection on diffusional transport of molecules was famously 

studied by Taylor [79], who showed that mass transport is enhanced in the presence of a 

steady Poiseuille flow in a pipe. Since then, numerous studies [80-85] have been 

performed on the topic of enhanced diffusion/dispersion induced by variety of flows on 

different geometries. Some of them have been referenced in this chapter. Analytical 

solutions for these problems using various techniques are available in literature. Aris [86] 

considered the effect of pulsations in the flow and evaluated the effective dispersion 

coefficient in pulsating flow through a circular tube. Dispersion was due to a periodic 

velocity field induced by pulsating pressure gradients, and Aris’ work laid the foundation 

for subsequent work by Horn [87].  Horn evaluated the effective dispersion coefficient 

for a solute diffusing between two parallel plates, infinite in extent, with fluid between 

them. The lower plate was held fixed and the upper plate was oscillated sinusoidally. A 

detailed explanation of the relevance of Horn’s results for our work is discussed later in 

the chapter. 

 

The theory of enhanced dispersion induced by an oscillating velocity field has been used 

to study, among other topics, transport of gases in bronchial airways [88, 89], and 

methods for separation of gases [90]. High-frequency ventilation, commonly used during 

acute respiratory failure to ensure continuous O2 – CO2 exchange in the lungs while 

specific treatments are administered or the natural healing process is allowed to occur, is 

an important example. Slutsky et al. [91] showed that due to augmented diffusion in the 
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central airways, significant gas transport can be achieved during high-frequency 

ventilation even with a very small tidal volume. Since then, numerous studies, both 

experimental and theoretical, have been conducted to evaluate the effective dispersivity 

for gas transport in bronchial airways during mechanical ventilation, taking into 

consideration various flow and geometrical conditions. Some studies [92-94] then used 

the experimentally-measured dispersion to create a computational model for gas transport 

during high frequency ventilation. 

 

Augmented diffusion in oscillatory flow has also been used to separate molecules and 

isotopes on a large scale. Dispersion has shown to increase mass transfer by up to 6 

orders of magnitude in the case of liquids and 4 to 5 orders for gases [90]. Jaeger et al. 

[95] have combined the effects of increased mass transfer in oscillatory flow with 

countercurrent flow to improve separation greatly.  

 

In spite of the aforementioned successes, there remain significant challenges. In 

particular, complex geometries can render analytical solution impossible, and numerical 

methods must be used. As will be described in the subsequent paragraphs, a number of 

impediments to direct numerical simulation exist, but certain advances reported in this 

chapter now enable practical computational simulation of complex dispersion problems. 

 

Convection-diffusion problems become numerically challenging when convection 

dominates diffusion to the point that the spatial discretization is unable to resolve the 

mass transport boundary layer. The upwind scheme, one of the numerous remedies 
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available to tackle the problem, was developed by Christie et al. [96] for one-dimensional 

problems and later generalized to the two-dimensional case by Heinrich et al [97]. The 

method was extended by Brooks et al.,[98] who eliminated the crosswind diffusion 

introduced by the upwind scheme and modified the method so the upwind effect acts 

along the streamlines. The work was one of the seminal papers published, and we refer 

the readers to the paper for further information. The method amounts to adding an 

artificial diffusion coefficient along the streamlines to balance out the strength of 

convection. For a one-dimensional problem, the optimal amount of artificial diffusion 

balances the numerical inhibition of diffusion inherent in central difference schemes, or 

the Galerkin finite element method with piecewise linear basis functions, resulting in 

exact nodal solutions.  

 

Simulation of dispersion in rapidly oscillating flows over long durations, using 

conventional methods, becomes computationally infeasible when the time scales involved 

are widely separated. Since the frequency of oscillation is high for such flows, and with 

diffusion being generally slow, the time scale for diffusion could be very large compared 

to the time period of oscillation. It is not conceptually difficult to simulate long durations 

with very small time steps, but it would require a prohibitive amount of time even with 

the use of advanced hardware. Hence, a strategy that makes use of the information 

provided by both time scales but is not computationally demanding is needed. There is 

considerable literature available, in domains ranging from circuit simulation to molecular 

dynamics, on numerical techniques for speeding up oscillatory problems with widely 

separated time scales. Without providing any detailed review, we refer the interested 
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reader to the following selected works which are directly relevant to the technique we use 

here:[99], [100], and [101]. The basic idea behind these techniques is to extrapolate slow 

trends (the “envelope”), obtained via detailed local simulation of a few fast cycles of 

oscillation, to skip over many fast cycles of oscillation. Finding the next point of the 

envelope, while skipping cycles of the fast oscillations on which it rides, can be achieved 

using explicit or implicit numerical methods. A key insight enabling this work, borrowed 

from the circuit simulation domain, is that implicit numerical schemes for envelope 

following are crucially important for robustness and efficiency when solving the 

oscillatory fluid flow problem – even though they require Jacobian information and 

nonlinear solution at each envelope step and hence are more complicated to implement 

than explicit schemes. 

 

The above-mentioned issues make simulation of dispersion in oscillating flows a 

challenge, especially when complex geometry prevents the use of analytical techniques. 

The major objectives of this work were therefore as follows:  

• To develop a methodology to deal with multi-scale transport problems in the time 

domain. 

• To compare the numerical solution to the analytical solution for a model problem 

that involves the essential phenomena of interest, but exists in a simpler geometry, 

and 

 

4.2 Methods 
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4.2.1 Solution to the flow problem 

We consider a system in which a rapidly oscillating flow of velocity v occurs in an 

arbitrary geometry, and a species of interest is dispersed within the domain by a 

combination of convection and diffusion. The first step is to solve the flow problem, 

given by the Navier-Stokes equations, 

                                      

( )( )( )T
p

t
ρ µ

∂ 
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(4.1)  

                    0⋅ =v∇∇∇∇                                                          (4.2)    

and the appropriate boundary conditions (note that the effect of gravity is absorbed into 

the pressure term). Many methods exist to solve the flow problem [102, 103], each with 

various advantages and disadvantages, but our preference is the standard Galerkin finite 

element method (GFEM), which is well-suited to complex geometries and highly 

successful for low-to-moderate Reynolds numbers. Likewise, many choices are available 

for the time stepping and the handling of the incompressibility constraint (Eq. 4.2). We 

use implicit Euler and solve equations (4.1) and (4.2) simultaneously via MUMPS 

(MUlti-frontal Massively Parallel Solver[61]).  

 

4.2.2 Solution of the species transport problem 

Species transport was modeled using the convection-diffusion equation  

                                                      
2 0

c
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∂
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∂
v ∇ ∇∇ ∇∇ ∇∇ ∇                                       (4.3) 
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where c represents concentration, D is the diffusion coefficient, and v is the velocity of 

oscillating flow calculated from equations (4.1) and (4.2).  

 

A multi-module C code, based on the Galerkin finite element method, was developed to 

solve the fluid-flow problem for velocity and pressure and solve the mass transport 

problem for concentration. The same geometry and mesh were used for both problems. 

The periodic motion velocities calculated beforehand were used as inputs for the 

transport problem. Implicit Euler was used for time integration, and MUMPS was used to 

solve the resulting linear algebraic equations. 

 

The Péclet numbers (Pe) (defined as the ratio of convective to diffusive time scales) of 

interest to us (drug transport in the vitreous) are of the order of 10
6
. At such high Péclet 

numbers, the Galerkin finite element scheme becomes highly unstable, and spurious 

oscillations in time and space cloud the actual solution unless a highly refined mesh is 

used [98]. For the method to be stable on its own there should be a balance between 

convection and diffusion at the length scale of an element (i.e., the mesh Péclet number 

should be order 1). Such refinement would be prohibitive for Péclet numbers as large as 

ours. To overcome this problem, we used the streamline upwinding method discussed by 

Brooks et al [98]. A balancing/artificial diffusivity tensor was added to the natural 

diffusivity, acting along the streamlines to counterbalance convection, and thereby 

providing stability. The optimum amount of artificial diffusion, which results in the exact 

solution for a one-dimensional problem solved using the central difference scheme, was 

calculated by Hughes et al. [104] to be  
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2
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vh
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                                                       coth( ) 1 /β α α= −                                                (4.5) 

                                                            / 2vh Dα =                                                        (4.6) 

where Dbal is the balancing diffusivity, v is the velocity, h is the dimension of the 

element, and α is the mesh Péclet number. It should be noted that the Galerkin finite 

element discretization using piecewise linear basis functions would result in the same set 

of equations as the central difference scheme [98]. Hence, the net diffusivity (true plus 

balancing) for our problem was calculated to be 

                                                    2balD D
⊗

= +I
v v

D
v

                                           (4.7) 

                                              2
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v h v h v h
D
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=

 
                                 (4.8) 

                coth( ) 1 /ξ ξ ξβ α α= −  coth( ) 1 /η η ηβ α α= −  coth( ) 1/ζ ζ ζβ α α= −           (4.9) 

                               / 2v h Dξ ξ ξα =  / 2v h Dη η ηα =    / 2v h Dζ ζ ζα =                       (4.10) 

where ⊗  is the dyad product, and D is the net diffusivity tensor. hξ, hη, and hζ are the 

dimensions of the element in the three iso-parametric directions. Similarly, vξ, vη, vζ and 

αξ, αη, αζ are the components of the velocity and the mesh Péclet number in the three iso 

parametric directions. The balancing diffusivity was calculated at the integration points 

(Gauss points) for each element based on the velocity at the integration point and the 

element dimensions according to equations 4.8, 4.9, and 4.10. To assess the error 

introduced by the artificial diffusivity for a multi-dimensional discretization with 

piecewise quadratic basis functions, we simulated the problem discussed by Horn [87] 
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and compared the numerical solution to the analytical solution. A detailed discussion of 

the test problem is provided towards the end of the section. 

 

4.2.3 Telescopic implicit envelope-tracking scheme 

The telescopic implicit envelope-tracking scheme was used to tackle the multi-scale 

nature of the problem. The convective time scale and the time period of oscillation was 

much smaller than the diffusive time scale. The time period for the rapid oscillations (T) 

was typically 0.25s for our problem of interest. The diffusion time scale (τd) is given by  

                                                               

2

d

L

D
τ =                                                          (4.11) 

where L is the diffusion length scale. For transport of a small molecule in vitreous humor 

(L ~ 0.85cm; D ~ 6x10
-6

 cm
2
/s), τd is on the order of 30 hrs. Also, for our problem of 

interest the convective time scale (τc) given by L/v, is of the order of 0.2 s. Conventional 

time integration schemes would necessitate using time steps on the order of T or τc, and 

simulating long periods of drug dispersion would be impractical. Hence, there is a need to 

use effectively the information provided by all the time scales, and at the same time speed 

up the simulation process.  

