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Abstract

The quest to design environment-friendly and sustainable engineering systems
has witnessed more and more fervent efforts in recent years. With the growth of
affordable large-capacity computing resources, predictive, science-based computational
models have become instrumental in this pursuit. The present work develops efficient
computational methods for the uncertainty analysis of large dynamical and mechanical
systems with local nonlinearities and uncertainties. Two approaches have been utilized:
(i) reduction of the size of the system, and (ii) use of parallel computing resources.

The first approach utilizes the response of a nominal system to efficiently
compute the response of related systems; three types of analysis methods have been
developed. The first method can be utilized for efficient modal analysis of undamped
linear systems with local stiffness uncertainties. The second method can perform
efficient frequency domain analysis of linear systems with local damping and stiffness
uncertainties. The third method can be utilized for efficient time domain analysis of
systems with local nonlinearities and uncertainties. These methods provide gains in
computational efficiency approaching three orders of magnitude for moderately-sized
computational models compared to the corresponding conventional methods. The gains
in computational efficiency are expected to be more pronounced as the dimensionality
of the system is increased.

The second approach to increase computational efficiency utilizes modern parallel
computing devices, specifically, graphics processing units (GPUs) to perform uncertainty
analysis of computational models. A variety of uncertainty quantification methods
have been implemented on a GPU. The gains in computational efficiency compared
to corresponding CPU-based implementations range from one to three orders of
magnitude. These GPU implementations are expected to serve as initial bases for

further developments in the use of GPUs in this field.
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Chapter 1

Introduction

Most engineering systems can be modeled by a system of partial differential equations
(PDEs), ordinary differential equations (ODEs), integral equations (IEs), algebraic
equations (AEs), or a combination of these resulting from the application of the basic
principles of physics, such as the D’Alembert’s principle, Hamilton’s principle, and the
principle of virtual work. The resulting system of equations are in general, nonlinear. In
addition to the nonlinearities present, accurate characterization of the system’s behavior
is further complicated by the presence of uncertainty in the system’s parameters and
the inputs to the system. This uncertainty can arise from two sources [1]. The first
source stems from the impossibility of obtaining a complete deterministic description
of a physical phenomenon, which is also the basis of the Uncertainty Principle [2] in
quantum mechanics. The second source results from our incomplete knowledge of the
phenomenon being observed. Much of the modern literature terms these two types of
uncertainties as aleatoric and epistemic, respectively.

Due to these inherent nonlinearities and uncertainties, it is extremely difficult if
not impossible to obtain closed-form analytical solutions of the system of equations
formulated to model a given physical system. Therefore, in order to predict the
future behavior of these systems, science-based computational models have become
instrumental. The accuracy of the computational models greatly depends on (i) the
resolution of the discretized state-space of the system in question and (ii) the accuracy
of the identification and characterization of the system parameters. In general, these

computational models provide increasingly accurate descriptions of the underlying
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physical system as the resolution of the system’s discretized state-space is increased.
However, in doing so, the size of the system’s model can increase many-fold rendering
the analysis procedure computationally very expensive. The methods employed for
the identification and characterization of the system’s parameters are usually iterative
in nature and require multiple analyses of the system’s model subjected to different
sets of parameters and/or loading conditions which further adds to the computational
demand of prediction models. Such methods are collectively studied under the aegis
of uncertainty quantification. The field of uncertainty quantification encompasses the

following types of analyses:
e uncertainty analysis
e sensitivity analysis
e model validation and calibration
e design exploration and optimization

Figure[l Tldepicts the functioning of these methods. One can observe the common theme

Choose initial values
of parameters

Generate new set
of parameters

Analyze the system
with these parameters

desired convergence
criteria satisfied?

Figure 1.1: General framework of uncertainty quantification methods

of reanalysis among these methods. That is, it is required to analyze nominally similar
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systems with slightly modified parameters. When combined with high-performance
computing, these uncertainty quantification methods enable researchers to analyze
and predict the behavior of physical systems in a concrete and timely manner. The
present work develops efficient computational methods for the uncertainty analysis of
large dynamical and mechanical systems with local features, such as nonlinearities and

uncertainties. The developed methods are based on two types of approaches:

e Use of mathematical techniques to reduce the size of the computational model of

the system in question

e Use of contemporary parallel computing resources to render the associated

computations more efficient

All engineering systems can be conceptualized as an input/output model, as shown

in Figure [[2I Here, S(py,pn) represents the mathematical model of the system, p,

f | Su,pn)|Y

—_— —

Figure 1.2: Conceptual input/output model

and p, denote the system parameters that are involved respectively in the uncertain
and nonlinear relationships, f is the input(s) to the system, and y is the output(s) of
interest.

For example, in structural mechanics analyses, the nonlinear relationships denoted
by pn in S(pu,Prn), usually arise from either geometrical or material nonlinearities.
Geometrical nonlinearities include large-amplitude deflections and deadbands in joints
and control systems while material nonlinearities include nonlinear stress-strain
relationships, 4.e., nonlinear stiffness characteristics and hysteresis loops, which affect
the damping characteristics of the system. The uncertainty, denoted by p,, in S (pu, Pn),
can manifest itself in the form of randomness in material properties, boundary conditions
and/or initial conditions of the system. In addition, the input(s) to the system, f, (e.g.

earthquake, wind, or waves) can be an additional source of uncertainty.



4

A mathematical treatment of the analysis of nonlinear systems can be found in |3, 4]
while an engineering view of the relevant analyses procedures can be found in [5-8].
A general review of the available analysis techniques and applications of stochastic
structural dynamics can also be found in the literature [9-20]. In addition, a combined
treatment of nonlinear dynamics along with statistics and stochastic mechanics can be
found in |21, [22].

The research presented herein is targeted at systems that possess a large number
of degrees-of-freedom, but the nonlinear and uncertain substructures are spatially
localized. Depending upon the presence of nonlinearity and/or uncertainty, the output
of the system can be either nonlinear, uncertain, or both. Table [I.T] presents an
exhaustive list of scenarios that can be encountered while modeling real engineering

systems. It should be noted that S without any arguments is assumed to represent a

Table 1.1: Types of systems

System Deterministic Input | Uncertain Input
§=S§ §=S§
Linear f deterministic f uncertain
Det st y deterministic y uncertain
eterministic S =3(pn) S = Sipn)
Nonlinear | f deterministic f uncertain
y deterministic y uncertain
S = S(pu) S = S(pu)
Linear f deterministic f uncertain
U tai y uncertain y uncertain
neeram S = S(Pu, Pr) S = S(Pu, P)
Nonlinear | f deterministic f uncertain
y uncertain y uncertain

linear and deterministic system throughout the text.

Local mnonlinearities can result from sources, such as nonlinear dampers

(electro-rheological, magneto-rheological, hysteretic dampers, etc. ) in some
substructures to restrain the deflections of some of the degrees-of-freedom; nonlinear
stiffnesses, which can arise due to the change in the material properties due to localized

damage (e.g. local buckling); nonlinear bearing supports; or plastic hinges forming under
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extreme loading conditions. Local uncertainties can also arise via similar sources; if, for
instance, the changes in system parameters due to damage in a small portion of the
structure are not known deterministically. It is well established that while the system
maybe mostly linear, the introduction of these local features render the response and
hence the output of the entire system nonlinear and/or nondeterministic.

Section [L.1] reviews some commonly employed uncertainty quantification methods.
Section reviews the mathematical techniques utilized to reduce the size of the
mathematical model of a given system and focuses on efficient computational methods
for locally modified systems. Section discusses the state-of-the-art concerning the
application of parallel computing to uncertainty quantification procedures. Finally,

Section [[.4] outlines the organization of the remainder of the dissertation.

1.1 Uncertainty Quantification Methods

Uncertainty quantification methods, in general, can be classified as sampling-based
and non sampling-based methods. The first and most basic sampling based method
is the classical Monte Carlo method. The term ‘Monte Carlo’ was coined in the
1940s at the Los Alamos National Laboratory [23]. Monte Carlo methods function
by generating independent realizations of random inputs based on their prescribed
probability function (or experimental observations) and then solving a deterministic
problem for each realization of the input. Relevant statistics, such as mean and variance,
can then be computed using sampling averages from the generated ensemble of outputs.
The primary advantage of sampling-based methods is their applicability in limited-data
problems and their ability to utilize existing deterministic system solvers to quantify
the uncertainty. However, the drawback with the classical Monte Carlo method is its
slow convergence rate and the dependence of this convergence rate on the behavior of
higher-order moments of the associated random fields.

The classical Monte Carlo method possesses a convergence rate of Ng Y2 for the
estimation of the mean field, where N, is the number of samples utilized, if the
second-order moments of the associated random field are well-behaved and smooth;
otherwise, the convergence rate is reduced [24, 125]. Attempts have been made to

accelerate the convergence rate of the Monte Carlo method by improving the sampling
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technique utilized to populate the input random processes. Neyman [26] introduced the
notion of stratified sampling as opposed to usual random sampling. Other improvements
include Latin hypercube sampling [27-29], Bootstrap sampling [30], quasi-Monte Carlo
sampling [31-33], importance sampling [34], Markov chain Monte Carlo sampling [35]
and multi-scale and multi-grid Monte Carlo sampling [36-38]. A comparison of the
classical Monte Carlo method with other sampling methods can be found in the
literature [27, 39, 140].

In addition to their versatility in being capable of handling situations where
all other methods fail to succeed, sampling-based methods are inherently amenable
to parallel computing |41, |42]. Therefore, due to the widespread availability of
high-performance computing resources in recent years, sampling-based methods have
attracted much attention in their application to engineering mechanics and dynamics
despite their slow convergence rate. Moreover, the usability of structural reanalysis
methods when performing uncertainty quantification via Monte Carlo methods also
warrants the application of sampling-based methods in situations where the uncertainty
is spatially localized in the system. Hence, the computational methods developed
in this work are aimed primarily towards the use of sampling-based methods for
uncertainty quantification. Owing to their relationship with reanalysis methods,
mentioned above; the developed methods can be readily used in other application
areas such as structural design, design optimization and sensitivity analysis. A brief
review of non sampling-based uncertainty quantification methods will be provided in
the remainder of this section.

Non sampling-based methods include moment-equation based methods,
perturbation methods, operator-based methods, and generalized polynomial chaos
based methods. Moment-equation based methods are perhaps the most straightforward
to apply, as the statistical quantities of interest can be formulated directly from
the equations governing the behavior of the deterministic system. However, they
typically suffer from the ‘closure problem’, i.e., the requirement of the knowledge of
higher statistical moments in order to compute the lower ones. When the system is
deterministic and only the input to the system is uncertain, such methods have been
studied extensively and their treatment can be found in standard texts on random
vibration [43, 44].
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Perturbation methods have also been previously studied. Their application to
solving problems involving random fields is an extension of their application in nonlinear,
deterministic analysis [45]. Random fields are expanded via a Taylor series around their
mean and truncated at a certain order. This approach has been applied extensively in
engineering fields and led to the development of the probabilistic finite element method
[46-49]. These methods, however, suffer from the traditional drawback of perturbation
type methods; the magnitude of the uncertainty has to be sufficiently small for them
to perform well. As the magnitude of the uncertainty increases, the order of the terms
after which the Taylor series can be truncated also grows thus rendering the involved
mathematical operations computationally intractable in a general scenario.

Operator-based methods are based on the manipulation of the stochastic operators
in the governing equations and function by computing the inverse of a given operator, if
it exists, by using a Neumann series expansion |50, |51] or the weighted integral method
[52, 53]. Similar to perturbation methods, operator-based methods are also restricted
to small magnitude uncertainties. Moreover, their applicability is often limited to static
problems.

Generalized polynomial chaos methods involve the discretization of the associated
random fields using the Karhunen-Loeve [54, 55] expansion employing orthogonal
polynomials of the input random parameters; different families of orthogonal
polynomials can be chosen based on the estimated distribution of the associated random
phenomenon in order to achieve better convergence. The work of Ghanem and Spanos
[56] is the seminal work in the application of these methods, especially in the analysis of
mechanical systems, after the concept was first introduced by Wiener [57]. The concept
of classical polynomial chaos has been generalized and is also studied under the name
of spectral methods for uncertainty quantification [58,159] and has been applied both in
structural analysis procedures [60, |61] and non-structural analysis procedures [62-64].
Although generalized polynomial chaos based methods exhibit better convergence rates
compared to sampling-based methods, their applicability to epistemic uncertainties is

challenging.



1.2 Efficient Analysis of Large Computational Models

The determination of the response of a nonlinear model with many degrees-of-freedom
is generally extremely computationally demanding. The analysis becomes even more
challenging in the presence of uncertainties. However, many methods have been
developed to deal with large systems which are mostly linear but have certain local
features. The methods developed under this category share a deep relationship with
methods developed for the reanalysis of structures. Reanalysis problems are common in
areas such as structural design and optimization where a select few parameters of the
systems are varied in order to obtain a safe and economical design.

As discussed earlier, two approaches can be employed to efficiently analyze large
systems: (i) use of mathematical techniques to reduce the size of the computational
model of the system in question, and (ii) use of parallel computing resources to render
the associated computations more efficient. This section presents a brief overview of the
former approach. In general, the mathematical procedures utilized to reduce the size of
the computational model of a large system are termed model reduction methods.

The central idea of model reduction is to modify the mathematical model of a given
system so that the resulting reduced order model is considerably ‘smaller’ in terms
of computational expense than the original one. At the same time, this reduced order
model should capture at least approximately, if not exactly, the necessary characteristics
and crucial properties of the full system. A detailed review of general model reduction
techniques can be found in the literature [65-68]. Model reduction methods can be
categorized into several groups: (i) modal truncation methods [69, [70], (ii) Krylov
subspace based methods [71-75], (iii) singular value decomposition based methods [76,
77, (iv) proper orthogonal decomposition methods [78], (v) balanced truncation method
[79], and (vi) Fourier reduction method [80]. A historical perspective of the development
of various model reduction methods can be gained by examining the comprehensive
reference lists compiled by Genesio and Milanese [81] and Hickin and Sinha [82].

Most of these methods work well in the case of linear, deterministic systems; however,
the model reduction of nonlinear uncertain systems is quite challenging. Reviews
of nonlinear model reduction methods can also be found in the literature [83-87].

Considering the scope of the dissertation, efficient analysis techniques and model
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reduction methods related to systems with local nonlinearities will be now discussed
in greater depth. In addition, a detailed review of reanalysis techniques will also
be given due to their applicability in the uncertainty quantification of systems with
local uncertainties, as discussed earlier. Detailed reviews of various static and dynamic
reanalysis techniques can be found in the literature [88-91]. The review presented herein
is organized based on the three types of analyses pertinent to dynamical systems and
addressed later in the dissertation, namely: modal analysis, frequency domain analysis

and time domain analysis.

1.2.1 Modal Analysis

A variety of approaches have been proposed in the literature for the reanalysis of
generalized, symmetric eigenproblems. In the survey paper by Chen [92], several of
these methods are compared in terms of their accuracy, computational effort, and
ease of implementation. These include the matrix perturbation method of Chen
[93], the Bickford improved perturbation method [94], the perturbation/Rayleigh
quotient method [95] and the Padé approximation method [96]. Other methods
found in the literature to tackle the eigenproblem reanalysis problem include the
iterated Shanks transformation [97], the epsilon-algorithm 98], the method of combined
approximations [91, 199-102], the Rayleigh-Ritz reanalysis method [103, [104], the
parametric reduced-order model (PROM) method [105], the improved PROM methods
[106, 107], and the probabilistic reanalysis approach (PRRA) [108]. A new method
developed by Wojtkiewicz and Gaurav [109] utilizes an enriched basis that consists
of the subspectrum of a nominal structural system augmented with additional basis
vectors generated from a knowledge of the structure of the system’s uncertainty.
These enrichment basis vectors are related to the so-called load-dependent Ritz vectors
(LDRVSs) as coined by Wilson et al. [110]. This method is discussed in more detail in
Chapter Bl

1.2.2 Frequency Domain and Spectral Analysis

Efficient methods to compute the frequency domain and spectral response of a system

have also been studied extensively in the past. Nasr [111] developed an efficient
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frequency response computation algorithm based on the Arnoldi’s algorithm [112]. Kim
and Bennighof |[113-115] developed a fast frequency response analysis (FFRA) procedure
for partially damped large-scale structures with non-proportional viscous damping. In
addition to these methods, substructure-based model order reduction methods have also
been developed to improve the efficiency of the computation of the frequency response
of linear dynamical systems [116-118]. While the developed methods work well when
dealing with a single large system whose frequency response is to be determined, they
are not readily applicable in scenarios where a family of related dynamical systems are
to be analyzed. Such scenarios arise regularly in uncertainty quantification procedures.
Wojtkiewicz et al. [119] and Gaurav and Wojtkiewicz |[120] developed methods that are
exact in nature and can tackle this scenario by utilizing the frequency response of a
given nominal system to compute the response of related systems in a computationally
efficient manner. These methods are based on the well-known Sherman-Morison |121] or

the Sherman-Morison-Woodbury [122] formula and are discussed in detail in Chapter [

1.2.3 Time Domain Analysis

Large systems with local nonlinearities have been studied extensively in the context of
mechanical systems. Most of the methods developed to obtain the response of such
systems operate by converting the large linear portion of the model to a reduced-order
model. Guyan and static reduction techniques were used by Rouch and Kao [123] and
McLean and Hahn [124], respectively. Huang and Shiau [125] employed a polynomial
expansion method for the analysis of nonlinear rotor bearing systems. Fey et al. [126]
tackled locally nonlinear systems by first reducing the modes of a reference linear system
using component mode synthesis and then using finite differences to solve the resulting
two-point boundary value problems to compute periodic solutions. Zheng and Hasebe
[127] developed a method to deal with large systems with localized nonlinearities;
the linear portion of the system was first reduced using modal truncation and the
resulting coupled, reduced nonlinear system was then solved using a modified Newmark
integration scheme. Qu [128] developed reduction methods based on the dynamic
condensation technique. Segalman [129] developed an approach to reduce the order of
dynamical systems with localized nonlinearities based on the eigenmodes of a reference

linear system and a set of basis functions to accommodate the nonlinearities.
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While some of the aforementioned methods demonstrate reasonable computational
efficiencies, since they are essentially model-reduction techniques based on either
eigenmode or other form of decomposition, it becomes necessary to compute these modes
every time such a model-reduction is to be performed. Moreover, due to the constitution
of these methods, it is not possible to directly compute the response of a certain selected
degrees-of-freedom without solving the entire system for all the degrees-of-freedom.

Another approach utilizes a convolution integral. The response of the locally
nonlinear system can be represented as the response of a related, nominal linear system
with the addition of a pseudo-force imparted on the nominal linear system due to the
local nonlinearity. Several authors|130-{136] have utilized this class of methods. In
these methods, the displacement of the entire nonlinear system is solved for directly.
For instance, Gordis and Radwick [134] studied the behavior of a plate resting on four
point isolators with nonlinear stiffness behavior. The solution of the nonlinear Volterra
integral equation (NVIE) governing the local structural displacement using a quadrature
method demonstrated a gain in computational efficiency over a direct FEM solution;
however, the results reported therein showed a synthesized response that was noticeably
different from the direct finite element solution. In these convolution-based methods,
the displacement of the entire nonlinear system is solved for directly. Further, it should
be noted that only deterministic systems were investigated in these efforts.

Recently, Odes [137] and Wojtkiewicz [138] formulated a convolution approach
for the deterministic response and sensitivity of locally nonlinear/uncertain systems
employing a nonlinear Volterra equation in non-standard form which reduced the size
of the governing equations to that of the nonlinear portion of the model. A standard
trapezoidal quadrature rule was employed therein. Gains in computational efficiency of
3 — 10 times were reported for response records of short length. For longer time records,
these gains in efficiency were lost to the quadratic computational cost dependence of
the trapezoidal rule with record length. Further, reduced accuracy was displayed in the
case of systems with non-smooth nonlinearities.

While the potential of a non-standard form nonlinear Volterra integral equation
formulation was demonstrated in [137, [138], the computational efficiency and accuracy
of the solution procedure adopted for solving the associated system of NVIEs therein

leaves significant space for improvement. Several types of methods have been developed
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in the past for solving Volterra equations including quadrature based methods, explicit
and implicit Riinge-Kutta methods and collocation-based methods [139-141].

Hairer et al. [140] developed a fast explicit Riinge-Kutta based method to solve
convolution type NVIEs. Their main idea was to divide the convolution space into
sub-spaces so that a fast Fourier transform (FFT)-based convolution can be used in
part of the space, which reduced the computational cost. Recently, Isaacson and Kirby
[142] developed fast collocation-based methods to solve linear VIEs. However, both
these studies assumed a scalar Volterra kernel. Capobianco et al. [143] developed fast
Riinge-Kutta methods for general NVIEs based on a Laplace domain inversion for the
computation of the Volterra kernel. The main limitation of methods based on Laplace
domain inversion of the Volterra kernel is the need of appropriately choosing the contours
(e.g. Talbot’s contour [144]) for the associated contour integral. One of the drawbacks
of using Riinge-Kutta methods, collocation methods, or other multi-stage methods, is
the necessity of the computation of the Volterra kernel at intermediate time-points
(stages), which further increases the computational time. Moreover, all these methods
require the knowledge of the Volterra kernel as a closed-form function of time and/or
the states of the system. Oftentimes, the kernel and/or the applied load is known
only as a discrete time-series rather than as a closed functional form (e.g. in cases of
structures subjected to random excitations). A new approach developed by Gaurav et
al. [145] develops a Newton-Gregory quadrature-based method to solve NVIEs with the
following characteristics: (i) ability to compute the response of a selected subset of the
full response, (ii) ability to handle both smooth and non-smooth nonlinearities, and (iii)
good computational efficiency so that a large number of samples can be generated for
sampling-based uncertainty quantification studies. This approach is discussed in more
detail in Chapter (Bl

1.3 Parallel Computing in Uncertainty Quantification

The idea of parallel computing, i.e., connecting multiple processors to collectively solve
a problem originated in the 1960s, the decade following the introduction of the first
digital computer in 1954. Although the processors of that era were not as advanced as

modern day ones, key concepts such as expected gains in computational efficiency when
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parallelizing an algorithm were of interest, and metrics to measure these were developed
that are still in use today, such as the Amdahl’s law [146], later improved by Gustafson
[147]. Flynn [148] proposed a classification of computer architecture which has been
widely utilized to classify parallel computing machines and applications. He proposed

four categories:

e Single Instruction, Single Data (SISD): A sequential computer which offers
no parallelism, e.g. a uniprocessor machine like earlier PC (before multi-core
processors were conceived). In terms of application, it means only one type of

computational instructions is to be performed on a single set of data.

e Single Instruction, Multiple Data (SIMD): A computer that exploits multiple data
streams against a single instruction stream, e.g. an array processor, or a graphics
processing unit (GPU). In terms of application, it means one type of computational

instruction being applied to multiple data sets.

e Multiple Instruction, Single Data (MISD): A computer that applies multiple sets
of instructions on a single data set. This is an unusual architecture that is generally

used for fault tolerance.

e Multiple Instruction, Multiple Data (MIMD): A computer that has multiple
autonomous processors performing different computational instructions on
different sets of data. Most of the present CPU-based parallel computers fall

into this category.

Three paths may be followed to use parallel computing for uncertainty quantification

procedures:
I. Parallelization of the uncertainty quantification method itself.

II. Parallelization of the methods utilized to compute the response of the associated

engineering system.
III. Mixed use of the above two.

The first path is relatively straightforward, especially with regard to sampling-based

methods, known to be embarrassingly parallel, and is the primary focus of the methods
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developed herein. Parallel strategies for sampling-based methods have been studied
previously |41, 42]. As such, the generation of different samples for the required
ensemble is distributed to different computing nodes. This is an example of a SIMD
type parallelization strategy, where a single instruction (response computation of
the engineering system) is performed on different data sets (different models of the
engineering system arising from the different samples of associated random parameters
and/or inputs).

The second path usually leverages basic parallel computing primitives, such as
matrix multiplication, in order to parallelize part of the algorithm utilized to compute
the response of the system. Colella et al. [149] identified seven dwarfs, or building
blocks, of parallel computing believed to be important for applications in science and
engineering for at least the next decade. Asanovic et al. [150] later added six more

to this list. These thirteen dwarfs are shown in Figure The application of these

Science and Engineering Applications

Dense L.|near Algebra@— Combinatorial Logic
Sparse Linear Algebra@—_@ Graph Traversal

Spectral I\Qetc:]ods (EF;_)@_ Dynamic Programming
N-body M;t o.ds@— Backtrack & Branch+Bound
Structured Grids (5 —12) Construct Graphical Models

Unstructured Grids @_—@ Finite State Machine
Monte Carlo Methods@_

Figure 1.3: Dwarfs of parallel computing

thirteen dwarfs to compute the response of an engineering system is most effective when
the size of the system’s model is large. Software packages, such as DAKOTA [151), [152],
provide object-oriented implementations of uncertainty quantification procedures that
can be readily utilized to analyze large systems with uncertainties. DAKOTA
can also accommodate parallel processing resources for large systems by exploiting

shared-memory and distributed-memory CPU-based parallel implementations.
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While CPU-based parallel computing has previously provided significant avenues
for reducing the computational times, it provides linear speed-up at best, i.e., if Npoc
processors are used for a given algorithm, the corresponding computational time can
be reduced by a factor of Npqo.. In recent years, the use of graphics processing units
(GPUs) for general purpose computing has led to a paradigm shift in parallel computing.
Primarily driven by the gaming industry, GPUs have evolved from being partially
programmable in 1999 to a much more economical and highly competitive alternative
architecture to CPU-based parallel computing in 2011. As the degree of software control
(programmability) of the GPUs has increased, its use in the solution of general purpose
computing problems has spawned the discipline of general purpose GPU (GPGPU)
computing. The interest of researchers in GPGPU is primarily because of four reasons:
(i) better performance, (ii) anticipated evolution, (iii) cost efficiency, and (iv) energy
efficiency of the GPUs.

The performance of a given algorithm on a given processor is primarily governed by
two factors: peak computational capability of the processor (usually measured in Giga
floating point operations per second, GFLOP/s) and memory bandwidth between the
processor and its dynamic random access memory (usually measured in Gigabytes per
second, GB/s). Figure [[.4 shows a comparison of these two metrics of computational
performance for GPUs versus contemporary CPUs. While the peak performance of
current CPUs is less than 250 GFLOP/s and 40 GB/s, GPUs have not only broken
the teraflop barrier but also outperform the CPUs in memory bandwidth by a factor of
almost five. Apart from depicting a clear computational edge of the GPUs compared
to the CPUs, Figure [[4 highlights another differentiating feature of the GPUs, their
chronological development. While GPUs show an almost linear trend with time in their
development, CPUs await a breakthrough in hardware development to take them out
of the saturation point that started to be displayed in 2003.