 

The concentration, solved from Eq. 4.3, is expected to oscillate in time since the velocity 

is periodic in time. Since the oscillation is expected to be fast compared to the underlying 

slow diffusive process, the envelope of these oscillations will be a slowly varying 

function of time [99]. Hence, the natural strategy would be to track the envelope of the 

oscillations rather than the fine details of the solution. The envelope for our problem was 
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the path traced by points at the start and end of each period of oscillation. Petzold [99] 

suggested a method whereby the knowledge of the solution over a few periods is used to 

estimate the solution at a time point many periods away. The method is illustrated in 

figure 4.1. The solution procedure involves 

1. Solving Eq. 4.3 for c(t) over K periods (K = 3 or 4) using the fast time scale 

information. 

2. Based on the information available over the first K periods, projecting c(t) - 

forward to a point P, M periods away (M >> K). 

3.  Using the value at P as the initial condition, solving Eq. 4.3 again over K periods, 

and repeating steps 2 and 3 to simulate over long durations. 

 

The speedup achievable from this method is 1 + (M/K). The procedure helps to simulate 

transport up to M + K periods by solving the FEM problem over K periods.  The extent 

of M however, was limited by stability [105]. A fully-implicit envelope-tracking method 

to project to point P stabilizes the code better and extends the upper bound of M.  

 

The fully-implicit envelope-tracking scheme is illustrated in figure 4.2. The method was 

previously applied to oscillators in circuits by Mei et al [106]. The goal of the implicit 

envelope-tracking scheme was to evaluate c
(n)

 using known information, i.e., c
(0)

 and the 

concentration at the previous time steps. The slope of the envelope at c
(n)

 was used to 

approximate the slope of the projection step at c
(0)

. 
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Figure 4.1 Schematic of the multi-scale method proposed by Petzold [99] to bridge 

the time scales. 
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Figure 4.2 Schematic of the fully-implicit envelope-tracking scheme. 
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Since c
(n+1)

 can be evaluated by solving Eq. 4.3 over one period with c
(n)

 as the initial 

condition we can express  
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Since the original PDE, Eq.4.3, is linear in c, f is a linear function. The initial guess for 

c
(n)

 was obtained by using an explicit projection. Eq. 4.12 can be re-written as 
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Eq. 4.14 was then solved for c
(n)

.  

 

If m time steps are used to evaluate c
(n+1)

 from Eq. 4.3 (see figure 4.2), with c
(n)

 as the 

initial condition, then constructing A explicitly would involve m inverse operations and 

2m-1 matrix-matrix products (details in Appendix 2). Since the matrices are large, 

constructing A is a computationally arduous task, slowing down the projection step and 

rendering the multi-scale strategy worthless from a computational advantage perspective. 

To overcome this problem, we adopted a matrix-free method, taking advantage of the fact 

that when iterative methods are used to solve the set of linear equations, they require only 

a matrix-vector product and not the matrix itself. Since the matrix A in our problem is a 

Jacobian, the matrix-vector product can be approximated by 
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where ε is a small number. Thus the product is evaluated by evaluating the residual, 

resulting in a substantial reduction in memory required and more importantly 

computation time. GMRES (the Generalized Minimal RESidual method) with reverse 

communication, developed by Saad et al. [107], was used for the linear solve. Since f 

represents change over one period, ∂c
(n+1)

/ ∂c
(n)

 is close to the identity, making the 

spectral radius of A small. Thus, GMRES converges without preconditioning – a feature 

that is enormously significant from a computational, as well as ease-of-implementation, 

perspective. 

 

To achieve better speedups, without compromising on stability, implicit envelope-

tracking was combined with telescopic projective methods to push forward in time. 

Telescopic methods were developed by Gear et al. [108] for stiff differential equations 

with gaps in their eigenvalue spectrum. A brief explanation of the applicability of the 

method for our problem is presented in this chapter. As illustrated in figure 4.3, the 

projection step at each level uses the concentration values from the level immediately 

below itself. This strategy ensures higher speedup and better stability. The stability of the 

multi-level telescopic projective method has been shown to be better than single-level 

projection methods [105, 109]. Three levels of projection were used in our simulations, 

yielding a maximum speedup of 

                                           
M M M

Speedup 1+ 1+ 1+  
n nK

   
=    
   

                            (4.17) 

where n is the number of concentration values used for projection from the previous level 

(figure 4.3).  
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Figure 4.3 Illustration explaining the telescopic projection technique that was 

developed by Gear et al [105]. 
 

Although the telescopic implicit envelope-tracking scheme provides better stability and 

speedup, there still exists an upper bound on the value of M. At each level different M 

values were used to maximize the advantage of the technique without compromising on 

stability. For simulating drug transport in the vitreous the highest value used for M was 

20 (at the third level) and the lowest was 1 (at the first level). Generally, lower values 

were used initially as steep changes in concentration were observed. Typical K values 

used in our simulations were 3 and 4, and n was set equal to K. 
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4.2.4 Test Problem 

A test problem, with a known analytical solution, was simulated to assess the error 

introduced by the telescopic implicit envelope-tracking scheme, and artificial diffusion. 

Horn’s work on mass transport under oscillatory flow conditions [87] provides an ideal 

test case. The system consists of fluid contained between two infinite, parallel plates 

separated by a distance H (figure 4.4). A Cartesian coordinate system is fixed on the 

lower plate, with the x direction pointing in the direction of flow and the y direction 

pointing between the two plates. The upper plate was oscillated with a velocity 

V0sin(2πωt), where V0 is the characteristic value of the speed and ω is the frequency of 

oscillation. At low Reynolds number, the velocity profile can be assumed to be linear, 

and hence U = Uex, with the magnitude of flow being 

                                                           0 sin(2 )
y

U V t
H

πω
 

=  
 

                                (4.18) 
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Figure 4.4 Schematic of the geometry used to model mass transport under 

oscillatory flow conditions solved by Horn [82]. 
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The spread of a tracer, introduced over a small interval of x over the entire y-z plane at 

t=0, can be described by a dispersion coefficient (D
*
). Horn determined D

*
 to be 

                                                           

*
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λ= +                                          (4.19) 
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and  

                                                              H
D

πω
λ ≡                                                  (4.21) 

The Péclet number for transport (Pe) is defined as  

                                                               
0V H

Pe
D

≡                                                   (4.22) 

and D is the diffusivity of the tracer in the fluid. 

 

The initial spread of the tracer was assumed to be a Gaussian of the form 
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where c0 is the initial concentration at t = 0, M0 is the total amount of tracer in the volume 

initially, and t0 is a constant. The fluxes on all the boundaries were assumed to be zero. 

The dimensions of the domain were such that the assumptions were deemed acceptable. 

This was ensured by choosing simulation times that was long compared to diffusion in 

the y direction but short compared to diffusion in the x direction. 
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The test problem was solved over a 1000cm x 1cm x 60cm (H = 1cm) box (figure 4.4) 

with D = 1x10
-3

 cm
2
 s

-1
, and ω = 2x10

-3
 s

-1
. Velocity was adjusted based on the Péclet 

number. The telescopic implicit envelope-tracking method, described in the previous 

section, was used to simulate the transport of a tracer, and the computationally-evaluated 

dispersion coefficient was compared with the analytical value for varying test cases to 

validate the method. The dispersion coefficient was evaluated based on Eq. 4.24 and Eq. 

4.25. The slope of the first and second moment of the spread of the tracer (σ
2
), with 

respect to time was evaluated, and the dispersion coefficient was set to be half the slope. 

                                                           

2
* 1 ( )

2

d
D

dt

σ
=                                                (4.24) 
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x0, the first moment or the mean of the distribution was calculated to be approximately 

zero. 

 

4.3 Results 

4.3.1 Evaluation of the test problem 

To assess the performance of the numerical scheme, the dispersion coefficient was 

evaluated for the test problem, and was compared with the analytical value obtained from 

Eq. 4.19. The accuracy of the telescoping time stepping scheme was assessed by varying 
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the values of M at each telescopic layer. As noted before, three layers of projections were 

used and at each layer the projection step is represented as an integral multiple of the time 

period of oscillation. For the sake of brevity, we represent the schemes as m1-m2-m3, 

where  

                                          1

MT
m

T
= ;    

1
2

Mh
m

T
= ;    

2
3

Mh
m

T
=                       (4.24) 

The speedup given in Eq. 4.17 can be expressed in terms of m1, m2, and m3 as  

                                                
31 2

2 3
1

mm m
Speedup

k k k
= + + +                             (4.25) 

Schemes 1-2-2, 1-4-16, and 3-12-60 were used to perform the calculations; very little 

change in the dispersion coefficient was observed for the three cases when Pe values of 

10, 50 and 100 were used. The variation in the dispersion coefficients were less than 

0.028% of each other. The simulations were performed on a mesh with 10000 elements 

(element dimension along X = 0.10). The result shows that changing the projection steps 

does not affect the solution adversely. The speedup for the 3-12-60 case is 5.56. 

 

The effect of incorporating an artificial diffusion coefficient on the solution was tested by 

refining the mesh and comparing the computational D
*
 to the analytical D

*
 for varying 

Péclet numbers. Figures 4.5 and 4.6 show the variations. The numerical scheme was 

always observed to overpredict the dispersivity when compared to the analytical solution, 

and the error was observed to decrease with mesh refinement. The mesh Péclet number  
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Figure 4.5 Plot of the effect of mesh refinement on the computed dispersion 

coefficient for Péclet numbers of 10, 50, and 100 for the test problem. 

 

 

 

Figure 4.6 Plot showing the effect of Péclet number (Pe) on the computationally and 

analytically evaluated dispersion coefficient for the test problem. 
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decreases with mesh refinement, and hence the amount of artificial diffusivity added to 

balance convective effects is also reduced, reducing the dispersivity. However, at Pe = 

10, mesh refinement was not observed to reduce the error between computational and 

analytical D
*
 any further, thereby indicating an inherent error in the numerical scheme. 

Some of the possible reasons for the error are explained in detail in the discussion section 

of the chapter. 

 

4.4 Discussion 

Dispersion in rapidly oscillating flows is frequently encountered in a variety of 

engineering applications. The problem is difficult to handle when complex geometries 

prohibit the use of analytical techniques and when widely separated time scales exist. The 

methodology discussed in this chapter puts to use numerical techniques to solve multi-

time-scale problems involving rapid oscillations.  

 

The numerical scheme was assessed using a test problem with a known analytical 

solution, and the results show that the method predicts the analytical solution within 10% 

at Pe = 10 and within 40% at Pe = 100. Mesh refinement was found to decrease the error 

and further refinement beyond an element dimension of 0.067 was not attempted. 

Although this error is not negligible, the benefit of tractability was deemed to outweigh 

the error. The time steps used for telescopic projections were observed to have no effect 

on the evaluated dispersion coefficients. This suggests that the accuracy of the multi-

scale strategy is not limited by the extent of the time steps and hence, long time 

simulations are possible at relatively low computational cost. Although not limited by 
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accuracy concerns, the extent of the time steps could be limited by stability. For example, 

the speedup during the initial part of the simulation of drug dispersion in the vitreous was 

limited due to steep change in concentration with respect to time. This was not a concern 

in the test problem, because of its simplicity. Hence, care should be taken when using 

large time steps for complex problems, particularly those in which steep changes in 

concentration can be expected.  

 

The numerical scheme predicts a higher dispersivity for the test problem when compared 

to the analytically evaluated dispersion coefficient. As observed from figure 4.5, the error 

in the predicted dispersion coefficient decreases with mesh refinement. This could be 

attributed to the artificial diffusivity. Mesh refinement reduces the mesh Péclet number 

and, hence reduces the amount of artificial diffusivity that was added to balance the effect 

of convection. However, for low Péclet numbers, the reduction in error with the size of 

the element is insignificant, suggesting the presence of an inherent disagreement between 

the numerical scheme and the analytical solution. The inherent error, observed to be less 

than 6%, could be due to multiple sources. The primary source is suspected to be the 

method used to calculate the dispersion coefficient from the concentration values. Minor 

disturbances in concentration far away from the mean of the distribution contribute 

greatly to the second moment of the distribution and, hence, affect the dispersion 

coefficient.  At high Péclet numbers, the effect of the zero-flux condition on the side 

walls could also affect the concentration values close to the wall as mass accumulation is 

possible. The effect of side walls on the estimated dispersion coefficient for Poiseuille 

flow between parallel plates has been evaluated [110] and we refer the interested readers 
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to the paper for an estimation of the error induced due to the presence of the side walls. It 

is also noted that the analytical solution is a limiting approximation and thus may 

contribute error as well.  

 

In conclusion, a numerical scheme was developed to simulate dispersion induced by a 

rapidly oscillating velocity field, in complex geometries, when the convection and 

diffusion time scales are widely separated. The performance of the method was assessed 

by comparing numerical results with the analytical solution for a test problem, and the 

performance was deemed acceptable. The implicit telescoping scheme was found to be 

effective in bridging the time scales and the results show that useful speedups (~ 100 fold 

for intravitreal drug transport) can be achieved without compromising on accuracy, once 

the initial transients stabilize. At high Péclet numbers, the method produces over-

dispersive solutions, but it has the potential to simulate mass transport successfully over 

long durations. 
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Chapter 5 

 

5. Effect of saccade induced dispersion on drug 

transport in the liquid vitreous 

 

This section describes the model that was developed to simulate drug dispersion in the 

vitreous due to sloshing induced by saccadic oscillations. The model was based on the 

method developed in the previous chapter. We present the specific problem in greater 

detail here. The objective of this work was to provide insights into the effect of sloshing 

on: time of retention of drug in the vitreous, drug uptake, clearance from the posterior 

eye, and most importantly, macular concentrations. The effect on these factors was 

investigated for intravitreal and transscleral sources for varying degrees of liquefaction. 

The results in this chapter are being prepared for the following citation 

iii. Balachandran RK, Barocas VH. Contribution of saccadic motion to intravitreal 

drug transport: Theoretical analysis. Pharmaceutical Research (In preparation at 

the time of dissertation submission).  
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Abstract 

The vitreous humor liquefies with age and readily sloshes during eye motion. The 

objective of this work was to develop a computational model to understand the effect of 

vitreous sloshing on intravitreal drug transport for both transscleral and intra-vitreal drug 

sources at various locations, for varying degrees of vitreous liquefaction. A finite element 

model based on a telescopic implicit envelope tracking scheme was developed to model 

the saccade induced drug dispersion in the eye. The fluid flow velocities due to saccadic 

oscillations were solved for and the velocities were used to simulate drug dispersion. 

Saccadic oscillations were found to induce a three dimensional flow field that indicates 

intense drug dispersion in the vitreous. Model results showed that the time scale for 

transport decreased for the sloshing vitreous when compared to the static vitreous. 

Macular concentrations for the sloshing vitreous were found be manifold higher than that 

for the static vitreous. For low viscosities the position of the intravitreal source did not 

have a big impact on drug distribution. The results indicate that care should be taken 

when extrapolating animal data, which are mostly done on intact vitreous to old patients 

whose vitreous might be a liquid. The decrease in drug transport time scales and changes 

in localized concentrations should be taken into consideration when deciding on the mode 

of treatment and dosing strategies. 
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5.1 Introduction 

The vitreous humor (henceforth, “vitreous”) is the transparent highly (99%) hydrated, 

viscoelastic gel, [111, 112] that fills the posterior part of the eye. Apart from its other 

functions, which are to provide structural support to the eye, to keep the retina adhered to 

the eye-wall, and to act as a medium for transmission of light, it also acts as a barrier for 

heat and mass transport between the posterior and anterior segments of the eye. Some of 

these functions are affected when the vitreous loses its structural homogeneity during the 

natural ageing process. With age, the vitreous undergoes a progressive liquefaction 

process, wherein it loses its gel-like structure and with it its elastic properties and 

becomes a liquid [113]. 

 

In many cases, e.g., to treat retinal tears, vitrectomy is performed, wherein the vitreous is 

removed, and the void space is filled with an artificial vitreous substitute such as silicone 

oil or a perfluorocarbon liquid[19]. In some cases, perfluorocarbon gas is used to provide 

a short-term tamponade effect to aid in the healing of a retinal tear. Once the tear is 

completely healed, the gas is removed from the vitreous chamber allowing the aqueous 

humor, a water-like fluid from the anterior eye, to fill the void space.  

 

The presence of a viscous liquid in the vitreous chamber, either due to liquefaction or as a 

result of vitrectomy, could potentially impact heat/mass transport in the posterior eye. 

Harocopos et al. [20]and Holekamp et al. [21]observed an increase in incidence of 

nuclear cataracts in vitrectomized eyes, and attributed the findings to elevated oxygen 

levels close to the lens. Without the transport barrier that the vitreous gel provides, 
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oxygen released by the retinal arterioles could readily transport through the vitreous, 

resulting in a higher-than-normal concentration at the lens. A similar effect on the 

distribution of oxygen in the eye was observed by Stefansson et al.[114]. An increase in 

the clearance of intravitreal triamcinolone acetonide and amphotericin in vitrectomized 

eyes as compared to nonvitrectomized eyes was observed by Chin et al. [22] and Doft et 

al. [23]respectively. Barton et al. [115]showed evidence suggesting that the increased rate 

at which molecules are redistributed in the vitreous compartment in the absence of the 

vitreous gel, or after vitreous degeneration, is more likely due to an increase in fluid 

circulation than a difference in diffusion of the molecules in the gel vis-à-vis the liquid. 

Further evidence for the above can be seen in the work done by Walton et al.[24]. They 

observed that vitreous mobility, brought about by rapid eye oscillations, increased with 

the degree of liquefaction. Eye oscillations, also called saccades, help to orient the line of 

sight allowing us to refocus regularly at different locations. Since saccades happen 

rapidly, the vitreous sloshing velocities could be high, resulting in significant convective 

transport. In this article we focus on the effect of vitreous sloshing on the distribution of 

drugs targeted to the posterior eye, e.g. in the treatment of age-related macular 

degeneration (AMD). 

 

Numerous techniques exist or are being developed to deliver drugs to the posterior eye. 

Among them, intravitreal and transscleral drug delivery has attracted the attention of the 

research community recently. Conventional drug delivery techniques like systemic and 

topical delivery, lack in efficacy as they fail to overcome physiological barriers and do 

not maintain desired drug levels at the target tissues in the posterior eye. Intravitreal and 
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transscleral drug delivery provide direct access to the posterior eye and hence are 

considered better suited to diseases like AMD [14]. Subsequent to intravitreal or 

transscleral delivery, drug transports through the vitreous to reach the posterior tissues. 

Invariably, new delivery methods are tested on young animals with an intact vitreous 

when the eventual target is the elderly population that suffers from AMD, who are likely 

to have a liquefied vitreous. Since the window of effectiveness for most drugs is narrow, 

and the target is the macula, not the entire eye, understanding the effect of increased 

vitreous mobility on biodistribution of drugs is paramount. To emphasize this, we 

reference the work done by Hegazy et al. [116], who observed that the presence of 

silicone-oil in vitrectomized eyes increased the toxicity of drugs which were injected into 

the vitreous in previously determined non-toxic doses. Although the effect of drug 

diffusion in the vitreous and convection due to steady permeation of aqueous humor 

through the vitreous have been studied [42, 46], the effect of saccade-induced dispersion 

on drug distribution has not yet been studied. We have developed a computational model 

to study the effect. 

 

Modeling saccade-induced dispersion in the vitreous presents some challenges at the 

outset.  

• The time scale for eye motion (seconds) is small compared to the typical time 

scale for the drug delivery systems (hours to weeks). Simulation using 

conventional techniques, although conceptually possible, becomes prohibitively 

expensive even with the use of advanced hardware. Therefore, a methodology that 

is computationally inexpensive is needed to model the system.  
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• The convection-diffusion problem presents numerical challenges when 

convection dominates diffusion. Since eye oscillations are rapid, the vitreous 

sloshing velocities are expected to be high, and convection is expected to 

dominate diffusion. Using a spatial discretization that is fine enough to resolve the 

effect of convection can be computationally expensive.  