The evolution gap between the CPUs and the GPUs can be attributed to their
differing design philosophies. When the CPUs stopped developing in accordance with
the Moore’s law [154] in 2003, multi-core CPUs were conceived. While multi-core chips
provided exploitable parallelism to applications, their primary objective is to maintain,
and possibly increase the performance of sequential programs. GPUs, on the other hand,

were initially designed to cater to computer gaming and graphics rendering which require
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Figure 1.4: Evolution of GPUs compared to CPUs.
(adapted from [153])

a large number of relatively lightweight computations. Thus, GPUs evolved based on the
so-called many-core philosophy, which employs a large number of small computational
cores on the same chip. These different design philosophies are shown in Figure .5l The
size of the cores allows GPUs to economically contain a larger number of cores compared
to multi-core CPUs. Table summarizes the principal differences between these two

design philosophies. The economic viability along with the size of the cores on the

Table 1.2: Multi-core vs Many-core

Multi-core (CPU) Many-core (GPU)

Principal objective: maintain execution | Principal objective: focus on

speed of sequential programs execution throughput of parallel
applications

Contains small number of large cores Contains large number of small cores

Sophisticated control logic to control | Simple control logic to control

threads threads
More expensive to initiate and manage | Less expensive to initiate and

threads manage threads
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(b) GPU Architecture

Figure 1.5: Multi-core vs Many-core Design Philosophy
(adapted from [153])

Table 1.3: Desktop-level Comparison between CPU and GPU

NVIDIA Tesla C1060 |

Intel Xeon E5530

Number of computational cores

240

‘ 4 (8 with hyper-threading)

Peak theoretical performance

933 GFLOP/s (SP)
125 GFLOP/s (DP)
100 GB/s

120 GFLOP/s (SP)
80 GFLOP/s (DP)
25 GB/s

Cost efficiency

$1.3 per GFLOP/s

|

$4.5 per GFLOP/s

Energy efficiency

0.4 watts per GFLOP/s ‘ 0.7 watts per GFLOP/s

17
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GPUs have a direct impact on their cost and energy efficiency. A comparison between
Intel’s Xeon E5530 quad-core processor [155] and NVIDIA’s Tesla C1060 GPU [156] in
Table [[3 shows that the former yields a cost efficiency of about $4.5 per GFLOP /s and
an energy efficiency of about 0.7 watts per GFLOP /s while the latter yields about $1.3
per GFLOP/s and 0.2 watts per GFLOP /s. These specific models of the CPU and the
GPU were chosen for efficiency comparisons because this hardware has been utilized
for performing the numerical studies presented later in the dissertation. These models
form a representative pair for comparing CPU and GPU performances because of their
equivalence in market price and convenient availability in desktop computers.

GPUs are best suited for one of the very commonly employed parallelization
strategies, SIMD, because all the cores in each of their multiprocessors are single
instruction multiple thread (SIMT) cores, i.e., all the cores execute the same set of
instructions, but with different data. A large number of processor cores (e.g. 240 in
the NVIDIA Tesla) along with a large number of active threads is the key to a GPU’s
performance. Threads execute in groups, called warps, and the execution alternates
between active warps with warps becoming temporarily inactive when waiting for data.
This feature hides the memory latency to a great extent. Memory latency and the
availability of only a small amount of shared memory among the threads are the
two prime challenges for GPU algorithm developers. From a software point of view,
programming on GPUs has become considerably easier since the introduction of the
NVIDIA CUDA™ programming environment, which is much like the programming
language C.

Initially, GPGPU was aimed towards the thirteen dwarfs as discussed earlier. Dense
linear algebra and FFT algorithms have already matured into optimized routines
and are available as vendor libraries for GPUs, CUBLAS [157] and CUFFT |[158],
respectively. CUBLAS provides GPU implementations of all the basic linear algebra
subroutines (BLAS) while CUFFT provides GPU implementations of one-, two-, and
three-dimensional fast Fourier transforms. While these implementations are meant for
pure GPU applications, hybrid algorithms have also been developed. Tomov et al.
[159] have developed a suite of hybrid implementations of the equivalents of BLAS and
LAPACK routines, which are available as a library, called MAGMA [160].
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Bolz et al. |161] developed conjugate gradient and multi-grid sparse matrix
solvers for GPUs.  Later, Bell and Garland [162] and Vazquez et al. [163]
developed efficient sparse matrix-vector product implementations. Tomov et al. |[164]
developed GPU implementation of probability-based simulations (Ising and percolation
models). Recently, Tian and Benkrid [165] developed a GPU implementation of the
Mersenne-Twister random number generation algorithm. The use of GPUs in science
and engineering computational simulations can also be found in the literature. So
[166] developed time domain computational electromagnetics algorithms for GPU-based
computers. Zhao [167] developed GPU-accelerated PDE solver using the lattice
Boltzmann model. Walsh et al. [168] developed GPU implementations of algorithms
pertinent to geoscience and engineering system simulations. Januszewski and Kostur
[169] developed a GPU solver for stochastic differential equations.

Detailed surveys and lists of additional applications of GPGPU in computational
science and engineering can be found in the literature [170-176]. Gaurav and
Wojtkiewicz [177] have developed GPU implementations of several algorithms pertinent
to uncertainty analysis of dynamical and mechanical systems. These implementations

are discussed in detail in Chapter [

1.4 Outline of the Dissertation

Chapter 2] summarizes the theoretical background related to the analysis of linear
dynamical systems required to facilitate the developments in the remainder of the
dissertation. Analytical and numerical methods employed to analyze systems with
nonlinearities and uncertain inputs and/or parameters are also discussed.

Chapter Bldiscusses the development of a novel, efficient computational methodology
for the modal analysis of undamped linear systems with local stiffness uncertainties.
Numerical examples are presented to demonstrate the error behavior, computational
efficiency and applicability of the proposed method.

Chapter M develops an exact method for the frequency domain analysis of a linear,
time-invariant dynamical system with local uncertainties in damping and stiffness
characteristics. The proposed method can be utilized for either the computation of

the transfer function matrix or the spectral response of a family of related systems in
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a computationally efficient manner. Numerical examples are presented to demonstrate
the computational efficiency and applicability of the proposed method.

Chapter Bl presents the development of a computationally efficient method to analyze
time-invariant dynamical systems with local nonlinearities and uncertainties. Numerical
examples are presented to demonstrate the error behavior, computational efficiency and
applicability of the proposed method.

Chapter [0 explores the use of a graphics processing unit (GPU) to perform
uncertainty analysis of computational models in an efficient manner. Strategies to
parallelize existing procedures along with approaches to implement parallel algorithms
on GPUs are discussed. GPU implementations of five techniques, frequently used in
uncertainty quantification in computational mechanics, are developed that show the
usability of GPUs in this area. In addition, a GPU implementation of the efficient time
domain method presented in Chapter [l is also presented.

Chapter [1 concludes the dissertation with a mention of broader impacts of the
presented work and future work related to the methods developed in the dissertation.
Appendix A lists the mathematical symbols and acronyms used throughout the

dissertation.



Chapter 2
Theoretical Background

There are several methods to derive the equations of motion of a dynamical system
using the law of conservation of energy in one of its various available forms (e.g.
Hamilton’s principle and the principle of virtual work). The equations of motion
obtained are usually in the form of partial differential equations (PDESs) in spatial and
time coordinates. Spatial discretization techniques, such as the finite element method,
are generally applied to convert these PDEs into ordinary differential equations (ODEs)
in time. Methods, such as direct integration, numerical quadrature, etc. can then be
utilized to solve these ODEs.

This chapter briefly presents the basic theory of the analysis of dynamical systems
starting with linear, time-invariant (LTI), deterministic systems followed by systems
with inherent uncertainties and nonlinearities. Closed form analytical solutions for the
response are provided wherever available. Pertinent numerical methods along with their

computational complexity, numerical stability and convergence are also discussed.

2.1 Linear, Time-Invariant (LTI) Systems Theory

An LTT dynamical system with n degrees-of-freedom (DOFs) in discretized space can

be represented as a system of n-coupled ODEs as

M (t) + Dx(t) + Kx(t) = Bf(t), x(to) = xo,%(0) = %q (2.1)

21
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where M, D, K € R™ are the mass, the damping and the stiffness matrices of the
system, respectively, x € R” is the displacement vector, B € R™s is an influence
matrix, f € RYs is the vector of external excitations (inputs), and (') denotes
differentiation with respect to time. Usually, the mass matrix is positive definite and the
stiffness matrix is positive semi-definite and the same has been assumed throughout this
dissertation. Within the context of civil structures, the stiffness matrix can be assumed
to be positive definite because structures are usually constrained in a way that prevents
rigid-body motion. In addition, it is also assumed that the mass, the stiffness and the
damping matrices are symmetric. The system of (2.1]) can alternatively be represented

in state-space as
x(t) = Ax(t) + Bf(t), x(to) =x (2.2)

where A € R®® is the system matrix, B € R2V7 is an influence matrix, x € RZ is the

state-vector, and f € RM# is again the input vector, and where

_Jx . 0,5, Lo o OﬂXNf _
X = {X} ) A= |:M—1K M—lD:| ’ E — |:M_1B , = 2n. (23)

The desired output of the system is oftentimes written as a linear combination of its

states as

y(t) = Cox(t) + C1x(t) + Cax(t) (2.4)
= Cyx(t) + C;x(t) (2.5)
where y € RM is the desired output. Cg,C1,Cy € RM® and C,,C; € RY>% are

output matrices that combine the required states to generate the desired output while

N, denotes the desired number of outputs.

2.1.1 Modal Analysis

Modal analysis of undamped dynamical systems is crucial in the response analysis
of LTI systems. In certain scenarios, the modal solution of a given system can be
utilized to obtain corresponding closed-form analytical solutions. The free vibration of

an undamped LTT system can be written from (2.1) as

Mx(t) + Kx(t) = Opq (2.6)
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after eliminating the damping and the forcing terms, respectively. The eigenvalues and
the eigenvectors of the system can be determined by solving the generalized eigenvalue

problem given by
K® =M®A (2.7)

where A € R™" is a diagonal matrix consisting of the eigenvalues of the system, and
P € R™ is the modal matrix consisting of mass-normalized eigenvectors of the system.
P11 G211 Pnn

b12 P22 Dno

A =diag[Ai, Ao, .. N, @ = =[¢ P2 ...¢n]. (28)

P1n P2n c Pnn
If both the mass and the stiffness matrices are positive definite, the eigenvalues computed
from (27) will all be real and positive. Moreover, the eigenvectors can be shown
to be linearly independent and orthogonal with respect to the mass matrix. As the
eigenvectors of the system are assumed to be mass-normalized, the following relation
also holds:

S TM® =1, (2.9)

Pre-multiplying 2.7) by ®' and using (Z.9) yields
PTKP =A. (2.10)

Since the eigenvectors are linearly independent, they form a basis in the space R™ which

enables the representation of the solution of the system in (2.1]) as

n

x(t) =Y digi(t) = ®q(t) (2.11)

i=1
where ¢;(t) are the modal coordinates and (2.11]) defines a linear transformation between
the physical coordinates, x, and the modal coordinates, q. Using this transformation,
) can be transformed into an equivalent LTT system governing the evolution of the

modal coordinates given by
q(t) + @' Deq(t) + Aq(t) = ®TBf(1). (2.12)

An analogous eigenvalue problem can be written for the state-space representation given
by
AP =D A (2.13)
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where A € R®® is a diagonal matrix consisting of the eigenvalues of the system and

P € R22 is the modal matrix comprising of the eigenvectors of the system.

?1,1 ?2,1 ’ ?@,1
A = diag[A, Ay, Ay], @ = ¢f’2 ¢f’2 ¢?’2 =[¢, &, -2, @)
?l,n é2,n T Qﬂ,ﬂ

When the eigenvalues of A are all distinct, the eigenvectors are linearly independent
and the inverse of the modal matrix, ®, exists. In such a case, the system matrix, A,

can be represented as the following similarity transformation:
A=dAP L (2.15)

Again, the response of the system can be written in terms of the basis formed by ®

as

x(t) =3 ¢.q,(t) = ®q(t) (2.16)

and ([2:2) can be transformed using (2.I6) to obtain the LTI system governing the
evolution of the modal coordinates of the state-space representation given by

a(t) = Aq(t) + @ BE(). (2.17)

Moreover, when an undamped system as in (2.0]) is represented in state-space using
[23), the following relations can be derived between the eigenvalues and the eigenvectors

of the configuration-space and the state-space representations of the system:

A=—Xi; and ¢, =[¢] Az‘ﬁbiT]T' (2.18)

1

2.1.2 Time Domain Analysis

In configuration space, exact analytical solutions of (2.1]) can be written when the system
is subjected to classical damping, i.e., the term ®TD® in the transformed system of
equations, (ZI2), is diagonal. The damping is termed classical when either of the

following two conditions hold:
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e D = aM + SK where a and 3 are real numbers. In such a case, ®' D® =

aly + BA is diagonal. When D is of this form, the system is said to possess
Rayleigh damping [178].

e DMK = KM™!D [179].
In the case of classical damping, ®TD® can be written as
®'D® = diag[2¢iwn,, 2Gwn,; - - - 5 26awn,, | (2.19)

where “’7211- = )\; and (; represents i'" damping ratio of the system. Thus, (ZI2) can now

be written as a system of n decoupled ODEs as
Gi(t) + 2Giwn, 4i(t) + w2 qi(t) = @] £(t) = f;(t). (2.20)

Further, the general analytical solution of (220 can be written using the convolution

integral as
t
qi(t) = gi(t — to)qi,o + hi(t — to)éi,o + / hz‘(t — T)fi(T)dT (2.21)
to
where ¢;0 and ¢; o are the initial conditions imposed on the it" modal coordinate and

can be obtained as the i*" component of the vectors
qo = ‘I)_]'XO = (I)TMXO (222)
do = & 1% = @' Mx (2.23)
and where g;(t) and h;(t) are defined as

e~ Ciwnit [cos (wq,t) + L;CZ sin (wdit)} under-damped

w

gi(t) = { (1 + wp,t)e it critically damped (2.24)

e_Ciwnit |:COSh (wzkllt) + Wjigl Sinh (w;lt):| OVeI'—damped

(3
/

w%lieigw""t sin (wq,t) under-damped

hi(t) = § te=wnit critically damped (2.25)

efciwnit Slnh (w;l t) OVer—damped

1=1,2,....,n



26

where wg, = wy,;4/1 —¢? and Wy, = Wn,y /¢? — 1 are the damped natural frequencies

of the under-damped and the over-damped system, respectively. A system is termed

under-damped, critically damped, or over-damped based on the following criterion:

<1 under-damped
G=19=1 critically damped , ¢=1,2,...,n. (2.26)

> 1 over-damped
The response of the physical system can be computed using (2II) once all the
components of the modal response have been computed as

x(t) = g(t — to)Mxo + h(t — to)Mxg + /t h(t — n)f(r)dr (2.27)

to

where h(t) € R™ is the impulse response matrix defined as
h(t) = ®diag[hi(t), ha(t), ..., ha(t)] 27 (2.28)

and
g(t) = ®diag[g1(t), g2(t), ..., gn(t)] . (2.29)

When the system is non-classically damped, closed form analytical expressions for
the response of the system are usually not available. In such cases, certain methods
can be applied to approximate the solution of the system including: (i) neglecting the
off-diagonal terms of the matrix ® D@ when they are much smaller than the diagonal
elements, (ii) iterative solution process [180], and (iii) perturbation solution approach
[181].

The state-space formulation (2.2)) can be utilized to write analytical solutions of such

Systems as

x(t)

h(t —to)xy + /tth(t —7)Bf(7)dr (2.30)

where h(t) € R®® is the impulse response matrix of the state-space representation
defined as
h(t) = At (2.31)

and
t2 t3
M =Ty + At + 5A2 + §A3 +.... (2.32)
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When A has n distinct eigenvalues, it admits a representation as in (2.I5)) as discussed
earlier. In such a case, (2.15) can be utilized to compute the matrix exponential in

(Z32) as
Al = pAlPp! (2.33)

where

Al = diag|edi? edot . eAnl (2.34)

can be computed trivially as it involves only scalar exponentials.

2.1.3 Frequency Domain Analysis

The equations of motion, (Z1)) and (2.2)), can be transformed to the frequency domain
by applying the Laplace transform. The Laplace transform of a function, f(¢);¢ > 0, is
defined as

F(s) = ZIf(1)] = / et gty (2.35)

0
where the parameter s is a complex number.

Further, by defining the following Laplace transforms:

ZIf(t)] = F(s) ZIE(t)] = E(s) (2.36)
Zx(t)] = X(s) ZIx(t)] = X(s) (2.37)
ZLx(t)] = sX(s) = x0 ZIx(1)] = sX(s) - %9 (2.38)
ZL[x(t)] = s*X(s) — s%0 — X0 (2.39)

the frequency domain equivalent of (21) with 9 = 0 can be written as
(Ms? + Ds + K) X(s) = F(s) + (M + D)xo + sMxq. (2.40)

The frequency domain response of the system can then be written as

X(s) =H(s) [F(s) + (M + D)xg + sMxq| (2.41)

where H(s) € C™ is the system’s transfer function matrix given by

H(s) = (Ms®> +Ds+K) " = Zh(t)]. (2.42)
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The frequency domain equivalent of (2.2]) can be written in a similar manner as
(sT — A) X (s) = BE(s) + X, (2.43)
and the frequency domain response can be written as
X(s) = H(s) [BE(s) + x,] (2.44)
where H(s) € C®% is the system’s transfer function matrix given by

H(s) = (sI - A)™' = Z[h(1)]. (2.45)

2.2 LTI Systems Subjected to Random Inputs

This section will present formulations to compute the response of LTI systems subjected
to random inputs. The system is assumed to be deterministic. However, the initial
conditions of the system are allowed to be uncertain. Moreover, the uncertainties in the
initial conditions and that in the input to the system are assumed to be uncorrelated.

The mean response of the system can be computed by applying the expectation

operator to (2.27)) yielding

pix (£) = E[x(£)] = g(t — to)ME[x0] + h(t — to)ME[x] + / “h(t— PE[f(r)] dr (2.46)

to

and similarly, the covariance response can be written as

T (t1,2) = E[{x(01) — pic(t1)} {x(t2) — o (t2)}"]
= g(t1 — to)MFxOxOMTgH (t2 — to) + h(tl — to)MI‘*OXOMThH (tg — to)—l—
g(tl — to)MFxOxOMThH (tg — to) + h(tl — to)MFXOxOMTgH (tQ — to)—}—

t1 to
/ / h(ty — 71)Ter(m1, 72)h" (to — 72)d71da. (2.47)
to to

Similar expressions can be obtained for the state-space formulation and are given by

px(t) = Ex(¢t)] = h(t — t0)E[xq] + / h(t — 7)BE[f(7)] dr (2.48)

X to
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and

T (t1,12) = B[ {x(t1) = px(01)} {x(t2) — pax (12)}"]

=h(t; — to)Txx,h" (t2 — to)+

t1 to
/ / h(tz — 7'1)BF££(7’1, TQ)BThH (tg — TQ)dTldTQ. (2.49)
to to

When the input is governed by a stationary or weakly stationary random process,
one can define the input random process in terms of its power spectral density, PSD,
which is defined as

SFF(CL)) 1 /OO e_LWTRFF(T>dT (2.50)

where ¢ = +/—1 and Rpp(7) is the autocorrelation function of the input random process
given by

RFF(T) = E[F(t)F(t + 7‘)] . (2.51)
In such cases, the PSD of the response of the system can be directly computed using a

matrix triple product as
Sxx (W) = H(w)Sgr(w)H™M (W),  Sxx(w) = H(w)Sge(w)H"™ (w) (2.52)

where H(w) € C™ and H(w) € C® are obtained by substituting s = w in ([2.42]) and
[2:43)), respectively. Detailed treatments of LTI systems subjected to various kinds of

random input process are available in the literature [43, 144].

2.3 Systems with Local Uncertainties and Nonlinearities

The systems of primary interest to be considered herein possess local uncertainties

and/or nonlinearities and will be assumed to be of the form
M (t) + DX(t) + Kx(t) + Lu(x,%,pu, t) = f(t),  x(to) = x0,%(0) = %0 (2.53)

where u(x,%,py,t) € RV is a nonlinear vector function of the states of the system
that prescribes the uncertainties and the nonlinearities of the system; L € R™r is
an influence matrix that maps the uncertainties and the nonlinearities to appropriate

degrees-of-freedom of the system; p, represents the uncertain parameters on which the
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function u depends. It is evident that only N, < n degrees-of-freedom, and not all, are
involved in either uncertain or nonlinear relationships.

A similar form of the system can be assumed for the state-space representation given
by
x(t) = Ax(t) + Bf(t) + Lu(x, pu, t), x(to) = xo (2.54)

where u(x, pu,t) € R and L € R®M are as defined earlier.

The presence of the additional nonlinear and/or random vector function in the
system’s equations of motion can affect its stability. The stability of dynamical systems
is discussed in the next section. Moreover, it is extremely challenging, if not impossible,
to find closed-form analytical solutions for such systems. This necessitates the use of
numerical methods, which will also be discussed later in this chapter.

When the system has both uncertainties and/or nonlinearities, it is possible to
compute its response utilizing the principle of superposition due to the form of the
equations of motion of the system in (Z54]). The equations of motion can be viewed as
a linear system in (2.2) subjected to a nonlinear forcing term given by Lu. Therefore,
the solution of (254]) can be computed by first computing the response of the linear
portion of the system, given by the convolution integral in (2.30) and then adding the
nonlinear portion as

t t

h(t — 7)BE(r)dr + / by (t — T)u(x, %, pu,7)dr.  (2.55)

x(t) = h(t — to)xo + [

to

In (255)), the first two terms represent the response of the linear system, (2.2]). The last
term represents the response of a dynamical system subjected to a load given by Lu
and initial conditions given by the response of the linear portion of the system. h; (t)
is the impulse response function of the linear system, (2.2), subjected to a unit impulse
in the pattern of the uncertainties and the nonlinearities. If §(¢) is the Dirac’s delta

function, hy (¢) is the response of the following system of ODEs:
by (t) = Ahy(t) + Lo(t) (2.56)

Further, (255 can be recognized as a nonlinear Volterra integral equation (NVIE) of
the second kind.
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2.4 Stability of Dynamical Systems

The stability theory of LTI systems is well studied [182, 183]. If a given LTI system
is stable, the stability criterion usually prescribes an upper bound on how much the
system can be perturbed while it still remains stable. The types of stability that can
characterize a dynamical system’s behavior are given in Table 2.T], with reference to the

state-space representation of the system.

Table 2.1: Stability of Dynamical Systems

Stability type General definition Characteristics of linear system

Lyapunov stable | Vx,, de > 0, such that | All eigenvalues of A lie in the closed left
Vi >0, ||x(t)| <e half plane and every eigenvalue with a

zero real part is semi-simple

Asymptotically | Vxg, lim; oo x(t) =0 All eigenvalues of A lie in the open
stable left half plane, i.e., all eigenvalues have

negative real parts

Unstable Not Lyapunov stable An eigenvalue of A lie in the open right

half plane, i.e., at least one eigenvalue

has positive real part

The subject of stability of dynamical systems with uncertainties and nonlinearities
is a vast research area in itself and will not be discussed in detail herein. Interested
readers can refer to [184-187] and the references therein. In the subsequent chapters,

the stability of pertinent systems will be discussed individually as required.

2.5 Numerical Methods to Analyze Dynamical Systems

The numerical methods developed to solve dynamical systems can be viewed as
special cases of the general theory of numerical methods for PDEs, ODEs and IEs.
The discussion herein will be restricted to numerical methods for ODEs and NVIEs.
Numerical methods for ODEs include the finite difference method, collocation methods,
multi-stage time-stepping methods (e.g. Riinge-Kutta method [188, [189]). Butcher
[190] provides an excellent in-depth analysis of these methods. With the exception of



32
finite difference methods, all of the aforementioned methods involve first-order ODEs.
Methods have also been developed to directly address second-order ODEs as they appear
frequently in structural dynamics applications. These methods include Newmark’s beta
method [191] and Wilson’s theta method [192]. Bert |193] provides a comparison of
several numerical integration techniques in the context of nonlinear dynamical systems.

Numerical methods for NVIEs build upon numerical integration techniques similar
to those utilized for ODEs. Detailed treatments of numerical methods for linear and
nonlinear Volterra integral equations can be found in the literature [139, 1141, 194]. The
following subsections present details of the numerical techniques relevant to the content

of this dissertation.

2.5.1 Riinge-Kutta Methods for ODEs

Consider a system of first-order ODEs given by

y(t) =f(y®),t); y(0)=yo (2.57)

The existence and uniqueness of the solution to (Z57) is ensured if f is Lipschitz
continuous in y and continuous in ¢ [195].

An m-stage Riinge-Kutta method to solve (257 can be represented using the
Butcher tableau [190] given as

c| A
BT (2.58)
where ¢ = {¢;};~, relates the position of the stage values, i.e., discretization of ¢,

A = {Aivj}?z':l relates the dependence of the stages on the derivatives found at other
stages, and b = {b;}" | is essentially a vector of quadrature weights.

The update equation and the stages to solve (2Z.57) can be written as

m
Yni1 =¥n+AtY bk, n=012...,N-1 (2.59)
=1
m
ki =f | yn+ ALY Akt + ciAt (2.60)
j=1

where At is the increment in the value of ¢ at each step, y,, = y(¢,) and N is the total
number of points in the discretization of t. The family of Riinge-Kutta methods can be

classified based on the structure of the matrix A as follows:
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e Explicit: if A; ; =0 V5 > .

e Diagonally implicit: if 4; ; =0 Vj >4 and A;; # 0 for some j = 1.
e Implicit: if A; ; # 0 for some j > 0.

The global (cumulative) error associate with an explicit fourth-order Riinge-Kutta

method which will be employed later in the dissertation is
|y (tn) — yul < CA (2.61)

where C' is some constant. A detailed discussion on the error behavior and the numerical

stability of the family of Riinge-Kutta methods can be found in [190)].

2.5.2 Numerical Methods for NVIEs

Consider a general nonlinear Volterra integral equation of the second kind given by

y(t) =x(t) —i—/o f(y(r),t,7)dr (2.62)

where x(t) and f (y(7),t,7) are known functions and y (¢) is the unknown function to be
determined; f is oftentimes referred to as the Volterra kernel. (2.62]) possesses a unique
solution if f is Lipschitz continuous in y and continuous in ¢,7 and x is continuous in ¢
[139].