 

The above-mentioned challenges in model development have been dealt with in detail in 

the previous chapter. This chapter focuses on the applicability of the model towards 

practical issues in posterior segment drug delivery. The main objective of this work was 

to provide insight into the effect of vitreous sloshing on drug uptake, clearance from the 

vitreous, drug retention in the vitreous, and most importantly, macular concentrations for 

both transscleral and intra-vitreal drug sources for varying degrees of vitreous 

liquefaction.  

 

5.2 Materials and methods 

A three-dimensional model based on the Galerkin finite element method (GFEM) was 

developed to simulate drug dispersion in the vitreous chamber. Since our focus was only 

the vitreous, other posterior tissues like the sclera, choroid, and retina with its pigment 

epithelium were not modeled. Figure 5.1 shows a schematic of the vitreous geometry that 

was used. The dimensions indicated in the figure are those of the human eye as used by 

others [117]. The vitreous is bounded by the hyaloid and lens on the anterior side and by 

the retina on the posterior side. The vitreous sloshing velocities were first computed, and 
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were later used to solve for the drug concentrations in the eye. Due to symmetry, only 

half the vitreous was modeled. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.1 Schematic of the geometry of the vitreous showing the domains and the 

boundaries along with the axis of saccade oscillations (z-axis). Only half the vitreous 

was modeled due to symmetry. 

 
 

5.2.1 Model development – Fluid flow problem 

Vitreous motion can be attributed to various types of eye and head movements. Some of 

the movements are small-amplitude, high-frequency oscillations, while the others are 

large-amplitude oscillations. In our model, small-amplitude saccades were assumed to 

cause negligible drug dispersion when compared to the large amplitude saccades and 

were neglected. Also, only left-right saccadic oscillation was considered, as noted in 
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figure 5.1. The saccades were modeled as sinusoids, and a 40 degree continuous saccade 

oscillation was chosen to investigate the effects of vitreous sloshing on drug transport.  

 

Becker [118] had developed emperical relationships to describe the amplitude (A), 

duration (D), and peak angular velocity (Ωp) for saccades. The saccade duration for 

amplitudes in the range 5° < A < 50°, was determined to be linearly dependant on 

amplitude based on the relationship,  

0D D Ad= +                                                   (5.1) 

where D0 and d were constants measured to be 0.025 s and 0.0025 s deg
-1

 respectively. 

The time period (T) of a saccade oscillation of amplitude A would be  

                                                                 2T D=                                                        (5.2) 

Becker suggested that the relationship between peak and average angular velocity 

( /A DΩ = ) is 

                                                                 1.64pΩ Ω∼                                                (5.3) 

Based on the above relationships, the time period, average angular velocity, and peak 

angular velocity for a 40° saccade oscillation were evaluated to be 0.25s, 0.7 rad s
-1

, and 

1.14 rad s
-1

 respectively. The saccade angular velocity was modeled using a sinusoid with 

the above calculated peak velocity as 

   sin( )p tωΩ = Ω                                           (5.4) 

where ω = 2π/T rad s
-1

, is the angular frequency of oscillation. Such an approximation for 

the saccade angular velocity resulted in an overshoot of 2.6% for angular displacement, 

which was considered negligible. It should be noted that the dynamics of real saccades 
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are very complex, and a simplistic approach like ours does not entirely replicate the 

system. However, given the focus of this work, the simplistic approach was deemed to be 

sufficient. 

 

The vitreous humor was modeled as a purely viscous Newtonian fluid as for our problem 

of interest, the vitreous is either liquefied or replaced with a tamponade fluid. David et al. 

[119], developed an analytical model for fluid flow in the vitreous. They observed that 

the elastic properties of the vitreous do not significantly affect the flow field. Since the 

vitreous is mainly composed of water it is assumed that a completely liquefied vitreous 

would have similar properties to that of water. The viscosity of the vitreous gel has been 

measured to be 0.03-2 Pa.s [19, 111] and hence the partially liquefied vitreous was 

assumed to be up to 3 orders of magnitude more viscous than water. Also, most 

tamponade fluids, typically silicone oils, are highly viscous Newtonian fluids with a 

viscosity that is almost 3-4 orders of magnitude higher than that of water. Hence, in our 

simulation the viscosity was varied from 0.001 to 1 Pa.s in 10 log unit steps to simulate 

the entire range of viscosity for vitreous fluids. It should be noted that apart from the 

viscosity effects, the chemistry of the vitreous substitute could impact transport. For 

example, the diffusivity of the drug in the vitreous substitute could be different to that 

used in the model. Also partitioning effects could be significant. These effects were not 

dealt with in this work.  

 

The fluid velocity in the vitreous chamber was calculated by solving the three-

dimensional Navier-Stokes equations. Stocchino et al. [120] found that the flow becomes 
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approximately periodic after a few cycles and hence we solve for the velocity for 4 

periods and assume periodicity. The problem was solved in a frame of reference rotating 

along with the vitreous and hence the equations were modified to accommodate the 

change as follows: 

    ( )( )( )T
( ( ) 2 p

t
ρ µ

∂ 
+ ⋅ × × + × + × = − + + 

∂ 
I

v
v v + r v r v v∇) Ω Ω Ω ∇ ∇ ∇∇) Ω Ω Ω ∇ ∇ ∇∇) Ω Ω Ω ∇ ∇ ∇∇) Ω Ω Ω ∇ ∇ ∇αααα (5.5) 

                                                                0=∇ ⋅∇ ⋅∇ ⋅∇ ⋅ v                                                         (5.6) 

where, Ω and α are the saccade angular velocity and acceleration, and v is the velocity 

relative to the rotating frame of reference. The other symbols in the equations have their 

usual meanings. The walls of the vitreous were assumed to be stationary in the rotating 

frame. A multi-module GFEM code in C was written and was used to solve the fluid flow 

problem in the vitreous. The model domain was divided into 12,285 hexahedral elements 

with each element consisting of 27 nodes. The total number of nodes in the domain was 

104,725. Velocity was calculated on all nodes of an element, while the pressure was 

solved for only on nodes at the element corners. Hence, tri-quadratic, and tri-linear basis 

functions were used to solve for the velocity and pressure respectively. Implicit Euler was 

used to integrate the ordinary differential equations resulting from the GFEM 

discretization and Newton-Raphson iteration was used for the nonlinear algebraic 

problem. MUMPS (MUlti frontal Massively Parallel sparse direct Solver[61]) was used 

to solve the resulting system of algebraic equations.  

 

5.2.2 Model development – Drug dispersion problem 
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The convective-diffusive transport equation was used to solve for the concentration of 

drug in the vitreous. 

                                                     
2 0v

c
c D c

t

∂
+ ⋅ − =

∂
∇ ∇∇ ∇∇ ∇∇ ∇v                                      (5.7) 

where c is the concentration of drug, v is the velocity of the fluid calculated from Eq. 5.4 

and 5.5, and Dv is the diffusivity of the model drug (Fluorescein) in the vitreous. The 

diffusivity for Fluorescein in the vitreous humor was set to be 6x10
-6

 cm
2
s

-1
, which is the 

typical value used in literature [16, 42]. The diffusivity does not change significantly with 

change in physical state of the vitreous [115]. Two types of drug sources were modeled to 

evaluate the impact of vitreous sloshing. To simulate transscleral drug delivery, a 

constant-concentration surface source on the sclera was considered, and to simulate 

intravitreal drug delivery in the form of an injection, a Gaussian point source was placed 

in the vitreous. The constant-concentration transscleral source was placed on the equator 

to make use of symmetry. The point source was placed at 3 different locations on the 

equator of the eye to evaluate the effect of placement of the injection on drug distribution. 

The positions of the point source are illustrated in figure 5.2. 
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Figure 5.2 Schematic showing the position of the point sources in the vitreous. The 

point sources were placed on the equator of the eye. 
 

 

Boundary conditions 

The flux of drug into and out of the vitreous through the retina is dependent on the 

transport properties of the posterior tissues like sclera, choroid, and retina with its 

pigment epithelium. The retinal pigment epithelium (RPE) is known to transport solutes 

actively from the vitreous out of the eye [7]. Drug diffusing through the choroid is also 

cleared away by the vast network of blood vessels (choriocapillaris) in the choroid [58]. 

These transport phenomena were modeled using parameters estimated by Balachandran 

et al.[121]. We used the parameters to determine the boundary conditions on the vitreous 

surface. 

 

X

Y

(0.35, - 0.5)

(1.0, - 0.5)

(0.61, 0)
X

Y

(0.35, - 0.5)

(1.0, - 0.5)

(0.61, 0)



94 

Two sets of flux boundary conditions had to be evaluated for our problem: 

a) Flux of drug from the vitreous out of the eye through the retinal surface. 

b) Flux of drug into the vitreous from a constant concentration transscleral drug 

source. 

Figure 5.3(a) and (b) illustrate the 2 cases. The thickness of sclera, choroid, and retina is 

small (~ 7%) compared to the radius of curvature of the vitreous. Hence, transport in 

these posterior tissues was assumed to be planar and one-dimensional. The choroid and 

sclera were lumped as one entity, and the justification for the assumption can be found in 

[121]. Owing to the small thickness of the posterior tissues, the dynamics of transport in 

them were assumed to play a limited role in determining vitreous drug concentrations, 

and hence, a pseudo-steady state approximation was used. The assumption helped to 

simplify the problem without losing valuable information. To further simplify the 

problem, the choroid and the retina under the transscleral source were assumed to be 

ablated. The assumption is justified as ablation eliminates potential impediments to drug 

transport, namely, active transport by the RPE, and loss to choroidal blood flow, and 

hence improves the efficacy of the method. Based on these assumptions a set of planar, 

one-dimensional transport equations were solved in the posterior tissues and the flux 

values were evaluated.  

 

Flux of drug out of the retinal surface was determined to be 

                                                
5( ) 2.01 10

v v
n D c vc c

−⋅ − ∇ + = ×                            (5.8) 

And the flux into the vitreous from a transscleral drug source was determined to be 

                                           
5

0( ) 1.28 10 ( )
v v

n D c vc c c−⋅ − ∇ + = × −                     (5.9) 
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Figure 5.3 Illustration of the one-dimensional pseudo steady state model used to 

simulate transport in the posterior tissues like retina/RPE, choroid and sclera. The 

models were used to evaluate (a) Flux of drug from the vitreous out of the eye 

through the retinal surface, and (b) Flux of drug into the vitreous from a constant 

concentration transscleral drug source. 
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Here, c0 is the concentration of the transscleral drug source and cv is the vitreous drug 

concentration at the retinal surface. To model the impact of drug dispersion in the 

vitreous for a transscleral drug source eq. 5.7 was used as the boundary condition at the 

retinal surface right under the drug source and eq. 5.8 was used elsewhere on the retinal 

surface. While simulating an intravitreal source eq. 5.8 was used for the entire retinal 

surface. The planar, one-dimensional transport equations along with details of the 

derivation that were used to estimate the fluxes are provided in the Appendix 3.  

 

The boundary condition at the hyaloid and lens was set to be 

                                              
5( ) 1.73 10

v v
n D c vc c−⋅ − ∇ + = ×                             (5.10) 

and 

                                                      ( ) 0
v

n D c vc⋅ − ∇ + =                                         (5.11) 

respectively. Cv here is the vitreous drug concentration at the hyaloid. The mass transport 

coefficient at the hyaloid in Eq. 5.9 was based on existing drug transport models in 

literature [56]. The flux at the lens surface was set to zero, i.e. no penetration of drug into 

the lens [54]. 

 

The Péclet number (Pé) for our problem was defined as the ratio of diffusive to 

convective time scale. 

                                                                  
v

UL
Pe

D
=                                                  (5.12) 
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where L is the characteristic length and U is the characteristic velocity. With the radius of 

the vitreous as L, and the average eye wall velocity as U, Pé was evaluated to be of the 

order of 10
6
. At such high Péclet numbers, the Galerkin finite element method becomes 

unstable, and spurious oscillations in space and time cloud the actual solution unless a 

highly refined mesh is used [98]. Also, three time scales were identified in the above 

problem: convective, diffusive, and the time period of saccade oscillations. The 

convective (L/U) and diffusive time scales (L
2
/Dv), were evaluated to be approximately, 

0.2 s and 33 hours respectively. The time period of oscillation for a 40 degree saccade 

was evaluated based on Eq. 5.1 to be 0.25 s. Clearly, there is a wide separation between 

the time scales, and conventional techniques for time integration would necessitate the 

use of time steps of the order of the smallest time scale. Simulating over long periods 

using such an approach would lead to impractical processing times. On the other hand, 

using large time steps corresponding to the diffusive time scale would result in loss of 

valuable information provided by the smaller time scales. In chapter 4, we have explained 

in detail the method that was used to tackle the above mentioned issues. We refer the 

readers to the material and the listed references in the previous chapter for more 

information. 

 

The mass transport problem was solved using the same mesh as the fluid flow problem. 

Concentration was solved for on all the nodes and tri-quadratic basis functions were used 

to interpolate between nodes. Implicit Euler was used as the time stepping method for the 

fast oscillations with MUMPS as the solver. For the implicit projections for tracking the 

envelope of oscillations, GMRES was used to solve the linear equations. 
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5.3 Results 

5.3.1 Vitreous sloshing flow field 

Velocity vector fields depicting flow in the vitreous are shown in figures 5.4 (a) – (d) at 

times t=0, T/4, T/2, and 3T/4 respectively. The figures show the velocity with respect to 

an inertial frame of reference on the equatorial plane of the vitreous when its viscosity 

was set to 0.01 Pa.s. Stocchino et al. [120] investigated the dynamics of vitreous humor 

motion induced by eye rotations experimentally, and our computational results match 

their experimental PIV measurements qualitatively. A quantitative comparison was not 

feasible given the nature of the experimental work. In the following paragraph we 

highlight some of the salient features of the flow field and refer the interested readers to 

Stocchino’s work for a detailed review.  
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Figure 5.4 Velocity vector fields depicting flow in the vitreous at (a) T=0, (b) T=T/4, 

(c) T=T/2, (d) T=3T/4 for µ = 0.01 Pa.s 
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The presence of the lens, which causes the vitreous geometry to deviate from a sphere, 

influenced the flow field greatly. In our model, vortices were observed to form adjacent 

to the lens surface and were found to migrate towards the core of the domain before 

dissipation (figure 5.4). They were observed to form and dissipate on either side of the 

peak velocity value for both the rise and fall cycles and lasted for almost half the time 

period of oscillation. Both David et al. [119], and Repetto et al.[122], in their fluid flow 

model inside a spherical vitreous, observed that the fluid velocity components in the 

direction of the axis of rotation (z-axis) were  up to 4 orders of magnitude smaller than 

the velocity components on planes perpendicular to the axis of rotation (x-y plane). 

However, Stocchino et al. speculated that the presence of the lens would increase the z-

velocity component. Our model results showed that the maximum z-velocity was found 

to vary from being two orders of magnitude lower, to being on par with the x-y velocity 

components. The z-velocities were on par with the x-y components when the viscosity 

was 0.001 Pa.s and were two orders of magnitude smaller when the viscosity was 1 Pa.s. 

As shown in figures 5.5(a) – (d) the maximum z velocities were found to occur close to 

the lens. The scale bars on the chart for the four figures indicate the magnitude of the z-

velocity component for the different viscosities considered. A similar result was observed 

by Stocchino et al., who observed particle accumulation close to the lens which would 

suggest an ejection of flow close to the lens along the z-axis. The zone where the 

maximum velocity was observed was found to shift posteriorly with increase in viscosity. 

Such a complicated three dimensional flow would indicate intense mixing of the vitreous 

fluid and hence, significant drug dispersion. 
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Figure 5.5 Contour plots showing the maximum z-velocities on the plane z=0.35cm 

for (a) µ = 0.001 Pa.s, (b) µ = 0.01 Pa.s, (c) µ = 0.1 Pa.s, (d) µ = 1.0 Pa.s. The 

maximum z-velocities were observed on this plane. 
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5.3.2 Drug dispersion in the vitreous 

The goal of this work was to investigate the impact of increased vitreous mobility on 

drug dispersion. Hence, we present comparisons between the vitreous sloshing case and 

the static case. We define  

                                  
( ) ( )

( )
( )

value x value static
x

value static

µ
δ µ

= −
= ≡                   (5.13) 

where δ(µ=x) is the relative difference in value between the sloshing case, when the 

vitreous viscosity is ‘x’ Pa.s, and static case, expressed as a percentage. For example 

δ(µ=0.1) for drug uptake would correspond to the relative difference in drug uptake 

between the sloshing case, when the viscosity is 0.1 Pa, and the static vitreous case, 

expressed as a percentage. δ was used in our plots to evaluate the effect of saccade 

induced drug dispersion. The results for the case when the vitreous viscosity was 0.001 

Pa.s are not discussed in this section as the computational method was not able to 

accurately predict drug mixing. 

 

Drug dispersion for the transscleral source 

Figure 5.6 shows the concentration plots for the sloshing cases and the static case, 48 

hours after transscleral drug administration. Figures 5.6 (a) – (c) correspond to the 

sloshing case with vitreous viscosities of 0.01, 0.1, and 1.0 Pa.s respectively, and figure 

5.6 (d) corresponds to the static vitreous. The 48 hour time point was chosen to ensure 

that drug transport had reached steady state for all the cases considered. The peak 

concentrations, which were observed under the drug source, increased with increasing 

viscosities. The maximum peak concentration was observed for the static case. Also, 
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steep concentration gradients were observed for the static vitreous, and more uniform 

spreading was observed for the sloshing vitreous. The uniformity increased with decrease 

in viscosity for the sloshing cases. This suggests that the degree of mixing is high at low 

viscosities and decreases with increasing viscosity. With increasing viscosity the vitreous 

is expected to behave more as a rigid body and hence the static vitreous can be construed 

as a limiting case where the vitreous viscosity is infinity. The difference in the degree of 

mixing for the different cases can be gauged from the time scale for drug transport. Table 

3.1 lists the time for the average vitreous concentrations to reach 95% of its steady state 

value for all the cases. Variation by a factor of 1.5 in the time values between the µ = 

0.01 Pa.s case and the µ = 1.0 Pa.s case/static vitreous is indicative of the difference in 

the extent of mixing induced by the saccade oscillations. Figure 5.7 shows the impact of 

sloshing on retinal clearance, hyaloid clearance, vitreous retention and drug uptake. 

These four factors along with the concentration at the macula could influence the dosing 

strategies and the overall efficacy of the drug delivery system.  
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Figure 5.6 Concentration contour plots for the sloshing cases and the static case 48 

hours after transscleral drug administration. (a), (b), (c) correspond to the sloshing 

cases with viscosities µ = 0.01, 0.1, and 1.0 respectively. (d) corresponds to the static 

vitreous. 
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Table 5.1 Time to attain 95% of the steady state concentration after transscleral 

drug administration with a constant concentration source. 
 

 

Condition of the vitreous Time (hours) 

µ = 0.01 18.1119 

µ = 0.1 20.8069 
Sloshing vitreous 

 

µ = 1.0 27.6926 

                                      Static vitreous 27.8662 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.7 Impact of sloshing on retinal clearance, hyaloid clearance, vitreous 

retention and drug uptake calculated relative to the static vitreous case for the 

transscleral source. 
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Drug transport in the sloshing vitreous, when compared to the static vitreous resulted in 

an increase in the amount of drug lost through the retina and the hyaloid. Even though the 

peak concentration at the retina was high for the static vitreous, it was highly localized 

near the drug source. In contrast, sloshing resulted in a more uniform drug distribution, 

thus making available a large portion of drug at the retina and hyaloid for clearance. 

Sloshing impacted hyaloid clearance the most. The maximum increase was when the 

viscosity was 1.0 Pa.s. The flow mixing pattern coupled with the proximity of the drug 

source to the anterior eye was deemed to be responsible for the effect. Flow velocities in 

the vitreous under the drug source results in spreading along the wall in the tangential 

direction, as opposed to radial transport for the static vitreous (see figures 5.6 (c) and (d)). 

Owing to the proximity of the drug source to the anterior eye this type of spreading 

results in high concentrations at the hyaloid. The thickness of the fluid domain that 

experiences that influence of the eye wall motion increases with viscosity. Hence we 

observe the effect to be more significant for the higher viscosity cases. Also, as the 

viscosity increases the magnitude of the z-velocity component, which was found to be 

maximum near the hyaloid, was observed to decrease (see figure 5.5). The fluid flow in 

the z-direction could be responsible to drug spreading in the bulk of the domain. Hence, 

the absence of a significant z-velocity component contributes to drug accumulation at the 

hyaloid and increased clearance through the hyaloid when µ = 1.0 Pa.s. 