One method to solve such equations is to discretize (2.62]) using a numerical

quadrature rule as

n

Yn :xn+Atan7if(yi,tn,ti), n=mng,...,N; (2.63)

i=0

where At is again the increment in the value of ¢ at each step, y, = y(tn), X, = x(t5)
and Ny is the total number of points in the discretization of t. w,; are the quadrature
weights and ¢;’s are usually computed from a pre-defined set of quadrature abscissas. It
should be noted that in (2.63]), n may start from a value ng # 0 as certain quadrature
rules require a minimum number of points, ng, before they can be applied. In such cases,
the first ng points must be computed using some other method, e.g. a matching-order

Riinge-Kutta method. The application of the Riinge-Kutta method to solve NVIEs
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along with a detailed discussion of the error behavior and the stability of the numerical
methods utilized to solve such NVIEs can be found in the literature [139]. The global
(cumulative) error associate with the use of a quadrature-based method in case of linear

Volterra kernels, which will be employed later in the dissertation is
v (tn) — yu| < CAY (2.64)

where p is the order of the numerical quadrature used.

2.6 Sampling-based Methods for Uncertainty

Quantification

This section will discuss the application of sampling-based methods for the
determination of relevant statistical properties of the response of a system with load
and parameter uncertainties. Sampling-based methods function by first generating
samples of the input uncertain parameters, then employing a deterministic solver to
compute corresponding samples of the system’s response and finally computing the

relevant response statistics and probabilities from these samples. Figure illustrates

f. f. Y14+N,,:2N;
= _yﬁ S<pu27pn) _yﬁ 2> S(pU27pn) — 7 !
f ; : :
S(Pu,Pn) —> : ' :
fNSf Y Ny l YNy, be’f l Y1+, DN : Ny, N
- > S<puNspapn)_> _>S(pu/\7@apn)_>
(a) Load only (b) Parametric only (c) Both load and parametric

Figure 2.1: Sampling-based Approach for Uncertainty Quantification

the functioning of sampling-based methods in the context of the conceptual model
presented in Figure Ns, and N, represent the number of samples of the random
load, f, and the uncertain parameters, p,, respectively. Once the samples have been

computed, the relevant statistics can be computed via standard statistical techniques.
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For instance, the mean and cross-covariance functions of the response processes can be

obtained using the following unbiased estimators:

N
1
py(t) =5 D_¥i(t) (2.65)
i=1
and
R -
Lyy(tit2) = 57— D (yilth) = py (1) (vilta) — pay (2)) (2.66)
i=1
where
N, for load uncertainty only
N =N, for parametric uncertainty only (2.67)

N, Ns, for both load and parametric uncertainty

and y; denotes the i*® sample of the system’s output. A variety of techniques can be

utilized for the generation of sample points, as discussed in Section [I11

2.7 Computational Performance of Algorithms

This section discusses the computational costs associated with common mathematical
operations, when implemented sequentially, that will be utilized in subsequent chapters
to quantify the computational efficiency of the developed methods. It should be noted
that the mathematical symbols utilized in this section are unrelated to those in the rest of
the dissertation. A given sequential algorithm can be evaluated in terms of its execution
time, expressed as a function of the size of its input. Another metric that can be utilized
as a performance metric of a given sequential algorithm is its FLOP count, i.e., the
number of floating point operations that must be performed during its execution. While
both these metrics can be utilized individually and interchangeably, their combined
usage enables the following important insights regarding the implementation of a given

algorithm:

e performance comparison of different implementations of a given algorithm on the

same machine

e performance comparison of the same implementation of a given algorithm on

different machines



36

e optimality of a given implementation of a given algorithm

The computational complexities (asymptotic FLOP counts) of relevant algorithms
are presented in the remainder of this subsection. Table presents the asymptotic
computational cost of some common matrix operations. A detailed analysis of a variety

of matrix algorithms can be found in the literature [196].

Table 2.2: Computational Complexity of Matrix Algorithms

Operation Complexity
Matrix-matrix product (mxn by nxp) mnp
Matrix-vector product (mxn by nx1) mn

Matrix inverse (nxn, via LU decomposition) 2n3/3
Eigenvalue decomposition (symmetric nxn, via QR decomposition) 4n3/3
Eigenvalue decomposition (non-symmetric nxn, via QZ decomposition) | 10n3/3
Cholesky factorization (symmetric nxn) n3/3

It should be noted that the computational costs presented in Table[2.2]are costs when
the relevant matrix operations are performed on real matrices. For complex matrices,
the costs are multiplied by a factor of 4. Moreover, the costs presented are asymptotic
costs, t.e., lower order terms in the complexity analysis have been neglected.

The computational complexities of some other relevant algorithms are as follows:

e Fast Fourier transform (FFT): of a vector of length n, using radix-2 algorithm

- nlogyn

e Vector convolution: of two vectors of length n
- direct summation: n?

- using FFT: nlogyn

e Ringe-Kutta method: explicit, m-stage method to solve a linear system of N,
ODEs and Ny points in the discretized domain
- mN;N?

This chapter summarized the theoretical background related to the analysis of

linear dynamical systems required to facilitate the discussion in the remainder of the
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dissertation. It also presented the general representation of systems with local features,
uncertainties and nonlinearities, which are the focus of the analysis methods developed
in later chapters. In addition, a brief overview of numerical methods employed to
analyze systems of interest and sampling-based uncertainty quantification techniques
was also presented. The next three chapters will discuss the development of efficient
computational techniques to perform the modal analysis, frequency domain analysis
and time domain analysis of systems with local features, respectively. The final chapter

will discuss the use of GPUs for uncertainty quantification of computational models.



Chapter 3
Modal Response of Systems

This chapter discusses the development of an efficient computational methodology for
the modal analysis of undamped linear systems with local stiffness uncertainties. The
newly developed method utilizes an enriched basis that consists of the sub-spectrum of
a nominal system augmented with additional basis vectors generated from a knowledge
of the structure of the stiffness uncertainty.

The free vibration of an n-dimensional undamped, deterministic linear dynamical

system can be represented as
Mx(t) + Kx(t) = 0pq (3.1)

where M and K € R™" represent the mass and the stiffness matrices of the
deterministic system, respectively. The system given by (B.1) will be referred to as
the ‘nominal’ system in the remainder of this chapter. It is also assumed that M is a
symmetric, positive definite matrix and K is a symmetric, positive semi-definite matrix.
Following the discussion in Section Z.T.1] the generalized eigenvalue problem governing

the free vibration of the nominal system can be written as
K® =M®A (3.2)

where A € R™" is a diagonal matrix consisting of the eigenvalues of the system, and

P € R™ is the modal matrix consisting of mass-normalized eigenvectors of the system

38
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given by

$11 P21 o Dna

P12 P22 0 Pp2

A =diag[Ai, Ao, .. N, @ = =[¢1 P2 ...dn] (33)

(bl,n ¢2,n ¢n,n
such that

TMP =1, (3.4)
STK® =A. (3.5)

The free vibration of an n-dimensional linear dynamical system with stiffness

uncertainties can be represented in a form similar to (BI)) as
MV (t) + Ky, v(t) = Opa (3.6)

where the mass matrix, M, is same as that in (3]) and the random stiffness matrix,
K., can be represented as a perturbed form of the nominal stiffness matrix, K, in (31])
as

K, =K+ AK (3.7)

where AK € R™” is a symmetric matrix of rank N, containing the uncertainties. For
the systems of interest herein, it will be assumed that N, < n, i.e., the uncertainties are
spatially localized in the system. In such cases, AK will be a relatively sparse matrix

and can be represented without loss of generality as
AK = L6KL" (3.8)

where JK € RY¥?Mr is a dense matrix containing the uncertainties in the stiffness of
the system and L € R™r denotes the positions of the uncertainties of the system.
The matrix L is oftentimes a permutation of an N, x N, identity matrix combined with
appropriate zero matrices.

The next section will discuss a conventional method to compute the relevant
eigenpair statistics which will be called the ‘brute-force method’ in the remainder of
the chapter. The subsequent section will develop a new approach proposed for the
modal analysis of linear systems with local stiffness uncertainties. Finally, numerical
examples will be presented to demonstrate the computational efficiency of the proposed

method as compared to that of the brute-force method.
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3.1 Brute-Force Method

The generalized eigenvalue problem associated with the uncertain system in (3.0) can
be stated as
K, =MTYX (3.9)

where ¥ € R™® is a diagonal matrix consisting of the eigenvalues of the system, and
¥ € R™ is the modal matrix consisting of mass-normalized eigenvectors of the system

given by

Y11 Y1 o Uni

P12 a2 0 Yo

3 :diag[al,ag,...,an], v = = ['(,b1 ’l[)g '(,bn] (3.10)

wl,n 1/}2777, wn,n

such that

UMP =1, (3.11)
VK, =X (3.12)

Let it be assumed that the eigenvalues and the eigenvectors in ([B.I0) are written
in the increasing order of the magnitudes of the eigenvalues, i.e., 01 < 09 < ... < o,
and that only the first N, smallest eigenvalues and corresponding eigenvectors of the

uncertain system are required. These desired eigenvalues and eigenvectors can then be

written as
21 :diag[dl,dz,...,JNo] s ‘I’l = [’l,bl 7,02 ...’l,DNO] (313)

such that
UM = Iy, (3.14)
UK, P, =X (3.15)

These eigenvalues and the eigenvectors will be random in nature because of the
uncertainty of K,. Employing a sampling-based approach, the mean and the variance

of the eigenvalues and eigenvectors can be computed by utilizing the following unbiased
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estimators:
1 &
o = 3 201 (3.16)
7j=1
L S0
Tyo = Y )P :
004 Ns -1 . (Uz :uUz) (3 17)
J=1
L gs,,0
_ J
B = 5 > ¥ (3.18)
7j=1
1 Ns . .
Ly = 57 2 |7 = )0 = )T (3.19)
S le
where Ny is the number of samples computed and i = 1,2, ..., N,. Algorithm [T outlines

the brute-force procedure to compute the statistics of eigenproperties of the uncertain
system. The computational cost associated with a particular step is listed in parentheses.

Thus, the total computational cost associated with computing all the samples of the

Algorithm 1 Brute-Force Method to Compute ¥ and 3
Require: K, M

1: Generate N samples of the stiffness uncertainties, AK

2: for all samples of AK do

3:  Compute K,, using (3.7) (—)
4:  Compute ¥ and ¥ using (3.9) (4n3/3)
5: end for

6: Compute required statistics using (3.16)—(B.19)

first N, eigenpairs of the uncertain system using the brute-force method will be

Cy = §n3NS (3.20)
It should be noted that the computational cost associated with Step 4 of Algorithm [ has
been assumed to be 4n3/3 which corresponds to the computation of all the eigenpairs
using the symmetric QR factorization of K, . Since only a subset of the eigenpairs is
required and the matrix K, is usually sparse, more efficient algorithms can be utilized
to compute the relevant eigenpairs. In the implementation, Matlab’s eigs function

has been utilized to compute the relevant eigenpairs; eigs first reduces the given
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matrix in a symmetric tridiagonal form using the Lanczos algorithm (Algorithm 9.2.1
in [196]) and then computes the relevant eigenpairs using the symmetric QR algorithm
(Algorithm 8.3.3 in [196]).

The computational cost of the Lanczos algorithm is approximately (2n, + 8)nns
where n, is the average number of nonzero entries in each row of K, and ng is the
number of Lanczos steps performed. The cost of the symmetric QR algorithm applied
to a symmetric tridiagonal matrix resulting from the Lanczos algorithm is n. Thus,
the total computational cost associated with computing all the samples of the first N,

eigenpairs of the uncertain system using the brute-force method will be
Cy = (n+ns(2n. + 8)n) NoN;. (3.21)

Thus, the effective computational cost of the implementation of eigs for a relatively
dense matrix (n, =~ n) is between O (n2) and O (n3); this computational cost greatly
depends upon the number of Lanczos steps, ns, which increases rapidly as the number

of eigenpairs required to be computed, N,, increases.

3.2 Proposed Method

Let it also be assumed that the eigenvectors and the eigenvalues of the nominal system
be also sorted in increasing order of the magnitude of the eigenvalues and that the

smallest NV, eigenvalues and corresponding eigenvectors are given by

Ay =diag[A, Mo, A, ], @i= (1 P2 .. N, (3.22)

so that
SIMS, = Iy, (3.23)
SIKP, = Ay (3.24)

Since the mass matrix is assumed to be deterministic, it is advantageous to rewrite

the equations of motion of the nominal and the uncertain system as

X(t) + KX(t) = Opa (3.25)
V() + KV (t) = 0 (3.26)
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where
X(t) = MY2x(t) (3.27)
V(t) = MY2v (1) (3.28)
K =M ?KM/? (3.29)
K, = M~'2K, M~1/2 (3.30)

M'/2 is the principal square root of M, i.e., M = MY2M'/2. [B30) can be rewritten
using (B.7) and [B.8) as

K, =K +AK (3.31)

where
AK = LSKL" (3.32)
L=M 'L (3.33)

The generalized eigenvalue problems, ([8:2)) and (8:9), can now be reposed as standard,

symmetric eigenvalue problems as

K® = ®A (3.34)
K, ¥ =¥x. (3.35)

As a result of this transformation, the eigenvalues remain unchanged while the
eigenvectors of the standard eigenvalue problems, ([8.34) and (3:35]), are related to those
of the generalized eigenvalue problems, ([3.2)) and (3.3)), by

~

® =M@ (3.36)
T =MW (3.37)
Specifically, the first IV, eigenvectors of the transformed nominal and uncertain systems,

@1 and \fll, can be written in terms of the first IV, eigenvectors of the original nominal

and uncertain systems as

®, = M'/?®, (3.38)
U, = M2, (3.39)
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In the proposed method, the n-dimensional standard eigenvalue problem in (B.35])

is transformed into an N, < n dimensional standard eigenvalue problem by first

approximating the eigenvectors using a reduced dimensional space of N, generalized

coordinates and then computing the relevant eigenvalues by solving an eigenvalue

problem in the reduced space. The Ritz method is utilized to approximate \/I\ll in an
N,-dimensional space as

T, ~TQ (3.40)

where T € R™" is a transformation matrix whose columns are the orthonormal basis
vectors of the approximation and Q € RY¥>"r is a matrix whose columns are elements of
the N,-dimensional generalized coordinate space. The accuracy and the computational
efficiency of the Ritz approximation hinges on a judicious selection of the approximation
basis vectors, T. Most previously proposed eigen-reanalysis methods are not directly
applicable to the problems of interest targeted here. Ideally, one would like to construct a
single Ritz basis space that incorporates the knowledge of the structure of the uncertain
perturbation, KI\{, or equivalently, AK, and the knowledge that the perturbation has
a much smaller rank than the size of the nominal system matrices.

As discussed in [197], there are several natural choices for the Ritz basis. One obvious
choice of the Ritz basis vectors is the first N, eigenvectors of the transformed nominal
system, i.e.,

T = &,. (3.41)

Large errors can be encountered when (B.41) is employed as the Ritz basis, especially
when the perturbation, ZI\{, possesses large magnitude elements or when it causes a
fundamental change in the nature of the system. Alternatively, if one assumes that
the perturbation, ZI\{, is a function of a vector of uncertain parameters, p,, another
possible Ritz basis is the augmentation of the first NV, eigenvectors of the transformed

nominal system with their sensitivities to this uncertain parameter vector, i.e.,

T — span [cpl gﬁi] (3.42)
where span]...] denotes an orthogonal basis for the linear vector space spanned by

its argument. The enrichment given by ([342) can improve the accuracy of the

approximation; however, it is well known that eigenvector sensitivities are often
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numerically ill-conditioned [198] thus limiting the utility of this choice of T. Another
possible approach, termed the multi-model approach [199], constructs a basis that

consists of the system eigenvectors at a collection of parameter realizations, i.e.,
T = Spa‘n |:(I)1 lIl1|Pu=Pu1 ‘Ill|pu:pu1 st ‘Ijl|pu:puj . (343)

While this is an attractive choice for the basis in some applications, it suffers
from the difficulty of how to efficiently select the most important parameter points
at which to evaluate the model. Instead of incorporating the numerical values of the
perturbation, alternatively, one can construct a basis that incorporates the structure
of the perturbation into the construction process. To motivate the selection of the
approximation basis used herein, one can recast (3:26]) in the following form:

V(t) + Kv(t) = —AKv(t) (3.44)
or

v(t) + Kv(t) = Lf(t) (3.45)

where f(t) = —SKLTv(t).

Although the pseudo-force, f(t), caused by the stiffness matrix perturbation is not
known explicitly, it can be noted that the excitation imparted on the system in (3.45])
will always lie in the column space of L. Previously, algorithms have been developed
for the efficient forced response analysis of systems of the form (3.45) which incorporate
the pattern of loading, i, into the construction of the basis. In [110], the term
load-dependent Ritz vector (LDRV) was coined and shown to be the elements of a
block Krylov sequence arising from K! and L. Kline [200] utilized a combination
of exact eigenvectors and these so-called LDRVs. A similar approach was utilized by
Chu and Milman |201] to investigate the effects of an added viscous point connected
absorber on the damped natural frequencies of linear systems. Given a matrix, K, a set
of starting vectors given by f;, B32)), and the number of blocks, N, (size of the block
Krylov space), to be used in the enrichment process, a sequence of nx N, matrices can
be defined as

[f(—li, KL, ... K—Nbi] . (3.46)

The basis to be used herein is constructed by augmenting the eigenvectors of the

transformed nominal system, &)1, with elements of the sequence of matrices given by
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(B-46]) and can be written as

T — span [cﬁl, KL, KL, ..., K™L|. (3.47)

The first block of enrichment vectors given by the sequence in (3.40]) represents the
response of the system to a static load in the pattern of ﬁ, equivalent to the static
correction term encountered in the mode-acceleration method. The subsequent blocks
in the sequence represent additional enrichment terms due to inertia effects of the
dynamical system. The contribution of the method developed in this chapter is not
in the generation of these enrichment vectors but rather the observation that the
effects of fixed structure random perturbations can be recast into this form. It should
also be noted that the basis proposed here differs from that used in the combined
approximation method for eigen-reanalysis [99-102] in two significant ways. First, a
single approximation basis is generated once for all perturbations, rather than repeating
the approximation for every perturbation, and second, the sub-spectrum, i.e., the first
N,-eigenpairs, are calculated simultaneously rather than one at a time.

Once the approximation basis, T has been constructed, the n-dimensional standard

eigenvalue problem in (3.35]) can be reduced to an N,-dimensional eigenvalue problem

as

K, Q=QX (3.48)

where
K, =K, + AK, (3.49)
K, =T'KT (3.50)
AK, = TTAKT (3.51)
= TT(LOKLNT (3.52)
= Li6KL] (3.53)
L,=T'L. (3.54)

The desired set of eigenvalues, 31, can be obtained by choosing the smallest N,
eigenvalues of ([B.48) as

3 =3(1:N,,1:N,). (3.55)
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The corresponding eigenvectors can be obtained using (3.40) with

Q=Q(1:N,,1:N,). (3.56)

B355) and ([B.56) employ the so-called ‘Matlab’ notation according to which, A(a : b, ¢ :
d) refers to a sub-matrix formed by choosing rows a through b and columns ¢ through
d of a matrix A.

The eigenvectors of the original uncertain system can then be obtained using (3.39)).
Algorithm [2] outlines the application of the proposed method to compute the statistics
of the eigenproperties of the uncertain system along with the computational costs

associated with each step. Thus, the total cost associated with the proposed method is

Algorithm 2 Proposed Method to Compute ¥ and 33
Require: K, M

1: Solve the nominal eigenvalue problem, (3.34]) (4n3/3)
2: Compute M'/2 (4n3/3)
3: Compute M~1/2 (n)
4: Compute K from B29) (2n3)
5. Compute L from B33) (n®N,)
6: Choose N (—)
7. Compute T from (B.47) (2nN?2)
8: Compute K, from B50) (n?N, + nN2)
9: Compute L; from (354 (nN,Np)
10: Generate samples of AK (—)
11: for all samples of AK do

122 Compute AK, from B53) (NZN, + N,N?)
13:  Solve the reduced eigenvalue problem, (3.48) (4N3/3)
14:  Obtain ¥ from (B.53) (—)
15:  Obtain Q from (B.50) (—)
16:  Compute ¥y from (B-40) (nN?)
17: Compute ¥ from (3.39) (Non?)

18: end for
19: Compute required statistics using (B.16])—(319)
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14
C, = §n3 + (Np 4+ N,)n? + (3N? + NN, + 1)n

4
+ N, <3N,€” + (n4 Np)N? + NZN, + Non2> : (3.57)

It can be observed that when a large number of samples are to be computed, i.e., N;
is large, the asymptotic computational cost of the proposed method is only O (Nsn2)
compared to O (N Snsnz) of the brute-force method. Therefore, as will be demonstrated
in Section [3:4] when the uncertainties are sufficiently localized (N, < n) and a small
number of modes of the system are desired (N, < n), the proposed method yields

considerable gains in computational efficiency.

3.3 Error Analysis of the Proposed Method

Since the eigenvalue problem considered herein is symmetric, the errors associated
with the approximate eigenpair computed using Algorithm [2] can be predicted using
an a posteriori error bound. Directly following the development in [202], let A be a
symmetric matrix. Let X and U be an approximate eigenpair of the matrix A, with

|all, =1 and let r be the corresponding residual vector, given by
r=Al— A\l (3.58)

Then, from the Bauer-Fike theorem (Theorem 3.6, Corollary 3.3 in [202]), there exists

an eigenvalue, A, of A such that
A= 3] < Il (3.59)

In addition, one can compute a bound on the angle, #(u,u), between the true
eigenvector, u, and the corresponding approximation, u. It can be shown that
(Theorem 3.9 in [202])

sinf(u,u) < HI;SHQ (3.60)

where 0 = min; [A\; — X|, 1=1,2,...,nand \; # A; A being the eigenvalue closest to by
This bound is not computable as the entire spectrum is generally not known. However,

one can approximate § by
0= miin IXNi — Al = [|Irilly (3.61)
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wherei=1,2,...,n, Xz is the approximation of the i eigenvalue and r; = Au; — Xlﬁl
The error bounds presented in this section can be utilized to choose the number of

Krylov blocks, Ny, to be employed when applying Algorithm 21

3.4 Numerical Examples

In this section, the numerical accuracy and the computational efficiency of the proposed
method will be demonstrated using four examples. The first example considers Ram’s
[203] system. A parametric study is performed to investigate the effect of the number of
Krylov blocks utilized to enrich the reduced basis, Ny, on the accuracy of Algorithm 2
The effect of the magnitude of the uncertainty in the system is also studied. Exact errors
and error bounds on the eigenvalues and the eigenvectors computed using Algorithm
are utilized to demonstrate the numerical accuracy of the proposed method. The
second example considers a cantilever beam with part of the beam resting on a Winkler
foundation. A parametric study is performed to show the effect of N, and the size
of uncertainty on the accuracy of Algorithm 2l The effect of the size of uncertainty
on the gain in computational efficiency is also studied. The third example considers a
base-isolated 3D building. The Monte Carlo simulation method is used to estimate the
modal characteristics of the building. The final example considers the computational
model of a real structural system, the Cedar Avenue bridge, and demonstrates the
computational efficiency of the proposed method. In addition to illustrating the use
of the proposed method to compute modal characteristics, the final two examples
also emphasize the gains in the computational efficiency of the proposed method for
large-scale systems.

All numerical experiments were conducted using Matlab®), version 7.8.0.347
(R2009a). A Dell 490 Precision workstation, with a processor speed of 3.0 GHz and 8
GB of RAM was utilized for the first three examples while a machine equipped with
two 2.40 GHz Intel Xeon E5530 quad-core CPUs with 16 GB of RAM was utilized for

the final example. For all examples presented, N, = 2.
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3.4.1 Example 1: Ram’s 20-DOF System

Consider a system comprising of 20 masses connected with springs [203], as shown

in Figure B.Il Figure shows the relative errors in the first five eigenvalues of the

ko kl ]{32 k18 klE)

AN ML AN M NN AN Mg AN g

ko k1 ko k1g k19 ko

AN M A My AN AN Mg AN g

m; =1,i=1,...,20; ko = 3000; k; = 15000, = 1,..., 19

Figure 3.1: (a) Original System (b) Modified System

system as a function of the number of Krylov blocks, N,. Figures show the
behavior of these errors with respect to the magnitude of the perturbation in the system.
AK represents the percent change in the stiffness of the spring, kg, attached to the mass
mag. Figure shows corresponding behavior of the errors in the computation of the
eigenvectors. The errors in the eigenvalues and the eigenvectors decrease as NV, increases,
which is expected. Moreover, the errors in higher modes decay slower than those in lower
modes. Further, it can be observed that the effect of the magnitude of the perturbation
is almost negligible on the numerical accuracy of Algorithm 2l Tables show the
error bounds and exact errors for the eigenvalues and the eigenvectors computed using

Algorithm ] for 5 modes and 10 modes being computed respectively.

3.4.2 Example 2: Cantilever Beam Model

A cantilever beam partially supported on a Winkler foundation is considered, as
shown in Figure B4l The mass and the stiffness matrices for the beam are generated
using a finite element formulation using standard 2-dimensional Eiiler-Bernoulli beam

elements. The beam is discretized with 101 nodes, which corresponds to n = 200 active
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Figure 3.2: Effect of N, and Ak on the Relative Error in Eigenvalues (Example 1)

Table 3.1: Error Bounds and Exact Errors for Example 1 (5 modes)

Eigenvalue Errors Eigenvector Errors
i| @ i Iril, | 6w | TR
1| 1.9630E4-02 | 2.8106E-11 | 1.9803E-07 | 5.8755E-07 | 1.7422E-05
2 | 8.4905E+02 | 9.3803E-09 | 2.7426E-04 | 2.3100E-05 | 6.4813E-04
3 | 2.0680E+03 | 3.5841E-07 | 1.2527E-02 | 2.3893E-04 | 3.2059E-03
4 | 3.9100E+03 | 7.1444E-06 | 2.6627E-01 | 1.6787E-03 | 1.2034E-02
5 | 6.3719E+03 | 1.7648E-04 | 1.3986E+01 | 1.4314E-02 | 1.1757E-01
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(c) Ak =50% (d) Ak = 100%

Figure 3.3: Effect of N, and Ak on the Error in Eigenvectors (Example 1)

degrees-of-freedom. The nominal system for this example is simply the cantilever beam
without any foundation.