 

Fluid flow washed away any drug accumulation under the source resulting in increased 

drug uptake by the sloshing vitreous when compared to the static vitreous. This effect 

however, was outweighed by the increased clearance from the eye resulting in lower 
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vitreous concentrations. The difference in drug uptake among the sloshing cases though, 

was found to be very minimal. A slight drop in drug uptake was observed with increase 

in viscosity with the maximum difference between the µ = 0.01 Pa.s case and µ = 1.0 Pa.s 

case being around 3%. For the low viscosity cases the fluid flow caused spreading in the 

bulk of the domain resulting in the increased uptake. With the retinal clearance only 

varying slightly for the sloshing cases, average intravitreal drug concentrations were 

determined by the loss of drug to the anterior eye. The steady state vitreous 

concentrations decreased with increasing viscosity as the drug lost to the anterior 

chamber increased. 

 

 Macular concentrations were observed to be up to 850% higher for the sloshing vitreous 

when compared to the static vitreous (figure 5.8). Macular concentrations were also 

found to be significantly different from each other for the vitreous viscosities considered 

in the model with the value increasing with increasing viscosity.  
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Figure 5.8 Impact of sloshing on the macular concentrations calculated relative to 

the static vitreous case for the transscleral source. 

 

Drug dispersion for the intravitreal source 

Figures 5.9 (a) – (c) show the impact of saccade induced dispersion on vitreous 

concentration, retinal clearance, and hyaloid clearance for the point source at three 

different locations indicated in figure 5.2. The plots show results after ~13 hours of 

simulation. Vitreous levels for the sloshing vitreous, for all three locations, were found to 

be lower as drug mixing resulted in easier access to the clearance routes. Although, the 

figures only show the trend at the 13 hour time point, the same trend was also observed at 

intermediate time points with the exception of a few initial time points. Retinal clearance 

accounted for nearly 95% of all drug eliminated from the eye, and hence had the most 
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impact on residual vitreous concentrations. For all three locations, µ = 0.01 and 0.1 Pa.s 

showed similar results while µ = 1.0 Pa.s differed significantly. The plots in figure 5.9 

illustrate the above mentioned trend, even though they only show data relative to the 

static vitreous case. The dynamics of transport within the vitreous for µ = 0.01 and 0.1 

Pa.s, died down before the first time point (~14 mins), while that for µ = 1.0 Pa.s lasted 

longer. In essence, the time scale for transport within the vitreous was much smaller than 

the time scale for drug elimination from the eye. The 1D pseudo steady state assumption 

for drug elimination from the retina not withstanding, this phenomena is expected to 

exist.  

 

For the point source at location 1, sloshing resulted in a decrease in drug clearance 

through the hyaloid. This could be attributed to the position of the drug source. At 

location 1, the drug source is positioned close to the hyaloid and hence for the static 

vitreous, pure diffusion results in significant drug accumulation at the hyaloid. With 

sloshing however, most of the drug is distributed into the bulk resulting in lower 

concentrations at the hyaloid. The effect however, was reversed when the drug source 

was placed at location 2, wherein sloshing resulted in higher drug concentrations at the 

hyaloid. At location 3, sloshing did not impact clearance through the hyaloid 

significantly. Since the drug source was placed at the center of the eye, neither pure 

diffusion nor mixing due to sloshing had significant effect on hyaloid clearance.  
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Figure 5.9 Impact of saccade induced dispersion on vitreous concentration, retinal clearance, and hyaloid clearance for the 

point source at three different locations at the 13 hour time point. The numbers were relative to that for the static vitreous.
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Sloshing induced dispersion resulted in increased clearance through the retina, when 

compared to the static vitreous. The increase was only in the 10-25% range but it 

impacted the half-life of the drug in the vitreous (figure 5.10). For all three locations, 

retinal clearance was least affected due to sloshing for the highest viscosity case, as the 

degree of mixing was the lowest for that case. Figure 5.10 shows that the half-life does 

not vary significantly with the location of the point source for the lower viscosities, but 

for µ = 1.0 and for the static case when the drug source is placed at the center of the eye, 

lack of sufficient mixing results in a significant increase in the half-life value. Table 3.2 

summarizes the effect of location on drug distribution for the sloshing cases. As can be 

observed, for a given viscosity, the location of the point source does not seem to have a 

significant impact on drug distribution except for µ = 1.0 Pa.s, where a centrally placed 

injection differed from an injection placed towards the walls. The numbers suggest that 

mixing for the lower viscosities is so dominant that the location of the point source is 

immaterial to the overall drug distribution.  
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Figure 5.10 Half-life of the drug after intravitreal administration at the three 

locations for the sloshing and the static vitreous. 
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Table 5.2 Summary of the effect of location on drug distribution for the sloshing cases. Data shown for locations 2 and 3 were 

normalized with that for location 1 for each viscosity to help compare the effect. 
 

 

µ = 0.01 Pa.s µ = 0.1 Pa.s µ = 1.0 Pa.s 

 

Location 1 Location 2 Location 3 Location 1 Location 2 Location 3 Location 1 Location 2 Location 3 

Vitreous 

retention 
1.00 0.89 0.85 1.00 1.02 1.00 1.00 1.00 1.27 

Retinal 

clearance 
1.00 1.02 0.98 1.00 1.01 0.98 1.00 1.02 0.95 

Hyaloid 

clearance 
1.00 1.02 0.98 1.00 1.02 1.00 1.00 1.03 0.76 
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The impact of sloshing on the macular concentrations for the point sources is shown in 

figure 5.11. The peak macular concentration is plotted and the time taken to reach the 

peak concentration is indicated in parentheses. For µ = 0.01 and 0.1 Pa.s the maximum 

concentrations were reached at the same time. The similarity in the concentration values 

add to the existing evidence that drug distribution for sloshing at the low viscosities is 

independent of the location of the drug source. It is important to note that the variation in 

the peak macular concentrations with viscosity and position as they have a profound 

effect on the efficacy of the drug delivery system. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.11 Peak macular concentration for the sloshing and the static vitreous for 

the point source at the three locations. Also listed in parenthesis is the time to attain 

the peak concentration. 
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5.4 Discussion 

Intravitreal and transscleral drug delivery for treating posterior segment eye diseases has 

gained a lot of attention recently. The advantage with intravitreal delivery is that it 

provides a localized drug depot in the vitreous and hence, provides easy access to the 

posterior eye. Transscleral drug delivery is an attractive method for delivering drugs due 

to the non-invasive nature of the technique. This coupled with the recent findings that the 

sclera is thin and porous, make the technique appealing. A major portion of the drug 

delivered through either transscleral, or intravitreal route reaches the target tissues by 

transport through the vitreous. Until recently [123], there has not been much attention 

devoted to understanding the effect the physical state of the vitreous has on intravitreal 

drug transport. With the presence of a liquid, instead of a gel, in the vitreous chamber, 

either due to vitreous liquefaction or due to vitrectomy, transport properties could be 

affected a great deal. To emphasize the significance of the problem, it should be noted 

that most of the patients with posterior diseases like AMD would have a liquefied 

vitreous. Also, vitrectomy is the preferred method of treatment for patients with 

rhegmatogenous retinal detachment, which, more often, occurs with the onset of 

syneresis. Although it has been shown that the diffusion properties do not change 

significantly with liquefaction, advection due to saccade induced flow in the vitreous 

chamber could affect the pharmacokinetics of the drug in the eye. With the ophthalmic 

drug delivery community interested in controlled-release delivery systems, to deliver 

drug over long durations so as to prevent frequent interventions, saccade induced 

advection effects could play a significant role in determining the mode of treatment and 
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dosing strategies. The computational model we have developed, although not entirely 

predictive in nature, provides insights into this critical issue.  

 

Due to the significance of the half-life of drug in treatment modalities, we evaluated the 

time scale for transport in the sloshing eye vis-à-vis the static eye. The vitreous chamber 

was assumed to be completely closed, and hence all the boundaries were assumed to be 

insulated. The drug was assumed to be present in one half of the vitreous with a 

concentration value of 1 (y>0), and the other half was assumed to be devoid of drug 

(y<0). The flow velocities that were evaluated were used to simulate mixing in the 

chamber and the extent of drug mixing was quantified using the Shannon’s entropy (S). 

Shannon’s entropy has been used extensively in literature to quantify mixing for various 

applications. We refer the interested reader to the work done by Camesasca at al. [124]for 

further reading. For our problem we define  

                                                       j = 1,2,.....,M
jvj

j

j j

cdv
p

v Nv
θ ≡ =

∫
                    (5.14) 

                                                      ( )
1

ln
M

j j

j

θ θ θ
=

= −∑                                               (5.15) 

In Eq. 14 and 15, M is the total number of elements in the finite element domain. pj is the 

probability of finding a drug molecule in element ‘j’ (defined as the ratio of the number 

of molecules in the element and the total number of molecules), and vj is the volume of 

the element.  When all the θj’s are equal, θ attains its maximum value. This would imply 

that the concentrations in all the elements are the same and hence, perfect mixing. We 
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define S to be the normalized value of θ, so that S = 1 implies perfect mixing. S is 

defined as 

                                                      max

max

;   ln( )
M

S V
V

θ
θ

θ
≡ =                             (5.16) 

where V is the total volume of the domain. The above problem was simulated and S was 

evaluated over time. Also, the time taken for S to reach its maximum value of 1 was 

evaluated and used as a measure of the time scale for mixing in the vitreous chamber. 

Based on the results the time scale for mixing for µ = 0.01, 0.1, and 1 Pa.s was evaluated 

to be 0.93, 3.2, and 6.4 mins respectively. For the static vitreous the time scale for mixing 

was evaluated to be 33 hours. The huge difference in the mixing time scales suggests that 

it is imperative to investigate the effect of saccade induced advection when studying drug 

transport through the vitreous. It should be noted that the method mentioned above was 

applied to a hypothetical case and only provides an estimate of the time scales for 

transport. Also, the time scales predicted for the hypothetical case seems lower than what 

we see for the drug transport for the surface and the point sources. This is mostly likely 

due to the fact that the drug sources were placed at the equator where the z-components 

of velocity were close to zero, and hence advective transport was purely along the x-y 

plane during the initial time points. Quantifying mixing using Shannon’s entropy has its 

limitations. For example, 100% mixing would correspond to an ‘S’ value of 1 only if an 

infinitely refined mesh is used. The coarser the mesh the less meaningful the S values are. 

We refer the readers to the reference mentioned above for a more detailed review of the 

method.  