The stiffness of the individual springs used to model the Winkler foundation is
assumed to be uncertain, with a uniform distribution between 3EI/L? and 12E1/L3.
In terms of prescribing the AK matrix, the uncertain Winkler foundation translates to
adding nodal springs of uncertain stiffnesses to the beam which, in turn, corresponds
to adding uncertain terms to the elements of the main diagonal of the system’s stiffness

matrix. This example was used to investigate the computational efficiency of the



Table 3.2: Error Bounds and Exact Errors for Example 1 (10 modes)

93

Eigenvalue Errors Eigenvector Errors
! Oi oo [zl 0(2hi, i) Il
1 | 2.0261E+02 | 2.8694E-14 | 5.9505E-11 | 0.0000E4+00 | 2.9851E-07
2 | 8.7021E4+02 | 1.3782E-12 | 7.4955E-08 | 1.7501E-07 | 1.0594E-05
3 | 2.1034E403 | 3.9714E-11 | 2.7286E-06 | 1.4869E-06 | 4.7027E-05
4 | 3.9546E+403 | 4.4043E-10 | 3.6037E-05 | 6.9846E-06 | 1.3949E-04
5 | 6.4196E403 | 3.0519E-09 | 2.8330E-04 | 2.4406E-05 | 3.3892E-04
6 | 9.4570E4+03 | 1.6732E-08 | 1.6844E-03 | 7.3414E-05 | 7.4456E-04
7 | 1.3001E4-04 | 8.4046E-08 | 8.7539E-03 | 2.0857E-04 | 1.5717E-03
8 | 1.6967E+04 | 4.3804E-07 | 4.4646E-02 | 6.0735E-04 | 3.3561E-03
9 | 2.1262E+04 | 2.7912E-06 | 2.5670E-01 | 2.0324E-03 | 7.7406E-03
10 | 2.5781E404 | 3.1913E-05 | 3.6315E+00 | 1.0467E-02 | 3.6364E-02
lF (t)
W
1

! (L-1)

E =30 x 10%psi, b = d = 3in, L = 30ft, p = 0.294pci, k = Uniform(3,12) x %

Figure 3.4: Example Cantilever Beam

proposed method. Various cases were considered to test the efficiency of the proposed
method under different amounts of uncertainty present in the system. The effect of the
number of degrees-of-freedom whose output is desired on the efficiency of the method
was also studied. To vary the amount of uncertainty present in the system, the length
of the beam supported on the Winkler foundation, I, was increased from 1% to 10%
of the length of the beam. The number of output degrees-of-freedom was varied by
selecting equidistant points on the beam whose output was computed. In terms of the
nomenclature used in the expected efficiency gain functions, this corresponds to N,

being varied from 2% to 20% of n.
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TablesB.3H3.5show the gains in computational efficiency obtained using the proposed
method for the computation of the statistics of eigenvalues and eigenvectors of the
cantilever beam, using 100, 1000 and 10000 samples respectively. It can be seen that
there is an O (10) gain for 10% of the system being uncertain, and O (102) gains can be
obtained when the system has smaller amount of uncertainty. It should be noted that
this is a moderate sized system, and the computational gains are expected to increase
with larger systems. This behavior will be demonstrated in the subsequent numerical

examples.

Table 3.3: Gains in Computational Efficiency for Example 2 (100 samples)

I II
# of modes computed = 10 20 10 20
I=1% of n 20.17 | 32.86 | 17.57 | 31.57
I =5%ofn 17.57 | 37.83 | 11.73 | 24.89
1 =10% of n 9.38 | 876 | 9.46 | 8.58

I: computation of statistics of eigenvalues only
IT: computation of statistics of both eigenvalues and eigenvectors

Table 3.4: Gains in Computational Efficiency for Example 2 (1,000 samples)

1 11
# of modes computed = 10 20 10 20
l=1% of n 110.64 | 70.45 | 103.08 | 81.78
l=5%ofn 39.23 | 36.83 | 29.61 | 34.67
1 =10% of n 16.54 | 11.57 | 15.63 | 10.68

I: computation of statistics of eigenvalues only
IT: computation of statistics of both eigenvalues and eigenvectors

Figure shows the behavior of the errors in the first five eigenvalues as a function
of the number of Krylov blocks, IV, and the size of the uncertainty. It can be observed

that there is no significant effect of the size of uncertainty on the numerical accuracy of
Algorithm 2l
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Table 3.5: Gains in Computational Efficiency for Example 2 (10,000 samples)

I 11
# of modes computed = 10 20 10 20
[=1% of n 112.07 | 83.84 | 75.15 | 70.81
1 =5%ofn 39.87 | 38.21 | 35.57 | 35.85
1 =10% of n 17.55 | 10.90 | 15.23 | 10.61

I: computation of statistics of eigenvalues only
IT: computation of statistics of both eigenvalues and eigenvectors

3.4.3 Example 3: 3D Building Model with Base Isolation Layer

A 615 degree-of-freedom three-dimensional steel building, as shown in Figure B.6l is
considered to illustrate the computation of stochastic response characteristics using the
proposed method. The building is modeled using a finite element formulation consisting
of beam and truss elements. The building is assumed to be isolated from ground through
a bed of translational and rotational springs and a rigid block mass, M;. This isolation
bed is subsequently lumped into three springs and dashpots at the center of mass of the
base block. The FE model of the building itself consists of 612 degrees-of-freedom while
the remaining 3 degrees-of-freedom are associated with the rigid mass (two translations
and one rotation). The stiffnesses of the translational and the rotational springs that
connect the rigid mass to the ground are assumed to be independent random variables
as described in Figure

Table shows the required computational times and gains in the computational
efficiency for 10, 000 sample realizations of the first few eigenpairs of the building model.
It can be seen that the proposed method takes significantly lesser computational time
compared to the brute-force method. The proposed method achieves an O (102) gain
in computational efficiency for all the four cases considered.

Figure B.7] shows the histograms of the first four eigenvalues of the system along
with the locations of the respective means. Once the histograms have been computed,
expert judgement along with trial and error can be used to postulate an appropriate

probability density function for the variables of interest.
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(c) I = 10%, N, = 20% (d) I = 20%, N, = 40%

Figure 3.5: Effect of N, and N, on the Error in Eigenvalues (Example 2)

3.4.4 Example 4: Cedar Avenue Bridge Model

The final example considers the computational model of an actual bridge, the Cedar
Avenue bridge, in order to demonstrate the computational efficiency of the proposed
method when applied to a real life system. The bridge is located in the metro area of
the Twin Cities in Minnesota. Thompson and Schultz [204] created a finite element
model of the Cedar Avenue Bridge in SAP2000 [205] using 3D frame and shell elements.
Figure[3.8 shows a photograph and the finite element model of the Cedar Avenue bridge.
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k, = uniform(1 x 105,9 x 105) N/m
k, = uniform(1 x 10%,9 x 10°) N/m
ko = uniform(5 x 10%,1.5 x 10°) N - m/rad

Figure 3.6: 3D Building with Base Isolator Layer

The bridge model is equipped with a scissor jack apparatus as shown in Figure
to provide counter moments in order to reduce the moment range experienced by certain
joints. Gastineau et al. [206] developed the finite element model of the modified bridge
consisting of 17,687 degrees-of-freedom as shown in Figure The modification
apparatus is connected across four joints, thereby causing a rank-8 perturbation in the
system’s stiffness matrix. The stiffness properties of the modification apparatus are
assumed to be uncertain, modeled using a uniform distribution within a 4% range of
the corresponding nominal values.

Table B.7 shows the required computational times and gains in computational
efficiency for 1,000 and 10,000 sample realizations of the computation of eigenvalues

and corresponding eigenvectors of the system. The proposed method achieves O (103)
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Table 3.6: Computational Times and Efficiency Gain Ratios for Example 3
(for 10,000 samples)

I 11
# of modes computed= 10 20 10 20
Brute-force method 3337.84 sec | 4374.47 sec | 3335.77 sec | 4406.36 sec
CPU time (¢) (55.63 min) | (72.91 min) | (55.60 min) | (73.44 min)
Proposed method 4.41 sec 8.38 sec 5.94 sec 11.55 sec
CPU time (tp)
Computational efficiency 757.52 522.32 561.81 381.61
(to/t5)

I: computation of statistics of eigenvalues only
IT: computation of statistics of both eigenvalues and eigenvectors

gain in computational efficiency when 10,000 sample realizations are computed.

Table 3.7: Computational Times and Efficiency Gain Ratios for Example 4

1,000 samples 10,000 samples
# of modes computed= 2 10 2 10
Brute-force method 4.6 days 5 days 1.5 months | 1.7 months
CPU time (tp)
Proposed method 14 minutes | 15 minutes | 19 minutes | 22 minutes
CPU time (tp)
Computational efficiency 488 488 3410 3416
(/1)

3.5 Conclusions

This chapter presented the development of an efficient computational methodology for
the modal analysis of linear systems with local stiffness uncertainties. The proposed
method, outlined in Algorithm 2] assumes that the sub-spectrum of interest of a nominal
system has already been computed. The relevant sub-spectrum of the related systems
was computed by projecting the associated eigenvalue problems in a reduced dimensional
linear generalized coordinate space. The basis of this reduced dimensional space was

constructed by augmenting the sub-spectrum of the nominal system with additional



99

250
200r
1501
100+
50r
%

(a) First eigenvalue (b) Second eigenvalue
140 T T T 140
1201 1 1201
1001 1001
80r 80r
60r 60r
40t 401
20r 20r
: :

40 60 (%O 100 120 137.5 138 1%8.5 139 139.5
3 4
(¢) Third eigenvalue (d) Fourth eigenvalue

Figure 3.7: Histograms of First Four Eigenvalues (Example 3)

enrichment vectors that utilized the knowledge about the pattern of the modifications
of the related systems. Theoretical error bounds on the eigenvalues and the eigenvectors
of the related systems computed using the proposed method were also discussed along
with the theoretical computational costs associated with the proposed method.

Four numerical examples were presented to highlight different aspects of the
proposed method. The first example demonstrated the numerical accuracy of the
proposed method along with the usefulness of the error bounds in predicting the

expected errors in the approximations. In addition, a parametric study was also



(a) Photograph of the Bridge (b) FE Model of the Bridge 15_4]]

Figure 3.8: Example 4: Cedar Avenue Bridge Model

(a) Scissor-Jack Apparatus M]

A ET\TD B

(b) Model of the Bridge with Apparatus dﬂ]

Figure 3.9: Modified Bridge Model

performed to investigate the effect of the size of the reduced dimensional linear space
along with the magnitude of the modification of the system on the associated errors in
the computation of the eigenvalues and the eigenvectors.

The second example demonstrated the effect of the size of uncertainty on both the

computational efficiency and the numerical accuracy of the proposed method. The
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behavior of the errors in the approximate eigenvalues and the eigenvectors with respect
to the size of the reduced dimensional space was also shown. The parametric studies
performed for the first two examples showed that the numerical accuracy of the proposed
method was not affected by either the magnitude or the size of the uncertainty in the
system. In real applications, such parametric studies can be utilized to estimate the
size of the reduced dimensional basis that would be required in order to satisfy a given
error tolerance.

The third example showed the application of the proposed method to a
moderate-sized computational model with local stiffness uncertainties. A gain
in computational efficiency of O (102) was observed.  Histograms of the first
four eigenvalues were also presented which could be utilized to postulate relevant
probabilistic description of the outputs of interest. The final example considered the
computational model of a real structure; a gain in computational efficiency of O (103)
was observed. As hoped, the gain in computational efficiency demonstrated by the

proposed method was magnified for the larger dimensional computational model.



Chapter 4

Frequency Domain Response of

Systems

This chapter discusses the development of an exact method for the frequency
domain analysis of an LTI system with local uncertainties in damping and stiffness
characteristics. The proposed method is not restricted by the structure of the system
uncertainties as long as the system remains stable with probability one. In general, the
system matrices can be non-symmetric and the system is not required to have classical
damping. Moreover, there is no effect of the magnitude of the uncertainties on the
accuracy of the solution. The proposed method can be utilized to efficiently compute
the relevant statistics related to the transfer function matrix of a system and/or the
PSD of the system’s response when subjected to a stationary random input given as its
PSD.

The equations of motion of an n-dimensional LTI system can be written in the

frequency domain as

(Ms2 +Ds+K) X(s) = F(s) (4.1)

where M, D, and K € R™® are the mass, the damping, and the stiffness matrices of
the system, respectively; X(s) is the response of the system in the frequency domain;
F(s) is the input to the system in the frequency domain; and s is a complex frequency
domain parameter. The system given by (4.]) will be referred to as the ‘nominal’ system

in the remainder of this chapter. It should be noted that unlike the previous chapter,

62
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no assumptions regarding the symmetry or the positive-definiteness of the mass, the
stiffness and the damping matrices is necessary for the developments in this chapter.

The frequency domain response of ([Il) can be written as
X(s) =H(s)F(s) (4.2)
where H(s) € C™ is the system’s transfer function matrix given by
H(s) = (Ms> + Ds+K) . (4.3)

When the input to the system, F(s), is random and prescribed by its PSD, Sgp(w), the

PSD of the response can be directly computed as
Syx (w) = H(w)Sgr(w)HM (w) (4.4)

where H(w) € C™ is obtained by substituting s = w in (4.3).
The equations of motion of an LTI system with stiffness and damping uncertainties

can be represented in a form similar to (41 as
[M52 + Dus+ Ky | V(s) = F(s) (4.5)

where the mass matrix, M, is the same as that in (£]]) and the random stiffness and
damping matrices, D, and K,, can be represented as perturbed forms of the nominal

stiffness and damping matrices, D and K, as

D, =D + AD (4.6)
K, =K + AK (4.7)

where AD, AK € R™ are matrices of ranks IV,,, and N, , respectively, and are assumed
to contain all of the uncertainty of the system. Since the uncertainties have been
assumed to be local in nature, IV,, < n and N, < n which implies that AD and AK

are relatively sparse matrices and can be represented without loss of generality as

AD = L,6D (4.8)
AK = L,0K (4.9)

where 6D € R and §K € RV»» are dense matrices containing the uncertainties in

the damping and the stiffness of the system, respectively. Ly € R™ra and L, € R™Vrx
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denote the positions of these uncertainties in the system and are permutation matrices
comprising of zeros and ones. It should be noted that the representation of AD and AK
as in (AL8) and ([@3)), respectively, allows for non-symmetric perturbations in the system
unlike the representation used for AK in the previous chapter. Such perturbations may
take the form of modifying entire rows in the D and the K matrices instead of just
modifying a diagonal block, as in the situation when a feedback control is imposed on
the system.

It is possible to combine the matrices L and Ly in one matrix, L, as
L=L;ULy (410)

where ‘U’ signifies the combination of only the unique columns of the matrices Ly and
Lj. L is of size nx N, where IV, is the total number of unique columns in L; and L. 6D
and 0K are transformed to matrices of size N,xn containing zero rows at appropriate
locations. In the worst case, when the uncertainties in the damping and that in the
stiffness are present at completely different locations, these combined matrices can be
formed with a slight abuse of notation as

L=[L; L], éD= . 0K = | Nean| 411
Lo Ly [ON] [ iy (4.11)

In the simplest case, when the locations of the uncertainties in the damping and the
stiffness coincide, i.e., Ly = Lj, the structure of the matrices 0D and K remains
unchanged and

L=L;=L. (4.12)

Using the combined L matrix, the uncertain portions of the damping and the stiffness

matrices, AD and AK, can be rewritten as

AD = LD (4.13)
AK = LéK. (4.14)

In the remainder of the chapter, (AI3]) and (@I4]) will be utilized to represent the system
uncertainties instead of (4.8) and (4.9) for the sake of brevity. Although the size and the
structure of 4D and /K matrices are different in these two sets of equations, the same

mathematical symbols have been employed to represent these matrices. In general, éD
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and 0K will represent N, xn matrices, as in ([L.I3]) and (£I4) unless otherwise noted; a
distinction in notation will be made where necessary.

The following section will discuss a conventional method to compute the statistics
of the relevant components of the transfer function matrix and the PSD of the system’s
response. It will be referred to as the ‘brute-force method’ in the remainder of the
chapter. Next, a new approach will be proposed for the frequency domain analysis
of LTI systems with local uncertainties in damping and stiffness. A specialized case
of the proposed method, applicable to scenarios where the uncertainties arise only as
diagonal blocks, will also be discussed. Finally, numerical examples will be presented to
demonstrate the computational efficiency of the proposed method as compared to that

of the brute-force method.

4.1 Brute-Force Method

The frequency domain response, the transfer function matrix and the PSD of the

response of the uncertain system can be computed, respectively, as

V(s) = Hy(s)F(s) (4.15)
H,(s) = (Ms® +D,s +K,) (4.16)
Svv (W) = Hy (w)See(w)H (w). (4.17)

When the input to the system is present only at Ny < n degrees-of-freedom and the
output of only N, < n degrees-of-freedom of the system is required, (AIT) can be
rewritten as

Syv = Hy(1: N,,1: Np)SeeHI (1: N, 12 Ny). (4.18)

([41]) again utilizes the Matlab-notation introduced in Chapter[Band is computationally
more efficient compared to (AI7) when the response of the entire system is not required.
In this special case, it should be noted that the size of S¢r and Sy will be Nyx Ny and
Nyx N,, respectively. Employing a sampling-based approach, the mean of the transfer

function matrix and the PSD of the system’s response can be computed using the
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following unbiased estimators:

N,
1 Qs
HH, (5) = E ; Hg)(s) (4~19)
1 & o0)
_ J
Hsvy () = 5 Z; SVe (w) (4.20)
]:

where Ny is the number of samples computed. Algorithm [3] outlines the brute-force
procedure to compute the statistics of the transfer function matrix and PSD of the
system’s response. The computational cost associated with a particular step is listed in
parentheses. The total computational cost associated with computing all the samples

of the transfer function matrix and PSD of the system’s response will respectively be

Cb,H = Nf’/‘eq |:§Nsn3:| (421)
Chs = Nyreq {NS <§n3 L ANZN, + 4N0Nf2>] . (4.22)

Algorithm 3 Brute-Force Method to Compute V(s) and/or Syv (w)

Require: M, D, K

: Populate complex parameter s in desired range

2: Generate samples of AD and AK (—)
: for all samples of AD and AK do

—_

3
4: for all s do

5 Compute D,, and K, using (£0]) and (4.7 (—)
6: Compute H,, using (4.10]) (8n3/3)
7 Compute Sy using ([AI8]) (AN2N; + 4N0NJ?)
8: end for

9: end for

10: Compute statistics from the generated samples
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4.2 Proposed Method

The equations of motion of the uncertain system given by (&3] can be rewritten using
(#6) and (£1) as

[(Ms® +Ds +K) + (ADs + AK)]V(s) = F(s). (4.23)
(#23) can again be rewritten exploiting the form of the uncertain matrices, AD and
AK, given by ([£I3) and ({I4) as

[(Ms® + Ds + K) + L(6Ds + 6K)]V(s) = F(s). (4.24)

Let the frequency domain response of the uncertain system, V, be represented in terms

of the response of the nominal system as
Vi(s) =X(s)+H(s)P(s) (4.25)
where
H(s) = H(s)L (4.26)

and P is an unknown force accounting for the uncertainties in the damping and the
stiffness. It should be noted that the computation of H in ([@26) will not require a

matrix-matrix multiplication; H can be obtained by choosing appropriate columns of
the matrix H. From ([@1]), (£24]) and (£25), P is given by

P = —[Inw, + (6Ds + 0K)H] " (dDs + 0K)X. (4.27)

From (@.20) and ({.27), the frequency domain response of the uncertain system is given
by
V= [Iw — H[Inp, + (0Ds + 6K)H] (6D + 5K)} HF. (4.28)

From (£.28)), the transfer function matrix, H,,, of the uncertain system is simply
H, — [Im — H[Inp, + (0Ds + 6K)H] (6D + 5K)} H. (4.29)

Once the transfer function matrix has been computed, the PSD of the response of the
system can be directly computed from (£I7). Relevant statistics can then be computed
using ([AI9) and (£20). It should be noted that (£29]) can be utilized to compute
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Algorithm 4 Proposed Method to Compute V(s) and/or Syv (w)

Require: M, D, K
1: Populate complex parameter s in desired range
2: Compute H using (43 ((8/3)Nfreqn®)
3: Generate samples of AD and AK (—)
4: for all samples of AD and AK do
5. for all s do

6: Compute 6D and 0K conforming to (£.13]) and (4.14) (—)
7: Compute H(s) using (E286) (—)
8: Compute auxiliary matrix B; = (6Ds + 6K)H (4nN§)
9: Compute auxiliary matrix Be = [In v, + Byt (SN}‘:’ 3)
10: Compute auxiliary matrix B3 = B2 (0Ds + dK) (4nN})
11: Compute auxiliary matrix By = HB; (4nN,N,)
12: Compute H,, using B1, By, B3, B4 in (429 (—)
13: Compute Sy using ([AI8]) (AN2N; + 4NONJ%)

14: end for
15: end for

16: Compute statistics from the generated samples

only the required columns of H, rather than computing the entire matrix. Algorithm @]
outlines the procedure of the proposed method to compute the statistics of the uncertain
system response.

The total computational cost of the proposed can be found by summing the

individual computational costs given in Algorithm [ as

8 8
Coti = Nireg [3n3 N, <3N§ +8nN2 + 4nNoNp>} (4.30)

Cp.s = Nireq [§n3 + N, <§N§ +8nN] + 4nNoN,, + ANy N + 4N}No)] (4.31)

where C), i and C), g are the computational costs associated with the computation of
the transfer function matrix and the PSD of the system’s response, respectively. The

gains in computational efficiency expected from the proposed method can be computed
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from (£21), (£22), ([A30) and (£37]) and are given by

Co, 1 8 Nyn3
G = = e (4.32)
wH  51° + Ny (3N} + 8nN2 + 4nN,N,)
8.3 2 2
o N, (gn +4N2N; + 4AN,N )
Gg = bS8 _ ° d (4.33)

Cos ™ 305+ N, (VG + 8nNG + 4nNoN, + ANy NZ + ANFI)

where Gy and Gg are the expected gains in the computational efficiency associated
with the computation of the transfer function matrix and the PSD of the response of
the system, respectively. As N; — oo, the asymptotic values of the gains in efficiency

are given by

G = S0 57’ (4.34)
100 Cpr ~ SN3 +8nN2 + 4nN,N,, '
8,3 2 2
c 813 £ AN2N; + AN,N
G0 = 222 = 3 ol ST (4.35)

T Cps §NJ+8nNZ+4nNoN), + 4Ny N2 + 4NFN,

Since Ny, N, < n and n3 > n? for large-scale systems, the numerator of (Z35) can be
approximated as 8n3/3 (same as that in (£34)).

Until now, the development has dealt with general form of uncertainties that
perturb entire rows of AD and AK matrices, as discussed earlier. However, strictly
diagonal-block perturbations are much more common in civil structures. In such
scenarios, the uncertain portions of the damping and the stiffness matrices, AD and

AK, can be written as

AD = LéDLT (4.36)
AK = LSKL'. (4.37)

In (@.36) and (@37), 0D and JK will be N, x N, matrices. The transfer function matrix
of the system is given by

H, = Ly — H[In,wv, + (6Ds + 0K)LTH] 1 (5Ds + 5K)LT} H. (4.38)

The PSD of the system’s response can be computed using (LI7) as earlier. The



associated computational costs now become

20 _ .
Cp,H - Nfreq |:§’n,3 + NS (3ON;S + 8N0Np2>:|

8 20
Cps = Njreq [n3 + N, <N§ + 8N, NZAN;NZ + 4N}No>] :

3 3

The expected gains in computational efficiency can be shown to be

G Co. o _ S Nyn?
"7 Con 03+ N, (2N 1 8N,N2)

o Cis N, (§n° + ANZN; + 4N, N3 )
5 = =

As Ny — 00, the asymptotic values of the gains in efficiency are given by

GHoo = Chr _ an
> Cpn ZN3 +8N,N2
Chs §n® + ANZ Ny + 4N, N7
Gsoo = = =

7 Cps PN +8N,NZ + ANpN2 + 4N2N,’

Cos  $n3+ N, (RNF + 8N,NZ + AN;NZ + ANZN, )
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(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

Again, the numerator of (£35) can be approximated as 8n%/3 as discussed earlier.

Limiting values of the expected gains in computational efficiencies depend upon the

relative magnitude of N, and N,. Keeping only the highest-order terms, following

asymptotic gains in computational efficiencies can be obtained:

e N, =~ N,
8,3 3
ne= s 11 (5
3°'p p
8,3 3
=g 1 (%)
3°p p
e N, >N,
8.3 3
GH,oo ~ Q%R 3 2 <]$>
?Np 5 p
o 8n3 2 ( n )3
S,00 ~ 20 =z NT
gNg 5\ N,

(4.45)

(4.46)

(4.47)

(4.48)
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e N, >N,
8,3
2N
GHoo ® 55 (4.49)
D N3 + 8N, N2
8,3 3
Sn 2N, n
G~ 3 - =22 . 4.50
S0 T UNZ T 3 (N) (4.50)

Appropriate theoretical descriptions of the gains in computational efficiency can
be chosen based on the characteristics of the system involved. The usefulness of

(£45)-(450) will be demonstrated by means of a numerical example in the next section.

4.3 Numerical Examples

The first example considers a base-excited multi-story shear beam building model. The
PSD of the response of the top story is computed by the brute-force method and the
proposed method. These are compared to illustrate the exact nature of the proposed
method. The second example considers a cantilever beam with part of the beam resting
on a Winkler foundation and is used to illustrate the gains obtained in the computational
efficiency using the proposed method. The third example considers a base-isolated 3D
building model subjected to an earthquake ground motion. The Monte Carlo simulation
method is used to estimate the response characteristics of the building. The final
example considers the computation of the transfer function matrix of a real structure,
the Cedar Avenue bridge. In addition to illustrating the use of the proposed method
to compute response characteristics, the final two examples also emphasize the gains in
the computational efficiency of the proposed method obtained for large-scale systems.
It should be noted that it is assumed that the parameter uncertainty is independent of
the load uncertainty in all the examples.

The proposed method was implemented both in C+4 and Matlab®), version
7.8.0.347 (R2009a). Results of the first two examples were obtained from the C++
implementation while that of the final two examples were obtained from the Matlab
implementation. The first three numerical studies were performed on a Dell 490
Precision workstation, with a processor speed of 3.0 GHz and 8 GB of RAM while the
final study utilized a machine equipped with two 2.40 GHz Intel Xeon E5530 quad-core
CPUs with 16 GB of RAM.
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4.3.1 Example 1: Multi-story Building Model

An isolated 10-story shear-beam building model is considered as shown in Figure E11
The stiffness and the damping of the base layer are perturbed from their nominal values
by Aky = 10 MN/m, and Ac¢y, = 2 MN - s/m. The model is assumed to be subjected
to ground acceleration, which is modeled using the stationary Kanai-Tajimi spectrum

given by
1+ 4C§(W/Wg)2

[1— (w/wg)?]? + 4¢3 (w/wy)?

where Sg4(w) denotes the PSD of the ground acceleration, (4 is the ground damping,

Sgg(w) = S(] (4.51)

wyg is the predominant ground frequency, and Sy is the intensity of ground acceleration.
These values are chosen so as to simulate an intensity equal to that of the N-S component
of the 1940 El-Centro earthquake on firm ground conditions ({; = 0.6, wy = 15.7 rad/s,
and Sy = 0.00427 m?/s? - rad).

The equations of motion of the nominal building model can be written as

mptip + Cpliy + kpup = — mbég + et + kxq (4.52)

Mx 4+ Dx + Kx = — M1(iiy + Z,) (4.53)

where, ¢, and k;, are the isolation parameters, uy is the displacement of the base relative
to the ground displacement, x is the vector of floor displacements relative to the base, Z,
is the ground acceleration, and 1 is a vector with each element equal to unity. (£52]) and

(Z53) can be recast into the desired form of (ZI]) using simple algebraic manipulations.

The PSD of the response of the top story, as computed by the brute-force method
and the proposed method, is shown in Figure .2l which shows that the proposed method
does indeed produce exact results. The 2 — norm of the difference between the PSDs of
response of the top story computed using the brute-method and the proposed method is
5.6288 x 10—, which is of the order of the machine epsilon and hence, can be attributed
to round-off errors in the floating point operations and the numerical condition of the

pertinent matrices.
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Figure 4.1: Example 1: Multi-storied Building

4.3.2 Example 2: Cantilever Beam Model

A cantilever beam partially supported on a Winkler foundation is considered as shown
in Figure B4 The mass and the stiffness matrices for the beam are generated
using a finite element formulation using standard 2-dimensional Eiiler-Bernoulli beam
elements. The beam is discretized with 101 nodes, which corresponds to n = 200 active
degrees-of-freedom. Rayleigh damping is assumed with D = oM + K, a = 0.04309,
and 8 = 0.009708. The nominal system for this example is simply the cantilever beam
without any foundation. The equations of motion for the nominal system can be written
as in (2.1)) and that for the uncertain system can be written as in (Z.54]).

The stiffness of the individual springs used to model the Winkler foundation is
assumed to be uncertain, with a uniform distribution between 3EI/L? and 12E1/L3.
The uncertainty in the foundation damping comes indirectly from that in the foundation
stiffness. In terms of prescribing the AK and AD matrices, the uncertain Winkler
foundation translates to adding nodal springs of uncertain stiffness to the beam which,

in turn, corresponds to adding uncertain terms to the elements of the main diagonal of
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both the system stiffness and the damping matrices, respectively.
The input force, f(t), is a vertically downwards tip-load, assumed to be an AR(1)
process with its PSD given by

~ 1+4+a—acos(w)

Spp(w) (4.54)

where Sy = 200 is the intensity of the load and a = 0.7 is the autoregressive filter
coefficient.

This example was used to investigate the computational efficiency of the proposed
method. Various cases were considered to test the efficiency of the proposed method
under different amounts of uncertainty present in the system. The effect of the
number of degrees-of-freedom whose output is desired was also studied. To vary the
amount of uncertainty, the length of the beam supported on the Winkler foundation,
I, was increased from 1% to 39% of the length of the beam. The number of output
degrees-of-freedom was varied by selecting equidistant points on the beam whose output
was computed. In terms of the nomenclature used in the expected efficiency gain

functions, N, was varied from 1% to 20% of n and N, was varied from 1% to 100% of n.
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The gains in computational efficiency are presented in Tables . IHL3l  Figure 3 shows

Table 4.1: Gains in Computational Efficiency for Example 2
(N, = 1% of n)

Ng | Np(% of n) = 1% 5% | 10% | 20%

1 0.96 0.98 097 | 0.94

10 9.72 9.25 9.20 | 7.00

100 96.47 | 89.23 | 61.96 | 20.14

1000 | 927.02 | 496.57 | 144.28 | 24.69

10000 | 6643.75 | 914.08 | 167.79 | 26.45

Table 4.2: Gains in Computational Efficiency for Example 2

(N, = 20% of n)
N, | Np(% of n) = 1% | 5% 10% | 20%
1 0.99 0.97 0.96 | 0.93
10 9.79 9.52 8.94 | 6.55
100 99.12 | 81.15 | 52.09 | 16.53
1000 | 783.04 | 324.70 | 99.78 | 19.51
10000 | 2452.65 | 463.12 | 110.05 | 21.43

Table 4.3: Gains in Computational Efficiency for Example 2

(N, = 100% of n)
N Np(%ofn) = | 1% | 5% | 10% | 20%
1] 098] 0.86| 094 | 0.86
10| 826 | 3.68 | 6.05| 3.68
100 | 33.34 | 5.57 | 15.52 | 5.57
1000 | 48.06 | 34.30 | 18.13 | 5.87
10000 | 49.96 | 35.29 | 19.10 | 5.95

the observed gains in computational efficiency compared to those theoretically predicted
by (£45)-(.50) for Ns = 10,000. It can be observed that the theoretical expressions
given in (£.40)-(£50) accurately predict the expected gains in computational efficiency

for smaller problem sizes. For larger problem sizes, the deviation of the theoretical
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Figure 4.3: Theoretical vs Observed Gains in Computational Efficiency for Example 2

predictions can be attributed to data latency caused due to the large size of data
structures involved that cannot be accommodated entirely within the processor’s cache
memory.

It is evident that the proposed method is computationally very efficient, yielding
@) (103) efficiency gains compared to the brute-force method for small values of IV, and
N,. Even when all the degrees-of-freedom are required, which is seldom the case in real
applications, the proposed method offers an O (101) gain. Further, it can be noticed
that as the size of the system uncertainty (IN,) is increased, the computational efficiency
of the proposed method decreases, which is a direct consequence of the fact that the
principal component of the efficiency of the proposed method is the inversion of an

N, x N, matrix instead of a full nxn matrix.

4.3.3 Example 3: 3D Building Model with Base Isolation Layer

A 615 degree-of-freedom three-dimensional steel building, as shown in Figure B.6l is
considered to illustrate the computation of stochastic response characteristics using
the proposed method. The building is modeled using a finite element formulation
and is assumed to be isolated from the ground through a bed of translational and

rotational springs and a rigid block mass, M. This isolation bed is subsequently
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lumped into three springs and dashpots at the center of mass of the base block. The FE
model of the building itself contributes 612 degrees-of-freedom, while the remaining
3 degrees-of-freedom are contributed by the rigid mass (two translations and one
rotation). Rayleigh damping is assumed for both the building and the rigid mass. The
proportionality coefficients of the damping model for the building are apyiiding = 0.4507
and Bpuilding = 0.0011 and for the rigid mass are aplock = 0 and Bpiocc = 0.002.

The stiffnesses of the translational and the rotational springs that connect the rigid
mass to the ground are assumed to be independent random variables as described in
Figure The uncertainty in the damping is induced indirectly by the uncertainty
in the stiffness by employing the same relationship as for the nominal system. A
Kanai-Tajimi spectrum is used to model the input ground acceleration, identical from
the first example.

To compute the statistical characteristics of the response of the building, 10,000
simulations of the response of the building were computed using the proposed method.
Figure 4] shows five samples of the PSD of the relative base drift of the model out of
the 10, 000 samples that were generated. It can be seen that the first mode of the system
shifts significantly because of the uncertainties in the isolation springs. Figure shows
the mean PSD of the relative base drift of the uncertain system, with N; = 10,000,
along with the PSD of the relative base drift of the nominal system. In addition to
reiterating the fact that the fundamental frequency of the system shifts, the PSD also
shows that the average energy of the system response spreads over a wide frequency
range instead of being confined to a narrow-band as for the nominal system. The limits
on the y-axis are curtailed to depict this behavior clearly. In the inset, full PSD of the
base drift of the nominal system is presented to show that the system is stable.

In order to account for all significant natural frequencies, and obtain a better
quantitative estimate of the system’s response, the frequency resolution and the range
are increased for this example. The time of run for the brute-force method for the
generation of the required 10,000 samples is projected from the computational time
required for 1 iteration, and that for the proposed method is the actual computational
time. The estimated time to generate 10,000 samples of the output PSD using the
brute-force method is 588.17 x 10% seconds (~ 68 days), and that using the proposed

method is 1375.70 seconds (~ 23 minutes). This corresponds to an efficiency gain of
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about 4,275.42 times.

4.3.4 Example 4: Cedar Avenue Bridge Model

The final example considers the computational model of an actual bridge, the Cedar
Avenue bridge, in order to demonstrate the computational efficiency of the proposed
method when applied to a real life system. The bridge is located in the metro area of
the Twin Cities in Minnesota. Thompson and Schultz [204] created a finite element
model of the Cedar Avenue Bridge in SAP2000 [205] using 3D frame and shell elements.
Figure[3.8 shows a photograph and the finite element model of the Cedar Avenue bridge.

The bridge model is equipped with a scissor jack apparatus as shown in Figure
to provide counter moments in order to reduce the moment range experienced by certain
joints. Gastineau et al. [206] developed the finite element model of the modified bridge
consisting of 17,687 degrees-of-freedom as shown in Figure The modification
apparatus is connected across four joints, thereby causing a rank-8 perturbation in the
system’s stiffness matrix. The stiffness properties of the modification apparatus are
assumed to be uncertain, modeled using a uniform distribution within a 4% range of

the corresponding nominal values.
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Table 4 shows the required computational times and gains in computational
efficiency for 1,000 and 10,000 sample realizations of the transfer function matrix of
the system. The proposed method achieves O (102)—(’) (103) gain in computational
efficiency when 10, 000 sample realizations of the transfer function matrix of the system
are computed. The full transfer function matrix of the system has been computed
approximately using its first 500 smallest magnitude eigenvalues and corresponding

eigenvectors for both the brute-force and the proposed method.

4.4 Conclusions

This chapter presented the development of an efficient computational methodology for
the determination of the transfer function matrix of LTI systems with local damping
and stiffness uncertainties. The proposed method, outlined in Algorithm M| utilized

the frequency response of an underlying nominal system to compute the response of
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Table 4.4: Computational Times and Efficiency Gain Ratios for Example 4

1,000 samples 10,000 samples
# DOFs computed= 2 10 2 10
Brute-force method 1.2 months | 1.2 months | 12 months | 12 months
CPU time (tb)
Proposed method 81 minutes 2 hours 5.6 hours | 13.8 hours
CPU time (tp)
Computational efficiency 640 405 1534 625
(to/tp)

a family of related systems. The principal component of the computational efficiency
of the proposed method was the reduction of the size of matrices being inverted from
nxn to NpxNp,. Some characteristics of the proposed method that make it a versatile

procedure that can be utilized in many application scenarios include:
e ability to accommodate non-symmetric system matrices
e ability to accommodate non-symmetric perturbations in matrices
e ability to accommodate non-classical damping
e ability to directly compute the output of only selected degrees-of-freedom
e absence of any approximations in the analytical development

Four examples were presented to highlight various aspects of the proposed method.
The first example demonstrated the exact nature of the proposed method. The
magnitude of the errors were found to be of the order of the machine epsilon, which can
be attributed to the truncations involved in finite arithmetic and conditioning of the
pertinent matrices. This exactness was also verified for the other examples.

The second example demonstrated the computational efficiency of the proposed
method for various combinations of N,, the size of system uncertainty, and N,, the
number of outputs computed. The results also showed the usefulness of the theoretical
computational efficiency gains computed in Section These theoretical expressions

appropriately described the observed gains in computational efficiency.
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The third example concerned the application of the proposed method to a
moderate-sized computational model with local damping and stiffness uncertainties.
Computational gains of O (103) were observed. The final example demonstrated the
application of the proposed method to the computational model of a real structure;

gains in computational efficiency of O (102)—(’) (103) were observed.



Chapter 5

Time Domain Response of

Systems

This chapter discusses the development of a computationally efficient method to analyze
time-invariant dynamical systems with localized nonlinearities and/or uncertainties in
the time domain. The proposed method utilizes a nonlinear Volterra integral equation
(NVIE) based solution procedure; a Newton-Gregory quadrature scheme is utilized to
discretize the governing system of NVIEs. The proposed method is (i) able to directly
compute the response of only a selected subset of the full response, (ii) able to handle
both smooth and non-smooth nonlinearities, and (iii) demonstrates good computational
efficiency so that a large number of samples can be computed for use in uncertainty
quantification procedures. Moreover, the proposed method has been developed in
state-space and can thus be applied to a wide range of dynamical systems.
The equations of motion of an n-dimensional LTI system can be written in the time
domain as
x(t) = Ax(t) + BE(t), x(to) =, (5.1)
where A € R®? ig the system matrix, B € R?f is an influence matrix, x € RZ is the
state-vector, and f € R™/ is the input vector. The system given by (5.I) will be referred
to as the ‘nominal’ system in the remainder of this chapter. The time domain solution,

x(t), of (BI) can be written using the convolution integral as

x(t)

h(t — to)x, + / "Wt - BE(dr (5.2)

to

82
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where h(t) € R®% is the impulse response matrix of the system given by
h(t) = eAl. (5.3)

The equations of motion of a time-invariant dynamical system with local

uncertainties and nonlinearities can be written as
v(t) = Av(t) +Bf(t) + Lu(¥), v(to) = v, (5.4)

where u(v) € R is a nonlinear and/or uncertain vector function that prescribes
the nonlinear relationships and the uncertainties of the system; L € R2Me is an
influence matrix that maps the nonlinearities and the uncertainties to appropriate
degrees-of-freedom of the system; v = Lijv € RNk is the reduced state-vector and
represents only those states (or a linear combination of the states) on which the
function u depends and L; € RV¥2 is another influence matrix used to obtain the
reduced state-vector from the full state-vector. The systems of interest have the key
characteristics that

Ny <n and Ny<n (5.5)

due to the spatial locality of the nonlinearities and the uncertainties.

The next section will discuss a conventional method to compute the statistics of
the relevant components of the time domain response of (5.4]). It will be referred to
as the ‘brute-force method’ in the remainder of the chapter. The subsequent section
will develop the new approach that can be utilized to compute the response of (5.4
in a computationally efficient manner. Finally, numerical examples will be presented
to demonstrate the error behavior and the computational efficiency of the proposed

method as compared to the brute-force method.

5.1 Brute-Force Method

Several methods can be utilized to perform the numerical integration of the system
of ODEs in (5.4) to obtain the time domain response of the system. An explicit
fourth-order Riinge-Kutta method will be employed here. A sampling-based approach

will be applied to perform the uncertainty analysis of the system’s response. If N;
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samples of the state-vector, v, are computed, the mean and the covariance response of

the system can be computed using the following unbiased estimators:

N
pe(0) = >y ) (5.6
s j=1
TAL , . T
Loo(t) = v > (v =iy () (v 1) = 1o (1)) (5.7)
S le

Algorithm [ outlines the brute-force procedure to compute the statistics of the time

domain response of the system. The total computational cost associated with computing

Algorithm 5 Brute-Force Method to Compute Time Domain Response of (5.4)
Require: A, B, L, u, L,
1: Generate N, samples of the load, f

2: Generate N, samples of the uncertain parameters in v

3: Ns = Ns,;N;,

4: for all samples of f do

5:  for all samples of v do
6 Solve (5.4) using explicit fourth-order Riinge-Kutta method (4Nyn?)
7. end for
8: end for

9

. Compute required statistics using (5.6 and (5.7)

all Ny samples of the time domain response of the system will be

Cy = AN Nyn?. (5.8)

5.2 Proposed Method

The response of (0.4) can be written in terms of the response of the nominal system,
(510), using the superposition principle as

t

v(t) = x(t) + / by (t - r)u (¥(r)) dr (5.9)

to
where x(t) is the response of the nominal system subjected to the given input, f(¢),

and h; () is the response of the nominal system subjected to a unit impulse applied in
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the pattern of L; i.e., if §(¢) is the Dirac’s delta function, h; (t) is the response of the
following system of ODEs:

hy (1) = Ahy (t) + Lo(t). (5.10)

(B9 is a system of n NVIEs of the second kind. The dimensionality of the system of
NVIEs in (5.9) can be reduced by recognizing the fact that the kernel of the system of
NVIEs depends only on the Ni-dimensional reduced state-vector, v, rather than the full
n-dimensional state-vector. To achieve this dimension reduction, an unknown function,

p(t), can be defined as
p(t) =u(¥(t)) (5.11)
which is the force exerted by some nonlinear and/or stochastic element of the system.
Since the function u depends only on the reduced state-vector, v, (5.9) can be
rewritten for the Ny states present in v using (5.11]) as

t

(1) =%(1) + / by (t - r)p(r)dr (5.12)

to

[<)

where X = Lix € R"* is the required subset (or linear combinations) of the response
of the nominal system and EL = Lih; is the required portion of the corresponding

impulse response matrix of the linear system. Substituting (5.12) in (B.11]) yields

(1)~ (%0 + [ By Mp(rir) = Oxya (5.13)

0
which is a system of N NVIEs written in a non-standard form and which can be solved
to obtain the unknown force, p. Once p is known, the desired states of the nonlinear

system can be computed subsequently as

y(6) = Cy = [x(t)+ [ (¢~ rip(ra] (510

where C is an output matrix. The non-standard form of the NVIEs achieves two
purposes: (i) it reduces the size of the system of NVIEs from n to Ny and (ii) it
allows for the computation of only the desired states of the nonlinear system by simple
convolution rather than solving a system of NVIEs.

As there are no analytical solutions of (5.13]), one must resort to numerical techniques

utilizing a time discretization. Let subscript & on a symbol denote the corresponding
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continuous function evaluated at a time ty, i.e., X, = x(tx), vj, = v(tx), hy, =hp (),
and py = p(tx). Using a Newton-Gregory integration scheme with constant time-step,
At, one can discretize (B12]) as

k

Vi =X + Al Z wz’,kﬁLkﬂ.pi (5.15)
=0

where w;; are the weights associated with the Newton-Gregory quadrature rule
employed. Welsch [207] presented an algorithm that can compute weights for an
arbitrary order Newton-Gregory quadrature rule (however, as will be demonstrated
in the numerical studies presented later in this chapter, quadrature rules of order six
or higher can sometimes demonstrate erratic convergence rates due to the higher-order
interpolations involved). The weights for quadrature rules, given in TableB.Ilup to order
six, are symmetric (i.e., w; ; = wi—; k) and all but the first and last r» = (kmin +1)/2
weights are unity (i.e., w;, =1 for i € [r,k —7]). kmin, which increases as a function of
the quadrature order, is the minimum number of steps necessary to use the quadrature
rule. An integration of shorter duration must be computed using another appropriate
solution procedure of the same order of accuracy as the quadrature rule; herein, a

matching-order Riinge-Kutta scheme has been utilized to accomplish this.

Table 5.1: Weights for Different Order Quadrature Rules

274 Order Rule (trapezoidal rule)

kmin = 1, r=1
Wok = Wek = 5

wip=1, i=r...,(n—r).
4t Order Rule
k‘mm = 5, r=3

wo k= Wk, = %, Wik = Wk—1,k = %, Wa g = Wg—2k = %i

wip=1 i=r...,(k—r).
6" Order Rule
kmm = 9, r=25

Wok = Wi = s, Wi = Wh—1% = o5b, Wo ) = Wg—_2% = 25,
w3k = Wk—3k = %, Wy = Wk—4k = %7
wip=1 i=r...,(k—r).

Although (B.I5) can be used directly to solve for the unknown force, p(t), it is
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advantageous from a computational point of view to eliminate the weights, w; 1, so that
a standard convolution-type formulation is obtained. This can be easily accomplished
by exploiting the symmetry of the weights and the fact that majority of the weights are
unity. (B.I5) can be rewritten as

k
Vi =X, + At ng_if)i (5.16)
i=0
where g = L1g and where g and p are same as h;, and p except that the first 7 terms of
the time-histories of h; and p are multiplied by wj; x; i.e., g = w;chy, and p; = w; kp;
for i € [0,r — 1], and g, = h; and p; = p; for i > r. Thus, the discretized form of the
system of NVIEs, (5.13]), can be obtained as

k
Pr — U (ﬁk + At ngi@) = Ony. (5.17)
=0

This system of nonlinear algebraic equations in py can be solved at each time-step using
a Newton’s method with a desired error tolerance. With pi denoting the estimate of px
in the j' iteration of Newton’s method, initial conditions pg = u (¥(0)) = u (L1vy),
and pg = pk—1 (i.e., using the previous time step as the initial estimate of the next

time step), the update equation of the Newton’s method can be written as

k
P, —u (ik + Athg,’k_ifai” . (5.18)

=0

ou -t
A
9% &0 t]

11 )
pgﬁ—&- :pi_[l_

In all the examples considered later in this chapter, an error tolerance of O (10_12)
was prescribed, which was typically attained in about 5 iterations. Once p is known,
the response of the desired states of the system can be directly computed using the
convolution (5.I4) by any appropriate manner such as by the same discretization and

quadrature used for the states

vy =Cyv, =C
=0

k
X, + ALY gkif)k] : (5.19)

It can be observed that the majority of the computational cost associated in solving
(BI7) comes from evaluating the convolution. If the convolution is computed in a

straightforward manner, the solution of (5.17) for V; time-steps requires the convolution
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of two vectors of length N; which will require O (Nf) operations (multiplications and
additions). It is well known that such a convolution can be computed in a much more
efficient manner, in only O (N;log N;) operations, using the FFT [208]. However, to
compute the convolution using the FFT, both the sequences being convolved must
be completely known a priori. Since this requirement is not fulfilled when solving
a Volterra equation step-by-step in time, a different approach must be taken. The
convolution space can be sub-divided into various blocks of squares and triangles, as
shown in Figure 5.1l Such a division of the convolution space allows the use of the FFT

to compute portions of the convolution, as described in the subsequent paragraphs.

T T T
A A A
Vil
111
v VI
I 11
I II v
1|1
t > t - -
Nt tNt/2 Nt tNt/4 tNt/Z t3Nt/4 tNt t

(a) (b) (c)

Figure 5.1: Sub-division of the Convolution Space
(Squares by FFT and Triangles by Quadrature Rule)

Let N; = 2! denote the total number of time points for some positive integer I. The
assumption that Ny is a whole power of 2 is crucial for an efficient implementation of
the FFT routine. Figure[5.Il(a) depicts a naive implementation of the convolution. The

solution proceeds via the following equation:

k
pk—u<§<k+AtZ’gvk_iﬁi> =0,  k=0,...,N 1. (5.20)
=0

This procedure does not utilize the FFT to compute the convolution and hence, requires
@) (N ,?Nf) operations. However, if the convolution space is partitioned in half, as shown

in Figure (.I(b), then a more efficient solution proceeds via the following steps:
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Step 1: Compute py for k =0,...,N;/2 — 1 using

k
pr—u (ik—l—Atng_iﬁi) =0; k=0,...,N,/2—1 (5.21)
i=0
. . 2N2 .
which requires O (N i Tt> operations.
Step 2: Compute py for k = N¢/2,..., Ny — 1 using

k
Pr— U <§k + AtZ@k_if)Z) =0; k=DN;/2,...,N;—1. (5.22)
=0

Since p; is now known for j = 0,..., N;/2 — 1, the convolution in (5.22)) can be

broken into two terms as

k Ni/2—1
Aty g, Bi=At Y g PpitAl Z g, .Di (5.23)
= 1=0 i= Nt/2

The first term in (5.23) can be computed using the FFT and thus requires
O (N ,?% log %) operations. The second term in (5.23]) is computed in a manner

2
similar to Step 1, requiring O (N ,f%) operations.

Thus, in this implementation, the total number of operations required is reduced to
O (NZ + NNt 10g 31).

This idea can be extended in a similar fashion with a greater number of partitions.
For instance, if the convolution space is further halved, as shown in Figure (5.1(c), the

number of operations required will be

O <N2Nt Nk—l ﬁ +N2Nt Nt) .
2 2
In the limiting case, the number of operations required for the convolution can be shown
to be O (N ,?Nt log? Nt). Algorithm [0l outlines the brute-force procedure to compute the
statistics of the time domain response of the system. The total computational cost
associated with computing all Ny samples of the time domain response of the system
will be

Cp = ANin® + Ny, Ny N; Nylog® Ny + NoNZ Ny log Ny (5.24)

where Ny is the number of Newton iterations required to solve (5.I8]) and N, is the

number of states computed.
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Algorithm 6 Proposed Method to Compute Time Domain Response of (5.4
Require: A, B, L, u, Ly
1: Generate st
Generate N, samples of the uncertain parameters in v
N, = Ny, N,,
for all samples of f do
Solve (B.1)) using explicit fourth-order Riinge-Kutta method (4N¢n?)

samples of the load, f

for all samples of v do
Solve (B.I7) using the proposed method (N2N¢log? Ny)
Compute required states using (5.19) (N2 N log Ny)

end for

end for

: Compute required statistics using (5.6]) and (5.7))

_ =
= O

5.3 Numerical Examples

This section demonstrates the method developed in the preceding section through four
numerical examples. The first example considers a multi-story shear beam building
model with a linear damping modification and will be used to examine the convergence
properties and the effect of number of partitions used in the convolution on the proposed
method. The second example demonstrates the application of the method to a system
with multiple nonlinearities by considering two shear beam building models coupled to
each other. The third example considers a 3D building model and demonstrates the
scaling of the computational efficiency of the developed method to a moderately sized
system. The final example considers the computational model of the Cedar Avenue
bridge subjected to vehicle loads and demonstrates the gains in computational efficiency
attained by the proposed method for a real structural system. The final two examples
also highlight the fact that the proposed method has significant advantages for larger
structural models and is not limited to seismic problems only. The timing studies of
the first three examples were performed on a Dell 490 Precision workstation, with a
processor speed of 3.0 GHz and 8 GB of RAM while that of the fourth example was
performed on a machine equipped with two 2.40 GHz Intel Xeon E5530 quad-core CPUs
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with 16 GB of RAM. Matlab®), version 7.8.0.347 (R2009a) was used to implement the
proposed method.

5.3.1 Example 1: Error Convergence of the Proposed Method

A base isolated 10-story shear-beam building is considered as shown in Figure The
equations of motion of the nominal building model can be written in configuration space

as

mp iy + dptty + kpup = —mbﬁg + dx1 + kxq (525)
M + Dx + Kx = — M1 (iiy + iiy) (5.26)

where dp, and k;, are the isolation parameters, uy is the displacement of the base relative
to the ground displacement, x is the vector of floor displacements relative to the base,
iy is the ground acceleration, and 1 is a vector with each element equal to unity. The
parameters of the nominal base isolated building were selected so the building possessed
a fundamental mode with frequency 0.40 Hz and a damping ratio of 1.26%.