 



 118 

The computer model that was developed in this work to study the effect of saccade 

induced dispersion is an idealized model. Some of the assumptions which make the 

model deviate from reality are discussed in the next few paragraphs. The model assumes 

a very simplistic model for saccadic eye rotations. Only continuous, horizontal saccades 

of fixed amplitude were used. In reality though, eye rotations are very complex and not 

necessarily sinusoidal in nature. Also, vertical and horizontal eye rotations of varying 

amplitudes follow periods of rest, which could potentially alter the flow field in the 

vitreous. These eye rotations are very random and dependant on the nature of the activity 

the person is involved in. Randomness in the amplitude of saccade oscillations can be 

incorporated into the model without too much difficulty, but we leave that for future 

work. 

  

The model also assumes that the vitreous chamber is filled with a Newtonian fluid. The 

rationale behind the assumption was that the vitreous due to its high degree of hydration, 

after liquefaction would be mostly water. The vitreous substitutes used after vitrectomy 

can also be generalized as Newtonian fluids. However, the process of liquefaction is 

complex and in most cases incomplete. Sebag observed thick and tortuous fibers even in 

a highly degenerate vitreous [113][125]. Bettelheim et al. also observed spatial variation 

in viscosity in a 77 year old liquid vitreous, thus highlighting the inhomogeneity. Given 

the complexities, however, a Newtonian model would provide key insights and trends on 

saccade induced dispersion and hence was considered useful. 
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A detailed transport model for transport in the posterior tissues like the retinal pigment 

epithelium, choroid, and sclera was not considered as the computational model would 

become highly complex. A one-dimensional pseudo steady state model was used to 

evaluate the mass transfer coefficient at the retinal surface. Since the thickness of the 

posterior tissues is much smaller than the radius of the eye (~ 6.5%) assuming one-

dimensional transport in them is justified. As mentioned before the time scale for 

diffusional transport in the static vitreous was evaluated to be ~ 33 hours. For the 

posterior tissues, using the appropriate length scale for the posterior tissues and a 

representative diffusivity of 1x10
-6

 cm
2
s

-1
, the time scale for transport was evaluated to be 

~ 1 hour. This would imply that transport in the posterior tissues is much faster than 

diffusive transport in the vitreous and hence the pseudo-steady state approximation is 

deemed to be valid. In the sloshing vitreous, since transport in the vitreous is much faster 

than transport in the posterior tissues, the use of the steady state flux underestimates the 

clearance through the retina as steep concentration gradients are expected at the retina 

during the initial time points. Over longer durations of several hours, the transient effects 

in the posterior tissues are not significant.  

 

Apart from the other limitations mentioned above, the model was found to be inaccurate 

for low viscosities. For µ = 0.001 Pa.s mass balance errors were found to be as high as 

30%. The error could be due to an inherent lack of robustness in the drug dispersion 

model when dealing with sloshing for the low viscous cases. The fluid flow field 

becomes increasingly complex with decreasing viscosities. Also, post processing of the 

model results could contribute to the error, if high concentration gradients exist within an 
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element in the vitreous. Such high gradients result in numerical inaccuracies when 

evaluating fluxes and average concentrations.  

 

The results of the model suggest that transport of drug when the vitreous is sloshing is 

vastly different to that in a static vitreous. The time scale for transport reduced from 

hours to minutes suggesting rapid loss of drug from the posterior eye. Half-lives for the 

point sources and the time to attain steady state for the surface source confirm this. The 

time scales determine the dosing frequency. For invasive procedures like intravitreal 

injections where patient compliance is low, this becomes doubly important as frequent 

interventions have known to cause retinal tears and hemorrhage. For controlled release 

systems the rate of drug release from the source needs to be modulated based on the 

transport time scales as well to maintain desired drug levels over long durations.  

 

The magnitude of the difference in the local concentrations at the retina, and the macula 

for the different cases discussed, are extremely significant from a clinical perspective. 

Excessive drug concentrations have been known to cause retinal damage. The increase in 

macular concentrations, for the transscleral drug source, for the sloshing vitreous was up 

to 850% when compared to the static vitreous. Significant variation in macular 

concentrations were also observed when the sloshing cases with varying viscosity, and 

point source locations, were compared to their counterparts for the static vitreous. The 

variations were observed to be more significant for the high viscosity fluids. For the 

treatment of vitreoretinal infections, the highest possible non-toxic dosage of antibiotics 
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is administered as the infection can cause blindness [126]. Our results suggest that the 

non-toxic dose could prove to be toxic depending on the state of the vitreous.  

 

Care should be taken when interpreting the changes in retinal and hyaloid clearance from 

the vitreous. The drug lost to the anterior eye is critical as it not only affects residual 

vitreous concentrations, but could also result in drug accumulation in the anterior eye, 

which is an unnecessary effect. The aqueous humor flow in the anterior eye is expected to 

wash away any drug leaving the hyaloid, but the chances of drug accumulation in the 

anterior tissues exist. On the other hand, drug leaving the retina could be useful in some 

cases. For example, if the goal were to treat the choroid or the optic nerve head, we 

should be more concerned about the amount of drug leaving the retina. In our results the 

macula was chosen as the target tissue and the results should be interpreted with care 

when the target areas are different. 

 

In summary, a model describing drug transport in the vitreous when the vitreous sloshes 

due to saccadic eye movements was developed. The limitations not withstanding, 

valuable insights the model provides will facilitate the optimization of drug 

administration techniques for posterior segment eye diseases. In its current state of 

existence the model can be used to gauge trends in drug distribution under various 

conditions. Future developments like, including a realistic saccade sequence, including 

the effect the vitreous substitutes have on drug partitioning and diffusion, and 

incorporating partial liquefaction of the vitreous could help make the model an extremely 

useful predictive tool. 
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Chapter 6 

 

6. Research Summary and future work 

In this dissertation we have used computer simulation tools to better understand drug 

transport in the posterior eye. Delivering drug to the posterior eye has been a challenge as 

conventional techniques for drug administrations have not been effective. With the focus 

of the research community shifting towards newer delivery routes and techniques, 

namely, intravitreal and transscleral delivery systems, several open questions relating to 

the feasibility and effectiveness of the methods have cropped up. In the past 

computational models have proven to be effective tools to understand the drug transport 

process in the posterior eye. Some of the models that were developed have been 

summarized in table 3.1. In this dissertation we have continued on the work and have 

looked to use the simulation tools to understand certain key factors that could impact 

intravitreal and transscleral drug delivery systems. The major results and conclusions that 

were reached have been summarized in the following paragraphs. 
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After transscleral drug delivery the direct penetration route has been identified as the 

most important in terms of drug concentrations attained in the posterior eye. Active 

transport by the RPE and drug uptake by the blood flow in the choriocapillaris could act 

as potential barriers that could prevent significant entry into the vitreous. These effects 

were modeled with the help of parameters and their relative importance vis-à-vis 

diffusion across the posterior tissues was evaluated with the help of non-dimensionless 

parameters.  

 

a) Model results suggest that the drug uptake by the choroidal circulation is not as 

significant as previously thought. Experimental results based on in-vivo work on 

rabbits by other researchers have confirmed the findings.  

b) The strength of active transport by the RPE was found to be on par with diffusion 

suggesting that for most compounds and specifically for high molecular weight, 

hydrophilic compounds, diffusion across the RPE might be the rate-limiting 

barrier. Significant periscleral transport, as opposed to transscleral transport was 

observed when active transport was included in the simulations.  

c) Losses to the conjunctival lymphatics and episcleral veins were also found to be 

significant which would suggest that the design of the drug source is critical as the 

goal should be to enhance the amount of drug available for uptake at the scleral 

surface.  

 

The second goal of the dissertation was to evaluate the influence of vitreous liquefaction 

and vitrectomy on drug distribution in the posterior eye. Although the diffusive properties 
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and partitioning effects for the drug in the vitreous were also expected to change, the goal 

of the study was to evaluate the effect of saccade induced sloshing of the liquid in the 

vitreous chamber on the pharmacokinetics of the drug in the posterior eye. A numerical 

method was developed to simulate saccade induced dispersion in the vitreous. The 

method was based on an implicit envelope tracking scheme coupled with telescopic 

projections. The method was tested against a test problem and its performance was 

deemed to be satisfactory. Time steps did not seem to affect the results, but the numerical 

results deviated from the analytical solution at higher Péclet numbers. This error reduced 

with mesh refinement, but an inherent error was still observed to be present. 

 

The numerical method was applied to simulate drug dispersion in the vitreous. The 

impact of sloshing for a constant concentration transscleral source and an intravitreal 

point source for varying vitreous viscosities was evaluated. The fluid flow field in the 

vitreous chamber due to saccade oscillations indicated intense mixing in the vitreous and 

as expected, sloshing resulted in more uniform spreading of the drug. The lower viscosity 

cases showed more spreading when compared to the higher viscosity cases. Also, for an 

intravitreal source, at lower viscosities the location of the point source within the vitreous 

had no impact on the drug distribution. Among the results listed in chapter 5, the 

residence times for the drug in the vitreous and the macular concentrations are the ones 

with utmost importance. Drugs delivered into the sloshing vitreous were found to last for 

a smaller period of time and hence, drug administration would have to be repeated more 

frequently, when compared to a static vitreous. Also, macular concentrations were 

observed to be 500% higher for the sloshing vitreous when compared to the static 
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vitreous. These results suggest that when deciding on the dosage, frequency and the 

method of drug administration, drug dispersion due to sloshing of the vitreous should be 

taken into account. 

 

In summary, computer modeling tools were used to simulate drug transport in the 

posterior eye. As with any computational model, experimental validation of the model 

results is critical. We have compared model results with published experimental data 

wherever possible. Both qualitative and quantitative comparisons were made, and in 

some cases model parameters were also fit to experimental data. The model results 

provide key insights into the transport process that would have been difficult and 

expensive to achieve through experiments. 

 

The ability to predict drug concentrations in the posterior eye accurately, following drug 

administration, is critical as it can drive the design of drug delivery systems. 

Computational models, coupled with thoughtful experiments have the potential to answer 

critical questions like (a)Where should the drug carrier be placed so as to maximize 

concentration at the target while minimizing side effects? (b) What should be the drug 

loading on the carrier and how often should the procedure be repeated? (c) How do we 

translate data from animal models to humans? With an increased understanding of the 

drug transport process in the posterior eye, detailed models can be developed and 

validated and hence, can be brought to bear upon specific problems and needs. However, 

there is still a lot of work that needs to be done before a complete and comprehensive 
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model can be developed. In the following section, we highlight some of the future work 

that could be done to further the field. 