In the modified system, the base-isolator damping is assumed to be increased by
Ad; the equations of motion for the modified base can thus be written in configuration
space as

mptp + (db + Ad)ub + kpup = —mbﬂg + diq + kxq (5.27)

while the superstructure equations of motion remain the same as in (5.26]). The modified
damping resulted in a building with a fundamental frequency of 0.41 Hz and 28.9%
damping. One can recast the equations of motion in state-space form by defining a

22x1 state-vector, v, as
V= [up, &1, .., 10, Ups 1, - - - F10] " - (5.28)
The perturbation function, u(v), is linear in this case and is given by
u(v) = —Adv = —Adiy, (5.29)

with a scalar reduced state-vector, v = 1. The linear damping modification was chosen
to enable an error convergence study of the proposed method as a closed-form analytical

solution of the modified system response exists. Table presents the maximum
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Figure 5.2: Single Multi-story Building

absolute errors among all the states as computed via the second-, the fourth- and
the sixth-order quadrature rules. It should be noted that the step-size is halved in
every successive row of Table 5.2 i.e., ray = At;11/At; = 0.5. Therefore, from error
convergence theory, the error ratios (e;+1/e;) are expected to converge to rzAt = 0.25
for the second-order quadrature, 7’4At = 0.0625 for the fourth-order quadrature and
rgt = 0.015625 for the sixth-order quadrature. It can be observed that while the
second and the fourth-order quadrature rules follow the predicted theoretical trend, the
sixth-order rule shows some departures from its projected theoretical trend, which can
be attributed to the higher-order interpolations involved, and has been well addressed
in the literature [209]. Moreover, there is not much gain in terms of accuracy in

using a sixth-order rule instead of a fourth-order rule. Consequently, the fourth-order



Table 5.2: Maximum Absolute Error in all the States for Example 1
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Order of Quadrature used
N, At 2 4 6
€; % €; % é; 6%1

27 | 7.87TE —02 | 6.15E — 02 | 0.1914 | 4.97F — 02 | 0.1256 | 4.46F — 02 | 0.1894
28 | 3.92FE —02 | 1.18E — 02 | 0.2208 | 6.24F — 03 | 0.1617 | 8.45E — 03 | 0.0695
29 | 1.96E — 02 | 2.60F — 03 | 0.2422 | 1.01E — 03 | 0.1023 | 5.87E — 04 | 0.0129
2101 978 — 03 | 6.30F — 04 | 0.2479 | 1.03E — 04 | 0.0732 | 7.56E — 06 | 0.0922
211 [ 4.89F — 03 | 1.56F — 04 | 0.2494 | 7.56E — 06 | 0.0661 | 6.97FE — 07 | 0.1401
212 1 244F — 03 | 3.89F — 05 | 0.2498 | 4.99F — 07 | 0.0639 | 9.76E — 08 | 0.1319
213 [ 1.22FE —03 | 9.73E — 06 | 0.2499 | 3.19E — 08 | 0.0631 | 1.29E — 08 | 0.1282
214 1 6.10E — 04 | 2.43E — 06 | 0.2500 | 2.01E — 09 | 0.0628 | 1.65E — 09 | 0.1266
215 | 3.05FE — 04 | 6.08F — 07 — 1.26E — 10 — 2.09E — 10 —

quadrature rule was adopted in the remaining numerical examples applying the proposed
method.

This example was additionally utilized to investigate the effect of the number of
partitions of the convolution space on the required computation time. A study of
this kind is recommended before the application of the proposed method to unknown
problems in order to determine the optimal number of partitions of the convolution
space that should be utilized to maximize the computational efficiency of the method.

As the number of partitions is increased, the size of the triangles (see Figure [5.1)) is
decreased and more squares are introduced. This results in increasing the fraction
of the convolution computation being performed using the FFT compared to that
being computed directly. Thus, it is expected that the computational efficiency of the
proposed method will increase with increasing number of partitions. The upper limit
on the number of partitions that can be utilized depends on the number of time-points
being used. The number of partitions can only be increased to a point where the
smallest squares are of a size so that the overhead of the function calls becomes equal
to the computation time gained by using the FFT-based convolution. Tables
demonstrate that the optimal number of partitions increase as the number of time-points

is increased independent of the order of quadrature being used.
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Table 5.3: Computational Time in seconds for Example 1

(2" Order Quadrature)
Number of Partitions
20 21 22 23 21 20 20 27
21 10.18 | 0.41 | 0.41 | 0.39 [ 0.39 | 0.39 | 0.39 | 0.39 | 0.40
212°10.30 | 0.56 | 0.54 | 0.52 | 0.52 | 0.51 | 0.52 | 0.51 | 0.52
213 1°0.58 | 1.20 | 1.06 | 1.01 | 0.99 | 0.96 | 0.96 | 0.96 | 0.97
21 1115 1294 | 246 | 2.21 | 2.10 | 2.04 | 2.02 | 2.00 | 2.00
2151231 | 829 | 6.35 | 5.37 | 4.88 | 4.66 | 4.55 | 4.49 | 4.51

Ny | RK

Table 5.4: Computational Time in seconds for Example 1

(4" Order Quadrature)
Number of Partitions
20 21 22 23 21 20 20 27
211 1034 | 053 |0.53]0.52 052052052052 0.53
212 10.67 | 0.88 | 0.86 | 0.85 | 0.84 | 0.83 | 0.83 | 0.84 | 0.85
213 1133 1.95 | 1.84 | 1.77 | 1.74 | 1.73 | 1.73 | 1.72 | 1.73
214 1265 | 4.50 | 4.02 | 3.78 | 3.66 | 3.60 | 3.58 | 3.56 | 3.57
25 1530 | 11.28 | 9.34 | 8.41 | 7.88 | 7.66 | 7.57 | 7.48 | 7.49

N; | RK

Table 5.5: Computational Time in seconds for Example 1

(6" Order Quadrature)

N, | RK - - 22Numb2e; of P;;l“fltloHSQS - -
211 1062 076 | 0.75 | 0.75 | 0.75 | 0.75 | 0.75 | 0.75 | 0.76
2121121 | 1.50 | 1.47 | 145 | 145 | 1.44 | 145 | 1.45 | 1.45
213 1244 | 315 | 3.02 | 296 | 294 | 291 | 292 | 291 | 2.92
2141491 | 677 | 631 | 6.04 | 593 | 587 | 584 | 5.83 | 5.83
2151979 | 15.68 | 13.72 | 12.77 | 12.31 | 12.06 | 11.93 | 11.89 | 11.87

5.3.2 Example 2: Coupled Multi-Story Building Model

Two identical, coupled shear beam buildings (same as in the previous example) are

considered in this example. In the nominal system, the buildings are entirely linear
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and there is no structural connection between them. If superscripts | and r denote
the responses of the left and the right buildings respectively, then using a similar
nomenclature as in the previous example, the equations of motion of the nominal linear

system can be written as

myith + dyih + kyul = —myiiy + dil + ket (5.30)
Mx! + Dx! + Kx! = —~M1(iil, + iiy) (5.31)
mytiy, + dyuy, + kyuy, = —mpily + di| + kaf (5.32)
M + Dx" + Kx" = —M1(ii} + ii). (5.33)

In the modified system, the left building is assumed to be the same as that in the
previous example, but with an added hysteretic nonlinearity at its base, while the right
building is assumed to have an added cubic nonlinearity in its base stiffness. Also, in
the modified system, the roofs of the two buildings are connected by a linear spring

as shown in Figure (.3l The superstructure equations of motion are the same as in

kcu}\nnect
m MWW m
k ¢ k¢ k¢ k¢ .
22 272 272 272 m = 1.00 x 10° kg
m m
k ¢ k ¢ k ¢ k ¢ =1.75 x 108
kg kg kg k< k=1.75x%10° N/m
m m _ 6 N_o
I I I = ¢=1.75 % 10° N-s/m
22 272 272 272
o T m, = 1.00 x 10° kg
k ¢ k ¢ k ¢ k ¢
2132 23 23 213 k, = 8.00 x 10° N/m
m m
Base isolator with %% %7% %7% %75 ¢, = 8.00 x 10* N-s/m
hysteretic nonlinearity {3 ™ Feeonmeet = U[L,50] x 10° N/m
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Figure 5.3: Coupled Multi-storied Building
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BE30)-(B33) except for

mbué + dbué + kpostué +az = *mbi.bg + dﬂ?ll + k:Cll
. i i i
Z = Ady, — Bug|z| — yz[iy)|
myily, + dpily, + kyuy + ekpuy, = —mpiig + da] + kay

F. = ke(2}y — 27) (5.34)

where Qy is the total force at yield, o = Qy[1 — (kpost/kpre)] is the peak of the non-elastic
force, kpre and kposy are the pre-yield and post-yield tangential stiffnesses, respectively,
and A = 28 = 27y = kpre/Qy (which makes z stay in [—1,1] and makes loading and
unloading stiffnesses identical). Here, the yield force @)y is chosen to be 10% of the
building (superstructure plus base) weight, which is in the range typically recommended
for medium-to-strong earthquakes which also gives significant yielding. e denotes the
strength of the cubic nonlinearity, k. is the stiffness of the connecting spring, and F, is
the coupling force which is added with appropriate sign to the superstructure equations.
Numerical values of all relevant parameters of the coupled buildings are also given in
Figure (.3l One can again recast the equations of motion in state-space form now by

defining a 45x1 state-vector, v,

T
ro,r ol l r rooelo e sl L s iy
VvV = [Ub,ub,$17...,.’Elo,ml,...,.T107’U/b7ub,x1,...,.’1}'10,‘1’1,...,xrl(),z B (535)

The desired outputs can be obtained via (5.I4]); two cases are considered: (i) three

selected outputs (base displacement of second building, base velocity of first building,

and relative roof velocity) are computed, with C = [eg, es3, €12 — egz]T, and (ii) all

states are computed, with C = I4545. Here, e; represents a vector of length 45 having

all the elements equal to zero and the i*" element equal to unity, and I is the identity

matrix.

The nonlinear vector function, u(v) takes the form:
At~ Bil|z| 2l
uv)=-— ek:bu};3

kc(xllo - 3771“0)

(5.36)

with a 4x1 partial state vector, v, defined as

;
v = [ih, 2 up, by — 2o - (5.37)
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The stiffness of the spring connecting the two buildings was assumed to be uncertain and
modeled by a uniform random variable. A timing study was performed for one sample
realization to select the number of partitions in the convolution space, which was found
to be 24 = 16 and a fourth-order quadrature rule was employed. 1000 samples of the
system’s response were computed with 2'2 time-points for a duration of 25 seconds.
Table presents the maximum error among all the samples for the specified DOF's
along with the computational time taken by the proposed method and the projected
computational time that would be taken by Matlab’s ode45 function to generate 1000

samples of the system’s response.

Table 5.6: Computational Times and Errors for Example 2

Selected DOFs All DOFs

ode4b Proposed | ode4b Proposed
Nominal solve' 0.08 s 0.07 s
qé Impulse response’ 0.10 s 0.09 s
& | First j0 points? 3.87s 4.28 s
2 | NVIE solvef 612.10 s 612.69 s
O | FFT convolution? 0.00 s 224.41 s
Total* 616.15 s 841.54 s
30 min (~ 10 min) | 30 min (=~ 14 min)
Maximum absolute error - | 8.2927FE — 05 - | 8.4797E — 05 (x)
5.3411F — 03 (x)

fOne time computation; 1,000 runs

The model considered herein has strong nonlinearities in the form of hysteretic
stiffness behavior. Moreover, it has a fairly high percentage of nonlinear and uncertain
DOFs (= 14%). The numerical stiffness of the discretized equations of motion of the
modified system with respect to the nominal linear system can be scrutinized by looking
at the corresponding computational times. The nominal linear system takes only about a
tenth (= 0.05s) of the computational time required to solve the nonlinear system. When
1,000 samples of the nonlinear system are generated, the proposed algorithm achieves
a computational efficiency of about 3 times over the conventional approach. This gain
is significant considering the relatively small size of the system, large percentage of

nonlinear DOF's, and non-smooth nature of the nonlinearities.
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Figure 5.4: Max-min Envelope for Base Displacement of Second Building

5.3.3 Example 3: 3D Building Model with Tuned Mass Damper

A 612 DOF finite element model of a steel building subjected to wind excitation is
considered with a tuned mass damper (TMD) on the roof as shown in Figure
Without the TMD, the structure has a 1.42 Hz fundamental natural frequency and
3% modal damping; the TMD is tuned to 1.38 Hz which gives the lowest peaks in the
transfer function from wind excitation to roof displacement; the resulting combined
system has a fundamental frequency of 1.30 Hz. The building is subjected to wind
excitation in one direction (oriented along the TMD motion in Figure [5.5]), modeled
as a narrow-band filtered Gaussian white noise process centered near the fundamental
mode of the structure without the TMD and shaped vertically as a power law function
of height. The damping of the TMD has a nonlinear viscous term c - sgn(v)|v|* as well
as a linear viscous term; here, ¢ = 1 is a scaling coefficient, v is the velocity across the
damper (the velocity of the tuned mass with respect to the roof), and « is a uniform
random variable on [0.5,1.5].

The state-vector is chosen to be

v = [z1,...,T619, UTMD, E1, . . ., E612, Urprp) " (5.38)
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Figure 5.5: 3D Building Model with Tuned Mass Damper

and is of size 1226x1. The desired outputs are obtained via (5I4]); two cases are
considered: (i) three selected outputs (base displacement, roof displacement, and
relative roof velocity) are computed, with C = [e1, €565, €1226 —e1178]T, and (ii) all
states are computed, with C = Ij9964226. Here, e; represents a vector of length 1226
having all the elements equal to zero and the i** element equal to unity, and I is the

identity matrix. The nonlinear function is
u(v) = c(lroof — trmp)® (5.39)
with tre0f = ©1178 and the reduced state-vector, v, given by
V= [3'61178,75LTMD]T- (5.40)

1,000 samples of the response were computed with 2'? time-points for a duration
of 10 seconds. Table 5.7 presents the maximum error among all the samples for the
specified DOFs along with the computational time taken by the proposed method and
the projected computational time that will be taken by Matlab’s ode45 function to
generate 1,000 samples of the system’s response.

It can be clearly seen that the method is much more powerful for a larger system

(such as the one in this example) with a small percentage of model uncertainty. The
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Table 5.7: Computational Times and Errors for Example 3

Selected DOF's All DOFs
ode45 Proposed ode45 Proposed
o | Nominal solvef 30.78 s 30.78 s
5 Impulse response’ 34.01 s 34.01 s
— | First jO points' 65.05 s 65.05 s
% NVIE solve! 120.50 s 120.50 s
FFT convolution? 0.00 s 1296.92 s
Totalt 250.34 s 1547.26 s
116 hours (~ 4 min) | 116 hours (=~ 26 min)
emaz N base displacement - | 4.8425F — 05 - | 4.8425F — 05
€maz 10 Toof displacement - | 7.9328F — 04 - | 7.9328F — 04
emaz 10 rel. roof velocity - | 9.5672EF — 02 - | 9.5672EF — 02

fOne time computation; *1,000 runs

computational efficiency obtained when only 3 of the 612 DOF's are computed is =~ 1700
times; it is &~ 250 times when all the DOFs are computed. It should be noted that
this is still a moderately sized system (with 612 DOFs). In real applications, where
system sizes are of the order of thousands of millions of DOF's with the perturbations
(uncertainties/nonlinearities) present in a very small subset of the system DOFs, the

proposed method promises to be even more computationally efficient.

5.3.4 Example 4: Cedar Avenue Bridge Model

The final example considers the computational model of an actual bridge, the Cedar
Avenue bridge, in order to demonstrate the computational efficiency of the proposed
method when applied to a real life system. The bridge is located in the metro area of
the Twin Cities in Minnesota. Thompson and Schultz [204] created a finite element
model of the Cedar Avenue Bridge in SAP2000 [205] using 3D frame and shell elements.
Figure[3.8 shows a photograph and the finite element model of the Cedar Avenue bridge.

The bridge model is equipped with a scissor jack apparatus as shown in Figure
to provide counter moments in order to reduce the moment range experienced by certain
joints. Gastineau et al. [206] developed the finite element model of the modified bridge
consisting of 17,687 degrees-of-freedom as shown in Figure The modification
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apparatus is connected across four joints, thereby causing a rank-8 perturbation in the
system’s stiffness matrix. The stiffness properties of the modification apparatus are
assumed to be uncertain, modeled using a uniform distribution within a 4% range of
the corresponding nominal values. The bridge model is subjected to a moving truck load
with the specifications of the truck given by the AASHTO standards for fatigue loading

]. The standard truck specified in the AASHTO standards is shown in Figure

HS20-44 8000 LBS 32,000 LBS 32,000 LBS

Figure 5.6: AASHTO Standard Truck

The response of the nominal system has been computed using SAP2000 M] on a
machine equipped with a 3.4 GHz Intel core i7 CPU with 16 GB of RAM. SAP2000
utilizes the Hilber-Hughes-Taylor (HHT) method (also known as the alpha-method)

| for time integration. Since the HHT method is second-order accurate, a
second-order quadrature has been utilized when computing the system’s response via the
proposed method. A 5 second time history has been computed with 2'0 time-points; the
convolution space has been sub-divided into 16 partitions. Table shows the required
computational times and gains in the computational efficiency for the computation
of 1,000 and 10,000 sample realizations of the dynamic response of the modification
apparatus. The proposed method achieves O (103) gain in computational efficiency
when 10,000 sample realizations are computed. The computational gains observed in
this example are not as pronounced as in the previous example even though the size of

the computational model is larger. This behavior is most likely caused by:

e the relatively full stiffness matrix of the bridge model (99.95% non-zero entries)

which increases the required number of computational operations
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Table 5.8: Computational Times and Efficiency Gain Ratios for Example 4

1,000 samples | 10,000 samples
Brute-force method CPU time () 6.2 days 2.1 months
Proposed method CPU time (t,) 19 minutes 1.5 hours
Computational efficiency (t/tp) 470 1008

e the use of a superior CPU (3.4 GHz) to compute the solution via the brute-force
method (compared to 2.4 GHz CPU used to compute the solution via the proposed
method)

5.4 Conclusions

This chapter presented a method for the rapid uncertainty quantification of the time
domain response of the dynamical systems with local nonlinearities and/or uncertainties
in the stiffness and/or damping properties of the system. The proposed method first
computed the response of a related linear system and then rapidly computed the
response of an ensemble of locally modified systems as the sum of this nominal linear
response and a modification term. This modification term was determined through the
solution of a nonlinear Volterra integral equation written in a non-standard form. A fast
solution algorithm employing Newton-Gregory quadrature and a recursive convolution
methodology for the governing nonlinear Volterra integral equation was presented.

Four numerical examples were presented to demonstrate the error behavior and
the computational efficiency of the proposed method. The first example demonstrated
the error behavior of the proposed method along with the effect of the number of
sub-divisions of the convolution space on the computational time required by the
proposed method.

The next two examples presented Monte Carlo simulation-based uncertainty analyses
of two representative systems with both local uncertainty and local nonlinearity. Gains
in computational efficiency of as high as 1700 times were observed when 1, 000 samples of
3 out of 612 states were computed for the three-dimensional building model. Even when
all the states were computed for the model, the gain in efficiency was still 250 times.

The nonlinearity in this example was relatively smooth and the size of the system was
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fairly large. For a smaller system, with 22 DOFs and with a non-smooth nonlinearity,
a gain in computational efficiency of 3 times was observed for the simulation of 1,000
samples.

The final example considered a large computational model of a real structural
system and the proposed method demonstrated gains in computational efficiency of
@) (102) -0 (103). Thus, the proposed method showed great promise in its applicability
to the time domain analysis of dynamical systems with localized nonlinearities and
uncertainties, and promises to be extremely useful allowing one to obtain tens to
thousands more samples than the brute-force Monte Carlo simulation for a fixed

computational time.



Chapter 6

Parallel Computing for

Uncertainty Quantification

The principal aim of this chapter is to explore the use of a desktop computer equipped
with a GPU to perform uncertainty analysis of computational models in an efficient
manner. The computational performance of the GPU implementations developed in
this chapter will be compared to equivalent implementations on single- and multi-core
CPUs. The optimality of these implementations will be discussed as needed. It should
be noted that the optimality of sequential and/or parallel CPU-based implementations
is not the focus of this chapter. Therefore, most of the ensuing discussion will be
concerned with GPU implementations. However, certain performance metrics related
to CPU-based parallel implementations will be discussed.

Figure shows a conceptual time-line (order of execution) of a serially-executed

sampling-based uncertainty quantification procedure. S; represents the computation of

Clock time
S1 “c-c S, prorégssging
— —
tSC tSC

Figure 6.1: Serial Implementation of Sampling-based UQ
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the response of the i*" sample of the underlying system. tg. represents the computational
time required to compute one sample of the system’s response using one computing
process. Figure will form the basis of the discussion of the parallelization strategies
in subsequent sections. Since the developments in this chapter are concerned with only
the parallelization of the sampling process and the computation of the system’s response,
the computational time consumed by post-processing operations (e.g. computation of
relevant statistics from response samples) will not been considered. However, as will be
discussed later, it is possible to reduce the post-processing time as well. It is evident
that the total computation time required to generate all of the samples of the system’s

response via a serial implementation will be

t(s)

total = NVstsc. (6.1)

In the next section, parallelization strategies that can be employed for uncertainty
quantification of dynamical and mechanical computational models will be discussed.
Next, the advantages of using GPUs for general purpose computing will be elaborated
upon along with the inherent challenges encountered in their application. Finally, GPU
implementations of five analyses procedures pertaining to uncertainty quantification
of dynamical and mechanical systems will be discussed. In addition, a GPU
implementation of the efficient time domain analysis method proposed in Chapter

will also be presented.

6.1 Parallelization Strategies

Chapter [Il introduced three strategies that can be employed to parallelize uncertainty

quantification procedures. These strategies are illustrated in Figure[6.2l The subsequent

Parallelize Parallelize
Sampling System
Process Solver

Figure 6.2: Types of Parallelization Strategies
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subsections discuss each of these three strategies in detail.

6.1.1 Type I: Parallelize the Sampling Process

Parallelization of the sampling process is relatively straightforward as discussed in
Section Figure shows a conceptual implementation of such a strategy. Each
computing process, p;, computes IV; samples of the system’s output such that

Nproc -1

> Ni=N, (6.2)
=0

where Np.o is the total number of parallel computing processes involved and Ny is the
total number of samples required. The subscripts on y in Figure denote sample

numbers. The computing processes involved may be as intensive as a full processor

po{ f —> 8 —>Y1:Ny

Pl{f—» S —>Y1:N;

prrocl{f—) S —»yllNNproc—l

Figure 6.3: Type I Parallelization Strategy

or as light as a single computational thread depending upon the size of the system, S,
involved. Also, the number of samples computed by each process, N;, can be changed in
accordance with the number of available processes resulting in greater control over the
granularity of the implementations. Further, since each process computes independent
samples of the system’s response, inter-process communication is minimal.

These two characteristics, flexible levels of granularity and minimal inter-process
communication, render such a parallelization strategy a prime candidate to be
implemented on a GPU due to their single-instruction multiple-thread (SIMT) design
philosophy as discussed in Section Figure shows the conceptual time-line

associated with a Type I parallelization strategy. ¢, represents the computational
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time required by each process to compute one sample of the system’s response. If the
computational processes utilized herein possess similar capabilities as the serial process
utilized in Figure 6] it is evident that ¢, ~ t,.. Thus, the total computational time
required when employing this strategy is given by

o N N

= t, ~ t 6.3
total Np’/‘oc P Nproc sc ( )

where Ng/Nproc is the average number of samples computed by each process. Also, the
inter-process communication time has been neglected in (6.3)) due to reasons discussed

earlier. From (6.I) and (6.3]), the expected gain in computational efficiency obtained
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Figure 6.4: Implementation of Type I Parallelization Strategy

can be found to be )
t S

St = g’;al ~ Nproc- (6.4)

ttotal

Additional application-level computational efficiency may be derived by initiating the

post-processing as soon as the first sample of the system’s response has been computed
by each process, as shown by Figure [6.4(b)|

6.1.2 Type II: Parallelize the System Solver

The second strategy aims at parallelizing the system solver itself by utilizing the dwarfs
of parallel computing discussed earlier and shown in Figure [[3l In this strategy, the
available computing processes work simultaneously to compute each sample of the
response of a given computational model. Figure shows a possible dependency
flowchart of system solvers on the dwarfs of parallel computing. The computing

processes may be as intense as a cluster of processors or as light as an agglomeration of
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parallel threads depending upon the size of the computational model. The inter-process
communication cost associated with this strategy is oftentimes non-trivial and therefore,
such a strategy might be beneficial for relatively large-scale computational models as
the computational cost is significantly greater than the communication cost. Moreover,
the granularity of such implementations depends greatly on the structure of the system

matrices and the algorithms involved.

Dynamical Mechanical
Systems Systems

Y
—| Discretized Computational Model I

Y Y

System of System of
ODEs 1Es
Y Y Y
Time Numerical System of
Marching Quadrature AEs

Y

Dwarfs of Parallel Computing
Dense/Sparse Mat-Vec, Mat-Mat, Matrix Factorizations

Figure 6.5: Type II Parallelization Strategy

Figure shows the conceptual time-line associated with Type II parallelization
strategy. t, and t. represent the computational and communication time required by all
the processes to collectively compute one sample of the system’s response, respectively.
It is evident that due to the design of such a strategy ¢, < ts.. The total computational

time required when employing this strategy is thus given by
11
tﬁotlz = Ni(tp +tc). (6.5)

From (6.1) and (6.5), the expected gain in computational efficiency can be found to be
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Figure 6.6: Implementation of Type II Parallelization Strategy
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6.1.3 Type III: Combination of Type I and Type II

The two strategies just discussed can be combined to form a third strategy that utilizes

two levels of parallelism. Figure illustrates such a strategy. Parallel processes p;’s are

)
Do | f—> 8 L > Y1:N,

\
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’
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Figure 6.7: Type III Parallelization Strategy

utilized to compute N; samples of the system’s response. These processes themselves are
comprised of smaller parallel processes that can employ the dwarfs of parallel computing
to collectively compute each sample of the system’s response. Figure shows a
conceivable two layer approach using CPUs. The first layer would be comprised of

distributed computing nodes while the second layer may be formed by shared-memory
threads (e.g. POSIX threads).
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Figure 6.8: Two-level Parallelism using CPUs

Figure shows the conceptual time-line associated with a Type III parallelization
strategy. t, and t. again represent the computational and communication time required
by the involved processes to collectively compute one sample of the system’s response.

Also, as in a Type II strategy, t, < ts.. The total computational time required when
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Figure 6.9: Implementation of Type III Parallelization Strategy

employing this strategy is given by

11 N,
toter = (b + 1) (6.7)
proc

where Ng/Npoc is the average number of samples computed by each process as in Type I

strategy. The expected gain in computational efficiency can be found to be

tizzal tse
SIH - (HI) - Npr‘ocﬁ~ (68)
total p+ ¢

6.2 GPU-based Parallel Computing

Section introduced the notion of utilizing GPUs for uncertainty quantification
procedures and the following advantages of GPGPU were highlighted:
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e anticipated evolution of GPUs
e better performance of GPUs

e cost efficiency

e cnergy efficiency

This section will address the usability of GPUs from an algorithm-development
perspective. In addition, potential challenges in the development of GPU
implementations of existing algorithms will be discussed. Remarks specific to NVIDIA’s
Tesla C1060 GPU and NVIDIA’s CUDA development environment will be provided as
needed to facilitate the developments in subsequent sections. Further details of the
hardware implementation of NVIDIA GPUs and CUDA programming interface can be
found in the NVIDIA CUDA Programming Guide [153].

6.2.1 Advantages of GPU-based Parallel Computing

GPUs provide a scalable array of streaming multiprocessors (SMs). NVIDIA’s Tesla
C1060 GPU contains 30 SMs each having 8 cores, providing 240 computational cores.
These SMs are designed to execute hundreds of concurrent threads employing a unique
architecture, SIMT, as discussed earlier. Each SM creates, manages, schedules and
executes threads in groups of 32 threads called warps. Each warp contains threads of
consecutive, increasing thread IDs and executes one common instruction at a time. If
threads of a warp diverge via a data-dependent conditional branch, the SM serially
executes each possible branch path until all paths are complete. Although this simple
control logic imposes certain constraints on a given GPU implementation, also termed a
CUDA kernel, to maintain optimal execution, it also allows GPU threads to be extremely
lightweight and scalable.

At the software level, GPU threads are hierarchically organized into blocks of
threads and grids of blocks as shown in Figure As such, a grid can contain
a two-dimensional array of blocks, and a block can contain a three-dimensional
array of threads. Such a logical organization of threads enables one to construct a
one-to-one mapping between the decomposed domain of a given problem and its GPU

implementation. For instance, two-dimensional blocks of threads can be utilized for
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Figure 6.10: Thread Hierarchy for GPUs

algorithms that deal with two-dimensional matrices. In terms of hardware mapping,
threads are assigned to SMs as blocks, i.e., each SM executes individual blocks of thread
one after the other. Inter-block communication is not allowed while threads within a
block can communicate with each other. This feature again imposes certain constraints
on a given GPU implementation but also facilitates simpler control of threads and
increases the scalability of developed GPU implementations considerably.

The hardware and software features of GPUs just discussed may be utilized to
conceive multiple layers of parallelism as shown in Figure 6. 1Tl The first layer consists of
distributed computing nodes while the second layer is comprised of multiple GPUs with
a single computing node. The remaining three are formed on the basis of the hierarchy
of threads available for GPUs. These additional layers of parallelism available when
using GPUs as opposed to those available when employing solely CPU-based parallel
computing (Figure[6.8]) enable one to address problems of varying sizes with much more
flexibility. Moreover, a single GPU can theoretically provide almost a TFLOP/s of
computing power, as discussed earlier, and thus desktop machines equipped with GPUs

can be utilized to efficiently solve reasonably sized problems.
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Figure 6.11: Layers of Parallelism using GPUs

6.2.2 Challenges in GPU-based Parallel Computing

Most of the challenges faced when utilizing GPUs for general purpose computing arise
due to two reasons: (i) the fact that they are co-processors to CPUs and (ii) their
design philosophy. Since GPUs are co-processors, as shown in Figure [6.12] all CUDA
kernels must be initiated by a CPU and the relevant data must be transferred to the
GPU memory before it can be processed. The bandwidth of the peripheral component
interconnect (PCI) bus can become a bottleneck in a data-intensive application;
therefore, data-transfer between CPU and GPU must be minimized in order to achieve
better performance.

Another memory-related performance issue arises due to the relatively small size of
the on-board DRAM of GPUs. For NVIDIA’s Tesla C1060 GPU, 4 GB of on-board
DRAM is available. The problem size that can be addressed by a particular CUDA
kernel is directly affected by the available on-board memory. When a given application
requires a large amount of data to be processed, the data must be processed in batches
which increases the amount of data-transfer between CPU and GPU.

Yet another memory-related performance consideration results from the different
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Figure 6.12: GPUs as Co-Processors of CPUs

types of memory banks available on a GPU. Usually, accessing the DRAM, also called
the global memory, may require several hundred clock cycles. Therefore, repeated global
memory accesses within a CUDA kernel can significantly hamper its computational
performance. SMs have small amounts of on-chip memories available for use by threads
that provide almost instantaneous data-access (usually less than 10 clock cycles). These
on-chip memories include registers which are private to each thread and shared-memory
which is shared by the threads within a block. In the latest NVIDIA GPUs, part of the
shared-memory can also be utilized as a cache. A common strategy to minimize the
global memory access within CUDA kernels is to process the data batch-by-batch with
the size of batches being governed by the size of the on-chip memory. However, in doing
so, global synchronization points must be introduced in the CUDA kernel which may
render its performance suboptimal. Since the size of these on-chip memories is relatively
small (16 KB of shared memory and 16K 32-bit registers on NVIDIA’s Tesla C1060),
care must be take while designing a CUDA kernel to ensure their optimal utilization.
The computational performance of a given GPU implementation is highly
hardware-dependent due to the different data-partitioning required on different GPUs
to optimally utilize their on-chip and global memories. Therefore, it is not guaranteed
that a GPU implementation that performs well on a given GPU to perform equally
well on another GPU, especially when the GPUs in question have been manufactured
by different vendors. Several efforts are being made to address this issue through

the development of additional software layers to automatically optimize a given GPU
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implementation with respect to a given hardware [212-214].

Another consideration while developing GPU implementations is the increased
performance of GPUs in performing single-precision (SP) computations compared to
that in double-precision (DP) computations. For NVIDIA’s Tesla C1060 GPU, the peak
theoretical SP performance is 933 GFLOP /s while the peak theoretical DP performance
is only 125 GFLOP/s. Consequently, a distinction will be made between the SP and
the DP performance of the GPU implementations presented later in this chapter. The
latest available GPUs from NVIDIA have considerably improved the DP performance,

and this performance gap should be of lessened concern in future applications.

6.2.3 Strategies to Utilize GPUs for Uncertainty Quantification

Section presented three strategies that can be employed to parallelize a given
uncertainty quantification procedure. In order to implement the parallel algorithms

developed using these strategies on a GPU, three approaches may be followed:
e Type 1: use of existing, pre-compiled, optimized libraries
e Type 2: development of new GPU implementations
e Type 3: mixed use of existing libraries with new GPU implementations as needed

The Type 1 approach is possibly the easiest to implement as it only requires adapting a
given application to the format required by the algorithms available in a given library.
Many optimized libraries being developed for GPUs utilize similar data-structures and
algorithm organization as some of the commonly used CPU-based libraries, such as
BLAS, LAPACK and FFTW. Table presents a list of available GPU libraries that
can be used with C/CUDA implementations. In addition to the libraries mentioned
in Table [6.1, GPU-accelerated toolboxes have been developed for Matlab as well.
Moreover, the latest versions of many of these libraries utilize both CPUs and GPUs,
i.e., they deploy GPUs as accelerators rather than executing the entire algorithm on
them which further adds to the usability and computational efficiency of the algorithms.

While the use of these libraries ensure optimal use of GPU in most scenarios, the
Type 1 approach suffers from several disadvantages. Omne is the need to adapt the

desired application to the format required by the libraries which greatly reduces the
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Table 6.1: List of GPU Libraries

Library Vendor Comments

CUBLAS NVIDIA Dense matrix algebra [157] (BLAS [215]
equivalent)

CUSPARSE NVIDIA Sparse matrix algebra_[216]

CUFFT NVIDIA FFT algorithms [158] (FFTW  [217]
equivalent)

CURAND NVIDIA Random number generation algorithms [218§]

CUDA NPP NVIDIA Parallel programming primitives [219] (sort,
reduction, etc. )

Thrust NVIDIA Standard template library [220]

MAGMA MAGMA Dense linear algebra package [160] (LAPACK
[221] equivalent)

CULA Tools EM Photonics | Dense linear algebra package [222] (LAPACK
[221)] equivalent)

flexibility of implementations. The unavailability of the source code of most of these
libraries further reduces their flexibility as it is preferable to embed the actual GPU
implementation in a given application instead of executing the same as a function call
in order to maintain optimal usage of GPUs. Another drawback is that none of the
libraries is yet capable to accommodate problems with sizes larger than the available
GPU memory.

The above mentioned limitations may be avoided by utilizing a Type 2 approach,
developing new GPU implementations. While this approach might be the most flexible
and may yield best gains in computational efficiency, it requires considerable technical
expertise to develop optimized GPU implementations. A more amenable approach may
be a Type 3 approach where the existing libraries are utilized wherever optimal and new
GPU implementations are developed when either the required algorithms are unavailable

from an existing library or their use renders the entire application suboptimal.
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6.3 Performance Metrics for Parallel Algorithms

The execution time of a parallel algorithm depends not only on input size but also
on the number of processing elements utilized and their relative computation and
interprocess communication speeds. Since only shared-memory parallelism has been
utilized for the CPU-based parallel implementations herein, the communication time
between processes will be ignored. Moreover, all the computational cores that execute a
given parallel algorithm possess identical computational performance. For GPU-based
parallel implementations, a distinction between parallel execution time and data transfer
time will be made where necessary. Assuming the aforementioned conditions, the
speedup of a given parallel algorithm can be defined as

S — tSC
tp + te

(6.9)

where t4. is the sequential execution time, t, is the computational time taken by p
processors to solve the same problem and ¢, is the communication or data transfer time.
For GPU-based parallel implementations, ¢. represents the data-transfer time between
CPU and GPU. It is evident that t. is bounded by the theoretical speed of the PCI bus
as discussed earlier.

For the sequential algorithms, a measure of the theoretical FLOP count of a given
algorithm in addition to its parallel execution time gives important insights into the
optimality of the pertinent parallel algorithm as discussed in Section 2.7l A detailed
discussion on the optimality and scalability of CPU-based parallel algorithms can
be found in the literature [223]. For the examples presented later in this chapter,
a multi-core CPU implementation will be assumed to be optimal in performance
if the observed gain in computational efficiency approaches the number of available
computational cores, i.e., St for Type I strategy and Sy with ¢, =0 for Type II strategy.
Since a desktop-based machine has been utilized, Type III strategy cannot be utilized
while using only CPU-based parallel computing.

For GPU-based parallel algorithms, rigorous performance metrics are not available
which renders a combined study of the execution time and the observed and theoretical
FLOP count of a GPU-based algorithm more important. Moreover, the fact that GPU

computational cores behave significantly differently as compared to CPU computational
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cores prohibits direct use of CPU-based parallel computing theory in GPU-based parallel
computing.

Establishing a theoretical peak for the performance gain of a GPU implementation is
highly problem dependent due to hardware constraints which govern the optimization of
the GPU implementation for performance as discussed earlier. The ensuing discussion of
the GPU kernel-optimization utilizes the terms memory-only performance and compute
to global memory access (CGMA) ratio.

Memory-only performance is defined as the global memory throughput obtained
when only memory read/write operations are performed and all the computations are
omitted. This is an important metric to indicate whether the global memory accesses
are coalesced. The closer the observed memory throughput is to the theoretical peak
memory bandwidth (102 GB/s for NVIDIA’s Tesla C1060 GPU), the better. The details
of the effect of global memory access pattern (coalesced vs non-coalesced access) and
shared-memory bank conflicts can be found in the literature [153].

The CGMA ratio is defined as the ratio of the total number of computations to
the total number of global memory accesses. This ratio indicates whether the GPU
implementation is compute- or memory-bound. When compute-bound, the reference
peak performance of the GPU implementation is governed by the theoretical peak
GFLOP/s of the device (933 GFLOP/s for SP, 125 GFLOP/s for DP for NVIDIA’s
Tesla C1060 GPU). When memory-bound, the peak theoretical performance can be
computed using the peak theoretical bandwidth as

CGMA - peak theoretllcgal bandwidth

peak theoretical performance =

(6.10)

where B is the number of bytes required to store the data (B = 4 for SP, B = 8 for
DP). Thus, the theoretical peak performance of the GPU implementation presented in
this study will be memory-bound if

36.6 for SP
CGMA < (6.11)

9.8 for DP

otherwise, it will be compute-bound. In the performance evaluation of GPU
implementations presented in the next section, the CUDA visual profiler has been

utilized to obtain the memory-throughput while the CGMA ratio has been computed
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manually. Moreover, the largest available problem-size considered has been utilized to

estimate the memory-throughput and the computational performance of the algorithms.

6.4 Numerical Examples

This section discusses the computational efficiency of five uncertainty analyses
procedures that utilize GPUs. These five procedures have been implemented entirely
on a GPU, i.e., they perform all the computations on the GPU. Their performance
is demonstrated by the first five examples. The final example demonstrates hybrid
implementation of the efficient time domain analysis method developed in Section
The analysis procedure presented in Algorithm [@l is implemented to utilize both CPU
and GPU.

The computational times required by GPU implementations are compared to that
of corresponding single- and multi-core CPU implementations for each method. One
NVIDIA Tesla C1060 GPU and two Intel Xeon E5530 quad-core CPUs have been utilized
to perform all the timing studies. Moreover, timing comparisons have been performed
for both SP and DP computations for all the examples. Since there is a negligible
performance gap in SP and DP computations performed on a CPU, such a distinction
has not been made for the multi-core CPU computational gains.

The gains in computational efficiency, utilized in the discussion of the subsequent

examples, are defined as follows:

tSC

Syvc = (6.12)
tmc
t
Sas = ti (6.13)
gp
t
San = tmc (6.14)
gp

where tg., tp. and tg are the computational times required by the single-core
CPU, multi-core CPU, and GPU implementations of a given procedure respectively.
Sy represents the gain in computational efficiency obtained by the multi-core CPU
implementation compared to the single-core CPU implementation, and Sgg and Sgas
are the gains in computational efficiency obtained by the GPU implementation compared

to the single- and multi-core CPU implementations, respectively.
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6.4.1 Example 1: Static Analysis of a Linear System

The first example considers a cantilevered Eiiler-Bernoulli beam as shown in Figure [6.13]
The beam is subjected to a random, static tip load. A finite element discretization with
cubic shape functions has been utilized to obtain the stiffness matrix, K, and the load

vector, f. The static response of such a system is given as
x = K. (6.15)

The static deflection of the beam is computed using (6.15) due to 1000 different samples
of the load. The sgetrf and dgetrf routines have been utilized from the Intel’s MKL
[224] library, and their inherent parallelism has been utilized for the multi-core CPU
implementation. The corresponding routines from the MAGMA [160] library have
been utilized for the GPU implementation; both have been assumed to be optimal
in performance based on the evidence available in their respective documentations.

This example utilizes a Type III parallelization strategy and a Type 1 implementation

7|

approach.

Figure 6.13: Cantilever Beam Model

Table shows the gains in computational efficiency obtained for this example.
The GPU implementation shows gains in computational efficiency of approximately 200
times compared to the single-core CPU implementation and approximately 30 times
compared to the multi-core CPU implementation for both SP and DP computations for

the largest considered problem size.

6.4.2 Example 2: Spectral Analysis of a Linear System

The second example considers the same beam model as in Example 1 but is now
subjected to a random dynamic load, governed by a first-order autoregressive, stationary

random process which is prescribed in the form of its PSD. The analysis is performed in
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Table 6.2: Gains in Computational Efficiency for Example 1

Sas Sam
# DOF | Suc SpP DP SP|[ DP

128 | 1.00 1.95 2.00 | 1.95| 2.00
512 | 1.56 3.67 6.25 | 2.35 | 4.01
1024 | 3.88 2.25 238 | 0.58 | 0.61
2048 | 6.31 4.04 3.56 | 0.64 | 0.56
4096 | 6.06 5.97 419 | 099 | 0.69
8192 | 6.46 | 32.10 | 27.65 | 4.97 | 4.28
16384 | 7.31 | 213.85 | 205.33 | 29.25 | 28.09

the frequency domain, and the PSD of the response of all the states is directly computed
using (2.52). Since the input is present in only one degree-of-freedom of the system,
[2352) can be computed by employing a rank-1 update algorithm followed by scaling
with a complex scalar. The rank-1 update has been performed using the cherk and
zherk BLAS routines from the Intel’s MKL library in the CPU implementation. The
scaling with the complex scalar has been performed using a vectorized loop obtained by
aggressive optimization of the code via the compiler. Inherent parallelism of the MKL
BLAS routines has been exploited to optimize the multi-core CPU performance. On the
GPU, the rank-1 update is performed using the corresponding BLAS routines from the
CUBLAS [157] library. A new GPU kernel has been developed for the scaling. Thus,
this example utilizes a Type II parallelization strategy and a Type 3 implementation
approach.

The gains in the computational efficiency obtained for this example are shown in
Table as a function of system size. The multi-core CPU implementation doesn’t
show much gain in computational efficiency because of the relatively small size of the
matrices involved. The GPU implementation, however, shows about 70 times better
performance for SP and about 20 times better performance for DP computations for
the largest considered problem size.

About 98% of the computational time of the GPU implementation is consumed by
the BLAS routines which have been assumed to be already optimized for performance.
The remaining portion, which scales the involved matrix-matrix product to obtain the

spectral response of the system, is memory-bound, with a CGMA ratio of 2.25 and has
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Table 6.3: Gains in Computational Efficiency for Example 2

Sas Sam
# DOF | Suc SP| DP SP| DP

100 | 032 091 | 0.48 | 1.02 | 1.50
500 | 0.97 | 14.71 | 6.09 | 15.68 | 6.30
1000 | 1.31 | 34.14 | 14.16 | 35.27 | 10.80
5000 | 1.32 | 68.17 | 27.05 | 66.76 | 20.42
7500 | 1.32 | 71.78 | 28.47 | 67.97 | 21.49
10000 | 1.32 | 73.82 | 29.29 | 71.17 | 22.11

been assumed optimal in performance because it shows a computational performance
of 50.67 GFLOP/s in SP and 23.82 GFLOP/s in DP compared to the theoretically
predicted performances of 57.38 GFLOP /s and 28.69 GFLOP /s respectively. This kernel

utilizes n? threads, n being the number of degrees-of-freedom of the system.

6.4.3 Example 3: Time Domain Analysis of a Linear System

The third example considers the same beam model as in the previous two examples
but it is now subjected to a time-dependent random load, governed by a first order
autoregressive, stationary random process. The equations of motion for this example
are written as in (Z2) and the response is computed using the convolution integral as
given by (2:30). 100 samples of the response of all the states were computed.

The convolution was performed using the FFT which requires three steps: (i)
computing the FFT of the two vectors, (ii) computing the element-by-element product
of the transformed vectors, and (iii) computing the inverse FFT of the product. The
FFTW |217] and the CUFFT [158] libraries have been utilized to perform the FFT
and the inverse FFT on CPU and GPU, respectively. The built-in shared-memory
parallelism of the FFTW library has been utilized along with a pthread implementation
of the element-by-element multiplication to obtain the multi-core CPU implementation.
A custom kernel has been implemented to perform the element-by-element product on
the GPU. A Type III parallelization strategy and a Type 3 implementation approach
has been employed in this example.

The gain in computational efficiency obtained using the multi-core CPU
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implementation approaches 8 and hence, is considered to be optimal. Table shows
the gains in computational efficiency obtained by the GPU implementation for different
problem sizes. For the largest considered problem size, the GPU implementation shows
a gain in computational efficiency of approximately 1200 and 180 times for SP and DP
computations compared to the single-core CPU implementation and about 880 and 120
times compared to the multi-core CPU implementation for SP and DP computations,

respectively.

Table 6.4: Gains in Computational Efficiency for Example 3

Sas Sam
# DOF | Sme SsP| DP sP| DP

Ny =1024

60 | 6.23 | 245.44 | 132.54 | 45.11 | 21.26
124 | 6.84 | 233.62 | 14532 | 3749 | 21.26
252 | 733 | 294.83 | 151.90 | 44.01 | 20.73
Ny = 8192

64 | 7.36 | 337.54 | 384.71 | 54.52 | 52.28
128 | 7.42 | 692.61 | 806.69 | 102.65 | 108.69
256 | 7.40 | 1206.95 | 881.04 | 181.84 | 119.05

In the GPU implementation, the FFT operations consume only about 20% of
the computational time. Since the CUFFT library has been utilized, this portion
of computation is assumed to be already optimal in performance. The new GPU
kernel, which performs the element-by-element multiplication of the pertinent complex
matrices, has a memory-only performance of 80.57 GB/s. With a CGMA ratio of 1.5 for
both SP and DP computations, the kernel is clearly memory-bound having a theoretical
peak performance of 38.25 GFLOP/s in SP and 19.12 GFLOP/s in DP computations,
as computed from (6I0). In the new GPU kernel, one thread block computes one
sample of the response of the system. The observed performance is 26.50 GFLOP /s
and 15.75 GFLOP/s in SP and DP, respectively, which is approximately 70% and 82%
of the theoretically expected performance for SP and DP. Such behavior is expected
because the custom GPU kernel is memory-bound and shows a memory throughput of

approximately 79% of the theoretically available memory-bandwidth.
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6.4.4 Example 4: Time Domain Analysis of a Nonlinear System

The fourth example considers a single degree-of-freedom dynamical system as shown in
Figure The system is assumed to have a nonlinear damping term and is subjected
to a random load given by

f(t)=A-[sin(t) + &] (6.16)

where A is the amplitude of the load and € is a unit intensity Gaussian white noise

random process. The equation of motion of the dynamical system is given by
mi + ci + sgn(@)|z2|" 4 kx = f(t) (6.17)

where m = 2 kg, ¢ = 1.6 Ns/m, and k = 62.84 N/m represent the mass, the damping and
the stiffness of the system, respectively. A fourth-order explicit Riinge-Kutta method
has been employed to numerically integrate the equations of motion. A 10 second time
history has been computed with N; = 1001 discrete points for a varying number of

samples, Ny, of the input.

i (1)
— MWW /()
F mo

#) ‘o

Figure 6.14: Single degree-of-freedom System

A Type I parallelization strategy and a Type 2 implementation approach has been
employed. In both the GPU and the CPU implementations, each thread computes
one sample of the response of the system, as shown in Figure ‘RK’ denotes the
Riinge-Kutta ODE solver, f(*) (t) is the i*h sample of the random input to the system
and () (t) and £ (t) are the corresponding displacement and velocity time-histories. T}
represents the it? parallel thread, i.e., thread with index i. A pthread implementation
has been utilized to distribute the work among parallel CPU threads. Table shows
the gains in computational efficiency obtained for this example given as a function

of the number of samples computed. The gain in computational efficiency obtained
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using the multi-core CPU implementation asymptotically approaches 8, which is the
maximum achievable theoretical value as discussed earlier. The GPU implementation
displays a gain in computational efficiency of approximately 2300 times as compared to
the single-core CPU implementation and approximately 300 times as compared to the
multi-core CPU implementation for SP computations for the largest considered problem
size.

The corresponding gains in computational efficiency for DP computations are

observed to be approximately 140 times and 19 times, respectively.

To{  fO@)—> RK —= 2O(t),#O(1)
Ty FOt)—> RK — zW(@),:W ()
Tn. —{fND(t)— RK — xWs=D(t), 2N (¢)

Figure 6.15: Work Division Between Threads for Example 4

Table 6.5: Optimized Gains in Computational Efficiency for Example 4

The CGMA ratio is 49 for SP and 72 for DP. Since the number of global memory

Sas Sam
# Samples | Syc SP DP SP| DP
1] 0.39 048 | 007 | 1.25| 0.20
10| 1.88 463 073 247 0.39
100 | 256 | 44.16 | 522 | 17.24 | 2.06
1000 | 4.39 | 426.93 | 51.80 | 97.27 | 11.94
10000 | 6.58 | 1994.32 | 121.78 | 303.09 | 18.83
50000 | 7.47 | 2321.44 | 135.79 | 310.72 | 18.57
100000 | 7.63 | 2336.58 | 138.08 | 306.37 | 18.37
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accesses is the same for both SP and DP, the difference in the CGMA is due to
the difference in the number of compute instructions. Although the same GPU
kernel is utilized for both SP and DP computations, the difference in the number of
compute instructions arises due to different implementations of the divide and the sine
function at compiler-level. CUDA implements fast versions of floating-point division
and transcendental functions (sine, cosine, etc.) for SP that are not available for DP
thus causing the observed performance gap. Based on the CGMA ratio, it is clear that
the GPU implementation is compute-bound.

The observed performance for SP and DP computations is 536.78 GFLOP /s and
51.48 GFLOP/s, respectively. These are approximately 50% of that of their respective
theoretical peaks. The difference between the observed and the theoretical performance
of the GPU implementation can be attributed to low processor occupancy (25% for
SP and 18.8% for DP computations) and high instruction overhead. The processor
occupancy is low due to high register pressure which, again, is due to a fairly large
number of instructions in the GPU kernel. The size of the GPU kernel is large because
each thread is used to compute one sample of the dynamic response of the system;
therefore, each thread must implement the four-stage explicit Riinge-Kutta method to
solve the dynamical system. All the loops have been unrolled inside the kernel in order
to improve computational efficiency which also increases the size of the kernel.

In order to ensure optimal use of the GPU, a non-conventional data-structure has
been utilized for the storage of the samples of the dynamic response of the system in
order to guarantee that the accesses to the global memory are coalesced. An intuitive
data-structure to store the response samples of the system, which has been utilized for
the single- and multi-core CPU implementations is shown in Figure .16l The subscripts
denote the time-step and the superscripts denote the sample number of the response,
i.e., arz(»j ) = x(j)(ti) is the j'™ sample of the displacement at time ¢; of the system.
Adjacent cells represent contiguous memory locations.

It can be observed that each thread accesses two sets of contiguous memory locations
in order to store the displacement and the velocity of the system, which are separated
by Ny memory locations. As the time-marching progresses, these two memory locations
shift to the right by a stride of unity. Threads with consecutive indices access memory

locations that are separated by a distance 2Ny, which is the number of memory
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Figure 6.16: Intuitive Data-Structure for Example 4

locations required to store one sample of the entire dynamic response of the system.
Thus, adjacent threads don’t access adjacent memory locations. This memory access
pattern doesn’t affect the performance of the CPU implementations; however, in GPU
implementations, this pattern is referred to as non-coalesced memory access and can
cause considerable degradation in the performance of the GPU kernel.