 

Future directions 

1. The impact of chemistry of the drug on transport has not been considered in detail 

in most of the modeling work that has been done till date. Charge and 

hydrophilicity are critical factors that determine the partitioning of the drug in the 

posterior tissues. Most of the current studies, both experimental and 

computational, have used drug surrogates like Fluorescein and its dextrans, and 

contrast agents like Gd-DTPA to understand drug transport in the posterior eye. 

With the advent of new drugs, care must be taken when extrapolating results from 

prior studies, especially when the basic chemistry is vastly different. Also, in the 

case of vitrectomy, drug interactions with the artificial vitreous substitutes might 

be different and has to be accounted for. 

2. Future work on intravitreal transport should be directed towards experimental 

validation of the model describing transport in the sloshing vitreous. On the 

modeling side, realistic representation of saccade oscillations is necessary as in its 

current state the model simulates a hypothetical situation where the eye 

oscillations are continuous, and only along one direction. Also, in most cases 

vitreous liquefaction is only partial and hence, the spatial variation in viscosity 

should be accounted for to get more realistic results.  
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8. Appendix 

8.1 Appendix 1 

8.1.1 Sensitivity computation for Gauss-Newton scheme 

Squared curve-fitting problem amounts to minimizing the error between the simulations 

and experimental results, 

                                                

2

exp

1
 

v

E c c dv
V

 
= − 
 

∫                                                  (8.1.1) 

where cexp is the average concentration observed experimentally. The Gauss-Newton 

scheme finds the minimum iteratively, requiring partial derivatives of the objective 

function E, with respect to the parameters, e.g, 

                              

2

exp exp

1 1 1 c
 2   

v v v

c c dv c c dv dv
V V Vγ γ

    ∂ ∂
− = − −    

∂ ∂    
∫ ∫ ∫                  (8.1.2) 

The sensitivities sγ and sksc are defined as 

                                               and  
ksc

sc

c c
s s

k
γ γ

∂ ∂
≡ ≡

∂ ∂
                                                (8.1.3) 

The mass balance equations (3.3), (3.4) and (3.5) along with boundary conditions (3.7), 

(3.8) and (3.9) are differentiated with respect to γ and ksc to obtain the following 

relationships which would be solved for sγ and sksc respectively. 

 

Equations and Boundary conditions for sγ 

(i) Domain equations 
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Vitreous: 2 0
v

s
s D s

t

γ
γ γ

∂
+ ⋅ − =

∂
v ∇ ∇∇ ∇∇ ∇∇ ∇                                                                (8.1.4) 

            RPE: 2( rpe

s
s D s c

t

γ
γ γ γ

∂ ∂
+ ⋅ − = − ⋅

∂ ∂
act

act

k
v + k ) ∇ ∇ ∇∇ ∇ ∇∇ ∇ ∇∇ ∇ ∇                                  (8.1.5) 

                    CS: 2 ( )cs bl

s
s D s s c c

t

γ
γ γ γγ

∂
+ ⋅ − + = −

∂
v ∇ ∇∇ ∇∇ ∇∇ ∇                                             (8.1.6) 

(ii) Boundary conditions 

     Lens: ( ) 0D s sγ γ⋅ − + =n v∇∇∇∇                                                                         (8.1.7) 

            Hyaloid: ( ) hyD s s k sγ γ γ⋅ − + =n v∇∇∇∇                                                                    (8.1.8) 

               Sclera: ( ) scD s s k sγ γ γ⋅ − + =n v∇∇∇∇                                                                   (8.1.9) 

where 
2 2

2

1
*

rpe

2
rpe cs

rpe cs

Pe L

L L 1
+

D D

γ γ

γ

 ∂
=  

∂   
+  

 

actk
 from equation (3.10), and the vector points in 

the same direction as kact. 

 

Equations and Boundary conditions for sksc 

(i) Domain equations 

Vitreous: 2 0ksc
ksc v ksc

s
s D s

t

∂
+ ⋅ − =

∂
v ∇ ∇∇ ∇∇ ∇∇ ∇                                                         (8.1.10) 

            RPE: 2( 0ksc
ksc rpe ksc

s
s D s

t

∂
+ ⋅ − =

∂
actv + k ) ∇ ∇∇ ∇∇ ∇∇ ∇                                           (8.1.11) 

                    CS: 2 0ksc
ksc cs ksc ksc

s
s D s s

t
γ

∂
+ ⋅ − + =

∂
v ∇ ∇∇ ∇∇ ∇∇ ∇                                              (8.1.12) 

(ii) Boundary conditions 

     Lens: ( ) 0
ksc ksc

D s s⋅ − + =n v∇∇∇∇                                                                   (8.1.13) 
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            Hyaloid: ( )
ksc ksc hy ksc

D s s k s⋅ − + =n v∇∇∇∇                                                            (8.1.14) 

               Sclera: ( )
ksc ksc sc ksc

D s s k s c⋅ − + = +n v∇∇∇∇                                                      (8.1.15) 

The average values of sγ and sksc over the vitreous volume were calculated and used for 

the Gauss-Newton curve fitting algorithm. 

 

8.2 Appendix 2 

8.2.1 Cost of calculating A explicitly 

Matrix A is derived from Eq. 4.15 in the text. For the sake of convenience, we rename cn 

as y
0
 and cn+1 as ym for the derivation (figure 4.2). 

                                                           1m n
y c +≡   and  0 n

y c≡                                 (8.2.1) 

We also define  
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my
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∂
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∂
                                           (8.2.2) 

and 
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i
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y
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y −

∂
≡

∂
                                            (8.2.3) 

Then  

     ( 1)A M I MG= + −                                      (8.2.4) 

G can then be written as a product of Pi’s  

                                      
1 2 1

1 2 1

1 2 1 0

... ...m m
m m

m m

y y y y
G P P P P

y y y y

−
−

− −

∂ ∂ ∂ ∂
= =

∂ ∂ ∂ ∂
             (8.2.5) 
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GFEM discretization of Eq. 3 yields a system of equations of the form 

                                                                 1i i iS y b Ky −= +              i=1,2,…,m        (8.2.6) 

where Si’s and K are matrices of size 10
5
x10

5
 and yi’s and b are vectors of size 10

5
x1. 

Differentiating (7.2.5) with respect to yi-1  

                                                                   i iS P K=                    i=1,2,…,m            (8.2.7) 

Evaluating Pi would involve calculating Si
-1

 and the product of Si
-1

 and K. Evaluating G 

from Pi’s would involve m-1 matrix-matrix products. Hence, to compute A (Eq. 7.2.4), a 

total of m inverse operations and 2m-1 matrix-matrix products have to be performed. 

 

8.3 Appendix 3 

A description and the value of the parameters used in the equations in this section are 

provided in Table 3.3. For more details on the values and description of the parameters 

we refer the readers to [121].  

 

Table8.1 Parameters used for evaluating flux at the retinal surface. 
 

Symbol Description Value 

Dr Diffusivity of fluorescein in the retina 3.9x10
-7

 cm
2 

s
-1

 

Dcs Diffusivity of fluorescein in the choroid-sclera  1x10
-6

 cm
2 

s
-1

 

Ka Parameter used to quantify active transport in the RPE 3.1x10
-5

 cm s
-1

 

Γ Rate constant for volumetric drug loss across the choroid 1.98x10
-5

 s
-1

 

 

8.3.1 Flux of drug from the vitreous out of the eye 
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The species balance equations in the posterior tissues are given by Eq. 8.3.1 and 8.3.2 and 

the corresponding solution to the equations are given by Eq.8.3.3 and 8.3.4. The flux in 

the tissues is given by Eq. 8.3.5 and 8.3.6 (figure 5.3). 

                                                   

2

2 2

2r a

d c dc
D K

dx dx
=              10 x L< <       (8.3.1) 
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3
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D c
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c A A e
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                                                     3 3 4

x x
c A e A e
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r a a a r
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flux D K c K A A K e D e

dx

α αα= − + = + −          (8.3.5) 

                                   ( )3
3 3 4

x x
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dc
flux D D A e A e

dx

β βα −= − = − −                   (8.3.6) 

A1, A2, A3, and A4 in are constants and alpha and beta in the above equations are defined 

as 

                                                
a

r

K

D
α ≡  and  

csD

γ
β ≡                                          (8.3.7) 

The boundary conditions that were solved simultaneously for A1, A2, A3, and A4, are 

defined as follows: 

2 0
value,    x = 0,    c c

vx=
=  

1 1
1 2 3value,    x = L ,    c c

x L x L= =
=  

1 1
1 2 3flux,    x = L ,    

x L x L
flux flux

= =
=  
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2 2
2 3 3flux,    x = L ,    

scx L x L
flux k c

= =
=  

The flux of drug at x = 0 which was used in the model (Eq. 5.8) was evaluated by 

substituting the constants into either Eq 8.3.5 or 8.3.6. 

 

8.3.2 Flux of drug from a constant concentration transscleral source 

into the vitreous 

The choroid and retina were assumed to be ablated under the transscleral drug source. 

Hence the species balance equations for transport in the posterior tissues listed above 

were modified to accommodate the changes as follows: 

2
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2
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r

d c
D

dx
=            1 2L x L< <                  (8.3.8)                                
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3

2
0

cs
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D

dx
=              10 x L< <                   (8.3.9) 

                                                            2 1 2
c B x B= +                     (8.3.10) 

                                                            3 3 4
c B x B= +                                               (8.3.11) 

                                                
2

2 1r r

dc
flux D D B

dx
= − = −                                    (8.3.12) 

                                               
3

3 3cs cs

dc
flux D D B

dx
= − = −                                   (8.3.13) 

As in the previous case, the boundary conditions were solved simultaneously for the 

constants B1, B2, B3, and B4. The boundary conditions are defined as below: 

3 00
value,    x = 0,    c c

x=
=  
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1 1
1 3 2value,    x = L ,    c c

x L x L= =
=  

1 1
1 3 2flux,    x = L ,    

x L x L
flux flux

= =
=  

2
2 2value,    x = L ,    

vx L
c c

=
=  

The flux of drug at x = L2, which was used in the model (Eq 5.9) was evaluated by 

substituting the coefficients into either Eq. 8.3.12 or 8.3.13. 

 

 

 

 

 

 