If a similar data-structure is utilized for the GPU implementation, its memory-only
performance is only 4.68 GB/s, which is considerably less than the theoretically
available peak memory throughput of 102 GB/s. Consequently, the observed gains
in computational efficiency are considerably reduced, as shown in Table It can
be observed that the efficiency of SP computations is diminished by an order of
magnitude. If the kernel was memory-bound with a memory throughput of 4.68 GB/s,
the performance of SP and DP computations would be 28.66 GFLOP/s and 42.12
GFLOP /s, respectively, as compared to 536.78 GFLOP /s and 51.48 GFLOP /s observed
for the optimized kernel. This explains why the performance of DP computations is not
as affected as of SP computations. Moreover, it can be observed that a non-coalesced
memory access pattern can render an otherwise compute-bound kernel, memory-bound
and drastically degrades its performance.

In order to ensure coalesced memory access and improve the memory throughput,
a non-conventional data-structure has been utilized for the GPU implementation, as
shown in Figure Each thread accesses two contiguous memory locations to store
its sample of the displacement and the velocity of the system for current time; successive
threads utilize successive memory locations to store their respective samples. As the

time-marching progresses, the entire access pattern is shifted towards the right by a
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Table 6.6: Unoptimized Gains in Computational Efficiency for Example 4
Sas Sam

SP DP SP DP

1] 0.29 0.34 0.07 | 117 | 0.24

10 | 1.82 1.26 0.71 ] 0.69 | 0.39

100 | 2.26 9.37 533 | 4.15| 2.34

1000 | 4.49 | 94.03 | 51.20 | 20.94 | 11.40

10000 | 6.54 | 142.60 | 111.60 | 21.80 | 17.06

50000 | 7.07 | 145.74 | 120.69 | 20.61 | 17.07

100000 | 7.33 | 147.72 | 122.35 | 20.15 | 16.69

# Samples | Syc

stride of 2Ng;. Thus, memory coalescing is guaranteed for the entire time-marching
scheme. The memory-only performance of the optimized GPU implementation is 76.4

GB/s, which is considerably better compared to the earlier 4.68 GB/s.

< 2N; >
0).(0 1).(1 2).(2 Ng—1).(Ng—=1) ... Ngs—1).(Ns—1
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Figure 6.17: Data-Structure used for GPU implementation of Example 4

6.4.5 Example 5: Multi-dimensional Numerical Quadrature

Numerical quadrature finds many applications in uncertainty quantification procedures,
especially when aleatoric uncertainties are involved. The most common application is
the numerical approximation of the expectation operator. The expected value of a

function, g(q), of N random variables, q = {qi,.. .,qN}T having a joint probability
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density function (PDF), fq(q), can be computed as

Bl = [ [ oo an)atan - avda, (6.18)
—o0 y —o0

Although analytical integration can be performed for certain types of PDFs, e.g. the
Gaussian PDF,| numerical quadrature is unavoidable in most scenarios. In such cases,
the multi-dimensional integration in (6.I8) can be computed approximately using a

quadrature rule as

N, N,
Elg(@)]~ Y -+ Y iy in (@i Gin ) Q@i - Gin) (6.19)

ii=1  iy=1

N
where NN, is the number of abscissas used by the quadrature rule and wj, . ;, are
the associated weights. When the quadrature rule in (GI9) is constructed as a
tensor-product of a one-dimensional quadrature rule, the abscissas and the weights in
(619) can be computed using appropriate combinations of the one-dimensional abscissas
and weights. Consequently, the computational complexity of the multi-dimensional
numerical quadrature in (6.19]) increases exponentially with the number of dimensions;
in particular, the number of quadrature points in the N-dimensional space is N¥e. Thus,
a multi-dimensional numerical quadrature can be computationally very demanding.

In this example, Gauss-Hermite quadrature has been utilized to compute the

expected value of a function of N independent, standard normal random variables.

The function used in this example is given by

g9(a) =d'q. (6.20)

Both the CPU and the GPU implementations first evaluate the integrand at the
quadrature points in parallel and then perform a parallel sum-reduction to compute
the approximate expected value. Four Gauss points (N, = 4) in each dimension were
utilized for the quadrature and a Type 2 implementation approach has been employed.
OpenMP [225] has been utilized for the multi-core CPU implementation while a new
CUDA kernel has been implemented.

Table shows the gains in computational efficiency obtained for this example.

For the largest considered problem size, the GPU implementation shows gains in
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computational efficiency of about 50 times and 30 times for SP and DP computations
respectively, as compared to the single-core CPU implementation. Compared to the
multi-core CPU implementation, the corresponding gains in computational efficiency
are about 10 and 5 times respectively for SP and DP computations. While the gains in
computational efficiency shown by the GPU implementation are not as great as those in
previous examples, it should be noted that for smaller dimensions, the multi-core CPU
implementation is computationally much inferior to the single-core CPU implementation

while the GPU implementation offers reasonable efficiency gains.

Table 6.7: Gains in Computational Efficiency for Example 5
Sas Sam
SP DP SP DP
6| 001 | 1.17| 1.34 | 403.89 | 149.89
71 0.02 3.42 4.13 | 368.69 | 259.41
8| 0.04 | 15.01 | 8.60 | 345.59 | 204.16
9| 0.16 | 33.76 | 25.07 | 116.11 | 153.53
10 | 1.71 | 39.31 | 37.02 | 19.43 | 21.70
11| 2.74 | 49.44 | 34.00 19.23 12.41
12 | 4.46 | 56.12 | 27.31 14.71 6.13
13| 4.75 | 56.59 | 28.90 | 11.76 6.08
14 | 5.92 | 54.48 | 27.98 10.68 4.72
15 | 6.16 | 54.43 | 28.11 9.60 4.56

# Dimensions | Syso

The GPU implementation consists of two kernels. The first kernel evaluates the
integrand at the quadrature points and performs a parallel sum-reduction on the data
to compute the expected value. However, the parallel reduction can only be performed
within a thread-block due to the fact that threads from different thread-blocks cannot
communicate with each other. Therefore, a second GPU kernel is required, which
performs the parallel sum-reduction on the data recursively until the data can fit within
one thread-block and the approximate expected value can be computed.

The first kernel consumes about 99% of the total computational time and thus
governs the performance of the GPU implementation. It achieves a memory throughput
of only 0.83 GB/s due to conditional access of the global memory by the threads.

The CGMA ratio changes with the number of dimensions in the first kernel because
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as the number of dimensions increase, the number of arithmetic operations increase
considerably while the number of global memory accesses increase only slightly.

Each thread is utilized to compute the value of the integrand at one mesh-point.
Since a tensor-product multi-dimensional quadrature is being performed, the abscissas
and the weights at each mesh-point are computed as the combination of appropriate
abscissas and weights of the corresponding one-dimensional quadrature rule. In order to
avoid conditional statements based on the thread-index to determine which abscissas and
weights are to be utilized for each function evaluation, the thread-indices are converted
into length- N, base- N, bit-strings, using the first few required ASCII characters. These
bit-values can be directly cast into integers that index the abscissas and the weights
of the one-dimensional quadrature rule, required to compute the abscissa and the
weight at a particular mesh-point of the N-dimensional space. The function-values
thus computed, are stored in a shared-memory array within each thread-block, which
is utilized towards the end of the first kernel to perform a preliminary parallel
sum-reduction.

This idea is illustrated in Figure[6.I8 A mesh is shown with N = 3 and N, = 2. The
tensor-product abscissas and the corresponding weights are shown near each mesh-point.
Also shown, is the index of the thread, which is utilized to evaluate the function at
that particular mesh-point. The mesh-points are assigned to the threads in a way
that a length-3, base-2 bit-string of the thread index can be utilized to determine the
combination of the one-dimensional quadrature rule abscissas and weights, required for
the tensor-product quadrature rule. It can be seen that these bit-strings, 019 = (000)2,
11p = (001)2, 219 = (010)2, etc., represent the combination of the abscissas and the
weights exactly, and conditional statements can be avoided.

The CGMA ratio of the GPU implementation increases with the number of
dimensions, 20 for 6 dimensions to 47 for 15 dimensions, rendering the implementation
compute-bound for larger dimensions. The observed computational performance is 50.61
GFLOP/s for SP and 24.26 GFLOP/s for DP computations. There are two primary
sources of the sub-optimal performance of the GPU implementation: (i) the presence
of a large number of thread synchronization points within the thread-blocks and (ii)
the presence of conditional statements causing divergent branches of threads. Both the

synchronization points and the conditional statements are necessitated by the parallel
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Figure 6.18: Mesh Decomposition of Parallel Threads for Example 5

sum-reduction.

6.4.6 Example 6: 3D Building Model with Tuned Mass Damper

A 612 DOF finite element model of a steel building subjected to wind excitation is
considered with a tuned mass damper (TMD) on the roof as shown in Figure
Without the TMD, the structure has a 1.42 Hz fundamental natural frequency and
3% modal damping; the TMD is tuned to 1.38 Hz which gives the lowest peaks in the
transfer function from wind excitation to roof displacement; the resulting combined
system has a fundamental frequency of 1.30 Hz. The building is subjected to wind
excitation in one direction (oriented along the TMD motion in Figure [5.5]), modeled
as a narrow-band filtered Gaussian white noise process centered near the fundamental
mode of the structure without the TMD and shaped vertically as a power law function

of height.
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An NVIE-based method, as outlined by Algorithm [6] in Section (.2l has been
utilized to compute the response of the system. The computational implementation
of Algorithm [B] utilizes both CPU and GPU. The computation of the forced and the
impulse response of the nominal system is performed on CPU while the solution of the
non-standard NVIEs is performed on GPU. Table shows the gains in computational
efficiency obtained when using a GPU accelerated implementation as compared to when
using only a CPU implementation of the proposed time domain method. It can be
observed that an additional gain in computational efficiency of one order of magnitude

can be obtained when using a hybrid implementation that utilizes both CPU and GPU.

Table 6.8: Computational Times and Computational Efficiency for Example 6

Ny Brute-force Proposed method Proposed method

method (CPU implementation only) | (with GPU acceleration)

computational | Time (s) Gain in Time (s) Gain in

time (s) efficiency efficiency
1 15.94 32.62 0.49 31.45 0.51
10 185.50 48.50 3.82 36.89 5.03
100 2194.85 163.40 13.43 47.59 46.12
1000 22023.43 | 1186.52 18.56 72.20 305.05

It should be noted that the gains in computational efficiency attained by the
CPU implementation of the proposed method presented in this chapter differ from
those presented in the previous chapter. This is because the computational times
given in Table have been computed using a C++ implementation of the proposed
method while in Chapter Bl a Matlab implementation was utilized. The computational
performance of the C++ implementation of the fourth order Riinge-Kutta method,
written by the author, is superior when compared to Matlab’s ode45 function. This
routine is used to compute both the brute-force timings and the nominal system response
used in the proposed method and is primarily responsible for the different efficiency gains

observed herein.
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6.5 Conclusions

This chapter first presented GPU implementations of five techniques frequently utilized
in the uncertainty analysis of dynamical and mechanical systems and provided
significant evidence of the potential of the use of GPUs in this area. The examples
presented utilized three kinds of parallelization strategies discussed earlier in the chapter.
The first four examples presented implementations of static and dynamic reanalysis
techniques which can be easily adapted to other uncertainty quantification procedures,
such as sensitivity analysis, model validation and calibration and design exploration and
optimization. The fifth example presented the implementation of a multi-dimensional
numerical quadrature scheme which is utilized in many uncertainty analysis procedures,
such as sampling-based integration strategies, deterministic integration approach, sparse
grid cubature, and stochastic Galerkin method. The final example considered a hybrid
implementation of the efficient time domain method developed in Chapter Bl This
example demonstrated that an additional gain in computational efficiency of one order of
magnitude can be obtained via a combined use of the mathematical techniques developed
earlier and the parallelizations strategies developed in this chapter.

The examples presented in this chapter utilized three approaches to implement
a given uncertainty quantification procedure on the GPU: (i) use of pre-compiled,
optimized libraries, (ii) mixed use of pre-compiled libraries with newly developed CUDA
kernels, and (iii) use of completely new CUDA kernels. While using pre-compiled
libraries may be the most straightforward approach to exploit the enormous parallelism
offered by GPUs, it is also the least flexible among the three approaches. A major
limitation of using these optimized libraries is the necessity to adapt the application
to the format required by the algorithms available in the library as most of these
libraries are available as pre-compiled binary files rather than actual CUDA kernels.
If the implementation sought is a part of a larger application, the inability to embed
the relevant computational implementation within the CUDA kernel of the larger
application may hamper the overall computational performance drastically. The other
two implementation approaches may require more work but yield better computational
performance as was demonstrated by the examples.

The GPU implementations presented in this chapter are expected to serve as
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initial bases for further developments in the use of GPUs in the field of uncertainty
quantification. The specific discussions regarding the parallelization strategies and the
implementation details of CUDA kernels are expected to (i) aid the understanding of
the performance constraints on the relevant GPU implementations and (ii) provide some
guidance regarding the computational and the data structures to be utilized in novel

applications of GPU computing in the problems related to uncertainty quantification.



Chapter 7

Conclusions and Future Work

Several computationally efficient methods to perform the uncertainty quantification
of large dynamical systems with local features were developed. Substantial gains
in computational efficiency were observed for moderately sized computational models
which are expected to be more pronounced for larger models. In addition, the usability of
graphics processing units (GPUs) in the area of uncertainty quantification was explored.
It was found that GPUs may provide superior parallel computing alternatives to
traditional CPU-based parallel computing at least in the context of a desktop machine.

Chapter 3 presented an efficient computational methodology for the modal analysis
of linear systems with local stiffness uncertainties. The proposed method assumed
that the sub-spectrum of interest of a nominal system has already been computed. The
relevant sub-spectrum of the related systems was computed by projecting the associated
eigenvalue problems in a reduced dimensional linear generalized coordinate space. The
basis of this reduced dimensional space was constructed by augmenting the sub-spectrum
of the nominal system with additional enrichment vectors that utilized the knowledge
about the pattern of the modifications of the related systems. Theoretical error bounds
on the eigenvalues and the eigenvectors of the related systems computed using the
proposed method were also discussed along with the theoretical computational costs
associated with the proposed method. Gains in computational efficiency of O (102)
were observed for a 612 degree-of-freedom model and that of O (103) were observed for
a 17,687 degree-of-freedom model. Future investigations will be aimed at addressing

the damped eigenvalue problem and thus, include damping uncertainties in the modal

136
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analysis as well.

Chapter [ presented an efficient computational methodology for the estimation of
the transfer function matrix of linear, time-invariant systems with local linear damping
and stiffness uncertainties. The proposed method utilized the frequency response of an
underlying nominal system to compute the response of a family of related systems. The
principal component of the computational efficiency of the proposed method was the
reduction of the size of matrices being inverted. Some characteristics of the proposed
method that make it a versatile procedure that can be utilized in many application

scenarios include:
e ability to accommodate non-symmetric system matrices
e ability to accommodate non-symmetric perturbations in matrices
e ability to accommodate non-classical damping
e ability to directly compute the output of only selected degrees-of-freedom
e absence of any approximations in the analytical development

The proposed method can also be utilized to compute the power spectral density of
the response of a system subjected to a stationary random input process. Gains
in computational efficiency of O (103) were observed for a 17,687 degree-of-freedom
computational model. Future investigations will be aimed at addressing systems
subjected to non-stationary random inputs and the efficient computation of the
evolutionary power spectral density of the system’s response.

Chapter [0 presented a method for the rapid uncertainty quantification of the time
domain response of dynamical systems with local nonlinearities and/or uncertainties
in the stiffness and/or damping properties of the system. The proposed method
first computed the response of a related linear system and then rapidly computed
the response of an ensemble of locally modified systems as the sum of this nominal
linear response and a modification term. This modification term was determined
through the solution of a nonlinear Volterra integral equation written in non-standard
form. A fast solution algorithm employing Newton-Gregory quadrature and a recursive

convolution methodology for the governing nonlinear Volterra integral equation was
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presented. Gains in computational efficiency of O (102)—(’) (103) were observed for
a 17,687 degree-of-freedom computational model. Future efforts will be aimed at
investigating other numerical methods to discretize the associated nonlinear Volterra
integral equations.

Future efforts will also involve the application of the efficient computational methods
developed in Chapters BHAl to inverse problems. Moreover, these methods will be utilized
to expedite the process of system identification and model validation and calibration
procedures for large computational models,

Chapter [0 presented GPU implementations of five techniques frequently utilized in
the uncertainty analysis of dynamical and mechanical systems and provided significant
evidence of the potential of the use of GPUs in this area. The first four examples
presented implementations of static and dynamic reanalysis techniques which can
be easily adapted to other uncertainty quantification procedures, such as sensitivity
analysis, model validation and calibration and design exploration and optimization.
The fifth example presented the implementation of a multi-dimensional numerical
quadrature scheme which is utilized in many uncertainty analysis procedures, such as
sampling-based integration strategies, deterministic integration approach, sparse grid
cubature, and stochastic Galerkin method. The final example considered a hybrid
CPU-GPU implementation of the efficient time domain method developed in Chapter [5l
This example demonstrated that an additional gain in computational efficiency of one
order of magnitude can be obtained via a combined use of the mathematical techniques
developed earlier and the parallelizations strategies developed in Chapter G

The GPU implementations presented in Chapter [0l showed the usefulness of GPUs
in the area of uncertainty quantification and are expected to serve as initial bases
for further developments in the use of GPUs in this field. The specific discussions
regarding the parallelization strategies and the implementation details of CUDA kernels
are expected to (i) aid the understanding of the performance constraints on the relevant
GPU implementations and (ii) provide some guidance regarding the computational
and the data structures to be utilized in novel applications of GPU computing in the
problems related to uncertainty quantification.

The gains in efficiency presented in Chapter [ promise to be further increased as
the NVIDIA Tesla GPU utilized for this study has been superseded by the newer Fermi
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GPU from NVIDIA; the Fermi offers considerable upgrades in performance compared
to the Tesla. It has a larger number of computational cores, larger global and shared
memory, a greater number of registers per streaming multiprocessor, higher memory
bandwidth, and greatly increased double precision performance. More importantly, the
shared memory of the Fermi can also be utilized as L1 cache at the discretion of the
programmer, which may help hide the memory latency to a great extent. In addition,
the Fermi also has error code checking (ECC) support, which improves the performance
of clusters of GPUs.

The hardware development of the GPUs and their application in general purpose
computing have formed a complimentary pair, with each of them driving the
development of the other. This trend can be clearly observed from the hardware
evolution history of the GPUs along with the footprint of the applications that utilize
the computing power of the GPUs. It has been shown in this study that GPUs
offer considerable advantages in uncertainty quantification problems in computational
mechanics and dynamics. While an exclusive use of the GPUs may not be optimal
for very large problems, there is definitely potential for the mixed use of CPUs and
GPUs in this area. This use of heterogeneous computing resources in uncertainty
quantification is one thrust of future investigations in this area. Other potential
future investigations include (i) combining the mathematical techniques developed in
Chapter BFChapter Bl with heterogeneous parallel computing to further enhance their
computational efficiencies and (ii) exploring the use of GPU-based parallel computing

clusters to address computational models of extremely large sizes.
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Appendix A

Acronyms and List of Symbols

Care has been taken in this dissertation to minimize the use of acronyms, but this cannot

always be achieved. This appendix contains a table of acronyms and the mathematical

symbols used in the text.

A.1 Acronyms

Table A.1: Acronyms

Acronym Meaning

AASHTO American Association of State Highway and Transportation Officials
AE Algebraic equation

ALU Arithmetic Logic Unit

AR Auto Regressive

ASCII American Standard Code for Information Interchange
CGMA Compute to Global Memory Access

CPU Central Processing Unit

CUDA Compute Unified Device Architecture

DOF Degree-Of-Freedom

DP Double Precision

DRAM Dynamic Random Access Memory

ECC Error Code Checking

FFT Fast Fourier Transform

FLOP Floating Point Operation

Continued on next page
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Acronym Meaning

GPU Graphics Processing Unit

HHT Hilber-Hughes-Taylor

IE Integral Equation

MIMD Multiple-Instruction Multiple-Data
MISD Multiple-Instruction Single-Data
NVIE Nonlinear Volterra Integral Equation
LDRV Load-Dependent Ritz Vector

LTI Linear Time-Invariant

ODE Ordinary Differential Equation
PCI Peripheral Component Interconnect
PDE Partial Differential Equation

PDF Probability Density Function

PSD Power Spectral Density

RAM Random Access Memory

RK Riinge-Kutta

SIMD Single-Instruction Multiple-Data
SIMT Single-Instruction Multiple-Thread
SISD Single-Instruction Single-Data

SM Streaming Multiprocessor

SP Single Precision

A.2 List of Symbols

Table A.2: List of Symbols

Symbol

Definition

A

System matrix of a deterministic system in state space

Matrix of coefficients in Butcher tableau in Chapter

B

Width of a beam

Vector of coefficients in Butcher tableau in Chapter

Load distribution matrix of a deterministic system in configuration space

|| | & <

Load distribution matrix of a deterministic system in state space

C

Continued on next page
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Table A.2 — continued from previous page

‘ Symbol Definition
Cy Computational cost of a brute-force method
Cp Computational cost of a proposed method
c Vector of coefficients in Butcher tableau in Chapter
C, C; C, Output matrix of a deterministic system (¢ =0,1,2;j =0,1)
C Set of complex numbers
D
d Depth of a beam
D Damping matrix of a deterministic system
D, Damping matrix of a stochastic system
AD, 6D Perturbation in the damping matrix of a system
E
E Young’s modulus of elasticity
E[] Eigenvalue operator
F
f, F Input to a computational model in configuration space
f. F Input to a computational model in state space
G
G; Gain in computational efficiency
g Response of a system to initial conditions in configuration space
g g Impulse response function of a stochastic system in state space
H
h Impulse response function of a system in configuration space
h Impulse response function of a deterministic system in state space
hy Impulse response function of a system in the pattern of uncertainty
H Transfer function matrix of a deterministic system in configuration space
H, H Transfer function matrix of a stochastic system in configuration space
H Transfer function matrix of a system in state space
K
k; Riinge-Kutta stages in Chapter
K Stiffness matrix of a deterministic system
K., Stiffness matrix of a stochastic system
AK, /K Perturbation in the stiffness matrix of a system
L
L Length of a beam
2] Laplace transform operator

Continued on next page
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Table A.2 — continued from previous page

‘ Symbol Definition
L, L, L Influence matrix to map system uncertainties/nonlinearities to appropriate
degrees-of-freedom
Ly Influence matrix for damping uncertainties
L Influence matrix for stiffness uncertainties
M
Mass matrix of a deterministic system
N

Total degrees-of-freedom of a system in configuration space

Total degrees-of-freedom of a system in state space

Number of quadrature points used by a numerical quadrature scheme

Number of Krylov block used for dimension reduction

Number of inputs to a system

Number of discretization points in frequency domain

Size of the reduced system of nonlinear Volterra integral equations

Number of outputs desired

Number of uncertain/perturbed degrees-of-freedom of a system

S R R e e ol R =<

Number of uncertain stiffness parameters of a system

Pk
Np, Number of uncertain damping parameters of a system
Nproc Number of parallel processes available for computations
N, Size of the reduced dimensional space
N Total number of samples computed for a sampling-based strategy
Ns, Number of samples corresponding to parametric uncertainties
Ns, Number of samples corresponding to load uncertainties
Ny Number of discretization points in time domain
P
Pu Parameters of a system in uncertain relationships
Pn Parameters of a system in nonlinear relationships
o) Pseudo force in time domain
P Pseudo force in frequency domain
Q
q Modal displacement response of a system in configuration space
Q; i*" modal coordinate in configuration space
q Modal displacement response of a system in state space
q, i*h modal coordinate in state space
Q Matrix whose columns are the elements of a generalized coordinate space

Continued on next page
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Table A.2 — continued from previous page

Symbol Definition
R
R.x Autocorrelation function of x
r Residual vector
R Set of real numbers
S
S Frequency domain parameter
Sez, Sxx Power spectral density of x
Svc Gain in computational efficiency obtained by a multi-core CPU
implementation with respect to a single-core CPU implementation
Sas Gain in computational efficiency obtained by a GPU implementation with
respect to a single-core CPU implementation
Sam Gain in computational efficiency obtained by a GPU implementation with
respect to a multi-core CPU implementation
S Conceptual representation of an input/output model
T
to Initial time
t Time domain parameter
tse Computational time of a sequential algorithm
tp Computational time of a parallel algorithm
te Communication time of a parallel algorithm
T; ith parallel thread
T Transformation matrix
At Time-step
U
u Vector function that prescribes uncertainties and nonlinearities of a system
in configuration space
u Vector function that prescribes uncertainties and nonlinearities of a system
in state space
\Y
v,V Time domain displacement response of a stochastic system
A% Frequency domain displacement response of a stochastic system
W
Wi j Weights associated with a numerical quadrature rule
X

Continued on next page
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Table A.2 — continued from previous page

‘ Symbol Definition

X, X Time-domain displacement response of a deterministic system in
configuration-space

X0, X0 Initial displacement and velocity of a deterministic system in
configuration-space

X, X Time-domain displacement response of a deterministic system in
state-space

Xy Initial displacement of a deterministic system in state-space

Y
y Output of a computational model
Z
Greek Symbols

a, B Coefficients of Rayleigh damping

j Covariance matrix of x

o(t) Dirac’s delta function

G ith damping coefficient of a system

0 Angle between exact and approximate eigenvectors

1 Square root of negative unity

A Diagonal matrix of eigenvalues of a deterministic system in configuration
space

Ai i*h eigenvalue of a deterministic system in configuration space

A Diagonal matrix of eigenvalues in state space

A ith eigenvalue in state space

Hx Mean vector of x

bz Mean of x

p Mass density of a beam material

3 Diagonal matrix of eigenvalues of a stochastic system in configuration space

o; ith eigenvalue of a stochastic system in configuration space

T A time domain parameter

P P Modal matrix of mass-normalized eigenvectors of a deterministic system
in configuration space

b; i*h mass-normalized eigenvector of a deterministic system in configuration
space

i Modal matrix of eigenvectors in state space

[ ith eigenvector in state space

k.

Continued on next page
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Table A.2 — continued from previous page

Symbol

Definition

v v Modal matrix of mass-normalized eigenvectors of a stochastic system in
configuration space

P; i*h mass-normalized eigenvector of a stochastic system in configuration
space

Wn, i*h natural frequency of a system

W, ith damped-natural frequency of an under-damped system

wy i*h damped-natural frequency of an over-damped system

Others

0,5 Matrix of zeros of size mxn

Lo Identity matrix of size mxn

1 Vector of all ones

v For all

3 There exists
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